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SHORT ABSTRACT

This thesis explores hybrid approaches that integrate neural networks into model-
based methods for image processing. Model-driven techniques based on differential
equations and variational methods offer strong theoretical foundations and mathe-
matical guarantees. If one expresses their goals and the algorithms to achieve them as
mathematical equations, they become explicit and human-interpretable. Conversely,
neural networks excel across a wide range of tasks but still remain black boxes. To
bridge this gap, we investigate how the potential of neural networks can be leveraged
by model-based approaches while preserving their interpretability. First, we focus
on the model-based side. We propose a new derivation for a class of discretisations,
which can then be implemented using typical neural network building blocks for a
fast implementation. Next, we demonstrate that even simple neural solvers can effec-
tively address numerically challenging problems, achieving good results for the in-
painting of images and sound fields. Finally, we propose a neural mask optimisation
framework for diffusion-based inpainting. It leads to the first neural method capable
of handling high-resolution images by harmoniously combining model-based prin-
ciples with neural optimisation. By embedding neural solutions within the structure
of established model-based frameworks, our work advances the field of neuroexplicit
computing and constructs interpretable yet performant approaches.



KURZZUSAMMENFASSUNG

Diese Arbeit untersucht hybride Ansitze, die neuronale Netze in modellbasierte Ver-
fahren der Bildverarbeitung integrieren. Modellgetriebene Techniken, die auf Dif-
ferenzialgleichungen und Variationsmethoden basieren, bieten robuste theoretische
Grundlagen und mathematische Garantien. Wenn deren Ziele und eingesetzte Al-
gorithmen als Gleichungen ausgedriickt werden, sind diese explizit beschrieben und
lassen sich klar interpretieren. Im Gegensatz dazu liefern neuronale Netze bei einer
Vielzahl von Aufgaben gute Ergebnisse, bleiben aber weiterhin ,,Black Boxes“. Um
beide Welten zusammenzufithren, untersuchen wir, wie neuronaler Netze in mo-
dellbasierte Ansitze integriert werden kénnen, ohne deren Interpretierbarkeit zu be-
eintrichtigen. Wir schlagen eine neue Herleitung fiir eine Klasse von Diskretisierun-
gen vor, die sich mittels typischer Bausteine neuronaler Netze effizient implemen-
tieren ldsst. Weiterhin zeigen wir, dass bereits einfache neuronale Loser numerisch
anspruchsvolle Probleme effektiv bewiltigen und dabei gute Ergebnisse beim Inpain-
ting von Bildern und Schallfeldern erzielen kénnen. SchliefSlich stellen wir ein neu-
ronales Maskenoptimierungs-Framework fiir diffusionsbasiertes Inpainting vor. Die
harmonische Kombination von modellbasierten Prinzipien und neuronaler Opti-
mierung ermdoglicht hier die Verarbeitung von hochauflésenden Bildern. Durch die
Einbettung neuronaler Lésungen in etablierte modellbasierte Frameworks leistet un-
sere Arbeit einen Beitrag zu neuroexpliziten Methoden und liefert interpretierbare
und zeitgleich performante Ansitze.
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ABSTRACT

This thesis investigates the integration of neural networks into variational or partial-
differential-equation-based approaches for image processing to achieve high-quality
yet interpretable algorithms.

Decades of research into model-based methods have built a rich mathematical the-
ory around variational, diffusion, and other models. It offers strong guarantees on the
behaviour of various methods in terms of explicit concepts like stability or conver-
gence guarantees. Furthermore, the models themselves are designed based on human
insights and expressed in terms of mathematical equations.

Conversely, deep learning leaves the discovery of connections and patterns in data
to neural networks. While the last decade has shown that this makes them extremely
capable at a large range of tasks, they remain black boxes: even experts can usually not
explain how the network arrived at its result.

This thesis seeks to use the power of neural networks and their frameworks within
model-based approaches while maintaining the interpretability of the latter. The
three approaches in this thesis span a spectrum from predominantly model-based
methods to hybrid solutions that combine data-driven and model-driven strategies
in equal measure:

The first approach focuses on the numerics of anisotropic diffusion processes,
analysing a large class of finite difference discretisations and providing a rigorous sta-
bility analysis. The resulting discretisation is linked to the ResNet architecture, en-
abling highly parallel GPU-accelerated implementations of anisotropic diffusion.

The second approach employs neural solvers to address two challenging numeri-
cal problems in inpainting. In one, we use a neural prior and the minimisation capa-
bilities of modern deep learning frameworks to overcome the poor conditioning of
Euler’s elastica. The other uses the flexibility of physics-informed neural networks to
incorporate multiple optimisation goals into a simple architecture.

The third approach utilises large image datasets to construct optimised masks for
homogeneous diffusion inpainting. The presented technique trains a deep learning
model to quickly generate high-quality masks, integrating numerical solvers within
the deep learning pipeline to capitalise on the advantages of both paradigms.

The contributions in this thesis demonstrate that there is a middle ground between
fully neural and fully model-based approaches. Our algorithms confine neural mod-
els within frameworks defined by mathematical models. This allows us to retain their
interpretability while still being able to harness the power of deep learning. Our work
contributes to our vision of neuroexplict models which combine both neural and ex-
plicit, human-interpretable parts.
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1 INTRODUCTION

Deep learning methods have demonstrated a remarkable capacity for discovering pat-
terns in large datasets, often making use of relationships that are neither detectable
by nor interpretable for humans [63, 78, 265]. This ability has led to state-of-the-art
performance on a wide range of benchmark tasks, including image classification, se-
mantic segmentation, or generation [3, 44, 184, 267]. Consequently, these models
are being integrated into more and more aspects of life, from large language mod-
els [3] over photorealistic image generation [31, 175] to autonomous driving [116].

Despite their empirical success, the internal mechanics of most deep learning mod-
els remain opaque [79, 108]. While they can be fully described as series of simple lin-
ear algebra operations, the intermediate values calculated by these networks largely
carry no meaning that can be readily understood even by experts. The desire to
change this motivates the field of explainable artificial intelligence (X AI) [149], which
mostly works on post-hoc, local explanations of large pre-trained models [30, 140,
180]. We wholeheartedly subscribe to the general objective as a core tenant of the sci-
entific method, and believe that understanding how and why a model works is just
as important as its overall performance. However, this work approaches the problem
from another direction: It aims to build models which are interpretable by design.

To this end, it makes use of classical model-driven methods, which can offer many
of the properties purely neural approaches lack. As they are founded on explicit
mathematical principles such as partial differential equations (PDEs) and variational
models, they are inherently transparent: The model objectives and behaviours are
clearly defined and can be rigorously analysed. However, this interpretability can be
accompanied by practical limitations. Model-driven approaches may exhibit lower
performance on certain tasks compared to neural networks. Furthermore, the nu-
merical solution of these models often presents significant challenges, including the
introduction of discretisation artefacts, the difficulty of minimising non-convex en-
ergy functionals, and the high computational cost of solving large-scale optimisation
problems. Such issues frequently necessitate the design of highly specialised and in-
volved solvers by domain experts.

The individual strengths of these two paradigms present an opportunity: To em-
ploy neural networks as a means to address the computational and optimisation chal-
lenges inherent in model-based frameworks. This hybrid approach secks to retain



1 Introduction

the interpretability of the underlying mathematical models while making use of the
power of neural approaches to solve them.

The research presented in this dissertation is situated within the domain of neu-
roexplicit models [10, 89, 114]. This domain involves the systematic integration of
neural building blocks into explicit, human-interpretable, model-based structures.
While the degree of integration can vary, the focus of this thesis is predominantly
on the model-driven perspective. We begin with transparent mathematical models
and strategically incorporate neural components to overcome specific limitations or
challenges.

The particular problems we consider in this thesis mostly originate from the do-
main of image processing, which offers a large variety of powerful but challenging
models. Another contribution stems from acoustics, but the practical difference is
not as significant as one might think: After stripping away the domain-specific ter-
minology, we are left with a mathematical model to solve in either case. Thus, the
neuroexplict strategies we develop in this work at the hand of specific problems can
serve as blueprints to build performant, interpretable models.

1.1 CONTRIBUTIONS

This thesis investigates three distinct areas of neuroexplicit approaches, each incor-
porating neural and model-driven components to difterent degrees. The contribu-
tions in this work are ordered by the amount of neural ideas used: It begins with an
approach that is fully model-driven but can be translated into a neural architecture,
and ends with a model consisting of data-driven and explicit components in equal
amounts.

NUMERICAL SOLVERS TRANSLATED INTO NEURAL ARCHITECTURES A grow-
ing body of work has highlighted the deep connections between numerical schemes
and modern neural architectures, ranging from applications like nonlinear diffusion
processes over wavelets methods to variational models, see e.g. [11] for an overview.
Building upon this perspective, we derive and analyse a class of anisotropic diffusion
schemes [242, 250] that generalises several existing numerical approaches. For this
class, we derive a fine-grained stability theory and establish connections to a widely
used neural network architecture. This perspective enables the development of an
efficient implementation using deep learning frameworks.

NEURAL NETWORKS As NUMERICAL SOLVERS  The second area explores the use
of neural networks as solvers for challenging variational problems and PDEs. We first



1.2 Organisation of the Thesis

address Euler’s elastica inpainting [154], an energy-based model whose poor condi-
tioning renders classical solvers slow, unstable, or reliant on highly specialised tech-
niques. We propose a method that integrates a theoretically well-founded discretisa-
tion with deep neural image representations [229], coupled with optimisation strate-
gies originating from deep learning. This yields results comparable to specialised
state-of-the-art methods, while using only simple ingredients. In addition, we move
beyond image analysis to the domain of acoustics. There, we consider sparse inpaint-
ing of the sound field magnitude, which is governed by a PDE. By adapting physics-
informed neural networks [178] to this domain, we demonstrate the ability to obtain
physically plausible reconstructions in spite of very sparse data.

NEURAL NETWORKS FOR Mask OPTIMISATION  The final chapter moves fur-
ther towards data-driven learning, while retaining an explicit model-based structure.
In it, we develop a neuroexplicit framework for optimising masks for homogeneous
diffusion inpainting [32]. The approach incorporates both image reconstruction
quality and the satisfaction of the underlying PDE directly into the neural training
objective. As part of our architecture, we train a neural surrogate capable of approxi-
mately solving the inpainting PDE within the optimisation loop. We further extend
this framework by allowing the integration of a classical weight-free solver into the
deep learning pipeline, which yields additional improvements. Moreover, we intro-
duce a domain decomposition strategy derived from theoretical insights that enables
scalability to high-resolution images without sacrificing performance.

Together, these contributions demonstrate scenarios in which neural networks
serve to enhance the capabilities of explicit models without significantly affecting
their interpretability.

1.2 ORGANISATION OF THE T HESIS

Following the motivation and overview of our contributions in this introduction,
Chapter 2 introduces notation, conventions, and mathematical preliminaries. After-
wards, Chapter 3 reviews topics from machine learning which are required through-
out this thesis, and introduces analytical and numerical aspects of diffusion. In addi-
tion, it offers a brief primer on acoustics. Each of the following chapters then contains
their own related work specific to the considered problem.

The main contributions are presented in Chapters 4-6, each corresponding to one
of the three research directions outlined in Section 1.1. They are written to be largely
self-contained and may be read independently.

Chapter 4 studies a class of discretisations for anisotropic diffusion. We provide a
detailed stability analysis, connect the derivation to well-known neural architectures,



1 Introduction

and show how this link enables efficient, parallel implementations within deep learn-
ing frameworks.

Chapter S investigates neural networks as solvers for numerical problems. First, we
tackle Euler’s elastica inpainting, combining multiple neural strategies for variational
optimisation into a capable solver. Second, we study sparse inpainting of sound field
magnitudes by adapting physics-informed neural networks to the governing PDE of
sound fields.

Finally, Chapter 6 deals with mask optimisation for diffusion-based inpainting.
We introduce a neural framework that learns both mask generation and inpainting
jointly. Furthermore, we extend it by integrating a numerical solver into the pipeline,
and by developing a domain decomposition strategy to extend the method to high-
resolution images.

The thesis concludes in Chapter 7 with a summary and an outlook on future re-
search. Afterwards, we list our publications, and present the bibliography, a glossary,
as well as lists of symbols and figures.



2 NOTATIONS, CONVENTIONS,
AND PRELIMINARIES

This chapter establishes the mathematical preliminaries for the thesis, beginning with
notational and typesetting conventions before presenting the key definitions that will
be used in subsequent chapters.

2.1 NOTATIONS AND CONVENTIONS

We use a consistent typesetting for scalars, vectors, matrices and other mathematical
expressions for ease of readability.

Scalars are denoted by lower-case letters like 2, y or ¢.
Vectors use bold lower-case letters like f with elements f = (f1,..., f,)' € R".

Matrices are typeset using bold upper-case letters A. Here, the element in row ¢
and column j is referred to by a; ;.

Functions use lower-case letters. Scalar-valued functions use roman letters, while
vector-valued or matrix-valued functions use bold face. Exceptions are energy
functionals, which are given by F.

Neural networks are also functions, but are set using calligraphic font like N. Sim-
ilarly, their loss functions are denoted by L.

Partial derivatives use multiple notations. Consider a function f : R" — R with
parameters Xy, . . ., L. Then, the partial derivative with respect to x; can be

denoted as g_a];’ O, f>or fo,.
The gradient of a function f : R” — Riswrittenas V f = (fuy, ..., f.)

Directional derivatives of a function f : R" — R along a normalised vector

n € R"aregivenby 0, f = n' V.
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The divergence of a vector-valued function f : R* — R™, f = (f1,..., fn) ' is
the sum of the partial derivatives of each component w.r.t. its corresponding

coordinate div f =" | Oy, fu,-

The Laplacian ofascalar-valued function f : R” — R is the sum of second deriva-

tives Af = >0 Opi f-

Further information on the common usage of variable names can be found in the list
of symbols at the end of this thesis.

2.2 NORMS

We will encounter norms repeatedly both in the context of stability as well as error
measures. Relevant ones are introduced in the following.

