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Abstract

In this dissertation we present existence theories for three distinct types of travelling hydro-
elastic surface waves: doubly periodic waves which are periodic in two distinct horizontal
directions, two-dimensional line solitary waves which are localised in the horizontal direction
and periodically modulated solitary waves which are localised in one horizontal direction and
periodic in the other. All our existence results are based on formulations of the hydrodynamic
problem as a spatial Hamiltonian system. For the existence theory of doubly periodic waves
we use a resonant version of the Lyapunov centre theorem which is proved in this thesis. The
existence of line solitary waves is proved using a centre-manifold reduction to reduce the prob-
lem to a locally equivalent finite-dimensional Hamiltonian system which has homoclinic orbits.
Finally we prove existence of periodically modulated solitary waves which emanate from the
line solitary waves in a dimension-breaking bifurcation using well-developed techniques from
existence theory for water waves.






Zusammenfassung

In dieser Dissertation prasentieren wir Existenztheorien fiir drei verschiedene Typen perma-
nenter hydroelastischer Oberflichenwellen: doppelt periodische Wellen die periodisch in zwei
verschiedene horizontale Richtungen sind, zweidimensionale solitare Wellen, welche entlang der
horizontalen Achse lokalisiert sind und periodisch modulierte solitdre Wellen, welche entlang
einer horizontalen Richtung lokalisiert und entlang der senkrechten periodisch sind. All unsere
Existenzbeweise basieren auf einer Formulierung des hydrodynamischen Problems als rdum-
liches hamiltonsches System. Fiir die Existenztheorie doppelt periodischer Wellen nutzen wir
eine resonante Version des Lyapunovschen Zentrumssatzes, welche in dieser Arbeit bewiesen
wird. Die Existenz zweidimensionaler solitarer Wellen wird mithilfe einer Zentrumsmannig-
faltigkeitsreduktion bewiesen, die das Problem auf ein endlichdimensionales hamiltonsches
System reduziert, welches homokline Losungen besitzt. Im letzten Teil beweisen wir die Ex-
istenz periodisch modulierter solitarer Wellen, welche aus einer zweidimensionalen solitaren
Welle in einer dimensionsbrechenden Bifurkation enstehen, indem wir gut erforschte Techniken
aus der Existenztheorie von Wasserwellen verwenden.



Danksagung

Zuallererst mochte ich meinem Betreuer und langjahrigen Mentor Prof. Mark Groves danken.
Ich kann immer noch nicht glauben, dass unsere "Reise" nach all den Jahren nun ein Ende
findet. Im ersten Semester war deine Analysis 1 noch Grund dafiir zu iiberdenken, ob das
Mathematikstudium das Richtige fiir mich ist. Dass ich meine mathematische Ausbildung mit
einer Promotion an deinem Lehstuhl beende, héatte ich mir zu dem Zeitpunkt nie ertraumt.
Ich danke dir fiir die intensive Betreuung zu jeder erdenklichen Uhrzeit. Du wusstest auch in
schlechten Phasen die richtigen Worte zu finden um mich immer wieder neu zu motivieren.
Die vielen Gespréache iiber mathematische als auch nichtmathematische Themen haben mich
sehr gepréigt und haben mich zu dem Menschen gemacht, der ich heute bin. Du hast uns
wirklich nie im Stich gelassen, wofiir ich dir auf ewig dankbar bin. Ich bin stolz Teil deines
Lehrstuhles gewesen zu sein!

Next I want to thank Dag Nilsson. It was a pleasure to work with you. I learned a lot
from you over implicit contraints and Hamiltonian systems, even if some of our approaches
have not really helped us to get the proof done. Every single talk with you was helpful and
enlightening. I was very happy to have a person like you to work and talk with, especially at
the beginning of the pandemic. You always believed that we can do it, what motivated me a
lot. Thank you for everything!

Natiirlich mochte ich an dieser Stelle auch meinem Arbeitskollegen und besten Freund Nils
Gutheil danken. Wer hétte das jemals fiir moglich gehalten. Im Keller meiner Eltern entstand
vor vielen Jahren die Idee gemeinsam ein Mathematikstudium zu beginnen. Eine gute Idee,
wie sich im Nachgang herausgestellt hat. Ich glaube es gibt wenige Menschen, die so viel
gemeinsam erlebt haben wie wir zwei. Es ist wirklich unbezahlbar einen solchen Freund zu
haben auf den man sich jederzeit verlassen kann. Auf viele weitere gemeinsame Jahre, sowohl
im Biiro als auch -und insbesondere- privat. Ohne dich wére ich heute ganz sicher nicht hier,
ich danke dir von Herzen!

Auch mé6chte ich mich bei meinem Freund und Arbeitskollegen Benedikt Hewer bedanken.
Du hattest immer ein offenes Ohr und einen auflockernden Ratschlag parat, wenn es notig
war. Deine lockere Art hat mich sehr gepréigt und ich konnte viel von dir lernen. Was haben
wir nicht schon gemeinsam erlebt und gelacht sowohl auf als auch abseits des Campus. Ich
hoffe auf viele weitere solche Momente!

Lieber Prof. Michael Bildhauer, auch dir moéchte ich danken. Durch dich habe ich die
Fachrichtung erst richtig kennen und lieben gelernt. Insbesondere hast du mich gelehrt auch in
chaotischen Zeiten immer die Ruhe zu bewahren. Ich danke dir, dass du mir in der Endphase
der Dissertation den Riicken freigehalten hast. Einen solchen Geschéaftsfithrer mit so viel
Feingefiihl kann sich jede Fachrichtung nur wiinschen!

I also want to thank our former working group member and friend Dan Hill, who is really



missing here in Saarbriicken. You have been such an asset during your time here in Saar-
briicken. I never met a person before with so much general knowledge. I really enjoyed our
everyday lunch and especially our football evenings. I even enjoyed our traditional trips to
the Auslinderbehorde, even if we wasted a lot of time. I hope to see you again soon!

Desweiteren mochte ich meinen Wegbegleitern Felix Leid, Daniel Kraemer, Christian Stein-
hart und Johannes Hoffmann danken. Ihr habt diese Promotion so viel ertraglicher gemacht.
Felix du hast es mal gut auf den Punkt gebracht: "Alleine weil ich euch kennengelernt habe
war es das schon wert".

Ich mochte an dieser Stelle auch meiner Frau Katja Ahmad danken. Du hast mir in stressigen
Phasen immer den Riicken freigehalten und warst immer fiir mich da, wenn ich dich gebraucht
habe. Ohne dich hétte ich das ganz sicher nicht durchgestanden. Ich danke dir fiir alles!

Zu guter Letzt mochte ich meiner Familie danken, die stets fiir mich da war und mir Last
von den Schultern nahm, wenn es wieder einmal stressig war. Ohne euch hétte ich das sicher
nicht geschafft.

Vielen Dank an Nils Gutheil, Benedikt Hewer und Johannes Hoffmann fiir das griindliche
Korrekturlesen!






Contents

1 Introduction 13
1.1 Background . . . . . .. 13

1.2 A resonant Lyapunov centre theorem and doubly periodic travelling hydro-
elastic waves . . . . . ... 17
1.3 Centre-manifold reduction and solitary hydroelastic surface waves . . . . . . . 29
1.4 A dimension-breaking phenomenon for solitary hydroelastic surface waves . . . 36

2 A resonant Lyapunov centre theorem and doubly periodic travelling hydroelastic

waves 43
2.1 A resonant Lyapunov centre theorem . . . . . . . . . ... ... ... ... .. 43
2.2 Doubly periodic hydroelastic waves . . . . . . . ... ... ... ... 55
2.3 Application of Lyapunov centre theory to hydroelastic waves . . . . . . . . .. 66
2.3.1 Purely imaginary spectrum . . . . . . .. ... 67
2.3.2 Parameter selection . . . . . . .. ... 72
2.3.3  Verification of hypothesis (H8) . . . . . . . ... ... ... ... .... 74

2.4 Appendix: Eigenvectors . . . . . . .. ... Lo 76
3 Centre-manifold reduction and solitary hydroelastic surface waves 79
3.1 Formulation as a spatial Hamiltonian system . . . . . .. . ... .. ... ... 79
3.2 Spectral analysis . . . . ... 84
3.3 Centre-manifold reduction . . . . . . . .. ... ... L 93
3.4 Homoclinic solutions . . . . . . . . . ... 97
3.5 Appendix . . ... 103
3.5.1 Formal derivation of the nonlinear Schrédinger equation . . . . . . .. 103
3.5.2 Computation of the normal-form coefficients . . . . . . . ... ... .. 106

4 A dimension-breaking phenomenon for solitary hydroelastic surface waves 109
4.1 Dimension-breaking phenomena . . . . . . . .. ... 0oL 109
4.1.1 Spatial dynamics . . . .. ... L 109
4.1.2 Boundary conditions . . . . . .. ... oL 116
4.1.3 Existenceresults . . . . . .. ..o 119

4.2 Derivation of the reduced equation . . . . .. . ... ... ... ... .. ... 126
4.2.1 Reduction to a single pseudodifferential equation . . . . .. ... ... 126

11



4.2.2 Intermediate spectral values . . . . . . .. ... ... L. 132

4.2.3 Small spectral values . . . . . .. ..o 136
4.2.4  Derivation of the reduced equation in its final form . . . . . . .. . .. 144
4.3 Spectral theory for the reduced equation . . . . . . . .. ... ... ... ... 148
4.3.1 Invertibility of the reduced operator . . . . . . . . . ... .. ... ... 148
4.3.2 Small spectral values . . . . . .. .. ... L 151
4.3.3 Solution of the eigenvalue equation . . . . . . ... ... ... .. ... 152
4.4 Appendix . . ... 160
4.4.1 The line solitary waves . . . . . . . . . ... Lo 160
4.4.2  Formal derivation of the Davey-Stewartson equation . . . . . . . . . .. 162
4.4.3 Resolvent estimate . . . . . . .. ... L 167

Bibliography 173



1 Introduction

1.1 Background

In this dissertation we consider two- and three-dimensional irrotational, incompressible flow
of a perfect fluid of unit density under an elastic sheet modelled using the Cosserat theory of
hyperelastic shells (Plotnikov & Toland [49]). The fluid is bounded below by a rigid horizontal
bottom {y = —h} and above by a free surface {y = n(z1,x3,t)}, where h is the depth of the
water in its undisturbed state. In the two-dimensional case n does not depend upon z3. The
equations of motion, as given by Guyenne & Parau [29] are Laplace’s equation

Ozrey T Pyy + Pasay = 0, —h<y<n (1.1)

with boundary conditions

(by = 07 y= _h7
¢y = + ¢x1nx1 + ¢x577x57 y=n,
1

b+ 5(05, + 6, + 02,) + gn+ DU(n) =0, y=n, (1.4)

where
1 1+ 7792cg 21 Mg 1 Txs 1+ 7792:1

o) =2{ g on (g ) =00 (g ) 20 (M ) 0o (g e

+2P3 — 2KP},
and

2 2
Q: 1+na:1 +77;L’37
1 9 2
P = — (1412, Meres = 2erag ooy + (14 102, lagas )
2Q)>

1

K = @(7]1190177903903 - 7731963)'

Here ¢ is an Eulerian velocity potential, g is the gravitational constant and D is the flexural
rigidity of the elastic sheet; deep water (h = o) is included as a special case. For a discussion
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14 Introduction

of the derivation of this and alternative models we refer to Toland [53, 54] and Plotnikov &
Toland [49, 50, 51]. Travelling waves are solutions of (1.1)—(1.4) of the form

n(xlvt) = 77($1 - Ct)’ ¢(x17y7x37t) = ¢($1 - Ct7y7m3);

they correspond to waves moving in the zi-direction with constant speed ¢ and without
change of shape. The equations for travelling waves are obtained by replacing 0; with —cd,,
in equations (1.1)—(1.4). In this dissertation we present existence theories for three distinct
types of travelling waves: doubly periodic waves which are periodic in two distinct horizon-
tal directions (Chapter 2); two-dimensional line solitary waves which are localised in the
x1-direction (Chapter 3); and periodically modulated solitary waves which are localised in the
x1-direction and periodic in the z3-direction (Chapter 4). The material in Chapters 2 and 3
has been published by Ahmad, Groves & Nilsson [3] and Ahmad & Groves [2] respectively
(see also Ahmad [1] for a preliminary version of Chapter 3).

The starting point of all three existence theories is the fact that the travelling-wave version
of equations (1.1)—(1.4) follows from the formal variational principle

5/{/_7; {—c% + 5(02, +¢§+¢§3)} dy+;gn2+2DP2\/§} day das = 0, (1.5)

in which the variations are taken over 7 and ¢ (a modified version of the classical variational
principle for water waves introduced by Luke [41]); this observation is confirmed by the
calculation

5/{/_1 [—cqﬁxl +1(¢2, +¢§+¢ig)] dy + ;gn2+2DP2\/§} de, di
=/{/_"h—c¢m1 dy = b,

+ 5[0 + Dy + Dy

[ (00t 646y + dradaa] dy

o1+ 991+ 205 [P Qi 4205 P
g [PV @iass + 2D — [P/ n} Ay dr
~ J{ L1 e = i+ 0+ sn)d] b na-4 2, 22 = )
(el @) ol )]

[ o+ 462+ )| +om— QD[&? (PV@)]

(@) Jijma

+2D

y=—h

z3

1

2D
* [anmxl
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-/ { 1= bar = (Geres + G+ G1an)3] dy [0, + 6y = Tesia)]
— 00|+ <[ — oy + 5(0%, + 0y + 03]+ am

20, (@)l (73

-20[ (/0) I

— / { i /_nh[¢m1m1 + ¢yy + ¢x313]¢dy — gbngB’y:_h + [—CT]m1 — 77:E1¢ﬂc1 + ¢y — nx3¢x3]¢‘

z3

0
20,

z1 T1T1

+ ([ = ot + 302, + 62+ 62,)] ]y:n +gn+ DU(n))ﬁ} da ds,

where the formal first variations of n and ¢ are denoted by respectively n and & and we have
used integration by parts and Green’s integral formula.

We proceed by interpreting the variational functional in (1.5) as an action functional and
using an appropriate Legendre transform, which is actually of higher order due to the presence
of second-order derivatives in the density (see Lanczos [40, Appendix I]), to formulate the hy-
drodynamic problem as an (infinite-dimensional) Hamiltonian system in which a distinguished
horizontal coordinate plays the role of time. Methods from Hamiltonian-systems theory are
then applied to find interesting solutions. This idea is known as spatial dynamics and has
been successfully employed in the classical gravity-capillary water-wave problem (see Groves
& Haragus [20] and Groves [19] for a review). In this thesis we apply it in the hydrodynamic
setting in three different ways.

Line solitary waves have been computed numerically by Guyenne & Parau [29] and Milewski,
Vanden-Broeck & Wang [46], together with more exotic non-symmetric and multi-pulse line
solitary waves (Gao, Vanden-Broeck & Wang [17]). These papers all treat deep water (h = 00);
the finite-depth case was studied by Gao, Vanden-Broeck & Wang [16]. At the time of writing
there are no numerical computations of doubly periodic or periodically modulated solitary
hydroelastic waves, but fully localised three-dimensional solitary waves (which are localised
in all horizontal directions) have been thoroughly investigated numerically (see Parau &
Vanden-Broeck [48] for a survey of these results).

We now give a summary of the nomenclature for Hamiltonian systems used in this thesis
followed by an outline of our existence theories for the three types of hydroelastic waves.



16 Introduction

Hamiltonian formalism

Let X, Z be real Hilbert spaces, where X is continuously and densely embedded in Z, and
7 is equipped with an additional continuous inner product (-, -) which does not necessarily
induce its strong topology (a typical example would be X = H*(R), Z = H*(R) and (-, -) is
the L?(R)-inner product). Let A; x U be a neighbourhood of the origin in R x X. We regard
U as a manifold domain of Z by extending elements of the tangent space TX|, = X* = X
of X at the point v € U to elements of the tangent space T'Z|, = Z* = Z of Z at this point.
The derivative dF"*[v] € X* of a smooth real-valued function F**(v) of (u1,v) € Ay x U has
a unique extension dF*1 [v] € Z*. We use the same notation for smooth functions F*'(v) of
(j11,v) with values in X, so that dF# [v] € £(Z). Because the inner product (-,-) does not
necessarily induce the strong topology for Z, the adjoint of dF* [v] with respect to (-, ) does
not automatically exist; we therefore assume, whenever needed, that there exists an adjoint
operator dF* [v]* € L£(Z) such that

(dF* o] (01), v2) = (01, dE¥ [] (v2))
for all (ju1,v) € Ay x U and vy, vy € Z. Both dF#*[v] and dF™ [v]* are assumed to depend
smoothly upon (u1,v) € Ay x U.

Using this framework we make the following definitions and assumptions.

(i) A (parameter-dependent) k-form on U is an alternating, bounded, k-linear mapping
Z* — R which depends smoothly upon (u1,v) € Ay x U. An ezact symplectic 2-form
Q#1], on U is a 2-form given by

Q| (v1, v2) = (J* (v)vr, v2),
where J#'(v) is an invertible, skew-symmetric linear mapping in £(Z) which depends

smoothly upon (u1,v) € Ay x U.

We assume that Q#1|, is the exterior derivative of a 1-form w*!|, given by
W o(w) = (" (v),w),

where a#!(v) is an element of Z which depends smoothly upon (pi,v) € Ay x U; in
other words - -
]y (v, v2) = (da [v](v1), v2) = (v1, do [v] (v2)),

so that N -
JH (v) = da [v] — dat [u]".

This extra assumption is due to the fact that we allow for a non-constant symplectic
structure. (In the special case that J#' is constant one can always set o' = .J#1.)
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(ii)) A (parameter-dependent) Hamiltonian on U is a smooth real-valued function H*'(v) of
(p1,v) € Ay x U which satisfies H#1(0) = 0 and dH**[0] = 0 for all u; € A;. We assume
that its gradient, that is the element VH" (v) of Z with

dH* [v](w) = (VH" (v), w)
for all w € Z, exists for all v in a dense subset Dy of A1 x U and extends to a smooth
function of (u1,v) € Ay x U.

(iii) The Hamiltonian vector field viy' of a Hamiltonian system (Z, 0, H*), where Q! is
an exact symplectic 2-form and H*' is a Hamiltonian on U, is given by

vl (v) = J* (v) TPV HM (v), (u1,v) € Dy;
it yields the unique element vij' (v) of Z such that
[, (off! (v), w) = dHH [v] (w)
for all w € Z. Hamilton’s equations
v = vy (v), (11,v) € Dy,

determine the orbits generated by the Hamiltonian vector field.

1.2 A resonant Lyapunov centre theorem and doubly
periodic travelling hydroelastic waves

Resonant Hamiltonian systems

A linear dynamical system
vy = Lo

for which L € R?"*?" has a pair of simple, purely imaginary eigenvalues iw has a periodic orbit
with frequency w. The classical Lyapunov centre theorem asserts that a (smooth) nonlinear

perturbation
v = Lv+ N(v) (1.6)

of this dynamical system has a family of small-amplitude periodic solutions with frequency near
w provided that (i) it is Hamiltonian or reversible, and (ii) the non-resonance condition that
inw is not an eigenvalue for any integer n # %1 is satisfied (see Kielhofer [36, §§1.11.1-1.11.2]).
The theorem can be extended to infinite-dimensional, quasilinear systems under additional
hypotheses on the decay rate of the resolvent of L along the imaginary axis (Devaney [13]),
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and furthermore the condition that 0 ¢ o(L) can also be replaced by a compatibility condition
on the range of L (see looss [33]).

In Chapter 2 we consider a parameter-dependent evolutionary equation of the form
vy = LMo+ N (v)

which is both reversible and Hamiltonian; it may be finite- or infinite-dimensional (and
quasilinear). The linear operator L** is supposed to have two pairs +ik}", +ikh" of simple
purely imaginary eigenvalues which depend smoothly upon p; and collide with ‘non-zero
speed’ at p; = 0, that is

o_ ,0
K1 = Ko,

The collision is semisimple, that is at criticality the eigenvalues Zik, where
k = K} = kY, are geometrically and algebraically double. We assume the non-resonance
condition ink & o(L°) for n = 4+2,43,... but allow the origin to be a ‘trivial’ eigenvalue
arising from a translational symmetry or, in an infinite-dimensional setting, to lie in the
continuous spectrum of L provided a compatibility condition on its range is satisfied. The
result is a two-parameter family {v(t1,ts), p1(t1,t2) bo<t, ta<e Of 27/ (K + pa(ty, t2))-periodic
reversible solutions, where p;(ty,t2), u2(t1, o) — 0 along with the amplitude of the solutions
as (tl,tg) — (0,0)

A classical Hamiltonian system with n degrees of freedom has the form

. 0 I
v =JVH(v), J_<—] 0>7

where the Hamiltonian H is a smooth real-valued function of v € R?" and 0, I denote the nxn
zero and identity matrices; in the above notation L = JV Hy, where
H,(v) = $d*H|[0](v, v). Examining a two-degree-of-freedom Hamiltonian system whose lineari-
sation has two semisimple eigenvalues +ik one finds that
Hs(q1, 92, p1,p2) = 36(qi + pl) £ 1k(g3 + p3), the two cases of which are referred to as a
1:1and 1 : —1 resonance respectively. This terminology is also applied to higher-order
Hamiltonian systems with no other eigenvalue resonances by restricting to the eigenspaces
corresponding to +ik. Periodic solutions of two-degree-of-freedom Hamiltonian systems with
semisimple 1 : 1 and 1 : —1 resonances were studied by Kummer [38, 39], while the cor-
responding non-semisimple ‘Hamiltonian-Hopf’ resonance (in which +ik are geometrically

simple and algebraically double eigenvalues) was studied by van der Meer [55].

The dynamical system (1.6) is reversible if there exists an involution R (the ‘reverser’)
which anticommutes with L and N. A reversible system has the property that Ru is a solu-
tion whenever u is a solution; a solution u is termed reversible or symmetric if it is invariant



Introduction 19

under R. Reversible Hamiltonian systems have the property that either H(Rv) = H(v) or
H(Rv) = —H (v); these cases are referred to as ‘antisymplectic’ and ‘symplectic’ respectively.
Small-amplitude periodic solutions of symplectically reversible, n-degree-of-freedom Hamil-
tonian systems which exhibit a semisimple 1 : —1 resonance were studied by Alomair &
Montaldi [4] (see also Buzzi & Lamb [12]) using Lyapunov-Schmidt reduction.

In Chapter 2 we consider parameter-dependent, antisymplectically reversible Hamiltonian
systems of the form

vy = JM(v)VH" (v) (1.7)

which exhibit a semisimple 1 : 1 or 1 : —1 resonance in the eigenvalues +ix when p; = 0.
The system may be finite- or infinite-dimensional, and J#*(v) is an invertible linear operator
which is skew-symmetric with respect to a suitable inner product (-,-) and, as the notation
indicates, is not necessarily constant (see below for a precise statement). We look for periodic
solutions of (1.7) with frequency near x by writing

v(t) = u(7), T = (Kk+ u2)t
and seeking 27-periodic solutions of the transformed equation. For this purpose we use
variational Lyapunov-Schmidt reduction, seeking critical points of the functional

1

S, pa) = g [ = (5 ) (), ) — B ()} d, (18)

where o' (v) is an anti-derivative of J#(v) (see above), in a suitable ‘loop space’ In the
special case that J#! is constant one can set o/ = %J #1 and S reduces to the simpler function
used by Buzzi & Lamb [12, 10, eqn. (12)]. A precise statement of our theorem is given below;
the proof is presented in Section 2.1.

A resonant Lyapunov centre theorem

Let X, Z be real Hilbert spaces, where X is continuously and densely embedded in Z, and
consider the autonomous evolutionary equation

vy = LMv+ NHY (v), (1.9)

where (u1,v) — N#(v) is a smooth mapping from a neighbourhood A; x U of the origin in
R x X into Z which satisfies N#1(0) = 0 and AN#1[0] = O forall u; € Ay,and LM : X C Z — Z
is a closed linear operator which depends smoothly upon gy in the topology of L(X, Z). We
study equation (1.9) under the following hypotheses.

(H1) Equation (1.9) represents Hamilton’s equations

v = vy (v)
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for a Hamiltonian system (Z, Q#') H#') with Dy = A; X U (in the nomenclature in
Section 1.1), so that

LM (v) + N* (v) = J* (v) PV HM (v)
and in particular
LMy = JM(0) 'V HY (v),

where H4"(v) = 1d?H*"'[0](v, v) is the part of H** which is homogeneous of degree 2 in
v.

(H2) Equation (1.9) is reversible: both L** and N*' anticommute with an involution
R e L(X)NL(Z). This reverser R satisfies

H"(Rv) = H*(v), R'a"(Rv)=—a"(v), R'J"(Rv)R=—J"(v)
for all (uy,v) € Ay x U.
There are also spectral hypotheses on L*!.

(H3) The linear operator L** has two pairs +ixk}", +irh" of purely imaginary eigenvalues with
linearly independent eigenvectors e}, €/*, €4, e4*, all of which depend smoothly upon
w1 Furthermore €2 = Ref, &) = Rel and

o__,0
K1 = Ko,

For notational simplicity we henceforth abbreviate L°, €? and e to respectively L, e

and ey, and define k := kY = K.

(H4) The origin is one of
(i) a point of the resolvent set of L,
(ii) a point of the continuous spectrum of L,

(iii) a geometrically simple, algebraically double eigenvalue of L with eigenvector f;
and generalized eigenvector fo (possibly embedded in continuous spectrum), where

Rfi = —fiand Rfs = fo.
Here (ii) and (iii) entail further spectral hypotheses (see (H7) and (H8) below).
(H5) The imaginary number ikx belongs to the resolvent set of L for each k € Z\{0,—1,1}.
(H6) The linear operator L satisfies

1
Zz ™~ m’

|Gkl — L)~ |Gkt — D)7 <1

Z—X ™

for all £ € Z\{0,—1,1}.
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(H7) The zero eigenvalue (if present) is ‘trivial’ in the following sense: writing u € U as
u = qf; +w with w € {fi}*, one finds that J* (u) and H*'(u) do not depend upon g.

(H8) Let

U={uec H (R, Z)NL (R, X):u(r) €U for all T € R}

per per

and
N*(u, p1, pi2) \/_/ (J’“ (fi + po) JJH (w)uy — LMy — N* (u)) + JO(O)Lu) dr.
Suppose that the equation

Lut = J°(0) ™" (I — o) N*(u, 1, p2)

has a unique solution u' € (I — IIy)X which depends smoothly upon u € U, u; € A
and p9 € Ay, where Il is the orthogonal projection of X onto span{fi, fa}.

Remark 1.1.

(i) Hypothesis (H8) is meaningful only if the origin lies in the continuous spectrum of L or
is an eigenvalue embedded in continuous spectrum, since it is automatically satisfied if
the origin lies in the resolvent set of L or is an isolated eigenvalue of L.

(it) If J*(u) is constant and Iy = 0, then

2m
N* (U’ /~L17/1‘2 \/ﬂ N/l«l

so that hypothesis (H8) reduces to the condition used by Iooss [33].

Theorem 1.2. Under hypotheses (H1)-(HS8) there exist € > 0 and a smooth, two-parameter
branch {v(x1, X2), 1 (X1, X2) bo<xi.xe<e Of 27/ (K + pa(x1, x2))-periodic reversible solutions to
equation (1.9) in HL (R, Z) N L (R, X). The rescaled function u(7) = v(t), 7 = (k + po)t
satisfies [[u(x1, x2)||z2,,@,2) = 0, while p(x1, x2), p2(Xx1, x2) = 0 as (x1, x2) = (0,0).

per

Outline proof

Here we sketch the proof of Theorem 1.2 under the hypotheses (H1)-(HS8); a complete proof
is given in Section 2.1. Our goal is to prove the existence of periodic solutions, with frequency
near k, of the equation

vy = LMo+ N* (v).
We proceed as in the proof of the classical Lyapunov-centre theorem by rescaling in time,

substituting v(t) = u(7), where 7 = (k + p2)t. The task is then to find 27-periodic solutions

u(t) = —— > upe™, u, € Z,

V2T 2z
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of
(K + p2)u, = LMu + N (u).

According to hypothesis (H1) this equation can be reformulated as
F(u7 /"L17/’L2) = 07 (110)

where
F(u, puy, pro) = (6 + p2) J* (w)u, — VH" (u).

In addition to having a Hamiltonian structure, equation (1.10) can also be viewed as the
Euler-Lagrange equation of an action integral S: one finds that

1 2
i o1, o) (v) = o [ (F (s, ) 0)
where
1 21
Suspin,pz) = o= [ { = (6 p2) (@ (w), ur) = H ()} .

The next step is to perform a Lyapunov-Schmidt reduction. This procedure is not entirely
straightforward due to the several different possibilities for the spectrum of L at the origin given
in hypothesis (H4). The idea is to find an orthogonal decomposition L2 (R, Z) = Wi & Ws
and write equation (1.10) as

ﬁWlF(u’MhM?) =0, (111)
([ - HW1>F<U7N17M2) =0, (112)

where IIyy, is the orthogonal projection onto W, along W, in such a way that (1.12) can be
solved for uyy, := (I — Iy, )u in terms of uyy, := Iy, u, p1 and py. A rather natural initial
choice for W is

Wi ={aqfi +pfa+ Aeie'™ + Begelm + Aéje ' + Bége’”, ¢,p € R, A, BeC},

where p = ¢ = 0 in the case when zero is not an eigenvalue. However, one finds that with this
choice equation (1.12) cannot be solved directly with the implicit-function theorem due to
the possibility that zero is a point of the continuous spectrum of L, or is an eigenvalue of L
which is embedded in the continuous spectrum. We therefore opt to perform the reduction in
two steps.

By letting
Wy = {up + Aee™ + Begelm 4+ Aéje T 4+ Béye T, A, B € C, ug € Z},

we find that we can solve (1.12) for wyy, as a function of wuyy,, p; and py using hypotheses
(H5), (H6). This procedure yields the reduced equation

ﬁWlF(uW1 + Uy, (uW17M17/L2>>/JJ1; NZ) =0 (113)
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for uyy,, which is still infinite-dimensional because Z C W,. Equation (1.13) can now be
reduced further by introducing the orthogonal decomposition Wy = W, 1 @ W 2, where

Wii={afi +pfo+ Aeie'™ 4+ Bege'” + Aeie™ " + Bese ', g,peR, A,B € C},
and writing it as

ﬁF(Ul + ug + Uy, (U1 + Ug, fi1, fi2), 1, p2) = 0, (1.14)
=0,

(L = IDF(ur + uz + uw, (ur + uz, i1, p2), fi1, pa2) (1.15)
where II is the orthogonal projection onto Wi 1 along W 5 and uy = ﬁuwl, uy = (I — ﬁ)uwl.
Of course here we encounter the original issue, namely that (1.15) cannot be solved directly
with the implicit-function theorem due to the possibility that zero is a point of the continuous
spectrum of L, or is an eigenvalue of L which is embedded in the continuous spectrum.
However, equation (1.15) can be rewritten as

Luy = J°(0) "1 (I — o) N* (g + g + wwy, (wr + ua, f1, pa), i1, f12),

and hypothesis (H8) allows us to solve it for uy as a function of uy, p; and po. Substituting
uy = ug(uq, f1, f2) into equation (1.14) yields the final reduced equation for uy, which we
write as

f(ur, pa, po) = 0. (1.16)

Equation (1.16) is a finite-dimensional problem, with variables ¢, p, A, B, A, B and param-
eters fi1, 1. The number of variables can be reduced further by exploiting the additional
structure of the original equation (2.1). We carry out the Lyapunov-Schmidt reduction out-
lined above at a variational level, showing that (1.16) is the Euler-Lagrange equation of the
reduced functional s(uq, pi1, p2) obtained by substituting

= Uy + ug(ur, f1, o) 4wy (U1 + ua(ur, o1, f2), fi1, f12)

into S(u, pa, 2). Furthermore, it follows from hypothesis (H2) and the autonomy of (2.1) that
s depends upon A, B only through the quantities |A|?, |B|?, and by hypothesis (H7) that s
does not depend upon ¢, so that s(A, B, A, B, p, q, ju1, i2) = 3(|A|%, | B|?, p, pt1, pi2). The task
of solving equation (1.10) is thus reduced to that of finding critical points of s, that is solving
the equations

915=0, (1.17)
55 =0, (1.18)
955 = 0. (1.19)
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Equations (1.17) and (1.18) can be solved for p;, up as functions of |A|?, |B|? and p using
the implicit-function theorem because

dot (81845(0, 0,0,0,0) 9,055(0,0,0,0, 0)) d i

8,045(0,0,0,0,0)  8,055(0,0,0,0,0)) ~ dyy (KT = A )mzo 70

due to hypothesis (H3). The proof of Theorem 2.1 is completed by inserting
pr = m (A% |B)%,p), u2 = pi(JA]%, |BJ?, p) into (1.19) and solving it for p as a function
of |A|?, |B|?* with a final application of the implicit-function theorem.

Application to hydroelastic waves
Introducing dimensionless variables with unit length (D/pg)'/* and unit speed (p/Dg*)"/®, so
that
1/4 1/4 3
D D D
($1,$2,$3) — () (x17x27x3>7 n — () n, ¢ — <g>¢7
P9 P9

we write equations (1.1)—(1.4) as

¢x1x1 + ¢a:2:c2 + ¢x3x3 - Oa - % < ) < 77('1717 $3)a (120)
gﬁxz =0, Ty = —%, (1.21)
gbm + YNy — ¢m177x1 - ¢$377:v3 =0, Ty = 77(%: C("3)7 (1'22)
— Yay + 5(0F, + &5, +¢5,) +n+U(n) =0, vy = 1(T1,73), (1.23)

where

D 1/4 csp 1/8
v <pgh4> =07 (Dg3>

The dimensionless fluid domain is {—% < x9 < 1n(x1,x2)}, so that the limit 5 — 0 corresponds
to ‘infinite depth’

In Chapter 2 we consider waves which are periodic with periods p; and py in two arbitrary
horizontal directions x and z which form different angles 6, s € [0,7) with the x;-axis
respectively, so that

x = csc(fy — 61) (1 sin by — x3cosby), z = csc(fy — Oo) (1 sin by — 3 cos ;)

(see Figure 1.1). To this end we seek solutions of the governing equations of the form

77(551,333) = ﬁ(ng)a ¢(£E1,332,.T3) = ¢(3~7,ZE2, 2)7

where
T = 11 8in 6y — x3c08 05, zZ=wv(x1sinb) — x3cosb)
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with v = 27 /py and 7] is 27-periodic in 2. We proceed by formulating the hydroelastic problem
as a reversible Hamiltonian system in which the horizontal spatial direction Z plays the role
of the time-like variable (‘spatial dynamics’), working in a phase space of functions which
are 2m-periodic in Z. By construction a periodic solution in ‘time’ of the evolutionary system
corresponds to a surface wave which is periodic in both Z and Z and is found using a Lyapunov
centre theorem (although care is required in interpreting such solutions; see below).

Note that the equations for 7 and ¢ follow from the formal variational principle

6//2” { / ¢ + qb% +v qﬁ + 2v cos(#y — 02)@@) dx,

+ 20/ Q) P(7)* + 17> + 7(iz sin 6, + vij; sin 91)g5|$2_7~,} dzdi =0. (1.24)

To formulate the hydroelastic equations as an evolutionary system, we treat the variational
functional in equation (1.24) as an action functional in which a density is integrated over the
Z direction and perform a Legendre transform to derive a formulation of the hydrodynamic
problem as an infinite-dimensional, reversible Hamiltonian system in which Z is the time-like
variable; full details are given in Section 2.2. Finally, we introduce a bifurcation parameter
w1 by writing v = vg + 1, where vy is a reference value for v (see below) and use a change of
variable to linearise a nonlinear boundary condition emerging from the Legrendre transform.
The result is a system of the form

b5 = LM + N™ (9) (1.25)

which is amenable to Theorem 1.2, satisfying (H1) and (H2) by construction.

