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Abstract
To select suitable filters for a task or to improve existing filters, a deep understanding of their inner workings is vital. Diffusion
echoes, which are space-adaptive impulse responses, are useful to visualise the effect of nonlinear diffusion filters. However,
they have received little attention in the literature. There may be two reasons for this: firstly, the concept was introduced
specifically for diffusion filters, which might appear too limited. Secondly, diffusion echoes have large storage requirements,
which restricts their practicality. This work addresses both problems. We introduce the filter echo as a generalisation of the
diffusion echo and use it for applications beyond adaptive smoothing, such as image inpainting, osmosis, and variational optic
flow computation. We provide a framework to visualise and inspect echoes from various filters with different applications.
Furthermore, we propose a compression approach for filter echoes, which reduces storage requirements by a factor of 20–100.

Keywords Diffusion echo · Impulse response · Filter kernel · Singular value decomposition

1 Introduction

Even in times where deep neural networks are highly pop-
ular, model-based approaches remain appealing due to their
simplicity, transparency, and mathematical foundation. One
of the simplest model-based approaches are linear shift-
invariant (LSI) filters, for which it is well known that they can
be represented by convolutions. Their filter action is not space
variant and is determined by the so-called impulse response.
It describes the filter output of an image with a unit impulse
in the origin in the discrete case, or a delta peak in the con-
tinuous setting.
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Since LSI filters may be too limited for various practical
applications, nonlinear adaptive filters have been introduced.
In the case of denoising applications, they allow e.g. to
create structure-preserving results. Obviously, these highly
adaptive filters cannot have a simple impulse response that
characterises and visualises the filter behaviour at all loca-
tions. By design, their action is space variant and adapts itself
to the original image. In some cases, this action is still trans-
parent: for example, bilateral filtering [1–3] and nonlocal
(NL) means [4] use space-variant adaptive filter kernels that
are readily available and can thus be visualised in a straight-
forward way.

For filters based on nonlinear partial differential equa-
tions (PDEs) such as nonlinear diffusion filters [5–7], such
an immediate intuition is not directly available. In 2001, Dam
and Nielsen introduced the diffusion echo [8] as a means of
intuitive understanding of diffusion filters. The (source) dif-
fusion echo at a given location is obtained by evolving a unit
impulse according to the given nonlinear diffusion evolution.
Thus, diffusion echoes can be seen as the space-variant ana-
logue of the impulse response [9] of an LSI filter. While the
impulse response of an LSI filter is space invariant and does
not depend on the input image, the diffusion echo differs
between locations and changes with the input.

The concept is powerful: diffusion echoes carry the full
information on the filtering process. If all echoes are known,
they can be used to reconstruct the filtered image from the
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original. More importantly, the echoes are rich in informa-
tion and offer a full understanding of the underlying diffusion
process. Therefore, they can be used to analyse the filter
behaviour in dependence on parameters or discretisations,
or to investigate changes between different scales in the dif-
fusion scale-space [10].

Unfortunately, in spite of its obvious merits, the diffusion
echo has received little attention in the literature so far. This
may have two reasons:

Firstly, the work of Dam and Nielsen does not go beyond
diffusion filtering. However, other PDE-based filters might
also benefit from an interpretation in terms of an echo.
Furthermore, variational methods in image processing and
computer vision are naturally connected to PDEs via their
Euler–Lagrange equations or their gradient flow [11–15].
This suggests a generalisation of the diffusion echo to other
filters.

Secondly, an apparent drawback of diffusion echoes are
their high storage costs. Since the echo may differ from pixel
to pixel, an image of size N exhibits N echoes of the same
size, which means that storage requirements grow quadrat-
ically in the number of pixels. Thus, 4 × 109 floating point
numbers, which equates to 16 gigabytes of data, must be
stored for an image of size 256 × 256. Therefore, a more
compact representation of the diffusion echo is desirable.

1.1 Our Contribution

This paper highlights, generalises, and improves the prac-
tical applicability of the concept of the diffusion echo by
addressing both problems. Firstly, we propose a general
filter echo framework, which subsumes the diffusion echo
formulation [8], and show how general smoothing filters
and additional image processing and computer vision fil-
ters can be included in the framework. It comprises not
only the previously mentioned filters, but also inpainting [12,
16, 17], osmosis [18], and optic flow [13] models. The
basic matrix formulation in the framework is of general
type and is commonly used [19]. Secondly, we propose a
compression strategy for filter echoes, which mitigates their
biggest drawback. Our approach is based on probabilistic
algorithms [20–22] for computing a truncated singular value
decomposition (SVD) [23]. We test this strategy on a num-
ber of filters and show that we can substantially reduce the
storage requirements while allowing for a straightforward
reconstruction in terms of a single matrix–vector multiplica-
tion.

The present manuscript builds upon our conference con-
tribution [24], inwhichwe review the concept of the diffusion
echo [8], give an interpretation in terms of a typical numer-
ical approach, and introduce our SVD-based compression
approach for the efficient representation of isotropic nonlin-

ear diffusion echoes. We extend our conference paper [24]
with the following additional contributions:

• We introduce a general framework for filter echoes. We
show that it subsumes the diffusion echo formulation and
cast a number of smoothingfilters aswell as general filters
into the appropriate form.

• We display the generality and versatility of the filter echo
as a tool for visualising filters.We show its usefulness for

– highlighting differences between filters commonly
used for the same task.

– understanding and highlighting which components
of filters make them specifically powerful for a given
task.

– interpreting complex filters in a more intuitive man-
ner.

• We extend the echo compression experiments from [24]
to other filters. We show that the case of isotropic nonlin-
ear diffusionwithWeickert diffusivity thatwe considered
in [24] is of particular difficulty. Our results show that the
compression potential of our approach is substantially
higher for other diffusion filters.

1.2 RelatedWork

As already mentioned, the idea of the diffusion echo has
been introduced by Dam and Nielsen [8]. In the context of
inpainting-based image compression, the use of an inpainting
echo has been proposed to optimise the tonal values of the
stored data [17]. However, it has never been visualised, but
has been used as a purely algorithmic tool.

The drain diffusion echo [8] can be interpreted as a space-
variant local filter kernel. Such local kernels have been
visualised, for example, for the bilateral filter [3], the nonlo-
cal means filter [4], or the guided filter [25]. In contrast with
diffusion filters, these methods explicitly design the shape
of the kernels by assigning weights for the local averaging.
Therefore, the local filter kernels can be retrieved directly.

The diffusion (and filter) echo gives an exact represen-
tation of the filtering process. However, this representation
is costly. There exist approaches that aim to approximate
nonlinear diffusion kernels, e.g. by using adaptively shaped
Gaussians [26] or by learning space-variant integral ker-
nels [27]. However, these approaches do not give quantifiable
approximation results.

Other approaches can be linked to nonlinear diffusion
using e.g. scaling limits or iterative applications, even though
they were not initially designed to approximate diffusion
processes. Examples are the Nitzberg–Shiota filter [28],
the bilateral filter [1–3], or nonlocal linear diffusion scale
spaces [29].
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To compress filter echoes, we apply a truncated SVD [23]
that we compute with a common method from probabilistic
linear algebra, based on a randomised singular value decom-
position (RSVD) [20–22]. By discarding components from
the SVD, we can steer the reconstruction error in a consistent
and quantifiable manner.

Loosely related to our work is the idea of Milanfar [30],
who uses symmetric approximations of filters that he then
decomposes with an eigendecomposition. The symmetri-
sation guarantees orthogonality of the eigenvectors, which
enables the visualisation of the local effect of the filter on
some exemplary shapes. Another mildly related work deals
with the short time kernel for the Beltrami flow [31]. How-
ever, it uses a kernel that describes the increment in time,
while our filter echo characterises the accumulated action
over time.

Previous work by two of the coauthors was done in the
form of two student theses that employ a principal compo-
nent analysis (PCA) [32] to compress diffusion echoes [33,
34]. Although this approach is related, they work on a subset
of the echo data and discard certain echoes, adding the addi-
tional task of selecting an appropriate subset.Wework on the
fullmatrix,which frees us fromsuch considerations. This fur-
thermore allows us to calculate the RSVD without explicitly
computing and storing any echoes and without computing
explicit matrix–vector multiplications.

1.3 Paper Organisation

In Sect. 2, we present the general filter echo framework,
which allows us to transfer the concepts of the diffusion
echo to a broader class of widely used image processing
and even computer vision filters. In Sect. 3, we show how a
large number of different filters can be formulated in such a
way that they fit our framework. This enables us to consider
meaningful echoes for these filters. In Sect. 4, we introduce
our compression framework for the filter echo. Our experi-
ments are presented in Sect. 5. We first display and discuss a
number of different filter echoes. Then we evaluate the com-
pression approach on different diffusion filters, showing that
we can reduce the storage requirements by a considerable
amount, making the entire concept more practical. Eventu-
ally, we conclude our work in Sect. 6.

2 The Filter Echo Framework

In the following, we introduce our general filter echo frame-
work, which we define in the discrete setting. Although some
of the filters that we present are derived in the continuous
setting, they need to be discretised before being applied to
digital images, which makes the discrete setting adequate for
our considerations.

