
Pulse solutions to a class of quasilinear symmetrisable
hyperbolic systems with applications to nonlinear wave

equations

A dissertation submitted towards the degree

Doctor of Natural Sciences

of the Faculty of Mathematics and Computer Science of Saarland University

by

Nils Gutheil

Saarbrücken, 2025



Datum des Kolloquiums - Date of Defense

April 30, 2026

Dekan - Dean

Prof. Dr. Jan Reineke
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Abstract

In this thesis we present an existence theory for pulse solutions to a class of reversible,
analytic, hyperbolic evolutionary equations of the form

vξ = Aε(v)vτ +Bε(v), (1)

where v(ξ, τ) ∈ Rn is 2π-periodic in its second argument. Combining methods from
the theory of (infinite-dimensional) dynamical systems (in particular normal forms and
invariant manifolds) and symmetrisable, quasilinear hyperbolic systems, we construct
symmetric generalised pulse solutions satisfying

v(ξ, τ + 2π) = v(ξ, τ), |v(ξ, τ) − pε(ξ, τ)| ≤ e−c⋆/2
√

ε (2)

for all τ ∈ R and ξ ∈ [−ec⋆/2
√

ε, ec⋆/2
√

ε], where

pε(ξ, τ) ∼ ±ε sech(εξ)u⋆ cos(τ),

c⋆ > 0 and u⋆ is a constant vector. In the special case where Aε(v) is a constant function
of v and the system (1) admits a suitable conserved quantity, the estimate in (2) holds
for all ξ ∈ R. As an application of our theory we discuss how a wide class of quadratic,
quasilinear Klein-Gordon equations fits into the above framework.





Zuammenfassung

In dieser Arbeit präsentieren wir eine Existenztheorie für Puls Lösungen zu einer Klasse
reversibler, analytischer, hyperbolischer Evolutionsgleichungen der Form

vξ = Aε(v)vτ +Bε(v), (1)

wobei v(ξ, τ) ∈ Rn 2π-periodisch im zweiten Argument ist. Methoden aus der Theo-
rie der (unendlichdimesionalen) dynamischen Systeme (insbesondere Normalformen und
invariante Mannigfaltigkeiten) und der symmetrisierbaren, quasilinearen hyperbolischen
Systeme kombinierend, konstruieren wir verallgemeinerte Puls Lösungen mit

v(ξ, τ + 2π) = v(ξ, τ), |v(ξ, τ) − pε(ξ, τ)| ≤ e−c⋆/2
√

ε (2)

für alle τ ∈ R und ξ ∈ [−ec⋆/2
√

ε, ec⋆/2
√

ε], wobei

pε(ξ, τ) ∼ ±ε sech(εξ)u⋆ cos(τ),

c⋆ > 0 und u⋆ ein konstanter Vektor ist. Im Spezialfall wo Aε(v) eine konstante Funktion
von v ist und das System (1) eine geeignete Erhaltungsgröße hat, gilt die Abschätzung in
(2) für alle ξ ∈ R. Als Anwendung unserer Theorie diskutieren wir wie eine weite Klasse
quadratischer, quasilinearer Klein-Gordon Gleichungen in die obige Struktur passt.
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rüber hinaus muss ich mich ausdrücklich bedanken für die Hilfestellung in allen Verwal-
tungsfragen. Ob Telefonate am Wochenende, das Bereinigen einer Studiengangsdefini-
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amüsanten Gespräche über gemeinsame Erinnerungen und “Highlights”, die wir in der
Fachrichtung erleben durften und als entfristete wissenschaftliche Mitarbeiter weiter
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1 Introduction

1.1 Homoclinic solutions and pulses

A homoclinic solution to a dynamical system

uξ = f(u)

for u : R → Rn is a nontrivial solution which satisfies |u(ξ)| → 0 as |ξ| → ∞. The
canonical example of a two-dimensional system with a cubic nonlinearity admitting
homoclinic solutions is

x1ξ = y1, (1.1)
y1ξ = x1 − Čx3

1, (1.2)

where Č > 0. These homoclinic solutions are given by(
x1
y1

)
= ±

(
H
Hξ

)
,

where
H(ξ) =

√
2
Č

sech(ξ).

The dynamics of equations (1.1), (1.2) are shown in the phase portrait in Figure 1.1.
The four-dimensional system

x1ξ = y1, (1.3)
y1ξ = x1 − Čx1(x2

1 + x2
2), (1.4)

x2ξ = y2, (1.5)
y2ξ = x2 − Čx2(x2

1 + x2
2), (1.6)

also has homoclinic solutions since it admits the invariant plane {(x1, y1)}, the flow in
which is governed by equations (1.1), (1.2).

15



1 Introduction

Figure 1.1: Phase portrait of the invariant plane {(x1, y1)} of equations (1.3)–
(1.6) with two homoclinic solutions.

Perturbations of equations (1.3)–(1.6) of the form
ẋ1 = y1 + εRε

1,1(x1, y1, x2, y2), (1.7)
ẏ1 = x1 − Čx1(x2

1 + x2
2) + εRε

1,2(x1, y1, x2, y2), (1.8)
ẋ2 = y2 + εRε

2,1(x1, y1, x2, y2), (1.9)
ẏ2 = x2 − Čx2(x2

1 + x2
2) + εRε

2,2(x1, y1, x2, y2), (1.10)
where

Rε
i,j(x1, y1, x2, y2) = O(|(x1, y1, x2, y2)|3)

and ε is a small parameter, in general do not have homoclinic solutions. Each point on a
homoclinic solution is a point of intersection of the stable and unstable manifolds W ε

s and
W ε

u which are both two-dimensional (dimW ε
s and dimW ε

u are the number of eigenvalues
of the linear operator on the right-hand side of equations (1.7)–(1.10) with respectively
negative and positive real part), and in general two two-dimensional manifolds do not
intersect in R4. If we additionally assume that equations (1.7)–(1.10) are reversible,
i.e. invariant under the transformation ξ 7→ −ξ, (x1, y1, x2, y2) 7→ (x1,−y1,−x2, y2), we
are still able to construct symmetric homoclinic solutions by showing that the stable
manifold W ε

s intersects the symmetric section {y1 = 0, x2 = 0}. Indeed

W 0
s =



x1
y1
x2
y2

 :
(
x1
x2

)
= Rθ

(
H(ξ)

0

)
,

(
y1
y2

)
= Rθ

(
Hξ(ξ)

0

)
, ξ ∈ R, θ ∈ [0, 2π)

,
where Rθ is a rotation through θ, and this manifold intersects the symmetric section
transversally at the points (±H(0), 0, 0, 0)⊤. We thus obtain the existence of two
symmetric homoclinic solutions for small positive values of ε (see Lemma 2.13 for a
functional-analytic proof of this result).

Equations (1.7)–(1.10) arise from the system given in complex coordinates by
z1ξ = i(ω + νε)z1 + z2 + . . . , (1.11)
z2ξ = (λε)2z1 + i(ω + νε)z2 − Čz2|z1|2 + . . . , (1.12)

16



1.1 Homoclinic solutions and pulses

where λε = ε+ O(ε2), νε = O(ε), by the scaling

ξ̌ = εξ,

(
z1(ξ)
z2(ξ)

)
= ei(ω+νε)ξ

 λε
(
x̌1(ξ̌) + ix̌2(ξ̌)

)
(λε)2

(
y̌1(ξ̌) + iy̌2(ξ̌)

) .
This system exhibits homoclinic bifurcation associated with a reversible (iω)2 resonance:
as ε ↓ 0 two pairs of simple complex eigenvalues collide to form geometrically simple
and algebraically double eigenvalues ±iω at ε = 0 (see Figure 1.2).

Re

Im

ε = 0

Re

Im

ε > 0

Figure 1.2: A reversible (iω)2 resonance takes place at ε = 0.

It is convenient to write the system (1.11), (1.12) as

zξ = Lε
whz + f ε(z), (1.13)

where z ∈ C4, Lε
wh is the matrix associated with the reversible (iω)2 resonance and f ε(z)

is the (parameter-dependent) nonlinearity. Let us now couple equation (1.13) with a
second equation to arrive at the system

zξ = Lε
whz + f ε

1 (z) + f ε
2 (z, w), (1.14)

wξ = Lε
cw + gε(z, w) + hε(z), (1.15)

where w ∈ R2d and Lε
c is a matrix with d pairs of purely imaginary eigenvalues

±iνε
1, . . . ,±iνε

d (see Figure 1.3), and f ε
1 (z), f ε

2 (z, w), gε(z, w), hε(z) are nonlinearities
with f ε

2 (z, 0) = 0, gε(z, 0) = 0. In general the coupled system (1.14), (1.15) does not
have homoclinic solutions, since W ε

s and W ε
u are both two-dimensional, and in general

two two-dimensional manifolds do not intersect in R4+2d.

17
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Re

Im

Figure 1.3: The spectrum of Lε
c consists of d pairs of purely imaginary eigenvalues.

A strategy for treating equations of the form (1.14), (1.15) was devised in a series of
papers by Groves & Schneider [8, 9, 10]. In the special case that hε = 0 the coupled
system (1.14), (1.15) has the invariant subspace {w = 0}, the flow in which is determined
by (1.13), and one can find a homoclinic solution pε to (1.13), and hence a homoclinic
solution (pε, 0) to (1.14), (1.15), using the methods described above. Groves & Schneider
showed that (1.14), (1.15) has reversible solutions (z, w) which satisfy

|(z(ξ) − pε(ξ), w(ξ))| = O(εN), ξ ∈ [−ε−N , ε−N ],

if hε(z) = O(|z|N). Furthermore, a sequence of near-identity ‘normal-form’ transforma-
tions can be used to successively remove terms in the Maclaurin expansion of hε(z) and
hence achieve the condition hε(z) = O(|z|N).

This result is considerably improved if the nonlinearities are analytic: one can find
an optimal value of N so that hε(z) is exponentially small, that is hε(z) = O(e−c⋆/

√
ε),

for values of (z, ε) in an appropriately chosen neighbourhood of the origin. In this case
(1.14), (1.15) has reversible solutions (z, w) which satisfy

|(z(ξ) − pε(ξ), w(ξ))| = O(e−c⋆/2
√

ε), ξ ∈ [−ec⋆/2
√

ε, ec⋆/2
√

ε].

A different improvement is achieved if (1.14), (1.15) has a conserved quantity which
serves as a Lyapunov functional in a suitable sense. In this setting (1.14), (1.15) has
reversible solutions which satisfy

|(z(ξ) − pε(ξ), w(ξ))| = O(εN), ξ ∈ R; (1.16)

note however that pε(ξ) does not necessarily tend to zero as |ξ| → ∞. We refer to these
solutions as (generalised) pulse solutions since they track homoclinic solutions over large
intervals of values for ξ.

Groves & Schneider studied systems in which w has infinitely many components,
concentrating in particular on wave equations. In this thesis we show how their method
applies to general analytic, symmetrisable, quasilinear, hyperbolic systems of equations
and improve the estimate (1.16) to

|(z(ξ) − pε(ξ), w(ξ))| = O(e−c⋆√
ε), ξ ∈ R,

18



1.2 The main results

if the system is semilinear and has a Lyapunov functional. The thesis builds upon
preliminary results for quasilinear systems in the author’s BSc and MSc theses [11, 12]
and makes heavy use of the theory of analytic functions presented by Buffoni and Toland
[4, Chapter 4], to which we defer for all definitions and basic facts. Throughout the
subsequent theory we use the notation

∥R(x1, . . . , xl)∥Y = O(∥x1∥j1
X1 · . . . · ∥xl∥jl

Xl
)

for a function R : X1 × · · · × Xl → Y between Banach spaces X1, . . . , Xl, Y which is
analytic at the origin with a Maclaurin series whose leading-order term is homogeneous
of degree at least j1, . . . , jl in respectively x1, . . . , xl.

1.2 The main results

Framework
In this thesis we construct generalised pulse solutions to a class of nonlinear hyperbolic

evolutionary equations of the form

vξ = Aε(v)vτ +Bε(v) (1.17)

where v(ξ, τ) ∈ Rn is 2π-periodic in its second argument and A and B are respectively
matrix- and vector-valued functions of (ε, v) defined in a neighbourhood of the origin in
R×Rn. We refer to equation (1.17) as being quasilinear if the matrix-valued function Aε

is non-constant and as being semilinear if Aε is a constant function, that is Aε(x) = Aε(0)
for each x ∈ Rn. In the latter case we just write Aε instead of Aε(0). The hypotheses
on the functions A and B are as follows.

Assumptions 1.

(i) The matrix-valued function A : R × Rn → Rn×n is analytic at the origin.
The function B : R × Rn → Rn is analytic at the origin with Bε(0) = 0.
Both A and B are even functions of ε.

(ii) The matrix Aε(0) is strictly hyperbolic, that is it has n distinct real eigenvalues.
(iii) There exists a matrix-valued function S : R × Rn → Rn×n such that S is analytic

at the origin and Sε(x), Sε(x)Aε(x) are symmetric with

|y|2 ≲ ⟨Sε(x)y, y⟩ ≲ |y|2, y ∈ Rn,

uniformly over (ε, x) in a neighbourhood of the origin in R × Rn.
This assumption is not needed if Aε is constant. In this case we set

Sε(x) = Sε(0) = I

for notational simplicity below.

19
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(iv) There exists a matrix T ∈ Rn×n such that T 2 = I and

Aε(Tx)T = TAε(x), Bε(Tx) = −TBε(x), Sε(0)T = TSε(0).

The existence of the matrix T guarantees that equation (1.17) is reversible, that
is invariant under the transformation ξ 7→ −ξ, v 7→ Rv, where the reverser R is
defined by the formula

(Rv)(τ) = Tv(−τ).

We begin with the change of variable u = Sε(0) 1
2v in equation (1.17) to obtain

uξ = Ãε(u)uτ + B̃ε(u),

where

Ãε(u) = Sε(0) 1
2Aε(Sε(0)− 1

2u)Sε(0)− 1
2 , B̃ε(u) = Sε(0) 1

2Bε(Sε(0)− 1
2u);

note that Ã, B̃ satisfy Assumptions 1(i), 1(ii) and 1(iv) and Ãε(0) is symmetric. Define

X t = H t
per(0, 2π;Cn)

for arbitrary t ≥ 0, so that in particular the linear operator

Lε = Ãε(0)∂τ + ∂B̃ε[0]

lies in L(X t+1,X t). Note that a function u ∈ X t admits a Fourier series expansion

u(τ) = 1√
2π

∑
m∈Z

umeimτ , (1.18)

where the coefficient vectors um ∈ Cn satisfy the reality condition um = u−m for each
m ∈ Z if u is real-valued.

It follows from the expansion (1.18) that

(Lεu)(τ) = 1√
2π

∑
m∈Z

Lε
m(umeimτ ) = 1√

2π
∑
m∈Z

(
imÃε(0) + ∂B̃ε[0]

)
umeimτ ,

and we have that
σ(Lε) =

⋃
m∈Z

σ
(
imÃε(0) + ∂B̃ε[0]

)
,

that is the spectrum of the operator Lε is discrete. We make the following assumptions
on σ(Lε).

Assumptions 2.

(i) The mode m eigenvalues, that is the eigenvalues of the matrix imÃε(0) + ∂B̃ε[0]
are geometrically simple for each m ∈ Z.
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1.2 The main results

(ii) There exists ω ≥ 0 such that a non-semisimple collision takes place in modes ±1
for ε = 0 at ±iω, that is as ε ↓ 0 two pairs of simple complex mode ±1 eigenvalues
of the operator Lε collide to form geometrically simple and algebraically double
eigenvalues ±iω, i.e. a Jordan block of the matrix ±iÃ0(0)+∂B̃0[0] (see Figure 1.2).

(iii) All further eigenvalues of Lε are assumed to be semisimple. Moreover we suppose
that ±iω is not in resonance with any other eigenvalue of L0 (that is no other
eigenvalue of L0 is an integer multiple of ±iω).

(iv) The number −ω is not an eigenvalue of the matrix Ã0(0).

Assumptions 1 and 2 imply the following result. The eigenvalue picture is summarised
in Figure 1.4.

Proposition 1.1.

(i) The spectrum of Lε is symmetric with respect to the real and imaginary axes.
(ii) A reversible (iω)2 resonance takes place in modes ±1, that is there exist u, v ∈ Cn

with
L0ueiτ = iωueiτ , L0veiτ = iωveiτ + ueiτ

and
L0ue−iτ = −iωue−iτ , L0ve−iτ = −iωve−iτ + ue−iτ .

(iii) There is a finite number of semisimple eigenvalues with non-zero real part and an
infinite number of semisimple, purely imaginary eigenvalues.

(iv) All eigenvalues depend analytically upon ε.

Re

Im

ε = 0

Re

Im

ε > 0

Figure 1.4: The spectrum of the linear operator Lε consists of two geometrically
double eigenvalues ±iω which split into four geometrically simple eigenvalues for
ε > 0, a finite number of semisimple eigenvalues with non-zero real part and an
infinite number of semisimple, purely imaginary eigenvalues.

We call the semisimple analytic perturbations of the eigenvalues ±iω of L0 the weakly
hyperbolic eigenvalues, since they are complex for ε > 0 and become purely imaginary

21
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for ε = 0. The remaining (finitely many) eigenvalues which have non-zero real part for
all ε are called strongly hyperbolic eigenvalues; the (infinitely many) purely imaginary
eigenvalues are called centre eigenvalues. We denote the spectral projections onto the
corresponding weakly hyperbolic subspace, strongly hyperbolic subspace and centre sub-
space of Lε by P ε

wh, P ε
sh and P ε

c (see Section 2.1 for precise definitions). We work under
the assumption that the space P ε

whX t is independent of ε and henceforth write it as Xwh.
The ε-dependence of the spaces P ε

shX t and P ε
c X t is removed using a Kato similarity

transformation U ε ∈ L(X t) which has the property that

P ε
wh = U εP 0

wh(U ε)−1, P ε
sh = U εP 0

sh(U ε)−1, P ε
c = U εP 0

c (U ε)−1

and thus maps the spaces Xsh = P 0
shX t and X t

c = P 0
c X t onto the spaces P ε

shX t and P ε
c X t

respectively (see Section 2.1). To simplify the notation we write Psh, Pc instead of P 0
sh,

P 0
c and also define Psh,c = Psh + Pc.
Writing

z = P ε
whu, q = (U ε)−1(P ε

sh + P ε
c )u,

we arrive at the coupled system

zξ = Lε
whz + f ε

1 (z) + f ε
2 (z, q), (1.19)

qξ = Lε
sh,cq + Psh,c

(
gε

1(z, q)qτ

)
+ gε

2(z, q) + hε(z), (1.20)

with
Lε

wh = Lε|Xwh , Lε
sh,c = (U ε)−1LεU ε|X t+1

sh,c
(t ≥ 0)

and the nonlinearities

f ε
1 (z) = f ε(z, 0),

f ε
2 (z, q) = f ε(z, q) − f ε(z, 0),
f ε(z, q) = P ε

wh

(
Ãε(z + U εq)(z + U εq)τ − Ãε(0)zτ + B̃ε(z + U εq) − ∂B̃ε[0]z

)
,

gε
1(z, q) = (U ε)−1

(
Ãε(z + U εq) − Ãε(0)

)
U ε,

gε
2(z, q) = Psh,c(U ε)−1

(
(Ãε(z + U εq) − Ãε(z))zτ + B̃ε(z + U εq) − B̃ε(z) − ∂B̃ε[0]U εq

)
,

hε(z) = Psh,c(U ε)−1
(
Ãε(z)zτ + B̃ε(z)

)
,

which are analytic at the origin as functions Xwh × X t
sh,c → Xwh or Xwh × X t

sh,c → X t
sh,c

for t > 1
2 .

For ε > 0 the operator Lε has a pair of simple complex mode 1 eigenvalues i(ω+νε)±λε

with the corresponding complex conjugate mode −1 eigenvalues −i(ω + νε) ± λε. Here
λε and νε are (real-valued) analytic functions of ε. We make the following assumptions
on the qualitative behaviour of λε, νε and the form of the mode ±1 eigenvectors for
ε > 0.
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1.2 The main results

Assumptions 3. The functions λε and νε satisfy

λε = ε+ O(ε2), νε = O(ε).

For ε > 0 the vectors (u+λεv)eiτ , (u−λεv)eiτ and (u+λεv)e−iτ , (u−λεv)e−iτ are mode
±1 eigenvectors of Lε with corresponding eigenvalues i(ω+νε) ±λε and −i(ω+νε) ±λε,
that is

Lε(ueiτ ± λεveiτ ) = (i(ω + νε) ± λε)(ueiτ ± λεveiτ ),
Lε(ue−iτ ± λεve−iτ ) = (−i(ω + νε) ± λε)(ue−iτ ± λεve−iτ ).

It follows that the matrix of the operator Lε
wh for ε > 0 with respect to the ordered

basis {ueiτ , veiτ , ue−iτ , ve−iτ } for Xwh is given by

Lε
wh =


i(ω + νε) 1 0 0

(λε)2 i(ω + νε) 0 0
0 0 −i(ω + νε) 1
0 0 (λε)2 −i(ω + νε)

 .
Working in this coordinate system by making the Ansatz

z(τ) = z1ueiτ + z2veiτ + z1ue−iτ + z2ve−iτ ,

one finds that, after a near-identity change of variable and scaling, the equation

zξ = Lε
whz + f ε

1 (z)

reduces to (1.11), (1.12).

Assumptions 4. The coefficient Č in equations (1.11), (1.12) is positive.

Results
Our main result is the following theorem, which is proved in Chapter 4 by energy

methods for symmetrisable hyperbolic equations.

Theorem 1.2. Let s > 1
2 , 0 < η < 1, Z = Pshq and w = Pcq. There exist positive

constants ε0 and c⋆ with the property that for each ε ∈ (0, ε0] equations (1.19), (1.20)
admit reversible solutions (Z⋆

w0 , z
⋆
w0 , w

⋆
w0) in

C([−ec⋆/2
√

ε, ec⋆/2
√

ε]; Xsh) × C([−ec⋆/2
√

ε, ec⋆/2
√

ε]; Xwh) × C([−ec⋆/2
√

ε, ec⋆/2
√

ε]; X s+1
c ),

parameterised by w0 ∈ X s+2
c with ∥w0∥X s+2

c
≤ εe−c⋆/2

√
ε and Rw0 = w0, such that

∥Z⋆
w0∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];Xsh),

∥z⋆
w0 − pε∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];Xwh),

∥w⋆
w0∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];X s+1

c ) ≤ e−c⋆/2
√

ε,
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where
pε(ξ, τ) = ±λε

( 2
Č

)1/2
sech(λεξ)ueiτ + c.c.+O(ε3/2e−ηλε|ξ|),

(so that lim
ξ→±∞

pε(ξ, τ) = 0 uniformly in τ ∈ R). These solutions satisfy

∥Z⋆
w0∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];Xsh) ≲ εe−c⋆/2

√
ε,

∥z⋆
w0 − pε∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];Xwh) ≲

√
εe−c⋆/2

√
ε,

∥w⋆
w0∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];X s+1

c ) ≲ εδe−c⋆/2
√

ε

for arbitrary but fixed δ ∈ [0, 1
4).

Corollary 1.3. For each ε ∈ (0, ε0] equation (1.17) admits an infinite-dimensional,
continuous family of pulse solutions satisfying

v(ξ, τ) = Tv(−ξ,−τ), v(ξ, τ + 2π) = v(ξ, τ), |v(ξ, τ) − pε(ξ, τ)| ≤ e−c⋆/2
√

ε

for all τ ∈ R and ξ ∈ [−ec⋆/2
√

ε, ec⋆/2
√

ε] (see Figure 1.5).

A global existence result can be obtained in the semilinear case, which corresponds to
g1 = 0 in equation (1.20), using semigroup methods. The result is proved in Chapter 5
under the following further assumption.

Assumptions 5. There exist s ≥ 0 and a conserved quantity Iε(z, q) for the system
(1.19), (1.20) which is analytic at the origin in R× Xwh × X s

sh,c and satisfies the estimate

∥Iε(z, q)∥Xwh×X s
sh,c

= O(∥(z, q)∥2
Xwh×X s

sh,c
).

Furthermore,
I0(0, w) = Q(w) + O(∥w∥3

X s
c
)

for some quadratic form Q : X s
c → R satisfying

∥w∥2
X s

c
≲ ∥Q(w)∥X s

c ≲ ∥w∥2
X s

c
,

where w = Pcq.

Theorem 1.4. Let 0 < η < 1, Z = Pshq, w = Pcq and suppose that g1 = 0. There exist
positive constants ε0 and c⋆ with the property that for each ε ∈ (0, ε0] equations (1.19),
(1.20) admit reversible solutions (Z⋆

w0 , z
⋆
w0 , w

⋆
w0) in

Cb(R; Xsh) × Cb(R; Xwh) × Cb(R; X s
c ),

parameterised by w0 ∈ X s
c with ∥w0∥X s

c ≤ εe−c⋆/2
√

ε and Rw0 = w0, such that

∥Z⋆
w0∥Cb(R;Xsh), ∥z⋆

w0 − pε∥Cb(R;Xwh), ∥w⋆
w0∥Cb(R;X s

c ) ≤ e−c⋆/2
√

ε,
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1.2 The main results

where
pε(ξ, τ) = ±λε

( 2
Č

)1/2
sech(λεξ)ueiτ + c.c.+O(ε3/2e−ηλε|ξ|),

(so that lim
ξ→±∞

pε(ξ, τ) = 0 uniformly in τ ∈ R). These solutions satisfy

∥Z⋆
w0∥Cb(R;Xsh) ≲ εe−c⋆/2

√
ε,

∥z⋆
w0 − pε∥Cb(R;Xwh) ≲

√
εe−c⋆/2

√
ε,

∥w⋆
w0∥C([−ec⋆/2

√
ε,ec⋆/2

√
ε];X s

c ) ≲ εδe−c⋆/2
√

ε

for arbitrary but fixed δ ∈ [0, 1
4).

Corollary 1.5. Suppose that the matrix-valued function Aε in equation (1.17) is con-
stant. For each ε ∈ (0, ε0] equation (1.17) admits an infinite-dimensional, continuous
family of pulse solutions satisfying

v(ξ, τ) = Tv(−ξ,−τ), v(ξ, τ + 2π) = v(ξ, τ), |v(ξ, τ) − pε(ξ, τ)| ≤ e−c⋆/2
√

ε

for all τ ∈ R and ξ ∈ R (see Figure 1.5).

ξ

v(ξ, 0)

O(e−c⋆/2
√

ε)

O(ec⋆/2
√

ε)

Figure 1.5: A reversible generalised pulse solution v (orange) to equation (1.17)
lies in an exponentially small tubular neighbourhood of pε (blue) over an expo-
nentially long interval of values for ξ. In the special case that Aε is constant, this
interval extends to the entire real line.

Application to Klein-Gordon equations
In Chapter 6 we apply our theory to the quasilinear Klein-Gordon equation

ϕtt = ϕxx − ϕ+ f1(ϕ, ϕt, ϕx)ϕxx + f2(ϕ, ϕt, ϕx), (1.21)
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1 Introduction

where f1, f2 : R3 → R are analytic functions with f1(0) = 0, f2(0) = 0, df2[0] = 0 and

fi(a,−b,−c) = fi(a, b, c), i = 1, 2.

We prove the existence of generalised breather solutions to equation (1.21) of the form

ϕ(x, t) = v1(ξ, τ), ξ = x, τ =
√

1 − ε2t, (1.22)

in which v1 is 2π-periodic in its second argument (one cannot expect the existence of
‘true’ breathers with v1(ξ, τ) → 0 as |ξ| → ∞; it was for instance shown by Denzler [6]
and Birnir, McKean & Weinstein [2] that no perturbation of the sine-Gordon equation
up to rescalings admits true breathers).

Theorem 1.6. There exist positive constants ε0 and c⋆ with the property that for each
ε ∈ (0, ε0] equation (1.21) admits an infinite-dimensional, continuous family of gener-
alised breather solutions of the form

ϕ(x, t) = v1(x, ωt),

parameterised by the values v1(0, 0). These solutions satisfy

v1(ξ, τ) = v1(−ξ, τ), v1(ξ, τ + 2π) = v1(ξ, τ), |v(ξ, τ) − pε(ξ, τ)| ≤ e−c⋆/2
√

ε

for all τ ∈ R and respectively ξ ∈ [−ec⋆/2
√

ε, ec⋆/2
√

ε] and ξ ∈ R if additionally f1 = 0,
f2(a, b, c) = f2(a). Here

pε(ξ, τ) = ±2λε
( 2
Č

)1/2
sech(λεξ) cos(τ) +O(ε3/2e−εη|ξ|), 0 < η < 1

(so that lim
ξ→±∞

pε(ξ, τ) = 0 uniformly in τ ∈ R).

Theorem 1.6 is obtained by applying Theorems 1.2 and 1.4 to a suitable formulation
of the breather version of equation (1.21) as a first order system. We begin by writing
equation (1.21) as a first order system by inserting our Ansatz (1.22) and writing v2 = v1ξ

and v3 = v1τ , such that

v1ξ = v2, v2ξ = (1 − ε2)v3τ + v1 − f2(v1,
√

1 − ε2v3, v2)
1 + f1(v1,

√
1 − ε2v3, v2)

, v3ξ = v2τ .

This system satisfies Assumptions 1(i), 1(iii) and 1(iv) with

Sε(v) =

1 0 0
0 1 0
0 0 f ε

3 (v)

 , T =

1 0 0
0 −1 0
0 0 −1

 ,
and the change of variable u = Sε(0) 1

2v yields the system

uξ = Ãε(u)uτ + B̃ε(u) = Lεu+N ε(u), (1.23)
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1.2 The main results

where

Lεu =

 u2√
1 − ε2u3τ + u1√

1 − ε2u2τ


and

N ε(u) =


0

f ε
3 (Sε(0)− 1

2u) − f ε
3 (0)√

1 − ε2
u3τ + f ε

4 (Sε(0)− 1
2u) − u1

0

 .
In the special case f1 = 0, f2(a, b, c) = f2(a) it follows that

N ε(u) =

 0
f2(u1)

0

 ,
so that the function

Hε(u) =
∫ 2π

0

{1
2u

2
2 + 1

2u
2
3 − 1

2u
2
1 − F2(u1)

}
dτ, (1.24)

in which F2 is an antiderivative of f2, is a conserved quantity for the system (1.23).
Calculating the mode m eigenvalues of Lε yields the following results.
m = 0: The matrix ∂B̃ε[0] has, independently of ε, the geometrically simple eigen-

values −1, 0 and 1.
m = ±1: For ε = 0 the matrix ±iÃ0(0)+∂B̃0[0] has the algebraically triple, geomet-

rically simple eigenvalue 0. For ε > 0 the matrix ±iÃε(0)+∂B̃ε[0] has the geometrically
simple eigenvalues −ε, 0 and ε.

|m| > 1: The matrix imÃε(0) + ∂B̃ε[0] has the geometrically simple eigenvalues
−i
√
m2(1 − ε2) − 1, 0 and i

√
m2(1 − ε2) − 1.

Note that the simple zero eigenvalues in modes m ∈ Z \ {±1} remain simple zero
eigenvalues for all values of ε, and we therefore seperate them from the eigenvalues
undergoing a non-semisimple collision in modes ±1. We find that the spectral projections
P ε

wh, P ε
sh, P ε

c and P ε
0 associated with the eigenvalues −ε, 0, ε in modes ±1, the (finitely

many) remaining eigenvalues with non-zero real part, the purely imaginary eigenvalues
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and the remaining zero eigenvalues are given by respectively

P ε
whX t = E−1 ⊕ E1,

P ε
shX t =

〈 1
−1
0

 ,
1

1
0

〉 ⊆ E0,

P ε
c X t =

{
1

i
√

(1 − ε2)D2 − 1√
1 − ε2∂τ

u1,1 +


1

−i
√

(1 − ε2)D2 − 1√
1 − ε2∂τ

u1,2 :

u1,1, u1,2 ∈ H t+1
per (0, 2π;C)

}
,

P ε
0 X t =

{−∂τ

0
1

u3 : u3 ∈ H t+1
per (0, 2π;C)

}
, ε ≥ 0.

It follows from this observation, and the fact that a function u ∈ X t of the form

u =

 0
u2
0


has by definition no components in the space P ε

0 X t, that the nonlinearity N ε maps
P ε

whX t+1 ⊕ P ε
sh,cX t+1 analytically into P ε

whX t ⊕ P ε
sh,cX t for each t > 1

2 and each ε ≥ 0.
In the special case f1 = 0, f2(a, b, c) = f2(a), where

N ε(u) =

 0
f2(u1)

0


we further observe that N ε maps P ε

whX t ⊕ P ε
sh,cX t analytically into itself (in fact into

P ε
whX t+1 ⊕ P ε

sh,cX t+1) for each t ≥ 0 and each ε ≥ 0. These facts allow us to study
equation (1.23) in respectively the phase space P ε

whX s ⊕ P ε
sh,cX s for fixed s > 1

2 and the
phase space P ε

whX 0 ⊕ P ε
sh,cX 0 in the special case.

We proceed by writing z = P ε
whu and q = (U ε)−1P ε

sh,cu in the usual fashion (see
above). Equation (1.23) is however still not of the required form due to the presence
of an additional zero eigenvalue in modes ±1. We therefore obtain a six-dimensional
rather than a four-dimensional weakly hyperbolic subspace Xwh. Because of the special
structure of the nonlinearity the equations for the components z1 and z3 are in fact

z1ξ =
√

1 − ε2z2,

z3ξ = (1 −
√

1 − ε2)z2.

The quantity

Iε
wh(z) = z3 − 1 −

√
1 − ε2

√
1 − ε2

z1
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1.3 Methodology

is therefore conserved, so that we can study equation (1.23) in the invariant subspace
{Iε

wh(z) = 0}. After ‘replacing’ the weakly hyperbolic component of (1.23) with

zξ = Ľε
whz + Ň ε

wh(z, q),

identifying Xwh ∩ {Iε
wh(z) = 0} with C4 and introducing the further scaled variables

z1 =
√

1 − ε2ž1, z2 = ž2 we arrive at the system

žξ = Ľε
whž + f ε(ž, q), (1.25)

qξ = Lε
sh,cq + Psh,c

(
gε

1(ž, q)qτ

)
+ gε

2(ž, q) + hε(ž), (1.26)

which satisfies the hypotheses of Theorem 1.2 (Assumptions 1–4).
Finally, recall that

Hε(u) =
∫ 2π

0

{1
2u

2
2 + 1

2u
2
3 − 1

2u
2
1 − F2(u1)

}
dτ

is a conserved quantity for the system (1.23) in the special case f1 = 0, f2(a, b, c) = f2(a).
The formula

Iε(z, q) = Hε(z + U εq)
thus defines a conserved quantity for the system (1.25), (1.26) in Xwh × X 0

sh,c. Clearly

|Iε(z, q)| = O(∥(z, q)∥2
Xwh×X 0

sh,c
)

and taking w ∈ X 0
c ⊆ H1

per(0, 2π;C) × L2
per(0, 2π;C) × L2

per(0, 2π;C), so that

w(τ) =
∑

m∈Z\{−1,0,1}
wm,1

 1
−i

√
m2 − 1
im

 eimτ + wm,2

 1
i
√
m2 − 1
im

 eimτ ,

we find by a direct computation that

I0(0, w) = Q(w) + O(∥w∥3
X 0

c
)

and
∥w∥2

X 0
c
≲ Q(w) ≲ ∥w∥2

X 0
c
.

The remaining hypothesis of Theorem 1.4 (Assumptions 5) is therefore satistied.

1.3 Methodology

Normal-form-theory
In Chapter 3 we adapt the normal-form theory given by Groves & Schneider [10] on

the basis of the earlier work by Iooss & Lombardi [14] to construct a sequence of near-
identity changes of variable which systematically remove the k-th order terms of the
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Maclaurin expansion of hε(z) for k ∈ {1, . . . , p} while preserving the overall structure
of the system. In general it is not possible to remove hε(z) completely but we can at
least make an optimal choice of p so that the remaining terms are exponentially small
in comparison to ε in a suitable neighbourhood of the origin.

A central requirement of the normal-form theory is that the parameter-independent
part in the dynamical system (1.19) for z should be diagonalisable. Since (the matrix
of) L0

wh on the right-hand side of equation (1.19) is evidently not diagonalisable, we use
a change of parameter to ‘replace’ it by a diagonalisable matrix. We introduce a new
parameter µ by writing ε = µ2 and use the scaled variables

z′
1 = (λµ)− 1

2 z1, z′
2 = (λµ)− 3

2 z2, q′ = (λµ)−1q, (1.27)

where we have abused the notation to abbreviate λµ = λε|ε=µ2 and νµ = νε|ε=µ2 . Omit-
ting the primes for notational simplicity, equations (1.19), (1.20) are transformed into

zξ = Lµ
whz + f̌µ

1 (z) + f̌µ
2 (z, q), (1.28)

qξ = Lµ
sh,cq + Psh,c

(
ǧµ

1 (z, q)qτ

)
+ ǧµ

2 (z, q) + ȟµ(z), (1.29)

where we have (with a further abuse of notation) abbreviated Lε
sh,c|ε=µ2 to Lµ

sh,c and

Lµ
wh =


i(ω + νµ) λµ 0 0

λµ i(ω + νµ) 0 0
0 0 −i(ω + νµ) λµ

0 0 λµ −i(ω + νµ)

 ;

the nonlinearities f̌µ
1 , f̌µ

2 , ǧµ
1 , ǧµ

2 , ȟµ(z) are obtained by applying the scaling (1.27) to
f̃ ε

1 , f̃ ε
2 , g̃ε

1, g̃ε
2, h̃ε(z) in the obvious way. We use the analogous abbreviations Lµ

sh and Lµ
c

for respectively Lε
sh|ε=µ2 and Lε

c|ε=µ2 . The result of the theory in Chapter 3 is summarised
in the following theorem.

Theorem 1.7. There exist a constant c⋆ > 0 and a near-identity, finite-dimensional
change of coordinates of the form q 7→ q+ Φµ(z), where Φ is a polynomial of degree p in
(µ, z) with only finitely many nonvanishing Fourier components, which transforms the
coupled system (1.28), (1.29) into

zξ = Lµ
whz + f̃µ

1 (z) + f̃µ
2 (z, q), (1.30)

qξ = Lµ
sh,cq + Psh,c

(
g̃µ

1 (z, q)qτ

)
+ g̃µ

2 (z, q) + h̃µ(z), (1.31)

and preserves the reversibility. The transformed nonlinearities f̃µ
1 , f̃µ

2 and g̃µ
1 satisfy the

estimates
|f̃µ

1 (z)| = O(|z|3)
with

|f̃µ
1 (z) − f̌µ

1 (z)| = O(|z|3|(z, µ)|),
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and

|f̃µ
2 (z, q)| = O(|z||(z, µ)|2∥q∥X t

sh,c
),

∥g̃µ
1 (z, q)∥X t

sh,c
= O(µ∥(z, q)∥Xwh×X t

sh,c
),

while

∥g̃µ
2 (z, q)∥X t

sh,c
= O(µ|z|∥q∥X t

sh,c
+ µ2∥q∥2

X t
sh,c

+ µ∥q∥3
X t

sh,c
+ |z|3∥q∥X t

sh,c
)

for t > 1
2 . Here

Pc
(
g̃1;1,0

1 (z, 0)Zτ

)
= Pcg̃

1;1,1
2 (z, Z) = 0,

in which Z = Pshq and g̃j;k,l
i (z, q) denotes the term in the Maclaurin expansion of g̃ε

i (z, q)
which is homogeneous of degree k, j and l in respectively ε, z and q. Furthermore there
exists a constant ρ⋆ such that

∥h̃µ(z)∥X t
sh,c

≲ µ2e−c⋆/µ, ∥dh̃µ[z]∥L(Xwh,X t
sh,c) ≲ µe−c⋆/µ

for (z, µ) ∈ Bδ(0) ⊆ C5 whenever δp ≤ ρ⋆.

Examining the equation
zξ = Lµ

whz + f̌µ
1 (z)

yields homoclinic solutions pµ± (we henceforth write pµ to denote either of these so-
lutions) which can be used in a perturbation argument as approximations to genuine
pulse solutions. Note that the normal-form transformations do not affect the leading-
order terms in the scaled system (1.28), (1.29), so that the leading-order term in the
asymptotic formula for pµ is also unaffected.
Existence theory

In Chapter 4 we prove the existence result in Theorem 1.2: we construct reversible
solutions to the transformed equations (1.30), (1.31) whose pointwise distance to the
approximate pulse pµ does not exceed e−c⋆/2µ for ξ ∈ [−ec⋆/2µ, ec⋆/2µ] (see Figure 1.6).
To this end we write z as a perturbation z = pµ + r of pµ in equation (1.30) and sepa-
rate equation (1.31) into its finite-dimensional strongly hyperbolic part and its infinite-
dimensional centre part by writing Z = Pshq, w = Pcq. We thus obtain

Zξ = Lµ
shZ +Gµ

1(Z, z, w) +Gµ
2(z), (1.32)

rξ = Lµ
whz + Lµr + fµ

3 (r) + fµ
4 (Z, r, w), (1.33)

wξ = Lµ
cw + Pc

(
ĝµ

1 (Z, z, w)wτ

)
+ ĝµ

2 (Z, z, w) + ĥµ(z), (1.34)
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where

Gµ
1(Z, z, w) = Psh

(
g̃1(z, Z + w)(Z + w)τ + g̃µ

2 (z, Z + w)
)
,

Gµ
2(z) = Pshh̃

µ(z),
Lµ = df̃µ

1 [pµ],
fµ

3 (r) = f̃µ
1 (pµ + r) − f̃µ

1 (pµ) − df̃µ
1 [pµ](r),

fµ
4 (Z, r, w) = f̃µ

2 (pµ + r, Z + w),
ĝµ

1 (Z, z, w) = g̃µ
1 (z, Z + w),

ĝµ
2 (Z, z, w) = Pc

(
g̃µ

2 (z, Z + w) + g̃µ
1 (Z, z, w)Zτ

)
,

ĥµ(z) = Pch̃
µ(z).

(z, q)

ξ
−ec⋆/2µ ec⋆/2µ

e−c⋆/2µ

e−c⋆/2µ

Figure 1.6: A generalised pulse solution to equations (1.30), (1.31) lies in an
exponentially thin tubular neighbourhood of (pµ, 0) on the exponentially large
interval [−ec⋆/2µ, ec⋆/2µ].

The proof of Theorem 1.2 is based upon the following iteration scheme for equations
(1.32)–(1.34). Suppose that Z(0), r(0) and w(0) are appropriately chosen initial values
(see below) and let

Z(j+1)(ξ) =
∫ ξ

−e−c⋆/2µ
e(ξ−t)Lµ

shPss
(
Gµ

1(Z(j), p
µ + Ewhr(j), Ecw(j))(t) +Gµ

2(Ewhr(j))(t)
)

dt

−
∫ ec⋆/2µ

ξ
e(ξ−t)Lµ

shPsu
(
Gµ

1(Z(j), p
µ + Ewhr(j), Ecw(j))(t) +Gµ

2(Ewhr(j))(t)
)

dt,

r(j+1)(ξ) =
2∑

i=1

( ∫ ξ

0

〈(
fµ

3 (r(j))(t) + fµ
4 (Z(j), r(j), w(j))(t)

)
, S∗

i (t)
〉

dt
)
Si(ξ)

−
( ∫ ∞

ξ

〈(
fµ

3 (r(j))(t) + fµ
4 (Z(j), r(j), w(j))(t)

)
, U∗

i (t)
〉

dt
)
Ui(ξ),
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and w(j+1) be the unique solution of the initial value problem

∂ξw(j+1) = Lµ
cw(j) + Pc

(
ĝµ

1 (Z(j), p
µ + r(j), w(j))∂τw(j+1)

)
+ µb(pµ + r(j), w(j))

+ ĝµ
2 (Z(j), p

µ + r(j), w(j)) + ĥµ(r(j)),
w(j+1)(0) = w(0)(0)

for fixed j ∈ N0 (see below). Here Pss and Psu denote the projections onto the stable
subspace of Lµ

sh spanned by the eigenvectors of Lµ
sh whose corresponding eigenvalues have

negative real part, and the unstable subspace of Lµ
sh spanned by the eigenvectors of Lµ

sh
whose corresponding eigenvalues have positive real part. The mappings Ewh and Ec are
the extensions by reversibility defined by

(Ewhr)(ξ) =
 r(ξ), ξ ≥ 0,
Rwhr(−ξ), ξ < 0,

(Ecw)(ξ) =
 w(ξ), ξ ≥ 0,
Rcw(−ξ), ξ < 0.

A solution r(ξ) to equation (1.33) which is defined for ξ ≥ 0 and satisfies Rwhr(0) = r(0)
automatically gives rise to a reversible solution r(ξ) to equation (1.33) due to extension
by reversibility. The reversibility of a solution Z to equation (1.32) defined for ξ ∈ R is
verified a posteriori by observing that RshZ(−ξ) solves equation (1.32) whenever Z(ξ) is
a solution and using uniqueness. We thus obtain a reversible solution to equation (1.32).
Finally {Sµ

1 , S
µ
2 , U

µ
1 , U

µ
2 } is a fundamental solution set consisting of two anti-reversible

solutions Sµ
1 , Sµ

2 and two reversible solutions Uµ
1 , Uµ

2 for the linearised equation

rξ = Lµ
whz + Lµr

for r (see Lemma 2.19 for the precise construction).
We establish that the iteration scheme has a unique limit (Z⋆, r⋆, w⋆) in{

(Z, r, w) ∈ C
(
[−ec⋆/2µ, ec⋆/2µ]; Xsh

)
× C

(
[0, ec⋆/2µ]; Xwh

)
× C

(
[0, ec⋆/2µ]; X s+1

c

)
:

∥Z∥C([−ec⋆/2µ,ec⋆/2µ];Xsh), ∥r∥C([0,ec⋆/2µ];Xwh), ∥w∥C([0,ec⋆/2µ];X s+1
c ) ≤ e−c⋆/2µ,

Rwhr(0) = r(0), Rcw(0) = w(0)
}

provided that the initial values lie in the set

W cs
loc =

{(
Z⋆

w0(0), r⋆
w0(0), w⋆

w0(0)
)

: w0 ∈ X s+2
c , Rcw0 = w0, ∥w0∥s+2 ≤ µ2e−c⋆/2µ

}
which we refer to as a local centre-stable manifold W cs

loc for equations (1.32)–(1.34); here
we make use of familiar dynamical systems terminology regarding invariant manifolds
(see Kelley [16]). An exponentially small solution to the reformulated system (1.32)–
(1.34) corresponds to a solution of equations (1.30), (1.31) which is exponentially close
to pµ (see above).

The above definition of the iterate w(j+1) requires the solvability of an associated
linear Cauchy problem. The relevant theory is given in Section 4.1 and uses meth-
ods for symmetrisable hyperbolic systems as presented by Benzoni-Gavage & Serre
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[1, Chapter 2], who consider the class of equations

∂ξu+ A(ξ, τ)∂τu = B(ξ, τ)u+ f(ξ, τ)

with coefficients A and B which depend smoothly on ξ and τ . It is necessary to extend
their methods by treating coefficients with values in finite-order Sobolev spaces and
replacing the function B by a general linear operator acting on the function u. In order
to prove the convergence of the sequence {w(j)}j∈N we use the method given by Benzoni-
Gavage & Serre [1, Chapter 10] and construct a priori energy estimates, the proof of
which requires the symmetrisation of the matrix-valued function gµ

1 via multiplication
by the matrix Sε(z +Z +w)|ε=µ2 (see Assumptions 1(iii)). This symmetrisation clearly
changes the spectrum of the operator Lµ

c on the right-hand side of equation (1.34), the
structure of which determines the basis for the space X t

c (see above). The symmetrisation
of the linear part is therefore carried out as a preliminary step (see the change of variable
below Assumptions 1); a further near-identity symmetrisation for the nonlinear part
yields the desired a priori energy estimates.

A major difficulty in obtaining the necessary estimates for w(j) lies in the presence
of quadratic terms in our nonlinearities. Specifically, one arrives at the differential
inequality

∂ξ∥w(j)(ξ)∥2 ≲ µ(e−c⋆/µ + µ2e−µ2ηξe−c⋆/2µ)∥w(j)(ξ)∥ + µ(e−c⋆/2µ + µe−µ2ηξ)∥w(j)(ξ)∥2

(1.35)

for ∥w(j)(ξ)∥, and it is necessary to deduce that

∥w(j)(ξ)∥ ≤ e−c⋆/2µ, ξ ∈ [0, ec⋆/2µ].

The required estimate for ∥w(j)(ξ)∥ follows from inequality (1.35) by a two-step estima-
tion technique devised by Groves and Schneider [10, §5]. In the first step we define ξ⋆

so that e−µ2ηξ⋆ = µα, where α is an appropriately chosen positive constant; a straight-
forward application of Gronwall’s inequality shows that ∥w(j)(ξ)∥2 ≲ µ| log µ|e−c⋆/µ for
ξ ∈ [0, ξ⋆] whenever ∥w(j)(0)∥ ≤ µe−c⋆/2µ. In the second step we integrate (1.35) over
[0, ec⋆/2µ] and split the range of integration into [0, ξ⋆] and [ξ⋆, ec⋆/2µ]. Satisfactory esti-
mates for the integrals over [ξ⋆, ec⋆/2µ] are obtained by an optimal choice of α (and hence
ξ⋆), while the integrals over [0, ξ⋆] are handled using the result from the first step; the
final result is that ∥w(j)(ξ)∥ ≤ cµ1/2| log µ|e−c⋆/2µ for ξ ∈ [0, ec⋆/2µ].
Existence theory for the semilinear problem

In Chapter 5 we prove the global existence result in Theorem 1.4. We separate
equation (1.31) into its finite-dimensional strongly hyperbolic part and its infinite-
dimensional (semilinear) centre part by writing Z = Pshq, w = Pcq to obtain

Zξ = Lµ
shZ +Gµ

1(Z, z, w) +Gµ
2(z), (1.36)

zξ = Lµ
whz + f̂µ

1 (z) + f̂µ
2 (Z, z, w), (1.37)

wξ = Lµ
cw + ĝµ(Z, z, w) + ĥµ(z), (1.38)
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where

Gµ
1(Z, z, w) = Pshg̃

µ
2 (z, Z + w),

Gµ
2(z) = Pshh̃

µ(z),
f̂µ

1 (z) = f̃µ
1 (z),

f̂µ
2 (Z, z, w) = f̃µ

2 (z, Z + w),
ĝµ(Z, z, w) = Pcg̃

µ
2 (z, Z + w),

ĥµ(z) = Pch̃
µ(z)

(recall that g̃1 = 0 in equation (1.31) in the semilinear case). The proof of Theorem 1.4
has three main steps which are summarised in Theorems 1.8, 1.9 and 1.11.

We begin by writing z as a perturbation pµ + r of pµ and introduce an artificial bound
on the infinite-dimensional w-component of the system by applying a cut-off function
ϕ : X s

c → X s
c defined as ϕ(w) = ψ(ec⋆/2µ∥w∥s)w, in which ψ ∈ C∞(R) satisfies

ψ(x) =
1, |x| ≤ 1,

0, |x| ≥ 2,

and |ψ(l)(x)| ≤ 2l for all x ∈ R, l ∈ N0, to the w-component of the nonlinearities. The
modification via the cut-off function ϕ enables us to control the linear growth of the
centre part w on the entire real line in the estimates below (see inequality (5.33)). The
resulting system reads

Zξ = Lµ
shZ +Gµ

1(Z, pµ + r, ϕ(w)) +Gµ
2(r), (1.39)

rξ = Lµ
whr + Lµr + fµ

3 (r) + fµ
4 (Z, r, ϕ(w)), (1.40)

wξ = Lµ
cw + ĝµ(Z, pµ + r, ϕ(w)) + ĥµ(r), (1.41)

where

Lµ = df̃µ
1 [pµ],

fµ
3 (r) = f̃µ

1 (pµ + r) − f̃µ
1 (pµ) − df̃µ

1 [pµ](r),
fµ

4 (Z, r, w) = f̃µ
2 (pµ + r, Z + w).

Using semigroup methods we construct solutions to the modified equations (1.39)–(1.41)
which exist globally and are exponentially close to (0, pµ, 0) on the exponentially large
interval [−ec⋆/2µ, ec⋆/2µ], where they in particular solve equations (1.36)–(1.38) (cf. Fig-
ure 1.6). The result is summarised in the following theorem.

Theorem 1.8. Equations (1.39)–(1.41) admit reversible solutions (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) in

Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c ),
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parameterised by w0 ∈ X s
c with ∥w0∥s ≤ µe−c⋆/2µ, Rcw0 = w0, such that

∥Z⋆
w0∥Cb(R;Xsh), ∥r⋆

w0∥Cb(R;Xwh), ∥w⋆
w0∥Cηλµ (R;Xwh) ≤ e−c⋆/2µ

and
∥w⋆

w0∥C([−ec⋆/2µ,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ.

The solutions (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) obtained by Theorem 1.8 are parameterised by the initial

values w0. We therefore define

W cs
loc =

{(
Z⋆

w0(0), r⋆
w0(0), w⋆

w0(0)
)

: w0 ∈ X s
c , Rcw0 = w0, ∥w0∥s ≤ µe−c⋆/2µ

}
and refer to W cs

loc as a local centre-stable manifold for reversible solutions to equations
(1.39)–(1.41) at ξ = 0. Solutions (Z⋆

w0 , r
⋆
w0 , w

⋆
w0) to equations (1.39)–(1.41) whose initial

values lie on W cs
loc have exponentially small hyperbolic part (see Figure 1.7).

(Z, z)

ξ

e−c⋆/2µ

−e−c⋆/2µ

Figure 1.7: The hyperbolic part (Z⋆, r⋆) of solutions to equations (1.39)–(1.41)
with initial values on W cs

loc satisfies ∥(Z⋆(ξ), r⋆(ξ))∥Xsh×Xwh ≤ e−c⋆/2µ for all ξ ∈ R.

The proof of Theorem 1.4 is completed by showing that in fact

∥w⋆
w0∥Cb(R;X s

c ) ≤ e−c⋆/2µ,

from which it follows that W cs
loc is actually a global centre-stable manifold, meaning that

its elements are initial values of generalised pulse solutions which exist on the entire real
line. We use the following steps.

In Section 5.2 we consider the modified equations

Zξ = Lµ
shZ +Gµ

1(Z, z, ϕ(w)) +Gµ
2(z), (1.42)

zξ = Lµ
whz + f̂µ

1 (r) + f̂µ
2 (Z, z, ϕ(w)), (1.43)

wξ = Lµ
cw + ĝµ(Z, z, ϕ(w)) + ĥµ(z), (1.44)

which are obtained from the original equations (1.36)–(1.38) by applying the cut-off
function ϕ (see above) to the w-component of the nonlinearities. Note that solutions
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(Z, z, w) to equations (1.42)–(1.44) with ∥w(ξ)∥X s
c ≤ e−c⋆/2µ for all ξ ∈ R correspond to

solutions (Z, z, w) of equations (1.36)–(1.38), where the cut-off function is not used. The
construction of a suitable centre manifold for equations (1.42)–(1.44) below requires the
existence of solutions with exponentially small hyperbolic part.

Theorem 1.9. For each w0 ∈ X s
c equations (1.42)–(1.44) admit a unique solution

(Z⋆⋆
w0 , z

⋆⋆
w0 , w

⋆⋆
w0) ∈ Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s

c )

satisfying

∥Z⋆⋆
w0∥Cb(R;Xsh), ∥z⋆⋆

w0∥Cb(R;Xwh) ≤ e−c⋆/2µ.

In the context of Theorem 1.9 we define the mapping

Ψ: X s
c → Xsh × Xwh, Ψ(w0) =

(
Z⋆⋆

w0(0), z⋆⋆
w0(0)

)
and observe that any solution

(Z, z, w) ∈ Cb(R; Xsh) × Cb(R; Xwh) × C(R; X s
c )

of equations (1.42)–(1.44) with

∥Z∥Cb(R;Xsh), ∥z∥Cb(R;Xwh) ≤ e−c⋆/2µ

lies in
Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s

c )
(see the explanation below Theorem 5.8). Theorem 1.9 therefore implies that
(Z(0), z(0)) = Ψ(w(0)) and we refer to the set

W c =
{(
Z⋆⋆

w0(0), z⋆⋆
w0(0), w⋆⋆

w0(0)
)

: w0 ∈ X s
c

}
=
{(

Ψ(w0), w0
)

: w0 ∈ X s
c

}
as a centre manifold for reversible solutions to equations (1.42)–(1.44) at ξ = 0. Due to
the autonomy of equations (1.42)–(1.44) the manifold W c is an invariant manifold, that
is (Z(ξ), z(ξ), w(ξ)) ∈ W c and in particular

|Z(ξ)|, |z(ξ)| ≤ e−c⋆/2µ

for all ξ ∈ R whenever (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c for some ξ0 ∈ R. This global invariance
is not inherited by the local centre manifold

W c
loc = {(Z, z, w) ∈ X s : (Z, z) = Ψ(w), w ∈ X s

c , ∥w∥s ≤ e−c⋆/2µ} ⊆ W c

consisting of those points on W c which have exponentially small centre part. However
we observe that each solution (Z, z, w) to (1.36)–(1.38)
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(i) with
∥Z∥Cb(R;Xsh), ∥z∥Cb(R;Xwh), ∥w∥Cb(R;X s

c ) ≤ e−c⋆/2µ

satisfies (Z(ξ), z(ξ), w(ξ)) ∈ W c
loc for all ξ ∈ R,

(ii) with (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c
loc for some ξ0 ∈ R remains on W c

loc as long as

|Z(ξ)|, |z(ξ)|, ∥w(ξ)∥X s
c ≤ e−c⋆/2µ.

Using a suitable estimate for the function Ψ and applying the estimate for the Lyapunov
functional Iµ(Z, z, w) = Iε(z, Z+w)|ε=µ2 (see Assumptions 5) we conclude the following
invariance result for W c

loc.

Lemma 1.10. Suppose that

(Z, z, w) ∈ Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c )

is a solution of equations (1.42)–(1.44) and (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c with

∥w(ξ0)∥s ≤ 1
2e−c⋆/2µ

(so that (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c
loc). It follows that

∥w(ξ)∥s ≤ 7
8e−c⋆/2µ

(and therefore (Z(ξ), z(ξ), w(ξ)) ∈ W c
loc) for all ξ ≥ ξ0.

The final step in the proof of Theorem 1.4 is to use the results in Lemma 1.10
to establish that a solution (Z⋆, pµ + r⋆, w⋆) to equations (1.36)–(1.38) with
(Z⋆(0), r⋆(0), w⋆(0)) ∈ W cs

loc converges exponentially fast to a solution (Z, z, w) to equa-
tions (1.42)–(1.44) with (Z(ξ), z(ξ), w(ξ)) ∈ W c (that is ∥(Z(ξ), z(ξ))∥Xsh×Xwh ≤ e−c⋆/2µ)
for all ξ ∈ R (see Figure 1.8).

Theorem 1.11. Let 0 < η < 1 and suppose that (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) is a solution of the mod-

ified equations (1.39)–(1.41). It follows that (Z⋆
w0 , p

µ + r⋆
w0 , w

⋆
w0) converges exponentially

to a solution (Z, z, w) of equations (1.42)–(1.44) on W c, that is

lim
ξ→∞

eηλµξ∥(Z⋆
w0(ξ), pµ(ξ) + r⋆

w0(ξ), w⋆
w0(ξ)) − (Z(ξ), z(ξ), w(ξ))∥s = 0.

In particular there exists ξ⋆ = ξ⋆(µ) ∈ (0, ec⋆/2µ] such that

sup
ξ∈[ξ⋆,∞)

∥w⋆
w0(ξ) − w(ξ)∥s ≲ µe−c⋆/2µ.
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ξ

(Z, z, w)

(Z⋆
w0

, pµ + r⋆
w0

, w⋆
w0

)

(Z, z, w)

e−c⋆/2µ

ξ⋆ ec⋆/2µ

Figure 1.8: A solution (Z⋆
w0 , pµ + r⋆

w0 , w⋆
w0) with initial values on W cs

loc converges
exponentially fast to a solution (Z, z, w) on W c. Observe that (Z⋆

w0 , pµ +r⋆
w0 , w⋆

w0)
is (i) exponentially small, (ii) exponentially close to (Z, z, w) on [ξ⋆, ec⋆/2µ). The
(exponential) convergence of (Z⋆

w0 , pµ + r⋆
w0 , w⋆

w0) to (Z, z, w) and the fact that
(Z, z, w) remains on W c

loc with for all ξ ≥ ξ⋆ imply that (Z⋆
w0 , pµ + r⋆

w0 , w⋆
w0)

remains exponentially small for all ξ ≥ ξ⋆.

Since by construction ∥w⋆
w0(ξ⋆)∥X s

c ≲ µδe−c⋆/2µ, it follows that ∥w(ξ⋆)∥X s
c ≤ 1

2e−c⋆/2µ,
and since (Z(ξ⋆), z(ξ⋆), w(ξ⋆)) ∈ W c we conclude that (Z(ξ), z(ξ), w(ξ)) ∈ W c

loc for all
ξ ≥ ξ⋆ (see Lemma 1.10). This observation finally implies that ϕ(w⋆

w0(ξ)) = w⋆
w0(ξ) for

all ξ ≥ ξ⋆, that is
∥w⋆

w0∥Cb(R;X s
c ) ≤ e−c⋆/2µ.

The statement in Theorem 1.4 is now obtained by using the rescaling µ =
√
ε.

The theory in Chapter 5 actually applies to more general systems of the form
(1.36)–(1.38) in which the spectral hypotheses are replaced by the statements in Propo-
sition 1.1 (the specific structure (1.17) is not required). We can also incorporate the
case where the underlying strongly hyperbolic subspace Xsh is infinite-dimensional (and
thus written as X s

sh) under two additional hypotheses.
The identity

Pcg̃
1;1,1(z, Z) = 0

for the transformed nonlinearity g̃ (recall that g1 = 0 and we write g2 as g in the semi-
linear case) given by Theorem 1.7 guarantees the absence of quadratic terms with an
insufficient power of µ in the estimates for our existence theory. As X s

sh is infinite-
dimensional this criterion cannot be achieved via a finite-dimensional change of coordi-
nates. It is thus necessary to work on the assumption that there exists an additional
infinite-dimensional, reversibility preserving change of coordinates which removes these
problematic terms.

We also implicitly use the fact that the ordinary differential equation

Zξ = Lµ
shZ +Gµ(Z†, z†, w†), (1.45)

where Gµ : X s → X s
sh is defined by

Gµ(Z, z, w) = Gµ
1(Z, z, w) +Gµ

2(z)
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(see equation (1.36)), is solvable for all (Z†, z†, w†) : R → X s. This requirement is
an additional assumption when X s

sh is infinite-dimensional: we suppose that for each
(Z†, z†, w†) ∈ Cb(R; X s) equation (1.45) has a unique solution

Kµ(Z†, z†, w†) ∈ C1
b(R; X s

sh) ∩ Cb(R; X s+1
sh )

satisfying

∥Kµ(Z†, z†, w†)∥C1
b(R;X s

sh) + ∥Kµ(Z†, z†, w†)∥Cb(R;X s
sh) ≲ ∥(Z†, z†, w†)∥Cb(R;X s)

uniformly over (sufficiently small values of) µ.

Remark 1.12. The above methods have been used in a similar fashion by Hewer
[13, Chapter 5] for quasilinear problems with finitely many centre and infinitely many
strongly hyperbolic eigenvalues.

1.4 Function spaces

We complete the introduction with a glossary of the function spaces used throughout
this thesis.
Spaces of continuous functions

Definition 1.13. Suppose that X is a complex Banach space, I an interval, k ∈ N0 and
θ ∈ R.

(i) We denote by Ck
b(I;X) the Banach space of all k-times continuously differentiable,

bounded functions I → X and equip it with the norm

∥f∥Ck
b (I;X) = sup

ξ∈I

k∑
j=0

∥f (j)(ξ)∥X .

In the case k = 0 we just write Cb(I;X). If I is a compact interval we drop the
subscript b and write Ck(I;X). If X = R we abbreviate the space Cb(I;X) to
Ck

b(I). As usual we define

C∞
b (I;X) =

∞⋂
k=0

Ck
b(I;X).

(ii) We denote by
Ck

θ (I;X) = {f ∈ Ck(I;X) : ∥f∥k,θ < ∞},

where
∥f∥k,θ = sup

ξ∈I

k∑
j=0

e−θ|ξ||f (j)(ξ)|,
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1.4 Function spaces

the Banach space of all k-times continuously differentiable, exponentially weighted
functions with weight e−θ|·|. Moreover, we define the subspaces

Ck
θ,e(I;X) = {f ∈ Ck

θ (I;X) : f(−ξ) = f(ξ), ξ ∈ I}

and
Ck

θ,o(I;X) = {f ∈ Ck
θ (I) : f(−ξ) = −f(ξ), ξ ∈ I}.

In the case k = 0 we just write Cθ(I;X), Cθ,e(I;X) and Cθ,o(I;X). If X = R
we abbreviate the spaces Ck

θ (I;X), Ck
θ,e(I;X), Ck

θ,o(I;X) to respectively Ck
θ (I),

Ck
θ,e(I), Ck

θ,o(I).
(iii) We denote by Ck

per([0, 2π];X) the Banach space of k-times continuously differen-
tiable, 2π-periodic functions R → X and equip it with the norm

∥f∥Ck
per([0,2π];X) =

k∑
j=0

sup
τ∈[0,2π]

∥f (j)(τ)∥X .

In the case k = 0 we just write Cper([0, 2π];X). As usual we define

C∞
per([0, 2π];X) =

∞⋂
k=0

Ck
per([0, 2π];X).

Lebesgue Lp-spaces

Definition 1.14. Suppose that X is a complex Banach space, I an interval and p ≥ 1.
(i) We denote by

Lp(I;X) = {f : I → X : ∥f∥Lp < ∞},

where
∥f∥Lp =

( ∫
I

∥f(ξ)∥p
X dξ

) 1
p

,

the Banach space of (equivalence classes of) p-integrable functions I → X. Sim-
ilarly, we denote the space of all 2π-periodic functions R → X which belong to
Lp(0, 2π;X) by Lp

per(0, 2π;X); it is a Banach space with respect to the
Lp(0, 2π;X)-norm.

(ii) We denote by
L∞(I;X) = {f : I → X : ∥f∥L∞ < ∞},

where
∥f∥L∞ = ess sup

ξ∈I
|f(ξ)|,

the Banach space of (equivalence classes of) essentially bounded functions
I → X. Similarly, we denote the space of all 2π-periodic functions R → X which
belong to L∞(0, 2π;X) by L∞

per(0, 2π;X); it is a Banach space with respect to the
L∞(0, 2π;X)-norm.
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Remark 1.15. The space L2
per(0, 2π;C) is a Hilbert space with respect to the inner

product
⟨u, v⟩L2

per =
∫ 2π

0
u(τ)v(τ) dτ.