A purely imaginary eigenvalue is of L := L° with corresponding eigenvector in the kth
Fourier mode (where (k,s) # (0,0)) corresponds to a linear hydroelastic wave of the form
n(Z, 2) = ns,e1®H%% with

{1 = ssin By + vpk sin 6, (1.26)

Uy = —scos by — vk cos by, (1.27)

and a solution of this kind exists if and only if /; and ¢, satisfy the dispersion relation

D(ly,6) == (1+ (&2 + (2))\/& + Btanh (51m) _ 22 =)

A mode k purely imaginary eigenvalue is therefore corresponds to an intersection in the
(41, 3)-plane of the dispersion curve

Car = {(l1,¢5) € R*\ {(0,0)} : D(¢y,¢5) = 0}
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Figure 1.1: In the spatial dynamics formulation of the hydrodynamic problem the x and z
directions are treated as respectively ‘time-like” and ‘space like’.

with the straight line Sy defined by equations (1.26), (1.27). (The solution (¢1,¢3) = (0,0)
of D(¢y,¢3) = 0 is excluded since it corresponds to (k,s) = (0,0).) The dispersion curve is
sketched in Figure 1.2(a). The (3, y)-parameter plane is divided into three regions in which
Cq: has respectively zero, one, and two nontrivial bounded branches; the delineating curves
D; and D, are given explicitly in Section 2.3.1. The central region is in fact each divided
into two subregions, at the mutual boundary of which the qualitative shape of the branches
changes, namely, from convex to nonconvex.

A point of intersection of S;, and Cy, corresponds to a purely imaginary mode k eigenvalue
is; its imaginary part is the value of the parameter s at the point of intersection, that is, the
value of Sy in the (Sy, T')-coordinate system at the intersection, where

T ={(t1,0;) €R* : ¢, =sinfa, lo = —cosba, a € R}

(see Figure 1.2(b)). The geometric multiplicity of the eigenvalue is is given by the number of
distinct lines in the family {S;} which intersect Cq, at this parameter value, and a tangent
intersection between Sy and Cy, indicates that each eigenvector in mode & has an associated
Jordan chain of length at least 2. Notice that the sets Sy N Cq, and S_; N Cy, have the same
cardinality: the purely imaginary number is is a mode k eigenvalue if and only if the purely
imaginary number —is is a mode —k eigenvalue.

Let us now consider how to apply a Lyapunov centre theorem to equation (1.25). A first
attempt might be to choose 3, v and 65 such that Sy does not intersect Cy, and 6; such
that S; and S_; intersect Cyq, in points with coordinates (s,vy), (¢, 1) and (—s,vp), (—t, 10)
in the (Sp,T')-coordinate system respectively, while Sy does not intersect Cy, for k = 42,
43, ... (see Figure 1.2(b)). In this configuration L has simple mode 1 eigenvalues is, it
with eigenvectors 9y j¢'%, 9 ,6* and mode —1 eigenvalues —is, —it with eigenvectors 9_; se 7%,
0_1,67%. Assuming that 0 < ¢ < s and neglecting any spectrum at the origin for the moment,
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£

)
o

B S,

Figure 1.2: (a) Shape of the dispersion curve Cy, in the (3, y)-parameter plane. (b) Position
of the lines Sy and the dispersion curve Cy, in the (¢1, {3)-plane; the lines Sy and
T form angles 6, and 6, respectively with the positive /5-axis, and the line S
intersects the line T at the point P.

one finds that the purely imaginary eigenvalues =+is satisfy the non-resonance condition
in a standard Lyapunov centre theorem, an infinite-dimensional version of which therefore
gives a periodic solution of (1.25) with period near 27/s. However this approach does not
yield a genuinely three-dimensional wave: at the linear level the solution takes the form
D = Re(? ,e*%e*) = Re(? ,e!**+#)), which depends upon the single spatial direction sx + z.
Note that Groves & Haragus [20] and Bagri & Groves [6], while correctly elucidating the use
of spatial dynamics and Lyapunov centre theory to construct doubly periodic water waves,
actually only detect waves of this kind, often referred to as ‘2%—dimensional waves’.

A more promising approach is to choose 3, v and 5 such that Sy does not intersect Cy,
and vy and 6; such that S; and S_; each intersect Cy, in points with coordinates (+s, 1) and
(£s, —1p) in the (Sp, T')-coordinate system, while Sy does not intersect Cy, for k = £2, £3,
... (see Figure 1.3). In this configuration L exhibitsa 1: 1 or 1 : —1 resonance: it has two mode
1 eigenvalues +is two mode —1 eigenvalues +is so that +is are geometrically and algebraically
double eigenvalues of L with eigenvectors 0y 6%, 9_1 ;7% and 0 _se'*, 91 _se~*. Under the
assumption that the other hypotheses are satisfied, Theorem 1.2 gives a periodic solution of
(1.25) with period near 27/s which yields a genuinely three-dimensional wave: at the linear
level the solution takes the form @ se™%e' +9_; "¢ +0_; _ e 7™ +; e *"e'* which
cannot be reduced to a function of a single spatial direction. (One can of course apply this
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idea in any mode, assuming that +is are both mode k£ and mode —k eigenvalues which do
not resonate with any other purely imaginary eigenvalue.)

S So S

Figure 1.3: Scenarios of interest.

In Chapter 2.3 we apply Theorem 1.2 to the spatial dynamics formulation (1.25) of the
hydroelastic problem in the eigenvalue scenarios shown in Figure 1.3, studying the purely
imaginary spectrum of L in detail in Section 2.3.1. Hypotheses (H3), (H5) and (H6) are readily
verified, while (H4)(iiii) (the origin is a double eigenvalue of L) and (H4)(ii) (the origin is a
point of the continuous spectrum of L) arise in the cases § > 0 and = 0 respectively. In
the former case we find that the zero eigenvalue is trivial in the sense of (H7) and an isolated
spectral point of L, so that (H8) is also satisfied. The additional verification of (H8) in the
case § = 0 is undertaken in Section 2.3.3. Altogether we establish the following result.

Theorem 1.3. Choose 3, v and 0y such that Sy does not intersect Cq, and vy and 0, such
that Sy and S_y each intersect Cy, in points with coordinates (£s,vy) and (£s, —vy) in the
(S0, T')-coordinate system, while Sy does not intersect Cq, for k = +2, £3, ... (see Figure
1.8). There ezist € > 0 and a two-parameter branch {(¢,1)(X1, X2) fo<yixa<e Of doubly periodic
solutions of (1.20)-(1.23) with periods 27 /(s+p2(x1, X2)), 27/ (vo+ (X1, X2)) in the variables
x18infy — w3 cos by and xy sin By — x3 cos Oy respectively.

We also derive the following ‘inverse’ result which shows that under a certain non-resonance
condition one can find a family of doubly periodic solutions which are small perturbations
of any given periodic cell; these solutions have a fixed dimensionless wave speed v and fixed
periodic directions.

Theorem 1.4. Choose 3, s, vy and 0y — 01 arbitrarily. There exist 01 and v such that S
and S_; each intersect Cq, in points with coordinates (£s,vy) and (£s, —vy) in the (So,T)-
coordinate system. Assume that Sy does not intersect Cq, for k # £1. There exist € > 0 and
a two-parameter branch {(¢,n)(X1, X2) fo<yixe<e 0f doubly periodic solutions of (1.20)—(1.23)
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with periods 2m /(s + pa(X1, X2)), 27/ (Vo + p1(xa, x2)) in the variables ;1 sin 6y — x5 cos by and
x18in @y — x3 cos By respectively.

1.3 Centre-manifold reduction and solitary hydroelastic
surface waves

In Chapter 3 we consider line solitary waves, replacing x; by x for notational simplicity and
working in dimensionless variables with unit length A and unit speed ¢, so that

(x,y) — h(z,y), n— hn, ¢+ hco.
The governing equations become
Gpz + Oy =0, ~l<y<n (1.28)
with boundary conditions

¢y =0, y = —1, (1.29)
st - Th% +n. =0, y=n, (130)
— ¢o + 5(07 + ¢)) +an

1 1 Nawx 1 Nz ’
H (<1+nz>1/2 (i) sl ) SOy A

and asymptotic conditions n — 0, (¢, ¢,) — 0 as  — £oo, where

gh D

o= = —.
c2’ ph3c?

Equations (1.28)—(1.31) follow from the formal variational principle

2
[ UL (ot e @) s oot s b e ae = )

Weakly nonlinear theory

Let us briefly review the (formal) classical weakly nonlinear theory as it applies to this problem.
Figure 1.4 shows the linear dispersion relation

o+ But = peoth(p)
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for a sinusoidal wave train with wave number p. For each fixed value 3y of 3 the dispersion
curve has a unique minimum at (u, o) = (i, g '); the relationship between 3y, ag and s
can be expressed in the form

1 1 3 2
Bo(po) = — coth(pg) — — cosech® (o), ap(pg) = °Fo coth(uo) + % cosech? (),

Ay 441 4 (1.33)
1.33

which defines a curve C' in the (3, a)-plane parametrised by pg € (0, 00). Setting o = g + €2,
B = By, and substituting the modulational Ansatz

n(x) = (Clex)e™” + {(ex)e#07) + &2 (Ga(ex)e™” + Gy(ex)e 407 + Go(ex) ) + - -+

into equations (3.2)—(3.6), one finds that to leading order ( satisfies the nonlinear
Schrodinger equation

¢ —biCxx — ba|¢|¢ =0, (1.34)

where X = ez (see Appendix 3.5.1 for details of the derivation and formulae for the coefficients
by and by). One finds that by is positive for all values of pg, and there exists a critical value yu
(numerically uf ~ 177.33) such that by > 0 for py < pg (‘focussing’) and by < 0 for g > uf
(‘defocussing’).

0 fto gL

Figure 1.4: The linear dispersion relation for a fixed f.

Suppose that by > 0, that is, choose g sufficiently small, or equivalently 3, sufficiently large
(corresponding to sufficiently shallow water in physical variables). Equation (1.34) admits the
family

2 1/2 X )
((X) = (b) sech (1/2> e, 6 € [0,2m)
2 by
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of homoclinic solutions (solutions which decay to zero as © — £00), which correspond to the
solitary waves

2

e (2) ean (22 0) + O(<
n(z) = e(b) sec b}ﬁ cos(pox + 0) + O(e7).

These waves take the form of periodic wave trains modulated by exponentially decaying
envelopes; the wave with § = 0 is a symmetric wave of elevation while the wave with § = 7 is
a symmetric wave of depression (see Figure 1.5). In Chapter 3 we confirm the predictions of
the weakly nonlinear theory and prove the following theorem.

Theorem 1.5. Choose g € (0, 1) and let (8o, ag) denote the point on the curve C with this
parameter value. For each sufficiently small value of e > 0 and v € (0, 1) the hydroelastic prob-
lem (1.28)—(1.31) with B = By and o = ag + €2 admits two geometrically distinct, symmetric
solitary-wave solutions (n=, ¢F) which satisfy the estimate

2 1/2 B
77?(55) = 12 <b) sech (;;2) cos(ox) + O(€2e_Vb1 1/25\x|)
2 1

uniformly over x € R.

iy

Figure 1.5: Symmetric envelope solitary waves (with scaled amplitudes and wavelengths).

Kirchgassner reduction

We prove Theorem 1.5 using the Kirchgdssner reduction: the hydrodynamic problem is for-
mulated as a spatial Hamiltonian system and reduced to a locally equivalent Hamiltonian
system with finitely many degrees of freedom; homoclinic solutions of the reduced system
correspond to solitary waves. The method was introduced by Kirchgéssner [37] and has been
used for many problems in fluid mechanics, in particular for water waves (see Dias & Iooss [14]
for a review), and more recently for water waves with vorticity (Groves & Wahlén [22]) and
ferrofluids (Groves, Lloyd & Stylianou [26], Groves & Nilsson [21]). In Chapter 3 we review



32 Introduction

the method as it applies to hydroelastic solitary waves, presenting various refinements and
new features.

To formulate the hydroelastic equations as a Hamiltonian system we treat the variational
functional in equation (1.32) as an action functional in which a density is integrated over
the z-direction and perform a Legendre transform. Full details of this step and the several
necessary changes of variables, which are performed explicitly, are also given; the result is a
quasilinear evolution equation of the form

Uy = Lu+ N°(u) (1.35)
for the variable u = (1, p,w, &, T, ¥) in the phase space
Z={(n,pw &T,¥) ER xR x Rx R x H'(0,1) x L*(0,1)},

where the overline denotes the subspace of functions with zero mean value; the domain of the
linear operator L is

D(L) = {(n,p,w,&,T,¥) € R x R x R x R x H*(0,1) x H'(0,1): T, . =0}
y:7

and the nonlinear term on the right-hand side of (1.35), which satisfies
N°(u) = O(||(d,u)||||u]|), maps a neighbourhood of the origin in R? x D(L) analytically into
Z. Here p,w, &, T, U are auxiliary variables related to n and ¢, we have written o = ag + 63
and 8 = By + 92, where o and Sy are fixed, and the superscript § denotes the dependence
upon this parameter.

In Section 3.2 we show that the spectrum of L is discrete. By reducing the spectral problem
to a non self-adjoint Sturm-Liouville problem, we show that a complex number X is an
eigenvalue of L if and only if

g + MGy = Acot(N) (1.36)

and deduce that o(L) consists of

(a) a countably infinite family {A;}rez\ (o} of simple real eigenvalues, where {\;}32, are the
positive real solutions of equation (1.36), so that A\, € (km, (k+ 1)) for k = 1,2,...
and i ]

A =k27r2++o<)
’ Bo Nk
for large k, and A\_p = =Xy for k=1,2,.. .,

(b) four additional eigenvalues (counted according to multiplicity) which are shown in
Figure 1.6. Note in particular that a Hamiltonian-Hopf bifurcation occurs at each
point (B (o), ao(tto)) of the curve C: two pairs of purely imaginary eigenvalues become
complex by colliding at the points +ipy on the imaginary axis.
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Remarkably, we can treat (1.35) as a dynamical system with countably infinitely many co-
ordinates by showing that L is a Riesz spectral operator, that is its generalised eigenvectors
form a Riesz basis for Z (a Schauder basis obtained by an isomorphism from an othonormal
basis). In particular, at a point (8o(uo), ao(po)) of the curve C' (a ‘Hamiltonian-Hopf point’)
we can write

Z:{u:Ae+Bf+Ae+Bf+ > Brea, : A,BeC, {ﬂk}e£2},
keZ\{0}

where e, f and e, are suitably normalised generalised eigenvectors with (L — iugl)e = 0,
(L —ipol)f =e and (L — Agl)ey, = 0. In the above notation

Lu = (ipgA + B)e + ipgBf + (—ipgA + B)e — ipoBf + > AiBren,
keZ\ {0}

and u € D(L) whenever {\.3;} € (2.

&%)

o

Bo

Figure 1.6: The shaded region indicates the parameter regime in which homoclinic bifurcation
is detected; dots and crosses denote respectively simple and algebraically double,
geometrically simple eigenvalues.

Homoclinic solutions of the Hamiltonian system are of particular interest since they corre-
spond to solitary waves. We detect them using centre-manifold reduction (see Mielke [44, 45]
for the version of the reduction theorem used here). Denoting the central and hyperbolic
subspaces of Z at a Hamiltonian-Hopf point by

Zy={uy = Ae+ Bf + Ae + Bf : A,B € C}, ZQ—{uQ— > 5,6@,6:{5,{}662},
kezZ\{0}

one finds that all small, globally bounded solutions to (1.35) lie on a centre manifold of the
form {uy = r(uy;0)}, where the reduction function r : Z; — D(L) is O(]| (6, w)||||u]]). The flow
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on the centre manifold is governed by the reduced system
Ure = Luy 4+ N°(uy + 7(uy; 0)), (1.37)

which is itself a reversible Hamiltonian system (with two degrees of freedom). One of the key
requirements in Mielke’s theorem is that the operator Ly = L|z, has LP-mazimal reqularity
in the sense that the differential equation

('Luz = LQUQ + h

admits a unique solution uy € WHP(R, Zy) N LP(R, D(Ly)) for each h € LP(R, Z,) and p > 1.
In fact LP-maximal regularity for some p > 1 implies LP-maximal regularity for all p > 1 (see
Mielke [43]), and an operator has L*-maximal regularity if and only if it satisfies a resolvent
esimate (see Arendt & Duelli [5, Theorem 2.4]); the theorem is usually stated with the
resolvent estimate as a hypothesis. (Mielke’s theorem actually requires maximal regularity
in exponentially weighted spaces, a property which is implied by LP-maximal regularity; see
Mielke [43, Lemma 2.3].) In Section 3.3 we however demonstrate directly that a Riesz spectral
operator with no imaginary eigenvalues has L?-maximal regularity, and stipulate L?-maximal
regularity as a hypothesis in Mielke’s theorem.

With a slight abuse of notation we write (d1,02) = (4,0), so that positive values of §
correspond to points on the ‘complex’ side of C' (the shaded region in Figure 1.6), one finds
after a Darboux and normal-form transformation that the reduced equation (1.37) can be
formulated as the Hamiltonian system

OH’ OH®
= —, B, = ———, 1.38
0B 0A (1.38)
A%(A, B, A, B)=is(AB ~ AB) + B[ + Hi(|A i(AB — AB)) + O(I(A, B)P|(5, A, B)["),

where H{p(A, B, A, B) is a real polynomial function of its arguments which satisfies

Ay

Hyw(JA]P, i(AB — AB),8)= O(|(A, B)I*|(5, A, B)|);

it contains the terms of order 3,...,n9 + 1 in the Taylor expansion of ]:I‘;(A, B, A, B) Equa-
tions (1.38) inherit the reversibility of the Hamiltonian system: they are invariant under the
transformation (A, B)(x) +— (A, —B)(—z). Neglecting the remainder term in the Hamiltonian
and introducing the scaled variables

Az) = ee*" A(X), B(z) = 2" B(X), X =ex,

where €2 = §, confirms that the system is at leading order equivalent to the nonlinear
Schrodinger equation . . o
AXX = —ClA — d1A|A|2,
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where ¢; and d; are the coefficients of respectively o |A]? and |A[|* in the Taylor expansion of
H{p. We compute these coefficients explicitly in Appendix 3.5.2 and find that

1 g - sinh?(140) by

G = —— 1
bl’ 2’7’1 b1’

where by, by are the coefficients in equation (1.34) and 7, > 0 is defined in equation (3.39).

A rigorous analysis of (1.38) is given in Section 3.4. Returning to real coordinates ¢, p € R?
given by A = %(fh +igq), B = %(pl +1ipy), eliminating p and introducing the scaled variables

q(z) = eRs:Q(X), X = ex,

where €2 = —¢;6 and Ry is the matrix representing a rotation through the angle 0, transforms
(1.38) into

Qxx =Q—CQIQP +T5(Q,Qx) + R_sx/cT5 (Rsx/eQ, Rsx/eQx, Rsx/eQxx) (1.39)
where C' = —d; /c; and

T (Q, Qx) = O(e|(Q, Qx)|), T5(Q.Qx, Qxx) = O(e™?|(Q, Qx, Qxx)|)-

Equation (1.39) is invariant under X — —X, (Q1(X), Q2(X)) — Q1(—X),—Q2(—X)) and
in the limit € = 0 has the explicit solution

Q(X) = (h(g()> : h(X) = (é)l/Qsech(X)

which is nondegenerate in the class of symmetric functions (see Section 3.4 for a precise
statement of this result). This fact allows one to prove the following theorem with an implicit-
function theorem argument.

Theorem 1.6. For each v € (0,1) and each sufficiently small value of € > 0 equation
(1.39) has two homoclinic solutions Q= which are symmetric, that is invariant under the
transformation (Q1(X), Q2(X)) — (Q1(—=X), —Q2(—X)), and satisfy the estimate

Qs:t(X) S <h<(‘)X)> +O(€€_V‘X|>

for all X € R.

Finally, let us briefly mention some related work in the literature. Buffoni & Groves [10]
show that (1.38) has an infinite number of geometrically distinct homoclinic solutions which
generically resemble multiple copies of one of the ‘primary’ homoclinic solutions found here.
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In the present context this result yields the existence of an infinite family of ‘multi-pulse’
hydroelastic solitary waves. A variational existence theory for hydroelastic solitary waves
in the present parameter regime has been given by Groves, Hewer & Wahlén [25], while
the Kirchgéssner reduction (without the Hamiltonian framework) has also been applied to
an alternative model in which the ice sheet is modelled as a Kirchhoff-Love elastic plate
with nonzero thickness and inertial effects are taken into account (Ilichev [31] and Ilichev &
Tomashpolskii [32]).

1.4 A dimension-breaking phenomenon for solitary
hydroelastic surface waves

In Chapter 4 we consider periodically modulated solitary waves, replacing zi,x3 by z, 2
for notational consistency with previous work on water waves (see below) and working in
dimensionless variables with unit length h and unit speed ¢, so that

(2,y,2) = h(z,y,2), n—hn, ¢— hco.
The governing equations become

¢xz+¢yy+¢zz:07 —1 <y<nm (140)

with boundary conditions

¢y =0, y=—1, (1.41)

¢y = ¢x77x + ¢znz — Nz, y=n, (142)
1

= ba+ 5 (67 + &y + 02) + an + BU() =0, y =, (1.43)

and asymptotic conditions n — 0, (¢4, ¢y, ¢.) — 0 as x — o0, where

h D
a:%) /6:

c2h3’

Equations (1.40)—(1.43) follow from the formal variational principle

5/{/77 {—¢z+§(¢i+¢§,+¢§) dy+;an2+2ﬁp2\/§} dedz =0.  (1.44)

-1
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Weakly nonlinear theory

Let us briefly review the (formal) classical weakly nonlinear theory as it applies to this problem.
Recall that, for each fixed value 5y of (3, the linear dispersion curve for a two-dimensional
sinusoidal wave train with wave number x has a unique minimum at (u, a™') = (ug, ag ') (see
Figure 1.4 and equation (1.33)). Substituting

O[:(lfo+€2, 6:507
n(x) = g(C(ax, e2)e” + ((ex, 5z)e’i“°$)
+ €2 (Cg(ea:, £2)e?H0T 4 () (ex, ez)e BT 4 (o (e, 52)) IR
into equations (1.40)—(1.43), one finds that to leading order ( satisfies the Davey-Stewartson
system
¢ — AiCxx — AxCzz — As|C]P¢ + AuCux =0, (1.45)
(1= ag)xx +¥zz + Adx([¢C]*) = 0, (1.46)
where X = ex, Z = ez (see Appendix 4.4.2); formulae for the coefficients Ay, A3 and A, are
given in Appendix 4.4.1, while Ay = pg* coth(uo). The system (1.45), (1.46) is of elliptic-

elliptic type since A;, Ay > 0 and o > 1. In the special case of z-independent waves these
equations reduce to the cubic nonlinear Schrodinger equation

¢— AlCXX - A5|C|2C =0, (1-47)

where As = Az + (1 —ag ') "' A2. (Note that the coefficients A;, A5 in equation (1.47) are the
same as the coefficients by, by in equation (1.34).)

The nonlinear Schrédinger equation (1.47) is focussing if A; > 0. In this case it has
symmetric solitary-wave solutions

\ 2\"? X
C(X):j:<A5> SeCh<Ai/2>;

as Z-independent solutions of (1.45), (1.46) they are again referred to as line solitary waves.
It was shown by Groves, Sun & Wahlén [28] that Davey-Stewartson systems of elliptic-elliptic
focussing type have solitary-wave solutions of the form

C(Xv Z) = C*(X) _I'C:(X’ Z),

where C is evanescent in its first argument and periodic in its second. These solutions are period-
ically modulated solitary waves, which emerge from line solitary waves in a dimension-breaking
bifurcation. Similar dimension-breaking bifurcation phenomena for other model equations have
been studied by Haragus-Courcelle & Pego [30] and Bridges & Derks [9].
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Spatial dynamics

In Chapter 3 we show that the hydroelastic-wave problem (1.40)—(1.43) also has two families
of z-independent, small-amplitude, symmetric solitary-wave solutions (nF, ¢=), either of which
we now denote by (n*, ¢*). These line solitary waves are solutions of (1.40)—(1.43) with

a=ag+e’, B=P, n =e*(ex)cos(uozr)+ O(?),

where [y, o are given by (1.33) and po < pf =~ 177.33 (see above). The line solitary waves
are wave packets consisting of a decaying envelope which modulates an underlying periodic
wave train with wave number o (see Figure 1.7). In Chapter 4 we prove the existence of
three-dimensional periodically modulated solitary waves which emanate from the line solitary
waves in a dimension-breaking bifurcation; they are sketched in Figure 1.7.

iy

Figure 1.7: The periodically modulated solitary wave on the right emerges from the line
solitary wave on the left in a dimension breaking bifurcation.

We use the method by using the variational principle (1.44) in the usual fashion to formulate
the hydroelastic problem for travelling waves as a reversible evolutionary equation

u, = f(u), (1.48)

where u belongs to a space X of functions which converge to zero as x — +oo and
f:D(f) € X - X is an unbounded, densely defined vector field (see Sections 4.1.1 and
4.1.2). Observe that the nonzero equilibria of equation (1.48) are precisely the line solitary-
wave solutions of the hydroelastic-wave problem; of particular interest in this respect are the
equilibria u* corresponding to the small amplitude line solitary waves. A solution to equation
(1.48) of the form

u(z, z) = u*(z) +u'(z, 2),

where ' has a small amplitude and is periodic in z, corresponds to a periodically modulated
solitary wave which is generated by a dimension-breaking bifurcation from a line solitary wave.
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Accordingly, we construct a family of small-amplitude periodic solutions to the equation
ul, = fu* +u) (1.49)

for each sufficiently small value of . Explicit formulae for equations (1.48) and (1.49) (together
with the definitions of suitable function spaces in which to study them) are presented in Section
4.1.1 below.

X

Figure 1.8: A family of periodic orbits surrounding the origin in the phase space X" of (1.49).
Each point in X is a function of x which vanishes as * — +o00, while z is the
time-like variable.

The corresponding result for water waves with weak surface tension was established by
Groves, Sun & Wahlén [27] (see Groves, Haragus & Sun [23] for water waves with strong
surface tension); in Chapter 4 we use their work as a blueprint, adhering closely to their
strategy.

The Lyapunov-looss theorem

As we have already seen, small-amplitude periodic solutions of reversible evolutionary equa-
tions are classically found using the Lyapunov centre theorem, which asserts the existence of
a family of these solutions which surround the zero equilibrium and have frequency near wy
provided that +iwy are non-resonant imaginary eigenvalues of the corresponding linearised
system. Figure 1.8 shows an interpretation of this result in the present setting. In our problem
the central subspace is however infinite-dimensional due to the presence of essential spectrum
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at the origin (a feature typical of spatial dynamics formulations for problems in unbounded
domains). We therefore turn to looss’s generalisation of the reversible Lyapunov centre theo-
rem mentioned in Section 1.2, which we refer to as the Lyapunov-Iooss theorem. Its proof is
similar, but more straightforward, than that of Theorem 1.2.

Theorem 1.7. Consider the differential equation
v, = Lv 4+ N(v), (1.50)
in which v(T) belongs to a Banach space X . Suppose that Y, Z are further Banach spaces with
the properties that
(1) Z is continuously embedded in Y and continuously and densely embedded in X,

(i) L:2Z C X — X is a closed linear operator,

(i1) there is a neighbourhood U of the origin in Y such that L € L(Y,X) and N maps U
(and hence U N Z) smoothly into X with N(0) =0, dN[0] = 0.

Suppose further that

(iv) equation (1.50) is reversible: there exists an involution S € L(X,X) with SLv = —LSv
and SN (v) = —=N(Sv) for allv e U,

and the following spectral hypotheses are satisfied:
(v) tiwy are nonzero simple eigenvalues of L,
(vi) inwy € p(L) forn € Z\ {-1,0,1};
(vii) ||(L — inwol) || x—x = o(1) and ||(L — inwol) ™ ||x—z = O(1) as n — oo;

(viii) For each v’ € U the equation
Lv=—N(v)

has a unique solution v € Y and v’ + v is a smooth mapping U — .

Under these hypotheses there exists a neighbourhood N of the origin in R and a continuously
differentiable branch {(v(s),w(s))}ses of 27 /w(s)-periodic solutions in Cpe(R, Y B Z) to (1.50)
with amplitude O(|s|). Here the direct sum refers to the decomposition of a function into its
mode 0 and higher-order Fourier components, the subscript ‘per’ indicates a 27 /w(s)-periodic
function and w(s) = wy + O(|s|?).

Remark 1.8. Hypothesis (viii) (‘the Iooss condition at the origin’) is stronger than, but
implies looss’s original condition (see Remark 1.1(i1)). We impose this stronger condition
here since it is more easily verified in applications.
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Our task is thus to study the purely imaginary spectrum of the linearisation L of the vector
field on the right-hand side of (1.49) and verify the hypotheses in the Lyapunov-Iooss theorem.
This existence theory is given in Section 4.1.3 with proofs of the techincal results in Sections
4.2 and 4.3. Motivated by the weakly nonlinear scaling for modulated wave packets, we use
the decomposition 1 = 1, + 12, where the supports of the Fourier transforms of n; and 75 lie
respectively in S = [—pg — 0, —po + 6] U [0 — 6, po + 0] and R\ S, determine 7, and all other
variables as functions of n;, and write

1 . 1 —
m(z) = §5C(5:c)e‘“°x + iéC(ex)e’”‘ox.

We find, after a lengthy calculation, that the pair +ck, k > 0 are eigenvalues of L if and only
if the operator

Be,k(Ca w) =
(A«f (6 = ArGer — (A3 + A5)(6)C = As(C)C + AuC*0) +12¢ = Re(C >>
_(1 - aal)wzx - %[C*Cl]x + ka

has a zero eigenvalue, where R. x(() is a remainder term which is O(¢) in an appropriate sense;
note that Bo((, ) is precisely the operator obtained by linearising the Davey-Stewartson
system at its line solitary wave and taking the Fourier transform with respect to z. A com-
parison with well-studied operators in mathematical physics shows that Byg = By — k*I
has precisely one simple negative eigenvalue —kZ, so that By has a simple zero precisely
when k = ko, and we deduce from a spectral perturbation argument that B, j is invertible for
k € [kmin, 00) \ {kc}, where ky;, is a fixed small, positive number and |ky — k.| = O(e), while
B . has a simple zero eigenvalue; the corresponding eigenvector is invariant under the sym-
metry S : (¢(x),(x)) — ({(—2), —(—2)), thus corresponding to a linear water wave whose
surface profile is symmetric in . We also show that B. ;| g does not have a zero eigenvalue
in the interval (0, kmyin)-

A similar argument is used to verify the Iooss condition at the origin. Applying the above
reduction to the equation

Lv=—N(v"),

where N is the nonlinear part of the vector field on the right-hand side of (1.49), we obtain
the reduced equation

C-(¢) = ¢,

where C is the operator obtained by linearising the cubic nonlinear Schrédinger equation at
its solitary wave and C. — Cp is O(e) in an appropriate sense. The operator Cy is invertible in
the class of functions which are invariant unter the symmetry ((x) — ((—=z), and it follows
that the reduced equation is solvable in this class. Working in function spaces corresponding
to symmetric surface waves, we therefore obtain the following existence result for periodically
modulated solitary waves from Theorem 1.7.
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Theorem 1.9. There exist a neighbourhood N of the origin in R and a family of periodically
modulated solitary waves {(ny(z, 2), 05 (.Y, 2)) }yen., which emerges from the line solitary
wave in a dimension-breaking bifurcation. Here

M (,2) = ni(z) + ny(x, 2),

in which 03 (-, -) has amplitude O(|x|) and is even in both arguments and periodic in its second
with frequency ek. + O(|x|?); the positive number k. satisfies |k. — ko| = O(e).



2 A resonant Lyapunov centre theorem
and doubly periodic travelling
hydroelastic waves

2.1 A resonant Lyapunov centre theorem

In this section we prove the following theorem, working in the framework for Hamiltonian
systems set out in Section 1.1.

Theorem 2.1. Let X, Z be real Hilbert spaces, where X is continuously and densely embedded
in Z, and consider the autonomous evolutionary equation

vy = LMo 4+ N# (v), (2.1)

where (uy,v) — N (v) is a smooth mapping from a neighbourhood Ay x U of the origin in
R x X into Z which satisfies N*'(0) = 0 and dN*[0] = 0 for all py € Ay, and
L X C Z — Z is a closed linear operator which depends smoothly upon py in the
topology of L(X, Z). Suppose that

(H1) Equation (1.9) represents Hamilton’s equations
v = vy (v)

for a Hamiltonian system (Z,Q" H") with Dy = Ay x U (in the nomenclature in
Section 1.1), so that

LM (v) + N (v) = J* (v) 'V H™ (v)

and in particular

LMy = JM(0) 'V HY (v),

where HY' (v) = 1d*H*[0](v,v) is the part of H"' which is homogeneous of degree 2 in
v.

43
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(H2) Equation (1.9) is reversible: both LM and N™ anticommute with an involution

R e L(X)NL(Z). This reverser R satisfies
H"(Rv) = H"(v), R'o"'(Rv)=—a"(v), R"J"(Rv)R=—J"(v)
for all (uy,v) € Ay x U.

(H3) The linear operator LM has two pa,irs +irh?, Hikh' of purely imaginary eigenvalues with
linearly mdependent ezgem}ectors et e, 62 , eyt all of which depend smoothly upon
1. Furthermore & = Rel, € = ReY and

d
(s —Rp)] A0

o_ .0
K’l_/{27 d
1251 p1=0

For notational simplicity we henceforth abbreviate L°, €? and €S to respectively L, e,

and ey, and define k= k9 = K.

(H4) The origin is one of
(i) a point of the resolvent set of L,
(ii) a point of the continuous spectrum of L,

(iii) a geometrically simple, algebraically double eigenvalue of L with eigenvector fi
and generalized eigenvector fo (possibly embedded in continuous spectrum,), where

Rfi=—fi and Rfy = fa.
Here (ii) and (i) entail further spectral hypotheses (see (H7) and (H8) below).
(H5) The imaginary number ikk belongs to the resolvent set of L for each k € Z\{0,—1,1}.
(H6) The linear operator L satisfies

1

H(ilm[ N L>_1Hz—>z ~ k|

|Grrr =) <1

Z—X ™

for all k € Z\{0,—1,1}.

(H7) The zero eigenvalue (if present) is ‘trivial’ in the following sense: writing u € U as
u=qf; +w withw € {fi}*, one finds that J* (u) and H* (u) do not depend upon q.

(H8) Let

U={ue R, Z)N L2 (R, X) :u(r) €U for all T € R}

per( per

and
N*(u, oy, p12) \/_/ <J’“ (/{ + po) JH (u)uy — LM u — N’“(u)) + JO(O)Lu> dr.

Suppose that the equation
Lut = J°(0)" (I — TIo) N*(u, 1, p12)
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has a unique solution ut € (I —1IIy)X which depends smoothly upon uw € U, py € Ay and
ta € Ny, where Ty is the orthogonal projection of X onto span{fi, fo}.

Under these hypotheses there exist ¢ > 0 and a smooth, two-parameter branch

{v(xa, x2)s 1 (15 X2) Yo<xaxa<e Of 2/ (K + p2(x1, X2))-periodic reversible solutions to equa-
tion (2.1) in HL (R, Z)N L2 (R, X). The rescaled function u(t) = v(t), 7 = (k+ o)t satisfies

loc loc

Hu(XbXQ)HLger(]R,Z) — 0, while pr(x1, X2), 2(X1, x2) = 0 as (x1,x2) — (0,0).

We look for periodic solutions of (2.1) with frequency near k by writing
v(t) = u(r), T = (k+ u)t,

where p5 lies in a neighbourhood A of the origin in R, and seeking 27-periodic solutions of
the transformed equation

(k + p2)u, = L u + N* (u). (2.2)

To this end we introduce the function spaces

Xo=H' (R Z)n L (R, X),

per per

Z.=IL*_.R,2),

per

equipping Z with the continuous scalar product

()= [

and noting that elements w € Z can be expanded in Fourier series

1 ikt

W) = = Tluhe'”, ful = ¢12—7T Ji ") dr € 7.