We define discrete images on a regular pixel grid of size
nx × ny and stack them into vectors of size N := nxny . In
our framework, we consider filters that can be written as the
result of amatrix–vectormultiplication between amatrix S ∈
R

N×N and the original image f ∈ R
N . Then the resulting

filtered image u ∈ R
N is given by

u = S f . (1)

We call S the state transition matrix of the filter. It is
important to note that S is not restricted to being a fixed
shift-invariant linear filter, but might depend on the initial
image f in the case of linear space-variant or nonlinear fil-
ters. S is quadratic in the number of pixels and is generally
dense. It contains the complete information on the filtering
process and maps the initial image f to the filtered solution
u. In the following sections, we show that we can express a
large number of different filters by means of such a matrix.
However, storing it or sometimes even computing it can be
very challenging in practice.

We now introduce the idea of a filter echo in terms of
the discrete filter (1). The original idea goes back to Dam
and Nielsen [8], who introduced the diffusion echo. How-
ever, they restrict themselves to the continuous setting and
do not provide discrete theory or an embedding into a general
discrete framework. Furthermore, they do not consider any
filters beyond diffusion filters.

Adhering to their definitions [8], the source echo si at
location i is the result of filtering a unit impulse ei centred
in i . Using our description of the filter in terms of the state
transition matrix (1), we can express the source echo as

si = S ei . (2)

This shows that the source echo si of a filter is given by the
i-th column of its state transition matrix S. The source echo
describes how the grey value data from fi is distributed by
the filtering process. It is a space-variant generalisation of the
impulse response of an LSI filter [9] and can be interpreted
as the perspective of the “sender”.

Analogously, the drain echo [8] shows where the grey
values u j originated from. Using the formulation (1), the
drain echo d j is given by the j-th row of the state transition
matrix S:

d j = S�e j . (3)

Therefore, the drain echo corresponds to the local, space-
variant filter kernel. It can be interpreted as the “receiver”
perspective.

By definition [8], the j-th component of the source echo
in pixel i is the same as the i-th component of the drain echo
in pixel j , that is, (si ) j = (d j )i . From the matrix-based
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formulation, this is straightforward to see. Since the source
and drain echoes correspond to the columns and rows of
the state transition matrix S, equality between both echoes
at a pixel position is only guaranteed for symmetric state
transition matrices.

If all echoes are known, they can be used to reconstruct
the filtered image u. From (1), it follows that

u = S f =
N∑

k=1

fk sk, (4)

for source echoes, and that the component-wise reconstruc-
tion from drain echoes is given by

u j = d�
j f , (5)

for j = 1, . . . , N .

3 Analysing Filters within our Framework

In this section, we first show that our framework subsumes
the diffusion echo formulation of Dam andNielsen [8]. Next,
we demonstrate that we can straightforwardly extend the
approach to further smoothing filters. Afterwards, we show
that other image processing and computer vision algorithms
can also be reformulated such that they exhibit echoes.

3.1 Echoes for Smoothing Filters

We start by considering diffusion processes, which are given
by a PDE. We show how an exemplary numerical solution
strategy can be used to fit the continuous process into our
discrete framework (1). This serves as a blueprint for later
considerations.

Equation (1) is not new in terms of smoothing filters [19].
Well-established filters, such as the bilateral filter [1–3], the
NL means filter [4], or the guided filter [25], are specifically
designed as weighted averages. From a filter echo perspec-
tive, these are straightforward cases, as the echoes are directly
obtained from the weights. However, note that this does not
hold, for example, for the iterated bilateral filter [35], which
can be expressed in terms of its echoes, butwhose echoes can-
not be retrieved directly. Nevertheless, we also include the
bilateral filter and NL means into our considerations, since
visualisations of the echoes are still interesting and instruc-
tive.

3.1.1 The Diffusion Echo

Wenowconsider the original idea that is the basis of ourwork
on a general filter echo: the diffusion echo [8]. Expressing

a diffusion process given by a PDE in terms of (1) is not
straightforward, so we describe the necessary steps in the
following.

Diffusion filters are typically derived in a continuous set-
ting, on a two-dimensional, rectangular domain � ⊂ R

2,
where grey value images are defined as mappings from � to
R. For the prototype of a diffusion evolution [7], we consider
the parabolic initial boundary value problem

∂t u(x, t) = div(D∇u(x, t)) for x ∈ �, t ∈ (0,∞),

(6)

u(x, 0) = f (x) for x ∈ �, (7)

∂nu(x, t) = 0 for x ∈ ∂�, t ∈ (0,∞).

(8)

Here, f : � → R is the initial image at t = 0, and
u : � × [0,∞) → R is the evolving image. Moreover, ∇ =(
∂x , ∂y

)� is the spatial gradient and div(v) = ∂xv1 + ∂yv2 is
the spatial divergence for v = (v1, v2)

�. The matrix D is the
diffusion tensor, a symmetric, positive definite matrix of size
2× 2, which steers the smoothing behaviour of the diffusion
process. This diffusion tensor may depend on the evolving
image u, in which case it renders the PDE nonlinear. Lastly,
n is the outer normal at the boundary of the image domain
∂�.

To solve (6) to (8), we discretise in space and time.
Space discretisation is performed on a regular pixel grid
as described in Sect. 2. This yields the semi-discrete (time-
continuous and space-discrete) scheme

du(t)

dt
= A(u(t))u(t), (9)

u(0) = f . (10)

The matrix A(u(t)) adequately discretises the spatial differ-
ential operators in (6) and includes the reflecting boundary
conditions (8). There are five conditions (S1)–(S5) that were
formulated for such matrices to guarantee that the process
fulfils important theoretical properties, such as uniqueness
of a solution, fulfilment of a maximum–minimum principle
or preservation of the average grey value. These conditions on
A(u(t)) are Lipschitz-continuity in u, symmetry, vanishing
row sums, nonnegative off-diagonals, and irreducibility [7,
Chapter 3].

Lastly, the time variable t is discretised with time step
size τ . We use a semi-implicit scheme, where we fix the
nonlinearity in each step:

uk+1 − uk

τ
= A(uk) uk+1. (11)

The upper index denotes the current time step k. To comply
with the initial condition (10), we set u0 = f . In contrast
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with an explicit scheme, the semi-implicit scheme is stable
for arbitrary time step sizes τ , allowing us to use fewer time
steps to compute the solution at a large time t . However, it
requires us to solve a linear system of equations to compute
the solution uk+1 from the current solution uk :
(
I − τ A(uk)

)
uk+1 = uk . (12)

Writing the solution explicitly yields

uk+1 =
(
I − τ A(uk)

)−1

︸ ︷︷ ︸
P(uk ,τ )

uk . (13)

Similar to the semi-discrete case, there are also conditions
(D1)–(D6) formulated for the fully discrete scheme. They
are continuity, symmetry, unit row sums, nonnegativity, irre-
ducibility, and positive diagonal entries [7, Chapter 4]. One
can show that P(uk, τ ) fulfils all of them and that the exis-
tence of the inverse in (13) is guaranteed for any τ > 0,
if A(uk) satisfies the five semi-discrete conditions (S1)–
(S5) [7, Chapter 4]. Note that although

(
I − τ A(uk)

)
is

usually a sparse matrix, its inverse is generally not.
To make the diffusion models comply with our general

filter echo framework (1), we write the solution after n steps
in terms of the original image f :

un = P(un−1, τ ) · · · P(u1, τ ) P( f , τ )︸ ︷︷ ︸
S( f ,τ,n)

f . (14)

The state transition matrix S( f , τ, n) for a given diffusion
process then depends on the initial image f , the time step
size τ , and the number of steps n. These considerations show
that the iterative solution of the discretised, nonlinear PDE
can be expressed by a single matrix–vector multiplication
with the large and dense state transition matrix.

Assuming that the nonnegativity, symmetry, and unit
row sum conditions are satisfied, the matrices P(uk, τ )

are doubly stochastic (nonnegative, with unit row and col-
umn sums). It is easy to show that the product of doubly
stochastic matrices and therefore the state transition matrix
is doubly stochastic as well, which allows for an interpreta-
tion of drain and source echoes as probability distributions.
This property of the state transition matrix has important
consequences: Unit row sums and nonnegativity imply a dis-
cretemaximum–minimumprinciple,while unit column sums
imply preservation of the average grey value [7, Chapter 4].
Note that symmetry of the state transition matrix is not guar-
anteed, even though the individual P(uk, τ ) are symmetric.
This means that source and drain echoes usually differ.

For multiplication with the transposed state transition
matrix, which is needed for drain echo calculation, the sym-
metric diffusion matrices P(uk, τ ) are simply applied in
reverse order:

d j = S( f , τ, n)� e j = P( f , τ ) P(u1, τ ) · · · P(un−1, τ ) e j .

(15)

In practice, this implies that the results from all steps need
to be computed and stored, before the drain echoes can be
calculated. The source echoes, on the other hand, can be
computed along with the image evolution.

It is important to note that the considerations about the
state transition matrix are mainly of theoretical nature. In
practice, the fully discrete scheme is typically solved by solv-
ing the linear systems in each step. Although the system
matrix

(
I − τ A(uk)

)
is quadratic in the number of pixels,

it is usually sparse. This can be exploited by using iterative
solvers, such as the conjugate gradient (CG) method [36],
which only rely on the evaluation of matrix–vector products
and do not require the explicit formation of the systemmatrix.
However, this means that it is neither desirable to explicitly
compute P(uk, τ ), nor S( f , τ, n), and that multiplications
with them should always be evaluated via the corresponding
linear systems.

The preceding considerations entail a large number of dif-
ferent diffusion filters, some of which we will now examine
in more detail.

