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Abstract

In this thesis we present an existence theory for pulse solutions to a class of reversible,
analytic, hyperbolic evolutionary equations of the form

ve = A% (v)v, + B*(v), (1)

where v(£,7) € R™ is 2m-periodic in its second argument. Combining methods from
the theory of (infinite-dimensional) dynamical systems (in particular normal forms and
invariant manifolds) and symmetrisable, quasilinear hyperbolic systems, we construct
symmetric generalised pulse solutions satisfying

v T +2m) =0 T), o6 T) —pi(E ) S e A (2)
for all 7 € R and & € [—e®"/2VE e¢"/2VF] where
p°(&,7) ~ Fesech(e€)u* cos(T),

¢* > 0 and u* is a constant vector. In the special case where A¢(v) is a constant function
of v and the system (1) admits a suitable conserved quantity, the estimate in (2) holds
for all £ € R. As an application of our theory we discuss how a wide class of quadratic,
quasilinear Klein-Gordon equations fits into the above framework.






Zuammenfassung

In dieser Arbeit priasentieren wir eine Existenztheorie fiir Puls Losungen zu einer Klasse
reversibler, analytischer, hyperbolischer Evolutionsgleichungen der Form

ve = A% (v)v, + B*(v), (1)

wobei v(§,7) € R™ 27-periodisch im zweiten Argument ist. Methoden aus der Theo-
rie der (unendlichdimesionalen) dynamischen Systeme (insbesondere Normalformen und
invariante Mannigfaltigkeiten) und der symmetrisierbaren, quasilinearen hyperbolischen
Systeme kombinierend, konstruieren wir verallgemeinerte Puls Losungen mit

v+ 2m) = v 7)€ ) = p7(ET)| S e A (2)
fiir alle 7 € R und & € [—e®"/2VE e¢"/2V] wobei
p°(&,7) ~ Fesech(ef)u* cos(T),

¢* > 0 und u* ein konstanter Vektor ist. Im Spezialfall wo A°(v) eine konstante Funktion
von v ist und das System (1) eine geeignete Erhaltungsgrofie hat, gilt die Abschatzung in
(2) fiir alle £ € R. Als Anwendung unserer Theorie diskutieren wir wie eine weite Klasse
quadratischer, quasilinearer Klein-Gordon Gleichungen in die obige Struktur passt.
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1 Introduction

1.1 Homoclinic solutions and pulses

A homoclinic solution to a dynamical system

ue = f(u)

for u: R — R” is a nontrivial solution which satisfies |u(§)] — 0 as |{|] — oo. The
canonical example of a two-dimensional system with a cubic nonlinearity admitting
homoclinic solutions is

ZL’lf =Y, (11)
Yie = 1 — Cv’xi’, (1.2)

where C' > 0. These homoclinic solutions are given by

T\ H
(o) == ()
H(E) = @ sech (€).

The dynamics of equations (1.1), (1.2) are shown in the phase portrait in Figure 1.1.
The four-dimensional system

where

l‘lg = Y1, (13)
Yie = 11 — Ca: (2} + 23), (1.4)
[Egg = Y2, (15)
Yog = T2 — éxz(ﬁ + 23), (1.6)

also has homoclinic solutions since it admits the invariant plane {(x1, 1)}, the flow in
which is governed by equations (1.1), (1.2).
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1 Introduction

Figure 1.1: Phase portrait of the invariant plane {(z1,y1)} of equations (1.3)-
(1.6) with two homoclinic solutions.

Perturbations of equations (1.3)-(1.6) of the form

i1 =y + R 1 (71, Y1, T2, Y2), (1.7)
1 =21 —Cv‘xl(asf+x%)—|—€73§72($1,y1,x2,y2), (1.8)
Ty = Yo + €R5 1 (71, Y1, T2, Y2), (1.9)
o = 19 — Cag(a? + 22) + ER5 (1, Y1, 2, Y2), (1.10)

where
Rij(l’l, Y1, T2, y2> = O(|(CL’1, Y1, T2, y2)|3)

and ¢ is a small parameter, in general do not have homoclinic solutions. Each point on a
homoclinic solution is a point of intersection of the stable and unstable manifolds ¢ and
WE which are both two-dimensional (dim W¢ and dim W are the number of eigenvalues
of the linear operator on the right-hand side of equations (1.7)—(1.10) with respectively
negative and positive real part), and in general two two-dimensional manifolds do not
intersect in R*. If we additionally assume that equations (1.7)—(1.10) are reversible,
i.e. invariant under the transformation & — —&, (x1, 1, T2, y2) — (1, —y1, —T2,Y2), We
are still able to construct symmetric homoclinic solutions by showing that the stable
manifold W¢ intersects the symmetric section {y; = 0,22 = 0}. Indeed

WO — { Yy

S x

; (2) _ R, <Héf)> , (;’;) — R, (Hfo(g)> LEER, 9e, 2@}7
va

where Ry is a rotation through 6, and this manifold intersects the symmetric section
transversally at the points (£H(0),0,0,0)". We thus obtain the existence of two
symmetric homoclinic solutions for small positive values of ¢ (see Lemma 2.13 for a
functional-analytic proof of this result).

X1

[

Equations (1.7)—(1.10) arise from the system given in complex coordinates by
2 =1(w+ )z + 20+ ..., (1.11)
zoe = ()21 +i(w + 1)z — Coalza | + . . ., (1.12)

16



1.1 Homoclinic solutions and pulses

where \° = ¢ + O(g?), v¥ = O(e), by the scaling

‘¢ z1(8) _ pilwtroE ( g+ é) )
E=¢ (zz(é)) (( NP (00(6) +102(6)) )

This system exhibits homoclinic bifurcation associated with a reversible (iw)? resonance:
as € | 0 two pairs of simple complex eigenvalues collide to form geometrically simple
and algebraically double eigenvalues +iw at € = 0 (see Figure 1.2).

Im Im

Re Re

e=20 e>0

Figure 1.2: A reversible (iw)? resonance takes place at € = 0.

It is convenient to write the system (1.11), (1.12) as

ze = Lz + f°(2), (1.13)

where z € C*, L¢, is the matrix associated with the reversible (iw)? resonance and f¢(z)
is the (parameter dependent) nonlinearity. Let us now couple equation (1.13) with a
second equation to arrive at the system

ze = Loz + f1(2) + f3(2, ), (1.14)
= Liw + g°(z,w) + h°(2), (1.15)

where w € R* and L¢ is a matrix with d pairs of purely imaginary eigenvalues
+ivg, ..., +iv (see Figure 1.3), and f{(z), f5(z,w), ¢°(z,w), h(z) are nonlinearities
with f5(z,0) = 0, ¢°(2,0) = 0. In general the coupled system (1.14), (1.15) does not
have homoclinic solutions, since WS and W are both two-dimensional, and in general
two two-dimensional manifolds do not intersect in R**2¢,

17



1 Introduction

Im

Figure 1.3: The spectrum of L{ consists of d pairs of purely imaginary eigenvalues.

A strategy for treating equations of the form (1.14), (1.15) was devised in a series of
papers by Groves & Schneider [8, 9, 10]. In the special case that h°* = 0 the coupled
system (1.14), (1.15) has the invariant subspace {w = 0}, the flow in which is determined
by (1.13), and one can find a homoclinic solution p® to (1.13), and hence a homoclinic
solution (p®,0) to (1.14), (1.15), using the methods described above. Groves & Schneider
showed that (1.14), (1.15) has reversible solutions (z,w) which satisfy

[(2(8) = p°(&), w(@))| = O(™), e[, e7"],

if h*(2) = O(|z|"). Furthermore, a sequence of near-identity ‘normal-form’ transforma-
tions can be used to successively remove terms in the Maclaurin expansion of h®(z) and
hence achieve the condition h®(z) = O(|z|V).

This result is considerably improved if the nonlinearities are analytic: one can find
an optimal value of N so that h®(z) is exponentially small, that is h*(z) = O(e™¢"/V5),
for values of (z,¢) in an appropriately chosen neighbourhood of the origin. In this case
(1.14), (1.15) has reversible solutions (z,w) which satisfy

[(2(6) =p*(€), wl€)] = O(e™ V%), € & [—ef/2VE, e /2VE],

A different improvement is achieved if (1.14), (1.15) has a conserved quantity which
serves as a Lyapunov functional in a suitable sense. In this setting (1.14), (1.15) has
reversible solutions which satisfy

[(2(8) = p°(&), w(€))| = O(™), EER; (1.16)

note however that p°(¢£) does not necessarily tend to zero as |{] — co. We refer to these
solutions as (generalised) pulse solutions since they track homoclinic solutions over large
intervals of values for &.

Groves & Schneider studied systems in which w has infinitely many components,
concentrating in particular on wave equations. In this thesis we show how their method
applies to general analytic, symmetrisable, quasilinear, hyperbolic systems of equations
and improve the estimate (1.16) to

|(2(8) = p°(&), w(§))| = O(e™™ V), € ER,

18



1.2 The main results

if the system is semilinear and has a Lyapunov functional. The thesis builds upon
preliminary results for quasilinear systems in the author’s BSc and MSc theses [11, 12]
and makes heavy use of the theory of analytic functions presented by Buffoni and Toland
[4, Chapter 4], to which we defer for all definitions and basic facts. Throughout the
subsequent theory we use the notation

IRz, a0y = O(laal%, - Nallk)

for a function R: X; x --- X X; — Y between Banach spaces Xi,...,X;,Y which is
analytic at the origin with a Maclaurin series whose leading-order term is homogeneous
of degree at least j1,..., 7 in respectively xy, ..., ;.

1.2 The main results

Framework

In this thesis we construct generalised pulse solutions to a class of nonlinear hyperbolic
evolutionary equations of the form

ve = A%(v)v, + B*(v) (1.17)

where v(£,7) € R" is 2m-periodic in its second argument and A and B are respectively
matrix- and vector-valued functions of (¢,v) defined in a neighbourhood of the origin in
R x R™. We refer to equation (1.17) as being quasilinear if the matrix-valued function A®
is non-constant and as being semilinear if A is a constant function, that is A*(z) = A%(0)
for each € R™. In the latter case we just write A° instead of A°(0). The hypotheses
on the functions A and B are as follows.

Assumptions 1.
(i) The matrix-valued function A: R x R™ — R™ ™ is analytic at the origin.
The function B: R x R™ — R is analytic at the origin with B*(0) = 0.
Both A and B are even functions of e.
(ii) The matrix A%(0) is strictly hyperbolic, that is it has n distinct real eigenvalues.

(iii) There exists a matrix-valued function S: R x R™ — R™ ™ such that S is analytic
at the origin and S%(z), S¢(z)A®(x) are symmetric with

lyI* S (S (@)y.y) S, yER™,
uniformly over (¢, z) in a neighbourhood of the origin in R x R™.

This assumption is not needed if A® is constant. In this case we set
Sf(z) =95°(0) =1

for notational simplicity below.
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1 Introduction

(iv) There exists a matrix 7' € R™ " such that 7% = I and
A*(Tx)T =TA(x), B (Tx)=-TB(z), S°(0)T =T50).

The existence of the matrix T' guarantees that equation (1.17) is reversible, that
is invariant under the transformation & — —¢&, v — Ruv, where the reverser R is
defined by the formula

(Rv)(1) = Tv(—7).

We begin with the change of variable u = S¢(0)2v in equation (1.17) to obtain
ue = A (u)u, + B (u),

where

A%(u) = §7(0)2 A°(S°(0)"2u)S7(0) "2, BF(u) = S7(0)2 BY(S(0) " 2u);
note that A, B satisfy Assumptions 1(i), 1(ii) and 1(iv) and A%(0) is symmetric. Define
Xt = H;er((), 2m; C")

for arbitrary ¢ > 0, so that in particular the linear operator
= A%(0)0, + 0B7[0]

lies in £(X™, X"). Note that a function u € X' admits a Fourier series expansion

u(r) = N > upme™, (1.18)

where the coefficient vectors u,, € C" satisfy the reality condition @,, = u_,, for each
m € Z if u is real-valued.

It follows from the expansion (1.18) that

(Lfu)(1) = \/%MXG:ZLE (U, ™) = \/%mzezz(lm/la )+ 9B°[0 ])umei"”

and we have that

oL = a(imfle(()) + 5’35[0]),

meZ

that is the spectrum of the operator L* is discrete. We make the following assumptions
on o(LF).

Assumptions 2.

(i) The mode m eigenvalues, that is the eigenvalues of the matrix imA®(0) 4+ 9B*[0]
are geometrically simple for each m € Z.

20



1.2 The main results

(ii) There exists w > 0 such that a non-semisimple collision takes place in modes +1
for e = 0 at +iw, that is as € | 0 two pairs of simple complex mode +1 eigenvalues
of the operator L¢ collide to form geometrically simple and algebraically double
cigenvalues #iw, i.e. a Jordan block of the matrix +iA°(0)+0B°[0] (see Figure 1.2).

(iii) All further eigenvalues of L¢ are assumed to be semisimple. Moreover we suppose
that +iw is not in resonance with any other eigenvalue of L° (that is no other
eigenvalue of L is an integer multiple of +iw).

(iv) The number —w is not an eigenvalue of the matrix A°(0).
Assumptions 1 and 2 imply the following result. The eigenvalue picture is summarised
in Figure 1.4.
Proposition 1.1.

(i) The spectrum of L¢ is symmetric with respect to the real and imaginary azes.

(ii) A reversible (iw)? resonance takes place in modes 1, that is there exist u,v € C"
with
Loue™ =iwue™, L%e™ = iwve™ + uel”

and
iT iT

L’Te™™ = —jwue™™™, L°Te™ = —iwve " +we .

(iii) There is a finite number of semisimple eigenvalues with non-zero real part and an
infinite number of semisimple, purely imaginary eigenvalues.

(iv) All eigenvalues depend analytically upon €.

Im Im

e=0 e>0

Figure 1.4: The spectrum of the linear operator L consists of two geometrically
double eigenvalues +iw which split into four geometrically simple eigenvalues for
€ > 0, a finite number of semisimple eigenvalues with non-zero real part and an
infinite number of semisimple, purely imaginary eigenvalues.

We call the semisimple analytic perturbations of the eigenvalues +iw of L° the weakly
hyperbolic eigenvalues, since they are complex for € > 0 and become purely imaginary

21



1 Introduction

for ¢ = 0. The remaining (finitely many) eigenvalues which have non-zero real part for
all € are called strongly hyperbolic eigenvalues; the (infinitely many) purely imaginary
eigenvalues are called centre eigenvalues. We denote the spectral projections onto the
corresponding weakly hyperbolic subspace, strongly hyperbolic subspace and centre sub-
space of LF by P5,, P5, and P¢ (see Section 2.1 for precise definitions). We work under
the assumption that the space P, X* is independent of € and henceforth write it as Xy,
The e-dependence of the spaces P3 X" and PSX? is removed using a Kato similarity

transformation U € L(X") which has the property that
Poy=UPy(U)™, PL=UPLU")", PE=UP(U)"

and thus maps the spaces X, = P X" and X! = POX* onto the spaces P5 X and PEX?
respectively (see Section 2.1). To simplify the notation we write Py, P. instead of P,
P? and also define Py = Py + P
Writing
z=Pou, q= (UE)_l(PsEh + Fo)u,

W

we arrive at the coupled system

ze = Linz + f1(2) + f3(2,9), (1.19)
Ge = Linoq + Panc(95(2,0)¢: ) + g5(2, q) + h¥(2), (1.20)
with
Lo = Lflan,s Ly, = (UE)_1L8U5|Xt+1 (t >0)

sh,c ah.c

and the nonlinearities

5(2,9) = f(2,9) — [7(2,0),
Jo(2,q) = Poy (A°(2 + Uq) (2 + U%q), — A°(0)2, + BF (2 + U%q) — 0B[0]2).
gi(z,q) = (U°)(A%(z + Usq) — A°(0))U",
95(2,9) = Pano(U) " ((A°(2 + Uq) — A°(2))2, + B (2 + Uq) — B*(2) — 9B°[0]Uq),
he(2) = Panc(U%) 7 (A%(2)2, + BF(2)),

which are analytic at the origin as functions Xy x &j . — Xn or Xon x XL . — Xf, .
for t > %

For & > 0 the operator L¢ has a pair of simple complex mode 1 eigenvalues i(w-+v°)+\®
with the corresponding complex conjugate mode —1 eigenvalues —i(w + v°) = A°. Here
A and v° are (real-valued) analytic functions of e. We make the following assumptions
on the qualitative behaviour of A*, v* and the form of the mode +1 eigenvectors for
e > 0.
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1.2 The main results

Assumptions 3. The functions \* and v° satisfy
N =e+0(?), v =0().

For & > 0 the vectors (u+ A°v)e'”, (u— Av)e'™ and (T+ Av)e™ 7, (u— A°D)e'" are mode
+1 eigenvectors of L¢ with corresponding eigenvalues i(w + ) £ A° and —i(w + %) £ \°,
that is

L (ue'™ 4+ Xve'™) = (i(w + v°) £ A%) (ue'™ £ Nve'™),
Lf(@e ™ £ X°0e ") = (—i(w + v°) £ \9)(Te ™ £ N\°ve 7).

It follows that the matrix of the operator L, for € > 0 with respect to the ordered
basis {ue'™, ve'”, ue ", ve "} for Xy, is given by

iwtr) 1 0 0

| ¥ (w0 0 0

wh ™ 0 0 —i(w + v7) 1
0 0 (A%)? —i(w + 17)

Working in this coordinate system by making the Ansatz
2(T) = zyue™ + zve'” + Zie T + Zyve T,
one finds that, after a near-identity change of variable and scaling, the equation

ze = Ligz + fi(2)
reduces to (1.11), (1.12).

Assumptions 4. The coefficient C' in equations (1.11), (1.12) is positive.

Results

Our main result is the following theorem, which is proved in Chapter 4 by energy
methods for symmetrisable hyperbolic equations.

Theorem 1.2. Let s > %, 0<n<1l, Z = PFPyuq and w = P.q. There exist positive

constants g9 and ¢ with the property that for each ¢ € (0,g0] equations (1.19), (1.20)

; : : e o
admit reversible solutions (Zy, , 2y ,wy ) in

C([_ec*/Qﬁ’ ec*/2\@]; Xsh) « C([_ec*/2\/Ejec*/2\/E]; th) > C([_ec*/2ﬁ7ec*/2ﬁ]; Xcs+1)7

parameterised by wo € X5 with ||Jwol| ys+2 < ge™"/2Ve and Rwy = wy, such that

1 Z300 | oot 1205 e 122,20
200 = P llo(mee 297 ot /28] 20

HU)ZJO "C([—ec*/z\/g,eﬂ*/Q\/g];Xcs"'l) < e*C*/Q\ﬁ’
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1 Introduction

where )i
ps(f, 7') =4\ (é’) Sech()\gf)ue” +c.c. + 0(53/2€*n)\5|€|),

(so that £ligtn p°(&,7) = 0 uniformly in T € R). These solutions satisfy
—+o0

1 Z50 | (oo 27 e vy S E€7PVE,

12 = P lloest 2w o ey S Vee /25,

* S —c*/2+/e
||wwo|’C([—ec*/2\/5,ec*/2\/5];)(§+1) Sele/ vE

for arbitrary but fized § € |0, i)

Corollary 1.3. For each ¢ € (0,e9] equation (1.17) admits an infinite-dimensional,
continuous family of pulse solutions satisfying

(&) =To(=€-7), (67 +2m) =v(E 1), [(ET) = p (6 T)| < e A
for all T € R and & € [—e/2VE e /2VE] (see Figure 1.5).
A global existence result can be obtained in the semilinear case, which corresponds to

g1 = 0 in equation (1.20), using semigroup methods. The result is proved in Chapter 5
under the following further assumption.

Assumptions 5. There exist s > 0 and a conserved quantity Z°(z, q) for the system
(1.19), (1.20) which is analytic at the origin in R x Xy, x &, . and satisfies the estimate

IZ5(2, )l s, = Oz, D, )-

sh,c

Furthermore,

7°(0,w) = Q(w) + O([Jwll;)
for some quadratic form @Q: X7 — R satisfying

lwllZe S 1Q(w)llar < wllZe,

where w = Pq.

Theorem 1.4. Let 0 < n <1, Z = Pyq, w = P.q and suppose that g; = 0. There exist
positive constants g9 and ¢* with the property that for each € € (0,&q] equations (1.19),

*

(1.20) admit reversible solutions (Z7, , 25, ,wy, ) in

Cb(R, Xsh) X Cb(R, th> X Cb(R, XCS),

parameterised by wy € X2 with ||wol|xs < ce™"/2VF and Rwy = wy, such that

125l oo @y |2 — PF oy Rt 10 [l sy < €7/2VE,
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1.2 The main results

where )i
ps(f, 7') =4\ (é’) Sech()\gf)ue” +c.c. + 0(53/2€*n)\5|€|),

(so that Ehgl p°(&,7) = 0 uniformly in 7 € R). These solutions satisfy
—+o0

H ZZ;O HCb(R;Xsh) S 5e_c*/2\/g7

||Z’Z}0 - pSHCb(R;th) S \/Ee_C*/Q\ﬁ’

g (et 20 et ey S €767 /2

for arbitrary but fized § € [0, 7).

Corollary 1.5. Suppose that the matriz-valued function A® in equation (1.17) is con-
stant. For each € € (0,g¢] equation (1.17) admits an infinite-dimensional, continuous
family of pulse solutions satisfying

U(gv T) = TU(_fa _7—)7 'U(fa T+ 27T) = U(ga T)? |U(§v T) - pa(g’ T)| < e—c*/2\/5

for all T € R and £ € R (see Figure 1.5).

v(£,0)

............. / - \ BN
- ]
- \ L Oe— et /2VE)

O(e®™/2V7)

Figure 1.5: A reversible generalised pulse solution v (orange) to equation (1.17)
lies in an exponentially small tubular neighbourhood of p* (blue) over an expo-
nentially long interval of values for £. In the special case that A® is constant, this
interval extends to the entire real line.

Application to Klein-Gordon equations

In Chapter 6 we apply our theory to the quasilinear Klein-Gordon equation

¢tt = ¢mc - Qb + fl(¢> ¢ta ¢x)¢a::c + f2(¢a Cbtv ¢$)7 (121)

25



1 Introduction

where f1, fo: R — R are analytic functions with f1(0) =0, f2(0) = 0, df3[0] = 0 and
fila, =b, —c) = fi(a,b,c), i=1,2.
We prove the existence of generalised breather solutions to equation (1.21) of the form
oz, t) =vi(€,7), €=z, T=V1-¢x, (1.22)

in which v; is 27-periodic in its second argument (one cannot expect the existence of
‘true’ breathers with vy (£, 7) — 0 as || — oo; it was for instance shown by Denzler [6]
and Birnir, McKean & Weinstein [2] that no perturbation of the sine-Gordon equation
up to rescalings admits true breathers).

Theorem 1.6. There exist positive constants €9 and c¢* with the property that for each
e € (0,e0] equation (1.21) admits an infinite-dimensional, continuous family of gener-
alised breather solutions of the form

o(z,t) = vy (z,wt),

parameterised by the values v1(0,0). These solutions satisfy

U1 (57 7—) = Ul(_€7 7—)7 U1 (57 T+ 27T) =u (ga T)a |U(§7 7_) - pa(€7 7—)’ < e—C*/Q\ﬁ
for all T € R and respectively € € [—e®/?VE e /2VE] and ¢ € R if additionally fi = 0,
fo(a,b,c) = fao(a). Here
2\ 1/2
po(€,T) = £2X° (C’) sech(\°€) cos(1) + O3l 0 <n <1

(so that élirin p°(&,7) = 0 uniformly in T € R).
—4o0

Theorem 1.6 is obtained by applying Theorems 1.2 and 1.4 to a suitable formulation
of the breather version of equation (1.21) as a first order system. We begin by writing
equation (1.21) as a first order system by inserting our Ansatz (1.22) and writing vy = vy
and vs3 = vy,, such that

v v v (1 —e®)vz, +v1 — falvr, V1 — %03, 09) v v
£ — U2, 26 — ) 3¢ — U2r.
¢ ¢ 1+ fi(v1, V1 — €%vs,v5) ¢

This system satisfies Assumptions 1(i), 1(iii) and 1(iv) with

10 0 1 0 0
SSwy=]01 o |, T=[0 -1 o[,
00 fi(v) 0 0 -1

and the change of variable u = S‘E(O)%U yields the system

ue = A*(u)u, + B*(u) = Lfu + N°(u), (1.23)
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1.2 The main results

where
U2

Lfu= | V1 —€c2us, +uy
V1-— €2U27-

and
0

usr + f5(S°(0) " 2u) — uy
0
In the special case fi =0, fa(a,b,c) = fa(a) it follows that

NE(U) _ fsa(ss(o)fgu);fg([))
V1—e¢

0
Ne(u) = | fa(w) |,
0
so that the function
e ol oo 15 1,
HE(u) = / {u2 + —uz — —uj — Fg(ul)} dr, (1.24)
0 2 2 2

in which F5 is an antiderivative of f5, is a conserved quantity for the system (1.23).
Calculating the mode m eigenvalues of L? yields the following results.

m = 0: The matrix B¢ [0] has, independently of €, the geometrically simple eigen-
values —1, 0 and 1.

m = #1: For ¢ = 0 the matrix +1A°(0) +dB°[0] has the algebraically triple, geomet-
rically simple eigenvalue 0. For ¢ > 0 the matrix +1A4°(0) + dB¢[0] has the geometrically
simple eigenvalues —¢, 0 and ¢.

|m| > 1: The matrix imA®(0) + dB%[0] has the geometrically simple eigenvalues
—iy/m2(1 —?) — 1, 0 and iy/m2(1 — £2) — 1.

Note that the simple zero eigenvalues in modes m € Z \ {£1} remain simple zero
eigenvalues for all values of €, and we therefore seperate them from the eigenvalues
undergoing a non-semisimple collision in modes +=1. We find that the spectral projections
Py, P5,, PS and P associated with the eigenvalues —e, 0, € in modes £1, the (finitely
many) remaining eigenvalues with non-zero real part, the purely imaginary eigenvalues
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and the remaining zero eigenvalues are given by respectively
P:X'=FE_| @ E),
1 1
§hXt=< —11,[1 >gE0,
0 0
1 1
PEXt = { i1 —e2)D? =1 fugg+ | =iy /(1 —2)D? =1 | uy,:
V1 —¢e20, V1—eg20.

Uy 1,Ur2 € Ht+1(0, 27, C)},

per
—9,
POEXt:{ 0 | us: MEHQJ(O,QW;C)}, e>0.
1

It follows from this observation, and the fact that a function u € X of the form

0
U= 1Us

0

has by definition no components in the space P5X*, that the nonlinearity N° maps
e X @ Pg X analytically into P X* @ Pg, X" for each ¢ > § and each ¢ > 0.

sh,c
In the special case f; =0, fa(a,b,c) = fa(a), where
0
N (u) = | fo(uw1)
0

we further observe that N° maps Pg X' @ Pj X" analytically into itself (in fact into
Py, X" @ Py X') for each t > 0 and each ¢ > 0. These facts allow us to study
equation (1.23) in respectively the phase space Pgy X @ Pg, X for fixed s > % and the
phase space P2, X% @ Ssh@?(o in the special case.

We proceed by writing z = Pgu and ¢ = (U®)"'Pj .u in the usual fashion (see
above). Equation (1.23) is however still not of the required form due to the presence
of an additional zero eigenvalue in modes 1. We therefore obtain a six-dimensional
rather than a four-dimensional weakly hyperbolic subspace X,;,. Because of the special
structure of the nonlinearity the equations for the components z; and z3 are in fact

21 =V 1-—- 8222,
3¢ = (1 —V1- €2>ZQ.
The quantity
_ /1= 2
c () = 2 — 1-vi-é&
V1—¢g?

21
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1.3 Methodology

is therefore conserved, so that we can study equation (1.23) in the invariant subspace
{5, (2) = 0}. After ‘replacing’ the weakly hyperbolic component of (1.23) with

2 = Linz + Now(2,9),
identifying Xy, N {I5,(2) = 0} with C* and introducing the further scaled variables
2= mél, 29 = Zo we arrive at the system
%= L2+ 5%, 9), (1.25)
Ge = Lioq + Panc(95(2,0)¢) + 652, q) + h° (%), (1.26)

which satisfies the hypotheses of Theorem 1.2 (Assumptions 1-4).
Finally, recall that
] 2wl , 1., 1
HE(u) = /0 {2143 + §u§ - iuf - Fz(ul)} dr
is a conserved quantity for the system (1.23) in the special case f; = 0, fa(a, b, c) = fa(a).

The formula
T*(,q) = H:(= + U%q)

thus defines a conserved quantity for the system (1.25), (1.26) in Xy, x X3, .. Clearly
7(2.0)| = Ol (2. )3y,

(0,2m;C) x L?_(0,2m;C) x L?_(0,2m;C), so that

per per

and taking w € X C H!

per

1 1
w(r) = Z W1 | —1vVm? — 1 elmT 4 Wpo [ 1vVM? —1 e
meZ\{-1,0,1} im im

we find by a direct computation that
I°(0,w) = Q(w) + O([|wl|xe)

and

lwlize S Q(w) < llwllxe-

The remaining hypothesis of Theorem 1.4 (Assumptions 5) is therefore satistied.

1.3 Methodology

Normal-form-theory

In Chapter 3 we adapt the normal-form theory given by Groves & Schneider [10] on
the basis of the earlier work by Iooss & Lombardi [14] to construct a sequence of near-
identity changes of variable which systematically remove the k-th order terms of the
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Maclaurin expansion of h®(z) for k € {1,...,p} while preserving the overall structure
of the system. In general it is not possible to remove h°(z) completely but we can at
least make an optimal choice of p so that the remaining terms are exponentially small
in comparison to ¢ in a suitable neighbourhood of the origin.

A central requirement of the normal-form theory is that the parameter-independent
part in the dynamical system (1.19) for z should be diagonalisable. Since (the matrix
of) LY, on the right-hand side of equation (1.19) is evidently not diagonalisable, we use
a change of parameter to ‘replace’ it by a diagonalisable matrix. We introduce a new
parameter p by writing € = p? and use the scaled variables

7= ()\“)7521, 2y = (M)%Zm ¢ =), (1.27)

where we have abused the notation to abbreviate A* = A°|._,2 and v* = v*|._,2. Omit-
ting the primes for notational simplicity, equations (1.19), (1.20) are transformed into

2= Lz + f1(2) + fi(20), (1.28)
ge = Ly oq + Panc(31(2,0)ar) + 35 (2,9) + 1 (2), (1.29)
where we have (with a further abuse of notation) abbreviated Lg, .|.—,2 to LY, . and
i(w+vH) AH 0 0
o A i(w+vH) 0 0
wh 0 0 —i(w + v*) AP ’
0 0 AP —i(w + v#)

the nonlinearities f*, f4, g%, &, h*(z) are obtained by applying the scaling (1.27) to
fe, £, 5, 35, h(2) in the obvious way. We use the analogous abbreviations L, and L
for respectively Lg, |.—,2 and L¢|._,2. The result of the theory in Chapter 3 is summarised
in the following theorem.

Theorem 1.7. There exist a constant ¢* > 0 and a near-identity, finite-dimensional
change of coordinates of the form q — q+ ®"(z), where ® is a polynomial of degree p in
(u, z) with only finitely many nonvanishing Fourier components, which transforms the
coupled system (1.28), (1.29) into

ze = Lhz + f(2) + 3 (2, 9), (1.30)
e = Dot + Pano(§05,0)0r) + 852, 0) + F(2), (131

and preserves the reversibility. The transformed nonlinearities ff, fzu and g\ satisfy the
estimates

f1(2)] = O(|=)
with 3 5
|f(2) = f(2)] = O(|2P| (2, w)]),
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and

/5 (z,0)| = Ol (=, 1) Pllallx, ),

197 (2, D, . = Oull(z, D), )

while

18 Dl = Owlzllallas, + w?lalys, +nllal, -+ 1=Pllall,)

fort > 3. Here
P5"(2,0)2,) = Py (2. 2) = 0,

in which Z = Pyq and gg"‘*l(z, q) denotes the term in the Maclaurin expansion of §5(z, q)
which is homogeneous of degree k, j and | in respectively €, z and q. Furthermore there
exists a constant p* such that

7 g, S w2 AR e, S e

sh,c

for (z, 1) € Bs(0) C C° whenever op < p*.

Examining the equation
7 = Lz + /1(2)

yields homoclinic solutions p** (we henceforth write p* to denote either of these so-
lutions) which can be used in a perturbation argument as approximations to genuine
pulse solutions. Note that the normal-form transformations do not affect the leading-
order terms in the scaled system (1.28), (1.29), so that the leading-order term in the
asymptotic formula for p# is also unaffected.

FExistence theory

In Chapter 4 we prove the existence result in Theorem 1.2: we construct reversible
solutions to the transformed equations (1.30), (1.31) whose pointwise distance to the
approximate pulse p* does not exceed e~¢"/?* for ¢ € [—e¢"/% /2] (see Figure 1.6).
To this end we write z as a perturbation z = p* + r of p* in equation (1.30) and sepa-
rate equation (1.31) into its finite-dimensional strongly hyperbolic part and its infinite-
dimensional centre part by writing Z = Py,q, w = P.q. We thus obtain

Ze =LEZ + G (Z, z,w) + GY(2), (1.32)
re = Lz + L7 + fi(r) + f1(Z, 7, w), (1.33)
we = Liw + Pe(31(Z, 2, ww, ) + 35(Z, 2,w) + W'(2), (1.34)
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where

GY(Z,2,w) = Pun(51(2, Z + w)(Z + w), + g2, Z + w)),
G4(2) = Pauh(2),
L = dff‘[ “],

iz, w) = fz‘”(p" +1rZ+ w>,

(2, 2,w) = G2, Z + w),

(2, 2,w) = Po(gh(2, Z + w) + §l(Z, 2,0) Z, )
h(z) = P.h*(2).

_ect /21

Figure 1.6: A generalised pulse solution to equations (1.30), (1.31) lies in an

exponentially thin tubular neighbourhood of (p#,0) on the exponentially large
interval [—e®" /21 e¢"/21],

The proof of Theorem 1.2 is based upon the following iteration scheme for equations
(1.32)—(1.34). Suppose that Z(y, r@) and w

are appropriately chosen initial values
(see below) and let

3

Z(j+1)(§) :/

—e—c*/2p

eC */2u

_ / 0 Py (G (Z), P + Eanriys Eewy)) (1) + G (Ewnr()(#)) dt,

oD Py (G Zigy, 0 + Ewnry Ecwp) (1) + G () (1)) dt

2

@ = ([ (000 + 7 Zgy i, w0)0), 550 de) 510

i
=1

([Tt + £(Zy w0 (0), U7 ) dt)U3(6),

(]
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1.3 Methodology

and w(j;1) be the unique solution of the initial value problem

Dew(j1) = Liwg) + Pe(G1(Z0), 0" + 1) w) ) Drtwgam) ) + pb(p" + 1), w()
+ 95 (Zg), P + 14y, wiy) + P (),
w(;+1)(0) = w(o)(0)

for fixed 7 € Ny (see below). Here Py and Py, denote the projections onto the stable
subspace of LY, spanned by the eigenvectors of L whose corresponding eigenvalues have
negative real part, and the unstable subspace of LY, spanned by the eigenvectors of Lf,
whose corresponding eigenvalues have positive real part. The mappings &, and &, are
the extensions by reversibility defined by

T(§)7 5 2 07
WhT(_£>7 6 <0,

A solution 7(§) to equation (1.33) which is defined for £ > 0 and satisfies Ry,7(0) = r(0)
automatically gives rise to a reversible solution () to equation (1.33) due to extension
by reversibility. The reversibility of a solution Z to equation (1.32) defined for £ € R is
verified a posteriori by observing that Ry, Z(—¢) solves equation (1.32) whenever Z(§) is
a solution and using uniqueness. We thus obtain a reversible solution to equation (1.32).
Finally {S}, S4, U}, U5} is a fundamental solution set consisting of two anti-reversible
solutions St', S4 and two reversible solutions Ut', US' for the linearised equation

w(§)7 f 2 0’

(Ear)(e) = {R Row(—€), € <0.

(Eew)(§) = {

re = Liy 2+ Lhr
for r (see Lemma 2.19 for the precise construction).

We establish that the iteration scheme has a unique limit (Z*,r*, w*) in

{(Z, r,w) € C([—ec*/Z”,ec*/Q“]; Xsh) X C([O,ec*/Q“]; th) X C([O,ec*/z“]; Xj“):

1Z et 2 e 2y I o eet 20y 0y N0l oo ety < €772,

Ry (0) = 7(0), Rew(0) = w(0)}
provided that the initial values lie in the set

loc s Do s g

& = {(25,(0), 75, (0), 1w, (0)) £ wo € X2, Rewy = wo, [Jeollore < e/

which we refer to as a local centre-stable manifold W, for equations (1.32)—(1.34); here
we make use of familiar dynamical systems terminology regarding invariant manifolds
(see Kelley [16]). An exponentially small solution to the reformulated system (1.32)—
(1.34) corresponds to a solution of equations (1.30), (1.31) which is exponentially close

to p* (see above).

The above definition of the iterate w41y requires the solvability of an associated
linear Cauchy problem. The relevant theory is given in Section 4.1 and uses meth-
ods for symmetrisable hyperbolic systems as presented by Benzoni-Gavage & Serre
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[1, Chapter 2|, who consider the class of equations
Oeu + A€, 7)dru = B(E, T)u+ (£, 7)

with coefficients A and B which depend smoothly on £ and 7. It is necessary to extend
their methods by treating coefficients with values in finite-order Sobolev spaces and
replacing the function B by a general linear operator acting on the function u. In order
to prove the convergence of the sequence {w(;}jen We use the method given by Benzoni-
Gavage & Serre [1, Chapter 10] and construct a priori energy estimates, the proof of
which requires the symmetrisation of the matrix-valued function ¢} via multiplication
by the matrix S*(z + Z + w)|.—,2 (see Assumptions 1(iii)). This symmetrisation clearly
changes the spectrum of the operator L# on the right-hand side of equation (1.34), the
structure of which determines the basis for the space X! (see above). The symmetrisation
of the linear part is therefore carried out as a preliminary step (see the change of variable
below Assumptions 1); a further near-identity symmetrisation for the nonlinear part
yields the desired a priori energy estimates.

A major difficulty in obtaining the necessary estimates for w;) lies in the presence
of quadratic terms in our nonlinearities. Specifically, one arrives at the differential
inequality

—c* 2 _c* —c* _ 2
Oellwipy ()P S ple™ /M 4 pPe™ e/ [l (€] 4 pale™ /4 e ™) [l ()|
(1.35)

for |w(;)(£)]|, and it is necessary to deduce that
lwg (€I < e /2, & e [0,e /).

The required estimate for [Jw;(£)]| follows from inequality (1.35) by a two-step estima-
tion technique devised by Groves and Schneider [10, §5]. In the first step we define £*
so that e # " = 1<, where « is an appropriately chosen positive constant; a straight-
forward application of Gronwall’s inequality shows that ||w(&)|*> < ullog ple=<"/# for
¢ € [0,&*] whenever |w;)(0)]] < pe=/?. In the second step we integrate (1.35) over
[0,e“"/2#] and split the range of integration into [0, £*] and [¢*,e®"/2#]. Satisfactory esti-
mates for the integrals over [¢*, e¢"/?#] are obtained by an optimal choice of  (and hence
€*), while the integrals over [0,£*] are handled using the result from the first step; the
final result is that ||wg(€)| < cu/?|log ple=¢"/2# for £ € [0, /).

Ezistence theory for the semilinear problem

In Chapter 5 we prove the global existence result in Theorem 1.4. We separate
equation (1.31) into its finite-dimensional strongly hyperbolic part and its infinite-
dimensional (semilinear) centre part by writing Z = Py,q, w = P.q to obtain

Ze = LG Z + GY(Z, z,w) + G4 (2), (1.36)
2= Lz + fl'(2) + (2, 2, w), (1.37)
we = LFw + §*(Z, z,w) + h*(2), (1.38)
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where
GY(Z, z,w) = Pangy (2, Z + w)
GY(2) = Pal*(2)
fil(z) = fi(2),
fﬁ‘(Z,z,w) = ZL(Z,Z—FU)),
3"(Z, z,w) = P.gy (2, Z + w),
. ) -

(recall that §; = 0 in equation (1.31) in the semilinear case). The proof of Theorem 1.4
has three main steps which are summarised in Theorems 1.8, 1.9 and 1.11.

We begin by writing z as a perturbation p* +r of p* and introduce an artificial bound
on the infinite-dimensional w-component of the system by applying a cut-off function
¢: X5 — X2 defined as ¢(w) = (e /?*||w]||,)w, in which ¢ € C=(R) satisfies

(o) = {1, 2] <1,

0, |z|>2,

and [y ()] < 2! for all z € R, I € Ny, to the w-component of the nonlinearities. The
modification via the cut-off function ¢ enables us to control the linear growth of the
centre part w on the entire real line in the estimates below (see inequality (5.33)). The
resulting system reads

Ze = LG Z + GHZ, p" 4 7, p(w)) + G (1), (1.39)
re = Ly + L + f5(r) + f1(Z, 7, ¢(w)), (1.40)
= Lrw + §M(Z, p" + 7, ¢(w)) + W (r), (1.41)
where
£ = dffp"],
oy = fl +r) = f @) — df e,
i Z,rw) = fY(ph + 1, Z +w).

Using semigroup methods we construct solutions to the modified equations (1.39)—(1.41)
which exist globally and are exponentially close to (0,p*,0) on the exponentially large
interval [—e¢"/2# /2] where they in particular solve equations (1.36)—(1.38) (cf. Fig-
ure 1.6). The result is summarised in the following theorem.

Theorem 1.8. Equations (1.39)—(1.41) admit reversible solutions (Z7% ,rk jwk ) in

wo? w07 wo

Cb (R, Xsh) X Ob(R; th) X On)\u (R, Xj),

35



1 Introduction

parameterised by wy € X2 with ||wo||s < pe™/?*, Rawy = wy, such that

1Z3s cu s> 1770 lCu(itan s 10l iy < €772

and

HwZ)o"C’([fec*/%,ec*/“];./\’cs) < eic*/Q#'

The solutions (Z;;, , 7}, ,wy, ) obtained by Theorem 1.8 are parameterised by the initial

values wy. We therefore define

S {(ZZ,O(O) 7”* (0) w* (O)) Wy € .)C‘(f, Rcwo = W, HwOHS S ,ue_c*/zﬂ}

loc s D s g

and refer to W&, as a local centre-stable manifold for reversible solutions to equations

(1.39)~(1.41) at £ = 0. Solutions (Z}, , 5, wy, ) to equations (1.39)-(1.41) whose initial

wo? T wo? W
values lie on W&, have exponentially small hyperbolic part (see Figure 1.7).

(Z,2)

Figure 1.7: The hyperbolic part (Z*,7*) of solutions to equations (1.39)—(1.41)
with initial values on W, satisfies ||(Z*(€),7*(€)) || x, xa,, < e~/ forall € € R.

loc

The proof of Theorem 1.4 is completed by showing that in fact
Hw’fvg ||Cb(R;XCS) S e_C*/Q,Uf7

from which it follows that W& is actually a global centre-stable manifold, meaning that
its elements are initial values of generalised pulse solutions which exist on the entire real

line. We use the following steps.

In Section 5.2 we consider the modified equations

Ze = LG Z + G (Z, z,p(w)) + G5 (=), (1.42)
ze = Lz + fll(r) + f4(Z, 2, 6(w)), (1.43)
we = Liw + §"(Z, 2, p(w)) + h¥(2), (1.44)

which are obtained from the original equations (1.36)—(1.38) by applying the cut-off
function ¢ (see above) to the w-component of the nonlinearities. Note that solutions
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1.3 Methodology

(Z,z,w) to equations (1.42)—(1.44) with [[w(€)xs < e /% for all ¢ € R correspond to
solutions (Z, z,w) of equations (1.36)—(1.38), where the cut-off function is not used. The
construction of a suitable centre manifold for equations (1.42)—(1.44) below requires the
existence of solutions with exponentially small hyperbolic part.

Theorem 1.9. For each wy € X? equations (1.42)—(1.44) admit a unique solution

(722, 20 wh) € Cu(R; Xay) X Cp(R; Xyn) X Cope (R; X2)

satisfying

| Zoe o s s 120 o Rstin) < oct /2

In the context of Theorem 1.9 we define the mapping

Ur X = Xy X X, W(wo) = (Z55(0), 252(0))

?» ~wo

and observe that any solution
(Z, Z, w) < Cb(R, Xsh) X Cb<]R, th) X C(R, XCS)
of equations (1.42)—(1.44) with

12l cosn) s 12l oy i) < €772

lies in
Ch(R; X)) X Cp(R; Xyn) x Copn (R; XF)

(see the explanation below Theorem 5.8). Theorem 1.9 therefore implies that
(Z(0),2(0)) = ¥(w(0)) and we refer to the set

We = {(Z5:(0), 2(0), wis (0)) : wo € X7 = { (¥ (wo), wo): wo € X7}

as a centre manifold for reversible solutions to equations (1.42)—(1.44) at £ = 0. Due to
the autonomy of equations (1.42)—(1.44) the manifold W€ is an invariant manifold, that
is (Z(€), z(€),w(&)) € W* and in particular

1Z ()], |2(&)] < e/

for all £ € R whenever (Z(&), 2(&), w(&)) € W€ for some &, € R. This global invariance
is not inherited by the local centre manifold

I/I/vl(c:)c = {(Z7Z’w) € X (Z’ Z) = \I/(w)7 w e Xcsa ||w||5 < e_c*/Qu} cwe

consisting of those points on W¢ which have exponentially small centre part. However
we observe that each solution (Z, z,w) to (1.36)—(1.38)
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(i) with
1Zlley @ 12 lon@ian s lwllo, @ < e/
satisfies (Z(€), z(§),w(§)) € W, for all £ € R,

(ii) with (Z(&),2(&0), w(&o)) € W, for some &, € R remains on W, as long as

1Z(E)1, [2(E)]; [[w(©)]

e /2,

xs <

Using a suitable estimate for the function ¥ and applying the estimate for the Lyapunov
functional Z#(Z, z,w) = Z°(z, Z+w)|.—,2 (see Assumptions 5) we conclude the following
invariance result for Wy ..