The Fourier series expansion

u(τ) = 1√
2π

∑
m∈Z

umeimτ , um = 1√
2π

∫ 2π

0
u(τ)e−imτ dτ,

of a function u ∈ L2
per(0, 2π;C) satisfies

∥u∥2
L2

per
=
∑
m∈Z

|um|2

(Parseval’s identity).

Sobolev spaces of periodic functions
We consider Sobolev spaces of periodic functions in one variable and briefly summarise

some useful results concerning their norms and topologies (see Kress [18, Chapter 8]).

Definition 1.16. Let t ∈ R. We denote by

H t
per(0, 2π;C) = {u ∈ L2

per(0, 2π;C) : ∥u∥2
t < ∞},

where
∥u∥2

t =
∑
m∈Z

(1 +m2)t|um|2, u(τ) = 1√
2π

∑
m∈Z

umeimτ ,

the Sobolev space of order t of 2π-periodic functions. The (real) subspace of real-
valued functions in H t

per(0, 2π;C) consists of the functions u which additionally satisfy
the reality condition u−m = um for each m ∈ Z. In the case t = 0 we note that
H0

per(0, 2π;C) = L2
per(0, 2π;C).

Proposition 1.17.

(i) The space H t
per(0, 2π;C) is a Banach algebra for t > 1

2 .
(ii) Let t ∈ R. The space H t

per(0, 2π;C) is a Hilbert space with respect to the inner
product

⟨u, v⟩t =
∑
m∈Z

(1 +m2)tumvm.

Its dual space is identified with H−t
per(0, 2π;C) by the duality pairing

⟨u, v⟩Ht
per,H−t

per
= 1

2π

∫ 2π

0
u(τ)v(τ) dτ.

42



1.4 Function spaces

Remark 1.18. For t ∈ N0 the space H t
per(0, 2π;C) coincides with the completion of

C∞
per([0, 2π];C) with respect to the norm

∥u∥t =
( t∑

k=0
∥∂k

τ u∥2
0

) 1
2
.

This observation shows in particular that ∂τ is a bounded linear operator
H t

per(0, 2π;C) → H t−1
per (0, 2π;C) for t ∈ N.

Definition 1.19. Let t ∈ R and n ∈ N. The space H t
per(0, 2π;Cn) is defined by compo-

nentwise extension of the above definitions .

The following technical result involving both classical and Sobolev spaces is used in
Section 4.1.

Proposition 1.20. Suppose that u ∈ Ck
(
[0, T ];H t

per(0, 2π;C)
)

is given by

u(ξ, τ) = 1√
2π

∑
m∈Z

um(ξ)eimτ .

It follows that um ∈ Ck([0, T ];C) and ∂l
ξu ∈ Ck−l

(
[0, T ];H t

per(0, 2π;C)
)

with

∂l
ξu(ξ, τ) = 1√

2π
∑
m∈Z

u(l)
m (ξ)eimτ

for each l = 1, . . . , k.

Proof. Note that the functions um : [0, T ] → C are given by

um(ξ) = 1√
2π

∫ 2π

0
u(ξ, τ)e−imτ dτ =

〈
u(ξ), eim(·)

〉
L2

per

The continuity of the inner product on the right-hand side implies that we can inter-
change limits with respect to ξ and the integration with respect to τ . In particular we
have that um ∈ Ck([0, T ];C) with

u′
m(ξ) = 1√

2π

∫ 2π

0
∂ξu(ξ, τ)e−imτ dτ =

〈
∂ξu(ξ), eim(·)

〉
L2

per
.

On the other hand, since ∂ξu ∈ C
(
[0, T ];H t

per(0, 2π;C)
)

we have that

∂ξu(ξ, τ) = 1√
2π

∑
m∈Z

vm(ξ)eimτ ,

where vm : [0, T ] → C is given by

vm(ξ) = 1√
2π

∫ 2π

0
∂ξu(ξ, τ)e−imτ dτ =

〈
∂ξu(ξ), eim(·)

〉
L2

per
= u′

m(ξ).
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It follows that
∂ξu(ξ, τ) = 1√

2π
∑
m∈Z

u′
m(ξ)eimτ

and thus inductively

∂l
ξu(ξ, τ) = 1√

2π
∑
m∈Z

u(l)
m (ξ)eimτ , l = 1, . . . , k.

■

Definition 1.21. Suppose that X is a complex Banach space, I an interval and t ∈ N0.
The space H t(I;X) is the completion of C∞(I;X) with respect to the norm

∥u∥Ht(I;X) =
( t∑

k=0

∫
I

∥∂k
τ u∥2

X

) 1
2
.

44



2 Mathematical formulation

We consider the equation

vξ = Aε(v)vτ +Bε(v), (2.1)

where v(ξ, τ) ∈ Rn is 2π-periodic in its second argument and A, B are respectively
matrix- and vector-valued functions of (ε, v) defined in a neighbourhood of the origin in
R × Rn. We refer to equation (2.1) as semilinear if Aε(x) is a constant function of x,
that is Aε(x) = Aε(0), and quasilinear otherwise. The hypotheses on the functions A
and B are as follows.

Assumptions 1.

(i) The matrix-valued function A : R × Rn → Rn×n is analytic at the origin.
The function B : R × Rn → Rn is analytic at the origin with Bε(0) = 0.
Both A and B are even functions of ε.

(ii) The matrix Aε(0) is strictly hyperbolic, that is it has n distinct real eigenvalues.
(iii) There exists a matrix-valued function S : R × Rn → Rn×n such that S is analytic

at the origin and Sε(x), Sε(x)Aε(x) are symmetric with

|y|2 ≲ ⟨Sε(x)y, y⟩ ≲ |y|2, y ∈ Rn,

uniformly over (ε, x) in a neighbourhood of the origin in R × Rn.
This assumption is not needed if Aε is constant. In this case we set

Sε(x) = Sε(0) = I

for notational simplicity below.
(iv) There exists a matrix T ∈ Rn×n such that T 2 = I and

Aε(Tx)T = TAε(x), Bε(Tx) = −TBε(x), Sε(0)T = TSε(0).

The existence of the matrix T guarantees that equation (2.1) is reversible, that
is invariant under the transformation ξ 7→ −ξ, v 7→ Rv, where the reverser R is
defined by the formula

(Rv)(τ) = Tv(−τ).
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2 Mathematical formulation

A standard approach to find solutions to the quasilinear system (2.1) is the construc-
tion of a priori energy estimates, the proof of which requires the symmetrisation of the
matrix Aε(v) via multiplication by the matrix Sε(v) (see Benzoni-Gavage & Serre [1,
Chapter 10]). The symmetrisation clearly changes the spectrum of the linearisation of
the right-hand side of equation (2.1), the structure of which plays an important role in
our analysis. We therefore symmetrise the linear part of the equation as a preliminary
step and later use a further near-identity symmetrisation.

We use the change of variable u = Sε(0) 1
2v in equation (2.1) and write the transformed

equation in terms of its linear and nonlinear parts as

uξ = Lεu+N ε(u) (2.2)

with
Lεu = Sε(0) 1

2Aε(0)Sε(0)− 1
2uτ + Sε(0) 1

2∂Bε[0]Sε(0)− 1
2u

and

N ε(u) = Sε(0) 1
2
(
Aε(Sε(0)− 1

2u) − Aε(0)
)
Sε(0)− 1

2uτ

+ Sε(0) 1
2
(
Bε(Sε(0)− 1

2u) − ∂Bε[0]Sε(0)− 1
2u
)
,

where ∂Bε[·] denotes the partial derivative of B with respect to u. For notational
simplicity we define

Ãε(u) = Sε(0) 1
2Aε(Sε(0)− 1

2u)Sε(0)− 1
2 , B̃ε(u) = Sε(0) 1

2Bε(Sε(0)− 1
2u) (2.3)

so that
Lεu = Ãε(0)uτ + ∂B̃ε[0]u.

Remark 2.1.

(i) Due to Assumptions 1(ii) the matrix Ãε(0) = Sε(0) 1
2Aε(0)Sε(0)− 1

2 is strictly
hyperbolic since it is similar to the matrix Aε(0). Moreover Ãε(0) is symmetric
since Sε(0)Aε(0), Sε(0)− 1

2 are symmetric and

Ãε(0) = Sε(0) 1
2Aε(0)Sε(0)− 1

2 = Sε(0)− 1
2Sε(0)Aε(0)Sε(0)− 1

2 .

(ii) Since the matrices T and Sε(0) commute, the transformed functions Ã and B̃
satisfy

Ãε(Tx)T = TÃε(x), B̃ε(Tx) = −TB̃ε(x).

We now specify the relevant function spaces for the system (2.2). Define

X t = H t
per(0, 2π;Cn)
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2.1 Spectral analysis

for arbitrary t ≥ 0, so that in particular Lε ∈ L(X t+1,X t). Note that a function u ∈ X t

admits a Fourier series expansion

u(τ) = 1√
2π

∑
m∈Z

umeimτ , (2.4)

where the coefficient vectors um ∈ Cn satisfy the reality condition um = u−m for each
m ∈ Z if u is real-valued. We therefore have that

X t =
⊕
m∈Z

Em,

where
Em = {ueimτ : u ∈ Cn}, m ∈ Z.

For later use, we also define Pk : X t → X t, k ∈ Z, to be the natural projection onto the
subspace Ek, that is

Pk

( 1√
2π

∑
m∈Z

umeimτ
)

= 1√
2π
ukeikτ .

We study the nonlinear system (2.2) in the real subspace of real-valued functions in the
Banach algebra X s for a fixed integer s > 1

2 , so that the domain of the vector field on
its right-hand side is a neighbourhood of the origin in the real subspace of real-valued
functions in X s+1.

2.1 Spectral analysis

Spectrum of the linearised system
We first examine the spectrum of the linear operator Lε on the right-hand side of

equation (2.2). It follows from the expansion (2.4) that

(Lεu)(τ) = 1√
2π

∑
m∈Z

Lε
m(umeimτ ) = 1√

2π
∑
m∈Z

(
imÃε(0) + ∂B̃ε[0]

)
umeimτ ,

and we have that
σ(Lε) =

⋃
m∈Z

σ
(
imÃε(0) + ∂B̃ε[0]

)
,

that is the spectrum of the operator Lε is discrete. We refer to (λ, u) ∈ C × Cn as a
mode m eigenpair of Lε if

Lεueimτ = λueimτ ,

so that (λ, u) is an eigenpair of the matrix imÃε(0) + ∂B̃ε[0]. We make the following
assumptions concerning the mode m eigenvalues.

47



2 Mathematical formulation

Assumptions 2.

(i) The mode m eigenvalues, that is the eigenvalues of the matrix imÃε(0) + ∂B̃ε[0],
are geometrically simple for each m ∈ Z.

(ii) There exists ω ≥ 0 such that a non-semisimple collision takes place in modes ±1
for ε = 0 at ±iω, that is as ε ↓ 0 two pairs of simple complex mode ±1 eigenvalues
of the operator Lε collide to form geometrically simple and algebraically double
eigenvalues ±iω, i.e. a Jordan block of the matrix ±iÃ0(0)+∂B̃0[0] (see Figure 2.1).

(iii) All further eigenvalues of Lε are assumed to be semisimple. Moreover we suppose
that ±iω is not in resonance with any other eigenvalue of L0 (that is no other
eigenvalue of L0 is an integer multiple of ±iω).

(iv) The number −ω is not an eigenvalue of the matrix Ã0(0).

Re

Im

ε = 0

Re

Im

ε > 0

Figure 2.1: A reversible (iω)2 resonance takes place in modes ±1 at ε = 0.

Differentiating the identity
B̃ε(Tu) = −TB̃ε(u)

with respect to u at 0 yields
∂B̃ε[0]T = −T∂B̃ε[0]

so that
(imÃε(0) + ∂B̃ε[0])T = −T (−imÃε(0) + ∂B̃ε[0]).

For a mode m eigenpair (λ, u) we thus find that

Lεueimτ = λueimτ , Lεue−imτ = λue−imτ , (2.5)
LεTue−imτ = −λTue−imτ , LεTueimτ = −λTueimτ . (2.6)

In fact, if (λ, u) is a mode m eigenpair then (−λ, Tu) is a mode m eigenpair and
(λ, u), (−λ, Tu) are mode −m eigenpairs, so that the spectrum of Lε is symmetric
with respect to the real and imaginary axes as shown in Figure 2.2. Special cases arise
when λ is real or purely imaginary. If λ = iν for some ν ∈ R then iν is a mode m eigen-
value, −iν is a mode −m eigenvalue and ±iν are geometrically simple eigenvalues of Lε.
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2.1 Spectral analysis

If λ is real then λ and −λ are both mode m and mode −m eigenvalues and therefore
geometrically double eigenvalues of Lε if m ̸= 0 and geometrically simple eigenvalues of
Lε if m = 0.

Re

Im

λ (mode m, vector u)

λ (mode −m, vector u)

(mode m, vector Tu) −λ

(mode −m, vector Tu) −λ

Figure 2.2: Symmetry in the spectrum of the operator Lε.

In the next step we conclude from the above symmetry that the mode m eigenvalues
of Lε are purely imaginary for sufficiently large |m| independently of ε. To this end we
need the following result which states that the eigenvalues and eigenvectors of perturbed
matrices depend analytically upon the perturbation parameter.

Proposition 2.2. Suppose that P ε, Qε ∈ Cd×d depend analytically upon ε in a neigh-
bourhood of the origin and the matrix P 0 has d simple eigenvalues λ0

0,1, . . . , λ
0
0,d.

(i) For all values of (ε, δ) in a sufficiently small neighbourhood Λ of the origin in R2

the matrix Kε
δ = P ε + δQε has d simple eigenvalues λε

δ,1, . . . , λ
ε
δ,d which depend

analytically upon (ε, δ) ∈ Λ. Furthermore, the corresponding normalised eigenvec-
tors vε

δ,1, . . . , v
ε
δ,d also depend analytically upon (ε, δ) ∈ Λ, so that the matrix

Qε
δ = (vε

δ,1| · · · |vε
δ,d)

depends analytically upon (ε, δ) ∈ Λ as an element of L(Cd).
(ii) The matrix Qε

δ is invertible and its inverse (Qε
δ)−1 ∈ L(Cd) depends analytically

upon (ε, δ) ∈ Λ.

Proof.
(i) Denote the normalised eigenvectors corresponding to the simple eigenvalues

λ0
0,1, . . . , λ

0
0,d of P 0 by v0

0,1, . . . , v
0
0,d and define F : Cd+1 × R2 → Cd × R by the

formula
F (v, λ, δ, ε) =

(
Kε

δv − λv
|v|2 − 1

)
.

Note that for fixed i ∈ {1, . . . , d} we have that

F (v0
0,i, λ

0
0,i, 0, 0) = 0
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2 Mathematical formulation

and
d1,2F [v, λ, δ, ε]

(
w
η

)
=
(
Kε

δw − λw − ηv
2 Re⟨v, w⟩

)
,

so that in particular

d1,2F [v0
0,i, λ

0
0,i, 0, 0] =

(
K0

0 − λ0
0,iI −v0

0,i

2 Re⟨v0
0,i, ·⟩ 0

)
.

We show that this matrix is invertible by contradiction. Suppose its kernel is
non-trivial, i.e.

d1,2F [v0
0,i, λ

0
0,i, 0, 0]

(
w
η

)
=
(

0
0

)
for some (w, η) ̸= (0, 0). It follows that

(K0
0 − λ0

0,iI)w = ηv0
0,i, Re⟨v0

0,i, w⟩ = 0,

so that w ̸= 0 (since w = 0 implies η = 0). Hence w is a generalised eigenvector
to the eigenvalue λ0

0,i of K0
0 = P 0, which contradicts the fact that λ0

0,i is a simple
eigenvalue.

The existence and analytic dependence upon δ and ε of λε
δ,1, . . . , λ

ε
δ,d and

vε
δ,1, . . . , v

ε
δ,d now follow from the analytic implicit function theorem. Note that

(if Λ is chosen sufficiently small) λε
δ,1, . . . , λ

ε
δ,d are distinct (and hence simple) since

λ0
0,1, . . . , λ

0
0,d are distinct.

(ii) First we note that Qε
δ is invertible since vε

δ,1, . . . , v
ε
δ,d are linearly independent.

Define G : L(Cd) × Λ → L(Cd) by

G(Q, ε, δ) = Qε
δQ− I,

so that
G((Q0

0)−1, 0, 0) = Q0
0(Q0

0)−1 − I = 0
and

d1G[(Q0
0)−1, 0, 0](Q̃) = Q0

0Q̃,

that is d1G[(Q0
0)−1, 0, 0] : L(Cd) → L(Cd) is invertible since Q0

0 is invertible. By
the analytic implicit function theorem the equation

G(Q, ε, δ) = 0

has a unique solution Q = Q(ε, δ) which depends analytically upon (ε, δ) ∈ Λ (if Λ
is chosen sufficiently small). However the solution to this equation is Q = (Qε

δ)−1.
■
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2.1 Spectral analysis

In particular it follows from Proposition 2.2 that for sufficiently large values of |m|
(independently of ε) the eigenvalues and normalised eigenvectors of the matrix
imÃε(0) + ∂B̃ε[0] depend analytically upon ε in a neighbourhood of the origin which
is independent of m. For the remaining finitely many values of m the same statement
follows due to the perturbation theory given by Kato [15, II-§1]. The eigenvalues and
normalised eigenvectors of the operator Lε therefore also depend analytically upon ε in
a neighbourhood of the origin.

Proposition 2.3. The number of eigenvalues of the operator Lε with non-zero real part,
excluding the analytic perturbations of ±iω in modes ±1 (see Assumptions 2(ii)), is finite
and does not depend upon ε.

Proof. Denote by respectively λε
1(m), . . . , λε

n(m) and iµε
1, . . . , iµε

n the eigenvalues of the
matrices iÃε(0) + 1

m
∂B̃ε[0] and iÃε(0). It follows from Proposition 2.2 that

λε
j(m) → iµε

j , j = 1, . . . , n,

as |m| → ∞ uniformly over ε. Recall that Im(µε
j) = 0 for j = 1, . . . , n (Assump-

tions 1(ii)) and that µε
j ̸= µε

k if j ̸= k for all values of ε (see Remark 2.1(i)). Hence there
exist M ∈ N and κ > 0, both independent of ε, with the properties that

Bκ(iµε
j) ∩Bκ(iµε

k) = ∅, j ̸= k,

and λε
j(m) ∈ Bκ(iµε

j) for |m| ≥ M . The matrix iÃε(0) + 1
m
∂B̃ε[0] therefore has n dis-

tinct eigenvalues λε
1(m), . . . , λε

n(m) for m ≥ M . We know that for fixed m ∈ Z \ {0}
the spectrum of the matrix imÃε(0) + ∂B̃ε[0], and hence of iÃε(0) + 1

m
∂B̃ε[0], is

symmetric with respect to the imaginary axis. We conclude that Re(λε
j(m)) = 0, for

otherwise the symmetry of the spectrum would imply that −λε

j(m) is a second eigenvalue
of iÃε(0) + 1

m
∂B̃ε[0] in Bκ(iµε

j) which is a contradiction.
Because of

σ
(
imÃε(0) + ∂B̃ε[0]

)
= mσ

(
iÃε(0) + 1

m
∂B̃ε[0]

)
,

we conclude that ⋃
|m|>M

σ
(
imÃε(0) + ∂B̃ε[0]

)
contains only purely imaginary eigenvalues. Thus

σ(Lε) =
⋃

m∈Z
σ
(
imÃε(0) + ∂B̃ε[0]

)
contains only finitely many eigenvalues with non-zero real part.

Since all eigenvalues, with the exception of ±iω in modes ±1 at ε = 0, are algebraically
simple (Assumptions 2(i) and 2(iii)), there are no additional (necessarily non-semisimple)
eigenvalue collisions on the imaginary axis as ε is varied. The number of eigenvalues
of Lε with non-zero real part, excluding the analytic perturbations of ±iω, is therefore
independent of ε. ■
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2 Mathematical formulation

The operator Lε is a ‘direct sum’ of mode m operators Lε
m defined on Em by

Lε
m(umeimτ ) =

(
imÃε(0) + ∂B̃ε[0]

)
umeimτ ,

where Lε and Lε
m depend analytically upon ε due to Assumptions 1(i). In the spectral

analysis below we construct the spectral projections for Lε as a similar direct sum of the
spectral projections for Lε

m. To establish their analytic dependence upon ε we use the
following result whose proof is given in Section 2.4.

Lemma 2.4. Suppose that T ε
m ∈ L(Cd) depends analytically upon ε in a neighbourhood

of the origin uniformly over m ∈ Z. The formula

(T εu)(τ) = 1√
2π

∑
m∈Z

(T ε
mum)eimτ

defines an operator T ε ∈ L(X t) for all t ≥ 0 which depends analytically upon ε in the
same neighbourhood of the origin.

Formulation as a coupled system
We conclude from Proposition 2.3 that the spectrum of Lε decomposes into a finite

subset of hyperbolic eigenvalues with non-zero real part and an infinite subset of purely
imaginary centre eigenvalues. Our aim is to write equation (2.2) as a coupled system by
applying the corresponding spectral projections.

We call the semisimple analytic perturbations of the eigenvalues iω of L0|E1 and
−iω of L0|E−1 (see Assumptions 2(ii)) the weakly hyperbolic eigenvalues, since they are
complex for ε > 0 and become purely imaginary for ε = 0. The weakly hyperbolic
eigenvalues form respectively an (iω)-group and a (−iω)-group in the sense of Kato
[15, pp. 65–66], so that the corresponding spectral projections P 1,ε

wh and P−1,ε
wh are ana-

lytic at ε = 0. The remaining (finitely many) eigenvalues which have non-zero real part
for all ε are called strongly hyperbolic eigenvalues. For m ∈ Z the respective spectral
projections Pm,ε

c : Em → Em and Pm,ε
sh : Em → Em associated with the centre eigenvalues

of Lε|Em and the strongly hyperbolic eigenvalues of Lε|Em depend analytically upon ε.
Since Proposition 2.3 implies that Pm,ε

sh = Pm,0
sh = 0 and Pm,ε

c = Pm,0
c = I for sufficiently

large |m|, the analytic dependence upon ε is uniform over m ∈ Z and the formulae

(P ε
whu)(τ) = 1√

2π
(
P−1,ε

wh (u−1e−iτ ) + P 1,ε
wh (u1eiτ )

)
,

(P ε
shu)(τ) = 1√

2π
∑
m∈Z

Pm,ε
sh (umeimτ ), (P ε

c u)(τ) = 1√
2π

∑
m∈Z

Pm,ε
c (umeimτ ) (2.7)

define projections P ε
wh, P

ε
sh, P

ε
c : X t → X t for all t ≥ 0 which depend analytically upon ε

due to Lemma 2.4 and satisfy P ε
wh+P ε

sh+P ε
c = I. A direct calculation using the symmetry

in equations (2.5), (2.6) shows that P−1,ε
wh +P 1,ε

wh , P−m,ε
sh +Pm,ε

sh and P−m,ε
c +Pm,ε

c commute
with the reverser R so that the same is true for P ε

wh, P ε
sh and P ε

c .
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2.1 Spectral analysis

We apply the projections P ε
wh and P ε

sh,c = P ε
sh + P ε

c to equation (2.2) and write

zε = P ε
whu, qε = P ε

sh,cu

to obtain the reversible coupled system

zε
ξ = Lεzε + P ε

whN
ε(zε + qε), (2.8)

qε
ξ = Lεqε + P ε

sh,cN
ε(zε + qε). (2.9)

This formulation has the disadvantage that the spaces P ε
whX t and P ε

sh,cX t depend
upon the parameter ε. The ε-dependence is removed by applying a Kato similarity
transformation U ε with the property that

U εP 0
wh(U ε)−1 = P ε

wh, U εP 0
sh(U ε)−1 = P ε

sh, U εP 0
c (U ε)−1 = P ε

c .

The operator U ε is constructed as the direct sum of mode m similarity transformations
U ε

m ∈ L(Em) such that

P±1,ε
wh = U ε

±1P
±1,0
wh (U ε

±1)−1, Pm,ε
sh = U ε

mP
m,0
sh (U ε

m)−1, Pm,ε
c = U ε

mP
m,0
c (U ε

m)−1.

The analytic dependence of U ε upon ε is deduced from Proposition 2.2. The construction
of the similarity transformations U ε

m is based on the following result deduced from Kato
[15, II-§4]. Its proof is presented in Section 2.4.

Lemma 2.5. Let X be a Banach space, J ∈ L(X) with the property that J2 = I, and
P ε

1 , . . . , P
ε
l ∈ L(X) be projections which depend analytically upon ε in a neighbourhood

of the origin and satisfy

P ε
i J = JP ε

i , P ε
i P

ε
j = δijP

ε
i , i, j = 1, . . . , l,

and
l∑

i=1
P ε

i = I.

There exists U ε ∈ L(X) which is invertible such that

U εP 0
i (U ε)−1 = P ε

i , i = 1, . . . , l.

Furthermore, U ε, (U ε)−1 depend analytically upon ε and U εJ = JU ε.

For each m ∈ Z Lemma 2.5 guarantees the existence of U ε
m ∈ L(Em) which depends

analytically upon ε, commutes with the reverser R, and satisfies

P±1,ε
wh = U ε

±1P
±1,0
wh (U ε

±1)−1, Pm,ε
sh = U ε

mP
m,0
sh (U ε

m)−1, Pm,ε
c = U ε

mP
m,0
c (U ε

m)−1,

where the inverse (U ε
m)−1 also depends analytically upon ε (in the same neighbourhood

of the origin as P±1,ε
wh , Pm,ε

sh and Pm,ε
c ). Note that the analytic dependence is uniform
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over m ∈ Z, since Pm,ε
sh = Pm,0

sh = 0 and Pm,ε
c = Pm,0

c = I for sufficiently large values of
|m|. By Lemma 2.4 the formula

U εv = 1√
2π

∑
m∈Z

U ε
m(vmeimτ )

defines an invertible linear operator U ε ∈ L(X t) for all t ≥ 0 which depends analytically
upon ε, commutes with the reverser R, and whose inverse is given by

(U ε)−1w = 1√
2π

∑
m∈Z

(U ε
m)−1(wmeimτ ).

We conclude that P ε
wh = U εP 0

wh(U ε)−1, P ε
sh = U εP 0

sh(U ε)−1 and P ε
c = U εP 0

c (U ε)−1.
To simplify the notation we write Pwh, Psh, Pc instead of P 0

wh, P 0
sh, P 0

c . The finite-
dimensional subspaces Xwh = P 0

whX t and Xsh = P 0
shX t (which are equal for all values of

t ≥ 0) are called respectively the weakly hyperbolic subspace and the strongly hyperbolic
subspace of L0. The subspace X t

c = P 0
c X t (of regularity t ≥ 0) is called the centre

subspace of L0. Moreover we define Xh = Xwh ⊕ Xsh, X t
sh,c = Xsh ⊕ X t

c as well as
P ε

h = P ε
wh + P ε

sh, P ε
sh,c = P ε

sh + P ε
c and analogously write Ph, Psh,c instead of P 0

h , P 0
sh,c.

Remark 2.6. The spectral projection Pm,0
c is given by

Pm,0
c v = 1

2πi

∫
γm

c

(λI − L0)−1 dλ,

where γm
c is a closed, positively-orientated curve enclosing the purely imaginary eigen-

values of the operator L0
m (see Kato [15, II-§1.4]). Its image is given by the linear span of

the corresponding eigenvectors. It thus follows from the definition (2.7) that the space
X t

c is the completion (with respect to the H t
per-norm) of the set of all eigenvectors of the

operators L0
m, for all m ∈ Z, which correspond to purely imaginary eigenvalues.

In the theory below we work under the additional assumption that the four-dimensional
space P ε

whX t is independent of ε, that is P ε
whX t = P 0

whX t = Xwh for all ε (see Assump-
tions 3), so that equation (2.8) is posed in the fixed, ε-independent space Xwh. To further
formulate equation (2.9) in the fixed space X s

sh,c we write qε = U εq with q ∈ X s+1
sh,c . Writ-

ing zε as z for notational simplicity, we thus obtain the reversible coupled system
zξ = Lε

whz + f ε(z, q), (2.10)
qξ = Lε

sh,cq + Psh,c
(
gε

1(z, q)qτ

)
+ gε

2(z, q) + hε(z), (2.11)
with

Lε
wh = Lε|Xwh , Lε

sh,c = (U ε)−1LεU ε|X t+1
sh,c

(t ≥ 0)
and the nonlinearities
f ε(z, q) = P ε

wh

(
Ãε(z + U εq)(z + U εq)τ − Ãε(0)zτ + B̃ε(z + U εq) − ∂B̃ε[0]z

)
,

gε
1(z, q) = (U ε)−1

(
Ãε(z + U εq) − Ãε(0)

)
U ε,

gε
2(z, q) = Psh,c(U ε)−1

(
(Ãε(z + U εq) − Ãε(z))zτ + B̃ε(z + U εq) − B̃ε(z) − ∂B̃ε[0]U εq

)
,

hε(z) = Psh,c(U ε)−1
(
Ãε(z)zτ + B̃ε(z)

)
.
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2.1 Spectral analysis

Note that equation (2.11) is stated in the fixed, ε-independent space X s
sh,c, the domain

of its right-hand side being Xwh × X s+1
sh,c . For later use we also define

Lε
sh = (U ε)−1LεU ε|Xsh , Lε

c = (U ε)−1LεU ε|X t+1
c

(t ≥ 0)

as well as Rwh = R|Xwh , Rsh = R|Xsh , Rc = R|X t
c . For all t > 1

2 the nonlinearities in
equations (2.10), (2.11) are analytic at the origin and satisfy the estimates

∥f ε(z, q)∥Xwh = O(∥q∥X t
sh,c

∥(z, q)∥Xwh×X t
sh,c

+ ∥(z, q)∥3
Xwh×X t

sh,c
), (2.12)

∥gε
1(z, q)∥t = O(∥(z, q)∥Xwh×X t

sh,c
), (2.13)

∥gε
2(z, q)∥X t

sh,c
= O(∥q∥X t

sh,c
∥(z, q)∥Xwh×X t

sh,c
), (2.14)

∥hε(z)∥X t
sh,c

= O(∥z∥2
Xwh

). (2.15)

Coordinates
We end this section by introducing suitable coordinates for the spaces Xwh and X s

sh,c
in equations (2.10), (2.11) which are spanned by the eigenvectors of L0. Due to the
symmetry of the spectrum of L0 illustrated in Figure 2.2 we can decompose the spaces
E−m⊕Em, m ∈ N0, (and hence the spaces Xwh and X s

sh,c) into a direct sum of respectively
four- and two-dimensional L0-invariant subspaces. We first give explicit representations
of the operator L0 restricted to these subspaces.

λ ̸= ±iω and Im λ ̸= 0 if m = 0: Suppose that (λ, u) is a mode m eigenpair of L0

with λ ̸= ±iω and that Im λ ̸= 0 if m = 0. If Reλ ̸= 0, equations (2.5), (2.6) show that
{ueimτ , ue−imτ , Tueimτ , Tue−imτ } is a basis for the L0-invariant subspace associated with
the eigenvalue quartet ±λ,±λ, and the matrices of L0 and R with respect to this basis
are respectively 

λ 0 0 0
0 λ 0 0
0 0 −λ 0
0 0 0 −λ

 ,


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 .
If Reλ = 0, Assumptions 2(i) imply that u and Tu are linearly dependent (see equations
(2.5), (2.6)). By replacing u by i(u−Tu) if necessary, we may assume that u = Tu. Thus
{ueimτ , ue−imτ } is a basis for the L0-invariant subspace associated with the eigenvalue
pair ±λ and the matrices of L0 and R with respect to this basis are respectively(

λ 0
0 −λ

)
,

(
0 1
1 0

)
.

m = 0 and Im λ = 0: Suppose that (λ, u) is a mode 0 eigenpair with Im λ = 0.
Assumptions 2(i) force u and u to be linearly dependent, and by replacing u by i(u− u)
if necessary we may assume that u = u. Thus {u, Tu} is a basis for the real L0-invariant
subspace associated with the eigenvalue pair ±λ and the matrices of L0 and R with
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2 Mathematical formulation

respect to this basis are respectively(
λ 0
0 −λ

)
,

(
0 1
1 0

)
.

λ = ±iω: Consider the geometrically simple, algebraically double eigenvalues ±iω in
modes ±1 (see Assumptions 2(ii)). There exist u, v ∈ Cn with

L0ueiτ = iωueiτ , L0veiτ = iωveiτ + ueiτ (2.16)

and

L0ue−iτ = −iωue−iτ , L0ve−iτ = −iωve−iτ + ue−iτ . (2.17)

By symmetry we also have that

L0Tue−iτ = −iωTue−iτ , L0Tve−iτ = −iωTve−iτ − Tue−iτ

and since the eigenvalue −iω is geometrically simple, we find Tu and u to be linearly
dependent. By replacing u and v with respectively i(u− Tu) and i(v+ Tv) if necessary,
we may assume that Tu = u and Tv = −v. Hence {ueiτ , veiτ , ue−iτ , ve−iτ } is a basis for
the weakly hyperbolic subspace Xwh and the matrices of L0 and R with respect to this
basis are respectively 

iω 1 0 0
0 iω 0 0
0 0 −iω 1
0 0 0 −iω

 ,


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 .

Assumptions 2(ii) state that for ε > 0 the operator Lε has a pair of simple complex
mode 1 eigenvalues i(ω + νε) ± λε with the corresponding complex conjugate mode −1
eigenvalues −i(ω + νε) ± λε. Here λε and νε are (real-valued) analytic functions of ε.
We make the following assumptions on the qualitative behaviour of λε, νε and the form
of the mode ±1 eigenvectors for ε > 0.

Assumptions 3. The functions λε and νε satisfy

λε = ε+ O(ε2), νε = O(ε).

For ε > 0 the vectors (u+λεv)eiτ , (u−λεv)eiτ and (u+λεv)e−iτ , (u−λεv)e−iτ are mode
±1 eigenvectors of Lε with corresponding eigenvalues i(ω+νε) ±λε and −i(ω+νε) ±λε,
that is

Lε(ueiτ ± λεveiτ ) = (i(ω + νε) ± λε)(ueiτ ± λεveiτ ),
Lε(ue−iτ ± λεve−iτ ) = (−i(ω + νε) ± λε)(ue−iτ ± λεve−iτ ).
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2.1 Spectral analysis

It follows that the matrix of the operator Lε
wh for ε > 0 with respect to the ordered

basis {ueiτ , veiτ , ue−iτ , ve−iτ } for Xwh is given by

Lε
wh =


i(ω + νε) 1 0 0

(λε)2 i(ω + νε) 0 0
0 0 −i(ω + νε) 1
0 0 (λε)2 −i(ω + νε)

 .

We conclude from Assumptions 3 and

T (u+ λεv) = (u− λεv)

that

LεT (u+ λεv)e−iτ = −(i(ω + νε) + λε)T (u+ λεv)e−iτ ,

LεT (u+ λεv)eiτ = (i(ω + νε) − λε)T (u+ λεv)eiτ ,

which verifies that Assumptions 3 are compatible with the symmetry shown in equations
(2.5), (2.6).

We now introduce some notation for the individual eigenvalues and the corresponding
eigenvectors of L0

sh,c. Define r±1 = n − 2 and rm = n for m ∈ Z \ {±1}, denote by
λm,1, . . . , λm,rm the simple mode m eigenvalues of L0

sh,c, and let {em,1eimτ , . . . , em,rmeimτ }
be a basis for the rm-dimensional, L0

sh,c-invariant subspace associated to these eigenval-
ues with |em,r| = 1 for each m ∈ Z, r = 1, . . . , rm. Denoting by σm the (even) number
of strongly hyperbolic mode m eigenvalues (so that σm = σ−m) we number the eigen-
values and eigenvectors so that λm,1, . . . , λm,rm−σm are purely imaginary for m ∈ Z and
λm,r = λ−m,r, em,r = e−m,r for m ∈ Z \ {0}. More precise book keeping for the mode
0 eigenvalues is necessary in order to formulate appropriate reality conditions for the
coefficients in the expansions below. Let r(1)

0 be the number of real mode 0 eigenvalues
and r

(2)
0 be the number of eigenvalues with non-zero imaginary part (so that r(1)

0 and
r

(2)
0 are even). In keeping with the symmetry we denote these eigenvalues by

λ
(1)
0,− 1

2 r
(1)
0
, . . . , λ

(1)
0,−1, λ

(1)
0,1, . . . , λ

(1)
0, 1

2 r
(1)
0
, λ

(2)
0,− 1

2 r
(2)
0
, . . . , λ

(2)
0,−1, λ

(2)
0,1, . . . , λ

(2)
0, 1

2 r
(2)
0
,

and number them such that

λ
(1)
0,−r = −λ(1)

0,r, r = 1, . . . , 1
2r

(1)
0

and
λ

(2)
0,−r = λ

(2)
0,r, r = 1, . . . , 1

2r
(2)
0 .
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In particular we have the decompositions

E0 =
1
2 r

(1)
0⊕

r=1
E

(1)
0,r ⊕

1
2 r

(2)
0⊕

r=1
E

(2)
0,r ,

E−1 ⊕ E1 = Xwh ⊕
r1⊕

r=1
E1,r,

E−m ⊕ Em =
rm⊕
r=1

Em,r, m ≥ 2,

where

E
(1)
0,r = ⟨e(1)

0,r, T e
(1)
0,r⟩, r = 1, . . . , 1

2r
(1)
0 ,

E
(2)
0,r = ⟨e(2)

0,r, e
(2)
0,r⟩, r = 1, . . . , 1

2r
(2)
0 ,

and
Em,r = ⟨em,reimτ , em,re−imτ ⟩, r = 1, . . . , rm

for m ≥ 1.

Remark 2.7. The matrix of L0
sh,c|E(1)

0,r
with respect to the basis {e(1)

0,r, T e
(1)
0,r} is given by

(
λ

(1)
0,r 0
0 −λ(1)

0,r

)
,

the matrix of L0
sh,c|E(2)

0,r
with respect to the basis {e(2)

0,r, e
(2)
0,r} is given by

λ(2)
0,r 0
0 λ

(2)
0,r


and the matrix of L0

sh,c|Em,r , m ≥ 1, with respect to the basis {em,reimτ , em,re−imτ } is
given by (

λm,r 0
0 λm,r

)
.

Real-valued functions z in Xwh are written as

z(τ) = z1ueiτ + z2veiτ + z1ue−iτ + z2ve−iτ , z1, z2 ∈ C. (2.18)

and real-valued functions q in X t
sh,c as

q(τ) =
∑
m∈Z

1≤r≤rm

qm,rem,reimτ

=
∑

− 1
2 r

(1)
0 ≤r≤ 1

2 r
(1)
0

r ̸=0

q
(1)
0,re

(1)
0,r +

∑
− 1

2 r
(2)
0 ≤r≤ 1

2 r
(2)
0

r ̸=0

q
(2)
0,re

(2)
0,r +

∑
m∈Z\{0}
1≤r≤rm

qm,rem,reimτ ,
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where the coefficients qm,r ∈ C satisfy the reality conditions

qm,r = q−m,r, m ∈ Z \ {0}, (2.19)

as well as

q
(1)
0,r = q

(1)
0,r, r = ±1, . . . ,±1

2r
(1)
0 , (2.20)

q
(2)
0,−r = q

(2)
0,r, r = 1, . . . , 1

2r
(2)
0 . (2.21)

In Lemma 2.15 below we use the above coordinates particularly for the strongly hyper-
bolic part Z = Pshq of q. Recall that the strongly hyperbolic subspace Xsh of L0 is
finite-dimensional (see Proposition 2.3), that is

Xsh ⊆ E0 ⊕ (E−m1 ⊕ Em1) ⊕ · · · ⊕ (E−md
⊕ Emd

)

for finitely many m1, . . . ,md ∈ N and in particular σm = 0 for m ̸∈ {0,±m1, . . . ,±md}.
For notational simplicity we define m0 = 0 and therefore obtain

Z(τ) =
∑

m∈{±m0,...,±md}
rm−σm+1≤σ≤rm

Zm,σem,σeimτ

(due to the numbering of the eigenvalues), where we have written Zm,σ instead of qm,σ

to denote the coefficients of Z = Pshq.
Next we consider the change of basis matrices Qm, where

Q1 = (e1,1| · · · |e1,n−2|u|v), Q−1 = (e1,1| · · · |e1,n−2|u|v)

and
Qm = (em,1| · · · |em,n) (m ∈ Z \ {±1}),

from the canonical basis {e1, . . . , en} for Cn to the bases {e1,1, · · · , e1,n−2, u, v},
{e1,1, · · · , e1,n−2, u, v} and {em,1, . . . , em,n}, respectively. We use the following auxiliary
fact, which states that the inverse change of basis matrices Q−1

m are bounded indepen-
dently of m ∈ Z, in order to avoid small divisor problems in the estimates for the
normal-form transformations in Chapter 3 below.

Proposition 2.8. The change of basis matrix Qm satisfies

∥Q−1
m ∥ ≲ 1

for all m ∈ Z.

Proof. Suppose that m ∈ Z \ {±1} and note that

Q−1
m = 1

detQm

Q#
m

59



2 Mathematical formulation

where the entries of the adjunct matrix Q#
m are given by

(Q#
m)ij = (−1)i+j det (em,1| · · · |em,i−1|ej|em,i+1| · · · |em,n).

Recalling that, due to Proposition 2.2, the vectors em,r depend continuously upon m
and satisfy lim|m|→∞ em,r = v0

r , where v0
1, . . . , v

0
n denote the normalised eigenvectors of

the matrix iA0(0), we find by continuity that
lim

|m|→∞
detQm = detP,

where
P = (v0

1| · · · |v0
n).

Hence
| detQm| ≥ 1

2 | detP |

for sufficiently large values of |m|. Similarly we find that
|(Q#

m)ij| ≤ 2| det (v0
1| · · · |v0

i−1|ej|v0
i+1| · · · |v0

n)| ≤ 2
for sufficiently large values of |m|. Every entry in the matrix Q−1

m is therefore bounded
and it follows that ∥Q−1

m ∥ ≲ 1 for all m ∈ Z \ {±1} und thus for all m ∈ Z. ■

Consider the infinite-dimensional centre subspace X t
c of the operator L0 : X t+1 → X t.

It is a direct consequence of Proposition 2.8 that
{em,reimτ }r=1,...,rm−σm

m∈Z

is a Riesz basis for X t
c (see Christensen [5, Definition 3.6.1]), since it is the image of the

subset
{ereimτ }r=1,...,rm−σm

m∈Z

of the orthonormal basis
{ereimτ }r=1,...,n

m∈Z

for X t under the invertible bounded linear operator Q : X t → X t defined by

(Qu)(τ) = 1√
2π

∑
m∈Z

(Qmum)eimτ .

Since by construction em,reimτ (for all m ∈ Z, r = 1, . . . , rm −σm) are eigenvectors of Lε
c,

we conclude that the operator Lε
c is a Riesz spectral operator, i.e. there exists a Riesz

basis for X t
c consisting of (generalised) eigenvectors of Lε

c.

Remark 2.9. We proceed by identifying Xwh with C4 and substituting the Ansatz
(2.18) into equations (2.10),(2.11). Note however that we can generalise these equations
by allowing any analytic function f ε(z, q) in equation (2.10) which satisfies the estimate
(2.12) and making the Ansatz

z(τ) = z1ueiτ + z2veiτ + z1ue−iτ + z2ve−iτ + ℓ(z1, z2, z1, z2)(τ),
where ℓ ∈ L(C4,Xwh), in equation (2.11). Our subsequent analysis applies to this gen-
eralisation, which is exploited in particular in our treatment of Klein-Gordon equations
in Chapter 6.
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2.2 Approximate pulse solutions

2.2 Approximate pulse solutions

In general one cannot expect equations (2.10), (2.11) to admit genuine homoclinic so-
lutions (z, q) with (z(ξ), q(ξ)) → (0, 0) as |ξ| → ∞ since such solutions would arise
as the intersection of finite-dimensional stable and unstable manifolds in an infinite-
dimensional phase space. In this section we examine the special case hε(z) = 0 in
which {q = 0} is an invariant four-dimensional subspace and confirm the existence of a
pair of homoclinic solutions pε± in this subspace under a sign condition on the cubic,
ε-independent part of f ε(z, 0). Our strategy for the general case is to use a sequence of
normal-form transformations to make hε(z) exponentially small in a suitable sense (see
Chapter 3 below) and hence show that exponentially small perturbations of pε± persist
as solutions to equations (2.10), (2.11) over exponentially long intervals of values for ξ.

We perform the first of the normal-form transformations seperately since this trans-
formation, which removes the quadratic, ε-independent part in the Maclaurin expansion
of hε(z), affects the cubic, ε-independent part of f ε (see above). We say that a transfor-
mation (z, q) 7→ K(z, q) is finite-dimensional if it affects only finitely many modes, that
is PmK ̸= 0 for only finitely many m ∈ Z.

Lemma 2.10. There exists a near-identity, finite dimensional change of coordinates
which transforms the coupled system (2.10), (2.11) into

zξ = Lε
whz + f̃ ε(z, q), (2.22)

qξ = Lε
sh,cq + Psh,c

(
g̃ε

1(z, q)qτ

)
+ g̃ε

2(z, q) + h̃ε(z), (2.23)

and preserves the reversibility. The nonlinearities f̃ ε, g̃ε
1 and g̃ε

2, satisfy the same esti-
mates as respectively f ε, gε

1 and gε
2, while

∥h̃ε(z)∥X t
sh,c

= O(|z|2|(z, ε)|)

for t > 1
2 .

Proof. Let h0
2(z) denote the term in the Maclaurin expansion of hε(z) which is homoge-

neous of degree two in z and does not depend upon ε, so that

∥hε(z) − h0
2(z)∥X t

sh,c
= O(|z|2|(z, ε)|).

The quadratic nonlinearity h0
2 is a mapping from Xwh ⊆ E−1 ⊕ E1 to E0 ⊕ (E−2 ⊕ E2)

and this fact suggests using a finite-dimensional change of coordinates of the form

q̃ = q + Γ(z),

where PmΓ(z) = 0 for m ̸= 0,±2. Substituting q = q̃ − Γ(z) into equations
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2 Mathematical formulation

(2.10), (2.11), we find that they are transformed into respectively (2.22), (2.23) with

f̃ ε(z, q̃) = f ε(z, q̃ − Γ(z)),
g̃ε

1(z, q̃) = gε
1(z, q̃ − Γ(z)),

g̃2(z, q̃) = gε
2(z, q̃ − Γ(z)) − gε

2(z,−Γ(z))
− Psh,c

(
gε

1(z, q̃ − Γ(z)) − gε
1(z,−Γ(z))

)
∂τ Γ(z)

+ dΓ[z]
(
f ε(z, q̃ − Γ(z)) − f ε(z,−Γ(z))

)
,

and

h̃ε(z) = − Lε
sh,cΓ(z) + dΓ[z](Lε

whz) + dΓ[z]
(
f ε(z,−Γ(z))

)
− Psh,c

(
gε

1(z,−Γ(z))∂τ Γ(z)
)

+ gε
2(z,−Γ(z)) + hε(z).

Our objective of removing the ε-independent terms which are homogeneous of degree
two in z from the Maclaurin expansion of h̃ε is achieved by choosing

Γ: Xwh → E0 ⊕ (E−2 ⊕ E2)

to be a mapping which is homogeneous of degree two and satisfies the equation

(LΓ)(z) = h0
2(z) (2.24)

for each z ∈ Xwh, where

(LΓ)(z) = L0
sh,cΓ(z) − dΓ[z](L0

whz). (2.25)

Note that a solution Γ to equation (2.25) commutes with the reverser R, so that the
transformed system (2.22), (2.23) is reversible.

In order to solve equation (2.24), we write

Γ(z) =
∑

i+j+k+l=2

∑
m∈{−2,0,2}

1≤r≤rm

Γm,ijkl,rz
i
1z

j
2z

k
1z

l
2em,reimτ

where the vectors em,r are defined in Section 2.1 and Γm,ijkl,r are complex numbers.
Let P2 denote the vector space of homogeneous polynomials of degree two in the

variables z1, z2, z1 and z2 taking values in E0 ⊕(E−2 ⊕E2) and note that P2 decomposes
into the direct sum ⊕

m∈{−2,0,2}
1≤r≤rm

P2
m,r,

in which the vector space P2
m,r of homogeneous polynomials of degree two taking values

in ⟨em,reimτ ⟩ is invariant under L. Equipping P2
m,r with the basis

Bm,r = {zi
1z

j
2z

k
1z

l
2em,reimτ : i+ j + k + l = 2}
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2.2 Approximate pulse solutions

and using the calculation

L(zi
1z

j
2z

k
1z

l
2em,reimτ ) = λm,rz

i
1z

j
2z

k
1z

l
2em,reimτ − iω(i+ j − k − l)zi

1z
j
2z

k
1z

l
2em,reimτ

− izi−1
1 zj+1

2 zk
1z

l
2em,reimτ − kzi

1z
j
2z

k−1
1 zl+1

2 em,reimτ

to compute the matrix Am,r of the operator Lm,r = L|P2
m,r

: P2
m,r → P2

m,r with respect to
Bm,r, we find that det Am,r = (λm,r − 2iω)3λ4

m,r(λm,r + 2iω)3. Since Assumptions 2(iii)
guarantee that λm,r ̸∈ {0,±2iω}, we conclude that Lm,r is invertible, so that equation
(2.24) admits a unique solution for Γ(z). ■

We now consider the dynamical system

zξ = Lε
whz + f̃ ε(z, 0), (2.26)

which is obtained from equations (2.22), (2.23) by neglecting h̃ε(z) and setting q = 0.
Since the matrix of Rwh = R|Xwh is given by

0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0

 ,

we know that equation (2.26) is invariant under the transformation

ξ 7→ −ξ, (z1, z2, z1, z2) 7→ (z1,−z2, z1,−z2).

Moreover, the original system (2.1) is invariant under the translation τ 7→ τ +a for each
a ∈ R and this translation invariance is inherited by equation (2.26). We therefore find
that the system (2.26) has the O(2)-symmetry

(z1, z2, z1, z2) 7→ (eiaz1, eiaz2, e−iaz1, e−iaz2).

Here we are interested in constructing reversible homoclinic solutions to (2.26), that is
homoclinic solutions z satisfying Rwhz(0) = z(0).

Using the reversibility and the O(2)-symmetry we write equation (2.26) as

z1ξ = i(ω + νε)z1 + z2 + Rε
1(z1, z2, z1, z2), (2.27)

z2ξ = (λε)2z1 + i(ω + νε)z2 − Čz1|z1|2 + Rε
2(z1, z2, z1, z2) (2.28)

where the remainder terms Rε
j satisfy

Rε
1(z1, z2, z1, z2) = −Rε

1(z1,−z2, z1,−z2), Rε
2(z1, z2, z1, z2) = Rε

2(z1,−z2, z1,−z2)

as well as

Rε
j(eiaz1, eiaz2, e−iaz1, e−iaz2) = eiaRε

j(z1, z2, z1, z2), a ∈ R.
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2 Mathematical formulation

The coefficient Č can be computed explicitly via the formula

Č = −P(2)

(
3f 0;3,0

[
{ueiτ }(2), ue−iτ

]
+ f 0;1,1

[
ue−iτ ,−

n∑
r=1

Γ2,2000,rem,re2iτ
]

+ f 0;1,1
[
ueiτ ,−

n∑
r=1

Γ0,1010,re0,r

])
,

where we have used the Maclaurin expansion

f̃ 0(z, 0) = f 0(z,−Γ(z))

=
∑

n1+n2≥2
(n1,n2 )̸=(2,0)

f 0;n1,n2

[{
z1ueiτ + z2veiτ + z1ue−iτ + z2ve−iτ

}(n1)
,

−
{ ∑

i+j+k+l=2

∑
m∈{−2,0,2}

1≤r≤rm

Γm,ijkl,rz
i
1z

j
2z

k
1z

l
2em,reimτ

}(n2)
]
,

in which
f 0;n1,n2 = 1

n1!n2!
dn1,n2

1,2 f 0[0, 0],

and P(2)(z) denotes the second coordinate of the vector z ∈ Xwh with respect to the
ordered basis {ueiτ , veiτ , ue−iτ , ve−iτ } for Xwh.

Assumptions 4. The coefficient Č in equations (2.27), (2.28) is positive.

Next we use the transformation

z1(ξ) = ei(ω+νε)ξz′
1(ξ), z2(ξ) = ei(ω+νε)ξz′

2(ξ)

so that equations (2.27), (2.28) become

z′
1ξ = z′

2 + Rε
1(z′

1, z
′
2, z

′
1, z

′
2) (2.29)

z′
2ξ = (λε)2z′

1 − Čz′
1|z′

1|2 + Rε
2(z′

1, z
′
2, z

′
1, z

′
2). (2.30)

Changing to real coordinates by writing

z′
1 = x′

1 + ix′
2, z′

2 = y′
1 + iy′

2

and working with the scaled variables

ξ̌ = λεξ, x′(ξ) = λεx̌(ξ̌), y′(ξ) = (λε)2y̌(ξ̌),

we arrive at the system

x̌1ξ̌ = y̌1 + Rε
1,1(x̌1, y̌1, x̌2, y̌2), (2.31)

y̌1ξ̌ = x̌1 − Čx̌1(x̌2
1 + x̌2

2) + Rε
1,2(x̌1, y̌1, x̌2, y̌2), (2.32)

x̌2ξ̌ = y̌2 + Rε
2,1(x̌1, y̌1, x̌2, y̌2), (2.33)

y̌2ξ̌ = x̌2 − Čx̌2(x̌2
1 + x̌2

2) + Rε
2,2(x̌1, y̌1, x̌2, y̌2), (2.34)
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2.2 Approximate pulse solutions

where the remainder terms satisfy |Rε
i,j(x̌1, y̌1, x̌2, y̌2)| = O(ε|(x̌1, y̌1, x̌2, y̌2)|3). Moreover

Rε
1,1(x̌1, y̌1, x̌2, y̌2) and Rε

2,2(x̌1, y̌1, x̌2, y̌2) are odd in (y̌1, x̌2) while Rε
1,2(x̌1, y̌1, x̌2, y̌2) and

Rε
2,1(x̌1, y̌1, x̌2, y̌2) are even in (y̌1, x̌2).
The existence of reversible homoclinic solutions to equations (2.31)–(2.34) is estab-

lished in Lemma 2.13 below using a method devised by Kirchgässner [17, Proposition
5.1]. We first state some necessary functional-analytic results involved in Kirchgässner’s
theory.

Proposition 2.11.

(i) The formula

L

(
f1
f2

)
=
(
f ′′

1 − f1
f ′′

2 − f2

)
defines a bounded linear operator C2

−θ(R)2 → C−θ(R)2 and
C2

−θ,e(R) × C2
−θ,o(R) → C−θ,e(R) × C−θ,o(R) for each θ ≥ 0.

(ii) For 0 ≤ η < 1 the operator L : C2
−η(R)2 → C−η(R)2 is invertible with bounded

inverse given by
(L−1g)(ξ) = −1

2

∫ ∞

−∞
e−|ξ−r|g(r) dr,

where the integration is taken componentwise.

Proposition 2.12. Suppose that g ∈ C−1(R) and 0 ≤ η < 1. The formula

Kgf = L−1
(

−3Čg2f1

−Čg2f2

)

defines a bounded linear operator C0(R)2 → C2
−η(R)2 and a compact operator

C−η(R)2 → C−η(R)2.

Lemma 2.13. Suppose that η ∈ [0, 1). The system (2.31)–(2.34) has a pair p̌ε± of
reversible (that is invariant with respect to the transformation

ξ̌ 7→ −ξ̌, (x̌1, y̌1, x̌2, y̌2)⊤ 7→ (x̌1,−y̌1,−x̌2, y̌2)⊤)

homoclinic solutions which satisfy the estimates

|p̌ε±(ξ̌)|, |p̌ε±
ξ̌

(ξ̌)| ≲ e−η|ξ̌|.

Proof. First we note that for ε = 0, the system (2.31)–(2.34) has the explicit homoclinic
solution

(x̌1, y̌1, x̌2, y̌2)⊤ = (H,Hξ̌, 0, 0)⊤,

where
H(ξ̌) =

√
2
Č

sech(ξ̌).
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2 Mathematical formulation

In fact, we have the family{
(x̌1, y̌1, x̌2, y̌2)⊤ : (x̌1, x̌2)⊤ = Ra(H(ξ̌0 + ·), 0)⊤,

(y̌1, y̌2)⊤ = Ra(Hξ̌(ξ̌0 + ·), 0)⊤, a ∈ [0, 2π), ξ̌0 ∈ R
}

of homoclinic solutions, where Ra denotes the 2 × 2 matrix representing a rotation
through the angle a. Note that the solutions p̌+ obtained from a = 0, ξ̌0 = 0 and p̌−

obtained from a = π, ξ̌0 = 0 are reversible.
Now we apply perturbation arguments to show that equations (2.31)–(2.34) also admit

reversible homoclinic solutions when ε > 0. Using the implicit function theorem, we can
solve equations (2.31) and (2.33) for y̌ = y̌(x̌, x̌ξ̌) and write

y̌1 = x̌1ξ̌ + sε
1(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌),

y̌2 = x̌2ξ̌ + sε
2(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌),

where sε
1 and sε

2 are analytic at the origin, sε
1 is odd in x̌1ξ̌, x̌2 and sε

2 is even in x̌1ξ̌, x̌2
with

|sε
j(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌)| = O(|(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌)|

2).
Hence we can rewrite equations (2.31)–(2.34) as the second order system

x̌1ξ̌ξ̌ = x̌1 − Čx̌1(x̌2
1 + x̌2

2) + Sε
1(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌, x̌1ξ̌ξ̌, x̌2ξ̌ξ̌) (2.35)

x̌2ξ̌ξ̌ = x̌2 − Čx̌2(x̌2
1 + x̌2

2) + Sε
2(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌, x̌1ξ̌ξ̌, x̌2ξ̌ξ̌), (2.36)

where Sε
1 and Sε

2 are analytic at the origin, Sε
1 is even in x̌1ξ̌, x̌2, x̌2ξ̌ξ̌ and Sε

2 is odd in
x̌1ξ̌, x̌2, x̌2ξ̌ξ̌ with

|Sε
j (x̌1, x̌2, x̌1ξ̌, x̌2ξ̌, x̌1ξ̌ξ̌, x̌2ξ̌ξ̌)| = O(|(x̌1, x̌2, x̌1ξ̌, x̌2ξ̌, x̌1ξ̌ξ̌, x̌2ξ̌ξ̌)|

2).

Now we write x̌ as a perturbation

x̌1 = H + p1, x̌2 = p2

of the homoclinic solution (H, 0)⊤ so that the system (2.35), (2.36) becomes

p1ξ̌ξ̌ − p1 = −3ČH2p1 + rε
1(p1, p2, p1ξ̌, p2ξ̌, p1ξ̌ξ̌, p2ξ̌ξ̌, H), (2.37)

p2ξ̌ξ̌ − p2 = −ČH2p2 + rε
2(p1, p2, p1ξ̌, p2ξ̌, p1ξ̌ξ̌, p2ξ̌ξ̌, H), (2.38)

with the obvious definitions of rε
1 and rε

2. We study this system in the space C2
−η(R)2

and consider the nonlinearities rε
1 and rε

2, with a slight abuse of notation, as analytic
mappings C2

−η(R)2 → C−η(R)2 with

∥rε
j(p1, p2)∥0,−η = O(ε) + O(∥(p1, p2)∥2

2,−η).
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2.2 Approximate pulse solutions

In terms of the operators L and K defined in Propositions 2.11 and 2.12, we can then
write the system (2.37), (2.38) as

p = KHp+ L−1rε(p), (2.39)

where p = (p1, p2)⊤ and rε = (rε
1, r

ε
2)⊤. In order to solve equation (2.39), we show that

the operator
I −KH : C−η,e(R) × C−η,o(R) → C2

−η,e(R) × C2
−η,o(R)

is invertible.
As a first step we show that 1 is a geometrically double eigenvalue of

KH : C−η(R)2 → C−η(R)2,

noting that the eigenvalue problem

KHp = p

is equivalent to the decoupled system

p1ξ̌ξ̌ = p1 − 3ČH2p1, (2.40)
p2ξ̌ξ̌ = p2 − ČH2p2 (2.41)

of ordinary differential equations. Let

v1(ξ̌) = sech(ξ̌) tanh(ξ̌),
v2(ξ̌) = sech(ξ̌)(−3 + cosh2(ξ̌) + 3ξ̌ tanh(ξ̌)),
w1(ξ̌) = sech(ξ̌),
w2(ξ̌) = sech(ξ̌)(2ξ̌ + sinh(2ξ̌)),

and note that {v1, v2} is a fundamental solution set for equation (2.40) while {w1, w2} is
a fundamental solution set for equation (2.41). Since v1, w1 are bounded and v2, w2 are
unbounded, we conclude that all bounded solutions of equation (2.40) are multiples of
v1 = −Hξ̌ and all bounded solutions of equation (2.41) are multiples of w1 = (2/Č)−1/2H.
The eigenspace of KH : C−η(R)2 → C−η(R)2 corresponding to the eigenvalue 1 is there-
fore 〈(

Hξ̌

0

)
,

(
0
H

)〉
and lies in C−η,o(R) × C−η,e(R).

In particular 1 is not an eigenvalue of KH |C−η,e(R)×C−η,o(R) and since KH is a com-
pact operator C−η(R)2 → C−η(R)2 by Proposition 2.12, it follows that the spectrum of
KH |C−η,e(R)×C−η,o(R) consists only of eigenvalues, so that

I −KH : C−η,e(R) × C−η,o(R) → C2
−η,e(R) × C2

−η,o(R)
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2 Mathematical formulation

is invertible. We can therefore solve equation (2.39) for sufficiently small values of ε > 0
using the implicit function theorem. The solution p⋆ satisfies ∥p⋆∥2,−η = O(ε). Returning
to equations (2.31)–(2.34), we have found a solution

p̌ε+ =


p̌ε+

1
q̌ε+

1
p̌ε+

2
q̌ε+

2

 = p̌+ +


p⋆

1
p⋆

1ξ̌

p⋆
2

p⋆
2ξ̌

+


0

sε
1(H + p⋆

1, p
⋆
2, Hξ̌ + p⋆

1ξ̌
, p⋆

2ξ̌
)

0
sε

2(H + p⋆
1, p

⋆
2, Hξ̌ + p⋆

1ξ̌
, p⋆

2ξ̌
)

 .

This solution satisfies
|p̌ε+(ξ̌)|, |p̌ε+

ξ̌
(ξ̌)| ≲ e−η|ξ̌|.

The second homoclinic solution p̌ε− satisfying the above estimates is obtained analo-
gously (from p̌−). ■

Returning to the unscaled variables ξ, z1 and z2 we find from Lemma 2.13 that equation
(2.26) has a pair of reversible homoclinic solutions of the form

pε±(ξ) =


ei(ω+νε)ξλε(p̌ε±

1 (λεξ) + ip̌ε±
2 (λεξ))

ei(ω+νε)ξ(λε)2(q̌ε±
1 (λεξ) + iq̌ε±

2 (λεξ))
e−i(ω+νε)ξλε(p̌ε±

1 (λεξ) − ip̌ε±
2 (λεξ))

e−i(ω+νε)ξ(λε)2(q̌ε±
1 (λεξ) − iq̌ε±

2 (λεξ))


which satisfy the estimate

|pε±(ξ)| ≤ chλ
εe−ηλε|ξ|, ξ ∈ R,

for some ch > 0.

2.3 Existence theory – Foundations

In this section we apply some further near-identity transformations to equations (2.22),
(2.23); the nonlinearities in the transformed system have a sufficient order of magnitude
to ensure the convergence of a Kato iteration scheme in Chapters 4 and 5 below. We
also summarise the results of the normal-form theory in Chapter 3 and present a refor-
mulation of the hyperbolic part of the transformed system which is useful in proving the
convergence of the iteration scheme.

Rescaling
A central requirement of the normal-form theory in Chapter 3 is that the parameter-

independent part of the dynamical system (2.22) for z should be diagonalisable. Since
(the matrix of) L0

wh on the right-hand side of equation (2.22) is evidently not diago-
nalisable, we use a change of parameter to ‘replace’ it by a diagonalisable matrix. We
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write

f̃ ε(z, q) = f̃ ε(z1, z2, z1, z2, q) =


f̃ ε

1 (z1, z2, z1, z2, q)
f̃ ε

2 (z1, z2, z1, z2, q)
f̃ ε

1 (z1, z2, z1, z2, q)
f̃ ε

2 (z1, z2, z1, z2, q)

 ,
g̃ε

j (z, q) = g̃ε
j (z1, z2, z1, z2, q), j = 1, 2,

h̃ε(z) = h̃ε(z1, z2, z1, z2),

introduce a new parameter µ by writing ε = µ2, and use the scaled variables

z′
1 = (λµ)− 1

2 z1, z′
2 = (λµ)− 3

2 z2, q′ = (λµ)−1q,

where we have abused the notation to abbreviate λµ = λε|ε=µ2 and νµ = νε|ε=µ2 (see
below). Omitting the primes for notational simplicity, equations (2.22), (2.23) are trans-
formed into

zξ = Lµ
whz + f̌µ

1 (z) + f̌µ
2 (z, q), (2.42)

qξ = Lµ
sh,cq + Psh,c

(
ǧµ

1 (z, q)qτ

)
+ ǧµ

2 (z, q) + ȟµ(z), (2.43)

where we have (with a further abuse of notation) abbreviated Lε
sh,c|ε=µ2 to Lµ

sh,c and

Lµ
wh =


i(ω + νµ) λµ 0 0

λµ i(ω + νµ) 0 0
0 0 −i(ω + νµ) λµ

0 0 λµ −i(ω + νµ)

 ,
f̌µ

1 (z) = f̌µ(z, 0),
f̌µ

2 (z, q) = f̌µ(z, q) − f̌µ(z, 0),

f̌µ(z, q) =



(λµ)− 1
2 f̃ ε

1

(
(λµ) 1

2 z1, (λµ) 3
2 z2, (λµ) 1

2 z1, (λµ) 3
2 z2, λ

µq
)∣∣∣

ε=µ2

(λµ)− 3
2 f̃ ε

2

(
(λµ) 1

2 z1, (λµ) 3
2 z2, (λµ) 1

2 z1, (λµ) 3
2 z2, λ

µq
)∣∣∣

ε=µ2

(λµ)− 1
2 f̃ ε

1

(
(λµ) 1

2 z1, (λµ) 3
2 z2, (λµ) 1

2 z1, (λµ) 3
2 z2, λµq

)∣∣∣
ε=µ2

(λµ)− 3
2 f̃ ε

2 ((λµ) 1
2 z1, (λµ) 3

2 z2, (λµ) 1
2 z1, (λµ) 3

2 z2, λµq
)∣∣∣

ε=µ2


,

ǧµ
1 (z, q) = g̃ε

1

(
(λµ) 1

2 z1, (λµ) 3
2 z2, (λµ) 1

2 z1, (λµ) 3
2 z2, λ

µq
)∣∣∣

ε=µ2
,

ǧµ
2 (z, q) = (λµ)−1g̃ε

2

(
(λµ) 1

2 z1, (λµ) 3
2 z2, (λµ) 1

2 z1, (λµ) 3
2 z2, λ

µq
)∣∣∣

ε=µ2
,

ȟµ(z) = (λµ)−1h̃ε
(
(λµ) 1

2 z1, (λµ) 3
2 z2, (λµ) 1

2 z1, (λµ) 3
2 z2

)∣∣∣
ε=µ2

.