Homogeneous Linear Diffusion
Let us first consider the simplest diffusion model, homo-

geneous linear diffusion [10]. It is obtained by setting the
diffusion tensor to the identity, i.e. D = I , for which the
diffusion PDE (6) simplifies to ∂t u = �u = ∂xxu + ∂yyu.
It is well known that homogeneous diffusion in an infinite
domain is equivalent to Gaussian convolution with a Gaus-
sian kernel of standard deviation σ = √

2t [37]. Therefore,
the diffusion echoes are Gaussian kernels that incorporate
the reflecting boundary conditions.

Isotropic Nonlinear Diffusion
Space-adaptive, direction-independent (isotropic) smooth-

ing behaviour can be achieved by setting the diffusion tensor
to a multiple of the identity, with the magnitude changing
depending on the location. A common choice is

D(∇u) = g
(
|∇u|2

)
I, (16)

where |·| denotes the Euclidean norm. This yields what we
call isotropic nonlinear diffusion1 [5]. The scalar function g
is known as diffusivity [5]. It is a positive, decreasing function
of the gradient magnitude and locally steers the strength of
the diffusion activity using a nonlinear feedback mechanism
depending on the evolving image u. It is common to use a
Gaussian-smoothed version of the gradient in the diffusiv-

1 Note that the terminology in the literature is not consistent. We dif-
ferentiate between isotropic (direction-independent) and anisotropic
(direction-dependent) diffusion processes.
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ity [38], i.e. ∇uσ , with σ being the standard deviation of the
Gaussian.

Popular diffusivity functions include the Charbonnier dif-
fusivity [39]:

gch(s
2) = 1√

1 + s2/λ2
, (17)

the rational Perona–Malik diffusivity [5]:

gpm(s2) = 1

1 + s2/λ2
, (18)

or the Weickert diffusivity [7]:

gwe(s
2) =

{
1.0, if s2 = 0,

1.0 − exp
(−3.3148

s8/λ8

)
, else,

(19)

with a positive contrast parameter λ.
Edge-Enhancing Anisotropic Nonlinear Diffusion
While the previous filter offers a space-variant smoothing

behaviour, for certain applications, however, an anisotropic
smoothing [40] may be preferable. A popular representa-
tive of anisotropic diffusion filters is the so-called edge-
enhancing diffusion (EED) [40]. EED reduces the diffusion
activity across image edges while still allowing full diffusive
smoothing along them. To this end, one selects the diffusion
tensor as

D(∇uσ ) = g
(
|∇uσ |2

) ∇uσ

|∇uσ |
( ∇uσ

|∇uσ |
)�

+ 1
∇u⊥

σ

|∇u⊥
σ |

( ∇u⊥
σ

|∇u⊥
σ |

)�
. (20)

This formulation implies that D has an eigenvector v1 =
∇uσ|∇uσ | with corresponding eigenvalue λ1 = g

(|∇uσ |2),
which inhibits smoothing across strong image edges. The
second eigenvector is orthogonal to the first with eigenvalue
λ2 = 1, which leads to full smoothing along the image edge.
It should be noted that while discretising the continuous PDE
works similarly to isotropic nolinear diffusion, anisotropic
PDEs require additional, careful considerations, since a stan-
dard discretisation in space may violate the nonnegativity
condition [7]. As a remedy, L2-stable discretisations have
been proposed [41], which bound the occurring over- and
undershoots.

3.1.2 The Bilateral Filter Echo

Bilateral filtering averages pixels using weights that depend
on closeness (distance in the domain) and similarity (distance
in the co-domain) [1–3]. In the setting with a regular pixel
grid and a grey value image,whichwe consider, the closeness

can be measured by the Euclidean distance and the similarity
by the absolute difference of the grey values.

The discrete bilateral filter is then expressed for all i =
1, . . . , N by the weighted average

ui =
∑N

j=1 g
(∣∣ fi − f j

∣∣) w
(∣∣xi − x j

∣∣) f j
∑N

j=1 g
(∣∣ fi − f j

∣∣) w
(∣∣xi − x j

∣∣) =
N∑

j=1

pi, j f j ,

(21)

with

pi, j = g
(∣∣ fi − f j

∣∣) w
(∣∣xi − x j

∣∣)
∑N

�=1 g (| fi − f�|) w (|xi − x�|)
. (22)

For the tonal and spatial weighting functions g and w, we
consider Gaussians with standard deviations σt and σs . The
final weight pi, j describes the influence of pixel j of the
input image f on pixel i of the filter output u.

With this notation, we can rewrite (21) as

u = P( f ) f , (23)

with a state transition matrix P( f ) = (
pi, j

)
, which for fixed

weighting functions depends only on the initial image f . We
note that ui is given as a convex combination of all f j , with∑

j pi, j = 1 for all i and pi, j ≥ 0 for all i, j . Therefore, P
has unit row sums, and all its entries are nonnegative, which
implies that the bilateral filter fulfils a discrete maximum–
minimum principle [7, Chapter 4]. Such matrices are also
called row stochastic. However, due to the normalisation,
P is nonsymmetric and may not have unit column sums,
such that the average grey value may not be preserved [7,
Chapter 4]. Since P is only row stochastic, we can interpret
only its drain echoes as probability distributions.

3.1.3 The Nonlocal Means Echo

Nonlocal (NL)means [4] is related to bilateral filtering, in the
sense that it is also given as a weighted average. However, its
weights are based on the similarity between two patches Ni

and N j , which can be defined as neighbourhoods (e.g. disc
shaped) around the pixels i and j . The similarity between two
patches with |N | pixels is given by the Euclidean distance
between the corresponding grey value vectors f (Ni ) ∈ R

|N |
and f (N j ) ∈ R

|N |. As for bilateral filtering, a weighting
function g is applied. We consider a Gaussian with standard
deviation σ . This yields the filtered result

ui =
∑N

j=1 g
(∣∣ f (Ni ) − f (N j )

∣∣) f j
∑N

j=1 g
(∣∣ f (Ni ) − f (N j )

∣∣) =
N∑

j=1

pi, j f j . (24)
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with

pi, j = g
(∣∣ f (Ni ) − f (N j )

∣∣))
∑N

�=1 g (| f (Ni ) − f (N�)|)
. (25)

The matrix P( f ) = (pi, j ) is the state transition matrix
of the process. Its properties are the same as for bilateral
filtering, i.e. it depends on f , is row stochastic and non-
symmetric. Satisfaction of a maximum–minimum principle
follows, while the preservation of the average grey value is
not guaranteed.

3.2 The Inpainting Echo

We now diverge from smoothing filters and extend our fil-
ter echo framework to (sparse) PDE-based inpainting. The
inpainting echo has originally been introduced as a tool to
efficiently solve the tonal optimisation problem in image
compression [17], and we will first review the basic theory
behind it.

In the inpainting setting, we assume that image data are
known only on a subset K of the image domain �. This
subset is called mask. We aim at reconstructing the image
in the unknown areas � \ K by solving a PDE using an
inpainting operator L , which may or may not depend on the
evolving image u.

We consider the elliptic inpainting formulation, which is
instructive in terms of inpainting echoes, since some of their
properties can be directly derived from the form of the state
transition matrix. The full elliptic boundary value problem is
given by

Lu(x) = 0 for x ∈ � \ K , (26)

u(x) = f (x) for x ∈ K , (27)

∂nu(x) = 0 for x ∈ ∂�. (28)

Examples of suitable inpainting operators include homo-
geneous diffusion inpainting (Lu = �u) [16], nonlinear
diffusion inpainting (Lu = div(g∇u)) [42], or EED inpaint-
ing (Lu = div(D∇u)) [12, 43].

By introducing a mask function c : � → {0, 1} that takes
the value 1 at mask locations and 0 elsewhere, we can merge
(26) and (27) into a single equation:

c(x)(u(x) − f (x)) − (1 − c(x))Lu(x) = 0. (29)

Discretisation yields

C(u − f ) − (I − C)L(u)u = 0, (30)

where I is the identity matrix, C = diag(c) is a diagonal
matrix with c on the diagonal, and L is the discrete ana-
logue of the differential operator with reflecting boundary

conditions. Reordering the terms yields a system of equa-
tions, which, depending on the differential operator, is linear
or nonlinear:

(C − (I − C)L(u)) u = C f . (31)

For a linear differential operator, we have L(u) = L, and
a linear system is solved to obtain the inpainted solution u:

u = (C − (I − C)L)−1 C︸ ︷︷ ︸
S(c)

f . (32)

For homogeneous diffusion inpainting, the existence of the
inverse is guaranteed as long as we have at least one mask
pixel [44]. For a fixed linear differential operator, the non-
symmetric state transition matrix is uniquely determined by
the mask configuration.

In the nonlinear case, we can solve (31) using theKačanov
method [45]. This means that we fix the nonlinearity in each
step according to the current solution, leading to a number
of linearised problems of similar form as (31):

(
C − (I − C)L(uk)

)
uk+1 = C f , (33)

where the upper index denotes the iteration step and where
the initialisation u0 satisfies Cu0 = C f . Note that the final
solution un after n steps depends only on L(un−1), which
means that we do not have to store all intermediate solu-
tions to compute the echoes. Assuming an invertible system
matrix, we obtain

un =
(
C − (I − C)L(un−1)

)−1
C

︸ ︷︷ ︸
S(c, f |c)

f . (34)

In addition to the mask, the state transition matrix S now also
depends on the grey values at the mask locations f |c.