Lemma 1.10. Suppose that
(Z,z,w) € Cp(R; Xg) X Cp(R; Xyp) X Coppn (R; X))
is a solution of equations (1.42)—(1.44) and (Z (&), z(&o), w(&)) € W€ with
[w(&)lls < ge 7/
(so that (Z(&o), 2(0), w(&o)) € Wi,). It follows that
(@l < fem/2

(and therefore (Z(£), z(§),w(§)) € WE.) for all & > &.

The final step in the proof of Theorem 1.4 is to use the results in Lemma 1.10
to establish that a solution (Z* p* + 7, w*) to equations (1.36)—(1.38) with
(Z*(0),7*(0), w*(0)) € W&, converges exponentially fast to a solution (Z, z,w) to equa-

Aax gy < €72

tions (1.42)—(1.44) with (Z(&), z(£),w(§)) € W€ (that is || (Z(£), 2(€))
for all £ € R (see Figure 1.8).

Theorem 1.11. Let 0 < n < 1 and suppose that (Z7 .7 ,wk ) is a solution of the mod-

wo? T wo? wo

ified equations (1.39)—(1.41). It follows that (Z;, ,p" + 17, ,w}, ) converges exponentially

wo

to a solution (Z,z,w) of equations (1.42)—~(1.44) on W€, that is

lim e™"¢[(Z3, (), P(€) + 17, (&), i (€)) — (Z(8), 2(8), w(&))lls = 0.

E—o0

In particular there exists £ = £*(u) € (0,e /%] such that

sup lwy, (§) — w()|ls S pe™
£€[€r,00)
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1.3 Methodology

e—c"/2n

&* eC*I/Q” 13

Figure 1.8: A solution (Z; ,p" + 13, , wy,,) with initial values on W, converges

exponentially fast to a solution (Z, z, w) on W°. Observe that (Z7, ,p" —|—rw0, wy,, )
is (i) exponentially small, (ii) exponentially close to (Z, z,w) on [£*,e¢"/?#*). The
(exponential) convergence of (Z3 ,p* + 1y, ,wy,) to (Z,z,w) and the fact that
(Z, z,w) remains on Wy with for all { > £* imply that (Z7, ,p" + 7}

remains exponentially small for all £ > £*.

we? ’wo)

Since by construction [[ws, (€%)||xe < ple /2, it follows that [[w(€*)]|xs < Le=¢/24,
and since (Z(&*), (&%), w(¢*)) € We we conclude that (Z(&), z(£),w(§)) € WIOC for all
§ > & (see Lemma 1.10). This observation finally implies that ¢(w}, (£)) = wj, (§) for
all £ > &*, that is

Hw;}o ”Cb(R;XCS) é e_c*/QN‘

The statement in Theorem 1.4 is now obtained by using the rescaling u = /.

The theory in Chapter 5 actually applies to more general systems of the form
(1.36)—(1.38) in which the spectral hypotheses are replaced by the statements in Propo-
sition 1.1 (the specific structure (1.17) is not required). We can also incorporate the
case where the underlying strongly hyperbolic subspace Xy, is infinite-dimensional (and
thus written as X)) under two additional hypotheses.

The identity
P.gti(2,2) =0

for the transformed nonlinearity g (recall that g; = 0 and we write g» as ¢ in the semi-
linear case) given by Theorem 1.7 guarantees the absence of quadratic terms with an
insufficient power of p in the estimates for our existence theory. As A is infinite-
dimensional this criterion cannot be achieved via a finite-dimensional change of coordi-
nates. It is thus necessary to work on the assumption that there exists an additional
infinite-dimensional, reversibility preserving change of coordinates which removes these
problematic terms.

We also implicitly use the fact that the ordinary differential equation
Ze= L4274+ GMZT, 21 wh), (1.45)
where G*: X° — X is defined by
GMZ, z,w) = GY(Z, z,w) + G4 (2)
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(see equation (1.36)), is solvable for all (ZT, 21 w'): R — X* This requirement is
an additional assumption when X7 is infinite-dimensional: we suppose that for each
(Z1, 27, wh) € Cp(R; X?) equation (1.45) has a unique solution

Kz, 21 wh) € CHR; &) N Ch(R; X5
satisfying
||]CH(ZJI7 ZT>wT)||Cé(R;X:h) + ||ICH(ZT7 ZvaT>‘|Cb(R;X§h) 5 ||(ZT7ZT7wT)||Cb(R%XS)

uniformly over (sufficiently small values of) pu.

Remark 1.12. The above methods have been used in a similar fashion by Hewer
[13, Chapter 5] for quasilinear problems with finitely many centre and infinitely many
strongly hyperbolic eigenvalues.

1.4 Function spaces

We complete the introduction with a glossary of the function spaces used throughout
this thesis.

Spaces of continuous functions

Definition 1.13. Suppose that X is a complex Banach space, I an interval, k € Ny and
0 e R.

(i) We denote by Cf(I; X) the Banach space of all k-times continuously differentiable,
bounded functions I — X and equip it with the norm

k
£l iy = sup D 1FDE)x
gel j=o

In the case k = 0 we just write Cy,(I; X). If I is a compact interval we drop the
subscript b and write C¥(I; X). If X = R we abbreviate the space Cy,(I; X) to
CE(I). As usual we define

C(I; X) = ﬁ CH(I; X).

k=0

(ii) We denote by
Cy(I; X) = {f € C*(I; X): [|fllro < oo},

where

k
1 flleo = sup Y e ¥ FO) (&),

g€l j—=0
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1.4 Function spaces

(iif)

the Banach space of all k-times continuously differentiable, exponentially weighted
functions with weight e, Moreover, we define the subspaces

Ch (LX) ={f € CHI; X): (=€) = f(&), £ T}

and

Coo(l: X) ={f € Cg(I): f(=€) = —f(€). E€I}.
In the case k = 0 we just write Cy(I; X), Cyo(I; X) and Cpo(I; X). If X =R
we abbreviate the spaces Cf(I; X), C§.(I; X), Cf(I; X) to respectively Cg([),
Cie(I), Chol).
We denote by C%_([0,27]; X) the Banach space of k-times continuously differen-

per
tiable, 2m-periodic functions R — X and equip it with the norm

[ flleg.o.2m:x Z sup || f9(7)]|x

=0 T€[0,27]

In the case k = 0 we just write Cpe ([0, 27]; X). As usual we define

C ([0, 27]; X ﬂ Ck,.([0,2x]; X).

per

Lebesgue LP-spaces

Definition 1.14. Suppose that X is a complex Banach space, I an interval and p > 1.

(i)

(i)

We denote by
(LX) ={f:T— X:|f|lr < 0},

191 = [ U@ ac)”

the Banach space of (equivalence classes of) p-integrable functions I — X. Sim-
ilarly, we denote the space of all 2r-periodic functions R — X which belong to
LP(0,2m; X) by LP (0,27 X); it is a Banach space with respect to the
LP(0,27; X )-norm.

We denote by

where

per(

L¥(LX)={f: 1 — X:||f|lr=~ < o0},

where

£ ]| oo = ess sup [ £(£)],
gel

the Banach space of (equivalence classes of) essentially bounded functions
I — X. Similarly, we denote the space of all 2r-periodic functions R — X which
belong to L>°(0,27m; X) by L2 (0,27; X); it is a Banach space with respect to the
L>(0,2m; X )-norm.

per(
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Remark 1.15. The space Lger(O,Qﬂ;C) is a Hilbert space with respect to the inner
product

(u,v)rz, = /027r u(T)v(r) dr.

The Fourier series expansion

1 X 2T .
u(1) = —== Um€™, Uy = —F— u(r)e ™" dr,
(M=7= X2 0=/ u)
of a function u € L?_ (0, 2m; C) satisfies

per
lullZz, = > lunl®

per
meZ

(Parseval’s identity).

Sobolev spaces of periodic functions

We consider Sobolev spaces of periodic functions in one variable and briefly summarise
some useful results concerning their norms and topologies (see Kress [18, Chapter 8]).

Definition 1.16. Let ¢ € R. We denote by

. (0,275 C) = {u € L2,(0,2m: ) [lull? < oc},

per per

where

1 .
2 2\t 2 imt
ul|; = 1+ m)un|”, ulr)=—= Ume ",
el mZEZ( )t (7) mZ
the Sobolev space of order ¢ of 2m-periodic functions. The (real) subspace of real-
valued functions in H!_ (0,2m; C) consists of the functions u which additionally satisfy
the reality condition uw_,, = 7, for each m € Z. In the case t = 0 we note that
H® (0,2m;C) = L?,,(0,2m; C).

per per

Proposition 1.17.
(i) The space H! .(0,2m; C) is a Banach algebra fort > 3.

per

(ii) Let t € R. The space H] (0,27;C) is a Hilbert space with respect to the inner
product

(u,v)e = Y (1 +m*) .

meZ
Its dual space is identified with H % (0,2m; C) by the duality pairing

per

1 27
(0, gy, g, = 5= [ w(T)o(F) .

per»
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Remark 1.18. For ¢t € Ny the space H! (0,27;C) coincides with the completion of

per

C> ([0, 27]; C) with respect to the norm

per
: :
Jull = (32 I9%uli)"

k=0

This observation shows in particular that 0, is a bounded linear operator
H!,.(0,2m;C) — H! 1(0,27;C) for t € N.

per per

Definition 1.19. Let ¢t € R and n € N. The space H}.(0,2m; C") is defined by compo-
nentwise extension of the above definitions .

The following technical result involving both classical and Sobolev spaces is used in
Section 4.1.

Proposition 1.20. Suppose that u € C’“([O,T] H! (0,271';@)) is given by

per

u(&, T) \/ﬁ Z Um (& ””T.

meEZ

It follows that u,, € C*([0,T];C) and 8éu € Ck_l([O T); HE (0, 27r;(C)) with

per

8éu 67 Z 1mT

mEZ

foreachl=1,... k.

Proof. Note that the functions w,,: [0,7] — C are given by
]_ 27 X .
- —1mT . 1m()
un(€) = = [ (P dr = (u@),"0)

The continuity of the inner product on the right-hand side implies that we can inter-

change limits with respect to £ and the integration with respect to 7. In particular we
have that u,, € C*([0,T];C) with

u,(§) \/_/ Oeu(é,T)e™™ dr = <8§u(§),eim(')>L2 :

per

On the other hand, since dzu € C’([O T); H:..(0, 27; C)) we have that

per

85u(§, \/— Z Um lmT:

MEZ

where v,,: [0,T] — C is given by

1 2T X .
o) = = [ Beul& e dr = (Bpu(e).¢0) =€)
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It follows that

1
Oeu(€, ) ul (€)e™T
cu(é, NoT ngz ™
and thus inductively
1 l) lm’T
0£u(§, up (& l=1,... k.
meZ

Definition 1.21. Suppose that X is a complex Banach space, I an interval and ¢ € Nj.
The space H'(I; X) is the completion of C*°(I; X) with respect to the norm

Jallrcrx) = ( ), o)
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2 Mathematical formulation

We consider the equation
ve = A%(v)v; + B*(v), (2.1)

where v(§,7) € R" is 2m-periodic in its second argument and A, B are respectively
matrix- and vector-valued functions of (¢,v) defined in a neighbourhood of the origin in
R x R™. We refer to equation (2.1) as semilinear if A°(x) is a constant function of x,
that is A°(z) = A%(0), and quasilinear otherwise. The hypotheses on the functions A
and B are as follows.

Assumptions 1.
(i) The matrix-valued function A: R x R” — R™" is analytic at the origin.
The function B: R x R™ — R" is analytic at the origin with B¢(0) = 0.
Both A and B are even functions of ¢.
(ii) The matrix A%(0) is strictly hyperbolic, that is it has n distinct real eigenvalues.
(iii) There exists a matrix-valued function S: R x R™ — R"*" such that S is analytic

at the origin and S¢(x), S¢(z)A®(z) are symmetric with

yl* S (S°(@)y. ) Sy, v eR,
uniformly over (g, x) in a neighbourhood of the origin in R x R™.

This assumption is not needed if A® is constant. In this case we set
Sf(x) = 5°(0) =1
for notational simplicity below.
(iv) There exists a matrix 7' € R™" such that 7% = I and
A (Tx)T =TA(z), B (Tx)=-TB(z), S°(0)T =T5%0).

The existence of the matrix 7' guarantees that equation (2.1) is reversible, that
is invariant under the transformation & — —¢&, v — Ruv, where the reverser R is
defined by the formula

(Rv)(1) = Tv(—T).
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A standard approach to find solutions to the quasilinear system (2.1) is the construc-
tion of a priori energy estimates, the proof of which requires the symmetrisation of the
matrix A°(v) via multiplication by the matrix S¢(v) (see Benzoni-Gavage & Serre [1,
Chapter 10]). The symmetrisation clearly changes the spectrum of the linearisation of
the right-hand side of equation (2.1), the structure of which plays an important role in
our analysis. We therefore symmetrise the linear part of the equation as a preliminary
step and later use a further near-identity symmetrisation.

We use the change of variable u = 5%(0)2v in equation (2.1) and write the transformed
equation in terms of its linear and nonlinear parts as

ue = L*u+ N°(u) (2.2)

with ) . ) )
Lfu = 5%(0)2 A%(0)S°(0) " 2u, + S°(0)20B°[0]5°(0) 2w

and
N#(u) = S5%(0)2 (A°(S7(0)"2u) — A%(0))S°(0) 2u,
+S%(0)2 (B(S°(0)~u) — OBF[0]S°(0) 2u),
where 0B¢[-] denotes the partial derivative of B with respect to u. For notational
simplicity we define
A(u) = S5(0) 2 A°(S°(0) 2u)S°(0) %, B¥(u) = ST(0) B (S°(0) Pw)  (23)
so that

Lfu = A%(0)u, + 0B°[0]u.

Remark 2.1.

(i) Due to Assumptions 1(ii) the matrix A°(0) = SE(O)%AE(O)ge(O)_% is strictly
hyperbolic since it is similar to the matrix A(0). Moreover A%(0) is symmetric
since S(0)A%(0), S¢(0)~2 are symmetric and

A%(0) = 5°(0)2 4%(0)5°(0) "% = 55(0)~2.5°(0) A°(0)S°(0) .
(ii) Since the matrices T and S°(0) commute, the transformed functions A and B
satisfy ) . . )
A*(Tx)T =TA*(z), B (Tx)=-TB(z).
We now specify the relevant function spaces for the system (2.2). Define

X' = H!,.(0,2m;C")

per

46



2.1 Spectral analysis

for arbitrary ¢ > 0, so that in particular L¢ € L(X'™! X"). Note that a function u € X*
admits a Fourier series expansion

u(r) = —= > upe™, (2.4)

where the coefficient vectors u,, € C" satisfy the reality condition @,, = u_,, for each
m € Z if u is real-valued. We therefore have that

Xt = @Em,

me”Z

where .
E, ={ue™:ueC"}, melZ.

For later use, we also define P,: X' — X!, k € Z, to be the natural projection onto the
subspace Fj, that is

1 .
P( mlmT):
NV 2 tme Nora

MEZ

We study the nonlinear system (2.2) in the real subspace of real-valued functions in the

Banach algebra X for a fixed integer s > %, so that the domain of the vector field on

its right-hand side is a neighbourhood of the origin in the real subspace of real-valued
functions in X**!,

2.1 Spectral analysis

Spectrum of the linearised system

We first examine the spectrum of the linear operator L® on the right-hand side of
equation (2.2). It follows from the expansion (2.4) that

(L2u)(7) = le_ﬂ 3 L (™) = \/12_7r S (imA=(0) + B0 upe™™,

MmEZ meZ

and we have that
o(L%) = |J o(imA®(0) + 9B7[0]),
meZ
that is the spectrum of the operator L¢ is discrete. We refer to (A, u) € C x C" as a
mode m eigenpair of LF if
LFue™ = \ue™7,

so that (\,u) is an eigenpair of the matrix imA(0) + 0B%[0]. We make the following
assumptions concerning the mode m eigenvalues.
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Assumptions 2.

(i) The mode m eigenvalues, that is the eigenvalues of the matrix imA¢(0) + 0.B%[0],

are geometrically simple for each m € Z.

(ii) There exists w > 0 such that a non-semisimple collision takes place in modes %1
for e = 0 at +iw, that is as € | 0 two pairs of simple complex mode £1 eigenvalues
of the operator L° collide to form geometrically simple and algebraically double
eigenvalues +iw, i.e. a Jordan block of the matrix +iA°(0)+0B°[0] (see Figure 2.1).

(iii) All further eigenvalues of L¢ are assumed to be semisimple. Moreover we suppose
that +iw is not in resonance with any other eigenvalue of L° (that is no other

eigenvalue of LY is an integer multiple of Fiw).

(iv) The number —w is not an eigenvalue of the matrix A°(0).

Im Im

e=0 e>0

2

Figure 2.1: A reversible (iw)* resonance takes place in modes +1 at ¢ = 0.

Differentiating the identity

B#(Tu) = —TB*(u)

with respect to u at 0 yields ) 3
0B*[0]T = —T0B*[0]

so that
(imA®(0) + 0B°[0])T = —T(—imA®(0) + 0.B°[0]).

For a mode m eigenpair (A, u) we thus find that
LaueimT — )\ueimT, Leﬂe—im’r _ Xﬂe—im’w—7

LfTue ™™ = —\Tue ™",  L°Twe™ = —\Tae™".

In fact, if (\,u) is a mode m eigenpair then (—\,T7) is a mode m eigenpair and
(A1), (=X, Tu) are mode —m eigenpairs, so that the spectrum of Lf is symmetric
with respect to the real and imaginary axes as shown in Figure 2.2. Special cases arise
when A is real or purely imaginary. If A = iv for some v € R then iv is a mode m eigen-
value, —iv is a mode —m eigenvalue and +iv are geometrically simple eigenvalues of L°.

48



2.1 Spectral analysis

If X\ is real then A and —\ are both mode m and mode —m eigenvalues and therefore
geometrically double eigenvalues of L if m # 0 and geometrically simple eigenvalues of
Lf it m=0.

Im
(mode m, vector Tu) —\ e * A (mode m, vector u)
Re
(mode —m, vector Tu) —\s * A (mode —m, vector 1)

Figure 2.2: Symmetry in the spectrum of the operator L°.

In the next step we conclude from the above symmetry that the mode m eigenvalues
of L¢ are purely imaginary for sufficiently large |m| independently of . To this end we
need the following result which states that the eigenvalues and eigenvectors of perturbed
matrices depend analytically upon the perturbation parameter.

Proposition 2.2. Suppose that P¢,Q° € C¥™? depend analytically upon € in a neigh-
bourhood of the origin and the matriz P° has d simple eigenvalues )\871, e ,/\87d.

(i) For all values of (g,0) in a sufficiently small neighbourhood A of the origin in R?
the matriz K§ = P° + 0Q° has d simple eigenvalues Xy, ..., A5, which depend
analytically upon (g,0) € A. Furthermore, the corresponding normalised eigenvec-
tors Vs, ..., V54 also depend analytically upon (e,0) € A, so that the matriz

Q5 = (U5l -~ [v5.0)
depends analytically upon (g,8) € A as an element of L(CY).
(ii) The matriz Q5 is invertible and its inverse (Q3)~* € L(C?) depends analytically
upon (e,0) € A.
Proof.

(i) Denote the normalised eigenvectors corresponding to the simple eigenvalues
Aoy Mg of PO by o), ... ,v0, and define F': C**! x R? — C? x R by the
formula

Ksv — v
F = 0 )
(U7)\757€) ( |U|2—1 )

Note that for fixed i € {1,...,d} we have that

F(vg{i, Ag,i, 0,0) =0
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50

and
w\ _ (K§w—Aw—mnv
dioFv, A, 0, €] (77> B < 2Re(v, w) ) 7

so that in particular

0 _ )0 _0
d172F[v87i7)\87i’070] _ (Ko Aol Uo,z> '

2 Re(vgﬂi, S0

We show that this matrix is invertible by contradiction. Suppose its kernel is

non-trivial, i.e.
w 0
dy 2 F[v) 4 A0, 0, 0] (77) = (0)

for some (w,n) # (0,0). It follows that
(K(()) - /\g,z’I)w = 77“8,1‘7 Re<U87i,w> =0,

so that w # 0 (since w = 0 implies n = 0). Hence w is a generalised eigenvector
to the eigenvalue AJ; of K§ = P, which contradicts the fact that Aj; is a simple
eigenvalue.

The existence and analytic dependence upon ¢ and € of A§,..., A5, and
V51, .., V54 now follow from the analytic implicit function theorem. Note that
(if A is chosen sufficiently small) A5, ..., A5 ; are distinct (and hence simple) since
A0.1s---» AQq are distinct.

First we note that ()5 is invertible since vf§y,...,v5, are linearly independent.

Define G': L(C%) x A — L(C?) by

G(Q7575) - QEQ - [>
so that
G((Q)7,0,0) = Qy(Q) ™' =1 =0

and . .

diG[(Q9)7,0,0/(Q) = QQ,
that is d;G[(QJ)~1,0,0]: L(C?) — L(C?) is invertible since QY is invertible. By
the analytic implicit function theorem the equation

G(Q,e,0) =0

has a unique solution @ = Q(¢,d) which depends analytically upon (g,0) € A (if A
is chosen sufficiently small). However the solution to this equation is Q = (Q%)~'.



2.1 Spectral analysis

In particular it follows from Proposition 2.2 that for sufficiently large values of |m|
(independently of ¢) the eigenvalues and normalised eigenvectors of the matrix
imA®(0) 4+ 0B°[0] depend analytically upon ¢ in a neighbourhood of the origin which
is independent of m. For the remaining finitely many values of m the same statement
follows due to the perturbation theory given by Kato [15, TI-§1]. The eigenvalues and
normalised eigenvectors of the operator L® therefore also depend analytically upon € in
a neighbourhood of the origin.

Proposition 2.3. The number of eigenvalues of the operator L® with non-zero real part,
excluding the analytic perturbations of £iw in modes £1 (see Assumptions 2(ii)), is finite
and does not depend upon €.

Proof. Denote by respectively Af(m),...,A;(m) and iug, ..., iu; the eigenvalues of the
matrices 14°(0) + £9B°(0] and 1A%(0). It follows from Proposition 2.2 that

Ns(m) —ips5, j=1,...,n,

as |m| — oo uniformly over e. Recall that Im(u5) = 0 for j = 1,...,n (Assump-
tions 1(ii)) and that u5 # pj, if j # k for all values of ¢ (see Remark 2.1(i)). Hence there
exist M € N and « > 0, both independent of ¢, with the properties that

By.(ip5) N By(ipg) =0, j #k,

and A5(m) € B,(ip5) for [m| > M. The matrix i14%(0) + LOB#[0] therefore has n dis-
tinct eigenvalues Aj(m),..., A5 (m) for m > M. We know that for fixed m € Z\ {0}
the spectrum of the matrix imA®(0) + 9B°0], and hence of i4%(0) + LoB°[0], is
symmetric with respect to the imaginary axis. We conclude that Re(\5(m)) = 0, for
otherwise the symmetry of the spectrum would imply that —X; (m) is a second eigenvalue

of iA%(0) + %835 [0] in B, (ip5) which is a contradiction.

Because of

o (imA®(0) + 9B°[0]) = mo (1216(0) + :naéﬁ[o]),

we conclude that . .
U o(imA®(0) + 0B°[0])
|m|>M
contains only purely imaginary eigenvalues. Thus
o(L7) = |J o(imA®(0) + 9B°[0])

meZ
contains only finitely many eigenvalues with non-zero real part.

Since all eigenvalues, with the exception of +iw in modes +1 at € = 0, are algebraically
simple (Assumptions 2(i) and 2(iii)), there are no additional (necessarily non-semisimple)
eigenvalue collisions on the imaginary axis as ¢ is varied. The number of eigenvalues
of LF with non-zero real part, excluding the analytic perturbations of +iw, is therefore
independent of e. n
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2 Mathematical formulation

The operator L° is a ‘direct sum’ of mode m operators L;, defined on £, by
L5, (™) = (imA(0) + 0BF[0] )upne™

where LF and L%, depend analytically upon € due to Assumptions 1(i). In the spectral
analysis below we construct the spectral projections for LF as a similar direct sum of the
spectral projections for L . To establish their analytic dependence upon ¢ we use the
following result whose proof is given in Section 2.4.

Lemma 2.4. Suppose that T¢, € L(C?) depends analytically upon € in a neighbourhood
of the origin uniformly over m € Z. The formula

(TE TS um lmT
\/ 2 mze:z

defines an operator T¢ € L(X") for all t > 0 which depends analytically upon € in the
same neighbourhood of the origin.

Formulation as a coupled system

We conclude from Proposition 2.3 that the spectrum of L° decomposes into a finite
subset of hyperbolic eigenvalues with non-zero real part and an infinite subset of purely
imaginary centre eigenvalues. Our aim is to write equation (2.2) as a coupled system by
applying the corresponding spectral projections.

We call the semisimple analytic perturbations of the eigenvalues iw of L°|g, and
—iw of L% g_, (see Assumptions 2(ii)) the weakly hyperbolic eigenvalues, since they are
complex for £ > 0 and become purely imaginary for ¢ = 0. The weakly hyperbolic
eigenvalues form respectively an (iw)-group and a (—iw)-group in the sense of Kato
[15, pp. 65-66], so that the corresponding spectral projections Pvlvf and Pv;hl ° are ana-
lytic at € = 0. The remaining (finitely many) eigenvalues which have non-zero real part
for all € are called strongly hyperbolic eigenvalues. For m € Z the respective spectral
projections P"™¢: E,, — E,, and P"*: E,, — E,, associated with the centre eigenvalues
of L¢|g, and the strongly hyperbolic eigenvalues of L?|g, depend analytically upon e.
Since Proposition 2.3 implies that Pj** = P7 = 0 and P™* = P/™0 = [ for sufficiently
large |m/|, the analytic dependence upon ¢ is uniform over m € Z and the formulae

5 1 —1,e —iT R iT
<Pwhu><f> — E(Pwhlv (ure™) + P;h (we')),

(Pgu E:Z “(ume™), (Pfu)(t) = \/ﬁ E:ZP"” Upp €7 (2.7)

define projections P<,, P5, P7: X' — X' for all t > 0 which depend analytically upon
due to Lemma 2.4 and satlsfy P& +P; h+PE = I. A direct calculation using the symmetry
in equations (2.5), (2.6) shows that P+ P5¢. Py"™° + P and P, 4+ P™¢ commute
with the reverser R so that the same is true for PE , P5, and P¢.
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2.1 Spectral analysis

We apply the projections Py and Pg, . = Pg, + P¢ to equation (2.2) and write
25 = Pvih”? qs - seh,cu
to obtain the reversible coupled system
zg = L72° + P, N°(2° + ¢°), (2.8)
G = L7q" + P4 N°(2° + ¢).
This formulation has the disadvantage that the spaces Pg, X" and Pj X" depend

upon the parameter €. The e-dependence is removed by applying a Kato similarity
transformation U® with the property that

UF P, (UF) ! = P

wh>

UPY(U) = B, UPAUY) =P

C

The operator U¢ is constructed as the direct sum of mode m similarity transformations
U, € L(E,,) such that

Pos = UL PL(UL) ™, PR =UsPROUS)™Y, P = U, PO (Us,) ™

The analytic dependence of U® upon ¢ is deduced from Proposition 2.2. The construction
of the similarity transformations Uy, is based on the following result deduced from Kato
[15, 11-§4]. Its proof is presented in Section 2.4.

Lemma 2.5. Let X be a Banach space, J € L(X) with the property that J* = I, and
Pg, ..., PF € L(X) be projections which depend analytically upon € in a neighbourhood
of the origin and satisfy

PiJ=JP;, PiPi=0,P;,  ij=1,...,1,

]

and z
S pPE=1.
i=1
There ezists U® € L(X) which is invertible such that
UsPP(US) ' =P, i=1,...,L

Furthermore, U¢, (U¢)™' depend analytically upon e and U¢J = JU®.

For each m € Z Lemma 2.5 guarantees the existence of US, € L(E,,) which depends
analytically upon ¢, commutes with the reverser R, and satisfies

Pt =UL P (Us) ™, PR =ULPP°(US)™Y, P™ =USP™(U:)™,

S m

where the inverse (UZ,)™! also depends analytically upon ¢ (in the same neighbourhood

of the origin as P2, Pi"* and P™). Note that the analytic dependence is uniform
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2 Mathematical formulation

over m € Z, since P° = P° = 0 and P™ = P™0 = [ for sufficiently large values of
|m|. By Lemma 2.4 the formula

Uty = Us ,UmelmT)
V2 mzejz
defines an invertible linear operator U € L(X) for all ¢ > 0 which depends analytically
upon ¢, commutes with the reverser R and whose inverse is given by

\/ﬁ mze:z (U=) ™ (w,e™7).
We conclude that Pg, = U°PY (U%)~!, PS5, = U°PY(U°)™! and P¢ = U°PY(U°)~!
To simplify the notation we write PWh, Py, P. instead of PY, Ps%, PY. The finite-
dimensional subspaces Xy, = P‘ShX tand Xy, = PS%X * (which are equal for all values of
t > 0) are called respectively the weakly hyperbolic subspace and the strongly hyperbolic
subspace of L°. The subspace X! = P’X" (of regularity ¢t > 0) is called the centre
subspace of LY. Moreover we define X, = Xyn @ X, Xsth’C = Xg @ X! as well as

P = Py, + P4, Pg,. = P3 + P¢ and analogously write B, Pa instead of B, Pj, .

U°)”

Remark 2.6. The spectral projection P™0 is given by

P™0y = L (AL — L1 d),

2mi Jym
where 7" is a closed, positively-orientated curve enclosing the purely imaginary eigen-
values of the operator L2, (see Kato [15, II-§1.4]). Its image is given by the linear span of
the corresponding eigenvectors. It thus follows from the definition (2.7) that the space
X! is the completion (with respect to the H! -norm) of the set of all eigenvectors of the
operators L2 . for all m € Z, which correspond to purely imaginary eigenvalues.

In the theory below we work under the additional assumption that the four-dimensional
space Pg, X' is independent of ¢, that is PS, X' = P2 X' = Xy, for all € (see Assump-
tions 3), so that equation (2.8) is posed in the fixed, e-independent space Xyp,. To further
formulate equation (2.9) in the fixed space &, . we write ¢° = U¢q with ¢ € Xs‘ilfcl. Writ-
ing z° as z for notational simplicity, we thus obtain the reversible coupled system

ze = Linz + f°(2,0), (2.10)
Ge = L&oq + Ponc(95(2,0)¢- ) + g5(2, ) + h¥(2), (2.11)
with
Ly = Lla, Lo = (U)'LU g (£20)

sh,c

and the nonlinearities

ff(z,q) = vah(fle(z +U%q) (2 + U?q), — A%(0)z, + B°(2 + Uq) — 635[0]2),
gi(z,q) = (U) "1 (A%(z + Usq) — A%(0))U*,

Pane(U%) 7 ((A°(z + U%) = A0 (2))2r + B(= + U%) = B (2) — 0B (o)),
Payo(U) 7 (A°(2) 2 + B7(2)).

95(2,q

)=
he(z) =

o4



2.1 Spectral analysis

Note that equation (2.11) is stated in the fixed, e-independent space & ., the domain

of its right-hand side being Xy, X Xsshfcl. For later use we also define

= ()

Xy L= (U ) LU g (620)

as well as Ry, = R|x,,, Rsw = R|x,,, Rc = R|xt. For all t > % the nonlinearities in
equations (2.10), (2.11) are analytic at the origin and satisfy the estimates

172Dl = Ollallay 12 @) s, + 12 By, ) (2:12)
195 @)lle = Oz, @)l s, - (2.13)
95, @llas, . = OClallas, 1z Dl s, - (2.14)
1 (s, = OCl=1%,): (2.15)

Coordinates

We end this section by introducing suitable coordinates for the spaces Xy, and A .
in equations (2.10), (2.11) which are spanned by the eigenvectors of L°. Due to the
symmetry of the spectrum of L? illustrated in Figure 2.2 we can decompose the spaces
E_,®E,,, m € Ny, (and hence the spaces Xy, and &7 ) into a direct sum of respectively
four- and two-dimensional L-invariant subspaces. We first give explicit representations
of the operator LY restricted to these subspaces.

A # tiw and Im X # 0 if m = 0: Suppose that (A, u) is a mode m eigenpair of L°
with A # +iw and that Im A # 0 if m = 0. If Re A # 0, equations (2.5), (2.6) show that
{ue™™ we™ ™ Tue™™, Tue ™7} is a basis for the L%-invariant subspace associated with
the eigenvalue quartet £\, £\, and the matrices of L° and R with respect to this basis
are respectively

A0 0 O 0001
0OAx 0 0 0010
00 —A 0|’ 0100
00 0 =\ 1 000

If Re A = 0, Assumptions 2(i) imply that @ and T'u are linearly dependent (see equations
(2.5), (2.6)). By replacing u by i(u—T'u) if necessary, we may assume that @ = T'u. Thus
{ue™™ we™™7} is a basis for the L°-invariant subspace associated with the eigenvalue
pair £\ and the matrices of L° and R with respect to this basis are respectively

A0 01
0 =)’ 1 0/)°
m = 0 and Im XA = 0: Suppose that (A, u) is a mode 0 eigenpair with Im A = 0.
Assumptions 2(i) force u and @ to be linearly dependent, and by replacing u by i(u — @)

if necessary we may assume that u = u. Thus {u, T'u} is a basis for the real L-invariant
subspace associated with the eigenvalue pair £\ and the matrices of L% and R with
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2 Mathematical formulation

respect to this basis are respectively

(A 0 ) (0 1)
0 —=\)’ 1 0/)°
A = Ziw: Consider the geometrically simple, algebraically double eigenvalues +iw in
modes £1 (see Assumptions 2(ii)). There exist u,v € C" with
Loue™ = iwue', Le'™ = iwve'” + ue'” (2.16)
and
L%e™ = —iwne ™, L%e ™ = —iwve " + e, (2.17)
By symmetry we also have that
LTue ™™ = —iwTue ™, L°Tve ™™ = —iwTve ™ — Tue ™"

and since the eigenvalue —iw is geometrically simple, we find T'u and @ to be linearly
dependent. By replacing v and v with respectively i(u — Tu) and i(v + 7) if necessary,
we may assume that Tu = u and Tv = —v. Hence {ue'™,ve'™, ue ", ve~'"} is a basis for
the weakly hyperbolic subspace X, and the matrices of L° and R with respect to this
basis are respectively

iw 1 0 0 0O 0 1 O
0 iw O 0 0 0 0 -1
0 0 —iw 1 |’ 1 0 0 O
0 O 0 —iw 0 -1 0 O

Assumptions 2(ii) state that for € > 0 the operator L® has a pair of simple complex
mode 1 eigenvalues i(w + v°) & A° with the corresponding complex conjugate mode —1
eigenvalues —i(w + v°) & A*. Here A\* and v° are (real-valued) analytic functions of e.
We make the following assumptions on the qualitative behaviour of A*, v and the form
of the mode +1 eigenvectors for € > 0.

Assumptions 3. The functions \* and v° satisfy

N =e+0(?), v =0().
For € > 0 the vectors (u+ A°v)e'”, (u— Av)e'™ and (u+ A°0)e 7, (U — A°D)e'" are mode
+1 eigenvectors of L with corresponding eigenvalues i(w + 1) £ A° and —i(w 4 v°) £ A%,

that is

LF(ue'™ + Xve') = (i(w + v°) £ 2%)(ue' £ A ve'”),
LE(me™ ™ £ X 0e ) = (—i(w + v°) £ X°)(Te ™™ £ Xve 7).
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2.1 Spectral analysis

It follows that the matrix of the operator L, for € > 0 with respect to the ordered
basis {ue', vel”, we™ T, we 1"} for Xy, is given by

i(w+ v°) 1 0 0

- 09)? i(w+ ) 0 0

wh ™ 0 0 —i(w + 1) 1
0 0 (A%)? —i(w 4 v°)

We conclude from Assumptions 3 and
T(u+ Av) = (u— A°v)
that

LT (u+ MAv)e ™ = —(i(w + v°) + AT (u + A\v)e 7,
LT (u+ Av)e'™ = (i(w + v°) — X9)T (u + Nv)e',

which verifies that Assumptions 3 are compatible with the symmetry shown in equations
(2.5), (2.6).

We now introduce some notation for the individual eigenvalues and the corresponding
cigenvectors of Ly, .. Define 74y = n — 2 and r,, = n for m € Z\ {#1}, denote by
Am,1s - -+ > Amyr,, the simple mode m eigenvalues of Ly ., and let {ep, 1€, ..., €y, €7}
be a basis for the r,,-dimensional, Lghvc—invariant subspace associated to these eigenval-
ues with |ey, | =1 for each m € Z, r = 1,...,r,. Denoting by o, the (even) number
of strongly hyperbolic mode m eigenvalues (so that o, = 0_,,) we number the eigen-
values and eigenvectors so that Ay, 1, ..., Apr,.—0,, are purely imaginary for m € Z and
Amr = Ay €my = €_my for m € Z\ {0}. More precise book keeping for the mode
0 eigenvalues is necessary in order to formulate appropriate reality conditions for the
coefficients in the expansions below. Let r(()l) be the number of real mode 0 eigenvalues

and r(()2) be the number of eigenvalues with non-zero imaginary part (so that r(()l) and

r((f) are even). In keeping with the symmetry we denote these eigenvalues by

1 1 1 1 2 2 2 2
A AL AL A AT AL A8
3270 »2'0 7 2%0 ’2°0

and number them such that

and
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2 Mathematical formulation

In particular we have the decompositions

(1) (2)

EU: @EOT @E(()%??

E 1 ®E =Xun® @El,ra
r=1

E n.®E,= @Em,ra m > 2,
r=1

where

E(l) <€(()127 Te(()l)> r=1,..., %7"((]1),

B = {e6asen)s =10, 375,
and

Em,r = <€m r€ mT’ €m re_"m—)a r= 1a s T'm

for m > 1.

Remark 2.7. The matrix of Lg, .|, o) with respect to the basis {6612, Teélz} is given by
) 0,”‘ I’ I’

Y0
0 =X,/

the matrix of Ly, .|, with respect to the basis {e2) 2?)} is given by
’ 0,r ’ ’

N o
0

and the matrix of LY, |g,, ., m > 1, with respect to the basis {€y e, &n e "7} is

given by
Amr 0
0 Xm,r .

Real-valued functions z in X, are written as
2(7) = zue'” + zve’” + Zie” T + Zove T, 21,29 € C. (2.18)

and real-valued functions ¢ in XY, . as

A7) = > Gmrems ™"

meZ
1<r<rm
— (1) A0 (2) e
- Z Or 07"+ Z 07’ Or+ Z qmrem're
—gri<r<gr? —yri<r<grd® mELV{0}
r#0 r#0 ==

o8



2.1 Spectral analysis

where the coefficients ¢, , € C satisfy the reality conditions

Tr = Q-mys, ™ € Z\ {0}, (2.19)

as well as
@ =q5), r=+1.. . i) (2.20)
o2, =2, r=1,... 4 (2.21)

In Lemma 2.15 below we use the above coordinates particularly for the strongly hyper-
bolic part Z = Pyq of q. Recall that the strongly hyperbolic subspace Xy, of L° is
finite-dimensional (see Proposition 2.3), that is

X © Eo ® (E*ml ©® EWH) &0 (E*md ® Emd)

for finitely many my, ..., my € N and in particular o,, = 0 for m & {0, +my, ..., £mg}.
For notational simplicity we define my = 0 and therefore obtain
Z(1) = > ZmoCmo®™

me{xtmo,...,Imq}
rm—0m+1<o<ry,

(due to the numbering of the eigenvalues), where we have written Z,,, instead of gy, »
to denote the coefficients of Z = Pyq.

Next we consider the change of basis matrices @),,,, where

Q1= (e11] - lernolulv), Q1= (€11] - [E1n2[ulv)
and
Qm = (emal| - lemn) (m €Z\{£l}),
from the canonical basis {ej,...,e,} for C" to the bases {ej1, -, €1n-2,u,v},
{€11,- - ,€1n—2,u, v} and {ep1,...,Emn}, respectively. We use the following auxiliary

fact, which states that the inverse change of basis matrices Q! are bounded indepen-
dently of m € Z, in order to avoid small divisor problems in the estimates for the
normal-form transformations in Chapter 3 below.

Proposition 2.8. The change of basis matrix QQ,, satisfies

Q' <1

for all m € Z.

Proof. Suppose that m € Z \ {£1} and note that

1

#
det Q,, @

Q' =

29



2 Mathematical formulation

where the entries of the adjunct matrix Q¥ are given by

Q)i = (1) det (em| -+ lemimtlejlemiva] - - [emn)-
Recalling that, due to Proposition 2.2, the Vectors ém,» depend continuously upon m
and satisfy limj,, e €m, = v°, where v(f, ..., Y denote the normalised eigenvectors of
the matrix iA°(0), we find by continuity that

lim det@,, = det P,

[m|—o00
where
= (vi] -+ |vn).
Hence

1
’detQm’ > 5‘ detP!
for sufficiently large values of |m|. Similarly we find that
(@7)ij] < 2l det (vi] -+ vilylejvy |- o) < 2

for sufficiently large values of |m|. Every entry in the matrix Q! is therefore bounded
and it follows that ||Q. || <1 for all m € Z \ {£1} und thus for all m € Z. [ |

Consider the infinite-dimensional centre subspace X! of the operator L°: X'+ — X
It is a direct consequence of Proposition 2.8 that

is a Riesz basis for X! (see Chrlstensen [5, Definition 3.6.1]), since it is the image of the
subset

imryr=1,....,rm—0m
{67" }mGZ
of the orthonormal basis
imT r:l,.,.,n
{ere }mEZ

for X' under the invertible bounded linear operator Q: X' — X' defined by

(Qu)(7) Wor > (Qutt)e™ .
mEZ
Since by construction e, ™" (forallm € Z, r = 1,...,r, —0,,) are eigenvectors of L¢,

we conclude that the operator L: is a Riesz spectral operator, i.e. there exists a Riesz
basis for X! consisting of (generalised) eigenvectors of LE.

Remark 2.9. We proceed by identifying X, with C* and substituting the Ansatz
(2.18) into equations (2.10),(2.11). Note however that we can generalise these equations

by allowing any analytic function f¢(z,q) in equation (2.10) which satisfies the estimate
(2.12) and making the Ansatz

2(7) = zyue™ + zve'” + Z17e T + Zyve T + L(21, 29,21, Z2)(T),

where ¢ € L(C*, X,1), in equation (2.11). Our subsequent analysis applies to this gen-
eralisation, which is exploited in particular in our treatment of Klein-Gordon equations
in Chapter 6.
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2.2 Approximate pulse solutions

2.2 Approximate pulse solutions

In general one cannot expect equations (2.10), (2.11) to admit genuine homoclinic so-
lutions (z,q) with (2(£),q(§)) — (0,0) as || — oo since such solutions would arise
as the intersection of finite-dimensional stable and unstable manifolds in an infinite-
dimensional phase space. In this section we examine the special case h*(z) = 0 in
which {¢ = 0} is an invariant four-dimensional subspace and confirm the existence of a
pair of homoclinic solutions p** in this subspace under a sign condition on the cubic,
e-independent part of f¢(z,0). Our strategy for the general case is to use a sequence of
normal-form transformations to make h®(z) exponentially small in a suitable sense (see
Chapter 3 below) and hence show that exponentially small perturbations of p** persist
as solutions to equations (2.10), (2.11) over exponentially long intervals of values for &.

We perform the first of the normal-form transformations seperately since this trans-
formation, which removes the quadratic, e-independent part in the Maclaurin expansion
of h®(z), affects the cubic, e-independent part of f* (see above). We say that a transfor-
mation (z,q) — K(z,q) is finite-dimensional if it affects only finitely many modes, that
is P, K # 0 for only finitely many m € Z.

Lemma 2.10. There exists a near-identity, finite dimensional change of coordinates
which transforms the coupled system (2.10), (2.11) into

e = Lz + (2, 9), (2.22)
4e = L:h,cq + Psh,c (gi(zv q)qT) + gg(zv Q) + %E(Z% (2'23)

and preserves the reversibility. The nonlinearities f¢, g5 and g5, satisfy the same esti-
mates as respectively [, g7 and g5, while

1R () e, . = O] (2, )])

sh,c

fort > %

Proof. Let h3(z) denote the term in the Maclaurin expansion of h¢(z) which is homoge-
neous of degree two in z and does not depend upon ¢, so that

17 (2) = ha(2)] 2

sh,c

= O(|=*|(z,9)]).

The quadratic nonlinearity A is a mapping from X, € E_; @ Fy to Ey @ (E_o @ E»)
and this fact suggests using a finite-dimensional change of coordinates of the form

q=q+TI(2),

where P,I'(z) = 0 for m # 0,42. Substituting ¢ = ¢ — I'(2) into equations
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(2.10), (2.11), we find that they are transformed into respectively (2.22), (2.23) with

fa(zvcﬂ = f€(27q - F(Z)),

gi(zv (j) - gél:(za Cj - F(Z)),

92(2, qN) = g;(za (j - F(Z)) - 95(27 _F(Z))
(

and
he(z) = = LG, D(2) + dU[2](Ly2) + dU[2] (£5(2, —T'(2)))
— Pane(95(2, —T(2))0:T(2)) + g5(2, —T'(2)) + h*(2).

Our objective of removing the e-independent terms which are homogeneous of degree
two in z from the Maclaurin expansion of A is achieved by choosing

[': Xyn — Eo® (F_2 @ Es)
to be a mapping which is homogeneous of degree two and satisfies the equation
(LD)(2) = hy(2) (2.24)
for each z € Xy, where
(LT)(2) = Ly T(2) — dT[2](Lyy2). (2.25)

Note that a solution I' to equation (2.25) commutes with the reverser R, so that the
transformed system (2.22), (2.23) is reversible.

In order to solve equation (2.24), we write

_ i J=k=l imT
I'(z) = Z Z Ui ijhtr 212271 Z9€m,r€
i+j+k+l=2me{-2,0,2}
1<r<rm

where the vectors e,,, are defined in Section 2.1 and Iy, ;i are complex numbers.