We use the analogous abbreviations Lµ
sh and Lµ

c for respectively Lε
sh|ε=µ2 and Lε

c|ε=µ2 .
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The transformed nonlinearities satisfy the estimates

|f̌µ
1 (z)| = O(|z|3),

|f̌µ
2 (z, q)| = O(∥q∥X t

sh,c
∥(z, q)∥Xwh×X t

sh,c
),

∥ǧµ
1 (z, q)∥t = O(µ∥(z, q)∥Xwh×X t

sh,c
),

∥ǧµ
2 (z, q)∥X t

sh,c
= O(µ|z|∥q∥X t

sh,c
+ µ2∥q∥2

X t
sh,c

),

∥ȟµ(z)∥X t
sh,c

= O(µ|z|2|(z, µ)|)

for t > 1
2 .

Preliminary transformations
Our existence theory for pulse solutions in Chapters 4 and 5 is based upon the con-

struction of an iteration scheme, the convergence of which requires a sufficient power of
µ in the corresponding estimates for the nonlinearities. The following transformations
remove some lower-order terms contained in the Maclaurin expansions of the nonlinear-
ities on the right-hand side of equations (2.42), (2.43) whose presence lead to difficulties
in obtaining these estimates.

The first transformation affects the weakly hyperbolic part of the scaled system (2.42),
(2.43) by removing terms whose order is less than four and which are linear in q from
the Maclaurin expansion of f̌µ

2 (z, q) at the expense of modifying the higher-order terms
in the Maclaurin expansions of f̌µ

2 (z, q) and the other nonlinearities.

Lemma 2.14. There exists a near-identity, finite dimensional change of coordinates
which transforms the coupled system (2.42), (2.43) into

zξ = Lµ
whz + f

µ

1(z) + f
µ

2(z, q), (2.44)
qξ = Lµ

sh,cq + Psh,c
(
gµ

1(z, q)qτ

)
+ gµ

2(z, q) + h
µ(z), (2.45)

and preserves the reversibility. The nonlinearities hµ, gµ
1 and gµ

2 satisfy the same esti-
mates as respectively ȟµ, ǧµ

1 and ǧµ
2 , while

|fµ

1(z) − f̌µ
1 (z)| = O(|z|3|(z, µ)|), (2.46)

|fµ

2(z, q)| = O(|z||(z, µ)|2∥q∥X t
sh,c

+ ∥q∥2
X t

sh,c
) (2.47)

for t > 1
2 .

Proof. Since f̌µ
2 is an analytic function taking values in Xwh with

|f̌µ
2 (z, q)| = O(∥q∥X t

sh,c
∥(z, q)∥Xwh×X t

sh,c
),

we can write

f̌µ
2 (z, q) =

2∑
j=1

2−j∑
i=0

µif̌ i;j,1
2 (z, q) + O(|z||(z, µ)|2∥q∥X t

sh,c
+ ∥q∥2

X t
sh,c

), (2.48)

70



2.3 Existence theory – Foundations

where µif̌ i;j,k
2 (z, q) denotes the term in the Maclaurin expansion of f̌µ

2 (z, q) which is
homogeneous of degree i, j and k in respectively µ, z and q.

To eliminate the term µif̌ i;j,1
2 (z, q) we use a finite-dimensional change of coordinates

of the form
z̃ = z + µidi,j(z, q),

in which di,j : Xwh×X t
sh,c → Xwh is analytic at the origin for t > 1

2 , homogeneous of degree
j in its first argument, and linear in its second. We write the inverse transformation as

z = z̃ − µidi,j(z̃, q) + Rµ
1(z̃, q)

where Rµ
1 is analytic at the origin with

|Rµ
1(z̃, q)| = O(µi|z̃|j∥q∥2

X t
sh,c

).

Using equation (2.42), we find that the resulting equation for z̃ is

z̃ξ = L0
whz̃+f̌

µ
1 (z̃)+f̌µ

2 (z̃, q)+µid1di,j[z̃, q](L0
whz̃)+µidi,j(z̃, L0

sh,cq)−µiL0
whdi,j(z̃, q)+Rµ

2(z̃, q),

where
|Rµ

2(z̃, q)| = O(|z̃||(z̃, µ)|i+j∥q∥X t
sh,c

+ ∥q∥2
X t

sh,c
+ |z̃|3|(z̃, µ)|),

so that our objective is achieved by choosing di,j so that

(Ldi,j)(z̃, q) = −f̌ i;j,1
2 (z̃, q) (2.49)

for each (z̃, q) ∈ Xwh × X t
sh,c, where

(Ldi,j)(z̃, q) = di,j(z̃, L0
sh,cq) − L0

whdi,j(z̃, q) + d1di,j[z̃, q](L0
whz̃).

Note that a solution di,j to equation (2.49) commutes with the reverser R, so that the
transformed system (2.44), (2.45) is reversible.

In order to solve equation (2.49) we write

di,j(z, q) =


di,j,1(z, q)
di,j,2(z, q)
di,j,1(z, q)
di,j,2(z, q)

 , f̌ i;j,1
2 (z, q) =


fi,j,1(z, q)
fi,j,2(z, q)
fi,j,1(z, q)
fi,j,2(z, q)

 ,

where
di,j,k(z, q) =

∑
|α|=j

∑
−j≤m≤j

1≤r≤r−m+1

dα,m,r
i,j,k zα1

1 zα2
2 zα3

1 zα4
2 q−m+1,r

and
fi,j,k(z, q) =

∑
|α|=j

∑
−j≤m≤j

1≤r≤r−m+1

fα,m,r
i,j,k zα1

1 zα2
2 zα3

1 zα4
2 q−m+1,r,
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for k = 1, 2, in which dα,m,r
i,j,k and fα,m,r

i,j,k are complex numbers and we have used the
coordinates for q given in Section 2.1.

Noting that

L


d1z

α1
1 zα2

2 zα3
1 zα4

2 q−m+1,r

d2z
α1
1 zα2

2 zα3
1 zα4

2 q−m+1,r

d1z
α3
1 zα4

2 zα1
1 zα4

2 q−m+1,r

d2z
α3
1 zα4

2 zα1
1 zα4

2 q−m+1,r

 =


(λ−m+1,r − iω +miω)d1z

α1
1 zα2

2 zα3
1 zα4

2 q−m+1,r

(λ−m+1,r − iω +miω)d2z
α1
1 zα2

2 zα3
1 zα4

2 q−m+1,r

(λ−m+1,r + iω −miω)d1z
α3
1 zα4

2 zα1
1 zα2

2 q−m+1,r

(λ−m+1,r + iω −miω)d2z
α3
1 zα4

2 zα1
1 zα2

2 q−m+1,r


for each d1, d2 ∈ C, we find that equation (2.49) is equivalent to the equations

(λ−m+1,r + (m− 1)iω)dα,m,r
i,j,k = −fα,m,r

i,j,k , k = 1, 2,

for the coefficients dα,m,r
i,j,k . Assumptions 2(iii) guarantee that λ ̸= liω for each λ ∈ σ(L0

sh,c)
and l ∈ Z and therefore these equations are always solvable.

We use the composition of the above changes of coordinates for each j ∈ {1, 2} and
i ∈ {0, . . . , 2 − j} in the order (i, j) = (0, 1), (i, j) = (1, 1), (i, j) = (0, 2) to establish the
lemma. ■

There are also terms in the central part whose presence leads to difficulties in the
theory presented in Chapters 4 and 5, namely terms which are linear in µ, z and
Z = Pshq.

Lemma 2.15. There exists a near-identity, finite dimensional change of coordinates
which transforms the coupled system (2.44), (2.45) into

zξ = Lµ
whz + f̂µ

1 (z) + f̂µ
2 (z, q), (2.50)

qξ = Lµ
sh,cq + Psh,c

(
ĝµ

1 (z, q)qτ

)
+ ĝµ

2 (z, q) + ĥµ(z), (2.51)

and preserves the reversibility. The nonlinearities f̂µ
2 , ĝµ

1 and ĥµ satisfy the same esti-
mates as respectively fµ

2 , gµ
1 and hµ while

∥ĝµ
2 (z, q)∥X t

sh,c
= O(µ|z|∥q∥X t

sh,c
+ µ2∥q∥2

X t
sh,c

+ µ∥q∥3
X t

sh,c
)

for t > 1
2 . Moreover

f̂µ
1 (z) = f

µ

1(z), Pc
(
ĝ1;1,0

1 (z, 0)Zτ

)
= 0, Pcĝ

1;1,1
2 (z, Z) = 0,

where µiĝi;j,k
l (z, q) denotes the term in the Maclaurin expansion of ĝµ

l (z, q) which is
homogeneous of degree i, j and k in respectively µ, z and q.

Proof. First note that if b : Xwh × Xsh → X t
c is bilinear, we have that Pmb(z, Z) = 0

for m ̸∈ {−mj ± 1,mj ± 1: j = 0, . . . , d} (see the comments below (2.20), (2.21)). We
therefore use a change of coordinates of the form

q̃ = q + µΛ(z)Z,
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in which Λ: Xwh → L(Xsh,X t
c ) is linear for t > 1

2 , so that Pm(Λ(z)Z) = 0 if
m ̸∈ {−mj ± 1,mj ± 1: j = 0, . . . , d}. In particular Z̃ = Pshq̃ = Pshq = Z and us-
ing equation (2.45), we find that the resulting equation for q̃ is

q̃ξ = Lµ
sh,cq̃ + Psh,c

(
gµ

1(z, q̃)q̃τ

)
+ gµ

2(z, q̃) − µL0
cΛ(z)Z + µΛ(L0

whz)Z + µΛ(z)L0
shZ

+ h
µ(z) + R(z, q̃),

where
∥R(z, q̃)∥X t

sh,c
= O(µ|z|∥q̃∥X t

sh,c
+ µ∥q̃∥3

X t
sh,c

+ µ2|z|3|(z, µ)|).

Our objective of removing terms which are linear in each of µ, z and Z in the centre
part is achieved by choosing Λ so that

(LΛ)(z)Z = G(z, Z), (2.52)

where
(LΛ)(z)Z = L0

cΛ(z)Z − Λ(z)L0
shZ − Λ(L0

whz)Z

and G(z, Z) = Pc
(
g1;1,0

1 (z, 0)Zτ + g1;1,1
2 (z, Z)

)
. Note that a solution Λ to equation (2.52)

commutes with the reverser R, so that the transformed system (2.50), (2.51) is reversible.
The bilinear expressions Λ(z)Z and G(z, Z) in equation (2.52) are polynomials in the

variables z and Z whose monomials are given by terms of the form

Λm,r
α,βz

α1
1 zα2

2 zα3
1 zα4

2 Z±mj ,σem,reimτ , Gm,r
α,βz

α1
1 zα2

2 zα3
1 zα4

2 Z±mj ,σem,reimτ ,

where m ∈ {−mj ± 1,mj ± 1: j = 0, . . . , d}, 1 ≤ r ≤ rm, α ∈ N4
0 with |α| = 1,

β ∈ {1, . . . , σ0 +2(σm1 + . . .+σmd
)} and rmj

−σmj
+1 ≤ σ ≤ rmj

, in which we have used
the coordinates for Z introduced below (2.20), (2.21) (recall that the eigenvalues are
numbered such that λmj ,rmj −σmj +1 is the first strongly hyperbolic mode mj eigenvalue).

Consider the vector space Q2 of bilinear polynomials in the variables z1, z2, z1, z2 and
{Z±mj ,σ} taking values in X s+1

c and note that Q2 decomposes into the direct sum⊕
0≤j≤d

m∈{−mj±1,mj±1}

Q2
m,r,

in which the vector space Q2
m,r of bilinear polynomials in the variables z1, z2, z1, z2 and

{Z±mj ,σ} taking values in ⟨em,reimτ ⟩ is invariant under L.
In order to achieve cancellation of the terms which are linear in z1 and Z0,r0−σ0+1 in

equation (2.52), we compute the corresponding monomial of (LΛ)(z)Z to be

( iµm,r︸ ︷︷ ︸
∈ σ(L0

c)

−λ0,r0−σ0+1︸ ︷︷ ︸
∈ σ(L0

sh)

−iω)Λm,r
e1,1z1Z0,r0−σ0+1em,reimτ ,
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in which e1 = (1, 0, 0, 0) ∈ N4
0, so that it is necessary to choose Λm,r

e1,1 such that

(iµm,r − λ0,r0−σ0+1 − iω)Λm,r
e1,1 = Gm,r

e1,1.

Since Re(λ0,r0−σ0+1) ̸= 0, we find that this choice is always possible. A similar argument
applies to the remaining monomials so that L|Q2

m,r
is invertible and equation (2.52) can

be solved for Λ. ■

Results of the normal-form theory
In Chapter 3 below we use a sequence of normal-form transformations which system-

atically remove terms in the Maclaurin expansion of the nonlinearity ĥµ in equation
(2.51), so that the remaining terms become exponentially small in comparison with µ.
Applying Lemma 2.13 to the transformed system yields homoclinic solutions pµ± which
can be used in a perturbation argument as approximations to genuine pulse solutions.
Note that the normal-form transformations do not affect the leading-order terms in the
scaled system (2.31)–(2.34) (see the comments above Lemma 2.10), so that the leading-
order term in the asymptotic formula for pµ± is also unaffected. The result of the theory
in Chapter 3 is summarised in the following theorem.

Theorem 2.16. There exist a constant c⋆ > 0 and a near-identity, finite-dimensional
change of coordinates which transforms the coupled system (2.50), (2.51) into

zξ = Lµ
whz + f̃µ

1 (z) + f̃µ
2 (z, q), (2.53)

qξ = Lµ
sh,cq + Psh,c

(
g̃µ

1 (z, q)qτ

)
+ g̃µ

2 (z, q) + h̃µ(z), (2.54)

and preserves the reversibility. The transformed nonlinearities f̃µ
1 , f̃µ

2 and g̃µ
1 satisfy the

same estimates as respectively f̂µ
1 , f̂µ

2 and ĝµ
1 while

∥g̃µ
2 (z, q)∥X t

sh,c
= O(µ|z|∥q∥X t

sh,c
+ µ2∥q∥2

X t
sh,c

+ µ∥q∥3
X t

sh,c
+ |z|3∥q∥X t

sh,c
)

and
∥h̃µ(z)∥X t

sh,c
≲ µ2e−c⋆/µ, ∥dh̃µ[z]∥L(Xwh,X t

sh,c) ≲ µe−c⋆/µ

for t > 1
2 . Moreover

Pc
(
g̃1;1,0

1 (z, 0)Zτ

)
= Pcg̃

1;1,1
2 (z, Z) = 0

and
|f̃µ

1 (z) − f̂µ
1 (z)| = O(|z|3|(z, µ)|).

Here we gather some material which is used in the existence theory in Chapters 4
and 5 below. We begin with a reformulation of the coupled systems (2.53), (2.54) by
writing z as a perturbation of the approximate pulses constructed in Section 2.2. We
also split equation (2.54) into a finite-dimensional system for the strongly hyperbolic
part Z = Pshq and an infinite-dimensional system for the centre part w = Pcq.
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Applying Lemma 2.13 (with a brief return to unscaled variables) yields homoclinic
solutions pµ± to the equation

zξ = Lµ
whz + f̃µ

1 (z)
which satisfy the estimate

|pµ±(ξ)| ≤ chµe−ηλµ|ξ|, ξ ∈ R.

Writing

f̃µ
1 (z) =


f̃µ

1,1(z)
f̃µ

1,2(z)
f̃µ

1,1(z)
f̃µ

1,2(z)


and using the formula

pµ±(ξ) =
√
λµ


ei(ω+νµ)ξ(p̌µ±

1 (λµξ) + ip̌µ±
2 (λµξ))

ei(ω+νµ)ξ(q̌µ±
1 (λµξ) + iq̌µ±

2 (λµξ))
e−i(ω+νµ)ξ(p̌µ±

1 (λµξ) − ip̌µ±
2 (λµξ))

e−i(ω+νµ)ξ(q̌µ±
1 (λµξ) − iq̌µ±

2 (λµξ))


in which p̌µ±

j = p̌ε±
j |ε=µ2 (see Lemma 2.13), we conclude that

√
λµR̃(ω+νµ)ξ


p̌µ±

1 (λµξ)
q̌µ±

1 (λµξ)
p̌µ±

2 (λµξ)
q̌µ±

2 (λµξ)


with

R̃a =


cos a 0 − sin a 0

0 cos a 0 − sin a
sin a 0 cos a 0

0 sin a 0 cos a

 , a ∈ R,

solves the equation 
x1ξ

y1ξ

x2ξ

y2ξ

 =


−ωx2
−ωy2
ωx1
ωy1

+


Re f̃µ

1,1(z)
Re f̃µ

1,2(z)
Im f̃µ

1,1(z)
Im f̃µ

1,2(z)


where

z1 = x1 + ix2, z2 = y1 + iy2.

We henceforth use real coordinates for real-valued functions in Xwh and write

z =


x1
y1
x2
y2

 , pµ =
√
λµR̃(ω+νµ)ξ


p̌µ

1(λµξ)
q̌µ

1 (λµξ)
p̌µ

2(λµξ)
q̌µ

2 (λµξ)

 ,
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where p̌µ
j and q̌µ

j each denote either of the functions p̌µ±
j and q̌µ±

j respectively. Note that
in real coordinates the matrix of Lµ

wh with respect to the basis

{Re(ueiτ ),Re(veiτ ), Im(ueiτ ), Im(veiτ )}

(see equations (2.16), (2.17)) is given by
0 λµ −(ω + νµ) 0
λµ 0 0 −(ω + νµ)

ω + νµ 0 0 λµ

0 ω + νµ λµ 0

 .

In the existence theory in Chapters 4 and 5 we use a perturbation argument, writing
z = pµ + r. Decoupling the system into equations for the strongly hyperbolic part
Z = Pshq and the centre part w = Pcq yields

Zξ = Lµ
shZ +Gµ

1(Z, pµ + r, w) +Gµ
2(r), (2.55)

rξ = Lµ
whr + Lµr + fµ

3 (r) + fµ
4 (Z, r, w), (2.56)

wξ = Lµ
cw + Pc

(
ĝµ

1 (Z, pµ + r, w)wτ

)
+ µb(pµ + r, w) + ĝµ

2 (Z, pµ + r, w) + ĥµ(r). (2.57)

Here

Gµ
1(Z, z, w) = Psh

(
g̃µ

1 (z, Z + w)(Z + w)τ + g̃µ
2 (z, Z + w)

)
,

Gµ
2(r) = Pshh̃

µ(pµ + r),
Lµ = df̃µ

1 [pµ],
fµ

3 (r) = f̃µ
1 (pµ + r) − f̃µ

1 (pµ) − df̃µ
1 [pµ](r),

fµ
4 (Z, r, w) = f̃µ

2 (pµ + r, Z + w),
ĝµ

1 (Z, z, w) = g̃µ
1 (z, Z + w),

ĝµ
2 (Z, z, w) = Pc

(
g̃µ

2 (z, Z + w) − µg̃1;1,1
2 (z, w) + g̃µ

1 (z, Z + w)Zτ

)
= Pc

(
g̃µ

2 (z, Z + w) − µg̃1;1,1
2 (z, Z + w) + g̃µ

1 (z, Z + w)Zτ − µg̃1;1,0
1 (z, 0)Zτ

)
,

b(z, w) = Pcg̃
1;1,1
2 (z, w),

ĥµ(r) = Pch̃
µ(pµ + r),

where we have used the facts that

Pcg̃
1;1,1
2 (z, Z) = 0, Pc

(
g̃1;1,0

1 (z, 0)Zτ

)
= 0.

The following estimates for the nonlinearities Gµ
1 , ĝµ

1 and ĝµ
2 are a direct consequence of

the estimates given in Theorem 2.16.
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Proposition 2.17.

(i) The nonlinearity Gµ
1 in equation (2.55) satisfies the estimates

|Gµ
1(Z, z, w)| = O(µ|z|∥(Z,w)∥Xsh×X t

c + µ∥(Z,w)∥2
Xsh×X t

c
+ |z|3∥(Z,w)∥Xsh×X t

c )

and

∥dGµ
1 [Z, z, w]∥L(X t;Xsh) = O(µ∥(Z, z, w)∥Xsh×Xwh×X t

c + |z|2∥(Z, z, w)∥Xsh×Xwh×X t
c )

for t > 1
2 .

(ii) The nonlinearities ĝµ
1 and ĝµ

2 in equation (2.57) satisfy the estimates

∥ĝµ
1 (Z, z, w)∥t = O(µ∥(Z, z, w)∥Xsh×Xwh×X t

c ),
∥dĝµ

1 [Z, z, w]∥L(X t;Ht
per) = O(µ)

and

∥ĝµ
2 (Z, z, w)∥X t

c = O(|z||(z, µ)|2∥(Z,w)∥Xsh×X t
c + µ∥(Z,w)∥2

Xsh×X t
c
),

∥dĝµ
2 [Z, z, w]∥L(X t;X t

c ) = O(|(z, µ)|2∥(Z, z, w)∥Xsh×Xwh×X t
c + µ∥(Z,w)∥Xsh×X t

c )

for t > 1
2 .

Our aim in Chapters 4 and 5 below is to construct exponentially small solutions
(Z, r, w) to equations (2.55)–(2.57) in order to find solutions (pµ + r, Z+w) to equations
(2.53), (2.54) which are exponentially close to pµ. The following result summarises the
corresponding estimates for the relevant nonlinearities.

Proposition 2.18. Suppose that t > 1
2 , |r| ≤ e−c⋆/2µ, |Z| ≤ e−c⋆/2µ and

∥w∥X s+1
c

≤ e−c⋆/2µ. The nonlinearities fµ
3 , fµ

4 , Gµ
2 and ĥµ in equations (2.55)–(2.57)

satisfy the estimates

|fµ
3 (r)| ≲ |r|2, ∥dfµ

3 [r]∥L(Xwh;Xwh) ≲ |r|
|fµ

4 (Z, r, w)| ≲ µ3∥(Z, r, w)∥Xsh×Xwh×X t
c , ∥dfµ

4 [Z, r, w]∥L(X t;Xwh) ≲ µ3,

|Gµ
2(z)| ≲ µ2e−c⋆/µ, ∥dGµ

2 [z]∥L(Xwh;Xsh) ≲ µe−c⋆/µ,

∥ĥµ(z)∥X t
c ≲ µ2e−c⋆/µ, ∥dĥµ[z]∥L(Xwh;X t

c ) ≲ µe−c⋆/µ.

Reformulation of the hyperbolic part
The finite-dimensional strongly hyperbolic and weakly hyperbolic parts (2.55) and

(2.56) are handled by reformulating them as integral equations

Z(ξ) =
∫ ξ

−∞
e(ξ−t)Lµ

shPss
(
Gµ

1(Z, pµ + Ewhr, Ecw)(t) +Gµ
2(Ewhr)(t)

)
dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu
(
Gµ

1(Z, pµ + Ewhr, Ecw)(t) +Gµ
2(Ewhr)(t)

)
dt (2.58)
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2 Mathematical formulation

and

r(ξ) =
2∑

i=1

( ∫ ξ

0

〈(
fµ

3 (r)(t) + fµ
4 (Z, r, w)(t)

)
, (Sµ

i )∗(t)
〉

dt
)
Sµ

i (ξ)

−
( ∫ ∞

ξ

〈(
fµ

3 (r)(t) + fµ
4 (Z, r, w)(t)

)
, (Uµ

i )∗(t)
〉

dt
)
Uµ

i (ξ). (2.59)

Here Pss and Psu denote the projections onto the stable subspace of Lµ
sh spanned by

the eigenvectors of Lµ
sh whose corresponding eigenvalues have negative real part, and

the unstable subspace of Lµ
sh spanned by the eigenvectors of Lµ

sh whose corresponding
eigenvalues have positive real part. Since there exist only finitely many eigenvalues of
Lµ with non-zero real part due to Proposition 2.3, we find that there exist positive
constants ω1, ω2 such that

∥eξLµ
shPss∥L(Xsh) ≲ e−ξω1 , ∥eξLµ

shPsu∥L(Xsh) ≲ eξω2 , ξ ∈ R. (2.60)

The mappings Ewh and Ec are the extensions by reversibility defined by

(Ewhr)(ξ) =
 r(ξ), ξ ≥ 0,
Rwhr(−ξ), ξ < 0,

(Ecw)(ξ) =
 w(ξ), ξ ≥ 0,
Rcw(−ξ), ξ < 0.

A solution r(ξ) to equation (2.59) which is defined for ξ ≥ 0 and satisfies Rwhr(0) = r(0)
automatically gives rise to a reversible solution r(ξ) to equation (2.56) due to extension
by reversibility. The reversibility of a solution Z to equation (2.58) defined for ξ ∈ R is
verified a posteriori by observing that ξ 7→ RshZ(−ξ) solves equation (2.58) whenever
ξ 7→ Z(ξ) is a solution. By uniqueness we thus obtain a reversible solution to equation
(2.55). Finally {Sµ

1 , S
µ
2 , U

µ
1 , U

µ
2 } is a fundamental solution set for the linearised equation

for r, a complete quantitative description of which is given by the following result. Its
proof is deferred to Section 2.4.

Lemma 2.19. The equation

rξ = Lµ
whr + Lµr (2.61)

has linearly independent solutions Sµ
1 , Sµ

2 , Uµ
1 , Uµ

2 on [0,∞) with

|Sµ
1 (ξ)|, |Sµ

2 (ξ)| ≲ e−λµξ, |Uµ
1 (ξ)|, |Uµ

2 (ξ)| ≲ eλµξ, ξ ∈ [0,∞),

The dual basis {(Sµ
1 )∗(ξ), (Sµ

2 )∗(ξ), (Uµ
1 )∗(ξ), (Uµ

2 )∗(ξ)} to {Sµ
1 (ξ), Sµ

2 (ξ), Uµ
1 (ξ), Uµ

2 (ξ)} in
R4 satisfies

|(Sµ
1 )∗(ξ)|, |(Sµ

2 )∗(ξ)| ≲ eλµξ, |(Uµ
1 )∗(ξ)|, |(Uµ

2 )∗(ξ)| ≲ e−λµξ, ξ ∈ [0,∞).

The functions Uµ
i are reversible and the functions Sµ

i are anti-reversible, that is they
satisfy

RwhU
µ
i (0) = Uµ

i (0), RwhS
µ
i (0) = −Sµ

i (0), i = 1, 2.
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Remark 2.20. In order to obtain satisfactory energy estimates to prove the convergence
of an iteration scheme for equations (2.57)–(2.59) in the existence theory in Chapter 4
below, the domain of integration is restricted to respectively ξ ∈ [−ec⋆/2µ, ec⋆/2µ] and
ξ ∈ [0, ec⋆/2µ]. We thus construct solutions to equations (2.53), (2.54) which are expo-
nentially close to pµ on the exponentially large interval [−ec⋆/2µ, ec⋆/2µ].

In the semilinear case (Chapter 5) we use a different iteration scheme to construct
solutions to equations (2.53), (2.54) on the entire real line. For this purpose we need a
similar result for the linearisation of the unperturbed equation (2.53), namely

zξ = Lµ
whz + f̃µ

1 (z) + f̃µ
2 (Z, z, w),

which we reformulate as the integral equation

z(ξ) =
4∑

i=3

( ∫ ξ

−∞

〈(
f̃µ

1 (z)(t) + f̃µ
2 (Z, z, w)(t)

)
, (Sµ

i )∗(t)
〉

dt
)
Sµ

i (ξ)

−
( ∫ ∞

ξ

〈(
f̃µ

1 (z)(t) + f̃µ
2 (Z, z, w)(t)

)
, (Uµ

i )∗(t)
〉

dt
)
Uµ

i (ξ), (2.62)

where {Sµ
3 , S

µ
4 , U

µ
3 , U

µ
4 } is the fundamental solution set for the linearised equation for z

given by the following result.

Lemma 2.21. The equation

zξ = Lµ
whz (2.63)

has linearly independent solutions Sµ
3 , Sµ

4 , Uµ
3 , Uµ

4 on R with

|Sµ
3 (ξ)|, |Sµ

4 (ξ)| ≲ e−λµξ, |Uµ
3 (ξ)|, |Uµ

4 (ξ)| ≲ eλµξ, ξ ∈ R,

The dual basis {(Sµ
3 )∗(ξ), (Sµ

4 )∗(ξ), (Uµ
3 )∗(ξ), (Uµ

4 )∗(ξ)} to {Sµ
3 (ξ), Sµ

4 (ξ), Uµ
3 (ξ), Uµ

4 (ξ)} in
R4 satisfies

|(Sµ
3 )∗(ξ)|, |(Sµ

4 )∗(ξ)| ≲ eλµξ, |(Uµ
3 )∗(ξ)|, |(Uµ

4 )∗(ξ)| ≲ e−λµξ, ξ ∈ R.

Proof. We use again the transformation

(x1(ξ), y1(ξ), x2(ξ), y2(ξ))⊤ = R̃(ω+νµ)ξ(x′
1(ξ), y′

1(ξ), x′
2(ξ), y′

2(ξ))⊤,

so that equation (2.63) is transformed into the system

zξ = λµT1(z),

where

T1


x1
y1
x2
y2

 =


y1
x1
y2
x2

 ,
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2 Mathematical formulation

the fundamental solution set of which is given by

sµ
3(ξ) =


−e−λµξ

e−λµξ

0
0

 , uµ
3(ξ) =


eλµξ

eλµξ

0
0

 ,

sµ
4(ξ) =


0
0

−e−λµξ

e−λµξ

 , uµ
4(ξ) =


0
0

eλµξ

eλµξ


with

|sµ
3(ξ)|, |sµ

4(ξ)| ≲ e−λµξ, |uµ
3(ξ)|, |uµ

4(ξ)| ≲ eλµξ, ξ ∈ R.
The dual basis is given by

(sµ
3)∗(ξ) = 1

2


−eλµξ

eλµξ

0
0

 , (uµ
3)∗(ξ) = 1

2


e−λµξ

e−λµξ

0
0

 ,

(sµ
4)∗(ξ) = 1

2


0
0

−eλµξ

eλµξ

 , (uµ
4)∗(ξ) = 1

2


0
0

e−λµξ

e−λµξ


and satisfies

|(sµ
3)∗(ξ)|, |(sµ

4)∗(ξ)| ≲ eλµξ, |(uµ
3)∗(ξ)|, |(uµ

4)∗(ξ)| ≲ e−λµξ, ξ ∈ R.

The functions

Sµ
i (ξ) = R̃(ω+νµ)ξs

µ
i (ξ), Uµ

i (ξ) = R̃(ω+νµ)ξu
µ
i (ξ), ξ ∈ R,

are thus solutions to equation (2.63) with the desired properties. ■

2.4 Assorted proofs

Here we present the proofs of the technical results in Lemmata 2.4, 2.5 and 2.19.

Lemma 2.4. Suppose that T ε
m ∈ L(Cd) depends analytically upon ε in a neighbourhood

of the origin uniformly over m ∈ Z. The formula

(T εu)(τ) = 1√
2π

∑
m∈Z

(T ε
mum)eimτ

defines an operator T ε ∈ L(X t) for all t ≥ 0 which depends analytically upon ε in the
same neighbourhood of the origin.
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2.4 Assorted proofs

Proof. Due to the analyticity of T ε
m we know that

T ε
m =

∞∑
k=0

Mm
k ({ε}(k))

for Mm
k ∈ L(k)

sym(R; L(Cd)) with Mm
0 = T 0

m and there exist constants C, r > 0 which are
independent of m such that

|Mm
k ({ε}(k))v| ≤ Cr−k|ε|k|v|

for each v ∈ Cd.
We conclude that the symmetric, k-linear operator M̃k on R defined by the formula(

M̃k({ε}(k))u
)
(τ) = 1√

2π
∑
m∈Z

(
Mm

k ({ε}(k))um

)
eimτ

satisfies

∥M̃k({ε}(k))u∥2
t =

∑
m∈Z

(1 +m2)t|Mm
k ({ε}(k))um|2 ≤ (Cr−k|ε|k)2∥u∥2

t

and therefore is an element of L(k)
sym(R; L(X t)). Moreover, for sufficiently small values of

|ε|, we have that
∑
m∈Z

∞∑
k=0

∣∣∣(Mm
k ({ε}(k))um

)
eimτ

∣∣∣ ≤
∑
m∈Z

∞∑
k=0

C
( |ε|
r

)k

|um|

≲
∑
m∈Z

|um|

=
∑
m∈Z

(1 +m2)t/2|um|(1 +m2)−t/2

≤
( ∑

m∈Z
(1 +m2)t|um|2

)1/2( ∑
m∈Z

(1 +m2)−t
)1/2

≲ ∥u∥t

for each u ∈ X t and τ ∈ [0, 2π] so that the series on the left-hand side converges
absolutely in Cd, that is

(T εu)(τ) = 1√
2π

∑
m∈Z

(T ε
mum)eimτ

= 1√
2π

∑
m∈Z

∞∑
k=0

(
Mm

k ({ε}(k))um

)
eimτ

= 1√
2π

∞∑
k=0

∑
m∈Z

(
Mm

k ({ε}(k))um

)
eimτ

=
∞∑

k=0

(
M̃k({ε}(k))u

)
(τ).

The operator T ε ∈ L(X t) thus depends analytically upon ε. ■
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2 Mathematical formulation

Lemma 2.5. Let X be a Banach space, J ∈ L(X) with the property that J2 = I, and
P ε

1 , . . . , P
ε
l ∈ L(X) be projections which depend analytically upon ε in a neighbourhood

of the origin and satisfy

P ε
i J = JP ε

i , P ε
i P

ε
j = δijP

ε
i , i, j = 1, . . . , l,

and
l∑

i=1
P ε

i = I.

There exists U ε ∈ L(X) which is invertible such that

U εP 0
i (U ε)−1 = P ε

i , i = 1, . . . , l.

Furthermore, U ε, (U ε)−1 depend analytically upon ε and U εJ = JU ε.

Proof. Define

Qε = −
l∑

i=1
P ε

i (P ε
i )′,

where (P ε)′ denotes differentiation of P ε with respect to ε, and observe that the linear
differential equations

(U ε)′ = QεU ε,

U0 = I,

and

(V ε)′ = −V εQε,

V 0 = I

have unique solutions U ε, V ε ∈ L(X) which depend analytically upon ε. Observe that
the solution U ε is constructed as the uniform limit of the sequence {U ε

n}n∈N in L(X)
defined by

U ε
0 = I, U ε

n = I +
∫ ε

0
QsU s

n−1 ds

(see Kato [15, p. 100]). By assumption the projections P ε
1 , . . . , P

ε
l and hence the operator

Qε commute with the mapping J . It follows by induction that U ε
nJ = JU ε

n and thus
U εJ = JU ε.

The next step is to show that V ε = (U ε)−1 (so that in particular U ε is invertible and
(U ε)−1 depends analytically upon ε). On the one hand we have that

(V εU ε)′ = (V ε)′U ε + V ε(U ε)′ = −V εQεU ε + V εQεU ε = 0,

that is V εU ε is constant and hence V εU ε = V 0U0 = I. On the other hand note that the
linear differential equation

(W ε)′ = [Qε,W ε],
W 0 = I,

82



2.4 Assorted proofs

has a unique solution W ε which depends analytically upon ε. However W ε = I and
W ε = U εV ε solve this equation (since (U εV ε)′ = QεU εV ε − U εV εQε = [Qε, U εV ε]), so
that U εV ε = I.

Finally we prove that U εP 0
j (U ε)−1 = P ε

j for each j = 1, . . . , l. To this end consider
the linear differential equation

(Zε)′ = QεZε,

Z0 = P 0
j

and note that U εP 0
j solves this equation (since (U εP 0

j )′ = (U ε)′P 0
j = QεU εP 0

j and
U0 = I). We show that P ε

j U
ε is also a solution to this equation. Differentiating the

identity
P ε

i P
ε
j = δijP

ε
i

yields
(P ε

i )′P ε
j + P ε

i (P ε
j )′ = δij(P ε

i )′

from which it follows by left multiplication with P ε
i that

P ε
i (P ε

i )′P ε
j + P ε

i (P ε
j )′ = δijP

ε
i (P ε

i )′.

Since δijP
ε
i = P ε

j P
ε
i we obtain

P ε
i (P ε

i )′P ε
j + P ε

i (P ε
j )′ = P ε

j P
ε
i (P ε

i )′

that is
[−P ε

i (P ε
i )′, P ε

j ] = P ε
i (P ε

j )′

and summation over i = 1, . . . , l yields

[Qε, P ε
j ] = (P ε

j )′.

Hence

(P ε
j U

ε)′ = (P ε
j )′U ε + P ε

j (U ε)′

= QεP ε
j U

ε − P ε
j Q

εU ε + P ε
j Q

εU ε

= QεP ε
j U

ε

with P 0
j U

0 = P 0
j , so that it follows by uniqueness of the solution that P ε

j U
ε = U εP 0

j for
each j = 1, . . . , l. ■

Lemma 2.19. The equation

rξ = Lµ
whr + Lµr (2.61)

has linearly independent solutions Sµ
1 , Sµ

2 , Uµ
1 , Uµ

2 on [0,∞) with

|Sµ
1 (ξ)|, |Sµ

2 (ξ)| ≲ e−λµξ, |Uµ
1 (ξ)|, |Uµ

2 (ξ)| ≲ eλµξ, ξ ∈ [0,∞),
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The dual basis {(Sµ
1 )∗(ξ), (Sµ

2 )∗(ξ), (Uµ
1 )∗(ξ), (Uµ

2 )∗(ξ)} to {Sµ
1 (ξ), Sµ

2 (ξ), Uµ
1 (ξ), Uµ

2 (ξ)} in
R4 satisfies

|(Sµ
1 )∗(ξ)|, |(Sµ

2 )∗(ξ)| ≲ eλµξ, |(Uµ
1 )∗(ξ)|, |(Uµ

2 )∗(ξ)| ≲ e−λµξ, ξ ∈ [0,∞).

The functions Uµ
i are reversible and the functions Sµ

i are anti-reversible, that is they
satisfy

RwhU
µ
i (0) = Uµ

i (0), RwhS
µ
i (0) = −Sµ

i (0), i = 1, 2.

Proof. We use the transformation

(x1(ξ), y1(ξ), x2(ξ), y2(ξ))⊤ = R̃(ω+νµ)ξ(x′
1(ξ), y′

1(ξ), x′
2(ξ), y′

2(ξ))⊤

(see Section 2.2), so that the matrix of L0
wh in equation (2.61), which is given by

0 0 −ω 0
0 0 0 −ω
ω 0 0 0
0 ω 0 0

 ,

becomes the zero matrix and f̃µ
1 is (with a slight abuse of notation) transformed into

f̃µ
1 (z) =


0

−Čx1(x2
1 + x2

2)
0

−Čx2(x2
1 + x2

2)

+ O(|z|3|(z, µ)|),

and we have also used the fact that the preliminary transformations in Lemmata 2.14
and 2.15 as well as the normal-form transformation in Chapter 3 below only modify
the higher order terms in the Maclaurin expansion of the nonlinearity f̃ ε(z, 0)|ε=µ2 in
equation (2.26).

Moreover after the above transformation (with a further slight abuse of notation) pµ

is given by

pµ(ξ) =
√
λµ


H(λµξ)
Ḣ(λµξ)

0
0

+ Rµ(ξ)

with
H(ξ̌) =

√
2
Č

sech(ξ), |Rµ(ξ)| ≲ µ2e−λµηξ,

so that that the transformed system reads

rξ = λµT1(r) + T µ
2 (r) + T µ

3 (ξ)r (2.64)
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with

T1


x1
y1
x2
y2

 =


y1
x1
y2
x2

 , T µ
2


x1
y1
x2
y2

 =


0

−3ČH2(λµξ)λµx1
0

−ČH2(λµξ)λµx2


and

|T µ
3 (ξ)| ≲ µ3e−λµηξ.

We first consider the system

rξ = λµT1(r) + T µ
2 (r),

which has the explicit solutions

sµ
1(ξ) =


v1(λµξ)
v′

1(λµξ)
0
0

 , uµ
1(ξ) =


v2(λµξ)
v′

2(λµξ)
0
0

 ,

sµ
2(ξ) =


0
0

w1(λµξ)
w′

1(λµξ)

 , uµ
2(ξ) =


0
0

w2(λµξ)
w′

2(λµξ)

 ,
where

v1(ξ) = sech(ξ) tanh(ξ),
v2(ξ) = sech(ξ)(−3 + cosh2(ξ) + 3ξ tanh(ξ)),
w1(ξ) = sech(ξ),
w2(ξ) = sech(ξ)(2ξ + sinh(2ξ)),

which satisfy

|sµ
1(ξ)|, |sµ

2(ξ)| ≲ e−λµξ, |uµ
1(ξ)|, |uµ

2(ξ)| ≲ eλµξ, ξ ∈ [0,∞).

The dual basis {(sµ
1)∗(ξ), (sµ

2)∗(ξ), (uµ
1)∗(ξ), (uµ

2)∗(ξ)} to {sµ
1(ξ), sµ

2(ξ), uµ
1(ξ), uµ

2(ξ)} in R4

is given by

(sµ
1)∗(ξ) = 1

2


v′

2(λµξ)
−v2(λµξ)

0
0

 , (uµ
1)∗(ξ) = 1

2


−v′

1(λµξ)
v1(λµξ)

0
0

 ,

(sµ
2)∗(ξ) = 1

4


0
0

w′
2(λµξ)

−w2(λµξ)

 , (uµ
2)∗(ξ) = 1

4


0
0

−w′
1(λµξ)

w1(λµξ)

 ,
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and satisfies

|(sµ
1)∗(ξ)|, |(sµ

2)∗(ξ)| ≲ eλµξ, |(uµ
1)∗(ξ)|, |(uµ

2)∗(ξ)| ≲ e−λµξ, ξ ∈ [0,∞).

Next we turn to (2.64). Consider the integral equations

s̃µ
i (ξ) = sµ

i (ξ) −
2∑

l=1

∫ ∞

ξ
⟨T µ

3 (t)s̃µ
i (t), (sµ

l )∗(t)⟩ dt sµ
l (ξ)

−
2∑

l=1

∫ ∞

ξ
⟨T µ

3 (t)s̃µ
i (t), (uµ

l )∗(t)⟩ dt uµ
l (ξ), i = 1, 2, (2.65)

ũµ
i (ξ) = uµ

i (ξ) −
2∑

l=1

∫ ξ

0
⟨T µ

3 (t)ũµ
i (t), (sµ

l )∗(t)⟩ dt sµ
l (ξ)

−
2∑

l=1

∫ ∞

ξ
⟨T µ

3 (t)ũµ
i (t), (uµ

l )∗(t)⟩ dt uµ
l (ξ), i = 1, 2, (2.66)

and note that any solution of equation (2.65) or (2.66) yields a solution of equation
(2.64). Our task is therefore to find solutions to equations (2.65), (2.66) which satisfy
the desired estimates.

To this end we denote the right-hand side of equation (2.65) by Fi(s̃µ
i ) and consider

∥s̃µ
i ∥0,−λµ = sup

ξ≥0
|s̃µ

i (ξ)|eλµξ.

Using the estimates for sµ
i and uµ

i , we find that

|Fi(s̃µ
i )(ξ) − sµ

i (ξ)| ≲
2∑

l=1

∫ ∞

ξ
|T µ

3 (t)|∥s̃µ
i ∥0,−λµe−λµteλµt dt e−λµξ

+
2∑

l=1

∫ ∞

ξ
|T µ

3 (t)|∥s̃µ
i ∥0,−λµe−λµte−λµt dt eλµξ

≲
∫ ∞

ξ
|T µ

3 (t)| dt ∥s̃µ
i ∥0,−λµe−λµξ,

so that

∥Fi(s̃µ
i ) − sµ

i ∥0,λµ ≲ ∥s̃µ
i ∥0,λµ

∫ ∞

ξ
|T µ

3 (t)| dt

≲ ∥s̃µ
i ∥0,λµ

∫ ∞

0
µ3e−λµηt dt

≲ µ∥s̃µ
i ∥0,λµ .

It follows that ∥Fi(s̃µ
i )∥0,−λµ < ∞ for ∥s̃µ

i ∥0,−λµ < ∞ and

∥Fi(s̃µ
i(1)) − Fi(s̃µ

i(2))∥0,−λµ = ∥Fj(s̃µ
i(1) − s̃µ

i(2)) − sµ
i ∥0,−λµ ≲ µ∥s̃µ

i(1) − s̃µ
i(2)∥0,−λµ .
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We conclude that for small enough values of µ ≥ 0, the mapping Fi is a contraction on

B1(sµ
i ) ⊆ C−λµ([0,∞);R4) = {f ∈ C([0,∞);R4) : ∥f∥0,−λµ < ∞}

and thus has a fixed point s̃µ
i satisfying

|s̃i(ξ) − si(ξ)|eλµξ ≤ 1, ξ ∈ [0,∞),

so that in particular |s̃µ
i (ξ)| ≲ e−λµξ. We also observe that

|s̃µ
i (ξ) − sµ

i (ξ)|eλµξ ≤
∫ ∞

ξ
|T µ

3 (t)| dt ∥s̃µ
i ∥0,−λµ → 0, ξ → ∞,

and conclude that

lim
ξ→∞

s̃µ
i (ξ)eλµξ = lim

ξ→∞
sµ

i (ξ)eλµξ =
(2,−2, 0, 0)⊤, i = 1,

(0, 0, 2,−2)⊤, i = 2.
(2.67)

In a similar fashion we construct a solution to equation (2.66) by denoting the right-
hand side by Gi(ũµ

i ) and using the norm

∥ũµ
i ∥0,λµ = sup

ξ≥0
|ũµ

i (ξ)|e−λµξ.

Using the estimates for sµ
i and uµ

i , we find that

|Gi(ũµ
i )(ξ) − uµ

i (ξ)| ≲
2∑

l=1

∫ ξ

0
|T µ

3 (t)|∥ũµ
i ∥0,λµeλµteλµt dt e−λµξ

+
2∑

l=1

∫ ∞

ξ
|T µ

3 (t)|∥ũµ
i ∥0,λµeλµte−λµt dt eλµξ

≲
∫ ∞

0
|T µ

3 (t)| dt ∥ũµ
i ∥0,λµeλµξ,

so that

∥Gi(ũµ
i ) − uµ

i ∥0,λµ ≲ ∥ũµ
i ∥0,λµ

∫ ∞

0
|T µ

3 (t)| dt

≲ ∥ũµ
i ∥0,λµ

∫ ∞

0
µ3e−λµηt dt

≲ µ∥ũµ
i ∥0,λµ .

It follows that ∥Gi(ũµ
i )∥0,λµ < ∞ for ∥ũµ

i ∥0,λµ < ∞ and

∥Gi(ũµ
i(1)) − Gi(ũµ

i(2))∥0,λµ = ∥Gi(ũµ
i(1) − ũµ

i(2)) − uµ
i ∥0,λµ ≲ µ∥ũµ

i(1) − ũµ
i(2)∥0,λµ .

We conclude that for small enough values of µ ≥ 0, the mapping Gi is a contraction on

B1(uµ
i ) ⊆ Cλµ([0,∞);R4) = {f ∈ C([0,∞);R4) : ∥f∥0,λµ < ∞}
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and thus has a fixed point ũµ
i satisfying

|ũµ
i (ξ) − uµ

i (ξ)|e−λµξ ≤ 1, ξ ∈ [0,∞),

so that in particular |ũµ
i (ξ)| ≲ eλµξ. We also observe that

|ũµ
i (ξ) − uµ

i (ξ)|e−λµξ ≲
2∑

l=1

∫ ξ

0
|T µ

3 (t)|∥ũµ
i ∥0,λµeλµ(t−2ξ) dt

+
2∑

l=1

∫ ∞

ξ
|T µ

3 (t)|∥ũµ
i ∥0,λµe−λµt dt

≲ e−λµξ
∫ ξ

0
|T µ

3 (t)| dt+
∫ ∞

ξ
|T µ

3 (t)| dt

→ 0, ξ → ∞,

and conclude that

lim
ξ→∞

ũµ
i (ξ)e−λµξ = lim

ξ→∞
uµ

i (ξ)e−λµξ =
(1

2 ,
1
2 , 0, 0)⊤, i = 1,

(0, 0, 1, 1)⊤, i = 2.
(2.68)

The next step is to compute the dual basis {(s̃µ
1)∗(ξ), (s̃µ

2)∗(ξ), (ũµ
1)∗(ξ), (ũµ

2)∗(ξ)} in
R4. To this end we define the matrices

M(ξ) =
(
s̃µ

1(ξ)
∣∣∣s̃µ

2(ξ)
∣∣∣ũµ

1(ξ)
∣∣∣ũµ

2(ξ)
)
, M∗(ξ) =

(
(s̃µ

1)∗(ξ)
∣∣∣(s̃µ

2)∗(ξ)
∣∣∣(ũµ

1)∗(ξ)
∣∣∣(ũµ

2)∗(ξ)
)

and note that M∗ = (M⊤)−1 by definition of the dual basis. In order to compute M∗,
we first note that the Wronskian W = detM is constant since Wξ = (tr Lµ)W and the
diagonal entries of Lµ are zero because RwhLµ = −LµRwh. Using the multilinearity and
continuity of the determinant together with equations (2.67), (2.68) we compute

detM = lim
ξ→∞

detM

= lim
ξ→∞

det
(
s̃µ

1(ξ)eλµξ
∣∣∣s̃µ

2(ξ)eλµξ
∣∣∣ũµ

1(ξ)e−λµξ
∣∣∣ũµ

2(ξ)e−λµξ
)

= lim
ξ→∞

det
(
sµ

1(ξ)eλµξ
∣∣∣sµ

2(ξ)eλµξ
∣∣∣uµ

1(ξ)e−λµξ
∣∣∣uµ

2(ξ)e−λµξ
)

= lim
ξ→∞

det
(
sµ

1(ξ)
∣∣∣sµ

2(ξ)
∣∣∣uµ

1(ξ)
∣∣∣uµ

2(ξ)
)

︸ ︷︷ ︸
= 8

= 8.

In terms of the adjunct matrix M# the entries of M∗ can be computed via

(M∗)⊤ = 1
detMM#

with
M#

ij = (−1)i+j det(cM
1 | · · · |cM

i−1|ej|cM
i+1| · · · |cM

4 ),
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2.4 Assorted proofs

in which cM
j denotes the j-th column of M and {e1, . . . , e4} is the usual basis for R4.

We thus obtain the explicit formulae

(s̃µ
1)∗(ξ) = 1

8


det(e1|s̃µ

2(ξ)|ũµ
1(ξ)|ũµ

2(ξ))
− det(e2|s̃µ

2(ξ)|ũµ
1(ξ)|ũµ

2(ξ))
det(e3|s̃µ

2(ξ)|ũµ
1(ξ)|ũµ

2(ξ))
− det(e4|s̃µ

2(ξ)|ũµ
1(ξ)|ũµ

2(ξ))

 , (ũµ
1)∗(ξ) = 1

8


det(s̃µ

1(ξ)|s̃µ
2(ξ)|e1|ũµ

2(ξ))
− det(s̃µ

1(ξ)|s̃µ
2(ξ)|e2|ũµ

2(ξ))
det(s̃µ

1(ξ)|s̃µ
2(ξ)|e3|ũµ

2(ξ))
− det(s̃µ

1(ξ)|s̃µ
2(ξ)|e4|ũµ

2(ξ))



(s̃µ
2)∗(ξ) = 1

8


− det(s̃µ

1(ξ)|e1|ũµ
1(ξ)|ũµ

2(ξ))
det(s̃µ

1(ξ)|e2|ũµ
1(ξ)|ũµ

2(ξ))
− det(s̃µ

1(ξ)|e3|ũµ
1(ξ)|ũµ

2(ξ))
det(s̃µ

1(ξ)|e4|ũµ
1(ξ)|ũµ

2(ξ))

 , (ũµ
2)∗(ξ) = 1

8


− det(s̃µ

1(ξ)|s̃µ
2(ξ)|ũµ

1(ξ)|e1)
det(s̃µ

1(ξ)|s̃µ
2(ξ)|ũµ

1(ξ)|e2)
− det(s̃µ

1(ξ)|s̃µ
2(ξ)|ũµ

1(ξ)|e3)
det(s̃µ

1(ξ)|s̃µ
2(ξ)|ũµ

1(ξ)|e4)


and again using the multilinearity of the determinant, we find that

|(s̃µ
1)∗(ξ)| ≲ |s̃µ

2(ξ)||ũµ
1(ξ)||ũµ

2(ξ)| ≲ eλµξ,

|(s̃µ
2)∗(ξ)| ≲ |s̃µ

1(ξ)||ũµ
1(ξ)||ũµ

2(ξ)| ≲ eλµξ,

|(ũµ
1)∗(ξ)| ≲ |s̃µ

1(ξ)||s̃µ
2(ξ)||ũµ

2(ξ)| ≲ e−λµξ,

|(ũµ
2)∗(ξ)| ≲ |s̃µ

1(ξ)||s̃µ
2(ξ)||ũµ

1(ξ)| ≲ e−λµξ,

for ξ ∈ [0,∞).
It remains to demonstrate the reversibility of ũµ

i and the anti-reversibility of s̃µ
i . It

follows from equation (2.66) that ũµ
1(0), ũµ

2(0) ∈ ⟨uµ
1(0), uµ

2(0)⟩, and since the functions
uµ

1 and uµ
2 are reversible, we conclude that ũµ

1 and ũµ
2 are reversible. Moreover, recall

that equation (2.26), written in the new variables as

zξ = F̃ µ
1 (z),

has the family
{R̃ap

µ(ξ0 + ·) : a ∈ [0, 2π), ξ0 ∈ R}

of homoclinic solutions. Hence the functions

˜̃s1 = d
dξ0

R̃ap
µ(ξ0 + ·)

∣∣∣∣
a,ξ0=0

= (pµ)′, ˜̃s2 = d
daR̃ap

µ(ξ0 + ·)
∣∣∣∣
a,ξ0=0

= R̃π/2p
µ

are linearly independent, anti-reversible, homoclinic solutions of equation (2.64), and
the following argument shows that the set {˜̃sµ

1 , ˜̃sµ
2 , ũ

µ
1 , ũ

µ
2} is a fundamental solution set

to equation (2.64). Suppose that

α1 ˜̃sµ
1(ξ) + α2 ˜̃sµ

2(ξ) = −β1ũ
µ
1(ξ) − β2ũ

µ
2(ξ), ξ ∈ [0,∞),

for some scalars αj and βj. The function on the left-hand side is anti-reversible, while
the function on the right-hand side is reversible, so that

α1 ˜̃sµ
1(ξ) + α2 ˜̃sµ

2(ξ) = 0, β1ũ
µ
1(ξ) + β2ũ

µ
2(ξ) = 0, ξ ∈ [0,∞),
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2 Mathematical formulation

and thus α1 = α2 = β1 = β2 = 0, since ˜̃sµ
1 , ˜̃sµ

2 as well as ũµ
1 , ũ

µ
2 are linearly independent.

By construction {s̃µ
1 , s̃

µ
2 , ũ

µ
1 , ũ

µ
2} is also a fundamental solution set to equation (2.61),

so that each of the bounded solutions s̃µ
1 and s̃µ

2 is a linear combination of ˜̃sµ
1 and ˜̃sµ

2 .
In particular s̃µ

1 and s̃µ
2 are anti-reversible (note that we cannot simply take s̃µ

1 = ˜̃sµ
1 ,

s̃µ
2 = ˜̃sµ

2 since we a priori know only that |˜̃sµ
1(ξ)|, |˜̃sµ

2(ξ)| ≲ e−λµηξ for ξ ∈ [0,∞)).
The solutions to equation (2.61) with the desired properties are now obtained by

returning to the original coordinates and defining

Sµ
i (ξ) = R̃(ω+νµ)ξs̃

µ
i (ξ), Uµ

i (ξ) = R̃(ω+νµ)ξũ
µ
i (ξ), ξ ∈ [0,∞).

■
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3 Normal-form theory

In this chapter we consider equations (2.50), (2.51) derived in Lemma 2.15, namely

zξ = Lµ
whz + fµ

1 (z) + fµ
2 (z, q), (3.1)

qξ = Lµ
sh,cq + Psh,c

(
gµ

1 (z, q)qτ

)
+ gµ

2 (z, q) + hµ(z), (3.2)

where the hats have been dropped for notational simplicity. Recall that

|fµ
1 (z)| = O(|z|3), (3.3)

|fµ
2 (z, q)| = O(|z||(z, µ)|2∥q∥X t

sh,c
+ ∥q∥2

X t
sh,c

), (3.4)

∥gµ
1 (z, q)∥t = O(µ∥(z, q)∥Xwh×X t

sh,c
), (3.5)

∥gµ
2 (z, q)∥X t

sh,c
= O(µ|z|∥q∥X t

sh,c
+ µ2∥q∥2

X t
sh,c

+ µ∥q∥3
X t

sh,c
), (3.6)

∥hµ(z)∥X t
sh,c

= O(µ|z|2|(z, µ)|) (3.7)

for t > 1
2 and

Pc
(
g1;1,0

1 (z, 0)Zτ

)
= 0, Pcg

1;1,1
2 (z, Z) = 0.

We use the following strategy devised by Groves & Schneider [10]: we perform a
sequence of changes of variable which systematically remove terms from the Maclaurin
series of hµ(z) up to a specific order p while preserving the overall structure of equations
(3.1), (3.2). We show that it is possible to make an optimal choice for p so that the
remaining part of hµ(z) is exponentially small in comparison with µ and hence prove
Theorem 2.16. The analysis is based upon a theory for finite-dimensional dynamical
systems given by Iooss and Lombardi [14]. We refer to several of their combinatorial
results here.

3.1 Construction of the normal-form transformation

In this section we show that for arbitrary order k ≥ 2 there exists a near-identity change
of coordinates which transforms equations (3.1), (3.2) into equations of the same form
with the additional property that the Maclaurin series of the transformed nonlinearity
h̃µ(z) does not contain any terms of order less than or equal k.

We begin by introducing notation for Banach-space valued polynomials of five complex
variables and stating some facts which are useful in the following analysis.
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3 Normal-form theory

Definition 3.1. Suppose that X is a complex Banach space and let k ∈ N0.
(i) We call Ψk : C5 → X a homogeneous polynomial of degree k if

Ψk(x) =
∑

|α|=k

vαx
α1
1 · . . . · xα5

5

for some vα ∈ X, α ∈ N5
0. We denote the vector space of all homogeneous

polynomials of degree k from C5 to X by Pk(C5;X).
(ii) We call Ψ: C5 → X a polynomial of degree k if

Ψ =
k∑

j=0
Ψj,

where Ψj ∈ Pj(C5;X) and Ψk ̸= 0.

Remark 3.2. Suppose that X is a complex Banach space and let k ∈ N0.
(i) Observe that Ψk ∈ Pk(C5;X) if and only if there exists Ak ∈ L(k)

sym(C5;X) sat-
isfying Ψk(x) = Ak({x}(k)) for each x ∈ C5. According to Definition 3.1, if
Ψk ∈ Pk(C5;X) is given by

Ψk(x) =
∑

|α|=k

vαx
α1
1 · . . . · xα5

5 ,

then vα and Ak are related by the formula

vα =
(
k

α

)
Ak
(
{e1}(α1), . . . , {e5}(α5)

)
,

where {e1, . . . , e5} denotes the usual basis for C5.
(ii) The expressions

|Ψk|2 =
√ ∑

|α|=k

∥vα∥2
Xα1! · . . . · α5!,

|Ψk|2,k = 1√
k!

|Φ|2

and

|Ψk|0,k = sup
x∈R5

∥Φk(x)∥X

|x|k

define norms on Pk(C5;X).
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(iii) Suppose that k > 0 and Ψk ∈ Pk(C5;X) is given by

Ψk(x) =
∑

|α|=k

vαx
α1
1 · . . . · xα5

5 = Ak({x}(k)).

It follows that

dΨk[x](x̃) = kAk({x}(k−1), x̃)

=
∑

|α|=k−1

( 5∑
i=1

(αi + 1)vα+ei
x̃i

)
xα1

1 · . . . · xα5
5

for x̃ ∈ C5, where ei ∈ N5
0 is the multi-index whose entries are 1 at position i and 0

elsewhere. In particular the derivative dΨk is a polynomial in Pk−1(C5; L(C5;X)).
(iv) For our specific use we consider polynomials taking values in either X t

sh,c for t > 1
2 ,

or C5. To this end we abbreviate Pk
t = Pk(C5; X t

sh,c) and Qk = Pk(C5;C5). The
norms on Pk

t will be written as respectively | · |t2, | · |t2,k and | · |t0,k.

The relation between the different norms defined in Remark 3.2(ii) are given in the
following two lemmata, the proofs of which are similar to those of Iooss and Lombardi
[14, Lemmata 2.10 and 2.11].

Lemma 3.3. Suppose that X is a complex Banach space and let k ∈ N0.
(i) The estimates

|Ψk|0,k ≤ |Ψk|2,k ≤
√

5k2|Ψk|0,k

hold for each Ψk ∈ Pk(C5;X).
(ii) Suppose that p ∈ N0, k ̸= 0 and Ψk ∈ Pk(C5;X), Np ∈ Qp. The operator

x 7→ dΨk[x](Np(x))

lies in P l(C5;X) with l = k + p− 1 and satisfies the estimate

|dΨk[·](Np)|2,l ≤
√
k2 + 4k|Ψk|2,k|Np|2,p.

Lemma 3.4. Suppose that q ∈ N, i ∈ {0, . . . , q}, p1, . . . , pq−i ∈ N and that
Rq ∈ L(q)(C5i × (X t

sh,c)q−i; X t
sh,c). For each choice of Ψpj ∈ Pj

t , j ∈ {1, . . . , q − i},
the operator

x 7→ Rq[{x}(i),Ψp1(x), . . . ,Ψpq−i(x)]
lies in P l

t with l = i+ p1 + . . .+ pq−i and satisfies the estimate

|Rq[{·}(i),Ψp1 , . . . ,Ψpq−i ]|t2,l ≤ ∥Rq∥L(q)

√
5i|Ψp1|t2,p1 · . . . · |Ψpq−i |t2,pq−i

.

The analogous result holds when Pk
t is replaced by Qk.
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Another useful fact is the following proposition concerning the relation between the
norm of a homogeneous polynomial and the norm of its derivative.

Proposition 3.5. Suppose that X is a complex Banach space and let k ∈ N. The
estimate

|dΨk|2,k−1 ≤
√

5k|Ψk|2,k,

holds for each Ψk ∈ Pk(C5;X), where | · |2,k−1 denotes the corresponding norm for
Pk−1(C5; L(C5;X)).

Proof. Suppose that

Ψk(x) =
∑

|α|=k

vαx
α1
1 · . . . · xα5

5 , vα ∈ X.

According to Remark 3.2(iii), one can write

dΨk[x] =
∑

|α|=k−1
wαx

α1
1 · . . . · xα5

5

with
wα(x̃) =

5∑
i=1

(αi + 1)vα+ei
x̃i,

so that

|dΨk|22,k−1 = 1
(k − 1)!

∑
|α|=k−1

∥wα∥2
L(C5;X)α1! · . . . · α5!

= k

k!
∑

|α|=k−1
sup
|x̃|=1

∥∥∥∥ 5∑
i=1

(αi + 1)vα+ei
x̃i

∥∥∥∥2

X
α1! · . . . · α5!

≤ k

k!
∑

|α|=k−1

( 5∑
i=1

(αi + 1)∥vα+ei
∥X

)2
α1! · . . . · α5!

≤ 5k
k!

∑
|α|=k−1

5∑
i=1

(αi + 1)2∥vα+ei
∥2

Xα1! · . . . · α5!

≤ 5k2

k!
∑

|α|=k−1

5∑
i=1

∥vα+ei
∥2

Xα1! · . . . · (αi + 1)! · . . . · α5!

= 5k2

k!
∑

|α|=k

∥vα∥2
Xα1! · . . . · α5!

= 5k2|Ψk|22,k.

■
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3.1 Construction of the normal-form transformation

By writing y = (z, µ) and attaching the additional equation ∂ξµ = 0 to equation (3.1),
we reformulate equations (3.1), (3.2) as

yξ = L̃µ
why + f1(y) + f2(y, q),

qξ = Lµ
sh,cq + Psh,c

(
g1(y, q)qτ

)
+ g2(y, q) + h(y),

where

L̃µ
wh =

(
Lµ

wh 0
0 0

)
,

f1(y) =
(
fµ

1 (z)
0

)
, f2(y, q) =

(
fµ

2 (z, q)
0

)
,

gj(y, q) = gµ
j (z, q), j = 1, 2,

h(y) = hµ(z).

To achieve our objective of removing terms from the Maclaurin expansion of h(y) up to
some specific order p, we use a change of variable of the form

q̃ = q + Φ(y),

where Φ: C5 → X t+1
sh,c is a polynomial of degree p for t > 1

2 , that is

Φ(y) =
p∑

k=2
Φk(y), Φk ∈ Pk

t+1,

which commutes with the reverser R (we slightly abuse the notation writing (Rz, µ) as
Ry). We arrive at the equations

yξ = L̃µ
why + f̃1(y) + f̃2(y, q̃), (3.8)

q̃ξ = Lµ
sh,cq̃ + Psh,c

(
g̃1(y, q̃)q̃τ

)
+ g̃2(y, q̃) + h̃(y) (3.9)

with

f̃1(y) = f1(y) + f2(y,−Φ(y)),
f̃2(y, q̃) = f2(y, q̃ − Φ(y)) − f2(y,−Φ(y)),
g̃1(y, q̃) = g1(y, q̃ − Φ(y)),
g̃2(y, q̃) = g2(y, q̃ − Φ(y)) − g2(y,−Φ(y))

− Psh,c
(
(g1(y, q̃ − Φ(y)) − g1(y,−Φ(y)))∂τ Φ(y)

)
+ dΦ[y]

(
f(y, q̃ − Φ(y)) − f(y,−Φ(y))

)
,

h̃(y) = −L0
sh,cΦ(y) + dΦ[y](L̃0

why) +N(y)

in which
f(y, q) = (L̃µ

wh − L̃0
wh)y + f1(y) + f2(y, q)
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3 Normal-form theory

and

N(y) = − (Lµ
sh,c − L0

sh,c)Φ(y) + dΦ[y]
(
f(y,−Φ(y))

)
+ h(y) + g2(y,−Φ(y)) − Psh,c

(
g1(y,−Φ(y))∂τ Φ(y)

)
.