Equation (34) is very insightful w.r.t. the echo configu-
ration. Due to the right multiplication with C in the state
transition matrix, the source echoes in nonmask pixels van-
ish entirely, which reflects that only the pixel values at mask
locations have an influence on the final inpainting result.
Accordingly, the drain echoes only take on nonzero values
at mask locations. It was shown that for homogeneous diffu-
sion inpainting, S has nonnegative entries and unit row sums,
so the inpainting process satisfies a maximum–minimum
principle [44]. Numerically, we compute the elliptic inpaint-
ing solution for nonlinear operators as the steady state of a
parabolic evolution with automatic time step size adaptation.

Figure1 shows an example of sparse inpainting. Only 5%
of the pixels in peppers are stored and the rest is discarded.
Then, EED inpainting with the parabolic formulation is used
to restore the missing information. Even though the stored
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Fig. 1 Inpainting example using
the test image peppers. 5%
randomly selected pixels are
stored and the rest is discarded.
Then the image is reconstructed
using EED inpainting with the
Charbonnier diffusivity
(λ = 0.8, σ = 1.0)

(a) original image (b) stored data (c) EED reconstruction

pixels were chosen randomly, the inpainting reconstructs the
image with an adequate quality and even restores the edges.
Note that quality can be drastically improved, if the stored
data are optimised [42].

3.3 The Osmosis Echo

In the next step, we consider linear osmosis modelled by a
nonsymmetric drift diffusion process [18], which can create
details and leads to nonconstant steady states. Applications
range from shadow removal or image cloning [18] to image
stitching [46].

Unlike in the diffusion case, we assume that we are given
a positive initial image f : � → R

N+ and a drift vector field
d : � → R

2 that steers the osmosis process. A family of
filtered images {u(x, t) | t ≥ 0} is obtained by solving

∂t u(x, t)

= div (∇u(x, t) − d(x)u(x, t)) for x ∈ �, t ∈ (0, ∞) (35)
u(x, 0) = f (x) for x ∈ �, (36)

0 = n�(∇u(x, t) − d(x)u(x, t)) for x ∈ ∂�, t ∈ (0, ∞). (37)

Typically one is only interested in the steady state (t → ∞)
of this evolution.

Like in the diffusion case, we discretise our image on a
regular pixel grid. Again, an adequate discretisation of the
differential operators leads to a semi-discrete problem of a
form similar to (9). However, the drift term renders thematrix
A non-symmetric. The given process is linear, so A does not
depend on u. As in the diffusion case, there are conditions
(SLO1)–(SLO3) on A in the semi-discrete case. These are
zero column sums, nonnegativity of the off-diagonal entries,
and irreducibility. More details can be found in [47].

For the time discretisation, we use an implicit scheme,
which satisfies the relevant conditions (DLO1)–(DLO4) (unit
column sums, nonnegativity, irreducibility, positive diagonal
entries) [47] on the nonsymmetric matrix P ∈ R

N×N of the
fully discrete scheme

u0 = f , (38)

uk+1 = (I − τ A)−1
︸ ︷︷ ︸

P(τ )

uk, (39)

for all τ > 0. We solve the linear systems with BiCGSTAB
[36]. We can write the result after n steps of size τ as

un = Pn(τ ) f = S(τ, n) f . (40)

Since the iterationmatrix P has unit column sums [47], the
same holds for S. Unit row sums are not guaranteed. Osmosis
therefore preserves the average grey value, but does not fulfil
a maximum–minimum principle.

In this work, we only consider the compatible case: Set-
ting the drift vector field to d = ∇(ln v), with some guidance
image v, linear osmosis converges to u = μv

μ f
v, with μv

and μ f being the average grey values of v and f , respec-
tively [18]. However, note that the preceding analysis about
the state transition matrix holds irrespective of the specific
drift vector field.

In Fig. 2, we show the results of an osmosis process with
the head test image as a guidance image, from which we
derive the drift vector field, and a simple initial image. We
rescale the initial image such that its average grey value
matches that of the guidance image, so the evolving image
converges exactly to the guidance image.

Although osmosis is a powerful process, its steady-state
echoes are surprisingly simple. To show that, we make use
of results of Proposition 1 in [47], which are based on the
eigendecomposition P = Q�Q−1, with Q = [

q1 · · · qN

]
.

The results, which mostly follow from the Perron–Frobenius
theory for nonnegative matrices (see, e.g. [48]), state that P
has a simple eigenvalue λ1 = 1 and that all other eigenvalues
are strictly smaller in absolute value. Furthermore, iterative
application of P yields the steady state v ∈ R

N+ , which is
the eigenvector q1 to the eigenvalue λ1 = 1 [47]. Lastly,
due to the column sum property, the eigenvector of P� that
corresponds to λ1 = 1 is a constant vector [47].

Repeated application of P yields the state transition
matrix S of the steady state. Since its eigenvalues are given by
powers of the eigenvalues of P , we can conclude that it has a
single nonzero eigenvalue λ1 = 1. Thus, S is a rank-1matrix,
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Fig. 2 Osmosis evolution in the
compatible case with
semi-implicit scheme visualised
at different stopping times T .
Test image square is the initial
image, and head the guidance
image. The initial image is
rescaled, such that its average
grey value matches that of the
guidance image. For t → ∞,
the guidance image is recovered

(a) initial image (b) guidance image

(c) T = 25 (d) T = 250 (e) T = 2500 (f) T = 500000

given by the outer product of q1 and the corresponding row

of Q−1. Since P� = (
Q�Q−1)� = (Q−��QT ), the col-

umnof Q−� corresponding toλ1 (which is the corresponding
eigenvector of P�) is constant, so the corresponding row of
Q−1 is also constant. It follows that all columns of the steady-
state state transition matrix are the same. They are given by
the eigenvector q1 of P , which is the steady-state solution of
the process.

Therefore, the steady-state drain echoes are constant, with
intensity corresponding to the intensity of the respective pixel
of the steady-state image divided by the sum of the entries of
the initial image. Furthermore, all source echoes are given by
the same version of the steady-state solution, i.e. the rescaled
guidance image, again divided by the sum of the entries of
the initial image to satisfy the unit column sum condition.

3.4 The Optic Flow Echo

Lastly, we take our ideas a step further by considering the
echoes of a computer vision model: variational optic flow. It
is widely acknowledged that variational optic flow models
gain their power through the filling-in effect of the regu-
lariser [49], which transports information to the areas where
the flow is difficult to determine. In fact, Demetz et al. [50]
show that certain linear variational optic flow models can
be interpreted as Whittaker–Tikhonov regularisation of the
normal flow, where the Euclidean norm in the regularisation
term is replaced by some norm that is specific to the optic
flow constraint. As we shall see, we can use a similar formu-
lation to produce reasonable optic flow echoes with a slightly
restructured formulation of (1).

Optic flow models [13] aim to estimate the motion
between two subsequent frames of an image sequence at
times t and t + 1. They produce a flow field w = (u, v)�,

where u and v describe the motion along the x- and y-
directions, respectively.

A basic assumption is that the grey values of a point in the
first frame and of the corresponding point in the second frame
are the same [13], which can be expressed as f (x, y, t) =
f (x + u, y + v, t + 1). Linearisation via a first-order Taylor
expansion yields the constraint

fxu + fyv + ft = ∇ f �w + ft = 0, (41)

where fx := ∂x f is the partial derivative of f w.r.t. x and
∇ = (

∂x , ∂y
)� is the spatial gradient.

We see that arbitrary components orthogonal to ∇ f can
be added to the flow field w without violating the optic flow
constraint (41). This is called aperture problem. It follows
that (41) can only determine the component parallel to ∇ f ,
which is called the normal flow:

(
un
vn

)
= w� ∇ f

|∇ f |
∇ f

|∇ f |
= (

fxu + fyv
) ∇ f

|∇ f |2 .

(42)

From (41), we have fxu + fyv = − ft , so the normal flow is
given by

wn =
(
un
vn

)
= − ft

∇ f

|∇ f |2 = − 1

|∇ f |2
(
fx ft
fy ft

)
, (43)

and its regularised version [50], which avoids singularities
for vanishing ∇ f , by

wn = − ft
|∇ f |2 + ε2

∇ f , (44)
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where ε > 0 is a small constant. Since the optic flow con-
straint is insufficient to compute a denseflowfield, variational
optic flow models include additional smoothness constraints
in terms of a regularisation term [51].

We consider two linear models as examples: The Horn–
Schunck model [13] and the anisotropic, image-driven
Nagel–Enkelmann model [52]. For both of them, the min-
imisation process leads to linear PDEs.

A suitable energy functional is given by

E(u, v)=
∫

�

(
fxu+ fyv + ft

)2+αV (∇ f ,∇u,∇v) dx dy,

(45)

with some regularisation term V and a regularisation param-
eter α > 0, and the minimising flow field is found in terms
of its the Euler–Lagrange equations, which are given by
diffusion-like PDEs of the following form:

0 = f 2x u + fx fyv + fx ft − α div(D(∇ f ) u), (46)

0 = fx fyu + f 2y v + fy ft − α div(D(∇ f ) v). (47)

The Horn–Schunck model [13] uses D(∇ f ) = I ,
while the Nagel–Enkelmann model [52] employs D(∇ f ) =(∇ f ⊥(∇ f ⊥)� + λ2 I

)
/( f 2x + f 2y + 2λ2). It only allows

smoothing of the flow field in the direction orthogonal to
the local image gradient and avoids smoothing across image
discontinuities.