2.2.1 VEcTOR NORMS

For vectors, we only require the p-norm. For a vector f € R"and 1 < p < 00, itis

given by

I £l = (Zw) . (21)

In particular, we make use of the p-norm for p € {1, 2}. For p = 1, we obtain the
L'-norm, which is the sum of absolute values:

£l = Z|fi|- (2.2)

For p = 2, we get the Euclidean norm given by

[£ll2 = (2.3)

2.2.2 MATRIX NORMS

We require the spectral norm for stability analysis. It is the induced norm of the Eu-
clidean norm, defined as

|All2 = max ||Az|2. (2.4)

[[ll2=1



2.3 Images

It can be understood as the largest possible elongation factor which can be achieved
by multiplying a normalised vector & € R" with the matrix A. For stability anal-
ysis in Chapter 4, we make use of an equivalent definition. To that end, denote the
spectral radius p of a square matrix B € R"*" by

p(B) = max{|A],..., | |} (2.5)

where ); are the eigenvalues of B. With this notation, the spectral norm of a matrix
A € R™*" can be written as

Al = p(ATA). (2.6)
For symmetric matrices B € R"™*", this simplifies further to
|Bll2 = p(B). (27)

One theorem that we will make use of in this context is the Gershgorin circle theo-
rem [74, 252], which relates the eigenvalues of a matrix to its entries.

Theorem 1 (Gershgorin Circle Theorem). Consider a square matrix B € R™"

and define the disks

KZ'ZI{I'E(C

i#]

n

Then, all eigenvalues of B lie within in the union of the disks | ) K.

=1

When the matrix B is symmetric, all its eigenvalues are real and the circles collapse
to intervals on the real line.

2.3 IMAGES

All our mathematical models are first defined in the continuous setting, before then
being discretised. Here, we shortly discuss the representations of signals and images
in both settings.

2.3.1 CONTINUOUS SETTING

Signals are modelled as functions from an interval [a,b] C R to the real numbers.
For greyscale images, we consider functions of type f : {2 — R, where ) is the
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image domain. While most continuous models only assume that 2 C R? is a closed
set, their discrete counterparts are easier to define if we restrict {2 to be a rectangle

[a,b] x [c,d].

For colour images, the dimension of the co-domain increases to the number of
channels. For example, for typical red-green-blue (RGB) images, the co-domain be-
comes R?.

2.3.2 DISCRETE SETTING

A discrete signal f € R” is obtained from a continuous signal f : [a,b] — R by
sampling uniformly with distance h:

f@:f(aJr (z—%>h> (2.9)

Correspondingly for an image f : [a, b] X [c, d] — R, and distances h,,, h, in z-and
y-direction respectively, we sample the discrete image f € R™**"™v through

This corresponds to sampling at the centre of our pixels [a@ + ih,, a + (7 + 1)h,] X
lc 4+ ihy, ¢ + (i + 1)h,]. Commonly, we assume that our pixels are square, giving
hy = hy = h.

So far, we have represented discrete images as matrices, which require most opera-
tions to be described using tensors. While many implementations will still store and
manipulate images this way, notation can be simplified significantly by vectorising
the image representations. To this end, we arrange all pixels into a vector f € R"+"v
by concatenating the image rows. This allows us to express operations using simple
matrix-vector multiplications.

2.4 ERROR MEASURES

We discuss the error measures we use throughout this thesis, starting with general
g
purpose error measures and then moving to image-specific ones.



2.4 Error Measures

2.4.1 MEAN ABSOLUTE ERROR

As the name suggests, the mean absolute error (MAE) of two signals u, f € R" is
given by

n

1 1
MAE(u, f) = ~llu = fllx =52|ui—fil- (2.11)
i=1
This definition extends to images by assuming that they are represented as vectors. It
scales linearly with error size, which means that it is robust to outliers. When used in
combination with gradient descent-based optimisation, the nondifferentiability for
u; = f; can become an issue. In this case, popular deep learning frameworks [1, 164]

use a subgradient [183] instead.

2.4.2 MEAN SQUARED ERROR

The mean squared error (MSE) is given by

n

MSE(u, f) = o~ o= = S (us— £ (212)

n <
=1

As before, we can extend this definition to images and structures of arbitrary dimen-
sions by vectorising them. For 2-D greyscale images, this results in the Frobenius
norm. Compared to the MAE, the MSE penalises large deviations harder, but tol-
erates small errors. Both MAE and MSE are typically adequate choices to measure
the distance between images, with small differences based on user preference and the
considered application. Therefore, we make use of both throughout this thesis.

2.4.3 PEAK SIGNAL-TO-NOISE RATIO

The MSE and MAE always require the user to consider the underlying grey value
range to interpret results. One metric which is independent of it is the peak signal-
to-noise ratio (PSNR). For a grey value range of [0, Cyax], it is defined as

2
PSNR (u, f) = 101log,, <ﬁuﬁ> . (2.13)

PSNR values are reported in decibels (dB). Contrary to the previous metrics, higher
values indicate greater similarity. In addition, it scales logarithmically, with an in-
crease from 20 dB to 30 dB being much more noticeable than an increase from 30 dB
to 40 dB. The PSNR is most commonly used for lossy image compression, which is
why we use it in Chapter 6.



2 Notations, Conventions, and Preliminaries

Though widely used, the metrics presented here can diverge significantly from hu-
man perception [240]. In response, a large range of perceptual metrics [39, 240, 266]
have been proposed over the years. None of them has established itself as a univer-
sally accepted standard so far, with each having different blind spots. As such, we rely
solely on the metrics presented here.

2.5 CONVOLUTION

Convolutions appear in this thesis both as a building block for neural networks and
as part of continuous and discrete image processing.

In the continuous setting, the convolution of two functions f,g : R" — R s
given as

(f*g)(x) = . flx—y)g(y)dy. (2.14)

For our purposes, one of the functions is usually an image, and the other a so-called
convolution kernel.
The discrete convolution of two tensors ( f; )iz, (i )iczn is defined as

(fx9)i=>_ fijgi. (2.15)

jezn

For signals and images, we will only need the 1-D and 2-D versions of this equation.
Within neural networks however, this equation is also used for tensors of up to four
dimensions.

10



3 RELATED WORK

While the applications vary between chapters, they share their use of neural networks,
and both Chapters 4 and 6 involve diffusion. We introduce those topics here. In ad-
dition, we provide a brief introduction to acoustics through the lens of image pro-
cessing.

Neural networks and machine learning have significantly advanced image process-
ing in recent years [63, 78, 265], and are one of the two key ingredients of this thesis.
We introduce key neural architectures and how they are trained, followed by an anal-
ysis of some trends within the field.

Diftusion [98, 167, 242] has applications from denoising [13, 167, 242] over in-
painting [71, 206] to compression [71, 199]. In this thesis, it appears in two ways:
Chapter 4 connects numerics for diffusion with neural architectures. In Chapter 6,
itis part of homogeneous diffusion inpainting and the associated mask optimisation
problem.

3.1 MACHINE LEARNING

Neural networks have revolutionised many areas of science over the last two decades.
Early approaches started out with handcrafted features which were used as inputs
to simple architectures like support vector machines [43]. However, enabled by ever
larger datasets and computational capabilities, the field moved to models which learn
features directly from data. In combination with a suitable mapping from features
to output, they are now highly capable on a large number of tasks [78].

3.1.1 Ky COMPONENTS

Before we go into the details of neural network architectures, we introduce the com-
ponents that make up a general machine learning problem. We base this structure
loosely on Goodfellow et al. [78] and Zhang et al. [265].

Data

The data is what the model is allowed to learn from, and what we use to evaluate
the model. For image processing, our dataset typically consists of images, which the

11



3 Related Work

neural network receives as input. Insupervised learning problems, an additional value
is provided for each image. This Jabel is not part of the model input, and will usually
have to be predicted by the model. In a classification setting, this would be the type
of object present in the image.

The data is typically divided into training data, validation data and test data. The
training data is the subset based on which the network is allowed to learn. The vali-
dation set is used to check the performance of the model during training, and select
the best model based on it. Finally, the model is evaluated on the unseen inputs of
the test data to measure the final performance.

Task AND OBJECTIVE FUNCTION

In the broadest sense, the task is what the machine learning algorithm should ac-
complish. It is useful to describe it in terms of the desired output given an input.
Furthermore, to train the network, we need to be able to quantify how successtul the
model is at its task. This objective function can take many different shapes depending
on the available data and task. When a lower value of the objective function indicates
a better result, it is also called a loss function.

It can be challenging to measure success at a task adequately: We want our algo-
rithm to perform well on all possible inputs, but are only able to minimise the loss
on the finite number of samples in the training data. It is possible that our algorithm
is then able to perform well on the training set, but shows a higher loss on the valida-
tion data. This difference is called the generalisation error, and is just as important as
minimising the loss on the training set.

Note that a loss function serves a completely different purpose than an energy
functional of a variational model. While a loss function measures success at a given
task, an energy functional encodes the strategy for achieving it. For example, in a
simple denoising model, a lower energy value indicates success at balancing two ob-
jectives: staying close to the noisy input while reducing sharp variations [23]. This
measures adherence to the prescribed strategy, and only by proxy does it measure
success at the underlying task. In contrast, a typical neural network loss, such as the
MSE, directly measures task success but offers no guidance on how to achieve it.

MobpEL

The model is a function which takes an element of the dataset as input, and tries to
produce the desired output based on the task and objective function. A neural net-
work architecture can be seen as a function class parametrised by weights 8. The goal
of learning or training is then to determine values for the weights which lead to the
best success in the task as measured by the objective function. If the considered model
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is sufficiently powerful or concatenates a sufficient number of chained transforma-
tions, the term deep learning is used. However, there is no clearly defined rule when
machine learning turns into deep learning [78].

In the following, we will discuss the training process and common neural network
architectures in more depth.

3.1.2 TRAINING

Consider a general neural network Mg : R™ — R" parametrised by weights 6. We
want to train it on a dataset (x;,y;),x; € R™ )y, € R" i = 1,..., N, where
each pair (x;, y;) contains a network input and the corresponding expected output.
This is the supervised learning case mentioned above. Ourloss £ : R" x R — R
compares the network output Ny (x;) to the expected output y;.

While the following descriptions consider supervised learning, they can be trivially
modified for the unsupervised setting. In that case, the dataset only contains the in-
puts (x;) without ground truth outputs. Accordingly, the loss function £(Ng())
only received the network prediction as input.

The process of training now describes optimising the weights @ such that the loss
over the dataset is minimised. This is usually done by variants of gradient descent.
Independent of the concrete method, the training time can be measured in epochs.
One epoch has elapsed once every sample has been used exactly once to update the
network weights.

GRADIENT DESCENT

We start by only considering a single sample (z, y). As the name suggests, gradient
descent updates the weights by moving them into the direction of steepest descent
w.r.t. the loss function. This is repeated until a minimum is reached. Denote the
weights at step k by 0%, and let the step size be given by 7 > 0. Then, each step
performs the update

ot = orLEANDY) g i Ne@)y). G

Here, 0L/00 = VL denotes a column vector which contains the partial deriva-
tives of the loss £ with respect to all elements of 0. Itis given by (0L/08); = 0, L.
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STocHASTIC GRADIENT DESCENT

For stochastic gradient descent [182], such a descent step is performed for each sam-
ple from the dataset one after the other:

OL(Np(xk), Yr) .

k+1 _ gk _
0" =86 20¢

(3.2)

On large datasets, this tends to perform well overall, but gradients can vary wildly
between samples. On one hand, this allows the optimisation to escape local minima
or saddle points [49]. On the other, it can also cause the optimisation to diverge,
especially if the learning rate 7 is too large.

BaTcH GRADIENT DESCENT

The other extreme is to average gradients across the whole dataset for each update,
leading to the equation

N

This approach leads to a very smooth optimisation, but is more likely to get stuck
in local minima. Furthermore, computational resources typically do not suffice to
calculate gradients for a large dataset at once.

MiN1-BaTCH GRADIENT DESCENT

Mini-batch gradient descent offers a middle ground: The training set is divided into
smaller (mini-) batches of data over which the gradients are averaged. For a batch size
of ny, the update reads

0k+1 ak i a‘C(N9<wknb-l:Z) yknb-i-l) . (34)
nb i—1 89

Note that this notation assumes that the samples from the dataset are processed in
order. Typically, the order would be randomised aver each epoch to avoid biases.

The batch size 1, is an important hyperparameter of training that can significantly
influence convergence speed. It is chosen such that stability and computational effi-
ciency are balanced.
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Apam

The variants of gradient descent discussed so far can converge quite slowly, both in
practice and in the mathematical analysis of convergence rates. Network parameters
can live on different scales, and the size of gradients can change over the course of
training, which means that a fixed learning rate is suboptimal [220].

As such, machine learning typically employs advanced momentum-based strate-
gies. For a comprehensive overview, see e.g. [158, 220]. Over the last decade, adaptive
moment estimation (Adam) [119] has emerged as a very popular choice. It combines
the advantages of RMSprop [88] and AdaGrad [56] to build a one-size-fits-most al-
gorithm. It maintains approximations of the mean v and uncentred variance s of
the gradient through exponential moving averages. For smoothing factors 31, 3o, it

tracks
oL
v = Bivg_1 + (1 — 51)@; vy =0, (3.5)
oL\’
S = Pa8k—1 + (1 = f32) (W) ) so=0. (3.6)
The initialisation bias is remedies trough normalisation:
—~ Vg
Uk = 1_—{€ ’
~ Sk
S = 1——65 .

This leads to the weight update

Vg
V8, +e¢
As can be seen, it normalises the averaged gradient by the standard deviation. Assuch,
it uses both momentum and is robust to sparse or noisy gradients.

O"t = 0" — 1 (3.7)

The authors suggest to use 51 = 0.9, 2 = 0.99, and ¢ = 10~ for the hyperpa-
rameters [119]. As Adam is quite robust to these choices, they are rarely adjusted.

AuTOMATIC DIFFERENTIATION

All optimisation methods discussed so far rely on efficient computation of the gra-
dient of the loss w.r.t. the weights. In all modern deep learning frameworks, this is
accomplished using automatic differentiation [19, 81,133, 215, 253]. In fact, the dis-
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ReLLU

tanh

Figure 3.1: Visualisation of ReLU and tanh.

covery and implementation of it are one of the ingredients which enabled efficient
training of large models in the first place.

Most deep learning frameworks [1, 164] rely on backpropagation [191] for auto-
matic differentiation, which boils down to repeated applications of the chain rule.
Just as deep learning frameworks hide the complexity of automatic differentiation
from the user, we refer to [19] for an overview.

3.1.3 ARCHITECTURES

While there are a plethora of neural architectures, this thesis builds upon only two
archetypes: multilayer perceptrons (MLPs) [186, 187] and convolutional neural net-
works (CNNs) [70,127]. We discuss their building blocks here.

MULTILAYER PERCEPTRONS

The core building block of MLPs are fully connected layers. For an input x € R”,
weights K € R™*", bias b € R™, and activation function o : R — R, they are
defined by

h(x)=oc(Kx +b) (3.8)

where the activation o is applied element-wise.
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Many choices for the activation function are possible, with common choices be-
ing the rectified linear unit (ReLU) [76, 157] and sigmoid functions. The ReLU
function is given by

if 0
r 1utzx >0, (3.9)

0 otherwise.