We seek 27m-periodic solutions of (2.2) by studying the function F' : U x Ay X Ay — Z
defined by

F(u, pn,s p2) = (K + po) J* (w)ur — VH™ (u),

where

U={ue X :u(r)eU for all T € R}.

The equation
F<u7 M1, IUQ) =0, (23)

has a variational characterisation.
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Proposition 2.2. Equation (2.3) is the Euler-Lagrange equation for the action functional
S:U XA x Ay — R given by

1

St ) = o= [ { (o g0 (), ) — Hﬂl(u)} dr.

Furthermore S is invariant with respect to the translation Ty : u(7) — u(T + 0) and reversing
operation T : u(1) — (Ru)(—7).

Proof. The first assertion follows from the calculation

diS[u, py, po](v)

1 2
3,

= (F<u7 Hi, MQ)? U)

for v € X', while the second is a consequence of the periodicity of u and hypothesis (H2). W

We proceed by solving (2.3) using a Lyapunov-Schmidt reduction. For this purpose it is
necessary to examine the solvability conditions for the equations

(Hikl — L)u = J°(0)'f (2.4)

and
Lu = J°0)"'f, (2.5)

where f is a given function in Z. Normalise €}*, e4* such that

W o(e’, e)t) = 4, Qo(ey',eh') = £, Q7 o(e)", eh") =0, Q7 o(e)", e5") =0

and fi, fo such that
QO|O(f17f2) = ]-7

where Q#1]; is extended bilinearly to the complexification of Z. Observing that L is the
Hamiltonian vector field for the linear Hamiltonian system (Z,Q°|y, HY), we find that the
spectral projections Py, and P, onto the eigenspaces E;, = span{ey, e}, E_j. = span{eéy, éy}
and generalised eigenspace Fy = span{ fi, fo} are given by

2

Pou=> sQ0(u,&)e; =Y _ s;(J°(0)(u), e;)e;,

i=1 =1



A resonant Lyapunov centre theorem and doubly periodic travelling hydroelastic waves 47

2
P u=— ZSQ] u, €;) Z ), €:)é;,

where s; = —QF1|o(el", ei), and

Z Y Z

Pou = Qo (u, f2) f1 = Qo (u, f1) fo,
= <JO(O)(U)=f2>f1 - (JO(O)(U>7f1>f2

(see Mielke [45, §3.1]); here (-,-) is extended sesquilinearly to the complexification of Z.
This observation shows in particular that the (necessary and sufficient) solvability condition
for (2.4), namely that the spectral projection of its right-hand side onto F.i;, vanishes, is
equivalent to the requirement that the orthogonal projection Il.;. f of f onto E.;. vanishes.
In this case it has a unique solution in the orthogonal complement of F.;, in X which depends
continuously upon f. Similarly, equation (2.5) is solvable if the orthogonal projection Ilyf of
f onto Ejy vanishes (note that this is merely a sufficient condition), and in this case has a
unique solution in the orthogonal complement of Fy in X which depends continuously upon
f. In the following analysis we use the convention that f; = fo = 0 and hence Py = Iy = 0 if
0 is not an eigenvalue of L.

Define
= {ug + Ae1e” + Beyel™ + Aeje " 4+ Bése ™, A B € C, uy € Z},
Wr ={u € Z: [u]lp =0, i[u]; = _i[u]_1 =0},
where Ily;, are the orthogonal projections onto the eigenspaces Ei, = span{ej,es} and

E_;. = span{eéy, s}, so that
Z =W & W,
X=WnXx)eWranX)

and the decompositions are orthogonal. Let ﬁvw be the projection of Z onto W; along W,
write u € U as

u= Thyu + (I — Ty, )u
—— | —
= Uw, = Un,

and equation (2.3) as
T, F(uw, + iy, fi1, i) = 0,
(I — Tl ) F (uwy, + tw,, i1, pi2) = 0. (2.7)
Proposition 2.3. The linear operator
(I —TIy,)dy F[0,0,0]: (Wo N X) = W,

is an isomorphism.
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Proof. The equation -
(I — Ty, )d;1 F[0,0,0](v) = w (2.8)

with w € W, is equivalent to
(ikkl — L)), = J°(0) w],, k€ Z\{0},

with [w]y € Z, k ¢ {0,—1,1} and [w]; € EL, [w]_; € B4, (in X). By assumption (H5) the

operator ikkl — L: X — Z is an isomorphism for k ¢ {0, —1,1} and we have established that
the equations

ikl — L)[v]; = J°(0) w1,
(—inl — L))y = JO(0) " w]

have unique solutions [v]; € EiL, [v]_; € B+, (in X) which depend continuously upon [w];,

[w]_;. It follows that

2 2
Wlize ey = > Mlelx + el + ]k
keZ\{0,~1,1}

= 3 |sk = L)) e+ I + )l
kez\{0,—1,1}

S 2 Mwllz + Mwhl + w7
KEZ\{0,~1,1}

2
< [Jwlz

and similarly

1ol gy, r,2) S lwll 2

by assumption (H6), so that v lies in X'. We conclude that equation (2.8) has a unique solution
v € Wy N X which depends continuously upon w € W. [ |

Lemma 2.4. There exist neighbourhoods Uy and Us of the origin in respectively Wy and
Ws and a reduction function uyy, : Uy X Ay X Ny — Uy such that equation (2.7) admits
the unique solution (uyy,, uw, (U, t1, 12)) in Uy X Us. Furthermore uywy, (0,0,0) = 0 and
duw, [0,0,0] = 0.

Proof. This result follows from the implicit-function theorem and Proposition 2.3. [ |

The next step is to further decompose the reduced equation

ﬁWlF(uwl + Uw, (uwlhul? /’L2>7 M, MZ) =0 (29)
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by introducing the orthogonal projection II of Z onto
Wii={afi +pfa+ Aere™ + Besel™ + Aéje T 4+ Bése 7, g, peR, A, B¢€ C},
which is given by B
IIu = HO [U]O + e”HM [U]l -+ e_lTH_m [U/]_l,

so that
Wi = Wi @ Wi,

where Wy o = (I — ﬁ)Wl Writing uyy, € U; as

Uy, = 1:[ul/\h + ([ - ﬁ)uWN
—_—— ————

= U =: Uy
we find that (2.9) is equivalent to
ﬁG(uhuQnulwu’Q) = 07 (210)
(I — H)G(Ul,UQ, ,ul,,uz) = 0, (211)

= (I - Ho)[G(U17U2;N17N2)]0
where
G(U17U27M1>N2) = F(“l + ug + UWg(“l + U27M1>M2)7M1,/~L2)-

We proceed with a further reduction of Lyapunov-Schmidt type. Solving equation (2.11) for
ug in terms of uy, g and s requires hypothesis (H8) if the origin lies in the continuous
spectrum of L or is an eigenvalue embedded in the continuous spectrum.

Lemma 2.5. There exist neighbourhoods U, 1 and Uy 5 of the origin in respectively Wi 1
and Wi 2 and a reduction function us : Upx X Ay X Ny — Uy o such that equation (2.11)
admits the unique solution (uy,us(uy, 1, po)) in Uy 1 X Uy . Furthermore u1(0,0,0) =0 and

duy[0,0,0] = 0.

Proof. Equation (2.11) is equivalent to
Lug = J°(0) (I — o) N*(uy + g + wy, (w1 + s, g1, fta), fa, fia).-
Let v(uy, us, pi1, p2) be the unique solution of the equation
Lv = J(0)7H(I — o) N* (ur + ug + uw, (w1 + ug, pa, pi2), fi1, o)
and define T : (U N Wy 1) x (Uy N Wi2) X Ay X Ay — W, 5 by
Y (ur, ug, pa, p2) = g — v(u1, U, fi1, fa).

Observing that Y(0,0,0,0) = 0, d3Y[0,0,0,0] = I, one therefore obtains the result from the
implicit-function theorem. |
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The reduced equation B
UG (uy, ug(ur, pia, p2), pi1, p2) = 0

is conveniently written as
fur, pa, p2) =0, (2.12)
where B
flur, pa, po) = TLF (uy + h(ua, pa, pa), pa s po)
and the new reduction function b : Uy x Ay x Ay — (I — ﬁ)X is given by

h(uy, pa, pro) = ug(us, i, o) + uw, (U1 + ua(ug, p1, i), p, f2)-

Note again that ~(0,0,0) = 0 and d;k[0,0,0] = 0. Equation (2.12) inherits the variational
structure of (2.3).

Proposition 2.6. Equation (2.12) is the Euler-Lagrange equation for the reduced action
functional s : U1 x Ay X Ay = R given by

s(uy, p, po) = S(ur + h(wy, p, p2), o, p2),

that is
disfur, pua, po](v1) = (f (ur, g, p2), 01) (2.13)
for all v, € Ix.

Proof. This result follows from the calculation

dysfur, p, po)(v1) = diSur + h(uq, pia, p2), pr, po)(v1 + dihfu, pia, p2](v1))
= (F(u1 + h(uy, p, pa), pa, f2), fr, fa), dlh[ula M1, Mz](Ul) + 1)
IF (uy + h(us, g, p2), pa, pa), dihfua, pa, po](v1) + v1)

= (
= (ITF (uy + h(ur, pu, o), fir, p2), v1)
= (f(ur, pa, pi2), v1),

where the second line follows from the first by Proposition 2.2, the third follows from the
second because

(I - ﬁ)F(Ul + h(uq, p, p2), pa, pr2) =0

by construction, and the fourth follows from the third because h(uy, i1, p12) (and hence all its
derivatives) lies in (I — IT)X. [ |

Introducing coordinates

up =qft +pfo+ Aeje'™ + Begelm + Age ' + Béze’”,
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one finds that the reduced equation (2.12) is given by

015 =0, (2.14)
dps =0, (2.15)
Ops =0 (2.16)

(recall that s does not depend upon ¢ by hypothesis (H7)). The reduced action functional s
remains invariant under the symmetries 7y and 7', whose actions on W ; are given by

T9<A7 B7 A? B? Q7p) = (Aele7 Bele’ Aeile? Beile? Q7p)7
T(A, B,A,B,q,p) = (A,B,A,B, —q,p).

It follows that s is a real-valued function of the real quantities |A|?, |B|?, 1(AB — AB),
%(AB + AB), p, ju1 and py which is even with respect to %(AB — AB). Restricting to A = 71,
B = iry, where r; and ry are real (so that $(AB — AB) = riry, 1(AB + AB) = 0), we find
that

S(Aa B7A7 B7p7 :uluu’Q) = 5(7”%,7”;7’17"2,]77 :u17:u’2)7

where the right-hand side is even in its third argument, so that in fact, with a slight abuse of
notation,

8(A7 B7 AJ B? q, U1, /’LQ) = 5(7”%, T%,p, M1, /vL2>
Equations (2.14)—(2.16) therefore reduce to
7’1315(7’% 7”%:]9, [, f2)

= O’
7'2825(7”%, T%,p, /1’17/1’2) = OJ
(935(7“%,7“%,1?7 “17#2) =0,

and further to

815(7"%,’/‘%,]’)7 Ml)l’b?) - 07 (217)
825(7’%,7”;]9, M17N2> = 07 (218>
0s3(r3, 73, p, s pr2) = 0 (2.19)

for solutions with non-zero r; and r, components.
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Lemma 2.7. Denoting by § sk I(r2 r2, p)™ i 2 the part of 5 which is homogeneous of order

m in (r?,732,p) and of order ny, ny in py and o, we have that

~00 __ ~00
So = 300219 )
510 ~10 2, ~10 2
Sg = 3200,“17"1 + Spo0M1T2 + Spp2i1P”,
~01 2 2
Sg = —S1UaT] — SallaTy,
where
g0 _ 1
002 - 29

5200 = (O, Le1, €1),

~(1)30 = QO((’) L062, ég),

So02 = 320(0u, L fo, f2)-
Proof. We begin by recording the formulae

d%S[O, 0,0](vy,vq) = (JO(O)(/-ivlT — Lvy), v2),
d3d»5[0,0,0](vy, va, 1) = (9, J2(0) (kv1, — Lvy) + J(0)8,, L°v1, v9),
d%ng[O, 0, 0] ('Ul, Vo, 1) = (J()(O)Uh—, 'UQ)

for vy, vy € X, which are obtained by differentiating the identity
Ay S[u, i1, pa) (v) = (" (u) (5 + p2)ur — L u — N™ (u)), v)

for (u, p1, ) € U x Ay X Ay and v € X (see Proposition 2.2).
These formulae show that

~00 __ ~00
590 = 800071 + 5092075 + S002P"

where
599, = d35[0,0,0](e'er, e e;) = (J°(0 )(ild—L)eiTel,eiTel) 0,
5090 = d3510,0,0](eey, e ey) = (JO(0)(ikI — L)eey, eey) = 0,
%&—M%mammez—a PO)Lf2, f2) = =% (1, f2) = =5

Similarly, denoting the part of h(ui, ju1, 12) which is homogeneous of degree i, j, k, ¢, n; and
no in respectively A, B, A, B, i1 and ps by hZﬁQA’BJA’“Beum 1s?, we find that

10
Sy = 3200,“17”1 + 3020M17”2 + 3002/~01p ;

~01
So = 5200N2T1 + 5020M2T2 + 5002H2P )
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where

~100 = d2d2 S[0,0 O](e e, e ey, 1) + d%S[O, 0, O](eiTel» h(l)gmo) + d%S[O, 0,0](e ey, h18000)
= (JY(0)0,, L°(e"e1), eer)
= Q5(9, L (e1), &1),
~(1)(2)0 = d2d2 S[0,0 O](elT62a e, 1) + de[O, 0, O](eiTe% hégow) + d%S[O, 0,0](e ey, hé?ooo)
= (J°(0)9,, L°(e'ey), €'ey)

= 09, L°(e2), €2),
5002 = 3d7d25(0,0,0](f2, f2, 1) + d7S[0,0,0](f2, honoor)

= 5(JY0)0, L2, f2)

= %Qg(aul‘[’onny)

and

5%, = d2d3S[0,0 0](e e1,e ey, 1) +d25[0,0,0](eer, hiyi00) + d3S[0,0,0](eer, Ago00)
=i(J°(0)e"ey, ee;)
= 198(617 él)
= —S1,

~850 - d%d35[0 0 0](6 €2,¢€ é27 1) + d%S[O, 07 O] (eiTe% hg(l)loo) + d%S[O, 07 0]( _1T627 hO%OOO)
=i(J°(0)eey, eey)
= 198(62, ég)

— 8o,

58(1)2 = %d%ng[O, 07 O]<f27 f2> 1) + d%S[O, Oa O](f2> hégool)
= 0.

Note that the second derivatives are extended bilinearly to the complexification of Z while
(+,-) is extended sesquilinearly. |

Corollary 2.8. One has the formulae

10 _ 0 ~01 0
5200 = Oy K15 8900 = Oy Ko
Proof. Observe that
M1 1258 H1 1 M1 1258 1 =M1 _ M1
QU (LMet™ el = ikl QF (el ) = —s;kl™.

Differentiating this formula with respect to u; and evaluating the result at u; = 0 yields
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_818#1’%1 = Qg(a,ulLOei7 éi) + Q(1)<Lei? éi) + QO(Lamei“, e ) + Q (Lew 8#1651)

H1=0

= Qg(a,ulLOeia éi) + Q(l)(Lei7 éi) - Q8<8M1 €; 7L€Z) + Q (Leﬂ 8#16¢1>

p1=0

— QO L0es, &) + i (e, &) + (Dl &) + (es, O ef™))

p1=0
= Qg(aﬂlLOei,él) + k0, Qb (el ,(9“16;”)

H#1=0
= Qg(@ulLOei, éz)
[

Finally, we solve equations (2.17)—(2.19) using the information given by Lemma 2.7 and
Corollary 2.8, thus completing the proof of Theorem 2.1.

Lemma 2.9. There exist ¢ > 0 and functions p* : B.(0) — R, ui : B.(0) — R,
ps o B(0) — R such that the solution set of (2.17)-(2.19) in Us1 x Ay X Ay coincides

with
{<T%7T§7p (T%7T2) MI(TMTZ) /1“2(71%’71;) : |(7”%,7”§>| < 6}‘

Proof. Since

and

0,8,5(0,0,0,0,0) 9,955(0,0,0,0,0)\ "
det <aga4§(0,0,0,0,0) 9,0:5(0.0.0.0,0) ) = 525300 + 515020

= —51820,, (K] — k)
# 0,

we can solve equations (2.17), (2.18) locally for py = uy(r?, 73, p), p2 = pa(r?, r2, p) using the
implicit-function theorem. Inserting this solution into (2.19) yields

t(ri,r3,p) =0, (2.20)
where

E(’l“%, T%ap) = 03§(T%7 rgvpa ,ul(rfa Tg>p)a MZ(va Tgap))'

Furthermore

£(0,0,0) = 35(0,0,0, 111 (0,0, 0), 12(0,0,0)) =0
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and similarly

851(0,0,0) = 25(0,0,0,0,0) + 831 (0,0, 0)83045(0, 0,0, 0, 0) + D3112(0, 0,0)9553(0, 0, 0,0, 0)

=00
= 25002

— 1.
We can therefore solve equation (2.19) locally for p = p(r?,r3) using the implicit-function
theorem.

The assertion follows by setting p*(r?, r2) = p(r?,r2), wi(ri,r3) = ui(ri, r3, p(ri, r2)) and
N§<T%7T%) :/LQ(T%,Tg,p(T%7T§>>. u

2.2 Doubly periodic hydroelastic waves

We consider waves which are periodic with periods p; and p, in two arbitrary horizontal
directions z and z which form (different) angles 6y, 6, € [0, 7) with the z;-axis respectively,
so that

x = csc(fy — 01)(x1 sin by — x3cosbs), z = csc(fy — Oy)(x1sin by — x3cosby)

(see Figure 1.1). To this end we seek solutions of the governing equations (1.20)—(1.23) of the
form

n<x17x3> = ﬁ(j’z)v qb(:tl,l’z,Ig) = gz;(i‘,xQ,f),

where
27

T = x18infy — x3Cos s, Z = —/(xysinf; — x3cosb)
b2
and 17, é are 2r-periodic in Z (the requirement that they are also periodic in 7 is applied
later). Dropping the tildes for notational simplicity, one finds that the governing equations
become

Drz + Pagwy + V2 0z + 20 cO8(01 — b) ¢ = O, — 5 <my <, (2:21)
¢z, =0, Ty = — 3, (2.22)
Gy = —(si0 O30 + v SN 017).) + 100 + V7020

+veos(by — 02)(1n:dz + 1:02), Ty =1, (2.23)

— y(sin by¢, + vsin 6,6,
+ L¢3+ 02, + 1242 + 2vcos(0r — 02) )+ +U(n) =0, x5 =1, (2.24)
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where

B 1 1+ v2sin?(6; — 09)n? ) 9 <1+sin2(91—92)77£ )

T v cos(th — ) (am (5@) 0 (5@>)
-0 - o0) (0, ("5 ) 0. ()

+ﬂﬁ—2KP>
Q =14+ 773 + y27]§ + 2v 008(91 — Qg)nxm,
1
P = — |0 + 1’0, + 20 cos(0) — 02)n,.
QQ% [77 ven v cos(b, 2)7)
+ e Sin2(91 — 92)(771;95775 - 2771’27790772 + 7722772)},
K = @V sin (91 - ‘92)(nxmnzz - 7752)

and v = 27 /p,.

We proceed by formulating equations (2.21)—(2.24) as a Hamiltonian system in which the
horizontal spatial direction = plays the role of the time-like variable (‘spatial dynamics’).
Our starting point is the observation that these equations follow from the formal variational
principle

i | /o% { /ng ; (02 + 6%, + 1°62 + 20 cos(br — 6),0- ) dr,

+ 2\/7P2 In® + v(n,sin by + vn, sin 91)¢|x2=n} dzdzx =0, (2.25)

in which the variations are taken over 17 and ¢. Because of the difficulty in performing analysis
on a variable domain, we use the change of variable

y+(1+Bym, B>0,
y +e¥n, B =0,

¢($,.T2,Z) :(I)(.T,y,Z), To =

to map the variable fluid domain {— 5 < 9 < n(z,2)} to the fixed domain {—f <y < 0}
The variational principle (2.25) is transformed into

0L = O, L= /L(U,%anm; CI): (I)a:) dZE,
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in which

L(’f], 773?7 77m7 q)a (I)w)

o 1 2 252 1 .2
- /0 { ~1 2K5(n) <(<Dm — Ki(mne®,)” + Ka(n)"®, + v (P, — Ki(n)n.®,)

+2v cos(0y — 02)(D, — K1(n)n,D,) (P, — Kl(ﬁ)ﬁz‘%)) dy
+ 2[132 + 50" + y(nesin by + v, sin 91)<I>|y:0} dz

and

1 1
+5y7 /6>O) PR B>07
1+ Bn L+ 5n
K =9, K=y
-0 . B=0.
1+evn’ p=0, 1+evn b

The next step is to perform a formal Legendre transformation by introducing the new

coordinate
P ="z

and momenta

C_LL_E 0L
Con, dz \ Onu,

__[° Ki(n)
—— /ng %) (((Px — Ki(n)n.®,)®, + vcos(fy — 02)(P, — K, (n)nztby)q)y) dy

P2
— 1Oﬁ(nm +vcos(f; — 6)n.)
4P, ., .
+ ay sin (01 - 92)(_77902772 + nzznar) +7sn 92(I)|y:0
d (2P .
- (Q(l + % sin?(0; — 92)773)> ,
SL
‘= M
2P
=0 (14 v*sin*(0, — 92)773)a
L
U =
0P,
1

vecos(fy — 02) (P, — Ki(n)n.®,),

Ks(n)
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and defining the Hamiltonian by

H(n,p,®,¢,&,9)
:/Sgnxdz—l—/sfnmdz+/ Vb, dydz — L1, s, e, @, )
)

— /2 {K22(77) (0% — @) — 2K1(77) v?sin?(0) — 6) (0. — Ki(n)n.®,)*

+ K1(n)p®,V — vcos(f; — 60)(P, — K, (n)nZQ)y)\D} dy dz

L, | Qn, p)*/2¢*
—n?_ 0 . sinf;)P|,—
+/S{§p 27] Y(psin by + v, sin 0;)®|,—o + 2(1 + v2sin(6; — 6)n?)?
§

1 + v2sin?(0; — 0,)n?

(—(1 + sin2(91 — «92)p2)u277zz

+ 207 sin?(6; — 02)pp.m. — 2v cos(f — 92)Pz>} dz,

(2.26)
where S = (0,27), ¥ = (—}3,0) x (0,2m) and
Q(n,p) =1+ p* + v + 2v cos(61 — 62)p1..
Hamilton’s equations are
_on
o
o Q(n, p)5/2§ _ (1+ Sinz(el — 02)p* V...
n (]_ + V2 sin2(91 — 92)773)2 1+ V2 SiIlQ(Ql — 82)7’]2
_ 2vcos(th — ba)p- 2v%sin?(60, — 604) pp.n. (2.28)
1+v2sin?(0; — Oo)n2 1+ v2sin?(0; — 62)n2’ '
0H
b, ==
o

= Ka(n)V + Ky (n)p®P, — vcos(by — 02)(P. — K1(n)n.®,), (2.29)
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6H
_Cx
2K K
= / \ { (U = @) — R sin® (0, — 02)(®: — K (n)n: D)’
5
- Kl(ﬁ)K2(77)K3P‘Dy‘I’ — v?sin®(01 — 02) K1(n) K31,y (P, — K1(1)1.P,)
—vcos(Oy — ) K1 (n)Ka(n) Ksn, @, ¥ — [vcos(6h — 02)K1(n)P, V],
Ki(n) o .
[Kz(n)y sin® (61 — 0)(P. — K1(n)n. @), Z dy
n 20 sin® (61 — 02)Q(n, p)* &%,
| (T+2sin?(0 — 02)n2)3 .
[ 52Qm, p)* 7. ~ [Brcos(by = 62)Q(n, p)**%p
12(1 4 v2sin?(0; — 62)n2)? 2(1 + v2sin?(0; — 09)n?)? 3
[ 2w sin2(91 — 92)§7lz . 9 2\ 2
(1 _
om0 =000
+ 207 sin? (6 — 0) pp.n. — 2v cos(6 — Gg)pz)]
(1 + sin®(0; — 0)p*) )% 2% sin?(0) — 0o)pp.£€ .
[ 1+ 12 sin2(91 — 92)7@ . 14 12 sin2(01 _ 92)773 . 7+ yvsin ‘91(1)3|y:07
(2.30)
0H
B . 0 5Q(n, p)**E%p
= ¢ ysinGa®ly= + /; By dy + 5 2 (0, = Ba)n)?
5v cos(fh — 02)Q(n, p)* /2. B 2v% sin*(0) — 02)Epn)...
2(1 + v2sin?(0; — 63)n2)? 1+ v2sin?(0; — 63)n?
] 2 smf(gl — 02)&n, N 2v cqs(fl —6y)¢ (2.31)
1 +v2sin®(6) — O2)n2 |, 1+ v2sin®(01 — O2)n2 |,
0H
V=5
K .
— (Kal)y), — (Kl (o500~ Ko,
y
Ly .y
+ [Kz(n)y sin“(0; — 6,) (P, Kl(n)nszy)L

+vcos(fy — 02)¥, — vcos(6h — 62)(Kq1(n)n. V), (2.32)
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where
B, B>0,
K3 =
ey7 /6 = 07
with boundary conditions
- K2(77)(I)y = 07 Y= _%7 (233)
. Ki(n) 5. 5 _ _
Ko (n)®y + Ki(n)¥p + K. Sm (61 = 62)(P. — Ki(n)n:Py)n2
+vecos(0y — 02) K1 (n)n, ¥ — y(psinby + vn, sinby) = 0, y=0. (2.34)

We also introduce a bifurcation parameter p; by writing v = 1y + p1, where vy is a reference
value for v to be chosen later.

To place equations (2.27)—(2.34) on a rigorous footing, we introduce the spaces

H (S) ={w e H.(R) : w(z + 27) = w(z) for all z € R},

H® (X)={we H.((—%,0) xR) : w(y, z + 2m) = w(y, z) for all (y,z) € (—%,0) x R}

_1
per B’

for m € No; recall that H} (S) and HZ,(X) are Banach algebras, while the formulae
w — w|y=o and w — w\y:,% (for 8 > 0) define bounded linear mappings H™(X) — H™(.9)
for m € N. The following proposition relates to mappings appearing in the above equations
(see Bagri & Groves [6, Proposition 2.1] for parts (i), (ii) and Buffoni & Toland [11] for parts

(iii), (iv)).
Proposition 2.10.

(i) The  formula  (wy,ws) = wiwy  defines  bounded bilinear mappings
Lyer(X) X Hpo(S) = L3a(N), Hpo(X) x L3,(S) = Lj.(Y) and

Hl (S) x H (S) = H (%)

per per per

(ii) The formula
0
(w1, w2) / ) wi (-, y)ws(-,y) dy

@l

defines  bounded  bilinear mappings  L2,.(X) x Hp. (%) —  L2.(9),
HL (S) x [2(S) — [2.(S) and H., (%) x H.(Z) — H'(S).

per per per per per per
(iii) The formulae n — (1 + Bn)~' — 1 (for B > 0) and n — (1 +e¥n)~t — 1 (for
B = 0) yield mappings H3,(S) — HJ,.(S) and H},.(S) — HJ,.(X) respectively which
are defined and analytic in a neighbourhood of the origin.

(iv) For eachn € N the formula n — (14 (vo+p)?sin?(6; —62)n?) ™ —1 yields a mapping
R x H3_(S) — H2_(S) which is defined and analytic in a neighbourhood of the origin.

per per
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(v) For each n € N the formula (n,p) + Qn,p)2 wyields a mapping
H3.(S) x H2,.(S) — H}..(S) which is defined and analytic in a neighbourhood of
the origin.

Let us now define
X:{U:(nupu (I)a Cvf) \I/)E ngr(s) X H}%er(s) X Hp2>er<2) X H;er(s) X Hﬁer(s) X le)er<2)}

Z= (o=, 9,C, &, W) € HZ(S) x HL\o(S) x Hly(E) x L2, (S) x HL(S) x L2, (2)}.

per per per per

The following lemma, which is a consequence of the previous proposmon shows that the
right-hand sides of equations (2.27)—(2.32) define an analytic mapping vif' : Ay x U — Z,
where U is a neighbourhood of the origin of X. In the notation of the lemma, these equations
define a quasilinear evolutionary system

v, = Vit (v) (2.35)

with nonlinear boundary conditions given by
q)y:Ful(napaq)7<7€7\I[)7 Yy = _%7 (236)
O, + v(psinby + von, sinby) = F* (n, p, ®,(, &, W), y =0, (2.37)

where

Fr(n, p,®,¢,&,¥)
= Ko(n)K3n®, + K1(n)¥p + (v + 1) cos(0y — 02) Ky (n)n. ¥

Ki(n)
Ks(n)

and we note for later use that
dF“l I:/r]’ p’ q)’ C’ 57 W](ﬁ’ ﬁ? é’ 57 57 i) 5 B
= — Ky ()’ Kin®y i + Ka(n) Ks(®yi) + n®y) — K1(n)Ka2(n) KsWpij + K1(n)(¥p + pW)
+ (o + 1) cos(01 — 0) (= K () Ka(n) Kan Wi + Ko (n) (Wi +7.9))

) K )
(v + p1)? sin® (01 — 02)(P. — K1(n)n.Py)n. — 1(77)wmz sin 6y,

* Ks(n)

+ s Eni (1o + p1)* sin®(6y — 0,)
><(<<I>z K1 (0)1:®y )71+ (D + Ky () K2(n) Ksn. @y — Ky () (Dy i+ 0.8, ))
Ki(n) p
T Eyy) RO

This system is reversible; the reverser is given by
R(n(2), p(2), B(y, 2), ((2),£(2), ¥(y, 2))
= (77(_2)7 —p(—Z), _(I)<y7 _Z>7 _C(_Z)v 5(_z)7 ‘I]<y7 _Z))‘
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Lemma 2.11. There exist neighbourhoods U and Ay of the origin in respectively X and R
with the following properties.

(i) The formula (py,v) — vl (v), where vi{' (v) is defined by the right-hand sides of
(2.27)—(2.32) (with v = vy + p1), defines an analytic mapping Ay x U — Z.

(ii) The formula (p1,v) — F*(v) defines an analytic mapping Ay x U — H'(X).
(iii) The derivative dF™[v] € L(X, H'()) has a unique extension AF* [v] € L(Z, L2(%))
which depends analytically upon (u1,v) € Ay x U.

It remains to confirm that (2.35) has a Hamiltonian structure; for this purpose we use the
following lemma, which is proved by direct calculations and Proposition 2.10.

Lemma 2.12.

(i) The formula (ui,v) — H"(v), where H* (v) is defined by the right-hand side of
(2.26) (with v = vy + p1), defines an analytic mapping Ay x U — R.

(ii) The derivative dH" [v] € X* has a unique extension dH" [v] € Z* which depends
analytically upon (py,v) € Ay x U.

(iii) The formula

dH" [v](w) = (Juy' (v), w),
where (-,-) denotes the (L?,.(S))? x L2.(X) x (L2?..(S))? x L?_(X) inner product and

per per per per
J(0,0,®,¢,6 W) = (=¢, =€, =¥, 1, p, D),
holds for all (u1,v) € Dy and w € Z, where
Dy = {(p1,v) € Ay x U : (2.36), (2.37) are satisfied},

so that the gradient VH" (v) exists (and equals Juif' (v)) for all (u,v) € Dy and extends
to an analytic function of (uy,v) € Ay x U.

Altogether we conclude that vl (v) = J'VH" (v) for (u1,v) € Dy defines the Hamiltonian
vector field for the Hamiltonian system (Z,Q, H*), where  : Z? — R is the constant
symplectic 2-form

Q((nb P1, (I)la Cla ’517 \Ijl)a (7727 P2, (1)27 CQ? 527 \112)>
= <‘](7717 P1, (I)17 Cla 617 \111)7 (7727 P2, (1)27 CZ; 527 \I}2>>

= /S(C2771 — oG+ &apr — p2&1) dz + /E(\I/szl — $y0y) dy dz.

Note that 2 is the exterior derivative of the parameter-independent 1-form w|, given by
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w|(77797‘1>7C:§a‘1’)<~7ﬁ7(i)vévga ‘ij) :/9(7754-;)5) dZ"—/Eq)\I/dde
= (a(n, p, ®,¢, &), (7, 5,9,,€, D)),

where
04(77: P (I)a C: 57 \D) = (0, 0, O, n,p, (I))

The system (2.35)—(2.37) is unsuitable for analysis due to its nonlinear boundary conditions.
We proceed by replacing ® with the new variable

F - (I) - ayA—lFul (777 P7 (I)7 <7 57 ‘11)7

where A™!T is the unique solution of the boundary value problem

Af=7T, —45<y<0,
=0, y=0,
_ _ 1

In the notation of the following lemma we find that for (1, p,(,&, V) € W and puy € A; the
variable ® € V) satisfies (2.36), (2.37) if and only if the variable I' € V; satisfies

r,=0, y=—73 (2.38)
L'y +v(psin€y + v, sinby) =0, y =0, (2.39)
because
Fy - (I)y - ayyA_lF‘ul (777 IO7 CI)J C7 g? \I/)
= (I)y - 81/3/A71FM1 (777 P, (I)a Ca 57 \Ij) - 8ZZA71FM1 (7% P, (I)a Ca 57 \Ij)
=0
= (I)y - Fﬂl(n7p7®7<7€’ \Ij)
foryanndy:—%.
Lemma 2.13.

(i) There exist neighbourhoods Vi, Vy of the origin in H>,(R) and W of the origin in

per

Xo=1{(n,p, .6 V)€ Hpoo(S) x Hpoy(S) X Hper(S) x Hper(S) x Hyer ()}

per per per per per

such that ® — T'(®,(n,p,(,&, V), u1) is an analytic diffeomorphism Vi — V, which,
together with its inverse, depends analytically upon (n,p,(, &, V) € W and uy € A;.
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(ii) The derivative d1T(®, (1, p,(,&, V), 1] € L(HZ, (X)) extends to an isomorphism

per

in L(H! (X)) which, together with its inverse, depends analytically upon ® € Vi,

per

(U»P»Qf, \D) e W and Mt € Al-

Proof. (i) This result follows by applying the implicit-function theorem to the equation

g(q),r, (777107C7£a \P)uul) =TI - F((I)’ (777107C7£a \P)uul) =0.

Here we note that g maps (a neighbourhood of the origin in) HZ,.(X) x HZ,.(X) x Xo x R

per

into H?,.(X) (by Lemma 2.11(ii) and the fact that A~" belongs to L(H}.(3), H2..(X))), and

per per

that ¢(0,0,0,0) =0 and d;¢[0,0,0,0] = —1.
(i) It follows from Lemma 2.11(iii) and the fact that A~ belongs to £(L2(¥), HZ..(%))

s p

that d,T[®, (n,p,(, &, 9), 1] € L(HZ, (X)) extends to an element d,T[®, (1, p,(, &, ¥), uy]

per

of L(H} (X)) which depends analytically upon ® € Vi, (n,p,(,€, V) € W and py € Ay.

Obviously d;T'[0,0,0,0] = I is an isomorphism, which is an open property. The analyticity of

d;I'[-] implies the analyticity of its inverse. |

It follows from the above lemma that the formula

G™ (77, P (I)v ga 67 \Ij) = (777 P, F? ga 67 \Ij)

defines a valid change of variable: it is an analytic diffeomorphism from U to a neighbourhood
U of the origin in X, the operator dG* [u] € £(X) extends to an isomorphism dG*' [u] € £(Z),
and GM, dGHm [u] and their inverses depend analytically upon (u, p1) € U x Aj. The system
(2.35)—(2.37) is transformed into

By = 011 (D), (2.40)

where

O (0) = AGM[(G™) 7 (@)] (v ((G*) 7! (9)))

with linear boundary conditions (2.38), (2.39). Note also that G#* and (G**)~! both commute
with the reverser R, so that (2.40) inherits the reversibility of equation (2.35).