Rewriting (46) and (47) as a vector-valued equation yields

(
f 2x u + fx fyv − α div(D(∇ f ) u)

fx fyu + f 2y v − α div(D(∇ f ) v)

)
= −

(
fx ft
fy ft

)
. (48)

For the discretisation, we assume that the partial deriva-
tives of f are computed with suitable finite difference
approximations, and the results are stacked into vectors f x ,
f y , and f t . Furthermore, multiplications between these vec-
tors are to be understood in a component-wise manner.
Assuming an appropriate discretisation of the differential
operators that we denote by L( f ), we get the following linear
system of equations:

(
diag( f 2x ) − αL( f ) diag( f x f y)

diag( f x f y) diag( f 2y) − αL( f )

)

︸ ︷︷ ︸
B

(
u
v

)

=
(− f x f t

− f y f t

)
. (49)

For an invertible matrix B, which exists in all nontrivial sce-
narios, we can write the explicit solution formally as

(
u
v

)
= B−1

(− f x f t
− f y f t

)
. (50)

Figure3 shows an example of a flow field computed with
the Horn–Schunck model [13]. The flow field displays the
estimatedmotion between two frames of a test sequence from
the Middlebury dataset [53].

Following the ideas of Demetz et al. [50], we write the
optic flow computation in terms of the regularised normal
flow, which is directly computable from the given frames:

(
u
v

)
= B−1 diag

(
f 2x + f 2y + ε2

)

diag
(
f 2x + f 2y + ε2

)−1
(− f x f t

− f y f t

)

= B−1 diag
(
f 2x + f 2y + ε2

)

︸ ︷︷ ︸
S( f x , f y ,α,ε)

(
un
vn

)
.

(51)

The state transition matrix S( f x , f y, α, ε) maps the nor-
mal flow to the resulting flow field and depends on the image
derivatives, as well as on the regularisation parameters α and
ε. While B−1 is symmetric, multiplication with the diagonal
matrix renders the state transition matrix S nonsymmetric.
Note that S ∈ R

2N×2N , so we get 2N echoes of size 2N . In
each position, there is an echo for the two components of the
optic flow vector.

This formulation generalises our filter echo framework,
since we are not filtering the original images, but rather the
(regularised) normal flow. The matrix B contains terms that
result from discretisations of diffusion operators, suggesting
that the sparse normal flow experiences some sort of sophis-
ticated smoothing. This highlights the relation of variational
optic flow models to PDE-based smoothing and inpainting
methods. In Sect. 5, we confirm that interpretation by visual-
ising source echoes, which provide the information flow of
the normal flow data.

4 Our Echo Compression Framework

We have seen that the filter echoes correspond to the columns
and rows of the state transition matrix. An image with N pix-
els therefore has N source echoes and N drain echoes of size
N each (2N for optic flow), which constitutes a huge amount
of data and makes storage costly. Furthermore, computing
echoes at the time they are needed might not be feasible.
Consequently, an effective compression approach for echoes
is desirable. The goal is to come up with an alternative, more
efficient representation, which further allows one to recon-
struct the echoes in a short time.

As the source and drain echoes of a filter constitute its state
transition matrix, it is natural to consider matrix approxima-
tion approaches for the echo compression task.
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Fig. 3 Estimation of the optic
flow field (colour-coded) using
the Horn–Schunck method
(α = 10000) on frame 12 and
frame 13 of the Urban test
sequence from the Middlebury
flow data set [53] and the used
colour code

(a) frame 12 (b) frame 13 (c) computed flow (d) colour code

First attempts at such a compression have been made
in some unpublished student theses by coauthors of this
work [33, 34]. The basic idea of these approaches is to select a
subset of echoes and perform a principal component analysis
(PCA) [32].

Our goal is to work with the full, original state transition
matrices, which frees us of the task to (empirically) decide
on the most important echoes and has certain algorithmic
advantages. To this end, we use the truncated singular value
decomposition [23] in conjunction with a randomised linear
algebra approach to compute it, which does not require the
explicit formation of the state transition matrix [20–22]. We
will provide details in the following subsections.

4.1 The Singular Value Decomposition

The singular value decomposition (SVD) [23] of a matrix
A ∈ R

m×n is given by

A = U�V�. (52)

The nonnegative singular values σ1 ≥ σ2 ≥ · · · ≥ σp ≥ 0,
with p = min(m, n), are the diagonal entries of the diagonal
matrix� ∈ R

m×n .U ∈ R
m×m andV ∈ R

n×n are orthogonal
matrices, containing the left and right singular vectors as
columns.

If the rank r of the given matrix A is smaller than p, A
has only r nonzero singular values, and we can write

A = Ur�rV�
r =

r∑

i=1

σi uiv
�
i . (53)

Here, the matrix�r ∈ R
r×r only contains the first r singular

values, and the matrices Ur ∈ R
m×r and V r ∈ R

n×r are
obtained by discarding the last m − r and n − r columns of
U and V . This representation is often called compact SVD
in contrast to the full SVD introduced above.

4.1.1 Truncated Singular Value Decomposition

The fundamental Eckart–Young theorem [54] states that the
matrix B∗

k of rank k < r , whichminimises the approximation
error to a given matrix A in the Frobenius norm, is given by
the rank-k truncated SVD of A:

argmin
B∈Rm×n , rank(B)=k

‖A − B‖F

=
k∑

i=1

σiuiv�
i = Uk�kV�

k =: B∗
k , (54)

It furthermore quantifies the approximation error via the dis-
carded singular values:

∥∥A − B∗
k

∥∥
F =

∥∥∥∥∥

r∑

i=k+1

σiuiv�
i

∥∥∥∥∥
F

=
√√√√

r∑

i=k+1

σ 2
i . (55)

4.1.2 Randomised Singular Value Decomposition

To efficiently compute the truncated SVD, we use a proba-
bilistic approximation, known as randomised singular value
decomposition (RSVD) [20, 21] or randomised subspace iter-
ation (RSI) [20, 22]. These methods compute the truncated
SVD of A ∈ R

m×n with m ≥ n in two steps. First, they
project A onto the column space of a matrix Q ∈ R

m×k ,
k < r = rank(A), with orthogonal columns:

Â = QQ�A. (56)

Then they compute the compact SVD of Â, which only has
k nonzero singular values. This is done efficiently by first
computing the SVD Q�A = Uk�kV k . The desired SVD
Â = Uk�kV k with Uk ∈ R

m×k , �k ∈ R
k×k and V k ∈

R
n×k can then be retrieved via Uk = QUk .
The error of this approximation depends on the error

‖ Â − A‖, so the main task is to appropriately determine Q.
This part of the algorithms is also known as the randomised
rangefinder [20], as the span of the columns of Q should
cover most of the range of A.

To compute Q, the given matrix is applied (once or multi-
ple times) to a standard Gaussian random matrix G ∈ R

n×k ,
with columns gk ∼ N (0, I). The result is eventually orthog-
onalised via a QR decomposition [23]:

Q = orth
(
(AA�)q−1AG

)
. (57)

Choosing a larger parameter q > 0 for the exponent
can improve the approximation quality for matrices with a
slowly decaying singular value spectrum [20]. Furthermore,
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to increase numerical stability, it is advisable to perform
an orthogonalisation orth(·) after each application of the
matrix. The standard randomised singular value decomposi-
tion (RSVD) [20, 21] applies the rangefinder with parameter
q = 1, while for q > 1 the method is known as randomised
subspace iteration (RSI) [20, 22].

Recent advances, known as randomised block Krylov
methods [55], use the entire Krylov space generated through
repeated matrix multiplications to construct Q. While this
enhances the quality of the approximation, it also increases
the memory requirements.

Applying these methods as presented here requires us to
specify the target rank k. In practice, one typically intro-
duces an oversampling parameter �, creates a matrix Q ∈
R
m×(k+�), and eventually discards the last � singular val-

ues and vectors. This further increases the approximation
quality, especially for slowly decaying spectra. In practice, it
may suffice to choose the parameter as small as � = 10 [20].
The excellent work of Halko et al. [20] provides theoretical
bounds on the approximation quality in dependence of the
model parameters (i.e. k, q and �). While we assume that the
rank k is fixed, it is worth noting that one can also iteratively
increase the size of thematrix Q and thus the rank of the final
SVD, using a pre-selected target threshold for ‖ Â− A‖ [20].

4.2 The Echo Compression Approach

Our objective is to find an efficient representation Ŝ of the
state transition matrix S of the considered filtering process.
This representation should minimise the Frobenius norm
‖S − Ŝ‖F. This corresponds to a minimisation of the mean
squared error (MSE) between the compressed and original
versions of the source and drain echoes, which is a natural
error measure if one considers each echo as an individual
image.

To this end, we compute a truncated SVD of the state
transition matrix S ∈ R

N×N by means of the randomised
subspace iteration.Within the algorithm,matrix–matrixmul-
tiplications with the state transition matrix S need to be
computed. Recall that S is dense and quadratic in the number
of pixels. Fortunately, we can avoid constructing it explicitly
by evaluating the matrix–matrix multiplications by applying
the respective filter to each of the columns. For example,
for diffusion filters this corresponds to computing a diffu-
sion evolution. This approach allows us to compress filter
echoes without ever needing to explicitly compute even a
single echo, let alone the full state transition matrix.