ReLU(z) = {

Since it is not differentiable in = 0, gradient descent requires that a derivative in 0
is chosen. Surprisingly, the choice acts as a network hyperparameter [24].
One representative of sigmoids is the hyperbolic tangent given by

et —e "
tanh(x) = prynpert (3.10)
Both functions are visualised in Figure 3.1.

A multilayer perceptron is constructed from a series of fully connected layers. All
but the final one are called hidden layers, and the final one is the output layer. Its
output dimension 1 is chosen such that it matches the task. For example, a scalar
regression problem would have an output dimension of m = 1.

It has been shown that MLPs with a single hidden layer of sufhicient size are already
capable of approximating functions with arbitrary precision [45], which underscores
their usefulness as an architecture. However, deeper networks typically perform bet-
ter in practice [48, 62].

CoNVOLUTIONAL NEURAL NETWORKS

Discrete greyscale images are most naturally represented by matrices. However, they
need to be vectorised when they are used as input for an MLP, as those are only able
to take vectors as input. In fact, we could use any fixed, arbitrary permutation of the
image pixels and would expect identical performance as the network has no inherent
understanding of spatial structure. This discards multiple pieces of prior knowledge
and introduces inefficiency:

1. Pixels which are close to each other are typically correlated. This is used heavily
for tasks such as denoising or inpainting [242]. An MLP has no access to this
structure, and has to learn such relations from scratch.

2. Many image operations, such as denoising, should behave identically inde-
pendent of the position within the image. However, fully connected layers
use different weights for every pixel, which can lead to position-dependent be-
haviour.
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(a) regular convolution (b) dilated convolution
with rate 2

Figure 3.2: Visualisation of a regular and a dilated convolution. While both use 9 weights,
the regular convolution has a receptive field of 3 x 3 while the dilated one has one
of 5 x 5. Note that this visualisation assumes no padding and a stride of 1.

3. Using MLPs on images can require large numbers of parameters. Considering
an image of size 256 x 256 and a hidden layer which preserves the dimension,
the weight matrix K alone contains 256* ~ 4billion parameters. This exceeds
the size of all networks used in this thesis by two orders of magnitude, and leads
to unnecessarily long training times.

A solution to these issues is the convolution layer [70,127]. For an input x € R™ and
a convolution kernel k € R™, the output is computed as

y=o((kxf)+b) (3.11)

where o is an activation function and b is a bias. At the boundaries, most neural
architectures rely on constant padding with zeroes unless otherwise mentioned.

The convolution layer remedies the issues mentioned above: It only uses local in-
formation, behaves the same everywhere, and uses a significantly smaller number of
weights. One can then build a complete network by chaining multiple convolution
layers. However, it can have problems with the propagation of information across
the image: Assuming kernels of width m = 3, information can only travel by one
pixel per layer.

One option to extend this so-called receptive field is through the use of dilated con-
volutions [96, 261]. They space out the pixels involved in the convolution on a regular
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grid, see Figure 3.2 for a visualisation of the 2-D case. As a result, one convolution
layer is able to incorporate information from much further away. We employ archi-
tectures which utilise dilated convolutions in Chapters 5 and 6.

Another technique for the spatial aggregation of information is pooling. Here, the
tensor is divided into patches, for which a summary statistic is calculated. For max-
pooling of a signal f with a patch size k and identical stride £, its output u is com-
puted by

w; = Orgféck friva - (3.12)

The output will then be smaller by a factor of k. Max-pooling is especially popular
compared to other options like average-pooling as it preserves the strongest response
of a neuron with an area.

The inverse operation is upsampling. The simplest option is to just duplicate each
value k times:

ui = flijk) - (3.13)

Besides nearest-neighbour upsampling, another popular option is to learn the up-
sampling operation, see e.g. [205, 264].

By selectively down- and upsampling between convolutional layers, one can ac-
celerate the propagation of information, and reduce computational cost. A popular
architecture which makes use of this is the U-net [185]. However, we need to discuss
batches and channels before we can introduce it.

BaTcHES AND CHANNELS

While the concepts involved in neural networks are easier to explain for 1-D signals,
most practical architectures for image processing operate on 4-D tensors.

Two of those dimensions represent the spatial extent, and a third is the channel
dimension. If the network takes colour images as input, these channels will usually
correspond to the colour channels of the image. However, within the hidden layers
of neural architectures, the number of channels varies and generally does not corre-
spond to colours any more. Instead, individual channels can represent various high-
level concepts, which are typically only partially human-interpretable.

Convolution layers operate in this space, and can vary the number of channels.
Considera 3-D input tensor of size n,, X 1, X n; where n,, X1, is the spatial extentand
n; is the number of channels. Correspondingly, let the output be of size n, x 1, x 1,
where n,, is the number of output channels.

Then, each of the n,, output channels is computed by a single convolution kernel
of shape h X w x n;, where h and w are the spatial kernel dimensions. As such, the
total number of weights in a convolution layer is given by & - w - n; - n,,.
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256 256 1

1 256 256

Input Output
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Figure 3.3: Visualisation of a U-Net with three scales. Each time the resolution is halved, the
number of channels is doubled. Purple blocks denote input and output, yellow
and orange ones represent convolutions with activations. Red and blue layers de-
note down- and up-sampling respectively. Adapted from [82].

Furthermore, as introduced above, networks are trained on (mini-)batches. To
that end, the operations inside the neural network need to be computed for multiple
input images at once. This leads to the introduction of the batch dimension and 4-D
tensors of shape n, X n, X n, X n; where n; is the batch size.

Given the high number of dimensions, precise mathematical descriptions of net-
work architectures make it hard to understand their structure. Instead, visualisations
can be used, which represent 3-D tensors by rectangular cuboids, where the length
of each side represents the size of the dimension. One such visualisation can be seen
for the U-net architecture [185] in Figure 3.3.

U-NET

The U-net was originally introduced by Ronneberger et al. [185] for medical image
segmentation, but has since proven to be successful on many image-to-image tasks. It
consists of a downward pass and an upward pass, which are typically visualised in a U-
shape. The downward pass alternates convolutional layers with pooling layers, which
reduce the spatial dimension but increase the channel dimension. The upward pass
alternates upsampling and convolutions while incorporating information from the
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downwards pass until the original resolution is reached. We visualise this architecture
in Figure 3.3.

RESNET

When building increasingly deep networks, one eventually encounters the vanishing
gradient problem [21]. It leads to the gradients computed via backpropagation to be
close to zero, which causes the training to stagnate. Experiments by He et al. [86,
87] were even able to show that at some point, networks started to perform worse
when the number of layers is increased beyond a certain point. Their solution is the
residual block, which computes for an input x:

y=o9(x+kyxoi(kyxx+b)+by). (3.14)

Here, 01 5 are activation functions, k1 2 are discrete convolution kernels, and b 5 are
biases. Notice in particular the addition of the input @ before the second activation.
This so-called skip connection allows for information to bypass both convolutions,
and reduces the network task to learning the difference between input and output
for each layer.

This approach can be combined with the original U-nets, where during upsam-
pling information is combined using element-wise addition instead of concatenation
along the channel dimension. Besides using the resulting performant architecture,
we also make use of their architectural connection to explicit schemes in Chapter 4.

3.1.4 RECENT TRENDS

Given the speed with which machine learning research is progressing today, trying
to provide a comprehensive overview either means excessive breadth or insufficient
depth. Furthermore, it would be outdated within months. As such, we restrict our-
selves on a view of machine learning models through the lens of data, since this is one
of the fundamental issues neuroexplicit models are trying to resolve.

In 2019, Richard Sutton published his essay “The Bitter Lesson” [221], which
sparked a considerable debate on the state of Al research. Sutton’s central thesis
was that general-purpose approaches relying on massive computational resources and
data consistently outperform sophisticated methods developed by human experts us-
ing domain-specific knowledge. He argued that carefully crafted solutions, regard-
less of their theoretical elegance, are ultimately superseded by approaches that simply
scale computational power and training data.

His arguments were well supported by empirical evidence: The success of deep
convolutional networks such as ResNet-152 [86], which achieved leading perfor-
mance on ImageNet [192] mainly through architectural depth rather than domain-
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specific design, underscores the power of this approach. Similarly, the transformer
architecture [16, 231] demonstrated high performance across many natural language
processing tasks through general attention mechanisms rather than task-specific ar-
chitectural components. Reinforcement learning systems like AlphaGo Zero [210]
managed to beat humans in complex games primarily through massive computa-
tional resources and self-play, rather than incorporation of expert strategic knowl-
edge.

However, several researchers identified limits to this approach. Breunig [27] chal-
lenged Sutton’s assumptions, arguing that “The Bitter Lesson is dependent on high-
quality data.” We too believe that this is a fundamental limitation in this paradigm.
For domains like medical imaging, researchers can count themselves lucky if they have
thousands of images of mixed quality available, see e.g.[153], compared to the billions
used to train modern diffusion models [203]. The same holds for e.g. autonomous
driving [36] and other real-world problems, where data collection is costly, and edge
cases are rare but critical.

Further critiques [144] focused on data efficiency. They observed that machine
learning models demonstrate markedly lower data efficiency compared to human
learning, often requiring orders of magnitude more examples to acquire equivalent
competency [126, 135]. Achieving greater data efficiency, they argued, necessitates
incorporating strong inductive biases into learning systems, rather than relying ex-
clusively on pattern recognition from large datasets. Our work contributes to this
goal, with our inductive biases coming in the form of mathematical models.

The current landscape of artificial intelligence development presents both valida-
tion of and challenges to Sutton’s original thesis. Large language models such as
GPT-4 [3] and advanced video generation systems like Veo 3 [80] are indeed trained
on massive datasets, utilising substantial portions of the publicly accessible inter-
net [146, 232]. These systems demonstrate that, when available, more can be indeed
better.

However, practical limitations of this paradigm have become increasingly appar-
ent. High-quality training data sources are expected to be saturated in the coming
decade [232]. Additionally, the internet increasingly contains Al-generated content,
creating recursive training scenarios where models learn from synthetic data pro-
duced by previous Al systems. This phenomenon, termed model collapse, can result
in worse model performance [7, 208, 209].

These developments indicate that future Al progress cannot rely solely on data
scaling, contrary to Sutton’s thesis. Even general-purpose models will encounter fun-
damental constraints imposed by finite data. Currently still data-rich domains will
likely become data-limited in the coming years as high-quality sources are saturated.

This constraint necessitates exploration of alternative approaches to Al develop-
ment. Multiple research directions addressing data efficiency have gained promi-
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nence, including few-shot learning ideas [213, 214, 233], transfer learning method-
ologies [162, 270], and self-supervised learning paradigms. Additionally, synthetic
data generation [18] and domain adaptation methods [162] ofter ways to stretch ex-
isting data further.

Nowadays, there are already areas where neuroexplicit models are state of the art
in highly competitive fields, even if they do not go by this name [27]. Consider for
example the chess engine Stockfish [216]. Is consists of a highly optimised state space
search algorithm, combined with an originally handcrafted position evaluation func-
tion. In 2020, the authors replaced the evaluation function by a tiny network with
just 17,500 parameters inside its hidden layers. However, it has been beating the fully
neural runner-up LCZero [134] consistently since then [225]. While Stockfish does
not call itself “neuroexplicit”, it is clearly combining knowledge of human experts
and insights with AI models to great success, even in the presence of almost unlim-
ited training data through self-play.

Neuroexplicit models can be part of the answer to limited data. By combining
the learning capabilities of neural networks with the interpretability and efficiency
of explicit mathematical models, neuroexplicit approaches can augment learned in-
formation with knowledge.

3.2 DIFFUSION

Diftusion describes the equilibration of particle concentrations within a closed space.
Fick [67] first described the governing equations for concentrations of salts in 1855.
His work is closely related to Fourier’s work on heat transfer [69] and Ohm’s work
on electrical conduction [160]. The notion of diffusion in image processing treats
grey values as concentrations, and describes their behaviour over time as an initial
boundary value problem. Here, we cover diffusion models of various capabilities and
complexities, starting with the simplest one.

3.2.1 LINEaAR HOMOGENEOUS DIFFUSION

Linear homogeneous diffusion for image processing has been discovered indepen-
dently multiple times, with the first description by Japanese researcher Iijima in 1959
[97, 98, 99], and western discoveries following 20 years later [120, 254].
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The process considers an evolving image v : €2 x [0,00) — R on a domain
Q2 C R2. Itis defined by the initial boundary value problem

Ou = Au on 2 x [0, c0), (3.15)
Opu =0 on 9% x [0, 00), (3.16)
u(zx,0) = f(x) on (). (3.17)

The diffusion equation (3.15) describes the image evolution over time. Itleads to the
equilibration of the grey values in the limit ¢ — 00. The boundary conditions (3.16)
define reflecting boundary conditions and dictate that no mass is transported across
the image boundary given by the outer normal vector n. Together with the diffu-
sion equation (3.15), this leads to a preservation of the average grey value. The initial
condition (3.17) initialises the image u at time ¢ = 0 to the input image f.

As the diffusion equation (3.15) acts the same everywhere in the image, it is con-
sidered to be homogeneous. Furthermore, it does not depend on the local image struc-
ture, making it /inear as well. These properties give this type of diffusion its name.

Linear homogeneous diffusion is parameter-free, which makes it simple to use.
However, while it is a useful tool in downstream tasks like sparse inpainting [111], it
tends to perform poorly for denoising. There, it blurs both noise and structures.

3.2.2 NONLINEAR [sOoTROPIC DIFFUSION

Nonlinear isotropic diftusion [35, 75, 167] seeks to remedy this by inhibiting diffu-
sion at edges, which are detected as regions with high gradient magnitude:

O = div (g(|Vul*) Vu). (3.18)

The diffusivity g is a positive, decreasing function that controls the strength of dif-
tusion in dependence of the squared gradient magnitude. Many diftusivities were
proposed, for example the exponential Perona-Malik diftusivity [167]

g(s%) = exp (—%) (3.19)

with a contrast parameter A > 0, which even allows for the enhancement of edges.

The original formulation is ill-posed and sensitive to noise [118]. This can be reme-
died through presmoothing the gradient inside the diffusivity argument [33]:

O = div (g(|Vus|?) V). (3.20)
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The smoothing is u, = K, * u is done with a Gaussian kernel /&, with mean 0 and
standard deviation o.

As this process adapts the strength of diffusion based on the local structure of the
evolving image, it is called nonlinear. However, it still treats all directions equally,
making it Zsotropic.