Writing (G#1)~! as K*1, one finds that the change of variable transforms (Z, 2, H*') into
the new Hamiltonian system (Z, QH, H #), where

(g, 05) = (S (8), Do) (2.41)

with A - -
JH (D) = dK* 0] JAKH 0]
and

H" (0) = HM (KM (D)) (2.42)
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for (yu1,) € Ay x U. In particular
Oy (0) = J* (0)VH™ (0)
for (p1,) € Dy, where
Dy = {(p1,0) € Ay x U : (2.38), (2.39) are satisfied}.
Note further that |5 is the exterior derivative of the 1-form ©*!|; given by
W (w) = (@ (0), o)

with
&M (0) = dK™ [0]" (a( K" (9))).

The validity of these calculations relies upon the existence of the adjoint operator dKm [0]*,
and this assumption is verified in the following result.

Proposition 2.14. The adjoint operators dG* [v]*, AK™[0]* € L(Z) exist and depend ana-
lytically upon (u1,v) € Ay x U and (py,0) € Ay x U.

Proof. The existence of the adjoint dG*[v]* € L£(Z) follows by a direct calculation; its
components are given by

(dG* [v] = n+/ {( n)2Kin®, + Ka(n)Ks®,

— Ki(n)Ka(n) K3V p — (vo + ) cos(0y — 02) K1 (n) Ka(n) K3n. ¥

_ (((yo + p1) cos(0y — 02) Kq1(n)¥
+ g;gz% (1/0 + ,u1)2 Sin2(91 - ‘92)(<I>z - Kl(n)an)y)
Ki(n)

(vo + p)? sin® (61 — 02)n. @,

y)>z} dy,

=
=
=
=
=
N——
>
=
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(@m0 = T = (R — S v+ 250, — 0)02) 57 () )
Ki(n) 2 20 1T
_ (KQ(U) (Vo + p1)”sin”(6; — 02)n. A (Fy))z,

(AG" [u]*(9))¢
(dG" [u]*(9))

(AG" [o]*(9))w

I
78 2 SIY W

—~
oy
SN—

axy
|

Y

By <K1(77)p o+ 1) cos(Br — Ba) (n)m) AT,

from which the analyticity of dG* [v]* also follows by Proposition 2.10. (Note that the formula
(A7H* = A1 has been used in this calculation.)

Observe that dG#'[v]* is an isomorphism because dG°[0]* = I is obviously an isomor-
phism, which is an open property. Furthermore the analytic dependence of dG**[v]* upon
(u1,v) € Ay x U implies the same of its inverse, and the calculation

(G o] (0n), va) = <§N§‘“ [v]jmgé’“ [v]*(cflg“ [0]) " (v2))
= (dG" [vldG™ [0] 7 (v1), (AG™ [0]) " (v2))
= (o1, (AG" [u]") " (v2))

shows that (dG'[v]~")* exists and equals (dG**[v]*)~!. The proof is completed by noting
that dK*[] = dG* [v]~! with v = (G*)~1(d). |

2.3 Application of Lyapunov centre theory to hydroelastic
waves

In this section we apply Theorem 2.1 to the spatial dynamics formulation
b, = by (D)
for hydroelastic waves derived in Section 2.2. For this purpose we define

X={0=(n,p,1,¢& V)€ H (S) x H2(S) x H.(5) x H}(S) x H2.(S) x H) o (5) :

per per per per per
Fy‘ , =0, Fy‘ + y(psin by + vyn, sinb,) = 0},
y=—3 y=0
ZZ{UZ(U,@F,C,& \II)E ngr(S) X H;er(S) X H;er(E) X Lier<S) X H;er(S) X Lf)er(z)}

(note the modification to the space X) and consider 9f' as the Hamiltonian vector field for

the Hamiltonian system (Z, Om H #1), where QM and H™ are defined in equations (2.41) and
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(2.42) and Dy = Ay x U is a neighbourhood of the origin in R x X. Defining L** = dot'[0]
and N*(0) = 9} (0) — L* 0, one can write Hamilton’s equations as

U, = L0 + NM (D), (2.43)
where in particular L := L° is given by the explicit formula

p
& —vin,. — 2y cos(by — 62)p.
U — vgcos(fy — 0,)T,
Vi€ex + 1 — osinbil |,
—( 4 ysin 051 ,—o — 21 cos(by — 62)&,
—Tyy — vgsin?(6; — 62)T., — v cos(b — 02) 0,

Koy o 3

which is readily calculated from (2.27)—(2.32) since the change of variable used to linearise
the boundary condition is near-identity. Equation (2.43) evidently satisfies hypothesis (H1).

Furthermore, the reverser R clearly satisfies R* = R and
H"'(Rv) = H"(v), R'o"(Rv)=—a'(v), R*J"(Rv)R=—J"(v)
for all (p1,v) € Ay x U; since R commutes with G** and K** we conclude that
H™(R0) = H™(0), R*G™(R0) = —a"(0), R*J"(RO)R=—J"(d)

for all (u1,9) € Ay x U. Hypothesis (H2) is therefore also satisfied.

2.3.1 Purely imaginary spectrum

The next step is to examine the purely imaginary spectrum of the linear operator L. This
task is readily accomplished by using Fourier-series representations

oy, 2) = S tu()e™, 0t (y,2) = 3 op(y)e™

keZ keZ

for v € X and ©* € Z and examining the resulting decoupled spectral problems for each Fourier
mode. We begin with the following lemma, which is proved by well-established methods for
spatial dynamics problems (see Groves & Haragus [20, Lemma 3], Bagri & Groves [6, Lemmata
3.1, 3.2] and the references therein).
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Lemma 2.15.

(i) Suppose that s € R and k € Z are not both zero. The imaginary number is is a mode
k eigenvalue of L if and only if

2

(14 0})oy — Z—(/{:VO sin @) + ssinfy)? = 0, (2.44)
k

and the corresponding eigenvector is ¥y e**. This eigenvalue has a Jordan chain of

length at least 2 with generalised eigenvector Wy &% if either

(a) B>0,5=af, vy =08, (5+ &)aby — 2sin 6262 # 0 and (3,7) lies on a point
of the curve

Cy = {(ﬁk(a)/}/k(a)) ta e (07 OO)},

where
. 1 2sin0,67 — (1 + &) arbs
/Bk(a) = T4 : ~ ~ 7 . ~97
0 (5 + ¢)agb — 2sin 667
1+ Bi(a)5)6, tanh (5
ey — (L B @oh)o tan(3,)

Br(a)b ’

(b) B >0,s =aB, vy =p and (5 + 6k)&kl~)k — 2sin 6,62 = 0, which implies that
0y =0 and a = —kvy cos(6y);

(¢) =0 and
40,%akbk B akbk

1+ o} o}

2sin 6y —

Expressions for the quantities ay, by, i, g, bk, k. tr, tx, 0% and &y as functions of the
parameters s, k, vy, 01, 0y are given in Appendiz 2.4.

(ii) Suppose B > 0. Zero is a mode 0 eigenvalue of L with a Jordan chain of length
2 @'fﬂ‘f # Bsin? 6, and length 4 if 2 = Aﬁsinieg; the generalised eigenvectors are
f1s fos f3, fa where Lfy =0, Lfa = f1 and Lfs = fo, Lfy = fs if v72 = Bsin® 6.

(iii) Suppose f = 0 and that s = 0 does not solve (2.44) for any k € Z \ {0} (so that
zero is not a mode k eigenvalue for any k € Z \ {0} ). Zero is not a mode 0 eigenvalue

of L, which instead has essential spectrum at the origin. More precisely, the equation
Lo = 0 has a unique solution for each v* € Z which satisfies the reqularity requirement

t
/y / Wi (s) ds dt, /y WA(1) dt € L2(—o0,0)

and compatibility condition

0
/ W5(t) dt — ysinfang = 0.
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This solution satisfies the estimate
12— [2]ollx < [107[|2

and its Oth Fourier component [0y is given by the formula

o ¢

Po m

Lo | — Yo JL oo Wi (s) ds dt

Co | | =& —sinty [0 [F o Ui(s)dsdt
§0 o

0, I'g

(iv) Suppose that s € R\ {0} does not satisfy (2.44) for any k € Z. The imaginary
number is belongs to the resolvent set of L.

(v) The resolvent estimates

: _ . _ 1
IGs = L) zox 1, (sl = L) Hzoz S sl

hold uniformly over all sufficiently large values of |s|.

Formulae for the generalised eigenvectors Uy s, Wy and fi, fa, f3, f1 are given in Appendix

2.4.
We proceed by interpreting equation (2.44) geometrically. Let

{1 = ssin By + vk sin 0y, (2.45)
ly = —scos By — vk cos by, (2.46)

and note that (2 4+ (%2 = o3, so that (2.44) can be written as

D(ly, ly) = (1 + (7 + 65)*)\/ 43 + (3 tanh (5—1\/@ + zg) — 72 =0. (2.47)

A mode k purely imaginary eigenvalue is (with (k,s) # (0,0)) therefore corresponds to an
intersection in the (¢1, ¢3)-plane of the dispersion curve

Car = {(l1,¢5) € R*\ {(0,0)} : D(¢y,¢5) = 0}

with the straight line Sy defined by equations (2.45), (2.46). (The solution (¢, f3) = (0,0) of
D(ty,03) = 0 is excluded since it corresponds to (k,s) = (0,0).)
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The dispersion curve Cy, is described parametrically by

(1+a')a
2

(1+a*a

tanh(8 ta), /3 = a® — 5
~

Cq = {(El,fg) e R?: E% = tanh(ﬂ_la), a > 0};
its shape is shown in Figure 1.2 (a, insets) in the indicated regions of the (/3,v)-parameter

plane. The delimiting curves are

D, = {(Bo(a),%(a))’ ta € (0,00)},

k=0, 05=1

at each point of which the equation D(af,0) = 0 has double roots +a, and
Dy ={(8,87"%): g > 0},

at each point of which the equation D(¢1,0) = 0 has a double zero root. We find that Cy, = ()
in the region below the curve D;. In the region between the curves D, and D, the equation
D(41,0) = 0 has two pairs of simple nonzero roots :I:ﬁgl), :I:ng); the branches of Cy, intersect
the ¢, axis vertically at the points (i—ﬁgl), 0) and (iﬁgQ), 0). Notice the qualitative difference in
the shape of Cy, in the two subregions. In the upper subregion the portion C. of Cy, in the
positive quadrant has two points of inflection (it is concave to the left of the first and to the
right of the second and convex in between); passing into the lower subregion, one finds that
the two points of inflection merge and disappear, so that Cj, becomes concave. The points
(ifgl), 0) approach the origin as one passes through D, from below to above, as does the left
point of inflection on C’;{r. In the region above D5 the branches of Cy, intersect the ¢; axis
vertically at the points (jzéf), 0), while in a neighbourhood of (0,0) they have the limiting
behaviour

G (v8-1)6
as {1 — 0 and therefore make angles 4 arctan /728 — 1 with the ¢; axis at the origin. The

subcurve Cf- has a single point of inflection, to the left and right of which it is respectively
convex and concave.

For given v, 0; and 6, the lines Sk in the ({1, f3)-plane are parallel, equidistant and form
an angle #, with the positive f5-axis. They intersect the line

T ={(t1,0;) €R* : ¢, =sinba, lo = —cosba, a € R}

(which passes through the origin and makes an angle 6; with the positive f-axis) at the points
Py = (sin0y kvg, —cos by ky), k € Z (see Figure 1.2(b)). The number of points in the set
SoNCyq; depends only upon (3, ), which determines the shape of Cy,, and 65, which determines
the slope of each line Si. Furthermore, for fixed 3, v and 6, the number of points in the sets
Sy NCq, k==41,42,... depends only upon vy, which determines the distance between the
lines Sy. At each fixed point of the (§,~)-parameter plane the number of purely imaginary
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eigenvalues of the linear operator L therefore depends upon the two parameters 6 and vg; the
third parameter #;, which specifies the slope of the line 7', influences only the values of these
eigenvalues and their relative positions on the imaginary axis: the imaginary part of a purely
imaginary eigenvalue corresponding to an intersection of Sy and Cy, is the value of Sy in the
(So, T')-coordinate system at the intersection (the signed distance between the intersection
and the point P, ). The geometric multiplicity of the eigenvalue, is, is given by the number
of distinct lines in the family Si that intersect Cy, at this parameter value, and a tangent
intersection between S and Cy, indicates that each eigenvector in mode k has an associated
Jordan chain of length at least 2. Finally, notice that the sets S, N Cy, and S_; N Cy, have
the same cardinality: the purely imaginary number is is a mode k eigenvalue if and only if
the purely imaginary number —is is a mode —k eigenvalue.

y=B"12cosec b,

Figure 2.1: Mode 0 eigenvalues in the (3, y)-parameter plane. Solid dots, crosses and hollow
dots represent eigenvalues with Jordan chains of length 1, 2 and 4; the zero
eigenvalue becomes essential spectrum at g = 0.

Figure 2.1 illustrates how the purely imaginary mode 0 eigenvalues depend upon (3, 7),
nonzero pairs +is of which satisfy

2 sin? 0y 52

tanh(31[s])

(1+sY)s| —

The delimiting curves are Cy and {(3, 37'/% cosec ) : 3 > 0}, points of which are associated
with respectively non-zero eigenvalues +iafy(a) with a Jordan chain of length 2 and a zero
eigenvalue with a Jordan chain of length 4.
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2.3.2 Parameter selection

We now choose (3, v and 65 such that Sy does not intersect Cy, (so that (/3,v) lies in the
region above the curve Cp in Figure 2.1), and vy and 6; such that S; and S_; each intersect
Cq, in points with coordinates (£s, 1) and (£s, —1p) in the (Sp, T)-coordinate system, while
Sk does not intersect Cy, for k = £2, +3, ... (see Figure 1.3). In this configuration L has
two mode 1 eigenvalues +is two mode —1 eigenvalues +is so that +is are geometrically and
algebraically double eigenvalues of L with eigenvectors 91 se'*, 01 s and 0y 4", D _se 7%,
and, for 8 > 0, a mode 0 zero eigenvalue with a Jordan chain fi, fo of length 2. Note that
L"t has two mode 1 eigenvalues is]", —is"; and two mode —1 eigenvalues is"}, —is|" which
satisfy

g(Sill, Vo + M1, :tl) = O, (248)

where

2 2 . . 2
v*(£v*sin 0y + tsin 6s)
v +1) = (1 Nt —
g(t,v,£1) = (1 + (0£1)")ow1 tanh(8~1oyy) 7

(011)? = t* £ 2ut cos(f) — o) + 12

and s%, = s (the corresponding eigenvectors are given by dG/[0](v; +1) and dG[0](v_y 4 gm),
where vy 41, v_y L0 are defined by the right-hand side of equation (2.59) with vy replaced
by vo + p1). Differentiating (2.48) with respect to u1, we obtain the formulae

d S'ul o _gv(silayo_'_,u?il)

di:ul + gt(sl:levyl)—i_:uvil)
which imply that

d gu(s,10,1) | gu(s,v0, =1)
— (st = ") mo = =T + ™
d,u( 1 1)’#1 0 gt(571/0,1) gt<57 V(]u_l)
1 g:(s,1v0,1)  gels, 10, —1)

gi(s,v0, 1) ge(s,v0,—1) | 9u(5,v0,1) gu(s,10,—1)

It follows that i(s’f — 5% 1)|u=0 = 0 if and only if Vg(s,1p,1), Vg(s,vp, —1) are parallel, in
other words if and only if the solution curves of

g(t,v1) =0,
g<t7y> _1) =0

intersect tangentially at the point (s, 14) in the (¢, v)-plane. This observation indicates that
generically %(s‘f — s%1)| =0 # 0.

Noting that

~ iz -~ ] ~ —iz ~ —iz ~ i ~ iz
01,57 = 0_1 56712 = R(0_1 467 7), 0_1 _s€™ 7 =0y 4% = R(0y 4€7)
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and R fl = — fl, R fg = fg, we find that there exists parameters such that hypotheses (H3)—
(H6) are satisfied (with (H4)(ii) for § = 0 and (H4)(iii) for 8 > 0). Hypothesis (H7) follows
from the observations that (G#*)~'(f;) = f; and that J# (), H* (6) depend upon I' and ¢
only through I'y and ¢ —ysin é,I'|,—o, while hypothesis (H8) is verified in Section 2.3.3 below.

Applying Theorem 2.1 thus yields a family of doubly periodic waves whose periodic cells
are small perturbations of the basic periodic cell defined by the periods 27 /vy, 27 /s and angle
0y — 01 between the periodic directions. The following lemma shows that it is in fact possible
to choose the basic periodic cell (and value of ) arbitrarily and adjust the value of v and
the angle #; to ensure that Theorem 2.1 applies in this configuration (under the additional
hypothesis that Sy does not intersect Cy, for k # +1) .

Lemma 2.16. Choose (8, s, vy and 0y — 01. There exist 6, and v such that S; and S_4
each intersect Cy, in points with coordinates (£s,vy) and (s, —1y) in the (So, T)-coordinate
system.

Proof. The lines S; and S_; intersect Cy, at respectively (s, 1) and (s, —vp) if and only if

b7 = tanh(B8'oy)(1 + ooy,
7? | = tanh(B o) (1 +0*,)o_1,

and in this case they also intersect Cy, at respectively (—s, —1p) and (—s, ) (see the remarks
at the end of Section 2.3.1). Let e,, e, and ¢ be unit vectors in the z, z and z; directions (see
Figure 1.1) and set

0, = se, + Ve, ly = —se, + ey, (2.49)
so that o2 = |(1]?, 01 = |la]?, i - €1 = by, i - f5 = b_y; in this notation our task is to find a
solution of the equations

(v- 1) = tanh (57 ]) (1 + ][], (2.50)

(v - £3)? = tanh (B~ l|) (1 + || |4s] (2.51)
of the form v = 7i. Let ¢ denote the angle between ¢; and /¢5; equation (2.49) shows that

rotating e, and e, through the same angle @, that is changing ¢, and 6, by 0, causes ¢; and
{5 to rotate through 6 and thus does not change .

Observe that the equations

v-ny = Faoq,

V- Ny = Fao,

where ni, no € R? are linearly independent and ay, as > 0, represent two pairs of parallel
lines which intersect in four points. Each of these points v satisfies

 agng £ agny|

vl =

)

1|2
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so that |v| depends only upon i, ag, |n|, |ne| and the angle between n; and ns. Using this
result we find that the solution set to equations (2.50), (2.51) consists of four points. Let v be
one of these points, and note that |v| depends only upon |¢4], |¢5] and 9 (since the right-hand
sides of (2.50), (2.51) depend only upon |¢;| and |ls|.) By rotating ¢; and ¢5 through a suitably
chosen angle 6, that is changing 6; and 0, by 0, we can arrange that v = |v|i and hence v = 7i
by setting v = |v|.

2.3.3 Verification of hypothesis (H8)

It remains to verify that hypothesis (H8) is satisfied when = 0. The condition is that the
equation A A A
Lot = J2(0) 7 [J"(8) (k0 + pa)or — 01 (8)) + J°(0) Lo, (2.52)

has a unique solution v" € X which depends smoothly upon (9, ui1, jt2) € U x Ay x Ay. Since
J0)H I (0) Loy = L{olo
one can rewrite equation (2.52) as
L(vt = [0lo) = JO(0) 7" [ (0) (k0 + p2)dr — 847 (0))]o- (2.53)

In view of equation (2.53) and Lemma 2.15(iii) our task is to show that

(9, 1, pi2) H/yw[[[@r]o]]o, (B, 11, p12) H/ym/tw[[[wp]g]]odsdt, (2.54)

where
i = J(0) (ko + p2) 07 — 0 (),
are smooth mappings U x Ay X Ay — L*(—00,0) and that
0 A A .
/ [[@r]o]o dy = —([[dc|o]loy sin 62 (2.55)
for each (0, 1, p2) € U x Ay X Ay. Here we use the symbols [-]p and [[]Jo to denote the
projections onto the Oth Fourier modes in the 7 and z variables respectively. This task is

accomplished in Lemma 2.18 below with the help of the following auxiliary result.

Proposition 2.17. The formulae

o) = [ 0GE @eldodt, @ [1 [ IR @)l ds dr
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define analytic mapppings U x Ay — L*(—0,0) and

/ ek (0))alollody = 1o (0))oJaloysin b

— 00

for each (v, 1) € U X Ay.

Proof. 1t follows from (2.32) that

[[(vi' (v))wlollo = [[(g6" (©))ylolo,

where

08 (0) =, = s, = KW = 200 4 S0 = 6@, — Kl
)

— (vo + 1) cos(6y — ) Ky (n)n, ¥
=, — (Kz(n)n@y — Ky(n)¥p — (v + pu1)? sin® (01 — 02)(®. — K1 (n)n. Py ).

— (o + pu) cos(br — 92)K2(77)77z‘1’>ey

and v=(np(E& V). Observing that (v,u1) — g¢h'(v) maps U x A; analytically into

L*(—00,0) (see Proposition 2.10) and the same is true of (v, ;) — [Y_ gb* (v)dt because
u fﬁ/ u(t)e! dt belongs to L(L?*(—0,0)), we conclude that (v, u1) — [V [[(vi (v)w]oflo dt
and (v, u1) = [Y [T (v (v)wlo]o ds dt map U x Ay analytically into L?(—o0,0). Finally

/0 [[(vig' (v))wloflo dy = [[plofloy sin by = [[(vi' (v))n]o]loy sin b,

because of (2.33), (2.34) and (2.27). [

Lemma 2.18. The formulae (2.54) define analytic mappings U x Ay x Ay — L*(—00,0) and
the formula (2.55) is satisfied for each (0, pyi, po) € U X Ay X As.

Proof. We first note that
AG™ o] () = J (k0 + p2)vr — vl (v), (2.56)

where v = K" (9), and using the explicit formulae for dGm [v]* appearing in the proof of
Proposition 2.14, we find that the (- and I'-components of equation (2.56) are
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e = (o i) - — (vf ), (2.57)
i — (g (0,0)), — (9a(0. @) = ~(s0 + o) oo+ 00Dy, (259)
where
A (00) = (Kol Bty = G 200+ P50 = (02 A ()

= <K2(U77)U77 — Ki(vy) (0 + :“1)2 sin2(91 - 92)(Un)g>eyA_l((wF)y)a

0 8) = (e (4 250001 — ). ) 7 (), )

note in particular that (9, 1) — ¢4 (v,%) maps U x A; analytically into L2(—00,0) (see
Proposition 2.10) and the same is true of (0, py) — [Y_ ¢} (v, @) dt because u — [Y__ u(t)e’ dt
belongs to L(L*(—00,0)).

Equation (2.58) implies that

[[@r]ollo = (91" (v, @))ylo]lo + [[(ve (v)) o],

and it follows from this identity and Proposition 2.17 that (0, p1, p2) — [Y  [[[@r]o]]o dt and
(D, a1, p2) = [ [t lidr]o]lo ds dt map U x A; x Ay analytically into L?(—o0, 0). Furthermore,
the calculation

[ Tielolody = [Ti6t" o, @)alo]_+ [ T (w))lolo dy
=0

= [0 ), ol in

= ~ [l sin6.

shows that (2.55) is also satisfied; here we have used Proposition 2.17 and the facts that

[loclollo = =[[(ve' (w)),ollo

(see equation (2.57)) and Afl((u?p)y)’ = 0. |

y=0

2.4 Appendix: Eigenvectors

The quantities introduced in Lemma 2.15 are

op = s° + 2kyys cos(f — 0y) + k21,
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tr = tanh(8~oy),
ar = s + kg cos(0; — 63),
b, = kg sin 6y + ssin 6,
cr = 2 oy cosech (28 oy,)
and
G7 = a® + 2kina cos(fy — 0o) + k*T¢,
ar = a + kg cos(0; — 6s),
b = asin by + ki sin 0,
ér = 20y cosech(26y),

and the generalised eigenvectors are given by

1vby,
1+ (f%
svbg
1+ O‘%
3¢ TRV (L — 1) + 3e7RY (1 + t,)
Vs = , (2.59)
2
. oj.az;by
7Y S 02 — mf-iajl
k
i’ya,%bk
1+ O'l%
%iak (e_m“y(l —tr) +e*Y(1+ tk))
~ sin 0o 20’,% Ck
— 2vaib +
1+ o Y0k k<(1+07§)2 202(1 + o)
ivby is7y sin 6 o1 b 207 Cr
— 2ivsa
T+of W 1+of RN T eh2 T 2021+ o))
ia icpa
ﬁ((l — t)ye kY — (14 t5)ye” V) + 2’;; (e77KY 4 e7KY)
k
wky = . )
B ; CLa U,%agk Sin 0y + 170,%bk  Yivaranh 20,3 cp — 2
e T B e T A N S ER T
2 4
— 0y + 2~vab
1+U$’Ysm o + 2vao <(1 _’_021:)2 2(1 +U}%))
2 2 2 2
1 cgay (1 —tp)ag B 1 ckar, (1+tp)ayy
11 —¢) = — TRY LG P TRY
(2( k) 20,% 20y, yle + 2( + ) 20’,% 207, ¢
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0 ~ sin Oy 0 0
0 0 v sin 0, 0
A 1 5 0 - — Lyt - 0
= s, | 2= o |57 2yoﬁ T di= 0
0 0 0 v sin 0,
0 1 0 L2 gt
2y Y



3 Centre-manifold reduction and solitary
hydroelastic surface waves

3.1 Formulation as a spatial Hamiltonian system

In this section we formulate the two-dimensional hydrodynamic problem (1.28)—(1.31) which
follows from the variational principle (1.32), as a spatial Hamiltonian system. This formulation
is unfavourable because of the variable fluid domain. It is therefore convenient to introduce
the change of variable

14y

T4 ()’ O(xz, ) = o(z,y), (3.1)

Y=

which maps the variable fluid domain {(z,y) : © € R,y € (=1,n(x))} to the fixed strip
R x (0, 1). Dropping the tildes for notational simplicity, one obtains the transformed equations

1+ y°n2 Yna YNzw yn.
d,, +o,——= -2, — — O + 20 L =0, O<y<l1 3.2
(14 n)2 Y141 Y141 Y(1+4n)? Y (32)
<I>y‘y:0 =0, (3.3)
(I)y +nz_nx<(1>x_q>y ynx) =0, (34)

L+n L+n/ly=1

) ) (7))
—(®, — @ “((®, - @ 3.5
( y1+n>+2 vigy) T\, )T (3:5)

with asymptotic conditions n — 0, (®,, ®,) — 0 as © — £o0.

The ‘flattened” hydrodynamic problem follows from the variational principle

6/L(77,77$,77m,<1>, ®,)dz = 0

with Lagrangian

79
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L(U, Ny Naas CI)a (I):v) =

L e |1 yn. 171 @ N
o,—D, o, — d e
A([ Ty 2 147 +2O+ )( ) %Fan+/% + n2)5/2

We perform a formal Legendre transformation by defining

P = Nz,
oL d (0L
W= — — —
0my  dz \ 0ngs

_ YNz 5 el _ Nzax
/ (y@ [ ’ @y1+n]y@y>dy+ Py f

+n2) (1 +n2)5/%
o Nz
$= 5% 6(1 + 12)>/2’
oL Y
U = 50, (1+77)+<<I>x—<1>y1+n>(1+n)

and defining the Hamiltonian function by

1
H(n, p,0,6, 0, 9) = + 0o + [ W0, dy — L(n, p,, €, 0, V)

¢
26

1 1 py®, U
+/ ( T — P2 +\I!+y>d .
0 2(1—|—7))( v 1+n Y

Writing @ = ag + 01 and 8 = [y + 2, where g and [y are fixed, we find that Hamilton’s
equations are given explicitly by

=wp —Lan® + =1+ p*)*2 + L1 +7)

SH?
PR G £ S (3.8)
8¢ Bo+0s
5H6 1 ! 12 2 1
=== fy G ) ) dy ka0 kb =4 (B39)
5H5 5 p 2 2\3 1 !
=2 P e /2—7/ o, d 3.10
SHY  W+n  pyd
O, — _ y 3.11
S0 147 TIF n’ 34y
SH? 1
v, — = —— (=0, + py¥),, (3.12)

8D 147
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where the superscript denotes the dependence upon 6 = (91, d2), with boundary conditions

—®, + yp‘lf]yzo =0

which emerge from the integration by parts used to compute (3.12). A straightforward cal-

culation shows that the n- and ®-components of any solution to these equations satisfy
(3.2)—(3.6).

Note that equations (3.7)—(3.12) are reversible, that is invariant under the transformation
(n,w, p, &, P, ¥)(x) — R(n,w,p, &, P, ¥)(—x), where the reverser is defined by

R(n7w7 P, ga q)a \Ij) = (77) —W, —p, 57 _¢)7 \I[)

They are also invariant under the transformation ® +— ® + ¢ for any constant c. To eliminate
this symmetry it is convenient to replace (®, V) with new variables (®,®o, ¥, ¥y), where
O=0— 9y, V=V — ¥; and

1 1
By — / Ody, Wy — / U dy.
0 0
This transformation leads to a new canonical Hamiltonian system with Hamiltonian
H(n7w7p7§7i}7q]a®0aqj0) = H(nawapafaé_‘_@m\ij + \IJU) = H(nawapagy(f)\i] + \IIO)
and additional constraints

1 _ 1 _
/ O dy =0, / Tdy = 0.
0 0

Observe that @ is a cyclic variable whose conjugate Wy is a conserved quantity; we proceed
in standard fashion by setting Wy = —1, considering the equations for (n,w, p,¢&, P, \il) and
recovering ®, by quadrature. Dropping the bars for notational simplicity, one finds that
Hamilton’s equations for the reduced system are

Nz = P, (3.13)
L+
= 7 3.14
P Bo + 02 : ( )
_ (= 1) — 82 o, (V—1)) dy — 1 J 3.15
Wz—m ) (5(( - ) - y)+,0y y( - )) y—§+(ao+ 1)777 ( . )
B P 2 2\3/2 1 /1
= —w — ————£%(1 - ®, (¥ —1)dy, 3.16
3 w 260+52€(+p) 1Jrnoyy( ) dy (3.16)
@—\I’er(cp /1<I>>d (3.17)
w_1+77 1+77 YLy 0 YRy Y, ’
1
‘Px—m(_q)y‘i‘l)y(‘l’_l))yv (3.18)
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with constraints
1 1
/ O dy =0, / Udy =0 (3.19)
0 0

and boundary conditions

= 0. (3.20)

—dy + yp(\lf - 1)‘;/:0,1 =
Let

Z={(np,w,&®¥) eRxRxRxRxH(0,1) x L*(0,1)},
where the overline denotes the subspace of functions with zero mean value, and note that the
right-hand side of equations (3.13)—(3.18) define an analytic mapping v§ : A x U — Z, where
A and U are neighbourhoods of the origin in R? and

X ={(n,p,w&,®¥)eRxR xR xR x H*0,1) x H(0,1)}
respectively. Equations (3.13)—(3.18) therefore define a quasilinear evolutionary system

vy = Vi (V)

with nonlinear boundary conditions given by

=0.

Dy —yp(V — 1)’?/:071 =

To confirm its Hamiltonian structure, note that (6, u) + H°(u) defines mappings A x Z — R
and A x X — R which are analytic at the origin, and the formula

dH [u](w) = (Jvg(u), w),
where (-, -) denotes the R* x (L?(0,1))? inner product and
S, p,0,& @, ) = (—w, =&, p, =V, D),
holds for all (§,u) € Dy and w € Z, where

Dy ={(6,u) € A x U: P, — yp(¥ — 1)\y:071 =0}

Altogether we conclude that vf] is the Hamiltonian vector field for the Hamiltonian system
(Z,9, H%), where Q : Z? — R is the constant symplectic form
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Q((Thaphwl, &1, D1, 1), (12, p2, wa, &2, Do, ‘Ifl))

1
= /0 (Uy®y — ®oWy) dy + warp + E2p1 — Nawr — p2éa.

One cannot work directly with (3.13)—(3.18) because of the nonlinear boundary condition
at y = 1 in the domain of the Hamiltonian vector field v%. We overcome this difficulty using
the change of variable (9, p,w,&, ®, V) — (1, p,w, &, T, ¥), where

r—o- ,0/ )= 1) ds+p// )~ 1) dsdy,

which is a smooth diffeomorphism Z — Z with inverse

o = F—l—p/ —1ds—p// s) —1)dsdy.

This change of variable transforms equations (3.13)—(3.18) into

e =, (3.21)
215/2

Pz = m& (3.22)

oo = {50 02 50+ pute 1)) (329

+pyTy (U — 1) + p*y (¥ — 1)2} dy — 5+ (a0 +01)n,

&= w51 A - o [ - D)@y (320
T, = 131:77 + py(ryii‘yf— D) _ 1_[;77 1y(Fzﬂrpy(\I’— 1)) dy
5/2 5/2
S oo S i
+p/0 mryy ds—p/o /0 ljnryy ds dy, (3.25)
v, = —]Linryy (3.26)
and the boundary conditions (3.20) into
y’y:o,l — 0. (3.27)

Equations (3.21)-(3.26) are Hamilton’s equations for the Hamiltonian system
(Z,Y, H?), where
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Ho(n, p,w, €,T, ) =

1 2 ¢
wp — 5(0&04—(51)7] + 250+52

! /01 {2(1 1+ ) (=1 = 0y + py(qj_l))2>+1Jlﬂ7(PyFy(‘1’—1) + Py (T — 1)2)} dy

(1402 + 5 —1)

and
Y| (5,p s, T, 0) ((771, pr,@1,&1, T, 01), (g, P, o, &, Ta, ‘i’z))
= /01{@2 <f1 + ;1 /Oy sU(s)ds + ,o/oy sy (s) ds) - %ﬁlyfﬁ/g
— U, (fz + P2 /Oy sU(s)ds + p/oy s\IfQ(s) ds> + ;ﬁgygﬁ/l} dy
+ Gofy + oy — Tl — ks
furthermore

D(iy) = {(n.p.w.& T, W) € Z:T,| =0},
We write (3.21)—(3.26) as
Uy = Lu + N(S(u)a

in which L = d6%[0], so that

p
n 1
p Bo
w (a0 —1)n
L = 1 1
£ —w—§p+/()yFydy
r
] 22}0 (y2 - %)5 + W
_Fyy
with
D(L) = {(n,p,w, &1, 0) e Rx R xR x R x H*(0,1) x H'(0,1): | =0},
y=u,

3.2 Spectral analysis

In this section we examine the spectrum of the linear operator L : D(L) C Z — Z in detail.
Our first result is obtained by a straightforward calculation.
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Proposition 3.1. A complex number X is an eigenvalue of L if and only if
ag + M By = Acot(N); (3.28)
its eigenspace is one-dimensional and spanned by respectively

1 sin(A)
sin(\)
o) = 1 sz (a0 — 12 Sin(.)\) ’
32 €08(A) — sz sin(A)
1+ cos(Ay) — 5z 8in(A) + 3 (y* — 5) sin(N)
cos(Ay) — § sin(A)

OO OO O

for X # 0 and X\ = 0 (which arises only for ag = 1). All eigenvalues are also algebraically
simple, with the exception of the zero eigenvalue at ag = 1 and the purely imaginary eigenvalues

+ipg at the point (5o(po), (o)) of the curve

1 3Ho

1 2
= {wuo), aoljin)) = (4ﬂ coth(o) = 3 a2 () 4 Otk + 4nﬁ<u>> :

Ho € (Oa OO)}
in the parameter plane which are algebraically double.

The following lemma gives more precise information on the point spectrum of L.