Instead of N 2 floats for the full state transition matrix, the
truncated SVD only requires 2Nk floats to store the matri-
ces Uk ∈ R

N×k and V k�k ∈ R
N×k . This means that the

representation is more efficient if k < N/2. We show in
our evaluation in Sect. 5.2 that we can typically select a very

small k without deteriorating the quality of the echoes, so the
compression gain can be substantial.

Let us briefly discuss the computational burden of our
compression approach. The advantage of randomised meth-
ods for SVD computation is that the matrix decompositions
are calculated on small matrices, and can be implemented
using dedicated linear algebra packages. The bottleneck of
the algorithm are the numerous matrix–vector multiplica-
tionswith S and S� [56]. The algorithmpresented in Sect. 4.1
requires 2q multiplications with S or S� (one for the projec-
tion and 2q − 1 in the rangefinder). The matrices are of size
N × (k + �). This results in 2q(k + �) diffusion evolutions.
A naïve computation of all echoes would require N of those.
Therefore, although not an initial objective of our work, the
approach may even decrease the computational burden. In
Sect. 5.2, we see that, generally, 2q(k+�) < N in our exper-
iments.

Reconstruction of the echoes from the SVD representation
is done by a single matrix–vector multiplication:

sni = Uk�kV�
k ei = Uk

[
(V k�k)

�]

i
, (58)

and

dni =
(
Uk�kV�

k

)�
ei = V k�kU�

k ei = V k�k

[
U�

k

]

i
,

(59)

where [A]i denotes the i-th column of the matrix A. This
implies that the smaller the rank k (i.e. the more compressed
the data), the faster the reconstruction.

We test our approach on a number of different diffusion
filters and provide results and discussions in Sect. 5.2.

5 Experiments

5.1 EchoVisualisation

In the first part of the experiments, we demonstrate the visu-
alisation qualities of the filter echo. We show that it can be
beneficial for comparing similar filters and that it can be used
to display the strengths or to understand the subtle details of
complex filters. Furthermore, we show that if an adequate
model is selected, it can also be used for tasks that may not
directly come to mind.

5.1.1 Nonlinear Diffusion, Bilateral Filtering, and NL Means
Echoes

Isotropic nonlinear diffusion [5], bilateral filtering [1–3], and
nonlocal means [4] are prevalent classical smoothing filters
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(a) original (b) NLD echo (c) BIL echo (d) NLM echo

Fig. 4 Drain echo comparison for different smoothing filters. aOriginal
image. b nonlinear diffusion with Weickert diffusivity (NLD, t = 150,
λ = 0.3, σ = 0.0) echo. c bilateral filtering (BIL, σt = 30, σs = 10)
echo. d NL means (NLM, patch radius 3, σ = 10) echo. The echo
location is marked by the red dot. The three echoes are rescaled jointly,

i.e. the largest echo value among all three echoes is mapped to 255.
The nonlinear diffusion echo uses only data from the same segment.
Bilateral filtering also includes data from tonally similar, unconnected
segments, but reduces weights for distant pixels. Nonlocal means uses
information from the entire image, if the local neighbourhood is similar

that can be used for image denoising. Relations between non-
linear diffusion andbilateral filtering have been established in
differentworks (see e.g. [57–59], or the survey paper [60] and
the references therein) and bilateral filtering and NL means
are similar in spirit, as they both explicitly model a weighted
averaging of the image (see Sect. 3.1). Therefore, we use
them as examples to show how the filter echo can be used
to visualise and emphasise the differences between similar
filters.

Tomasi andManduchi [3] visualise the local kernel (drain
echo) for bilateral filtering at a single exemplary artificial
step edge to better understand the weight computation of the
filter. Buades et al. [4] display NL means kernels for specific
image features, and diffusion echoes have been displayed by
Dam and Nielsen [8].

We use our filter echo framework to visualise and com-
pare local filter kernels or drain echoes for all of them on an
instructive test case in Fig. 4, which sheds light on the dif-
ferent philosophies behind the approaches. The parameters
are selected such that all edges are preserved and the filtered
images are identical to the original.

A discrete solution to nonlinear diffusion iteratively
applies small, local filters, which are reduced at edges in
order to avoid blurring. We see in the example that although
the resulting kernel can become large in its extent, it stops
at image edges, as long as their contrast is large enough.
Therefore, the drain echo is given by a connected segment.
Bilateral filters are capable of “jumping” across discontinu-
ities. If a segment of similar brightness is spatially separated,
it can still have nozero weights. However, the spatial weight-
ing function decreases for distant pixels. For NLmeans, such
a spatial weight does not exist. If the search window is not
restricted, it finds similar patches within the entire image,
and therefore it acts truly global. The patch similarity, which
is computed to determine the weights, ensures that only pix-
els with similar local structures are considered. For the drain
echo in the test image corners in Fig. 4, this means that only

pixels at the right border of vertical white stripes are assigned
a weight that is notably larger than zero.

5.1.2 Nonlinear Diffusion Echoes

It is known that for appropriate diffusivities and parameters,
nonlinear diffusion can create segmentation-like results [7].
The Weickert diffusivity with a long stopping time and
an appropriate contrast parameter is the correct choice for
the task [7]. However, individual segments still have to be
extracted from the filtered image. At this point, diffusion
echoes are an option. They can be used to retrieve and iden-
tify individual segments [34, 61]. To this end, one simply has
to extract a source echo, which is located within the segment
of interest.

In Fig. 5, we show an example of such a segmentation. The
head test image is smoothed with isotropic nonlinear diffu-
sion with parameters selected such that only high-contrast
edges are preserved. The segments of the cartoon-like result
are then extractedusing source echoes.Wedisplay two source
echoes that correspond to distinct segments. Note how the
segments match the structures in the filtered image and are
adequate representations of semantically relevant structures
in the original image.

5.1.3 Sparse Anisotropic Diffusion Inpainting Echoes

We now visualise some source echoes that help us under-
stand why anisotropic diffusion performs so well for sparse
inpainting [12, 42]. The source inpainting echoes describe
how the known data from the mask pixels are distributed to
the unknown areas to fill in the missing areas. They directly
display the information flow and are the suitable echo choice
for inpainting processes.

The goal of our experiments is to show the power of
anisotropic EED inpainting given only sparse data points.
We use the Charbonnier diffusivity [39], which is commonly
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(a) original (b) filtered (c) echo in (120, 72) (d) echo in (168, 136)

Fig. 5 Nonlinear diffusion echoes for image segmentation. a Original
image. b Filtered by nonlinear diffusion with the Weickert diffusivity
(t = 15000, λ = 5.0, σ = 0.5). c Source echo in (120, 72). d Source

echo in (168, 136). The echo locations are marked in red. The diffusiv-
ity creates a segmentation-like result. By computing the source echo of
a pixel in a segment, we extract the segment from the filtered result

(a) masked input (b) inpainted (c) source echo (d) source echo

Fig. 6 Inpainting of the dipole test image. a Original image; the grey
areas are unknown. b Inpainted result using EED inpainting (λ = 0.01,
σ = 0.1). c, d Source echoes of the two mask pixels. The red dot marks

the echo location; the cyandotsmark the othermaskpixels. EEDspreads
the information from the mask pixel to the entire half-plane, creating a
sharp edge and filling in the image domain

used in diffusion-based inpainting [12, 42], and employ the
parabolic inpainting scheme with a semi-implicit discreti-
sation. The linear systems are solved with the conjugate
gradientmethod.Weperform shape completion experiments,
inspired by [42], which show how EED inpainting is able to
propagate edge information, thanks to its anisotropy and the
Gaussian pre-smoothing in the structure tensor computation.
By displaying the corresponding source echoes, we get a
deeper understanding of this information propagation.

Firstly, we consider the dipole experiment [42] in Fig. 6.
We see that EED is able to create a sharp edge, which sepa-
rates the image into the two desired half-planes. The echoes
of the twomask pixels show that the data are propagated only
inside the corresponding half-plane and that there is no data
flow across the boundary.

The four dipoles experiment [42] in Fig. 7 builds upon
these results. EED is able to reconstruct a white disc with
sharp boundaries from only eight mask points. The echoes
show that each of the mask pixels has a truly global influ-
ence on the result. The discontinuity between the foreground
and the background is perfectly respected by the information
flow.