While it performs better at denoising than homogeneous diffusion, it still struggles
to denoise edges: It either smooths them away, or preserves them along with the noise
present there depending on the parameter choice.

3.2.3 NONLINEAR ANISOTROPIC DIFFUSION

Anisotropic diffusion allows for different amounts of diffusion in different direc-
tions. Most practically relevant anisotropic models are also nonlinear, and adapt the
diffusion to the local image structure. They do so by replacing the scalar-valued dif-
fusivity g of nonlinear isotropic diffusion with a diffusion tensor D € R?*2:

Oyu = div (D(Vu,)Vu). (3.21)

The diffusion tensor is a symmetric positive definite matrix which is commonly de-
fined through its eigenstructure. For example for edge-enhancing anisotropic diffu-
sion (EED) [246], it is constructed as follows: The first eigenvector vy || Vu, points
across the local edge, and the second vy L. V', is parallel to it. To allow for diffusion
along the edge but not across, the eigenvalues are then chosen as A = ¢(|Vu,|?)
and Ay = 1 respectively. The complete diffusion tensor is then given as

D(Vu,) = g(|Vu,|?) - viv] +1-v0, . (3.22)

Both homogeneous diffusion (3.15) and nonlinear isotropic diffusion (3.18) can
be written using the anisotropic diffusion equation (3.21) by setting D = I and
D = ¢(|Vu|*)I respectively. We provide a visual overview of the three models
we introduced in Figure 3.4. We see that linear homogeneous diffusion removes
noise and structure everywhere. Nonlinear isotropic diffusion with the exponential
Perona-Malik diffusivity preserves the edges, but also the noise at edges. EED is then
also capable of preserving edges while denoising.

Beyond EED, several more anisotropic diffusion models [106, 172, 189, 196, 226,
243, 247] exist with different objectives and strengths.

3.2.4 DISCRETISATIONS

So far, we have only discussed the different types of diffusion in the continuous set-
ting. Here, we will introduce implementations using explicit schemes and finite dif-
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linear homogeneous

nonlinear isotropic EED

Figure 3.4: Visual comparison of the different diffusion methods on pruebab. All use a stop-
ping time of ¢ = 80. Nonlinear isotropic diffusion and EED use the exponential
Perona-Malik diffusivity for A = 3.5 and o = 2. Test image taken from [242].
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ferences. They serve as the basis for discretisations used throughout this thesis, in
y g
particular for anisotropic diffusion in Chapter 4 and Euler’s elastica in Chapter 5.

FINITE DIFFERENCES

Finite differences can be used for derivative approximation. We introduce them for
the 1-D setting, but the same ideas extend to higher dimension. To this end, consider
adiscrete signal f € R" sampled from a continuous signal with grid size /.

For the first derivative, three basic options exist:

fi+1 - fz

fl= - (forward difference), (3.23)
, _ Jivn— Jica .

fi~ o (central difference), (3.24)

fl= % (backward difference). (3.25)

Their names are derived from the pixels involved in the approximation: The forward
difference only uses location index % and its successor, the backward difference the
predecessor, and the central difference uses indices on both sides.

The quality of an approximation can be judged by describing its asymptotic er-
ror in terms of the grid size /. For the forward and backward difference, the error is
in O(h), and for the central difference in O(h?) where O is the Bachmann-Landau
notation. The so-called consistency order is then given as the power of h in the asymp-
totic error. As such, the forward and backward differences have consistency order 1,
and the central difference has order 2. Here, a higher consistency order denotes a
better approximation quality.

For the second derivative f’, the central difference is given by

£ fior = 2fi + fina
i ™ h2 .

(3.26)

It has consistency order 2.

As finite difference approximations utilise the same coefficients across the whole
signal, we can visualise them in stencils. For the central difference for the second
derivative (3.26), we obtain

B |- | &=l 2] (3.27)
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This stencil contains the weights for the central element f; and its neighbours. The
action of this stencil on a vector can thus be described through a matrix A € R™*"
which contains the stencil entries appropriately centred in each row:

f”%Afzé f. (3.28)

The first and last row differ due to assumed reflecting boundary conditions. In the
discrete setting, they can be modelled by extending the signal to the left and right
through fo = fiand f,41 = f,. The contributions of fy and f, {1 thus get

accumulated onto f; and f,,.

Expricit SCHEMES

Discretising the time derivative J;u with a forward difference gives the approxima-
tion . .
+
u'tt —u
oy " ——— . (3.29)
.

Here, 7 is the time step size and u” denotes the image after k time steps. When we
describe the discretisation of the divergence term for the image u* by A (u”)u”, the
tully discrete version of the diffusion equation (3.21) is given by

k+1 k

d . i A(uMu” . (3.30)
Solving for ubtl gives the explicit scheme

ut = (I +rAu"))uf (3.31)

where I is the identity matrix. Starting from the initial image u’ = f, we can re-

peatedly evaluate the right hand side to obtain approximations of u at time ¢ = k7.

STABILITY

In tasks like diffusion-based inpainting, we are interested in the steady-state of u for
t — 00. Assuch, one would be tempted to choose the time step 7 as large as possible.
However, choosing 7 too large can cause the values of u to diverge. The stability
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theory of diffusion was explored comprehensively by Weickert [242] and determines
limits on 7 within which the grey values remain reasonable.

Two notions of stability are relevant for us. The first is the maximum-minimum
principle, which states that the evolving image never exceeds the range of the initial
one:

min f; < u¥ < max f; Vi, Vk > 0. (3.32)
J j

This strong notion of stability leads to restrictive bounds on the time step size for
anisotropic diffusion in particular. The nonnegativity discretisation [242] even im-
poses limits on the maximal anisotropy.

A weaker notion which is more appropriate for discretisations of anisotropic dif-
fusion is stability in the L*-norm [250]. Here, iterations need to be nonincreasing in
the Euclidean norm:

[ le < Jufll VR >0. (3.33)

For the discrete diffusion equation (3.31) and assuming a symmetric matrix A, this
is guaranteed for
|II+TA|2=p(I+7TA)<1. (3.34)

Assuming furthermore that A is negative semi-definite, we obtain the restriction

2
p(TA) <2 & 7< ——. (3.35)
r4) o(A)
As such, the problem of guaranteeing stability in the Euclidean norm reduces to de-
termining the spectral radius of A. We will use this methodology to analyse a stencil
class for anisotropic diffusion in Chapter 4.

3.3 Basics OF ACOUSTICS

While all but one of the publications incorporated in this thesis deal with image pro-
cessing, Section 5.5 is placed in the domain of acoustics. The application there still
boils down to solving a PDE, but the PDE itself and the error measure used are spe-
cific to the domain. We introduce basic context here with notation adapted to be
similar to the one commonly used in the image domain.

3.3.1 SounD FI1ELDS

On a technical level, sound is vibrating particles in a medium, which causes a variation
in pressure. These variations are relative to the ambient pressure in the medium, e.g.
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atmospheric pressure in air. If considered ata specific location and time, this variation
is called the sound pressure.

If we consider the sound pressure in a domain € C R? across time, this spatio-
temporal distribution is called a pressure distribution or sound field. It can be a mod-
elled as a function f(x,t) : © x [0, 00) — R. In lossless media, the pressure distri-
bution adheres to the homogeneous wave equation

Ut = C2Au . (336)

There, A denotes the Laplacian with respect to the spatial coordinates, and c is the
speed of sound in the considered medium, for example ¢ ~ 343 m/s in air at room
temperature. While air is not perfectly lossless, it can be treated as such for most
applications, see e.g. [125].

Microphones can measure the sound pressure at a spatial location over time. Here,
we assume perfect omnidirectional microphones which pick up sound waves arriving
from all locations equally.

For many applications, it is useful to consider the sound field in the frequency
domain instead. It can be calculated as the time-domain Fourier transform of u

i@, w) = / u(@, £ dt (3.37)
where w is the angular frequency, given in radians per second. It relates to the ordi-
nary frequency f by w = 27 f. Intuitively, u describes the amplitude and phase of
a sound wave of a specific frequency w at location @. Both u and U are referred to
as sound field in the literature, with the distinction typically being clear from con-
text [227].

By plugging u into the wave equation (3.36), we obtain the governing equation
for 4. The resulting PDE is the Helmholtz equation given by

AU +E*Uu=0. (3.38)

Here, k = ¥ is the wave number, which describes the spatial frequency.

3.3.2 SounD FIELD ESTIMATION

Microphones placed in a room are only able to capture the sound pressure at a few
spatial locations. However, applications such as spatial active noise control or spatial
audio reproduction for virtual reality require the pressure distribution to be known
inside the whole domain [125]. This motivates the field of sound field estimation,
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3.3 Basics of Acoustics

which deals with the interpolation of sound fields from a discrete set of measure-
ments.

A comprehensive overview of algorithms for this problem is beyond the scope
of this thesis and would require the introduction of a large amount of numerical
techniques which are not used elsewhere in this work. We recommend [227] for an
overview of model-based methods, and [125] for neuroexplicit and neural methods.

In this thesis, we only consider the interior problem, which aims to estimate the
sound field inside a region 2. All sound sources are assumed to be outside €2, that is
(2 is said to be source-free.

While it is commonly phrased differently in the sound field estimation literature,
we still state the mathematical description based on the terminology used in the rest
of this thesis. This reveals the close connection to sparse inpainting as considered in
Chapter 6. Let f(x,w) : %[0, 00) — Cbeasound field in the frequency-domain
representation, which is only known in a subset K C 2. Our goal is to reconstruct
a function u : 2 x [0,00) — C which coincides with f on K, and conforms to
the Helmholtz equation (3.38) everywhere else. For a binary confidence function ¢
with ¢(z) = 1 forknown positionsin K and ¢(x) = 0 otherwise, the reconstructed

sound field should fulfil
c-(u—f)—(1=c)- (Au+k*u) =0. (3.39)

Up to the reaction term k2w, this formulation is identical to homogeneous diffusion
inpainting. We will consider a variant of this problem in Section 5.5.

3.3.3 ERROR MEASURES

Just as in the image domain, there are also a range of different error measures in the
acoustic domain. Besides MAE and MSE as general metrics, the logarithmic spectral
distance (LSD) can be used as a perceptual metric [124, 260]. It compares the sound

field magnitude |u/| for set of position and frequencies. Let &1, ..., &, be a set of
locations, and wy, . . ., w,, be a set of frequencies. It is defined as
lem |1 lu(e;, w;)|\
LSD(u, f) = — — (20 log,g 22 ) . (3.40)
() = 5 2 2\ 2o [ )

i=1 j=1

For synthetic datasets where the ground truth is available everywhere, the locations
can be obtained by discretising the domain €2 just as for images in Equation 2.10. The
frequencies can be chosen based on the desired application, for example by a sampling
the range of human-audible frequencies. We use a version of this loss in Section 5.5.
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4 NUMERICAL SOLVERS
TRANSLATED INTO NEURAL
ARCHITECTURES

In this chapter, we introduce our first integration of neural networks into numerical
solvers, but still remain firmly rooted on the model side. Our largest contribution
is a fine-grained stability proof for a class of discretisations for anisotropic diffusion.
Afterwards, we relate the derivation of the discretisation itself to neural architectures,
which leads to a fast implementation in deep learning frameworks.

The results in this chapter were presented at ECMI2023 [202] and will appear in
the proceedings. The proposal to split the anisotropic operator into four directions
was made by Prof. Joachim Weickert. The specific formula for the free parameter
delta can be found in an unpublished manuscript of Michael Krause. Prof. Joachim
Weickert has also helped to sharpen and shorten the final version of the manuscript.

4.1 INTRODUCTION

Anisotropic diffusion models with a diffusion tensor have numerous applications
in physics and engineering. Moreover, they also play a fundamental role in image
analysis [242], where they are used for denoising, enhancement, scale-space analysis,
and various interpolation tasks such as inpainting and superresolution. Sophisticated
nonlinear models with appropriate directional behaviour can close interrupted struc-
tures and maintain or create sharp edges. However, to achieve results with only few
dissipative artefacts and good rotation invariance, appropriate numerical approxima-
tions are needed. They should also come with provable stability guarantees and lead
in a natural way to efficient implementations. Ideally they should also exploit the im-
pressive parallelisation potential of modern GPUs. The goal of our contribution is
to address these numerical issues.
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4.2 CHAPTER CONTRIBUTIONS

Motivated by image analysis applications, where one has a regular pixel grid and aims
at simple numerical algorithms, we consider finite difference approximations on a
3 x 3 stencil. However, our results are also useful for anisotropic diffusion problems
in other areas. Our contributions are threefold:

First, we study space discretisations of a general anisotropic diffusion operator on
a3 x 3 stencil. They split the 2-D anisotropic process into four 1-D diftusions. This
class has one free parameter that can be used for quality optimisation. It covers the
two-parameter stencil family of Weickert et al. [250], while removing its parameter
redundancy and oftering a simpler derivation. Moreover, it subsumes many previous
discretisations with second-order consistency.

Our second contribution consists of a detailed stability analysis, where we estab-
lish fairly tight bounds on the spectral norm of the matrix associated with the stencil
family. It allows to derive time step size restrictions for the corresponding explicit
scheme (and accelerations that rely on it).

Last but not least, our stencil derivation based on a directional splitting enables
the translation of the explicit anisotropic diffusion scheme into a ResNet block [86],
which is a highly popular component of neural networks. This showcases that ideas
are often shared between numerical schemes and neural architectures. More impor-
tantly, it allows simple and fast parallel implementations of anisotropic diffusion on
GPUs using neural network libraries such as Py Torch.

4.3 RELATED WORK

Many finite difference discretisations for anisotropic diffusion processes exist in the
literature. Often they use spatial discretisations on a 3 X 3 stencil with consistency
order two. The stencil class of Weickert et al. [250] comprises seven of them. Our
findings offer a simpler derivation and representation of this family. Moreover, we
extend the results from [250] by establishing concrete time step size limits for explicit
schemes, connecting these algorithms to neural networks, and exploring simple and
efficient parallelisations.

Our stencil family originates from a splitting 2-D anisotropic diffusion into four
1-D diftusions along fixed directions. Earlier splittings of this type intended to derive
discretisations that are stable in the maximum norm [152, 242]. In general this is only
possible for fairly mild anisotropies [242]. We consider stencils that offer stability in
the Euclidean norm for all anisotropies.

Multiple recent works [11, 12, 188, 193] connect explicit schemes for PDEs to the
ResNet [86] architecture. For example, Alt et al. [11] show that evolutions of dis-
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cretised 1-D diffusion models with a scalar-valued diffusivity can be represented as
ResNet blocks. In [12], they also explore the 2-D anisotropic case. However, their
methodology is limited to evolution equations that arise as gradient descent of an en-
ergy functional. This excludes popular methods like edge-enhancing diffusion [242],
for which Welk [251] has shown that no energy functional exists. We can translate
these methods as well.