Lemma 3.2. Choose (fy, o) € C. The point spectrum of L consists of a countably infinite
family {\i}rez\joy of simple real eigenvalues, where {\;}32, are the positive real solutions of
equation (3.28) and \_p = =Xy for k =1,2,... together with

(a) two plus-minus pairs of simple purely imaginary eigenvalues if ag > 1 and (Bo, ) lies
to the left of the curve C in the parameter plane,

(b) a plus-minus pair of algebraically double purely imaginary eigenvalues +ipg if (5o, o)
is the point with parameter value g on the curve C,

(¢) a plus-minus quartet of genuinely complex eigenvalues if ag > 1 and (5o, ag) lies to the
right of the curve C' in the parameter plane,

(d) a plus-minus pair of simple purely imaginary eigenvalues and an algebraically double
zero eigenvalue if ag = 1,

(e) an additional plus-minus pair of simple real eigenvalues and a plus-minus pair of simple
purely imaginary eigenvalues if cg < 1.
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Furthermore A\, € (km,(k+ 1)) for k=1,2,... and

2 1
s =/€2772—|——|—0<)
g Bo k

for large k.

Proof. Observe that A solves (3.28) if and only if v = A? is an eigenvalue of the non-selfadjoint
Sturm-Liouville problem

—Uyy = VU, (3.29)

%’((11)) = g+ B, (3.30)

v(0) = 0. (3.31)

This problem has a countable number of (not necessarily real) eigenvalues {v, }nen,, Which
repeated according to algebraic multiplicity and listed according in increasing absolute value,
are given asymptotically for large n by

e o)
Vo= (n—1)"1" + 5, +ol- (3.32)
(see Binding, Browne & Watson [8, Theorem 2.2]). The real eigenvalues of the spectral problem
(3.29)—(3.31) correspond to the intersections in the (v, ) plane of the parabola g = ag+ o>
and the curve g = B(v), where B(v) = /v cot /v. The function B(v) has poles exactly at
the Dirichlet eigenvalues

v =(n+1)*% neN (3.33)

n

of the self-adjoint problem in which (3.30) is replaced by v(1) = 0; it is strictly decreasing from
400 to —oo in each interval (—oo, 1) and (v, vr.,), n € Ny. It follows that (3.29)—(3.31)
has at least one real eigenvalue in each interval (v, P, ,), n € Ny (see Figure 3.1).

Comparing (3.32) with (3.33) and using the above geometrical characterisation of the real
eigenvalues, one concludes that

(1) each interval (v, 12, ), n € N contains a simple real eigenvalue;

(2) there are precisely two additional eigenvalues (counted according to algebraic multiplic-
ity) in the form of either

(a) a complex-conjugate pair (with non-vanishing imaginary part) whose absolute
value is less than v (Figure 3.1 (a)),

(b) one negative, algebraically double eigenvalue (Figure 3.1 (b)),

(c) two simple real eigenvalues to the left of 1, at least one of which is negative
(Figure 3.1 (c)—(e)).
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¥

(a) (b)

(c) (d)

(e)

Figure 3.1: Geometric characterisation of the eigenvalues v, as the points of intersection of
the curve uy = B(v) with the parabola g = ag + Bo/?; one real eigenvalue lies in
each interval (v, v, ,), n € Ny. (a) Two additional complex eigenvalues; (b) one
additional algebraically double negative eigenvalue; (c)—(e) two additional real

eigenvalues.
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The solutions A of (3.28) are recovered from the above analysis by the formula v = \?,
so that in particular they occur in plus-minus pairs. Clearly (3.28) has a real solution in
each interval ((v2)Y2, (vP;)"?) and (— (W2, )2, —(¥2)2), n € Ny (see point (1) above),
and it follows from point (2) that there are four additional solutions (counted according to
multiplicity). The results in Proposition 3.1 and the fact that B(0) = 1 show that these four
solutions are described by precisely one of the statements (a)—(e) (according to which of the
scenarios in Figure 3.1 occurs).

The asymptotic formula for A\, follows by writing k = n + 1. |

According to this lemma the purely imaginary eigenvalues of L appear in pairs ipyg
satisfying the dispersion relation

o + 11gB0 = po coth(pg). (3.34)

Figure 1.6 shows the dependence of these eigenvalues upon [y and «y. At each point of
{ag = 1} two real eigenvalues become purely imaginary by colliding at the origin, while
at each point of the curve C' two pairs of purely imaginary eigenvalues become complex by
colliding at non-zero points +ipug on the imaginary axis. For later reference we record the
formulae

sinh(po)
ifto sinh (41o)
—icosh(uo) + - sinh(po) +1Bopg sinh(ko)
€ = 2 . )
~—Popg sinh(po)
—icosh(uoy) + .- sinh(po) — Sipo(y? — 3) sinh(uo)

po cosh(poy) — sinh(po)

—icosh(po)
sinh (o) + po cosh(po)
—Bopud sinh(pg) — ;%3 sinh(p) — 72 cosh(po) + % cosh( o)
iBop3 cosh(pg) + 2iBopo sinh(pg)
—ysinh(poy) — uiﬁ sinh (o) + i cosh(po) + 3(y? — 1) (1o cosh(po) + sinh(uo))
—ipoy sinh(pey) — icosh(uoy) + icosh(uo)

for an eigenvector e and generalised eigenvector f with eigenvalue ipg when (S, ) € C
(the corresponding formulae for the zero eigenvalue at oy = 1 are e = (1,0,0,0,0,0)T,

fo=1(0,1,-3,0,0,0)T).

Lemma 3.3. The operator L is regular, that is its spectrum consists entirely of isolated
eigenvalues of finite algebraic multiplicity.

Proof. Since D(L) is compactly embedded in X it suffices to show that p(L) is non-empty,
so that L has compact resolvent (Kato [35, Theorem I11.6.29]). In the case ag # 1 a direct
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calculation shows that L is invertible with

1
O[()—l

w

77
—tn =&~ [y w(t)dtdy
Bop
—[ [e@dtds+ [ [" ['0()dtdsdy
T —35(y°—3)p

K Hm € o 3

To deal with the case ag = 1 note that L|q,—1 is a compact perturbation of L|, _ 1,80 that the

essential spectrum of these two operators (the set of A for which (A] — L) is not Fredholm with
index zero) is identical (see Schechter [52]). It follows that the spectrum of L|,,—; consists of
the solution set of (3.28); in particular its resolvent set is non-empty. |

Finally, we show that the set of generalised eigenvectors of L form a Schauder basis for Z. In
particular, we show that this set is a Riesz basis, that is a basis obtained from an orthonormal
basis by an isomorphism (see Gohberg & Krein [18, §VI.2]); note that we use the Dirichlet
norm for the space H'(0, 1).

Proposition 3.4. The set
{ <(/<:7r)1 cos(knry)) }
A g
cos(kmy) keZ\ (0}
is an orthonormal basis for H'(0,1) x L*(0,1).

Proof. Note that {\/ﬁcos(lmry)}:o_l, {\/ﬁ(kﬁr)_l cos(lmry)}:o_1 are orthonormal bases for re-
spectively L?(0,1) and H'(0,1). It therefore follows from

A 75 ()

in H'(0,1) x L?(0,1) that A is complete, and it is evidently orthonormal. |

Corollary 3.5. Let P be the spectral projection onto the four-dimensional subspace of Z
corresponding to the eigenvalues shown in Figure 1.6, and let {eq, ez, e3,e4} be a basis for
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P[Z] consisting of generalised eigenvectors of L. The set

o O O O

{e1,e2,e3,e4} U { fi}rez\{0}» fr=

(km)~t cos(kmy)
cos(kmy)

is a Riesz basis for Z.

Proof. Let {g1, g2, g3, g4} denote the usual basis for the subset R* x {(0,0)} of Z, and note
that {g1, g2, g3, 94} U { fu}rez\joy is an orthonormal basis for Z. Let m : Z — R* denote the
projection (1, p,w, &, ®, ¥) — (n, p,w, ), and note that {mey, ey, Tes, meq} spans R

vector of (1, p, w, £) with respect to the basis {me, mes, Tes, ey} for R, defines an isomorphism

X — X with S[{g1, 92,93, 94} U {fi}ren\joy] = {e1,e2,€s,ea} U {fi}ren joy- It follows that
{e1,e2,e3,e4} U{fu}rez (o} is a Riesz basis for Z. [ |

Theorem 3.6. The set {ey, ez, e3,ea} U {ex, trez\(oy s a Riesz basis for Z.

Proof. We first note that the set {ey, ez, €3, es} U {ex, trez\jo) is w-linearly independent since
it is the union of bases for the generalised eigenspaces of a regular operator (see Gohberg &
Krein [18, p. 329]).

Choose s* € (0, A1). The function h : (0,00) — Z defined by
L sin(s)
sin(s)
% (ap — 1) sin(s)
% cos(s) — Hagsin(s)
Lcos(sy) — 5 sin(s) + 3(y> — 1) sin(s)
cos(sy) — L sin(s)

h(s) =

satisfies
[A(s1) = h(s2)[| < sup ) 17/ (s)|l[s1 — s2| S [s1 — 52

s€[s*,00

for all s1, s € (s*,00). With s; = Ay and s = kr this calculation shows in particular that

0 0 0
0 0 0
- 0 N 0 . 0

N 0 = (km)~2 cos(k) (k)2 cos(km)
(k)= cos(kmy) (k)= cos(kmy) 0
cos(kmy) cos(kmy) 0
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0
0
< 0 1
=M T (k)2 cos(kr) t e
(k) cos(kmy)
cos(kmy)
S |/\k — k7T| + 22
- o()
as k — oo, and similarly
0 0
0 0
0 N 0 N
T ) 2eos(hr) ||| T | T | (k)2 costen) ||| T OW)
—(km)~ ! cos(kmy) (k)= cos(kmy)
cos(kmy) cos(kmy)

as k — oo. Hence

o O O

4

jzzzl lej =esll"+ keZz\;{O} e (km)~2 cos(km) <
(k)= cos(kmy)

cos(kmy)

and the conclusion now follows by Bari’s theorem (Gohberg & Krein [18, Theorem VI.2.3]). W
Let {e!, €%, e®, e} U{eM }ren oy be the dual Riesz basis to {ey, es, €3, €4} U{ex, trez foy (see
Gohberg & Krein [18, §VI.1-2]), so that

P =7 (e, (I-P)= 3 (- eMex,
i=1 keZ\ {0}
and define Zo = (I — P)Z, Ly = (I — P)L (with D(Ls) = (I — P)D(L)). Note that
Ly = { > Bren, {8k} € 52}7 D(Ls) = { > Breny {8}, {\Be} € 52}-

kez\{0} kez\{0}

We conclude this section with a maximal regularity result for L which is used in Section 3.3
below.
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Lemma 3.7. The operator Ly : D(Ly) C Zy — Zy has L*-mazimal reqularity in the sense
that the differential equation

admits a unique solution w € H*(R, Zy) N L*(R, D(Ly)) for each h € L*(R, Zy).

Proof. Writing

Z WEEN,, h = Z hke)\k

kez\{0} kez\{o0}

(where wy, = (w, e*), hy = (h, ™)), we find that
W = Apgwy + hy, (335)

which is solved by
/ hi(s)eMt=9ds, k<0,

wi(t) =
/ hie(s)eM =9 ds, k> 0.
Note that
1
||wlc||L2(]R,]R) < )\7k||hk||L2(R,R)
because

00 00 2
honlfogsy = [ | ma(e)e 9 ds| ar

</ / k(t=s ds/ M=) n, (s)? ds dt
E=9) |y ()2 ds dt
-5 T[T ) s

— f/ / M=) 4 |y ()2 ds
)\k —o0 J—0

1
= )TiHth%Q(R,R)

for k£ > 0 with a similar calculation for & < 0. It follows that

”w||L2(RZ2) / Z |wi(t) ‘zdt Z ”wkH%?(R,R)S Z ||h’/€||%2(R,R):||h||%2(]R,Z2)
* kez\{0} keZ\{0} keZ\ {0}

and similarly

HL2wHL2 (R, Z2) / Z A i lwr () |2dt Z )‘inkH%Q(R,R)S Z Hth%Q(R,R):Hh”%Q(R,Zg)v
 kez\{0} keZ\{0} kez\{0}
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so that w, Lyw € L*(R,X). Equation (3.35) shows that w is differentiable, satisfies
w € L*(R, X) and solves the given differential equation.

The uniqueness of the solution follows by noting that equation (3.35) has no nontrivial
solution in L*(R,R) when hy, = 0. |

3.3 Centre-manifold reduction

Our strategy in finding solutions to Hamilton’s equations (3.21)(3.26) for (Z, Y, H’) con-
sists in applying a reduction principle which asserts that it is locally equivalent to a finite-
dimensional Hamiltonian system. The key result is the following theorem due to Mielke
[44, 45].

Theorem 3.8. Consider the differential equation
= Lu+N(u;\), (3.36)

which represents Hamilton’s equations for the reversible Hamiltonian  system
(M, Q* H). Here u belongs to a Hilbert space Z, X € R' is a parameter and
L:DL) C Z — Zis a densely defined, closed linear operator. Regarding D(L) as a
Hilbert space equipped with the graph norm, suppose that 0 is an equilibrium point of (3.36)
when A =0 and that

(H1) The part of the spectrum o(L) of L which lies on the imaginary axis consists of a finite
number of eigenvalues of finite multiplicity and is separated from the rest of o(L) in the
sense of Kato, so that Z admits the decomposition Z = Z, & Z,, where 2, = P(2),
2y = (I —P)(Z) are the centre and hyperbolic subspaces of L defined by the spectral
projection P corresponding the purely imaginary part of o(L).

(H2) The operator Ly = L]z, has L*-mazimal reqularity in the sense that the differential
equation
Uy = £2U2 +h

admits a unique solution uy € HY(R, Z5) N L*(R, D(Ly)) for each h € L*(R, Z,).

(H3) There exist a natural number k and neighbourhoods A C R of 0 and U C D(L) of 0
such that N is (k4 1) times continuously differentiable on U x A, its derivatives are
bounded and uniformly continuous on U x A and N(0,0) = 0,d;N[0,0] = 0.

Under these hypotheses there exist nezghbourhOOds ACA of 0 and U cun 21, Uy, CUN 2,
of 0 and a reduction function r : Uy x A — Us with the Jollowing properties. The reduction
function r is k times continuously differentiable on Uy, x A and 7(0;0) = 0, d;7[0;0] = 0. The
graph M* = {uy +r(u;; \) € 21 ® 25 :uy € Uy} is a Hamiltonian centre manifold for (3.36),
so that
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(i) M is a locally invariant manifold of (3.362: through every point in ]\~4)‘~there~ passes a
unique solution of (3.36) that remains on M> as long as it remains in Uy x Us.

(i) Every small bounded solution u(x), v € R of (3.36) that satisfies (u1(z), ua(z)) € Uy x U,
lies completely in M*.

(iii) Every solution uy : (z1,%3) — Uy of the reduced equation
iy = Luy +N*(uy), (3.37)
where N (uy) = PN (uy + 7(ur; \); \), generates a solution
u(x) = uy(x) + r(ui(z); A)

of the full equation (3.36).

(iv) M is a symplectic submanifold of M and the flow determined by the Hamiltonian system
(]\7[)‘, o ﬁA), where the tilde denotes restriction to M>, coincides with the flow on M*
determined by (M, Q> H*). The reduced equation (3.37) is reversible and represents
Hamilton’s equations for (M*, 0, H*).

Remark 3.9.
(i) We find that

ﬁk(ul)

Q>\|u1 (Ula UQ)

H(uy + 7(ug; \)),
Q%o (v1 + dyrfug; A (v1), v + drfug; A (v2))
QO|0(’U1,U2) +O(|(/\,U1)|) (338)

as (A,u1) — 0. Using a parameter-dependent version of Darboux’s theorem (e.g. see
Buffoni & Groves [10]), we may assume that the remainder term in (3.38) vanishes
identically.

(i1) Substituting u = uy + r(u1; A) into (3.36) and eliminating u, using (3.37) leads to the
equation

Lr(up; A) — dyrfur; A](Lur) = N (uy) + dyrfug; AJ(VA(ur)) — N (uy + r(ug; A); A),

which can be used to recursively determine the terms in the Taylor series of r(ui; \) and

N2 (uy).

We proceed by choosing (8o (po), ao(po)) € C, setting (61, d2) = (6,0), and applying Theorem
3.8 to (Z, T, H®). Hypothesis (H3) is clearly satisfied for any natural number k, and we
henceforth refer to functions which are continuously differentiable an arbitrary, but fixed
number of times as ‘smooth’. The spectral theory in Section 3.2 shows that (H1), (H2) are
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also satisfied; indeed, the (complexified) four-dimensional centre subspace of L is spanned by
the generalised eigenvectors

E=ne, E=n'e Pon?(f-e), F=n(f+52¢),
2’7’1 27’1
where

3sinh(pup) cosh(pg) 1
o 5 >0, (3.39)

o sinh(24) N 4o 1 3cosh(2up) L Ho + sinh(2u0)
T 7 I e , ;
203 3 2110 2110 sinh?(140)

so that the centre and hyperbolic subspaces of L are respectively

71 = — o coth(pg) +

7, ={AE + BF + AE + BF : A, B € C}, ZQ:{ > ﬁkfk:{@k}e€2}.
kezZ\{0}

The vectors are normalised such that (L — ipgl)E = 0, (L — ipgl)F = E with SE = E,
SF = —F, and

T|O(E7F) = T|0(E7F) =1, T|0(F7E) = T’0<F7E_|> =-1

and the symplectic product of any other combination of the vectors F, F, E, F is zero (so that
{E, F, E, F} is a symplectic basis for the centre subspace of L). Writing

u, = AE + BF + AF + BF,
we therefore find that A, B are canonical coordinates for the reduced Hamiltonian system
(see Remark 3.9(i)), which can therefore be written as
of’° o’°

~95 T ea

(with a slight abuse of notation we abbreviate H 2| (51,82)=(5,0) tO H?); this system is reversible
with reverser S : (A, B) — (A, —B). Note that the quadratic, parameter-independent part of
the Hamiltonian is

Ay

HY(A, B, A, B) =iug(AB — AB) + | B|?,

so that in coordinates

h
o O
I
o o

0 0 0 —iu

The next step is to use a normal-form transform to simplify the Hamiltonian. For this
purpose we use the following result due to Elphick [15].
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Lemma 3.10. Let ng > 2. There exists a near-identity, canonical change of variables which
transforms the Hamiltonian to

ittg(AB — AB) + | B’ + Hyp (A, B, A, B) + O(|(A, B)P|(6, A, B)|™),
where the complezification of Hyy lies in ker Li~, and Ly~ : C[Z] — C[Z] is defined by
(Lar-p)(Z) = M"Z - Vp(Z)

for M € C**, where the coefficients of the polynomials in the complex polynomial rings
depend upon 0 and the gradient is taken with respect to Z = (A, B, A, B).

We proceed by characterising ker L« using the following lemma, the statements in which
are obtained from results by Murdock [47, Lemma 3.4.8], Malonza [42, Lemma 4, Theorem
9] and Billera, Cushman and Sanders [7, Section 4] respectively. Corollary 3.12 takes into
account that Hfp is real-valued.

Lemma 3.11. Let S = diag(ipo, ifo, —ipo, —ipo) and N = L — S.
(i) The kernel of Ly« : C[Z] — C[Z] is given by ker L« = ker L+ Nker Lg-.
(ii) The kernel of Ly~ is given by ker Ly = C[A, A, AB — AB].

(iii) The kernel of Lg- is given by ker Lg- = C[AA, AB, BA, BB].

Corollary 3.12. The kernel of L1+ : C[Z] — C[Z] is given by C[|A|*,i(AB — AB)] and
Hp € R[|A]%,i(AB — AB)].

Writing the transformed reduced system as
Uy, = LU1 + P‘;(ul),

where

uy = AE + BF + AFE + BF,
P°(u) = 05H°(A, B, A, B)E — 0;H°(A, B, A, B)F
+0pH’(A, B, A, B)E — 0,H°(A, B, A, B)F,

we can compute the Taylor series of 7(u1; §) and N (u;), and hence H(A, B, A, B), recursively
using the equation

Lr(uy; 8) — dyrfug; 6)(Luy) = PP (uy) + dyrfug; 6](P(uy)) — N°(uy 4 7(uy; 6)) (3.40)
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(see Remark 3.9(ii)), where with a slight abuse of notation we have applied the near-identity
normal-form transformation to the reduction function. Corollary 3.12 states that there are
real constants cy, ¢y, dy, do, d3 such that

11(A, B, A, B,0) = ¢1|A]> + ¢i(AB — AB),

19(A, B, A, B,0) = 0,

HY(A,B, A, B,0) = d,|A|* + dsi(AB — AB)|A|*> — ds(AB — AB)?,
where 67 H] (A, B, A, B) denotes the part of the Taylor expansion of HY(A, B, A, B) which is
homogeneous of order j in § and k in (A, B, A, B). The coefficients ¢; and d;, whose values

are required in Section 3.4 below, are computed in Appendix 3.5.2; we find that ¢; < 0 and
there exists a critical value p§ of 9 such that d; > 0 for g < pf, which we now assume.

3.4 Homoclinic solutions

In this section we examine the reduced Hamiltonian system

A, = 95H%(A, B, A, B)

= ipgA + B+ 95 Hp(|A]*,i(AB — AB,6) + O(|(A, B)||(5, 4, B)|"™), (3.41)
B, = —07H°(A, B, A, B)
= ipgB — 93Hr (|AP*,i(AB — AB),8) + O(|(A, B)||(6, A, B)|"), (3.42)

where the underscore indicates that the order-of-magnitude estimate remains valid when
formally differentiated with respect to (A, B). The truncated system without the remainder
terms was examined in detail by Iooss & Péroueme [34], who also studied the ‘persistence’ of
certain solutions as solutions to the full system. Here we present an alternative, functional-
analytic proof of the existence of two reversible homoclinic solutions to (3.41), (3.42).

We begin by returning to real coordinates ¢ = (g1, ¢2)T, p = (p1, p2)T given by

1 1
A=—(q +ig), B= +i
\/§<QI 192) \/§(p1 1p2>

and hence obtaining the real Hamiltonian system

i = P (¢,p)
8H6 7o 1 2 1
W=, ~ P+ poRzq + O Hyp(31al%, p- Rz q) Rz q + R (q, p), (3.43)
o’

Ps = =75 = HoRgp —0 Hyp (3lal, p- Rz q)q + 02 HRp(51q*, p- Rz ) Rzp+R3(q,p), (3.44)

= Py (q,p)
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in which
- 1 .
H*(q,p) = 5Ip* + pop- Rz q + Hye (3lal*, p- B3, 0) + O( (g, 0)I*[(9, 4, p)"),

so that P{(q,p), P(q,p) are polynomials in d, ¢ and p and

R(q,p), R(q,p) = O(|(g,p)|(6,q,p)™).

Note that this system is reversible with reverser S : (¢1,p1,q2,p2) — (q1, —p1, —q2, p2) and
that

R@-Plé(Q7p) - P15<RGQ7 R@p), RQPQCS(CLP) = P26(R6'q’ RQP)

for all 0§ € [0,27), where Ry is the matrix representing a rotation through the angle 6.

The next step is to recast equations (3.43), (3.44) as a single second-order equation. Writing

P =qo— polzq+v,
we find from equation (3.43) that
v+ P)(q,¢ — poRzq +v) + RY(q, ¢ — poRzq +v) = 0, (3.45)
and using the implicit-function theorem we now construct a solution of (3.45) of the form
v =10)(¢, ¢z — toRzq) +v3(q, ¢z — poRz 1),

where v¢ solves the truncated equation with RS = 0 and takes the particular form

(¢, @ — poRzq) = wi(lqf*, Rzq- (¢ — poRzq)) Rz q. (3.46)
Note that w{ necessarily solves
wy + Oy Hyp(31q*, wilal* + Rzq- (g — poRzq)) =0, (3.47)

while v necessarily solves

va + PY(q, @0 — toRzq + v](q, o — toRzq) + v2) — PY(q, ¢ — poRzq + v)(q, ¢z — poRzq))
+ R(q, @ — toRzq +v9(q, ¢z — poRzq) + v2) = 0. (3.48)

Proposition 3.13.

(i) Equation (3.47) has a unique solution wy = w}(|q*, Rzq-(¢z — poRzq)) which depends
analytically upon 8, |q|* and Rxq-(q. — poR=xq) and satisfies w?(0,0) = 0. The function
v defined by (3.46) satisfies

v + P (q, ¢o — poRzg +17) =0
and

RQU?(Q? z — MORg(ﬁ = Uf(qu, Rg(qx — MORQQ))
for all 6 € [0, 2m).



Centre-manifold reduction and solitary hydroelastic surface waves 99

i) Equation (3.48) has a unique solution va = v3(q, ¢z — poR=q) which depends smoothly
2 2
upon 6, q and g, — pollzq and satisfies

v3(q, g2 — oRzq) = O(|(q, 4o — 1o Rz9)|(6, ¢, ¢o — poRz q)|").
Substituting
p:qm—,uoqu—l—vf—i-vg

into equation (3.44), where we have omitted the arguments of v, v3 for notational simplicity,
shows that

(02 = poR3)*q = —(90 — poRy ) (0] +v3) + P°(¢, ¢z — poR3q) + R*(q, ¢ — poR34),
in which
P°(q,¢z — poRzq) = P3(q, 4 — poRgq + v}),
R(q, ¢ — poRzq) = P3(q, ¢ — poRzq + 1) + v3)
— P)(q, 4 — poRzq + 1)) + R3(q, o — poRzq + vy + v3).
It follows that
(02 — poRz)*q = =010} (q» — poRzq) — 02078y — proRz)*q + P°(q,4» — poRzq)
— 0105(¢e — poRzq) — 0203(9, — poRz)%q
— Oy Rz q — 0ovd o Rz (¢ — poRzq) + poRz vy + R°(q, ¢ — poRzq),

where 0,0 is the matrix d;v9[q, ¢ — ptoRzq] and we have used the calculation

(9 — HoRz )7 (g, ¢ — sRzq)
= (02 — poRz ) Rext} (R ts Ry (¢ — poRzq))
= Ryuge 000 (R gz, Ry (qx — p1oRzq))
= Ryupe ) (R oy Repigar (s — 10Rzq)) 0% (R-pu24)
+ Ryupa020) (R ety R piow(@e — 110R29)) 00 (R0 (@2 — 10R24))
= RyupaO10) (R poats (@2 — 10R2q)) R (¢ — proRzq)
+ Ryu00020) (R_ 10, (o — 10R2Q)) R_pipa (00 — poRz)’q
= 0107(q, @ — HoRzq) (g0 — poRzq) + 9507(q, 4r — poRzq)(8r — poRz)%q.

Introducing the scaled variables

q(x) = eR, Q(X), X =ex,
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where 2 = —¢;d, so that

qx — ljJOqu = 52RuonX(X)a (aa: - NORg)Qq = 53R,uonXX(X)>

transforms the resulting equation into

Qxx =Q — CQ|Q|2 +T7(Q, Qx) + R_pox/e 15 (Rpuox/e Qs Ruox/eQx, Ruox/=Qxx)  (3.49)

where C' = —d; /c; and

T5(Q,Qx) = O(e|(Q, Qx)|), T5(Q,Qx, Qxx) = O™ ?|(Q, Qx, Qxx)|).

Remark 3.14. The various changes of variable preserve the reversibility symmetry, so that
equation (3.49) is invariant under the transformation X — —X, (Q1,Q2) — (Q1, —Q2).

Before proving the existence of homoclinic solutions to (3.49) we define the function spaces
with which we work and refer to some functional-analytic results which are used in the proof
(see Kirchgéssner [37, Proposition 5.1]).

Definition 3.15. Suppose that k € Ny and v > 0. Define
k .
Cy(R) = {f € C*R): [[fllxw <00}, Nflkw = stgﬂgz [FO ()]
j=0

and their subspaces
Che={f € CS(R): f(=t) = f(t), te R}, Cy,={f€Ci(R): f(—t)=—f(t), t € R}.
In the case k = 0 we just write C,(R), C,.(R) and C,,(R).

Proposition 3.16.
(i) The formula

K <Z1> _ <Z1XX - Z1>
22 R2XX T 22
defines  a  bounded linear operator CZ2(R)? — C,(R)*>  and

C’ie(R) X C’io(R) — C,e(R) x Cyo(R) for each v > 0.

(ii) For 0 < v < 1 the operator K: C*(R)?> — C,(R)? is invertible with bounded inverse
given by

(K1) = — [~ e 7(s) ds,

—00

where the integration is taken componentwise.
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(iii) Suppose that C' >0, h € C1(R) and 0 < v < 1. The formula

Ko — K (—30h2z1>

—Oh222
defines a bounded linear operator Co(R)> — C2(R)?> and a compact operator

C,(R)? = C,(R)?.

Theorem 3.17. For each v € (0,1) and each sufficiently small value of € > 0 equation
(3.49) has two homoclinic solutions Q= which are symmetric, that is invariant under the
transformation (Q1(X), Q2(X)) — (Q1(—X), —Q2(—X)), and satisfy the estimate

Qaﬂ:(X) S (h(g()> +O(€e—u\X|)

for all X € R.

Proof. For € = 0 equation (3.49) has the family
{(Q1,Q2)T = Ro(h(Xo+-),0)T: 0 €]0,27), Xy € R}

of homoclinic solutions, where

h(X) = (é)l/Qsech(X).

Two of these solutions, namely those with (6, Xy) = (0,0) and (0, Xo) = (m,0), which we
denote by respectively Q1 and @, are symmetric. We seek a solution of (3.49) in the form
of a perturbation of Q% by writing

Qi =h+z, Q2= 2,

so that z = (21, z»)7T satisfies

2 €
zixx — 4 = —3Ch 2 + Tl(Zla 29, 21X, 22X R1X X ZQXXyX)a (3-50)

2 5
Zoxx — 29 = —Ch*zy + 15(21, 22, 21x, 22X, 21X X 22X X, X ) (3.51)

with the obvious definitions of 7§ and r5. We study the system (3.50), (3.51) in the space
C?(R)? with fixed v € (0,1) and, with a slight abuse of notation, consider the nonlinearity
r® = (r$,r5)T as a mapping C?(R)? — C,(R)? and C’f’e(R) X C’B’O(R) — Cho(R) x C,0(R)
with

I (21, 22) o = O(e) + Ou(ll(21, 22)1[5,)-
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In terms of the operators K and K}, defined in Proposition 3.16 equations (3.50), (3.51) can
thus be written as

2= Kpz + K 'r9(2). (3.52)

The eigenvalue problem

Kpz==z

is equivalent to the decoupled system

Z1XX — R1 — 3Ch221, (353)
29XX — R9 — Ch222 (354)

of ordinary differential equations. Let

21 (X) = sech(X) tanh(X), 23 (X) = sech(X),
23(X) = sech(X)(—3 + cosh?(X) + 3X tanh(X)), 235(X) = sech(X)(2X + sinh(2X)),

so that {z1, 27} and {21, 22} are fundamental solution sets for respectively (3.53) and (3.54).
Since z{, z3 are bounded while 27, 22 are unbounded, we conclude that all bounded solutions
of equation (3.53) are multiples of 2; = —hx and all bounded solutions of equation (3.54) are

multiples of z3 = (2/C)~/2h. The eigenspace of Kj,: C,(R)?> — C,(R)? corresponding to the

eigenvalue 1 is therefore
hx 0
Sp 0 Y h )

which lies in C,,(R) x C,((R). This calculation shows that 1 is not an eigenvalue of
Kile, )xc,or) and since Kj, is a compact operator C,,(R)* — C,(R)?, one concludes that
the spectrum of Kj|c, . (ryxc, .(r) consists only of eigenvalues, so that 1 lies in the resolvent
set of K|, .(r)xc, 0 (r)- It follows that

I — Ky: Cl/,e(R) X CV,OGR) — Czie(R) X CB,O(R)

is invertible. We can therefore solve equation (3.52) for sufficiently small values of € > 0 using
the implicit function theorem; the solution z§ satisfies ||2{||2, = O(e).

Returning to equation (3.49), we have found a symmetric solution Q" = Q* + z¢ which
satisfies the stated estimate. The second homoclinic solution )°~ is obtained from @)~ by the
same procedure. [ |
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3.5 Appendix
3.5.1 Formal derivation of the nonlinear Schrodinger equation
Writing 8 = By, a = ag + €2 and substituting the formal asymptotic expansions
n(z) = eny(x, X) + e*no(x, X) + 3 n3(x, X) + .. .,
\I](x’ y) = 6‘111(:[;, X7 y) _I_ 62@2(’T7 X7 y) _|_ 63@3('%’ X? y) + ct
where X = ez, into equations (3.2)—(3.6) yields the boundary-value problems
Vige + Wiy =0, O<y<l, (3.55)
Uy, = 0, (3.56)
Uiy + Mg _t 0, (3.57)
QoTh — \Illa: + 607711‘:131:95 y=1 =0 (358)
for Uy,
Vora + \Ij2yy +2W,x + 2771‘If1m - 2yn1xqjlxy - y\plynlxm = 07 0< y < 17 (359)
Uy, o = 0, (3.60)
Wy + mx + Now — MaViz + nlrnl‘yzl =0, (3.61)
- \IIZx - \IJIX + QoT)2 + 460771$sz + 607]2$$$I + ‘Illynlac + %\Ij%x + %\P%y y=1 =0 (362>
for ¥, and
\Ij3mz + \II?)yy + 2\11227)( + 4771\1/1:sz + 27)1\1/2:mv + 2772\Ij1mm
- zynlx\I}le + \IllXX - 2ynlxqj2xy - 2y771X\Ij1:13y
- 2y772x\1[11’y - 2977195)(‘1’1?; - yana}\Ply - ynlxa;\lJQy
+ U%‘Ifmc + yQU%x\Plyy - 23/77177190‘1}13311 - 31771771m‘1’1y
+ 2yn? Wy, = 0, 0<y<l1, 3.63)
Vs, o = 0, 3.64)
Vs + 1ox + M3z — MaVix — MaVor — 722Vie — mixVis
+ mmx + Matz + Mie — M2 Viz + yﬁfz‘l’ly’yzl =0, (3.65)
- ‘11333 - \IIQX + QT3 + 6B0nlmxXX + 46077233sz + 507]3:1::23336
+ 2 VWoy + mix Wiy + m2a Wiy + Vi Wix + Ui, Vo,
+ \Illy\IJQy - %Bon%xnlzzxx - nlnlz\ljly - 771\111,
- nlwlplcc\ljly + m— 1060”11:”12:30”1@‘1::5 - %Bonfm - 0 (366)

y=1
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for U3. We proceed by making the modulational Ansatz

m(z, X) = ((X)e*" + c.c.,
n2(, X) = ((X)e®™ % + c.c. + (o(X),
n3(z, X) = (3(X)e¥Ho? 4 ¢ (X)ePH T 4 (5(X)e " + c.c. + ((X).

From (3.55)—(3.57) it follows that

Wige + Viyy = 0, O<y<l,
\Ijly‘yzo =0,

the solution to which is

icosh(poy)

U X,y) =
1(3:7 ay) Sinh(,uo)

e fce. 4+ g (X),

where g; is an arbitrary function of a single variable. The equation

(ap + BOM%)Cl -V,

= ()7
y=1

which follows from (3.58), then recovers the dispersion relation (3.34).

From (3.59)—(3.61) it follows that

cosh(poy) i
Wapy + Wayy = — 2100 ¢ g0
2z T 2yy Mo sinh(,uo) CXe
— is(3poy sinh(pey) — 2 cosh(pey)) (e 0* + c.c., 0<y<l,
U)o =0,
] ’ — _g eiuocc + 1[1, Ho COSh(luoy) §2 _ <=2 o 2C e2iuom

the solution to which is

coth(gi) sinh(oy) .
Y X = — h g NYI T inoT
2(, X, y) <Sinh(uo) cosh(poy) Y (o) ) SXC
. [ coth(ug) cosh(2uoy) sinh(poy) \ .o . 1cosh(2u0y) Yigon
+<WO< sinh(2p) ysinh(,uo) G sinh(240) Gz e

+c.c. + g2(X),
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where g, is an arbitrary function of a single variable. Substituting the formulae for ¥, ¥y
and the modulational Ansatz into (3.62), and equating the coefficients of eHo® glho® @Zinoz
we then find that
115 2
g1x st (1) |C1] 0Go (3.67)
1 (1 — 3 coth? (o) i
2 ap + 164480 — po(coth(pg) + (coth(pg))—1)

1 1
By = —= coth(pgy) — — cosech?(jg).