Let P? denote the vector space of homogeneous polynomials of degree two in the
variables 21, 29, Z; and Z; taking values in Ey® (E_o® E) and note that P? decomposes
into the direct sum

@ P’?’l,’!’?

me{—2,0,2}
1<r<rm

in which the vector space Pﬁw of homogeneous polynomials of degree two taking values
in (epre"7) is invariant under £. Equipping Py, . with the basis

Buy = {#1 2821 Zhem 0™ i+ j + k+ 1 = 2}
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2.2 Approximate pulse solutions

and using the calculation

— /\mmz;zézlfflzemyrelmT —iw(i+j—k— l)ziz%?’f?lzem7relm7

- i—1 j+1ok=l imr i J=k—1xl+1 imr

L(2; z%?’f?lzem7relm7)

to compute the matrix A,, . of the operator L., , = Llpz, P2, — P2, with respect to
B, we find that det An,, = (A, — 2iw)?Ap, (Apr + 2iw)?. Since Assumptions 2(iii)
guarantee that \,,, ¢ {0,+2iw}, we conclude that L,,, is invertible, so that equation
(2.24) admits a unique solution for I'(z). [ |

We now consider the dynamical system
e = Lz + [7(2,0), (2.26)

which is obtained from equations (2.22), (2.23) by neglecting h*(z) and setting ¢ = 0.
Since the matrix of Ry, = R|y,, is given by

0 0 1 0
0 0 0 -1
1 0 0 0]’
0 -1 0 0

we know that equation (2.26) is invariant under the transformation
Er =€ (21,2, 21, 22) = (21, — 22, 21, —22).

Moreover, the original system (2.1) is invariant under the translation 7 — 7+ a for each
a € R and this translation invariance is inherited by equation (2.26). We therefore find
that the system (2.26) has the O(2)-symmetry

—ia

(21, 22,71, Z2) = (€21, 29,6721, €79%5).

Here we are interested in constructing reversible homoclinic solutions to (2.26), that is
homoclinic solutions z satisfying Ryn2(0) = 2(0).

Using the reversibility and the O(2)-symmetry we write equation (2.26) as

Zl{ = 1(w —+ 1/5)21 + Z9 -+ Ri (21, 29, 51,22), (227)
ZQE = (/\6>221 + 1(&) + VE)ZQ — éZl|Zl|2 -+ RS(Zl, 22,71,22) (228)

where the remainder terms R satisfy

Ri(zb Z2>217§2) = _Ri<zl7 _227 21, _Z2)7 R%(Zl, Z27§17§2) = R;(zla _22a 21, _22)
as well as

e( ia ia —ia—= —ia—= _ dape = =
R5(e“21,€ 2,621, 07 "2s) = €"R5(21, 22,71, 22), a €R.
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2 Mathematical formulation

The coefficient C' can be computed explicitly via the formula

é _ —P(z) <3f0;3,0 [{ueiT}(Q)’ﬂe—iT] + fO;l,l {ﬂe_”, . Z F2,2ooo,r6m,r€2”

r=1
n
0;1,1 iT
+f {ue y— Z FO,lOlO,reo,r:| >,
r=1

where we have used the Maclaurin expansion
]EO(Z, 0) = fo(za _F(Z))

) . . . iy ()
= Z fO,m,nz [{21UGIT+ZQUGIT+21UG i | 2. Te 17—} 7
ni+ng>2
(n1,n2)#(2,0)

i J=k=l imt (n2)
_{ > Y. Doignirz12%Z96m e } y
i+j+h-+H=2 me{—2,0,2}
1<r<ry,

in which ]
'n2! d?f,IQ,nQ fo [07 O] ’

fO;m,nz —

and P2)(z) denotes the second coordinate of the vector z € Xy, with respect to the
ordered basis {ue'™, vel™, we ", eI} for Xy

Assumptions 4. The coefficient C' in equations (2.27), (2.28) is positive.

Next we use the transformation
21(€) = eI, 2(€) = TE(E)
so that equations (2.27), (2.28) become
21e = 2+ Ri(2, 25, 21, 25) (2.29)
2he = (A)*2) — Ca|2)° + R5 (21, 25, 21, 25). (2.30)
Changing to real coordinates by writing
=3 Firy, 2% =y + i)
and working with the scaled variables
E=x¢ 2O =X, y(©) =) Ue).

we arrive at the system

‘%15 =0+ Ril(ila U1, Ta, J2), (2.31)
Yie = T1 — éil(ﬁ + &3) + R o(T1, 91, T2, Pa), (2.32)
Tor = Yo + R51(T1, 91, Ta, Pa), (2.33)
Uag = T2 — CiEa(#] + 23) + R 5 (H1, §1, B, 12), (2.34)
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2.2 Approximate pulse solutions

where the remainder terms satisfy [R5 ;(Z1, 91, T2, %2)| = O(e|(Z1, 91, Zo, 2)|?). Moreover
R (T1, 91, Zo, P2) and R 5(L1, 91, T2, Y2) are odd in (91, T2) while R (%1, §1, Lo, J2) and
R51(Z1, U1, T2, §2) are even in (1, Ta).

The existence of reversible homoclinic solutions to equations (2.31)—(2.34) is estab-
lished in Lemma 2.13 below using a method devised by Kirchgéssner [17, Proposition
5.1]. We first state some necessary functional-analytic results involved in Kirchgassner’s
theory.

Proposition 2.11.
(i) The formula
L fl — fé: - fl
f2 5 — |2
defines a  bounded linear operator C?,(R)? o C_y(R)? and
C?po(R) x C?y (R) = C_g(R) x C_go(R) for each 6 > 0.

(it) For 0 < n < 1 the operator L: C?, (R)> — C_,(R)?* is invertible with bounded
inverse given by

(L9)(€) = — [ e g(r)

—0o0

where the integration is taken componentwise.
Proposition 2.12. Suppose that g € C_1(R) and 0 < n < 1. The formula

—3692f1>

K, f=L" y
gf <—092f2

defines a bounded linear operator Co(R)> — C? (R)* and a compact operator
Co(R)? = C_y (R

Lemma 2.13. Suppose that n € [0,1). The system (2.31)~(2.34) has a pair p°% of
reversible (that is invariant with respect to the transformation

s =€, (F1, 31, T, B Ty, =Y, =2, Yo
e S )T ")
homoclinic solutions which satisfy the estimates
B 5 (€)] S e

Proof. First we note that for € = 0, the system (2.31)—(2.34) has the explicit homoclinic
solution
(%17 gla 5:27 ?j?)—r = (H7 HE? 07 0)T7

where
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2 Mathematical formulation

In fact, we have the family

"= Ry(H(& +),0)",

{(flaﬂhfmyvzfi (5517532)
(g() + ')70)Ta a € [07271-)7 50 € R}

@17 gZ)T = Ra(Hg

of homoclinic solutions, where R, denotes the 2 x 2 matrix representing a rotation
through the angle a. Note that the solutions p* obtained from a = 0, § = 0 and p~

obtained from a = , 50 = 0 are reversible.
Now we apply perturbation arguments to show that equations (2.31)—(2.34) also admit

reversible homoclinic solutions when € > 0. Using the implicit function theorem, we can
solve equations (2.31) and (2.33) for § = (%, &¢) and write
gl = flf + Si(flv i27 ‘%157‘%297
gj? = -’igg + 33@1, f?a jjlf? .%25),

. . . C e e - e
where s7 and s5 are analytic at the origin, s is odd in & ¢, &2 and s is even in Z¢, T

with
|5§<f17 T, i‘157 j2§v)| = O(|(#1, 22, fl@ ‘%25)| ).
Hence we can rewrite equations (2.31)—(2.34) as the second order system
Frge = F1 — CE1 (] + 83) + S5(F1, Fa, Frg, Fog, ¥ g6, Fogg) (2.35)
(2.36)

2
1+
2 | 2 A A A
1 + ZE2) + S;(Il, T2, l’lg, 5(325, l‘lgg, 5(3255),
where 57 and 55 are analytic at the origin, ST is even in 2, Zs, g and 55 is odd in
Jvflg, ?Z’Q, :fzgg with
v v v “ “ v v v v v “ v 2
|S§(l’1, L2, Lygs Log, Tyge, x2§£)| = O(|(#1, 22, L1 Togs Lyggs x2§5)| )-
Now we write & as a perturbation
i1 =H+p, &2=ps
of the homoclinic solution (H,0)" so that the system (2.35), (2.36) becomes
Prge — 1 = —3CHp1 + 15(p1, D2, Dy Pogs Prges Pogen H) (2.37)
p2§g — P2 (238)
with the obvious definitions of r{ and r5. We study this system in the space C’E,](]R)2
and consider the nonlinearities r{ and 75, with a slight abuse of notation, as analytic

_CH2p2 + T;(p17p27p157p257p1§v£7p2€§7 H)7

mappings C?, (R)* — C_,(R)? with
175 (p1, p2)llo.— = O(e) + O(l[(p1, p2)II3, -
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2.2 Approximate pulse solutions

In terms of the operators L and K defined in Propositions 2.11 and 2.12, we can then
write the system (2.37), (2.38) as

p=Kpp+L 1" (p), (2.39)

where p = (p1,p2) " and 7° = (r$,75)". In order to solve equation (2.39), we show that
the operator

I —Kpg: C_e(R) x C_,o(R) = C?, (R) x C?, (R)
is invertible.

As a first step we show that 1 is a geometrically double eigenvalue of
Ky: C_,(R)? — C_,(R)?

noting that the eigenvalue problem

Kpp=p
is equivalent to the decoupled system
Pige = P1— 3CH?py, (2.40)
Paze = p2 — CH?py (2.41)

of ordinary differential equations. Let

Wa é = sech

and note that {vy, v} is a fundamental solution set for equation (2.40) while {w;, wy} is
a fundamental solution set for equation (2.41). Since vy, w; are bounded and vq, wy are
unbounded, we conclude that all bounded solutions of equation (2.40) are multiples of
v1 = —Hg and all bounded solutions of equation (2.41) are multiples of w; = (2/C)"'2H.

The eigenspace of Kp: C_,(R)* — C_,(R)? corresponding to the eigenvalue 1 is there-
fore
((¥)(n)
0 )" \H

In particular 1 is not an eigenvalue of K H‘Cfn,e(R)xCﬂ,,o(R) and since Ky is a com-
pact operator C_,(R)?> — C_,(R)? by Proposition 2.12, it follows that the spectrum of
Kulc_, ®)xc_, o(r) consists only of eigenvalues, so that

and lies in C_, ,(R) x C_, o(R).

I = Ky: C_pe(R) x C_o(R) = C2, (R) x C2, (R)
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2 Mathematical formulation

is invertible. We can therefore solve equation (2.39) for sufficiently small values of € > 0
using the implicit function theorem. The solution p* satisfies ||p*||2,—, = O(e). Returning
to equations (2.31)—(2.34), we have found a solution

P Pi /

v * e * ok . * *
Pt = ai — it [ ST+ p1 v, He 4 i )

o o 0

This solution satisfies §
B 5 ()] S e

The second homoclinic solution p°~ satisfying the above estimates is obtained analo-
gously (from p~). [ |

Returning to the unscaled variables &, z; and 25 we find from Lemma 2.13 that equation
(2.26) has a pair of reversible homoclinic solutions of the form

SN (FE (AE) + 5 (VE))
e — | TP () + i ()
eI (5T (XE) — i (X°C)
eIt N)2 (G (AE) — 1G5 (A°C))

which satisfy the estimate
PO < eneTEL € eR,

for some ¢, > 0.

2.3 Existence theory — Foundations

In this section we apply some further near-identity transformations to equations (2.22),
(2.23); the nonlinearities in the transformed system have a sufficient order of magnitude
to ensure the convergence of a Kato iteration scheme in Chapters 4 and 5 below. We
also summarise the results of the normal-form theory in Chapter 3 and present a refor-
mulation of the hyperbolic part of the transformed system which is useful in proving the
convergence of the iteration scheme.

Rescaling

A central requirement of the normal-form theory in Chapter 3 is that the parameter-
independent part of the dynamical system (2.22) for z should be diagonalisable. Since
(the matrix of) L2, on the right-hand side of equation (2.22) is evidently not diago-
nalisable, we use a change of parameter to ‘replace’ it by a diagonalisable matrix. We
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2.3 Existence theory — Foundations

write

.]ila ARR L Zla 227
I35 (21, 22, 21, 22,

q)
fE(ZaQ):fa(Zlvz%EleQa 3 ; )
q)

S~

£(21, 22,21, %2, ¢

5( 17Z27217227
g]( >:§j(217z27§1)§27q ) .] 1

h ( ) h (ZI7Z27217§2)7
introduce a new parameter p by writing ¢ = p?, and use the scaled variables
= (M) 7Rz, = (M) Tim, ¢ = ()7

where we have abused the notation to abbreviate M = X°|._,2 and v* = v°|._,2 (see

below). Omitting the primes for notational simplicity, equations (2.22), (2.23) are trans-
formed into

2= Lz + fl(2) + fi(20), (2.42)
Qe = Ll ot + Pae (31 (2, 0)ar) + 55 (2,0) + (), (2.43)

where we have (with a further abuse of notation) abbreviated Lg, .|.—,2 to LY, . and

i(w+v*) AH 0 0
I AP i(w+ vH) 0 0
wh 0 0 (w+v*) A ’
0 0 AH i(w+1vH)
fi(z) = f*(z,0),
f;(zvq):f'u(zaQ)_ “(270),

()\M)—% ~18(<)\M>%Zla ()\M)%Z% ()‘M)%zh (AM)%z% AMQ) e=p?
. (\)~2 ~2€<(>‘“)%21, (V)2 29, (M) 27, (W) 275, A“Q) ,
. = = 1 1 = s
f(2,9) ()78 f7 (W) 220, (W) 320, (W) 22, (A2) 32, Mg o
(V)72 5 (M) 221, (W) 229, (M) 371, (W) 22, A“q) )
e=p
1 (z.0) = G (V) 720, (V) 220, (VW) 221, (V) 322, )| _ .
gg(zﬂ q) = ()\H)*l‘gS(()\M)%zl’ ()\u)%'z% ()‘M)%zla ()\#)%E% )‘Mq) 6111,2,
B (2) = (V)T (V) 22, (V) 22, (V) 220, (V)220 | _ -

We use the analogous abbreviations LY, and L# for respectively Lg |.—,2 and LZ|._.
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2 Mathematical formulation

The transformed nonlinearities satisfy the estimates

)= O(1=F),

7050) = Ollallz, 1250 s ),
191 (2, @) le = Oull(z, @)l <, )5
195 (2, )y, . = Olulelllallas, , + *llall5e, ).
12 (2)]|2r, = O(ulz*|(z, w)])

ﬁh ,C
for t > %
Preliminary transformations

Our existence theory for pulse solutions in Chapters 4 and 5 is based upon the con-
struction of an iteration scheme, the convergence of which requires a sufficient power of
1 in the corresponding estimates for the nonlinearities. The following transformations
remove some lower-order terms contained in the Maclaurin expansions of the nonlinear-
ities on the right-hand side of equations (2.42), (2.43) whose presence lead to difficulties
in obtaining these estimates.

The first transformation affects the weakly hyperbolic part of the scaled system (2.42),
(2.43) by removing terms whose order is less than four and which are linear in ¢ from
the Maclaurin expansion of f; (z,q) at the expense of modifying the higher-order terms
in the Maclaurin expansions of f4(z,q) and the other nonlinearities.

Lemma 2.14. There exists a near-identity, finite dimensional change of coordinates
which transforms the coupled system (2.42), (2.43) into

2= Lz + fi(2) + f2 (2, 0), (2.44)
ge = Ly oq + Panc(71(2,0)a:) + F5(2,0) + 1 (2), (2.45)

and preserves the reversibility. The nonlinearities B, gt and g satisfy the same esti-
mates as respectively h*, gi' and gb, while

71 () = f (=) = 02| (2, w))), (2.46)
2 (2. )l = O(l|(z, ) Pllallas, . + Nl ) (2.47)

t
Xsh c

fort > %

Proof. Since fz” is an analytic function taking values in Xy with

/(= )l = O(llq|

X4 (2,9) ’|thx.}(§h7€)7

we can write
2_

=3 > w7z 0) + O(lI(z. )Pl

Jj=11

.

t
Xsh ,C

tlal, ). (248)

I
=)
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2.3 Existence theory — Foundations

where 1 fi?"(z,q) denotes the term in the Maclaurin expansion of f¥(z,q) which is
homogeneous of degree i, j and k in respectively u, z and q.

To eliminate the term p f g1 (z,q) we use a finite-dimensional change of coordinates
of the form
Z=z+4pdi;(z,9),
in which d; j: Xun x X%, « — Xyn Is analytic at the origin for ¢ > , homogeneous of degree
J in its first argument, and linear in its second. We write the 1nverse transformation as

where RY is analytic at the origin with
RECZ. )| = O 2 s ).
Using equation (2.42), we find that the resulting equation for Z is

Ze = LoW i+ L )+ 15 (2, @)+ dids 5 (7, q) (L9 2)+0'di (2, LY, o0) =11 Lo (2, 0)+R5 (2, ),

where
IR5(2,q)1 = O(IZ]|(Z, )" [Iql] 22

sh,c

tllal3s, .+ P W),
so that our objective is achieved by choosing d; ; so that
(Ldij)(Z,9) = —f57(2,9) (2.49)
for each (Z,q) € Xyn x Xf, ., where
(Ldig)(2.q) = dij(Z, Ly oq) — Lundij(Z, @) + dadi[2, g (L5, 2).-

Note that a solution d;; to equation (2.49) commutes with the reverser R, so that the
transformed system (2.44), (2.45) is reversible.

In order to solve equation (2.49) we write

di,j,l('Z»q) fi,j,l(Z>Q)
d; ‘2(2 CI) i1 fi '2(2 Q)
di . Z’ — ’]’7’ , 2305 Z, — 7.7777 ,
i(z.9) diji(z,q) f2"(2:4) fija(z,q)
dz,j,2<Z7Q) fi,j,2(Z,Q)
where
dijr(2,q) Z Z danlzrz?lzg%?s% q—m+1,r
lal=j —g<m<j
1<r<r_m+1
and

fiik(z,9) Z Z f?‘grgrz?lz?% 25 @t

la|=j —ji<m<j
<r<r—m+1
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2 Mathematical formulation

for & = 1,2, in which df‘]",zr and f/}"" are complex numbers and we have used the

coordlnates for q given in Section 2.1.

Noting that

d1 27" 25720 25 e (At — lw + miw)dy 27 2572725 g1
d221 12'5122(1%22 q- m—+1,r - ( —-m~+1,r — 1w + miw)dZZl 12322(1%"7'2 q- m+1,r
dy 252 2502 2 G gy (Amiry +iw — miw)dy 27 25 21" 252G 41,
d221 2 21254 m+1,r ()‘ mt1,r W — miw)d2z1 2 Y21 25°q m+1,r

for each dy, dy € C, we find that equation (2.49) is equivalent to the equations

(Aemt1r + (M — 1iw) ?ﬁ’r - z‘aj’ZL’T? k=12,

for the coefficients d;7;". Assumptions 2(iii) guarantee that X # liw for each A € (L, )
and [ € Z and therefore these equations are always solvable.

We use the composition of the above changes of coordinates for each j € {1,2} and
i€{0,...,2—74} in the order (,7) = (0,1), (¢,7) = (1,1), (4,5) = (0,2) to establish the
lemma. |

There are also terms in the central part whose presence leads to difficulties in the

theory presented in Chapters 4 and 5, namely terms which are linear in pu, z and
S PshQ‘

Lemma 2.15. There exists a near-identity, finite dimensional change of coordinates
which transforms the coupled system (2.44), (2.45) into

= Lz + fl(2) + 4 (z,0), (2.50)
ge = Ly oq + Panc(31(2,0)ar) + 35 (2,9) + 1 (2), (2.51)

and preserves the reversibility. The nonlinearities fzﬂ, g1 and ht satisfy the same esti-
mates as respectively f;‘, 74 and K" while

1850y, = Oulllalay, + gl + sl )
fort > % Moreover
ft2)=TiG), P(ei"°(z,002,) =0, Pgy"'(z2) =0,

where 117" (z,q) denotes the term in the Maclaurin expansion of §i(z, q) which is
homogeneous of degree i, j and k in respectively u, z and q.

Proof. First note that if b: Xy, x Xy — X! is bilinear, we have that P,b(z,7) =
form & {—m; £1,m; £1: j =0,...,d} (see the comments below (2.20), (2.21)). Wi
therefore use a change of coordinates of the form

q=q+pAz)Z,
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in which A: Xy, — L(Xa, X!) is linear for ¢ > %, so that P,(A(2)Z) = 0 if
m¢g {—m;x1,m;+1:j =0,...,d}. In particular Z = Pyq§ = Pspg = Z and us-

ing equation (2.45), we find that the resulting equation for ¢ is

Ge = Ly oG+ Panc(71(2, @) + G52, @) — nLIA(2) Z + ph(LS,2) Z + ph(2) L, 2
+ 1" (2) + R(2,9),

where

IRz, @)l 2

sh,c

= O(pl=l]]qlx:

sh,c

ol + 2Pl ).

C

Our objective of removing terms which are linear in each of u, z and Z in the centre
part is achieved by choosing A so that

(LA)(2)Z = G(z, Z), (2.52)

where

(LA)(2)Z = LIN(2)Z — A(2) LY, Z — A(L2,2)Z

and G(z,Z) = P. (g};l’o(z, 0)Z, + 735" (2, Z)) Note that a solution A to equation (2.52)
commutes with the reverser R, so that the transformed system (2.50), (2.51) is reversible.

The bilinear expressions A(z)Z and G(z, Z) in equation (2.52) are polynomials in the
variables z and Z whose monomials are given by terms of the form

Am,r ] a2 =030

4 imTt m,r o] ., 02=03=0
0871 %2°21° 25 Lam; olmre, G

w871 %2 21 224Zimjvaem7reim7,

where m € {-m; £ 1,m; £1: 5 =0,...,d}, 1 <r < r,, a € Nj with |a] = 1,
Be{l,...,00+2(0m +...+0m,)} and 17y, — 0, +1 < 0 < 1y, in which we have used
the coordinates for Z introduced below (2.20), (2.21) (recall that the eigenvalues are
numbered such that Amj,rmj 1 is the first strongly hyperbolic mode m; eigenvalue).

Consider the vector space Q? of bilinear polynomials in the variables z;, 22, Z1, Z» and
{Zim, o} taking values in X**! and note that Q* decomposes into the direct sum

D ;
m,r)

0<j<d
me{—m;+1l,m;£1}

in which the vector space Q?, , of bilinear polynomials in the variables 21, 29, Z1, Zo and
{Z1m,; o} taking values in (e,,,€™7) is invariant under L.
In order to achieve cancellation of the terms which are linear in z; and Zj,,—¢+1 in

equation (2.52), we compute the corresponding monomial of (LA)(z)Z to be

. . m,r imt
( Wmyr  — )‘0,T0—00+1 _lw)Ael,lzlZOJ"o—Uo-&-lemﬂ’e ’
—— —_————

c€o(L)) €o(ly)
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in which e; = (1,0,0,0) € Nj, so that it is necessary to choose A_."} such that

m,r __ ~ym,r

(Lum,r - >\0,7“0—0'0+1 - 10.)) e, 1 — Yeq,l*

Since Re(Agro—oo+1) 7 0, we find that this choice is always possible. A similar argument
applies to the remaining monomials so that £|gz2 is invertible and equation (2.52) can
be solved for A. |

Results of the normal-form theory

In Chapter 3 below we use a sequence of normal-form transformations which system-
atically remove terms in the Maclaurin expansion of the nonlinearity h* in equation
(2.51), so that the remaining terms become exponentially small in comparison with pu.
Applying Lemma 2.13 to the transformed system yields homoclinic solutions p** which
can be used in a perturbation argument as approximations to genuine pulse solutions.
Note that the normal-form transformations do not affect the leading-order terms in the
scaled system (2.31)—(2.34) (see the comments above Lemma 2.10), so that the leading-
order term in the asymptotic formula for p#* is also unaffected. The result of the theory
in Chapter 3 is summarised in the following theorem.

Theorem 2.16. There exist a constant ¢ > 0 and a near-identity, finite-dimensional
change of coordinates which transforms the coupled system (2.50), (2.51) into

2 = Lz + fI1(2) + f3(2,9), (2.53)
ge = Ly o0 + Panc(31(2,0)a:) + 35 (2, 9) + B (2), (2.54)

and preserves the reversibility. The Atmnsformed nonlinearities ff , fé‘ and g satisfy the
same estimates as respectively f1', f3 and g} while

= O(pul=lllqll:

sh,c

135 (2, @) ||

sh,c

il +ulals + 1=Plal, )

sh,c

and
“hu(z)”%,c S e AR 2 p ) S e

sh,c
fort > 5. Moreover
P(31"0(,0)2,) = Pgi™ (2, 2) = 0

and

[J1(2) = fi(2)] = O (2, m))).

Here we gather some material which is used in the existence theory in Chapters 4
and 5 below. We begin with a reformulation of the coupled systems (2.53), (2.54) by
writing z as a perturbation of the approximate pulses constructed in Section 2.2. We
also split equation (2.54) into a finite-dimensional system for the strongly hyperbolic
part Z = Pyq and an infinite-dimensional system for the centre part w = P.q.
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2.3 Existence theory — Foundations

Applying Lemma 2.13 (with a brief return to unscaled variables) yields homoclinic
solutions p** to the equation

ze = Lz + fi'(2)
which satisfy the estimate

()] < cppe™™ Kl ¢ e R,

Writing - @)
1,1\%

FugN ff2(2>

fl (Z> - flu,l (Z)

fia(2)

and using the formula

IS (T (V) + it (ME))
‘“””Wq# (V) s (M€))

ST (V) — iphE(AE))
el W“ﬁ(q# (V€) —igh™ (Wwe))

in which ﬁyi = P5|.—,2 (see Lemma 2.13), we conclude that
()
- 1 ()
VA R | D!
TS| (v
¢ (M)
with
cosa 0 —sina 0
~ 0 cosa 0 —sina
R,=| . , aé€R,
sina 0 cosa 0
0 sina 0 cos a
solves the equation )
T1e —WT2 Re Ji{fl(2>
e | _ | Twuz | Re f12(2)
= 3
Tog Wy Im f1;(2)
Yoe Wy Im f1'5(2)

where
21 = X1 +i%2, 22 = Y1 + iys.

We henceforth use real coordinates for real-valued functions in X, and write

T oy (/\'ug)
|y _ > q@1 (AE)
s |0 # = YV Reme | g |

Y2 5()\“5)

I6)



2 Mathematical formulation

where 13] and cjj each denote either of the functions ;5 = and qvj it respectively. Note that
in real coordinates the matrix of L, with respect to the basis

{Re(ue'™), Re(ve'™), Im(ue'), Im(ve'™)}

(see equations (2.16), (2.17)) is given by

0 O Z) 0

AH 0 0 —(w + ")
w + v 0 0 AP

0 w+ vH AH 0

In the existence theory in Chapters 4 and 5 we use a perturbation argument, writing
z = p" 4+ r. Decoupling the system into equations for the strongly hyperbolic part
7 = Py,q and the centre part w = P.q yields

Ze = Ly Z + GY(Z,p" +r,w) + G5(r), (2.55)
re = Liyr + L+ fi(r) + fi'(Z, r,w), (2.56)
= Liw + P(3{(Z,p" + r,ww, ) + pb(p" + 7, w) + g5(Z,p" + r,w) + W (r). (2.57)

Here

GY(Z,2,w) = P (31 (2, 2 + w)(Z + w), + §5(2, Z + w)),
Gh(r) = Pshﬁ“(p“ + 1),
£r = dfip),
) = f" ) — F") = dfE ),

= P (382, 2 + w) — iy (2, 0) + 312, Z + w) Z)
= P(38(2, 2 + w) — iy (2, Z + w) + G (2, Z + w) 2y — pii (2,002, ),

where we have used the facts that
P2 =0, R(02) —0

The following estimates for the nonlinearities G, §{ and g are a direct consequence of
the estimates given in Theorem 2.16.
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2.3 Existence theory — Foundations

Proposition 2.17.
(i) The nonlinearity GY in equation (2.55) satisfies the estimates

G (Z, z,w)| = O(pl2lI(Z, w) || g x e + 1l (Z,0) 13 e + 2P 1(Z,0) | )
and
HdGﬁZ7 <, w]“C(Xt;Xsh) - O(MH(Z’ 2 w)| Ko X Xyon X XL + |Z|2||(Z’ 2y w)| XshXthXXCt)

1
Jort> 3.
(i) The nonlinearities 3§ and g5 in equation (2.57) satisfy the estimates

191(Z, 2, w)|le = O(ul[(Z, 2, w)]
149112, 2, wlll e,y = O1)

XshXthXX§)7

and

195(Z, 2, w)[|x: = O(l2]I(2, w)[*[1(Z, w) | x
“ng [Zasz]HE(Xt;Xf) = O(|(Z’u)| H(sz?w”

1
Jort> 3.

xaxxe + Rl(Z,w) |13 <)
Xan X Xwh X Xt + H’H(Zv w)|

Xsh XXCt)

Our aim in Chapters 4 and 5 below is to construct exponentially small solutions
(Z,r,w) to equations (2.55)—(2.57) in order to find solutions (p* +r, Z +w) to equations
(2.53), (2.54) which are exponentially close to p#. The following result summarises the
corresponding estimates for the relevant nonlinearities.

Proposition 2.18. Suppose that t > 1 |r| < e /2 |Z| < e/ and
[w||st1 < €7/24. The nonlinearities f§, fi, Gy and W in equations (2.55)~(2.57)
satisfy the estimates

OIS P, 1A Tt S 171

|f4 (Z T, w)l S MSH(Z T, w)| Xoh X Xy X XE ”dfr[Z’ T, w]HE(Xt;th) 5 ,u3,
G5(2)| S i [AGE 2] | cagman) S me™ /¥,
17 (2) || x S pPe c*/“7 [AR# (2| iy S e 70,

Reformulation of the hyperbolic part

The finite-dimensional strongly hyperbolic and weakly hyperbolic parts (2.55) and
(2.56) are handled by reformulating them as integral equations

2= [ C D (G2, + Er, Eaw)(8) + GE(Ewr)(1))

—00

- / h P (GY(Z,p" + Ewr, Ecw) () + G (Eanr) (1)) dt - (2.58)
3
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2 Mathematical formulation

and
€)= ([ (0 + FZ ). (507 0) dr) st
- ([ABO0 + fErwm). O o) d)ure. (@259

Here Py and Py, denote the projections onto the stable subspace of LY spanned by
the eigenvectors of LY whose corresponding eigenvalues have negative real part, and
the unstable subspace of LY, spanned by the eigenvectors of L whose corresponding
eigenvalues have positive real part. Since there exist only finitely many eigenvalues of
L* with non-zero real part due to Proposition 2.3, we find that there exist positive
constants wy,ws such that

HenghPSSHL'(XSh) Sers, HenghPsuuﬁ(Xsh) N e, £ eR (2.60)

~Y

The mappings &y, and &. are the extensions by reversibility defined by

| ore. ez f we. exo,
<swhr><»s>—{Rwhr(_£)7 o <scw><s>—{Rcw<_£)7 oo

A solution 7(§) to equation (2.59) which is defined for & > 0 and satisfies Ryy,7(0) = 7(0)
automatically gives rise to a reversible solution r(£) to equation (2.56) due to extension
by reversibility. The reversibility of a solution Z to equation (2.58) defined for £ € R is
verified a posteriori by observing that £ — Rg,Z(—£) solves equation (2.58) whenever
¢ — Z(&) is a solution. By uniqueness we thus obtain a reversible solution to equation
(2.55). Finally {SY, S5, U, U5} is a fundamental solution set for the linearised equation
for r, a complete quantitative description of which is given by the following result. Its
proof is deferred to Section 2.4.

Lemma 2.19. The equation
re = Liyr+ Chr (2.61)
has linearly independent solutions SY, SY, Ui, Uy on [0, 00) with
ST IS5 S e, [UFE©LIUF ()] S €€ 0,00),

éhe dua]{ibasis {(S1)7(€), (55)(), (UT)*(£), (U5)* (&)} to {S1(£), 55(€), UL (), U3 (&) } in
4 satisfies

(ST L 1(85) () S e, [T @ I(UF) ()] S e, €€[0,00).

The functions U} are reversible and the functions S are anti-reversible, that is they
satisfy
R U (0) = UF(0), RwwSH(0) = —=5%(0), 1=1,2.
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2.3 Existence theory — Foundations

Remark 2.20. In order to obtain satisfactory energy estimates to prove the convergence
of an iteration scheme for equations (2.57)—(2.59) in the existence theory in Chapter 4
below, the domain of integration is restricted to respectively & € [—e®/2# e¢"/2#] and
¢ € [0,e“/2#]. We thus construct solutions to equations (2.53), (2.54) which are expo-
nentially close to p* on the exponentially large interval [—ec"/2#, e¢"/21],

In the semilinear case (Chapter 5) we use a different iteration scheme to construct
solutions to equations (2.53), (2.54) on the entire real line. For this purpose we need a
similar result for the linearisation of the unperturbed equation (2.53), namely

Zg = lef/hz + fN{L(’Z) + ‘]’E;(Z,Z,w),

which we reformulate as the integral equation
(fr)®) + 52, 2,w)®), (S)*(t)) dt) S (6)
- ([HA(R0+ BEZ20m). 0 @) d U, (26)

where {S§, Sy, UL, UL} is the fundamental solution set for the linearised equation for z
given by the following result.

Lemma 2.21. The equation
ze =L,z (2.63)
has linearly independent solutions S§, SY, U, Uy on R with
[SEE) 1S5 S e, |USOL UK S, €€eR,

éh€ duajﬁb%is 1085)7(6), (SE)*(€), (UF)*(£), (Ur)* (&)} to {95(E), S¥(£), U5 (&), Us'(§)} in
4 satisfies

((S5) LIS (O S, 1UE)©OLIUN () Se™,  €eRr.

Proof. We use again the transformation

(21(), 91(8), 22(8), 42()) " = Ry (21(€). 44(€), 25(€). 95(€))

so that equation (2.63) is transformed into the system

ze = AT (2),
where
X1 Y1
Tl o = o )
X2 Yo
Y2 T2
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2 Mathematical formulation

the fundamental solution set of which is given by

—eM¢ M€
o= ME QME
S?(f) = 0 ) U'g(f) = 0 )
0 0
0 0
0 0
sh(§) = _eMe | ujy (§) = oME
—AHE e,\ug

with
5], [sH ()] S e, (O], [uf (&) S M5, €eR.

The dual basis is given by

_e)‘HE e_>\'u§
1| eM¢ 1 [e ¢
o * _ = o * ——

0 0

0 0

. 1 0 . 1 0
(s4)(&) = 2 Ate | (Uﬁf) (&) = 9 | e
AHE o= M€

and satisfies

()L 1) O S e, [(uh) (@ W) (O S e §eR

The functions

S@#(g) = R(M—&-V“)&Sél(g)a Uf(&) = R(w+V”)EUéL(§)7 £ €R,
are thus solutions to equation (2.63) with the desired properties. |

2.4 Assorted proofs

Here we present the proofs of the technical results in Lemmata 2.4, 2.5 and 2.19.

Lemma 2.4. Suppose that T¢, € L(C?) depends analytically upon € in a neighbourhood
of the origin uniformly over m € Z. The formula

( Ta \/ﬁ Z 1mT

MmEZL

defines an operator T° € L(X') for all t > 0 which depends analytically upon € in the
same neighbourhood of the origin.
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2.4 Assorted proofs

Proof. Due to the analyticity of T, we know that
=y M({e}")
k=0

for M € L) (R; £(C?)) with Mg" = T2 and there exist constants C,r > 0 which are
independent of m such that

M ({3 P)o] < CrFlef*o]
for each v € C%.

We conclude that the symmetric, k-linear operator M; on R defined by the formula
M ({e}* M ({e U )€™
(M ({}®)u) (7) V—Z(k{w)

satisfies

1M ({e}®)ullf = 3 (1 +m?) M (e} P )un[* < (Cr~*[el*)?lull}

meZ

and therefore is an element of L&) (R; L(X")). Moreover, for sufficiently small values of
le], we have that

= 3| () o] < 5 ()

meZ k=0 meZ k=0

N Z ||

mEZ

=D (14 m?) | (1 +m?) ™2

mEZ

<(Sasmal) (Sarm)”

meZ meZ
S llulle

for each u € X' and 7 € [0,27] so that the series on the left-hand side converges
absolutely in C¢, that is

TE Tz—: m 1m7'

meZ

r 5 3 (MU )

mGZk 0

Z Z (Mk {5}(19 ) imT

= g (M ({e}®)u) (7).

The operator T¢ € L(X*) thus depends analytically upon e. [ |
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Lemma 2.5. Let X be a Banach space, J € L(X) with the property that J*> = I, and
Pg, ..., PF € L(X) be projections which depend analytically upon € in a neighbourhood

of the origin and satisfy
‘Pis‘]:‘]‘Piav _Pf});:épé, i)j:]-?"':la

LY A}

and z

Z P =1.

i=1
There ezists U¢ € L(X) which is invertible such that

UsPP (U ' =P, i=1,...,L
Furthermore, U¢, (U®)™' depend analytically upon e and UsJ = JU®.
Proof. Define
!
Qa — _ ZPZ'S(B&)/’
i=1

where (P*)" denotes differentiation of P* with respect to €, and observe that the linear
differential equations

(UE)/ — Q6U57
U =1,
and
<V€)/ = _VEQEa
VO=1

have unique solutions U¢, V¢ € £(X) which depend analytically upon . Observe that
the solution U® is constructed as the uniform limit of the sequence {US}nen in L£(X)
defined by

Us=1, Us=1+ [ QUi ds
0

(see Kato [15, p. 100]). By assumption the projections Pf, ..., Pf and hence the operator
()° commute with the mapping J. It follows by induction that U;J = JU; and thus
UsJ = JU®.

The next step is to show that V¢ = (U¢)~! (so that in particular U*¢ is invertible and
(U¢)~! depends analytically upon ¢). On the one hand we have that

(VsUE)/ — (Va)/UE + VE<U€)/ — _V&‘QEU&‘ + VEQaUs — O,

that is VEU* is constant and hence VeU = VOU? = I. On the other hand note that the
linear differential equation

(Ws), = [Qsﬂ Wa]?
Wb =1,
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2.4 Assorted proofs

has a unique solution W*¢ which depends analytically upon . However W*¢ = [ and
We = U=V* solve this equation (since (UV®) = Q°UVe — UsV=Q* = [Q°,UV?]), so
that UsVe = I.

Finally we prove that UP)(U¢)~! = Pf for each j = 1,...,l. To this end consider
the linear differential equation

(ZE)/:QEZE,
0 _ po
72’ =F,

and note that U°P) solves this equation (since (U°P}) = (U°)'P} = Q°U°P) and

UY = I). We show that P;U* is also a solution to this equation. Differentiating the
identity
PiP; =0 P;

yields
(B7)' P + Bf(Py) = 0i5(F7)

from which it follows by left multiplication with P that
PPV} + PEPY) = 05 AP
Since 0;; 7 = P; P we obtain
Fi(F))'P; + P (F) = Py (FY)

that is
[—P; (), P;] = P{(F;)

and summation over ¢ = 1, ..., [ yields
Q% PF] = (F;).
Hence

(PEUP) = (P5)U* + PS(U°)
— QEP;JUE _ P]EQEUE + P]EQEUE
= QPIU*

with PPU? = P}, so that it follows by uniqueness of the solution that PfU* = U*P} for
each j=1,...,[. |

Lemma 2.19. The equation
re = Liyr+ Lfr (2.61)
has linearly independent solutions Sy, SY, Ui, Uy on [0, 00) with

[STEOLISEE) S e, UL |UE () S e, €€[0,00),
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éhe dua]lcibaé‘is {0S1)7(6), (S5)*(€), (UT)*(£), (U)* (&)} to {S7(£), S5(£), U (&), U3 (§)} in
4 satisfies

(ST) L 1(S5) ()] S ™, [T ©OL IS () S e, €€[0,00).

The functions U!' are reversible and the functions SI are anti-reversible, that is they
satisfy

R UL (0) = UF(0),  RunS;(0) = =S7(0),  i=1,2.

Proof. We use the transformation

(1(8), 91(€), 22(€), 92(€)) " = Rewsme (#(6), 11(6), (), 95(€)) "

(see Section 2.2), so that the matrix of L, in equation (2.61), which is given by

0 0 —w 0
00 0 —w

w 0 0 0|’
0 w 0 0

becomes the zero matrix and f/ is (with a slight abuse of notation) transformed into

0
fr) = | TEEE I L o(jaf e ),

—Cv'xZ(:c% + x3)

and we have also used the fact that the preliminary transformations in Lemmata 2.14
and 2.15 as well as the normal-form transformation in Chapter 3 below only modify
the higher order terms in the Maclaurin expansion of the nonlinearity f%(z,0)|._,2 in
equation (2.26).

Moreover after the above transformation (with a further slight abuse of notation) p*
is given by

H(we)
pe) = var | T | e
0

with
v 2 e
H(E) = \/gsech(é), [RME)] S pPe™™ ™,
so that that the transformed system reads

re = MW (r) + 15 (r) + 15 (&)r (2.64)
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Ty Y1 T 5 0
—3CH?(NENH
Ty z; = ;j; , 1Y ?;; = (0 RS
Y2 Ty Y2 —CH?(M\E) Ny

THE)] S e,

with

and

We first consider the system
re = MTh(r) + T3 (r),

which has the explicit solutions

where
v1(§) = sech() tanh(¢),
va(€) = sech(€)(—3 + cosh?(§) + 3¢ tanh(€)),
w1(§) = sech(§),
wo(§) = sech(£)(2€ + sinh(2()),

which satisfy
ST Is5@) S e ™, [uh (] [ua (O S e, € e0,00).

The dual basis {(s1)*(€), (s5)"(€), (uf)*(€), (uh)*(€)} to {s1(8), s5(&), u (§), ub(§)} in R*

is given by
) vy (AE) 1 —vy (M€)
(#ﬂ®2”9§j,(WW®2(“%O),
0 0
0 0
iy ey L 0 pve ey L 0
(‘92) (5) - 1 wé(}\uf) ) (UQ) (é) - Z _wll()\,uf) )
—wa(AE) w (A€)
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and satisfies
(SN IE) (O S e W) ()] (uh) () S e, €€ [0,00).

Next we turn to (2.64). Consider the integral equations
S0 = (0 - 3 [T IO, (6 (0) @ 410
-3 [T O, e, -1 (2.65)
a1 =ut(©) - X [ (TR, (47 (0) ar 0
- Z [ m e, ) @) aat©), =12 (260

and note that any solution of equation (2.65) or (2.66) yields a solution of equation
(2.64). Our task is therefore to find solutions to equations (2.65), (2.66) which satisfy
the desired estimates.

To this end we denote the right-hand side of equation (2.65) by F;(5!) and consider
15 lo.-xe = sup [3£(€)]e™".
£20

Using the estimates for s/ and uf', we find that

2

FEE) — O S X [ @I lo-we ™ dr e
=1
2 (o]
E3 [T IO et a0
1=17¢
S [T a1t e,
§
so that
I35 = stllonw < 1200 [ 180
S 5 oae [ e at
0
< 13 o

It follows that || F;(8))]Jo,—x» < oo for ||5]]o—x« < 0o and

1Fi(8iay) = Fi(Bi) llo-xn = IF;(8i0y = Sia)) — i llo-xn S allSiy — 8oy llo,-xo-
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2.4 Assorted proofs

We conclude that for small enough values of © > 0, the mapping F; is a contraction on
Bi(sf') € Con([0,00); RY) = {f € C([0,00);RY): || fllo,-an < 00}
and thus has a fixed point §¢' satisfying
5:(6) = si(§)leM* <1, £ €[0,00),
S

so that in particular |35 (£)| < e "¢, We also observe that

€)= O < [T ITW] At [ ose >0, § =00,

and conclude that

(2,-2,0,0)7, i=1,

2.67
(0,0,2,—-2)7, i=2. (267)

£E—o0 E—o00

lim 3(€)eM¢ = lim s/ (€)eM = {

In a similar fashion we construct a solution to equation (2.66) by denoting the right-
hand side by G;(@') and using the norm

[ {lo e = sup [ (€)|e™"<.
£>0

Using the estimates for s/ and u!', we find that
at K = [ g ~ AL APt —MBE
G:(@)(©) — w1 S X [ IO Nlloane e dt e
=1
2 o0
FX [T IO o e a0
1=17¢
o° "
S [T at e,
0
so that
1G: ) = o € Nillone | 174 (8)] dt
S Nilllons [ ute " at

<l o
It follows that ||G; (@) |low < oo for [|if||oax < 0o and
19 (@) = Gilti) lloxe = [1Gi(@) = W) = wi'llone S plltia) — g lloae-
We conclude that for small enough values of © > 0, the mapping G; is a contraction on

Bi(uf) € Cae([0,00); RY) = {f € C([0,00);RY): || fllon < 00}
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and thus has a fixed point @' satisfying
@y (€) —uf(€)le™* <1, € €0,00),

so that in particular |af(£)| < eM¢. We also observe that
A =, ¢ A (2
(&) —ut(&)|e™NE < TEO)| || [opne™ %) dt
| z( 1 ~ 0 3 7 11U,
=1
2 0o
+3 [TITE@ owe a
=1

13 0o

See [Fmpwlac+ [ mo) a
0 3

—0, &— o0,

and conclude that

i ;
£—00 £—00 t

lim @/ (€)e™™¢ = lim uf' (€)e ¢ = {E

The next step is to compute the dual basis {(57)*(£), (85)*(&), (@))*(&), (a4)* (&)} in
R*. To this end we define the matrices

M) = (s1©|ss©la©as©), M) = () (©)

and note that M* = (M T)~! by definition of the dual basis. In order to compute M*,
we first note that the Wronskian W = det M is constant since W = (tr L)W and the
diagonal entries of L are zero because Ry, L* = —LH Ryy,. Using the multilinearity and
continuity of the determinant together with equations (2.67), (2.68) we compute

det M = lim det M

E—o0
()
sh(€)e™'s

= lim det (s4(©)[5(€)]ut (©)|u (©))

E—o0

GE

(e

= lim det (3(&)e
E—o0

()

= Jim det (s} (¢)e" uf(€)e ™)

= 8.

In terms of the adjunct matrix M# the entries of M* can be computed via

)T =

— M#
det M

with o
M = (1) det(c’| -+ e |ej ey ] - - "),
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in which cj.” denotes the j-th column of M and {ej,...,e4} is the usual basis for R%.
We thus obtain the explicit formulae

det(e1[35(6) |#£(6)[5(6) et (S(6) 35(6)|ea|5(6)
e - L[~ Al BOEOIEE) | ey _ L[~ et OB Olealit (€)
VOZ5 | aeeigom@e) | MY T8 denE @Rl e)
—det(e |51 (€)1 7(€) — det(3 ()| ()lesl ()
= det(SH(©)|ea|af () 5()) — det(3(€) 35 (O] ler)
e - L | GOl OO | e _ L[ aetEHORE O
S5 | —aa@ Ol ) | T | - det@OIBO e
det (3 (6) e ()15 €)) det(3¢(6) 3416t () e

and again using the multilinearity of the determinant, we find that

("] S IsE©Na@©llas )] < e,
|(35)7 ()] S S ©Nlar ©)llag ()] < e,
(@) ()] < 151NN )] S e,
[(@5)"()] < [ @@ ()] < e,

for £ € [0, 00).