4.4 ORGANISATION OF THE CHAPTER

In Section 4.5.1, we derive a class of finite difference discretisations on a 3 x 3 stencil.
We establish stability results for the corresponding explicit scheme in Section 4.5.2.
Section 4.5.3 shows how our splitting into 1-D diffusions leads to a translation of
this scheme to a ResNet architecture, and it analyses its performance on a GPU. We
conclude this chapter in Section 4.6.

4.5 ANISOTROPIC DIFFUSION STENCILS: FROM
SIMPLE DERIVATIONS OVER STABILITY
EsTIMATES TO RESNET IMPLEMENTATIONS

4.5.1 DISCRETISING ANISOTROPIC DIFFUSION WITH THE
O-STENCIL

In this section, we study a simple and fairly general approach for a space discretisation
of anisotropic diffusion on a 3 x 3 stencil. It is based on a directional splitting into
four 1-D diftusion processes, which we discuss first.

1-D DrrrusioN  To denoise a 1-D signal f : [a,b] — R, one can create simplified
versions {u(z,t) |t > 0} of it with the nonlinear diffusion process [167]

du = 0, (g((amu)Q) axu) (t > 0), (4.1)
u(z,0) = f(z). (4.2)
For further details on nonlinear diffusion, we refer to Section 3.2.2. At the domain

boundaries a and b, we impose reflecting (Neumann) boundary conditions. To pre-
pare for the later translation to a neural architecture, we introduce the flux function

P (0,u) = g((9,u)?) Opu. It leads to the evolution equation dyu = 9,(P(0,u)).
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4 Numerical Solvers Translated into Neural Architectures

A finite difference discretisation of this 1-D process serves as building block for
discretising anisotropic diffusion. To obtain a discrete signal u = (u;) € RY, we
sample u with grid size h. We discretise the derivatives with a forward difference in
time and for the inner spatial derivative, and a backward difference for the outer one.
This leads to the explicit scheme

ul Tt gk 1 uk | —uk ukf — ¥
7 I —— @ Z—‘rl (A _ @ 1 1—1 4'
() () @

where 7 > 0 is the time step size, ¢ denotes the location, and k the time level.

AnisoTroric DiFFusIoN In image analysis, anisotropic diffusion with a diffu-
sion tensor [242] creates filtered versions u(x, t) of a scalar-valued (i.e. greyscale) im-
age f () by evolving it with the PDE

du = div(DVu), D = (Z l;) (4.4)

where we initialise u(x, 0) with f () and use reflecting boundary conditions. For
turther details on anisotropic diffusion, we refer to Section 3.2.3.

TuE §-STENcIL  The discrete setting considers images f,u” € R" obtained by
sampling f and u(., k7) with a grid size of h and arranging the pixel values into col-
umn vectors. The key idea of our discretisation is the decomposition of an aniso-
tropic 2-D diffusion process into a sum of four nonlinear 1-D diffusions along the
axial and diagonal directions

() ) o) w ()

We determine directional diftusivities wy, . . ., ws for the corresponding directions
by solving the system of three equations with four unknowns arising from

3
div <(Z g) Vu> = ; Do, (w; D). (4.6)

Its solution has one free parameter which we call ¢:

wo =a — 9, w; =0 + b, Wy = ¢ — 0, w3 =09 —>. (4.7)
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All four 1-D diffusion processes can be discretised as before in (4.3). Each direction
uses three pixels of its 3 X 3 neighbourhood. Discretising e.g. Je, (w; O, ) in the
pixels (i —1,5—1), (i,7),and (i+1, j+1) at distance h+/2 gives

v\ it T g T O e T

Incorporating all four directions yields the following d-stencil for div (D Vu):

1 o — U U1
—((5+b)i+1 Dl = W (5 4 p) , Ui — izl-t 1). (4.8)

00y (0= 8y 30 Divginy
—(a 5)i+%,j - (a— 5)%%,1'
— 26 4+0b) 11 — 2(64Db), 1
% (a— )i s, 3 ( it Jtz T2 ( ) 3072 (a— 5)#%4’ (4.9)
h —(c 5)i,j+% (c— 5)7,1'7%
—5 (=01 = 50 =b)y1 s
1O +b)i1s (c—8);,.1 30 =0)i1 51

where the z-axis points to the right, and the y-axis to the top. We assume that the
diffusion tensor D is available in the staggered grid locations (Z + %, j =+ %) This is
fairly natural if it relies on first-order derivatives, which can be computed with central
differences in a 2 x 2 neighbourhood [250]. We obtain values in (z + %, J ) and
(i, == %) by averaging:

1

(a— 5)2‘15,3‘ =3 ((a - 5)2‘:&:%,]‘4-% + (a— 5)1‘1%,]‘—%) (4.10)

and similar for (¢ — 9), ;4 1. Then the d-stencil family has consistency order two.

INCORPORATION OF THE STENCIL FAMILY OF WEICKERT ET AL. [250] With
(4.10) and 0 = aa + Sb + ac, the d-stencil family comprises that of Weickert et
al. [250] that uses two parameters o and 3. This shows that the parameters of the
latter contain redundancy which we remove with the d-stencil. Moreover, our stencil
derivation is simpler than the one in [250] that has been obtained by discrete energy
minimisation. In [250] it is shown that these stencils comprise seven discretisations
from the literature. Since we are not aware of any second-order accurate discretisa-
tions on a 3 x 3 stencil that is not covered by this class, the J-stencil family may even
be more general.
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4.5.2 STABILITY THEORY FOR THE 0-STENCIL

Let the symmetric matrix A = A(u") act on an image u” locally by applying the
space-variant -stencil. Weickert et al. [250] have already established that A is nega-
tive semidefinite for o < % and || < 1 —2a. They have also replaced /3 by a param-
eter 7y such that 3 = v(1-2a) sgn(b) and |y| < 1. Choosing & close to 5 and 7 close
to 1 improves rotation invariance and reduces dissipativity in experiments [250]. In
practice, parameters o < 0 are irrelevant and make a stability analysis more compli-
cated. Thus, we exclude them from now on.

Consider an explicit anisotropic diffusion scheme u**' = (I + 7A(uf))u”
with unit matrix I, time step size 7 > 0, and a negative semidefinite matrix A # 0
such that for the spectral norm p(A) > 0 holds. Then stability in the Euclidean
norm in terms of ||u**1||y < [|u*||o holds if

2
R —— (4.11)

p(A)

We can bound p(A) as follows:

Theorem 2 (Bound on Spectral Norm). Let the eigenvalues of the diffusion tensor D
be given by >\1 > Xy > 0. Assumethat 6 = a(atc)+5b where f = v(12a) sgn(b)
fora € (0, 3] and |y| < 1. Then the spectral norm of the matrix A satisfies

1(1=a) (t+da) + 2(1 =7 (1=2a) i=a)

p(A) < 2 (4.12)

Proof. For the considered choice of a and 3, we know from [250] that the symmet-
ric matrix A is negative semidefinite. Thus, its spectral norm is determined by its
smallest eigenvalue Ayin as p(A) = —Apin(A) . Let us now bound Apin (A) with
Gershgorin’s circle theorem [252] as introduced in Theorem 1. As A applies the 4-
stencil, this theorem states that the smallest eigenvalue of A is bounded from below
by the central stencil entry, minus the sum of absolute values of all other entries. Us-
ing (4.10) and grouping all terms by the four diffusion tensor locations (i % 3, j £ 1)
gives

p(A)gﬁrggic( ((a—=8)+la—0]+ (3+b) +[6+b[+ (c— &) +]e—d]);i1, 1
+ ((a=0d)+la—=08[+(6—=0)+1[0=bl+(c=0)+|c—6]);1,;1 (4.13)
+ ((a=0)+la—=6|+(0—b)+|6—b+ (c— (S)‘F‘C*(SDH»%_J;% ’
+ ((a=0)+]a—03[+ @ +b)+1[6+b + (c =) +]c—d)i1441)-
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Next, we bound the right hand side from above by assuming that the diffusion ten-
sors at the different locations are independent. The notation

My = (a—=98)+]a—6|+(6E£b)+[0E£b+(c—0)+|c—06 (414)
allows us to rewrite the bound as

1
p(A) < o5 (max(M) + max(M-)) . (4.15)
In the following, we determine the maximum of M ;.. Calculations for M _ are analo-
gous. Notice thatin M, the three terms a — 0, 0 +b, and c— ¢ appear pairwise with
their absolute values. This will simplify the calculation of the maximum. Consider
the sum of the three terms:

my = (@a—0) + (0+0b) + (c—9) = a+b+c—9. (4.16)

If m4 has a maximum in which @ — 0, 0 + b, and ¢ — ¢ are all nonnegative, then
max(My) = 2 max(my ), since + |x| = 2z forx > 0. We now proceed to show
that such a maximum of m ; exists. To this end, we rewrite the entries a, b, and ¢ of
the positive semidefinite diffusion tensor D in terms of its normalised eigenvectors
(u,v)", (v, —u) " and their eigenvalues \; > Ay > 0:

a = \u + 02, b= (A —A)uv, c=Xu’+ M0 (4.17)

The possible ranges for eigenvalues may differ between diffusion models. Therefore,
we determine the maximum of m., and by extension our limit on p(A), as a func-
tion of A\; and Ay. This leaves the entries u, v of the eigenvectors as the only variables
to maximise 1m. over. Using (4.17) in (4.16) gives

max (my) = max (1—a) (M+A2) + (1=8)(A\1—A2) wv)
= max (1—a) (AMi+A2) + (1—=v(1—2a) sgn(uv)) (A —A2) uv)

(I—a) (A1+XA2) —1—\(1 —v(1-2a)) ()\1—>\2)\U2/ for uv > 0,

g e —
= max =0 =0 .
wo | (1—a) (A14+A2) + (1 +v(1—2a)) (A1 —A2) wv  for uv < 0.
v
>0 >0 =

(4.18)
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The case where uv > 0 always gives larger results than the second one. Thus,

max (my) = max (( @) A+A2) + (1= ~v(1-20)) (A1 —X2) uv) . (4.19)

We maximise the second term by maximising uv. For our normalised eigenvectors,
u® 4+ v* = 1 holds. Hence, max(uv) = 1 foru = v = i\lf Since we only need

the maximal function value, we can con51der onlyu =v = 75. This gives

1
max (my) = (I—a) (M +X2) + B (1 —~v(1—2a)) (A1—Ag) . (4.20)
We are not able to draw conclusions about the maximum of M, from the maximum
of my yet. It remains to show that @ — 9, 0 + b, and ¢ — ¢ are all nonnegative in our
maximum withu = v = \% We start with a — ¢ and use (4.17):

(CL - 5)|u:v:% -

- Bb - a(a + C)) |u:vz%

(()\1 -+ )\2) - (1 — 20é> (/\1 — )\2) — 2@()\1 -+ /\2))
>0 >0

(
1
2

(()\1 + X2) — (1 = 2a) (A — A2) — 2a( A + )\2))

/\ | =

1—2a)X > 0. (4.21)

1 > 0. For b + 0 we verify
vz

In a similar way, one shows (¢ — 0)],_,_

(b+8)|,— = = ((1 b+a(a+c))|u:1}:% (4.22)
_ %( Fr(1=20)) A = Ao) + (M 4+ Xa) > 0.
~~ S——

As all three terms are nonnegative in the maximum, we can conclude that
r%x(Mg = QmU%X(er) =2(1—a)(M+X2) + (1 —y(1-2a)) (A\1—XN2). (4.23)

Analogous computations lead to the same maximum for M_. Inserting both into
(4.15) produces the claimed bound on the spectral norm. ]

Using Theorem 2 within (4.11) directly gives the following time step size limit:
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Corollary 1 (Stability of Explicit Scheme). An explicit anisotropic diffusion scheme
utl = (I +1A(u"))u”, where A satisfies the assumptions of Theorem 2 with
A1 > 0, g5 stable in the Euclidean norm for

h2
TS 2(1=a) (M+X2) + (1 =7 (1-2a)) (A—=X2)

(4.24)

While our proof does not guarantee that this bound is strict, our practical experience
suggests that it is. Corollary 1 covers two important special cases:

1. In the homogeneous diffusion case with \; = Ay = 1, this time step size
limit simplifies to 7 < ﬁ. Moreover, setting @ := 0 turns the J-stencil
into the standard five point approximation of the Laplacian, which leads to
the well-known 2-D time step size limit 7 < %2 ; see e.g. [150].

2. In the maximally anisotropic case with \; = 1, Ay = 0,and v = 1, one
performs 1-D diffusion along one eigendirection of D. Then (4.24) becomes
T < %2 In spite of being in a 2-D setting, this coincides with the typical
1-D time step size limit [150], which is less restrictive. This shows that our
scheme takes full advantage of the anisotropy. In image analysis, this result
is relevant for coherence-enhancing nonlinear diffusion filters [242]. Similar
findings have also been made with a recent numerical scheme for a maximally
anisotropic backward parabolic PDE [195].

4.5.3 TRANSLATING ANISOTROPIC DIFFUSION INTO RESNETS

Let us now interpret our explicit scheme in the context of neural networks. This
extends the result of Alt et al. [11] from the 1-D setting to the 2-D anisotropic case.
We start by presenting their translation of 1-D diffusion into a ResNet block, and
then build the anisotropic ResNet block from there.

RESNETs ResNets [86] are very popular neural network architectures. They use
ResNet blocks that compute an output u**! from an input u” by

’U,k+1 = 09 (’U,k -+ K2 01 (Kluk + bl) —+ bg) (425)

for discrete convolution kernels K, K5, bias vectors by, by, and nonlinear activa-
tion functions oy, 9. For further details on ResNets, see also our introduction in
Section 3.1.3.
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Figure 4.1: (a) Left: Translation of 1-D nonlinear diffusion into a ResNet block. Adapted from [11]. (b) Right: Anisotropic diffusion as a
ResNet block with a sum of four 1-D divergence blocks. The blocks By, ..., B3 correspond to the directions e, ..., €3.
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TRANSLATING 1-D DrrrusioN INTO RESNETs  The basic translation of 1-D dif-
fusion into ResNets is surprisingly simple [11, 193]: In vector notation, the explicit
scheme (4.3) becomes

u't = uf + 7D, (2(Djub)). (4.26)
Here, D;{ and D), represent matrices computing forward and backward first order
derivative approximations with grid size h. Comparing (4.26) to the ResNet block
(4.25) reveals that both perform the same computations when identifying

Kl :D}J{, 0'1:7'(1), KQI }:, b1 :bQIO, UQZId. (427)

The computational graph for this is shown in Figure 4.1(a).