G2

2
Cl?

Using the dispersion relation and the above formula for £y, we find that

2

3
Ko coth(po) + % cosech? (o).

g = 1
Similarly, (3.63)—(3.65) yield a Poisson equation for W3 with boundary conditions at y = 0
and y = 1, the solution to which is

\Ifg(fE,X, y)
(3 ipgcosh(uoy)  2ipg coth(2p0) cosh(pg) cosh(poy)  1ipgy? cosh(poy)
\\2  sinh(u) sinh? (1) 2 sinh(uo)
- o sinh(2u0y) \ =
7 sinh?(p10) Gt
N (210 coth(pg) + ipo tanh(pg)) cosh(poy)
sinh (1)
ipoy sinh(poy) ~ 2ipgy sinh(2p0y) e
sinh (o) sinh(2u0) 12
ipg coth(pg) cosh(poy) — ipoy sinh(poy)
: - — oGt
sinh(po) sinh (o)
iy? cosh(poy) (2 coth®(pg) — 1) cosh(poy) iy coth(po) sinh(poy) ¢
2 sinh (1) 2 sinh () sinh(po) X
i COSh(:U’Oy) i COSh(:U’()y) iupw 2ipox 3ipox
sinh(o) T “sinh(o) Gaix |et® + (.. )e +(...)e +c.c
sinh (o) (koy coth(po) + coth(so) — y) — cosh(uoy) (toy* + coth(po)) d |
+ : Gl
sinh(po) dX
2
- %3/2 - 5 91xXx

2
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with
Gixx — Cox + 20 coth(uo)—Kl =0.

By integrating this equation and substituting it into (3.67) we find that

2 2 h(p
o= (2250~ coth(uo)) — LD Y

Qg —

so that

2a 2o
iy = ( Hoo (1 — coth?(po)) — Hocto coth(pg) — pg(1 — COthQ(Ho)))KlP'
Qg — 1 Qo — 1

Substituting the formulae for (g, (3, g1x, V1, W2, U3 and the modulational Ansatz into (3.66),
and equating coefficients of €0, finally yields the nonlinear Schrédinger equation

G — (650Mg —(1- 02)(1 — 1100))C1x x
Y s
2(av + 168015 — po(o +071))
i1 = 0*)?  dpo(1—0%)  dagudo’
— +
g — 1 g — 1 o —

+ po(=BpfBo + 4o — 20°)

=166 =0,

where o = coth(uy).

3.5.2 Computation of the normal-form coefficients

For this purpose we make use of the calculation
T|0(L’U,, U) = Hg(u,v) = HS(U7 u) = T‘U(Lva 'LL),

denote the parts of H’(w), ¢°(w) which are homogeneous of order m in § and n in w by
O™ H™(w), ™ N!™(w) and the part of (uy;d) which is homogeneous of order m in ¢ and n in
uy by r"(uq;0). With a slight abuse of notation we use the same symbols for the multilinear
operators associated with these quantities.

Write o
it (ug;0) = Z r?jmémAlBjAka
i+j+k+=m

and consider the 0 A-component of (3.40), namely

(L —ipoD)ripee = c2iE — ¢ F — N} (E).
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Taking the symplectic product of this equation with E, we find that

B sinh?(140)

c1 = =T|o(rlgee, (L + ipol)E) + Y|o(N{(E), E) = 2Hy(E, E) =
—_——— T1

=0
To compute d; we consider the A2A-component of (3.40), namely
(L —ipoI)rgg = ido B — 2d F — 3N3(E, E, E) — 2N3(E, 7500000) — 2N3 (E, 1000)
and again take the symplectic product with E, so that

2d1 = _T‘U(TSOIW (L + 1NO[)E) =+ 3T’0<NZ'?(E7 E7 E)v E)
=0
+ 2T [o(NY(E, r9000), E) + 2Y |o(NJ(E, T1010), E).

The functions r9,,, and 79y,, are obtained from the A2%- and AA-components of (3.40), which
are respectively

(K - QiMUI)TSOOO = —NS(E, E):
Kr(fmo = _2N2O(E>E)

(note that %40 is determined up to addition of a multiple of F'). Altogether we find that

dy =

sinh* 4(1 — 302)2
S S — =5y + o — 207

27¢ 2(ap + 16Bopug — po(o + o= 1)
%O—ﬁV_M%O—ﬂMA%%H>

+ Oé()—l Ozo—l OZO—]_

where o = coth(uy).

=0 =0
For completeness, we record the formulae for 75,000 and 7509000, Ramely

~pio(a0 — 1)7 (o + sinh (2po))

~0 .
1010 =

0
0
0
0

— o sinh(2p0) + 2p0 sinh(po) (poy sinh(poy) + cosh(poy))
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0 _ -0
T2000 = 42000

where

isinh(2pu0)
—2p9 sinh(24)
ﬁ(ao — 1) sinh(2p0)
—4ip3 B sinh(2p)
—(ﬁ + (y* — 3) o) sinh(210) 4 cosh(2p0y)

2ipuo cosh(2p0y) — isinh(2u0)
5 4o sinh(2p10)
ip2 sinh(2p0)
(209 — 3) sinh(2p0) — i sinh? (1)
—2fop sinh(240)

i
8

)
i(1 4 §u5(y* — 5)) sinh(2p0) + (=2 + Jp0(y” — §)) sinh® ()
1o sinh(p10) (p1oy sinh(poy) + cosh(poy)) — 340 si

1, pa(cosh(2p0) + 2)

~0 —
2000 = 21<sinh(2,u0)(040 +1600115) — 2410 cosh(2410) ’ M()).




4 A dimension-breaking phenomenon for
solitary hydroelastic surface waves

4.1 Dimension-breaking phenomena

4.1.1 Spatial dynamics

In this section we formulate equations (1.40)—(1.43), which follow from the formal variational
principle (1.32), as an evolutionary equation in which the unbounded horizontal direction z
plays the role of time. The first step is to use the change of variable

1+y

@ 7/7 = I ; =
(@2 = 0le) o =

to map the variable fluid domain {(z,y,2) : z,z € R,y € (—=1,n(z,2))} into the fixed strip
R x (0,1) x R; we drop the primes for notational convenience. The transformed equations are

Nz Nza Mz U 2 (I)yy
N ¢, — ——yP, +2——yd, + ®,, +
2

2
F .y, — e o e e 2g —0 0<y<,

1+n 147 (1+mn) L+n
®, =0, =0
1%77 =~y + Py — 1:7_zny<1>y+<bznz - lz_gny% y="1L
o, — 177_:77yc1>y —d, — &y®y+ ;((I)x — 177_;7?/@02
+2(1qf77)2+;(¢z—1774:71/<I>y>2+0477+5U(77)=07 y=1

which follow from the transformed formal variational principle £ = 0, where

L(M,12,7.2, D, D) z/RL(n,nz,nzz,CD,sz)dz

109
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and

L o, : L g )
(777772777227 9 Z)_/]R /0 L 1+7] 2( Z_my y)

P2 1
N S
2(1+n)? 2 147

+ ;a(n 1)+ 25P2\/§} dz.

To write the problem as an evolutionary equation in which z plays the role of time, we
interpret £ as an action functional and formulate the equations as a Hamiltonian system. We
therefore introduce new variables

P ="Mz
oL (1+n2)P
= = 2 7$,
¢ o/ ’ Q

_oL (oL
w_f?nz : 377zz ’

Nz
8(132 (@Z 1+mn )(1+77)-

The Hamiltonian is given by

2

P P
o, d 48— zlex — Txzllz) — Az T Sz
)y ydy + 5Q(77n M=) 105\/@77 3

U=

1
H(n,p,@,w,g,m=/wpdx+/£nzzdx+// VP, dydr — L
R JO

_/ {/ l( +np (1fn)2yq)y>\p_;(1 j{i)Q _;(1 J\IZI)Q

Nz 1( )2
P, — 1 yd, ) — (D, — ) 1 d
+< yy> 5 1+ — (1+4+n)dy

1+n
Qu.p)? &
T],pQ 2
Fert oy 1+77§[( +p7)n PapTle]
1
—2a172}d:v,

where

Q(n,p)=14n.+p’
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and we have used the identity

_ Q. p)?
T B+ )

3 (14 0" ez — 2papma ),

_1+7]§

which follows from the definition of £&. Hamilton’s equations are given by

oH
=" = 4.1
=5 =P (4.1)
5
0H  Q(n,p)? >
Pe= 6(1+n§)2§ 1+77%[( +p)n ppn] (4.2)
oH v P
== — 4+ ——y®,, 4.3
5T T1tg 17 (4:3)
0H 1 1 w2 p 1 1
= — = = — - = — O+ P, — —P2 4+ = z 2p2
w on /o{ 2(1+n)? (1+7})2y u¥ 2 x+2(1—|—n)2y 4
1 @ 1
-7 d,, —y(d,D,), L 22 d
3
Can+ £2Q(n, p)2 (512(1 +n2)* — 4Q(m, p) (1 + 73)n0)
26(1+n2)* v
T 1+2+33 wx+2xw_23; T ]-+2
+2£pp( n2) + 1:(n Mpn PePM) N £( /)2) 4
3
oH Ly®, W 5Q(n,p)2&%p 3 26 pne
z— - = — dy — . 2 xx_Q x|z >
: op 0o T+ 0" 25(1+77;‘Z)2+1+77;%('m7 paft) L+nz],
(4.5)
0H P N Dyy ( Tz )
U, =——=——|y¥ o, — P - — [P, — iiJ
z 5D 1+77[y }y‘f‘ﬁx[( x 1+77y y)y‘|y 1_'_77 x 1+77y yyx
(4.6)
with boundary conditions
(I)yzoa y:Oa (47)
P Nz o,
qz—x+<<1>x—c1>)x— —0, —1. 4.8
147 " 14+n ? K 1+n Y (48)

Equations (1.40)—(1.43) can therefore be formulated as

u, = f(u) (4.9)
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for u = (n, p, ®,w, &, ¥) with boundary conditions
¢, =B(u) ony=0,1, (4.10)
where f(u) is given by the right hand side of equations (4.1)—(4.6) and

y(p\lf—ynﬁ%)+ N
147 14+n ¥

B(n, p, ®,w,&, V) = —yn, + yPn, +

note the helpful identity

fo(w) = =[(L+ 0@ — yna®y| + | = @y +yn. + B, p, @0, 9)] (4.11)

)
Yy

where fg is the sixth component of f. Working with the parameter regime in which a line
solitary wave exists, we henceforth set

(X:Ozo—f-52, ﬁ:ﬂo,

where [y, o are given by equation (1.33) and po < .
Define

X* = H*"3(R) x H*T(R) x H¥™(X) x H¥(R) x H*T'(R) x H(X), s>0,

where ¥ is the strip R x (0,1), and let M be a neighbourhood of the origin in X! contained
in the set

{ue X" :nx)>—1forall v € R}

(note that M is a manifold domain of X). The following result (see Bagri and Groves [6,
Proposition 2.1] and Propostition 2.10) shows that B, f : M — H'(X) are analytic mappings.
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Proposition 4.1.

(i) The formula w — w|,—o defines continuous mappings H"(X) — H"'(R) for each
n € N.

(ii) The formula
(w1, wz) = wiws

defines continuous mappings L*(X) x H'(R) — L*(R), HY(X) x L*(R) — L*(X) and
H'(X) x HY(R) — HY(Y).

(iii) The formula
0
(wiw2) = [ wio gyl y) dy

defines continuous mappings L*(X) x HY(X) — L*(R), H'(X) x L*(X) — L*(R) and
H'(X) x H'(X) = H'(R).

(iv) The formula
ne (L+n)™

defines a mapping H*(R) — H3(R) which is analytic in a neighbourhood of the origin.
(v) For each n € N the formula

ne (L+n2)™"

defines a mapping H*(R) — H?(R) which is analytic in a neighbourhood of the origin.
(vi) For each n € N the formula

(0, p) = Q(n, p)"/?

defines a mapping H*(R) x H*(R) — H?*(R) which is analytic in a neighbourhood of
the origin.

Equations (4.9) and (4.10) therefore constitute an evolutionary equation in the
infinite-dimensional phase space X° with

D(f) = {uEM:(I)y:B(u) onyzO,l}.
These equations are reversible, i.e. invariant under the transformation

z —z, u+— R(u),
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where the reverser R : X® — X? is defined by

R(T]a P, (I)a w, 67 \Ij) = (777 —p, _(I)> —w, 57 \Ij)

Equations (4.9) and (4.10) are also invariant under the reflection S : X* — X* given by

S(n(@), plx), @(,y), (@), (), ¥(w,y))
= (77(—55)7 p(—x), —Q)(—x7 y)’ w(—:c), 5(_$)7 —\I’(l’, y))>

and one may seek solutions which are invariant under this symmetry by replacing X® by

Xf:= X*NFix S
= H7(R) x HIPH(R) x HyPH () x HI(R) x HIMH(R) x Hy(3),

where

HZ(R)
Hy(%)

{w € H*(R) : w(z) = w(—x) for all x € R},
{w € H*(X) : w(z,y) = —w(—z,y) for all (x,y) € Z},

(with corresponding definitions for H(R) and HS(X)) and M by M, := M NFix S. It is also
possible to extend M, by replacing X! in its definition with the extended function space X!,
where

X, = HIP(R) x HIMY(R) x HIFH(E) x HE(R) x HYY(R) x H; (),
and

Hf;l(E) = {w €Ly (%) w,,w, € H (X),w(r,y) = —w(—x,y) for all (z,y) € E}

(a Banach space with norm ||ulsst1 = (|Jul? + ||uy||§)%), note the relationship
M, = M, N X! between M, and its extension M,. This feature allows us to consider so-
lutions to (4.9), (4.10) whose ®-component is unbounded; in particular line solitary waves
fall into this category.

Proposition 4.1 shows that H : M — R is analytic, and the calculation
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dH[n»P»@7W,§a \I}](T]laph q)hwl)gl? \Ijl)

1 1 P2 o, 1 P2 1 w2

T2 " 22" T 211y
N:y®. P, ny°®; 1 ( Mo )2
—y®, 1y, — — (o, — " 4o
YyPym 17 771+(1_H7)2?71 5 1+77y y) ™
py¥ o,

N yd, v
+ <1>,,:—<1>> Oy + A o
( +77y Y ) ynl 1+np1 1+7] ly 1+77 ly

e 20 Py®y
+ (@, — c1>> YD1y + Uy + Wyl d
( 1+nyy77?/1y 1+7711+771y
5Q(n,0)**n. — 2Q(n, p)**n, 26(1 4 °) s

TRy

m m
BA+n2)3 T (1+m2)2 7

28p.p < 2n2 ) E(1+p?)
1 - . xT - T 5 xrxr -
+1+77§C 1+n2) " 1+ n3 M = I
5Q(n, p)*2p 3 2£pn),
+wp1+25(1+77§)2p1 1+77g( pn pn)p1+1+n§p1

+ pwr — (14 ) — 2] 51} dz

1+n?2

shows that dH[u] € L(X',R) extends to an operator dH[u] € L£(X° R) which depends
analytically upon v € M. Using this fact we find that f is the Hamiltonian vector field for
the Hamiltonian system (X°,Q, H), i.e.

Q(f (u),v) = dH[u] (v)

for all u € D(f) and v € X°, where the position-independent symplectic form Q on X? is
given by

Qvy,v2) = /R<771w2 — Mawr + p1&2 — p2é1) do + /2 (q)l‘l’2 - <D2‘111> dy dz.
The line solitary waves found in Chapter 3 are equilibrium solutions of equations (4.9),
(4.10) of the form u* = (*,0,®*,0,£&*,0) and we seek solutions of these equations of the form
u=u"+u, u e M,

where M’ is a neighbourhood of the origin in X' chosen small enough so that
u* 4+ M’ C M:; note that we can replace M with M, or M,. Substituting this Ansatz into
(4.9), (4.10) and again dropping the primes for notational convenience, we find that

u, = f(u* +u) (4.12)
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with boundary conditions

D, = Bi(n,®) + Bu(n,p, ®,w,&,¥) ony=0,1, (4.13)
where
Bl(/rl’ q)) - dBI:/rl*7 O’ q)*? O’ §*7 0] (n’ p’ @’ w’ §7 qj)
* * n*q)y (I)Zﬁ
=y(—ny + 03P, + Pon.) + +
y(=n.+1 (R prape [
V) e ) P, 2yPnp Py
(1 +77)? Lo 1L+
and

Bnl(nu P q)uwa 57 \Il) = B(Tl* + mn, P, q)* + q)7w7§* + 67 \Ij) - B('f]*, 07 (I)*u 075*7 0) - B1<n7 q))

A small-amplitude periodic solution of (4.9), (4.10) corresponds to a periodically modulated
solitary wave in the form of a three-dimensional perturbation of a line solitary wave.

4.1.2 Boundary conditions

Equations (4.9), (4.10) cannot be studied using standard methods for evolutionary equations
because of the nonlinear boundary conditions. This difficulty is handled using a change of
variable which leads to an equivalent problem in a linear space. For (n, p, ®,w, &, W) in M, M,
or M, define

Qn, p, ®,w, &, ¥) = (n,p,I'w, &, V),
where
'=o®+06,
and © € H3(X) is the unique solution of the boundary-value problem

—AO + B(0,0,) = Bu(n, p, ®,w,£, V) in X,
0=0 ony=0,1

(the linear operator on the left-hand side of this boundary-value problem is uniformly strongly
elliptic with smooth coefficients); note in particular that

_(I)y + Bl(nv (I)) + Bnl(n7 P (D>w> ga \D) = _Fy + Bl(nﬂ (I)> - @mc (414)
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Lemma 4.2.

(i) The mapping Q is a near-identity, analytic diffeomorphism from a neighbourhood M of
the origin in X' onto a neighbourhood M of the origin in X*.

(i1) For each uw € M the operator dQlu] extends to an isomorphism dQu] : X° — X°, and
the operators dQ[u],dQ[u]~! € L(X°, X°) depend analytically on u € M.

(iii) Statements (i) and (ii) also hold when M, M are replaced by M., M, or M,, M,, where
M, = M NFixS = M, N X! and M, = M N Fix S = M, N X",

Proof. The mapping Q : M — X! is clearly near identity and analytic since © is a linear
function of the analytic map By : M — X'. Replacing M with a smaller neighbourhood of
the origin in X! if necessary, we obtain the result stated in the first part of the lemma using
the inverse function theorem.

For the second assertion we observe that

y2(n£+nz)2(<b2+@y)+ 4+

Bn P >(I)>w7 7‘;[] - (I)x r — (I)*‘i‘q)
1(n, p £, V) = y®.n T 1+n*+n(y y)
L yp¥ v ) (@, + @) o (@ + D)
L+ +1n (147 Lyt v Y
2 2 2
O ) e 2y 77;@;77
(T+n9)2 (1472 L4 ™
and therefore
dBnl[n7p7q>7W7§7 q,](7717p1a(I)lawlvgla\ljl) -
2( ok 2 * *
Yo (0 + 1) (142" +2n), n*+n
O 1y + YNy @, — P+ )+ T P
YPatiie + yne®re = T 5Py S e (B By e
C29(mp ) (P + @) (L0 )i + YR A+ 0.)* (D) + @)
(14+n*+n)?
yv yp ypW v (n})? n*
+ + U, — + Py, — P
1+77*+77p1 14+n*+n ! (1+77*+77)2n1 T+ ¥ 14 - (21y)
o* y2(n3)> P} 2y° ;O
to S T ot e (4.15)
(147 (1+n*) 1+

Each of the terms of the right-hand side of (4.15) consists of several functions in H'(X)
multiplied by a single function in L?*(3). Using Proposition 4.1, one concludes that each such
term respresents a bounded linear mapping from X, into L?(X) which depends smoothly upon
(n, p, ®,w, &, V) € M. It follows that dBy[n, p, ®,w, &, ¥] : X' — H' extends to a bounded lin-
ear operator d/B/nl[n, p,®w, W] ¢ XY —  L*X) that depends smoothly upon
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(n,p,®,w, &, V) € M. The corresponding result holds for dQ since Q depends linearly upon
By1; the extension dQ is unique since X! is a _dense subspace of X 9. The inverse function
theorem now yields the second assertion since dQ is near identity. |

The above change of variable transforms (4.12) into the equation
v, = Lv+ N(v) (4.16)
with linear boundary conditions
I'y=DBi(nT) ony=0,1 (4.17)

for the variable v = Q(u), in which L := df[0] = df[u*] and N := f — L are the linear and
nonlinear parts of the transformed vector field

fv) = dQIQ ' (v)](f(u* + Q7 (v))).
Here
D(L)=Y":= {(n,p,F,w,ﬁ,\I’) €X':T,=DB(nT)ony=0, 1}

and D(N) is the neighbourhood U := M NY?' of the origin in Y, and we may replace
M,Y' U by M, Y.}, U, or M,,Y} U, in the usual fashion. The linear operator is given by the
explicit formula

n P
P % — Nza + hl(%f)
AT U+ Hi(p, V)
w QT — Fxly:l + fm + h2(777 F, g) ’
5 —Ww + h3(p’ \Ij)
v ol P Fyy + HQ(na F)
where
2 nEEr Nl
hi(n,€) = £+ Now + 7y peaya e~ o T e

x_i;tz—f— T
Bo(l+m22° " Bo(l+nD) ™ 142 ™ U+n2? ™ By
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1 y2n*®*2 y T]*Q(I)*Q y n*?q)*
ho(n. T, &) = / T, — # t v

* *2

o N n+y|@l, + O |
(I+n)>" (1+n*)3 v e

2(1)* *@2 22*(1)*
I A v n+ynzyr d
14 n* (14 n*)? 14+n* N

6 Q2 (ms (1 + 1?) — 4Q) 4 +[ = 1
Po(L+ %)’ S P P

i INFn* QEFp* 26%(1 — 3 *2\ o K
b ] 4 ||+ | ey,
(T+m2)27,  [(L+m3?) . (1+m32) .

1 2n58"
+|——= + || -,
_1+W;Q£Lx l(1+77*2>277L :

1 yq)* Q 25*2 5* 25*77*
hs(p, ¥) = — Yy dy — 20— 20¥ps z ol
3(p7 ) 0 1_|_77* 260( *2)2p+ 1+77;2( NexP NP )+ 1+77;2p N
1 yPy

HQ(U? F) = {Fl(na F)Lﬁ + {F3<T]7 F)L/
and

Fi(n,T) = =Ty — @+ y®m, +yn;ly,
F3(n,T') = yn. + Bi(n,I).

Furthermore, the change of variable preserves the reversibility of the evolutionary equation.

4.1.3 Existence results

In this section we give an outline of our existence proof for periodically modulated solitary
waves; the technical details of the reduction are given in Sections 4.2 and 4.3. We construct
periodically modulated solitary waves by applying the Lyapunov-looss theorem (Theorem
1.7) to (4.16), (4.17), taking X = X°, Y =YV}, Z = V! and U = U, with 7 = 2 and

R(n, p,®,w,&, V) = (n,—p,—P, —w, &, \If) The spectral hypotheses are verified by studying
the resolvent equations

(L —iX)u = ul, A ER, (4.18)

for L, where u € Y1 and uf € X?, i.e.
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p=1i\n+1', (4.19)
éo — N + M1 (0, €) = i+ pf, (4.20)
U+ Hi(p, V) =i\l + T, (4.21)
ol — I_‘x|y:1 + 5:(::(: + h2(77a F7 5) = i)‘w + wTa (422)
—w + hs(p, U) =X + ¢, (4.23)
Ty — Ty + Ha(n,T) = iAU 4 OT (4.24)
with
r,=o0 ony =0, (4.25)
Iy =—n,+ F(nT) ony=1. (4.26)

Since L is real and anticommutes with the reverser R it suffices to examine non-negative
values ), real values of , T, €, pf, w', T and purely imaginary values of p,w, ¥, nf, I'f, 1.

The arguments given in Section 1.4 suggest that the support of the Fourier transform
i = F[n] of n is concentrated near wavenumbers p = +pg; we therefore decompose it into
the sum of a function 7; with spectrum near u = +pu and a function 7, whose support is
bounded away from these points. To this end choose ¢ € (0, uo/3), let xo be the characteristic
function of the interval [—d, §] and define

m=x(D)n=F ' xil, m=0-x(D))n:=F1-x),

where x (1) = xo(p — o) + Xo(t + o). In Section 4.2 we reduce (4.19)—(4.26) to a linear
equation of Davey-Stewartson type by determining ns, p, I, w, £ and ¥ as functions of 7; and
writing

1 : 1 —
m(z) = iag(éx)e‘”o’” +5¢ (ex)e™Ho®

with ¢ € xo(eD)L?*(R), so that n; € x(D)L?*(R). The results of these calculations are sum-
marised in the following theorem.

Theorem 4.3.

(i) There exists a constant kpyax > 0 such that equations (4.19)~(4.26) have a unique solution
uw €Y for each N\ > ckmax and each ut € X°.

(ii) Suppose that A = ek, where 0 < k < kpax. There exist C;rk € L(XY xo(eD)L*(R)) and
an injection . € L(xo(eD)L*(R) x X° Y1) such that u € Y solves the resolvent
equations

(L —iX)u = u'
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(iii)

if and only if there exists a solution ((,1) of the reduced equation

Boi(¢,0) = (i), 0)
with u = 1. 1 (¢, u’). The operator B. : Dy C W — W is given by

BS,k(C? ¢) =
<A5 16— ArGar — (A3 + A5)(C)2¢ = AT = AuCa) + K¢ — Rs,k«:))

_(1 - aal)¢xw + ka - %RG(C*C)x ’
where W = L*(R) x L*(R), Dg = H*(R) x H*(R) and R. € L(H*(R), L*(R)) satisfies
the estimates

IRek(Ollo S llCh;

each solution (C,%) of the reduced equation satisfies ( € xo(e D)H?*(R). In particular,
L — iekL s (semi-)Fredholm if B.j is (semi-)Fredholm, and the kernels of
L —ickl and B.j have the same dimension. Furthermore the reduction preserves the
invariance of the resolvent equations under the reflection S; its action on W is given by

S (C(@), (@) = (((=x), = (=2)).
Define Z° = HX(R) x H:(R) x HX(S) x LA(R) x HX(R) x HX(2) x HX(X), where

Hy(R) = {u € H)(Y) : ulyo = uly=r = 0},

and

H:(R) = {u € H¥(R) : u(—z) = u(z) for all x € R}, s> 0.
There exist Cg,o € E(Zro, Xo(éD)Lz(R)) and  an injection
e € E(Xg(aD)Lg(R) x 79, Y*l) such that u € Y} solves

Lu = u,
where Ut = —(01), — (qu)y if and only if there exists a solution ¢ of the reduced equation
C¢ =o', ol @1, Wl €1 0, u)

with u = . o(C, nt, pt, @ wi &7, Wl Wl). The operator C. : H*(R) € L3(R) — L(R) is
given by
1 1 _
CC = A45'C — A3 MG — A3 A0 — AT AS(CVC — Reol0)
and R € E(HCQ(]R), Lg(]R)) satisfies the estimate

Re0(Ollo < ellCllys
each solution of the reduced equation lies in xo(¢D)HZ(R).
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Part (i) of Theorem 4.3 implies that i\ € p(L) for A\ > €kpyax, while parts (ii) and (iii) show
in particular that ick € p(L) if B. (for k > 0) or C. (for k£ = 0) is invertible. We study
the invertibility of these operators in Section 4.3, establishing the following results, whose
corollaries relate them to the operator L.

Lemma 4.4. For each sufficiently small ki, > 0 there exists a unique number k. € [Kmin, Fmax)
with the following properties.

(i) The operator B.y : Dg CW — W is an isomorphism for each k € [Kmin, kmax] \ {k=}-

(ii) The operator B.y. : Dg € W — W is Fredholm with index 0 and has a one-dimensional
kernel which lies in Fix S.

Corollary 4.5. The imaginary number ick belongs to p(L) for each k € [kuyin,o0) \ {k:},
while ick. is a simple eigenvalue of L whose eigenspace lies in Fix S.

Proof. 1t remains only to show that the eigenvalue ick. is algebraically simple. Observe that
Q(Luy,ug) = —Q(uy, Lug) and in particular that Q((L — ick:)uy, ug) = —Q(uq, (L + ick.)us)
for uy,us € D(L). Tt follows that Q(f,u.) = 0 is a necessary condition for f € X? to lie in
the range of L —ick.I, where u. is an eigenvector corresponding to the eigenvalue k.. Using
the formulae

(14 n32)? NEr 1 2055 2,9
X _ T . - _ T 1lxx _ k ,
Q' BolL+ ) T T e T e T O

U = (1 +n")ickle — yn.. P},

£ = Po

*

1 . yer 2nrE*
_ @*(gkgrs % ek E)}d _ S ke
“ /o{y o\! [ yS e Sl

3
25*77* 5Q*§£*2 . 25*77* )
TT k T L
+ <1 —|—’I7;2 260(14—1’];2)2 1ERLT): + 1_‘_17;215 eTle i
Bol+m?)* (1 NS 213 e
€ ( 5 ) - Qnax - €2k€2775
Q"2

FEn2 T BT (1)
(see equations (4.35), (4.36) and (4.37)), we find that

—iek

Que,u.) = —Qiekgﬁo/Rlngde:E—215k8/2|F€]2dydy

+O(2(Imel3 + IT-112))
£0,

so that u. does not lie in the range of L —ick.I. |
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Lemma 4.6.
(i) The operator C. : H2(R) C L?(R) — L.(R) is an isomorphism.
(ii) There exists kmim > 0 such that B.

Fix S

. is semi-Fredholm and injective for k € (0, kmin)-

Corollary 4.7. The operator L —ickI : Y.} — X? is an isomorphism for each k € (0, kyin)-

Proof. Because k +— B.j is a continuous mapping (0, kmax) — £(Dp N Fix S, Fix S) (see
Section 4.3.3) and the Fredholm index of Be’k‘F' P is 0 for k € [kmin, kmax], the same is true

for k € (0, kmin). Using Lemma 4.6, we find that BE”“’F' 5 is invertible for k € (0, kmyin), and

the stated result follows from Theorem 4.3 (ii).

The resolvent decay estimate is a consequence of Lemma 4.9 below, which relies upon the

following proposition (see Appendix 4.4.3 for its proof).

Proposition 4.8. The solution (n,p,®,w,&, W) € X of the constant-coefficient spectral

problem
p— ik = h,
¢ N
- — Nxx — iAp=nh 5
B n p 1
U — i\l = Hi,
aon — Talymt + Eae — iAw = R,
—w — I\ = hl,
—Typ — [y, —i0 = HJ,
with
r,=20 ony =0,
I’y:—nm—i—Fg ony =1,

where X\ > 0, (hi, bl HI hY, b, HY) € X0 and F} € H(X) satisfies the estimate

nlls + llpllz + TNz + llwlls + [1€ll2 + 1]l

S 1Lz + 1311+ 1+ 13l + 3]l + 1 Ello + !!F:»f\yzllh/z + AHFQ\FIHO,

nll2 + ol + 1T + llwllo + 1€l + 1% flo

SN (8l + 1+ 1B+ WAl + 1A+ 1 Ello + 13| _ Iy + AIFS| o)

for all sufficiently large values of X.
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Lemma 4.9. There exists a constant \* > 0 such that the solution u € Y of equations
(4.19)—(4.26) satisfies the estimate
lulPier + [0 < lu’ |50

~Y

for each A > \* and each u' € X?.

Proof. Consider the constant-coefficient spectral problem (4.27)—(4.34) and observe that the
resolvent equations (4.18) can be written in this form with

h‘g):nTa hJ{ :pT_hl(n7£>?
Hf = o — H(p, D), hy = w! — hy(n, T, €),
hl = €' — hy(p, ), Hj = W' — Hy(n,T)

and Fj = Fy(n,T). These quantities satisfy the estimates

1Rl < Ml

IhE 1l S oMl + &2 1€l + 2 lmally + € meellr

1ET 1 S T+ el @l +ellpla,

1hllo S elTello + el Tyllo + ellTayllo + £ l1mllo + ellmello + £ 1€ello + +&* 1 Eaello,
1h 11 S el + 2 llolh + €llpal1,

1Hlo < €lITzllo + €llTyllo + el Taallo + €llTyyllo + +ellTayllo + ellnllo + ellmelo,

and combining them with Proposition 4.8, one finds after some elementary manipulation that
2 201,112 2
lullfr + X¥[|ullzo < Jlu’ [0
for sufficiently small € and sufficiently large A. |

It remains to establish the Iooss condition at the origin. For this purpose we first record
the following consequence of Theorem 4.3 (iii) and Lemma 4.6 (i).

Proposition 4.10. For each (nt, pf, T wf, &1 Wl Wl) € 20, where Wt = — (W), — (W)),, the
equation

Lu=u'
has a unique solution u € Y.} which satisfies the estimate

lallys S 0" lla + Dot 4 1T+ lleofllo + €M + Il + 123l
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Lemma 4.11. For each v € U, the equation
Lv = —N(v)
has a unique solution v € Y} which satisfies the estimate
[vllys S v llva
Proof. Choose v' € U, and write uf = Q~1(v'). Recall that
g(v) = dQul(f(u' +u)),  u=Q7'(v)

and that Q, dQ[u](f(u* + u)) do not alter the sixth component of their arguments. The sixth
component of g(uf) is therefore given by

g(v") = fo(u™ +u')

= — [(L+ 0"+ ) (@} + T — y(np +nl)(®; +T))|
+[ =@ )+ B+l pf, &+ Thwh & 4 ¢ 0y (0]

= — [(L+ 0"+ T+ B3 — y(n; + n))T) — y@ini]|
[ =T+ B, T + Bun', pf T ol €101 4 ynf]

= — [(L+ 0"+ T + &5 — y(n; + n))TH — y@ynt]
+[-1) -6l + B, T + ynl]

= — [PL+ (0 + 0T + @5 — y(n; + n))T) — y@ini]|
+ [ =)+ B, 1) ]

in which the first line follows from (4.11), the second from the fact that fs(u*) = 0 and the

definitions of B, By, the third from (4.14) and the fourth from the identity I'l = ®I + @Lzy.
According to the definition N(v) = g(v) — Lv the sixth component of N(v') is

Ng(v') = fo(u* + ul) — Lot
= — [F0" T + 0 + y)0L + Bi’ = y(n; + )T — y®@yl]
+ [ = BT + Bi(n. T + ]
= — [B0" T + (" + 0" )T+ @3 = y (s +nl)T) — y®yt]

Applying Proposition 4.10 with

Ul = — (R0 T + (7 + hTL + @it — y(n; + DT —y@int), W =0,



126 A dimension-breaking phenomenon for solitary hydroelastic surface waves

one finds that the equation
Lv = —N(v)
has a unique solution v € Y,! which satisfies
lollys S 1N @1l + N2 @D + INs (Dl + [N @1 o + V5 (D)l + 1971
The assertion follows by combining this estimate with
Wil < flle + 19T+ Tl S oty
and

IN@"llxo S [ollys.

4.2 Derivation of the reduced equation

4.2.1 Reduction to a single pseudodifferential equation

We begin by eliminating p,I',w, & and ¥ from (4.19)—(4.26) for A > 0, writing n = n; + 72,
where

m=xD)n, m=1-x(D))n

and deriving a single, equivalent equation for 7; (equation (4.47)).