It remains to demonstrate the reversibility of @ and the anti-reversibility of sf'. Tt
follows from equation (2.66) that @4 (0),@5(0) € (u4(0),u5(0)), and since the functions
u} and ul are reversible, we conclude that @} and @4 are reversible. Moreover, recall
that equation (2.26), written in the new variables as

ze = F{'(z),

has the family .
{Rapﬂ(&) + ) a € [07 27T)7 50 € R}

of homoclinic solutions. Hence the functions

- d -~ - d -~ -
z _ R,p" ) — (0", F,= —Rp* . — R_jopt
S1 T P (& + ) o "), s da (&0 + ) oo /2D

are linearly independent, anti-reversible, homoclinic solutions of equation (2.64), and
the following argument shows that the set {s}, sy, @}, a4} is a fundamental solution set
to equation (2.64). Suppose that

151 () + azsh(§) = =i (€) — B4 (€), € €[0,00),

for some scalars «; and ;. The function on the left-hand side is anti-reversible, while
the function on the right-hand side is reversible, so that

S () + (€ =0, A (€) + Btih(€) =0, €€ [0,00),
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2 Mathematical formulation

and thus oy = ap = 1 = B2 = 0, since 3¢, 54 as well as @}, @4 are linearly independent.
By construction {3/, 34, @y, a5} is also a fundamental solution set to equation (2.61),

so that each of the bounded solutions 8% and &5 is a linear combination of 3 and 3.

In particular & and 34 are anti-reversible (note that we cannot simply take 3} = 5/,

b = §h since we a priori know only that |5} (€)], |55(&)] < e N7 for ¢ € [0, 00)).

The solutions to equation (2.61) with the desired properties are now obtained by
returning to the original coordinates and defining

SI(E) = Riwromed (€),  UL(E) = Rwrumetf (€), € €[0,00).
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3 Normal-form theory

In this chapter we consider equations (2.50), (2.51) derived in Lemma 2.15, namely

ze = Lgyz + fi'(2) + (2, 9), (3.1)
ge = Ly oq + Panc(91(2,0)a:) + g5 (2,0) + W (2), (3.2)
where the hats have been dropped for notational simplicity. Recall that
(=) = O(|2%), (3.3)
7 ) = Ol 0 Pllall s, + lall%, ), (3.4)
191 (2, @) lle = Oull(z, @)l x s, )5 (3.5)
10400l = Olul=lllalloy, -+ 2 Nall%, + pllallls, ), (3.6)
1B (2) ||, . = Ol2l*|(z, p)]) (3.7)

sh,c

for t > % and
P40 002) =0, Pg(=2) =0

We use the following strategy devised by Groves & Schneider [10]: we perform a
sequence of changes of variable which systematically remove terms from the Maclaurin
series of h*(z) up to a specific order p while preserving the overall structure of equations
(3.1), (3.2). We show that it is possible to make an optimal choice for p so that the
remaining part of h*(z) is exponentially small in comparison with p and hence prove
Theorem 2.16. The analysis is based upon a theory for finite-dimensional dynamical
systems given by looss and Lombardi [14]. We refer to several of their combinatorial
results here.

3.1 Construction of the normal-form transformation

In this section we show that for arbitrary order k > 2 there exists a near-identity change
of coordinates which transforms equations (3.1), (3.2) into equations of the same form
with the additional property that the Maclaurin series of the transformed nonlinearity
h*(z) does not contain any terms of order less than or equal k.

We begin by introducing notation for Banach-space valued polynomials of five complex
variables and stating some facts which are useful in the following analysis.
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3 Normal-form theory

Definition 3.1. Suppose that X is a complex Banach space and let k£ € N.
(i) We call ¥*: C® — X a homogeneous polynomial of degree k if

U (x) = > vaaft - ...-af?

|e|=k

for some v, € X, @ € Nj. We denote the vector space of all homogeneous
polynomials of degree k from C° to X by P*(C?; X).

(i) We call U: C® — X a polynomial of degree k if
k .
U=> 1,
5=0
where W/ € PI(C5; X) and ¥* £ 0.

Remark 3.2. Suppose that X is a complex Banach space and let k € Nj.
(i) Observe that U* € P*(C® X) if and only if there exists A* € LK) (C% X) sat-

Sym
isfying Wk(x) = AF({z}®)) for each 2 € C°. According to Definition 3.1, if
Ur € PE(CP; X) is given by

U ) = 3 vaaft ..o ags,
la=k

then v, and A* are related by the formula

Vo = ’O“; AF({er} ), fes} ),
)

where {ey, ..., e5} denotes the usual basis for C5.

(ii) The expressions

s =[5 ealont -~ as),
la|=k
1
(0| = ﬁ@b
and
OF(x
W — sup 122
T€R5 |:L‘|

define norms on P*(C5; X).
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3.1 Construction of the normal-form transformation

(iii) Suppose that k& > 0 and ¥* € P*(C?; X) is given by

Fa)= Y vaaft ... a2 = AF({2}W).

la|=F

It follows that

dU*[a] () = kA" ({2} "0, 3)

5

~, a (0%
(Z va+eixi)x11 SRR ol

jaj=h-1 " i=1

for € C°, where e; € Nj is the multi-index whose entries are 1 at position ¢ and 0
elsewhere. In particular the derivative d¥* is a polynomial in P*~1(C?; £L(C?; X ))

(iv) For our specific use we consider polynomials taking values in either Xsth  fort > =
or C°. To this end we abbreviate Pf = P¥(C; XY, .) and Q~ = PE(C; C?). The

norms on Pf will be written as respectively | - [5, |- |4 and |- [,

The relation between the different norms defined in Remark 3.2(ii) are given in the

following two lemmata, the proofs of which are similar to those of Iooss and Lombardi
[14, Lemmata 2.10 and 2.11].

Lemma 3.3. Suppose that X is a compler Banach space and let k € Nj.

(i) The estimates
[W* ok < [WF]o 0 < VBEWF|g ),

hold for each Wk € P*(C?; X).
(ii) Suppose that p € Ny, k # 0 and ¥* € P¥(C? X), NP € QP. The operator
x — dUF[2](NP(z))
lies in P'(C%; X) with | = k +p — 1 and satisfies the estimate

(AT J(NP) oy < VE? + AR T8 | | NP,

Lemma 3.4. Suppose that ¢ € N, i € {0,...,q¢}, p1,...,p-i € N and that
R, € LO(CY x (X4 )7 X4 ). For each choice of WP € P!, j € {1,...,q — i},
the operator

v R[{x}®, 0P (2), ... UP ()]

lies in P! with | =i +p1 + ...+ p,_i and satisfies the estimate
R [{-}D, 07 WPl < IRyl o VB[0P, - [ WP

"Pg—i”

The analogous result holds when PF is replaced by QF.
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3 Normal-form theory

Another useful fact is the following proposition concerning the relation between the
norm of a homogeneous polynomial and the norm of its derivative.

Proposition 3.5. Suppose that X is a complex Banach space and let k € N. The

estimate
’d‘yk|2,k71 < \/gkmfk\z,k,

holds for each W* € P*(C5 X), where | - |ox_1 denotes the corresponding norm for

PFLC; L(C5; X)).
Proof. Suppose that

= Z Vit o 28?, e € X
la|=k

According to Remark 3.2(iii), one can write

k as
AUz = > wext ... xf
|a|=k—1

with
5

Wa(T) = Z(Ozi + Dvgre, Ti,

i=1
so that
1

W Z HwaH%(@;X)Oq! co !
' al=k—1

|dq’k2k 1=

2

= — Z sup arl - as!
X

" al=k—1121=1

Z (Z a; + 1)||Vate,

|a|—k 1 V=1

5
Z a; + 1) Hva+ez
Ial k-11i=1

5
= ]{?' Z Hva+ez

‘a‘:k— 1:=1

5
Z(ai + l)va-&-elji
=1

2
X) all-...-a5!

2
Yol as!

XOél (@14-1)'&5‘

5k2 o]
> llvallfas!-
|a|=k

= 5k2|\11’“]27,€.
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3.1 Construction of the normal-form transformation

By writing y = (2, ) and attaching the additional equation d¢p = 0 to equation (3.1),
we reformulate equations (3.1), (3.2) as

ve = Lhyy + fiy) + f2(y, ),
e = Lgh,cq + Psh,c (gl (ya q)QT) + QQ(Q, q) + h<y)7

TH L@h 0
(5.
A= (). mta = (6),

9y, 0) = gj(z,9), Jj=1,2
h(y) = h*(2).

To achieve our objective of removing terms from the Maclaurin expansion of h(y) up to
some specific order p, we use a change of variable of the form

where

q=q+ d(y),

where ®: C° — X[} is a polynomial of degree p for ¢ > 1, that is
SN k k
(I)(y) = Zq) (y)a IS Pt—f—l:
k=2

which commutes with the reverser R (we slightly abuse the notation writing (Rz, 1) as
Ry). We arrive at the equations

ve = Ly + fiy) + F2(v, ), (3.8)
Ge = Lty oG+ Panc(31(y, D)) + 2(y, @) + h(y) (3.9)
with
fi(y) = fi(y) + foy, —D(y)),
F2(y,0) = faly, @ — @(y)) — foly, —®(v)),
91y, @) = g1(y, ¢ — 2(y)),
52(Y:4) = 92(y. G — 2(y)) — g2(y, —2(y))
— Pave((91(y, G — ®(9)) — 91(y, —2(1)))0-(y))
+dD[y](f(y,d— ®(y)) — f(y,—2(v))),
h(y) = —L5,2(y) + dO[y)(Loyy) + N(y)
in which

Fly.q) = (Lhy, = L)y + fi(y) + fo(y.q)
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3 Normal-form theory

and
N(y) = — (Lo = L3, )@ () + A2y (f(y, (1))
+h(y) + g2(y, — (1)) — Panc(01(y, —2(1))0-2(y)).

To eliminate the k-th order term Bk(y) in the Maclaurin expansion of h, we choose ®*
in such a way that

L%, 25 (y) — d®*[y](Loy) = N*(y), k=2,...,p. (3.10)

By (3.7), we know that h? = h* = 0 and hence ®* = ®* = 0. However we include these
terms in the expansions for notational simplicity in the combinatorics below. Note that
a solution ®* to equation (3.10) commutes with the reverser R.

In order to prove that equation (3.10) has a solution for every k = 2,...,p we con-
sider its left-hand side as an operator Lx: PF,; — Pf and show that £ is invertible
with an inverse £, which is bounded independently of k. In the construction of the
estimate for ||£; || c(pp.,) We change between the canonical basis {e1,...,e,} and re-
spectively the bases {e11, - ,e1n-2,u, v}, {€11, -+ , €120, T}, {€m1,...,Emn} for C"
(see Section 2.1) and use the fact that the change of basis matrices @,!, where

Q1 = (e11] - lern—2|ulv), Q-1 = (€11]- - [E1n2[ulD)

and
Qum = (em1| - lemn) (m € Z\{£1}),
are bounded independently of m € Z (see Proposition 2.8).
Proposition 3.6. The operator Ly,: Pf,, — Py defined by
(Lx®")(y) = LG, P"(y) — dO*[y](L3yy)
1s tnvertible and the operator norm

. -1 _ -1k |t+1
v = ||L, HL(Pf;PfH) = ‘\Pillélil |L, ")

is independent of k.

Proof. First note that polynomials ¥* € PF and ®" € Pf., take values in the finite
dimensional subspace

Ee®d(E_1®E)® - & (E_ ® Ey)
of respectively Xt and X!, Writing
\I/k (y) — Z Z Wm,a,r2?122a2§?3§§“4u“5 em,reimT,

la|=k —k<m<k
1<r<rm

(I)k (y) — Z Z ¢m7a7r2?1 2322?3§g4 Iuas em,reimT

|a|=k —k<m<k
1<r<rm,
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3.1 Construction of the normal-form transformation

for some complex numbers ®,, o, and ¥, o, we therefore find that the equation
L 0% = U*
is equivalent to
()\m,r + miw)q)m,a,r - \Ilm,a,m

and since Assumptions 2(iii) guarantee that A, , # miw for each m € Z we conclude
that £ is invertible with inverse

(L) =3 X
|a|=k —k<m<k
1<r<rm

\Ijmocr
Ay 4 miw

(o731 ag—ag—a4
2P EI S U ey ™

Next we use the estimate for ||Q;!]| in Proposition 2.8 and the fact that the vectors
em,r are normalised to compute

(|£ 1\I/k t+1)

=Y Z (1+m?)!

|o|=k m=—k

< y ]_ 2 1+m2 ™m \Ij ) '
> |§:km§;k( +m) Tlln,a?imw—mlwlzz| mar| aq! as!

2

\Ijmar 011!'...'045!

Tm
> e,
A

=1 Amyr £ MW

b 2 T 9
= (1 + mQ) max LQ E \Ijm7a,r'er 0% | . 065!
|a‘:k m=—Fk r=L,....rm |Am7‘ + mlCU| —1
k 9 . )
> 1+m
= > > (+m) max Q> Wy gy !0
|a\:km:—k r=1,...,rm |>\m7“ —|— m1w|2 m 7;1 m,o,rEm,r
k 9 . )
> 1+m
SY Y 4m) max S W gl 0nl sl
|a|=k m=—k r=1,...,rm ’)\mr =+ ml(,U|2 et m,o,rEm.,r

We use the same notation as in the proof of Proposition 2.3 and recall that the eigenvalues
AY(m), ..., X0 (m) of the matrix iA°(0) + LAB°(0] are purely imaginary for sufficiently
large |m| with

lim Ao(m) =i, r=1,...,n,

|m|—o00

where 19, ..., 0 are the distinct, real eigenvalues of the matrix A°(0). Since
Ay = mAY(m),

we conclude that 1
lm  — (A + miw) = i(p + w),

|m|—oc0 M

where the right-hand side is non-zero since ! # —w due to Assumptions 2(iv). We
conclude that
[ A + miw| Z m,
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3 Normal-form theory

so that )
14+m
C =sup max ————
mez 1<Sr<rm | Ay + miw|?
is finite and ||£,;1H5(ptk;pf+l) < C independently of k. [ |

3.2 Estimates for the normal-form transformation

Our aim is to determine an optimal order p for our transformation such that the remain-
ing nonlinear terms )
> ")
m>p+1

in the Maclaurin expansion of i become exponentially small with respect to 1. We begin

by estimating the size of @, that is we derive estimates for |®™ (5} and ||®™ (y)|| xtr1. Here

we make extensive use of the relations between the different norms given in Lemmata 3.3
and 3.4.

By equation (3.10), we have that
" =L IN™, m=2,...,p.

Defining ¢,,, = |®™[5"! and v, = |[N™[4, . we use Proposition 3.6 to conclude that

2,m 2,m?
Pm < Vm,
and we proceed by estimating v, for m € {2,...,p}.

We use the notation

I ] = A 0 ),
1

m1!m2!

fmth[ylu ce sy Ymy, W1,y - - 7wm2] = dmthf[O](yh <oy Ymy, W, - - 7wm2)7

where m, my, mo € Ny for analytic functions of one and two variables and
P, = (O™, ..., DP9),
q
¢p = H ‘q)pj’;;i
j=1
for p € N4, where Ny := N\ {1}. We also write

(UM AU =3 Agd, (UF) OB (O)U =3 By,

i=0 =0
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3.2 Estimates for the normal-form transformation

in which A;, B; € L(X') are operator-valued coefficients with A, = A°(0) and
= 0B%(0), so that

(Lo — L0)0(0) = 3 A0, 0(y) + 3 Bui(y)
=1

=1

It follows that
N™(y) = h™[{y}™)]
.S d@k[m( DD fm—f[{y}“%—@p(y)])

2<k<m—1 2<g<m—k+1i=0  peni
|p|=m—k+1—i

Y Y Y Pa(d O, -8, ()]0 9 ()

1<g<m—11i=0 (p,r) GNgfiJrl

|p|l=m—i—r

FYOY Y . e

2<q<m =0 pENq i

lpl=m—i
— > Ao (y) = Y Baopp™ O (y) (3.11)
2<k<m—1 2<k<m—1
for m > 2.
Because the functions f: C° x &j . — C°, g1: C° x &§ . — H}(0,2m;R™™),

g2: C x Xy . — Xl and h: C° — Xsthc are analytic at the origin for ¢ > L there

2 Y
exist universal constants a > 1 and p < 1 such that

’fml’mQ[ylw--aym17ql""’qm2]|

il Y|

S pm1+m2 Xsthc.“..
‘ Pshc(ggn1 e [ylv o Ymys q1 - 7Qm2]a‘r(Jm2+1) Xt
sh,c
74pm1+mz ol -y oo llama g, gma e
||gm1 m2[y17 e Ymyy q1y - - 7qm2] X;hc
WWH o Y| |Q1||X;h : quzﬂxgh,c
and
12" syl < [ Y

sh,c
for each my, my € Ny. We furthermore choose a and p such that

a a

Am t<7’ B t v
Anllocey < o WBullees < 1o

99



3 Normal-form theory

for each m € Ny. Using these estimates together with Lemmata 3.3 and 3.4, we find
from equation (3.11) that

a a i
%m( VBT Y Ve Y. Y Y. —VEg,
P 2<k<m—1 2<q<m—k+1i=0  pena~ P
lp|=m—k+1—i

TR DD SED DRV, FARESD DD DD SRRV Y

1<g<m—11=0 GNq i+1 P 2<q<mz 0 pENq i

[pl=m—i Ip|=m—i

5" ). (3.12)

i1 >

2<k<m—1

Observe that

q . B
>3 Y ez X 2 Ve,
2<q<m i=0 peni- 2<g<m  pieN, P

[pl=m—i p1=m—(g-1)

a q—1
= > T]\/g Pm—(g-1)

2<q<m—1 P

>y

2<g<m—1

= 2

a<kzm—1 P

5 gbmf(qfl)

in which we have written k = m — (¢ — 1) in the last step, and

q a .
o2 X S Vid= X Sy
1<g<m—1 i:OpeNg*iJrl 2<qg<m =0 pENq i

Ip|=m—i lp[=m—i

q a .
ST Y Y s,
2<qg<m =0 pENgii

Ip|=m—i
Using these combinatorial results, we find from inequality (3.12) that
q .
%_—f’% > OVETE Y Y Y S,

2<k<m—1 2<q<m—k+1i=0  peni- P
lp|l=m—k+1—i

q ,
+ Y > Y Ui, (3.13)
2<q<m =0 pent~i P

|p|=m—i
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3.2 Estimates for the normal-form transformation

Our aim is to obtain a non-recursive estimate for ¢,,, m > 2, and to this end we
consider the sequence {3 },en defined recursively by the formulae

61:17

p m—2 q p q—2
w=(2) v 2y 2 (2) s

@y 2<q<m i=0 pepg—+ Y

|p|l=m—i
q p\ 42
w5 Y Y Y X (L) 4
2<k<m—1 2<qSm—k+1i=0  pei—i ary

for m > 2, where we have used the notation

q—1
Bp = H B, -
j=1
The first step is to establish an estimate of the form

bm < CnbP, M2 2,

where {c¢,, }men 18 @ non-recursively defined sequence of positive real numbers.

Proposition 3.7. The estimate

b < V5 (“&”)mlﬂm

2

holds for each m > 2.

Proof. We establish this result by mathematical induction. If m = 2 we have that gy = 2
and inequality (3.13) shows that
).

Now suppose that m > 3 and the result holds for all j < m. Using inequality (3.13) we

5
by <2905 = ﬁ(@w
p p
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3 Normal-form theory

find that

o< TV Y Y Y E (Y)Y,

2<qg<m =0 pGNq i

|p|l=m—i
T SRR C S
2<k<m-—1

ary q \/gaf)/ m—k+1—q
X Z Z Z q\/g( 3 > ﬁp
2<q<m—k+1i=0  peNg~i P p
|p|=m—k+1—i

oGRS b Db DRt Vi iy B

2<q<m i=0 GNq i pq P
|p|l=m—i
+ S VR ARVGS q 9 s
X Y X A (B) s
2<k<m—1 2<g<m—k+1i=0  peni P P
|lp|=m—k+1—i

and since V&2 + 4k+v/5 < 5k and
s = (2)"
V5 \Voay/  pm
1 pZ >m—1 a,y \/—m( 7)
_ _r 5 _r
V5 <\/3a’y p1 p*

p\72
=()
we conclude that

e (R R e

ay 2<q<m i=0 ENq i
|p|l=m—i
q p q—2
$ Y w3 T (L))
2<k<m—1 2<g<m—k+1i=0 i ary
|p|l=m—k+1—1

The second step is to show that the sequence {; };en is bounded by a non-recursively

defined sequence {«; }ien and to use Proposition 3.7 to obtain the desired non-recursive
estimate for ¢,,, m > 2.
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3.2 Estimates for the normal-form transformation

Proposition 3.8. Consider the sequence {au, }men defined by the formulae
[ 1,
U = 0" 2(m —2)!, m > 2,
where 0 > 1 is a constant satisfying p/ay0 < 1/5 and
21 n 129 <1
40 20 —
The estimate
Bm < 2™,
holds for each m > 1.

Proof. This result is also established using mathematical induction. Note that
br=1<2=20, [=2<4=2%,

so that the statement is true for m = 1 and m = 2. Now suppose that m > 3 and that
B; < 2a; for all j < m. Since 1 = 1, we find that

S 6= 6

=0 pENg_i peNY
|pl=m—i [pl=m

so that we can rewrite the recursive formula for f3,,, m > 2, as

() ()

ay 2<q<m peNe 47
[p|l=m
P\
LER SN S SIS I () BN
2<k<m—1 2<q<m—k+1 peNd ary

|p|=m—k+1
It follows by the induction hypothesis that
PN™? | omf Al 2 3 4
ary
where

M-y X (4) e

3<q<m peNt @Y

lp|=m
2 p\92
M=10 Y ke XY (L) e,
2<k<m—1 3<q<m—k+1 peNd ay
|p|l=m—k+1
3
AV = > gt
1<k<m—1
4
Am =10 Z kak Z Q0m—f+1—j
2<k<m—1 1<j<m—k
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3 Normal-form theory

and we have used the notation

q
ap = H Q-
j=1

In order to estimate the quantities Al /... Al we make use of the inequalities

2
Z ap < mam;

peN?
[p|=m
_ | — |
Z k(k—2)!(m —k 1).§§7
D<hem—1 (m —2)! 2
_ | — |
> (k= 2)!(m —k—2)! _ 1
Dk (m —2)! 2

3<q¢<m, (3.14)
m > 3, (3.15)
m > 4, (3.16)

which where established by Tooss and Lombardi [14, Lemma 2.13, steps 2.1, 2.2 and 4].

Inequality (3.14) shows that

A, = > (p>4—2 > ap

3<q<m @7

<2 ¥ (2

sdqem 70

:22(

1<g<m—2
1
SQ( _L_l
a0
<Oé7m7
-2

since p/ayf < 1/5. Similarly, it follows from inequalities (3.14), (3.15) that

A2 =10 Y kap Y (

2<k<m-—1 3<g<m—k+1

<5 > kowQum—pi

2<k<m—1

=5 > k0" *(k—2)(m—k—1)

2<k<m—1

5 k(k — 2)/(m — k — 1)!

— o Y

2<k<m—1

< —ayn-
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3.2 Estimates for the normal-form transformation

Next we show that

2
Ail = Z OO < =Qp, ™M > 3.
1<k<m—1 4
If m = 3, we have that

2
Z A3 — 20&2 =2= 59 = —Q3

1<k<2
and in the case m > 4 we can use induction to show that

2 1
_l’_

L <
O(m —2) 262 —

2
9 )
which together with inequality (3.16) yields

Y o =201+ Y Qe

1<k<m—1 2<k<m—2
=20"3(m =31+ > (k—2)!(m—k—2)!
2<k<m-—2
2 1 (k—2)/(m — k —2)!
O"”(a(m Sy teE, X T o) )
<o
- "\O(m—2) 262
< 204
< 50m;

proving the estimate for A3 . Turning to A,

together with inequality (3.15) to conclude that

we use the estimate for Af}b, m > 3,
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3 Normal-form theory

Afrln =10 Z k‘Oék Z OG0 —fet1—5

2<k<m—1 1<j<m—k

= 10(m — Day,_1a] + 10 Z koy, Z QOGO —kop1—j

2<k<m—2 1<j<m—k

=10(m — Dam_1+10 > kapAd .,
2<k<m—2

20
< 10(m — Day,—1 + — Z ka0t gyt

0 2<k<m—2
=10(m — 1)0" 3 (m = 3)! + 200" > k(k—2)/(m—k—1)!
2<k<m—2
10(m —1) 20 k@—QWm—k—Dv
:am 7_1._7
(ﬂm—Q) 92Kg%4 (m — 2)!
20m —1 20 uk—mmn—k—nﬁ
S Om | — + Y
<€m—2 0 231221—2 (m —2)!
k(k —2)(m —k —1)]
m — 2)!

2<k<m—1 (

Finally note that
m—2 m—2 m
(27 = () et B
ay ayf — 40
since 5 - 2™ > 40 for every m > 3. Altogether we have that
25 2 50

1 I
(2+2e+e+e+4o)2 O

21 129
21 >2m

< 2"ay,,. [ |

For the remainder of this thesis, we fix # > 1 to be a constant satisfying the assump-
tions of Proposition 3.8. It follows from Propositions 3.7 and 3.8 that

G < \f(f‘”)m 1

<) e
5( ) 2m0m 2(m —2)!
_ 20ay < \/5(170) (m —2)!

p? p?

(3.17)
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3.2 Estimates for the normal-form transformation

for each m > 2. Using this estimate together with a mutual constraint on the order
p of the normal form and the maximum size J of [y|, we can establish estimates for
H(I)@)Hxﬂjl and ||dq)[3/]|’c(<cf>;x?h+1) from which the estimate for [|h(y)[|x: is derived.

Proposition 3.9. Let p > 2 be a natural number and § > 0 such that

0

4v/5av0

op <

The estimates

> oty

t+1
2<k<p Xsh,c

> detly]

2<k<p

Y A2y

2<k<p

hold for each y € Bs(0) C C.

R
cesaithy — 0

@, @sxtthy 00

Proof. Take y € Bs(0). Using Lemma 3.3(i) together with inequality (3.17), we find
that

)OI SO] INED DI ST
2<k<p Xne  2<k<p
< > "
2<k<p

20a7y6% [ 2+/5aryf5\ 2
<> FE(RE) k-

a<k<p P p
_ 250 (2\/5a795>k1(k _9)
0 252, p?
kf
L 250 (1> o),
0 252, \2p

and since (k — 2)!/p*~1 < 1/p for 2 < k < p, we conclude that

< 2v/50 <1>k_1 < @

t+1
Xsh,c ep QSICS]J 2 9

> oty

2<k<p
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3 Normal-form theory

For the second estimate we additionally use Proposition 3.5 to obtain

Y dot[y]

N SR v

2<k<p LOCHXD) 2<k<p

< > ARl ylF !
2<k<p

< > Vokgpst!
2<k<p

20v/5av0 /2v/5a~v06\ k2

> \/—2“7 < \/_‘;7 ) k(k — 2)!

2<k<p P P

10 (2\/5a795)k—1k(k o)

0 2555, P’

10 1\ k1
< — — k(k —2)!
-0 __(2p> ( )"

and since k(k — 2)!/pF=1 <1 for 2 < k < p, we conclude that

2wl < 2 ()<Y

Lpt+1
2<k<p L(C%x, . 2<k<p

10
<
y 0

The estimate for the second derivative is proved in a similar manner by estimating

|2y < 5h(k — 18"

e, oz

and k!/pF~1 <1for2 <k <p.
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3.3 Exponentially small estimate

3.3 Exponentially small estimate

In this section we make an appropriate choice for the order p of the normal form so that
Ih(y)||x: is exponentially small with respect to p. Since by construction h™ = 0 for
m < p, we find that

y) = Y Wy} 9] =Y At S 9,0k y) — > Aui9,9(y)

p+1<q p<q 2<k<p 1<g<p-1
p+1—g<r<p
_ q k_ aHT
Y Bt > @ Y Buu'®'(y)
p<q 2<k<p 1<g<p—1
p+1—q<r<p

LYY Y PO, a,))0.07()

1<q<p—11i=0 (p, T)ENq i+1

I>p+1 lpl=l—i—r
q . . .
P[0 3 v )] 2 aet)
p<qi=0 2<k<p 2<k<p

+ 2 Z > g Y, —2u(y)]

2<q<p i= OPENq i

2l pl=ini
i 7 i (g—9)
s Y v awe - { Y et}
p+1<q i=0 2<k<p

q . . .

S d@k[y]( DD f“q"[{y}(’%—@p(y)])
2<k<p 2<q<l—h+1i=0  pepi—

pHI<I<p b1 Ipl=l—k1—i

+(§;dq>k[y1)( ST A, —a,()

2<q<p i=0 GNq i
I>ptl fpl

+ Xq:f""”{{y}‘”,—{ > @k(y)}(qi)D, (3.18)

p+1<qi=0 2<k<p

in which we have set ®?7 = 0 for p; > p + 1 for notational simplicity. We estimate each
term in the above formula using Proposition 3.9 and Lemmata 3.3 and 3.4 as well as the
analyticity of the involved nonlinearities.

Suppose that 6 > 0 and p > 2 satisfy the constraint given in Proposition 3.9 and note
that

125 ()| rer < 186y 1" < Gulyl® < grd®

for |y| < d by definition of the relevant norms and Lemmata 3.3 and 3.4. It follows from
equation (3.18) that
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3 Normal-form theory

o 1
U STV DEAUED LR S D
Tons p+1<q p<q 2 1<¢g<p—1 P
p+1—q<r<p
1 q 51 .
2 Y Y Y EEy,
41<q<p 1i= OpeNq i+1 ¢
[>p+1 p|=i—i
V56N 71\/Bé
()
p<qz 0 0
ad'
+ (3 )zzz O V5d,
2<q<p =0 ENq i p
2ptl =
0 NG
< 9) 2 Z ( 0 )
p+1<qi= 0
5l .
+ > VBker Y Z > LV, (3.19)
2<k<p 2<q<i—k+1i=0  peni— p
p+H1<I<p+k—1 plel 1

Next we simplify the expression on the right-hand side of inequality (3.19). First note

that . Y
a 50\ 4~ a
>4y (Y2)T = L ey
pe
and therefore

¥ S T S S ()T
(59, 2 5 (7))

s(iﬁf)pw o () IS s v ()

<(+9), R Eam () i;qz; o ()"

<(2+7) p;qé"zww( )

= (2+7) = Sy (5)

<(2+5) Py 2 (VBo)I(g + 1)
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3.3 Exponentially small estimate

Moreover

S Y Y DB Y z“‘gmr

1<q<p—1i= OpeNq it+1 1<qg<p—1 reNy
[>p+1 lp|=i—i I>p+1 r=l—gq

q
- T LV
1<q<p-1 P
p+1—q<r<p

and defining ¢, = /5 yields

DD SN DRIVERNES ol ol D

W%

1<q¢<p—1:i=0 g—i+1 2<q<p i=0 q—1i
PEN, peN
PPl P =i
1 ad i
<> 2 X q\/ﬁcbp

2<q<pi=0 ENq i
I>prl 1|Dp\

a(5l

:Z Zigﬁp

2<q<p peN? p

I>p¥1 |p|=l
Hence
1 a ,—q 1 a adt i
> VEITet s 3 Y Y Vg
1<q<p—-1 1<g<p—11i= OpeNq i+1
p+1—q<r<p [>p+1 |p|=l—i

+i+) Ty ¥ ‘“”mp

2<q<p i=0 ENq i

I>pF1 ip|=i
l
ad
<(1+5) X > %o,
2<q<ppeNq
[>p+1 |p|=l

Finally we find that

d adt i
2<k<p 2<q<l—k+1i=0  peni~ p
p+1<i<p+k—1 2

|p|=l—k+1—1

adt

= X Vhkee X Y b
2<k<p 2<q<l—k+1 pene P
p+1<I<prk—1 p|=l—k+1

and altogether we conclude from inequality (3.19) that

1R (), . < (2+ 9)A€+(1+ 9)A§+A (3.20)
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3 Normal-form theory

where

AV = 3 S(VBo)U(g+1),

p+1<q

=2 2

2<q<p peN? p

aél

I>p+1 |p|=l
adt
p __
A= > VEke Y X o
2<k<p 2<q<l—k+1 penNe P
p+1<i<p+k—1 |p|=l—k+1

and we have defined ¢; =0 if j > p+ 1.

We now construct an estimate for ||A(y)]| xt _of a non-recursive nature. To this end

we need the following combinatorial results. Throughout the following theory we define
(—1)!' = 0! =1 for notational simplicity.

Lemma 3.10. Suppose that p > 2 is a natural number.

(i) The inequality

£ 2 (onarmomrs (£ o)
lp|=l

holds for each q € {2,...,p}.
(ii) The inequality

> =2 (2 <20~k - 1)

peNT
|p|=l—k+1

holds for each k € {2,...,p}, le{p+1,....p+k—1} andqe {2,...,1—k+1}.
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3.3 Exponentially small estimate

Proof.

(i)

Using the multinomial theorem, we find that

(i( ) )q Z q 1 k1+2ka+...4pkp
) - 8
" s <okl \p

I=q 0Zk1,...kp<q
— _/_/
k1+‘..+kp—q

k1 +2ka ...+ php= >1

pq 1 l
>3 % () (—1) L (p—2)
I=p+1  0<ky,... kp<q

ki+...+kp=q
k142ka+...+pkp=l

S % (G- -2

I=p+1 peN?
[p|=l

v

since each term in the sum

S5 (G)e-a -2

l=p+1 peN?
lpl=!

is included in the sum

& x (Yom g

I=p+1 0<ks,....kp<q p
k:1+...+k:p:q
k1+2ka+...+pkp=l
(take py,...,p, € Nwith py + ... +p, =l and set k,, = 1 fori = 1,...,¢q and
k

;=0for je{1,....p}\ {p1,...,pg}. It follows that

(;)l(pl —2)l . (p—2)! = <1)l(_1)!k1 o (p—2)

p
with ky + ...+ k, = qand ky +2ks + ... +pk, = pr+ ... +pg = 1).

Here we distinguish two cases. If ¢ =1 — k + 1, then
Y =2 (pg -2 =(-=1<2(0 - k-1

peN?
Ip|=l—k+1

Now suppose that 2 < ¢ <l —k+ 1 and let p € N? with |p| =1 — k + 1, so that
there exists i € {1,..., ¢} with p; > 2. It follows that

:»Q

q
=< (i = [ =)' <U=k+1—(qg—1)=2) = (I—k—q),

j:l 7j=1
J#
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3 Normal-form theory

since nylng! < (ny + ng)!. Using the fact that the number of compositions of

[ —k+ 1 into ¢ parts is given by (éj) (see Tooss and Lombardi [14, Lemma A.2]),
we conclude that

2 @Y—@L~-«m—2MS<;fDa—k_qﬂ
p|=l—k+1

l—k
(—k—q+1)(q—1)!
- 1 q—1
—(l—k—1>!<(q_1)!+(l—k—q+1)(q—1)!)
<2(l—k—-1)L

= (1 —k—1)!

To obtain the non-recursive estimate for ||a(y)]| xt , we proceed as in Section 3.2

and impose a mutual constraint on p and & which is slightly stricter than that given in
Proposition 3.9.

Proposition 3.11. Suppose that 6 > 0 and p > 2 satisfy

2

p p 1
< ———, ri=— < -
b= 2v/5ea ayd 5
The estimate 1
. )
B, < Sa((C0F 0+ s )

2v/5a~0
2

C:

Proof. We proceed by estimating the quantities A}, A} and A} appearing in inequality
(3.20). First note that the assumption

implies
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3.3 Exponentially small estimate

and since ¢ + 1 < 29 for ¢ > 2, we obtain
p_ a g
AY= 3 L (Es)(g+ 1)

< ZH; (W)q

p+1<q P

p q=0 p

p+l X q
<27 L ()
P =0 \20

_ (2\/56>p“20

=a P 19

_ a(2\/§5>p+1 i <2\/55)‘1

To estimate the terms AL and AL we notice that the inequality

Pm <

20 2v/5 m—2
Z’Y< \/;a'y> Oy, mE{2,...,p},
p p

derived from Propositions 3.7 and 3.8 continues to hold for m = 1 and m > p+ 1, since
we have defined ¢; = /5, so that

20 (Mm)‘lal =2v5>V5=¢1.

p? p?

and ¢; = 0 for j > p + 1. Furthermore, since 6 > 1, we have that
9m—2 < 9m—l> m > 2’

so that
am <O (m —2)!, m>2,

and this inequality also continues to hold for m = 1 since a; = 1.
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3 Normal-form theory

We therefore find that
ad

= > > 0
2<q<p I>p+1 1|)pe|N‘;

-y Sy,
2<q<pl= p+11|JpE|N‘;

3 f: 3 aél(Zch) (2\/§a7)l_2qap

2<q<pl=p+1 peN? p P
Ip|=t

VA

2v/5av0\ 1
<y T Y@ (2) (pr—2)- ... (p, — 2)!
2<q<p l=p+1 peNt P P
Ip|=t
Pq
=a > 1> Y (Co)(pr—2) ... (pg —2)L.
2<q<p  l=p+1peN?

|p|=i

By assumption we have that dp < 1/eC, that is Cd < 1/ep. Using Lemma 3.10(i) we

conclude that

A< Sy % (p) (=21 (p—2)!

2<q<p  l=p+1peN
lp|=l

= Y (S () -2

2<g<p \j=1 P

a I 1 & G-\
= optl ) Tq<+22 —2
=2

IN

2<q<p

IN

a 1 p—1\¢
E G
ol PP
¥ ()
Pt )y \ P

a 4r? 2r\ ¢
=i, 2 (5)

0<q<p-2 > P

IN

a  4r?

— p2€p+1 1 —
a
— bpleptl

where we have used the facts that » < 1/5 and 2/p < 1.
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3.3 Exponentially small estimate

Turning to A%, we use the estimates for ¢, and «,,, m € N, to obtain
ad’

Ag: Z \/gk¢k Z Z T¢p
2<k<p 2<q<l—k+1 pene P
pH1<I<p+k—1 pl=l—k+1
20 25 k=2
e ey,
2<k<p P P

p+1<Ii<p+k-1

adt 120ay\? [ 2v/5ay\ k12
<y ox DEHES) .

9<q<i-k+1 pene P! p? p?
Ip|l=l—k+1
2045 /245 -1 q—2
_ ¥ \/—< \/_QCW) S 3 (P) 0!
2<k<p v P 2<¢<l—k+1 peNe AT
p+1<I<p+k—1 |p|=l—k+1
204/5 2v5 -1
< ¥ \/—51< ‘/;C”) 02k (k — 2)!
2<k<p v P

p+1<i<p+k—1

x> i (pr=2) - (pg — 2)!

2<q<l—k+1 peENd
|p|l=l—k+1

and using Lemma 3.10(ii) and the assumption r < 1/5, we obtain

-1
Agsém;/g T 51(2\;5;”> 02k~ — k-1 Y g

2<k<p 0<g<l—k—1
p+1<i<p+k—1
5045 245 -1
<2V v 51(\/_2‘W> 0 2k(k —2)1(I—k —1)!
v 2<k<p P
pH1<I<pth—1
25p° l
— S (OO k(k -2 — k1)
av0? 5L,
p+1<i<p+k—1
25p°

= (COPFE DT k(k=2)! > (CHTPTH -k -1

202
ay*0 2<k<p pH1<I<p+k—1

By assumption we have that Cd < 1/ep < 1/2p and since p+ 1 <[ < p+ k — 1 implies
that p —k<Il—k—1<p—2<p, we find that

(C8) P (1 —k—1)! < (;)l""l (I—k—1)!

pl—p—l
<1>l—p—1( k)|l_ﬁ2l—k—1—j
2 =0 D
<1

< (;)lpl(p — k)L
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3 Normal-form theory

Moreover
p P!
k—1)=
<k>( )= W2 h!
k-3
Py P—2—J
=(-17 1]
kigh—2—
> p— 17
so that
2 2 1 l—p—1
M 2ot X -2-k Y ()
ay?d 2<k<p pr1<iSpih—1 V2
< 507 (ot S (k- 21— k)1
< (p—k)!
ay 2<k<p
500 ) p\ 1
— (05)p+ p! ( N
ay26? 2<E:k<p k] k-1
50p? 1
< o0 p+1p! -
a7292( ) 2<Zk:<pp —1
50p?
— 26 (COPHipl.

Using inequality (3.20), we conclude from the estimates for A}, AL and A% that

. 10\ /2v/55\7+120 10 a 50p?
h 1 < (24 = )a| —— 414+ = §)Pripl
) s < (24 )a(Z52) 5 + (14 ) smer + aga(COF

p+1 2
- 240@(2\/55> 1la  50p (8Pl
19 P Sp?ertl — av20?
240 L lla 2 i
= Ea(rC’é)p + SpPar + 50ar°(Co)P"p!
240 /1\3 11a
“al = p+1 p+1,
=T a<5> (Coy™ + 5p2ertl + 2a(Co)"p!
11 1200 /1\% 10
5 a<<:209p!(5) *11>(Cj) b +@H1p2>
—_———
<1/11
11 1
+1
< ga(Cor i+ grrs).

The final step in the proof that || (y)| xt Is exponentially small with respect to y is
to determine an optimal order p up to which the normal form should be constructed. For
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3.3 Exponentially small estimate

this purpose we need the following proposition, which was proved by looss and Lombardi
[14, Lemma 2.19].

Proposition 3.12. Let v > 0. The function f,: N — R defined by

fo(p) = v"*pl

(3] = e

where || denotes the integer part of the real number x and

satisfies

Now choose 6 > 0 and define pypt € [2, (eCd) 1] by

Popt = [ (eC3) ],
so that popy and 0 satisfy the mutual constraint given in Proposition 3.11 and

S 1 1
popt - 605’ popt =

Using Proposition 3.12 with v = C§ we conclude from the estimate given in Proposi-
tion 3.11 that

< Ea (fca(popt) + 12)

b}l c 5 ePopt + 1p pt

1R ()] %

S <M [~ —2/606 2605) 1/eC’5>
— 7&(605)2 —1/eC6(M< C(S) 3/2 —1/eC<S +4>
5 e
<1
< 151a(e05)2 1/605<]\j + 4)
= 151&02(]\/[e + 4e?) 521/, (3.21)

In Chapters 4 and 5 we use a perturbation argument and write z(§) = p*(&) +7(§) to
construct a generalised pulse solution to the transformed equations (3.8), (3.9), where
p" is the rescaling of either of the homoclinic solutions p** constructed in Section 2.2.
Recall that p* satisfies the estimate

P"(€)] < cnpe™™" < cup
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3 Normal-form theory

for each ¢ € [0,00). Therefore, to guarantee that |y| = |(z,u)] < 6, we define
d = (2¢y, + 1)po and restrict the perturbation r to {|r| < enpo}, that is (z, u) to

{l2] < 2enp0, 0 < p < pot-
Defining ¢* = (eC’(Qch + 1))_17 we thus find from inequality (3.21) that

17(y) < pleme

Xt

showing that h(y) = h*(z) is exponentially small with respect to u for p = popt.

3.4 Further estimates

In this section we construct a corresponding estimate for the derivative dh[y] of h(y)
with respect to y. In this context we use the notation

O (y;9) = ("™ [y)(9), ..., d"®P1[y](7))

for g € N, pe N and I € N{.

Remark 3.13. It follows from Proposition 3.5 that

q

q A
¢g) =[] ld" @5, < Gl i | Op-
i=1 o1 (0 — )t

Now we compute an expression for dh[y] by differentiating equation (3.18). The result
is
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3.4 Further estimates

dhly](7)
= > gh[{y} Vg = Y gAY 0,98 (y) = D" Agut Y 9-dF[y](7)
p+1<q p<gq 2<k<p p<q 2<k<p
— Y AT a0 (y) = > Agut0.deT[y](7)
1<q<p—1 1<q<p—-1
p+1—q<r<p p+1—q<r<p
=Y qBeu M Y PM(y) = D0 Byu® Y dOF[y)()
p<q 2<k<p p<gq 2<k<p
— Y qButT A (y) — D Byptd®"[y)(7)
1<g¢<p—1 1<g<p—1
p+1—q<r<p p+1—q<r<p

q . . .
- > > X Psh,c<igi’q"[{y}“‘”,g,—<I>,,(y)]aTq>T(y)
1<q<p—11=0 (pJ‘)GNg_H'I

izp+l lp|=l—i—r

+ > T Ky, =P (y; 9)]0-9 (y)
leNg™
ll|=1

T, — ()]0, a7y @))

23 Pt [ - S o) X o)

Ha= e [0 2 et}
- X arim)] 3 o)
w0~ T o)) ¥ oarin)
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3 Normal-form theory

+ > Z S ig {0 =)+ Y 9 T Y, =W (y; )]

2<q<p i=0 ENq i lGNq i

R =1
q .
. 4.q—i i— ~ (g—1)

£y Yig [{y}< V{5 )}

p+1<q =0 2<k<p
1 7 1 g—i—1
+ (g —i)g5"” {{y}”?—{ > oky)} — 3 dok[y] }
2<k<p 2<k<p

q
S d?@k[m( Y Y Y fw—Z[{y}<z>,—@p<ym)

2<k<p 2<q<l—k+1i=0  peni—
p+1<I<p+k-1 ‘plil—k?-f—l—i

q
S d@k[m( SO Y i, g —a,(y)]
2<k<p 2<q<l—k+1i=0  peni—

p+1<I<p+k—1 ‘p‘:l—]g—l—l—i

Ly fm—f[{y}@%—<1>,<f><y;g>J)
leNd™
l1|=1

+(§:2d2<1>’“[y])< > Eq: > Py, -0y ()]

2<q<pi= OpGNq i

1>p+1 lp|=l

Py ifi’q‘i[{y}(“,—{ 5 cpk(y)}(“)}g)

p+1<qi=0 2<k<p

+<,§:dq’k[y])( 2 i( >0 iy g~ p(y)]

2<q<p i=0 q—i
4= peEN
t2ptl Ipl=i—i

+ > Y =0 (y; y)])

leNg™ ¢
=1

+ Z iifi,q—i[{y}(i—l)’g7_{ Z (I)k(y)}(q—z‘)]

p+1<q =0 2<k<p

+ (C] N i)fi,q—i [{y}(i)’ _{ Z (bk(y)}(Q—i—l)?