To eliminate the k-th order term h̃k(y) in the Maclaurin expansion of h̃, we choose Φk

in such a way that

L0
sh,cΦk(y) − dΦk[y](L̃0

why) = Nk(y), k = 2, . . . , p. (3.10)

By (3.7), we know that h̃2 = h̃3 = 0 and hence Φ2 = Φ3 = 0. However we include these
terms in the expansions for notational simplicity in the combinatorics below. Note that
a solution Φk to equation (3.10) commutes with the reverser R.

In order to prove that equation (3.10) has a solution for every k = 2, . . . , p we con-
sider its left-hand side as an operator Lk : Pk

t+1 → Pk
t and show that Lk is invertible

with an inverse L−1
k which is bounded independently of k. In the construction of the

estimate for ∥L−1
k ∥L(Pk

t ;Pk
t+1) we change between the canonical basis {e1, . . . , en} and re-

spectively the bases {e1,1, · · · , e1,n−2, u, v}, {e1,1, · · · , e1,n−2, u, v}, {em,1, . . . , em,n} for Cn

(see Section 2.1) and use the fact that the change of basis matrices Q−1
m , where

Q1 = (e1,1| · · · |e1,n−2|u|v), Q−1 = (e1,1| · · · |e1,n−2|u|v)

and
Qm = (em,1| · · · |em,n) (m ∈ Z \ {±1}),

are bounded independently of m ∈ Z (see Proposition 2.8).

Proposition 3.6. The operator Lk : Pk
t+1 → Pk

t defined by

(LkΦk)(y) = L0
sh,cΦk(y) − dΦk[y](L̃0

why)

is invertible and the operator norm

γ := ∥L−1
k ∥L(Pk

t ;Pk
t+1) = sup

|Ψk|t2=1
|L−1

k Ψk|t+1
2

is independent of k.

Proof. First note that polynomials Ψk ∈ Pk
t and Φk ∈ Pk

t+1 take values in the finite
dimensional subspace

E0 ⊕ (E−1 ⊕ E1) ⊕ · · · ⊕ (E−k ⊕ Ek)

of respectively X t and X t+1. Writing

Ψk(y) =
∑

|α|=k

∑
−k≤m≤k
1≤r≤rm

Ψm,α,rz
α1
1 zα2

2 zα3
1 zα4

2 µα5em,reimτ ,

Φk(y) =
∑

|α|=k

∑
−k≤m≤k
1≤r≤rm

Φm,α,rz
α1
1 zα2

2 zα3
1 zα4

2 µα5em,reimτ
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3.1 Construction of the normal-form transformation

for some complex numbers Φm,α,r and Ψm,α,r, we therefore find that the equation

LkΦk = Ψk

is equivalent to
(λm,r +miω)Φm,α,r = Ψm,α,r,

and since Assumptions 2(iii) guarantee that λm,r ̸= miω for each m ∈ Z we conclude
that Lk is invertible with inverse

(L−1
k Ψk)(y) =

∑
|α|=k

∑
−k≤m≤k
1≤r≤rm

Ψm,α,r

λm,r +miωz
α1
1 zα2

2 zα3
1 zα4

2 µα5em,reimτ .

Next we use the estimate for ∥Q−1
m ∥ in Proposition 2.8 and the fact that the vectors

em,r are normalised to compute

(|L−1
k Ψk|t+1

2 )2

=
∑

|α|=k

k∑
m=−k

(1 +m2)t+1
∣∣∣∣ rm∑

r=1

Ψm,α,r

λm,r +miωem,r

∣∣∣∣2α1! · . . . · α5!

≤
∑

|α|=k

k∑
m=−k

(1 +m2)t max
r=1,...,rm

1 +m2

|λm,r +miω|2
rm∑
r=1

|Ψm,α,r|2α1! · . . . · α5!

=
∑

|α|=k

k∑
m=−k

(1 +m2)t max
r=1,...,rm

1 +m2

|λm,r +miω|2
∣∣∣∣ rm∑

r=1
Ψm,α,rer

∣∣∣∣2α1! · . . . · α5!

=
∑

|α|=k

k∑
m=−k

(1 +m2)t max
r=1,...,rm

1 +m2

|λm,r +miω|2
∣∣∣∣Q−1

m

rm∑
r=1

Ψm,α,rem,r

∣∣∣∣2α1! · . . . · α5!

≲
∑

|α|=k

k∑
m=−k

(1 +m2)t max
r=1,...,rm

1 +m2

|λm,r +miω|2
∣∣∣∣ rm∑

r=1
Ψm,α,rem,r

∣∣∣∣2α1! · . . . · α5!.

We use the same notation as in the proof of Proposition 2.3 and recall that the eigenvalues
λ0

1(m), . . . , λ0
n(m) of the matrix iÃ0(0) + 1

m
∂B̃0[0] are purely imaginary for sufficiently

large |m| with
lim

|m|→∞
λ0

r(m) = iµ0
r, r = 1, . . . , n,

where µ0
1, . . . , µ

0
n are the distinct, real eigenvalues of the matrix Ã0(0). Since

λm,r = mλ0
r(m),

we conclude that
lim

|m|→∞

1
m

(λm,r +miω) = i(µ0
r + ω),

where the right-hand side is non-zero since µ0
r ̸= −ω due to Assumptions 2(iv). We

conclude that
|λm,r +miω| ≳ m,
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3 Normal-form theory

so that
C = sup

m∈Z
max

1≤r≤rm

1 +m2

|λm,r +miω|2

is finite and ∥L−1
k ∥L(Pk

t ;Pk
t+1) ≲ C independently of k. ■

3.2 Estimates for the normal-form transformation

Our aim is to determine an optimal order p for our transformation such that the remain-
ing nonlinear terms ∑

m≥p+1
h̃m(y)

in the Maclaurin expansion of h̃ become exponentially small with respect to µ. We begin
by estimating the size of Φ, that is we derive estimates for |Φm|t+1

2,m and ∥Φm(y)∥X t+1
sh,c

. Here
we make extensive use of the relations between the different norms given in Lemmata 3.3
and 3.4.

By equation (3.10), we have that

Φm = L−1
m Nm, m = 2, . . . , p.

Defining ϕm = |Φm|t+1
2,m and νm = |Nm|t2,m, we use Proposition 3.6 to conclude that

ϕm ≤ γνm,

and we proceed by estimating νm for m ∈ {2, . . . , p}.
We use the notation

fm[y1, . . . , ym] = 1
m!d

mf [0](y1, . . . , ym),

fm1,m2 [y1, . . . , ym1 , w1, . . . , wm2 ] = 1
m1!m2!

dm1,m2f [0](y1, . . . , ym1 , w1, . . . , wm2),

where m,m1,m2 ∈ N0 for analytic functions of one and two variables and

Φp = (Φp1 , . . . ,Φpq),

ϕp =
q∏

j=1
|Φpj |t+1

2,pj

for p ∈ Nq
2, where N2 := N \ {1}. We also write

(Uµ)−1Ãµ(0)Uµ =
∞∑

i=0
Aiµ

i, (Uµ)−1∂B̃µ(0)Uµ =
∞∑

i=0
Biµ

i,

98



3.2 Estimates for the normal-form transformation

in which Ai, Bi ∈ L(X t) are operator-valued coefficients with A0 = Ã0(0) and
B0 = ∂B̃0(0), so that

(Lµ
sh,c − L0

sh,c)Φ(y) =
∞∑

i=1
Aiµ

i∂τ Φ(y) +
∞∑

i=1
Biµ

iΦ(y).

It follows that

Nm(y) = hm[{y}(m)]

+
∑

2≤k≤m−1
dΦk[y]

( ∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

f i,q−i[{y}(i),−Φp(y)]
)

−
∑

1≤q≤m−1

q∑
i=0

∑
(p,r)∈Nq−i+1

2
|p|=m−i−r

Psh,c
(
gi,q−i

1 [{y}(i),−Φp(y)]∂τ Φr(y)
)

+
∑

2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

gi,q−i
2 [{y}(i),−Φp(y)]

−
∑

2≤k≤m−1
Am−kµ

m−k∂τ Φk(y) −
∑

2≤k≤m−1
Bm−kµ

m−kΦk(y) (3.11)

for m ≥ 2.
Because the functions f : C5 × X t

sh,c → C5, g1 : C5 × X t
sh,c → H t

per(0, 2π;Rn×n),
g2 : C5 × X t

sh,c → X t
sh,c and h : C5 → X t

sh,c are analytic at the origin for t > 1
2 , there

exist universal constants a > 1 and ρ < 1 such that

|fm1,m2 [y1, . . . , ym1 , q1, . . . , qm2 ]|

≤ a

ρm1+m2
|y1| · . . . · |ym1| · ∥q1∥X t

sh,c
· . . . · ∥qm2∥X t

sh,c
,∥∥∥Psh,c

(
gm1,m2

1 [y1, . . . , ym1 , q1, . . . , qm2 ]∂τqm2+1
)∥∥∥

X t
sh,c

≤ a

4ρm1+m2
|y1| · . . . · |ym1| · ∥q1∥X t

sh,c
· . . . · ∥qm2∥X t

sh,c
· ∥qm2+1∥X t+1

sh,c
,

∥gm1,m2
2 [y1, . . . , ym1 , q1, . . . , qm2 ]∥X t

sh,c

≤ a

4ρm1+m2
|y1| · . . . · |ym1| · ∥q1∥X t

sh,c
· . . . · ∥qm2∥X t

sh,c

and
∥hm1 [y1, . . . ym1 ]∥X t

sh,c
≤ a

ρm1
|y1| · . . . · |ym1|

for each m1,m2 ∈ N0. We furthermore choose a and ρ such that

∥Am∥L(X t) ≤ a

4ρm
, ∥Bm∥L(X t) ≤ a

4ρm
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3 Normal-form theory

for each m ∈ N0. Using these estimates together with Lemmata 3.3 and 3.4, we find
from equation (3.11) that

ϕm ≤ γ

(
a

ρm

√
5m +

∑
2≤k≤m−1

√
k2 + 4kϕk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

a

ρq

√
5i
ϕp

+ 1
4

∑
1≤q≤m−1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=m−i

a

ρq

√
5i
ϕp + 1

4
∑

2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

a

ρq

√
5i
ϕp

+ 1
2

∑
2≤k≤m−1

a

ρm−k

√
5m−k

ϕk

)
. (3.12)

Observe that

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

a

ρq

√
5i
ϕp ≥

∑
2≤q≤m

∑
p1∈N2

p1=m−(q−1)

a

ρq

√
5q−1

ϕp1

=
∑

2≤q≤m−1

a

ρq

√
5q−1

ϕm−(q−1)

≥
∑

2≤q≤m−1

a

ρq−1

√
5q−1

ϕm−(q−1)

=
∑

2≤k≤m−1

a

ρm−k

√
5m−k

ϕk,

in which we have written k = m− (q − 1) in the last step, and

∑
1≤q≤m−1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=m−i

a

ρq

√
5i
ϕp =

∑
2≤q≤m

q−1∑
i=0

∑
p∈Nq−i

2
|p|=m−i

a

ρq−1

√
5i
ϕp

≤
∑

2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

a

ρq

√
5i
ϕp.

Using these combinatorial results, we find from inequality (3.12) that

ϕm ≤ aγ

ρm

√
5m +

∑
2≤k≤m−1

√
k2 + 4k

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

aγ

ρq

√
5i
ϕp

+
∑

2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

aγ

ρq

√
5i
ϕp. (3.13)
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Our aim is to obtain a non-recursive estimate for ϕm, m ≥ 2, and to this end we
consider the sequence {βl}l∈N defined recursively by the formulae

β1 = 1,

βm =
(
ρ

aγ

)m−2
+

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

(
ρ

aγ

)q−2
βp

+ 5
∑

2≤k≤m−1
kβk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

(
ρ

aγ

)q−2
βp

for m ≥ 2, where we have used the notation

βp =
q−i∏
j=1

βpj
.

The first step is to establish an estimate of the form

ϕm ≤ cmβm, m ≥ 2,

where {cm}m∈N is a non-recursively defined sequence of positive real numbers.

Proposition 3.7. The estimate

ϕm ≤
√

5
(√

5aγ
ρ2

)m−1
βm

holds for each m ≥ 2.

Proof. We establish this result by mathematical induction. If m = 2 we have that β2 = 2
and inequality (3.13) shows that

ϕ2 ≤ 2aγ
ρ2

√
52 =

√
5
(√

5aγ
ρ2

)
β2.

Now suppose that m ≥ 3 and the result holds for all j < m. Using inequality (3.13) we
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find that

ϕm ≤ aγ

ρm

√
5m +

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

aγ

ρq

√
5q
(√

5aγ
ρ2

)m−q

βp

+
∑

2≤k≤m−1

√
k2 + 4k

√
5
(√

5aγ
ρ2

)k−1
βk

×
∑

2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

aγ

ρq

√
5q
(√

5aγ
ρ2

)m−k+1−q

βp

= aγ

ρm

√
5m +

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

aγ

ρq

√
5m
(
aγ

ρ2

)m−q

βp

+
∑

2≤k≤m−1

√
k2 + 4k

√
5βk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

aγ

ρq

√
5m
(
aγ

ρ2

)m−q

βp

and since
√
k2 + 4k

√
5 ≤ 5k and

1√
5

(
ρ2

√
5aγ

)m−1 aγ

ρm

√
5m =

(
ρ

aγ

)m−2
,

1√
5

(
ρ2

√
5aγ

)m−1aγ

ρq

√
5m
(
aγ

ρ2

)m−q

=
(
ρ

aγ

)q−2
,

we conclude that

ϕm ≤
√

5
(√

5aγ
ρ2

)m−1
((

ρ

aγ

)m−2
+

∑
2≤q≤m

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

(
ρ

aγ

)q−2
βp

+ 5
∑

2≤k≤m−1
kβk

∑
2≤q≤m−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=m−k+1−i

(
ρ

aγ

)q−2
βp

)

=
√

5
(√

5aγ
ρ2

)m−1
βm.

■

The second step is to show that the sequence {βl}l∈N is bounded by a non-recursively
defined sequence {αl}l∈N and to use Proposition 3.7 to obtain the desired non-recursive
estimate for ϕm, m ≥ 2.
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Proposition 3.8. Consider the sequence {αm}m∈N defined by the formulae

α1 = 1,
αm = θm−2(m− 2)!, m ≥ 2,

where θ ≥ 1 is a constant satisfying ρ/aγθ ≤ 1/5 and
21
40 + 129

2θ ≤ 1.

The estimate
βm ≤ 2mαm

holds for each m ≥ 1.

Proof. This result is also established using mathematical induction. Note that

β1 = 1 < 2 = 2α1, β2 = 2 < 4 = 22α2

so that the statement is true for m = 1 and m = 2. Now suppose that m ≥ 3 and that
βj ≤ 2jαj for all j < m. Since β1 = 1, we find that

q∑
i=0

∑
p∈Nq−i

2
|p|=m−i

βp =
∑

p∈Nq

|p|=m

βp,

so that we can rewrite the recursive formula for βm, m ≥ 2, as

βm =
(
ρ

aγ

)m−2
+

∑
2≤q≤m

∑
p∈Nq

|p|=m

(
ρ

aγ

)q−2
βp

+ 5
∑

2≤k≤m−1
kβk

∑
2≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

(
ρ

aγ

)q−2
βp.

It follows by the induction hypothesis that

βm ≤
(
ρ

aγ

)m−2
+ 2m

(
∆1

m + ∆2
m + ∆3

m + ∆4
m

)
,

where

∆1
m =

∑
3≤q≤m

∑
p∈Nq

|p|=m

(
ρ

aγ

)q−2
αp,

∆2
m = 10

∑
2≤k≤m−1

kαk

∑
3≤q≤m−k+1

∑
p∈Nq

|p|=m−k+1

(
ρ

aγ

)q−2
αp,

∆3
m =

∑
1≤k≤m−1

αkαm−k,

∆4
m = 10

∑
2≤k≤m−1

kαk

∑
1≤j≤m−k

αjαm−k+1−j
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3 Normal-form theory

and we have used the notation
αp =

q∏
j=1

αpj
.

In order to estimate the quantities ∆1
m, . . . ,∆4

m, we make use of the inequalities

∑
p∈Nq

|p|=m

αp ≤ 2
θq−2αm, 3 ≤ q ≤ m, (3.14)

∑
2≤k≤m−1

k(k − 2)!(m− k − 1)!
(m− 2)! ≤ 5

2 , m ≥ 3, (3.15)

∑
2≤k≤m−2

(k − 2)!(m− k − 2)!
(m− 2)! ≤ 1

2 , m ≥ 4, (3.16)

which where established by Iooss and Lombardi [14, Lemma 2.13, steps 2.1, 2.2 and 4].
Inequality (3.14) shows that

∆1
m =

∑
3≤q≤m

(
ρ

aγ

)q−2 ∑
p∈Nq

|p|=m

αp

≤ 2
∑

3≤q≤m

(
ρ

aγθ

)q−2
αm

= 2
∑

1≤q≤m−2

(
ρ

aγθ

)q

αm

≤ 2
(

1
1 − ρ

aγθ

− 1
)
αm

≤ αm

2 ,

since ρ/aγθ ≤ 1/5. Similarly, it follows from inequalities (3.14), (3.15) that

∆2
m = 10

∑
2≤k≤m−1

kαk

∑
3≤q≤m−k+1

(
ρ

aγ

)q−2 ∑
p∈Nq

|p|=m−k+1

αp

≤ 5
∑

2≤k≤m−1
kαkαm−k+1

= 5
∑

2≤k≤m−1
kθm−3(k − 2)!(m− k − 1)!

= 5
θ
αm

∑
2≤k≤m−1

k(k − 2)!(m− k − 1)!
(m− 2)!

≤ 25
2θαm.
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3.2 Estimates for the normal-form transformation

Next we show that

∆3
m =

∑
1≤k≤m−1

αkαm−k ≤ 2
θ
αm, m ≥ 3.

If m = 3, we have that
∑

1≤k≤2
αkα3−k = 2α2 = 2 = 2

θ
θ = 2

θ
α3

and in the case m ≥ 4 we can use induction to show that

2
θ(m− 2) + 1

2θ2 ≤ 2
θ
,

which together with inequality (3.16) yields∑
1≤k≤m−1

αkαm−k = 2α1αm−1 +
∑

2≤k≤m−2
αkαm−k

= 2θm−3(m− 3)! + θm−4 ∑
2≤k≤m−2

(k − 2)!(m− k − 2)!

= αm

(
2

θ(m− 2) + 1
θ2

∑
2≤k≤m−2

(k − 2)!(m− k − 2)!
(m− 2)!

)

≤ αm

( 2
θ(m− 2) + 1

2θ2

)
≤ 2
θ
αm,

proving the estimate for ∆3
m. Turning to ∆4

m, we use the estimate for ∆3
m, m ≥ 3,

together with inequality (3.15) to conclude that
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3 Normal-form theory

∆4
m = 10

∑
2≤k≤m−1

kαk

∑
1≤j≤m−k

αjαm−k+1−j

= 10(m− 1)αm−1α
2
1 + 10

∑
2≤k≤m−2

kαk

∑
1≤j≤m−k

αjαm−k+1−j

= 10(m− 1)αm−1 + 10
∑

2≤k≤m−2
kαk∆3

m−k+1

≤ 10(m− 1)αm−1 + 20
θ

∑
2≤k≤m−2

kαkαm−k+1

= 10(m− 1)θm−3(m− 3)! + 20θm−4 ∑
2≤k≤m−2

k(k − 2)!(m− k − 1)!

= αm

(
10(m− 1)
θ(m− 2) + 20

θ2

∑
2≤k≤m−2

k(k − 2)!(m− k − 1)!
(m− 2)!

)

≤ αm

(
20
θ

m− 1
m− 2 + 20

θ

∑
2≤k≤m−2

k(k − 2)!(m− k − 1)!
(m− 2)!

)

= αm
20
θ

∑
2≤k≤m−1

k(k − 2)!(m− k − 1)!
(m− 2)!

≤ 50
θ
αm.

Finally note that (
ρ

aγ

)m−2
=
(
ρ

aγθ

)m−2
θm−2 ≤ 1

5θ
m−2 ≤ 2m

40 αm,

since 5 · 2m ≥ 40 for every m ≥ 3. Altogether we have that

βm ≤
(1

2 + 25
2θ + 2

θ
+ 50

θ
+ 1

40

)
2mαm

=
(21

40 + 129
2θ

)
2mαm

≤ 2mαm. ■

For the remainder of this thesis, we fix θ ≥ 1 to be a constant satisfying the assump-
tions of Proposition 3.8. It follows from Propositions 3.7 and 3.8 that

ϕm ≤
√

5
(√

5aγ
ρ2

)m−1
βm

≤
√

5
(√

5aγ
ρ2

)m−1
2mαm

=
√

5
(√

5aγ
ρ2

)m−1
2mθm−2(m− 2)!

= 20aγ
ρ2

(2
√

5aγθ
ρ2

)m−2
(m− 2)! (3.17)
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3.2 Estimates for the normal-form transformation

for each m ≥ 2. Using this estimate together with a mutual constraint on the order
p of the normal form and the maximum size δ of |y|, we can establish estimates for
∥Φ(y)∥X t+1

sh,c
and ∥dΦ[y]∥L(C5;X t+1

sh,c ) from which the estimate for ∥h̃(y)∥X t
sh,c

is derived.

Proposition 3.9. Let p ≥ 2 be a natural number and δ > 0 such that

δp ≤ ρ2

4
√

5aγθ
.

The estimates ∥∥∥∥ ∑
2≤k≤p

Φk(y)
∥∥∥∥

X t+1
sh,c

≤
√

5δ
θ
,

∥∥∥∥ ∑
2≤k≤p

dΦk[y]
∥∥∥∥

L(C5;X t+1
sh,c )

≤ 10
θ
,

∥∥∥∥ ∑
2≤k≤p

d2Φk[y]
∥∥∥∥

L(2)
sym(C5;X t+1

sh,c )
≤ 10

√
5

θδ

hold for each y ∈ Bδ(0) ⊆ C5.

Proof. Take y ∈ Bδ(0). Using Lemma 3.3(i) together with inequality (3.17), we find
that ∥∥∥∥ ∑

2≤k≤p

Φk(y)
∥∥∥∥

X t+1
sh,c

≤
∑

2≤k≤p

|Φk|t+1
0,k |y|k

≤
∑

2≤k≤p

ϕkδ
k

≤
∑

2≤k≤p

20aγδ2

ρ2

(2
√

5aγθδ
ρ2

)k−2
(k − 2)!

= 2
√

5δ
θ

∑
2≤k≤p

(2
√

5aγθδ
ρ2

)k−1
(k − 2)!

≤ 2
√

5δ
θ

∑
2≤k≤p

( 1
2p

)k−1
(k − 2)!,

and since (k − 2)!/pk−1 ≤ 1/p for 2 ≤ k ≤ p, we conclude that
∥∥∥∥ ∑

2≤k≤p

Φk(y)
∥∥∥∥

X t+1
sh,c

≤ 2
√

5δ
θp

∑
2≤k≤p

(1
2

)k−1
≤

√
5δ
θ
.
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3 Normal-form theory

For the second estimate we additionally use Proposition 3.5 to obtain∥∥∥∥ ∑
2≤k≤p

dΦk[y]
∥∥∥∥

L(C5;X t+1
sh,c )

≤
∑

2≤k≤p

|dΦk[y]|t+1
0,k−1|y|k−1

≤
∑

2≤k≤p

|dΦk[y]|t+1
2,k−1|y|k−1

≤
∑

2≤k≤p

√
5kϕkδ

k−1

≤
∑

2≤k≤p

20
√

5aγδ
ρ2

(2
√

5aγθδ
ρ2

)k−2
k(k − 2)!

= 10
θ

∑
2≤k≤p

(2
√

5aγθδ
ρ2

)k−1
k(k − 2)!

≤ 10
θ

∑
2≤k≤p

( 1
2p

)k−1
k(k − 2)!,

and since k(k − 2)!/pk−1 ≤ 1 for 2 ≤ k ≤ p, we conclude that∥∥∥∥ ∑
2≤k≤p

dΦk[y]
∥∥∥∥

L(C5;X t+1
sh,c )

≤ 10
θ

∑
2≤k≤p

(1
2

)k−1
≤ 10

θ
.

The estimate for the second derivative is proved in a similar manner by estimating

∥d2Φk[y]∥L(2)
sym(C5;X t+1

sh,c ) ≤ 5k(k − 1)ϕkδ
k−2

and k!/pk−1 ≤ 1 for 2 ≤ k ≤ p. ■
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3.3 Exponentially small estimate

3.3 Exponentially small estimate

In this section we make an appropriate choice for the order p of the normal form so that
∥h̃(y)∥X t

sh,c
is exponentially small with respect to µ. Since by construction h̃m = 0 for

m ≤ p, we find that

h̃(y) =
∑

p+1≤q

hq[{y}(q)] −
∑
p≤q

Aqµ
q
∑

2≤k≤p

∂τ Φk(y) −
∑

1≤q≤p−1
p+1−q≤r≤p

Aqµ
q∂τ Φr(y)

−
∑
p≤q

Bqµ
q
∑

2≤k≤p

Φk −
∑

1≤q≤p−1
p+1−q≤r≤p

Bqµ
qΦr(y)

−
∑

1≤q≤p−1
l≥p+1

q∑
i=0

∑
(p,r)∈Nq−i+1

2
|p|=l−i−r

Psh,c
(
gi,q−i

1 [{y}(i),−Φp(y)]∂τ Φr(y)
)

−
∑
p≤q

q∑
i=0

Psh,c

(
gi,q−i

1

[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

] ∑
2≤k≤p

∂τ Φk(y)
)

+
∑

2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

gi,q−i
2 [{y}(i),−Φp(y)]

+
∑

p+1≤q

q∑
i=0

gi,q−i
2

[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

]

+
∑

2≤k≤p
p+1≤l≤p+k−1

dΦk[y]
( ∑

2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

f i,q−i[{y}(i),−Φp(y)]
)

+
( p∑

k=2
dΦk[y]

)( ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

f i,q−i[{y}(i),−Φp(y)]

+
∑

p+1≤q

q∑
i=0

f i,q−i
[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

])
, (3.18)

in which we have set Φpj = 0 for pj ≥ p+ 1 for notational simplicity. We estimate each
term in the above formula using Proposition 3.9 and Lemmata 3.3 and 3.4 as well as the
analyticity of the involved nonlinearities.

Suppose that δ > 0 and p ≥ 2 satisfy the constraint given in Proposition 3.9 and note
that

∥Φk(y)∥X t+1
sh,c

≤ |Φk|t+1
0,k |y|k ≤ ϕk|y|k ≤ ϕkδ

k

for |y| ≤ δ by definition of the relevant norms and Lemmata 3.3 and 3.4. It follows from
equation (3.18) that
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∥h̃(y)∥X t
sh,c

≤
∑

p+1≤q

a

ρq
(
√

5δ)q + 1
2
∑
p≤q

a

ρq
(
√

5δ)q

√
5δ
θ

+ 1
2

∑
1≤q≤p−1

p+1−q≤r≤p

a

ρq

√
5q
δq+rϕr

+ 1
4

∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

aδl

ρq

√
5i
ϕp

+ 1
4
∑
p≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i
√

5δ
θ

+
(1

4 + 10
θ

) ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq

√
5i
ϕp

+
(1

4 + 10
θ

) ∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

+
∑

2≤k≤p
p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

aδl

ρq

√
5i
ϕp. (3.19)

Next we simplify the expression on the right-hand side of inequality (3.19). First note
that

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

≥ a

ρq
(
√

5δ)q

and therefore

∑
p+1≤q

a

ρq
(
√

5δ)q + 1
2
∑
p≤q

a

ρq
(
√

5δ)q

√
5δ
θ

+ 1
4
∑
p≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i
√

5δ
θ

+
(1

4 + 10
θ

) ∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

≤
(5

4 + 10
θ

) ∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

+ 3
4
∑
p≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i
√

5δ
θ

≤
(5

4 + 10
θ

) ∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

+ 3
4
∑

p+1≤q

q−1∑
i=0

a

ρq−1 (
√

5δ)i
(√

5δ
θ

)q−i

≤
(

2 + 10
θ

) ∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

=
(

2 + 10
θ

) ∑
p+1≤q

a

ρq
(
√

5δ)q
q∑

i=0

(1
θ

)q−i

≤
(

2 + 10
θ

) ∑
p+1≤q

a

ρq
(
√

5δ)q(q + 1).
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Moreover ∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

aδl

ρq

√
5i
ϕp ≥

∑
1≤q≤p−1

l≥p+1

∑
r∈N2
r=l−q

aδl

ρq

√
5q
ϕr

=
∑

1≤q≤p−1
p+1−q≤r≤p

a

ρq
δq+r

√
5q
ϕr

and defining ϕ1 =
√

5 yields

∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

aδl

ρq

√
5i
ϕp =

∑
2≤q≤p
l≥p+1

q−1∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq−1

√
5i
ϕp

≤
∑

2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq

√
5i
ϕp

=
∑

2≤q≤p
l≥p+1

∑
p∈Nq

|p|=l

aδl

ρq
ϕp.

Hence
1
2

∑
1≤q≤p−1

p+1−q≤r≤p

a

ρq

√
5q
δq+rϕr + 1

4
∑

1≤q≤p−1
l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

aδl

ρq

√
5i
ϕp

+
(1

4 + 10
θ

) ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq

√
5i
ϕp

≤
(

1 + 10
θ

) ∑
2≤q≤p
l≥p+1

∑
p∈Nq

|p|=l

aδl

ρq
ϕp.

Finally we find that
∑

2≤k≤p
p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

aδl

ρq

√
5i
ϕp

=
∑

2≤k≤p
p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

aδl

ρq
ϕp

and altogether we conclude from inequality (3.19) that

∥h̃(y)∥X t
sh,c

≤
(

2 + 10
θ

)
∆p

1 +
(

1 + 10
θ

)
∆p

2 + ∆p
3, (3.20)

111



3 Normal-form theory

where

∆p
1 =

∑
p+1≤q

a

ρq
(
√

5δ)q(q + 1),

∆p
2 =

∑
2≤q≤p
l≥p+1

∑
p∈Nq

|p|=l

aδl

ρq
ϕp,

∆p
3 =

∑
2≤k≤p

p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

aδl

ρq
ϕp

and we have defined ϕj = 0 if j ≥ p+ 1.
We now construct an estimate for ∥h̃(y)∥X t

sh,c
of a non-recursive nature. To this end

we need the following combinatorial results. Throughout the following theory we define
(−1)! = 0! = 1 for notational simplicity.

Lemma 3.10. Suppose that p ≥ 2 is a natural number.
(i) The inequality

pq∑
l=p+1

∑
p∈Nq

|p|=l

(1
p

)l

(p1 − 2)! · . . . · (pq − 2)! ≤
( p∑

j=1

(1
p

)j

(j − 2)!
)q

holds for each q ∈ {2, . . . , p}.
(ii) The inequality ∑

p∈Nq

|p|=l−k+1

(p1 − 2)! · . . . · (pq − 2)! ≤ 2(l − k − 1)!

holds for each k ∈ {2, . . . , p}, l ∈ {p+ 1, . . . , p+ k− 1} and q ∈ {2, . . . , l− k+ 1}.
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Proof.
(i) Using the multinomial theorem, we find that( p∑

j=1

(1
p

)j

(j − 2)!
)q

=
∑

0≤k1,...,kp≤q
k1+...+kp=q

q

k1! · . . . · kp!

(1
p

)k1+2k2+...+pkp

× (−1)!k1 · . . . · (p− 2)!kp

=
pq∑

l=q

∑
0≤k1,...,kp≤q
k1+...+kp=q

k1+2k2+...+pkp=l

q

k1! · . . . · kp!︸ ︷︷ ︸
≥ 1

(1
p

)l

(−1)!k1 · . . . · (p− 2)!kp

≥
pq∑

l=p+1

∑
0≤k1,...,kp≤q
k1+...+kp=q

k1+2k2+...+pkp=l

(1
p

)l

(−1)!k1 · . . . · (p− 2)!kp

≥
pq∑

l=p+1

∑
p∈Nq

|p|=l

(1
p

)l

(p1 − 2)! · . . . · (pq − 2)!,

since each term in the sum
pq∑

l=p+1

∑
p∈Nq

|p|=l

(1
p

)l

(p1 − 2)! · . . . · (pq − 2)!

is included in the sum
pq∑

l=p+1

∑
0≤k1,...,kp≤q
k1+...+kp=q

k1+2k2+...+pkp=l

(1
p

)l

(−1)!k1 · . . . · (p− 2)!kp

(take p1, . . . , pq ∈ N with p1 + . . . + pq = l and set kpi
= 1 for i = 1, . . . , q and

kj = 0 for j ∈ {1, . . . , p} \ {p1, . . . , pq}. It follows that(1
p

)l

(p1 − 2)! · . . . · (pq − 2)! =
(1
p

)l

(−1)!k1 · . . . · (p− 2)!kp

with k1 + . . .+ kp = q and k1 + 2k2 + . . .+ pkp = p1 + . . .+ pq = l).
(ii) Here we distinguish two cases. If q = l − k + 1, then∑

p∈Nq

|p|=l−k+1

(p1 − 2)! · . . . · (pq − 2)! = (−1)!q = 1 ≤ 2(l − k − 1)!.

Now suppose that 2 ≤ q < l − k + 1 and let p ∈ Nq with |p| = l − k + 1, so that
there exists i ∈ {1, . . . , q} with pi ≥ 2. It follows that

q∏
j=1

(pj − 2)! ≤ (pi − 2)!
q∏

j=1
j ̸=i

(pj − 1)! ≤ (l − k + 1 − (q − 1) − 2)! = (l − k − q)!,
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3 Normal-form theory

since n1!n2! ≤ (n1 + n2)!. Using the fact that the number of compositions of
l− k+ 1 into q parts is given by

(
l−k
q−1

)
(see Iooss and Lombardi [14, Lemma A.2]),

we conclude that
∑

p∈Nq

|p|=l−k+1

(p1 − 2)! · . . . · (pq − 2)! ≤
(
l − k

q − 1

)
(l − k − q)!

= (l − k − 1)! l − k

(l − k − q + 1)(q − 1)!

= (l − k − 1)!
( 1

(q − 1)! + q − 1
(l − k − q + 1)(q − 1)!

)
≤ 2(l − k − 1)!.

■

To obtain the non-recursive estimate for ∥h̃(y)∥X t
sh,c

, we proceed as in Section 3.2
and impose a mutual constraint on p and δ which is slightly stricter than that given in
Proposition 3.9.

Proposition 3.11. Suppose that δ > 0 and p ≥ 2 satisfy

δp ≤ ρ2

2
√

5eaγθ
, r := ρ

aγθ
<

1
5 .

The estimate
∥h̃(y)∥X t

sh,c
≤ 11

5 a
(

(Cδ)p+1p! + 1
ep+1p2

)
,

holds for each y ∈ Bδ(0) ⊆ C5, where

C = 2
√

5aγθ
ρ2 .

Proof. We proceed by estimating the quantities ∆p
1, ∆p

2 and ∆p
3 appearing in inequality

(3.20). First note that the assumption

δ ≤ 1
p

ρ2

2
√

5eaγθ

implies
2
√

5δ
ρ

≤ r

pe ≤ r

2p ≤ 1
10p ≤ 1

20
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3.3 Exponentially small estimate

and since q + 1 ≤ 2q for q ≥ 2, we obtain

∆p
1 =

∑
p+1≤q

a

ρq
(
√

5δ)q(q + 1)

≤ a
∑

p+1≤q

(2
√

5δ
ρ

)q

= a
(2

√
5δ
ρ

)p+1 ∞∑
q=0

(2
√

5δ
ρ

)q

≤ a
(2

√
5δ
ρ

)p+1 ∞∑
q=0

( 1
20

)q

= a
(2

√
5δ
ρ

)p+1 20
19 .

To estimate the terms ∆p
2 and ∆p

3 we notice that the inequality

ϕm ≤ 20aγ
ρ2

(2
√

5aγ
ρ2

)m−2
αm, m ∈ {2, . . . , p},

derived from Propositions 3.7 and 3.8 continues to hold for m = 1 and m ≥ p+ 1, since
we have defined ϕ1 =

√
5, so that

20aγ
ρ2

(2
√

5aγ
ρ2

)−1
α1 = 2

√
5 ≥

√
5 = ϕ1,

and ϕj = 0 for j ≥ p+ 1. Furthermore, since θ ≥ 1, we have that

θm−2 ≤ θm−1, m ≥ 2,

so that
αm ≤ θm−1(m− 2)!, m ≥ 2,

and this inequality also continues to hold for m = 1 since α1 = 1.
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We therefore find that

∆p
2 =

∑
2≤q≤p

∑
l≥p+1

∑
p∈Nq

|p|=l

aδl

ρq
ϕp

=
∑

2≤q≤p

pq∑
l=p+1

∑
p∈Nq

|p|=l

aδl

ρq
ϕp

≤
∑

2≤q≤p

pq∑
l=p+1

∑
p∈Nq

|p|=l

aδl

ρq

(20aγ
ρ2

)q(2
√

5aγ
ρ2

)l−2q

αp

≤
∑

2≤q≤p

pq∑
l=p+1

∑
p∈Nq

|p|=l

aδl

ρq
(2

√
5)q
(2

√
5aγθ
ρ2

)l−q

(p1 − 2)! · . . . · (pq − 2)!

= a
∑

2≤q≤p

rq
pq∑

l=p+1

∑
p∈Nq

|p|=l

(Cδ)l(p1 − 2)! · . . . · (pq − 2)!.

By assumption we have that δp ≤ 1/eC, that is Cδ ≤ 1/ep. Using Lemma 3.10(i) we
conclude that

∆p
2 ≤ a

ep+1

∑
2≤q≤p

rq
pq∑

l=p+1

∑
p∈Nq

|p|=l

(1
p

)l

(p1 − 2)! · . . . · (pq − 2)!

≤ a

ep+1

∑
2≤q≤p

rq

( p∑
j=1

(1
p

)j

(j − 2)!
)q

= a

ep+1

∑
2≤q≤p

rq

(
1
p

+ 1
p2

p∑
j=2

(j − 2)!
pj−2︸ ︷︷ ︸
≤ 1

)q

≤ a

ep+1

∑
2≤q≤p

rq
(1
p

+ p− 1
p2

)q

≤ a

ep+1

∑
2≤q≤p

(2r
p

)q

= a

ep+1
4r2

p2

∑
0≤q≤p−2

(2r
p

)q

≤ a

p2ep+1
4r2

1 − r

≤ a

5p2ep+1

where we have used the facts that r ≤ 1/5 and 2/p ≤ 1.
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3.3 Exponentially small estimate

Turning to ∆p
3, we use the estimates for ϕm and αm, m ∈ N, to obtain

∆p
3 =

∑
2≤k≤p

p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

aδl

ρq
ϕp

≤
∑

2≤k≤p
p+1≤l≤p+k−1

√
5k20aγ

ρ2

(2
√

5aγ
ρ2

)k−2
αk

×
∑

2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

aδl

ρq

(20aγ
ρ2

)q(2
√

5aγ
ρ2

)l−k+1−2q

αp

=
∑

2≤k≤p
p+1≤l≤p+k−1

20
√

5
γ

(2
√

5aγ
ρ2

)l−1
kαk

∑
2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

(
ρ

aγ

)q−2
αpδ

l

≤
∑

2≤k≤p
p+1≤l≤p+k−1

20
√

5
γ

δl
(2

√
5aγ
ρ2

)l−1
θl−2k(k − 2)!

×
∑

2≤q≤l−k+1
rq−2 ∑

p∈Nq

|p|=l−k+1

(p1 − 2)! · . . . · (pq − 2)!

and using Lemma 3.10(ii) and the assumption r ≤ 1/5, we obtain

∆p
3 ≤ 40

√
5

γ

∑
2≤k≤p

p+1≤l≤p+k−1

δl
(2

√
5aγ
ρ2

)l−1
θl−2k(k − 2)!(l − k − 1)!

∑
0≤q≤l−k−1

rq

≤ 50
√

5
γ

∑
2≤k≤p

p+1≤l≤p+k−1

δl
(2

√
5aγ
ρ2

)l−1
θl−2k(k − 2)!(l − k − 1)!

= 25ρ2

aγ2θ2

∑
2≤k≤p

p+1≤l≤p+k−1

(Cδ)lk(k − 2)!(l − k − 1)!

= 25ρ2

aγ2θ2 (Cδ)p+1 ∑
2≤k≤p

k(k − 2)!
∑

p+1≤l≤p+k−1
(Cδ)l−p−1(l − k − 1)!.

By assumption we have that Cδ ≤ 1/ep ≤ 1/2p and since p+ 1 ≤ l ≤ p+ k − 1 implies
that p− k ≤ l − k − 1 ≤ p− 2 ≤ p, we find that

(Cδ)l−p−1(l − k − 1)! ≤
(1

2

)l−p−1 (l − k − 1)!
pl−p−1

=
(1

2

)l−p−1
(p− k)!

l−p−2∏
j=0

l − k − 1 − j

p︸ ︷︷ ︸
≤ 1

≤
(1

2

)l−p−1
(p− k)!.
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Moreover (
p

k

)
(k − 1) = p!

k(k − 2)!(p− k)!

= (p− 1)p
k

k−3∏
j=0

p− 2 − j

k − 2 − j

≥ p− 1,

so that

∆p
3 ≤ 25ρ2

aγ2θ2 (Cδ)p+1 ∑
2≤k≤p

k(k − 2)!(p− k)!
∑

p+1≤l≤p+k−1

(1
2

)l−p−1

≤ 50ρ2

aγ2θ2 (Cδ)p+1 ∑
2≤k≤p

k(k − 2)!(p− k)!

= 50ρ2

aγ2θ2 (Cδ)p+1p!
∑

2≤k≤p

(
p

k

)−1 1
k − 1

≤ 50ρ2

aγ2θ2 (Cδ)p+1p!
∑

2≤k≤p

1
p− 1

= 50ρ2

aγ2θ2 (Cδ)p+1p!.

Using inequality (3.20), we conclude from the estimates for ∆p
1, ∆p

2 and ∆p
3 that

∥h̃(y)∥X t+1
sh,c

≤
(

2 + 10
θ

)
a
(2

√
5δ
ρ

)p+1 20
19 +

(
1 + 10

θ

)
a

5p2ep+1 + 50ρ2

aγ2θ2 (Cδ)p+1p!

≤ 240
19 a

(2
√

5δ
ρ

)p+1
+ 11a

5p2ep+1 + 50ρ2

aγ2θ2 (Cδ)p+1p!

= 240
19 a(rCδ)p+1 + 11a

5p2ep+1 + 50ar2(Cδ)p+1p!

≤ 240
19 a

(1
5

)3
(Cδ)p+1 + 11a

5p2ep+1 + 2a(Cδ)p+1p!

= 11
5 a

(( 1200
209p!

(1
5

)3

︸ ︷︷ ︸
≤ 1/11

+10
11

)
(Cδ)p+1p! + 1

ep+1p2

)

≤ 11
5 a

(
(Cδ)p+1p! + 1

ep+1p2

)
.

■

The final step in the proof that ∥h̃(y)∥X t
sh,c

is exponentially small with respect to y is
to determine an optimal order p up to which the normal form should be constructed. For
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3.3 Exponentially small estimate

this purpose we need the following proposition, which was proved by Iooss and Lombardi
[14, Lemma 2.19].

Proposition 3.12. Let ν > 0. The function fν : N → R defined by

fν(p) = νp+1p!

satisfies
fν

(⌊ 1
νe

⌋)
≤ M

√
ν

e e−2/νe,

where ⌊x⌋ denotes the integer part of the real number x and

M = sup
p∈N

e2p!
pp+1/2e−p

.

Now choose δ > 0 and define popt ∈ [2, (eCδ)−1] by

popt = ⌊(eCδ)−1⌋,

so that popt and δ satisfy the mutual constraint given in Proposition 3.11 and

popt ≥ 1
eCδ ,

1
popt

≤ 2eCδ.

Using Proposition 3.12 with ν = Cδ we conclude from the estimate given in Proposi-
tion 3.11 that

∥h̃(y)∥X t
sh,c

≤ 11
5 a

(
fCδ(popt) + 1

epopt+1p2
opt

)

≤ 11
5 a

(
M

√
Cδ

e e−2/eCδ + (2eCδ)2e−1/eCδ

)

= 11
5 a(eCδ)2e−1/eCδ

(
M

e (eCδ)−3/2e−1/eCδ︸ ︷︷ ︸
≤ 1

+4
)

≤ 11
5 a(eCδ)2e−1/eCδ

(
M

e + 4
)

= 11
5 aC

2(Me + 4e2)δ2e−1/eCδ. (3.21)

In Chapters 4 and 5 we use a perturbation argument and write z(ξ) = pµ(ξ) + r(ξ) to
construct a generalised pulse solution to the transformed equations (3.8), (3.9), where
pµ is the rescaling of either of the homoclinic solutions pε± constructed in Section 2.2.
Recall that pµ satisfies the estimate

|pµ(ξ)| ≤ chµe−ηλµξ ≤ chµ
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3 Normal-form theory

for each ξ ∈ [0,∞). Therefore, to guarantee that |y| = |(z, µ)| ≤ δ, we define
δ = (2ch + 1)µ0 and restrict the perturbation r to {|r| ≤ chµ0}, that is (z, µ) to

{|z| ≤ 2chµ0, 0 ≤ µ ≤ µ0}.

Defining c⋆ =
(
eC(2ch + 1)

)−1
, we thus find from inequality (3.21) that

∥h̃(y)∥X t
sh,c

≲ µ2e−c⋆/µ,

showing that h̃(y) = h̃µ(z) is exponentially small with respect to µ for p = popt.

3.4 Further estimates

In this section we construct a corresponding estimate for the derivative dh̃[y] of h̃(y)
with respect to y. In this context we use the notation

Φ(l)
p (y; ỹ) =

(
dl1Φp1 [y](ỹ), . . . , dlqΦpq [y](ỹ)

)
for q ∈ N, p ∈ Nq

2 and l ∈ Nq
0.

Remark 3.13. It follows from Proposition 3.5 that

ϕ(l)
p =

q∏
j=1

|dlj Φpj |2,pj−lj ≤
√

5|l|
q∏

j=1

pj!
(pj − lj)!

ϕp.

Now we compute an expression for dh̃[y] by differentiating equation (3.18). The result
is
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3.4 Further estimates

dh̃[y](ỹ)
=

∑
p+1≤q

qhq[{y}(q−1), ỹ] −
∑
p≤q

qAqµ
q−1µ̃

∑
2≤k≤p

∂τ Φk(y) −
∑
p≤q

Aqµ
q
∑

2≤k≤p

∂τ dΦk[y](ỹ)

−
∑

1≤q≤p−1
p+1−q≤r≤p

qAqµ
q−1µ̃∂τ Φr(y) −

∑
1≤q≤p−1

p+1−q≤r≤p

Aqµ
q∂τ dΦr[y](ỹ)

−
∑
p≤q

qBqµ
q−1µ̃

∑
2≤k≤p

Φk(y) −
∑
p≤q

Bqµ
q
∑

2≤k≤p

dΦk[y](ỹ)

−
∑

1≤q≤p−1
p+1−q≤r≤p

qBqµ
q−1µ̃Φr(y) −

∑
1≤q≤p−1

p+1−q≤r≤p

Bqµ
qdΦr[y](ỹ)

−
∑

1≤q≤p−1
l≥p+1

q∑
i=0

∑
(p,r)∈Nq−i+1

2
|p|=l−i−r

Psh,c

(
igi,q−i

1 [{y}(i−1), ỹ,−Φp(y)]∂τ Φr(y)

+
∑

l∈Nq−i
0

|l|=1

gi,q−i
1 [{y}(i),−Φ(l)

p (y; ỹ)]∂τ Φr(y)

+ gi,q−i
1 [{y}(i),−Φp(y)]∂τ dΦr[y](ỹ)

)

−
∑
p≤q

q∑
i=0

Psh,c

(
igi,q−i

1

[
{y}(i−1), ỹ,−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

] ∑
2≤k≤p

∂τ Φk(y)

+ (q − i)gi,q−i
1

[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}q−i−1

,

−
∑

2≤k≤p

dΦk[y](ỹ)
] ∑

2≤k≤p

∂τ Φk(y)

+ gi,q−i
1

[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

] ∑
2≤k≤p

∂τ dΦk[y](ỹ)
)
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+
∑

2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

igi,q−i
2 [{y}(i−1), ỹ,−Φp(y)] +

∑
l∈Nq−i

0
|l|=1

gi,q−i
2 [{y}(i),−Φ(l)

p (y; ỹ)]

+
∑

p+1≤q

q∑
i=0
igi,q−i

2

[
{y}(i−1), ỹ,−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

]

+ (q − i)gi,q−i
2

[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}q−i−1

,−
∑

2≤k≤p

dΦk[y](ỹ)
]

+
∑

2≤k≤p
p+1≤l≤p+k−1

d2Φk[y]
( ∑

2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

f i,q−i[{y}(i),−Φp(y)], ỹ
)

+
∑

2≤k≤p
p+1≤l≤p+k−1

dΦk[y]
( ∑

2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

if i,q−i[{y}(i−1), ỹ,−Φp(y)]

+
∑

l∈Nq−i
0

|l|=1

f i,q−i[{y}(i),−Φ(l)
p (y; ỹ)]

)

+
( p∑

k=2
d2Φk[y]

)( ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

f i,q−i[{y}(i),−Φp(y)]

+
∑

p+1≤q

q∑
i=0

f i,q−i
[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

]
, ỹ

)

+
( p∑

k=2
dΦk[y]

) ∑
2≤q≤p
l≥p+1

q∑
i=0

( ∑
p∈Nq−i

2
|p|=l−i

if i,q−i[{y}(i−1), ỹ,−Φp(y)]

+
∑

l∈Nq−i
0

|l|=1

f i,q−i[{y}(i),−Φ(l)
p (y; ỹ)]

)

+
∑

p+1≤q

q∑
i=0
if i,q−i

[
{y}(i−1), ỹ,−

{ ∑
2≤k≤p

Φk(y)
}(q−i)

]

+ (q − i)f i,q−i
[
{y}(i),−

{ ∑
2≤k≤p

Φk(y)
}(q−i−1)

,

−
∑

2≤k≤p

dΦk[y](ỹ)
]. (3.22)

Repeating the arguments employed for the estimate for ∥h̃(y)∥X t
sh,c

in Section 3.3 we
find, using additionally Remark 3.13 and the estimate for the second derivative of Φ(y)
given in Proposition 3.9, that
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3.4 Further estimates

∥dh̃[y]∥L(C5;X t
sh,c)

≤
∑

p+1≤q

q
a

ρq

√
5q
δq−1 + 1

2
∑
p≤q

q
a

ρq

√
5(

√
5δ)q−1

√
5δ
θ

+ 1
2
∑
p≤q

a

ρq
(
√

5δ)q 10
θ

+ 1
2

∑
1≤q≤p−1

p+1−q≤r≤p

q
a

ρq

√
5q+1

ϕrδ
q−1+r + 1

2
∑

1≤q≤p−1
p+1−q≤r≤p

a

ρq

√
5q+1

rϕrδ
q−1+r

+ 1
4

∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp

+ 1
4
∑
p≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i
√

5δ
θ

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

√
5δ
θ

+ a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i 10
θ

)

+ 1
4
∑

2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp

+ 1
4
∑

p+1≤q

q∑
i=0

i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

+
∑

2≤k≤p
p+1≤l≤p+k−1

5k(k − 1)ϕk

∑
2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

aδl−1

ρq

√
5i
ϕp

+
∑

2≤k≤p
p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

(l − k + 1)aδ
l−1

ρq

√
5i+1

ϕp

+ 10
√

5
θδ

( ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq

√
5i+1

ϕp +
∑

p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i
)

+ 10
θ

 ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp

+
∑

p+1≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

) (3.23)
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where we still use the definition Φj = 0 for j ≥ p+ 1.
Next we proceed as in the estimate for h̃(y) and simplify the right-hand side of (3.23),

recalling that we have also defined ϕ1 =
√

5. We have that

∑
2≤k≤p

p+1≤l≤p+k−1

(
5k(k − 1)ϕk

∑
2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

aδl−1

ρq

√
5i
ϕp

+
√

5kϕk

∑
2≤q≤l−k+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−k+1−i

(l − k + 1)aδ
l−1

ρq

√
5i+1

ϕp

)

=
∑

2≤k≤p
p+1≤l≤p+k−1

5kϕk

∑
2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

l
aδl−1

ρq
ϕp

and

∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp ≥
∑

1≤q≤p−1
l≥p+1

l
aδl−1

ρq

√
5q+1

ϕl−q

=
∑

1≤q≤p−1
p+1−q≤r≤p

(q + r) a
ρq

√
5q+1

ϕrδ
q−1+r.

124



3.4 Further estimates

Hence
1
2

∑
1≤q≤p−1

p+1−q≤r≤p

q
a

ρq

√
5q+1

ϕrδ
q−1+r + 1

2
∑

1≤q≤p−1
p+1−q≤r≤p

a

ρq

√
5q+1

rϕrδ
q−1+r

+ 1
4

∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp + 1
4
∑

2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp

+ 10
√

5
θδ

∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq

√
5i+1

ϕp + 10
θ

∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp

≤ 3
4

∑
1≤q≤p−1

l≥p+1

q∑
i=0

∑
p∈Nq−i+1

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp +
(1

4 + 10
θ

) ∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

l
aδl−1

ρq

√
5i+1

ϕp

+ 10
√

5
θδ

∑
2≤q≤p
l≥p+1

q∑
i=0

∑
p∈Nq−i

2
|p|=l−i

aδl

ρq

√
5i+1

ϕp

= 3
√

5
4

∑
1≤q≤p−1

l≥p+1

∑
p∈Nq+1

|p|=l

l
aδl−1

ρq
ϕp +

(√
5

4 + 10
√

5
θ

) ∑
2≤q≤p
l≥p+1

∑
p∈Nq

|p|=l

l
aδl−1

ρq
ϕp

+ 50
θ

∑
2≤q≤p
l≥p+1

∑
p∈Nq

|p|=l

aδl−1

ρq
ϕp

≤
(√

5 + 10
√

5 + 50
θ

) ∑
2≤q≤p
l≥p+1

∑
p∈Nq

|p|=l

l
aδl−1

ρq
ϕp.
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Finally we find that∑
p+1≤q

q
a

ρq

√
5q
δq−1 + 1

2
∑
p≤q

q
a

ρq

√
5(

√
5δ)q−1

√
5δ
θ

+ 1
2
∑
p≤q

a

ρq
(
√

5δ)q 10
θ

+ 1
4
∑
p≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i
√

5δ
θ

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

√
5δ
θ

+ a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i 10
θ

)

+
(1

4 + 10
θ

) ∑
p+1≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

)

+ 10
√

5
θδ

∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

≤ 3
4
∑
p≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i
√

5δ
θ

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

√
5δ
θ

+ a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i 10
θ

)

+
(

1 + 1
4 + 10

θ

) ∑
p+1≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

)

+ 10
√

5
θδ

∑
p+1≤q

q∑
i=0

a

ρq
(
√

5δ)i
(√

5δ
θ

)q−i

= 3
4
∑

p+1≤q

q−1∑
i=0

(
i
a

ρq−1

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a

ρq−1 (
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

)

+
(

1 + 1
4 + 10

θ

) ∑
p+1≤q

q∑
i=0
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

+ 10
√

5
θ

∑
p+1≤q

q∑
i=0

a

ρq

√
5i
δi−1

(√
5δ
θ

)q−i
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≤
(

2 + 10
θ

) ∑
p+1≤q

q∑
i=0

(
i
a

ρq

√
5(

√
5δ)i−1

(√
5δ
θ

)q−i

+ (q − i) a
ρq

(
√

5δ)i
(√

5δ
θ

)q−i−1 10
θ

)

+ 10
√

5
θ

∑
p+1≤q

q∑
i=0

a

ρq

√
5i
δi−1

(√
5δ
θ

)q−i

≤
(

4
√

5 + 20
√

5
θ

) ∑
p+1≤q

q∑
i=0

q
a

ρq

√
5q
δq−1

(1
θ

)q−i

+ 10
√

5
θ

∑
p+1≤q

q∑
i=0

a

ρq

√
5q
δq−1

(1
θ

)q−i

≤
(

4
√

5 + 30
√

5
θ

)
∑

p+1≤q

q(q + 1) a
ρq

√
5q
δq−1.

Using the previous estimates, we find from inequality (3.23) that

∥dh̃[y]∥L(C5;X t
sh,c) ≤

(
4
√

5 + 30
√

5
θ

)
∆̂p

1 +
(√

5 + 10
√

5 + 50
θ

)
∆̂p

2 +
√

5∆̂p
3, (3.24)

where

∆̂p
1 =

∑
p+1≤q

q(q + 1) a
ρq

√
5q
δq−1,

∆̂p
2 =

∑
p∈Nq

|p|=l

l
aδl−1

ρq
ϕp,

∆̂p
3 =

∑
2≤k≤p

p+1≤l≤p+k−1

√
5kϕk

∑
2≤q≤l−k+1

∑
p∈Nq

|p|=l−k+1

l
aδl−1

ρq
ϕp.

Using arguments similar to those in the proof of Proposition 3.11 we now establish a
non-recursive estimate for dh̃ involving the order p of the transformation. Here we impose
a mutual constraint on δ and p which is stronger than that given in Proposition 3.11
and make use of the fact that Φ2 = Φ3 = 0.

Proposition 3.14. Suppose that δ > 0 and p ≥ 4 satisfy

δp ≤ ρ2

4
√

5eaγθ
, r := ρ

aγθ
<

1
5 .

The estimate
∥dh̃[y]∥L(C5;X t

sh,c) ≤ 15
δ
a
(

(Cδ)p+1p! + 1
ep+1p2

)
,

holds for each y ∈ Bδ(0) ⊆ C5, where

C = 4
√

5aγθ
ρ2 .
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Proof. We proceed by estimating the quantities ∆̂p
1, ∆̂p

2 and ∆̂p
3 appearing in inequality

(3.24). First note that the assumption

δ ≤ 1
p

ρ2

4
√

5aγθ

implies that
2
√

5δ
ρ

≤ r

2ep ≤ r

4p ≤ 1
20p ≤ 1

40
(where we have estimated p ≥ 2) and since (q + 1)q ≤ 2q for q ≥ 5, we obtain

∆̂p
1 =

∑
p+1≤q

a

ρq
q(q + 1)

√
5q
δq−1

≤ a

δ

∑
p+1≤q

(2
√

5δ
ρ

)q

≤ 40a
39δ

(2
√

5δ
ρ

)p+1
.

Turning to ∆̂p
2 and ∆̂p

3, we estimate l ≤ 2l, l ∈ N, and proceed as in the proof of
Proposition 3.11 to obtain

∆̂p
2 ≤ a

δ

∑
2≤q≤p

∑
l≥p+1

∑
p∈Nq

|p|=l

(4
√

5aγθδ
ρ2

)l( ρ

aγθ

)q

(p1 − 2)! · . . . · (pq − 2)!

= a

δ

∑
2≤q≤p

rq
∑

l≥p+1

∑
p∈Nq

|p|=l

(Cδ)l(p1 − 2)! · . . . · (pq − 2)!

≤ a

δ

4r2

ep+1p2
1

1 − r

and

∆̂p
3 ≤ 50

√
5

γ

∑
2≤k≤p

p+1≤l≤p+k−1

lδl−1
(2

√
5aγ
ρ2

)l−1
θl−2k(k − 2)!(l − k − 1)!

= 25ar2

δ

∑
2≤k≤p

p+1≤l≤p+k−1

l
(2

√
5aγ
ρ2

)l

k(k − 2)!(l − k − 1)!

≤ 25ar2

δ

∑
2≤k≤p

p+1≤l≤p+k−1

(Cδ)lk(k − 2)!(l − k − 1)!

≤ 50ar2

δ
(Cδ)p+1p!.
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It thus follows from inequality (3.24) that

∥dh̃[y]∥L(C5;X t
sh,c) ≤

(
4
√

5 + 30
√

5
θ

)40a
39δ

(2
√

5δ
ρ

)p+1

+
(√

5 + 10
√

5 + 50
θ

)
a

δ

4r2

ep+1p2
1

1 − r
+ 50

√
5ar2

δ
(Cδ)p+1p!

≤ 3080
39

a

δ

(2
√

5δ
ρ

)p+1
+ 300r2

ep+1p2
1

1 − r

a

δ
+ 50

√
5r2a

δ
(Cδ)p+1p!

= a

δ

(
3080
39

(
rCδ

2

)p+1
+ 300r2

ep+1p2(1 − r) + 50
√

5r2(Cδ)p+1p!
)

≤ a

δ

(
3080
39

( 1
10

)3
(Cδ)p+1 + 15 1

ep+1p2 + 2
√

5(Cδ)p+1p!
)

≤ 15
δ
a

(( 46200
39p!

( 1
10

)3

︸ ︷︷ ︸
≤ 2/3

+2
√

5
15

)
(Cδ)p+1p! + 1

ep+1p2

)

≤ 15
δ
a
(

(Cδ)p+1p! + 1
ep+1p2

)
.

■

Using Proposition 3.12 and arguing as before, we find from Proposition 3.14 that

∥dh̃[y]∥L(C5;X t
sh,c) ≤ 15aC2(Me + 4e2)e−1/eCδ, y ∈ Bδ(0),

for p = popt and with δ = (2ch + 1)µ0 and c⋆ =
(
eC(2ch + 1)

)−1
. Restricting y = (z, µ)

to
{|z| ≤ 2chµ0, 0 ≤ µ ≤ µ0},

we conclude that
∥dh̃[y]∥L(C5;X t

sh,c) ≲ µe−c⋆/µ.

We conclude this chapter by stating estimates for the transformed nonlinearities
F̃1, F̃2, g̃1 and g̃2 appearing in equations (3.8), (3.9). Here we make use of the fact
that p ≥ 4 with Φ2 = Φ3 = 0 and the original estimate (3.7) for hµ so that∥∥∥∥ ∑

2≤k≤p

Φk(y)
∥∥∥∥

X t+1
sh,c

= O(|z|2|y|2),
∥∥∥∥ ∑

2≤k≤p

dΦk[y]
∥∥∥∥

L(C5;X t+1
sh,c )

= O(|y|3).

We return to the original notation by writing

f̃µ
1 (z) = f̃1(y), f̃µ

2 (z, q) = f̃2(y, q),
g̃µ

j (z, q) = g̃j(y, q), j = 1, 2.
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The definitions of f̃1, f̃2, g̃1 and g̃2, the estimates (3.3)–(3.6) and the facts that

g̃1;1,0
1 (z, 0) = g1;1,0

1 (z, 0), g̃1;1,1
2 (z, Z) = g1;1,1

1 (z, Z)

yield the following result which is included in the statement of Theorem 2.16.

Proposition 3.15. The transformed nonlinearities f̃1, f̃2, g̃1 and g̃2 satisfy the estimates

|f̃µ
1 (z)| = O(µ2|z| + |z|3),

|f̃µ
2 (z, q)| = O(|z||(z, µ)|2∥q∥X t

sh,c
+ ∥q∥2

X t
sh,c

),

∥g̃µ
1 (z, q)∥t = O(µ∥(z, q)∥Xwh×X t

sh,c
),

∥g̃µ
2 (z, q)∥X t

sh,c
= O(µ|z|∥q∥X t

sh,c
+ µ2∥q∥2

X t
sh,c

+ µ∥q∥3
X t

sh,c
+ |z|3∥q∥X t

sh,c
)

for t > 1
2 , with

Pc
(
g̃1;1,0

1 (z, 0)Zτ

)
= Pcg̃

1;1,1
2 (z, Z) = 0

and
|f̃µ

1 (z) − fµ
1 (z)| = O(|z|3|(z, µ)|).
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In this chapter we construct reversible solutions to the transformed equations (2.53),
(2.54) whose pointwise distance to the approximate pulse pµ does not exceed e−c⋆/2µ

for ξ ∈ [−ec⋆/2µ, ec⋆/2µ] (see Figure 4.1). To this end we construct exponentially small
reversible solutions to equations (2.55)–(2.57), meaning reversible solutions which are
bounded by e−c⋆/2µ for ξ ∈ [−ec⋆/2µ, ec⋆/2µ]. Here we use the reformulations (2.58), (2.59)
of equations (2.55), (2.56) as integral equations.

(z, q)

ξ
−ec⋆/2µ ec⋆/2µ

e−c⋆/2µ

e−c⋆/2µ

Figure 4.1: A generalised pulse solution to equations (2.53), (2.54) lies in an
exponentially thin tubular neighbourhood of (pµ, 0) on the exponentially large
interval [−ec⋆/2µ, ec⋆/2µ].

Consider the following iteration scheme for equations (2.57)–(2.59), the convergence of
which we prove in Section 4.2 below. Suppose that Z(0), r(0) and w(0) are appropriately
chosen initial values (see below) and let

Z(j+1)(ξ) =
∫ ξ

−e−c⋆/2µ
e(ξ−t)Lµ

shP µ
ss

(
Gµ

1(Z(j), p
µ + Ewhr(j), Ecw(j))(t) +Gµ

2(Ewhr(j))(t)
)

dt

−
∫ ec⋆/2µ

ξ
e(ξ−t)Lµ

shP µ
su

(
Gµ

1(Z(j), p
µ + Ewhr(j), Ecw(j))(t) +Gµ

2(Ewhr(j))(t)
)

dt,

r(j+1)(ξ) =
2∑

i=1

( ∫ ξ

0

〈(
fµ

3 (r(j))(t) + fµ
4 (Z(j), r(j), w(j))(t)

)
, S∗

i (t)
〉

dt
)
Si(ξ)

−
( ∫ ∞

ξ

〈(
fµ

3 (r(j))(t) + fµ
4 (Z(j), r(j), w(j))(t)

)
, U∗

i (t)
〉

dt
)
Ui(ξ),
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and w(j+1) be the unique solution of the initial value problem

∂ξw(j+1) = Lµ
cw(j) + Pc

(
ĝµ

1 (Z(j), p
µ + r(j), w(j))∂τw(j+1)

)
+ µb(pµ + r(j), w(j))

+ ĝµ
2 (Z(j), p

µ + r(j), w(j)) + ĥµ(r(j)),
w(j+1)(0) = w(0)(0)

for fixed j ∈ N0. This iteration scheme yields a family of exponentially small solutions to
equations (2.55)–(2.57) parameterised by the initial values Z(0), r(0) and w(0) on a local
centre-stable manifold W cs

loc (see Definition 4.27); in this chapter and in Chapter 5 below
we make use of familiar dynamical systems terminology regarding invariant manifolds
(see Kelley [16]). An exponentially small solution to the reformulated system (2.55)–
(2.57) corresponds to a solution of equations (2.53), (2.54) which is exponentially close
to pµ (see above).