Altetal. [11] use this connection to advocate ResNet architectures with mirrored
kernels K and K> to guarantee stability in the Euclidean norm. Moreover, their
experiments show advantages of nonmonotone activation functions.

TRANSLATING 2-D ANIsoTROPIC DIFFUSION INTO RESNETS  Our directional
splitting allows also a natural translation of anisotropic diffusion into ResNets. We
split the divergence term of 2-D anisotropic diffusion into a sum of four divergence
terms of 1-D diffusion processes, and use the previous translation for each. This is
illustrated in Figure 4.1(b). By appropriately concatenating the 2-D convolution ker-
nels into 4-D tensors, we match the ResNet structure precisely.

ExPERIMENTS Implementing numerical schemes for GPUs using CUDA can be
labour-intensive and requires expertise. However, deep learning frameworks are ca-
pable of fully automatic and efficient parallelisation of user code. As we were able to
decompose our discretisation into neural network primitives, we can use these frame-
works to obtain an efficient implementation with little effort.

As a prototypical anisotropic diffusion process as described in (4.4) we use edge-
enhancing image diffusion [242], for which we consider 10 iterations of an explicit
scheme. We compare three implementations: The first uses C and runs on the CPU.
It computes entries of the d-stencil before applying it to the image. The second is an
implementation in the PyTorch framework which follows the same strategy. As this
style is uncommon in most neural networks, the implementation is fairly involved.
The third also uses PyTorch, but follows our ResNet translation. It only requires
two convolutions, one activation function, and a summation. This leads to a concise
and simple implementation.

For an image with 2048 x 2048 pixels, our C code takes 1.6 s on an AMD 5800X
CPU. Both our PyTorch implementations perform one order of magnitude faster at
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0.16 s and 0.15 s respectively on an Nvidia 3090 GPU. This demonstrates that our
ResNet translation is able to significantly accelerate EED with a straightforward par-
allel implementation. It is even as fast as the much more involved stencil-based GPU
implementation. This behaviour is consistent across image and batch sizes, provided
that the total pixel count is sufficiently large.

4.6 CHAPTER CONCLUSIONS

We have explored three aspects of anisotropic diffusion stencils. The first was an in-
tuitive derivation of a large second-order stencil family based on directional splitting.
While it covers the full stencil class of Weickert et al. [250], its derivation is simpler,
and it requires only one free parameter (9) instead of two. Therefore, we call it the
d-stencil family.

Secondly, we have established a rigorous spectral norm estimate of the matrix as-
sociated to this stencil family. It allows to derive fairly tight time step size limits of
explicit schemes to guarantee stability in the Euclidean norm. We have restricted
ourselves to explicit schemes, since they are structurally similar to feedforward neu-
ral networks. Moreover, they form the backbone of acceleration methods based on
super time stepping [248] and extrapolation concepts [84]. Further multigrid-like
acceleration options may arise from multiscale network features such as pooling op-
erations and U-net structures [11].

Thirdly, the directional splitting from our derivation has been instrumental in
linking anisotropic diffusion to ResNets. It paves the road to an effortless and ef-
ficient parallelisation with libraries such as PyTorch.

In the larger context of this thesis, this chapter uses the fewest neural components.
In fact, this chapter did not contain any trainable weights at all. Our methodology
only made use of the eficientimplementations of deep learning frameworks and used
them outside their usual scope.

However, future research could change this: Based on our implementation, itera-
tions of anisotropic diffusion methods can be integrated in deep learning pipelines.
Furthermore, the diffusion tensor entries could be made trainable, and adapt to the
local image structure in more complex ways.

For the next chapter, we will take another step towards neural methods. Our mod-
els there use the representational power of neural networks to model discrete images
and continuous functions, and combine it with gradient descent to solve mathemat-
ical models. However, these methods still do not require datasets and continue to
rely on human-designed models.
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This chapter explores how neural networks can be used as solvers for numerically
challenging problems in two ways.

The first addresses the Euler’s elastica inpainting problem and was published in
the proceedings of and presented at EUVIP 2022 [200]. In addition, I also presented
early results from this work at the SIAM Conference on Imaging Science 2022. All
experiments are my own. Dr. Tobias Alt-Veit provided important input on theoret-
ical and practical machine learning aspects. Prof. Joachim Weickert suggested the
discretisation of the elastica energy, and provided valuable discussion and guidance
throughout the preparation of the manuscript. Michael Ertel provided a theoretical
justification for the used finite difference derivative approximations.

The second contribution in this chapter constitutes a deviation from the image
domain to deal with inpainting of the sound field magnitude. It is under review at
the time of submission of this thesis. All experiments and the proposed neural ar-
chitecture are my own. Prof. Shoichi Koyama provided indispensable guidance on
matters specific to the domain of acoustics, along with significant contributions to
the manuscript. Dr. Tomohiko Nakamura and Prof. Mirco Pezzoli provided input
in multiple discussions.

5.1 INTRODUCTION

Progress in solving PDEs or minimising variational energies using finite differences,
finite elements, or even meshless methods has steadily advanced over the last decades.
Nevertheless, poorly conditioned or very large problems can still require prohibitive
amounts of computational power. Moreover, many problems can require complex
tailored numerics with equally complex implementations.

Neural networks are able to address some of these challenges by being able to ef-
ficiently search high-dimensional domains and through a remarkable robustness to
ill-posed problems. They are able to detect correlations in immense amounts of data
and can use them for predictions, e.g. in the context of image generation or comple-
tion [184].
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Still, purely data-driven approaches which do away with most priors commonly
require more data than is available in many scientific applications such as medical
image analysis. Furthermore, they can disobey physical laws, or generalise poorly to
unseen data. This motivates the field of physics-informed machine learning [114],
which aims to integrate physics into learning tasks. Here, some data is used in con-
junction with fully or partially known dynamics.

A popular example of this family of methods are physics-informed neural networks
(PINNS) [177, 178], which penalise deviation from a PDE through introducing ap-
propriate loss functions. This strategy of soft penalty constraints is highly flexible, as
nearly every desirable property can be encoded this way. In a similar spirit, deep ener-
gies [77] propose to employ energy functionals as loss functions for neural networks.

In this chapter, we consider one extreme of the gamut of physics-informed meth-
ods: The setting where the full physics of our model are known, but only data from
a single sample is available. In this case, we do not rely on the ability of neural net-
works to infer correlations from large datasets. Instead, we essentially employ them
as solvers for our numerical problems: We make use of the implicit prior defined by
a neural architecture [54] and the ability of modern deep learning framework to ef-
ficiently minimise energies through gradient descent.

5.2 CHAPTER CONTRIBUTIONS

Our first contribution considers image inpainting with the Euler’s elastica energy
functional. This variational model can be transparently derived from desirable prop-
erties for shape completion, but remains numerically challenging. Existing imple-
mentations often suffer from blurry edges or poor rotation invariance. As a remedy,
we design the first neural algorithm that simulates inpainting with Euler’s Elastica.
We use the deep energy concept which employs the variational energy as neural net-
work loss. Furthermore, we pair it with a deep image prior where the network archi-
tecture itself acts as a prior. This yields better inpaintings by steering the optimisa-
tion trajectory closer to the desired solution. Our results are qualitatively on par with
state-of-the-art algorithms on elastica-based shape completion. They combine good
rotation invariance with sharp edges. Moreover, we benefit from the high efficiency
and effortless parallelisation within a neural framework. Our neural elastica approach
only requires 3x3 central difference stencils. It is thus much simpler than other well-
performing algorithms for elastica inpainting. Last but not least, it is unsupervised
as it requires no ground truth training data.

In addition, we propose a method for estimating the magnitude distribution of
an acoustic field from spatially sparse magnitude measurements. Such a method is
useful when phase measurements are unreliable or inaccessible. Physics-informed
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neural networks have shown promise for sound field estimation by incorporating
constraints derived from governing PDEs into neural networks. However, they do
not extend to settings where phase measurements are unavailable, as the loss func-
tion based on the governing PDE relies on phase information. To remedy this, we
propose a phase-retrieval-based PINN for magnitude field estimation. By represent-
ing the magnitude and phase distributions with separate networks, the PDE loss can
be computed based on the reconstructed complex amplitude. We demonstrate the
effectiveness of our phase-retrieval-based PINN through experimental evaluation.

5.3 RELATED WORK

Most approaches in physics-informed machine learning work by penalising devia-
tion from assumptions or equations through additional loss terms. This very flexible
approach allows to e.g. encourage adherence to PDEs [128, 178, 211] or algebraic
equations [64] by penalising their squared residual.

PINNS [85,178, 211] represent a widely used framework for initial boundary value
problems. They model the target function with a neural network, which is trained
to adhere to the desired PDE. A wide variety of extensions [101, 102, 151, 223, 236]
were proposed over the years, aiming at increasing the quality or performance, see
e.g. [142] for a recent overview. However, PINNs can still suffer from low conver-
gence rates or instability on some problems [237, 238]. We employ PINNS in Sec-
tion 5.5.

As PINN's focus by design on solving individual instances of PDEs, they are un-
suitable for real-time inference. Neural operator methods [139] alleviate this by learn-
ing a mapping from an input function space, for example from an initial condition,
directly to the PDE solution. Extensions move to learn the mapping in the Fourier
domain [130] or in a latent space [121]. However, these approaches require datasets
consisting of pairs of inputs and PDE solutions, which are not available for all prob-
lems. Physics-informed neural operators (PINO) [131] offer a middle ground by in-
cluding a PDE loss function similar to PINNs. This reduces the number of training
samples needed to learn the operator.

The Deep Ritz method [60] or variational PINNs (VPINNG) [65, 117] also aim
to solve PDEs, but rely on reformulating the PDE as a variational energy. Such a for-
mulation does not exist for all PDEs. Furthermore, backwards stochastic differential
equations (BSDEs) rely on stochastic reformulations of PDEs [58, 59]. They excel at
very high-dimensional problems commonly found in finance.

Methods for variational problems are closely related in spirit [S7, 77]. Here, deep
energies [77] describe the use of a discretised variational energy as loss function. Sim-
ilar to neural operators, a network is trained to learn a mapping from an input to an
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output which minimised the variational energy. Here however, no ground truth re-
sults are used for training, but exclusively the variational energy. We incorporate this
concept in our solver for Euler’ elastica in Section 5.4. Our use of a neural network to
predict the solution of an inpainting PDE in Chapter 6 follows a similar philosophy.

In conjunction with the soft-constrained approaches above, network architectures
can be deliberately designed to only be able to represent certain function classes. In
the context of PINN:Ss, this can be used for boundary conditions [55, 218]. There,
networks are built such that all functions they can represent fulfil e.g. Neumann or
Dirichlet boundary conditions. Other works ensure rotation invariance this way [12].

S.4 CNN-BaseDp EULER’s ELAsTICA INPAINTING
wITH DEEP ENERGY AND DEEP IMAGE PRIOR

Inpainting [22, 61, 147] aims at reconstructing missing regions of an image in a se-
mantically plausible way. In the last two decades, many inpainting techniques have
been proposed using model-based [83] ideas as well as deep learning [165, 262]. A
particularly well-researched variational model goes back to Mumford [154] which
utilises Euler’s elastica [66]. It minimises an energy with a total variation and a cur-
vature term. Both terms offer a clear interpretation for shape completion tasks and
lead to a particularly transparent model.

Unfortunately, the numerical minimisation of this nonconvex energy is highly
nontrivial, since its gradient flow is a singular, anisotropic nonlinear partial differ-
ential equation (PDE) of order four. It is difficult to find efficient algorithms that
produce sharp edges, offer a good approximation of rotation invariance, and can in-
paint large gaps. Numerous numerical ideas have been proposed to tackle this chal-
lenging task, including multigrid techniques [29], discrete gradient methods [181],
augmented Lagrangian approaches [222], operator splitting [261], and lifting con-
cepts [34]; see [112] for an overview and additional references. To the best of our
knowledge, however, no deep neural networks have been used for solving elastica in-
painting. In view of the success of convolutional neural networks (CNNG) [78] in all
visual computing fields as well as in numerical analysis, this is surprising. The goal of
this section is to close this gap.

Our CoNTRIBUTIONS  Our approach focuses on deep energies [77]. It uses the
variational energy as loss function for training a neural network without ground
truth data. For digital images, this only requires to discretise the energy. The task of
its numerical minimisation via gradient descent is delegated to the neural network.
In this way we benefit from its powerful optimisation algorithms and an effortless
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parallelisation on GPUs. It should be noted that the discretisation of the elastica en-
ergy only involves first and second order derivatives. This is far more pleasant than
discretising a fourth order gradient flow. We show that 3 x 3 central differences with
optimised rotation invariance are sufficient for this task.

While our discrete energy is simple, it cannot penalise checkerboard-like artefacts.
As a remedy, we employ a second neural concept, namely deep image priors [229]:
This approach reparametrises an image as the output of a neural network and has a
regularising effect. It efficiently prevents the introduction of unnatural artefacts into
the resulting image.

Our experiments show that both neural components are essential for obtaining a
good minimiser of the elastica energy. We even reach the quality of a sophisticated
state-of-the-art algorithm. Our approach is efficient, offers sharp results with good
rotation invariance, and can bridge large gaps.

RELATED Work Combinations of Euler’s elastica and neural concepts are rare
and restricted to areas beyond image inpainting. The use of elastica for supervised
classification is investigated in [132]. There, they act as a regulariser on the level lines
of alearned classifier. An elastica-based segmentation model where the minimiser is
predicted by a neural network was explored in [37].

Inpainting models that rely on deep learning can produce visually realistic images;
see e.g. [165, 262]. However, they require tremendous amounts of training data, and
uncovering the learned model is infeasible due to the large number of trainable pa-
rameters. The conceptof deep energies [77] follows a different philosophy by propos-
ing to use classical variational energy models as loss functions for neural networks.
Deep energy models require no ground truth training data, and the mathematical

model is fully defined by the energy.

Deep image priors [229] have shown how the architecture of a neural network
can act as a regularising prior on its output [54]. They preserve natural visual objects
while attenuating noise. Therefore, their optimisation trajectories pass close by the
desired solution in tasks such as noise or artefact removal. Many works build upon
this concept and propose different strategies for stopping the iteration as close as pos-
sible to the desired solution; see e.g. [234] and the references therein.