Equations (4.20) and (4.21) yield the explicit formulae

(1 +m:2)? & 1 23 1) IV I
&= 0y Q*g _50(1+n*2)77x+1+77*27]$$_m7]$—/\7]+1)\7] +p', (435)
U= (1+7") (AL + ) — ypdy (4.36)

for € and ¥. From these formulae and (4.23) we obtain

1 . ydr e
= [ (ar e 2 ) by ZEE g, 4
w /0 {y y<1 + 1+77*(177+77) Y 1+77*2(177 + 1)

3
267 5Q 28 . 2
+<1+n;2 260(1 + m3?)? W +)+ 5

LB+ 1 e 205105 ,
—iA = — Ne — ( *2)27]z—>\277—|—1)\77T—|—pT :
Q"2 e

T+ 02" " Bo(1 + )
(4.37)
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Substituting these formulae into (4.24)—(4.26) and taking the Fourier transform with respect
to z, we obtain the boundary-value problem

— Ty + 1 = Fl(u') — ipFy(n,T) — iNEy(n,T) — [F(n, r)}y, O<y<1,  (4.38)
r,=0, y=0, (4.39)
Ly = —ip) + Fs(n,T), y=1 (4.40)
for the Fourier transform ['(11,y) of I'(z,y), where ¢ = /1% + A2,
Fy(n,T) = =An'T +idy®;n,
Fi(ul) = 0T +iX1 + )T — idy@n|

and Ut = —0f — \Ilzﬂ)y for A = 0. On the other hand, substituting (4.35), (4.36) and (4.37)
into (4.22) yields

9:(D, \)n = N(n, T, ul), (4.41)
where
12

ge(p, \) = o + 2+ Bog* — ?q coth(q)
and

1 O DY

N1 . * - t ) . t UM . T
NmnTu')=w —1)\/0 {y®y<1AF+F — ﬁ(l)\njtn )>}dy— 2 (iAn, +nl)

3
(28 5Q* 2% . |28y
A Lo A T A 25y i
o <1+n;2 260(1 + n32)? (W 771) +1 1+77;2(1 nt)
N A250(1+77;2)2 ( 1 e 2055,

1

0 R

T

T2 T B4 T (T2

— M +ingt + pT>

2
- 1)‘€T + F:c|y:1 - 260/\27%:30 + BO)‘477 + BOnxx:mc - f_l [/;2(] COth(Q)ﬁ‘|

1 2 *(I)*Z 2 *2(1)*2 2 *Q(I)*
_/ Ot S s R S R vp,
0 (L2 () (Lp)?

* *2

Ty Py 4 y[®T, + BT
o et * L0+ 20,

2(1)* 2*(1)2 22*(1)*
_[y ; vy 200 yFy]}dy

1—|—7]*nw (1—|—7]*)2n 1+
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[e@E (5m(+ ) - 4Qn) 4 _l £ ]
_ Bo(L +m;2)? B P T

[ 2nEn, 4 _l 2% ] _[25*(1—377;2)77;0 ]

1+ %) (T+ 22" T+rm2P

1 238"

The next step is to express I' as a function of . To this end we formulate the boundary-value
problem (4.38)—(4.40) as integral equation

I'=Gi(Fi(n,T), Fs(n,T), Fs(n,T),n) + Ga(FH(uh)), (4.42)

where
1 ~ ~ A
gl(Pla P2a P3ap) = ‘F_l [/0 {G(y’ g)(_llupl - 1)\P2) + G?j(y’ g)P3} dy - IMG(y7 1)ﬁ‘|7

Go(P) = F ! [ [ ctw.n? dg]

and
cosh(qy) cosh(q(1 — 7)) 0<y<gy<l
Gly.7) = . q Sin}}l]<Q) 1 ) Y>>y
coS (qy)C.OS (q( —y))7 0<g<y<l
gsinh(q)

The following proposition records the mapping properties of the integral operators appearing
on the right hand side of (4.42) (see Groves, Sun and Wahlén [27, Proposition 3.1]).

Proposition 4.12.
(i) The mapping (Py, Ps, P3,p) — G1(Py, P2, P3,p) defines a linear function

HY(S) x HY(X) x HY(S) x H2(R) = HX(S), A >0,
H¢(X) x Hy(2) x Hy(X) x HZ(R) — HZ (), A=0,

which satisfies the estimate

IVGills 4+ MGl + X[1Gillo S 1Pl + 1Pl + 1Pl 4+ A Pillo + [ Pello + 1| Ps]lo)
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(ii) Suppose that X > 0. The mapping P+ Go(P) defines a linear function L*(X) — H*(X)
which satisfies the estimate

IVGalls + AlGalli + X*1Gallo < (1 + A7) Pllo-

(iii) Suppose that X = 0 and P = —Py, — Py, where P, € HX(X) and P3 € HX(X). The
mapping (Py, Ps) — Ga(P) defines a linear function HY(X) x H}(X) — H} (X) which
satisfies the estimate

IVGall S 1Pl + 11Ps]1-

Theorem 4.13.

(i) Suppose that A > 0. For each sufficiently small value of € and each n € H*(X),
F' € L2(Y), equation (4.42) has a unique solution I = I'(n,u’) € H*(X) which satisfies
the estimate

IVl A+ MT s+ ATl S (L 4+ M) llo + neallo + (L+ XD I ETo.

(i1) Suppose that X = 0. For each sufficiently small value of ¢ and each n € HZ(R),
\Ill € Hl(Z), vl e HNY), equation (4.42) has a wunique solution

=0y vl ol e HZ(X) which satisfies the estimate
IV S Halle + 1930 + @5

Proof. Tt follows from the estimates

1E 1, sl S e(lmlls + el + [9T)1)
< e(lnllo + lnasllo + IVTI1),
M Ello, M Fsllo S e(Minllo + Allnello + M VTlo)
S e((1+ X)) nllo + lmaello + MV o),
1]l S e(Mamlls + ATl
Se((@+2)nllo + lImmello + ML),
MEllo S e(Alnllo + A?|ITlo)

and Proposition 4.12(i) that

VG (7, T)[lx + MG (n, T) 1y + A[1Gi (. T) o
S e(|IVT (s + AT + AT ]o) 4+ (L4 X)Inllo + [|722]lo;
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in which G;(n,T") is used as an abbreviation for G, (Fi(n,T'), F5(n, '), F3(n,T'),n). Using this
estimate together with Proposition 4.12(ii) or (iii) as appropriate and equipping H?(X) with
the norm T+ ||VT||; + A||T]|1 + A?||T||o, one finds that (4.42) admits a unique solution which
satisfies the stated estimate. |
Substituting I' = I'(n, u!) into (4.41), we obtain a single equation for 77, namely
9:(D, \)n = N (n, ), (4.43)
where

N(n,uh) = N(n, L(n,uh), uT>. (4.44)

Finally, we record an estimate for g.(u, A) which is obtained by elementary calculus and use
it to solve (4.43) for large values of A, thus proving Theorem 4.3(i).

Proposition 4.14. For each fivred \* > 0 the quantity g-(u, \), which is even in both argu-
ments, satisfies the estimates

Nt (= p0)? + e S ge(p, A) SN+ (—po)® +% (A es
and
L+g" +e* S g A) S1+q" +€% (1 A) €[0,00)*\ S,
where S = [pg — 6, po + 6] x [0, \*].
Lemma 4.15. Choose \* > 0. For each sufficiently small value of €, each A\ > \* and each

u' € XO, equation (4.43) has a unique solution n = n(u') € H*(R) which satisfies the estimate
(LX) [nllo + 1zallo < exllul]|xo.

Proof. Write (4.43) as
9-(D, \)n — N'(n,0) = N(0,ul)
and recall the estimates g.(p, ) 2 1+ (> + A?)? (see Proposition 4.14) and

IN (1, 0)llo S (1 + AYInllo + 17zsaallo) -
Equipping H*(R) with the norm 7 — (1 + A)||nllo + |[72z2z/|0, one finds that the operator
gs(D7 )‘) _'/\7(’0) : Hé(R) - L§<R)

is invertible for each sufficiently small value of €, and the result follows from this fact and the
estimate

IV (0, u)llo < exllullxeo,
which follows from (4.44). [ |
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In view of the previous lemma we now fix \* > 0 and suppose that A < A\*. We write (4.43)
as

9 (1 Nin = xF [N (1 +mp, ul)| (4.45)
and
9 (1, it = (1= X)F [N (1 + 12, uh)] (4.46)
where 7; = x7 and 7, = (1 — x)7.
Lemma 4.16. The linear operator
9:(D, ) = (1 = x(D)N(-,0) : (1 = x(D)H'(R) — (1 — x(D))L*(R)
is invertible for each sufficiently small value of €.

Proof. This result follows from the estimates g. (i, \) = 1+¢* for |u—pg| > & (see Proposition
4.14) and

IV (. 0)llo < ellnlla,
which again follows from (4.44). |

Corollary 4.17.

(i) Suppose that X > 0. For each sufficiently small value of € and each n, € x(D)L*(R),
ul € XO, equation (4.46) has a unique solution ny = 1y(m1, u') € H*(R) which satisfies
the estimate

177212 < ellmllo + exllulll xo.

(ii) Suppose that X\ = 0. For each sufficiently small value of € and each m € x(D)L:(R),
ut € X0, equation (4.46) has a unique solution ny = 1o(m,u’) € HX(R) which satisfies
the estimate

I72lla S ellmllo + Il llo + N[l + [[ @5

Proof. Write (4.46) as
9=(D, N (1) = (1 = X(D)N (12, 0) = (1 = x(D)) (N (11,0) + N (0,u1))

and use Lemma 4.16 and the estimates
IN (n1,0)ll0 < ellmllo,
[NV (0, u)]lo < exflul]|xo, A >0,
IN(0, uN)[fo < [0 + [T 1 + ([T, A=0.
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Substituting 7, = 7j2(n1, u') into (4.45), we obtain a single equation for 7;, namely

9 (1 N = xF [N (my,uf)], (4.47)
where
N, ul) = Ny + s (mr, u), uf)
= N (m + O, u), Ty, ), )
and

(o, ut) =T (m + 2, ul), ).

4.2.2 Intermediate spectral values

The next step is to derive more precise estimates for the functions introduced in the previous
section. We fix A* > 0, suppose that A < \* and expand n*, £* and ®* as

n*(z) = ni(z) +n5(x) + 0 (),

§(x) =& (o) + & () + & (),
O*(z,y) = Pi(z,y) + Pi(z,y) + P} (z,y),

and I = T'(n, ut) as
L(n, u) =T (n) + TP (n) + T (n) + I"(n) + T (uh).

Here ny, n5,nF and @7, @5, @} are given in Appendix 4.4.1 and &£ = Bonyes €5 = Loz, due to

Ho
* — *
f (1 +77;2)3/27]z:m

which follows from the fact, that (n*,0, ®*,0,£*,0) solves (4.1)—(4.6). Furthermore

T'W(n) = G1(0,0,0,7),
G (FP (), B (n), F5¥ (1), 0),

I® ) = G(F” (n), FY” (n), F§” (), 0)

1

—~

no

~

—~
=

~—
Il

with
PP () = —mTW () — 04,n + y®,n. + yr, TP (),
F? () = —nTO () + idy®3,n,
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() = ynt, TV () + y@i,m. + 0T () + @3,
3 ST ST * * T % T
FPm) = =i TP (n) — TV () — @35,m + y®3,m0 + ynt, L2 + yis, TIY,
3 * T * . *
B (n) = —ixp T () — T D () + idy®3,n,
(n)

=y, I + yns, IO + y@5m, + 0T () + 3T (n) + @3,m
— ()’ T () — 213,00 — v (01, TV () — 29°07, @m0

and I'"(n), I (u!) are determined implicitly by
() = Gi(Fy (), F5(n), F5(n),0)
with
Fi(n) = F;(n, 1O () + T () + T () + T°()) = £ () = £ (m),  j =1,2,3,
and
= G1(F1(0,T1), F5(0,T1), F5(0,T),0) + Ga(F' (ul)).

The following lemma is proved using the estimates in Theorem 4.13.

Lemma 4.18. The functions TD,T® TG T and 't satisfy the estimates

VDD )+ AP @)1+ NPl S & Hinlle, 5 =1,2,3,

IV ()1 + M)+ X[m0 < €°lInlle,

IV )11+ AT ()| + AT )l < eallu]|xo, A>0,
IV )l + AT @)+ N )l S el + 11111+ W], A=0.

We correspondigly write

N(n,ul) = N () + N (n) + N (n) + N(ul),
where
- . 1 -
N () = EO () =i [ 01,0 () dy

~ [H{#L 00 - @1, F0 ) + [p01,FO )+ y01,E00) Lay, (1a8)
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Y - 5 2 * *  x
NO@w) =T )| _, + 2SN = 2N + 2N €, — 2X° [&intn]
3)\ /80 >\450
— Nnt&ne — 5 M ew — 227 Boniy e le + 5 I

NSy
; nian

— [ 260 e + 26100 | + [Vﬁonﬁn -

[ K * 3 * K * * *
+ | nEne + 5607713%6 + 2801 s M ealle + 20610

- 5077)1%779035]

[ o 1 *
- gfnirnl"w - Azéfﬁip" + ZBonlmnlw:vnwm 260/\27]1:1:7711957] 260 127713:|

.

rx

1 ~
—iA / {Mz@* T (n) +idy®3, T (1 )—my%ﬁn} dy

— [{# 000 + @1, F0 @) - 1,70 () - 03,7

)y

+f { éiyrf) () + <1>;yr§}><n> + 0 rg () + %fg )], dy

1 ~ ~

N(n) =N(n,0) —N(Z)(n) —J\T(S)(n),
NT(uh) = N(0,ul).

Lemma 4.19. The functions N® NG N* and Nt satisfy the es

INO@)llo S & Hinllay, 5 =2.3,
IV @) lo < 2 llmlla,
INT(@hllo < exllu’xo,
)

IV ()llo S llwfllo + 1%l + 191,
Similarly we expand 7jy = (11, u') as
ia(m, ) = 157 () + s () + (),
where
Fis?| = g )71 = ) F N ()]
and 17, ﬁ; are determined implicitly by

Flis] = 9, )10 = ) F [N () + N () + N (3757

Q)L}dy,

timates

+ 77270)}7

(4.49)
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Fli) = g:-(u, M) 7M1 = ) F [N (i, u) |,

and ' = I'(ny, ul) as

where
= LW (),
P =@ () + TO @ (),
16 — PG () (52 PO (s
(m) + T (07 (1)) + TV (03(m)),
[ (

Proposition 4.20.

(i) The functions ﬁ§2),ﬁ§ and 1 satisfy the estimates

156712 S ellmllos 17112 < llmlo,
17112 < exllut||xo, A >0,
1752 S Nleotllo + 1Tl + 1w, A=0

(ii) The functions TW T3 TG T and T satisfy the estimates

IVEO N+ AT o S & Himllo, 5 =1,2.3,
IVE L+ AT o S €%l
IVl + Ao < exlluflxo, A >0,
IV + Ao < llwofllo + 11+ 15, A=0.

Finally we write

N (i, uf) = N () + N (0) + N () + N (uh),

where
N® () = N (),
N® () = N () + NP (55 (),
N () = N (43587 () + 5(m)) + N (52 () + 5 (m)) + N (@5 0m)),
Nt (uf) = N (i (ul), uf)
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Proposition 4.21. The functions NO NG N and N satisfy the estimates
INOm)llo S & Himllo, 5= 2,3,
IV (1)llo < &7l o,
INT(uh)lo < exllu’]|xo, A>0,
IV @Dl S llw'llo + 1%l + W51, A=0.

Observing that x (D)N'® () = 0 for all n; € x(D)L*(R), we find that the reduced equation
(4.47) may be written as

9= (1 Nin = XF [N () + N () + N ()] (4.50)
Lemma 4.22. There exsists a constant kuya.x > 0 such that the linear operator
9:(D,3) = x(D) (NP () + N*()) : \(D)L*(R) — x(D)L*(R)
is invertible for each A € [ekmax, \*].
Proof. Write A = ¢k and observe that
9e(11, A) 2 (1 + ko)
(see Proposition 4.14), while

IV () + N (m)llo < €%llmllo-

It follows that the given operator is invertible for sufficiently large values of k. |

Corollary 4.23. For each )\ € [ekmax, \*] and each u € X°, equation (4.50) has a unique
solution n; € x(D)L*(R) which satisfies the estimate

Imllo < exllu[lxe.

4.2.3 Small spectral values

In this section we calculate the leading-order terms in the quantity N () (n,) appearing in the
reduced equation (4.50), writing

1 : 1 — .
mx) = SeC(ex)e™™ + Seqlew)e™,
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where ¢ € xo(eD)L*(R). In view of Corollary 4.23 we write A = ¢k and henceforth suppose
that k < Kyay. For this purpose we first perform the corresponding calculation for N'? (1)
using the formula

~

NO () =T m)| _, +k5/ y®; ke dy (4.51)

—/ { I = @7, T 4 [y@y, [0 + yoi, T )L}dy
(see equation (4.48)) together with
I = 77 = iuG(y, )i (4.52)

and

(90 = 7| [ {6t (< F IR - wer E) + Gy FLE | (459

where
PP =~ O — &%,y + y@F e + ym, T, (4.54)
P = —ikepiT® 4 ike®f (4.55)
B =y, T + y @5, me + T + @, s, (4.56)

At various stages of the calculation terms of the form G(y,1)p and G(y,gj)]5 arise, where
p and P have compact support. We decompose such terms into a leading-order part and a
higher-order remainder term using the following five results by Groves, Sun and Wahlén [27,
p. 31-33].

Lemma 4.24.

(1) Suppose that pu > 0. The Green’s function G admits the decomposition

Gy, 9) = Gy, 7; 1) + R(y, 9),

where
cosh(uy) cosh(u(l — 7)) ]
Gly. i: 1) = ~ psinh(y1) . 0<y<g<y,
(Y, G5 ) = cosh(puy) cosh(p(l —y)) i
inh(p ,  0<g<y<l1
psinh(p)

and R satisfies the estimates
|a;nlaq§n2R<y7g)| 5 |M_H|+€2k27 m17m2:0,1,2,...

uniformly over y,y in [0,1] and q in each fized interval [Gmin, gmax] containing p.
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(i) The Green’s function G admits the expansion

G(y,9) = Gy, 7;0) + R(y, 7).

where
. 1
Gy, 7;0) = e
and R satisfies the estimate
Ry, 9)| S 1

uniformly over y,y in [0,1] and q in each fized interval [0, ¢max]-
Proposition 4.25. The function INONF given by the formula

51y icosh(poy) ot _ oY a—ipor
' = > sinh(ji) (€C(€x)e“° eC(ex)e o >+R2,

where the symbol R; denotes a quantity which satisfies the estimate

1R;1l; < €%2I¢]h-

~

Substituting this formula into equations (4.54)—(4.56) and approximating ¢* with

G = xo(eD)C*

o(2) -6 (5)|

& (2)]
[]>0 €

=0(E"), n>1

by means of the estimate

el (e) ~ G <

(¢* is a Schwartz-class function) yields the following result.

Corollary 4.26. The functions F1(2)7 F2(2) and F?Ez) are given by the formulae

O

inh — cosh 1 , 11— ..
2 NO(yMO Sin Si(I,llLI(izluo)COS (MUy)) Cg (&TI‘) (2<(£x)621,u0x + 5 (&TI‘)GQWO‘T)

_ g2 Ho(yHo sinhs(i,t:l(;ly()uz—) cosh(poy)) G (ex) @C(@ + ;(51:)> + &Ry,
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(2) 3 Mo (y:uo Sinh(:u[)) — COSh(MOZ/)) * <1 2ipox 1 —2iu0x>
Fy” =ke sinh (1) G (ex) 4C(E:E)e + 1 (ex)e
sinh + cosh . 1 11—
_ pesto(yro S(ii%y(ibo) (koY) Cex) (4 )+ (m)) | keR,,
2) . 2Mo(sinh(poy) — ypo cosh(pey)) (1 D ey _zmom>
FyY = —ie sinb( o) ¢ (ex) 2C(éx)e 2C(gx)e +¢R;.

Proposition 4.27. The function T®) (n,) is given by the formula

B () = — 226 (o) (5¢(e)e™ — C(erje )W (y)

fwcosh(po) 2y iu
sinh(po) m? + k2

Flre(G0))eo) +5,

where

Wi(y) = 1 cosh(2u0y) | poy sinh(pey)
4 sinh?(p) 2 sinh (o)

and the symbol S denotes a quantity which satisfies the estimate

IV Sl + kellSllo < /2lI¢ -

Finally, we combine equation (4.51) with the representations of '™ and T'® (7)) in Propo-
sitions 4.25 and 4.27.

Lemma 4.28. The quantity N'® (m) is given by the formula

~

N () = = <20(2110,0) B (o) (¢ e)eor o+ e or)

pio cosh(po) .y [ 42 .

- et [ BRG0G0
2

- 522Smiblg(/m)Re(C§(5$)C(€x)) + Ry,

where

L f1g(cosh(2p0) + 2)
290(2410, 0) sinh® ()
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We now compute the leading-order terms in the quantity

Y - a v ) * * ¢k
NO) =T (m)| _ +TOG)| _ + 55 K€ m — 22 Emi,em + 20, 6.

y=1 260
* x 350 * "
— 2k g || — KT E e — KRN s — 200K 0]
50 N Bo . . . Bo N
+5 ketniim + {mxél e + 7mimm + 2801, M pa e — 2k2€2mim]

{gfnfxnlxx - k2€2£{nfx771 + 250771(x771(xx7711x - 2k2526077fx771(xx771}$
[ 20, E M + 26077 e + 251%”%]

+ [ Bomi2es — 208,60 — kze?nfﬁmx}

1 N v
- iks/ { - ikégf@’{ m + ikey®7, e + 1ke®3, I )} dy
- / { (I)IyFECZ + (I)le‘é ) — 2yn1x¢;yrg(41) ycblynlx} } dy

* 1r(1 * TA(1 * -
/0 {@2xrm>_q>2yr§>+y[q> I+ @3, L}dy,

(4.57)
which formula follows from equations (4.48), (4.49) and the relations
N () = N () + NO@ (). T =T () + TOE).
For this purpose we also use the formulae
Ty = F7 = ipGy, )F],
i = g-(D,N) (1 = x(D)YN® (),
and
P () + DO ()

_F [ [Hewn(—wr[H] - 0F[H]) + Gyt F 7]} dy], (4.58)

where

L ; . P ) . .
FY = 0@ — DO — @t il — @5+ y @505 + y®s, e + yii,L® + g, T,

Yy
By = —iken;T® — ke D™ + ikey®s,m + ikey®}, s,



A dimension-breaking phenomenon for solitary hydroelastic surface waves 141

- * T- * T- * (2 * *T° *T * (2 x
FSY =y, 00 4 yns, T + y @15 + y@me +niT) + msT0 + o757 + @5,

x Yy
— T — 201 @3, — v 02l — 29%01, %, s

lz*y

Proposition 4.29. The quantity 77§2) satisfies the estimate

i = = 281G (o) (G en)et + JTEme ) — 2 BaRe(G (0 ()

12

(1 —ag')u? + k*

— 2By F ! [ F[2Re(¢50)] (u)] (ex) + £Ry,

where

po(avo sinh(2410) + po)

B. —
’ 4a2 sinh® (o)

o
o E—
> 2qq sinh? (1)

Proof. We apply the operator g.(D,\)~!(1 — x(D)) to the expression for N®@ (m1) given in
Lemma 4.28. The first term on the right-hand side of this expression is handled using the
approximation

gs(uv ks)_l = 90(2/“)7 0)_1 + Tl(M? 5)7
where
Ty (s e)| Sl —2p0| + €% | — 2p0| < 20,

while the second and third are treated with the approximation

2
_ q

£ 7kj 1 - T ) b

9e (g, ke) (g — 1)p? + apk?e? + Talp, )

where
Ta(q.e)| Sp*+e  |ul <26
Turning to the fourth term, note that
9:(D,\) 7' (1 = x(D))Ry = Ry

because g.(p, ke) 2 1+ ¢* for p € supp (1 — x) (see Proposition 4.14). |

The function f’(l)(ﬁ§2)) may now be computed using Lemma 4.24; combining the result with
Proposition 4.12 yields the following proposition.
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Proposition 4.30. The function '@ js given by the formula

e (m) = —ie?¢ (ex) (;C(ax)em“ox — ;Q(ax)em“”)Ml(y) + ets(ex) + &8,

where
M2 —1 IILL
9 = — 2R, *
o) o d [(1 — o P + k?f[ G(QOH (),
cosh(2 sinh
Mi(y) = Mi1—, 2roy) Moy. (Moy)’
sinh(2p0) sinh(po)
My, — _Holcosh(2uo) +2) + piogo(2p, 0) sinh (2110, 0)
2sinh®(110) o (2410, 0) ’
A — Holaosinh(2u0) + po)
2 = :

4sinh®(110)
Corollary 4.31. The functions Fl(g), F2(3) and F?Ez) are given by the formulae
B = (G ) (5 (¢len)Unly) + TEnUnnly) )
+ ;(C(W)Ulz(y) + C(W)Uu(y))e_i”ox)
1

1. .
+ %G (e2) 052 (y) Ua(y) (el“o"” + e‘““”’) + €27,

2 2

B = —i6G(e0)? (5 (¢(e0)Van () + T Usaly) e

- }(C(WE)U:Q(?J) + C(5$)U31(y)>e_mor>

2
1. 1
— G sy Ualy) (507 = Je77) + €T,
where
U (y) = po(cosh(oy) + 2p0y sinh(poy)) B LMo cosh(uoy)(Cz + %Bz)
ne 2sinh{po) Sinh(10)
M/
—C, - Moy21(y) — po My (y),
Ura(y) = po(cosh(poy) + 2p0y sinh(poy)) By | o cosh(poy) Bs
= 2sinh(po) 2 sinh (1)

— poD2(cosh(2p0y) + poy sinh(2p0y))

13y (poy cosh(poy) + 3sinh(uoy))
4 sinh () ’
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o cosh(pioy)
Us(y) = -1 - ——1222
2(v) apsinh(pg)
Usi(y) = po(sinh(poy) + 2p0y cosh(uoy)) By Ho sinh(,uoy)<02 + %BQ)
= 2Slnh<,u0) Sinh(,uo)
M{ 2 o Sinh(,uoy)(l + 3M§y2)
_ My Mo () —
C4NOIU + 9 + HolY 1(y) 5 Sinh(uo) 7
Usn(y) = po(sinh (poy) + 240y cosh(p10y))C1 pao sinh(poy) By
Y 2sinh(po) 2 sinh ()

+ po D2 (poy cosh(2poy) + sinh(2u0y))

N ypg(cosh(poy) — poy sinh(poy))
4 sinh(p0) ’

fto sinh (oY)
a sinh(po)

Us(y) = —poy +
and the symbol T denotes a quantity which satisfies the estimate
IX(D)T[lo < €*2(I¢]ls-

The next result is obtained from equation (4.58) using Lemma 4.24.

Proposition 4.32. The quantity I'® (n,) + T'?® (77%2))‘ | s given by the formula

y=

(C(sx)Nl + @NQ)ei“ox

N | —

L+ ff)(ﬁg))‘y:l = MOEQ(C(S(M))2<
1 N —ipox
+ 5 ()N, + )y Yoo )
1. 1.
+ 103 ¢ (ex) Vs, () N3 (Qel“ox + Qe_‘“ow) + €T,

where
_ o cosh(2p9)B1 ,Uo(02 + %Bz) _cosh(uo)Cy  Mupo  pgcosh(uo)
2 sinh?(110) sinh?(140) sinh(po) 2sinh?(po)  2sinh(ug)
_ Mo cosh(2u0)C poB2  posinh(2u0) Dy 2 cosh(pg)
2 sinh?(140) 2 sinh? (1) 2 sinh? (1) 4sinh(pg)
—2pp0y " — sinh(241)
NS = . 192
2 sinh” ()

Finally, combining equation (4.57) and the results of Propositions 4.30 and 4.32 yields the
following formula.
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Lemma 4.33. The quantity N'®(n,) is given by the formula

ipox

N () = (G () (s + As)C(ew) + AsC(en))

(G ) (Auc(e2) + (a + Ac)CCEr)

—ipox

1, 1 _.
— 3 A4t (ex) Vs, (e) (261“0‘70 + 2e”‘of’:) +&T.

4.2.4 Derivation of the reduced equation in its final form

In this section we derive the reduced equation in its final form, setting A = ck and
k < kmax, and thus complete the proof of Theorem 4.3(ii) and (iii). For £ > 0 we define
Uer : X(eD)L*(R) x XY — Y by the formula

e (G ) = (m+ b (s ), O, wh), T, al), o, ul), EGm, ul), U, )
while 7. : xo(eD)L3(R) x Z° — Y is defined by
o', pf, @, Wl €, 0, wh)
= (m + ), A, ), D, uh), @, uh), €0y, ul), W, ul))

with Ui = —(@}), — (¥l),; here

ipow —ipow

2

m = e((ex)—— +&(ex)

and p,€, W, & are given by equations (4.19), (4.35), (4.36), (4.37) with T' = I'(n; + fj2 (1, u'))
and 1 = 1, + 72(n1, u’). The theory in the sections above shows that

w(@) = Cen) o, e {X°(€D>L2<R>, Ee0,

Xo(eD)LZ(R), k=0,
solves the reduced equation

9 (1, k)it = xo(p = 10) F [N (i, ul),

where 7, = n” + 1], if and only if u = . solves the resolvent equations (4.19)(4.26). It
follows that

W (@) = <(en) o, Ce {”(R), k>0,

L2(R), k=0
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solves the equation

~

9 (1, ke)iif = Xo(pe — po) F [N (x(D)s,uh)], (4.59)
where n1 = 57 + 7, if and only if ¢ € yo(eD)L*(R) (for k > 0) or ¢ € xo(eD)LA(R) (for
k =0) and u = . solves the resolvent equations (4.19)—(4.26).

Since all solutions of equation (4.59) have support in the interval [pg — 0, po + 9], its solution
set in L*(R) coincides with its solution set in H*(R) for any s > 0, and we henceforth work
in H*(R) by writing it as a second-order pseudodifferential equation. Let

Gelp, N) = €2+ Ay — po)? + A\?

be the second-order Taylor polynomial of g. at the point (10,0). We note that

Xo(E)F [N (D) | (o + ei) = 0

since
supp F [N (x(D)m)| 1 [po — 6. o + 6] = 0,

so that we can write (4.59) as

~

TR = o) FNO (D) + N (D) + A7)

gs ,u,e:k ﬁ+ =
(ki £k g9-(p1, k)

or equivalently as

A~

Je (o + eft, k)C (1)

N 25252 i 25 EQXO(EWW“) (X(D)m) + N (x (D)) + N ()] (o + efa).

Taking the inverse Fourier transform with respect to fi, we find that

A7YC — AT A G + KX
Ge(po +fi, k)
9=(po + €fi, €k)

< FIAI D))+ A D)o+ ) + Lyt )|

Yole)e 24" (4.60)

=F! [2

where

A ~E "" k o . ~
GLatu () = 27 SO e {0 o + <)
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We observe that

eltoz

O (D)) = (G () ?((4As + A5) (xo(e D)) (ex) + A5 o ED)O) )

(G ) (Asxo(eD)O) ) + (As + A5 ol DIOEm)
- 53A4§§(5x)(Xo(eD)ﬂ(;)m(ax)(;ei“ow + ; wo%) + 2T,
and using the estimate
oot ~ D@ = [ 17
—2_2 2 2 31~
= IR
< oI 115, (4.61)

we find that

1((xo(eD) = 1)) (em)e™ ™ | = e (xolefr) — V(I < 6 %¢II}
and

) 1
I((xo(eD) = 1)¥5)a(e)e™ (|5 = ™ ag ' My H 1X_0 Zﬁ% )f,@f 2Re(¢50)] (1) 0
S &7 (xolen) = DF[2Re(GO] ()
S ell¢lh,
so that
v 53 . 53 .
N (x(D)n,) = S Elex)eh™” + - F(ex)e ™" + 2T, (4.62)

where

E = (A3 + A5)(G)%C + As(G)?¢ — AulGVsa,

F = A3(65)*x0(eD)C + (Az + A5)(¢5)*Xx0(eD)C — AaCs (xo(eD)Ds)
Furthermore

Xo(eft)F [eF (ex)e %% | (g + eft) = xo(eft) F'(ji + 26~ j1g) = 0

because supp F' € [—3¢718, 3¢~ 14].
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Using the estimate
gE(Ma )‘) ‘ 2
— 1] < (= po, N7 = o] <0, A< N, 4.63
Sl 1 Sl s DEL i ol (4.63

we find in particular that

ga(:uo + Eﬂ’ 6]{:)

— <1
9e(po + €fi, ek)

~Y °

Xo(eft)

It follows that

| e (A DY) o+ )

S e 2N ((D)m)|

S xoiml,
S elicll

0

where we have used Proposition 4.21, the identity

/OO 2
—0o0

A

o +em)| dp=e7'|f

Y

0

and

Hf—l [gE(MO + 5:&’ Ek)

Tt oo R F T + em] H S 7] ekl

Finally we write

i [oGe (o +epek) o, [E - )
d [an(uowg,ek)xo(s“)g F |5 Elex)e| (no + eft)

= (B R ) ey
+ F (xolei) ~ VE@)] + B)

and note that

Hf—l [(5’5(“0 el ck) 1>XO(€ﬂ)E(ﬂ)

i S eS| B + k| B
9= (o + i, €k) | £"]] 1 E1lo

0
S ellclh
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(see estimate (4.63)), and
|77 [wolem) = DE@] |, S ellEllx S eli¢lh
(see estimate (4.61)).
According to the above calculations equation (4.60) can be written as
A= A Ay G + K = Ay (As + A5)(6)°C + A3 T A3(G)*C
= A5 AuGse + Re(Q) + ()
= Ay (A5 + As)(¢)*C + Ay A5(¢)*C
= A3 AuC s + Re () + Ci(ul),

where

A4 1 1,u
4 (

B il ey sz[2Re(<*C)H

and

|R-k(€)

Re(Q)], S ellClly.

07

4.3 Spectral theory for the reduced equation

We now turn our attention to the solvability of the reduced equation

AyTC— AT A G — AT (A + A5)(C)%C
— Ay A3(C)PC+ AT AW + KPC— Rep(Q) = (T (4.64)

for arbitrary ¢' € L*(R) (for k > 0) or (' € L3(R) (for k = 0). Recall that A\ € p(L) for
A > eknax and the invertibility of L — ekl for k < k., is determined by the solvability
of (4.64). For k > 0 we also note that each step in the reduction procedure preserves the
invariance of the resolvent equations under the reflection S; in the present coordinates the

action of this symmetry is given by ((x) — ((—=x), so that (4.64) is invariant under this
transformation.

The results in this section are quoted from Section 4.1 of Groves, Sun and Wahlén [27].

4.3.1 Invertibility of the reduced operator

In this section we reformulate the reduced equation (4.64) once more, reducing the question
of its solvability to determining the location of an eigenvalue of an unbounded linear operator.
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We first present an auxiliary spectral result, one consequence of which is the solvability of

(4.64) for k = 0.

Proposition 4.34. The formulae
Co1(C1) = A7 (Gt = ArCiaa — Bsech®(A; 22) 1),
Co2(C2) = AQI(Q — A1Co0a — 2S€Ch2(f4f1/237)(2)
define

(i) self-adjoint operators Co1,Coo : H*(R) C L*(R) — L*(R) whose spectrum consists of
essential spectrum [A;', 00) and respectively two simple eigenvalues at —3A5*,0 and a
simple eigenvalue at 0,

(ii) self-adjoint operators Coy : H2(R) C LZ(R) — L2(R),Co2 : Ho(R) C L2(R) — L%(R)
whose spectrum consists of essential spectrum [Ay", 00) and, in the case of Co, a simple
eigenvalue at —3A5".

Lemma 4.35. Suppose that k = 0. The reduced equation (4.64) has a unique solution
¢ € HXR) for each " € LA(R).

Let W be the real Hilbert space L*(R) x L*(R) x L*(R) equipped with the inner product
<<<C17 CZ: ¢)7 (517 527 &)» = <C17 51>0 + <C27 52)0 + 2O;§)2<w7 1;)0

and define the unbounded operators B, j, B:DgCW—>W by the formulae

(G
Bz—:,k C2
(G

(A21C1 — Ay Ay Craa — A7 (243 + A5)(C)*C + Ay AuC* i, — Re Rak(C))
(¢

A7 — A7 A1 Goge — AT AS(CF)2 G — Im R 1, (€)
_(1 - aal)wzx - %[C*Cl]x

and
B.y =B + k1,
where Dy := H?(R) x H*(R) x H*(R). In this framework equation (4.64) may be written as
B-x(C1, G2, 9) = (Re¢, Im¢t,0)),

where (i = Re(, (2 = Im(; recall that this equation is invariant under the transformation
S (G(x), G(x),v(x) = (G(—z), —C(—x), = (—x)) (the action of the reflection S).