The above definition of the iterate w(j+1) requires the solvability of an associated
linear Cauchy problem. The relevant theory is given in Section 4.1 and uses standard
methods for symmetrisable hyperbolic systems as presented by Benzoni-Gavage & Serre
[1, Chapter 2], who consider the class of equations

∂ξu+ A(ξ, τ)∂τu = B(ξ, τ)u+ f(ξ, τ)

with coefficients A and B which depend smoothly on ξ and τ . It is necessary to extend
their methods by treating coefficients with values in finite-order Sobolev spaces and
replacing the function B by a general linear operator acting on the function u.

4.1 The linear Cauchy problem

In this section we study the linear initial-value problem

Lu = f, (4.1)
u(0) = h (4.2)

for fixed f ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)
, h ∈ H t+1

per (0, 2π;Rn), and

L = ∂ξ + A∂τ + L,

where A, L are respectively matrix- and operator-valued functions (see below). Here t is
an integer with t > 5

2 and ∂ξ, ∂τ denote respectively the partial derivatives with respect
to the ‘temporal’ variable ξ ∈ [0, T ] and the periodic ‘spatial’ variable τ ∈ [0, 2π]. Our
aim is to construct for arbitrary T > 0 a unique solution

u ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)

to the system (4.1), (4.2) in the case

A ∈ C
(
[0, T ];H t

per(0, 2π;Rn×n)
)
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and
L ∈ C

(
[0, T ]; L

(
Hp

per(0, 2π;Rn)
))

for all p ∈ N under the following assumptions on A.

Assumptions 4.1. The matrix-valued function A is symmetrisable, that is there exists
a symmetric, matrix-valued function

S ∈ C
(
[0, T ];H t

per(0, 2π;Rn×n)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn×n)
)

such that SA is symmetric and S is uniformly positive definite, that is

β|v|2 ≤ ⟨S(ξ, τ)v, v⟩ ≤ 1
β

|v|2, v ∈ Rn \ {0},

uniformly over (ξ, τ) ∈ [0, T ] × [0, 2π] for some constant β > 0.

Remark 4.2.

(i) Let p ∈ N. The Hp-adjoint operator-valued function L∗
p defined via the duality

pairing
⟨L(ξ)u, v⟩Hp,H−p = ⟨u,L∗

p(ξ)v⟩Hp,H−p

satisfies
L∗

p ∈ C
(

[0, T ]; L
(
H−p

per(0, 2π;Rn)
))
,

since ∥L∗
p(ξ)∥L(H−p

per) ≤ ∥L(ξ)∥L(Hp
per) for each ξ ∈ [0, T ].

(ii) In the setting of Benzoni-Gavage & Serre [1, Chapter 2] we have that

L(ξ)u = B(ξ)u

for a matrix-valued function

B ∈ C
(
[0, T ];C∞

per([0, 2π];Rn×n)
)
.

It follows that
L ∈ C

(
[0, T ]; L

(
Hp

per(0, 2π;Rn)
))

for each p ∈ N. The theory presented below also applies to the weaker case

B ∈ C
(
[0, T ];H t

per(0, 2π;Rn×n)
)

if we consider an appropriate regularisation ofB (see Lemma 4.11 and Remark 4.15).

Preliminary estimates
We gather some technical results and a priori estimates which are used in the following

theory. We first establish an L2-product estimate for the derivatives of two functions.
For its proof we need the following special case of the Gagliardo-Nirenberg inequality
for bounded domains (see Friedman [7, Part 1, Theorem 10.1]).
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4 Existence theory

Proposition 4.3. Let p ∈ N \ {1} and g ∈ Hp
per(0, 2π;R). The estimate

∥∂j
τg∥L2p/j ≲ ∥g∥1−j/p

∞ ∥g∥j/p
p

holds for each j ∈ N with j < p.

Corollary 4.4. Let p ∈ N and g1, g2 ∈ Hp
per(0, 2π;R). The estimate

∥∂j
τg1∂

k
τ g2∥0 ≲ ∥g1∥∞∥g2∥p + ∥g1∥p∥g2∥∞

holds for each j, k ∈ N0 with j + k = p.

Proof. We suppose that j and k are both non-zero since otherwise the result follows
from Hölder’s inequality.

Using Hölder’s inequality, Proposition 4.3 and Young’s inequality we find that

∥∂j
τg1∂

k
τ g2∥0 ≤ ∥∂j

τg1∥L2p/j ∥∂k
τ g2∥L2p/k

≲ ∥g1∥1−j/p
∞ ∥g1∥j/p

t ∥g2∥1−k/p
∞ ∥g2∥k/p

t

=
(
∥g1∥∞∥g2∥p

)k/p(
∥g1∥p∥g2∥∞

)j/p

≲ ∥g1∥∞∥g2∥p + ∥g1∥p∥g2∥∞.

■

For later purposes we rather consider products of matrix- and vector-valued func-
tions. In the proof of the following Moser-type inequality we apply the above estimates
componentwise.

Lemma 4.5 (Moser estimate). The estimate

∥∂p
τ (Bg) −B∂p

τg∥0 ≲ ∥∂τB∥∞∥g∥p−1 + ∥∂τB∥p−1∥g∥∞

holds for each p ∈ N \ {1} and

B ∈ Hp(0, 2π;Rn×n), g ∈ Hp(0, 2π;Rn).

Proof. It follows from the formula

∂p
τ (Bg) =

∑
k+l=p

(
p

l

)
∂l

τB∂
k
τ g

that
∂p

τ (Bg) −B∂p
τg =

∑
l+k=p

l ̸=0

(
p

l

)
∂l

τB∂
k
τ g =

∑
j+k=p−1

(
p

j + 1

)
∂j

τ∂τB∂
k
τ g.
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4.1 The linear Cauchy problem

Applying Corollary 4.4 (with p replaced by p− 1) to each term in the sum on the right
hand side, we conclude that

∥∂p
τ (Bg) −B∂p

τg∥0 ≤
∑

j+k=p−1

(
p

j + 1

)
∥∂j

τ∂τB∂
k
τ g∥0

≲ ∥∂τB∥∞∥g∥p−1 + ∥∂τB∥p−1∥g∥∞.

■

In order to guarantee that products of ξ-dependent matrix- and vector-valued func-
tions lie in the correct function spaces we need the following result for bilinear expressions
of respectively continuous and square-integrable functions.

Proposition 4.6. Let X, Y and Z be Banach spaces and M be a bounded, bilinear
mapping X × Y → Z. If ϕ ∈ C([0, T ];X) and ψ ∈ L2(0, T ;Y ), then
M(ϕ(·), ψ(·)) ∈ L2(0, T ;Z).

Proof. Observe that∫ T

0
∥M(ϕ(ξ), ψ(ξ))∥2

Z dξ ≲
∫ T

0
∥ϕ(ξ)∥2

X∥ψ(ξ)∥2
Y dξ ≤ ∥ϕ∥2

C([0,T ];X)∥ψ∥2
L2(0,T ;Y ),

from which it follows that M(ϕ(·), ψ(·)) ∈ L2(0, T ;Z). ■

We also need the following product estimate for products of functions inH−p
per(0, 2π;Rn)

and Hp
per(0, 2π;Rn).

Proposition 4.7. The formula
(C, v) 7→ Cv

defines a bounded, bilinear mapping Hp
per(0, 2π;Rn×n)×H−p

per(0, 2π;Rn) → H−p
per(0, 2π;Rn)

for all p ∈ N.

Proof. The estimate

∥Cv∥−p = sup
∥ϕ∥p=1

|⟨Cv, ϕ⟩H−p,Hp|

= sup
∥ϕ∥p=1

|⟨v, C⊤ϕ⟩H−p,Hp |

≤ sup
∥ϕ∥p=1

∥v∥−p∥C⊤ϕ∥p

implies that
∥Cv∥−p ≲ ∥C∥p∥v∥−p.

■
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Finally, we need the following version of Gronwall’s inequality (see Sogge [19, Lemma
3.3]).

Proposition 4.8 (Gronwall’s inequality). Let v, a and b be non-negative, continuous
functions [0, T ] → R, where a is monotonically increasing. Suppose further that

v(ξ) ≤ a(ξ) +
∫ ξ

0
b(r)v(r) dr

for all ξ ∈ [0, T ]. The estimate

v(ξ) ≤ a(ξ) exp
( ∫ ξ

0
b(r) dr

)
holds for all ξ ∈ [0, T ].

The next result is an a priori estimate for a solution to the Cauchy problem (4.1),
(4.2).

Lemma 4.9. Let p ∈ {t− 1, t}, ξ0 ∈ [0, T ] and

u ∈ C
(
[0, T ];Hp+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];Hp

per(0, 2π;Rn)
)
.

The estimate
∥u(ξ)∥2

p ≲ ∥u(ξ0)∥2
p +

∫ ξ

ξ0
∥(Lu)(r)∥2

p dr

holds for all ξ ∈ [ξ0, T ].

Proof. Suppose that k ∈ N0 with k ≤ p. We note that by definition

∂ξu(ξ) = Lu(ξ) − A(ξ)∂τu(ξ) − L(ξ)u(ξ)

and compute

∂ξ⟨S(ξ)∂k
τ u(ξ), ∂k

τ u(ξ)⟩
= ⟨∂ξS(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩ + 2⟨S(ξ)∂k

τ ∂ξu(ξ), ∂k
τ u(ξ)⟩

= ⟨∂ξS(ξ)∂k
τ u(ξ), ∂k

τ u(ξ)⟩ + 2⟨S(ξ)∂k
τ (Lu(ξ)), ∂k

τ u(ξ)⟩
− 2⟨S(ξ)∂k

τ (A(ξ)∂τu(ξ)) − S(ξ)A(ξ)∂k+1
τ u(ξ), ∂k

τ u(ξ)⟩
− 2⟨S(ξ)A(ξ)∂k+1

τ u(ξ), ∂k
τ u(ξ)⟩ − 2⟨S(ξ)∂k

τ (L(ξ)u(ξ)), ∂k
τ u(ξ)⟩.
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4.1 The linear Cauchy problem

Integrating with respect to τ over one period yields

∂ξ

∫ 2π

0
⟨S(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩ dτ

= 2
∫ 2π

0
⟨S(ξ)∂k

τ (Lu)(ξ), ∂k
τ u(ξ)⟩ +

∫ 2π

0
⟨∂ξS(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩ dτ

− 2
∫ 2π

0
⟨S(ξ)A(ξ)∂k+1

τ u(ξ), ∂k
τ u(ξ)⟩ dτ

− 2
∫ 2π

0
⟨S(ξ)∂k

τ (A(ξ)∂τu(ξ)) − S(ξ)A(ξ)∂k+1
τ u(ξ), ∂k

τ u(ξ)⟩ dτ

− 2
∫ 2π

0
⟨S(ξ)∂k

τ (L(ξ)u(ξ)), ∂k
τ u(ξ)⟩ dτ.

Since the matrix SA is symmetric, integration by parts yields∫ 2π

0
⟨S(ξ)A(ξ)∂k+1

τ u(ξ), ∂k
τ u(ξ)⟩ dτ

=
∫ 2π

0
⟨∂k+1

τ u(ξ), S(ξ)A(ξ)∂k
τ u(ξ)⟩ dτ

= −
∫ 2π

0

〈
∂k

τ u(ξ), ∂τ

(
S(ξ)A(ξ)∂k

τ u(ξ)
)〉

dτ

= −
∫ 2π

0

〈
∂k

τ u(ξ),
(
∂τS(ξ)A(ξ) + S(ξ)∂τA(ξ)

)
∂k

τ u(ξ)
〉

dτ

−
∫ 2π

0
⟨∂k

τ u(ξ), S(ξ)A(ξ)∂k+1
τ u(ξ)⟩ dτ,

so that

2
∫ 2π

0
⟨S(ξ)A(ξ)∂k+1

τ u(ξ), ∂k
τ u(ξ)⟩ dτ

= −
∫ 2π

0

〈
∂k

τ u(ξ),
(
∂τS(ξ)A(ξ) + S(ξ)∂τA(ξ)

)
∂k

τ u(ξ)
〉

dτ

and hence

∂ξ

∫ 2π

0
⟨S(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩ dτ

≤ 2
∫ 2π

0
|⟨S(ξ)∂k

τ (Lu)(ξ), ∂k
τ u(ξ)⟩| dτ +

∫ 2π

0
|⟨∂ξS(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩| dτ

+
∫ 2π

0

∣∣∣〈(∂τS(ξ)A(ξ) + S(ξ)∂τA(ξ)
)
∂k

τ u(ξ), ∂k
τ u(ξ)

〉∣∣∣ dτ

+ 2
∫ 2π

0
|⟨S(ξ)∂k

τ (A(ξ)∂τu(ξ)) − S(ξ)A(ξ)∂k+1
τ u(ξ), ∂k

τ u(ξ)⟩| dτ

+ 2
∫ 2π

0
|⟨S(ξ)∂k

τ (L(ξ)u(ξ)), ∂k
τ u(ξ)⟩| dτ.
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An application of the Cauchy-Schwarz and Young’s inequalities shows that

2
∫ 2π

0
|⟨S(ξ)∂k

τ (Lu)(ξ), ∂k
τ u(ξ)⟩| dτ ≤ 2

β

∫ 2π

0
|∂k

τ (Lu)(ξ)||∂k
τ u(ξ)| dτ

≤ 1
β

∥∂k
τ (Lu)(ξ)∥2

0 + 1
β

∥∂k
τ u(ξ)∥2

0

≤ 1
β

∥(Lu)(ξ)∥2
p + 1

β
∥u(ξ)∥2

p

as well as

2
∫ 2π

0
|⟨S(ξ)∂k

τ (L(ξ)u(ξ)), ∂k
τ u(ξ)⟩| dτ ≤ 1

β
∥L(ξ)u(ξ)∥2

p + 1
β

∥u(ξ)∥2
p

≤ 1
β

(
1 + ∥L(ξ)∥2

L(Hp
per)

)
∥u(ξ)∥2

p.

We additionally use the Moser estimate (Lemma 4.5) to obtain∫ 2π

0
|⟨S(ξ)∂k

τ (A(ξ)∂τu(ξ)) − S(ξ)A(ξ)∂k+1
τ u(ξ), ∂k

τ u(ξ)⟩| dτ

≤ 1
β

∥∂k
τ (A(ξ)∂τu(ξ)) − A(ξ)∂k+1

τ u(ξ)∥2
0 + 1

β
∥∂k

τ u(ξ)∥2
0

≤ 1
β

(
∥∂τu(ξ)∥∞∥∂τA(ξ)∥k−1 + ∥∂τu∥k−1∥∂τA(ξ)∥∞

)2
+ 1
β

∥u(ξ)∥2
p

≤ 1
β

(
∥∂τu(ξ)∥p−1∥A(ξ)∥p + ∥u∥p∥∂τA(ξ)∥p−1

)2
+ 1
β

∥u(ξ)∥2
p

≤ 1
β

(
1 + 4∥A(ξ)∥2

p

)
∥u(ξ)∥2

p

(note that Hp−1
per (0, 2π;R) ↪→ L∞

per(0, 2π;R), since p− 1 ≥ t− 2 > 1
2). Moreover∫ 2π

0
|⟨∂ξS(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩| dτ ≤ ∥∂ξS(ξ)∥∞∥u(ξ)∥2

p

and ∫ 2π

0

∣∣∣〈(∂τS(ξ)A(ξ) + S(ξ)∂τA(ξ)
)
∂k

τ u(ξ), ∂k
τ u(ξ)

〉∣∣∣ dτ

≤ ∥∂τS(ξ)A(ξ) + S(ξ)∂τA(ξ)∥∞∥u(ξ)∥2
p.

Altogether we conclude that

∂ξ

∫ 2π

0
⟨S(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩ dτ ≤ 1

β
∥(Lu)(ξ)∥2

p + 1
β

∥u(ξ)∥2
p + ∥∂ξS(ξ)∥∞∥u(ξ)∥2

p

+ ∥∂τS(ξ)A(ξ) + S(ξ)∂τA(ξ)∥∞∥u(ξ)∥2
p

+ 2
β

(
1 + 4∥A(ξ)∥2

p

)
∥u(ξ)∥2

p

+ 1
β

(
1 + ∥L(ξ)∥2

L(Hp
per)

)
∥u(ξ)∥2

p

= 1
β

∥(Lu)(ξ)∥2
p + c∥u(ξ)∥2

p,
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4.1 The linear Cauchy problem

where

c = 1
β

+ ∥∂ξS∥C([0,T ];L∞
per) + ∥(∂τS)A+ S(∂τA)∥C([0,T ];L∞

per)

+ 2
β

(
1 + 4∥A∥2

C([0,T ];Hp
per)

)
+ 1
β

(
1 + ∥L∥2

C([0,T ];L(Hp
per))

)
,

and by integrating over (ξ0, ξ) we obtain∫ 2π

0
⟨S(ξ)∂k

τ u(ξ), ∂k
τ u(ξ)⟩ dτ ≤

∫ 2π

0
⟨S(ξ0)∂k

τ u(ξ0), ∂k
τ u(ξ0)⟩ dτ

+
∫ ξ

ξ0

( 1
β

∥(Lu)(r)∥2
p + c∥u(r)∥2

p

)
dr

from which it follows that

∥∂k
τ u(ξ)∥2

0 ≤ 1
β2 ∥u(ξ0)∥2

p +
∫ ξ

ξ0

( 1
β2 ∥(Lu)(r)∥2

p + c

β
∥u(r)∥2

p

)
dr.

Summation over k ≤ p yields

∥u(ξ)∥2
p ≤ (p+ 1)

(
1
β2 ∥u(ξ0)∥2

p +
∫ ξ

ξ0

( 1
β2 ∥(Lu)(r)∥2

p + c

β
∥u(r)∥2

p

)
dr
)

and Gronwall’s inequality with

a(ξ) = (p+ 1) 1
β2

(
∥u(ξ0)∥2

p +
∫ ξ

ξ0
∥(Lu)(r)∥2

p dr
)
, v(ξ) = ∥u(ξ)∥2

p, b(ξ) = (p+ 1) c
β

(note that a is continuous due to Proposition 4.6) finally implies that

∥u(ξ)∥2
p ≤ (p+ 1) 1

β2 e(p+1) cT
β

(
∥u(ξ0)∥2

p +
∫ ξ

ξ0
∥(Lu)(r)∥2

p dr
)
.

■

Corollary 4.10. Let p ∈ {t− 1, t} and

u ∈ C
(
[0, T ];Hp+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];Hp

per(0, 2π;Rn)
)
.

The estimate
∥u(ξ)∥2

p ≲ ∥u(T )∥2
p +

∫ T

0
∥(Lu)(r)∥2

p dr

holds for all ξ ∈ [0, T ].

Proof. The arguments in the proof of Lemma 4.9 remain true if we replace the operator
L by the ‘reversed’ operator L̃ = ∂ξ − A∂τ − L. Lemma 4.9 with ξ0 = 0 implies that

∥u(T − ξ)∥2
p ≲ ∥u(T )∥2

p +
∫ T

0
∥(L̃u)(T − r)∥2

p dr

for all ξ ∈ [0, T ]. We conclude the result by substituting τ = T − r. ■
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Regularisation
In order to solve equation (4.1) we first study the sequence of regularised initial value

problems

L(N)uN = f(N) (4.3)
uN(0) = 0 (4.4)

where

L(N) = ∂ξ + (S(N))−1M (N)∂τ + L (4.5)

and

(S(N))−1M (N) ∈ C
(
[0, T ];C∞

per([0, 2π];Rn×n)
)
, f(N) ∈ C

(
[0, T ];C∞

per([0, 2π];Rn)
)

have the property that ∥A − (S(N))−1M (N)∥C([0,T ];Ht
per), ∥f − f(N)∥C([0,T ];Ht

per) → 0 as
N → ∞. The functions S(N), M (N) and f (N) are given by the truncated Fourier series
of respectively S, SA and f . The following result shows that the convergence of these
Fourier series is uniform with respect to ξ. The invertibility of S(N) is established in
Lemma 4.13 and Corollary 4.14 below.

Lemma 4.11. Suppose that g ∈ C
(
[0, T ];H t

per(0, 2π;R)
)

is given by the Fourier series
expansion

g(ξ, τ) = 1√
2π

∑
m∈Z

gm(ξ)eimτ .

The sequence {g(N)}N∈N defined by

g(N)(ξ, τ) = 1√
2π

N∑
m=−N

gm(ξ)eimτ

has the properties
(i) g(N)(ξ) ∈ C∞

per([0, 2π];R) for each ξ ∈ [0, T ],

(ii) g(N) ∈ C
(
[0, T ];Hp

per(0, 2π;R)
)

for each p ∈ N0,

(iii) limN→∞ ∥g(N) − g∥C([0,T ];Ht
per) = 0,

(iv) ∥g(N)∥C([0,T ];Ht
per) ≲ 1 uniformly over N .

Proof.
(i) Since g(N)(ξ) is a trigonometric polynomial, it follows that

g(N)(ξ) ∈ C∞
per([0, 2π];R)

for each ξ ∈ [0, T ].
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4.1 The linear Cauchy problem

(ii) For p ∈ N0 and ξ1, ξ2 ∈ [0, T ] we find that

∥g(N)(ξ1) − g(N)(ξ2)∥2
p =

N∑
m=−N

(1 +m2)p|gm(ξ1) − gm(ξ2)|2

≤ cN

N∑
m=−N

(1 +m2)t|gm(ξ1) − gm(ξ2)|2

≤ cN∥g(ξ1) − g(ξ2)∥2
t ,

in which cN = maxm=−N,...,N(1 +m2)p−t, that is g(N) ∈ C
(
[0, T ];Hp

per(0, 2π;R)
)
.

(iii) First note that

∥g(N)(ξ) − g(ξ)∥2
t =

∑
|m|>N

(1 +m2)t|gm(ξ)|2 → 0

as N → ∞ for each ξ ∈ [0, T ], since g(ξ) ∈ H t
per(0, 2π;R), that is

∥g(ξ)∥2
t =

∑
m∈Z

(1 +m2)t|gm(ξ)|2 < ∞.

To prove the uniform convergence of {g(N)}N∈N we observe that

g(N) − g ∈ C
(
[0, T ];H t

per(0, 2π;R)
)
,

so that

∥g(N) − g∥C([0,T ];Ht
per) = sup

ξ∈[0,T ]
∥g(N)(ξ) − g(ξ)∥t

= max
ξ∈[0,T ]

∥g(N)(ξ) − g(ξ)∥t

= ∥g(N)(ξN) − g(ξN)∥t

for some ξN ∈ [0, T ]. Since [0, T ] is compact there exists ξ∗ ∈ [0, T ] such that
ξN → ξ∗ as N → ∞ up to subsequences. It follows that

lim
N→∞

∥g(N) − g∥C([0,T ];Ht
per) = lim

N→∞
∥g(N)(ξN) − g(ξN)∥t

and

∥g(N)(ξN)−g(ξN)∥t ≤ ∥g(N)(ξN)−g(N)(ξ∗)∥t+∥g(N)(ξ∗)−g(ξ∗)∥t+∥g(ξ∗)−g(ξN)∥t.

We observe that

∥g(N)(ξN) − g(N)(ξ∗)∥2
t =

N∑
m=−N

(1 +m2)t|gm(ξN) − gm(ξ∗)|2 ≤ ∥g(ξN) − g(ξ∗)∥t
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and since g is continuous, we conclude that

∥g(N)(ξN) − g(N)(ξ∗)∥t, ∥g(ξ∗) − g(ξN)∥t → 0

as N → ∞. Moreover, the pointwise convergence of {g(N)}N∈N implies that

∥g(N)(ξ∗) − g(ξ∗)∥t → 0

as N → ∞. Altogether it follows that

lim
N→∞

∥g(N) − g∥C([0,T ];Ht
per) = 0

(up to subsequences).
(iv) We have that

∥g(N)∥C([0,T ];Ht
per) = sup

ξ∈[0,T ]
∥g(N)(ξ)∥t

= sup
ξ∈[0,T ]

N∑
m=−N

(1 +m2)t|gm(ξ)|2

≤ sup
ξ∈[0,T ]

∥g(ξ)∥t

= ∥g∥C([0,T ];Ht
per),

so that ∥g(N)∥C([0,T ];Ht
per) ≲ 1 uniformly over N .

■

Corollary 4.12. Suppose that j ∈ N0 and g ∈ Cj
(
[0, T ];H t

per(0, 2π;R)
)

is given by the
Fourier series expansion

g(ξ, τ) = 1√
2π

∑
m∈Z

gm(ξ)eimτ .

The sequence {g(N)}N∈N defined by

g(N)(ξ, τ) = 1√
2π

N∑
m=−N

gm(ξ)eimτ

has the properties
(i) g(N)(ξ) ∈ C∞

per([0, 2π];R) for each ξ ∈ [0, T ],

(ii) g(N) ∈ Cj
(
[0, T ];Hp

per(0, 2π;R)
)

for each p ∈ N0,

(iii) limN→∞ ∥g(N) − g∥C([0,T ];Ht
per) = 0,

(iv) ∥g(N)∥Cj([0,T ];Ht
per) ≲ 1 uniformly over N .
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4.1 The linear Cauchy problem

Proof. Proposition 1.20 shows that the truncated Fourier series of ∂l
ξg is given by

∂l
ξg(N)(ξ, τ) = 1√

2π

N∑
m=−N

g(l)
m (ξ)eimτ .

The result therefore follows by applying the arguments in the proof of Lemma 4.11 to
∂l

ξg, l = 0, . . . , j. ■

Write
L = ∂ξ + A∂τ + L = ∂ξ + S−1SA∂τ + L

and use Corollary 4.12 componentwise to find families

{S(N)}N∈N ⊂ C1
(
[0, T ];C∞

per([0, 2π];Rn×n)
)
, {M (N)}N∈N ⊂ C

(
[0, T ];C∞

per([0, 2π];Rn×n)
)

of smooth (with respect to the spatial variable τ), symmetric matrix-valued functions
such that

∥S − S(N)∥C([0,T ];Ht
per), ∥S − S(N)∥C1([0,T ];Ht−1

per ) → 0, ∥SA−M (N)∥C([0,T ];Ht
per) → 0

as N → ∞. In particular the mapping

(ξ, u) 7→ S(N)(ξ)u

lies in C
(

[0, T ]; L
(
Hp

per(0, 2π;Rn)
))

for arbitrary p ∈ N.

In order to define the symmetrisable regularised operator L(N) in (4.5) with the desired
properties we prove that the regularisation S(N) of S is uniformly positive-definite and
therefore invertible.

Lemma 4.13. There exists a constant β̃ > 0 which does not depend upon N such that

β̃|v|2 ≤ ⟨S(N)(ξ, τ)v, v⟩ ≤ 1
β̃

|v|2, v ∈ Rn \ {0}. (4.6)

Proof. Write

⟨S(N)(ξ, τ)v, v⟩ = ⟨S(ξ, τ)v, v⟩ + ⟨(S(N)(ξ, τ) − S(ξ, τ))v, v⟩,

so that

β|v|2 +⟨(S(N)(ξ, τ)−S(ξ, τ))v, v⟩ ≤ ⟨S(N)(ξ, τ)v, v⟩ ≤ 1
β

|v|2 +⟨(S(N)(ξ, τ)−S(ξ, τ))v, v⟩.

Denoting S(ξ, τ) = (sij(ξ, τ))n
i,j=1 and S(N)(ξ, τ) = (s(N)

ij (ξ, τ))n
i,j=1 we recall that

∥s(N)
ij − sij∥C1([0,T ];Ht

per) → 0, i, j = 1, . . . , n,
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as N → ∞.
Since

|s(N)
ij (ξ, τ) − sij(ξ, τ)| ≤ ∥s(N)

ij − sij∥C1([0,T ];Ht
per),

we conclude that
|s(N)

ij (ξ, τ) − sij(ξ, τ)| → 0
as N → ∞ uniformly over (ξ, τ) ∈ [0, T ] × [0, 2π] for each i, j = 1, . . . , n and hence

|(S(N)(ξ, τ) − S(ξ, τ))v| ≤ β

2 |v|

for sufficiently large values of N . It thus follows that

β

2 |v|2 ≤ ⟨S(N)(ξ, τ)v, v⟩ ≤
( 1
β

+ β

2
)
|v|2, v ∈ Rn \ {0},

uniformly over (ξ, τ) ∈ [0, T ] × [0, 2π]. ■

Corollary 4.14. Suppose that β̃ > 0 is the constant given in Lemma 4.13. The matrix-
valued function S(N) is invertible and satisfies

β̃|v|2 ≤ ⟨(S(N))−1(ξ, τ)v, v⟩ ≤ 1
β̃

|v|2, v ∈ Rn \ {0}.

Furthermore the matrix-valued function (S(N))−1 satisfies

(S(N))−1 ∈ C1
(
[0, T ];C∞

per([0, 2π];Rn×n)
)
.

Proof. It is a direct consequence of inequality (4.6) that SN is invertible with

β̃|v|2 ≤ ⟨(S(N))−1(ξ, τ)v, v⟩ ≤ 1
β̃

|v|2, v ∈ Rn \ {0}.

Note that

(S(N))−1 = 1
detS(N) (S(N))# (4.7)

with the adjunct matrix (S(N))# of S(N) and we have that detS(N)(ξ, τ) ≥ ( β̃
2 )n for all

(ξ, τ) ∈ [0, T ] × [0, 2π] due to inequality (4.6). The denominator detS(N) on the right-
hand side of (4.7) is therefore bounded (away from zero) uniformly over
(ξ, τ) ∈ [0, T ] × [0, 2π] and we conclude that

(S(N))−1 ∈ C1
(
[0, T ];C∞

per([0, 2π];Rn×n)
)
.

■
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4.1 The linear Cauchy problem

We now consider the regularised operator

L(N) = ∂ξ + (S(N))−1M (N)∂τ + L,

and, noting that (S(N))−1M (N),M (N)(S(N))−1 ∈ C
(
[0, T ];C∞

per([0, 2π];Rn×n)
)

due to
Corollary 4.14, the family of adjoint operators

L(N)∗
p = −∂ξ −M (N)(S(N))−1∂τ − ∂τ

(
M (N)(S(N))−1

)
+ L∗

p, p ∈ N

(see Remark 4.2(i)). For notational simplicity below we abbreviate L(N) = ∂ξ + P (N),
so that L(N)∗

p = −∂ξ + P (N)∗
p , with the obvious definitions of P (N) and P (N)∗

p , and also
write R(N) = (S(N))−1M (N), so that (R(N))⊤ = M (N)(S(N))−1.

Remark 4.15.

(i) The matrices M (N) as well as S(N) and thus (S(N))−1 are symmetric so that the
regularised operators L(N) and L(N)∗

p are symmetrisable with symmetrisers S(N)

and (S(N))−1, respectively.
(ii) Suppose that L(ξ)u = B(ξ)u with a matrix-valued function

B ∈ C
(
[0, T ];H t

per(0, 2π;Rn×n)
)

(see Remark 4.2(ii)) and consider the regularisation B(N) of B in the sense of
Corollary 4.12. The regularised operator L(N) defined by L(N)(ξ)u = B(N)(ξ)u
satisfies

L(N) ∈ C
(

[0, T ]; L
(
Hp

per(0, 2π;Rn)
))

for arbitrary p ∈ N and applying the arguments below with L replaced by L(N)

yields the existence and uniqueness result for Cauchy problems of the type

∂ξu+ A(ξ, τ)∂τu = B(ξ, τ)u+ f(ξ, τ)

with non-smooth coefficients.

We use the symmetrisability of the adjoint operator L(N)∗
p together with the fact that

(S(N))−1 ∈ C
(
[0, T ];C∞

per([0, 2π];Rn×n)
)

to prove an a priori estimate for L(N)∗
p . The

proof requires the following commutator identity.

Proposition 4.16. Let p ∈ N, suppose that

v ∈ Hp
per(0, 2π;Rn), B ∈ C

(
[0, T ];C∞

per([0, 2π];Rn×n)
)

and consider the commutator

[(I − ∂2
τ )p, B∂τ ] = (I − ∂2

τ )pB∂τ −B(I − ∂2
τ )p∂τ .
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For each k ∈ N0 with k ≤ 2p there exists a function

Ck ∈ C
(
[0, T ];C∞

per([0, 2π];Rn×n)
)

such that
[(I − ∂2

τ )p, B∂τ ]v =
2p∑

k=0
Ck∂

k
τ v.

In particular [(I − ∂2
τ )p, B∂τ ] ∈ C

(
[0, T ]; L

(
Hp(0, 2π;Rn);H−p(0, 2π;Rn)

))
.

Proof. We prove the statement by induction on p. For p = 1 we have that

[(I − ∂2
τ )p, B∂τ ]v = (I − ∂2

τ )B∂τv −B(I − ∂2
τ )∂τv

= B∂3
τv − ∂2

τ (B∂τv)
= −∂2

τB∂τv − 2∂τB∂
2
τv.

Now suppose that the statement is true for fixed p ∈ N. We compute

[(I − ∂2
τ )p+1, B∂τ ]v = (I − ∂2

τ )[(I − ∂2
τ )p, B∂τ ]v + [(I − ∂2

τ ), B∂τ ](I − ∂2
τ )pv

and

(I − ∂2
τ )[(I − ∂2

τ )p, B∂τ ]v = (I − ∂2
τ )

2p∑
k=0

Ck∂
k
τ v

=
2p∑

k=0

(
Ck∂

k
τ v − ∂2

τCk∂
k
τ v − 2∂τCk∂

k+1
τ v − Ck∂

k+2
τ v

)
,

as well as

[(I − ∂2
τ ), B∂τ ](I − ∂2

τ )pv

= [(I − ∂2
τ ), B∂τ ]

p∑
j=0

(
p

j

)
(−1)p−j∂2(p−j)

τ v

= −
p∑

j=0

(
p

j

)
(−1)p−j

(
∂2

τB∂
2(p−j)+1
τ v + 2∂τB∂

2(p−j)+2
τ v

)
.

■

Lemma 4.17. Suppose that p ≥ t− 1, ξ0 ∈ [0, T ] and let

u ∈ C
(
[0, T ];H−p+1(0, 2π;Rn)

)
∩ C1

(
[0, T ];H−p(0, 2π;Rn)

)
.

The estimate
∥u(ξ)∥2

−p ≤ cN

(
∥u(ξ0)∥2

−p +
∫ ξ

ξ0
∥(L(N)∗

p u)(r)∥2
−p dr

)
holds for all ξ ∈ [ξ0, T ].
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4.1 The linear Cauchy problem

Proof. We use the identity

(I − ∂2
τ )p/2ϕ = 1√

2π
∑
m∈Z

(1 +m2)p/2ϕmeimτ , ϕ(τ) = 1√
2π

∑
m∈Z

ϕmeimτ

for ϕ ∈ Hp
per(0, 2π;Rn) together with the fact that ϕ 7→ ∥(I−∂2

τ )p/2ϕ∥0 defines the usual
norm for Hp

per(0, 2π;Rn). Consider the function v(ξ) = (I − ∂2
τ )−pu(ξ) and note that

∥v(ξ)∥p = ∥(I − ∂2
τ )p/2v(ξ)∥0 = ∥(I − ∂2

τ )−p/2u(ξ)∥0 = ∥u(ξ)∥−p,

as well as ∥v(ξ)∥p+1 = ∥u(ξ)∥−p+1, so that

v ∈ C
(
[0, T ];Hp+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];Hp(0, 2π;Rn)

)
and Lemma 4.9 (for all p ≥ t− 1 since L(N) has smooth coefficients) implies that

∥v(ξ)∥2
p ≤ cN

(
∥v(ξ0)∥2

p +
∫ ξ

ξ0
∥(L(N)v)(r)∥2

p dr
)

for all ξ ∈ [ξ0, T ]. It follows that

∥u(ξ)∥2
−p

≤ cN

(
∥u(ξ0)∥2

−p +
∫ ξ

ξ0

∥∥∥(I − ∂2
τ )p/2

(
∂ξv(ξ) +R(N)(r)∂τv(r)

)∥∥∥2

0
+ ∥L(r)v(r)∥2

p dr
)

≲ cN

(
∥u(ξ0)∥2

−p

+
∫ ξ

ξ0

∥∥∥(I − ∂2
τ )−p/2(I − ∂2

τ )p
(
∂ξv(ξ) +R(N)(r)∂τv(r)

)∥∥∥2

0
+ ∥v(r)∥2

p dr
)

= cN

(
∥u(ξ0)∥2

−p +
∫ ξ

ξ0

∥∥∥(I − ∂2
τ )−p/2

(
∂ξ(I − ∂2

τ )pv(r) +R(N)(r)∂τ (I − ∂2
τ )pv(r)

)∥∥∥2

0

+
∥∥∥(I − ∂2

τ )−p/2([(I − ∂2
τ )p, R(N)∂τ ]v)(r)

∥∥∥2

0
dr
)

(4.8)

since the operator (I − ∂2
τ )p commutes with the partial derivative ∂ξ.

Next we use Proposition 4.16 to find that∥∥∥(I − ∂2
τ )−p/2([(I − ∂2

τ )p, R(N)∂τ ]v)(r)
∥∥∥2

0
= ∥([(I − ∂2

τ )p, R(N)∂τ ]v)(r)∥2
−p

≤ cN∥v(r)∥2
p

= cN∥u(r)∥2
−p.

We further estimate∥∥∥(I − ∂2
τ )−p/2

(
∂ξ(I − ∂2

τ )pv(r) +R(N)(r)∂τ (I − ∂2
τ )pv(r)

)∥∥∥2

0

= ∥∂ξu(r) +R(N)(r)∂τu(r)∥2
−p

= ∥(L(N)∗
p u)(r) + ∂τR

(N)(r)u(r) − L∗
p(r)u(r)∥2

−p

≤ ∥(L(N)∗
p u)(r)∥2

−p + ∥∂τR
(N)(r)u(r)∥2

−p + ∥L∗
p(r)u(r)∥2

−p

≤ ∥(L(N)∗
p u)(r)∥2

−p + cN∥u(r)∥2
−p,
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in which the last line follows from the fact that R(N)(r) ∈ C∞
per([0, 2π];Rn×n) and Propo-

sition 4.7.
Inserting the two previous estimates into (4.8), we conclude that

∥u(ξ)∥2
−p ≤ cN

(
∥u(ξ0)∥2

−p +
∫ ξ

ξ0
∥(L(N)∗

p u)(r)∥2
−p + cN∥u(r)∥2

−p dr
)
.

Gronwall’s inequality finally yields

∥u(ξ)∥2
−p ≤ cNecN T

(
∥u(ξ0)∥2

−p +
∫ ξ

ξ0
∥(L(N)∗

p u)(r)∥2
−p dr

)
for all ξ ∈ [ξ0, T ]. ■

Corollary 4.18. Suppose that p ≥ t− 1 and let

u ∈ C
(
[0, T ];H−p+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];H−p

per(0, 2π;Rn)
)
.

The estimate
∥u(ξ)∥2

−p ≤ cN

(
∥u(T )∥2

−p +
∫ T

0
∥(L(N)∗

p u)(r)∥2
−p dr

)
holds for all ξ ∈ [0, T ].

The following theorem is the existence and uniqueness result for the initial value
problem (4.3), (4.4). Here we construct distributional solutions to equation (4.3) using
the set of test functions

E =
{
ϕ ∈ C∞

(
[0, T ];C∞

per([0, 2π];Rn)
)

: ϕ(T ) = 0
}
.

Theorem 4.19. The regularised initial value problem (4.3), (4.4) posesses a unique
solution

uN ∈ C
(
[0, T ];H t+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];H t

per(0, 2π;Rn)
)
.

Proof. We start by proving that equation (4.3) admits a distributional solution

uN ∈ L2
(
0, T ;H t+2

per (0, 2π;Rn)
)
.

To this end we consider the adjoint operator L(N)∗
t+2 on the set E . The first step is to

show that L(N)∗
t+2 maps E into L2

(
0, T ;H−t−2(0, 2π;Rn)

)
. Suppose that ϕ ∈ E with

ψ = L
(N)∗
t+2 ϕ ∈ L

(N)∗
t+2 E . By definition we conclude that

ϕ ∈ Cj
(
[0, T ];Hp

per(0, 2π;Rn)
)
, j, p ∈ N0.

It follows that ϕ ∈ C1
(
[0, T ];H−t−2

per (0, 2π;Rn)
)
, since (1 + m2)p ≥ (1 + m2)−t−2 for

each p ∈ N0. Proposition 4.7 implies that ψ ∈ C
(
[0, T ];H−t−2

per (0, 2π;Rn)
)

and thus
ψ ∈ L2

(
0, T ;H−t−2

per (0, 2π;Rn)
)
, that is (L(N))∗E ⊂ L2

(
0, T ;H−t−2(0, 2π;Rn)

)
.
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4.1 The linear Cauchy problem

Next we prove that the operator

L
(N)∗
t+2 : E → L

(N)∗
t+2 E ⊂ L2

(
0, T ;H−t−2

per (0, 2π;Rn)
)

is injective. Let v1, v2 ∈ E with L
(N)∗
t+2 v1 = L

(N)∗
t+2 v2. Corollary 4.18 for p = t + 2 implies

that

∥v1(ξ) − v2(ξ)∥2
−t−2

≲ ∥v1(T ) − v2(T )∥2
−t−2︸ ︷︷ ︸

= 0
+
∫ T

0
∥(L(N)∗

t+2 v1)(r) − (L(N)∗
t+2 v2)(r)∥2

−t−2︸ ︷︷ ︸
= 0

dr

= 0,

that is v1 = v2.
Consider the linear functional l : L(N)∗

t+2 E → C defined by

l(ψ) =
∫ T

0

〈(
(L(N)∗

t+2 )−1ψ
)
(ξ), f(N)(ξ)

〉
H−t−2,Ht+2

dξ

(note that ((L(N)∗
t+2 )−1ψ)(ξ) ∈ C∞

per([0, 2π];Rn) ⊂ H−t−2
per (0, 2π;Rn)). Using the Cauchy-

Schwarz inequality we conclude that

|l(ψ)| ≤
∫ T

0

∥∥∥((L(N)∗
t+2 )−1ψ

)
(ξ)
∥∥∥

−t−2
∥f(N)(ξ)∥t+2 dξ

=
(( ∫ T

0

∥∥∥((L(N)∗
t+2 )−1ψ

)
(ξ)
∥∥∥

−t−2
∥f(N)(ξ)∥t+2 dξ

)2
) 1

2

≤
( ∫ T

0

∥∥∥((L(N)∗
t+2 )−1ψ

)
(ξ)
∥∥∥2

−t−2
dξ
∫ T

0
∥f(N)(ξ)∥2

t+2 dξ
) 1

2

= ∥f(N)∥L2(0,T ;Ht+2
per )

( ∫ T

0

∥∥∥((L(N)∗
t+2 )−1ψ

)
(ξ)
∥∥∥2

−t−2
dξ
) 1

2
. (4.9)

Applying Corollary 4.18 with p = t+ 2 to a function

v ∈ C
(
[0, T ];H−t−1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];H−t−2

per (0, 2π;Rn)
)

yields
∥v(ξ)∥2

−t−2 ≤ cN

(
∥v(T )∥2

−t−2 +
∫ T

0
∥(L(N)∗

t+2 v)(r)∥2
−t−2 dr

)
.

and using this inequality with v = (L(N)∗
t+2 )−1ψ (noting that ((L(N)∗

t+2 )−1ψ)(T ) = 0) we
conclude from the estimate (4.9) that

|l(ψ)| ≤ cN∥f(N)∥L2(0,T ;Ht+2
per )

( ∫ T

0

∫ T

0

∥∥∥(L(N)∗
t+2 (L(N)∗

t+2 )−1ψ
)
(r)
∥∥∥2

−t−2
drdξ

) 1
2

≤ cN

√
T∥f(N)∥L2(0,T ;Ht+2

per )∥ψ∥L2(0,T ;H−t−2
per ).
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It follows from the Hahn-Banach theorem that l extends continuously to a linear form
on L2

(
0, T ;H−t−2

per (0, 2π;Rn)
)

and the Riesz representation theorem implies the existence
of a unique function uN ∈ L2

(
0, T ;H t+2

per (0, 2π;Rn)
)

such that

l(ψ) =
∫ T

0
⟨ψ(ξ), uN(ξ)⟩H−t−2,Ht+2 dξ

for each ψ ∈ L
(N)∗
t+2 E . It follows that

∫ T

0

〈
(L(N)∗

t+2 ϕ)(ξ), uN(ξ)
〉

H−t−2,Ht+2
dξ =

∫ T

0
⟨ϕ(ξ), f(N)(ξ)⟩H−t−2,Ht+2 dξ (4.10)

for each ϕ ∈ E , that is uN is a distributional solution of the equation

L(N)uN = f(N).

Observe that
∂ξuN = −R(N)∂τuN − LuN

with ∂τuN ∈ L2
(
0, T ;H t+1

per (0, 2π;Rn)
)
, since uN ∈ L2

(
0, T ;H t+2

per (0, 2π;Rn)
)
. The bilin-

ear mappings
(R(N), ∂τuN) 7→ R(N)∂τuN , (L, uN) 7→ LuN

thus lie in L2
(
0, T ;H t+1

per (0, 2π;Rn)
)

due to Proposition 4.6. It follows that
∂ξuN ∈ L2

(
0, T ;H t+1

per (0, 2π;Rn)
)
, and therefore uN ∈ H1

(
0, T ;H t+1

per (0, 2π;Rn)
)
. Hence

uN ∈ C
(
[0, T ];H t+1

per (0, 2π;Rn)
)

with ∂ξuN ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

by Proposi-
tion 4.6 (see above). Finally, it follows from equation (4.10) that∫ T

0
⟨P (N)∗

t+2 (ξ)ϕ(ξ), uN(ξ)⟩H−t−2,Ht+2 dξ =
∫ T

0
⟨∂ξϕ(ξ), uN(ξ)⟩H−t−2,Ht+2 dξ

+
∫ T

0
⟨ϕ(ξ), f(N)(ξ)⟩H−t−2,Ht+2 dξ

and integration by parts yields∫ T

0
⟨ϕ(ξ), P (N)(ξ)uN(ξ) − f(N)(ξ)⟩H−t−2,Ht+2 dξ = − ⟨ϕ(0), uN(0)⟩H−t−2,Ht+2

−
∫ T

0
⟨ϕ(ξ), ∂ξuN(ξ)⟩H−t−2,Ht+2 dξ,

so that

0 =
∫ T

0
⟨ϕ(ξ), (L(N)uN)(ξ) − f(N)(ξ)⟩H−t−2,Ht+2 dξ = −⟨ϕ(0), uN(0)⟩H−t−2,Ht+2

for each ϕ ∈ E , that is uN(0) = 0.
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It remains to prove the uniqueness of the solution. Let u1
N and u2

N be solutions of the
initial value problem (4.3), (4.4). It follows that

u1
N − u2

N ∈ C
(
[0, T ];H t+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];H t(0, 2π;Rn)

)
and Lemma 4.9 with ξ0 = 0 implies

∥u1
N(ξ) − u2

N(ξ)∥2
t ≲ ∥u1

N(0) − u2
N(0)︸ ︷︷ ︸

= 0
∥2

t +
∫ ξ

0

∥∥∥(L(N)(u1
N − u2

N)
)
(r)
∥∥∥2

t
dr

=
∫ ξ

0
∥(L(N)u1

N)(r) − (L(N)u2
N)(r)∥2

t dr

=
∫ ξ

0
∥f(N)(r) − f(N)(r)∥2

t dr

= 0,

so that u1
N = u2

N . ■

Solving the Cauchy problem
We show that the sequence {uN}N∈N of solutions to the regularised initial value prob-

lem (4.3), (4.4) converges to a distributional solution of the initial value problem (4.1),
(4.2) the regularity of which we verify a posteriori.

We start with the case h = 0. Our aim is to show that {uN}N∈N converges to

u ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)
.

We first establish the weak convergence of {uN}N∈N. In the following theorem the result
is formulated in terms of the adjoint operator

L∗
tu = −∂ξu− ∂τAu− A∂τu+ L∗

tu.

Theorem 4.20. The sequence {uN(ξ)}N∈N converges weakly in H t
per(0, 2π;Rn), uni-

formly over ξ ∈ [0, T ], to a function

u ∈ L2
(
0, T ;H t

per(0, 2π;Rn)
)

such that ∫ T

0
⟨(L∗

tϕ)(ξ), u(ξ)⟩H−t,Ht dξ =
∫ T

0
⟨ϕ(ξ), f(ξ)⟩H−t,Ht dξ

for each ϕ ∈ E. In particular u is a distributional solution of the equation

Lu = f.
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Proof. The a priori estimate for the H t-norm in Lemma 4.9 yields

∥uN(ξ)∥2
t ≲

∫ ξ

0
∥(L(N)uN)(r)∥2

t dr ≲ ∥f∥2
C([0,T ];Ht

per).

The sequence {uN}N∈N is hence bounded in C
(
[0, T ];H t

per(0, 2π;Rn)
)
. The a priori

estimate for the H t−1-norm in Lemma 4.9 further yields

∥uN(ξ) − uM(ξ)∥2
t−1

≲
∫ ξ

0
∥(L(uN − uM))(r)∥2

t−1 dr

≤
∫ ξ

0
∥((L− L(N))uN)(r) + ((L(M) − L)uM)(r) + f(N)(r) − f(M)(r)∥2

t−1 dr. (4.11)

By assumption t− 1 > 3
2 , so that

∥((L− L(N))uN)(r)∥2
t−1 =

∥∥∥((S(N))−1(r)M (N)(r) − A(r)
)
∂τuN(r)

∥∥∥2

t−1

≤ ∥(S(N))−1(r)M (N)(r) − A(r)∥2
t−1∥∂τuN(r)∥2

t−1

≤ ∥(S(N))−1(r)M (N)(r) − A(r)∥2
Ht∥uN(r)∥2

t

≲ ∥(S(N))−1M (N) − A∥2
C([0,T ];Ht

per).

It follows that
∥(L− L(N))uN∥C([0,T ];Ht−1

per ) → 0
as N → ∞ and since also

∥f(N) − f(M)∥C([0,T ];Ht−1) → 0

as M,N → ∞, we conclude from inequality (4.11) that {uN}N∈N is a Cauchy sequence
in C

(
[0, T ];H t−1

per (0, 2π;Rn)
)

and thus has a limit u ∈ C
(
[0, T ];H t−1

per (0, 2π;Rn)
)
.

Since ∥uN(ξ)∥t ≲ 1 uniformly over N ∈ N and ξ ∈ [0, T ], there exists a function
ζ(ξ) ∈ H t(0, 2π;Rn) such that uN(ξ) ⇀ ζ(ξ) in H t

per(0, 2π;Rn) (up to subsequences)
and ∥ζ(ξ)∥t ≲ 1. It follows that uN(ξ) ⇀ ζ(ξ) in H t−1(0, 2π;Rn) and since we already
know that uN → u in C

(
[0, T ];H t−1

per (0, 2π;Rn)
)

we conclude that u(ξ) = ζ(ξ), that is
u(ξ) ∈ H t

per(0, 2π;Rn) with ∥u(ξ)∥t ≲ 1, for all ξ ∈ [0, T ].
Applying the same argument to the sequence {u(ξk)}k∈N, where ξk → ξ ∈ [0, T ],

yields ∥u(ξk)∥t ≲ 1 and u(ξk) ⇀ u(ξ) (up to subsequences). It follows that
u ∈ C

(
[0, T ];H t

per,w(0, 2π;Rn)
)
, whereH t

per,w(0, 2π;Rn) denotes the spaceH t
per(0, 2π;Rn)

equipped with the weak topology.
Finally, ∥uN(ξ)∥t ≲ 1 uniformly over ξ ∈ [0, T ] implies supξ∈[0,T ] ∥u(ξ)∥2

t < ∞, that
is u ∈ L2

(
0, T ;H t

per(0, 2π;Rn)
)
. For ϕ ∈ E we conclude using the Cauchy-Schwarz

inequality and Proposition 4.7 that

|⟨(L(N)∗
t ϕ)(ξ), uN(ξ)⟩H−t,Ht | ≤ ∥(L(N)∗

t ϕ)(ξ)∥−t∥uN(ξ)∥t ≲ ∥ϕ∥C([0,T ];Hp
per)
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and
|⟨ϕ(ξ), f(N)(ξ)⟩H−t,Ht | ≤ ∥ϕ∥C([0,T ];Hp

per)∥f∥C([0,T ];Ht
per)

for any p ∈ N. The dominated convergence theorem allows us to pass to the limit
N → ∞ in the equation∫ T

0
⟨(L(N)∗

t ϕ)(ξ), uN(ξ)⟩H−t,Ht dξ =
∫ T

0
⟨ϕ(ξ), f(N)(ξ)⟩H−t,Ht dξ

for all ϕ ∈ E (see equation (4.10)), so that u is a distributional solution to the equation
Lu = f . ■

The next step is to show that the square-integrable distributional solution u found in
Theorem 4.20 is continuous. To this end we consider the family of operators

(Tku)(τ) =
((
I − 1

k
∂2

τ

)−1
u
)

(τ) = 1√
2π

∑
m∈Z

(
1 + m2

k

)−1
umeimτ , k ∈ N,

on the space L2
(
0, T ;H t

per(0, 2π;Rn)
)

(where (Tu)(ξ, τ) = (Tu(ξ))(τ)). The continuity
of any distributional solution u to equation (4.1) (see Corollary 4.23 below) is deduced
from the following convergence result for the sequence {Tku}k∈N.

Lemma 4.21. Let u ∈ L2
(
0, T ;H t

per(0, 2π;Rn)
)

be a distributional solution to the equa-
tion Lu = f . The functions Tku have the properties

(i) Tku ∈ C
(
[0, T ];H t+1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];H t

per(0, 2π;Rn)
)

for each k ∈ N,

(ii) ∥Tku− u∥L2(0,T ;Ht
per) → 0 as k → ∞,

(iii) ∥LTku− f∥L2(0,T ;Ht
per) → 0 as k → ∞.

Proof.
(i) Using Proposition 4.6, we conclude from u ∈ L2

(
0, T ;H t

per(0, 2π;Rn)
)

and Lu = f
in the distributional sense, that

u ∈ C
(
[0, T ];H t−1

per (0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−2

per (0, 2π;Rn)
)

(see the argument below equation (4.10) in the proof of Theorem 4.19). It follows
that

∥Tku(ξ1) − Tku(ξ2)∥2
t+1 =

∑
m∈Z

(1 +m2)t+1
(

1 + m2

k

)−2
|um(ξ1) − um(ξ2)|2

= k2 ∑
m∈Z

(1 +m2)2

(k +m2)2 (1 +m2)t−1|um(ξ1) − um(ξ2)|2

≤ k2∥u(ξ1) − u(ξ2)∥2
t−1,
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for all ξ1, ξ2 ∈ [0, T ], that is Tku ∈ C
(
[0, T ];H t+1

per (0, 2π;Rn)
)
. We differentiate Tku

with respect to ξ (note that T−1
k and thus Tk commute with ∂ξ) and use a similar

calculation with Tku replaced by ∂ξ(Tku) to conclude that
∂ξ(Tku) ∈ C

(
[0, T ];H t

per(0, 2π;Rn)
)
.

(ii) First we calculate

∥Tku− u∥2
L2(0,T ;Ht

per) =
∫ T

0
∥Tku(ξ) − u(ξ)∥2

t dξ

=
∫ T

0

∑
m∈Z

(1 +m2)t
((

1 + m2

k

)−1
− 1

)2
|um(ξ)|2 dξ

=
∫ T

0

∑
m∈Z

m4

(k +m2)2 (1 +m2)t|um(ξ)|2 dξ.

Because
m4

(k +m2)2 (1 +m2)t|um(ξ)|2 ≤ (1 +m2)t|um(ξ)|2

and u(ξ) ∈ H t
per(0, 2π;Rn) for all ξ ∈ [0, T ], we conclude that

lim
k→∞

∑
m∈Z

m4

(k +m2)2 (1 +m2)t|um(ξ)|2 = 0

for all ξ ∈ [0, T ]. Moreover, since ∥u(·)∥2
Ht ∈ L1(0, T ), the dominated convergence

theorem implies that

lim
k→∞

∥Tku− u∥2
L2(0,T ;Ht

per) =
∫ T

0
lim

k→∞

∑
m∈Z

m4

(k +m2)2 (1 +m2)t|um(ξ)|2 dξ = 0.

(iii) For the proof of the third property we consider the commutator

[Tk, L]u = TkLu− LTku = Tkf − LTku.

The calculation in the proof of part (ii) with the functions u and Tku replaced by
respectively f and Tkf shows that

Tkf → f

as k → ∞ in L2
(
0, T ;H t

per(0, 2π;Rn)
)
. In order to prove that LTku → f as k → ∞

in L2
(
0, T ;H t

per(0, 2π;Rn)
)
, it thus suffices to show that

LTku− Tkf → 0

as k → ∞ in L2
(
0, T ;H t

per(0, 2π;Rn)
)
, that is

lim
k→∞

∥[Tk, L]u∥L2(0,T ;Ht
per) = 0.
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The operator Tk commutes with the partial derivative ∂ξ, so that

[Tk, L]u = Tk(A∂τu) − A∂τTku+ TkLu− LTku.

Next we compute

T−1
k (A∂τTku) =

(
I − 1

k
∂2

τ

)
(A∂τTku)

= A∂τTku− 1
k
∂2

τ (A∂τTku)

= A∂τTku− 1
k

(∂2
τA∂τTku+ 2∂τA∂

2
τTku+ A∂3

τTku)

= AT−1
k (∂τTku) − 1

k
(∂2

τA∂τTku+ 2∂τA∂
2
τTku). (4.12)

Considering the second order differential operator F1 defined by

F1(ξ)v = ∂2
τA(ξ)∂τv + 2∂τA(ξ)∂2

τv,

we find, since by assumption t− 2 > 1
2 , that

∥F1(ξ)Tku(ξ) − F1(ξ)u(ξ)∥Ht−2 ≲ ∥A(ξ)∥Ht∥Tku(ξ) − u(ξ)∥Ht .

By part (ii) it follows that F1Tku → F1u as k → ∞ in L2
(
0, T ;H t−2

per (0, 2π;Rn)
)
.

Using (4.12) we conclude that

∥Tk(A∂τu) − A∂τTku∥2
L2(0,T ;Ht

per)

=
∫ T

0

∥∥∥Tk

(
A(ξ)∂τu(ξ)

)
− A(ξ)∂τTku(ξ)

∥∥∥2

t
dξ

=
∫ T

0

∥∥∥Tk

(
A(ξ)∂τT

−1
k Tku(ξ)

)
− A(ξ)∂τTku(ξ)

∥∥∥2

t
dξ

=
∫ T

0

∥∥∥Tk

(
A(ξ)T−1

k ∂τTku(ξ)
)

− A(ξ)∂τTku(ξ)
∥∥∥2

t
dξ

=
∫ T

0

∥∥∥∥Tk

(
T−1

k

(
A(ξ)∂τTku(ξ)

)
+ 1
k
F1(ξ)Tku(ξ)

)
− A(ξ)∂τTku(ξ)

∥∥∥∥2

t
dξ

=
∫ T

0

∥∥∥∥Tk

(1
k
F1(ξ)Tku(ξ)

)∥∥∥∥2

t
dξ

=
∫ T

0

∑
m∈Z

(1 +m2)t
(

1 + m2

k

)−2 1
k2

∣∣∣[F1(ξ)Tku(ξ)]m
∣∣∣2 dξ

=
∫ T

0

∑
m∈Z

(1 +m2)2

(k +m2)2 (1 +m2)t−2
∣∣∣[F1(ξ)Tku(ξ)]m

∣∣∣2 dξ,

in which we have used the notation [·]m to denote the m-th Fourier component of
a function.
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Since
lim

k→∞
∥F1Tku− F1u∥L2(0,T ;Ht−2

per ) = 0

(see above), that is ∥F1(·)Tku(·)∥2
t−2 → ∥F1(·)u(·)∥2

t−2 as k → ∞ in L1(0, T ),
Theorem 4.9 of Brezis [3] implies the existence of a subsequence of {Tk}k∈N (which
we still write as {Tk}k∈N) and a function h1 ∈ L1(0, T ) such that

lim
k→∞

∥F1(ξ)Tku(ξ)∥2
t−2 = ∥F1(ξ)u(ξ)∥2

t−2

and ∥F1(ξ)Tku(ξ)∥2
t−2 ≤ h1(ξ) for almost every ξ ∈ (0, T ). For each such ξ it

follows that{
(1 +m2)t−2

∣∣∣[F1(ξ)Tku(ξ)]m
∣∣∣2}

m∈Z
→
{
(1 +m2)t−2

∣∣∣[F1(ξ)u(ξ)]m
∣∣∣2}

m∈Z

in ℓ1(Z) and again Theorem 4.9 of Brezis [3] implies that there exist a further
subsequence of {Tk}k∈N (which we still write as {Tk}k∈N) and a sequence h2 ∈ ℓ1(Z)
such that

lim
k→∞

(1 +m2)t−2
∣∣∣[F1(ξ)Tku(ξ)]m

∣∣∣2 = (1 +m2)s−2
∣∣∣[F1(ξ)u(ξ)]m

∣∣∣2
and

(1 +m2)t−2
∣∣∣[F1(ξ)Tku(ξ)]m

∣∣∣2 ≤ h2(m)
for almost every m ∈ Z. The dominated convergence theorem therefore yields

lim
k→∞

∥∥∥Tk(A∂τu) − A∂τTku
∥∥∥2

L2(0,T ;Ht
per)

=
∫ T

0
lim

k→∞

∑
m∈Z

(1 +m2)2

(k +m2)2 (1 +m2)t−2
∣∣∣[F1(ξ)Tku(ξ)]m

∣∣∣2 dξ

=
∫ T

0

∑
m∈Z

lim
k→∞

(1 +m2)2

(k +m2)2 (1 +m2)t−2
∣∣∣[F1(ξ)Tku(ξ)]m

∣∣∣2 dξ

= 0

up to subsequences.
Finally note that

T−1
k (LTku) = LT−1

k (Tku) − 1
k

[∂2
τ ,L]Tku

and
∥[∂2

τ ,L(ξ)]v∥t−2 ≲ ∥v∥t

uniformly over ξ ∈ [0, T ], since

L ∈ C
(

[0, T ]; L
(
H t

per(0, 2π;Rn)
))

∩ C
(

[0, T ]; L
(
H t−2

per (0, 2π;Rn)
))
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due to the assumption t − 2 > 1
2 . The above calculation with A(ξ)∂τ and F1(ξ)

replaced by L(ξ) and
F2(ξ) = [∂2

τ ,L(ξ)]
therefore shows that

lim
k→∞

∥TkLu− LTku∥2
L2(0,T ;Ht) = 0.

■

Corollary 4.22. Let u ∈ L2
(
0, T ;H t

per(0, 2π;Rn)
)

be a distributional solution to the
equation Lu = f . The sequence {Tku}k∈N converges in C

(
[0, T ];H t

per(0, 2π;Rn)
)
.

Proof. Take k1, k2 > 0 with k1 ̸= k2. Applying Lemma 4.9 with ξ0 = 0 to the function
Tk1u− Tk2u yields

∥Tk1u(ξ) − Tk2u(ξ)∥2
t ≲ ∥Tk1u(0) − Tk2u(0)︸ ︷︷ ︸

= 0
∥t +

∫ ξ

0
∥(LTk1u)(r) − (LTk2u)(r)∥2

t dr

and taking the supremum over [0, T ] we find that

∥Tk1u− Tk2u∥2
C([0,T ];Ht

per) ≲ ∥LTk1u− LTk2u∥2
L2(0,T ;Ht

per). (4.13)

Due to Lemma 4.21 there exists a subsequence of {Tk}k∈N (which we still write as
{Tk}k∈N) such that

∥LTku− f∥L2(0,T ;Ht
per) → 0

as k → ∞. The sequence {LTku}k∈N is thus a Cauchy sequence and hence convergent in
L2
(
0, T ;H t

per(0, 2π;Rn)
)
. Inequality (4.13) therefore implies that the sequence {Tku}k∈N

is a Cauchy sequence and hence convergent in C
(
[0, T ];H t

per(0, 2π;Rn)
)
. ■

Corollary 4.23. Let u ∈ L2
(
0, T ;H t

per(0, 2π;Rn)
)

be a distributional solution to the
equation Lu = f . It follows that u ∈ C

(
[0, T ];H t

per(0, 2π;Rn)
)
.

Proof. Due to Corollary 4.22 there exists w ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

such that

∥Tku− w∥C([0,T ];Ht
per) → 0

as k → ∞, from which it follows that

∥Tku− w∥L2(0,T ;Ht
per) → 0

as k → ∞. Since
∥Tku− u∥L2(0,T ;Ht

per) → 0
as k → ∞ due to Lemma 4.21(ii), the uniqueness of limits implies that u = w, that is
u ∈ C

(
[0, T ];H t

per(0, 2π;Rn)
)
. ■
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We now solve the initial value problem (4.1), (4.2) starting with the case h = 0.

Theorem 4.24. For each f ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

the initial value problem

Lu = f,

u(0) = 0

posesses a solution

u ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)
.

Proof. The existence of a distributional solution u ∈ L2
(
0, T ;H t

per(0, 2π;Rn)
)

to the
equation Lu = f with∫ T

0
⟨(L∗

tϕ)(ξ), u(ξ)⟩H−t,Ht dξ =
∫ T

0
⟨ϕ(ξ), f(ξ)⟩H−t,Ht dξ

for each ϕ ∈ E was shown in Theorem 4.20. Corollary 4.23 therefore implies that

u ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

and using Proposition 4.6, we conclude that

u ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)

(see the argument below equation (4.10) in the proof of Theorem 4.19) with u(0) = 0. ■

The general result follows from the special case h = 0.

Corollary 4.25. For each f ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

and each h ∈ H t+1
per (0, 2π;Rn)

the initial value problem (4.1), (4.2) posesses a unique solution

u ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)
.