In Fig. 8, we compare EED to other diffusion-based
inpainting strategies. The rectangle experiment shows how
the strengths of EED allow it to accurately reconstruct edges

from limited data,whichdonot have to be as perfectly aligned
as in the dipole and four dipoles experiments. We place mask
pixels at staggered locations on both sides of the edges (see
Fig. 8e). We then consider all echoes that are located left
(i.e. in the dark segment) of the vertical edge and display
them in a single image. We call this a cumulative echo. It
shows how the filters behave along an edge of the image.
We see that homogeneous diffusion inpainting spreads the
data equally. However, in contrast with homogeneous dif-
fusion smoothing (Sect. 3.1.1), its echo is space variant: it
is affected by other mask pixels. This allows this simple
inpainting method to perform well if the mask locations are
optimised properly [17]. However, in this case, the imperfect
mask placement and low density lead to poor edge recon-
struction. The cumulative echo highlights the undesired data
propagation across the edge. Isotropic nonlinear diffusion,
on the other hand, reduces the smoothing near edges. Thus,
the grey values do not bleed as much across the edge. How-
ever, it is still unable to properly connect the edge, as the
smoothing is reduced in an isotropic way, meaning that also
the smoothing along the edge is reduced. This is reflected
by the cumulative echo. EED mitigates this. The cumulative
echo shows how the data from the mask pixels is propagated
along the edge, leading to a sharp reconstruction. Note that
there is also some data propagation inside the rectangle.
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Fig. 7 Inpainting of the four
dipoles test image. a Original
image; the grey areas are
unknown. b Inpainted result
using EED inpainting (λ = 0.01,
σ = 1.5). c, d Source echoes of
two mask pixels. The red dot
marks the echo location; the
cyan dots mark the other mask
pixels. EED creates a sharp disc (a) masked input (b) inpainted (c) source echo (d) source echo

Fig. 8 Inpainting results of the
test image rectangle shown in a
using the mask in e with b
homogeneous diffusion (HD)
inpainting, c isotropic nonlinear
diffusion (NLD) inpainting
(λ = 0.1) with Charbonnier
diffusivity, d EED inpainting
(λ = 0.1, σ = 0.5), and
corresponding cumulative
echoes (f-h) along a prominent
image edge. The mask pixels
corresponding to echoes are
marked in red, and the other
mask pixels in cyan. The three
cumulative echoes are rescaled
jointly. The echoes show how
EED is able to connect edges
even if the mask density is low
and the mask locations are
suboptimal

(a) original (b) HD (c) NLD (d) EED

(e) mask (f) cumul. echo (g) cumul. echo (h) cumul. echo

Lastly, we consider a more realistic test example in Fig. 9.
We use the test image svalbard and amaskwith 1.5%density,
which is created with a simple version of an optimisation
strategy for homogeneous diffusion inpainting [62]. In this
example, the mask pixels are not placed perfectly next to the
considered edge but might sit a little further from it. We see
that EED still reconstructs a sharp edge, although it is not
perfectly straight at locations of low density. Nevertheless,
the reconstruction is convincing.

5.1.4 Osmosis Echoes

We have seen in Sect. 3.3 that osmosis converges to a non-
constant steady state, which is characterised by equal echoes
at all locations.We illustrate this in Fig. 10 by considering the
compatible case. We visualise the source and drain echoes
at a given location at different times throughout the evolu-
tions and show how the echoes converge towards the rescaled
guidance image and a constant image, just as the theory pre-
scribes.

5.1.5 Optic Flow Echoes

Optic flow models are complex, but understanding them as
smoothed versions of the normal flow helps us to get a better

intuition. In the following, we display echoes that show how
this regularisation acts. Similar to the inpainting case, since

w =
(
u
v

)
= S

(
un
vv

)
= Swn =

2N∑

i=1

wn,i si , (60)

only the source echoes si corresponding to locations where
the normal flow is different from zero influence the result.
However, in contrast with the inpainting case, there is no
mechanism to avoid that the flow at these locations can be
changed as well.

We visualise optic flow source echoes to see how the infor-
mation from the normal flow is propagated throughout the
whole image domain to create a dense flow field. To this end,
we consider a simplistic test image of a moving rectangle.

In Fig. 11, we consider a simple shift by one pixel to the
right and compute the flow field with the Horn–Schunck and
Nagel–Enkelmann methods. The colour-coded ground truth
solution is a red rectangle with sharp boundaries, which has
the same size as the rectangle in the reference frame (first
frame).Wedisplay the reference image and the sparse normal
flow, which (aside from the corners) consists only of a hor-
izontal component. Considering echoes from a pixel on the
left edge, we see that a propagation and thus a smoothing of
the normal flow takes place. For the Horn–Schunck method,
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Fig. 9 Inpainting results of the
test image svalbard shown in a
using the mask in e with b
homogeneous diffusion (HD)
inpainting, c isotropic nonlinear
diffusion (NLD) inpainting
(λ = 0.4) with Charbonnier
diffusivity, d EED inpainting
(λ = 0.3, σ = 1.0), and zoom
into corresponding cumulative
echoes (f-h) along a prominent
image edge. The mask pixels
corresponding to echoes are
marked in red, and the other
mask pixels in cyan. The three
cumulative echoes are rescaled
jointly. We use a mask with
1.5% density that is optimised
for homogeneous diffusion
inpainting [62]

(a) original (b) HD (c) NLD (d) EED

(e) mask (f) cumul. echo (g) cumul. echo (h) cumul. echo

Fig. 10 Example echoes from
osmosis evolution from Fig. 2.
First row: source echo evolution
in (112, 80). Second row: drain
echo evolution in (112, 80). We
see that the source echo
converges to the (rescaled)
guidance image, and the drain
echo to a constant image
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(a) T = 25 (b) T = 250 (c) T = 2500 (d) T = 500000

the regulariser propagates data to both sides of the edge of the
rectangle, leading to a blurry result. The Nagel–Enkelmann
method, steered by the discontinuities of the reference image,
transports data only into the rectangle and thus provides a
sharp flow field.

5.2 Echo Compression

We now evaluate the compression approach presented in
Sect. 4.2.

For inpainting, the number of nonzero echoes is small,
and for osmosis all echoes are redundant. Furthermore, we
can quickly generate echoes for bilateral filtering and NL
means from the explicit weights. However, for diffusion
filters, echoes might vary from pixel to pixel, and a com-
putation of an echo is costly, since it requires the application
of the (transposed) state transition matrix, which equates to
an entire diffusion process. Therefore, we test our approach
with some of the diffusion filters presented in Sect. 3.1.1.

We use the 256 × 256 test image head with a grey value
range of [0, 255]. The parameters of themethods are selected
so that they perform a comparable amount of smoothing. We
then compute the probabilistic truncated SVD for each of
the filters, truncating at 0.5%, 1.25%, 2.5% and 5% of the
singular values. We select q = 3 and � = 10. Lastly, we
reconstruct the state transition matrix with the approximated
singular values and vectors.

We use the conjugate gradient (CG) method to solve the
linear systems in the semi-implicit schemes and make use of
LAPACK [63] to compute the singular value and QR decom-
positions in the RSVD algorithm. The test image head and
the filtered versions of three different diffusion filters, which
we use as test cases, are shown in Fig. 12.

To evaluate the results, we proceed twofold. First, we
compute the error ‖S − Ŝ‖F between the state transition
matrix and the approximation. Since a calculation of this
would require us to compute S explicitly, we instead apply
Hutchinson’s trace estimator [64]withGaussian randomvec-
tors [65], using that ‖A‖2F = trace(AT A). We select the
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(a) ref. frame (b) HS flow (c) zoom into (a) (d) HS echo zoom

(e) normal flow (f) NE flow (g) zoom into (e) (h) NE echo zoom

Fig. 11 Computed colour-coded optic flow of a square moving one
pixel to the right and example echo. The flow is computed with b the
Horn–Schunck (HS) model (α = 10) and the f Nagel–Enkelmann (NE)
method (α = 1, λ = 0.5). We use the same colour code as in Fig. 3,
so the ground truth motion would be a red square. We visualise echoes
from the central pixel of the left vertical line of the normal flow. This
location is marked in white in the normal flow and the computed flow
fields and in red in the corresponding echoes. Since the normal flow in
this pixel only has a horizontal direction (see (e)), we only consider the

echoes for the horizontal component. These echoes have a negligible
vertical component, so instead of colour coding them, we logarithmi-
cally rescale the horizontal component and visualise them in greyscale.
This enhances the visibility of the details. We display zooms of the
echoes which correspond to the zooms in (c) and (g). The echoes (d)
and (h) visualise how the normal flow information is locally transported
to the inside of the square. However, (d) shows that the Horn–Schunck
model also propagates flow information to the outside of the square,
which leads to the blurry result from (b)

(a) original (b) NLD (PM) (c) NLD (We) (d) EED (PM)

Fig. 12 Test cases for the echo compression method. a The original
test image head, and filtered results with b isotropic nolinear diffusion
(NLD) with rational Perona–Malik diffusivity (PM, t = 190, λ = 3,
σ = 0.5), c isotropic nolinear diffusion (NLD)withWeickert diffusivity

(We, t = 15000, λ = 5, σ = 0.5), and d with edge-enhancing diffu-
sion (EED) with rational Perona–Malik diffusivity (t = 280, λ = 3,
σ = 0.5). The parameters are chosen such that a comparable smoothing
effect is achieved

number of samples based on the results from Avron and
Toledo [66]. Since we do not need the highest precision, we
select the number so that the median relative approximation
error is at most 10%. However, experiments in [66] suggest
that we can expect substantially higher accuracy in practice.
Nevertheless, we also complement this approximation-based
quality criterion with a deterministic one: We compute the
MSE between the filtered image u and the reconstruction
Ŝ f based on the approximated state transition matrix. In
addition to the quantitative evaluation, we visualise a few
reconstructed source echoes to get a better intuition about
the reconstruction quality.

Then we compare the singular value spectra of the meth-
ods. To this end, we plot the first 5% of the approximated
singular values. Since the quality of the reconstruction is
directly related to the spectrum (55), this gives us an idea of
how the quality changes w.r.t. the compression ratio. Lastly,
we visualise someof the singular vectors to get a better under-
standing of how the SVD-based representation works.