2<k<p

-y d@’f[ym)}). (322)

2<k<p

Repeating the arguments employed for the estimate for ||a(y)| xt in Section 3.3 we
find, using additionally Remark 3.13 and the estimate for the second derivative of ®(y)
given in Proposition 3.9, that
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3.4 Further estimates

||d7l[y]||z:(<05~xt B
5 1

Z q— \/—q5q 1+ Zq \/‘5>q 1\/9_ iz (\/_5)
p+1<q p<q p<q

1 1
5 X VA e s Y *Jﬁq“rw-l*r

2 11 P 2 1< P

p+1— q<r<p p+1—qg<r<p

-
+i Z Z Z laé \/—z+1¢p

1<q<p—1i=0 q—i+1
pEN,
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3 Normal-form theory

where we still use the definition ® = 0 for j > p + 1.

Next we proceed as in the estimate for ﬁ(y) and simplify the right-hand side of (3.23),
recalling that we have also defined ¢, = V5. We have that

> <5k<k—1>¢k SOy Y “F,

2<k<p 2<q<l—k+1i=0 pepa-i P
p+1<i<p+k—1 Ip|=l—k+1—i

NG i > (l—k+1)aél_lﬁi+l¢p)

- . pq
2<g<l—k+1i=0 pENg_Z
|p|=l—k+1—1
-1
ad
= > Sk D> > I——
2<k<p 2<q<l—k+1 peNd P
p+H1<I<p+k—1 Ip|=l—k+1
and
q -1 . 1—1
ad i+1 ad q+1
S Y V5 g Y IV oy
1<q<p—1i=0 peng-itt P 1<¢<p—1
I>p+1 D21 I>p+1

R T e

1<g<p-1
p+1—q<r<p
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3.4 Further estimates

Hence
1
D DR D DI
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10\/_ adt \/—1+1 aél_l\/—z’ﬂ
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3 Normal-form theory

Finally we find that

Zq ¢ 5ty L Zq f&)ql\g‘s ; paq(\/ﬁa)qleo
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3.4 Further estimates

T = 0 p;qi A_1<\/0_5>

< (w5 257) 3 S s (5) 7 5 st v ()"

p+1<qi= 0

< (1v5+ 25 )X ) A

Using the previous estimates, we find from inequality (3.23) that

~ 30 104/5 + 50\ » A
Ayl s, <4f + f)Ap (\f + \/_9)A§’+\/5A’§, (3.24)

where

= 2 q<q+1)§q‘/gq5q_l,

p+1<q
-1
ad
P _
AQ - Z ! ¢p7
peNq p
Ip|=l
R a(;lfl
p_
A= > Voke Y X by
2<k<p 2<q<l—-k+1 peNd P
p+1<i<p+k—1 |p|=l—k+1

Using arguments similar to those in the proof of Proposition 3.11 we now establish a
non-recursive estimate for dh involving the order p of the transformation. Here we impose
a mutual constraint on ¢ and p which is stronger than that given in Proposition 3.11
and make use of the fact that &, = &5 = 0.

Proposition 3.14. Suppose that 6 > 0 and p > 4 satisfy

P’ _ P

1
p< —L = =
b= 4v/5eav6 ayd 5

The estimate

- 15 1
Jahy]l e < 5 a((COF 70+ S ),

holds for each y € Bs(0) C C®, where
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3 Normal-form theory

Proof. We proceed by estimating the quantities A?, AL and A% appearing in inequality
(3.24). First note that the assumption

2
s<l p
p4\/5a79
implies that
\/_ — < o < L < i
b = e S ap = 20p = 40
(where we have estimated p > 2) and since (¢ + 1)g < 2? for ¢ > 5, we obtain

Ar= y %q<q+w3%sqfl

p+1<q
q
<5 5,
0 p+1<q p

40a (2\/‘ 5>p+1
395 p

Turning to Ag and A’g, we estimate [ < 2!, [ € N, and proceed as in the proof of
Proposition 3.11 to obtain

Ap<7 Ty 2(4\/_a795)<

2<q<p I>p+1 peNd ayt
Ip|=!

erqZ ZC(S (p1—2)!- ... (pg —2)!

2<q<p [>p+1 peN?

) o=t 2!

Ip|=t
a 4t 1
~ dertip2l —r
and
Ap VS s 1(”””) 02k(k —2) (I —k —1)!
Y

2<k<p
p+1<I<p+k—1

_ Bart 5 1(2\/5a7)lk(k—2)!(1—k—1)!

0 2<k<p P
p+1<I<p+k—1
2 2
< 20T N (s (k- 2 — k — 1)!
0 2<k<p
p+1<I<p+k—1
2
< 50ar (Co)PHpl.
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3.4 Further estimates

It thus follows from inequality (3.24) that

b en ) < (1V5 + 22 200 (2050

399\ p
10v5 + 50N\ a 412 1 50v/5ar? pil
_ |
+(ﬁ+ g >§ep+1 D ;o
3080 a /2+/56\PT1 30002 1
< — | — - - p+1
< 35 5( ; ) AT 5+5ofr —(C6)
3080 /rC'o\P+! 30072 2l
5( 2 ( 5 ) +—ep+1p2(1_ >+50\/3r (Co)PHip!
3080 / 1
< p+1 p+1 |
_5< = (10> (Cay 415 s+ 2V/5(C9) p>
15 46200 3 zf 1
< = _ p+1 |
= 5“(( 39p! (10) 15 >(05) + P+1p2>
N—————
<2/3
15
<

1
+1
sy o)

Using Proposition 3.12 and arguing as before, we find from Proposition 3.14 that
ARyl oo,y < 15aC*(Me +4e®)e /7y € B5(0),

-1
for p = popt and with 0 = (2¢, + 1)po and ¢* = (eC’(Zch + 1)) . Restricting y = (z, u)
to

{I2] < 2cnp10,0 < p < o},

we conclude that )
dAly]ll cessas, ) S pe™ /w

~ We conclude this chapter by stating estimates for the transformed nonlinearities
Fi, F», ¢ and gy appearing in equations (3.8), (3.9). Here we make use of the fact
that p > 4 with ®* = ®3 = ( and the original estimate (3.7) for h* so that

> )| . = 0PIy,
2<k<p Fen

ool = ogyl).
2<k<p L£(CHX50)

We return to the original notation by writing

fliz) = hy), f(z9 = hyq),
g?(zaq) = gj(y>q)7 .7 = 172
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3 Normal-form theory

The definitions of fi, fa, g1 and §s, the estimates (3.3)-(3.6) and the facts that
G0 = g0, B (.2) = oz 2)

yield the following result which is included in the statement of Theorem 2.16.

Proposition 3.15. The transformed nonlinearities f1, fa, §1 and Go satisfy the estimates

()] = Oz + |2*),
75 (2, )l = O(zl(z, )P llall e, + lall%;, ),
137 (z, D) lle = Oull(z, D)l x s, )
135 (2, )L, = Olulalllallae, , + 1?llalle,  + pllals  + 1=Pllalas, )

fort > %, with
P(31(2,0)Z;) = Py (2,2) = 0
and

|[fi(2) = f(2)] = Ol=P|(z, w)]).
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4 Existence theory

In this chapter we construct reversible solutions to the transformed equations (2.53),
(2.54) whose pointwise distance to the approximate pulse p* does not exceed e~¢/2+
for & € [—e®" /2 /2] (see Figure 4.1). To this end we construct exponentially small
reversible solutions to equations (2.55)—(2.57), meaning reversible solutions which are
bounded by e~¢/2# for ¢ € [—e® /2 e¢"/21]. Here we use the reformulations (2.58), (2.59)
of equations (2.55), (2.56) as integral equations.

_ect /21 e /20

Figure 4.1: A generalised pulse solution to equations (2.53), (2.54) lies in an
exponentially thin tubular neighbourhood of (p#,0) on the exponentially large
interval [—e® /2# e¢"/21],

Consider the following iteration scheme for equations (2.57)—(2.59), the convergence of
which we prove in Section 4.2 below. Suppose that Z ), r) and w( are appropriately
chosen initial values (see below) and let

Z(j+1)(§) :/5

—e—c*/2p
eC */2p

- / TN P (G (Z5), ' + Eanr s Ecwp)) () + G (Ewnrp)) (1)) dt,

S OL PE(GH(Z5y, 0" + Eanrys Ecwy) (1) + G (Ewar))(1)) dt

P (€) = ;( [0 + 7y wi) @), S:0) dt)5,(6)
N (/;o (S Co)@) + F (2o, o wi) (1), U () dt) Ui(€),
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4 FExistence theory

and w(j;1) be the unique solution of the initial value problem

Dew(s1) = Liwg) + Pe(G1(Z0), 0" + 1) w))0rwgam) ) + #b(p" + 1), w()
+ 95 (Zg), P + 14y, wiy) + B (i),
w(;+1)(0) = w(o)(0)

for fixed j € Ny. This iteration scheme yields a family of exponentially small solutions to
equations (2.55)—(2.57) parameterised by the initial values Zy), (o) and wo) on a local
centre-stable manifold W&, (see Definition 4.27); in this chapter and in Chapter 5 below
we make use of familiar dynamical systems terminology regarding invariant manifolds
(see Kelley [16]). An exponentially small solution to the reformulated system (2.55)—
(2.57) corresponds to a solution of equations (2.53), (2.54) which is exponentially close

to p (see above).

The above definition of the iterate w41y requires the solvability of an associated
linear Cauchy problem. The relevant theory is given in Section 4.1 and uses standard
methods for symmetrisable hyperbolic systems as presented by Benzoni-Gavage & Serre
[1, Chapter 2|, who consider the class of equations

Ocu+ A(E,7)0ru = B(&, T)u+ f(&,7)

with coefficients A and B which depend smoothly on £ and 7. It is necessary to extend
their methods by treating coefficients with values in finite-order Sobolev spaces and
replacing the function B by a general linear operator acting on the function w.

4.1 The linear Cauchy problem

In this section we study the linear initial-value problem

Lu=f, (4.1)
uw(0) =h

for fixed f € C’([O,T];Ht (0, 27r;]R”)>, h € H!HH(0, 2m; R™), and

per per

L =0:+A0.+ L,
where A, L are respectively matrix- and operator-valued functions (see below). Here t is
an integer with ¢ > g and Og, 0, denote respectively the partial derivatives with respect

to the ‘temporal’ variable £ € [0,7] and the periodic ‘spatial’ variable 7 € [0, 27]. Our
aim is to construct for arbitrary 7" > 0 a unique solution
u € C([O,T]; H!..(0,2m; R")) N C’l([(), T); H 10, 27T;R”))

per per

to the system (4.1), (4.2) in the case

Ae C([O, T]; H (0, ZW;R"X”)>

per
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4.1 The linear Cauchy problem

and [ C’<[0,T]§£(Hp (0, QW;Rn))>

per

for all p € N under the following assumptions on A.

Assumptions 4.1. The matrix-valued function A is symmetrisable, that is there exists
a symmetric, matrix-valued function

S € C([0,T); H, (0,2 R™™)) 0 C* ([0, T); HEGH 0, 27 R™™))

per per

such that SA is symmetric and S is uniformly positive definite, that is

Blof? < (S(E,)v,v) < ;W, v e R {0},

uniformly over (¢,7) € [0,T] x [0, 27] for some constant § > 0.

Remark 4.2.
(i) Let p € N. The HP-adjoint operator-valued function L£; defined via the duality
pairing
(L(E)u, v) e z-—» = (u, ﬁ;(f)mHP,Hw
satisfies

Lie 0([0,T];£(Hggg(o, 27r;R”)>),
since ||£;(5)||£(H;§) < 1L (a2, for each € € [0,T].

(ii) In the setting of Benzoni-Gavage & Serre [1, Chapter 2| we have that
L(Eu = B(&)u

for a matrix-valued function

B € C([0,7]; Cg2,([0, 2], R™™)).

per
It follows that
Le C([O,T];L‘(Hp (0, zﬂ;w)))

per

for each p € N. The theory presented below also applies to the weaker case

B € C([0,T); Hy (0, 2m; R™™))

per

if we consider an appropriate regularisation of B (see Lemma 4.11 and Remark 4.15).

Preliminary estimates

We gather some technical results and a priori estimates which are used in the following
theory. We first establish an L?-product estimate for the derivatives of two functions.
For its proof we need the following special case of the Gagliardo-Nirenberg inequality
for bounded domains (see Friedman [7, Part 1, Theorem 10.1]).
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4 FExistence theory

Proposition 4.3. Let p € N\ {1} and g € H?,.(0,2m;R). The estimate

per
1029 aws < Nlgllss?7lgll3/”

holds for each j € N with j < p.

Corollary 4.4. Let p € N and g1, g, € H?,.(0,27;R). The estimate

per

1079107 92llo < Nlg1llsollg2llp + llg 1192l

holds for each 3,k € Ny with j + k = p.

Proof. We suppose that j and k are both non-zero since otherwise the result follows
from Holder’s inequality.

Using Holder’s inequality, Proposition 4.3 and Young’s inequality we find that
1079107 g2ll0 < 109111 20/ 1107 9ol 2014
g ] _ k
S gl gl g1l 5 7 llga "

= (lolllgal)”" (lnoho:lc) ™

S llgilleligally + llgrllpllgalloo-

For later purposes we rather consider products of matrix- and vector-valued func-
tions. In the proof of the following Moser-type inequality we apply the above estimates
componentwise.

Lemma 4.5 (Moser estimate). The estimate
107(Bg) — B gllo S 10-Bllsollgllp—1 + 10-Bllp-1ll9lloc
holds for each p € N\ {1} and
B € H?(0,2m;R™™), g€ HP(0,2m;R"™).
Proof. 1t follows from the formula

o (Bg) = > <§)> a9, Bokg

k+l=p
that
O’(Bg) — BoPg= 3 <1;>a§Bafg= 3 (_fi 1)8£8738fg.
J

I+k=p jtk=p—1
1£0
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4.1 The linear Cauchy problem

Applying Corollary 4.4 (with p replaced by p — 1) to each term in the sum on the right
hand side, we conclude that

org) - bl < X (7)) 10200kl

Jjt+k=p—1

< HaTBHooug”p—l + HaTBHp—ngHoo-

In order to guarantee that products of £-dependent matrix- and vector-valued func-
tions lie in the correct function spaces we need the following result for bilinear expressions
of respectively continuous and square-integrable functions.

Proposition 4.6. Let X, Y and Z be Banach spaces and M be a bounded, bilinear
mapping X xY — Z. If ¢ € C(0,T;X) and v € L*0,T;Y), then

Proof. Observe that

T T
[ 10060, @)1 e 5 [ IOV e < Mol amllir
from which it follows that M (¢(-),%(-)) € L*(0,T; Z). [ |

We also need the following product estimate for products of functions in H_2(0, 27; R™)
and H?, (0,2m; R™).

per

Proposition 4.7. The formula
(C,v) — Cv

defines a bounded, bilinear mapping HE, (0, 2m; R™")x H 2(0,2m; R") — H 2(0,27; R")
for all p € N.

Proof. The estimate

ICv]|-p = sup [Cv,)rr mvl

I6ll,=1

= sup [(v,C"d)prmml
I6l,=1

< sup vll-lIC7 ¢l
I6ll,=1

implies that
Cvll—p < Ll =p-
p p p
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4 FExistence theory

Finally, we need the following version of Gronwall’s inequality (see Sogge [19, Lemma
3.3]).

Proposition 4.8 (Gronwall’s inequality). Let v, a and b be non-negative, continuous
functions [0, T] — R, where a is monotonically increasing. Suppose further that

o€) < ale) + [ byl dr

for all £ € [0,T]. The estimate

o©) ate)esp ([ btr) ar)
holds for all € € [0,T.

The next result is an a priori estimate for a solution to the Cauchy problem (4.1),
(4.2).

Lemma 4.9. Letp € {t — 1,t}, & € [0,T] and

ue C([0,T); B2 (0,2mR™)) N C* ([0, T); H?

per per

(0,2m;R™)).

The estimate

3
lu@ll; < lulé)ll; + /50 I(Lu)(r)|[;, dr
holds for all £ € [&y,T].

Proof. Suppose that k € Ny with £ < p. We note that by definition

Ogu(§) = Lu(§) — A(§)9u(§) — L(Eu(§)

and compute
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4.1 The linear Cauchy problem

Integrating with respect to 7 over one period yields

O / u(©)) dr
—2 /0 (S()0% (Lu)( N+ [ st bu(€)) dr
~2["(s TS A©)Du(E), dFu(e)) dr
2" u(©)) ~ S(OAQ)u(€), dhule)) dr
9 /2” ). 9u()) dr.

Since the matrix SA is symmetric, integration by parts yields

[ 3©4©0u(e), 04 u(e)) dr
= [T10t (o), s© Ak u(©)) dr
= [ (@Fute). 0. (SO A©2Fu(e)) dr
= [ (0406, (05O AQ) + 5(©2-A©))Phu(©)) dr
— [T @kute), s© A0 ue)) dr,
so that
2 [TIS©A©0 u(©), 0bu(e)) dr
= [ (0hu(©). (0.5 A(©) + S(€)0,A©))oFu(¢) dr
and hence
o | 2”<s<s>a'“ (©), () dr
<2 [T S (Lu)(©) obule)] dr + [ (@S (©0%ue). dhu(©)] dr
" /0 (-5 A(E) + S©0-A)) 0 ue), 0u(€))| dr
+2 [T S A1) — SO Q) u(e), 0hule)| dr
2 [T SO LEul), Phu(©))] dr
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4 FExistence theory

An application of the Cauchy-Schwarz and Young’s inequalities shows that
2 2
2 [ (€0 (L ©), Dhu(e))] dr < B |7 oE L) ©lj0ku(e)| dr

(L) (©)3 + ;H@fu(ﬁ)llﬁ

1

I(E) ()1l + F (@l

Hm

Q

as well as

2 [ HS(©OE(L(E)u(€)), dbule)) | dr < ;nc(@u@ni + ;nu(@u;
< ;(1 L) By ) T2

We additionally use the Moser estimate (Lemma 4.5) to obtain
[ HS @ A©)0,u(6) ~ SEAE)0 u(e), dFu(€))] dr
107 (A(€)-u(€)) — A ul€)I[5 + ;Hﬁfwﬁ)ﬂﬁ

1
(119, u() o 10- AE) 11 + H&uHHH&A(ﬁ)Hm)Q + EHU(@H;%

IN

IN

IN

(18-l l-s | AE) Iy + el 10, A©) 1) + ;nu(g)n;
(1+ 41 A©)112) llu(©)12

(note that H2_'(0,2m; R) < L2 (0,2m; R), since p — 1 > ¢ — 2 > 7). Moreover

per

[ 106 (€)0ku(€), k@) dr < 0G5l u(O)I

IN

IS e e e

and
[ ((0:5)460) + 500 4©))bu(e). tu(e))| -
< 0. S()AE) + SO0 AE) o O

Altogether we conclude that

0 [ (5(€)05u(€), 5u(6)) dr < GILWNOI + IOl + 12Nl
+0:5(€)AE) + S0 A© ol ul©) I

N ;(1 + 4 A©)112) ()2
+ ;(1 + 1L g I

_ ;H(Lu)(g)uf, + cl[u(©)II2,
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4.1 The linear Cauchy problem

where

1
=57 10 S| cqo,mypee,) + 11(0:5)A + S(0-A)llcqorz,)

2 1
+ 3(1 + 4l ANE o 1112.0)) + g(l + L1 o e
and by integrating over (&g, &) we obtain
2m k k
[ 5@k, k@) ar < [i5(€0)2u(e), dule) dr
3
+ [ (GIE0@IE +cllutr) ) ar

from which it follows that
c
o5 < lu(@)lE + [ (IEe)E + Slurlz) dr
Summation over k < p ylelds
2 1 2 Lu) 2, ¢ 2) 4
()], < (p+1) ||u (&)l +/ 5 (L) (r)ll; + 5||U(?“)||p r

and Gronwall’s inequality with

o© =+ V5 (I + [ IEEIE ). o©) = [l O =+ 1)
(note that a is continuous due to Proposition 4.6) finally implies that
)13 < ¢+ D5 % (@)l + [ I o).
|

Corollary 4.10. Letp € {t — 1,t} and
u € C([0,T]; HEE(0,2mR™)) 0 C ([0, T]; HE, (0, 27 R™) ).

per per

The estimate .
()2 < Nlu(T)| +/0 (L) (r)|7 dr
holds for all & € [0,T.

Proof. The arguments in the proof of Lemma 4.9 remain true if we replace the operator
L by the ‘reversed’ operator L = 0; — A0 — L. Lemma 4.9 with § = 0 implies that

(T = I3 < () + [ IEu(T =) dr

for all £ € [0,7]. We conclude the result by substituting 7 =7 — r. [ |
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4 FExistence theory

Regularisation

In order to solve equation (4.1) we first study the sequence of regularised initial value
problems

LMNMuy = fo 4.3)
un(0) =0 4.4)
where
LW = 9 + (S Mo, + £ (4.5)
and

(SM) M@ e ([0, T); 5[0, 27 R™™)),  fuvy € C([0, T); Cge,((0, 27 R™))

per per

have the property that ||A — (S(N))flM(N)||C([07T];Héer), ||f — f(N)HC([O,T];Hf)er) — O as

N — oo. The functions S, M®™) and ) are given by the truncated Fourier series
of respectively S, SA and f. The following result shows that the convergence of these
Fourier series is uniform with respect to &. The invertibility of SN is established in
Lemma 4.13 and Corollary 4.14 below.

Lemma 4.11. Suppose that g € C([O,T]; H!

per(0,2m; ]R)) is given by the Fourier series
exrpansion

g(6,7) = ¢127r S (€)™

mEZ

The sequence {g(ny}nen defined by

g(N)(gaT):\/ﬂ Z gm(g)eimT

has the properties
(i) gv)(§) € Cpar([0, 27]; R) for each € € [0,T],
(it) gny € C([O,T]; H? (0,27T;R)) for each p € Ny,

per

(#i) Bmy oo |9(v) — 9lleqo.m;me.) = 0,

(i) ||gnlleqom;me,) S 1 uniformly over N.

per

Proof.

(i) Since gn)(€) is a trigonometric polynomial, it follows that

gy (§) € Coa([0, 27 R)

for each & € [0, 7).
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4.1 The linear Cauchy problem

(ii) For p € Ny and &;,& € [0,T] we find that

N

g (&) = g (E)IE = D (1+m*)Plgm(&) — gm(&)

m=—N

< ey ZN(1 + M%) g (1) = gm (&)

< enllg(&) — 9(&)I17,

in which ¢y = max,,—_n,_n(1+m?)P~", that is gv) € C([O T); H? (0,27T;R)>.

,,,,, ) per

(iii) First note that

g (€) = g(OF = > A +m?) gm(§)]* =0

Im|>N

as N — oo for each & € [0, T, since g(§) € H!,,(0,2m; R), that is

per

gl = >_ (1 +m*)|gm(§)]* < oo

meZ

To prove the uniform convergence of {g(v)}nen We observe that

gNy — g € C’([O,T];Ht (0,27T;R)),

per

so that
lgvy = glleqomimg.) = sup [lgav) (&) — g() |l
£€(0,77

= max g (€) — 9(6)]l

= llgav(€x) = g(€n)lls

for some £y € [0,7]. Since [0,7] is compact there exists £* € [0,7] such that
Env — £ as N — oo up to subsequences. It follows that

i lgovy = glleqoryag. = Jm flgonEn) = g(En) e

and
gy (En) = g(En)lle < llgevy (En) — gy (e + N9 (€7) — g (€ le+ 119 (€7) — g (En) -

We observe that

N

gy (Ex) = g (EE = D2 (1 +m*)gm(En) — gm (&)1 < llg(€n) — 9(€)]Ie

m=—N
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4 FExistence theory

and since g is continuous, we conclude that

gy (En) = 9y (€ e, l9(€7) = g(Ew)lle = 0

as N — oo. Moreover, the pointwise convergence of {g(n)}nen implies that

gy (€7) = g€l — 0

as N — oo. Altogether it follows that

A {lgon) = glleqormg.) =0

per

(up to subsequences).

(iv) We have that

lgow leqomym,) = sup g ()l
€€[0,77]
N

= sup > (1+m?) [gm(E)]
€€0,T] pp=—N

< Sup 19(E)le
¢efo,T

= Hch ((0.T);H2,.) s

per

so that ||gw)llcqom;ae,,) < 1 uniformly over N.

per

Corollary 4.12. Suppose that j € Ny and g € C’j([O T); H. (0, 27T;R)) is given by the
Fourier series expansion

(g 7— \/ﬁ Z gm lmT-

MEZL

The sequence {gny}nen defined by

N)(f,T) =

has the properties
(1) gy (&) € C35.([0, 27];R) for each & € [0,T7,

per

(i) gny € C’j([O,T];H (0, 2m; R)) for each p € Ny,

per
(iti) iy oo l9v) = 9llcqomat.,) =0,

per

(i) |9 llcsom; [HE) S < 1 uniformly over N.
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4.1 The linear Cauchy problem

Proof. Proposition 1.20 shows that the truncated Fourier series of 8ég is given by

1m7’

Oegny(&,7) = ng

The result therefore follows by applying the arguments in the proof of Lemma 4.11 to
olg, 1=0,...,5. [ ]
&g ) )

Write
L:8§+A87+£:8§+S‘18A87+£

and use Corollary 4.12 componentwise to find families
per per

(S} e € CH([0, T CE([0, 27); R™™)), {M M}y € C([0,T]; C25 ([0, 27 R™™) )

of smooth (with respect to the spatial variable 7), symmetric matrix-valued functions
such that

15 = SN co i 1S = SNl erqorpmayy = 05 1S4 =M™ |leorym,) — 0
as N — oo. In particular the mapping
(& u) = SN (E)u
lies in C([O, T}, E(Hper(o 2m; R”))) for arbitrary p € N.

In order to define the symmetrisable regularised operator L") in (4.5) with the desired
properties we prove that the regularisation S") of S is uniformly positive-definite and
therefore invertible.

Lemma 4.13. There exists a constant 3 > 0 which does not depend upon N such that
- 1
Blof* < (SM(g,T)v,v) < EIUF, v e R\ {0}. (4.6)

Proof. Write
(S™(& v, v) = (S(& v, v) + ((SW(E, ) = S(€,7))v, v),

so that

Blof2+ (SO (€, 1) = S(E, 7)) < (SV(E 70, 0) < =|of2+((SV(E,7) —S(E, 7)), v).

B
Denoting S(&,7) = (si;(£,7))1—; and ST(¢,7) = ( (f, 7)) j=1 we recall that

HSSJN) sijllevqomme,y — 0, 4,5 =1,...,n,

per
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4 FExistence theory

as N — oo.
Since

N N
sV (€, 7) — 5356, )| < I8 — sislloroyiae. )

we conclude that
N
st (€,7) = si3(&,7)] = 0
as N — oo uniformly over (&, 7) € [0,7T] x [0, 2x] for each 4,7 = 1,...,n and hence

(S™)(€,7) — (6,7l < o

for sufficiently large values of N. It thus follows that

1
gw < (SM(g,T)v,v) < (3 + §)|v|2, v € R™\ {0},
uniformly over (¢, 7) € [0,T] x [0, 27]. [ ]

Corollary 4.14. Suppose that § > 0 is the constant giwven in Lemma 4.13. The matriz-
valued function SN is invertible and satisfies

Blof? < ((S™)1(€, mv,v) < ;w, v e R\ {0}.

Furthermore the matriz-valued function (S™))~! satisfies

(SNt e ([0, T7; €2, ([0, 2], R ).

per

Proof. Tt is a direct consequence of inequality (4.6) that S is invertible with
~ 1
Blof? < ((S™) Mg v, v) < EIUIQ, veR"\ {0}.

Note that

(™)1 =

~ det S (SM)* (4.7)

with the adjunct matrix (S™)# of S and we have that det S (&, 7) > (5)" for all
(€,7) € 0,T] x [0,27] due to inequality (4.6). The denominator det S™™) on the right-
hand side of (4.7) 1is therefore bounded (away from zero) uniformly over
(&,7) €[0,T] x [0,27] and we conclude that

(SN~ e ([0, T); Cge,([0, 27, R™ ™).

per
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4.1 The linear Cauchy problem

We now consider the regularised operator
L™ =9 + (SYNYTMWNMo, 4 L,

and, noting that (S™)=1M W) MIN(SINY -1 ¢ C([O,T];ngr([O,QW];R”X”)) due to
Corollary 4.14, the family of adjoint operators

LV = =0 = MM(SN) 719, — 0, (MNM(SM) ) + L3, peN

iS]

(see Remark 4.2(i)). For notational simplicity below we abbreviate L) = 9, + PW),
so that L;N = 0 + PISN )* with the obvious definitions of P®¥) and PISN )* and also
write RY) = (SN 5o that (RWNV)T = MWV (SIV))—1,

Remark 4.15.

(i) The matrices M) as well as S™) and thus (S™))~! are symmetric so that the
regularised operators L) and LgN )* are symmetrisable with symmetrisers S(V)

and (S™))~1 respectively.
(ii) Suppose that L(&)u = B(§)u with a matrix-valued function

B € C([0,T]; Hi, (0, 2m; R ™) )

per

(see Remark 4.2(ii)) and consider the regularisation B™) of B in the sense of
Corollary 4.12. The regularised operator L) defined by £ (&)u = B (&)u
satisfies

Lo ¢ C([O,T];L‘(Hp (0,27r;]R”))>

per

for arbitrary p € N and applying the arguments below with £ replaced by £
yields the existence and uniqueness result for Cauchy problems of the type

Oeu+ A(,7)0;u = B(&, T)u+ f(&,7)

with non-smooth coefficients.

We use the symmetrisability of the adjoint operator LI(DN )* together with the fact that

(S~L ¢ C([O,T];ngr([(),%r];R”X”)) to prove an a priori estimate for L{M*. The

proof requires the following commutator identity.

Proposition 4.16. Let p € N, suppose that

v e Hy,(0,2mR"), B e C([0.T); G (0, 27, RV ™)

and consider the commutator

(I — 82", BO,] = (I — 82)P B0, — B(I — 92)"0..
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4 FExistence theory

For each k € Ny with k < 2p there exists a function

Ci € C([0, T]; €, ([0, 27 R™™) )

such that )
p
(I —02)?, BO,Jv =Y Cydv.

k=0

In particular [(I — 0%)P, BO,] € C’([O,T]; E(HP(O, 2m; R™); HP(0, 27T;R”))).

Proof. We prove the statement by induction on p. For p = 1 we have that

(I — 03P, BO,Jv = (I — 0?)BO,v — B(I — 0?)0,v
= Bov — 02(Bo,v)
= —0?B0,v — 20, Bo*v.

Now suppose that the statement is true for fixed p € N. We compute
(T — 02", BosJv = (I — 62)[(1 — 027, BosJu + [(I — 62), BOJ(I — 2)7v

and

(I —83)[(I — )P, BoJv = (I — &?) i Cdv

k=0
2p
= > (Crdkv — 020,080 — 20,Cr0 v — Crak ),
k=0

as well as
(I —0?), BO.|(I — 0*)Pv
= [(I — 0?), BO.] gpj (?) (—1)PI92P=)y

=0 \J

— _Z< ) )= J<32Ba2(p J)+lv+23 382(1) 3)+2 )

Lemma 4.17. Suppose that p >t —1, & € [0,T] and let
we C([0,7); H(0,2mR™) nC([0,T]; H7(0, 2 R™)).

The estimate
)12, < ex (Jul, + [ 12 w@R, ar)
holds for all € € [&,T].
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4.1 The linear Cauchy problem

Proof. We use the identity

(1= 2Pg = —— 3" (1+m?)2g,e™ . §(r)

v o

for ¢ € H?,.(0,2m; R") together with the fact that ¢ — ||(1 —82)/2¢||o defines the usual
norm for H? (0, 2m;R™). Consider the function v(¢) = (I — 9%)7Pu(€) and note that

per

(@)l = 17 = 82" 2u(€)llo = 17 = 82) 7 2u(©)llo = l[ul€)l|-p.

as well as [[0(€)lps1 = a(€)]|p1, s0 that

ve C([0,T]; HEL (0, 2w R™)) n €' ([0, T); HP (0, 275 R™) )

per

and Lemma 4.9 (for all p > ¢ — 1 since LY) has smooth coefficients) implies that

oI < ex (I + [ IS0 o)
for all £ € [&, T). It follows that
(@)1,
< o (@), + [ 1 = 2y (2e0(e) + RO 2 + £ ar)
S ex (o) 2,

gf (I — 62 P2(1 = 2P (B (€) + RV () (n)) || + Ilo(r)]3 dr)

= en(Jlu(@) 2, + [ fH(I = 02) P2 (0e(I — 2)Pu(r) + RO(r)o.(1 — 2o(r)),

+ || =y - @, RV )] dr) (4.8)

_|_

since the operator (I — 92)P commutes with the partial derivative 0.
Next we use Proposition 4.16 to find that
(1= 82 2(((1 - a2, R Jo) ()| = (1T — 827, RV2.Ju)(n)|?,
< enllo()ll;
= enflu(n)]?,-
We further estimate
(1 —a2)7 (a€ (I = 32)Pv(r) + RN ()0, (I — 82)P(r))|
||0§u(r)—|— M (r)oru(r)|2,,
= |I(L} >*u)(7~) + 0 RN (r)u(r) — Ly(r)u(r)|2,
< LG ) ()12, + 10- RN (r)u(r) |12, + L5 r)ulr)l12,
< LG u) ()12, + ewllu(r)]2,,

2
0
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4 FExistence theory

in which the last line follows from the fact that R™)(r) € Coe:([0, 2x]; R™™) and Propo-
sition 4.7.

Inserting the two previous estimates into (4.8), we conclude that

)12, < ex (e, + [ 1L DI, + exlul?, dr).

Gronwall’s inequality finally yields

)12, < exe ™ (a2, + [ w012, o)
for all & € [£, T. [ |

Corollary 4.18. Suppose that p >t — 1 and let
ue C([0,T); Hy2H(0,2mR™)) N CH([0,T]; Hy2(0, 2 R™)).

per per

The estimate
w(©I2, < ex (N2, + [ IES w2, dr)
holds for all € € [0,T.

The following theorem is the existence and uniqueness result for the initial value
problem (4.3), (4.4). Here we construct distributional solutions to equation (4.3) using
the set of test functions

= {¢ € c=([0,T); Cz2.(0,27]; R)) : ¢(T) = 0}
Theorem 4.19. The reqularised initial value problem (4.3), (4.4) posesses a unique
solution
uy € C([0,T); HEEH0,2mR™) ) N C* ([0, T); H}oi (0,2 R™)).

per per
Proof. We start by proving that equation (4.3) admits a distributional solution

per

ux € L*(0,T; HiE2(0, 25 R™) ).

To this end we consider the adjoint operator Lm* on the set £. The first step is to
show that Lg%* maps £ into LQ(O,T; H~2(0, 27T;R”)). Suppose that ¢ € £ with
Y= Ltfg)*gb € L,(fo)*g . By definition we conclude that

¢ € C7([0,T); HL, (0,2mR™)),  j,p € No.

per

It follows that ¢ € C’l([O T); H 1720, 2m; R")), since (1 +m?)? > (1 +m?) 72 for

per

each p € Ny. Proposition 4.7 implies that ¢ € C([O T]; H12(0, 2m; ]R")) and thus

per

v € L2(0,T; Hyl72(0,2m; R™)), that is (LV))*€ € L2(0,T; H-'-2(0, 2m; R™)).

per
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4.1 The linear Cauchy problem

Next we prove that the operator

L' € = Liys"€ € L2(0,T; Hyl72(0,2m R™))

per

is injective. Let vy, vy € £ with Lg%*vl = ng*vg. Corollary 4.18 for p = t 4+ 2 implies

that

[v1(8) — va(€ )H2t 2

< o) = eIy + [ NERT ) 0) = (L8 o))y o
=0 =0

:0’

that is v = vs.

Consider the linear functional : Lng)*E — C defined by

1) = [ (B 9) O T €)ya yes €

(note that ((L th)*) ) (&) € C2.([0,27]; R™) € H L 2(0,2m;R™)). Using the Cauchy-

per per
Schwarz inequality we conclude that

i< [ H(<L§fz*>—1¢) <5>H_t_2||f<m () er2 de

= ([ et )H_t_2||f<N)(€)Ht+zd€>2>é
< ([ e Q_t_Qdf/THﬂN)(f)H?Hdﬁ);

=||f<N>||Lz<o,T;H;;2>( [l eyel, , )" (+9)

Applying Corollary 4.18 with p =t + 2 to a function

ve C([0,T]; Hyk ' (0,2mR™)) N CH ([0, T]; Hpl (0, 2m5 R™) )

per per
yields

@1 < ex (@I o+ [ Y02, 2dr)

and using this inequality with v = (L{Y3")"% (noting that ((LY)*)~1¢)(T) = 0) we
conclude from the estimate (4.9) that

N

1)1 < exllfool o ([ [ (83 @03 w) 0|7, arde)

< CN\/_||f(N)||L2 0,T;HLES) ||¢||L2(0,T;H;;;2)-

per
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4 FExistence theory

It follows from the Hahn-Banach theorem that [ extends continuously to a linear form

on L? (O T Hyl7%(0, 2, R”)) and the Riesz representation theorem implies the existence

of a unique function uy € L? (0 T; H'2(0, 2m; R")) such that

per

106) = [ 9A€), un(€)) - e

for each ¢ € LEB*S . It follows that

[T 6O, ux(€) s 6= [ D) Fim () -isess 6 (4.10)

for each ¢ € £, that is uy is a distributional solution of the equation

L(N)UN = f(N)

Observe that
8§uN = —R(N)&u]v — EUN

with druy € L2(0,T; HiEH0, 2 R™)), since uy € L2(0, T HiF2(0, 2m; R™)). The bilin-
ear mappings

(R™ 9.uy) — RMouy, (L,uy) — Luy
thus lie in L2<0 T; H:EN(0, 2m; ]R”)) due to Proposition 4.6. It follows that

per

Oeuy € L? (0 T; H:EH(0, 2m; R”)), and therefore uy € H' (0 T; H:EH(0, 2m; R”)) Hence

per per

un € C([O T); HEH0, 27 R”)) with Jeun € C([O,T] H! (O,QW,R”)) by Proposi-

per per

tion 4.6 (see above). Finally, it follows from equation (4.10) that

(N)x T
[P €0, un(€) s A = [ (@60(€), un(€)) -1 6
4 [116(6), Fi €)-r-n s €
and integration by parts yields
[ 96, PUUun(€) — Fiy (€)) -+ 052 A = = (9(0), un(O)hr-1-2 10
_/ (35uN )>H7t727Ht+2 df,

so that

0= /OT<¢(£>, (L™Mup)(€) = foy (€)Y p—e-2 eve A€ = —(B(0), un (0)) g—e—2 grov2

for each ¢ € &, that is uy(0) = 0.
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4.1 The linear Cauchy problem

It remains to prove the uniqueness of the solution. Let u}, and w3, be solutions of the
initial value problem (4.3), (4.4). It follows that

per

uf — u} € C([0,T; HEEN0,2mR™) ) 0 C ([0, TT; H'(0, 2m; R™))

and Lemma 4.9 with £ = 0 implies

4k () — (@I < 1k () =3 O) 2+ [ (£ = 20) ) ar

- (f |r<L<N>u}V><r> () () dr

£ 2
= | Nfn(r) = fany(M)l; dr

1 _ .2
so that uy = uy. |

Solving the Cauchy problem

We show that the sequence {uy }nen of solutions to the regularised initial value prob-
lem (4.3), (4.4) converges to a distributional solution of the initial value problem (4.1),
(4.2) the regularity of which we verify a posteriori.

We start with the case h = 0. Our aim is to show that {uy}yen converges to

we C([0,T); HY, (0,27 R")) 0 C* ([0, T); HiZH0, 2m5 R™) ).

per per

We first establish the weak convergence of {uy}nen. In the following theorem the result
is formulated in terms of the adjoint operator

Liu = —0cu— 0;Au — Ad;u + Lju.

Theorem 4.20. The sequence {un(§)}nen converges weakly in HY (0,27 R"), uni-
formly over £ € [0,T], to a function

u € L*(0,T; Hp, (0,2 R™))

per

such that

[ A0 ©), € dE = [ (6(6), F(ED) s

for each ¢ € £. In particular v is a distributional solution of the equation

Lu = f.
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Proof. The a priori estimate for the H'-norm in Lemma 4.9 yields

ux @I S [ IEu) ) dr < 171 g,

The sequence {uy}nyen is hence bounded in C([O,T] H! (0,27T;R”)). The a priori

per
estimate for the H*"'-norm in Lemma 4.9 further yields

Jux(€) — usr I
< [T — )0y
3
< [T = £9)u)() + (B = Lyuas)(r) + fo () = Fan (s dr. (410

By assumption t — 1 > %, so that

12 = LYun) ()2 = | <S<N>> )M (r) = A@))deun ()],

MM (r) = A(r) s llorun ()7

MM (1) = A(r) |17 luw (7)[I7
SU) ) — AH C([0,T);He

pcr ’
It follows that
(L — L(N))UN||C([0,T];H£;1) =0

as N — oo and since also

| fvy = fonlleqorymae-1) = 0

as M, N — oo, we conclude from inequality (4.11) that {ux}yen is a Cauchy sequence
in C([O T); HE 10, 27; R")) and thus has a limit u € C([O T); HZ1(0, 2m; R”))

per per

Since |Jun ()]s < 1 uniformly over N € N and £ € [0,7], there exists a function
¢(&) € HY0,2m;R™) such that uy(§) — ¢(&) in HE (0,2m;R™) (up to subsequences)

per

and ||C(&)]|; S 1. Tt follows that uy (&) — ¢(£) in H71(0,27; R") and since we already
know that uy — u in C’([O T); HE 10, 27; ]R”)) we conclude that u(§) = (), that is

per

w(€) € HE,(0,2m; R™) with ||u(&)]: < 1, for all € € [0,T].

per

Applying the same argument to the sequence {u(&)}ren, where & — & € (0,71,
yields [|u(&)|l: < 1 and w(&) — u(€) (up to subsequences). It follows that

Y

u € C’([O T); HE . (0, 2T; ]R”)) where H!_ (0, 27; R™) denotes the space HY, (0, 2m; R")

per,w per,w per

equipped with the weak topology.
Finally, [luy(§)|l; < 1 uniformly over £ € [0, 7] implies supgc(o 7 [[u(§)]]7 < oo, that
isu € L2<O T; H! (O,QW;R”)). For ¢ € & we conclude using the Cauchy-Schwarz

per
inequality and Proposition 4.7 that

(L 0)(€), un () -omel < LS -ellun(©lle S ooz
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4.1 The linear Cauchy problem

and
[(A(E), fv)(E)) -t 1| < Bl co,ry: im0

for any p € N. The dominated convergence theorem allows us to pass to the limit
N — oo in the equation

I leqomme.,)

LU )€ un (@ € = [ (6(6). foxr (v e

for all ¢ € £ (see equation (4.10)), so that u is a distributional solution to the equation
Lu=f. |

The next step is to show that the square-integrable distributional solution u found in
Theorem 4.20 is continuous. To this end we consider the family of operators

(Tou)(7) = ((I _ 283)_116) (7) \/% 3 (1 n >_1umei"”, keN,

on the space L? (O T; Héer(O,Qﬂ;R"D (where (Tw)(&,7) = (Tu(€))(7)). The continuity
of any distributional solution u to equation (4.1) (see Corollary 4.23 below) is deduced

from the following convergence result for the sequence {Tju}ren.

Lemma 4.21. Letu € L? (O T; H:. (0,2T; R”)) be a distributional solution to the equa-

per

tion Lu = f. The functions Tyu have the properties
(i) Tew € C([0,T]; HEEH0, 25 R™)) N CL([0, T]; Hpoy (0,2 R™)) for each k € N,

per per

(ii) | Thu — ul| L2018, — 0 as k — oo,

per

(iii) [|LTxu — fllr201;mt,) — 0 as k — oc.

Proof.
(i) Using Proposition 4.6, we conclude from u € L? (0 T; H . (0, 2m; ]R”)) and Lu = f
in the distributional sense, that

ue C([0,T); HiGH0,2mR™)) 0 C ([0, T]; Hi2 (0, 2m R™))

per per

(see the argument below equation (4.10) in the proof of Theorem 4.19). It follows
that

i) = Tn@lies = 320+ (14 50) (1) = (&)

meZ

LD m(l + ) um (&) = um (&)

meZ

< K flu(&) — u(&)llis,

153



4 FExistence theory

(iii)

154

for all £,& € (0,77, that is Tyu € C’([O T); HEEH(0, 2m; R")) We differentiate Tju

per
with respect to ¢ (note that 7}, ' and thus T}, commute with J;) and use a similar
calculation ~ with ~ Tpu  replaced by  O¢(Tpu) to  conclude  that

Oe(Tiu) € C([0, T); Hp, (0,27 R™))

per

First we calculate
T 2
T =l = [ I1Thul€) — (@) d

[ S ((1+”:)1—1)2|um<§>|2 a

MEZ
= [ X ) e ) de
Because
m4
(L T (OF < (14 ) (O

and u(§) € H., (0,2m;R™) for all £ € [0,T], we conclude that

per
4

. m 2\t 2

for all £ € [0, T]. Moreover, since |Ju(-)||3: € L'(0,T), the dominated convergence
theorem implies that

4

. T m
l}i}l{.lo ||Tku — u||%2(O,T;H§)er) = / lim Z m(l + m2)t|um(€)|2 dg =0.