The spectra of the self-adjoint operators By j and l;’oJC (the second of which does not depend
upon k) can be determined precisely.
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Lemma 4.36. The spectrum of the operator B[lk consists of essential spectrum [0,00) and a
simple negative eigenvalue —ki whose eigenspace lies in Fix S = L%(R) x L%(R) x L3(R).

Lemma 4.37. Let m and M be positive real numbers with m < ki < M and ~ be an ellipse
in the complex plane with major axis [—M,—m]. For each k € [0, kmax] the portion of the
spectrum of 15"E k within vy consists of precisely one simple real eigenvalue ke y with Koy = = —kZ;
its etgenspace lies in FixS. In particular, BE k18 closed and lS’6 k — Kl : Dg — W is Fredholm
with index 0 for k € [0, kmax] and k € [—M, —m)].

Im
/N
L 4 @ @
—M - ernax Fek - krzmn —m fte

Figure 4.1: The portion of a(lg’a k) within ~ consists of precisely one simple real eigenvalue
Kek € [ k2 —k2. ] with Kok = —k‘g

max’ min

Lemma 4.38. The spectral projection P. € L(W, Dg) defined by

1
P.jw=— /(/@I — B.) 'wdk

27 Jy

satisfies the estimate
| Pek — Porllcowps) S €
uniformly in k € [0, knax] -

Finally, choose kpax > ko and kynin € (0, ko) and apply Lemma 4.37, choosing m, M such that
M > k2, and m < k2., so that the point —k? lies in the interior of 7 for all k € [kmin, kmax]

max min?

(see Figure 4.1). The following lemma follows from the relation B. = B, + k1.

Lemma 4.39. Fiz k € [kuin, kmax] -
(i) The operator B.y : Dy C W — W is invertible provided that .y + k* # 0.
(it) The operator B.y : Dg CW — W has a simple zero eigenvalue whenever k., + k? = 0.

In Section 4.3.3 we show that the equation k. + k% = 0 has precisely one solution k. in
the interval [kmin, kmax| (see Figure 4.1).
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4.3.2 Small spectral values

In this section we prove that B. x| . is semi-Fredholm and injective for k& € (0, kpnin). Because

Fix S
this operator is closed (see Lemma 4.37) it suffices to establish the a priori estimate

||'lU||W § k_2||Ba,kw||W7 k S (07 kmin)7

for sufficiently small values of Ay For notational simplicity we abbreviate
Fix S and D N Fix S to respectively W and Dg, so that W = L2(R) x L%(R) x L3(R) and
D = H2(R) x H2(R) x H2(R).

The first step is to choose an eigenvector corresponding to the eigenvalue k. of B, in a
perturbative fashion.

Lemma 4.40. There exists an eigenvector wep = (Cop, Yer) of Be,k corresponding to the

eigenvalue k., such that ||wekllw =1 and ||wep — wor|lps S €. Furthermore, there exists a
primitive ¥, ), € H3(R) of . with ||Vor — Porllo S e

We now define the auxiliary operator A, : D4 C V — V by the formula

C1
Aa,k CQ
¢
AN — AT A Cuaw — AT (245 + A5)(CF)2G + A3 AU — Re R (€)
= Ayl — A AL Goge — AT A5(C)2 G — Im R4 (€) :
(I—aph)p+ %C*Q

where V' = L2(R) x L2(R) x L?(R) and D4 = HZ(R) x H2(R) x L2(R). Observe that Ag, is
self-adjoint with respect to the inner product (-, -)) for V' and its spectrum consists of essential
spectrum {1 — ag'} U [A51, 00) and a simple negative eigenvalue —w? (the point 1 — ag* is
an eigenvalue with infinite-dimensional eigenspace {(0,0)} x L?(R)) (see Groves, Sun and
Wahlén [27, p. 44]). Below we write v = ((,¢,) € D4 for w = ({,¥) € Dg and in particular
set Ve = (Cz—:,ka ws,k,m)-

Lemma 4.41. The operator Aoy : Da CV =V satisfies
{Aorvor, vor) = —kg,  (Aoxvor,v) =0, (Aorv,v) Z [[vll3

for each w € D with (w,wq ) = 0.

The a priori estimate announced at the start of this section (Theorem 4.43) is a corollary
of the following lemma.
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Lemma 4.42. The operator B, : Dg € W — W satisfies the estimate
(Boyw) Z B lwlli, k< kuin

for each w € Dg such that {w,w. ) =0 and each sufficiently small value of K.

Theorem 4.43. Choose k € (0, kyin| and wh € W. Any solution w € Dg of the equation
B yw = w'
satisfies the estimate

lwllw < &2 [lwflw.

4.3.3 Solution of the eigenvalue equation

In this section we determine the solution set of the equation
Ker + k> =0 (4.65)

in the interval [kpin, kmax]. The solution set is known explicitly for € = 0, and we approach
the problem for £ > 0 using a perturbation argument. The estimate

||l§5’k — BO,kHE(DB,W) S g (4.66)

yields the necessary estimate for .y, and to obtain the corresponding estimate for & ; we
show that the linear mapping R. : H*(R) — L*(R) is a continuously differentiable function
of £ > 0 which satisfies the estimate

IRek(C)llo < &

uniformly over k € [Kkpin, kmax] (Which implies the corresponding result for l’;’s,k). This property
of R, is established by systematically examining each step in its derivation in Section 4.2
and checking the continuous differentiability of the operators appearing there.

Proposition 4.44. The linear mappings I'(-,0),1'0 j = 1,23, and I : H*(R) — H2(X)
are continuously differentiable functions of k > 0.

Corollary 4.45. The linear mappings N(-,0), N@ N and N* : HYR) — L*R) are

continuously differentiable.

Lemma 4.46. The linear mappings 772(-,0),179 and 7 : x(D)L*(R) — L*(R) are continu-
ously differentiable functions of k > 0.
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Proof. Recall that

o, 0) = (9:(D, k) — (1= x(DNN()) " (1 = x(D))N (1,0).
The mapping (1 — x(D))H*(R) — (1 — x(D))L*(R) defined by
ks g:(D, k) — (1 - x(D)N()

is continuously differentiable and invertible (Lemma 4.16) . It follows that its inverse and
hence 772(1;) is continuously differentiable with respect to k. The continuous differentiability of
k — f]§2)(~) follows from that of k — g.(D,ck), and the continuous differentiability of
k — m5(+) is a consequence of the formula 75(-) (1) = 72(n1,0) — 7752)(7)1). |

Corollary 4.47.

(i) The linear mappings T@,j = 1,2,3 and I : x(D)L*(R) — H2() are continuously
differentiable functions of k > 0.

(ii) The linear mappings N N and N7 : x(D)L*(R) — L*(R) are continuously differ-
entiable functions of k > 0.

Corollary 4.48. The linear mappings 7~€57k,7€€7k : H*(R) — L*(R) are continuously differen-
tiable functions of k > 0.

Having established the continuous differentiability of R, ;(¢) and R.x(¢), we now turn to
the task of estimating their derivatives, again by systematically examining each step in their
derivation. The following result, which is established in the same way as Proposition 4.12, is
used in the first step.

Proposition 4.49. The mapping (Py, Py, P3, Py, Ps) — H(Py, Py, Ps, Py, Ps), where
H(P17P27P37P47P5)
1 ~ ~ ~ ~ ~
_ F! l / {G’(y, §)( = 2%kPy —ipPy — i Py — ikeP) + Gyly, g)P5} dg]
0

defines a linear function H'(X) x HY(X) x HY(X) x HY(X) x HY(X) — H?(X) which satisfies

the estimate

5 5
VK| + el M+ 2 Hlo S ellPilli + DBl + 2 Pillo +€ Y- 1P lo-

Jj=2 Jj=2
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Lemma 4.50. The linear mappings I'(-,0), T, j =1,2,3, and T : H2(R) — H2(X) satisfy
the estimates

VT (n,0)'ll + €lIT (7, 0)'llo < Nl
VLD @) L+ eIPY ) llo < & Hinlla, 5 =1,2,3,
VT (@) [l + €T () llo < €Il

uniformly over k € [kmin, Kmax] -

Corollary 4.51. The linear mappings N(-,0), N® NG and N* : H{R) — L*(R) satisfy
the estimates
1IN (7,0)lo < ellnlls,
INO @) llo S € Hlmlla, 5 =2.3,
IV ()'llo < €%l1mlla

uniformly over k € [kmin, Kmax)-

The next estimates are obtained by differentiating the formulae defining 7j5(1, 0), 7752) and
5 with respect to k and using Lemma 4.19, Proposition 4.20(i) and Corollary 4.51 and the
fact that |Okg: (1, €, k)| < ¢ for k € [kmin, Kmax)-

Lemma 4.52. The linear mappings 772(-,0),7752) and 175 : x(D)L*(R) — L*(R) satisfy the
estimates

1772(m1, 0)'lla <5 €llmllo,

1575 () |4 S ellmllos
175 (m) N4 S €2 llmllo

uniformly over k € [kmin, Kmax)-

Corollary 4.53.
(i) The linear mappings TD, j =1,2,3 and I™ : x(D)L2(R) — H*(X) satisfy the estimates

IVTD () [+ el TP m) o S & Himllo, 7 =1,2.3,
IVI" (1)l + &l () llo < € limulo

uniformly over k € [kmin, Kmax)-
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(ii) The linear mappings N@ N and N* : x(D)L*(R) — L*(R) satisfy the estimates
INO ) llo S & limllo, 5 =2.3,
IV (1) llo < €[l llo

uniformly over k € [kmin, kmax]-

An estimate for '@ (m1)" as a function of ¢ is given in Lemma 4.55. This result is established
by differentiating (4.51) and using Propositions 4.25, 4.27 and 4.54 below, which is derived
from the formulae

y 1 Y
P = [ / G(y,g)(—%%ﬂr(l)])dg]
0
and

L&) =F! [ / 1 {G(y, ) — 22k F [T ()] — pF[FP) — ieFF) — ikeF[FP))

+ Gyly, DFIE dg]
by the methods used in Section 4.2.3.

Proposition 4.54. The quantities IV and @ (n,) satisfy the estimates
=g,
ipk

(2 I _ —1
L& ()" = —2epg coth(po) F [WW

FIRE(CN0) | e0) + 25
uniformly over k € [kmin, kmax]-

Lemma 4.55. The quantity N'® (m)" satisfies the estimate

v

N ) = 2% o) | s PIR(G 0| Ge0) + <

uniformly over k € [kmin, kmax) -

Lemma 4.56. The quantity ﬁéw satisfies the estimate

1’k
(1 —agh)p? + k?)?

iy = 28" ByF ! [ mRe(csoJ(m] (ex) + Ry

uniformly over k € [kmin, kmax]-
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Proof. Differentiating the formula

9-(p, k) F[*] = (1 = ) FIN® (m)] = FIN ()]
with respect to k yields
9:(t, k) FIi") = FIN® (11)] — Ohge (. k) F[i® (my)]

e coth ) FIRGEO])

2010200 =0) B IG I  — 200)

= 2¢

by BFIGAE e 20))

2(e7p)?
(1—ag')(e ) + k2

2010, k) B+ By )FRetciol
+e(1 — x) Ry,
in which we have used Proposition 4.29 and Lemma 4.55. Noting that

2k(e™p)?
)2 1 k2)2

Okge(1,€k) = G + O(¢)

uniformly over {|u| € [0, ftmax]} for each fixed fimax > 0 (in particular for fipm., = 260), whence
Org= (1, €k) = O(e) uniformly over {|u| € [tmin, Hmax]} for each fixed pimin, fmax > 0 (in
particular for pmin = 20 — 20, fhmax = 2400 + 29), we find that

(e ')’k
((e71p)? + k2)?
x FRe(GON (e 1) + (1 = x) Ro,

9: (1, &) FIii$") = 2¢

2 —1,,\2

(1—ag')(e7 ) + k2

Finally, we use the estimate

—1,,\2 2
+ k
- k 71 — (6 l’[’) T
g (/1’7 6) (050 N 1)(5_1M)2 —|—Oéol{32 + 2(:“’78)7
where
To(p,e)l Sp* 4+ |l <26,

and the fact that

9e(D, \) 7' (1 = x(D))Ry = Ry
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because g.(p, ke) 2 1+ ¢* for u € supp(1 — x) (see Proposition 4.14). The calculation

(e 'w)k (e 'p)? + K 2(e”'p)?
th By + B
(1707 + B2 (a0 = De- 1 1 agh? [0 U0 T B2t B e e e
(e ')’k
— 4B
= ag e 1 R
yields the stated estimate. ]

Finally, we compute estimates for '@ and I'® (m)" + I'® using the formulae
PO =T ) + PO,
~ 1 ~
rO@Y)y = ! [ | Gl (= 22k F T @) d@]
0
and

N N 1 N . v (31
T () + T (") = F [ / {G(y, 9)( = 2%k F [T () + T (3] — ipF [
— ie FF}”] — ike FIE3))

+ Gy, @)ﬂFég)’]} dg]
and deduce an estimate for (1)’ by differentiating equation (4.57).

Proposition 4.57.
(i) The quantity T® (n,) satisfies the estimate

v

@ () = —eds(ex) My + €S
uniformly over k € [kmin, kmax|, where

A
qmwz—;fll

ipk
(1 —ag')p? + k2)?

fmmmxmmhm.

(ii) The quantity T® (n,) + T@ (752
y:

. satisfies the estimate

T® () + TP (7752

1 . 1 .
| = Hoe G (ew)Vsu () N <2el“°$ + Qe‘l““”) +&°T
y:

uniformly over k € [kmin, kmax]-
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Lemma 4.58. The quantity N'® (n,) is given by the formula

~

. . 1, 1 .
N® () = —53144@(533)19&(533)/(261“093 + 2e_‘“0x> + &7
uniformly over k € [kmin, Kmax)-

We now prove our main result using Lemmata 4.28, 4.33, 4.55 and 4.58.

Theorem 4.59. The linear mappings ng, R : H*(R) — L*(R) satisfy the estimate

1R () llo: R () llo < i€y

uniformly over k € [kmin, Kmax) -

Proof. Recall that

Ge(pro +efi,ek) o
(110 + e, k) xoleh)e

< FIR D) + Ao + )
- A2_1E(:B)7

Rep(() = A3'F [g

so that

- v o[G0 +efiek)\
R. I ADLF 1[2<9(M0 ! > ci)e?

< FIAI D)) + D)+ =)

)
Je(po + fi, €k)
(ko + efi, ek)

FIN® (DY) + N (x(D)m)'| (o + aﬂ)}

+ AP F! [g Xo(gfi)e ™2

— ASYE(z).

Noting that

3 3
NO((D)m) = %E(gx)/ei“ox + %F(gx)’e*iﬂox 4T
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one finds by repeating the arguments below equation (4.62) that

1t | 0e(po +efiek)
AT F 1[29 (110 — efi)e 2
2 ga<lu0 + £, Ek) XO( /’L)

< FIO DY + A Dy + )| — 45" B

0

S ¢l

Moreover, the calculation

Gelpek))' L () ek o
(%(Mﬁ@) _gg(u,sk)<<1 ge(ﬂ’gk)>a’f9€(/%5k)+akgs(,u7€k) ang(/L,&fk))

and the estimates

(1 = g0, €k)|* < 9o, €k),
Ge(p, €k)

PR 1’5 p— o, €))%,
|Okg (1, €k)| S e,

|0kg= (11, €k) — Okg (1, ek)| < el(p — po, k)

for | — po| < 6 imply that

Ge(po +epek)\'
(o) wtem] <=

whence

(B s )
< &2 (IO (DY) o + I (D)) o)
S 2y
S eliclha.

0

According to the above calculation we have

IR-x(¢)'llo S €ll¢ s,

and the observation

Rer(Q) — Rep(Q) = Au(Gs, — ¢0L),
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shows that

IRx (€)' = Re (€)' llo S ell¢lh-

Corollary 4.60. The linear mapping [;’E,k : D — V satisfies the estimate
1B 4|l sy S €
uniformly over k € [kmin, Kmax)-
The results in the next lemma are deduced from the estimates
1By = Boxllcwsyy Se I1BLulleosyy) Se

using the method given by Groves, Haragus and Sun [24, Lemma 3.15].

Lemma 4.61. The eigenvalue K.y, of B;k : Dy C V. — V is a differentiable function of k
and satisfies the estimates

|Ke e — Kog| < C'e, Wak’ <c'e

uniformly in k € [kmin, Kmax) -

Finally the solution set of (4.65) in the interval [Kmin, kmax] can be determined from the
estimates presented in Lemma 4.61 using a perturbation argument and the contraction-
mapping principle (cf. Groves, Haragus and Sun [24, Theorem 3.16]).

Theorem 4.62. Equation (4.65) has precisely one solution k. in the interval [kmin, Kmax)-
This solution lies in the set

Sz{k:]k—kdgcg}.
ko

4.4 Appendix

4.4.1 The line solitary waves

An asymptotic expansion of the line solitary waves found in Chapter 3 in powers of € may be
computed in the framework of their existence theory, using a suitable Ansatz in the truncated
reduced Hamiltonian system (see equations (3.41) and (3.42)). One finds that

0 (x) =ni(x) + g5 (x) + i (z),  O(x,y) = Bi(z,y) + O3z, y) + P} (z,y),
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where

i (x) = eC*(ex) cos(po),
n5 (1) = Coe*(ex) sin(por) — C12(¢*?) (ex) cos(2pox)
— Coe? (¢ (ex) — Cse(¢Y) (ex) sin(pox),

h
®i(z,y) = e(*(ex) Siﬂh(uox)M’
h b
e = G COSh(MM)M +e%(¢7)(ex) Sin(?MM)W

+ C4e0, 1 (¢*?) (ex) + C5e*(¢*?)(ex) sinh(2p07) cosh(2u0y),
and 7, VI'* = O(e?), the symbol O(e%) denoting a smooth quantity whose derivatives are all

O(e%e~*<ll) for some p > 0 (uniformly over y € [0, 1]). The functions ¢* and £* are given by
the formulae

cmw:i(ifmwm(ga), £(z) = 20*(2)

with positive constants

Ay = 6p280 + (1 — po coth(pg)) cosech® (o), Ay = A3+ (1 —ayt) 1A

where
4 212 4
fo(1 — 307) 3(x,.3 2 Ho 242
Az = + (5 — 40 +20°) + —(1 — 07)*,
* = 2+ 16— palo + 1) O o)
4, — Folaosinh(2uo) + pio)
4 — . 2
o sinh®( )
and
4
o = coth(g) = o+ Bory.
Ho

Finally, the positive coefficients C, Csy, Cy and Cy are given by

. pig(cosh(2p0) + 2) , — Fo(sinh(2uo) + jro)
4 sinh®(p10)go(2pt0,0)’ 4 sinh? () (g — 1)
Ho 3 . 20 + Ho COth(uo)
C, = ( — Copip — =Cysinh(2 ) Cs= =
! 4 sinh® (1) Ho 2o = 525 (2410) i 2 sinh(240)

while the values (and signs) of the coefficients Cy and C5 are unimportant.
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4.4.2 Formal derivation of the Davey-Stewartson equation
Substituting 8 = By, o = oy + €2 and
p=¢en,  ¢=c¥
into (1.40)—(1.43) and expanding the boundary conditions using the formulae
U, (z,14+¢en,z2) =V, (z,1,2) +en¥yuy(x, 1, 2) + ;(sn)Q\Inyy(x, Lz)+...,
Uy (x,1+en,z2) =V, (x,1,2)+en¥y,(z,1,z) + ;(sn)Q\I/yyy(x, Lz)+...,

1
U, (z,14¢en,2)=V,(z,1,2) +enV,.(x,1,2) + 5(577)2\11yyz(x, Lz)+...

we find that
Vow + Wy + V¥, =0, O<y<1,
v, =0, y =0,

1
- U, —en¥y, — 552772‘1111%
+ e (Vo +enVsay) +en (V. +en¥y.) —ne + ... =0, y=1,
1
-V, —enV,, — 552772\1196%

S0 4 U2 4 U2 4 26U, T, + 2en T, Wy, + 2000, )

2
+ (040 + 52)77 + 50 (nxwxx + 277acwzz + nzzzz)

+

1 3
+ 25052< - §[nxnxmnzz]x - i[nznxznzz]x - [nxmznxnz]x - [nznmxx]x - [nznxa:x]x

2
N Nezzx

3 1 1 3
- [ninmz]x - [773770632]30 — = [M:MeaMez]e + *[nmzni]x + 7[773632773] - *[ﬁxﬁiz]x
2 2 2 2
1 1 1 1
A 2 = = .2 =
+ [nmmnz]r [%zﬁx]z B [nznznzm]r 9 [nmnznmz]r 477;c77mm 4
1 1 1
- §[nznznzmx]z - i[naznznxzz]z - i[nznxxnzz]z - [7]3237]12,2]2 - [ngnx:vz]z
3 3
- [77;%77222]2 - [ngnzzz}z - [nxzznxnz]z - i[nxnxxnxz]z - §[nznmz77zz]z
1 3 1
t Sl nare): = SenZls + S020eae) — [0z ] + (20222

7

7 1 1
2 2 3 3 2
“xx 2z n xx'lzZz n xx n 22 Tz Tz zZ A 07
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Substituting the asymptotic expansions
n=mx,X,2)+ e, X, Z) + *n3(2, X, Z) + ...,
U =0 (2,X,y,2) +eVy(z,X,y, Z) + *Vs(x, X, 9, Z) + ...,
where X = ex, Z = €z, into the above equations yields the boundary value problems
Uige + Wiy =0, 0<y<l, (4.67)
Uy, e 0, (4.68)
Wiy + s —_ 0, (4.69)
o + BoMazes — Vie _ 0 (4.70)
for Wy,
Vore + Woyy + 2V ,x = 0, 0<y<1, (4.71)
Uy, o 0, (4.72)
Woy +mix + M2z + MViyy — 112 V1a _t 0, (4.73)
aonz + Bonorzas + 4BoMazex — Yix — Vo + ;\I’?aj + ;‘P%y — M Viay _t 0, (4.74)
for ¥, and
Uspw + Uy + Vixx + 20 x + Uiz =0, 0<y<l, (4.75)
Vs, o 0, (4.76)
Vs + Mox + N3z + M2Wiyy +mWoyy — M2 Vix (4.77)
—xVie — N2 Viz — MeWor + ;n%qjlyyy — MMz Vizy _ 0,
Qo3 + Bomsezzs + 4BoN2ueax + 650Meaxx + 200Meez2
+ 1 — 10801 Naze — ;Bo?ffxmmm - Zﬂoni’m
—Wox — W3y + Wy Woy —mWixy + Vi Wix + Wi Vo,
—Wisy — MWy + MV 1y Viyy + V1 Viay — ;n%qjlxyy —_ 0 (4.78)

1

for Us.
The next step is the Ansatz

m = (X, Z)e"" 4 c.c.,
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7’/2 — CQ(X, Z)eQi’“LOx —|— C.C. + Co(X, Z),
n3 = (3(X, Z)edoT 4 (X, Z)e? 0% 4 (5(X, Z)e " + c.c. + ((X, 7).

From (4.67)—(4.69) it follows that

\Ijlmz—i_wlyyzoy 0<y<l,

Uyy| =0

ly y=0 )

\Illy‘ = —ippCe™™ + c.c.
y=1

and the solution to this boundary value problem is given by

_cosh(poy)

U, —
! sinh(po)

e tc.c.+ gi1(X, Z),

where ¢; is an arbitrary function of two variables. From the boundary condition (4.70) it
follows that

(avo + Bopg — o coth(pg))¢e™*® + c.c. = 0,

which recovers the dispersion relation

oo + Bottg = po coth (o).

The formula for ¥; and (4.71)—(4.73) yield the boundary-value problem

cosh .

Wore + Wayy = —2MOMCXeIHOI + c.c., O<y<l,
sinh (po)

‘112y’y:0 =0,

\IIQy‘ = —(xe"% — 2ipCe® 0% + 2ipg coth(pg)(%e® " + c.c.,

y=1

the solution to which is given by

coth(p) y sinh(poy) .
v, = ——- h A U LA ipox
? (sinh(,uo) cosh{ioy) sinh(p) Cxe
i cosh(2u0y) %0 ipuo coth (o) 5 o
et Sl i ipgx H0 LOVH 0 ) h(2 ipo . Y. 7
sinh (240) Coe™ + sinh(2410) cosh(2uy)Ce™0% + c.c. + g2( X, Z),

where g5 is an arbitrary function of two variables. Substituting into the boundary condition
(4.74) yields
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2
Ho 2
—s — X, Z
aoGo + Sinh? (1) I¢I° — g1x (X, 2)
i : ipox
- 72( — 2u0(—1 + 2Boud) + 41330 cosh(2p19) — s1nh(2u0)>§Xe Ho
2 sinh”(p)

13 (2 + cosh(2pg))
2 sinh? (1)

+ ((ao + 1680115 — 2440 coth(2u0))g2 + CZ) 2o 4 ¢ c. =0,

By equating the coefficients of e¥Ho® eltor o2iHo% with zero, we obtain

e = oo+ C2, 479
1X 050 h2<,u0)| | ( )
07 48 Ho 4p sinh® (p)’
2(2 + cosh(2
(=— tof 2p0)) ¢? (4.80)

2sinh? (o) (o + 16808 — 210 coth(24g))

and with this formula for 5y and the dispersion relation we find that

1

; th(po) +
Qg = — CO — V5, -
0 Ho Ho Lsinh? (120)

4

The formulae for ¥y, ¥y and (4.75)—(4.77) yield

1(]_ — 2#0 COth(Mg))

2i sinh .
‘Ij?m:v + qj?»yy = ( COSh(MOy) + Ho (Moy) ) CXXeWO:E

sinh(xo) sinh(41o)
m%miuox +cc —gxx(X,2) —qiz2(X,Z), 0<y<l,
\IJSy‘ o =0,
\I/3y ( ip0Gs + ;wo(l — 2coth? (o)) ¢3¢ + iud coth(110)CoC

+1ip3(2 coth(pg) + tanh (o)) o€ + ipoCgrx (X, Z))e“‘oz + c.c.
— Cox + 240 coth(po)x (C[*) +
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The solution to this boundary value problem is given by

i cosh(poy) i cosh(fi0y)
v | X,Z
3 [ Sinh('uo) 5 Sinh(,uo) CgLX( ) )

i 2
+ (28inh(uo)y cosh(pioy)
i(2 coth® (o) — 1)
2 sinh (o)

icoth(uo)
sinh ()

i ' i(1 + o coth(po))
= sinh _
* (2 sinh (1) ysinh(yioy) 243 sinh (f1)

i,uo COth(,u()) 1 .

W cosh(poy)CoC + 51,“8(1 —2 COth2(ﬂ0))
/1o

sinh(po)

1
— §<ngX(X7 Z) + q1z2(X, Z))?J2 +93(X, Z) +

cosh(poy) —

where g3 is an arbitrary function of two variables and

nxx(X, Z) + g122(X, Z) = Gox + 240 coth(p10)x (¢]?) =
which is obtained from (4.77). Equation (4.78) thus shows that
(0 + Bopd — pocoth(ue)) G + (3 coth (o) — 1)GC
=0
;uﬁ(wuoﬁo — 8 coth(uo) + 4 coth® (1g) ) ¢*C
+ (= 64380 + (110 coth(po) — 1)(coth® (o) — 1)) Cxx
(

coth coth?
2 Mo (o) <“°)>sz
2 2110 2

+ (1 — p2(1 — coth® (o)) o + 240 Coth(,uo)glx)g} e 4 c.c.

> coth(s)

110
eI )~

(CXC - CC m

+ apCe + ip

Finally, we write

1 (1 = 3coth®(po)) 15
2 ag + 168opg — po(coth(pg) + tanh(gg))

G =

Cosh(uoy)> Czz

cosh(soy)
sinh(po)

(2 coth(po) + tanh(ug)) cosh(uoy)@g] et + c.c.

(CXZ— CZX) —Gox + ...

y SiHh(Mo?J)) Cxx

¢*¢

(4.81)

0. (4.82)
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(see (4.80)) and

1 T 2
Co = 00?7 o SinhZ(j10) [q

9
(1 —agagixx + gizz + | 240 coth(uo) + #702 dx(|¢)?)
a sinh®( o)

(see (4.79) and (4.81)). From (4.82) we obtain the Davey-Stewartson system
¢ — Ailxx — Aolzz — As|CIPC + AsCox =0 (4.83)
with
(1— a61)¢XX + gz + A0x (I¢)?) = 0, (4.84)

where we have written ¢ = ¢; and used the formula for fy.

4.4.3 Resolvent estimate

In this section we present the proof of Proposition 4.8. To prove this result we first solve the
constant-coefficient spectral problem (4.27)—-(4.34) explicitly.

Proposition 4.63. Suppose that

(a0 + Bog*)g sinh(q) + p* cosh(q) # 0

for all p € R, where g = \/u? + X2. The constant-coefficient spectral problem (4.27)—(4.34),
where (hi, b, HI WL, hY HY) € X° and F € HYX), has a wunique solution
(n, p, ®,w, &, ) € X' whose Fourier transform (7}, p, ®,»,&, W) is given by

RS B S BV

77 = m(l@oq )\ho + 50(] h‘l + h2 ‘|‘ lll;r’yzl — 1)\]13), (485)

p=hh+ ——— (1Boq® b + Boghl + s +iuT| _ — iAR), (4.86)
ao + fog* y=1

~ 1. — —
P(y) = /O Gy, §)(H3 + iNH]) dy
~ /\T 10
=60~ o
iAog?
ap + Bogq?

iBog? A + Bog?hl + b — iAhg)), (4.87)
& = —h} — IABoh| + A2Boh) + (iBoa® M + Bog®hi + hb + iuf‘yzl — i\h),
(4.88)
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— - 2 - 3 ¥ i
- i ; 607(] IeE 211 TR iyt
& = Bohy +iXBohy — ap + Bog? (15061 Ahg + Bog"hy + hy + 1'ur‘y:1 1>\h3)’ (4.89)
B(y) = ixl + Hi, 20
where
N _cosh(qy)(A cosh(qy) — s1nh(qy)’ 0<y<j<l,
Gy, 5) = 7)(Acosh(qy) — s
_cosh(qy)(A cosh(qy) s1nh(qy)7 0<j<y<l
q
and
_ qcosh(g) —sinh(g) 5 #5
—gsinh(q) + cosh(q) o5

To prove the stated estimates in Proposition 4.8 we need the identities
1 _ 1.
| Gy 5@ a5 = [ Hy(.5)/() a3
1 . 1 .
| Gl f@)di= [ Fy(v.0)/) g,

where
_ sinh(gy)(Asinh(gy) + cosh(qy) 0<y<gj<l1
H.9) = 3 guh(qd)(A sinli h o
_sinh(g§)(Asinh(gy) +cosh(gy) (.,
q
and
_cosh(qy)(A sinh(qy) + cosh(qy) 0<y<g<l
~ 2 ’ B B Bl ’
Fly. i) = . _ d i
(yv y) _Slnh(qy) (A cosh(qy) + Slnh(qy) 0< g < Y <1
¢ T

and the estimates

e o e~ lally=7l - e il
Gy, 9)| S VI Gy (y,9)| Se :
_ e~ lally—7l . e~ lally—=9l

for sufficiently large ¢, which are obtained by elementary calculations.
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Proposition 4.8. The solution (n,p,®,w,&, V) € X! of the constant-coefficient spectral
problem

p—i\n = h), (4.27)
S —ixp=hl. (4.28)

Bo
U — i\l = Hi, (4.29)
ol — 1—‘:c|y:1 + er —ilw = h; (430)
—w —iXE = hl, (4.31)
—Typ — Iy — 10 = HI, (4.32)

with

r,=0 ony =0, (4.33)
T, =1+ Fj ony=1, (4.34)

where X > 0, (b, b, HI b, hi, HY) € X0 and F} € H'(X) satisfies the estimate

Inlls + lloll2 + [1T]l2 + [[wlls + €]z + (%13

< bl L+ L+ WAl + WA+ o + 1] o + NIFE] o,
[nll2 + llpll + [Tl + [[wllo + €l + [ 1o

< A (BB Id -+ 1+ o -+ Ik + NSl + 1]l + MIE], o)
for all sufficiently large values of X.

Proof. Using formula (4.87), we find that

N 1] 1 — — 2
1< | [ G (B + v @) a0y
1 — ; — —_ — 2
~ t 14 i 2y pt 2p t ot
+ /0 G(y, 1) <F3 ‘y:l — m(l@oq )\ho + 50(] h‘l + h2 — 1)\h3)) dy

and we can estimate the first summand by

[

[ ) (Hl5) + 1)) dg

1 1 o~ lally—4l T e 2
</ ( [ \H2<y>+mH1<y>\dy) dy

2
dy
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2eldlly—1l
——dy | dy
4|

e

q 0
1 1/\T ~

< o ) @ + @) g

and the second summand by
' G [ T e I SN
/0 a0+ Bod (ao+ﬁoq4)F§\y:1—W(lﬁoquthrﬂoq?hHh;_mhg) dy
1

< -
™ (a0 + Bog*)?
2|qlly—1] g e onTd 2T T T 2
X /0 — dy ’(ao + Boq”) F3 ‘y:l - 1,u(1ﬁ0q Ahy + Bog”hy + hy — 1/\h3)
1

<
(oo + Bog*)?|q)?

— — — — —~_ |2
(a0 + Bog*) FY \yzl — ip(iBog® A + Bog®hl + hl — iARL)

In the same fashion we obtain the estimate
2

IS (] [ (Gt D) - DL ) -+ N DB a
e 1
+/ y(y, )4
0 a0+ Bog

2

< (a0 -+ GogVF| _, = in(i60® 0] + G} + ] — 7)) )| .

Note that

— 1 — 1—
A= [l [ ) < 1.

From these estimates we obtain

|
ITllo X(Hh(‘ZHo + I llo + IHT 1 + (1B o + 1B 1o + | H3lo + \|F§]y:1Ho),
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A 1
Tyl < < (IRdllo + IR0 + 1ET Il + [1RS]lo + 1B lo + 120 + IFS| lo),
A y=1
A 1
I1Plo S 5 (1bllo + WALl + A Iy + WSl + bl + 122500 + 1] _ o)
and hence

ITIT = 1L+ #)TIIG + 1T 115
1
y(HhTIIQ IR+ BT+ RS + IS + I ESIE + 11 ] I3)-

From (4.85) we obtain the estimates

A 1
lillo < < (1Abllo + IAdHlo + 11 + RS o + 1A o + 1223 + 5] _ llo)-

!
lllo S X(Hhﬁlll 1A llo + 1E 1 + 13 llo + 1B llo + 1o + 15| _ llo)

R 1
1*7lo S X(H%Hz + B8+ L+ (RS + 1B llo + 11 HS o + 14 yzl\ll/z)
and hence

Inll3 = 11+ w2 + )il
1
S 5 CIRBI + NI + 1ETIE + A3 + IAEI5 + LEES + 1B 11 2)-

Using the formulae (4.86)—(4.90) we therefore obtain the estimates

oI} < /\12(||h(TJ||2 +11h{ I+ I H I + 1S llo + 11A3 I + 1 HEllo + (173 y:1||%/2)7
wn5§@anﬂmam%+m%+m%+mew@yﬁ@,
M|sL@WuwﬂmHWM+mm+MM+Mwmw@yﬁ@,
MH5;NWMWHMHWM+M%+M%+mew@Fﬁ@

The estimate

Inll3 + 116113 + D13 + ]2 + €013 + 1912
< Bl + BT+ I+ o + bl + 1l + ] o+ NIFS] I3

is proven in the same way. ]
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