Proof. Define
f̃ = f − Lh = f − A∂τh− Lh

and note that f̃ ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)
. Due to Theorem 4.24 there exists a function

ũ ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)

such that respectively

Lũ = f̃ ,

ũ(0) = 0
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and

L(ũ+ h) = f,

ũ(0) = 0,

that is u = ũ+ h solves the initial value problem (4.1), (4.2).
It remains to prove the uniqueness of the solution. Let u1 and u2 be solutions to the

initial value problem (4.1), (4.2). We have that

u1 − u2 ∈ C
(
[0, T ];H t

per(0, 2π;Rn)
)

∩ C1
(
[0, T ];H t−1

per (0, 2π;Rn)
)

and Lemma 4.9 with ξ0 = 0 implies

∥u1(ξ) − u2(ξ)∥2
t−1 ≲ ∥u1(0) − u2(0)︸ ︷︷ ︸

= 0
∥2

t−1 +
∫ ξ

0

∥∥∥(L(u1 − u2)
)
(r)
∥∥∥2

t−1
dr

=
∫ ξ

0
∥(Lu1)(r) − (Lu2)(r)∥2

t−1 dr

=
∫ ξ

0
∥f(r) − f(r)∥2

t−1 dr

= 0,

that is u1 = u2. ■

4.2 Solution of the nonlinear problem

In this section we construct exponentially small solutions to equations (2.55)–(2.57) on
the exponentially large interval [−e−c⋆/2µ, e−c⋆/2µ]. In particular we prove the following
theorem.

Theorem 4.26. Equations (2.55)–(2.57) admit reversible solutions (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) in

C([−ec⋆/2µ, ec⋆/2µ]; Xsh) × C([−ec⋆/2µ, ec⋆/2µ]; Xwh) × C([−ec⋆/2µ, ec⋆/2µ]; X s+1
c ),

parameterised by w0 ∈ X s+2
c with ∥w0∥X s+2

c
≤ µ2e−c⋆/2µ and Rcw0 = w0, such that

∥Z⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];Xsh), ∥r⋆

w0∥C([−ec⋆/2µ,ec⋆/2µ];Xwh), ∥w⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];X s+1

c ) ≤ e−c⋆/2µ.

These solutions satisfy

∥Z⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) ≲ µ2e−c⋆/2µ,

∥r⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];Xwh) ≲ µe−c⋆/2µ,

∥w⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];X s+1

c ) ≲ µδe−c⋆/2µ

for arbitrary but fixed δ ∈ [0, 1
2).
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The iteration scheme
In order to prove Theorem 4.26 we use the reformulations (2.58), (2.59) of equations

(2.55), (2.56) as integral equations and employ the following iteration scheme. Choose
w0 ∈ X s+2

c with ∥w0∥X s+2
c

≤ µ2e−c⋆/2µ, Rcw0 = w0, let j ∈ N0 and suppose that

Z(j) ∈ C([−ec⋆/2µ, ec⋆/2µ]; Xsh), r(j) ∈ C([0, ec⋆/2µ]; Xwh), w(j) ∈ C([0, ec⋆/2µ]; X s+2
c )

satisfy

∥Z(j)∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) + ∥r(j)∥C([0,ec⋆/2µ];Xwh) + ∥w(j)∥C([0,ec⋆/2µ];X s+1
c ) ≲ e−c⋆/2µ

with Rwhr(j)(0) = r(j)(0) and Rcw(j)(0) = w(j)(0). We define

Z(j+1) ∈ C([−ec⋆/2µ, ec⋆/2µ]; Xsh)

by

Z(j+1)(ξ) =
∫ ξ

−ec⋆/2µ
e(ξ−t)Lµ

shPss(Gµ
1(j)(t) +Gµ

2(j)(t)) dt

−
∫ ec⋆/2µ

ξ
e(ξ−t)Lµ

shPsu(Gµ
1(j)(t) +Gµ

2(j)(t)) dt, (4.14)

where the projections Pss, Psu are defined in Section 2.3 (see the comments below equa-
tions (2.58), (2.59)). Similarly

r(j+1) ∈ C([0, ec⋆/2µ]; Xwh)

is defined by

r(j+1)(ξ) =
2∑

i=1

( ∫ ξ

0
⟨(fµ

3(j)(t) + fµ
4(j)(t)), (S

µ
i )∗(t)⟩ dt

)
Sµ

i (ξ)

−
( ∫ ec⋆/2µ

ξ
⟨(fµ

3(j)(t) + fµ
4(j)(t)), (U

µ
i )∗(t)⟩ dt

)
Uµ

i (ξ), (4.15)

where {Sµ
1 , S

µ
2 , U

µ
1 , U

µ
2 } is the fundamental system constructed in Lemma 2.19. Finally,

let
w(j+1) ∈ C([0, ec⋆/2µ]; X s+2

c )
be the unique solution of the initial value problem

∂ξw(j+1) = Lµ
cw(j) + Pc

(
ĝµ

1(j)∂τw(j+1)
)

+ µb(z(j), w(j+1)) + ĝµ
2(j) + ĥµ

(j), (4.16)
w(j+1)(0) = w0 (4.17)

(see Lemma 4.28 below). Here we have abbreviated z(j) = pµ + r(j) and
Gµ

1(j) = Gµ
1(Z(j), p

µ + Ewhr(j), Ecw(j)) with similar abbreviations for the remaining non-
linearities. Note that Rwhr(j+1)(0) = r(j+1)(0), since the functions Uµ

1 , Uµ
2 are reversible,
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4.2 Solution of the nonlinear problem

and Rcw(j+1)(0) = w(j+1)(0) by construction. In Lemmata 4.30 and 4.31 below we prove
the convergence of the iteration scheme (4.14)–(4.16) and show that its limit (Z⋆, r⋆, w⋆)
lies in{

(Z, r, w) ∈ C
(
[−ec⋆/2µ, ec⋆/2µ]; Xsh

)
× C

(
[0, ec⋆/2µ]; Xwh

)
× C

(
[0, ec⋆/2µ]; X s+1

c

)
:

∥Z∥C([−ec⋆/2µ,ec⋆/2µ];Xsh), ∥r∥C([0,ec⋆/2µ];Xwh), ∥w∥C([0,ec⋆/2µ];X s+1
c ) ≤ e−c⋆/2µ,

Rwhr(0) = r(0), Rcw(0) = w(0)
}
.

We verify a posteriori that Z⋆(ξ) = RshZ
⋆(−ξ); extending r⋆ and w⋆ by reversibility

to [−ec⋆/2µ, ec⋆/2µ] (see also the comments below inequalities (2.60)) thus establishes
Theorem 4.26.

Definition 4.27. The set

W cs
loc =

{(
Z⋆

w0(0), r⋆
w0(0), w⋆

w0(0)
)

: w0 ∈ X s+2
c , Rcw0 = w0, ∥w0∥s+2 ≤ µ2e−c⋆/2µ

}
is called a local centre-stable manifold for solutions to equations (2.55)–(2.57) at ξ = 0.

The first step is evidently to show that the iterate w(j+1) in equation (4.16) is well-
defined. To this end we reformulate the initial value problem (4.16), (4.17) as a Cauchy
problem of the type (4.1), (4.2) and apply the existence and uniqueness result in Corol-
lary 4.25. We start by writing equation (4.16) as

∂ξw(j+1) = Lµ
cw(j+1) + ĝµ

1(j)∂τw(j+1) − Ph
(
ĝµ

1(j)∂τw(j+1)
)

+ µb(z(j), w(j+1)) + ĝµ
2(j) + ĥµ

(j)
(4.18)

and note that ĝµ
1(j) is of the form

(Uµ)−1Ŝµ(0)1/2
(
Âµ

(j) − Âµ(0)
)
Ŝµ(0)−1/2Uµ. (4.19)

Here Uµ = U ε|ε=µ2 : X t → X t (t ≥ 0) is the Kato similarity transformation introduced in
Section 2.1 (see the comments below equations (2.8), (2.9)); the symbols Â, Ŝ denote the
matrix-valued functions which are obtained by applying the rescaling in Section 2.3 (see
equations (2.42), (2.43)) and the changes of variables in Lemmata 2.10, 2.14 and 2.15
and Theorem 2.16 to the functions

(z, q) 7→ Ãε(z + U εq), (z, q) 7→ Sε(z + U εq).

In particular we have that

Âµ(0) = Ãε(0)|ε=µ2 = Ãµ(0), Ŝµ(0) = Sε(0)|ε=µ2

in the notation of Section 2.3.
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The similarity transformation Uµ in the formula (4.19) above does not necessarily
preserve the symmetrisability of the matrix-valued function

Ŝµ(0)1/2
(
Âµ

(j) − Âµ(0)
)
Ŝµ(0)−1/2.

In order to obtain a symmetrisable system in the sense of Assumptions 4.1 we there-
fore apply the invertible operator Uµ : X s+1 → X s+1 to equation (4.18) and the initial
condition (4.17). The result is the initial value problem

∂ξU
µw(j+1) = LµUµw(j+1) + (Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1) − UµPh

(
ĝµ

1(j)∂τw(j+1)
)

+ µUµb(z(j), w(j+1)) + Uµĝµ
2(j) + Uµĥµ

(j),

= (Ŝµ
0 ) 1

2 Âµ
(j)(Ŝ

µ
0 )− 1

2∂τU
µw(j+1) + (Ŝµ

0 ) 1
2∂Bµ[0](Ŝµ

0 )− 1
2Uµw(j+1)

− UµPh
(
ĝµ

1(j)∂τw(j+1)
)

+ µUµb(z(j), w(j+1)) + Uµĝµ
2(j) + Uµĥµ

(j), (4.20)
Uµw(j+1)(0) = Uµw0, (4.21)

where we recall that Lµ
c = (Uµ)−1LµUµ|X s+1

c
. Here we have abbreviated Âµ

0 = Âµ(0) and
Ŝµ

0 = Ŝµ(0) as well as

Âµ
1(Z, z, w) = Âµ(Z, z, w) − Âµ(0), Ŝµ

1 (Z, z, w) = Ŝµ(Z, z, w) − Ŝµ(0).

In particular the matrix

Ŝµ(Z, z, w)Âµ(Z, z, w) = Ŝµ
0 Â

µ
0 + Ŝµ

0 Â
µ
1(Z, z, w) + Ŝµ

1 (Z, z, w)Âµ(Z, z, w), (4.22)

and thus the matrix

Ŝµ
0 Â

µ
1(Z, z, w) + Ŝµ

1 (Z, z, w)Âµ(Z, z, w), (4.23)

is symmetric.
The existence and uniqueness result for the initial value problem (4.20), (4.21) is given

by the following lemma. The corresponding result for the initial value problem (4.16),
(4.17) follows from the fact that the operator Uµ ∈ L(X s+2) is invertible.

Lemma 4.28. The initial value problem (4.20), (4.21) posesses a unique solution

Uµw(j+1) ∈ C
(
[0, ec⋆/2µ]; X s+2

)
∩ C1

(
[0, ec⋆/2µ]; X s+1

)
.

Proof. The initial value problem (4.20), (4.21) is a linear Cauchy problem of the type
(4.1), (4.2) for the function Uµw(j+1) ∈ X s+2, where s + 2 > 5

2 . The matrix
(Ŝµ

0 ) 1
2 Âµ

(j)(Ŝ
µ
0 )− 1

2 is symmetrisable with symmetriser (Ŝµ
0 )− 1

2 Ŝµ
(j)(Ŝ

µ
0 )− 1

2 which is uni-
formly positive definite due to Assumptions 1(iii). The mapping ξ 7→ L(ξ) with

L(ξ)ϕ = (Ŝµ
0 ) 1

2∂Bµ[0](Ŝµ
0 )− 1

2ϕ− UµPh
(
ĝµ

1(j)(ξ)(Uµ)−1∂τϕ
)

+ µUµb(z(j)(ξ), (Uµ)−1ϕ)
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4.2 Solution of the nonlinear problem

lies in C
(
[0, ec⋆/2µ]; L(X t)

)
for all t > 1

2 , since Uµ ∈ L(X t) is invertible for each t, the
projection Ph has finite-dimensional range and z(j)(ξ) lies in the finite-dimensional space
Xwh and thus in X t for arbitrary t; finally the nonlinearity g̃µ

2 is an analytic mapping
X t → X t

c ⊂ X t for all t > 1
2 so that b(z(j)(ξ), (Uµ)−1ϕ) ∈ X t whenever ϕ ∈ X t.

Corollary 4.25 therefore implies that there is a unique solution

Uµw(j+1) ∈ C
(
[0, ec⋆/2µ]; X s+2

)
∩ C1

(
[0, ec⋆/2µ]; X s+1

)
to the linear Cauchy problem (4.20), (4.21). ■

Reformulation of the centre part
The proof of satisfactory energy estimates below requires an appropriate further re-

formulation of equation (4.20). Since our aim is to establish an estimate for the norm
∥w(j)∥s+1 we first differentiate (4.20) k-times with respect to τ (where k = 0, . . . , s+ 1)
to obtain

∂ξ∂
k
τU

µw(j+1) = Lµ∂k
τU

µw(j+1) + ∂k
τ

(
(Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
− ∂k

τU
µPh

(
ĝµ

1(j)∂τw(j+1)
)

+ µ∂k
τU

µb(z(j), w(j+1))

+ ∂k
τU

µĝµ
2(j) + ∂k

τU
µĥµ

(j). (4.24)

The term ∂k
τ

(
(Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
includes derivatives of order (k+ 1) and can

be written as

∂k
τ

(
(Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
= ∂k

τ

(
(Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
− (Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂k+1
τ Uµw(j+1)

+ (Ŝµ
0 ) 1

2 Âµ
1(j)(Ŝ

µ
0 )− 1

2∂k+1
τ Uµw(j+1), (4.25)

in which the final term is symmetrisable via the near-identity symmetrisation
I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2 (the difference of the first two terms on the right-hand side of
equation (4.25) is handled below using the Moser estimate given in Lemma 4.5).

The next step is therefore to multiply equation (4.24) by the invertible matrix
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I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 to obtain
(
I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2
)
∂ξ∂

k
τU

µw(j+1)

= Lµ∂k
τU

µw(j+1) + ∂k
τ

(
(Ŝµ

0 ) 1
2 Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
+ (Ŝµ

0 )− 1
2 Ŝµ

1(j)Â
µ
0(Ŝµ

0 )− 1
2∂k+1

τ Uµw(j+1) + (Ŝµ
0 )− 1

2 Ŝµ
1(j)∂

k
τ

(
Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
+ (Ŝµ

0 )− 1
2 Ŝµ

1(j)∂B
µ[0](Ŝµ

0 )− 1
2∂k

τU
µw(j+1)

+
(
I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2
)(

− ∂k
τU

µPh
(
ĝµ

1(j)∂τw(j+1)
)

+ µ∂k
τU

µb(z(j), w(j+1))

+ ∂k
τU

µĝµ
2(j) + ∂k

τU
µĥµ

(j)

)
= Lµ∂k

τU
µw(j+1) + ĝµ

1(j)∂
k+1
τ Uµw(j+1)

+ (Ŝµ
0 )− 1

2 Ŝµ
(j)

(
∂k

τ

(
Âµ

1(j)(Ŝ
µ
0 )− 1

2∂τU
µw(j+1)

)
− Âµ

1(j)(Ŝ
µ
0 )− 1

2∂k+1
τ Uµw(j+1)

)
+ (Ŝµ

0 )− 1
2 Ŝµ

1(j)∂B
µ[0](Ŝµ

0 )− 1
2∂k

τU
µw(j+1)

+
(
I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2
)(

− ∂k
τU

µPh
(
ĝµ

1(j)∂τw(j+1)
)

+ µ∂k
τU

µb(z(j), w(j+1))

+ ∂k
τU

µĝµ
2(j) + ∂k

τU
µĥµ

(j)

)
, (4.26)

where ĝµ

1 is the symmetric matrix-valued function

ĝµ

1(Z, z, w) = (Ŝµ
0 )− 1

2
(
Ŝµ

0 Â
µ
1(Z, z, w) + Ŝµ

1 (Z, z, w)Âµ(Z, z, w)
)
(Ŝµ

0 )− 1
2

(the term ∂k
τU

µPh
(
ĝµ

1(j)∂τw(j+1)
)

also includes derivatives of order (k+1) and is handled
below using the fact that Ph is smoothing). Note that Âµ

1 , Ŝµ
1 and ĝµ

1 satisfy the estimates

∥Âµ
1(Z, z, w)∥Hs+1

per
, ∥Ŝµ

1 (Z, z, w)∥Hs+1
per
, ∥ĝµ

1(Z, z, w)∥Hs+1
per

= O(µ∥(Z, z, w)∥Xsh×Xwh×X s+1
c

),
(4.27)

∥dÂµ
1 [Z, z, w]∥L(X s+1;Hs+1

per ), ∥dŜµ
1 [Z, z, w]∥L(X s+1;Hs+1

per ), ∥dĝµ

1 [Z, z, w]∥L(X s+1;Hs+1
per ) = O(µ).

(4.28)

Finally we diagonalise the operator Lµ in equation (4.26) via an appropriate change
of bases in the mode m subspaces Em. Since a diagonal operator with purely imaginary
eigenvalues is skew-Hermitian, this procedure eliminates the term〈

Lµ∂k
τU

µw(j+1)(ξ), ∂k
τU

µw(j+1)(ξ)
〉

L2
,

which is not dominated by µδ∥w(j+1)(ξ)∥2
s+1 for any δ > 0, in our subsequent analysis.

The proof of the following result is presented in Section 4.3.
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Lemma 4.29. There exists an invertible bounded linear operator Qµ : X t → X t (for all
t > 1

2) such that
((Qµ)−1LµQµu)(τ) = 1√

2π
∑
m∈Z

(Dµ
mum)eimτ ,

where Dµ
m are diagonal matrices depending analytically upon µ in a neighbourhood of the

origin which is independent of m ∈ Z. Moreover

Qµ = T µ +Rµ
1 , (Qµ)−1 = (T µ)−1 +Rµ

2 ,

where T µ : X t → X t is unitary and Rµ
1 , R

µ
2 : X t → X t+1 are invertible bounded linear

operators. The operators T µ and Rµ
1 , Rµ

2 depend analytically upon µ.

With respect to the bases used in the proof of Lemma 4.29 (see Section 4.3) the
m-th Fourier components Pmw, PmU

µw of the functions w ∈ X t
c and Uµw ∈ X t have a

coordinate vector representation of the form

(wm,1, . . . , wm,rm−σm , 0, . . . , 0)⊤. (4.29)

The coordinate vector (4.29) has σm + 2δm,±1 zero entries, where we recall that σm

denotes the number of strongly hyperbolic mode m eigenvalues of the operator L0,
and the (appropriately numbered) mode m eigenvalues λµ

m,1, . . . , λ
µ
m,rm−σm

are purely
imaginary. The infinite-dimensional change of coordinates Uµw = QµW (applied to the
sequence {w(j)}j∈N0) therefore transforms equation (4.26) into(
I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2Qµ
)
∂ξ∂

k
τW(j+1)

= (Qµ)−1LµQµ∂k
τW(j+1) + (T µ)∗ĝµ

1(j)T
µ∂k+1

τ W(j+1)

+ (T µ)∗ĝµ

1(j)R
µ
1∂

k+1
τ W(j+1) +Rµ

2 ĝ
µ

1(j)Q
µ∂k+1

τ W(j+1)

+ (Qµ)−1(Ŝµ
0 )− 1

2 Ŝµ
(j)

(
∂k

τ

(
Âµ

1(j)(Ŝ
µ
0 )− 1

2Qµ∂τW(j+1)
)

− Âµ
1(j)(Ŝ

µ
0 )− 1

2Qµ∂k+1
τ W(j+1)

)
+ (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)∂B
µ[0](Ŝµ

0 )− 1
2Qµ∂k

τW(j+1)

+ (Qµ)−1
(
I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2
)(

− ∂k
τU

µPh
(
ĝµ

1(j)(Uµ)−1Qµ∂τW(j+1)
)

+ µ∂k
τU

µb(z(j), (Uµ)−1QµW(j+1))

+ ∂k
τU

µĝµ
2(j) + ∂k

τU
µĥµ

(j)

)
, (4.30)

where the subscript (j) now indicates evaluation at (Z(j), p
µ + r(j), (Uµ)−1QµW(j)) and

the operator (Qµ)−1LµQµ ∈ L(X t) is diagonal in the sense that

(Qµ)−1LµQµW = 1√
2π

∑
m∈Z

(
diag(λµ

m,1, . . . , λ
µ
m,rm−σm

, 0, . . . , 0)Wm

)
eimτ
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in which Wm = (wm,1, . . . , wm,rm−σm , 0, . . . , 0) (see Lemma 4.29 and the coordinate rep-
resentation (4.29)).
Estimates for the iteration scheme

To prove that the sequence {(Z(j), r(j),W(j))}j∈N0 converges in

C
(
[−ec⋆/2µ, ec⋆/2µ]; Xsh

)
× C

(
[0, ec⋆/2µ]; Xwh

)
× C

(
[0, ec⋆/2µ]; X s+1

)
to a limit

(Z⋆, r⋆,W ⋆) ∈ Be−c⋆/2µ(0) ×Be−c⋆/2µ(0) ×Be−c⋆/2µ(0),
we show that it lies in Be−c⋆/2µ(0) × Be−c⋆/2µ(0) × Be−c⋆/2µ(0) for appropriately chosen
initial values. The result is summarised in the following lemma. For notational simplicity
we use the abbreviations

∥(Z, r,W )∥ = ∥Z∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) + ∥r∥C([0,ec⋆/2µ];Xwh) + ∥W∥C([0,ec⋆/2µ];X s+1),

and
∥(Z,W )∥ = ∥Z∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) + ∥W∥C([0,ec⋆/2µ];X s+1).

Lemma 4.30. Suppose that Z(0) ∈ C([−ec⋆/2µ, ec⋆/2µ]; Xsh), r(0) ∈ C([0, ec⋆/2µ]; Xwh) and
W(0) ∈ C([0, ec⋆/2µ]; X s+1) satisfy

∥Z(0)∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) ≤ e−c⋆/2µ,

∥r(0)∥C([0,ec⋆/2µ];Xwh) ≤ e−c⋆/2µ,

∥W(0)∥C([0,ec⋆/2µ];X s+1) ≤ e−c⋆/2µ

and ∥W0∥s+1 ≲ µe−c⋆/2µ. The estimates

sup
j∈N0

∥Z(j)∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) ≤ e−c⋆/2µ,

sup
j∈N0

∥r(j)∥C([0,ec⋆/2µ];Xwh) ≤ e−c⋆/2µ

and

sup
j∈N0

∥W(j)∥C([0,ec⋆/2µ];X s+1) ≤ e−c⋆/2µ

hold for all sufficiently small values of µ.

In order to prove Lemma 4.30 we work inductively and demonstrate that

∥Z(j+1)∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) ≲ µ2e−c⋆/2µ, (4.31)
∥r(j+1)∥C([0,ec⋆/2µ];Xwh) ≲ µe−c⋆/2µ, (4.32)

∥W(j+1)∥C([0,ec⋆/2µ];X s+1) ≲
√
µ| log µ|e−c⋆/2µ (4.33)
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whenever

∥Z(j)∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) ≤ e−c⋆/2µ, (4.34)
∥r(j)∥C([0,ec⋆/2µ];Xwh) ≤ e−c⋆/2µ, (4.35)

∥W(j)∥C([0,ec⋆/2µ];X s+1) ≤ e−c⋆/2µ (4.36)

for any j ∈ N0.
We begin with the result (4.31) for Z(j+1) on ξ ∈ [−ec⋆/2µ, ec⋆/2µ]. Using the estimates

for G1, G2 in Propositions 2.17 and 2.18, we find that

|Gµ
1(j)(ξ)| = |Gµ

1(Z(j)(ξ), (pµ + Ewhr(j))(ξ), (Ec(Uµ)−1QµW(j))(ξ))|
≲ µ|pµ + Ewhr(j)|∥(Z(j), Ec(Uµ)−1QµW(j))∥ + µ∥(Z(j), Ec(Uµ)−1QµW(j))∥2

+ |pµ + Ewhr(j)|3∥(Z(j), Ec(Uµ)−1QµW(j))∥
≲ µe−c⋆/µ + µ2e−c⋆/2µ

≲ µ2e−c⋆/2µ

as well as
|Gµ

2(j)(ξ)| ≲ µ2e−c⋆/µ.

We additionally use the estimate (2.60) for the projections onto the stable and unstable
subspaces of Lµ

sh to conclude that

|Z(j+1)(ξ)| ≤
∫ ξ

−ec⋆/2µ
∥e(ξ−t)Lµ

shPss∥L(Xsh)|Gµ
1(j)(t) +Gµ

2(j)(t)| dt

+
∫ ec⋆/2µ

ξ
∥e(ξ−t)Lµ

shPsu∥L(Xsh)|Gµ
1(j)(t) +Gµ

2(j)(t)| dt,

≲ µ2e−c⋆/2µ
( ∫ ξ

−ec⋆/2µ
eω1t dt e−ω1ξ +

∫ ec⋆/2µ

ξ
e−ω2t dt eω2ξ

)
≤ µ2e−c⋆/2µ

( 1
ω1

+ 1
ω2

)
≲ µ2e−c⋆/2µ,

which is inequality (4.31).
The next step is the estimate (4.32) for r(j+1) on ξ ∈ [0, ec⋆/2µ]. Proposition 2.18

implies that
|fµ

3(j)(ξ)| = |fµ
3 (r(j)(ξ))| ≲ |r(j)(ξ)|2 ≤ e−c⋆/µ

and that

|fµ
4(j)(ξ)| = |fµ

4 (Z(j)(ξ), r(j)(ξ), (Uµ)−1QµW(j)(ξ))|
≲ µ3∥(Z(j), r(j), (Uµ)−1QµW(j))∥
≤ µ3e−c⋆/2µ.
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The estimates for {Sµ
1 , S

µ
2 , U

µ
1 , U

µ
2 } (see Lemma 2.19) therefore yield

|r(j+1)(ξ)| ≤
2∑

i=1

∫ ξ

0

(
|fµ

3(j)(t)| + |fµ
4(j)(t)|

)
|(Sµ

i )∗(t)| dt |Sµ
i (ξ)|

+
∫ ec⋆/2µ

ξ

(
|fµ

3(j)(t)| + |fµ
4(j)(t)|

)
|(Uµ

i )∗(t)| dt |Uµ
i (ξ)|

≲ µ3e−c⋆/2µ
( ∫ ξ

0
eλµt dt e−λµξ +

∫ ec⋆/2µ

ξ
e−λµt dt eλµξ

)
≤ µe−c⋆/2µ(2 − e−λµξ)
≲ µe−c⋆/2µ,

and we conclude inequality (4.32).
Next we establish the estimate (4.33) for W(j+1) on ξ ∈ [0, ec⋆/2µ]. Here it is sufficient

to assume that ∥W0∥s+1 ≲ µe−c⋆/2µ, which follows from the inequality

∥W0∥s+1 ≤ ∥(Qµ)−1Uµ∥−1∥w0∥X s+1
c

≤ ∥(Qµ)−1Uµ∥−1µ2e−c⋆/2µ

(see the assumption on the initial value w0 below Theorem 4.26). The stronger require-
ment ∥w0∥X s+2

c
≲ µe−c⋆/2µ is however needed in showing that {(Z(j), r(j),W(j))}j∈N0 is

a Cauchy sequence below. We first take the complex inner product of equation (4.30)
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with ∂k
τW(j+1)(ξ) and integrate over (0, 2π) with respect to τ to obtain

∫ 2π

0

〈(
I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ
)
∂ξ∂

k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)
〉

dτ

=
∫ 2π

0
⟨(Qµ)−1LµQµ∂k

τW(j+1)(ξ), ∂k
τW(j+1)(ξ)⟩ dτ

+
∫ 2π

0
⟨(T µ)∗ĝµ

1(j)(ξ)T
µ∂k+1

τ W(j+1)(ξ), ∂k
τW(j+1)(ξ)

〉
dτ

+
∫ 2π

0

〈
(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂

k+1
τ W(j+1)(ξ), ∂k

τW(j+1)(ξ)
〉

dτ

+
∫ 2π

0

〈
Rµ

2 ĝ
µ

1(j)(ξ)Q
µ∂k+1

τ W(j+1)(ξ), ∂k
τW(j+1)(ξ)

〉
dτ

+
∫ 2π

0

〈
(Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

(j)(ξ)

×
(
∂k

τ

(
Âµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ∂τW(j+1)(ξ)
)

− Âµ
1(j)(ξ)(Ŝ

µ
0 )− 1

2Qµ∂k+1
τ W(j+1)(ξ)

)
, ∂k

τW(j+1)(ξ)
〉

dτ

+
∫ 2π

0
⟨(Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)∂Bµ[0](Ŝµ
0 )− 1

2Qµ∂k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

−
∫ 2π

0

〈
(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )

× ∂k
τU

µPh
(
ĝµ

1(j)(ξ)(Uµ)−1Qµ∂τW(j+1)(ξ)
)
, ∂k

τW(j+1)(ξ)
〉

dτ

+ µ
∫ 2π

0
⟨(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )
× ∂k

τU
µb(z(j), (Uµ)−1QµW(j+1))(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

+
∫ 2π

0
⟨(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )∂k
τU

µĝµ
2(j)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

+
∫ 2π

0
⟨(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )∂k
τU

µĥµ
(j)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ. (4.37)

We proceed by estimating the right-hand side of equation (4.37) term by term.

• First we note that W ∈ UµX t
c , t = 0, . . . , s+ 1, can be written as

W (τ) =
∑
m∈Z

Wmeimτ

with Wm = (Wm,1, . . . ,Wm,rm−σm , 0, . . . , 0)⊤ (see the comments below equation
(4.30)). It follows that∫ 2π

0
⟨(Qµ)−1LµQµW,W ⟩ dτ = 2π

∑
m∈Z

⟨diag(λµ
m,1, . . . , λ

µ
m,rm−σm

, 0, . . . , 0)Wm,Wm⟩.
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The reality conditions (2.19) imply that∑
m∈Z\{0}

⟨diag(λµ
m,1, . . . , λ

µ
m,rm−σm

, 0, . . . , 0)Wm,Wm⟩

=
∑

m∈N
2 Re⟨diag(λµ

m,1, . . . , λ
µ
m,rm−σm

, 0, . . . , 0)Wm,Wm⟩

= 0,

since the entries of the matrix diag(λµ
m,1, . . . , λ

µ
m,rm−σm

, 0, . . . , 0) are purely imagi-
nary so that it is skew-Hermitian. A similar computation, which takes the reality
conditions (2.21) into account, yields

⟨diag(λµ
0,1, . . . , λ

µ
0,n−σ0 , 0, . . . , 0)W0,W0⟩ = 0

and we conclude that∫ 2π

0
⟨(Qµ)−1LµQµ∂k

τW(j+1)(ξ), ∂k
τW(j+1)(ξ)⟩ dτ = 0. (4.38)

• Next we use integration by parts and the fact that the operator (T µ)∗ĝµ

1(j)(ξ)T
µ is

self-adjoint to compute∫ 2π

0
⟨(T µ)∗ĝµ

1(j)(ξ)T
µ∂k+1

τ W(j+1)(ξ), ∂k
τW(j+1)(ξ)⟩ dτ

= −1
2

∫ 2π

0
⟨∂k

τW(j+1)(ξ), (T µ)∗∂τ ĝ
µ

1(j)(ξ)T
µ∂k

τW(j+1)(ξ)⟩ dτ.

Hölder’s inequality, the Sobolev embedding theorem and the estimate for ĝ1 given
by equation (4.27) thus imply that∣∣∣∣ ∫ 2π

0
⟨∂k

τW(j+1)(ξ), (T µ)∗∂τ ĝ
µ

1(j)(ξ)T
µ∂k

τW(j+1)(ξ)⟩ dτ
∣∣∣∣

≲ ∥∂τ ĝ
µ

1(j)(ξ)∥L∞∥∂k
τW(j+1)(ξ)∥2

0

≲ ∥ĝµ

1(j)(ξ)∥s+1∥W(j+1)(ξ)∥2
s+1

≲ µ∥(Z(j), p
µ + r(j), (Uµ)−1QµW(j))∥∥W(j+1)(ξ)∥2

s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.39)

• The next step is to compute an estimate for the third and the fourth term on the
right-hand side of equation (4.37) which involve the smoothing operators Rµ

1 and
Rµ

2 . We first write∫ 2π

0
⟨(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂

k+1
τ W(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

= −
∫ 2π

0

〈
∂k

τ

(
(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂τW(j+1)(ξ)

)
− (T µ)∗ĝµ

1(j)(ξ)R
µ
1∂

k+1
τ W(j+1)(ξ), ∂k

τW(j+1)(ξ)
〉

dτ

+
∫ 2π

0

〈
∂k

τ

(
(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂τW(j+1)(ξ)

)
, ∂k

τW(j+1)(ξ)
〉

dτ.
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4.2 Solution of the nonlinear problem

Using Lemma 4.5, we find that∣∣∣∣ ∫ 2π

0

〈
∂k

τ

(
(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂τW(j+1)(ξ)

)
− (T µ)∗ĝµ

1(j)(ξ)R
µ
1∂

k+1
τ W(j+1)(ξ), ∂k

τW(j+1)(ξ)
〉

dτ
∣∣∣∣

≤
∥∥∥∂k

τ

(
(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂τW(j+1)(ξ)

)
− (T µ)∗ĝµ

1(j)(ξ)R
µ
1∂

k+1
τ W(j+1)(ξ)

∥∥∥
0

× ∥∂k
τW(j+1)(ξ)∥0

≲
(
∥∂τW(j+1)(ξ)∥L∞∥(T µ)∗∂k

τ ĝ
µ

1(j)(ξ)R
µ
1 ∥0

+ ∥∂k
τW(j+1)(ξ)∥0∥(T µ)∗∂τ ĝ

µ

1(j)(ξ)R
µ
1 ∥L∞

)
∥∂k

τW(j+1)(ξ)∥0

≲ ∥ĝµ

1(j)(ξ)∥s+1∥W(j+1)(ξ)∥2
s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1

and the smoothing property of the operator Rµ
1 implies that∣∣∣∣ ∫ 2π

0

〈
∂k

τ

(
(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂τW(j+1)(ξ)

)
, ∂k

τW(j+1)(ξ)
〉

dτ
∣∣∣∣

≲ ∥(T µ)∗ĝµ

1(j)(ξ)R
µ
1∂τW(j+1)(ξ)∥s+1∥W(j+1)(ξ)∥s+1

≲ ∥ĝµ

1(j)(ξ)∥s+1∥Rµ
1∂τW(j+1)(ξ)∥s+1∥W(j+1)(ξ)∥s+1

≲ ∥ĝµ

1(j)(ξ)∥s+1∥∂τW(j+1)(ξ)∥s∥W(j+1)(ξ)∥s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.40)

A similar computation shows that∣∣∣∣ ∫ 2π

0

〈
Rµ

2 ĝ
µ

1(j)(ξ)Q
µ∂k+1

τ W(j+1)(ξ), ∂k
τW(j+1)(ξ)

〉
dτ
∣∣∣∣

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.41)
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• Next we use Lemma 4.5 together with the estimate for Â1 given by equation (4.27)
to conclude that∣∣∣∣ ∫ 2π

0

〈
(Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

(j)(ξ)

×
(
∂k

τ

(
Âµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ∂τW(j+1)(ξ)
)

− Âµ
1(j)(ξ)(Ŝ

µ
0 )− 1

2Qµ∂k+1
τ W(j+1)(ξ)

)
, ∂k

τW(j+1)(ξ)
〉

dτ
∣∣∣∣

≲
∥∥∥∂k

τ

(
Âµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ∂τW(j+1)(ξ)
)

− Âµ
1(j)(ξ)(Ŝ

µ
0 )− 1

2Qµ∂k+1
τ W(j+1)(ξ)

∥∥∥
0

× ∥∂k
τW(j+1)(ξ)∥0

≲
(
∥∂τW(j+1)(ξ)∥L∞∥Âµ

1(j)(ξ)∥0 + ∥∂k
τW(j+1)(ξ)∥0∥Âµ

1(j)(ξ)∥L∞

)
× ∥∂k

τW(j+1)(ξ)∥0

≲ ∥Âµ
1(j)(ξ)∥s+1∥W(j+1)(ξ)∥2

s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.42)

• Similarly, the estimate for Ŝ1 given by equation (4.27) yields∣∣∣∣ ∫ 2π

0
⟨(Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)∂Bµ[0](Ŝµ
0 )− 1

2Qµ∂k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ
∣∣∣∣

≲ ∥Ŝµ
1(j)(ξ)∥s+1∥W(j+1)(ξ)∥2

s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.43)

• The projection Ph has finite-dimensional range and is therefore infinitely smooth-
ing, that is

∥Phu∥t1 ≲ ∥u∥t2 , t1 ≥ t2.

We additionally use the estimate for the nonlinearity ĝ1 in Proposition 2.17 to find
that ∣∣∣∣ ∫ 2π

0

〈
(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )

× ∂k
τU

µPh
(
ĝµ

1(j)(ξ)(Uµ)−1Qµ∂τW(j+1)(ξ)
)
, ∂k

τW(j+1)(ξ)
〉

dτ
∣∣∣∣

≲
∥∥∥Ph

(
ĝµ

1(j)(ξ)(Uµ)−1Qµ∂τW(j+1)(ξ)
)∥∥∥

s+1
∥W(j+1)(ξ)∥s+1

≲ ∥ĝµ
1(j)(ξ)(Uµ)−1Qµ∂τW(j+1)(ξ)∥s∥W(j+1)(ξ)∥s+1

≲ ∥ĝµ
1(j)(ξ)∥s+1∥∂τW(j+1)(ξ)∥s∥W(j+1)(ξ)∥s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.44)
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• Next we note that the bilinear mapping b satisfies

∥b(z, w)∥s+1 ≲ |z|∥w∥s+1,

so that ∣∣∣∣µ ∫ 2π

0
⟨(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )

× ∂k
τU

µb(z(j), (Uµ)−1QµW(j+1))(ξ), ∂k
τW(j+1)(ξ)⟩ dτ

∣∣∣∣
≲ µ∥b(z(j), (Uµ)−1QµW(j+1))(ξ)∥s+1∥W(j+1)(ξ)∥s+1

≲ µ|z(j)(ξ)|∥(Uµ)−1QµW(j+1)(ξ)∥s+1∥W(j+1)(ξ)∥s+1

≲ µ|pµ(ξ) + r(j)(ξ)|∥W(j+1)(ξ)∥2
s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.45)

• It follows from the estimate for ĝ2 given by Proposition 2.17 that∣∣∣∣ ∫ 2π

0
⟨(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )∂k
τU

µĝµ
2(j)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ
∣∣∣∣

≲ ∥ĝµ
2(j)(ξ)∥s+1∥W(j+1)(ξ)∥s+1

≲
(
|pµ(ξ) + r(j)(ξ)||(pµ(ξ) + r(j)(ξ), µ)|2∥(Z(j)(ξ), (Uµ)−1QµW(j)(ξ))∥

+ µ∥(Z(j)(ξ), (Uµ)−1QµW(j)(ξ))∥2
)
∥W(j+1)(ξ)∥s+1

≲
(
µ2(µe−ηλµξ + e−c⋆/2µ)e−c⋆/2µ + µe−c⋆/µ

)
∥W(j+1)(ξ)∥s+1

≲ µ(e−c⋆/µ + µ2e−ηλµξe−c⋆/2µ)∥W(j+1)(ξ)∥s+1. (4.46)

• Finally∣∣∣∣ ∫ 2π

0
⟨(Qµ)−1(I + (Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2 )∂k
τU

µĥµ
(j)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ
∣∣∣∣

≲ ∥ĥµ
(j)(ξ)∥s+1∥W(j+1)(ξ)∥s+1

≲ µ2e−c⋆/µ∥W(j+1)(ξ)∥s+1

≤ µ(e−c⋆/µ + µ2e−ηλµξe−c⋆/2µ)∥W(j+1)(ξ)∥s+1 (4.47)

due to the fact that ĥ is exponentially small (see Proposition 2.18).

Inserting the estimates (4.38)–(4.47) into (4.37) we find that∫ 2π

0
⟨(I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ)∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

≲ µ(e−c⋆/µ + µ2e−ηλµξe−c⋆/2µ)∥W(j+1)(ξ)∥s+1 + µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1.

(4.48)
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In the next step we derive the estimate

∥W(j+1)(ξ)∥2
s+1 ≲ ∥W(j+1)(0)∥2

s+1 +
∫ ξ

0

(
µ(e−c⋆/µ + µ2e−ηλµte−c⋆/2µ)∥W(j+1)(t)∥s+1

+ µ(e−c⋆/2µ + µe−ηλµt)∥W(j+1)(t)∥2
s+1

)
dt

(4.49)

from inequality (4.48). Note that∫ 2π

0
⟨(I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ)∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

= 1
2

d
dξ∥Wj+1(ξ)∥2

s+1

+
∫ 2π

0
⟨(Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ.

Our strategy is therefore to appropriately reformulate the remainder term∫ 2π

0
⟨(Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

in order to obtain an estimate for d
dξ

∥Wj+1(ξ)∥2
s+1 and thus, via integration over (0, ξ),

for ∥Wj+1(ξ)∥2
s+1. Here we make use of the inequality

∥W∥2
t ≲

∫ 2π

0
|⟨Ŝµ

(j)W,W ⟩| dτ ≲ ∥W∥2
t

for W ∈ X t, t = 0, . . . , s+ 1 (see Assumptions 1(iii)).

We first note that the operator (Qµ)−1(Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2Qµ decomposes into a sum
of a self-adjoint and a smoothing operator, namely

(Qµ)−1(Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2Qµ = (T µ)∗(Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2T µ +Rµ
(j),

where
Rµ

(j) = Rµ
2 (Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2Qµ + (T µ)∗(Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2Rµ
1

satisfies

∥Rµ
(j)u∥t+1 ≲ µ(e−c⋆/2µ + µe−ηλµξ)∥u∥t (4.50)

due to the smoothing property of the operators Rµ
1 , Rµ

2 and the estimate for Ŝ1 (equation
(4.27)). We compute

d
dξ

∫ 2π

0
⟨(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ∂k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

=
∫ 2π

0

〈
∂ξ

(
(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ
)
∂k

τW(j+1)(ξ), ∂k
τW(j+1)(ξ)

〉
dτ

+ 2
∫ 2π

0
⟨(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ (4.51)
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and conclude that∣∣∣∣ ∫ 2π

0

〈
∂ξ

(
(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ
)
∂k

τW(j+1)(ξ), ∂k
τW(j+1)(ξ)

〉
dτ
∣∣∣∣

≲
∥∥∥∂ξ

(
(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ
)∥∥∥

L∞
∥W(j+1)∥2

s+1

≲
∥∥∥∂ξ

(
(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ
)∥∥∥

s
∥W(j+1)∥2

s+1

=
∥∥∥d((T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ
)
(∂ξZ(j), ∂ξp

µ + ∂ξr(j), (Uµ)−1Qµ∂ξWj)
∥∥∥

s

× ∥W(j+1)∥2
s+1

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1. (4.52)

Here we have made use of the estimate for dŜ1 given in equation (4.28) which implies
that ∥∥∥d((T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ
)∥∥∥

L(X s+1;Hs+1
per )

≲ µ,

and the inequalities

|∂ξZ(j)| ≲ e−c⋆/2µ, |∂ξr(j)| ≲ e−c⋆/2µ, ∥∂ξW(j)∥s ≲ e−c⋆/2µ,

which follow from the induction hypotheses (4.34)–(4.36) together with equation (4.30)
with j replaced by j − 1. Moreover we have that∫ 2π

0
⟨(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

=
∫ 2π

0
⟨(I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ)∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

−
∫ 2π

0
⟨Rµ

(j)∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

− 1
2

d
dξ

∫ 2π

0
⟨∂k

τW(j+1)(ξ), ∂k
τW(j+1)(ξ)⟩ dτ. (4.53)

Applying the bounded linear operator (I+(Qµ)−1(Ŝµ
0 )− 1

2 Ŝµ
1(j)(ξ)(Ŝ

µ
0 )− 1

2Qµ)−1 to equation
(4.30) and using the same arguments as in the estimates (4.38)–(4.47) together with
the smoothing property (4.50) of the operator Rµ

(j) to handle the terms which contain
(k + 1)-th derivates with respect to τ , we find that∣∣∣∣ ∫ 2π

0
⟨Rµ

(j)∂ξ∂
k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ
∣∣∣∣

≲ µ(e−c⋆/µ + µ2e−ηλµξe−c⋆/2µ)∥W(j+1)(ξ)∥s+1 + µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1.

(4.54)

Using formulae (4.51), (4.53) and inserting estimates (4.52), (4.54) in inequality (4.48)
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we find that
d
dξ

∫ 2π

0
⟨Ŝµ

(j)(Ŝ
µ
0 )− 1

2T µ∂k
τW(j+1)(ξ), (Ŝµ

0 )− 1
2T µ∂k

τW(j+1)(ξ)⟩ dτ

= d
dξ

∫ 2π

0
⟨∂k

τW(j+1)(ξ), ∂k
τW(j+1)(ξ)⟩ dτ

+ d
dξ

∫ 2π

0
⟨(T µ)∗(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2T µ∂k
τW(j+1)(ξ), ∂k

τW(j+1)(ξ)⟩ dτ

≲ µ(e−c⋆/µ + µ2e−ηλµξe−c⋆/2µ)∥W(j+1)(ξ)∥s+1 + µ(e−c⋆/2µ + µe−ηλµξ)∥W(j+1)(ξ)∥2
s+1.

Integration over (0, ξ), the inequalities

∥∂k
τW(j+1)(ξ)∥2

0 ≲ ∥(Ŝµ
0 )− 1

2T µ∂k
τW(j+1)(ξ)∥2

0

≲
∫ 2π

0
⟨Ŝµ

(j)(Ŝ
µ
0 )− 1

2T µ∂k
τW(j+1)(ξ), (Ŝµ

0 )− 1
2T µ∂k

τW(j+1)(ξ)⟩ dτ

≲ ∥(Ŝµ
0 )− 1

2T µ∂k
τW(j+1)(ξ)∥2

0

≲ ∥∂k
τW(j+1)(ξ)∥2

0

and summation over k ∈ {0, . . . , s+ 1} yield (4.49).
Our final step in the proof of the estimate (4.33) is the following two-step estimation

technique for inequality (4.49) devised by Groves & Schneider [10]. The direct calculation

µ2
∫ ξ

0
e−ηλµt∥W(j+1)(t)∥2

s+1 dt ≲ ξ sup
t∈[0,ec⋆/2µ]

∥W(j+1)(t)∥2
s+1

leads to a term which is neither dominated by the right-hand side of inequality (4.36)
nor has a sufficient power of µ to be absorbed to the left-hand side of inequality (4.49).
We therefore split the range of integration into [0, ξ⋆] and [ξ⋆, ec⋆/2µ], where

ξ⋆ = α| log µ|
ηλµ

that is e−ηλµξ⋆ = µα for an appropriately chosen positive constant α. In the first step
we prove the desired estimate on the ‘short’ interval [0, ξ⋆] using Gronwall’s inequality.
Satisfactory estimates for the integrals over [ξ⋆, ec⋆/2µ] are obtained by an optimal choice
of α (and hence ξ⋆) in the second step.

Applying Young’s inequality to the first term under the integral in inequality (4.49)
and using the facts that

µ2 ≲ λµ, e−c⋆/2µ ≲ µ, e−ηλµξ ≤ 1, e−c⋆/µ ≲ µ2e−c⋆/2µ

for sufficiently small values of µ, we find that

∥W(j+1)(ξ)∥2
s+1 ≤ ∥W(j+1)(0)∥2

s+1 +
∫ ξ

0
c1λ

µ∥W(j+1)(t)∥2
s+1 dt+ c2µ

4e−c⋆/µξ
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for some multiplicative constants c1, c2 > 0 and Gronwall’s inequality implies that

∥W(j+1)(ξ)∥2
s+1 ≤

(
∥W(j+1)(0)∥2

s+1 + c2µ
4e−c⋆/µξ

)
ec1λµξ.

Now we restrict to ξ ∈ [0, ξ⋆] and choose α = η/c1, so that

ec1λµξ⋆ = e| log µ| = 1
µ
,

and therefore

∥W(j+1)(ξ)∥2
s+1 ≤ 1

µ
(∥W(j+1)(0)∥2

s+1 + c2µ
4e−c⋆/µξ⋆)

= 1
µ

(
∥W0∥2

s+1 + c2µ
4

c1λµ
e−c⋆/µ| log µ|

)
≲

1
µ

(∥W0∥2
s+1 + µ2e−c⋆/µ| log µ|)

≲
1
µ

(µ2e−c⋆/µ + µ2e−c⋆/µ| log µ|)

≲ µ| log µ|e−c⋆/µ. (4.55)

Inequality (4.55) gives the desired estimate for ∥W(j+1)(ξ)∥s+1 on the short interval
[0, ξ⋆] and we use this to obtain a corresponding estimate on the whole interval [0, ec⋆/2µ].
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From inequality (4.49) we conclude that

∥W(j+1)(ξ)∥2
s+1 ≲ ∥W(j+1)(0)∥2

s+1 + µe−c⋆/µ
∫ ξ

0
∥W(j+1)(t)∥s+1 dt

+ µ3e−c⋆/2µ
∫ ξ

0
e−ηλµt∥W(j+1)(t)∥s+1 dt

+ µe−c⋆/2µ
∫ ξ

0
∥W(j+1)(t)∥2

s+1 dt

+ µ2
∫ ξ

0
e−ηλµt∥W(j+1)(t)∥2

s+1 dt

≲ µ2e−c⋆/µ + µe−c⋆/µξ sup
t∈[0,ξ]

∥W(j+1)(t)∥s+1

+ µ3e−c⋆/2µ
∫ ξ

0
e−ηλµt dt sup

t∈[0,ξ]
∥W(j+1)(t)∥s+1

+ µe−c⋆/2µξ sup
t∈[0,ξ]

∥W(j+1)(t)∥2
s+1

+ µ2
∫ ξ

0
e−ηλµt∥W(j+1)(t)∥2

s+1 dt

≲ µ2e−c⋆/µ + µe−c⋆/2µ sup
t∈[0,ec⋆/2µ]

∥W(j+1)(t)∥s+1

+ µ3e−c⋆/2µ
∫ ec⋆/2µ

0
e−ηλµt dt sup

t∈[0,ec⋆/2µ]
∥W(j+1)(t)∥s+1

+ µ sup
t∈[0,ec⋆/2µ]

∥W(j+1)(t)∥2
s+1

+ µ2
∫ ec⋆/2µ

0
e−ηλµt∥W(j+1)(t)∥2

s+1 dt. (4.56)

Observe that

µ2
∫ ec⋆/2µ

0
e−ηλµt∥W(j+1)(t)∥2

s+1 dt

= µ2
∫ ξ⋆

0
e−ηλµt∥W(j+1)(t)∥2

s+1 dt+ µ2
∫ ec⋆/2µ

ξ⋆
e−ηλµt∥W(j+1)(t)∥2

s+1 dt

≤ µ2ξ⋆ sup
t∈[0,ξ⋆]

∥W(j+1)(t)∥2
s+1 + µ2

∫ ∞

ξ⋆
e−ηλµt dt sup

t∈[0,ec⋆/2µ]
∥W(j+1)(t)∥2

s+1

≲ µ2ξ⋆ sup
t∈[0,ξ⋆]

∥W(j+1)(t)∥2
s+1 + e−ηλµξ⋆

η
sup

t∈[0,ec⋆/2µ]
∥W(j+1)(t)∥2

s+1

≲ µ| log µ|2e−c⋆/µ + µα sup
t∈[0,ec⋆/2µ]

∥W(j+1)(t)∥2
s+1,

in which we have used inequality (4.55) as well as the definitions ξ⋆ = | log µ|/c1λ
µ and

µα = e−ηλµξ⋆ in the last step. Inserting this estimate and the inequality∫ ec⋆/2µ

0
e−ηλµt dt ≤

∫ ∞

0
e−ηλµt dt = 1

ηλµ
≲

1
µ2 ,
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into (4.56), we conclude that

sup
t∈[0,ec⋆/2µ]

∥W(j+1)(t)∥s+1 ≲
√
µ| log µ|e−c⋆/2µ +

√
µ+ µα sup

t∈[0,ec⋆/2µ]
∥W(j+1)(t)∥s+1 (4.57)

so that
∥W(j+1)(ξ)∥s+1 ≲

√
µ| log µ|e−c⋆/2µ,

that is inequality (4.33).
Convergence of the iteration scheme

Finally we prove that the sequence {(Z(j), r(j),W(j))}j∈N0 is convergent by considering
the sequence {(Z(j+1) − Z(j), r(j+1) − r(j),W(j+1) − W(j))}j∈N0 and showing that it is
contractive. To this end we use the estimates for the derivatives of the nonlinearities
given in Propositions 2.17 and 2.18 together with Lemma 4.30. The result is formulated
in the following lemma. We use the notation introduced above Lemma 4.30.

Lemma 4.31. Let j ∈ N0 and define

Z̃(j+1) = Z(j+1) − Z(j), r̃(j+1) = r(j+1) − r(j), W̃(j+1) = W(j+1) −W(j).

The estimate
∥(Z̃(j+1), r̃(j+1), W̃(j+1))∥ ≤ 1

2∥(Z̃(j), r̃(j), W̃(j))∥

holds for all sufficiently small values of µ.

In order to prove Lemma 4.31 we proceed as in the proof of Lemma 4.30 and show
that

|Z̃(j+1)(ξ)| ≲ µ2∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [−ec⋆/2µ, ec⋆/2µ], (4.58)
|r̃(j+1)(ξ)| ≲ µ∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [0, ec⋆/2µ] (4.59)

∥W̃(j+1)(ξ)∥s+1 ≲
√
µ| log µ|∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [−ec⋆/2µ, ec⋆/2µ] (4.60)

for all j ∈ N0.
We begin with the hyperbolic part (Z̃(j+1), r̃(j+1)). From the definitions (4.14), (4.15)

we obtain the formulae

Z̃(j+1)(ξ) =
∫ ξ

−ec⋆/2µ
e(ξ−t)Lµ

shPss(Gµ
1(j)(t) −Gµ

1(j−1)(t) +Gµ
2(j)(t) −Gµ

2(j−1)(t)) dt

−
∫ ec⋆/2µ

ξ
e(ξ−t)Lµ

shPsu(Gµ
1(j)(t) −Gµ

1(j−1)(t) +Gµ
2(j)(t) −Gµ

2(j−1)(t)) dt

and

r̃(j+1)(ξ) =
2∑

i=1

( ∫ ξ

0
⟨fµ

3(j)(t) − fµ
3(j−1)(t) + fµ

4(j)(t) − fµ
4(j−1)(t), (S

µ
i )∗⟩ dt

)
Sµ

i (ξ)

−
( ∫ ec⋆/2µ

ξ
⟨(fµ

3(j) − fµ
3(j−1) + fµ

4(j) − fµ
4(j−1))(t), (U

µ
i )∗(t)⟩ dt

)
Uµ

i (ξ).
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We find using the estimates for dG1, dG2, df3, df4 in Propositions 2.17 and 2.18 together
with Lemma 4.30 that

|Gµ
1(j)(ξ) −Gµ

1(j−1)(ξ)| ≲ µ2∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [−ec⋆/2µ, ec⋆/2µ],
|Gµ

2(j)(ξ) −Gµ
2(j−1)(ξ)| ≲ µ2∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [−ec⋆/2µ, ec⋆/2µ],

|fµ
3(j)(ξ) − fµ

3(j−1)(ξ)| ≲ µ3∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [0, ec⋆/2µ],
|fµ

4(j)(ξ) − fµ
4(j−1)(ξ)| ≲ µ3∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [0, ec⋆/2µ].

The calculations in the proof of inequalities (4.31), (4.32) yield

|Z̃(j+1)(ξ)| ≲ µ2∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [−ec⋆/2µ, ec⋆/2µ],
|r̃(j+1)(ξ)| ≲ µ∥(Z̃(j), r̃(j), W̃(j))∥, ξ ∈ [0, ec⋆/2µ],

thus proving inequalities (4.58), (4.59).
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Next we establish the estimate for W̃(j+1) on ξ ∈ [0, ec⋆/2µ]. We find from equation
(4.30) that(
I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(Ŝ
µ
0 )− 1

2Qµ
)
∂ξ∂

k
τ W̃(j+1)

+ (Qµ)−1(Ŝµ
0 )− 1

2 (Ŝµ
1(j) − Ŝµ

1(j−1))(Ŝ
µ
0 )− 1

2Qµ∂ξ∂
k
τW(j)

= (Qµ)−1LµQµ∂k
τ W̃(j+1) + (T µ)∗ĝµ

1(j)T
µ∂k+1

τ W̃(j+1) + (T µ)∗(ĝµ

1(j) − ĝµ

1(j−1))T
µ∂k+1

τ W(j)

+ (T µ)∗ĝµ

1(j)R
µ
1∂

k+1
τ W̃(j+1) + (T µ)∗(ĝµ

1(j) − ĝµ

1(j−1))R
µ
1∂

k+1
τ W(j)

+Rµ
2 ĝ

µ

1(j)Q
µ∂k+1

τ W̃(j+1) +Rµ
2 (ĝµ

1(j) − ĝµ

1(j−1))Q
µ∂k+1

τ W(j)

+ (Qµ)−1(Ŝµ
0 )− 1

2 Ŝµ
(j)

(
∂k

τ

(
Âµ

1(j)(Ŝ
µ
0 )− 1

2Qµ∂τW̃(j+1)
)

− Âµ
1(j)(Ŝ

µ
0 )− 1

2Qµ∂k+1
τ W̃(j+1)

)
+ (Qµ)−1(Ŝµ

0 )− 1
2 (Ŝµ

(j) − Ŝµ
(j−1))

(
∂k

τ

(
Âµ

1(j−1)(Ŝ
µ
0 )− 1

2Qµ∂τW(j)
)

− Âµ
1(j−1)(Ŝ

µ
0 )− 1

2Qµ∂k+1
τ W(j)

)
+ (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

(j)

(
∂k

τ

(
(Âµ

1(j) − Âµ
1(j−1))(Ŝ

µ
0 )− 1

2Qµ∂τW(j)
)

− (Âµ
1(j) − Âµ

1(j−1))(Ŝ
µ
0 )− 1

2Qµ∂k+1
τ W(j)

)
+ (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)∂B
µ[0](Ŝµ

0 )− 1
2Qµ∂k

τ W̃(j+1)

+ (Qµ)−1(Ŝµ
0 )− 1

2 (Ŝµ
1(j) − Ŝµ

1(j−1))∂Bµ[0](Ŝµ
0 )− 1

2Qµ∂k
τW(j)

− (Qµ)−1(I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 )∂k
τU

µPh
(
ĝµ

1(j)(Uµ)−1Qµ∂τW̃(j+1)
)

− (Qµ)−1(I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 )∂k
τU

µPh
(
(ĝµ

1(j) − ĝµ
1(j−1))(Uµ)−1Qµ∂τW(j)

)
− (Qµ)−1(Ŝµ

0 )− 1
2 (Ŝµ

1(j) − Ŝµ
1(j−1))(Ŝ

µ
0 )− 1

2∂k
τU

µPh
(
ĝµ

1(j−1)(Uµ)−1Qµ∂τW(j)
)

+ µ(Qµ)−1(I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 )∂k
τU

µb(z(j), (Uµ)−1QµW̃(j+1))

+ µ(Qµ)−1(Ŝµ
0 )− 1

2 (Ŝµ
1(j) − Ŝµ

1(j−1))(Ŝ
µ
0 )− 1

2∂k
τU

µb(z(j), (Uµ)−1QµW(j))

+ µ(Qµ)−1(I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 )∂k
τU

µb(r̃(j), (Uµ)−1QµW̃(j))

+ (Qµ)−1(I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 )∂k
τU

µ(ĝµ
2(j) − ĝµ

2(j−1))

+ (Qµ)−1(Ŝµ
0 )− 1

2 (Ŝµ
1(j) − Ŝµ

1(j−1))(Ŝ
µ
0 )− 1

2∂k
τU

µĝµ
2(j−1)

+ (Qµ)−1(I + (Ŝµ
0 )− 1

2 Ŝµ
1(j)(Ŝ

µ
0 )− 1

2 )∂k
τU

µ(ĥµ
(j) − ĥµ

(j−1))

+ (Qµ)−1(Ŝµ
0 )− 1

2 (Ŝµ
1(j) − Ŝµ

1(j−1))(Ŝ
µ
0 )− 1

2∂k
τU

µĥµ
(j−1). (4.61)

We take the complex inner product of equation (4.61) with ∂k
τ W̃(j+1), integrate over

(0, 2π) with respect to τ and estimate each term individually. To estimate the terms∫ 2π

0

〈
(Qµ)−1(Ŝµ

0 )− 1
2 (Ŝµ

1(j) − Ŝµ
1(j−1))(Ŝ

µ
0 )− 1

2Qµ∂ξ∂
k
τW(j), ∂

k
τ W̃(j+1)(ξ)

〉
dτ
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and ∫ 2π

0

〈
(T µ)∗(ĝµ

1(j)(ξ) − ĝµ

1(j−1)(ξ))T
µ∂k+1

τ W(j)(ξ), ∂k
τ W̃(j+1)(ξ)

〉
dτ

we use the stronger regularity assumption ∥w0∥s+2 ≤ µe−c⋆/2µ und suppose that W(0)
satisfies ∥W(0)∥C([0,ec⋆/2µ];X s+2

c ) ≤ e−c⋆/2µ. Lemma 4.30 with s replaced by s + 1 implies
that

sup
j∈N0

∥W(j)∥C([0,ec⋆/2µ];X s+2) ≤ e−c⋆/2µ

as well as
sup
j∈N0

∥∂ξW(j)∥C([0,ec⋆/2µ];X s+1) ≤ e−c⋆/2µ.

We conclude that∣∣∣∣ ∫ 2π

0

〈
(Qµ)−1(Ŝµ

0 )− 1
2 (Ŝµ

1(j) − Ŝµ
1(j−1))(Ŝ

µ
0 )− 1

2Qµ∂ξ∂
k
τW(j), ∂

k
τ W̃(j+1)(ξ)

〉
dτ
∣∣∣∣

≲ ∥(Ŝµ
1(j)(ξ) − Ŝµ

1(j−1)(ξ))∥L∞∥∂ξW(j)(ξ)∥s+1∥W̃(j+1)(ξ)∥s+1

≲ µe−c⋆/2µ∥(Z̃(j), r̃(j), W̃(j))∥∥W̃(j+1)(ξ)∥s+1

and ∣∣∣∣ ∫ 2π

0

〈
(T µ)∗(ĝµ

1(j)(ξ) − ĝµ

1(j−1)(ξ))T
µ∂k+1

τ W(j)(ξ), ∂k
τ W̃(j+1)(ξ)

〉
dτ
∣∣∣∣

≲ ∥(ĝµ

1(j)(ξ) − ĝµ

1(j−1)(ξ))∥L∞∥W(j)(ξ)∥s+2∥W̃(j+1)(ξ)∥s+1

≲ µe−c⋆/2µ∥(Z̃(j), r̃(j), W̃(j))∥∥W̃(j+1)(ξ)∥s+1

in which we made use of the estimates for dĝ1 and dŜ1 given in Proposition 2.17 and
equation (4.28).

The remaining terms on the right-hand side are estimated using the same methods as
in the proof of inequalities (4.38)–(4.47) together with Lemma 4.30 and the estimates
for the derivatives of the other nonlinearities given in Propositions 2.17 and 2.18 and
equation (4.28). The result is∫ 2π

0
⟨(I + (Qµ)−1(Ŝµ

0 )− 1
2 Ŝµ

1(j)(ξ)(Ŝ
µ
0 )− 1

2Qµ)∂ξ∂
k
τ W̃(j+1)(ξ), ∂k

τ W̃(j+1)(ξ)⟩ dτ

≲ µ(e−c⋆/2µ + µe−ηλµξ)∥W̃(j+1)(ξ)∥2
s+1

+ µ(e−c⋆/2µ + µ2e−ηλµξ)∥(Z̃(j), r̃(j), W̃(j))∥∥W̃(j+1)(ξ)∥s+1. (4.62)

and from inequality (4.62) we deduce that

∥W̃(j+1)(ξ)∥2
s+1 ≲

∫ ξ

0

(
µ(e−c⋆/2µ + µe−ηλµt)∥W̃(j+1)(t)∥2

s+1

+ µ(e−c⋆/2µ + µ2e−ηλµt)∥(Z̃(j), r̃(j), W̃(j))∥∥W̃(j+1)(t)∥s+1
)

dt
(4.63)
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in the same way as we deduced inequality (4.49) from the estimate (4.48), where we also
have used the fact that W̃ (0) = 0.

We handle inequality (4.63) using a two-step estimation technique similar to that
employed in the proof of inequality (4.33). Young’s inequality implies that

∥W̃(j+1)(ξ)∥2
s+1 ≲

∫ ξ

0
c3λ

µ∥W̃(j+1)(t)∥2
s+1 dt+ c4µ

4
(
∥(Z̃(j), r̃(j), W̃(j))∥

)2
ξ

for some multiplicative constants c3, c4 > 0 and applying Gronwall’s inequality and
proceeding as in the proof of inequality (4.55), we find that

∥W̃(j+1)(ξ)∥2
s+1 ≲ µ| log µ|

(
∥(Z̃(j), r̃(j), w̃(j))∥

)2
(4.64)

for each ξ ∈ [0, ξ⋆] with

ξ⋆ = α| log µ|
ηλµ

, α = η

c3
.

For ξ ∈ [0, ec⋆/2µ], it follows from inequality (4.63) that

∥W̃(j+1)(ξ)∥2
s+1 ≲ µe−c⋆/2µ

∫ ξ

0
∥W̃(j+1)(t)∥2

s+1 dt+ µ2
∫ ξ

0
e−ηλµt∥W̃(j+1)(t)∥2

s+1 dt

+ µe−c⋆/2µ∥(Z̃(j), r̃(j), W̃(j))∥
∫ ξ

0
∥W̃(j+1)(t)∥s+1 dt

+ µ3∥(Z̃(j), r̃(j), W̃(j))∥
∫ ξ

0
e−ηλµt∥W̃(j+1)(t)∥s+1 dt.

≲ µe−c⋆/2µξ sup
t∈[0,ξ]

∥W̃(j+1)(t)∥2
s+1 + µ2

∫ ξ

0
e−ηλµt∥W̃(j+1)(t)∥2

s+1 dt

+ µe−c⋆/2µ∥(Z̃(j), r̃(j), W̃(j))∥ξ sup
t∈[0,ξ]

∥W̃(j+1)(t)∥s+1

+ µ3∥(Z̃(j), r̃(j), W̃(j))∥
∫ ξ

0
e−ηλµt dt sup

t∈[0,ξ]
∥W̃(j+1)(t)∥s+1

≤ µ sup
t∈[0,ec⋆/2µ]

∥W̃(j+1)(t)∥2
s+1 + µ2

∫ ec⋆/2µ

0
e−ηλµt∥W̃(m+1)(t)∥2

s+1 dt

+ µ∥(Z̃(j), r̃(j), W̃(j))∥ sup
t∈[0,ec⋆/2µ]

∥W̃(j+1)(t)∥s+1

+ µ3∥(Z̃(j), r̃(j), W̃(j))∥
∫ ec⋆/2µ

0
e−ηλµt dt sup

t∈[0,ec⋆/2µ]
∥W̃(j+1)(t)∥s+1.