ORGANISATION OF THE SECTION  In Section 5.4.1, we briefly review Euler’s elas-
tica model for inpainting. Afterwards, in Section 5.4.2, we introduce our neural al-
gorithm. We evaluate itin Section 5.4.3 and present our conclusions in Section 5.4.4.
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S.4.1 REVIEW: ELASTICA INPAINTING

Let f : 2 — R denote a continuous greyscale image that is only known on an
inpainting mask K, a subset of the rectangular image domain €). Inpainting aims
at reconstructing f in the inpainting domain Q0 \ K. Euler’s elastica obtain such a
reconstruction v as a minimiser of the energy

E(u) = /HVu||2 <b—|—(1—b)/<a2> dz dy. (5.1)

O\K

On the inpainting mask K, we enforce v = f. The energy (5.1) combines the
total variation (TV) [190] penaliser given by || Vu||2 with the level line curvature

k = div (”VV—JL”J ,and || - ||2 denotes the Euclidean norm. The balance between the

two components is steered by a parameter b € [0, 1]. It can produce results from pure
contour length minimisation (for b = 1) to pure curvature minimisation (b = 0).
Both components are highly desirable and psychophysically relevant for shape com-
pletion [113].

Although the elastica energy (5.1) is transparent, it involves many inherent prob-
lems: ||Vu||2 is nondifferentiable in 0, and dividing by it within the curvature term
may create singularities. Moreover, since ||Vul|2 & is the second derivative of u in
level line direction, the elastica energy is highly anisotropic. It is also nonconvex and
may thus have numerous local minimisers. Any minimiser is a steady state of the
gradient flow PDE of the energy. Since the energy (5.1) is nonquadratic, its gradient
flow is nonlinear. Moreover, (5.1) involves derivatives up to order two. This creates
a gradient flow of order four; see [207] for an explicit formula. Fourth order PDEs
are numerically much harder to solve than the widespread second order ones. Other
challenges such as nondifterentiability, singular behaviour, and anisotropy are inher-
ited.

As already mentioned, these problems directly lead to numerous numerical chal-
lenges. They have inspired many researchers to develop highly sophisticated algo-
rithms for elastica inpainting. We show that the concepts of deep energies and deep
priors help us to make these problems more manageable and lead to a simple and
well-performing algorithm.

5.4.2 SOLVING ErastIicA wITH DEEP LEARNING

We follows the discretise then optimise paradigm. Discretising the energy rather than
its fourth order gradient flow allows us to restrict ourselves to derivatives up to order
two. Moreoever, we know that the resulting algorithm minimises a discrete energy,
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which we can use to monitor its success. Most importantly, however, we can exploit
the capabilities of neural networks to minimise difficult nonconvex energies in an
efficient way.

DiscreTISING THE ELAaSsTICA ENERGY

The components of the energy (5.1) can be spelled out as

[Vulls = yJu2 +u2 + €2, (5.2)

U Uy — 2Ug Uy Uy + Uy,

Y
(U2 +u2 +€2)2

) (5.3)

where subscripts denote partial derivatives. Regularising || Vu||2 with € > 0 avoids
nondifferentiability and division by zero.

We obtain discrete images w, f by sampling the continuous functions u, f on a
uniform grid with distance h. We represent images as vectors by stacking the grey val-
ues into a column vector. Moreover, we consider a discrete binary inpainting mask ¢
as an indicator image of the set K. A value of 1 marks known data, and 0 indicates
the inpainting domain.

Finite difference discretisations of derivatives are always a compromise between
many criteria: Ideally they are simple, offer good rotation invariance, do not intro-
duce artificial blur, and have a high approximation quality for all frequencies. In
practice, improving the performance w.r.t. one criterion often comes at the expense
of another. Our discretisation prioritises simplicity and good rotation invariance,
since both are frequent weaknesses of existing elastica algorithms. We shall also see
that it does not create blurry edges. Its main drawback are checkerboard artefacts in
the highest grid frequency. We will cure them with a deep image prior.

For simplicity, we approximate all derivatives by finite differences on a 3 x 3 stencil,
which allows consistency order two. To guarantee that they all fit together, we obtain
them jointly from the coefficients of a weighted least squares regression polynomial
of order two. We achieve good rotation invariance with the tensor product of the
binomial weights [+, 1, 1] in 2- and y-direction, which approximates a rotationally
invariant 2-D Gaussian. This yields

I ) —2
O m o =2[0]2|, Onm 52|42 (5.4)
~10 —2
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and corresponding stencils in y-direction. Note that our approximations for d,, and
0, coincide with Sobel operators, which are well-known for their rotation invariance.
For the mixed derivative we obtain (with y-axis oriented upwards)

—1
0l0[o0 | (5.5)
—1

1
~4n2?

Dsy

With these stencils and by replacing the integral by a summation over all pixels ¢ in
the inpainting domain (i.e. in locations ¢ with ¢; = 0), we arrive at our discrete coun-
terpart of (5.1):

BEw) = 3 (1-¢) [ Vulla <b+ (1- b)mf) . (5.6)

i

MINIMISATION VIA DEEP ENERGIES

To minimise this energy with advanced variants of gradient descent, we use it as a loss
function in a neural network. Golts et al. [77] call this a deep energy. Modern deep
learning frameworks allow us to implement the discrete energy £'(u) and use back-
propagation [191] to evaluate V,, E(u). With this we can perform gradient descent:

uft = uf — 7V E(ub), (5.7)

where 7 denotes the step size and superscripts the iteration level. For Euler’s elastica,
this frees us from the need to find a good discretisation of a fourth-order PDE. In-
stead, only the energy which contains derivatives up to second order must be discre-
tised. Its gradient is efficiently computed by the network by exploiting the parallelism
of GPUs. Note that so far, our network is used as a pure optimisation tool. It has no

trainable weights apart from the iteratively inpainted image u”.

REGULARISATION WITH A DEEP IMAGE PRIOR

By design, our finite difference stencils (5.4)—(5.5) are simple and offer good rotation
invariance. However, it is easy to see that the discrete elastica energy does not penalise
oscillations with the highest grid frequency, where both Sobel operators return zero.
As a result, checkerboard artefacts can appear. We avoid them with the regularising
properties of a deep image prior [54, 229]: It has been shown that typical neural net-
works converge rapidly towards natural images while attempting to avoid unnatural
artefacts. As a consequence, our resulting model first recovers an image that fulfils
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the desired elastica properties, and may introduce undesirable artefacts afterwards.
Thus, stopping the minimisation at the right time is crucial.

We impose a deep prior on u by replacing it by the output of a network u =
N (e, f,0) with mask ¢ and known grey values f as inputs, and parametrised by
weights 6. Instead of searching for the minimiser u directly, we are now solving for
the weights @ which minimise £(N (¢, f, 0)). Gradient descent gives

0" = 0" — TV E(N(c, f,0%)). (5.8)

Note the close connection to the explicit scheme (5.7), as the gradient w.r.t. the
weights is computed via the chain rule. With u* := N (e, f, ") and the Jacobian
Voru®, this reads

Vo BE(u") = (Vgru®) Vo E(u"). (5.9)

The gradient V,» E(u") is calculated first before being distributed onto the con-
tributing weights 6.

Our experiments will demonstrate that this deep prior regularisation efficiently
attenuates checkerboard artefacts. Moreover, by avoiding irrelevant local minima, it
brings us closer to the desired solution after a reasonable number of iterations.

OUR INPAINTING NETWORK ARCHITECTURE

In Figure 5.1 we outline the full pipeline of our neural algorithm for elastica inpaint-
ing. As the energy is only considered within the inpainting domain, we remask the
network output u with the known data f. The final reconstruction is passed to the
deep energy loss function which evaluates its quality.

Our architecture consists of a small gated U-net [185, 262] as introduced in Sec-
tion 3.1.3. Ulyanov et al. [229] found that variants of U-nets perform well as deep
priors for tasks like inpainting or artefact removal. Furthermore, gated U-nets were
used successfully for free-form inpainting as in our setting [262], and we confirm
their suitability as deep priors in our experiments.

The defining feature of U-nets is their shape: The left part consists of a sequence of
convolutions and downsampling operations, resulting in features on different scales.
In a similar way, the right side repeatedly convolves and upsamples the features, and it
concatenates them with features of the same scale from the downsampling pass. The
gated U-net enhances the architecture by jointly evolving features and masks in each
gated convolutional layer; see [262] for a detailed explanation.
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input image f
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o’ reconstruction u

Figure 5.1: The full network architecture. The flow of gradients during backpropagation is depicted with dashed lines. Notice that V, E(u)
is still computed as part of the backpropagation, which shows the close connection to gradient descent.
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5.4.3 EXPERIMENTS

In this section we first present an ablation study which demonstrates that both neural
components of our approach are essential. Afterwards we evaluate its performance
for inpainting of natural images and shape completion tasks.

EXPERIMENTAL SETUP

We prefer standard U-nets for fast inpaintings of natural images, and gated ones for
shape completion with highest quality. Depending on the size of the image, three
or four scales with two convolutional layers each are used. We start with up to 28
channels at the finest resolution and double them with each downsampling. Follow-
ing [262], dilated convolutions on the coarsest scale of the gated U-nets are included.
The inpainting region of the masked image is initialised with random uniform noise
in the same range [0, 1] as the image.

The network is trained with the Adam optimiser [119]. We start with a learning
rate of 7 = 0.001 for natural images and 7 = 0.00005 for shape completion and de-
crease it in later epochs. The parameter b is chosen as to minimise the MAE w.r.t. the
ground truth. We use the MAE since it better reflects our visual impression than the
MSE, while remaining mathematically more transparent than pure perceptual mea-
sures.

ABLATION STUDY

The ablation study in Figure 5.2 shows that the deep energy alone is insufficient for
obtaining the desired inpainting result, regardless of the number of iterations. Incor-
porating the deep image prior is essential. It helps to escape from bad local minima:
From the third to the fourth image, the discrete energy drops from 2.22 to the re-
markably low value of 0.08.

INPAINTING OF NATURAL IMAGES

Figure 5.3 shows how our inpainting algorithm performs on natural images. After
a few thousand iterations, it produces the desired result that minimises the MAE.
Additional iterations still reduce the energy, but deteriorate the MAE and the visual
impression; see Figure 5.4. The checkerboard-like artefacts in the steady state confirm
the previously discussed limitations of our discrete energy. Thus, it is helpful to stop
carlier and benefit from the regularising qualities of the deep image prior. Stopping
earlier also allows us to obtain our results faster. With an Nvidia GTX 1080 GPU, it
takes 49 s for the 6,000 iterations needed for the 256 X 256 image ¢7#i. Finding an
automatic stopping criterion is part of our future research.
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deep energy only,

original without deep prior

ditto, with additional deep energy with
10,000,000 iterations gated U-net deep prior

Figure 5.2: Comparison of results with and without deep prior (b = 0.001,¢ = 0.0001,
and 60,000 iterations). For simplicity, the inpainting region is initialised with
the average gray value. The learning rate starts at 7 = 0.00004 and is halved
every 20,000 iterations. The optimisation producing the third image ran for an
additional 10,000,000 iterations at the final learning rate.
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Figure 5.4: Energy and reconstruction error over time corresponding to ¢7«7 in Figure 5.3.
Spikes were filtered from the bold lines to make the general trends more recog-
nisable. They are caused by brief, very large gradients generated by the curvature
term which cause the network to erroneously change the global brightness, but
are quickly recovered from.

Speed comparisons to other works remain difficult as they often do not disclose
their runtimes, do not make use of the GPU, or cannot produce comparable quality.
A rough comparison can be made to the augmented Lagrangian approach of Tai et
al. [222]. For an 300 x 235 image and a fairly dense random mask with 60 % known
pixels, their inpainting takes 78 s on an Intel Core 2 Duo P8600 @ 2.4 GHz CPU.
Yashtini and Kang [261] propose an ADMM method and report 854 s for inpainting
2220 x 340 colour image with a random mask with 20 % density ona 2.5 GHz Intel
Core i5 CPU. These numbers indicate that our algorithm offers a competitive speed.

SHAPE COMPLETION

Shape completion allows us to demonstrate that our discretisation produces sharp
and rotation invariant results. In Figure 5.5, we show that completion of straight
edges, curves, and combinations thereof are handled adequately. Most noticeably,
very large gaps with almost 200 pixels between the mask regions can be closed. In
Figure 5.6 we compare to the state-of-the-art results obtained with the sophisticated
lifting approach of Chambolle and Pock [34]. While our neural algorithm is simpler,
it produces inpaintings of comparable visual quality.
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128 x128,b = 0.02, 256 x 256, b = 0.0005 400 x 400, b = 0.0001,
adapted from [222] adapted from [198]

Figure 5.5: Neural inpainting results on shape completion tasks (¢ = 0.0001). From top to
bottom: Original, inpainting domain (in green), inpainting result.

59



S Neural Networks as Numerical Solvers

original masked image Chambolle/Pock [34] ours, b = 0.001

Q0o

original [244] masked image Chambolle/Pock [34] ours, b = 0.003

Figure 5.6: Comparison to the TSC shape completion results of Chambolle and Pock [34], kindly provided by the authors (¢ = 0.0001).

Following their experiment, we also initialised the inpainting region of the masked image with grey value 0.5.
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5.4.4 CONCLUSIONS

We have proposed the first neural algorithm for Euler’s elastica inpainting. Research
on numerical methods for this attractive but difhicult inpainting model has been pur-
sued for more than two decades and produced highly sophisticated techniques. It is
thus surprising that our very simple approach is qualitatively competitive to a lead-
ing elastica algorithm for shape completion. This speaks for the quality of its parts
and the fruitful synergy between model-based concepts and deep neural networks.
Our finite difference approximations for the first and second order derivatives of the
elastica energy offer good rotation invariance and sharpness. Energy minimisation is
accomplished automatically by a neural network that frees us from the burden of dis-
cretising the numerically challenging fourth order Euler-Lagrange PDE. Moreover,
the regularising properties of a deep image prior avoid high-frequentartefacts that the
discrete energy cannot penalise. In contrast to purely data-driven neural approaches,
our hybrid algorithm requires neither ground truth inpaintings nor training data.
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5.5 PHASE-RETRIEVAL-BASED PHYSICS-INFORMED
NEURAL NETWORKS FOR ACOUSTIC MAGNITUDE
F1IELD RECONSTRUCTION

Sound field estimation aims to estimate a spatial distribution of an acoustic field
based on a discrete set of sensor observations. It is one of the fundamental tech-
niques in acoustic signal processing and machine learning that can be applied to var-
ious downstream tasks, such as acoustic imaging [148], room acoustic analysis [163],
and spatial audio reproduction [176].