0 k—oo mel

For the proof of the third property we consider the commutator

The calculation in the proof of part (ii) with the functions u and Tju replaced by
respectively f and Ty f shows that

Thf — f

as k — oo in L? (0 T; H:, (0, QW;R”)). In order to prove that LT,u — fask — oo

per

in L2 (0 T;H' (0,2; R”)), it thus suffices to show that

per

as k — oo in L2 (0 T; H:, (0, ZW;R”)), that is

per

Jim (73 Ll =0



4.1 The linear Cauchy problem

The operator T}, commutes with the partial derivative Og, so that
[Ty, Llu = Ty, (A0;u) — A0 Tyu + T Lu — LTiu.
Next we compute
T (A Thu) = (I - iai) (A, Tyu)
= A0, Tu — ;67(148 Tru)
= A0, Tru — 116(872_A87Tku + 20, AO*Tyu + AD>Thu)

= AT Y0, Thu) — i(&anTTku + 20, AO*Tyu). (4.12)

Considering the second order differential operator F} defined by
Fi(§)v = 07A(€)0rv + 20-A(€)0; v,
we find, since by assumption t — 2 > %, that

11(E) Tiu(€) — Fu(E)u() |l S 1A ae [ Thu(€) — u(€) |-

By part (ii) it follows that FyTpu — Fyu as k — oo in L? (0 T; HL2(0, 2m; ]R”))
Using (4.12) we conclude that

T3 (AD-u) — AD, Ty F2(0, o

- [ |m(A©0.ue) — Ao T ac
_ /OT Ty (A©)0,T; ' Teu(€)) — A€ Tru(©)|| d
-/ |7 (AT 0. Te©) — A0, Tu(©)|] ag
_ /O ! Tk<Tk‘1<A(§)8TTku(§)> + ;Fl(g)Tku(§)> — A(§)0; Tru(§)
= [Mz(zEome)|

—/TZ(1+m ( 722>2;2’[F1(§ Thu(€ ‘ dg

0 MEZ

2

dg

t

dg

—/ Z (1+m) l—i—m)t 2\[F1(5Tku \dg

meZ k+m2

in which we have used the notation [],, to denote the m-th Fourier component of
a function.
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4 FExistence theory

Since
Jim [P\ Tu — Fiull 20 pmtz2) = 0

(see above), that is |Fi(")Thu(-)||2y — [|[F1()u()||?5 as & — oo in LY(0,T),
Theorem 4.9 of Brezis [3] implies the existence of a subsequence of {7} }ren (which
we still write as {7} }ren) and a function hy; € L'(0,T) such that

Jim I (€)Tu() = | AU

and || Fy()Thu(O)||? 5 < hi(€) for almost every & € (0,T). For each such & it
follows that
{0+ )2 [E©Tau@ln| } = {1+ ) F (©u€)]n] }

meZ

in /*(Z) and again Theorem 4.9 of Brezis [3] implies that there exist a further
subsequence of {Tj }ren (Which we still write as {Tj }ren) and a sequence hy € (1(Z)
such that

lim (1 + m?)" 2[R ()Tl = (1+m2)* 2[R (€)ulE)]]

k—o0

and )
(14 m) 2Py (&) Theu(€)]m| < ha(m)

for almost every m € Z. The dominated convergence theorem therefore yields

kh—>rgo HTk(AaTu) — A0 Tju ;(O,T;H;er)
T 1 2\2
=/, Jim > MH +m?) | [F () Thu©)]| de
MmEZ
T 1 2\2
— [ % i G RO T
meZ

up to subsequences.

Finally note that
1
T, Y (LTwu) = LT, N (Thu) — E[az, L|Tu

and

1107, LEJvlle—2 < llv]le

uniformly over £ € [0, 77, since

Le C<[O,T]; c(m (O,QW;Rn))) N C([O,T];ﬁ(H;;f(o,zw;R")))

per
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4.1 The linear Cauchy problem

due to the assumption ¢t — 2 > % The above calculation with A(£)0, and Fi(&)
replaced by £(£) and

Fy(§) = [07, L(€)]

therefore shows that

lim || Ty Lu — LTwull 720750y = 0.
k—o00 o
[ |

Corollary 4.22. Let u € L* (O,T; Héer(O,ZW;R”)) be a distributional solution to the
(0,2m;R")).

per

equation Lu = f. The sequence {Tyu}ren converges in C([O, T); H

Proof. Take ky,ky > 0 with ky # ko. Applying Lemma 4.9 with £ = 0 to the function
Ty, u — Ti,u yields
3
175, u() = Te,u(©F < 1l Ty u(0) — Tiyu(0) |l +/0 (LT3, u)(r) = (LTiu)(r) ||} dr
=0
and taking the supremum over [0, 7] we find that

[Ty u — Tkz“”%’([O,T};ngr) S LTy u — LTk2uH%2(O,T;Hf)er)' (4.13)

Due to Lemma 4.21 there exists a subsequence of {T}}reny (Which we still write as
{T% }ren) such that
HLTk'U, — fHLQ(O,T;Ht ) —0

per
as k — oo. The sequence { LT} u}ren is thus a Cauchy sequence and hence convergent in
L? (0, T;H'  (0,2; R”)) Inequality (4.13) therefore implies that the sequence {T}u}ren

per

is a Cauchy sequence and hence convergent in C' ([O, T); H (0, 27; ]R”)) [ |

per

Corollary 4.23. Let u € L? <O,T; Héer(O,QW;R"» be a distributional solution to the

equation Lu = f. It follows that u € C([O,T]; H!..(0, 27T;R”)).

p

Proof. Due to Corollary 4.22 there exists w € C([O, T); H (0, 27; R”)) such that

per

| Tsu — wlleqo,rym,,) — 0

per

as k — oo, from which it follows that

HTkU — wHLQ(O,T;H’f ) — 0

per

as k — oo. Since

| Thu — ull 21,12, — 0

as k — oo due to Lemma 4.21(ii), the uniqueness of limits implies that u = w, that is

u € C([0,T); Hp (0,27 R")). ]

per
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4 FExistence theory

We now solve the initial value problem (4.1), (4.2) starting with the case h = 0.

per

Theorem 4.24. For each f € C’([O,T] H!..(0, 27T;R")) the initial value problem
Lu = f,
u(0) =0
posesses a solution

we C([0,T); HY, (0,27 R")) 0 C* ([0, T); HZH0, 25 R™) ).

per per

Proof. The existence of a distributional solution u € L? (O T, H;er(O, QW;R")) to the
equation Lu = f with

T
LU0 w(©n i € = [ ((E), F(Em-re e
for each ¢ € £ was shown in Theorem 4.20. Corollary 4.23 therefore implies that

we C([0,T]; Hiy (0,27 R™))

per

and using Proposition 4.6, we conclude that

u e C([0,T); H,(0,2m;R")) 0 C* ([0, T]; HLGH (0,2 R™))

per per

(see the argument below equation (4.10) in the proof of Theorem 4.19) with w(0) = 0. W
The general result follows from the special case h = 0.

Corollary 4.25. For each f € C([O,T] H! (O,QW;R”)) and each h € HEH0,2m; R™)

per per
the initial value problem (4.1), (4.2) posesses a unique solution

we C([0,T); HY, (0,27 R")) 0 C* ([0, T); HZH0, 2m5 R™) ).

per per

Proof. Define 5
f=f—Lh=f—A0.h—Lh

and note that f € C’([O, T); H: (0, 27; R”)) Due to Theorem 4.24 there exists a function

per

i € C([0,T); HY., (0,27 R")) 0 C* ([0, T]; HZH0, 2m; R™))

per per

such that respectively

I~g}

— h
8 =31
I
o ?"l
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4.2 Solution of the nonlinear problem

and
L(a+h) = f,
u(0) =0,
that is w = @ + h solves the initial value problem (4.1), (4.2).
It remains to prove the uniqueness of the solution. Let u; and us be solutions to the

initial value problem (4.1), (4.2). We have that

Uy — Uy € C([O,T];Ht

p

(0,20 R")) N ([0, T); Hy! (0, 2 R™))

per

and Lemma 4.9 with £ = 0 implies

1) = w5 1210) = wal0) Wy + [ (Bws — w)) )} ar
= [ Nz 0) = Can) )y ar
= [ 1£0) = £ dr
=0,
that is Uy = usg. [ |

4.2 Solution of the nonlinear problem

In this section we construct exponentially small solutions to equations (2.55)—(2.57) on
the exponentially large interval [—e=¢"/2# e~¢"/2#]. In particular we prove the following
theorem.

Theorem 4.26. Equations (2.55)—(2.57) admit reversible solutions (ZF 1% ,wk ) in

wo? " wo? wo
C([_ec*/Qu’ec*/Qu];Xsh) % C([—ec*/Qu,eC*/Qu];th> X C’([—ec*ﬂ“,ec*ﬂ“];Xf“),
parameterised by wo € X2 with |Jwol| e+ < p?e™ /2 and Rewy = wy, such that

1 Z5 (oo r2m et r2gs ey P et 2 o 120y 10 | e 20 gt a1y < €772,

These solutions satisfy

* 2 . —c*/2u
HZwoHC([—ec*/QH,eC*/Z”];XSh) 5 we / )
< pe

—c*/2p

700l ((mec* 726 e 120, 20,

||w$0H0([—ec*/2u7e6*/2*‘];2€5“) N “66

for arbitrary but fived 6 € [0, 3).
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4 FExistence theory

The iteration scheme

In order to prove Theorem 4.26 we use the reformulations (2.58), (2.59) of equations
(2.55), (2.56) as integral equations and employ the following iteration scheme. Choose
wo € X5H? with [lw| x> < p2e=" /2 Roawy = wo, let j € Ny and suppose that

Zg) € C([=e" /2 e P X)), 1y € C([0,e7 /] Xn),  wigy € C([0,6/; X572)
satisfy

HZ(j)‘|C([fec*/2“,ec*/2“];/\’sh) + ”r(j)HC([O,BC*/Q"];XW},) + Hw(j)HC([O,eC*/ZN];XCSJ"l) S efC*/Q,u

with Rynr;)(0) = 7(;(0) and Rew;)(0) = w;(0). We define
Zijsry € O([—e /2, e 2] X))

by

: )
Zn(€) = / 70 P (G (1) + Gy (1) dt

e /21
e /2 t)L"
- /{ elé? » Pau (G (1) + Gy (1)) dt, (4.14)

where the projections Py, Py, are defined in Section 2.3 (see the comments below equa-
tions (2.58), (2.59)). Similarly

ri+1) € C([0,€2H]; Xy

is defined by

2

ren(© = ([ (00 + Fiy (), (817 () ) 520

([ w0 o oo aue, @)

where {S, S5, Ul UL} is the fundamental system constructed in Lemma 2.19. Finally,
let
w1y € C([0, 7/ X572)

be the unique solution of the initial value problem

ewisn) = Liwy + P84, 0rwiie1)) + b(2(), win) + 85 + bl (4.16)
w(;+1)(0) = wo (4.17)
(see Lemma 4.28 below).  Here we have abbreviated z; = p"* + r; and

G‘f(j) = GY(Z), " + Ewnr(j), Ecw(j)) with similar abbreviations for the remaining non-

linearities. Note that Rynr(j+1)(0) = 7(j+1)(0), since the functions U{’, U4’ are reversible,
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4.2 Solution of the nonlinear problem

and R.w(;;+1)(0) = w(;41)(0) by construction. In Lemmata 4.30 and 4.31 below we prove
the convergence of the iteration scheme (4.14)—(4.16) and show that its limit (Z*, r*, w*)
lies in

{(Z, r,w) € C’([—ec*/zu,ec*/m]; Xsh) X C’([O,ec*/2“]; th) X C’([O,ec*/2“]; XCSH):

1Zlleeer 2 ety 1T lleqoee 20y 10lleo.eot mmppetry < €72,

Ryt (0) = 7(0), Rew(0) = w(0)}.
We verify a posteriori that Z*(§) = Ry Z*(—§); extending r* and w* by reversibility

to [~/ e’ /21] (see also the comments below inequalities (2.60)) thus establishes
Theorem 4.26.

Definition 4.27. The set
Wi = { (200,70, (0), wi, (0)) s wo € Xe¥2, Reawo = wo, o[y < pi?e" /)
is called a local centre-stable manifold for solutions to equations (2.55)—(2.57) at & = 0.

The first step is evidently to show that the iterate w(;;1) in equation (4.16) is well-
defined. To this end we reformulate the initial value problem (4.16), (4.17) as a Cauchy
problem of the type (4.1), (4.2) and apply the existence and uniqueness result in Corol-
lary 4.25. We start by writing equation (4.16) as

ew (i) = LEw(y + 95 0- w1y — B (ﬁ’f(jﬁfw(m)) + ub(2(), wi+1)) + Go + R
(4.18)

and note that gf j is of the form
(UH)71S(0)1 2 (Al — Am(0)) S (0) 72U, (4.19)

Here UF = U|._,2: X' — X' (t > 0) is the Kato similarity transformation introduced in
Section 2.1 (see the comments below equations (2.8), (2.9)); the symbols A, § denote the
matrix-valued functions which are obtained by applying the rescaling in Section 2.3 (see
equations (2.42), (2.43)) and the changes of variables in Lemmata 2.10, 2.14 and 2.15
and Theorem 2.16 to the functions

(2,9) = A2+ U%q), (2,9) = S (2 +U%q).
In particular we have that
AH(0) = A(0) ]y = A(0),  5(0) = S°(0) ]2

in the notation of Section 2.3.
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4 FExistence theory

The similarity transformation U* in the formula (4.19) above does not necessarily
preserve the symmetrisability of the matrix-valued function

S(0)/2 (A — Ar(0))8¥(0)~ 1.

In order to obtain a symmetrisable system in the sense of Assumptions 4.1 we there-
fore apply the invertible operator U*: X*T! — X**1 {0 equation (4.18) and the initial
condition (4.17). The result is the initial value problem

Al A A L
agU“w(jH) = L“U“w(jﬂ) + (SS)QA}f(J) (Sg) 287—Uuw(j+1 - U* Ph (91 8 w J+1))
A 1 A A 1 ~ 1 1
= (58)7 Al (S8) 720, Ut w(y + (56)20B*[0)(S, ) 2U w(jpn)
— U"Py(845)0rwiian) ) + 1Ub(2), wigny) + UM g, + UPBL, (4.20)
U“U}(j_;,_l)(()) = U“wg, (421)

where we recall that L = (U*) "' LrU*
Sk = §1(0) as well as

xs+1. Here we have abbreviated Al = A#(0) and

AMNZ, 2 w) = AM(Z, z,w) — AMN0),  SM(Z,z,w) = SM(Z, z,w) — SM(0).
In particular the matrix
SM(Z, 2, w)AMZ, z,w) = SEAL + SEAM(Z, 2 w) + SM(Z, 2, w)AMN(Z, 2, w),  (4.22)
and thus the matrix
SHANZ, z,w) + S1(Z, 2z, w)AM(Z, 2, w), (4.23)

is symmetric.

The existence and uniqueness result for the initial value problem (4.20), (4.21) is given
by the following lemma. The corresponding result for the initial value problem (4.16),
(4.17) follows from the fact that the operator U* € L(X**?) is invertible.

Lemma 4.28. The initial value problem (4.20), (4.21) posesses a unique solution
Urwq1y € C([Qec*/mt]; Xs+2> N 01([07 eC*/Q’“L]; Xs+1>'

Proof. The initial value problem (4.20), (4.21) is a linear Cauchy problem of the type
(4.1), (4.2) for the function Utw(y1y € X2, where s +2 > 2. The matrix
(5*5‘)%14@)(55)—% is symmetrisable with symmetriser (5’“)_%5‘“ (S¥)~2 which is uni-
formly positive definite due to Assumptions 1(iii). The mapping S — L(&) with

LE)d = (S5)20B[0)(S5) 26 — UM Pyl (O)(U") '0r6) + plUMb(2(5(€), (U™) ' 9)
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4.2 Solution of the nonlinear problem

92
projection P, has finite-dimensional range and z(;)(£) lies in the finite-dimensional space
Xyn and thus in X* for arbitrary ¢; finally the nonlinearity g5 is an analytic mapping

Xt — X' C X' for all t > 1 so that b(z;(E),(U*)"'¢) € X' whenever ¢ € X'

Corollary 4.25 therefore implies that there is a unique solution

lies in C([O, ec*/z“];ﬁ()(t)) for all ¢ > L since U* € L(X?) is invertible for each ¢, the

Ulw(jty € C’([O, 60*/2M]; XS+2) N Cl([oa ec*/%]; Xs“)
to the linear Cauchy problem (4.20), (4.21). [ |

Reformulation of the centre part

The proof of satisfactory energy estimates below requires an appropriate further re-
formulation of equation (4.20). Since our aim is to establish an estimate for the norm
|w|ls+1 we first differentiate (4.20) k-times with respect to 7 (where k =0,...,5+ 1)
to obtain

8§8fU“w(j+1) = L“@fU“w(jH) + 07’? ((SSL)EAQL(]) (Sﬁ)’ﬁaTU”w(jH))
_ an“Ph (gf(j)&w(jﬂ)) + ,uaqlfU“b(z(j), w(j+1))
+ OEUPGh ) + OSUMBL, (4.24)

The term fﬂf(( A(‘f)%fl‘f(j)( 6‘)_%8TU“w(j+1)) includes derivatives of order (k+ 1) and can
be written as

O ((8)2 A, (S)20-UMw(; 1))
= OF((85)2 A4 ) (S6)20-UM i) ) = (582 A (85) 7208 UM wi
+ (56)2 A4 (8) 208 UM wiy oy, (4.25)
in which the final term is symmetrisable via the near-identity symmetrisation

I+ (S )_%gf(j)(g(’f )=z (the difference of the first two terms on the right-hand side of
equation (4.25) is handled below using the Moser estimate given in Lemma 4.5).

The next step is therefore to multiply equation (4.24) by the invertible matrix
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4 FExistence theory

I+ (55)7257)( SH)~2 to obtain
(I+ (S5)7285,,(S5)72) 0Dk U w4
= LAOEU w ) + OF ((S6)E A5 ) (SE) 30, U wis ) )
+ (387284, Ab(S)™ Qa’fﬂwww (S6) 72 815,08 (A ) (S6)20-U"wij))
+ ()72 51, 0B [0)(S8) 20U w1
+(I+( 6‘) 281, ()" )(—35U“Ph(§f(j>37wo+1>) + pOrUMb(2(5), wij1y)
k PN k 7
+ OFUM gl + O Uﬂh@.))
= L“a Utwq) +g“ 8’““U“w (+1)
+( 5)_555 <8k<AH )(A )" 28 Urw(jta) ) _Af(j)(Ag)_%afHUuw(jﬂ))
+ (5)7 281, 0B 0)(58) 20U wii
+ <I + (gg)*%gﬁ(j% Aél)ﬁ) ( - an”Ph (gfb(j)afw(jﬂ)) + pOFUb(2 (), wj41))
k PN k 7
+ UG + O Uﬂh@.)), (4.26)

where g/ is the symmetric matrix-valued function

[N

92,z w) = (85) 72 (SEAY(Z, 2,w) + SU(Z, 2, w) AM(Z, 2, w) ) (S4)

(the term OFU* B, (gf( j)&w(jﬂ)) also includes derivatives of order (k+1) and is handled
below using the fact that P, is smoothing). Note that fl’f , 5’{‘ and g4 satisfy the estimates

||AT(Z7 z,w)| H;jrl7 ||Sf(Z,Z,IU)| H;;rrla ||g‘f(2727w>| H;;Ql = (IU’H(Z z w)|’Xsh><th><XC5+1)7
(4.27)
IAAYLZ, 2, wlll gy 1AST1Z 2, wll| paes gy 148V 12, 25 0] | s gty = O ()
(4.28)

Finally we diagonalise the operator L* in equation (4.26) via an appropriate change
of bases in the mode m subspaces F,,. Since a diagonal operator with purely imaginary
eigenvalues is skew-Hermitian, this procedure eliminates the term

(1050 0340)(€). 050" w301(©))

2’

which is not dominated by £ ||wj;1)(€)||%; for any § > 0, in our subsequent analysis.
The proof of the following result is presented in Section 4.3.
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4.2 Solution of the nonlinear problem

Lemma 4.29. There exists an invertible bounded linear operator Q": X' — X' (for all
t > 1) such that

D/.L um) 1m7',
V2T WEE:Z

where D! are diagonal matrices depending analytically upon 1 in a neighbourhood of the
origin which is independent of m € Z. Moreover

(@' L'Q"u)(1) =

Q=T R (@) = () R,

where TH: Xt — X' is unitary and RY, RY: X' — X' are invertible bounded linear
operators. The operators T and RY, R” depend analytically upon p.

With respect to the bases used in the proof of Lemma 4.29 (see Section 4.3) the
m-th Fourier components P,,w, P,,U"w of the functions w € X! and Utw € X* have a
coordinate vector representation of the form

(wm,lv s 7wm,7“m70'm7 07 s 70)T' (429)

The coordinate vector (4.29) has o, + 26,, 11 zero entries, where we recall that o,
denotes the number of strongly hyperbolic mode m eigenvalues of the operator L°,
and the (appropriately numbered) mode m eigenvalues Aj, ,,..., Ay, _, —are purely
imaginary. The infinite-dimensional change of coordinates Utw = Q"W (applied to the
sequence {w(;}jen,) therefore transforms equation (4.26) into

(I+ Q") (S8) 250, (55) Q) 0edEW sy
= (@) LFQUIEW ) + (T TH O Wiy
(Tu)*w RUg1 Wit —i—Rle QUot W(g+1
+(@")7(S )%S (87]?(‘/4/;@)(30)_QQuaTW(j-H))
= A (3)7E QU Wiy )
+ (@) (SE) 81, 0B 0](S8) 2 QUOE W4
Q71+ (36)7580(88)74) (- 0" P oy (0) @ 0r W)
+ pOFUMb(z(), (U*) T Q Wijy)
+ UGl + OUPRE ), (4.30)

where the subscript (j) now indicates evaluation at (Z;), p" + r(;), (U*)"'Q"W;)) and
the operator (Q*)"'L+Q" € L(X?) is diagonal in the sense that

Q") TLFQMW = —— Z <d1ag s - s N om,O,...,O)Wm)eimT

mEZ
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4 FExistence theory

in which W,,, = (W1, - -« Wi rp—oms0,...,0) (see Lemma 4.29 and the coordinate rep-
resentation (4.29)).

Estimates for the iteration scheme

To prove that the sequence {(Z(;),7(;), W(;))}jen, converges in
C([_ec*/2u7 ec*/Q,u]; Xsh) X C([Ov ec*/Q,u]; th) X C([()? eC*/2M]; Xs+1)

to a limit B B B
(Z*,T‘*, W*> S Be—c*/% (0) X Be—c*/2“<0) X Be—C*/Ql‘(O)?

we show that it lies in By—ct/24(0) X Bg-er/2u(0) X By-er/24(0) for appropriately chosen
initial values. The result is summarised in the following lemma. For notational simplicity
we use the abbreviations

1Z.r W = 1 2l gy + I looe sy + I g mugssny
and

12, W) = 12 e rm ) + (W o ey

Lemma 4.30. Suppose that Z) € C([—e“ /%, e /?1]; Xy), 70y € C([0,e7/%]; Xn) and
Wiy € C([0,e” /2], X°T1) satisfy

120l 2,00ty < €772,
@) leqo.eet 20,y < €772,
70*/2111

HW(O)HC’([O,eC*/Qu];Xs+1) g e
and [|[Wolls+1 < Mefc*/Q“. The estimates

up ||Z(j)||C([_ec*/2u7ec*/2w;XSh) S e—C*/Q,u,’
€Np

J

Sup Hr(]) HC([O,GC*/Z”];XWh) S e_c*/Qu
J€No

and
Sup "W(j)‘|C’([0,ec*/2”];)(s+1) < e—C*/?u
J€No

hold for all sufficiently small values of .

In order to prove Lemma 4.30 we work inductively and demonstrate that

“Z(J'H)|’C([—ec*/2u,ec*/2u};xsh) s M2e_c*/2“, (4.31)
||7“(j+1) ||C([O,ec*/2u];){wh) S Me_c*/w, (4.32)
Wi llooeet 21y S /il log pule™ /2 (4.33)
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4.2 Solution of the nonlinear problem

whenever
HZ(j)||c([_ec*/2u7ec*/2u];;(sh) < e /A (4.34)
76yl e o,ee* 203,20,) < e /A (4.35)
”W(j)HC([O,eC*/Ql‘];XS‘H) < e /2 (4.36)

for any j € Nj.

We begin with the result (4.31) for Z(; ;1) on & € [—e /%, e“"/2#]. Using the estimates
for G1, G in Propositions 2.17 and 2.18, we find that

|G (O] = GY (Z)(€), (P + Eanr () (€), (E(UM)1QHW () (€))]
S ulp" + Eanr 1120, (U”) Q"W+ ull(Zg), (U T Q" W) |I?
+ [P+ Eanr ) Pl(Z), E(UH) QAW )|
Suefc/“—l—ue c*/2p
5 u2€fc*/2,u
as well as
[ETNEIIDS e,

We additionally use the estimate (2.60) for the projections onto the stable and unstable
subspaces of L, to conclude that

3
Z(©O1 < [ NP |Gl () + Gl (8)] dt

eC * /20

1 P

S ,11,26_0*/2“(/5 ew1t q¢ e—w1§ +/
—ec* /21 13

< ’U/QG*C*/QH <1 + 1)
w1 %)

Gl (1) + Gy ()] dt,

e¢ om

e~w2t q¢ e“25)

< ,U2 fc*/2u

which is inequality (4.31).

The next step is the estimate (4.32) for r( 1) on § € [0,e°"/2#]. Proposition 2.18
implies that

5 1 = 1 (rin ()] S Iry (PP < e 7w
and that
£ (© = 115 (25 (€), 75y (9, (U*) ' QW5 (9))]

< 1 Zgy, gy, (U)TQHW )|
< MSefc*/2u.
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4 FExistence theory

The estimates for {S{', S, U, U5} (see Lemma 2.19) therefore yield

rs r<2/ s (O] + 172 OD1SE (1)] dt 1))

eC */2u

+/ (175 O+ LF16 OD 1T @)] de [UF(©)]

13 e */2u
3 —c*/2,u(/ Mt e—A“§+/
0 1

< e e M dt e’\”5>
e —c*/2u(2 —/\“«f)

<
—c* /2
< peme

and we conclude inequality (4.32).

Next we establish the estimate (4.33) for W(;41) on € € [0, e /?#]. Here it is sufficient
to assume that [|[Wol|sy1 < pe"/2#, which follows from the inequality

Wollsrr < (@)

(@) U e
(see the assumption on the initial value wy below Theorem 4.26). The stronger require-

ment [[wol|ys+> S pe”/? is however needed in showing that {(Z;), (), W) }ien, is
a Cauchy sequence below. We first take the complex inner product of equation (4.30)
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4.2 Solution of the nonlinear problem

with 9¥W(;41)(€) and integrate over (0,2m) with respect to 7 to obtain

L+ (@7 (8858, (€ (S Q) 0DEW sy (€), W1 (©))
= [T Q) QU (€), DWW (€)

* /o%«Tu )0 W) (6), 35W(j+1)(§)> dr
i /0%< TH) g Q) REDET W41y (€), 05 W4y (€)) dr
* /027r <R Quakﬂwm)(ﬁ)’ afW(j+1)(§)> dr

" /o% < )E56)(©)

)28, (€)(S4)72)
3 (U AW ) (), 05 W) (€)) dr
gii(j) (5)(*@5)7%)85[]”@5@) (), afW(j-&-l) (&) dr

A

U@+ (38381, (©(38) UM (€), W) () . (43)

—

We proceed by estimating the right-hand side of equation (4.37) term by term.

o First we note that W € U*X!, t =0,...,s+ 1, can be written as
— Z W eim7'
m

with W, = Wity o s Wanri—om, 0, .-, 0) T (see the comments below equation
(4.30)). It follows that

21
L@ Qe W Wy dr = 21 3 (diag(Ni s Mo s O )W, Wi,
0

meZ
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4 FExistence theory

170

The reality conditions (2.19) imply that
> (diag(M1, - Aoy 05, )W, W)
meZ\{0}
=> 2 Re(diag(M, 15+ - s Mnr—oms 0 - - -5 0)Win, W)

meN

=0,
)\U

since the entries of the matrix diag(\y,, ;,..., My 0,50, ..,0) are purely imagi-
nary so that it is skew-Hermitian. A similar computation, which takes the reality

conditions (2.21) into account, yields
<diag(>\g,17" >\On 00707-”70)W07W0> =0

and we conclude that

Q) LA QUAW 1y (€), 95Ty (6)) dr = 0. (439

0

Next we use integration by parts and the fact that the operator (T“)*g’l‘(j) (&)TH is
self-adjoint to compute

2w
/ (85 €010 Wi (©). Wy 0 d

1

=3, <5’k G0 (&), (T7)0-gY )(g)T“GfW(j+1)(f)) dr.

Holder’s inequality, the Sobolev embedding theorem and the estimate for g, given
by equation (4.27) thus imply that
2
[T ©), (T 0.5 (T Wi (€) dr
S 10:93 ) Ol 105 Wig1) ()5
S 1Y, s Wiy (O3

S wll(Zgy 0" + 16y, (UF) QW)W (§) a4
S e /2“+ue IV ()24 (4.39)

o The next step is to compute an estimate for the third and the fourth term on the

right-hand side of equation (4.37) which involve the smoothing operators R} and
RY. We first write

27
@y g (ORI W10y (), 05 Wiy (€)) dr

= = [T (@@ g (O RO Wi (©)
— (T") @, (ORI W41y (€), 5 W10y (€)) dr

[T at (€ R (), 0411y (6)) dr



4.2 Solution of the nonlinear problem

Using Lemma 4.5, we find that

[T (R (€ RO W) (6)
— (T g4, () REDET W 510)(€), W4 (€) ) dr
H((r wm®ﬂw%m@%ﬂWﬁMWWWMmﬁ%
X [10FW 1) () lo
< (10 W 1) (€)== | (T#) "Dk () Ri o
+ 1O WGy (Nl ()02, () R o2 ) 105 W 1y (€) o

<122, O Wi (124
< e e || W ()24

and the smoothing property of the operator R} implies that

[ (0, (O RED Wiy (), 95 11(©))
< Teygs,, ORI 511 ©lor Wi Ol
< llgt (€ s B0 W (€ W (€ s
<13, () st Wiy () IW 551, )
< e 4 e[ Wiyny (O] (4.40)

A similar computation shows that

[ (R QU W) (), 0V (€)) dr
S e e[ W) (Ol (4.41)
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4 FExistence theory

o Next we use Lemma 4.5 together with the estimate for A given by equation (4.27)
to conclude that

27 N 1 A
[T @t @
x (98 (Al (©O(58)4Q 0. W11 (€))
= A (S HQUE W1(©) ). EWs1)(©) ) dr
O (A1) (©(SH) 2 Qra-Wi11)(€)) — Al ()(SH) 2QuaET W) (9)|,
X ||85W(j+1)(§)||0
S (10 Wi @ el AL €l + 10 Wi (€ loll A (€)=
< 1E W (€)

S AT O st WG (N2
S e 4 e ) [Wian) () 1241 (4.42)

S

o Similarly, the estimate for S given by equation (4.27) yields

2 N 1 A A 1
@ )R8 (OB 01(SE) QW 41y (), W () dr

SN Nl Wy (1244
S e e ™) W) (€)1 241 (4.43)

o The projection P, has finite-dimensional range and is therefore infinitely smooth-
ing, that is
[Paulle, S llulles t1 = o

We additionally use the estimate for the nonlinearity g, in Proposition 2.17 to find
that

[T @+ 3t O3
X OEUM Py (3 (UM T Q10 Wiy (€)), W51 (€) ) dr
S 1B (3, © @) Q0 Wi () |, IW6 () s
S 1956 O U T Q 0, Wigany Ol W1y (€)1

S ||§]f(j)(§)||s+l||aTW(j+1)(§)||s||W(j+1)(§)Hs+1
S ple™ 7 e ™) Wiy (€121 (4.44)
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4.2 Solution of the nonlinear problem

o Next we note that the bilinear mapping b satisfies
16(z, w)|ls+1 < [2]l[wllst1,
so that
2m _ A1 A1
o[ @I+ S8 8D )
x OFUD (2, (U") 7 QW) (€), 05 W) (§)) dr

< llb(zgy, (U) QW) (O)llsaa Wiy ()l s1

S #lz ©ONT) 7 QWi 1) (s W11 (Dl s

< ulr"(©) + 1 O W11 ()14

S e 4 e ) Wiy ()12 (4.45)

o It follows from the estimate for g, given by Proposition 2.17 that

k\)\»—t

U@+ (35380 (80 9)0EU 5 (€), 04 W )

S ||g2(] Gl LUAGI

< (199 + ra @1 (©) + 16 (€ (Z6)(©), (U)W @)
+(Z5(©). (U QW E)I) IWs(©) et

(20 e By 30 e ) [ W) () oa

(eI e ) 1 () (4.46)

AR ZA

o Finally

A

0@ 0+ (B (€ (SRR (€), 0 W ©) dr
S A O lls+1llW 1) () s
S 12 W) (§) s
< e 4 e ) W1y €) o (1.47)
due to the fact that & is exponentially small (see Proposition 2.18).
Inserting the estimates (4.38)—(4.47) into (4.37) we find that

[+ Q)7 (388 (€ (8) 3 QW (€), DWW (€) 7

S e e e YWy (€) [lsn + pule™ 2+ e ™) W) (€)1 241
(4.48)
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4 FExistence theory

In the next step we derive the estimate

Wiy (ON2e1 S I ()12, + / eI 4 e e ) [ W) (1) g
+ (e e ™) Wiy ()12, dt
(4.49)

from inequality (4.48). Note that

/\

[T @

1d
= SOl

2w N 1
+ Q") (SE) ™28 () (SE) T2 QM BOEW 1) (€), OE W (j0) (€)) dr.

A

St () 52 QM)W 1 (), OE Wiy (€)) dr

M\»—‘

Our strategy is therefore to appropriately reformulate the remainder term
2m 1
@

in order to obtain an estimate for

58)™2 51 (€)(56) 2 Q0O W 1) (€), OF W54 (€)) dr
d%HWjH( )|Z,; and thus, via integration over (0, &),
for [|[W;41(€)]|2,,. Here we make use of the inequality

2T
Wiz [ 1St wowl dr < W

for We X t=0,...,s+ 1 (see Assumptions 1(iii)).

We first note that the operator (Q”)—l(Sg)—%Sf(j)( ")=2Q" decomposes into a sum
of a self-adjoint and a smoothing operator, namely

(Q“)(56)”

A

St (S)72Q = (T7)*(Sh) 284, (S6) ™= T" + RY. |

m\»—t

where

/\

R@):RQL(Aé‘)ﬁgﬂj)( )TN + (T7)*(Sh )_ng(j)(Aé)L)_ﬁR/f
satisfies

I Bfullenr S e+ e ™) Jull (4:50)

due to the smoothing property of the operators Ry, R, and the estimate for S, (equation
(4.27)). We compute

e @888 (O)(S8) T W) (€), D W4y (€)) dr
2m 1 A A 1
= | Q) (85) 7251 (©O)(S8) =T ) O W34 (), DE W50 (€))

27 ~ 1 A ~ 1
+2/0 ((T)7(56) 72 51 () (S8) 2 T 007 Wij41)(€), 07 Wiy (§)) A7 (4.51)
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4.2 Solution of the nonlinear problem

and conclude that

2m N 1~ A1
/0 (0 ((T)"(SH) 2 84, (O)(SE) 2 T™) W (141) (€), 05 W(141) (€) ) dr
< [0 (@755 7284, @S2 T || Wi 124
L
< [0 ((T)*(36)72 84, ((38) 2T | Wi 124
= [Ty (S5) 72 34, (O)(SE) 2 T") (e Z sy, Oep” + Derisy, (UM) 7' QUAW5)|
X HW(J'+1)”§+1
< (e e W () 241 (4.52)
~ M H (j+1) s+1

Here we have made use of the estimate for d.S; given in equation (4.28) which implies

that L
Ja(@y (55) 431 S AT o g

<
r)NM,

and the inequalities
02| S e, 0erl S e, (|0gW s S e

which follow from the induction hypotheses (4.34)—(4.36) together with equation (4.30)
with 7 replaced by 7 — 1. Moreover we have that

27 1 A ~ 1
/0 (1) (S8) 2 545 (©)(S8) 2 T 0 W 511)(€), OEW541)(€)) dr
21 A~ 1 A A~ 1
:/o (14 (Q")71(S8) 25,1 (£)(S6) 2 Q") DeDEW 511 (€), DEW (541 (€)) dr
a /()%(R“‘ DeOEW (j11)(€), EW 541 (€)) dr
1d 2
~5ac ko (O W(541)(6), W41y (€)) dr. (4.53)

Applying the bounded linear operator (I4(Q")*(S4) 2 S“ (f)(S’{f)‘éQ“)*l to equation
(4.30) and using the same arguments as in the estlmates (4.38)—(4.47) together with
the smoothing property (4.50) of the operator R’(‘j) to handle the terms which contain
(k + 1)-th derivates with respect to 7, we find that

[ B 008 1 (€), W 1(©)

S e e e P Wy (€) |lsn + pule™ 2+ e ™) W) (€)1 241
(4.54)

Using formulae (4.51), (4.53) and inserting estimates (4.52), (4.54) in inequality (4.48)
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4 FExistence theory

we find that
d 27 s Gy — L ok Gy =3 THk
df/o <S(j)( ) 2T W 541 (§), (S) 2 T"07W(541)(§)) dr
d 21 i &
= G f) W@, 2Wn(©) dr

27 “ 1 A “ 1
e Jy (T7056) 725 (€ 0) 2T Wi (&), 05 Wi (€)) dr

S pule™ M P e [W i (€) lsr + e/ 4 pe™ ™) Wiy (§) 1344

~J

Integration over (0, &), the inequalities

10 Wigny ()11 < 11(38) 2T 0EW 10 () 12
S [ ST W (€), (80 FTH 0 W11 (€) dr
SIS 2T oW (©)113
S NG @11
and summation over k € {0,...,s + 1} yield (4.49).

Our final step in the proof of the estimate (4.33) is the following two-step estimation
technique for inequality (4.49) devised by Groves & Schneider [10]. The direct calculation

3
p [ e W (O dES € s Wi @1
0 te[0,e¢™ /2]

leads to a term which is neither dominated by the right-hand side of inequality (4.36)
nor has a sufficient power of 1 to be absorbed to the left-hand side of inequality (4.49).
We therefore split the range of integration into [0, £*] and [€*, e /?#], where

a| log il

£ = "V

that is e™"'¢" = ;@ for an appropriately chosen positive constant . In the first step
we prove the desired estimate on the ‘short’ interval [0, £*] using Gronwall’s inequality.
Satisfactory estimates for the integrals over [¢*, e®"/?#] are obtained by an optimal choice
of @ (and hence £*) in the second step.

Applying Young’s inequality to the first term under the integral in inequality (4.49)
and using the facts that

T T O R R

for sufficiently small values of p, we find that

¢ .
Wiy (O1 < W1y (014 +/0 AN Wiy ()21 At + eopte™ Mg
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4.2 Solution of the nonlinear problem

for some multiplicative constants ¢, co > 0 and Gronwall’s inequality implies that

WG @I < (Wi (024, + cope™ /1) e,

Now we restrict to £ € [0,£*] and choose a = /¢y, so that

1

Lk
N _ ollogp| — —

i

)

and therefore

(W) (0241 + cope™ /1)

(HWOH )

Wi (e <

(IWol24; + p?e™ /] log p|)

(Pe™/H 4 P ¥ log )

= V;\Ht\l—t‘;:\}—tt\l—

—c*/u

A

log ple

(4.55)

Inequality (4.55) gives the desired estimate for ||W; 1)(§)|ls+1 on the short interval
[0, £*] and we use this to obtain a corresponding estimate on the whole interval [0, e¢"/2#].
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4 FExistence theory

From inequality (4.49) we conclude that
WG OO0 S IWe0 (0131, + pe /" /05 W) (@) [ 541 de
% [ 0) .
e [V ()2 d

+u / e W) (01241 dt
< pfe™ 4 e rE sup Wiy (D)]]si
t€[0,¢]

. &€
+ plec /2“/0 e N dt s1[1p W) ()] s11

+ ue_c*/2”£t81[ép Wit (1124

—i-,u/ A ||W]+1)<>Hs+1
< pe™ e sup || Wi (8)||sa

~Y
te[0,ec™ /21
oc* /20

+M3e—c*/2u/ e At sup W41 () || s1

0 te[0,ec™ /2m]

+u osup  [Wian ()24,

te[0,ec*/2m)

e¢ */2p

+ / e MWy (8|12, dt (4.56)

Observe that
e /21 - 9
MA Wi (1)1, dt

oc*/2u

E*
=p* [ W ()34 dt + p? e MWy ()31, dt
0 &

<ue” sup W@l 0 [ de_sup [Wigen(@)],
te[0,6%] &* te[0,ec* /2

o nARE”
S e sup Wi @)]12,, + sup ||Wg+1 )12,
te[O,&*] [O ec * /2
< pllog puf?e™ /1 + /ﬂ sup | !\W<j+1>( )HsH,

te[0,ec”

in which we have used inequality (4.55) as well as the definitions £* = |log u|/ci A and
pu® = e "¢ in the last step. Inserting this estimate and the inequality

/e 1 <1
0

e

c*/2p

27

et < / e MV gt =
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4.2 Solution of the nonlinear problem

into (4.56), we conclude that
up Wi ()l S villog e/ 4 VIR _sup Wi (®llen (457

te[0,ec™/2m) te[0,ec™ /2m]

so that
W) (s S Vil log ple™ 2w
that is inequality (4.33).

Convergence of the iteration scheme

Finally we prove that the sequence {(Z(;),7(j), W(j)) } jen, is convergent by considering
the sequence {(Z(41) — Z4),7G+1) — TGy Wi+1) — W) }jen, and showing that it is
contractive. To this end we use the estimates for the derivatives of the nonlinearities
given in Propositions 2.17 and 2.18 together with Lemma 4.30. The result is formulated
in the following lemma. We use the notation introduced above Lemma 4.30.

Lemma 4.31. Let j € Ny and define
Zj+1) = Zi+1) — ZG)s TG+ = TG+ — TGy, Wity = Wiy — W,

The estimate

. 3 . 1 .
1(ZG+1), P, W)l < 511(Z0), 7y W)

holds for all sufficiently small values of .

In order to prove Lemma 4.31 we proceed as in the proof of Lemma 4.30 and show
that

| ZG+ny (&)1 S m H( nﬂ“(g WDl €€ [—e /2 e/, (4.58)
70 @© S 1l (Ziy, 7y, Wip)ll, € € [0,¢7/%] (4.59)
WG (©llst1 S vl 10gu!||(Z<] o W)l € € [—e /2, e/ (4.60)

for all j € Nj.

We begin with the hyperbolic part (Z; 1), 7(j+1)). From the definitions (4.14), (4.15)
we obtain the formulae

~ 3 .
Zj+1)(§) = /_ec*/w T P(GY ) () = Gy () + Gy (8) = Gy (1)) dt
oc*/2u
= I RR(G (0~ Gl (0 + i (1) — By (1) di
and
2 3
TG+1)(§) = Z(/O (Fa) @) = fa 0y (@) + figy () = Figg_ny (@), (SF)7) dt) SH(€)
=1

ec*/2u

([ U = Fum + iy = Flye) 0. (0 (1) ) U2 (©).
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4 FExistence theory

We find using the estimates for dG,, dGs, dfs, dfs in Propositions 2.17 and 2.18 together
with Lemma 4.30 that

Gy (©) = Gy (O S 12l (Zay, iy W)l € € [/, e /2],
|G (&) = Gy (O] S 121(Ziy), 7y, ~(j))l!, € [~/ o),
[f3)(€) = ﬁjmmsmwz T Woll, € € [0,e572),
| f1y (&) — fa—ny O] 120(Z iy 70 Wil e [0,ec/2).

The calculations in the proof of inequalities (4.31), (4.32) yield

| ZG4 (O] S 12 1(Za), Ty Wp)ll, € € [—e™ /2, e /2],

Foen (O S 1l(Zay P W)l € € [0,/

thus proving inequalities (4.58), (4.59).
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4.2 Solution of the nonlinear problem

Next we establish the estimate for W(jﬂ) on £ € [0,e/?#]. We find from equation
(4.30) that

(74 @471 (SH)~2 81, <A“>-%Q”)agafv”vw

+ (MU (S, — St (SE) R QA 0E W)

= (Q")' LI QW JH>+<T“>W THOE Wy + (T (@) = 8y
() g RO Wy + (T (g — 9,y REOETT W)
+R2g1(j)Q”af+ ]+1)+R2( glj 1))QM81€+1W
+<c2“>—1<Aal)-%sg)(af(flf(j)(o)—z@ 0 W) — Al (S5)72Q 0k +1W<;,+1)
QS THEE, — 8 (05(A (SR QU0 W)

= A AéL)éQ“af“W(j))

)T"0r W)

(@788 (04((At,) - Ay (S H@ 0w

— (A, — Al )(E0)hQuos v, )

+ (@) ()2 84, 0B 0)(34) 2 QUAEW ;4

+(Q)THSE) T2 (81, — Sty 0B [0](SE) 2 QrakW,

— (@) I+ (Sh) RSy, <s“>">a’wh(gu (") 1@ 0, W41))
—(@")7HI + ()72 85, (S6) ) EU P (8, — G- (U™) Q10 W )
— (@S E (S - Sﬁj DS 2Py (3 (U1 Q0. W )

U“>_1QMW(j+1 )

+ (@) N+ (88) 72891, (86)72)EU b =), (

+u<@”>—1<ég>—%<éfm—éﬁ )88 Qa’fwb( ) (UM Q W)

+ (@) 7T + (S5)72 85, (S6)72)AEU b7y, (U) 7' QMTV)

(@) + (SE) 28U, (SE)2)OEU (8 — b))

+ QM) SE) 2 (81 — S (SE) 2ok gy

(@) + (88)72 Sk (SK)2)ORUM (Rl — B )

+ (@) (SE) 2 (Sl — Sty (S oEURY, ) (4.61)

We take the complex inner product of equation (4.61) with 87’?W(j+1), integrate over
(0,27) with respect to 7 and estimate each term individually. To estimate the terms

L@ 88481, — 8 ) (58) b QU0Dk Wy, 04 W1y (€))

0
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4 FExistence theory

and

2T ~
L@ (@, (©) = 8,y (T 05 Wiy (€). EWs 1) (©)) dr

we use the stronger regularity assumption |[wgl|sy2 < pe™¢/?* und suppose that W)
satisfies [[W(o)llc (o ect/2ep,25+2) < e/2¢, Lemma 4.30 with s replaced by s + 1 implies
that

sup HW(j)||C([0,ec*/2#};Xs+2) < e /2
Jj€Ng

as well as

Sup ||8§W ||C [0 ec*/Qu] XSJrl) S e—c*/Qu.