(4.65)
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Next observe that

µ2
∫ ec⋆/2µ

0
e−ηλµt∥W̃(j+1)(t)∥2

s+1 dt

= µ2
∫ ξ⋆

0
e−ηλµt∥W̃(j+1)(t)∥2

s+1 dt+ µ2
∫ ec⋆/2µ

ξ⋆
e−ηλµt∥W̃(j+1)(t)∥2

s+1 dt

≤ µ2ξ⋆ sup
t∈[0,ξ⋆]

∥W̃(j+1)(t)∥2
s+1 + µ2

∫ ∞

ξ⋆
e−ηλµt dt sup

t∈[0,ec⋆/2µ]
∥W̃(j+1)(t)∥2

s+1

≲ µ3| log µ|ξ⋆∥(Z̃(j), r̃(j), W̃(j))∥2 + e−ηλµξ⋆

η
sup

t∈[0,ec⋆/2µ]
∥W̃(j+1)(t)∥2

s+1

≲ µ| log µ|2∥(Z̃(j), r̃(j), W̃(j))∥2 + µα sup
t∈[0,ec⋆/2µ]

∥W̃(j+1)(t)∥2
s+1, (4.66)

in which we have used inequality (4.64) as well as ξ⋆ = | log µ|/c3λ
µ and µα = e−ηλµξ⋆ .

Inserting the estimate (4.66) and the inequality∫ ec⋆/2µ

0
e−ηλµt dt ≤ 1

ηλµ
≲

1
µ2

into (4.65), we conclude that
∥W̃(j+1)(ξ)∥2

s+1 ≲ µ∥(Z̃(j), r̃(j), W̃(j))∥ sup
t∈[0,ec⋆/2µ]

∥W̃(j+1)(t)∥s+1

+ µ| log µ|2
(
∥(Z̃(j), r̃(j), W̃(j))∥

)2

+ (µ+ µα) sup
t∈[0,ec⋆/2µ]

∥W̃(j+1)(t)∥2
s+1,

from which it follows that
∥W̃(j+1)(ξ)∥s+1 ≲

√
µ| log µ|∥(Z̃(j), r̃(j), W̃(j))∥,

for sufficiently small values of µ ≥ 0 and each ξ ∈ [0, ec⋆/2µ], which is inequality (4.60).
Altogether, it follows from inequalities (4.58), (4.59) and (4.60) that

∥Z̃(j+1), r̃(j+1), W̃(j+1)∥ ≲ (µ2 + µ+ √
µ log(µ))∥Z̃(j), r̃(j), W̃(j)∥

≲ µ∥Z̃(j), r̃(j), W̃(j)∥
and this implies the assertion of Lemma 4.31. The existence of a limit (Z⋆, r⋆,W ⋆) of
the sequence {(Z(j), r(j),W(j))}j∈N0 such that

∥Z⋆∥C([−ec⋆/2µ,ec⋆/2µ];Xsh) ≲ µ2e−c⋆/2µ

∥r⋆∥C([0,ec⋆/2µ];Xwh) ≲ µe−c⋆/2µ

∥W ⋆∥C([0,ec⋆/2µ];X s+1
c ) ≲ µδe−c⋆/2µ, δ ∈ [0, 1

2),
now follows from Lemmata 4.30 and 4.31. The statement of Theorem 4.26 is obtained by
observing that ξ 7→ (RshZ

⋆(−ξ), r⋆(ξ),W ⋆(ξ)) is also a limit of {(Z(j), r(j),W(j))}j∈N0 ,
that is Z⋆(ξ) = RshZ

⋆(−ξ), extending r⋆, W ⋆ by reversibility to [−ec⋆/2µ, ec⋆/2µ], and
using the facts that the operators Uµ ∈ L(X s+1) and Qµ ∈ L(X s+1) (see Lemma 4.29)
are invertible.
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4.3 Assorted proofs

Here we present the proof of Lemma 4.29.

Lemma 4.29. There exists an invertible bounded linear operator Qµ : X t → X t (for all
t > 1

2) such that
((Qµ)−1LµQµu)(τ) = 1√

2π
∑
m∈Z

(Dµ
mum)eimτ ,

where Dµ
m are diagonal matrices depending analytically upon µ in a neighbourhood of the

origin which is independent of m ∈ Z. Moreover

Qµ = T µ +Rµ
1 , (Qµ)−1 = (T µ)−1 +Rµ

2 ,

where T µ : X t → X t is unitary and Rµ
1 , R

µ
2 : X t → X t+1 are invertible bounded linear

operators. The operators T µ and Rµ
1 , Rµ

2 depend analytically upon µ.

Proof. Consider the ordered bases {em,1eimτ , . . . , em,neimτ } for Em (m ∈ Z \ {±1}),
{e1,1eiτ , . . . , e1,n−2eiτ , ueiτ , veiτ } for E1 and {e1,1e−iτ , . . . , e1,n−2e−iτ , ue−iτ , ve−iτ } for E−1
defined in Section 2.1. The m-th Fourier component Pmu of a function u ∈ X t is
represented by a coordinate vector of the form (um,1, . . . , um,n)⊤ and UµPmu = PmU

µu
has the same coordinate vector representation with respect to the ordered bases

{Uµ
m(em,1eimτ ), . . . , Uµ

m(em,neimτ )}

for Em (m ∈ Z \ {±1}),

{Uµ
1 (e1,1eiτ ), . . . , Uµ

1 (e1,n−2eiτ ), Uµ
1 (ueiτ ), Uµ

1 (veiτ )}

for E1 and

{Uµ
−1(e1,1e−iτ ), . . . , Uµ

−1(e1,n−2e−iτ ), Uµ
−1(ue−iτ ), Uµ

−1(ve−iτ )}

for E−1.
We write

Uµ
1 (ueiτ ) = uµ

1eiτ , Uµ
1 (ue−iτ ) = uµ

−1e−iτ , Uµ
1 (veiτ ) = vµ

1 eiτ , Uµ
1 (ve−iτ ) = vµ

−1e−iτ

Uµ
m(em,reimτ ) = eµ

m,reimτ , m ∈ Z, r = 1, . . . , rm,

where the vectors uµ
±1, vµ

±1, eµ
m,r depend analytically upon µ,

⟨uµ
1 , v

µ
1 ⟩ =

〈
(1,±λµ, 0, 0)⊤

〉
, ⟨uµ

−1, v
µ
−1⟩ =

〈
(0, 0, 1,±λµ)⊤

〉
(see Assumptions 3) and eµ

m,r are geometrically simple eigenvectors of the matrix

imÃµ(0) + ∂B̃µ[0] = m
(

iÃµ(0) + 1
m
∂B̃µ[0]

)
.
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The corresponding eigenvalues λµ
m,r depend analytically upon µ, where λ0

m,r = λm,r are
defined in Section 2.1.

Proposition 2.2 implies that the invertible matrices

Qµ
±1 = (eµ

±1,1| · · · |eµ
±1,n−2|u

µ
±1|v

µ
±1), Qµ

m = (eµ
m,1| · · · |eµ

m,n), m ∈ Z \ {±1},

depend analytically upon µ in a neighbourhood of the origin which is independent of m
and that

Qµ
m = Qµ

∞ + 1
m
Rµ

1,m, (Qµ
m)−1 = (Qµ

∞)−1 + 1
m
Rµ

2,m.

Here Qµ
∞ is the unitary matrix whose columns are given by the eigenvectors of the

skew-Hermitian and hence normal matrix iÃµ(0) and Rµ
1,m, Rµ

2,m satisfy

1
m
Rµ

i,m → 0

as |m| → ∞ in L(Cn) uniformly over µ.
The formula

(Qµu)(τ) = 1√
2π

∑
m∈Z

(Qµ
mum)eimτ

defines an invertible bounded linear operator Qµ : X t → X t with inverse

((Qµ)−1u)(τ) = 1√
2π

∑
m∈Z

((Qµ
m)−1um)eimτ

and since
(Lµu)(τ) = 1√

2π
∑
m∈Z

(
(imÃµ(0) + ∂B̃µ[0])um

)
eimτ

we conclude that
((Qµ)−1LµQµu)(τ) = 1√

2π
∑
m∈Z

(Dµ
mum)eimτ

with Dµ
m = diag(λµ

m,1, . . . , λ
µ
m,n). Moreover

Qµ = T µ +Rµ
1 , (Qµ)−1 = (T µ)−1 +Rµ

2 ,

where the linear operators Rµ
1 , Rµ

2 and T µ on X t are defined by the formulae

(T µu)(τ) = 1√
2π

∑
m∈Z

(Qµ
∞um)eimτ , ((T µ)−1u)(τ) = 1√

2π
∑
m∈Z

((Qµ
∞)−1um)eimτ ,

(Rµ
1u)(τ) = 1√

2π

M∑
m=−M

(
(Qµ

m −Qµ
∞)um

)
eimτ + 1√

2π
∑

|m|>M

1
m

(Rµ
1,mum)eimτ

and

(Rµ
2u)(τ) = 1√

2π

M∑
m=−M

(
((Qµ

m)−1 − (Qµ
∞)−1)um

)
eimτ + 1√

2π
∑

|m|>M

1
m

(Rµ
2,mum)eimτ ,
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so that Rµ
1 , Rµ

2 and T µ depend analytically upon µ due to Lemma 2.4. The operator
T µ : X t → X t is unitary, since the matrix Qµ

∞ is unitary and the computation

∥Rµ
1u∥t+1 =

M∑
m=−M

(1 +m2)t+1|(Qµ
m −Qµ

∞)um|2 +
∑

|m|>M

(1 +m2)t+1

m2 |Rµ
1,mum|2

≲
M∑

m=−M

(1 +m2)t|um|2 +
∑

|m|>M

(1 +m2)t|um|2

= ∥u∥t

(with a similar computation for Rµ
2 ) shows that Rµ

1 , Rµ
2 are bounded linear operators

X t → X t+1. ■
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5 Existence theory for the semilinear
problem

In this chapter we present an alternative approach to the theory in Chapter 4 for the
semilinear case (that is g̃µ

1 = 0 in equation (2.54)). Recall that Theorem 4.26 yields the
existence of a solution (Z⋆, r⋆, w⋆) to equations (2.55)–(2.57) such that
|Z⋆(ξ)|, |r⋆(ξ)|, ∥w⋆(ξ)∥X s

c ≤ e−c⋆/2µ for ξ ∈ [−ec⋆/2µ, ec⋆/2µ]. We improve the result
of Theorem 4.26 under the additional hypothesis of the existence of a suitable Lyapunov
functional Iε in Assumptions 5 which, in scaled coordinates, reads as follows.

Assumptions 5. There exist s ≥ 0 and a conserved quantity Iµ(Z, z, w) for the system
(2.55)–(2.57) which is analytic at the origin in R × Xsh × Xwh × X s

c and satisfies the
estimate

Iµ(Z, z, w) = O(µ4∥(Z, z, w)∥2
Xsh×Xwh×X s

c
) (5.1)

(the factor µ4 arises from the scaling q′ = (λµ)−1q in Section 2.3). Furthermore,

Iµ(0, 0, w) = µ4Q(w) + O(µ6∥w∥3
X s

c
), (5.2)

in which Q : X s
c → R is a quadratic form satisfying

∥w∥2
X s

c
≲ ∥Q(w)∥X s

c ≲ ∥w∥2
X s

c
.

In particular we construct solutions to equations (2.55)–(2.57) which are exponentially
small on the entire real line, in other words reversible solutions to equations (2.53), (2.54)
whose pointwise distance to the approximate pulse pµ does not exceed e−c⋆/2µ on the
entire real line. The result is given by the following theorem.

Theorem 5.1. Suppose that g̃µ
1 = 0 and Assumptions 5 hold. Equations (2.55)–(2.57)

admit reversible solutions (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) in

Cb(R; Xsh) × Cb(R; Xwh) × Cb(R; X s
c ),

parameterised by w0 ∈ X s
c with ∥w0∥X s

c ≤ µe−c⋆/2µ and Rcw0 = w0, such that

∥Z⋆
w0∥Cb(R;Xsh), ∥r⋆

w0∥Cb(R;Xwh), ∥w⋆
w0∥Cb(R;X s

c ) ≤ e−c⋆/2µ.
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These solutions satisfy

∥Z⋆
w0∥Cb(R;Xsh) ≲ µ2e−c⋆/2µ,

∥r⋆
w0∥Cb(R;Xwh) ≲ µe−c⋆/2µ,

∥w⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];X s

c ) ≲ µδe−c⋆/2µ

for δ ∈ [0, 1
2).

We use the strategy devised by Groves & Schneider [8] (see also Hewer [13, Chapter
5]) and employ the following steps to prove Theorem 5.1. In Section 5.1 we consider the
modified system

Zξ = Lµ
shZ +Gµ

1(Z, pµ + r, ϕ(w)) +Gµ
2(r), (5.3)

rξ = Lµ
whr + Lµr + fµ

3 (r) + fµ
4 (Z, r, ϕ(w)), (5.4)

wξ = Lµ
cw + µb(pµ + r, ϕ(w)) + ĝµ(Z, pµ + r, ϕ(w)) + ĥµ(r). (5.5)

which is obtained from equations (2.55)–(2.57) by applying a cut-off function ϕ supported
on [−ec⋆/2µ, ec⋆/2µ] to the w-component of the nonlinearities (note that we have written ĝµ

instead of ĝµ
2 for notational simplicity, since ĝ1 = 0 in equation (2.57)). This modification

enables us to control the linear growth of the centre part w on the entire real line in the
estimates below (see inequality (5.33)). We construct solutions (Z⋆, r⋆, w⋆) to equations
(5.3)–(5.5) which exist globally and have the properties that

(i) their hyperbolic part (Z⋆, r⋆) satisfies ∥(Z⋆(ξ), r⋆(ξ))∥Xsh×Xwh ≤ e−c⋆/2µ for all
ξ ∈ R (see Figure 5.1),

(ii) their centre part w⋆ satisfies ∥w⋆∥X s
c ≤ e−c⋆/2µ for ξ ∈ [−e−c⋆/2µ, e−c⋆/2µ].

In particular we obtain solutions (pµ + r⋆, Z⋆ +w⋆) to equations (2.53), (2.54) which are
exponentially close to pµ for ξ ∈ [−ec⋆/2µ, ec⋆/2µ] (see Figure 5.2). These solutions are
parametrised by their initial values, the set of which forms a local centre-stable manifold
W cs

loc (see Definition 5.3 below).

(Z, z)

ξ

e−c⋆/2µ

−e−c⋆/2µ

Figure 5.1: The hyperbolic part (Z⋆, r⋆) of solutions to equations (5.3)–(5.5) with
initial values on W cs

loc satisfies ∥(Z⋆(ξ), r⋆(ξ))∥Xsh×Xwh ≤ e−c⋆/2µ for all ξ ∈ R.
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(z, Z + w)

ξ

e−c⋆/2µ

e−c⋆/2µ

−ec⋆/2µ ec⋆/2µ

Figure 5.2: A generalised pulse solution to equations (2.53), (2.54) of the form
(pµ + r⋆, Z⋆ + w⋆) lies in an exponentially thin tubular neighbourhood of (pµ, 0)
on the exponentially large interval [−ec⋆/2µ, ec⋆/2µ]. We make no statement about
its existence or behaviour outside this interval.

In Sections 5.2 and 5.3 we prove that in fact ∥w⋆∥X s
c ≤ e−c⋆/2µ for all ξ ∈ R, from

which it follows that W cs
loc is actually a global centre-stable manifold (meaning that its

elements are initial values of generalised pulse solutions which exist on the entire real
line), as follows. In Section 5.2 we first consider the modified equations

Zξ = Lµ
shZ +Gµ

1(Z, z, ϕ(w)) +Gµ
2(z), (5.6)

zξ = Lµ
whz + f̃µ

1 (r) + f̃µ
2 (Z, z, ϕ(w)), (5.7)

wξ = Lµ
cw + µb(z, ϕ(w)) + ĝµ(Z, z, ϕ(w)) + ĥµ(z), (5.8)

which are obtained from the original equations (2.53), (2.54) by decoupling the equation
for q = Z+w and applying the cut-off function ϕ (see above) to the w-component of the
nonlinearities. Note that solutions (Z, z, w) to equations (5.6)–(5.8) with
∥w(ξ)∥X s

c ≤ e−c⋆/2µ for all ξ ∈ R correspond to solutions (z, Z + w) of equations
(2.53), (2.54) where the cut-off function is not used. Here we construct solutions
(Z⋆⋆, z⋆⋆, w⋆⋆) to equations (5.6)–(5.8) whose hyperbolic part satisfies
∥(Z⋆⋆(ξ), z⋆⋆(ξ))∥Xsh×Xwh ≤ e−c⋆/2µ for all ξ ∈ R. The initial values of these solu-
tions form a centre manifold W c, which is an invariant manifold in the following sense:
any solution (Z, z, w) to equations (5.6)–(5.8) with (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c satisfies
(Z(ξ), z(ξ), w(ξ)) ∈ W c for all ξ ≥ ξ0. The local centre manifold
W c

loc = W c ∩ {w : ∥w∥X s
c ≤ e−c⋆/2µ} is on the other hand locally invariant: any solution

(Z, z, w) with (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c
loc remains on W c

loc (and hence on W c) as long
as ∥w(ξ)∥X s

c ≤ e−c⋆/2µ. In fact the existence of the Lyapunov functional Iµ (Assump-
tions 5) further guarantees that a solution (Z, z, w) with (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c

loc
indeed satisfies ∥w(ξ)∥X s

c ≤ e−c⋆/2µ for all ξ ≥ ξ0.
Our strategy in Section 5.3 is therefore to show that a solution (Z⋆, pµ+r⋆, w⋆) to equa-

tions (2.55)–(2.57), where (Z⋆, r⋆, w⋆) solves equations (5.3)–(5.5), converges exponen-
tially fast to a solution (Z⋆⋆, z⋆⋆, w⋆⋆) to equations (5.6)–(5.8)
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with (Z⋆⋆(ξ), z⋆⋆(ξ), w⋆⋆(ξ)) ∈ W c (that is ∥(Z⋆⋆(ξ), z⋆⋆(ξ))∥Xsh×Xwh ≤ e−c⋆/2µ) for all
ξ ∈ R. In particular we prove that there exists ξ⋆ < ec⋆/2µ such that |pµ(ξ⋆)| ≲ µe−c⋆/2µ,
and thus

∥(Z⋆(ξ⋆), pµ(ξ⋆) + r⋆(ξ⋆), w⋆(ξ⋆)) − (Z⋆⋆(ξ⋆), z⋆⋆(ξ⋆), w⋆⋆(ξ⋆))∥s ≲ µe−c⋆/2µ

(see Figure 5.3). Since by construction ∥w⋆(ξ⋆)∥X s
c ≲ µδe−c⋆/2µ, it follows that

∥w⋆⋆(ξ⋆)∥X s
c ≤ e−c⋆/2µ and since (Z⋆⋆(ξ⋆), z⋆⋆(ξ⋆), w⋆⋆(ξ⋆)) ∈ W c we conclude that

(Z⋆⋆(ξ), z⋆⋆(ξ), w⋆⋆(ξ)) ∈ W c with ∥w⋆⋆(ξ)∥X s
c ≤ e−c⋆/2µ for all ξ ≥ ξ⋆ (see above). This

observation finally implies that ϕ(w⋆(ξ)) = w⋆(ξ) for all ξ ≥ ξ⋆, so that
(Z⋆(ξ⋆), pµ(ξ⋆) + r⋆(ξ⋆), w⋆(ξ⋆)) is exponentially small for all ξ ≥ ξ⋆ and thus a global
generalised pulse solution to the original equations (2.53), (2.54) (without cut-off func-
tion).

ξ

(Z, z, w)

(Z⋆, pµ + r⋆, w⋆)

(Z⋆⋆, z⋆⋆, w⋆⋆)

e−c⋆/2µ

ξ⋆ ec⋆/2µ

Figure 5.3: A solution (Z⋆, pµ + r⋆, w⋆) with initial values on W cs
loc con-

verges exponentially fast to a solution (Z⋆⋆, z⋆⋆, w⋆⋆) on W c. Observe that
(Z⋆, pµ+r⋆, w⋆) is (i) exponentially small, (ii) exponentially close to (Z⋆⋆, z⋆⋆, w⋆⋆)
on [ξ⋆, ec⋆/2µ). The (exponential) convergence of (Z⋆, pµ+r⋆, w⋆) to (Z⋆⋆, z⋆⋆, w⋆⋆)
and the fact that (Z⋆⋆, z⋆⋆, w⋆⋆) remains on W c with ∥w⋆⋆(ξ)∥X s

c ≤ e−c⋆/2µ for all
ξ ≥ ξ⋆ imply that (Z⋆, pµ + r⋆, w⋆) remains exponentially small for all ξ ≥ ξ⋆.

5.1 Construction of a local centre-stable manifold

In this section we solve the modified equations (5.3)–(5.5), namely

Zξ = Lµ
shZ +Gµ

1(Z, pµ + r, w) +Gµ
2(r), (5.9)

rξ = Lµ
whr + Lµr + fµ

3 (r) + fµ

4(Z, r, w), (5.10)
wξ = Lµ

cw + µb(pµ + r, w) + ĝµ(Z, pµ + r, w) + ĥµ(r), (5.11)

which are obtained from equations (2.55)–(2.57) by defining

Gµ
1(Z, z, w) = Gµ

1(Z, z, ϕ(w)),

and

fµ

4(Z, z, w) = fµ
4 (Z, z, ϕ(w)), b(z, w) = b(z, ϕ(w)), ĝµ(Z, z, w) = ĝµ(Z, z, ϕ(w)).
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Here ϕ : X s
c → X s

c is defined as ϕ(w) = ψ(ec⋆/2µ∥w∥X s
c )w, in which ψ ∈ C∞(R) is a

cut-off function satisfying

ψ(x) =
1, |x| ≤ 1,

0, |x| ≥ 2,

and |ψ(l)(x)| ≤ 2l for all x ∈ R, l ∈ N0. Reversible solutions to equations (5.9)–(5.11)
with ∥w(ξ)∥X s

c ≤ e−c⋆/2µ correspond to reversible solutions of the original equations
(2.55)–(2.57) (which are a reformulation of equations (2.53), (2.54)), where no cut-off
function is used (see Theorem 4.26). To establish the following global existence result
for the modified equations (5.9)–(5.11) we work in exponentially weighted spaces

Cηλµ(R; Xsh) × Cηλµ(R; Xwh) × Cηλµ(R; X s
c ),

where η ∈ [0, 1) (see Lemma 2.13).

Theorem 5.2. Equations (5.9)–(5.11) admit reversible solutions (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) in

Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c ),

parameterised by w0 ∈ X s
c with ∥w0∥X s

c ≤ µe−c⋆/2µ, Rcw0 = w0, such that

∥Z⋆
w0∥Cb(R;Xsh), ∥r⋆

w0∥Cb(R;Xwh), ∥w⋆
w0∥Cηλµ (R;Xwh) ≤ e−c⋆/2µ

and
∥w⋆

w0∥C([−ec⋆/2µ,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ.

These solutions satisfy

∥Z⋆
w0∥Cb(R;Xsh) ≲ µ2e−c⋆/2µ,

∥r⋆
w0∥Cb(R;Xwh) ≲ µe−c⋆/2µ,

∥w⋆
w0∥Cηλµ (R;X s

c ) ≲ µe−c⋆/2µ,

∥w⋆
w0∥C([−ec⋆/2µ,ec⋆/2µ];X s

c ) ≲ µδe−c⋆/2µ

for arbitrary but fixed δ ∈ [0, 1
2).

Definition 5.3. The set

W cs
loc =

{(
Z⋆

w0(0), r⋆
w0(0), w⋆

w0(0)
)

: w0 ∈ X s
c , Rcw0 = w0, ∥w0∥X s

c ≤ µe−c⋆/2µ
}

is called a local centre-stable manifold for solutions to equations (2.55)–(2.57) at ξ = 0.

Remark 5.4. Definition 5.3 imposes a weaker regularity assumption on w0 than Defini-
tion 4.27, so that our local centre-stable manifold in the semilinear case is ‘larger’ than
that in Definition 4.27 for the general quasilinear problem.
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The iteration scheme
In order to prove Theorem 5.2 we first reformulate equations (5.9), (5.10) as integral

equations by replacing G1, G2 and f4 in equations (2.58), (2.59) with respectively G1,
G2 and f 4. We obtain

Z(ξ) =
∫ ξ

−∞
e(ξ−t)Lµ

shPss
(
Gµ

1(Z, pµ + Ewhr, Ecw)(t) +Gµ
2(Ewhr)(t)

)
dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu
(
Gµ

1(Z, pµ + Ewhr, Ecw)(t) +Gµ
2(Ewhr)(t)

)
dt, (5.12)

r(ξ) =
2∑

i=1

( ∫ ξ

0

〈(
fµ

3 (r)(t) + fµ
4(Z, r, w)(t)

)
, (Sµ

i )∗(t)
〉

dt
)
Sµ

i (ξ)

−
( ∫ ∞

ξ

〈(
fµ

3 (r)(t) + fµ
4(Z, r, w)(t)

)
, (Uµ

i )∗(t)
〉

dt
)
Uµ

i (ξ) (5.13)

(recall that the projections Pss, Psu are defined below (2.58), (2.59); the fundamental
system {Sµ

1 , S
µ
2 , U

µ
1 , U

µ
2 } is constructed in Lemma 2.19). Next we write equation (5.11)

as the fixed-point point problem

w(ξ) = Sµ
c (ξ)w(0) +

∫ ξ

0
Sµ

c (ξ − t)
(
µb(pµ + r, w)(t) + ĝµ(Z, pµ + r, w)(t) + ĥµ(r)(t)

)
dt,

(5.14)

where {Sµ
c (ξ)}ξ∈R ⊆ L(X s

c ) is the C0-group generated by the operator Lµ
c (see Lemma 5.5

below).
We consider the following iteration scheme based on equations (5.12)–(5.14). Choose

w0 ∈ X s
c with ∥w0∥X s

c ≤ µe−c⋆/2µ, Rcw0 = w0, let j ∈ N0 and suppose that

Z(j) ∈ Cηλµ(R; Xsh), r(j) ∈ Cηλµ([0,∞); Xwh), w(j) ∈ Cηλµ([0,∞); X s
c )

satisfy

∥Z(j)∥Cb(R;Xsh) ≤ e−c⋆/2µ, ∥r(j)∥Cb([0,∞);Xwh) ≤ e−c⋆/2µ, ∥w(j)∥C([0,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ

with Rwhr(j)(0) = r(j)(0) and Rcw(j)(0) = w(j)(0). We define

Z(j+1) ∈ Cηλµ(R; Xsh)

by

Z(j+1)(ξ) =
∫ ξ

−∞
e(ξ−t)Lµ

shPss(Gµ
1(j)(t) +Gµ

2(j)(t)) dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu(Gµ
1(j)(t) +Gµ

2(j)(t)) dt. (5.15)

Similarly
r(j+1) ∈ Cηλµ([0,∞); Xwh)
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is defined by

r(j+1)(ξ) =
2∑

i=1

( ∫ ξ

0

〈(
fµ

3(j)(t) + fµ
4(j)(t)

)
, (Sµ

i )∗(t)
〉

dt
)
Sµ

i (ξ)

−
( ∫ ∞

ξ

〈(
fµ

3(j)(t) + fµ
4(j)(t)

)
, (Uµ

i )∗(t)
〉

dt
)
Uµ

i (ξ), (5.16)

and
w(j+1) ∈ Cηλµ([0,∞); X s

c )
by

w(j+1)(ξ) = Sµ
c (ξ)w0 +

∫ ξ

0
Sµ

c (ξ − t)
(
µb(z(j), w(j+1))(t) + ĝµ

(j)(t) + ĥµ
(j)(t)

)
dt. (5.17)

Here we have abbreviated z(j) = pµ+r(j) and Gµ
1(j) = Gµ

1(Z(j), p
µ+Ewhr(j), w(j)) with sim-

ilar abbreviations for the remaining nonlinearities. Note that Rwhr(j+1)(0) = r(j+1)(0),
since the functions Uµ

1 , Uµ
2 are reversible, and Rcw(j+1)(0) = w(j+1)(0) by construction.

In Lemmata 5.6 and 5.7 below we prove the convergence of the iteration scheme
(5.15)–(5.17) and show that its limit (Z⋆, r⋆, w⋆) lies in{

(Z, r, w) ∈ Cηλµ(R; Xsh) × Cηλµ

(
[0,∞); Xwh

)
× Cηλµ

(
[0,∞); X s

c

)
:

∥Z∥Cb(R;Xsh), ∥r∥Cb([0,∞;Xwh), ∥w∥Cηλµ ([0,∞);X s
c ) ≤ e−c⋆/2µ,

∥w∥C([0,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ, Rwhr(0) = r(0), Rcw(0) = w(0)

}
.

We verify a posteriori that Z⋆(ξ) = RshZ
⋆(−ξ); extending r⋆ and w⋆ by reversibility thus

establishes Theorem 5.2. The C0-group generated by Lµ
c is constructed in the following

lemma.

Lemma 5.5. Consider the Riesz basis {em,reimτ }r=1,...,rm−σm

m∈Z for X s
c (see the comments

above Remark 2.9) with the associated purely imaginary eigenvalues λµ
m,r = iνm,r and

denote the corresponding dual Riesz basis by {fm,reimτ }r=1,...,rm−σm

m∈Z . The formula(
Sµ

c (ξ)w
)
(τ) =

∑
m∈Z

1≤r≤rm−σm

eξλµ
m,r⟨w, fm,reimτ ⟩em,reimτ ,

where ⟨·, ·⟩ denotes the usual scalar-product on X s, defines a strongly continuous group
{Sµ

c (ξ)}ξ∈R such that
d
dξ (Sµ

c (ξ)w) = Lµ
cS

µ
c (ξ)w

for all w ∈ X s+1
c . The operator norm of Sµ

c (ξ) is bounded independently of µ and ξ.

Proof. By definition Sµ
c (0)w = w and Sµ

c (ξ1 + ξ2)w = Sµ
c (ξ1)Sµ

c (ξ2)w for all w ∈ X s
c .

Moreover, since
Lµ

cw =
∑
m∈Z

1≤r≤rm−σm

λµ
m,r⟨w, fm,reimτ ⟩em,reimτ ,
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we have that d
dξ

(Sµ
c (ξ)w) = Lµ

cS
µ
c (ξ)w for all w ∈ X s+1

c .

Finally, since {em,reimτ }r=1,...,rm−σm

m∈Z is a Riesz basis for X s
c , there exists a scalar product

⟨⟨·, ·⟩⟩ on X s
c which induces a norm |||·|||X s

c which is equivalent to the norm ∥·∥X s
c induced

by ⟨·, ·⟩ such that {em,reimτ }r=1,...,rm−σm

m∈Z is an orthonormal basis for X s
c with respect to

⟨⟨·, ·⟩⟩. It follows that

∥Sµ
c (ξ)w∥2

X s
c

=
∥∥∥∥ ∑

m∈Z
1≤r≤rm−σm

eξλµ
m,r⟨w, fm,reimτ ⟩em,reimτ

∥∥∥∥2

X s
c

≲
∣∣∣∣∣∣∣∣∣∣∣∣ ∑

m∈Z
1≤r≤rm−σm

eξλµ
m,r⟨w, fm,reimτ ⟩em,reimτ

∣∣∣∣∣∣∣∣∣∣∣∣2
X s

c

=
∑
m∈Z

1≤r≤rm−σm

|eiξνµ
m,r ||||⟨w, fm,reimτ ⟩em,reimτ |||2X s

c

=
∣∣∣∣∣∣∣∣∣∣∣∣ ∑

m∈Z
1≤r≤rm−σm

⟨w, fm,reimτ ⟩em,reimτ

∣∣∣∣∣∣∣∣∣∣∣∣2
X s

c

≲ ∥w∥2
X s

c
,

that is Sµ
c (ξ) is bounded uniformly over µ and ξ. ■

Estimates for the iteration scheme
To prove that the sequence {(Z(j), r(j), w(j))}j∈N0 converges in

Cηλµ(R; Xsh) × Cηλµ([0,∞); Xwh) × Cηλµ([0,∞); X s
c )

to a limit
(Z⋆, r⋆, w⋆) ∈ Be−c⋆/2µ(0) ×Be−c⋆/2µ(0) ×Be−c⋆/2µ(0)

⊆ Cb(R; Xsh) × Cb([0,∞); Xwh) × Cηλµ([0,∞); X s
c )

we show that it lies in Be−c⋆/2µ(0) × Be−c⋆/2µ(0) × Be−c⋆/2µ(0) for appropriately chosen
initial values. The result is summarised in the following lemma.

Lemma 5.6. Suppose that the functions Z(0) ∈ Cb(R; Xsh), r(0) ∈ Cb([0,∞); Xwh) and
w(0) ∈ Cηλµ([0,∞); X s

c ) satisfy

∥Z(0)∥Cb(R;Xsh) ≤ e−c⋆/2µ,

∥r(0)∥Cb([0,∞);Xwh) ≤ e−c⋆/2µ,

∥w(0)∥C([0,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ

and ∥w0∥X s
c ≤ µe−c⋆/2µ. The estimates

sup
j∈N0

∥Z(j)∥Cb(R;Xsh) ≤ e−c⋆/2µ,

sup
j∈N0

∥r(j)∥Cb([0,∞);Xwh) ≤ e−c⋆/2µ
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and
sup
j∈N0

∥w(j)∥Cηλµ ([0,∞);X s
c ) ≤ e−c⋆/2µ, sup

j∈N0

∥w(j)∥C([0,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ

hold for all sufficiently small values of µ.

In order to prove Lemma 5.6 we work inductively and demonstrate that

∥Z(j+1)∥Cb(R;Xsh) ≲ µ2e−c⋆/2µ, (5.18)
∥r(j+1)∥Cb([0,∞);Xwh) ≲ µe−c⋆/2µ, (5.19)

∥w(j+1)∥Cηλµ ([0,∞);X s
c ) ≲ µe−c⋆/2µ, (5.20)

∥w(j+1)∥C([0,ec⋆/2µ];X s
c ) ≲

√
µ| log(µ)|2e−c⋆/2µ (5.21)

whenever

∥Z(j)∥Cb(R;Xsh) ≤ e−c⋆/2µ, ∥r(j)∥Cb([0,∞);Xwh) ≤ e−c⋆/2µ, ∥w(j)∥C([0,ec⋆/2µ];X s
c ) ≤ e−c⋆/2µ

for any j ∈ N0.
We begin with the result (5.18) for Z(j+1). Using the estimates for G1, G2 in Proposi-

tions 2.17 and 2.18 together with the fact that by construction ∥ϕ(w)∥X s
c ≲ e−c⋆/2µ for

each w ∈ X s
c , we find that

|Gµ
1(j)(ξ)| = |Gµ

1(Z(j)(ξ), (pµ + Ewhr(j))(ξ), ϕ(Ecw(j)(ξ)))|
≲ µ|pµ + Ewhr(j)|∥(Z(j)(ξ), ϕ(Ecw(j)(ξ)))∥s + µ∥(Z(j)(ξ), ϕ(Ecw(j)(ξ)))∥2

s

+ |pµ + Ewhr(j)|3∥(Z(j)(ξ), ϕ(Ecw(j)(ξ)))∥s

≲ µe−c⋆/µ + µ2e−c⋆/2µ

≲ µ2e−c⋆/2µ

as well as
|Gµ

2(j)(ξ)| ≲ µ2e−c⋆/µ.

We additionally use the estimate (2.60) for the projections onto the stable and unstable
subspaces of Lµ

sh to conclude that

|Z(j+1)(ξ)| ≤
∫ ξ

−∞
∥e(ξ−t)Lµ

shPss∥L(Xsh)|Gµ
1(j)(t) +Gµ

2(j)(t)| dt

+
∫ ∞

ξ
∥e(ξ−t)Lµ

shPsu∥L(Xsh)|Gµ
1(j)(t) +Gµ

2(j)(t)| dt,

≲ µ2e−c⋆/2µ
( ∫ ξ

−∞
eω1t dt e−ω1ξ +

∫ ∞

ξ
e−ω2t dt eω2ξ

)
≤ µ2e−c⋆/2µ

( 1
ω1

+ 1
ω2

)
≲ µ2e−c⋆/2µ,

which is inequality (5.18).
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The next step is the estimate (5.19) for r(j+1) on ξ ∈ [0,∞). Proposition 2.18 implies
that

|fµ
3(j)(ξ)| = |fµ

3 (r(j)(ξ))| ≲ |r(j)(ξ)|2 ≤ e−c⋆/µ

and that

|fµ
4(j)(ξ)| = |fµ

4(Z(j)(ξ), r(j)(ξ), ϕ(w(j)(ξ)))|
≲ µ3∥(Z(j)(ξ), r(j)(ξ), ϕ(w(j)(ξ)))∥s

≤ µ3e−c⋆/2µ.

The estimates for {Sµ
1 , S

µ
2 , U

µ
1 , U

µ
2 } (see Lemma 2.19) therefore yield

|r(j+1)(ξ)| ≤
2∑

i=1

∫ ξ

0

(
|fµ

3(j)(t)| + |fµ

4(j)(t)|
)
|(Sµ

i )∗(t)| dt |Sµ
i (ξ)|

+
∫ ∞

ξ

(
|fµ

3(j)(t)| + |fµ
4(j)(t)|

)
|(Uµ

i )∗(t)| dt |Uµ
i (ξ)|

≲ µ3e−c⋆/2µ
( ∫ ξ

0
eλµt dt e−λµξ +

∫ ∞

ξ
e−λµt dt eλµξ

)
≤ µe−c⋆/2µ(2 − e−λµξ)
≲ µe−c⋆/2µ,

thus establishing inequality (5.19).
Next we establish the estimates (5.21), (5.20) for w(j+1). We first note that

∥w(j+1)(ξ)∥X s
c ≲ ∥w0∥X s

c +
∫ ξ

0
µ∥b(pµ + r(j), w(j+1))(t)∥X s

c + ∥ĝµ

(j)(t)∥X s
c + ∥ĥµ

(j)(t)∥X s
c dt

≲ µe−c⋆/2µ +
∫ ξ

0

(
µ3e−ηλµte−c⋆/2µ + µ3e−ηλµt∥ϕ(w(j)(t))∥X s

c + µe−c⋆/µ

+ µe−c⋆/2µ∥ϕ(w(j)(t))∥X s
c + µ∥ϕ(w(j)(t))∥2

X s
c

+ µ2e−ηλµt∥ϕ(w(j+1)(t))∥X s
c

+ µe−c⋆/2µ∥ϕ(w(j+1)(t))∥X s
c

)
dt (5.22)

due to the estimates for the nonlinearities given in Propositions 2.17 and 2.18 and the
fact that the group {Sµ

c (ξ)}ξ∈R is bounded independently of µ and ξ (Lemma 5.5). For
ξ ∈ [0,∞) we use the estimate ∥ϕ(w)∥X s

c ≲ e−c⋆/2µ for each w ∈ X s
c and deduce from

(5.22) that

e−ηλµξ∥w(j+1)(ξ)∥X s
c ≲ µe−ηλµξe−c⋆/2µ + e−ηλµξ

∫ ξ

0

(
µ2e−ηλµte−c⋆/2µ + µe−c⋆/µ

)
dt

≤ µe−c⋆/2µ + e−ηλµξξ
(
µ2e−c⋆/2µ + µe−c⋆/µ

)
≲ µe−c⋆/2µ,
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since e−ηλµξξ ≲ 1, thus establishing inequality (5.20). For ξ ∈ [0, ec⋆/2µ] we use the
estimate ∥ϕ(w)∥X s

c ≲ ∥w∥X s
c in (5.22) to obtain

∥w(j+1)(ξ)∥X s
c ≲ µe−c⋆/2µ +

∫ ξ

0

(
µ(e−c⋆/µ + µ2e−ηλµte−c⋆/2µ)

+ µ(e−c⋆/2µ + µe−ηλµt)∥w(j+1)(t)∥X s
c

)
dt. (5.23)

The proof of inequality (5.20) requires a two-step estimation method for inequality
(5.23) (see the comments below the derivation of inequality (4.49)). We begin by estab-
lishing an estimate for ∥w(j+1)(ξ)∥X s

c on the short interval [0, ξ⋆], where

ξ⋆ = α| log µ|
ηλµ

for an appropriately chosen constant α > 0, so that e−ηλµξ⋆ = µα. Using the facts that

µ2 ≲ λµ, e−c⋆/2µ ≲ µ, e−ηλµξ ≤ 1, e−c⋆/µ ≲ µ2e−c⋆/2µ

for sufficiently small values of µ, we find that

∥w(j+1)(ξ)∥X s
c ≤ µe−c⋆/2µ +

∫ ξ

0
c1λ

µ∥w(j+1)(t)∥X s
c dt+ c2µ

3e−c⋆/µξ

for some multiplicative constants c1, c2 > 0 and Gronwall’s inequality implies that

∥w(j+1)(ξ)∥X s
c ≤

(
µe−c⋆/2µ + c2µ

3e−c⋆/µξ
)
ec1λµξ.

Now we restrict to ξ ∈ [0, ξ⋆] and choose α = η/2c1, so that

ec1λµξ⋆ = e
| log µ|

2 = 1
√
µ
,

and therefore

∥w(j+1)(ξ)∥X s
c ≤ 1

√
µ

(µe−c⋆/2µ + c2µ
3e−c⋆/µξ⋆)

= 1
√
µ

(
µe−c⋆/2µ + c2µ

3

2c1λµ
e−c⋆/µ| log µ|

)
≲

1
√
µ

(µe−c⋆/2µ + µe−c⋆/µ| log µ|)

≲
1

√
µ

(µe−c⋆/2µ + µe−c⋆/µ| log µ|)

≲
√
µ| log µ|e−c⋆/2µ. (5.24)

Inequality (5.24) gives the desired estimate for ∥w(j+1)(ξ)∥X s
c on the short interval [0, ξ⋆]

and we use this estimate to obtain a corresponding estimate on the interval [0, ec⋆/2µ].
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From inequality (5.23) we conclude that

∥w(j+1)(ξ)∥X s
c ≲ µe−c⋆/2µ + µ sup

ξ∈[0,ec⋆/2µ]
∥w(j+1)(ξ)∥X s

c + µ2
∫ ec⋆/2µ

0
e−ηλµt∥w(j+1)(t)∥X s

c dt

(5.25)

and observe that

µ2
∫ ec⋆/2µ

0
e−ηλµt∥w(j+1)(t)∥X s

c dt

= µ2
∫ ξ⋆

0
e−ηλµt∥w(j+1)(t)∥X s

c dt+ µ2
∫ ec⋆/2µ

ξ⋆
e−ηλµt∥w(j+1)(t)∥s dt

≤ µ2ξ⋆ sup
t∈[0,ξ⋆]

∥w(j+1)(t)∥X s
c + µ2

∫ ∞

ξ⋆
e−ηλµt dt sup

t∈[0,ec⋆/2µ]
∥w(j+1)(t)∥X s

c

≲ µ2ξ⋆ sup
t∈[0,ξ⋆]

∥w(j+1)(t)∥X s
c + e−ηλµξ⋆

η
sup

t∈[0,ec⋆/2µ]
∥w(j+1)(t)∥X s

c

≲
√
µ| log µ|2e−c⋆/2µ + µα sup

t∈[0,ec⋆/2µ]
∥w(j+1)(t)∥X s

c ,

in which we have used inequality (5.24) as well as the definitions ξ⋆ = | log µ|/2c1λ
µ and

µα = e−ηλµξ⋆ in the last step. Inserting this estimate into (5.25), we conclude that

sup
t∈[0,ec⋆/2µ]

∥w(j+1)(t)∥X s
c ≲

√
µ| log µ|2e−c⋆/2µ + (µ+ µα) sup

t∈[0,ec⋆/2µ]
∥w(j+1)(t)∥X s

c (5.26)

so that
∥w(j+1)(ξ)∥X s

c ≲
√
µ| log(µ)|2e−c⋆/2µ,

that is inequality (5.21).
Convergence of the iteration scheme

Finally we prove that the sequence {(Z(j), r(j), w(j))}j∈N0 is convergent by considering
the sequence {(Z(j+1) − Z(j), r(j+1) − r(j), w(j+1) − w(j))}j∈N0 and showing that it is con-
tractive. To this end we use the estimates for the derivatives of the nonlinearities given
in Propositions 2.17 and 2.18 together with Lemma 5.6. The result is formulated in the
following lemma. We use the abbreviation

∥(Z, r, w)∥ = ∥Z∥Cηλµ (R;Xsh) + ∥r∥Cηλµ ([0,∞);Xwh) + ∥w∥Cηλµ ([0,∞);X s
c ),

so that in particular

∥(Z(ξ), r(ξ), w(ξ))∥s ≤ eηλµξ∥(Z, r, w)∥

and
sup
j∈N0

∥(Z(j), r(j), w(j))∥ ≲ e−c⋆/2µ

due to Lemma 5.6.

200



5.1 Construction of a local centre-stable manifold

Lemma 5.7. Let j ∈ N0 and define

Z̃(j+1) = Z(j+1) − Z(j), r̃(j+1) = r(j+1) − r(j), w̃(j+1) = w(j+1) − w(j).

The estimate
∥(Z̃(j+1), r̃(j+1), w̃(j+1))∥ ≤ 1

2∥(Z̃(j), r̃(j), w̃(j))∥

holds for all sufficiently small values of µ.

In order to prove Lemma 5.7 we proceed as in the proof of Lemma 5.6 and show that

∥Z̃(j+1)∥Cηλµ (R;Xsh) ≲ µ2∥(Z̃(j), r̃(j), w̃(j))∥, (5.27)
∥r̃(j+1)∥Cηλµ ([0,∞);Xwh) ≲ µ∥(Z̃(j), r̃(j), w̃(j))∥. (5.28)

∥w̃(j+1)∥Cηλµ (R;X s
c ) ≲ µ∥(Z̃(j), r̃(j), w̃(j))∥ (5.29)

for all j ∈ N0.
We begin with the hyperbolic part (Z̃(j+1), r̃(j+1)). From the definitions (5.15), (5.16)

we obtain the formulae

Z̃(j+1)(ξ) =
∫ ξ

−∞
e(ξ−t)Lµ

shPss(Gµ
1(j)(t) −Gµ

1(j−1)(t) +Gµ
2(j)(t) −Gµ

2(j−1)(t)) dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu(Gµ
1(j)(t) −Gµ

1(j−1)(t) +Gµ
2(j)(t) −Gµ

2(j−1)(t)) dt

and

r̃(j+1)(ξ) =
2∑

i=1

( ∫ ξ

0
⟨fµ

3(j)(t) − fµ
3(j−1)(t) + fµ

4(j)(t) − fµ
4(j−1)(t), (S

µ
i )∗(t)⟩ dt

)
Sµ

i (ξ)

−
( ∫ ∞

ξ
⟨(fµ

3(j) − fµ
3(j−1) + fµ

4(j) − fµ
4(j−1))(t), (U

µ
i )∗(t)⟩ dt

)
Uµ

i (ξ).

Using the fact that ∥ϕ(w1) − ϕ(w2)∥X s
c ≲ ∥w1 − w2∥X s

c uniformly over w1, w2 ∈ X s
c we

conclude that ∥∥∥(Z̃(j)(t), (Ewhr̃(j))(t), ϕ
(
(Ecw(j))(t)

)
− ϕ

(
(Ecw(j−1))(t)

))∥∥∥
s

≲
∥∥∥(Z̃(j)(t), (Ewhr̃(j))(t), (Ecw̃(j))(t)

)∥∥∥
s

≲ eηλµt∥(Z̃(j), r̃(j), w̃(j))∥

and hence the estimates for dG1 and dG2 given in Propositions 2.17 and 2.18 and Lemma 4.30
together with Lemma 5.6 imply that

|Gµ
1(j)(ξ) −Gµ

1(j−1)(ξ)| ≲ µ2eηλµt∥(Z̃(j), r̃(j), w̃(j))∥,
|Gµ

2(j)(ξ) −Gµ
2(j−1)(ξ)| ≲ µ2eηλµt∥(Z̃(j), r̃(j), w̃(j))∥.
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The calculation in the proof of (5.18) yield

∥Z̃(j+1)∥Cηλµ (R;Xsh) ≲ µ2∥(Z̃(j), r̃(j), w̃(j))∥,

thus proving inequality (5.27).
In the same fashion we obtain

|fµ
3(j)(ξ) − fµ

3(j−1)(ξ)| ≲ µ3eηλµt∥(Z̃(j), r̃(j), w̃(j))∥,
|fµ

4(j)(ξ) − fµ
4(j−1)(ξ)| ≲ µ3eηλµt∥(Z̃(j), r̃(j), w̃(j))∥

and hence

e−ηλµξ|r̃(j+1)(ξ)| ≲ µ3
(

e−ηλµξ
∫ ξ

0
e(η+1)λµt dt e−λµξ

+ e−ηλµξ
∫ ∞

ξ
e(η−1)λµt dt eλµξ

)
∥(Z̃(j), r̃(j), w̃(j))∥

= µ3

λµ

( 1
η + 1(1 − e−(η+1)λµξ) + 1

1 − η

)
∥(Z̃(j), r̃(j), w̃(j))∥

≲ µ∥(Z̃(j), r̃(j), w̃(j))∥,

where we have used the fact that η < 1, so that the integral∫ ∞

ξ
e(η−1)λµt dt

converges. It follows that

∥r̃(j+1)∥Cηλµ ([0,∞);Xwh) ≲ µ∥(Z̃(j), r̃(j), w̃(j))∥,

which is inequality (5.28).
Next we establish the estimate (5.29) for w̃(j+1). From definition (5.17) we obtain

w̃(j+1)(ξ) =
∫ ξ

0
Sµ

c (ξ − t)
(
µb(pµ + r(j), w(j+1))(t) − µb(pµ + r(j−1), w(j))(t)

+ ĝµ

(j)(t) − ĝµ

(j−1)(t) + ĥµ
(j)(t) − ĥµ

(j−1)(t)
)

dt.

The estimates for the derivatives dĝ and dĥ given in Propositions 2.17 and 2.18 together
with Lemma 5.6 imply

∥ĝµ

(j)(t) − ĝµ

(j−1)(t)∥X s
c ≲ (µe−c⋆/2µ + µ3e−ηλµt)∥(Z̃(j)(t), r̃(j)(t), w̃(j)(t))∥s,

∥ĥµ
(j)(t) − ĥµ

(j−1)(t)∥X s
c ≲ µe−c⋆/µ∥(Z̃(j)(t), r̃(j)(t), w̃(j)(t))∥s

and

∥b(pµ + r(j), w(j+1))(t) − b(pµ + r(j−1), w(j))(t)∥X s
c

≤ ∥b(pµ + r(j), w̃(j+1))(t)∥X s
c + ∥b(r̃(j), w(j)(t)∥X s

c

≲ (µe−ηλµt + e−c⋆/2µ)∥w̃(j+1)∥X s
c + e−c⋆/2µ∥(Z̃(j)(t), r̃(j)(t), w̃(j)(t))∥s.
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It follows that

e−ηλµξ∥w̃(j+1)(ξ)∥X s
c ≲ e−ηλµξ

∫ ξ

0

(
µ(µe−ηλµt + e−c⋆/2µ)∥w̃(j+1)(t)∥X s

c

+ µe−c⋆/2µ∥(Z̃(j)(t), r̃(j)(t), w̃(j)(t))∥s

)
dt

≤ µe−c⋆/2µe−ηλµξ
∫ ξ

0
eηλµt dt ∥(Z̃(j), r̃(j), w̃(j))∥

+
(

e−ηλµξ
∫ ξ

0

(
µ2 + µe−c⋆/2µeηλµt

)
dt
)

∥w̃(j+1)∥Cηλµ (R;X s
c )

≤ µe−c⋆/2µ

ηλµ
(1 − e−ηλµξ)∥(Z̃(j), r̃(j), w̃(j))∥

+
(
µ2e−ηλµξξ + µe−c⋆/2µ

ηλµ
(1 − e−ηλµξ)

)
∥w̃(j+1)∥Cηλµ (R;X s

c )

≲ µ∥(Z̃(j), r̃(j), w̃(j))∥ + µ∥w̃(j+1)∥Cηλµ (R;X s
c )

and thus
∥w̃(j+1)∥Cηλµ (R;X s

c ) ≲ µ∥(Z̃(j), r̃(j), w̃(j))∥
were we again have used the fact that the group {Sµ

c (ξ)}ξ∈R is uniformly bounded over
µ and ξ. This calculation establishes inequality (5.29).

The existence of a limit (Z⋆, r⋆, w⋆) of the sequence {(Z(j), r(j), w(j))}j∈N0 such that

∥Z⋆∥Cb(R;Xsh) ≲ µ2e−c⋆/2µ,

∥r⋆∥Cb([0,∞);Xwh) ≲ µe−c⋆/2µ,

∥w⋆∥Cηλµ ([0,∞);X s
c ) ≲ µe−c⋆/2µ

∥w⋆∥C([−ec⋆/2µ,ec⋆/2µ];X s
c ) ≲ µδe−c⋆/2µ, δ ∈ [0, 1

2),

now follows from Lemmata 5.6 and 5.7. The statement of Theorem 5.2 is obtained by
observing that ξ 7→ (RshZ

⋆(−ξ), r⋆(ξ), w⋆(ξ)) is also a limit of {(Z(j), r(j), w(j))}j∈N0 , that
is Z⋆(ξ) = RshZ

⋆(−ξ), and extending r⋆, w⋆ by reversibility to the entire real line.

5.2 Construction of a local centre manifold

In this section we solve the modified equations (5.6)–(5.8), namely

Zξ = Lµ
shZ +Gµ

1(Z, z, w) +Gµ
2(z), (5.30)

zξ = Lµ
whz + fµ

1 (z) + fµ
2(Z, z, w), (5.31)

wξ = Lµ
cw + µb(z, w) + ĝµ(Z, z, w) + ĥµ(z), (5.32)

which are obtained from equations (2.53), (2.54) by decomposing equation (2.54) for
q = Z + w into the corresponding component equations for Z = Pshq, w = Pcq and
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5 Existence theory for the semilinear problem

applying the cut-off function ϕ (see the comments below equations (5.9)–(5.11)) to the
w-component of the nonlinearities. Here we have dropped the tildes in the formulae for
the functions f̃µ

1 and f̃µ
2 in equation (2.53) and defined

fµ

2(Z, z, w) = fµ
2 (Z, z, ϕ(w)).

Exponentially small solutions to equations (5.30)–(5.32) (satisfying in particular
∥w(ξ)∥X s

c ≤ e−c⋆/2µ for all ξ ∈ R) correspond to exponentially small solutions to the
original equations (2.53), (2.54). Here we construct solutions to (5.30)–(5.32) whose

(i) hyperbolic part is exponentially small on the entire real line,
(ii) centre part satisfies ∥w(ξ)∥X s

c ≤ e−c⋆/2µ for all ξ ≥ ξ⋆ if ∥w(ξ⋆)∥X s
c ≤ 1

2e−c⋆/2µ for
some ξ⋆ > 0.

The exact result is given in Lemma 5.11 below.
We begin with the construction of a (local) centre manifold for equations (5.30)–

(5.32). This manifold is defined as the graph of a reduction function Ψ which maps the
initial value of the centre part of a solution to (5.30)–(5.32) to the initial value of the
corresponding exponentially small hyperbolic part.

We reformulate equations (5.30), (5.31) as integral equations and (5.32) as fixed-point
problem by using the fundamental solution set {Sµ

3 , S
µ
4 , U

µ
3 , U

µ
4 } (see Lemma 2.21) in

equation (5.31). Employing the corresponding iteration scheme

Z(j+1)(ξ) =
∫ ξ

−∞
e(ξ−t)Lµ

shPss(Gµ
1(j)(t) +Gµ

2(j)(t)) dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu(Gµ
1(j)(t) +Gµ

2(j)(t)) dt,

z(j+1)(ξ) =
4∑

i=3

( ∫ ξ

−∞

〈(
fµ

1(j)(t) + fµ
2(j)(t)

)
, S∗

i (t)
〉

dt
)
Si(ξ)

−
( ∫ ∞

ξ

〈(
fµ

1(j)(t) + fµ

2(j)(t)
)
, U∗

i (t)
〉

dt
)
Ui(ξ),

w(j+1)(ξ) = Sµ
c (ξ)w0 +

∫ ξ

0
Sµ

c (ξ − t)
(
µb(z(j), w(j+1))(t) + ĝµ

(j)(t) + ĥµ
(j)(t)

)
dt

and repeating the arguments in Section 5.1 for arbitrary w0 ∈ X s
c yields the following

result.

Theorem 5.8. For each w0 ∈ X s
c equations (5.30)–(5.32) admit a unique solution

(Z⋆⋆
w0 , z

⋆⋆
w0 , w

⋆⋆
w0) ∈ Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s

c )

satisfying

∥Z⋆⋆
w0∥Cb(R;Xsh), ∥z⋆⋆

w0∥Cb(R;Xwh) ≤ e−c⋆/2µ.

204



5.2 Construction of a local centre manifold

In the context of Theorem 5.8 we define the mapping

Ψ: X s
c → Xsh × Xwh, Ψ(w0) =

(
Z⋆⋆

w0(0), z⋆⋆
w0(0)

)
.

Taking any solution

(Z, z, w) ∈ Cb(R; Xsh) × Cb(R; Xwh) × C(R; X s
c )

to equations (5.30)–(5.32) with

∥Z∥Cb(R;Xsh), ∥z∥Cb(R;Xwh) ≤ e−c⋆/2µ

we find that

w(ξ) = Sµ
c (ξ)w(0) +

∫ ξ

0
Sµ

c (ξ − t)
(
µb(z, w) + ĝµ(Z, z, w) + ĥµ(z)

)
dt

and thus

∥w(ξ)∥X s
c ≲ ∥w(0)∥X s

c + |ξ|∥µb(z, w) + ĝµ(Z, z, w) + ĥµ(z)∥X s
c

≲ ∥w(0)∥X s
c + |ξ|e−c⋆/µ. (5.33)

We conclude using the inequality e−ηλµ|ξ||ξ| ≲ 1 that ∥w∥Cηλµ (R;X s
c ) < ∞, so that in fact

(Z, z, w) ∈ Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c ).

Theorem 5.8 therefore implies that (Z(0), z(0)) = Ψ(w(0)) and this fact allows us to
make the following definition.

Definition 5.9. The set

W c =
{(
Z⋆⋆

w0(0), z⋆⋆
w0(0), w⋆⋆

w0(0)
)

: w0 ∈ X s
c

}
=
{(

Ψ(w0), w0
)

: w0 ∈ X s
c

}
is called a centre manifold for solutions to equations (5.30)–(5.32) at ξ = 0.

Since the system (5.30)–(5.32) is invariant under translations in ξ, the function

(Z̃(ξ), z̃(ξ), w̃(ξ)) = (Z(ξ + ξ0), z(ξ + ξ0), w(ξ + ξ0)), ξ0 ∈ R,

solves (5.30)–(5.32) whenever (Z(ξ), z(ξ), w(ξ)) is a solution. It follows that

(Z̃(0), z̃(0)) = Ψ(w̃(0))

(see the comments above Definition 5.9), so that

(Z(ξ0), z(ξ0)) = Ψ(w(ξ0)).
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We conclude that W c is an invariant manifold, that is (Z(ξ), z(ξ), w(ξ)) ∈ W c for all
ξ ∈ R and in particular

∥Z∥Cb(R;Xsh), ∥z∥Cb(R;Xwh) ≤ e−c⋆/2µ,

if (Z(0), z(0), w(0)) ∈ W c.
Next we restrict the domain of Ψ to {∥w0∥X s

c ≤ e−c⋆/2µ} and consider the local centre
manifold

W c
loc = {(Z, z, w) ∈ X s : (Z, z) = Ψ(w), w ∈ X s

c , ∥w∥X s
c ≤ e−c⋆/2µ} ⊆ W c

consisting of those points on W c which have exponentially small centre part. Note that
in general W c

loc is not an invariant manifold. However, each solution (Z, z, w) of equations
(5.30)–(5.32) with

∥Z∥Cb(R;Xsh), ∥z∥Cb(R;Xwh), ∥w∥Cb(R;X s
c ) ≤ e−c⋆/2µ

satisfies (Z(ξ), z(ξ), w(ξ)) ∈ W c
loc for all ξ ∈ R. On the other hand, each solution (Z, z, w)

of equations (5.30)–(5.32) with (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c
loc for some ξ0 ∈ R remains on

W c
loc as long as

|Z(ξ)|, |z(ξ)|, ∥w(ξ)∥X s
c ≤ e−c⋆/2µ

(in this case we have that (Z(ξ), z(ξ), w(ξ)) ∈ W c for all ξ ∈ R, since W c is an invariant
manifold, and ∥w(ξ)∥X s

c ≤ e−c⋆/2µ implies that (Z(ξ), z(ξ), w(ξ)) ∈ W c
loc).

The next step is to show that ∥w(ξ0)∥X s
c ≤ 1

2e−c⋆/2µ implies that

(Z(ξ), z(ξ), w(ξ)) ∈ W c
loc

for all ξ ≥ ξ0. The proof requires the following estimate for the function Ψ.

Lemma 5.10. The function Ψ: X s
c → Xsh × Xwh satisfies the estimate

|Ψ(w0)| ≲ µ∥w0∥X s
c

for each w0 ∈ X s
c with ∥w0∥X s

c ≤ e−c⋆/2µ.

Proof. Fix w0 ∈ X s
c with ∥w0∥X s

c ≤ e−c⋆/2µ and define the mappings

Fsh : Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c ) → Cb(R; Xsh)

Fwh : Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c ) → Cb(R; Xwh)

Fc : Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c ) → Cηλµ(R; X s

c )
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by
(
Fsh(Z, z, w)

)
(ξ) =

∫ ξ

−∞
e(ξ−t)Lµ

shPss(Gµ
1(Z, z, w)(t) +Gµ

2(z)(t)) dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu(Gµ
1(Z, z, w)(t) +Gµ

2(z)(t)) dt,

(
Fwh(Z, z, w)

)
(ξ) =

4∑
i=3

( ∫ ξ

−∞

〈(
fµ

1 (z)(t) + fµ

2(Z, z, w)(t)
)
, S∗

i (t)
〉

dt
)
Si(ξ)

−
( ∫ ∞

ξ

〈(
fµ

1 (z)(t) + fµ
2(Z, z, w)(t)

)
, U∗

i (t)
〉

dt
)
Ui(ξ),(

Fc(Z, z, w)
)
(ξ) = Sµ

c (ξ)w0 +
∫ ξ

0
Sµ

c (ξ − t)
(
ĝµ(Z, z, w)(t) + µb(z, w)(t) + ĥµ(z)(t)

)
dt.

It follows from Lemma 5.6 that the mappings Fsh and Fwh take values in respectively
Cb(R; Xsh) and Cb(R; Xwh). Furthermore the arguments in the proof of Lemma 5.7 show
that

∥Fsh(Z1, z1, w1) − Fsh(Z2, z2, w2)∥Cηλµ (R;Xsh) ≲ µ2∥(Z1 − Z2, z1 − z2, w1 − w2)∥

and

∥Fwh(Z1, z1, w1) − Fwh(Z2, z2, w2)∥Cηλµ (R;Xsh) ≲ µ∥(Z1 − Z2, z1 − z2, w1 − w2)∥

as well as ∥∥∥(Fc(Z1, z1, w1)
)
(ξ) −

(
Fc(Z2, z2, w2)

)
(ξ)
∥∥∥

s

≲
µe−c⋆/2µ

ηλµ
(1 − e−ηλµ|ξ|)∥(Z1 − Z2, z1 − z2, w1 − w2)∥

≲ µ∥(Z1 − Z2, z1 − z2, w1 − w2)∥

for all ξ ∈ R, where we have used the notation introduced above Lemma 5.7.
The mapping F = (Fsh,Fwh,Fc) is thus a contraction with Lipschitz constant less

than or equal to 1
2 and each solution (Z⋆⋆

w0 , z
⋆⋆
w0 , w

⋆⋆
w0) of equations (5.30)–(5.32) is a fixed

point of F , that is F(Z⋆⋆
w0 , z

⋆⋆
w0 , w

⋆⋆
w0) = (Z⋆⋆

w0 , z
⋆⋆
w0 , w

⋆⋆
w0). It follows that

∥(Z, z, w) − (Z⋆⋆
w0 , z

⋆⋆
w0 , w

⋆⋆
w0)∥ ≤ 2∥(Z, z, w) − F(Z, z, w)∥

for all
(Z, z, w) ∈ Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s

c )
with ∥Z∥Cb(R;Xsh), ∥z∥Cb(R;Xwh) ≤ e−c⋆/2µ . This estimate for the choice Z = 0, z = 0 and
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w = Sµ
c (·)w0 yields

|Ψ(w0)| = ∥(Z⋆⋆
w0(0), z⋆⋆

w0(0), w0) − (0, 0, w0)∥s

= ∥(Z⋆⋆
w0(0), z⋆⋆

w0(0), w⋆⋆
w0(0)) − (0, 0, Sµ

c (0)w0)∥s

≤ ∥(Z⋆⋆
w0 , z

⋆⋆
w0 , w

⋆⋆
w0) − (0, 0, Sµ

c (·)w0)∥
≤ 2

∥∥∥F(0, 0, Sµ
c (·)w0

)
− (0, 0, Sµ

c (·)w0)
∥∥∥

≤ 2
∥∥∥Fsh

(
0, 0, Sµ

c (·)w0
)∥∥∥

Cb(R;Xsh)
+ 2

∥∥∥Fwh
(
0, 0, Sµ

c (·)w0
)∥∥∥

Cb(R;Xwh)

+ 2
∥∥∥Fc

(
0, 0, Sµ

c (·)w0
)

− Sµ
c (·)w0

∥∥∥
Cηλµ (R;X s

c )
.

Using Propositions 2.17 and 2.18, inequality (2.60), Lemma 2.21 and Lemma 5.5 we find
that ∣∣∣Gµ

1

(
0, 0, Sµ

c (t)w0
)

+Gµ
2(0)

∣∣∣ ≲ µ
∥∥∥ϕ(Sµ

c (t)w0
)∥∥∥2

s
≲ µ∥w0∥2

X s
c
,

so that ∥∥∥Fsh
(
0, 0, Sµ

c (·)w0
)∥∥∥

Cb(R;Xsh)
≲ µ∥w0∥2

X s
c
,

and ∣∣∣Fwh
(
0, 0, Sµ

c (·)w0
)
(ξ)
∣∣∣ ≲ ∫ ξ

−∞
eλµ(t−ξ)

∥∥∥ϕ(Sµ
c (t)w0

)∥∥∥2

X s
c

dt

+
∫ ∞

ξ
eλµ(ξ−t)

∥∥∥ϕ(Sµ
c (t)w0

)∥∥∥2

X s
c

dt

≲
e−c⋆/2µ

λµ
∥w0∥X s

c

≲ µ∥w0∥X s
c .