We see in Table 1 that the echoes corresponding to EED
have the best compression potential, with isotropic nolinear
diffusion with the rational Perona–Malik diffusivity slightly
behind. The results with nonlinear diffusion and theWeickert
diffusivity stand in contrast to that. We have seen in the seg-
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Table 1 Errors for RSVD-based compression

Percentage of singular values Frobenius norm/MSE
0.5% 1.25% 2.5% 5.0%

NLD (PM) 2.198 / 0.84810 0.666 / 0.02864 0.074 / 0.00034 0.012 / 0.00010

NLD (We) 37.55 / 6451.53 30.95 / 3637.93 16.28 / 534.286 0.008 / 0.00291

EED (PM) 0.015 / 0.00012 0.012 / 0.00010 0.012 / 0.00010 0.012 / 0.00010

Estimated [64] Frobenius norm of the error and MSE of the reconstruction of the filtered image depending on the fraction of used singular values
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L
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e)

(a) 0.5% (b) 1.25% (c) 2.5% (d) 5.0% (e) original

Fig. 13 Reconstructed source echoes for nonlinear diffusion at location
(112, 136), using different percentages of the singular values and the
original echo for comparison. The red dot marks the echo location. We
see that 2.5% of singular values suffice for a visually error-free recon-

struction for the Perona–Malik diffusivity, while the reconstructionwith
1.25% has almost negligible brightness differences. For the Weickert
diffusivity, 5% of the singular values are required to adequately capture
all details

mentation experiments in Sect. 5.1.2 that the echoes extend
over full segments, which at first glance would imply a lot of
redundancy and great compression potential. However, the
results show that the echoes require the most data to be ade-
quately reconstructed. The reason for this lies in a specific
phenomenon: image edges are typically not perfectly sharp
step edges, but may extend over a larger distance, affecting
more pixels. If the edge is strong, the contrast between the
individual pixelsmight still be high. Thismeans that the inner
edge pixels do not experience any smoothing at all, thus their
corresponding echoes are localised almost entirelywithin the
position. These impulse-like echoes are not easily encoded
in the SVD basis and increase the number of large singular
values, deteriorating the entire compression quality.

In Fig. 13,we visually compare reconstructions for the two
isotropic nonlinear diffusion models. We see that the recon-
struction for the rational Perona–Malik diffusivitywhichuses
2.5% of the singular values is visually indistinguishable from
the original, while the reconstructions using 0.5% and 1.25%
have minor brightness deviations. This gives us a feeling for
the values of the error norm that we should target. For the
Weickert diffusivity, only the reconstruction with 5% is ade-
quate.

Let us now look at the spectra in Fig. 14. They not only
confirm the results in Table 1, but also provide additional

Fig. 14 Singular value spectra from the experiments. The vertical lines
depict 0.5%, 1.25%, 2.5%, and 5.0% of the singular values. Note that
the Weickert diffusivity leads to a lot of similarly large singular values
and a fast drop, while the two methods with the rational Perona–Malik
diffusivity have a more even decay

insights. It is clear to see that the Weickert diffusivity leads
to a large number of singular values, before we get a sudden
decay. The large singular values correspond to the individual
segments and pointwise echoes that barely overlap, so they
either can or cannot be represented adequately. Isotropic non-
linear diffusion with the rational Perona–Malik diffusivity
leads to echoes with larger overlap, since the edge preser-
vation mechanism is less prohibitive, and pointwise echoes
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Fig. 15 Plot of some of the left
singular vectors [U]k and the
corresponding reconstructions
of the source echo at (128, 128).
We use the test case with
nonlinear diffusion with the
rational Perona–Malik
diffusivity from the previous
experiments. Note how the
singular vectors become more
and more detailed, allowing for
an accurate reconstruction of
small structures when using
more data
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are not an issue. This is reflected in the spectrum, which has
a more even decay. For EED, we see that the singular val-
ues fall off even faster. Due to the additional smoothing along
the edges, the echoes extend over a larger area, creating more
redundancy. This enables a very efficient compression.

As a last step, plotting some of the singular vectors and
the corresponding reconstructions using all the preceding
SVD information shows how adding more SVD components

refines the echo reconstruction step by step. As an exam-
ple, we select isotropic nonlinear diffusion with the rational
Perona–Malik diffusivity. In Fig. 15, we plot some of the left
singular vectors as well as the reconstructions of the source
echo at a central pixel, using all the SVD data up to the
respective index. Since singular vectors also have negative
values, we shift the value of 0 to 127.5.
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Table 2 Errors for isotropic nonlinear diffusion with the Weickert diffusivity using the proposed exclusion mechanism with ε ∈ {0.0, 0.05, 0.1}.
Estimated [64] Frobenius norm of the error and MSE of the reconstruction of the filtered image depending on the fraction of used singular values

percentage of singular values Frobenius Norm / MSE

0.5% 1.25% 2.5% 5.0%

ε = 0.0 37.55/6451.53 30.95/3637.93 16.28/534.286 0.008/0.00291

ε = 0.05 22.38/2736.83 12.17/269.923 0.745/0.01346 0.745/0.01358

ε = 0.1 16.62/1282.20 4.528/9.19979 1.596/0.05048 1.596/0.05048

The first singular vector corresponds to a flat image,
since the process converges to the average grey value of the
given image. The next singular vectors are an overlay of the
most important structures of the image, where the structures
become more and more detailed and smaller in their spa-
tial extent. The reconstruction of the echo converges to the
original by discarding more and more irrelevant informa-
tion, which is possible due to the fine details contained in
later singular vectors. We see that the 100-th singular vector
contains small-scale details, which is why the reconstruction
is already fairly accurate. The reconstruction using 1000 sin-
gular vectors is almost indistinguishable from the original,
which is in line with the results from Table 1 and Fig. 14.

5.2.1 An Extension for Rapidly Decaying Diffusivities

We have seen in the results in Table 1 and the spectrum in
Fig. 14 that the Weickert diffusivity suffers from the point-
wise echoes. To mitigate this, we propose an exclusion
mechanism.

To this end, we detect echoes for which the central pixel
(i.e. the corresponding diagonal element of the state tran-
sition matrix S) is larger than some threshold 1 − ε. We
simply store the corresponding echo location (i.e. the two
pixel coordinates) and exclude the corresponding row and
column from the state transition matrix, leading to a smaller
matrix, which we compress with the method described in
Sect. 4.2. At decompression, we simply add the discarded
echoes as unit impulses. The parameter ε leads to a trade-off
between the number of echoes that we exclude (efficiency)
and the error that we make by describing the corresponding
echo as a unit impulse (accuracy).

To find the pixels that should be excluded, we first need to
compute the corresponding echoes, increasing the cost of the
encoding phase. However, we can reduce this additional cost
by decreasing the number of potential exclusion candidates
for which the echoes must be computed. To this end, recall
that the state transition matrix S for diffusion processes has
nonnegative entries and unit row sums (see Sect. 3.1.1), and
that the initial image f is also nonnegative. Then it follows
from (5) that if the diagonal element sii > 1 − ε, we must
have (1 − ε) fi + ε fmin < ui < (1 − ε) fi + ε fmax for the
corresponding pixel ui of the filtered image. If any of these

Fig. 16 Singular value spectra using our exclusion approach with dif-
ferent values for ε. The vertical lines depict 0.5%, 1.25% and 2.5%
of the singular values. We see that the proposed exclusion mechanism
shifts the spectrum and decreases the number of large singular values.
Note that the spectrum does not reflect the approximation error that is
made by describing an echo as a unit impulse

inequalities is violated, we can conclude that sii ≤ 1 − ε

and the corresponding echo will not be excluded. However,
fulfilling the inequalities does not guarantee sii > 1 − ε, so
we need tomanually check by explicitly computing the echo.

We test our proposed approach by choosing ε ∈
{0.0, 0.05, 0.1} and compressing the echoes from isotropic
nonlinear diffusion with the Weickert diffusivity and the
parameters from before.

The results in Table 2 and Fig. 16 confirm the effectiveness
of our proposed exclusion mechanism. Table 2 shows that
we can get good results at high compression ratios, since few
singular vectors now suffice to capture the most important
structures of the echoes. This is confirmed by the singular
value spectra in Fig. 16, which show a shift in the curve
and a decay that occurs much earlier. However, one must
keep in mind that this approach introduces a lower bound
on the reconstruction error, which becomes apparent for the
results at 5% of the singular values. Therefore, the parameter
ε should be adjusted to the requirements.

Although the required precomputation of the echoes for
exclusion increases the cost of the encoding phase, it should
be further noted that the exclusion approach even reduces the
storage cost slightly, since each excluded point reduces the
size of the singular vectors while only requiring the storage
of two integers.
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6 Conclusions

We have introduced the filter echo as a general visualisation
framework that can be applied to a large number of filters
from image processing and even computer vision. While it
includes filters for which a visualisation of the kernel has
been done previously, we have shown that it can be readily
extended to other filters, such as osmosis or inpainting, and
even to optic flow models.

We have presented its capabilities of visualising the inner
workings of complex filters, which enables a better under-
standing, comparability between filters, and can even be
helpful for segmentation.

In addition, in the present paper and its conference prede-
cessor [24], we have proposed the first compression approach
specifically tailored towards filter echoes, which counter-
acts the extensive storage cost of the filter echo. We have
shown on a number of test cases with diffusion models that
an SVD-based approach can drastically reduce the storage
requirements while preserving visual quality. Furthermore,
we have seen that reconstruction is simple and can be
achieved by a single matrix–vector multiplication. This com-
pression approach completes the filter echo framework and
makes it relevant for practical applications where a large
number of echoes must be readily available.

In our future work, our aim is to compute filter echoes for
further filters for which the interpretation of the echo is not
straightforward.
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