Jj€Ng

We conclude that

2w N 1
@7 (88738t = Sty)(S8)
S 1886 ©) = Sty = 105 () o1 W1y (€)1
< e PN (Zgy, 7, W) WG (©) s

2QMO0EW ), OF W) (€)) dr

and

2T ~

[Ty @) (©) - 2y OO W (€),051W41,(©)) dr
@1 ©) = 2y (s (Ol €)os
< e (2 7 Wi |1 Wog e ()

in which we made use of the estimates for dg; and ds, given in Proposition 2.17 and
equation (4.28).

The remaining terms on the right-hand side are estimated using the same methods as
in the proof of inequalities (4.38)-(4.47) together with Lemma 4.30 and the estimates
for the derivatives of the other nonlinearities given in Propositions 2.17 and 2.18 and
equation (4.28). The result is

27 N 1 A A1 _ ~
/0 (I +(Q")H(56) 251, (£)(58) 2 Q") DeDEW 541y (€), OEW (541 (€)) dT
S (e e [ W (6) 1244
b e 4 2 (Zig, 7, Wi Wiy (€ e (1.62)

and from inequality (4.62) we deduce that

W@ £ [ (e 4 ) Wy ()2

(e e (2, gy Wi W sy (8)s41)
(4.63)
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4.2 Solution of the nonlinear problem

in the same way as we deduced inequality (4.49) from the estimate (4.48), where we also
have used the fact that W (0) = 0.

We handle inequality (4.63) using a two-step estimation technique similar to that
employed in the proof of inequality (4.33). Young’s inequality implies that

Wi @O s+1</ e N W @I dt+ e (1(Zo), 7 Wip)l) €

for some multiplicative constants c3,c4 > 0 and applying Gronwall’s inequality and
proceeding as in the proof of inequality (4.55), we find that

Wi (€)% S llog (12, 7y, w)Il) (4.64)

for each ¢ € [0, £*] with

e = allogp| — _ 1

nAK 3
For & € [0,e“/24], it follows from inequality (4.63) that

Wi (€2 S e [ W@ i s [ e W0
+ ue” " PH(Z), Ty, Wl /0 W) ()51 dt
311/ 5 - s ¢ —nAHE | TT
+ 18(Zas P W)l [ e Wy (8 s dt
13 ~
< P sup (WOl + 4 [ &P Wy (02

te[0,€]
+ e (Zg), 7y, Wil sup W) (Bl
E b

L e N
+u3\|(Z(j)ﬂ“(j),W(j))H/0 e M dt tSI[é% | Wj1) () || 541
€10,

e

< wp|mnﬂmwﬂ+f/ Wy (1
te[o,eC*/Qu} 0
+ ull(Zgy, 7oy, Wl sup Wy (8) [l
te[0,ec*/21)
3¢5 5 oIt %
+uM&mﬂmeN/ At sup Wi @)l
0 te[0,ec* /2]

(4.65)
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4 FExistence theory

Next observe that
2 o /20 AL TR 2
i [ e W (B2 at

e /21

¢ 8 ) )
=0 [ e P W O At [P Wy ()2

< sp W@+ [ 7t dr sup (W@l
c 7*

t€[0,ec*/21]
24 R 7 2
< 18 log pl€*(1(Z gy, i Wi IIP + sup [ W) () [l514
te[0,ec™/2m]
S wllog pu*[(Zj), 73y W) |IP + 1® [Osup W) )35 (4.66)

in which we have used inequality (4.64) as well as £ = |log pu|/cs\* and p® = e™'€",

Inserting the estimate (4.66) and the inequality
eC /2p
/ e MV ¢ < i < i
0 nA* ™ u?
into (4.65), we conclude that
Wiy (21 S ll(Zgys 7y Wl sup [[Wigy (1) s

te[0,ec* /21
- 2
+ pf logMIZ(II(Z(j)ﬂ“u)’ j>)||)

+ (ot ) S Wy (0)]1241,

from which it follows that

W1y (E)lls+1 S vallog ull(Zg), 7y, W),
for sufficiently small values of x> 0 and each ¢ € [0, /2], which is inequality (4.60).

Altogether, it follows from inequalities (4.58), (4.59) and (4. 60) that

1Z¢11), 1), Wl S (6 + e+ ilog(m) 1 2y, 7y, Wi
S 1llZ Gy, 7y, Wl
and this implies the assertion of Lemma 4.31. The existence of a limit (Z*,r*, W*) of
the sequence {(Z(;),7(j), W(;)) } jen, such that

12 ||C([7ee*/2“,ec*/2#];/¥sh) S /i2€7c*/2u

I oo, r2ep:200) S pe= /2

||W*||C([0,ec*/2u];x§+1) Sule P be [0, %)7
now follows from Lemmata 4.30 and 4.31. The statement of Theorem 4.26 is obtained by
observing that £ — (RawZ*(—=£),r*(£), W*(€)) is also a limit of {(Z;y,r¢), W) }ieno,
that is Z*(¢) = RawZ*(—£), extending r*, W* by reversibility to [—e®"/?# e /2] and
using the facts that the operators U* € L(X*T!) and Q" € L(X*T!) (see Lemma 4.29)
are invertible.
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4.3 Assorted proofs

4.3 Assorted proofs

Here we present the proof of Lemma 4.29.

Lemma 4.29. There exists an invertible bounded linear operator Q": X' — X' (for all

t > 1) such that

(@) Q7)== 3 (D)™

where Dt are diagonal matrices depending analytically upon i in a neighbourhood of the
origin which is independent of m € Z. Moreover

Q' =Tr R (@) = () B,

where TH: X' — X' is unitary and RY, Ry: X' — X' are invertible bounded linear
operators. The operators T and RY, Ry depend analytically upon pu.

Proof. Consider the ordered bases {e,,1€™",...,enn€™"} for E,, (m € Z \ {£1}),

{e11€7, ... e1n 26T, ue", ve} for By and {e11e7"7, ... €1, 0e T, we ", e T} for B4
defined in Section 2.1. The m-th Fourier component P,u of a function u € X! is
represented by a coordinate vector of the form (uy, 1, ... ,um,n)T and U*P,,u = P,,U"u

has the same coordinate vector representation with respect to the ordered bases
{UF (en1€™), ..., UL (emne™ )}
for E,, (m € Z \ {£1}),
{U(e11€7), ..., Uf'(e1n—2eT), Ul (ue'™), U (ve') }
for £y and
{U" (erae™™ ), ... U (B1n—0e ™), U (ue™ ™), U (ve™ )}

for E_l.

We write
Ul(ue'™) =ufe™, Ul(ue ™) =ute™", Uf'(ve) =uvie”, Uf(ve™") =07
imt imT
Uh(emee™ ) =en ™ meZ, r=1,...1ny,

where the vectors v, v/, el depend analytically upon g,
(uff, off) = (L, EM,0,007), (u,0ty) = ((0,0,1,£3)7)

(see Assumptions 3) and ef;, = are geometrically simple eigenvectors of the matrix

imA"(0) + 0B"[0] = m(ifw(o) + ;aéu[o])
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4 FExistence theory

The corresponding eigenvalues A/, . depend analytically upon p, where )x?n,r = A\p,r are
defined in Section 2.1.

Proposition 2.2 implies that the invertible matrices

Q4 = (€i1,1| T |€i1,n72’Ui1‘U11)> Q= (eum,1| T |€’um,n)’ m € Z\ {£1},

depend analytically upon g in a neighbourhood of the origin which is independent of m
and that

Q= Qi R QL) = (@) + - RY,,

Here @)%, is the unitary matrix whose columns are given by the eigenvectors of the
skew-Hermitian and hence normal matrix iA#(0) and RY,,, RY,, satisfy

1
—R!. =0
m ’

as |m| — oo in £(C") uniformly over p.

The formula

(Q"u)(7) \/— > (Qnum)e™

mMEZ

defines an invertible bounded linear operator Q*: X' — X* with inverse

Q) ) = = S (@) )™

and since

(L*u)(7) > ( (imA*(0) + 0B*[0]))u )eimT

Vv 27T meZ

we conclude that
QM) ' LrPQM ) (1) = — (D" u,,)e™"
((@") )(7) = \/— Z Je
with Df, = diag(\y, 1, ..., Ak, ). Moreover

QU =TrHRE (@)= (T R,

where the linear operators R}, RS and T* on X* are defined by the formulae

(T0)() = 5= 3 (Qn)e™ . ()7 0)(r) = == 3 (@) )™

HU, 1 -z — O* imTt 1 imt
(Biw)(r \/_mZM( 0x) m) " V2r |m|z>:M (R o )®
and
% _ 1 A p\—1 n\—1 U imr 1 U 1m7'
(Bu)m) = 7= 3 (@7 = (@) ) +¢%%#<&mm ,
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4.3 Assorted proofs

so that R}, Ry and T* depend analytically upon g due to Lemma 2.4. The operator
TH: X' — X' is unitary, since the matrix @~ is unitary and the computation

n al \t+1| [y M 2 (14 m?)™! " 2
[R{ullipr = > (L4+m?)™H(Qh — Q5 )uml* + Y ~——5—|RY tm
m=—M [m|>M m
M
S Y (Em) un+ Y (14 m?) u|?
m=—M m|>M
= [|ull;

(with a similar computation for R%) shows that R, RS are bounded linear operators
Xt — ittt |
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5 Existence theory for the semilinear
problem

In this chapter we present an alternative approach to the theory in Chapter 4 for the
semilinear case (that is " = 0 in equation (2.54)). Recall that Theorem 4.26 yields the
existence of a solution (Z*,r*,w*) to equations (2.55)—(2.57) such that
1 Z<(O)], [r* ()], [[w* ()|l < e /2 for £ € [—e/2# /2], We improve the result
of Theorem 4.26 under the additional hypothesis of the existence of a suitable Lyapunov
functional Z¢ in Assumptions 5 which, in scaled coordinates, reads as follows.

Assumptions 5. There exist s > 0 and a conserved quantity Z#(Z, z, w) for the system
(2.55)—(2.57) which is analytic at the origin in R x Xy, X Xy, x X2 and satisfies the
estimate

Z”(Zv 2 w) = O(:U’4”(Z7 2, w) H?\fshwahxXcs) (51)
(the factor p* arises from the scaling ¢ = (M) !¢ in Section 2.3). Furthermore,
70,0, w) = p'Q(w) + Ok wll,), (5.2)
in which Q: X7 — R is a quadratic form satisfying

e S 1Qw)]

2
[] e S Jwlls-

In particular we construct solutions to equations (2.55)—(2.57) which are exponentially
small on the entire real line, in other words reversible solutions to equations (2.53), (2.54)
whose pointwise distance to the approximate pulse p* does not exceed e~/ on the

entire real line. The result is given by the following theorem.

Theorem 5.1. Suppose that §i' = 0 and Assumptions 5 hold. Equations (2.55)—(2.57)

. . . e
admit reversible solutions (Zy % ,wh ) in

Cp(R; Xan) X Ci(R; Xyn) X Cy(R; &7),

parameterised by wy € X7 with ||wollxs < pe= <2 and Rowo = wy, such that

1Z2g lew @t 175 lu s Wi, oy < e/
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5 Existence theory for the semilinear problem

These solutions satisfy

1Z55, oy @iy S pe™ /2,

”TZ)OHCb(R;th) S Iuefc*/Zu’
g e eet r2m et 2y S e /2

for 6 €10,3).
We use the strategy devised by Groves & Schneider [8] (see also Hewer [13, Chapter

5]) and employ the following steps to prove Theorem 5.1. In Section 5.1 we consider the
modified system

Ze = Ly Z + GY(Z,p" + 1, 0(w)) + Gy (r), (5.3)
re = Liyr + L + f(r) + fi(Z,r, p(w)),
we = Liw + pb(p + 7, ¢(w)) + §*(Z, " + 7, $(w)) + b (r). (5.5)

which is obtained from equations (2.55)—(2.57) by applying a cut-off function ¢ supported
on [—e®" /21 e¢"/21] to the w-component of the nonlinearities (note that we have written §*
instead of g4 for notational simplicity, since §; = 0 in equation (2.57)). This modification
enables us to control the linear growth of the centre part w on the entire real line in the
estimates below (see inequality (5.33)). We construct solutions (Z*, %, w*) to equations
(5.3)—(5.5) which exist globally and have the properties that

(i) their hyperbolic part (Z*,7*) satisfies |[(Z*(€),7*(€))|lay,xx,, < e /% for all
¢ € R (see Figure 5.1),

(ii) their centre part w* satisfies |Jw*||xs < e™</2 for £ € [—e~¢"/21 e=¢" /2],

In particular we obtain solutions (p* 4 1*, Z* +w*) to equations (2.53), (2.54) which are
exponentially close to p* for £ € [—e®/?# ¢¢"/2#] (see Figure 5.2). These solutions are
parametrised by their initial values, the set of which forms a local centre-stable manifold
¢ (see Definition 5.3 below).

loc

(Z,z)
e—c/2n
/N /INC N
/ _ N N¢
777777777777777 o

Figure 5.1: The hyperbolic part (Z*,r*) of solutions to equations (5.3)—(5.5) with
initial values on W¢, satisfies ||(Z%(€), 7 (€))||ay xx,, < e ¢/? for all £ € R.

loc
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Figure 5.2: A generalised pulse solution to equations (2.53), (2.54) of the form
(p* + r*, Z* + w*) lies in an exponentially thin tubular neighbourhood of (p*,0)
on the exponentially large interval [—e¢"/2# e¢"/21], We make no statement about
its existence or behaviour outside this interval.

In Sections 5.2 and 5.3 we prove that in fact [[w*||xs < e7¢/2# for all £ € R, from
which it follows that W& is actually a global centre-stable manifold (meaning that its
elements are initial values of generalised pulse solutions which exist on the entire real

line), as follows. In Section 5.2 we first consider the modified equations

Ze = L Z + GY(Z, 2, 9(w)) + G5(2), (5.6)
ze = Lhyz+ fl(r) + f£(Z, 2, 0(w)),
we = LFw + pb(z, o(w)) + §*(Z, 2, p(w)) + 7 (2),

which are obtained from the original equations (2.53), (2.54) by decoupling the equation
for ¢ = Z 4+ w and applying the cut-off function ¢ (see above) to the w-component of the
nonlinearities. Note that solutions (Z,z,w) to equations (5.6)—(5.8) with
Jw(é)]las < e /% for all £ € R correspond to solutions (z,Z + w) of equations
(2.53), (2.54) where the cut-off function is not used. Here we construct solutions
(Z**, 2, w*™) to equations (5.6)—(5.8) whose hyperbolic part satisfies
1(Z4(€), 2 (N |y v, < €7¢7/2 for all ¢ € R. The initial values of these solu-
tions form a centre manifold W€, which is an invariant manifold in the following sense:
any solution (Z, z,w) to equations (5.6)—(5.8) with (Z(&), (&), w(&)) € W€ satisfies
(Z(&),2(8€),w(&)) € We for all & > ¢&. The local centre manifold
We, =Wen{w: ||w]axs < e/} is on the other hand locally invariant: any solution
(Z,z,w) with (Z(&), 2(&), w(&)) € W, remains on W¢_ (and hence on W¢) as long
as ||[w(&)]|xs < e /%, In fact the existence of the Lyapunov functional Z# (Assump-
tions 5) further guarantees that a solution (7, z,w) with (Z(&), 2(&), w(&)) € WE,
indeed satisfies [|w(&)||xs < e~/ for all £ > &.

Our strategy in Section 5.3 is therefore to show that a solution (Z*, p*+r*, w*) to equa-
tions (2.55)—(2.57), where (Z*,r*, w*) solves equations (5.3)—(5.5), converges exponen-
tially  fast to a  solution  (Z*,z*,w**) to  equations  (5.6)—(5.8)

191



5 Existence theory for the semilinear problem

with (2°(€), #(€), w™(€)) € W* (that is [(Z°*(6), (€))L xo, < ©/2) for all
¢ € R. In particular we prove that there exists £* < e“"/?* such that |[p#(&*)| < pe="/2#,
and thus

(2 (), 7(67) +77(€), w7 (€)= (Z7(€), 27 (€), w™ (€], S e/

(see Figure 5.3). Since by construction [|w*(&*)||lxs S ple /2, it follows that
[w™(£)||xs < e /2 and since (Z**(£*), 2™ (&%), w**(€*)) € W* we conclude that
(Z*(€), (&), w™(&)) € W€ with [|w™*(&)]|as < e /2 for all £ > & (see above). This
observation finally implies that ¢(w*(§)) = w*(§) for all € > &%, so that
(Z*(&), pH (&%) + r* (&), w*(£*)) is exponentially small for all £ > &* and thus a global
generalised pulse solution to the original equations (2.53), (2.54) (without cut-off func-
tion).

e—c*/2u

............ (Z**7 Z**,’u)**)

— (Z%p" 4w

SI* ec*l/2“ 13

Figure 5.3: A solution (Z*,p* + r*,w*) with initial values on W con-
verges exponentially fast to a solution (Z**,z**,w**) on W¢ Observe that

(Z*, p*+r*, w*) is (i) exponentially small, (ii) exponentially close to (Z**, 2**, w**)

on [£*,e"/21). The (exponential) convergence of (Z*, p+1*, w*) to (Z**, 2, w**)
and the fact that (Z**, 2**, w**) remains on W€ with [[w**(§)||xs < e=¢"/2 for all
¢ > & imply that (Z*, p* 4+ r*, w*) remains exponentially small for all £ > £*.

5.1 Construction of a local centre-stable manifold

In this section we solve the modified equations (5.3)—(5.5), namely

Ze = Ly Z + GY(Z,p" 4 r,w) + G4 (1), (5.9)
re = Lig,r + Lfr + fi(r) + f1(Z,r,w), (5.10)
we = Liw + pb(p" + r,w) + §"(Z, p" +r,w) + lAz“(r), (5.11)

which are obtained from equations (2.55)—(2.57) by defining
G(Z,2,w) = GY(Z, z, p(w)),
and

iZ(Zvaw) :ff(Z,z,¢(w)), b(z>w) :b(za(b(w))a gu(Z?sz) ZQ“(Z,Z,(ﬁ(w)).

192



5.1 Construction of a local centre-stable manifold

Here ¢: X5 — X* is defined as ¢(w) = (e /%||w|
cut-off function satisfying
1, x| <1,
wm:{ ’

0, |z|>2,

xs)w, in which ¢ € C*(R) is a

and |9 (z)| < 2! for all # € R, [ € Ny. Reversible solutions to equations (5.9)-(5.11)
with [[w(€)||xs < e /" correspond to reversible solutions of the original equations
(2.55)—(2.57) (which are a reformulation of equations (2.53), (2.54)), where no cut-off
function is used (see Theorem 4.26). To establish the following global existence result
for the modified equations (5.9)—(5.11) we work in exponentially weighted spaces

Copne (R; X)) X Crpair (R; Xgn) X Oy (R A7),

where € [0,1) (see Lemma 2.13).

Theorem 5.2. Equations (5.9)(5.11) admit reversible solutions (Z}, , 7, ,wy, ) in

Cb(R, Xsh) X Cb(]R, th) X Cn,\u (R, XCS),

parameterised by wy € XZ with ||wo||xs < pe= /2 Roawy = wy, such that

1255l st 170 o sty s 1030 [l (Rstn) < €772
and
_x
Hw:uoHC([—eC*/%,eC*/?#];XCS) <e /A
These solutions satisfy
HZZ;O HCb(R;Xsh) S IMQG_C*/ZLL?

17500 Lo (i) S ,ue—c*/%’

||w’z)0| C’r]A/*"(R;XcS) S Me

6670*/2;1

—c*/2p
)

HwZO||C([fec*/2u,eﬂ*/2ﬂ;xg) S

for arbitrary but fized § € |0, %)

Definition 5.3. The set

o = {26,000, 75, (0), w5, (0)) : wo € X, Rewo = wo, [Jwollxs < pe™/?}

is called a local centre-stable manifold for solutions to equations (2.55)—(2.57) at & = 0.

Remark 5.4. Definition 5.3 imposes a weaker regularity assumption on wy than Defini-
tion 4.27, so that our local centre-stable manifold in the semilinear case is ‘larger’ than
that in Definition 4.27 for the general quasilinear problem.
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5 Existence theory for the semilinear problem

The iteration scheme

In order to prove Theorem 5.2 we first reformulate equations (5.9), (5.10) as integral
equations by replacing G, Gy and f; in equations (2.58), (2.59) with respectively G,
G, and i4' We obtain

Z(¢) = /6 e DLl . (G“(Zp + Eanr, Ew)(t) + G (Enr) (1)) dt

. / O Py (GH(Z, 9" + Eair, Ew)(t) + G5 (Ear)()) dE, (5.12)
r(E) = zl( LA + £102.m,0)0), (51 0) ) 82(6)
- (LB + £z rw)m). o) @) ) vt (5.13)

(recall that the projections P, Py, are defined below (2.58), (2.59); the fundamental
system {S{', S5, Ut U4} is constructed in Lemma 2.19). Next we write equation (5.11)
as the fixed-point point problem

w(€) = SEw(0) + / “sn(e—1) (ub(p" + r,w) () + (2, p" + r,w)() + B (r)(¢)) dt,
(5.14)

where {S#(€) }eer € L(X?) is the Cy-group generated by the operator L¥ (see Lemma 5.5
below).

We consider the following iteration scheme based on equations (5.12)—(5.14). Choose
wo € X with ||wollxs < pe= /2 Rawy = wo, let j € Ny and suppose that

Zj) € Coan(R; Xan), 15y € Coan([0,00); Xon),  w(jy € Cpan ([0, 00); A7)

satisfy
1Ze3) llop @y < €2 lrg les oot < €72, wi)lloqoes 2uan < /%
with Rynr(;)(0) = 7;(0) and Rewg;)(0) = wy;(0). We define
Z(j11) € Cppn(R; X
by
Z+1)(6) :/E €0k p, (G’fu (t) + G5, (1)) dt
_/ 08 PGl (1) + Gy (1) . (5.15)
Similarly

TG+1) € Coan ([0, 00); Xon)
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5.1 Construction of a local centre-stable manifold

is defined by

2

rsn© = ([ (P50 + £iy ). (857 (0) ) st)
- </:O (@) + iﬁfm(t)), (U (1)) dt) Uk(€), (5.16)

and
w(j1) € Coau([0, 00); X7)
by

wiy (€)= SE@wo + [ SEE — 1) (bl win) () + 3 (1) + By () b (5.17)

Here we have abbreviated z(;) = p*+7r(;) and Q’f(j) = GY(Zy), p"+Ewnr(j), w(j)) with sim-
ilar abbreviations for the remaining nonlinearities. Note that Rynr(j11)(0) = 7(;41)(0),
since the functions U{', U} are reversible, and Row(j11)(0) = w(;41)(0) by construction.

In Lemmata 5.6 and 5.7 below we prove the convergence of the iteration scheme
(5.15)—(5.17) and show that its limit (Z*,r*, w*) lies in

{(Z, r,w) € Cou(R; Xyy) X Cn,\#([O,oo); th) X C’n,\u([(),oo); XCS):

HZHCb(R?Xsh)’ HT”Cb([O,OO;th% Hw“CnAu([O,oo);X(f) < e_c*/m»

wlleqoee 2y < €72, Rywr(0) = 7(0), Rew(0) = w(0)}.

We verify a posteriori that Z*(§) = Ry Z*(—¢); extending r* and w* by reversibility thus
establishes Theorem 5.2. The Cy-group generated by L¥ is constructed in the following
lemma.

. . , imr =1,
Lemma 5.5. Consider the Riesz basis {em, €™} 7" "™ for X2 (see the comments

above Remark 2.9) with the associated purely imaginary eigenvalues M, . = ivy,, and
denote the corresponding dual Riesz basis by { frn €™} =L"m=m  The formula

(Sﬁ(&)w) (1) = Z eE/\#,r<w7 Fnr€™ Ve el

meZ
1<r<rm—om

where (-,-) denotes the usual scalar-product on X*, defines a strongly continuous group

{S(’f(ﬁ)}ge]g such that
d

dé
for all w € X1, The operator norm of S¥(£) is bounded independently of p and €.

(S¢(§w) = LESE(E)w

Proof. By definition S*(0)w = w and S¥(& + &)w = SH(&)SH(&)w for all w € AP,
Moreover, since

imt imt
LEw = Z Mo oW, €™ ) e ™
meZ
1<r<rm—om
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5 Existence theory for the semilinear problem

we have that d%(S{j(f)w) = LESH(&w for all w € X5

r=1,..,rm—0m

Finally, since {e,, ™"} is a Riesz basis for &, there exists a scalar product

((-,+)) on X which induces a norm |||-|||xs which is equivalent to the norm ||-||xs induced
by (-,-) such that {em,reimT};L:eli""””_"m is an orthonormal basis for X with respect to
((-,)). It follows that
. 2
ISe©ule = | X oM fnpe™ e
meZ X8
1<r<rm—om
2
S H Z eéAgn,r <U), fm,relmT>em,relmT
meZ e
1<r<rm—om
= > 1w, fmre ™ em ™ || 5s
meZ
1<r<rim—om
. . 2
— Z <U), fm,relm7—>em,relm7—
meZ ¢
1<r<rm—om
that is S¥(£) is bounded uniformly over p and &. [ |

Estimates for the iteration scheme
To prove that the sequence {(Z(;), (), w;))}jen, converges in
Coxe (R; X)) X Cpan ([0, 00); Xgn) X Cpan ([0, 00); A7)
to a limit
(Z* 1", w") € By-ct24(0) X Bo-er/2u(0) X Bo—er /21 (0)
C Cu(R; Xap) x Cp([0,00); X)X Cypn ([0, 00); A7)
we show that it lies in By-ct/24(0) X Bg-er/24(0) X By-cr24(0) for appropriately chosen

initial values. The result is summarised in the following lemma.

Lemma 5.6. Suppose that the functions Z) € Cy(R; Xan), 1) € Cb([0,00); Xyn) and
woy € Cyan([0,00); XF) satisfy

IN

1Z0) ey msen) < €772,

A

“T(O) HCb([O,oo);th) < e—g*/?ﬂ)

1wy lo(o.cetr2nppey < €772
and ||wollxs < pe=<"/?". The estimates

sup || Zg)ll ey @, < e ¢/,

J€Ng
sup |7 ll ey (o,00) ) < €7
Jj€No
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5.1 Construction of a local centre-stable manifold

and

SUp [[we)lley ooyt < €72 sup [willogoee/zmpsy < € ¢
]ENO ]GNO

hold for all sufficiently small values of .

In order to prove Lemma 5.6 we work inductively and demonstrate that

1ZGn loyman S HPe /2, (5.18)
70 e o.c0y ) S He™e /%, (5.19)
w0l e ocre) S e, (5.20)
||w(j+1)||C([o,ec*/2u];;cg) < Vi 10g(ﬂ)|2e_c*/2” (5.21)
whenever
1Z) lwmin < €™ lrg)louososam < €™ Twg)logoes 2uaey < e/

for any 7 € Nj.

We begin with the result (5.18) for Z(j4+1). Using the estimates for G, G in Proposi-
tions 2.17 and 2.18 together with the fact that by construction ||¢(w)||lxs < e /2 for
each w € X7, we find that

G (O] = [GL(Z 3 (&), (1" + Eanr ) (€), d(Ecw( (£)))]
S ulp + Ear )| 1(Z6) (), d(Ecwiiy ()]s + mll(Z() (€), ¢(Ewi (O
+ 1"+ Eanr ) Pl (Z)(6), d(Ecwiy (€)))ls
< pe e /“+M e~ /21
< /Lzefc*/zu

as well as

G (O] S e,
We additionally use the estimate (2.60) for the projections onto the stable and unstable
subspaces of Lf, to conclude that

$eEnTh "
1Zj+1)(§)] < /OO €750 Pl £ |G ) () + Gy ()] dt

+/s 1€~ Pyl £ty
< ;fe_c*ﬂ“(/5 et At e718 + /oo e~w2t q¢ e“’25>
— 00 I3

< MZG—C*/2#<1 + 1)
- w1 0%)

< e

Gy (1) + Gh) (8] dt,

which is inequality (5.18).
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5 Existence theory for the semilinear problem

The next step is the estimate (5.19) for r(;41) on £ € [0, 00). Proposition 2.18 implies
that

55 O = 1f (rin ()] S Iry (PP < e /v
and that

12 = 12(Z6)(©). 7€), 6w ()
S 12112 (€), (5 (€), dlwiy ()]s

S ,u3e_c*/2“.

The estimates for {5, S5, U{', U5} (see Lemma 2.19) therefore yield

vaMSgémmﬂm+wwmw$wmaW%ﬂ
+[mem+w¢mﬂwmm¢wﬁn

S e [ovtaree g [T e o)
0 13

< pe=¢ (2 — 7N
< pem 2,

thus establishing inequality (5.19).
Next we establish the estimates (5.21), (5.20) for w(;41). We first note that

€ ~
gy llas S Teollae + [ llb + 1 wan) Olle + 135 Olle + 178501

* 3 _ _c* _
S e 4 /0 (e teme /21 4 e [ (w(y) (1))
+ pe P (wiy () e + pll@(wiy (1))
+ e ™| p(wr) (1))
+ e 2 d (w1 (1))

2
xe

XS

C

xs) dt (5.22)

due to the estimates for the nonlinearities given in Propositions 2.17 and 2.18 and the
fact that the group {S*(§)}ecr is bounded independently of 1 and & (Lemma 5.5). For
¢ € [0,00) we use the estimate ||¢(w)|xs S e /% for each w € X? and deduce from
(5.22) that

* 5 * *
Vg (€)ae  pe S e [ (2 eI
0

< ’ue—C*/Qu + e—n/\“ﬁg (M2e—6*/2u + ,ue_c*/“)
< pem
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5.1 Construction of a local centre-stable manifold

since e”""¢¢ < 1, thus establishing inequality (5.20). For ¢ € [0,e¢/?#] we use the
estimate ||¢p(w)||xs S ||w||lxs in (5.22) to obtain

* g * *
lwign) ()l ae S pe 7 +/0 (M(e_c Mg oM teme 2

(e 4 e ) Jwg g (8|2 ) A (5.23)

The proof of inequality (5.20) requires a two-step estimation method for inequality
(5.23) (see the comments below the derivation of inequality (4.49)). We begin by estab-
lishing an estimate for ||w(;j;1)(§)||xs on the short interval [0,£*], where

e = a|log p|
nAK

for an appropriately chosen constant a > 0, so that e™"¢" = ;. Using the facts that
SN, TS L, ol e
for sufficiently small values of u, we find that
* 3 _*
() llas < e/ 4 [" e g (O)llas it + eap’e g

for some multiplicative constants ¢y, co > 0 and Gronwall’s inequality implies that

||w(J+1)(€)| X < ([Le_c*/2ﬂ + CQ[LSG_C*/MS)QCVV%‘

Now we restrict to & € [0,£*] and choose oo = 1/2¢y, so that

ex Llog u| 1
N — ¢ =

and therefore

1
||w(j+1)(f)| s < 7(#6 2wy e H3e c /ug*)
1 oo, Col g )
== 1
\/ﬂ@e s o
1
S e e log )
1 . )
S —(pe? + e /| log )
Vi
< Vil log ple™e /. (5.24)

Inequality (5.24) gives the desired estimate for |[w(;;1)(§)||xs on the short interval [0, £*]
and we use this estimate to obtain a corresponding estimate on the interval [0, e®"/2].
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5 Existence theory for the semilinear problem

From inequality (5.23) we conclude that

c*/2p

vt [ g )

xe SpeC P sup |Jwgg(€)] xs dt

£€[0,e¢™/2H]

[[w(j41)(€)]
(5.25)

and observe that

¥ /2p

i e g )

£*
2 —nAtt
0

e di

c*/2p

wien(@)l i+ p? e

wign) (1) ]]s dt

e + 12 /{ At sup  [lwgen ()]

<P sup |Jwgpn (1)) xs
t€[0,£%] te[0,ec™/2m]
2 % e—nA“&*
S gt sup lwggy () ||lxs + sup  [Jw(i1)(t) [
te[0,6%] t€[0,ec*/21]

< Vil log p|?e™ ™ sup w1y ()]

t€[0,ec*/21]

XSy

c

in which we have used inequality (5.24) as well as the definitions £* = |log u|/2¢; A and
p® = e ™€ in the last step. Inserting this estimate into (5.25), we conclude that

sup g (Ol S Vallog e + (ut ) sup ey (Bl (5.26)
te[0,ec* /21 tef0,ec*/20]
so that
w1y (E)llxs S Vil log(t)[?e™° /2

that is inequality (5.21).
Convergence of the iteration scheme

Finally we prove that the sequence {(Z;), 7(j), w(;))}jen, is convergent by considering
the sequence {(Z(j11) — Z¢), T(j+1) — T(j)s W(i+1) — W(j)) }jen, and showing that it is con-
tractive. To this end we use the estimates for the derivatives of the nonlinearities given
in Propositions 2.17 and 2.18 together with Lemma 5.6. The result is formulated in the
following lemma. We use the abbreviation

1(Z,r, )| = 1 Z] 0, ) T 17110 a (10,00 %0m) + (101l a (0,00):28)
so that in particular

1(Z(€), 7€), w(€))lls < ™ 4(I(Z, 7, w)|

and

up [(Zg iy, wiy) || S e/
j€No

due to Lemma 5.6.
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5.1 Construction of a local centre-stable manifold

Lemma 5.7. Let j € Ny and define
Z(+1) = Zj+1) — Z(G)s TG+ = TG+ —TG), W) = Wi41) — W()-

The estimate ]
1(Z 1), P+, D)l < 512G Ty, D)
holds for all sufficiently small values of .

In order to prove Lemma 5.7 we proceed as in the proof of Lemma 5.6 and show that

1ZG1) | ) S H( ) TGy, W)l (5.27)
171 Ly (000)stam) S #Il(Zys Py W) I- (5.28)
|01 llow ®as) S BI(ZG), Ty, D)l (5.29)

for all j € Nj.

We begin with the hyperbolic part (Z; 1), 7(j+1)). From the definitions (5.15), (5.16)
we obtain the formulae

Z(j+1)(§) = /£ el (G (1) = Gy (8) + Gl (1) — Gy (1)) dt
= | PGl () — Gy (1) + Gl (6) — Gy (0)
and
Fren (€ ;;(/ ) = Fhiy(0)+ i (0) = £ (0, (S (1) dt)E(€)
—(4<%@—ﬁ@n+ﬁm—jFM@ﬂﬁﬂmdQW@>

Using the fact that ||¢p(w;) — ¢(ws)
conclude that

xs S |Jwr — wal|xs uniformly over wy, w, € X we

S

| (Z0) (1), (Ean) (1), 6 ((Ecwii)) (1)) = B((Ecww 1)) (1))
S H(Zm(t)? (gwhf(j (1), (o)) ()|

< e™N(Zg), 7y i)

and hence the estimates for dG; and dG, given in Propositions 2.17 and 2.18 and Lemma 4.30
together with Lemma 5.6 imply that

Gy (&) = Gy (O] S 1™ M N(Zy, T,
G5, (&) = Gl (O] S ™ (Z), 7),

X

)l
@)l

X
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5 Existence theory for the semilinear problem

The calculation in the proof of (5.18) yield
1ZGn ey @asy S H2I(Zg), Ty D)l
thus proving inequality (5.27).
In the same fashion we obtain

|5, (€) = F55 1) (O S 1™ N (Zg), i B
(&) = Lo (5)|5M36"A“t||( Z), Ty, W)l

Sz

and hence

e M F G (O] S 1 (e‘”W / CQUrINE gy N
0

4 e /5 =DM gy e”f>||( )Ty W)

3
_m gy L |
—M(Hlu R L]

S ll(Zgy, Ty, wip)ll,
where we have used the fact that n < 1, so that the integral

/ = o= DNE gy
13

converges. It follows that
17611) [l (000)20) S 1l (Z), Py @)l
which is inequality (5.28).
Next we establish the estimate (5.29) for @ 1). From definition (5.17) we obtain
3
Wjy1)(€) = /0 SHE—1) (ub(p” + 70, W) () — pb(p" + -1y, wi) (t)
~ PH TH

The estimates for the derivatives dg and dh given in Propositions 2.17 and 2.18 together
with Lemma 5.6 imply

13 (8) = 3¢, (0)llace S (e /2 + e ) [[(Z(5) (8), 75 (1), i (D) s,

1Rt () = Bt Ol S e (2 (), 75 (8), i (8]

and

1(p" + 7y, 1)) (E) = b(P" + (1), w(i)) ()| xe
< 16" + 7y, Wiig1y) ()| xs + 110(F ), w) (t)]

S (e ™ 4 e P iy [l + P Z) (8), 7 (£), i) (8)) s

X$
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5.2 Construction of a local centre manifold

It follows that

™M |4 41) (6]

XS

¢ v et
X S e_"m/o (e 4 e 2) 1) (8) ] 2
+ pe P Zy (8), Ty (1), by (E)) ||s) dt
* g ~
< pue™ PeTINE / e dt ||(Z), Ty, @)
0

3 N N
+ (e—mu&/o (N2 + ,ue—c /2/1677)\“1&) dt) ||w(j+1)||Cn>\u(R;XCS)

Me_C*/2N

<
=T

(1 =™ )(Z), 7oy @)l

2 g ,ue—c*/% .
+ |\ pne €+77T<1 € ) @ J+1)HCW (R;X)

S ull(Zgy, 7y W)+ @) oy @

and thus )
[ DG+nllopn s S #l(Zg), o), @)

were we again have used the fact that the group {S#(&)}eer is uniformly bounded over
w and &. This calculation establishes inequality (5.29).

The existence of a limit (Z*,r*, w*) of the sequence {(Z;), (), w(j))}jen, such that

1Z* ey sy S pPe™ /2,

17 [l et (0.00)i0m) S pre™ /2,
1w [l an (10,00055) S Hee

w0 lloee 2 et 20y S 1062, 6 €[0,3),

—c*/2u

now follows from Lemmata 5.6 and 5.7. The statement of Theorem 5.2 is obtained by
observing that £ — (R Z*(—£),r*(£), w*(§)) is also a limit of {(Z(;), r¢;), w()) }jen,, that
is Z*(§) = RanZ*(—£), and extending r*, w* by reversibility to the entire real line.

5.2 Construction of a local centre manifold

In this section we solve the modified equations (5.6)—(5.8), namely

Ze = LG Z + GY(Z, z,w) + G5 (2), (5.30)
= Lz + fi'(2) + f5(Z, 2, 0), (5.31)
= Lrw + pb(z,w) + §"(Z, z,w) + h*(2), (5.32)

which are obtained from equations (2.53), (2.54) by decomposing equation (2.54) for
q = Z + w into the corresponding component equations for Z = Pyq, w = P.q and
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5 Existence theory for the semilinear problem

applying the cut-off function ¢ (see the comments below equations (5.9)—(5.11)) to the
w-component of the nonlinearities. Here we have dropped the tildes in the formulae for
the functions f}" and f in equation (2.53) and defined

i;(Zasz) = fﬁ‘(Z,z,(b(w))

Exponentially small solutions to equations (5.30)—(5.32) (satisfying in particular
Jw(é)]las < e ¢/ for all ¢ € R) correspond to exponentially small solutions to the
original equations (2.53), (2.54). Here we construct solutions to (5.30)—(5.32) whose

(i) hyperbolic part is exponentially small on the entire real line,

xe < e for all € > € if [lw(E*)]

(ii) centre part satisfies ||w(&)]
some &£* > 0.

e
xs < tem@/2% for

The exact result is given in Lemma 5.11 below.

We begin with the construction of a (local) centre manifold for equations (5.30)-
(5.32). This manifold is defined as the graph of a reduction function ¥ which maps the
initial value of the centre part of a solution to (5.30)—(5.32) to the initial value of the
corresponding exponentially small hyperbolic part.

We reformulate equations (5.30), (5.31) as integral equations and (5.32) as fixed-point
problem by using the fundamental solution set {S%, Sy, US, Uy} (see Lemma 2.21) in
equation (5.31). Employing the corresponding iteration scheme

3
Z(41)(§) = / Y LShPSS(Gu J)( ) +Qg(j)(t)) dt

~ e I P (G () + G (1) dt,
4

@ = 2 [ {0+ £5)0). 550 )50
= (0 + iy ). U @) at)Uio)
wiy (€)= SE@wo + [ SEE — 1) (bl wi ) () + 31 (1) + By (1))

and repeating the arguments in Section 5.1 for arbitrary wy € & yields the following
result.

Theorem 5.8. For each wy € X equations (5.30)—(5.32) admit a unique solution
(Zies 2 s wiye ) € Op(R; X)) X Cp(R; X)) X Cpae (R; XY

satisfying

1Z255 Nl iy 12 o Rvn) < €772
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5.2 Construction of a local centre manifold

In the context of Theorem 5.8 we define the mapping
We XS Xy x X, Wlwo) = (Z55(0), 25 (0)).
Taking any solution
(Z,z,w) € Cp(R; Xy) x Cp(R; Xyun) X C(R; X7)
to equations (5.30)—(5.32) with

12| cy®iea)s 121l i) < €72

we find that
w(&) = SH(Ew(0) + /[f SE(E —1) (,ub(z,w) + §"(Z, z,w) + iz“(z)) dt
and thus

xe S w(0)|lxs + [€]llpb(z, w) + §(Z, 2, w) + 1 (2)]| xs
< Nw(0)[lxe + [€le™ %, (5.33)

[w(€)

We conclude using the inequality e="1¢l[¢| < 1 that |lw|c,, . @xs) < 00, so that in fact
(Z, z,w) € Cb(R, Xsh) X Cb(]R, th) X Cn)\,u(R; .)C'CS).

Theorem 5.8 therefore implies that (Z(0),2(0)) = ¥(w(0)) and this fact allows us to
make the following definition.

Definition 5.9. The set
We = {(Z5:(0), 25(0), wis (0)) : wo € & = {(¥(wo), wo): wo € X5}
is called a centre manifold for solutions to equations (5.30)—(5.32) at £ = 0.

Since the system (5.30)—(5.32) is invariant under translations in £, the function

(Z(£), 2(8), w(§)) = (Z(§ + &), 2(E + &), w(€ + &), & €R,
solves (5.30)—(5.32) whenever (Z(£), z(§), w(§)) is a solution. It follows that
(2(0),2(0)) = ¥(w(0))
(see the comments above Definition 5.9), so that

(Z(&0), 2(%0)) = ¥(w(&))-
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5 Existence theory for the semilinear problem

We conclude that W€ is an invariant manifold, that is (Z(&), z(£),w(§)) € W¢ for all
¢ € R and in particular

HZHCb(R§Xsh)7 HZHCb(R;th) S efc*/ZN’

if (Z(0), 2(0),w(0)) € We.

Next we restrict the domain of ¥ to {||wo||xs < e=¢/?*} and consider the local centre
manifold

We ={(Z,z,w) € X°: (Z,2) = V(w), we X, ||w]lxs < e_c*/Z“} Cc wWe

consisting of those points on W° which have exponentially small centre part. Note that
in general Wy . is not an invariant manifold. However, each solution (Z, z, w) of equations

(5.30)~(5.32) with

1Z e st 12l st 0 llcry iy < €728

satisfies (Z(€),2(§),w(§)) € Wi, forall £ € R. On the other hand, each solution (Z, z, w)
of equations (5.30)-(5.32) with (Z(&), 2(&), w(&)) € W, for some & € R remains on
Wi as long as

xs ST/

1Z ()1, [2(E)]; [[w(©)]

(in this case we have that (Z(£), z(€),w(§)) € W€ for all £ € R, since W* is an invariant
manifold, and |Jw()|xs < e /% implies that (Z(£), 2(£), w(&)) € W,)-

The next step is to show that ||w(&)|

(Z(8), 2(6), w(§)) € Wige

xs < 1e7¢/2 implies that

for all £ > &;. The proof requires the following estimate for the function W.

Lemma 5.10. The function V: X’ — Xy, X Xyn satisfies the estimate

(W (wo)| < pallwol

xs < e~/

xe

for each wy € X2 with ||wo|

Proof. Fix wg € X with |Jwy

xs < e /% and define the mappings

./T"Shi Cb(]R, Xsh) X Cb(R, th) X 077)\“ (R, .)Cf) — Cb(R, Xsh)
thi Cb(R; Xsh) X Cb(R; th) X C”M“ (R, X;) — Cb(R; th)
fci Cb(R, Xsh) X Cb(R, th> X Cn)\u (R, XCS> — C77>\” (R, Xj)
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5.2 Construction of a local centre manifold

(FalZ )@ = [ OP(GHZ, 2 w)(0) + GA() 1)

= [ RG22 w)(0) + G (2) (1)

(FanlZ, 2,0))(©) gX/’<(“>m+f%2zwx»¢ﬁw>mym@
= ([0 + 52,2 00).0: (1) @) Uie),
(Fe(Z,2,w))(€) = SH(&)wo + /0 ‘ S = 1)(8"(Z, 2, w)(8) + pb(z, w)(t) + B (2) (1)) dt.

It follows from Lemma 5.6 that the mappings Fg, and Fy;, take values in respectively
Cy(R; Xy,) and Cp(R; Xyp). Furthermore the arguments in the proof of Lemma 5.7 show
that

| Fen(Z1, 21, w1) — Fen(Za, 22, w2)l 0y Rev) S 1A Zy — Zy, 21 — 29,01 — ws)||
and

||~7:wh(Z1, 21, w1) - fwh(Zz, 22, w2)

Con (Rika) S HI(Z1 = Zay 21 — 29,01 — wy)|

as well as

|(Fe(Z1,21,00)) () = (FelZa, 22,w2) ) (6)

—c*/2p

S

< M

~ n)\u (1_6777)\“'&)”(21 _22721 — Z2,W1 _wZ)H

S NH(Zl — Lo, 21 — Zp, Wy — UJ2)||

for all ¢ € R, where we have used the notation introduced above Lemma 5.7.