Moreover

e−ηλµ|ξ|
∥∥∥Fc

(
0, 0, Sµ

c (·)w0
)
(ξ) − Sµ

c (ξ)w0

∥∥∥
X s

c
≲ µe−ηλµ|ξ||ξ|∥w0∥2

X s
c
≲ µ∥w0∥2

X s
c
.

■

By applying the Lyapunov functional Iµ (see Assumptions 5) to a solution (Z, z, w)
to equations (5.30)–(5.32) with (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c

loc for some ξ0 we conclude that
(Z(ξ), z(ξ), w(ξ)) ∈ W c

loc for all ξ ≥ ξ0. The result is summarised in the following lemma.

Lemma 5.11. Suppose that

(Z, z, w) ∈ Cb(R; Xsh) × Cb(R; Xwh) × Cηλµ(R; X s
c )

is a solution of equations (5.30)–(5.32) and (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c with

∥w(ξ0)∥X s
c ≤ 1

2e−c⋆/2µ

(so that (Z(ξ0), z(ξ0), w(ξ0)) ∈ W c
loc). It follows that

∥w(ξ)∥X s
c ≤ 7

8e−c⋆/2µ

(and therefore (Z(ξ), z(ξ), w(ξ)) ∈ W c
loc) for all ξ ≥ ξ0.
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Proof. Using the estimates (5.1), (5.2) together with Lemma 5.10 we find that

1
2µ

4∥w∥2
X s

c
≤ Iµ(Z, z, w) = Iµ(Ψ(w), w) ≤ 3

2µ
4∥w∥2

X s
c

for each (Z, z, w) ∈ W c
loc and sufficiently small values of µ.

Suppose that ∥w(ξ)∥X s
c >

7
8e−c⋆/2µ for some ξ > ξ0. Since w ∈ Cηλµ(R; X s

c ) is continu-
ous, we conclude that there exists ξ⋆ ∈ (ξ0, ξ) such that ∥w(ξ⋆)∥X s

c = 7
8e−c⋆/2µ. It follows

that
49
128e−c⋆/µ = 1

2∥w(ξ⋆)∥2
X s

c

≤ 1
µ4 Iµ

(
Ψ(w(ξ⋆)), w(ξ⋆)

)
= 1
µ4 Iµ

(
Ψ(w(ξ0)), w(ξ0)

)
≤ 3

2∥w(ξ0)∥2
X s

c

≤ 3
8e−c⋆/µ,

a contradiction. ■

5.3 The global centre-stable manifold

In this section we prove that the local centre-stable manifold W cs
loc constructed in Sec-

tion 5.1 (see Definition 5.3) is a global centre-stable manifold, that is solutions
(Z⋆

w0 , r
⋆
w0 , w

⋆
w0) to equations (5.9)–(5.11) whose initial values lie on W cs

loc, satisfy

∥w⋆
w0(ξ)∥X s

c ≤ e−c⋆/2µ

for all ξ ≥ 0 (and hence by reversibility for all ξ ∈ R). To this end we prove that
solutions found in Theorem 5.2 whose initial values lie on W cs

loc converge exponentially
to solutions of the modified equations (5.30)–(5.32) found in Theorem 5.8 on W c. This
result is summarised in the following theorem.

Theorem 5.12. Suppose that (Z⋆
w0 , r

⋆
w0 , w

⋆
w0) is a solution of the modified equations

(5.9)–(5.11). It follows that (Z⋆
w0 , p

µ + r⋆
w0 , w

⋆
w0) converges exponentially to a solution

(Z, z, w) of equations (5.30)–(5.32) on W c, that is

lim
ξ→∞

eηλµξ∥(Z⋆
w0(ξ), pµ(ξ) + r⋆

w0(ξ), w⋆
w0(ξ)) − (Z(ξ), z(ξ), w(ξ))∥s = 0.

In particular there exists ξ⋆ = ξ⋆(µ) ∈ (0, ec⋆/2µ] such that

sup
ξ∈[ξ⋆,∞)

∥w⋆
w0(ξ) − w(ξ)∥X s

c ≲ µe−c⋆/2µ.
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In order to prove Theorem 5.12 we fix

ξ⋆ = c⋆

µηλµ
, (5.34)

so that ξ⋆ ∈ (0, ec⋆/2µ] with e−ηλµξ⋆/2 = e−c⋆/2µ and
|pµ(ξ)| ≲ µe−c⋆/2µ

for all ξ ≥ ξ⋆

2 . Next we consider a cut-off function χ ∈ C∞(R) with

χ(ξ) =
0, |ξ| ≤ ξ⋆

2 ,

1, |ξ| ≥ ξ⋆,

|χ′(ξ)| ≤ 1
ξ⋆ for all ξ ∈ R and define (Ẑ, ẑ, ŵ) = χ(Z⋆

w0 , p
µ +r⋆

w0 , w
⋆
w0), such that (Ẑ, ẑ, ŵ)

satisfies the modified equations
Ẑξ = Lµ

shẐ +Gµ
1(Ẑ, ẑ, ŵ) +Gµ

2(ẑ) +Qµ
sh, (5.35)

ẑξ = Lµ
whẑ + fµ

1 (ẑ) + fµ
2(Ẑ, ẑ, ŵ) +Qµ

wh, (5.36)
ŵξ = Lµ

c ŵ + ĝµ(Ẑ, ẑ, ŵ) + µb(ẑ, ŵ) + ĥµ(ẑ) +Qµ
c , (5.37)

with
Qµ

sh = χ′Z⋆
w0 + χGµ

1(Z⋆
w0 , p

µ + r⋆
w0 , w

⋆
w0) −Gµ

1

(
χ(Z⋆

w0 , p
µ + r⋆

w0 , w
⋆
w0)
)

+ χGµ
2(pµ + r⋆

w0) −Gµ
2

(
χ(pµ + r⋆

w0)
)
,

Qµ
wh = χ′(pµ + r⋆

w0) + χfµ
1 (pµ + r⋆

w0) − fµ
1

(
χ(pµ + r⋆

w0)
)

+ χfµ

2(Z⋆
w0 , p

µ + r⋆
w0 , w

⋆
w0) − fµ

2

(
χ(Z⋆

w0 , p
µ + r⋆

w0 , w
⋆
w0)
)
,

Qµ
c = χ′w⋆

w0 + χĝµ(Z⋆
w0 , p

µ + r⋆
w0 , w

⋆
w0) − ĝµ

(
χ(Z⋆

w0 , p
µ + r⋆

w0 , w
⋆
w0)
)

+ µχb(pµ + r⋆
w0 , w

⋆
w0) − µb

(
χ(pµ + r⋆

w0 , w
⋆
w0)
)

+ χĥµ(pµ + r⋆
w0) − ĥµ

(
χ(pµ + r⋆

w0)
)
.

To show that (Ẑ, ẑ, ŵ) converges exponentially to a solution (Z, z, w) of equations
(5.30)–(5.32) on W c, we make the Ansatz

(Z, z, w) = (Ẑ, ẑ, ŵ) − (∆sh,∆wh,∆c),
so that (∆sh,∆wh,∆c) satisfies the equations

∂ξ∆sh = Lµ
sh∆sh +Gµ

1(Ẑ, ẑ, ŵ) +Gµ
2(ẑ)

−Gµ
1(Ẑ − ∆sh, ẑ − ∆wh, ŵ − ∆c) −Gµ

2(ẑ − ∆wh) +Qµ
sh,

∂ξ∆wh = Lµ
wh∆wh + fµ

1 (ẑ) + fµ
2(Ẑ, ẑ, ŵ) − fµ

1 (ẑ − ∆wh)
− fµ

2(Ẑ − ∆sh, ẑ − ∆wh, ŵ − ∆c) +Qµ
wh,

∂ξ∆c = Lµ
c ∆c + ĝµ(Ẑ, ẑ, ŵ) + µb(ẑ, ŵ) + ĥµ(ẑ) − ĝµ(Ẑ − ∆sh, ẑ − ∆wh, ŵ − ∆c)
− µb(ẑ − ∆wh, ŵ − ∆c) − ĥµ(ẑ − ∆wh) +Qµ

c ,
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and establish that (∆wh,∆sh,∆c) decays exponentially to zero as ξ → ∞. To this end
we consider the iteration scheme

∆(j+1)
sh (ξ) =

∫ ξ

−∞
e(ξ−t)Lµ

shPss
(
Gµ

1(Ẑ, ẑ, ŵ) +Gµ
2(ẑ) −Gµ

2(ẑ − ∆(j)
wh)

−Gµ
1(Ẑ − ∆(j)

sh , ẑ − ∆(j)
wh, ŵ − ∆(j)

c ) +Qµ
sh(t)

)
dt

−
∫ ∞

ξ
e(ξ−t)Lµ

shPsu
(
Gµ

1(Ẑ, ẑ, ŵ) +Gµ
2(ẑ) −Gµ

2(ẑ − ∆(j)
wh)

−Gµ
1(Ẑ − ∆(j)

sh , ẑ − ∆(j)
wh, ŵ − ∆(j)

c ) +Qµ
sh(t)

)
dt,
(5.38)

∆(j+1)
wh (ξ) =

4∑
i=3

( ∫ ξ

−∞

〈(
fµ

1 (ẑ)(t) + fµ
2(Ẑ, ẑ, ŵ)(t) − fµ

1 (ẑ − ∆(j)
wh)(t)

− fµ

2(Ẑ − ∆(j)
sh , ẑ − ∆(j)

wh, ŵ − ∆(j)
c )(t)

+Qµ
wh(t)

)
, S∗

i (t)
〉

dt
)
Si(ξ)

−
∫ ∞

ξ

〈(
fµ

1 (ẑ)(t) + fµ

2(Ẑ, ẑ, ŵ)(t) − fµ
1 (ẑ − ∆(j)

wh)(t)

− fµ

2(Ẑ − ∆(j)
sh , ẑ − ∆(j)

wh, ŵ − ∆(j)
c )(t)

+Qµ
wh(t)

)
, U∗

i (t)
〉

dt
)
Ui(ξ), (5.39)

∆(j+1)
c (ξ) =

∫ ∞

ξ
Sµ

c (ξ − t)
(
ĝµ(Ẑ, ẑ, ŵ)(t) + µb(ẑ, ŵ)(t) + ĥµ(ẑ)(t)

− ĝµ(Ẑ − ∆(j)
sh , ẑ − ∆(j)

wh, ŵ − ∆(j)
c )(t)

− µb(ẑ − ∆(j)
wh, ŵ − ∆(j)

c )(t) − ĥµ(ẑ − ∆(j)
wh)(t) +Qµ

c (t)
)

dt
(5.40)

and show that the sequence {(∆(j)
sh ,∆

(j)
wh,∆(j)

c )}j∈N is convergent in

C−ηλµ(R,Xsh) × C−ηλµ(R,Xwh) × C−ηλµ(R,X s
c )

for an appropriately chosen initial value (∆(0)
sh ,∆

(0)
wh,∆(0)

c ). First we need estimates for
the remainder terms appearing in the equations (5.35)–(5.37).

Lemma 5.13. The remainder terms Qµ
wh, Qµ

sh and Qµ
c satisfy the estimates

∥Qµ
sh∥Cb(R,Xsh), ∥Qµ

wh∥Cb(R,Xwh), ∥Qµ
c ∥Cb(R,X s

c ) ≲ µ4e−c⋆/2µ.

and
∥Qµ

sh∥C−ηλµ (R,Xsh), ∥Qµ
wh∥C−ηλµ (R,Xwh), ∥Qµ

c ∥C−ηλµ (R,X s
c ) < ∞.

Proof. First note that by definition Qµ
sh(ξ), Qµ

wh(ξ), Qµ
c (ξ) = 0 if |ξ| ̸∈ [ ξ⋆

2 , ξ
⋆]. For

|ξ| ∈ [ ξ⋆

2 , ξ
⋆] we have that |χ′(ξ)| ≤ 1

ξ⋆ ≲ µ3 so that the terms in Qµ
sh, Qµ

wh and Qµ
c which

are linear in respectively Z⋆
w0 , pµ + r⋆

w0 and w⋆
w0 can be estimated by

∥χ′(ξ)(Z⋆
w0(ξ), pµ(ξ) + r⋆

w0(ξ), w⋆
w0(ξ))∥s ≲ µ4e−c⋆/2µ,
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since
|pµ(ξ) + r⋆

w0(ξ)|, ∥w⋆
w0(ξ)∥X s

c ≲ µe−c⋆/2µ, |ξ| ∈ [ ξ⋆

2 , ξ
⋆].

The remaining nonlinear terms are at least quadratic in (Z⋆
w0 , p

µ + r⋆
w0 , w

⋆
w0) so that

|Qµ
sh(ξ)|, |Qµ

wh(ξ)|, ∥Qµ
c (ξ)∥X s

c ≲ ∥(Z⋆
w0(ξ), pµ(ξ) + r⋆

w0(ξ), w⋆
w0(ξ))∥2

s

+ ∥χ′(ξ)(Z⋆
w0(ξ), pµ(ξ) + r⋆

w0(ξ), w⋆
w0(ξ))∥s

≲ µ2e−c⋆/µ + µ4e−c⋆/2µ

≲ µ4e−c⋆/2µ

which verifies the first assertion. Moreover, this estimate yields

|Qµ
sh(ξ)|, |Qµ

wh(ξ)|, ∥Qµ
c (ξ)∥X s

c ≲ µ4e−c⋆/2µ

= µ4e−ηλµξ⋆/2

= µ4eηλµξ⋆/2e−ηλµξ⋆

= µ4ec⋆/2µe−ηλµξ⋆

≤ µ4ec⋆/2µe−ηλµξ

so that
eηλµξ|Qµ

sh(ξ)|, eηλµξ|Qµ
wh(ξ)|, eηλµξ∥Qµ

c (ξ)∥X s
c < ∞, ξ ∈ R.

■

The next step is to show that the weakly and strongly hyperbolic parts of the sequence
{(∆(j)

sh ,∆
(j)
wh,∆(j)

c )}j∈N are exponentially small with respect to µ.

Lemma 5.14. Suppose that j ∈ N0 and

∆(j)
sh ∈ C−ηλµ(R; Xsh), ∆(j)

wh ∈ C−ηλµ(R; Xwh), ∆(j)
c ∈ C−ηλµ(R; X s

c )

satisfy
∥∆(j)

sh ∥Cb(R;Xsh), ∥∆(j)
wh∥Cb(R;Xwh) ≤ e−c⋆/2µ.

It follows that

∆(j+1)
sh ∈ C−ηλµ(R; Xsh), ∆(j+1)

wh ∈ C−ηλµ(R; Xwh), ∆(j+1)
c ∈ C−ηλµ(R; X s

c )

with
∥∆(j+1)

sh ∥Cb(R;Xsh) ≲ µe−c⋆/2µ, ∥∆(j+1)
wh ∥Cb(R;Xwh) ≲ µe−c⋆/2µ

for all sufficiently small values of µ.

Proof. By construction we have that

|ẑ(ξ)| ≲ |χ(ξ)(pµ(ξ) + r⋆
w0(ξ))| ≲ µe−c⋆/2µ, |Ẑ(ξ)| ≲ |Z⋆

w0(ξ)| ≲ µ2e−c⋆/2µ
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and
∥ϕ(ŵ(ξ))∥X s

c , ∥ϕ(ŵ(ξ) − ∆(j)
c (ξ))∥X s

c ≲ e−c⋆/2µ

for all ξ ∈ R. Using these inequalities together with the estimates for the derivatives of
the nonlinearities given in Propositions 2.17 and 2.18 and Lemma 4.30 we find that

|Gµ
1(Ẑ, ẑ, ŵ)(ξ) −Gµ

1(Ẑ − ∆(j)
sh , ẑ − ∆(j)

wh, ŵ − ∆(j)
c )(ξ)|

≲ µ
∥∥∥(∆(j)

sh (ξ),∆(j)
wh(ξ), ϕ(ŵ) − ϕ(ŵ(ξ) − ∆(j)

c (ξ))
)∥∥∥

s

and

|Gµ
2(ẑ)(ξ) −Gµ

2(ẑ − ∆(j)
wh)(ξ)| ≲ µ

∥∥∥(∆(j)
sh (ξ),∆(j)

wh(ξ), ϕ(ŵ) − ϕ(ŵ(ξ) − ∆(j)
c (ξ))

)∥∥∥
s

so that

eηλµξ|∆(j+1)
sh (ξ)|

≲ µ
∥∥∥(∆(j)

sh ,∆
(j)
wh, ϕ(ŵ) − ϕ(ŵ − ∆(j)

c )
)∥∥∥

C−ηλµ (R,X s)
+ ∥Qµ

sh∥C−ηλµ (R,Xsh)

< ∞.

Similarly

eηλµξ|∆(j+1)
wh (ξ)|

≲
(
µ3
∥∥∥(∆(j)

sh ,∆
(j)
wh, ϕ(ŵ) − ϕ(ŵ − ∆(j)

c )
)∥∥∥

C−ηλµ (R,X s)
+ ∥Qµ

wh∥C−ηλµ (R,Xwh)

)
×
( ∫ ξ

−∞
e(1−η)λµt dt e−(1−η)λµξ +

∫ ∞

ξ
e−(1+η)λµt dt e(1+η)λµξ

)
≲

µ3

(1 − η)λµ

∥∥∥(∆(j)
sh ,∆

(j)
wh, ϕ(ŵ) − ϕ(ŵ − ∆(j)

c )
)∥∥∥

C−ηλµ (R,X s)

+ 1
(1 − η)λµ

∥Qµ
wh∥C−ηλµ (R,Xwh)

≲ µ
∥∥∥(∆(j)

sh ,∆
(j)
wh, ϕ(ŵ) − ϕ(ŵ − ∆(j)

c )
)∥∥∥

C−ηλµ (R,X s)
+ 1

(1 − η)λµ
∥Qµ

wh∥C−ηλµ (R,Xwh)

< ∞

(pointwise in µ). We further have that

eηλµξ∥∆(j+1)
c (ξ)∥X s

c

≲
(
µ3
∥∥∥(∆(j)

sh ,∆
(j)
wh, ϕ(ŵ) − ϕ(ŵ − ∆(j)

c )
)∥∥∥

C−ηλµ (R,X s)
+ ∥Qµ

c ∥C−ηλµ (R,X s
c )

)
×
∫ ∞

ξ
e−ηλµt dt eηλµξ

≲ µ
∥∥∥(∆(j)

sh ,∆
(j)
wh, ϕ(ŵ) − ϕ(ŵ − ∆(j)

c )
)∥∥∥

C−ηλµ (R,X s)
+ 1
ηλµ

∥Qµ
c ∥C−ηλµ (R,X s

c )

< ∞.
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Finally, we use the above estimates on |∆(j+1)
sh (ξ)| and |∆(j+1)

wh (ξ)| (without any expo-
nential weight) together with the hypothesis

∥∆(j)
sh ∥Cb(R;Xsh), ∥∆(j)

wh∥Cb(R;Xwh) ≤ e−c⋆/2µ

and Lemma 5.13 to obtain

∥∆(j+1)
sh ∥Cb(R;Xsh) ≲ µe−c⋆/2µ, ∥∆(j+1)

wh ∥Cb(R;Xwh) ≲ µe−c⋆/2µ.

■

Next we conclude that the iteration scheme (5.38)–(5.40) is contractive. To this end
we define

∆̃(j+1)
sh (ξ) = ∆(j+1)

sh (ξ) − ∆(j)
sh (ξ)

= −
∫ ξ

−∞
e(ξ−t)Lµ

shPss
(
Gµ

1(Ẑ − ∆(j)
sh , ẑ − ∆(j)

wh, ŵ − ∆(j)
c )(t)

−Gµ
1(Ẑ − ∆(j−1)

sh , ẑ − ∆(j−1)
wh , ŵ − ∆(j−1)

c )(t)
+Gµ

2(ẑ − ∆(j)
wh)(t) −Gµ

2(ẑ − ∆(j−1)
wh )(t)

)
dt

+
∫ ∞

ξ
e(ξ−t)Lµ

shPsu
(
Gµ

1(Ẑ − ∆(j)
sh , ẑ − ∆(j)

wh, ŵ − ∆(j)
c )(t)

−Gµ
1(Ẑ − ∆(j−1)

sh , ẑ − ∆(j−1)
wh , ŵ − ∆(j−1)

c )(t)
+Gµ

2(ẑ − ∆(j)
wh)(t) −Gµ

2(ẑ − ∆(j−1)
wh )(t)

)
dt,

∆̃(j+1)
wh (ξ)
= ∆(j+1)

wh (ξ) − ∆(j)
wh(ξ)

=
4∑

i=3

(
−
∫ ξ

−∞

〈(
fµ

1 (ẑ − ∆(j)
wh)(t) − fµ

1 (ẑ − ∆(j−1)
wh )(t)

+ fµ
2(Ẑ − ∆(j)

sh , ẑ − ∆(j)
wh, ŵ − ∆(j)

c )(t)

− fµ

2(Ẑ − ∆(j−1)
sh , ẑ − ∆(j−1)

wh , ŵ − ∆(j−1)
c )(t)

)
, S∗

i (t)
〉

dt
)
Si(ξ)

+
∫ ∞

ξ

〈(
fµ

1 (ẑ − ∆(j)
wh)(t) − fµ

1 (ẑ − ∆(j−1)
wh )(t)

+ fµ
2(Ẑ − ∆(j)

sh , ẑ − ∆(j)
wh, ŵ − ∆(j)

c )(t)

− fµ
2(Ẑ − ∆(j−1)

sh , ẑ − ∆(j−1)
wh , ŵ − ∆(j−1)

c )(t)
)
, U∗

i (t)
〉

dt
)
Ui(ξ),
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∆̃(j+1)
c (ξ) = ∆(j+1)

c (ξ) − ∆(j)
c (ξ)

= −
∫ ∞

ξ
Sµ

c (ξ − t)
(
ĝµ(Ẑ − ∆(j)

sh , ẑ − ∆(j)
wh, ŵ − ∆(j)

c )(t)

− ĝµ(Ẑ − ∆(j−1)
sh , ẑ − ∆(j−1)

wh , ŵ − ∆(j−1)
c )(t)

+ µb(ẑ − ∆(j)
wh, ŵ − ∆(j)

c )(t)
− µb(ẑ − ∆(j−1)

wh , ŵ − ∆(j−1)
c )(t)

+ ĥµ(ẑ − ∆(j)
wh)(t) − ĥµ(ẑ − ∆(j−1)

wh )(t)
)

dt.

The following result is established by using the same estimates as in the proof of
Lemma 5.14 with respectively (Ẑ, ẑ, ŵ) and (Ẑ − ∆(j)

sh , Ẑ − ∆(j)
wh, ŵ − ∆(j)

c ) replaced by
(Ẑ − ∆(j)

sh , Ẑ − ∆(j)
wh, ŵ− ∆(j)

c ) and (Ẑ − ∆(j−1)
sh , Ẑ − ∆(j−1)

wh , ŵ− ∆(j−1)
c ), and noting that

the convergence is not affected by the remainder terms Qsh, Qwh and Qc.

Lemma 5.15. The estimate

∥(∆̃(j+1)
sh , ∆̃(j+1)

wh , ∆̃(j+1)
c )∥C−ηλµ (R,X s) ≤ 1

2∥(∆̃(j)
sh , ∆̃

(j)
wh, ∆̃(j)

c )∥C−ηλµ (R,X s)

holds for all sufficiently small values of µ.

Corollary 5.16. Suppose that

(∆(0)
sh ,∆

(0)
wh,∆(0)

c ) ∈ C−ηλµ(R,X s)

satisfies
∥(∆(0)

sh ,∆
(0)
wh,∆(0)

c )∥C−ηλµ (R,X s) ≤ eηλµξ⋆/2

and
∥∆(0)

sh ∥Cb(R;Xsh), ∥∆(0)
wh∥Cb(R;Xwh) ≤ e−c⋆/2µ.

(i) The sequence {(∆(j)
sh ,∆

(j)
wh,∆(j)

c )}j∈N0 is a Cauchy sequence and hence convergent
in C−ηλµ(R,X s). Its limit (∆sh,∆wh,∆c) satisfies the estimates

∥∆sh∥Cb(R;Xsh), ∥∆wh∥Cb(R;Xwh) ≲ µe−c⋆/2µ

and
∥(∆sh,∆wh,∆c)∥C−ηλµ (R,X s) ≲ µeηλµξ⋆/2.

(ii) We have that
(Z, z, w) = (Ẑ, ẑ, ŵ) − (∆sh,∆wh,∆c) ∈ W c.
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5 Existence theory for the semilinear problem

Proof.
(i) It is a direct consequence of Lemmata 5.14 and 5.15 that {(∆(j)

sh ,∆
(j)
wh,∆(j)

c )}j∈N0 is
a Cauchy sequence in C−ηλµ(R,X s) with a limit (∆sh,∆wh,∆c) satisfying

∥∆sh∥Cb(R;Xsh), ∥∆wh∥Cb(R;Xwh) ≲ µe−c⋆/2µ.

Moreover, inspecting the proofs of Lemmata 5.13 and 5.14 we find that

∥∆c∥C−ηλµ (R;X s
c ) ≲ µ∥(∆(0)

sh ,∆
(0)
wh,∆(0)

c )∥C−ηλµ (R,X s) + 1
ηλµ

∥Qc∥C−ηλµ (R;X s
c )

≲ µeηλµξ⋆/2 + µ2eηλµξ⋆/2

≲ µeηλµξ⋆/2

and thus
∥(∆sh,∆wh,∆c)∥C−ηλµ (R,X s) ≲ µeηλµξ⋆/2.

(ii) By construction
(Z, z, w) = (Ẑ, ẑ, ŵ) − (∆sh,∆wh,∆c)

is a solution of equations (5.30)–(5.32) and since

∥Z∥Cb(R;Xsh) ≤ ∥Ẑ∥Cb(R;Xsh) + ∥∆sh∥Cb(R;Xsh) ≲ µe−c⋆/2µ

as well as

∥z∥Cb(R;Xwh) ≤ ∥ẑ∥Cb(R;Xwh) + ∥∆wh∥Cb(R;Xwh) ≲ µe−c⋆/2µ,

we conclude that (Z, z, w) ∈ W c.
■

Suppose that ξ ≥ ξ⋆ (see (5.34)), so that w⋆
w0(ξ) = ŵ(ξ) and thus

∥w⋆
w0(ξ) − w(ξ)∥X s

c = ∥ŵ(ξ) − w(ξ)∥X s
c

≤ ∥(∆sh(ξ),∆wh(ξ),∆c(ξ))∥s

≤ e−ηλµξ∥(∆sh,∆wh,∆c)∥C−ηλµ (R,X s)

≲ µe−ηλµξ⋆/2

= µe−c⋆/2µ

due to Corollary 5.16. This observation completes the proof of Theorem 5.12. The last
step in the proof of the existence of global generalised pulse solutions to equations (2.53)
and (2.54) (that is global exponentially small solutions to equations (2.55)–(2.57), see
Theorem 5.1) is to deduce that

∥w⋆
w0∥Cb(R;X s

c ) ≤ e−c⋆/2µ.

In the following result (Z, z, w) and (∆sh,∆wh,∆c) denote the functions in Corollary 5.16.
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5.3 The global centre-stable manifold

Theorem 5.17. The centre part w⋆
w0 of a solution (Z⋆

w0 , r
⋆
w0 , w

⋆
w0) to equations (5.9)–

(5.11) satisfies the estimate

∥w⋆
w0∥Cb(R;X s

c ) ≤ e−c⋆/2µ.

Proof. Since ξ⋆ ≤ ec⋆/2µ and

∥w⋆
w0∥C([0,ec⋆/2µ];X s

c ) ≲ µδe−c⋆/2µ,

we conclude that
∥w(ξ⋆)∥X s

c ≲ (µ+ µδ)e−c⋆/2µ ≤ 1
2e−c⋆/2µ

so that Lemma 5.11 yields

sup
ξ∈[ξ⋆,∞)

∥w(ξ)∥X s
c ≤ 7

8e−c⋆/2µ

and hence
sup

ξ∈[ξ⋆,∞)
∥w⋆

w0(ξ)∥X s
c ≤

(
µ+ 7

8
)
e−c⋆/2µ ≤ e−c⋆/2µ.

Due to reversibility it follows that

∥w⋆
w0∥Cb(R;X s

c ) ≤ e−c⋆/2µ.

■
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6 Breather solutions to Klein-Gordon
equations

In this chapter we study the quasilinear Klein-Gordon equation

ϕtt = ϕxx − ϕ+ f1(ϕ, ϕt, ϕx)ϕxx + f2(ϕ, ϕt, ϕx), (6.1)

where f1, f2 : R3 → R are analytic functions with f1(0) = 0, f2(0) = 0, df2[0] = 0 and

fi(a,−b,−c) = fi(a, b, c), i = 1, 2.

We seek generalised breather solutions to equation (6.1) of the form

ϕ(x, t) = v1(ξ, τ), ξ = x, τ = ωt,

in which v1 is 2π-periodic in its second argument, and introduce a bifurcation parameter
ε by writing

ω =
√

1 − ε2.

Our result is summarised in the following theorem, which is proved using the theory
in Chapter 4, or Chapter 5 in the special case f1 = 0, f2(a, b, c) = f2(a) (henceforth
referred to as the ‘special case’).

Theorem 6.1. There exist positive constants ε0 and c⋆ with the property that for each
ε ∈ (0, ε0] equation (6.1) admits an infinite-dimensional, continuous family of generalised
breather solutions of the form

ϕ(x, t) = v1(x, ωt),
parameterised by the values v1(0, 0). These solutions satisfy

v1(ξ, τ) = v1(−ξ,−τ), v1(ξ, τ + 2π) = v1(ξ, τ), |v1(ξ, τ) − pε(ξ, τ)| ≤ e−c⋆/2
√

ε

for all τ ∈ R and respectively ξ ∈ [−ec⋆/2
√

ε, ec⋆/2
√

ε] and ξ ∈ R if additionally f1 = 0,
f2(a, b, c) = f2(a). Here

pε(ξ, τ) = ±2ε
( 2
Č

)1/2
sech(εξ) cos(τ) +O(ε3/2e−εη|ξ|), 0 < η < 1

(so that lim
ξ→±∞

pε(ξ, τ) = 0 uniformly in τ ∈ R), where Č is a normal-form coefficient
which is computed in Section 6.2 (see equations (6.26), (6.28)) and required to be positive.
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6 Breather solutions to Klein-Gordon equations

Groves & Schneider [10] previously constructed ‘moving breather’ solutions to equation
(6.1) of the form

ϕ(x, t) = w1(ξ, τ), ξ = x− 1
cp
t, τ = ω(x− cpt),

where w1 is 2π-periodic in its second argument and cp = c′
p + O(ε2) is a perturbation

of the linear phase velocity c′
p = ω(1 + ω2)−1/2. The arguments presented in [10] rely

on the structure of the Klein-Gordon equation (6.1), whereas we demonstrate how the
general theory in this thesis also applies to these equations. Groves & Schneider [8]
also considered the special case, obtaining moving breathers algebraically close to a
pulse of the form p(ξ, τ); here we improve their result, obtaining an exponentially close
approximation.

6.1 Existence theory

We begin by writing equation (6.1) as a first order system of the form (2.1). Inserting
our Ansatz

ϕ(x, t) = v1(ξ, τ), ξ = x, τ = ωt,

with ω =
√

1 − ε2 into equation (6.1) we obtain

v1ξξ = (1 − ε2)v1ττ + v1 − f2(v1,
√

1 − ε2v1τ , v1ξ)
1 + f1(v1,

√
1 − ε2v1τ , v1ξ)

. (6.2)

In order to write equation (6.2) as a first order system we define v2 = v1ξ and v3 = v1τ ,
so that

v1ξ = v2, v2ξ = (1 − ε2)v3τ + v1 − f2(v1,
√

1 − ε2v3, v2)
1 + f1(v1,

√
1 − ε2v3, v2)

, v3ξ = v2τ .

It follows that equation (6.2) can be written as

vξ = Aε(v)vτ +Bε(v), (6.3)

where

v =

v1
v2
v3

 , Aε(v) =

0 0 0
0 0 f ε

3 (v)
0 1 0

 , Bε(v) =

 v2
f ε

4 (v)
0


with

f ε
3 (v) = 1 − ε2

1 + f1(v1,
√

1 − ε2v3, v2)
, f ε

4 (v) = v1 − f2(v1,
√

1 − ε2v3, v2)
1 + f1(v1,

√
1 − ε2v3, v2)

(so that in particular f ε
i (a,−b,−c) = f ε

i (a, b, c)).
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6.1 Existence theory

Remark 6.2. Solutions to equation (6.3) are not necessarily solutions to equation (6.2)
since they do not automatically satisfy v3 = v1τ ; the solutions constructed below do
however have this property. More generally, a solution to equation (6.3) which satisfies
v3(0, τ) = v1τ (0, τ) for all τ ∈ [0, 2π) satisfies v3(ξ, τ) = v1τ (ξ, τ) for all ξ, since

(v3 − v1τ )ξ = v3ξ − v1ξτ = v2τ − v2τ = 0.

Basic properties and symmetrisation
We first establish that the first order system (6.3) is a reversible, symmetrisable hyper-

bolic system with analytic coefficients (see Assumptions 1) and perform the symmetri-
sation of its linear part (see the comments below Assumptions 1). Clearly the functions
A : R × R3 → R3×3 and B : R × R3 → R3 are analytic at the origin with Bε(0) = 0
(Assumptions 1(i)) and the matrix

Aε(0) =

0 0 0
0 0 1 − ε2

0 1 0


is strictly hyperbolic (Assumptions 1(ii)).

To establish the symmetrisability of A (Assumptions 1(iii)) we note that the function
f1 in equation (6.1) is by assumption analytic at the origin and satisfies f1(0) = 0. It
follows that f 0

3 (0) = 1 and thus

f ε
3 (v) = 1 + O(|(ε, v)|).

The symmetric matrix

Sε(v) =

1 0 0
0 1 0
0 0 f ε

3 (v)


is therefore positive definite (in a neighbourhood of the origin) and satisfies(

Sε(v)Aε(v)
)⊤

= Sε(v)Aε(v).

Note that

Sε(0) =

1 0 0
0 1 0
0 0 1 − ε2

 ,
so that

Sε(0) 1
2Aε(0)Sε(0)− 1

2 =

0 0 0
0 0

√
1 − ε2

0
√

1 − ε2 0


and

Sε(0) 1
2∂Bε[0]Sε(0)− 1

2 =

0 1 0
1 0 0
0 0 0

 = ∂Bε[0].
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6 Breather solutions to Klein-Gordon equations

The reversibility of equation (6.3) (Assumptions 1(iv)) follows from the fact that the
matrix

T =

1 0 0
0 −1 0
0 0 −1


satisfies T 2 = I, Aε(Tv)T = TAε(v) and Bε(Tv) = −TBε(v). We conclude that
equation (6.3) is invariant with respect to the transformation ξ 7→ −ξ, v 7→ Rv with

(Rv)(τ) = Tv(−τ).

We also note that T commutes with Sε(0) and hence with Sε(0) 1
2 and Sε(0)− 1

2 .

The change of variable u = Sε(0) 1
2v yields the reversible first order system

uξ = Ãε(u)uτ + B̃ε(u) = Lεu+N ε(u), (6.4)

where

Ãε(u) = Sε(0) 1
2Aε(Sε(0)− 1

2u)Sε(0)− 1
2 , B̃ε(u) = Sε(0) 1

2Bε(Sε(0)− 1
2u).

Here the linear operator Lε and the nonlinearity N ε are given by

Lεu = Ãε(0)uτ + ∂B̃ε[0]u =

 u2√
1 − ε2u3τ + u1√

1 − ε2u2τ


and

N ε(u) =
(
Ãε(u) − Ãε(0)

)
uτ + B̃ε(u) − ∂B̃ε[0]u

=


0

f ε
3 (Sε(0)− 1

2u) − f ε
3 (0)√

1 − ε2
u3τ + f ε

4 (Sε(0)− 1
2u) − u1

0

 ,

where

u =

u1
u2
u3

 =

 v1
v2√

1 − ε2v3

 .
In the special case where the functions f1 and f2 in equation (6.1) satisfy f1 = 0,

f2(a, b, c) = f2(a) it follows that

f ε
3 (v) = 1 − ε2, f ε

4 (v) = v1 − f2(v1),

and thus

N ε(u) =

 0
f2(u1)

0

 .
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6.1 Existence theory

In this case the function

Hε(u) =
∫ 2π

0

{1
2u

2
2 + 1

2u
2
3 − 1

2u
2
1 − F2(u1)

}
dτ, (6.5)

in which F2 is an antiderivative of f2, is a conserved quantity for the system (6.4).

Remark 6.3. As indicated in Assumptions 1(iii) no symmetrisation is needed if the
function f3 in equation (6.3) is a constant function of v. However we include the sim-
ilarity transformation Sε(0) 1

2 for simplicity below. The formula for the normal-form
coefficient Č in the hypothesis of Theorem 6.1, which is derived in Section 6.2, is not
affected since S0(0) = I.

Spectral analysis
We examine the spectrum of the linear operator Lε ∈ L(X t+1,X t) with

X t = H t
per(0, 2π;C3), t ≥ 0.

For this purpose we consider each mode seperately and compute the spectrum of the
operator

Lε
m : Em → Em, Lε

m(umeimτ ) =
(
imÃε(0) + ∂B̃ε[0]

)
umeimτ

for each m ∈ Z, where

imÃε(0) + ∂B̃ε[0] =

0 1 0
1 0 im

√
1 − ε2

0 im
√

1 − ε2 0

 .

m = 0: The matrix

∂B̃ε[0] =

0 1 0
1 0 0
0 0 0


has, independently of ε, the geometrically simple eigenvalues −1, 0 and 1. The corre-
sponding (ε-independent) eigenspaces are given by

E
(0)
−1 =

〈 1
−1
0

〉, E
(0)
0 =

〈0
0
1

〉, E
(0)
1 =

〈1
1
0

〉.
m = ±1: For ε = 0 the matrix

±iÃ0(0) + ∂B̃0[0] =

0 1 0
1 0 ±i
0 ±i 0


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6 Breather solutions to Klein-Gordon equations

has the algebraically triple, geometrically simple eigenvalue 0. The (generalised) eigen-
vectors are  1

0
±i

 ,
0

1
0

 ,
1

0
0

 .
For ε > 0 the matrix

±iÃε(0) + ∂B̃ε[0] =

0 1 0
1 0 ±i

√
1 − ε2

0 ±i
√

1 − ε2 0


has the geometrically simple eigenvalues −ε, 0 and ε. The corresponding eigenspaces
are given by

E
(±1)
−ε =

〈 1
−ε

±i
√

1 − ε2

〉, E
(±1)
0 =

〈
√

1 − ε2

0
±i

〉, E(±1)
ε =

〈 1
ε

±i
√

1 − ε2

〉.
|m| > 1: The matrix

imÃε(0) + ∂B̃ε[0] =

0 1 0
1 0 im

√
1 − ε2

0 im
√

1 − ε2 0


has the geometrically simple eigenvalues −i

√
m2(1 − ε2) − 1, 0 and i

√
m2(1 − ε2) − 1.

The corresponding eigenspaces are given by

E
(m)
−i

√
m2(1−ε2)−1

=
〈

1
−i
√
m2(1 − ε2) − 1
im

√
1 − ε2


〉
, E

(m)
0 =

〈−im
√

1 − ε2

0
1

〉,

E
(m)
i
√

m2(1−ε2)−1
=
〈

1
i
√
m2(1 − ε2) − 1
im

√
1 − ε2


〉
.

Remark 6.4. The eigenvalues of the matrix imÃε(0) + ∂B̃ε[0] are geometrically simple
for each m ∈ Z (Assumptions 2(i)) and purely imaginary for |m| > 1 if ε is sufficiently
small.

Observe the special role of the eigenvalues in modes ±1: while the only mode ±1
eigenvalue for ε = 0 is the algebraically triple, geometrically simple eigenvalue 0, one
simple zero eigenvalue persits for ε > 0. The additional simple zero eigenvalues in
modes m ∈ Z \ {±1} however remain simple zero eigenvalues for all values of ε. In
the considerations below they are therefore seperated from the eigenvalues undergoing
a non-semisimple collision in modes ±1.
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6.1 Existence theory

Finally, we construct the spectral projections P ε
wh, P ε

sh, P ε
c and P ε

0 for the linear
operator Lε associated with respectively its eigenvalues −ε, 0, ε in modes ±1, its (finitely
many) remaining eigenvalues with non-zero real part, its purely imaginary eigenvalues,
and its remaining zero eigenvalues; precise definitions are given by formula (2.7) and

(P ε
0u)(τ) = 1√

2π
∑

m∈Z\{±1}
Pm,ε

0 (umeimτ ),

where Pm,ε
0 : Em → Em is the spectral projection associated with the zero eigenvalues of

Lε|Em , m ∈ Z \ {±1}. We find that

P 0
whX t

=
〈1

0
i

 eiτ ,

0
1
0

 eiτ ,

1
0
0

 eiτ ,

 1
0

−i

 e−iτ ,

0
1
0

 e−iτ ,

1
0
0

 e−iτ
〉

= E−1 ⊕ E1,

P ε
whX t

=
〈 1

−ε
i
√

1 − ε2

 eiτ ,


√

1 − ε2

0
i

 eiτ ,

 1
ε

i
√

1 − ε2

 eiτ ,

 1
−ε

−i
√

1 − ε2

 e−iτ ,


√

1 − ε2

0
−i

 e−iτ ,

 1
ε

−i
√

1 − ε2

 e−iτ
〉

= E−1 ⊕ E1, ε > 0,
P ε

shX t

=
〈 1

−1
0

 ,
1

1
0

〉 ⊆ E0, ε ≥ 0,

P ε
c X t

=
{ ∑

m∈Z\{−1,0,1}
wε

m,1


1

−i
√
m2(1 − ε2) − 1
im

√
1 − ε2

 eimτ + wε
m,2


1

i
√
m2(1 − ε2) − 1
im

√
1 − ε2

 eimτ :

wε
m,1, w

ε
m,2 ∈ C

}
⊆

⊕
m∈Z\{−1,0,1}

Em, ε ≥ 0,
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6 Breather solutions to Klein-Gordon equations

and

P ε
0 X t

=
{ ∑

m∈Z\{−1,1}
Xε

m

−im
√

1 − ε2

0
1

 eimτ : Xε
m ∈ C

}

⊆
⊕

m∈Z\{−1,1}
Em, ε ≥ 0,

where the series converge in X t.
Formulation as a coupled system

Note that particular components of functions in the spaces P ε
c X t and P ε

0 X t have
increased regularity. Taking

w =

w1
w2
w3

 ∈ P ε
c X t

we observe that w2, w3 ∈ H t
per(0, 2π;C) in particular requires w1 ∈ H t+1

per (0, 2π;C) be-
cause

P ε
c X t =

{
1

i
√

(1 − ε2)D2 − 1√
1 − ε2∂τ

u1,1 +


1

−i
√

(1 − ε2)D2 − 1√
1 − ε2∂τ

u1,2 :

u1,1, u1,2 ∈ H t+1
per (0, 2π;C)

}
, ε ≥ 0.

Similarly we conclude that

P ε
0 X t =

{−∂τ

0
1

u3 : u3 ∈ H t+1
per (0, 2π;C)

}
, ε ≥ 0.

It is a direct consequence of this observation, and the fact that a function u ∈ X t of
the form

u =

 0
u2
0


has by definition no components in the space P ε

0 X t, that the nonlinearity N ε maps
P ε

whX t+1 ⊕ P ε
sh,cX t+1 analytically into P ε

whX t ⊕ P ε
sh,cX t for each t > 1

2 and each ε ≥ 0,
where P ε

sh,c = P ε
sh + P ε

c . In the special case, where

N ε(u) =

 0
f2(u1)

0

 ,
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we further observe that N ε maps P ε
whX t ⊕ P ε

sh,cX t analytically into itself (in fact into
P ε

whX t+1 ⊕ P ε
sh,cX t+1) for each t ≥ 0 and each ε ≥ 0. These facts allow us to study

equation (6.4) in respectively the phase space

P ε
whX s ⊕ P ε

sh,cX s

for fixed s > 1
2 and the phase space

P ε
whX 0 ⊕ P ε

sh,cX 0

in the special case.
We continue by writing equation (6.4) as

zε = Lεzε + P ε
whN

ε(zε + qε) (6.6)
qε = Lεqε + P ε

sh,cN
ε(zε + qε), (6.7)

where zε = P ε
whu, qε = P ε

sh,cu. The spaces P ε
whX t and P ε

shX t evidently do not depend
upon ε, while the ε-dependence of the space P ε

c X t can be removed using a Kato similarity
transformation. According to Lemma 2.5 there exists a mapping U ε ∈ L(X t) for all t ≥ 0
such that

U εPwh(U ε)−1 = P ε
wh, U εPsh(U ε)−1 = P ε

sh, U εPc(U ε)−1 = P ε
c , U εP0(U ε)−1 = P ε

0 ,
(6.8)

where Pwh = P 0
wh, Psh = P 0

sh, Pc = P 0
c and P0 = P 0

0 . Writing qε = U εq with
q ∈ X s+1

sh,c = P 0
sh,cX s+1 and zε = z with z ∈ Xwh = X 0

wh, we find that

zξ = Lε
whz + P ε

whN
ε(z + U εq), (6.9)

qξ = Lε
sh,cq + Psh,c(U ε)−1N ε(z + U εq), (6.10)

where
Lε

sh,c = (U ε)−1LεU ε|X t+1
sh,c

(t ≥ 0)

and the matrix of Lε
wh = Lε|Xwh with respect to the basis

{1
0
i

 eiτ ,

0
1
0

 eiτ ,

1
0
0

 eiτ ,

 1
0

−i

 e−iτ ,

0
1
0

 e−iτ ,

1
0
0

 e−iτ
}

for Xwh is 

0
√

1 − ε2 0 0 0 0
1 −

√
1 − ε2 0 1 0 0 0
0 1 −

√
1 − ε2 0 0 0 0

0 0 0 0
√

1 − ε2 0
0 0 0 1 −

√
1 − ε2 0 1

0 0 0 0 1 −
√

1 − ε2 0


.
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6 Breather solutions to Klein-Gordon equations

Equation (6.9) is not of the form discussed in Chapter 2 (see equation (2.10)) due to
the presence of an additional zero eigenvalue in modes ±1. We therefore obtain a six-
dimensional rather than a four-dimensional weakly hyperbolic subspace Xwh. Because
of the special structure of the nonlinearity (see equation (6.9)) the equations for the
components z1 and z3 are in fact

z1ξ =
√

1 − ε2z2,

z3ξ = (1 −
√

1 − ε2)z2.

The quantity

Iε
wh(z) = z3 − 1 −

√
1 − ε2

√
1 − ε2

z1

is therefore conserved, so that we can study equation (6.9) in the invariant subspace
{Iε

wh(z) = 0}.

Remark 6.5. Suppose that (z, q) is a solution to equations (6.9), (6.10) with Iε
wh(z) = 0

and note that

z(τ) = z1

1
0
i

 eiτ + z2

0
1
0

 eiτ + 1 −
√

1 − ε2
√

1 − ε2
z1

1
0
0

 eiτ + c.c.

and

(U εq)(τ) = Z1

 1
−1
0

+ Z2

1
1
0

+
∑

m∈Z\{−1,0,1}
wε

m,1


1

−i
√
m2(1 − ε2) − 1
im

√
1 − ε2

 eimτ

+ wε
m,2


1

i
√
m2(1 − ε2) − 1
im

√
1 − ε2

 eimτ

(by definition of the spaces P ε
shX t and P ε

c X t). It follows that u = z + U εq solves the
system (6.4) and satisfies

√
1 − ε2u1τ = u3 and hence v1τ = v3. According to Remark 6.2

a solution to the coupled system (6.9), (6.10) therefore automatically leads to a solution
of equation (6.2) and thus of the original equation (6.1).

Next we write equation (6.9) as

zξ = Ľε
whz + Ň ε

wh(z, q), (6.11)

where
Ľε

whz = Lε
wh|{Iε

wh(z)=0}, Ň ε
wh(·, ·) = P ε

whN
ε(· + U ε·)|{Iε

wh(z)=0},

and observe that {Iε
wh(z) = 0} can be identified with the ε-independent, four-dimensional

subspace

X̌wh =
〈1

0
i

 eiτ ,

0
1
0

 eiτ ,

 1
0

−i

 e−iτ ,

0
1
0

 e−iτ
〉
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of Xwh. With a slight abuse of notation we therefore regard Ľε
wh and Ň ε

wh as operators
X̌wh → X̌wh and X̌wh × X t

sh,c → X̌wh respectively. The matrix of Ľε
wh with respect to the

basis {1
0
i

 eiτ ,

0
1
0

 eiτ ,

 1
0

−i

 e−iτ ,

0
1
0

 e−iτ
}

for X̌wh is 
0

√
1 − ε2 0 0

ε2
√

1−ε2 0 0 0
0 0 0

√
1 − ε2

0 0 ε2
√

1−ε2 0

 .

Finally, we identify X̌wh with C4 and introduce the scaling z = Dεž, where

Dε

(
ž1
ž2

)
=
(√

1 − ε2ž1
ž2

)
. (6.12)

We thus arrive at the system

žξ = Ľε
whž + f ε(ž, q), (6.13)

qξ = Lε
sh,cq + Psh,c

(
gε

1(ž, q)qτ

)
+ gε

2(ž, q) + hε(ž), (6.14)

where

f ε(ž, q) = (Dε)−1Ň ε
wh(Dεž, q),

gε
1(ž, q) = (U ε)−1

(
Ãε(z + U εq) − Ãε(0)

)
U ε,

gε
2(ž, q) = Psh,c(U ε)−1

(
(Ãε(z + U εq) − Ãε(z))zτ + B̃ε(z + U εq)

− B̃ε(z) − ∂B̃ε[0]U εq
)
,

hε(ž) = Psh,c(U ε)−1
(
Ãε(z)zτ + B̃ε(z)

)
and all functions are evaluated at

z1 =
√

1 − ε2ž1, z2 = ž2, z3 = (1 −
√

1 − ε2)ž1

(the relevant estimates for the nonlinearities are given in (2.12)–(2.15) and hold in par-
ticular for all t ≥ 0 in the special case). The scaling (6.12) converts the matrix of Ľε

wh
with respect to the basis

{1
0
i

 eiτ ,

0
1
0

 eiτ ,

 1
0

−i

 e−iτ ,

0
1
0

 e−iτ
}
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6 Breather solutions to Klein-Gordon equations

for X̌wh into 
0 1 0 0
ε2 0 0 0
0 0 0 1
0 0 ε2 0


such that the operator Ľε

wh in equation (6.13) satisfies Assumptions 3.
In the special case we have that g1 = 0 in equation (6.14). Recall that

Hε(u) =
∫ 2π

0

{1
2u

2
2 + 1

2u
2
3 − 1

2u
2
1 − F2(u1)

}
dτ

(see equation (6.5)) is a conserved quantity for the system (6.4). The formula

Iε(z, q) = Hε(z + U εq)

thus defines a conserved quantity for the system (6.13), (6.14) in Xwh × X 0
sh,c, where

u1 ∈ H1
per(0, 2π;C) for u = z + U εq (see Remark 6.5). Clearly

|Iε(z, q)| = O(∥(z, q)∥2
Xwh×X 0

sh,c
)

and taking w ∈ X 0
c , so that w1 ∈ H1

per(0, 2π;C), with

w(τ) =
∑

m∈Z\{−1,0,1}
wm,1

 1
−i

√
m2 − 1
im

 eimτ + wm,2

 1
i
√
m2 − 1
im

 eimτ ,

we compute

∥w∥2
X 0

c
= 8π

∞∑
m=2

{
m2|wm,1|2 +m2|wm,2|2 + wm,1wm,2 + wm,1wm,2

}
∼=

∞∑
m=2

(1 +m2)
(
|wm,1|2 + |wm,2|2

)
and

∥w1∥2
1 = 4π

∞∑
m=2

(1 +m2)
(
|wm,1|2 + |wm,2|2 + wm,1wm,2 + wm,1wm,2

)
∼=

∞∑
m=2

(1 +m2)
(
|wm,1|2 + |wm,2|2

)
by estimating

|2 Re(wm,1wm,2)| ≤ |wm,1|2 + |wm,2|2.
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For the quadratic part Q(w) of I0(0, w) we further calculate

Q(w) =
∫ 2π

0

{1
2w

2
2 + 1

2w
2
3 − 1

2w
2
1

}
dτ

= 4π
∞∑

m=2
(m2 − 1)

(
|wm,1|2 + |wm,2|2

)
∼= ∥w1∥2

1,

from which it follows that
∥w∥2

X 0
c
≲ Q(w) ≲ ∥w∥2

X 0
c

so that the coupled system (6.13), (6.14) satisfies Assumptions 5 with s = 0.
Theorem 6.1 now follows by applying the existence theory in Chapter 4 (see Re-

mark 2.9) or Chapter 5 to equations (6.13), (6.14). When applying the theory in Chap-
ter 4, note that the relationship

Psh,c = I − Pwh − P0

reduces to the required formula
Psh,c = I − Pwh

when applied to the nonlinearities (see the comments above equations (6.6), (6.7)).

6.2 Calculation of the bifurcation coefficient

It remains to calculate the coefficient Č in the hypothesis of Theorem 6.1. To this end it
is necessary to apply Lemma 2.10, that is a change of variable of the form q̃ = q + Γ(z)
(with Γ: Xwh → E−2 ⊕E0 ⊕E2) which removes the quadratic, ε-independent part in the
Maclaurin expansion of hε(z), to equation (6.14) (see the comments above Lemma 2.10).
We obtain the transformed system

zξ = Lε
whz + f̃ ε(z, q), (6.15)

qξ = Lε
sh,cq + Psh,c

(
g̃ε

1(z, q)qτ

)
+ g̃ε

2(z, q) + h̃ε(z), (6.16)

where we have written z, Lε
wh instead of ž, Ľε

wh in equations (6.13), (6.14) for notational
simplicity. Here f̃ ε(z, q) = f ε(z, q − Γ(z)) and the transformed nonlinearity h̃ satisfies
the estimate

∥h̃ε(z)∥s+1 = O(|z|2|(z, ε)|).

The coefficient Č is the coefficient of the cubic, ε-independent part in the Maclaurin
expansion of f̃ ε(z, 0) in the system

zξ = Lε
whz + f̃ ε(z, 0)
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6 Breather solutions to Klein-Gordon equations

which we write as

z1ξ = z2 (6.17)
z2ξ = ε2z1 − Čz1|z1|2 + Rε

2(z1, z2, z1, z2). (6.18)

This system is obtained from equations (6.15), (6.16) by neglecting h̃ε(z) and setting
q = 0 (note that the nonlinearity N ε

wh in equation (6.11) and thus f̃ ε have no components
in z1-direction so that the corresponding remainder term Rε

1 in equation (6.17) vanishes).
We recall the formula

Č = −P(2)

(
3f 0;3,0

[
{ueiτ }(2), ue−iτ

]
+ f 0;1,1

[
ue−iτ ,−Γ2,2000,1e2,1e2iτ − Γ2,2000,2e2,2e2iτ

]
+ f 0;1,1

[
ueiτ ,−Γ0,1010,1e0,1 − Γ0,1010,2e0,2

])
, (6.19)

in which we have used the notation introduced above Assumptions 4 and have written

z(τ) = z1ueiτ + z2veiτ + z1ue−iτ + z2ve−iτ ,

(note that z3 = 0 in the formula for f 0 below equations (6.13), (6.14)) and(
Γ(z)

)
(τ) =

∑
i+j+k+l=2

∑
m∈{−2,0,2}

1≤r≤2

Γm,ijkl,rz
i
1z

j
2z

k
1z

l
2em,reimτ

with

u =

1
0
i

 , v =

0
1
0

 , e0,1 = 1√
2

 1
−1
0

 , e0,2 = 1√
2

1
1
0

 ,

e2,1 = 1
2
√

2

 1
−i

√
3

2i

 , e2,2 = 1
2
√

2

 1
i
√

3
2i

 .
The first step is to compute the relevant coefficients of the polynomial Γ(z), which is

the solution of the homological equation LΓ = h0
2 (see equation (2.24)), where

(LΓ)(z) = L0
sh,cΓ(z) − dΓ[z](L0

whz)

and h0
2(z) denotes the term in the Maclaurin expansion of

hε(z) = Psh,c(U ε)−1
(
Ãε(z)zτ + B̃ε(z)

)
which is homogeneous of degree two in z and does not depend upon ε. Using the
analyticity of the functions f3 and f4 (see equation (6.3)) we can write

f 0
3 (v) =

∞∑
i+j+k=0

cijkv
i
1v

j
2v

k
3 , f 0

4 (v) =
∞∑

i+j+k=0
dijkv

i
1v

j
2v

k
3
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with
cijk = 1

i!j!k!∂
i
1∂

j
2∂

k
3f

0
3 (0), dijk = 1

i!j!k!∂
i
1∂

j
2∂

k
3f

0
4 (0)

and thus

A0(v) =

0 0 0
0 0 f 0

3 (v)
0 1 0



=

0 0 0
0 0 1
0 1 0

+

0 0 0
0 0 c100v1
0 0 0



+

0 0 0
0 0 c200v

2
1 + c020v

2
2 + c011v2v3 + c002v

2
3

0 0 0

+ O(|v|3) (6.20)

as well as

B0(v) =

 v2
f 0

4 (v)
0



=

 v2
d100v1

0

+

 0
d200v

2
1 + d020v

2
2 + d011v2v3 + d002v

2
3

0



+

 0
d300v

3
1 + d120v1v

2
2 + d102v1v

2
3 + d111v1v2v3

0

+ O(|v|4), (6.21)

where we have made use of the fact that

cijk = dijk = 0

if j + k is odd because of f 0
i (a,−b,−c) = f 0

i (a, b, c).
Observe that

z(τ) = z1ueiτ + z2veiτ + z1ue−iτ + z2ve−iτ =

 z1eiτ + z1e−iτ

z2eiτ + z2e−iτ

iz1eiτ − iz1e−iτ


and thus

zτ (τ) =

 iz1eiτ − iz1e−iτ

iz2eiτ − iz2e−iτ

−z1eiτ − z1e−iτ

 .
We conclude that the quadratic terms h0

2(z) in the Maclaurin expansion of

h0(z) = Psh,c
(
A0(z)zτ +B0(z)

)
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are

h0
2(z) = Psh,c


0 0 0

0 0 c100(z1eiτ + z1e−iτ )
0 0 0


 iz1eiτ − iz1e−iτ

iz2eiτ − iz2e−iτ

−z1eiτ − z1e−iτ



+

 0
d200(z1eiτ + z1e−iτ )2 + d020(z2eiτ + z2e−iτ )2

0



+

 0
d011(z2eiτ + z2e−iτ )(iz1eiτ − iz1e−iτ ) + d002(iz1eiτ − iz1e−iτ )2

0




= Psh,c


 0

(d200 − c100)(z1eiτ + z1e−iτ )2 + d020(z2eiτ + z2e−iτ )2

0



+

 0
d011(z2eiτ + z2e−iτ )(iz1eiτ − iz1e−iτ ) + d002(iz1eiτ − iz1e−iτ )2

0




= Psh,c


 0

(d200 − c100)z2
1 + d020z

2
2 + id011z1z2 − d002z

2
1

0

 e2iτ

+

 0
2(d200 − c100)|z1|2 + 2d020|z2|2 − id011z2z1 + id011z1z2 + 2d002|z1|2

0



+

 0
(d200 − c100)z2

1 + d020z
2
2 − id011z1z2 − d002z

2
1

0

 e−2iτ


= i

√
2√
3
(
(d200 − c100)z2

1 + d020z
2
2 + id011z1z2 − d002z

2
1

)
e2,1e2iτ

− i
√

2√
3
(
(d200 − c100)z2

1 + d020z
2
2 + id011z1z2 − d002z

2
1

)
e2,2e2iτ

− 1√
2
(
2(d200 − c100)|z1|2 + 2d020|z2|2 − id011z2z1 + id011z1z2 + 2d002|z1|2

)
e0,1

+ 1√
2
(
2(d200 − c100)|z1|2 + 2d020|z2|2 − id011z2z1 + id011z1z2 + 2d002|z1|2

)
e0,2

− i
√

2√
3
(
(d200 − c100)z2

1 + d020z
2
2 − id011z1z2 − d002z

2
1

)
e2,1e−2iτ

+ i
√

2√
3
(
(d200 − c100)z2

1 + d020z
2
2 − id011z1z2 − d002z

2
1

)
e2,2e−2iτ , (6.22)

so that in particular Γm,ijkl,r = 0 if m ̸= i+ j − k − l.
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It follows from the formula

L(zi
1z

j
2z

k
1z

l
2em,reimτ ) = λm,rz

i
1z

j
2z

k
1z

l
2em,reimτ − izi−1

1 zj+1
2 zk

1z
l
2em,reimτ

− kzi
1z

j
2z

k−1
1 zl+1

2 em,reimτ (6.23)

that

L(Γ2,2000,rz
2
1e2,re2iτ ) = Γ2,2000,rλ2,rz

2
1e2,re2iτ − 2Γ2,2000,rz1z2e2,re2iτ ,

L(Γ0,1010,rz1z1e0,r) = Γ0,1010,rλ0,rz1z1e0,r − Γ0,1010,rz2z1e0,r − Γ0,1010,rz1z2e0,r,

and equation (6.23) shows that these are the only terms in the polynomial (LΓ)(z)
which contain respectively the monomials z2

1 and z1z1. By comparing coefficients with
the formula for h0

2(z) given in equation (6.22) we find that

−i
√

3Γ2,2000,1 = i
√

2√
3

(d200 − c100 − d002), i
√

3Γ2,2000,2 = − i
√

2√
3

(d200 − c100 − d002),

and

−Γ0,1010,1 = −
√

2(d200 − c100 + d002), Γ0,1010,2 =
√

2(d200 − c100 + d002),

so that

Γ2,2000,1 = Γ2,2000,2 =
√

2
3 (c100 −d200 +d002), Γ0,1010,1 = Γ0,1010,2 =

√
2(d200 −c100 +d002).

The next step is to compute the terms in the formula (6.19) for Č. Using the expan-
sions (6.20), (6.21) for A0 and B0 we obtain

3f 0;3,0
[
{ueiτ }(2), ue−iτ

]
=

0 0 0
0 0 c200e2iτ − c002e2iτ

0 0 0


−ie−iτ

0
−e−iτ



+

0 0 0
0 0 2c200 + 2c002
0 0 0


 ieiτ

0
−eiτ

+

 0
3d300eiτ + d102eiτ

0


= (−3c200 − c002 + 3d300 + d102)veiτ ,
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f 0;1,1
[
ue−iτ ,−Γ2,2000,1e2,1e2iτ − Γ2,2000,2e2,2e2iτ

]

=

0 0 0
0 0 − 1√

2c100Γ2,2000,1e
2iτ

0 0 0


−ie−iτ

0
−e−iτ

+

0 0 0
0 0 c100e

−iτ

0 0 0


− i√

2Γ2,2000,1e
2iτ

0
2
√

2Γ2,2000,1e
2iτ



+ 2

 0
− 1√

2d200Γ2,2000,1eiτ −
√

2d002Γ2,2000,1eiτ

0



=

 0
5√
2c100Γ2,2000,1e

iτ −
√

2d200Γ2,2000,1eiτ − 2
√

2d002Γ2,2000,1eiτ

0


=
(5

3c
2
100 − 7

3c100d200 + 1
3c100d002 + 2

3d
2
200 + 2

3d200d002 − 4
3d

2
002

)
veiτ

and

f 0;1,1
[
ueiτ ,−Γ0,1010,1e0,1 − Γ0,1010,2e0,2

]
=

0 0 0
0 0 −

√
2c100Γ0,1010,1

0 0 0


 ieiτ

0
−eiτ

+ 2

 0
−

√
2d200Γ0,1010,1eiτ

0



=

 0√
2c100Γ0,1010,1eiτ − 2

√
2d200Γ0,1010,1eiτ

0


= (6c100d200 − 2c2

100 + 2c100d002 − 4d2
200 − 4d200d002)veiτ .

The above calculations finally yield

Č = 3c200 + c002 − 3d300 − d102 − 5
3c

2
100 + 7

3c100d200 − 1
3c100d002 − 2

3d
2
200 − 2

3d200d002

+ 4
3d

2
002 − 6c100d200 + 2c2

100 − 2c100d002 + 4d2
200 + 4d200d002

= 3c200 + c002 − 3d300 − d102 + 1
3c

2
100 − 11

3 c100d200 − 7
3c100d002 + 10

3 d
2
200

+ 10
3 d200d002 + 4

3d
2
002, (6.24)

which simplifies to

Č = −3d300 + 10
3 d

2
200 (6.25)

in the special case.
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6.2 Calculation of the bifurcation coefficient

In terms of the nonlinearities f1 and f2 in equation (6.1) we deduce from (6.24) the
formula

Č = (∂2
2f2(0))2

3 +
(5

2∂
2
1f2(0) − ∂1f1(0))∂2

2f2(0)
3 + 5(∂2

1f2(0))2

6 (6.26)

+ ∂3
1f2(0)

2 + ∂1∂
2
2f2(0)
6 + ∂2

2f1(0)
3 , (6.27)

so that the hypothesis of Theorem 6.1 is satisfied whenever

∂1f1(0)∂2
2f2(0)

3 <
(∂2

2f2(0))2

3 + 5∂2
1f2(0)∂2

2f2(0)
6 + 5(∂2

1f2(0))2

6

+ ∂3
1f2(0)

2 + ∂1∂
2
2f2(0)
6 + ∂2

2f1(0)
3 .

In the special case, where equation (6.1) reduces to the equation

ϕtt = ϕxx − ϕ+ f2(ϕ)

with an analytic function f2 : R → R satisfying f2(0) = 0, df2[0] = 0, we use the
simplified formula (6.25) to obtain

Č = f ′′′
2 (0)
2 + 5

6f
′′
2 (0)2. (6.28)

The hypothesis of Theorem 6.1 is thus satisfied if

5
3f

′′
2 (0)2 > −f ′′′

2 (0);

in particular if f ′′′
2 (0) > 0.

Example 6.6 (Groves & Schneider [8]). Consider the sine-Gordon equation

ϕtt = ϕxx − sin(ϕ)

and the ϕ4 equation
ϕtt = ϕxx − ϕ+ ϕ3.

We compute respectively Č = 1
2 and Č = 3, so that both equations satisfy the hypothesis

of Theorem 6.1.
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