The mapping F = (Fupn, Fun, Fe) is thus a contraction with Lipschitz constant less

than or equal to 5 and each solution (Z, 2} wo, ) of equations (5.30)—(5.32) is a fixed
point of F, that is F(Z;, 25, wir) = (Zyr, 25, wir ). 1t follows that

H(Z,Z,U)) (Z** o s:))” §2H(Z,z,w)—.7:(Z,z,w)H

wo? w07

for all
(Z,z,w) € Cp(R; X)) X Cp(R; Xup) X Coppu(R; X))

with || Z]cy, @) 12]lcn Ria) < €7¢/2* . This estimate for the choice Z = 0, z = 0 and
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5 Existence theory for the semilinear problem

w = SH(-)wy yields

W (wo)| = [[(Z25(0), 255(0), wo) = (0,0, wo) s
= [1(Z25 (0 ), Zug(0); w35 (0)) = (0,0, 5¢(0)uwo )|

< [ Zi» 2z wisg) = (0 0, S (- )wo)l
< 2| F(0,0, (- )wo) = (0,0, S¥(-)uwo) |
< 2‘ ]:Sh<0 0, 5¢ ) O (RsXap) T QH]:Wh (0’0755(')100) Ch (R X))

(Jw
Fe(0,0, (- )wo) — SH(-Juwo

Cn)J‘ (Rng) )

Using Propositions 2.17 and 2.18, inequality (2.60), Lemma 2.21 and Lemma 5.5 we find
that

G4 (0,0,5%(t)wo) + G5(0)] < o (SE(tywo) | < ol

XS
so that
(0,0, 55<'>w0)ch(R;xsh) < llwol%s,
and
Fun(0.0,5200w0) €] £ [ ¢0]o(st0wo) [,
N /:O eAu(ﬁft)”(p(Sé‘(t)wo)Hig dt
e /21
<
~ T
S
Moreover

e || 7, (0,0, S8 (-)wo) (&) = SE(E)wo,

C

< pe" < :unOHXS

By applying the Lyapunov functional Z# (see Assumptions 5) to a solution (Z, z, w)
to equations (5.30)—(5.32) with (Z (&), 2(&), w(&)) € Wi, for some &, we conclude that
(Z(&),2(&),w()) € We,. forall £ > &. The result is summarised in the following lemma.

Lemma 5.11. Suppose that
(Z,z,w) € Cp(R; Xgp) x Cp(R; Xyp) X Coppn (R X))
is a solution of equations (5.30)—(5.32) and (Z(&),z(&0), w(&o)) € W€ with
[[w(&o)
(so that (Z(&), (&), w(&o)) € WEL). It follows that
lw(€)l|as < Fe= /"
(and therefore (Z(€), z(§),w(§)) € WE.) for all £ > &.

1 .—c*/2
XCSSQG /2
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5.3 The global centre-stable manifold

Proof. Using the estimates (5.1), (5.2) together with Lemma 5.10 we find that

xe

1 3
Sl < T2, 2, 0) = (W (w), w) < 5wl
for each (7, z,w) € W, and sufficiently small values of p.

Suppose that [|w()||xs > te<"/% for some £ > &. Since w € Cppu(R; X?) is continu-

(R;
ous, we conclude that there ex1sts & € (&, €) such that [Jw(&)||lx: = Le™ /2Tt follows
that

el = (€
< T (Wl w(e)
= T (V&) wic)
< 2w &)
< 2e‘“/“,
a contradiction. [ |

5.3 The global centre-stable manifold

In this section we prove that the local centre-stable manifold W& constructed in Sec-
tion 5.1 (see Definition 5.3) is a global centre-stable manifold, that is solutions
(Zy, s> Why ) tO equations (5.9)-(5.11) whose initial values lie on Wi, satisfy

wo? ’wo’
[0y (6]

for all & > 0 (and hence by reversibility for all £ € R). To this end we prove that
solutions found in Theorem 5.2 whose initial values lie on W& converge exponentially
to solutions of the modified equations (5.30)—(5.32) found in Theorem 5.8 on W€. This
result is summarised in the following theorem.

_ax
XgSGC/Q“

Theorem 5.12. Suppose that (ZF s jwk ) is a solution of the modified equations

wo’ w07 wo
(5.9)~(5.11). It follows that (Z% ,pt + rk ,wr ) converges exponentially to a solution

wo? wo ! wo

(Z,z,w) of equations (5.30)—(5.32) on W€, that is
i 61 (Z2,(6), (€) + 5 (€), i ) — (Z(6), 2(6), w(©)], = .

In particular there exists £ = £*(u) € (0,e /2] such that

o < e

sup |[Jw},, (§) — w(&) |
geler 00)
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5 Existence theory for the semilinear problem

In order to prove Theorem 5.12 we fix

C e
so that £ € (0, e¢/2] with e ™'¢"/2 = ¢=¢"/2n and
Q]S e
for all £ > % Next we consider a cut-off function y € C*°(R) with

_Jo =%
K {1, > e

*

(5.34)

X'(O] < & L for all ¢ € R and define (Z, 2, %) = x(Z3,, o'+, wy, ), such that (Z,2,0)
satisfies the modified equations
Ze =LK Z 4+ GY(Z, 2,0) + G5 (2) + Q4 (5.35)
fe= L2+ () + [4(Z.2,0) + Qhy, (5.36)
We = LMD + §(Z, 2,0) + pb(2,0) + h*(2) + Q, (5.37)
with
b =X 2y + XC (Zh 1 + 1y W) — G (X(Z o 0" + T )

+ XG5 (" +15,) = G (X' +73,)),
Qun = X'(P" +77,) + X ST (0" +70)
XS Z o0+ 0 W) = [ (X(Zis 0+ 7 w0,
QU = X'why + X8 (Zi P + Ty W) —Q“(X(Z*O,p + 7 wh))
+ xb(P! + 1 whe) — b (X (P + T, W)
X" 1) = R (X 7).
To show that (Z,2,%) converges exponentially to a solution (Z,z, w) of equations
(5.30)—(5.32) on W€, we make the Ansatz
(Z,2,w) = (Z,2,0) — (Agny Awiy Ae),
so that (Ag, Awn, Ac) satisfies the equations
OcAgy = LA Agy + GH(Z, 5,0) + GE(2)
— G2 = D2 = A0 — A) = G5 (2 = M) + Qb
OeAgn = Ly Ay + f{‘(f) + U2, 5,00) — (2 — Awn)
— f(Z = B = A = A + Qi
OeAe = LEA, +g M7, 2,0)
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5.3 The global centre-stable manifold

and establish that (Ayn, Agh, Ac) decays exponentially to zero as £ — oo. To this end
we consider the iteration scheme

. 3 ~
A = [ P (GH(Z,5,0) + GY(5) - G
(

—0o0

8G0© =3 ([ (e + 2022000 - i - A0
- 737 = 885 = A%, 0 - A0

+ Q1) 51(0) dt)$:(€)

- [l(rem + 52200 - e - 290
—f‘(? — Ag{l L2 Agh, N A(j))(t>

C

+QU(0). U7 () dt)Ui(¢), (5:39)

and show that the sequence {(Ai{f, Avgﬁ, AU} jen is convergent in
0—77)\“ (R, Xsh) X C—ﬂ/\“ (R, th) X C—ﬂ/\“ (R, XCS)

(0

for an appropriately chosen initial value (Ag, ,Ag)ﬁ, AD). First we need estimates for

the remainder terms appearing in the equations (5.35)—(5.37).

Lemma 5.13. The remainder terms Q4 , Q4 and Q" satisfy the estimates

Q% llcu®om) s 1@l ey @) Q- ey roesy S e /2,

and
||Q ||Cﬂ,>\u (R,Xsn) s ||Q h||077,>\u(R,th)’ ||Qg||cﬂ,>\u(R,X§) < 0.

Proof. First note that by definition Q% (&), Q% (£), Q%) = 0 if [¢] & [ ,&*]. For
€] € [%,5*] we have that |x/(§)| < 5% < p? so that the terms in Q% Q% and Qg which

are linear in respectively Z7 , p* + 7, and wy, can be estimated by

IX(6)(Z5,(€), 1(€) + 172, (&) wi ()5 S e/,
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5 Existence theory for the semilinear problem

since ) .
(&) + 7 ()], o ()l ae S e 2, I¢] € [5, €]

The remaining nonlinear terms are at least quadratic in (27, p" + 77

wy, ) so that

w07

Q4O QO QL e S 1(Z2(€), "(§) + 770 (€), Wi (DI
+ IX(6)( 20, (€), P (&) + 70, (&), wiy ()6
S MZefc*/u _'_lu4efc*/2,u
5 M4efc*/2u

which verifies the first assertion. Moreover, this estimate yields

Qe ()], 1 (O], 1QE(E)]

s < Iu4efc*/2,u
— ule —AREF /2

=1 4 GnAES[2 —nAkE

* _ Y=
_ u4ec /2ue nAHE

S Iu4ec*/2ue—n)\”§

so that
QO] €™ | Qi (E)], e Q(€)

xs <00, £eR.
[ |

The next step is to show that the weakly and strongly hyperbolic parts of the sequence
{(Aéfl), AY) AU} ey are exponentially small with respect to .

wh
Lemma 5.14. Suppose that 7 € Ny and
AD e R Xy), AY) e 0o pw(®R; X)), AY € C_p(R; X2)

satisfy
—c/2p

1A [l i 1AL oy i < e
It follows that
AT € Copn(R; o), AGTY € (R X)), AT € O (R; A7)

with
1 —c* 1 —c*
1A ey S pe™/, AU oy @ S pe™/

for all sufficiently small values of .

Proof. By construction we have that

O] S O (©) + i (O) S pe™ 2 12(9)] 125, ()] < pee /™
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5.3 The global centre-stable manifold

and
< eic*/2lu

BRI

[) (@(€) = AP ()

for all £ € R. Using these inequalities together with the estimates for the derivatives of
the nonlinearities given in Propositions 2.17 and 2.18 and Lemma 4.30 we find that

|G“< m() GH(Z - AY) 2 - AD w — A (¢)]
< uf| (AS(©), A%€), 6(i) — oli() — AV(©)))

S

and
G5(2)(€) — G52 = AR S p|(AF(©), AL, 6(1) — d(i(€) — AV()))

so that

S

e AgT )]

(Agﬁ LAY () — g — Aﬁj))) Hc .

s T @slle e

< o0.
Similarly
AL ()]
< (AR, AR, o) - ¢ — AD) )H - +||Q$h||c_w<R,th))

y (/E Q=mNet gp o—(1— 17,\M5+/ —(HNE gt o 1+n)M5)

3

< <1—an” (A9, AR, 6() — ¢(i — AY)

1
(1 n))\M”Qwhnc_nAu(R Xwh)

>) HC_WM(R,XS)

. 1
< G AG) AN o A () w
,LLH (A 7Awh7 (w> ¢<w AC )) HC,,,’/\M(R,XS) + (1 _ 77))\# ”QWthfn)\# (R,th)
<0
(pointwise in p). We further have that
enA“fHA(a‘H)(f) s
< H( 3{1)7 Awh7 UA}) gb(UAJ - A((:J))) H

></ e M\t Q¢ M€
3

Qe )

C_ AH (R,Xs)

Sl (A%, A8, o) — o — AD))] + iu@ Ul

< 0.

_pan (R,X8)
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5 Existence theory for the semilinear problem

Finally, we use the above estimates on |A£{1+1 (&)| and |AY, A )( )| (without any expo-
nential weight) together with the hypothesis

1A e sy s 1AD | i) < €772

and Lemma 5.13 to obtain
1AL ey @iy S He™ 72, AU oy @i S e/,

Next we conclude that the iteration scheme (5.38)—(5.40) is contractive. To this end
we define

AU ey = AU () - Aé{? ()
= [* eehp (a2 - A2 - AD 6 - AP)()
G2 — AUV 2 AUSY i AUTDY ()
+GE(E - AD) (1) — Gh(z — ALT)() dt
+/§ NP (GH(Z — AY) 2 =AYb — AD) (1)
— G2 - A5V 2= AUY b — AUD) (1)
+GE(2 = AD(®) — G52 = ALY () dt,

ALM©
= Au© - A%
4 3 , .
=3 (= [ (- a8 - s - A5
FIZ -8G5 - A0 - D))
52 = A8 2= AL - ATT)(0), 57 (0) dt)$(6)

+[5 (=20 - 1z - A% (@)
+ 42— A7) 2= AU b — AD)()

C

— A2 = A8V 2= AUTY b — ATTI)(1)), U (1)) dt) Ui(¢),
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5.3 The global centre-stable manifold

The following result is establislr}ed by using Athe same estimates as in the proof of
Lemma 5.14 with respectively (Z, 2,%) and (Z — AY, Z — AY) % — AD)) replaced by

wh»

(Z—AD. 72— AY o — AWYand (Z — AY™D Z — AUY i — AG-D) and noting that
the convergence is not affected by the remainder terms Qg, Qwn and Q..

Lemma 5.15. The estimate

S GaD) K (D) % (o L, x() x() x(i
IAGT, ALY ATl < IAS AR AD o

why —¢

holds for all sufficiently small values of .

Corollary 5.16. Suppose that
(AL, AL AY) € CLpu(R, &)

satisfies
1A, A ALl ey < /2

wh
and

0 0 —c*
1A @) 1Ay @y < €767,

(i) The sequence {(Agﬂ),Agﬁ,AQ))}jeNo is a Cauchy sequence and hence convergent
in Coppu(R, X%). Its limit (Agn, Awn, Ac) satisfies the estimates

HAShHCb(R;Xsh)v ||AWh||Cb(R;th) S Me_c*/gu

and
H (Aslh Ay, AC)”Cant (R,X%) 5 Uen)\% /2.

(ii) We have that K
(Z,z,w) = (Z,2,%) — (Awn, Ayn, Ac) € WE.
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5 Existence theory for the semilinear problem

Proof.
(i) It is a direct consequence of Lemmata 5.14 and 5.15 that {(Agl), Ag})l, AU jen, is

C

a Cauchy sequence in C_,\u(R, X'*) with a limit (Ag, Awn, Ac) satistying

||Ash||Cb(]R;Xsh), ||AWh||Cb(R,th) g Me—c*/zu"

Moreover, inspecting the proofs of Lemmata 5.13 and 5.14 we find that

1
0 0
8¢l putmixe) S AR A Ao rs + @l ey

< peNE N2 22
< e

and thus
1(Ash; A, Ac)lle e (maesy S pe™ 72

(ii) By construction

(Z, z,w) = (Z,2,%) — (Agny Mg, A)
is a solution of equations (5.30)—(5.32) and since
1Zllc@sa < 1 Z1ley@sxa) + [ Amlloy @) S pe™
as well as
Iz llcu @) < I2lc,@am + 1Awmllc, @ S pe/,

we conclude that (Z, z,w) € W¢.

Suppose that § > £* (see (5.34)), so that wj (£) = w({) and thus

1wy, (§) — w(E)|lxs = [[W(E) — w(E)||xs
< (A (), Awn(€), Ac(E))]]s
< eT4|(Ash, Ay Aoy sy
< e

due to Corollary 5.16. This observation completes the proof of Theorem 5.12. The last
step in the proof of the existence of global generalised pulse solutions to equations (2.53)
and (2.54) (that is global exponentially small solutions to equations (2.55)—(2.57), see
Theorem 5.1) is to deduce that

Hw;}o ”Cb(R;XCS) é e_c*/QN‘

In the following result (Z, z, w) and (Ag, Awn, Ac) denote the functions in Corollary 5.16.
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5.3 The global centre-stable manifold

Theorem 5.17. The centre part wy, of a solution (Z ,r%, ,wy ) to equations (5.9)-
(5.11) satisfies the estimate

Hwag ”Cb(R;XCS) S eic*/Q,U'.

Proof. Since £* < e¢"/?* and
6 ,,—c*/2
||w;UOHC([O,eC*/2H];Xg) ,S ne c*/ M,

we conclude that

* 1 *
w s +u’)e —e
lw(E)lae S (+p)e™ /2 < 5 </
so that Lemma 5.11 yields
[
sup u(€)la < e/
geler00) 8

and hence -
xs S (M + g)e_c*/% <e @/,

sup |lwy, (€)]
£€lér,00)

Due to reversibility it follows that

Jwillon@xs) < e~ /21
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6 Breather solutions to Klein-Gordon
equations

In this chapter we study the quasilinear Klein-Gordon equation

¢tt = ¢ac:c _¢+f1<¢7 ¢ta¢x)¢xm+f2(¢a ¢t7¢x)7 (61)
where fi, fo: R® — R are analytic functions with f;(0) = 0, f2(0) = 0, df2[0] = 0 and

fi<a7 —b,—C) :fi<a7bac)7 1= 1a2

We seck generalised breather solutions to equation (6.1) of the form
o(z,t) =v1(§, 1), E=x, T=uwt,
in which v; is 2m-periodic in its second argument, and introduce a bifurcation parameter

€ by writing
w=+v1-—e¢2

Our result is summarised in the following theorem, which is proved using the theory
in Chapter 4, or Chapter 5 in the special case f; = 0, fa(a,b,¢) = fa(a) (henceforth
referred to as the ‘special case’).

Theorem 6.1. There exist positive constants g and ¢* with the property that for each
e € (0,&0] equation (6.1) admits an infinite-dimensional, continuous family of generalised
breather solutions of the form

o(x,t) = vy (z,wt),

parameterised by the values v1(0,0). These solutions satisfy

uEr) =v(&-7), w620 = u(6r), |unlEn) - p(E )] < e

for all v € R and respectively § € [—e'/2V%,e”/2V¥] and & € R if additionally f, = 0,
fa(a,b,c) = fao(a). Here

2\ 1/2
P&, T) = :t25(é) sech(e€) cos(1) + O(e¥2e~*l) 0 <n <1

(so that Elirin p°(&,7) = 0 uniformly in T € R), where C is a normal-form coefficient
—+oo

which is computed in Section 6.2 (see equations (6.26), (6.28)) and required to be positive.
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6 Breather solutions to Klein-Gordon equations

Groves & Schneider [10] previously constructed ‘moving breather’ solutions to equation
(6.1) of the form

oz, t) =w (&, 1), {=x— ét, T =w(x — cpt),

where w; is 27-periodic in its second argument and ¢, = ¢, + O(g?) is a perturbation
of the linear phase velocity ¢, = w(1 + w?)~Y2. The arguments presented in [10] rely
on the structure of the Klein-Gordon equation (6.1), whereas we demonstrate how the
general theory in this thesis also applies to these equations. Groves & Schneider [8]
also considered the special case, obtaining moving breathers algebraically close to a
pulse of the form p(&, 7); here we improve their result, obtaining an exponentially close
approximation.

6.1 Existence theory

We begin by writing equation (6.1) as a first order system of the form (2.1). Inserting
our Ansatz

o(x,t) =v1(§, 1), E=2x, T=uwt,
with w = v/1 — €2 into equation (6.1) we obtain

- (1= e?)virr +v1 — fov1,V1 — 201, V1g)
166 = .
€ 1+ fi(vi, V1 — €2vi-,v1¢)

In order to write equation (6.2) as a first order system we define vy = vy and v3 = vy,
so that

(6.2)

v v " (1 — ey, +v1 — fo(v1, V1 — €2v3,12) v v
1¢£ — U2, 26 — ) 3¢ — U2r.
¢ ¢ 1+f1(01,\/1—€2’03,?]2) ¢

It follows that equation (6.2) can be written as

ve = A*(v)v, + BS(v), (6.3)
where
U1 0 0 0 (%)
v=|va|, A*(v)=10 0 f5(v)|, B*(v)=|fi(v)
U3 0 1 0 0
with

1—¢? £ (v) vy — fa(vy, V1 — €203, v3)
= s v =
1 + fl(Ul, vV 1-— 52’03,7]2) 4 1 + f1(111, vV 1-— 527]3,212)

(so that in particular ff(a, —b,—c) = ff(a,b,c)).

f3(v)
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6.1 Existence theory

Remark 6.2. Solutions to equation (6.3) are not necessarily solutions to equation (6.2)
since they do not automatically satisfy v3 = wvy,; the solutions constructed below do
however have this property. More generally, a solution to equation (6.3) which satisfies
v3(0,7) = v1,(0,7) for all 7 € [0, 27) satisfies v3(&, 7) = v1,(&, ) for all £, since

(V3 — Vir)g = V3g — Vigr = Vo — V2 = 0.

Basic properties and symmetrisation

We first establish that the first order system (6.3) is a reversible, symmetrisable hyper-
bolic system with analytic coefficients (see Assumptions 1) and perform the symmetri-
sation of its linear part (see the comments below Assumptions 1). Clearly the functions
A:R xR — R¥3 and B: R x R?* — R? are analytic at the origin with B(0) = 0

(Assumptions 1(i)) and the matrix

is strictly hyperbolic (Assumptions 1(ii)).

To establish the symmetrisability of A (Assumptions 1(iii)) we note that the function
f1 in equation (6.1) is by assumption analytic at the origin and satisfies f1(0) = 0. It
follows that fJ(0) =1 and thus

f3(0) =1+ O(|(e, v)))-

The symmetric matrix

10 0
S*w)y=1{0 1 0
0 0 f5(v)

is therefore positive definite (in a neighbourhood of the origin) and satisfies

(5°(0)A°(v)) " = 5°(0) A°(v),

Note that
10 0
Se(0)=1(0 1 0 ,
00 1—¢2
so that
0 0 0
Se(0)2A%(0)S°(0)" 2 = [0 0 V1—¢g2
0 V1—¢e2 0
and
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6 Breather solutions to Klein-Gordon equations

The reversibility of equation (6.3) (Assumptions 1(iv)) follows from the fact that the

matrix
1 0 0
T=(0 -1 0
0O 0 -1

satisfies T? = I, A°(Tv)T = TA*(v) and B*(Tv) = —TB%(v). We conclude that

equation (6.3) is invariant with respect to the transformation £ — —¢&, v — Rv with
(Rv)(1) = Tv(—7).
We also note that 7' commutes with S(0) and hence with $%(0)2 and S¢(0) 2.
The change of variable u = SE(O)%U yields the reversible first order system
ue = A (u)u, + B (u) = Lu + N°(u), (6.4)
where
A% (u) = 5°(0)2 A°(S°(0) " 2u)S°(0) "2, B°(u) = 5°(0)2 B°(S°(0) 2u).

Here the linear operator L° and the nonlinearity N¢ are given by

U2
Lou = A*(0)u, + 0B°[0lu = | V1 — 2us, + wy
V1 —c2uy,

and
NE(u) = (A%(u) = A°(0))u, + B*(u) — OB[0Ju
0
£5(S°(0)"2u) — £5(0) ety
_ o u§T+ FE(55(0) ) —uy |
where

(51 V1
uUu=1lu| = (%] .
Us V1 — g2

In the special case where the functions f; and f, in equation (6.1) satisfy f; = 0,
fa(a,b,c) = fa(a) it follows that

filwy=1-¢* fi(v) =v1— folv1),

0
NE(U) = (fg(ul)) .
0

and thus
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6.1 Existence theory

In this case the function
E mfl o 1y, 1,
H (u) = / {u2 + —u3 — —uj — Fg(ul)} dr, (6.5)
0 2 2 2
in which F; is an antiderivative of f5, is a conserved quantity for the system (6.4).

Remark 6.3. As indicated in Assumptions 1(iii) no symmetrisation is needed if the
function f3 in equation (6.3) is a constant function of v. However we include the sim-
ilarity transformation SE(O)% for simplicity below. The formula for the normal-form
coefficient €' in the hypothesis of Theorem 6.1, which is derived in Section 6.2, is not
affected since S°(0) = I.

Spectral analysis

We examine the spectrum of the linear operator L¢ € L(X X*) with

X' =H' (0,2m;C%), t>0.

per

For this purpose we consider each mode seperately and compute the spectrum of the

operator B B
Li: By = By, Lo (ue™) = (imA%(0) + 0B°[0] ) ue™

for each m € Z, where

0 1 0
imA®(0) + 0B°[0] = | 1 0 imy/1 — 2
0 imv1—e? 0
m = 0: The matrix
010
OB[0]=1]1 0 0
0 0O

has, independently of ¢, the geometrically simple eigenvalues —1, 0 and 1. The corre-
sponding (e-independent) eigenspaces are given by

1 0 1
0 0 0
E(1)=< ~1 > Eé):< 0 > Ef):< 1 >
0 1 0

m = +1: For ¢ = 0 the matrix

i i 01 0
+A(0) +0B°0] = |1 0 i
0 +i 0
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6 Breather solutions to Klein-Gordon equations

has the algebraically triple, geometrically simple eigenvalue 0. The (generalised) eigen-
vectors are

1 0 1
01, 1], 0
+i 0 0
For € > 0 the matrix
0 1 0
+iA%(0) +0B°[0] = | 1 0 +iy/1 — &2

0 +iv1 — &2 0

has the geometrically simple eigenvalues —e, 0 and €. The corresponding eigenspaces
are given by

1 V1—¢g? 1
E(_:El) = < —& >; Eéil) = < 0 >7 Eé:tl) = < < >
+iy/1 — &2 +i +iy1 —e?

|m| > 1: The matrix

0 1 0
imA®(0) + 0B°[0] = | 1 0 imv1 — ¢2
0 imy1 — &2 0

has the geometrically simple eigenvalues —i\/m2(1 —¢2)—1, 0 and i\/m2(1 —e2) - 1.
The corresponding eigenspaces are given by

1

—imy/1 — &2
E(—Wi/m% —iy/m2(1 - ) 1 > Eé’”’=< 0 >
1

imy'1 — g2

1

(m) _ : 2(1 _ 22) _
E T < 1\/m (1—-e2)—1 >
imy/1 — &2

Remark 6.4. The eigenvalues of the matrix imA®(0) + 05°[0] are geometrically simple
for each m € Z (Assumptions 2(i)) and purely imaginary for |m| > 1 if ¢ is sufficiently
small.

Observe the special role of the eigenvalues in modes +1: while the only mode +1
eigenvalue for ¢ = 0 is the algebraically triple, geometrically simple eigenvalue 0, one
simple zero eigenvalue persits for ¢ > 0. The additional simple zero eigenvalues in
modes m € Z \ {£1} however remain simple zero eigenvalues for all values of €. In
the considerations below they are therefore seperated from the eigenvalues undergoing
a non-semisimple collision in modes =+1.
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6.1 Existence theory

Finally, we construct the spectral projections P%,, P5, P° and P§ for the linear
operator L¢ associated with respectively its eigenvalues —¢, 0, £ in modes +1, its (finitely
many) remaining eigenvalues with non-zero real part, its purely imaginary eigenvalues,

and its remaining zero eigenvalues; precise definitions are given by formula (2.7) and

(Fu)r) = = 3 B (™),

1
2 meZ\{+1}

where Py"°: E,, — E,, is the spectral projection associated with the zero eigenvalues of
Lf|g,,, m e Z\ {£1}. We find that

P‘Sh)(t
1 0 1 1 0 1
— < 0 ei’r’ 1 eiT7 0 eiT7 0 e—i’r’ 1 e—iﬂ'7 0 e—iT>
i 0 0 —i 0 0
= Efl D E17
vahXt
1 V1-—¢g? 1
— < —c eiT7 0 eiﬂ'7 c 617'7
iv1—¢e? i ivV1 — g2

—iv1 — €2 —i —iy1 —¢2

:E,1€BE1, €>O,

P X"
1 1
= < —1 y ]_ > g EWO7 E Z O7
0 0
X
1 1
= { Z wfn’l —i\/mZ(l — 52) -1 eimT + wfn,Q 1\/m2(1 _ 52) -1 eimT:
meZ\{—1,0,1} . — Y —
wi@,la wfn,2 € C}

C B E,, >0,

meZ\{—1,0,1}
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6 Breather solutions to Klein-Gordon equations

and
POEXt
—imy/1 — g2 '
= { > X 0 e X5 € (C}
meZ\{—1,1} 1
C & E. >0,
mezZ\{—1,1}

where the series converge in X*.
Formulation as a coupled system

Note that particular components of functions in the spaces PSX" and P5X" have

increased regularity. Taking

w1y

w=|lwy| € PCEXt

w3
we observe that wy,ws € H},.(0,27;C) in particular requires wy € HLEN(0,27; C) be-
cause

1 1
PeXt = { i1 —e2)D? =1 furg + | =iy /(1 —2)D? =1 | uy,:
V1 —¢e20, V1 —¢e20,

Uy 1,Ure € Ht+1(0, 2, C)}, e > 0.

per

Similarly we conclude that

0.
P()a./'\f't:{ 0 |us: u3€H;jr1(0,27r;C)}, e>0.
1

It is a direct consequence of this observation, and the fact that a function v € X* of

the form
0

U= 1Us

0

has by definition no components in the space P5X*, that the nonlinearity N° maps
Py X @ Pg X analytically into PS X' @ Pg, X' for each ¢ > 3§ and each ¢ > 0,

where Pg, . = Pg, + P¢. In the special case, where
0
Ne(u) = | falw) |,
0
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6.1 Existence theory

we further observe that N® maps Pg X' @ Pg A" analytically into itself (in fact into
P, X" @ Pg X') for each t > 0 and each ¢ > 0. These facts allow us to study
equation (6.4) in respectively the phase space

P X® @ Py, X°
for fixed s > % and the phase space
P X" @ Pg, A°
in the special case.
We continue by writing equation (6.4) as
25 = L2 4+ Po,N°(2° + ¢°) (6.6)
¢ = L°¢" + P5, N° (2 + ¢°), (6.7)

where 2° = Py u, ¢¢ = Pj u. The spaces Py X' and Pj X" evidently do not depend
upon ¢, while the e-dependence of the space PX* can be removed using a Kato similarity
transformation. According to Lemma 2.5 there exists a mapping U¢ € L(X") for all t > 0
such that

UPa(US) ™' = P5, UPa(U) ' =P, UPU) ' =P, URU) = J(Dg, |
6.8

where P, = Pvgh, Py, = PS%, P, = PY% and Py, = P(?. Writing ¢¢ = U®q with

C

q € X5\l =P X and 2° = z with z € Xy, = XY, we find that

wh>
2 = Lz + Po,N°(2 + U%q), (6.9)
Ge = L, oq + Pano(US) ' N*(2 + U#q), (6.10)

where
Loy = (U) ' LU ynr (¢ 0)

and the matrix of LS, = Lf|x,, with respect to the basis

1 0 1 1 0 1
{ 0 eiT7 1 eiT7 0 eiT’ 0 efiT 1 efiT’ 0 eiT}
i

0 0 —i 0 0
for Xy, is
0 V1—¢g? 0 0 0 0
1—+v1—¢e2 0 1 0 0 0
0 1—vV1—-¢2 0 0 0 0
0 0 0 0 V1—¢? 0
0 0 0 1—+v1—¢2 0 1
0 0 0 0 1—vV1—-¢2 0

227



6 Breather solutions to Klein-Gordon equations

Equation (6.9) is not of the form discussed in Chapter 2 (see equation (2.10)) due to
the presence of an additional zero eigenvalue in modes +1. We therefore obtain a six-
dimensional rather than a four-dimensional weakly hyperbolic subspace X1. Because
of the special structure of the nonlinearity (see equation (6.9)) the equations for the
components z; and 23 are in fact

21e = \/1—752227
z3e = (1 — V1 —¢e2)z.
The quantity
IS (2) = 23 — 1-vi-¢ V1-—e?
Ji—e
is therefore conserved, so that we can study equation (6.9) in the invariant subspace

{Ln(2) = 0}.

Remark 6.5. Suppose that (z, ¢) is a solution to equations (6.9), (6.10) with Iz, (z) =0
and note that

21

1 0 1
. . 1 —+1—¢g2 .
2(r) =21 |0 e+ 2 |[1]e™ + c 21 10|e" +c.c.

i 0 V1—¢? 0

and
1 1 1 |
(Ug)r) =21 | -1 +Z | 1| + > wh, —i\/m2(1 —e2)—1]e™
0 0 meZ\{~1,0,1} imyv/1 — 22
1
+wh,y | iy/m2(1—e?) — 1|
imy1 — &2

(by definition of the spaces P5 X" and PFX"). It follows that u = z + U?q solves the
system (6.4) and satisfies v/1 — £2u;, = uz and hence vy, = v3. According to Remark 6.2
a solution to the coupled system (6.9), (6.10) therefore automatically leads to a solution
of equation (6.2) and thus of the original equation (6.1).

Next we write equation (6.9) as

where

~

Linz = Lz, =0, Nan() = PN (- + U )z, (2)=0}
and observe that {15, (z) = 0} can be identified with the e-independent, four-dimensional
subspace

1 0 1 0
th — < 0 ei‘r7 1 eiT’ O e*iT’ 1 ei‘r>
i 0 i 0
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6.1 Existence theory

of Xy With a slight abuse of notation we therefore regard Le wh, and N on as operators
th — th and th x X% c th respectively. The matrix of Lf < With respect to the

1 0 1 0
{ 0 eiT, 1 eiT, 0 e’iT, 1 eiT}
i 0 i 0

for /'Pwh is
0 Vv1—¢? 0 0
i 0 0 0
0 0 0 Vv1—e¢?
0 0 A= 0

We thus arrive at the system
’7}5 = ‘Z/fivhé + f6(27 Q)7
Ge = Laycq + Panc(95(2,0)ar ) + g5(2, @) + b7 (%), (6.14)

where
fo(%,0) = (D) NG (D72, q),
gi(%,q) = (U) 7' (A%(z + Usq) — A°(0))U*,
95(%,) = Pao(US) 7 ((A°(z + Uq) — A°(2))z + B (2 + U%q)
— B(2) - 0B°[0]U%q),
he(2) = Pane(U%) 7' (A%(2) 2 + BF(2))
and all functions are evaluated at

2’1:\/1—5251, 22:52, 23:(]_—\/1—52)21

(the relevant estimates for the nonlinearities are given in (2.12)—(2.15) and hold in par-
ticular for all ¢ > 0 in the special case). The scaling (6.12) converts the matrix of LZ,

with respect to the basis

1 0 1 0
{ 0 eiT, 1 eiT, 0 e’iT, 1 eiT}
i 0 i 0
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6 Breather solutions to Klein-Gordon equations

for )Ewh into

01 0 0
e 0 0 0
0 0 0 1
0 0 ¢ 0

such that the operator L 1, in equation (6.13) satisfies Assumptions 3.
In the special case we have that g; = 0 in equation (6.14). Recall that

e ol o, L, 1,
HE(u) = /0 {2u2 + S5~ 5UL FQ(U1>} dr
(see equation (6.5)) is a conserved quantity for the system (6.4). The formula

T(2,q) = H°(2 + U%q)

thus defines a conserved quantity for the system (6.13), (6.14) in Xy, x &Y, ., where
u; € H!,.(0,2m; C) for u = z + U?q (see Remark 6.5). Clearly

per
75z, 0) = OU(, @) 3 xas, )

and taking w € X?, so that w, € H}

(¢ per

(0,27; C), with

1 1
wr)= > W | —WmE— 1| €™ +wyy | ivVmE—1|e™
meZ\{-1,0,1} im im
we compute
o0
||U)H3\fg =8 Z {mz‘wm,ﬂz + m2|wm,2|2 + Wi, 1 W2 + wm,lwm,2}
m=2

= 5 (1 4+ 102) (Jum [ + [mal?)
m=2
and

oo
“wlu%:4 Z 1+m (|wml‘ +|wm2‘ +wm1wm2+wmlwm2)

m=

> i (1+ m? (’wm,1|2 + ’wm,2|2)

m=2

by estimating
|2 Re(wm71wm72)\ S |wm,1|2 + |U}m72|2.
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6.2 Calculation of the bifurcation coefficient

For the quadratic part Q(w) of Z°(0,w) we further calculate

T N
Q) = [ {gus+yud — qut dr

=47 3 (m? = 1) (Jw 1 * + [win2?)

from which it follows that
[wlZe £ Q(w) < [lwllze
so that the coupled system (6.13), (6.14) satisfies Assumptions 5 with s = 0.

Theorem 6.1 now follows by applying the existence theory in Chapter 4 (see Re-
mark 2.9) or Chapter 5 to equations (6.13), (6.14). When applying the theory in Chap-
ter 4, note that the relationship

Pye=1— Py — F
reduces to the required formula
Psh,c =1- Pwh

when applied to the nonlinearities (see the comments above equations (6.6), (6.7)).

6.2 Calculation of the bifurcation coefficient

It remains to calculate the coefficient €' in the hypothesis of Theorem 6.1. To this end it
is necessary to apply Lemma 2.10, that is a change of variable of the form ¢ = ¢+ I'(2)
(with I': Xy — E_2 @ Ey® Es) which removes the quadratic, e-independent part in the
Maclaurin expansion of h%(2), to equation (6.14) (see the comments above Lemma 2.10).
We obtain the transformed system

26 = Ligz + *(29), (6.15)
Ge = Lo oa + Pane(3(2, @)a, ) + 552, @) + B (2), (6.16)

where we have written z, L3, instead of Z, L, in equations (6.13), (6.14) for notational
simplicity. Here f*(z,q) = f°(z,q¢ — I'(z)) and the transformed nonlinearity h satisfies

the estimate )
175 (2) ls1 = O 2| (2, €)]).

The coefficient C' is the coefficient of the cubic, e-independent part in the Maclaurin
expansion of f¢(z,0) in the system

ze = Lz + JEE(ZGO)
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6 Breather solutions to Klein-Gordon equations

which we write as

21g = 22 (6.17)
22¢ = 5221 — 621‘21’2 + R;(Zl, 22,21,22). (618)
This system is obtained from equations (6.15), (6.16) by neglecting he(z) and setting

¢ = 0 (note that the nonlinearity N¢; in equation (6.11) and thus f¢ have no components
in z;-direction so that the corresponding remainder term R in equation (6.17) vanishes).

We recall the formula
C = —P(2) (3f0;3’0 [{UeiT}@)’ﬂefiT] + JCO;I’1 [ﬂefii —F2,2000,1€2,1€2iT - F2,2000,262,2621T}
+ fobt {UeiTa —Io1010,1€0,1 — F0,1010,260,2]), (6.19)

in which we have used the notation introduced above Assumptions 4 and have written

iT

2(7) = zyue™ + zve'” + Z1Te T + Zyve 7,
(note that 23 = 0 in the formula for f° below equations (6.13), (6.14)) and

o i J=k=l imT
(F(Z)> (7_) - Z Z Fm,ijkl,r'zleZlZQem,re
i+j+k+1=2 me{—2,0,2}
1<r<2
with
0 1

—1

1 1 1
, €01 = —= y €02 = —= )
0 \/i 0 \/§ 0

1
(& = —
> 2\/§

1 1 1
—iV3 |, en=—+[iV3].
% 2v2 | g

The first step is to compute the relevant coefficients of the polynomial I'(z), which is
the solution of the homological equation LI' = hY (see equation (2.24)), where

(LD)(2) = Lg, ['(2) — dT'[2](Lyy2)
and hy(z) denotes the term in the Maclaurin expansion of
he(2) = Pane(U%) 7' (A%(2) 2 + BE(2))

which is homogeneous of degree two in z and does not depend upon e. Using the
analyticity of the functions f; and f; (see equation (6.3)) we can write

o0 o0
)= > cpopvdl, )= > dipviviol
i+j+k=0 i+j+k=0
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6.2 Calculation of the bifurcation coefficient

with ] ]
o 9199k r0 .~ aiajak 0
Cljk - Z'j'k‘ala283f3 (0)7 dljk - l'j'k'alaQaZSfll (O)
and thus
0 0 0
A'(w) =10 0 fi(v)
0 1 0
000 00 0
= 0 0 + 00 C100V1
01 00 0
0 0 0
+10 0 CQOQU% —I-Cog()'llg +6011U2U3+6002U§ +O(|U‘3) (620)
00 0
as well as
V2
B%(v) = | fi(v)
0
(%) 0
= | digov1 | + dzooﬂf + doon% + do11v2v3 + dooz”%
0 0
0
+ | d3oov + di20v103 4 d102v103 + di11010203 +O(|U|4)7 (6.21)

0

where we have made use of the fact that

Cijk = dijr, = 0

if j + k is odd because of f?(a,—b,—c) = fP(a,b,c).

Observe that

2(7) = zyue' + zque'” + Zjue” " 4 Zove T =

and thus

ZlelT + Zleflﬂ'
2261’7' _‘_§2e—17
i1 —iz1e™ "7

iz1e7 —iz1e™ 7
izge'm —izZoe™"
_ZlelT _ zle—lﬂ'

2. (1) =

We conclude that the quadratic terms h9(z) in the Maclaurin expansion of

h°(2) = Pane(A%(2)2 + B(2))
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6 Breather solutions to Klein-Gordon equations

are
00 0 izelm —izje 17
hg(Z) = Psh,c 0 0 cloo(zle” + fle_”) iZQGlT — ifge_lT
0 0 0 —zle” - 516_17
0
—+ dgog(zle” + 516_17)2 + dogo(delT -+ 226_17—)2
0

0
+ | doni (226" + Zae™ ) (12167 — iZ1e77) + dooa(iz1€'” — iZie”'7)? )
0

0
o ( (daoo — c100) (217 +Z1e77)? + dogo (22" + Zoe7'7)?
0

0
+ | doii (220" + Zae™ ) (iz1€7 — iZ1e777) + dop2(i21€” — izie77)? )
0

0
2 2 2| 2ir
= sh,c( (daoo — €100) 27 + do2o25 + ido112122 — doo22i | €

0
0
+ | 2(dago — 0100)|Zl|2 + 2Cll020122|2 — idp112221 + ido1121Z2 + 2doo2|21|2
0

0
) B SR 2| —2ir
+ | (daoo — €100)Z] + do20Z5 — idp11Z1Z2 — doo2Z; | €
0

2iT

iv2 .
2 2 : 2 2iT
- 7((65200 — €100)27 + dog0%; + ido112122 — d0022’1)62,2€

-5

— 7(2(d200 — 0100)|Z1|2 + 265020|Z2|2 — idp11 2971 + idp112122 + 2d002|2’1|2)€0,1

-5

—= (2(d2oo — C100)|21|2 + 2dozo|Z2|2 — idp1122%1 + idp1121Z2 + 2d002|Z1|2)€0,2

V2

N

/3 ((dQOO — ¢100)Z7 + do20Zs — ido11Z122 — dooﬁ%)@,w—%
l\/§ . I =2\= —2ir
+ %((dmo — ¢100)Z3 + do20Z5 — ido11Z1Z2 — dooﬂ?)ezze 2T (6.22)

so that in particular I'y, jjp, =0if m#i+j—k—1L.
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6.2 Calculation of the bifurcation coefficient

It follows from the formula

i J=k=l imry __ i J=k=l imTr - i—1 _j+1—k—l imT
L(212321Z9€m €™ ") = A r 212321 Z9€m € —12] 23 21 Z9€mr€
— kzidzi 1 E e, €T (6.23)

that
2 2ir 2 2ir 2ir
E(F2,2000,rz1 €2,r€ ) = F2,2000,r)\2,r21 €2,€ — 2F2,2000,r2122€2,re )
L(T01010,21Z1€0,7) = Lo1010,Nor21Z1€0 — Log010,022Z1€0, — Lo ,1010,0 21260,

and equation (6.23) shows that these are the only terms in the polynomial (LI')(z)
which contain respectively the monomials z? and 21Z;. By comparing coefficients with
the formula for h9(z) given in equation (6.22) we find that

. iv2 . iv2
—1\/§F2,2000,1 = ﬁ(dmo — C100 — dooz), 1\/§F2,2000,2 = —ﬁ(dzoo — C100 — d002),

and
—I'o10101 = —\/§(d200 —c100 + dooz),  To10102 = \/é(dzoo — 100 + dooz),

so that

V2
F2,2000,1 = 1—\2,2000,2 = ?(6100_d200+d002)7 110,1010,1 == F0,1010,2 = \/§(d200_0100+d002)~

The next step is to compute the terms in the formula (6.19) for C. Using the expan-
sions (6.20), (6.21) for A° and BY we obtain

0 0 0 —ie 7
3f0;3,0 [{uei‘r}@) 7 ﬂe—iT:| — 0 0 C2ooe2i7' . COOQGZiT 0
00 0 —e 7
0 0 0 iel” 0
+ [0 0 200 + 2002 0 | + | 3dso0e™ + digee”
0 0 0 —el 0

= (=3c200 — Coo2 + 3d300 + dio2)ve’,
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6 Breather solutions to Klein-Gordon equations

0;1,1 |, —iT 2iT 2iT
f {ue >—F2,2000,1€2,1e —F2,2000,2€2,2€ }

00 0 . —je T 00 0 —%Fzmoo;e%
=10 0 —%61005,2000,162” 0 s 0 0 cygoe™ ™ 0
0 0 0 —e 7 00 0 2v/2T5 90001637
0
+2 _\%dQOOFZQOOO,leiT — V/2dgp2T2,2000,1€"
0
0
= %0100F2,2000,161T — v/2d200T2.2000,1€" — 2v/2d002T"2.2000.1€'"
0
5 7 1 2 2 4 N
= (30300 - 50100d200 + gCIOOdOOZ + gdgoo + §d200d002 - 3d%02) ve
and
fort {UeiTa —ILo1010,1€0,1 — F0,1010,260,2}
0 0 0 iel” 0
=10 0O _\/§CIOOF0,1010,1 0 + 2 _\/§d200F0,1010,1elT
0 0 0 —e'7 0
0
= | vV2c100T0.1010.1€'" — 2v/2da00L0.1010.1€"
0

= (6c100d200 — 2¢300 + 2¢100d002 — 4dagy — 4dagodogs)ve™.

The above calculations finally yield

> 5) 7 1 2 2
C' = 3c00 + cooz — 3d3zo0 — dio2 — *Cioo + 5 c100d200 — 5 C100doo2 — *dgoo — = da00doo2
3 3 3 3 3
4
+ §d(2)02 — 6c100d200 + 26500 — 2c100d002 + 4d30 + 4d200doon
1 11 7 10
= 300 + Coo2 — 3d300 — dio2 + gC%oo — Ecloodmo — gCIOUdOOQ + ?dgoo
10 4
+ §d200d002 + gdgom (6.24)
which simplifies to
“ 10
C:—Mm+§£m (6.25)

in the special case.
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6.2 Calculation of the bifurcation coefficient

In terms of the nonlinearities f; and f; in equation (6.1) we deduce from (6.24) the
formula
o RO | (RO ZOROBRD) | SEROP
n 3ig’f22(0) N 81822({2(0) n 822f§(0)7

(6.27)

so that the hypothesis of Theorem 6.1 is satisfied whenever
0f1(0)0,£2(0) _ (822(0)  501/2(000;/2(0) | 5(81/2(0))°

3 3 6 6
. 3%f22(0) n 31322({2(0) . 3§f§(0)_

In the special case, where equation (6.1) reduces to the equation

gbtt = gbxx - ¢+ f2(¢>

with an analytic function fo: R — R satisfying f>2(0) = 0, df;[0] = 0, we use the
simplified formula (6.25) to obtain

5 5”(0) 5 " 2
C=20" 4 2107 (6.28)

The hypothesis of Theorem 6.1 is thus satisfied if

5

S0 > — /()

in particular if fJ”(0) > 0.

Example 6.6 (Groves & Schneider [8]). Consider the sine-Gordon equation

(btt = ¢:r:1: - Sln((b)

and the ¢* equation
Gtt = Gpw — ¢ + ¢3‘

We compute respectively C = % and C' = 3, so that both equations satisfy the hypothesis
of Theorem 6.1.
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