Most methods for sound field estimation are targeted at the complex-valued am-
plitude distribution in the frequency domain or the real-valued amplitude distribu-
tion in the time domain, and assume that they can be observed at discrete positions
of multiple sensors. One of the most widely used techniques is the basis-expansion-
based method, which is based on the expansion representation of the acoustic field by
plane wave functions, spherical wave functions, or equivalent sources [123,163,176].
The basis-expansion-based methods have been generalised as kernel-regression-based
methods, which constrain the estimated function to satisfy the Helmholtz equation
by properly-defined kernel functions [228]. Recently, neural methods have attracted
attention due to their high flexibility and representational power [124, 137, 141, 161,
179]. Among those methods, physics-informed neural networks (PINNs) [114, 125]
have shown promising results. They use an explicit constraint on physical proper-
ties, defined as the deviation of the predicted sound field from the governing PDEs,
i.e., wave or Helmholtz equation [178]. This constraint allows the PINN to avoid
overfitting by penalising functions that do not adhere to the governing PDE.

In contrast to many sound field estimation methods, the target of this study is the
acoustic magnitude distribution. It is given by the absolute value of the complex-
valued amplitude or pressure of the sound field in the frequency domain with its
discrete measurements. The estimation techniques for acoustic magnitude distribu-
tion will be useful when the signals of each sensor are not synchronised. For example,
in ad-hoc microphones, each sensor device usually operates independently [41], and
when measuring the directivity of vibrating bodies, such as musical instruments, se-
quential recording of sound radiation is frequently used [4]. However, unlike the
methods using the complex-valued amplitudes, it is difficult for the magnitude dis-
tribution estimation to incorporate the physical properties of the sound field: The
governing PDE incorporates the phase, and cannot be computed without it. There-
fore, the magnitude field estimation has typically relied on purely data-driven tech-
niques [124].

We propose a magnitude field estimation method that incorporates phase retrieval
and enables the use of a Helmholtz-equation-based loss even without access to phase
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measurements. Specifically, our neural architecture jointly estimates magnitude and
phase distributions so that the measured magnitudes are matched at sensor positions
while the deviation from the Helmholtz equation is minimised. The effectiveness
of our phase-retrieval-based PINN is evaluated through numerical experiments in
simulated rooms.

5.5.1 PROBLEM STATEMENT AND PRIOR WORK
AcousTic MAGNITUDE FIELD ESTIMATION

We consider an arbitrary room with target region @ C R?. Inside the target region,

the magnitude of the acoustic pressure |u(z,w)| : 2 x R — R is known for a

M

set of M measurement locations {wﬁff‘ )}mzl

The goal is to infer the magnitude of the acoustic pressure at a set of [V test locations

€ (), and a fixed angular frequency w.

{az(f ) N | € Q that are different from the measured ones. In the following, we will
omit w for notational simplicity. Note that this problem differs from the usual esti-
mation of the complex-valued acoustic pressure in that only the magnitude is known,
but not the phase. We offer further details on this problem from the perspective of

image processing in Section 3.3.

RrrLaTED WORK

Most previous works consider the interpolation of the complex-valued pressure field
instead of just its magnitude. The most widely used approach in the pressure inter-
polation is based on basis expansion, which relies on expanding the pressure distri-
bution into plane waves, spherical wave functions, or point sources [42, 227]. This
technique is generalised as kernel regression with a constraint of the governing PDE,
which can be interpreted as an infinite-dimensional basis expansion [228].
Recently, many neural methods for sound field estimation and bead-related trans-
fer function (HRTF) interpolation, which is closely related to sound field estimation,
have been proposed [100, 124, 137, 141, 161, 179, 194, 217, 268]. Several of these,
particularly in HRTF interpolation, target the interpolation of magnitude distribu-
tions [100, 124, 137, 268]. PINN enables the combination of the high representa-
tional power of neural networks with physical prior knowledge [114, 125]. Based on
an implicit neural representation or neural field (NF) [212], PINNs represents the
spatial distribution using a neural network. It is then trained using a loss function
that induces the output to satisfy the governing PDE, which is called PDE loss [178].
However, since the PDE loss is computed via automatic differentiation from the NF
output [19], the NF output needs to be the complex-valued amplitude in the fre-
quency domain. Otherwise, the governing PDE cannot be evaluated. Therefore,
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Figure 5.7: Relationship of pressure and magnitude fields. The PDE constraint on the pres-
sure field (in red) implies a set of physically plausible magnitude distributions.
The goal of our approach is to find a magnitude distribution which has an asso-
ciated valid pressure distribution, and matches our observations (in blue).

largely only methods used for interpolating general real-valued functions have been
applied to estimate magnitude distributions.

Still, even when estimating the magnitude distribution, the underlying complex-
valued amplitude distribution should be constrained to the space spanned by func-
tions satisfying the governing PDEs. This in turn implies a constraint on the space
of valid magnitude distribution.

5.5.2 PHASE-RETRIEVAL-BASED PINN FOR MAGNITUDE FIELD
ESTIMATION

We begin with a short introduction of PINNS at the example of a complex-valued
pressure field estimation, before describing how we extend the approach to be able
to apply it to magnitude field estimation.

PINN

PINNSs [178] aim to solve initial value problems (IVP) by modelling the target func-
tion with a NF, and make use of automatic differentiation frameworks for the calcu-
lation of partial derivatives. The IVP that is considered for sound field estimation in
the frequency domain is defined by the homogeneous Helmholtz equation

(A + E*)u(x) =0, u:QAxR—C, xe, (5.10)
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where £ is the wave number, together with the initial condition
u(x™) = s, me{l,...,M}. (5.11)

Here, {s,, }}_, are the pressure measurements at the locations {x,, }2/_,.

PINNs model the sound field u(x) through a NF. Its input are spatial coordinates
x € (2, and its output is the predicted sound field at that location. To ensure that
the network adheres to the initial condition and Helmholtz equation, two loss func-
tions are defined. The data loss Ly, is used to penalise deviations from the initial
condition. The PDE loss Lppg penalises deviation from the governing PDE. To that
end, locations {wl(,p )}, p € {1,..., P}, are sampled from the spatial domain 2. At
those locations, the mean squared residual is considered:

Lrpg = % SIA + K2 yu(P)]); - (5.12)

A weighting of both losses is used for training:
L = NaaLldaa + AppELPDE - (5.13)

The weights Ague, Appe > 0 can be chosen to prioritise one loss over the other. A
technique to adapt the weighting parameters is also proposed [256].

When training the network, theloss £ is minimised through gradient descent. Par-
tial derivatives inside the Helmholtz equation are calculated using automatic differ-
entiation [19], which saves the user from having to discretise them. It is clear to see
that when both losses are 0, the IVP is solved. While PINNs typically only reach this
minimum approximately, they are still good approximations of the target function.

Notably, the setup described here cannot be directly applied to the magnitude field
estimation. The Helmholtz equation (5.10) requires the complex-valued pressure
field, which is not available in our setting. Additionally, no equivalent statement
operating on the magnitude fields |u| is known.

MoTivaTiON OF OUR APPROACH

The key insight of our approach is that there has to be some underlying sound field u
which fulfils two conditions:

1. At the sensor locations :I:S@n ), its magnitude should match the observed one

|Sm| := @y, form € {1,..., M}.
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2. The sound field u adheres to the Helmholtz equation everywhere in the do-
main.

This sound field cannot be uniquely determined, as the phase component can be
periodically shifted. Additionally, for a low number of sensors M, there can be fur-
ther degrees of freedom. Accordingly, a sound field u fulfilling these conditions can
still differ significantly from ground truth. We visualise this relationship in Fig. 5.7.
However, as our experiments in Sec. 5.4.3 will show, using the Helmholtz equation
as a regulariser in this way still improves reconstruction quality.

For our model, we encode the two conditions mathematically:

1. Data Condition:

lu(x™)| = a,, me{l,..., M} (5.14)

2. Physics Condition:

(A +E)u(z) =0 Ve € (5.15)

In the following, we demonstrate how to train a PINN to find a sound field  fulfill-
ing these conditions.

PROPOSED ARCHITECTURE

Similar to the PINN approach for sound field estimation, we predict a sound field u,
and encode our two conditions through loss functions. For the data condition, in-
stead of using the mean square error, we selected the mean average error of the loga-
rithmically scaled magnitude as a perceptually-motivated data loss [257]

M
1 a
Lo = — Y _|20l0gy (—mm> , (5.16)
M 2~ u(zh)|

which is equivalent to the log-spectral distance for a single frequency. For the physics
condition, we penalise the squared residual (5.12).

Our final network architecture is illustrated in Fig. 5.8. At its core, it consists
of two NFs with multilayer perceptrons, one for magnitude estimation and one for
phase prediction. As input, both receive a random Fourier feature (RFF) embed-
ding [223], which maps the sensor position into high-dimensional features using si-
nusoids with the randomly sampled frequencies B. This greatly improves the net-
work’s ability to handle higher-frequency variations in the output.
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Target region

3 0
X (m) 4

Figure 5.9: Experimental setup. Geometry of the room and target region §2.

5.5.3 EXPERIMENTS
EXPERIMENTAL SETUP

DATASET  We use a synthetic dataset generated with the image source method [8§]
using pyroomacoustics [197]. Our environment is a room of size3m x 4m X 6 m
with a reverberation time 7§y of 200 ms as shown in Fig. 5.9. Inside, a cube lattice
of 33? positions is placed in a unit cube (1.0 m?) at the origin as the target region (2.
Of those, 5, 10, 20, or 50 measurement locations are randomly selected for training,
and the rest are used for testing. 64 sources are placed randomly in the room outside
(2. Of those, half were used for hyperparameter optimisation, and half were used for

the results presented here. Our experiments are performed for 200 Hz, 400 Hz, and
600 Hz.

NETWORK ARCHITECTURE  For all experiments, we use MLPs with 4 hidden lay-
ers and 256 neurons per layer, with tanh activation. The RFF matrix B € R128%3
is sampled from a Gaussian distribution with unit variance.

TRAINING We train each instance for 5 x 10° iterations with the AdamW [138]
optimiser with an initial learning rate of 1073, Every 10% iterations, we decrease the
learning rate by 10%. We employ a data loss weight \g,, = 107! and a PDE loss
weight of A\ppr = 1072, Those weights have been optimised to achieve the lowest
possible data loss at the expense of a slightly increased physics loss.
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Figure 5.10: Plot of the test set data loss (5.16) for different frequencies and numbers of

sources in the training set. The use of the physics loss is beneficial in all cases.
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REsuLrTs

We compare three different approaches. Our Baseline is simple nearest neighbour
interpolation [155]. We compare against interpolation with a NF without physics
loss (INF), which is trained solely with the data loss (5.16). This approach is only
implicitly regularised through the biases inherent to the network architecture [229].
Our proposed approach is interpolation by the phase-retrieval-based PINN (PRB-
PINN).

ReconsTRUCTION QUALITY  We compare the reconstruction quality of the dif-
ferent methods in Fig. 5.10. Across all frequencies and numbers of sensors, there is
a consistent ordering of methods: Baseline performs worst, followed by NF, and our
PRB-PINN performs best.

As expected, reconstruction quality increases with the number of measurements.
Furthermore, the interpolation problem becomes harder with increasing frequency
as the sound field varies more rapidly in space. This leads to a lower reconstruction
quality for all considered methods.

VisuaL EvaruaTtioN In Fig. 5.11, we visualise the magnitude distributions in the
x-z-plane of our target domain for different frequencies. Notably, we can see that
the phase produced by the NN does not match the ground truth phase. However,
it still leads to spatial variation with the correct frequency in the magnitude distri-
bution, significantly increasing reconstruction quality. Especially at a low frequency
of 200 Hz, due to the low amount of variation in space, this reconstruction then
matches the ground truth well. For higher frequencies, the space of physically plau-
sible phases increases as well. As such, there can be a greater mismatch between re-
construction and ground truth.

PDE Loss  Fig. 5.12 explores the influence of the PDE loss weight Appg. Especially
for higher numbers of measurement locations M, increasing the weight too far can
lead to a higher test loss, even though the physics loss still decreases. We believe that
this is due to the data not perfectly adhering to the Helmholtz equation itself.

5.5.4 CONCLUSIONS

We proposed a phase-retrieval-based PINN for magnitude field estimation in the fre-
quency domain. Due to the inaccessible phase data, current methods for the magni-
tude field estimation rely only on the measured magnitude data and do not employ
the governing PDE that the original complex-valued function of the estimation tar-
get should satisty. Our network architecture jointly estimates magnitude and phase
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(a) 200 Hz, m = 20 measurements.
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Figure 5.11: Visualization of the magnitude distribution in the z-z plane at 200 Hz and
400 Hz.
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Figure 5.12: Visualisation of the impact of the PDE loss weight Appg. A PDE loss either lower
or higher than the chosen one results in worse reconstruction quality.
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5.6 Chapter Conclusions

distributions using neural fields, and penalises the deviation of the reconstructed
complex-valued function from the Helmholtz equation. We demonstrated that our
phase-retrieval PDE loss is effective by comparing the proposed method with the NF
without the PDE loss in the experiments.

5.6 CHAPTER CONCLUSIONS

The numerical problems in this chapter presented multiple challenges for purely
model-based algorithms: For elastica inpainting, they are difficult to design, too slow,
or too complex to be analysed. For magnitude field interpolation, the challenge arose
from the complexity of multiple interlinked objectives.

However, this chapter has shown that just because a problem might be hard for
one class of optimisation strategies, it might not be for another. In cases where purely
model-driven solvers do not deliver satisfactory results, trying neural ideas is viable.

They offer advantages which compliment the strengths of mathematical models.
First of all, automatic differentiation can take care of derivative calculation is situ-
ations where symbolic approaches become incomprehensible, as is the case for our
discretised Euler’s elastica energy. This allows the user to specify the energy, and let
deep learning frameworks take care of the rest.

A similar synergy is achieved by PINNs. On the mathematical side, the user is free
to specify a range of different goals from boundary conditions to PDEs. All those
goals can then be transparently used as loss functions for the neural field, which at-
tempts to satisfy them through gradient descent.

Within the class of neuroexplict models, this chapter is still largely on the model-
driven side. While we now train neural networks in the sense that we are using gra-
dient descent to optimise weights, this training happens per sample instead of on a
dataset. This highlights that neural networks are capable of more than just extract-
ing features from data. Their built-in regularisation capabilities and representational
power, combined with minimisation through gradient descent, allow for effective
solvers for energies and PDEs. This chapter contributes to further exploration in
this area.

In the next and last chapter of this thesis, we finally use neural networks for their
typical purpose of extracting patterns from data. However, we still ensure inter-
pretability by embedding the networks into a mathematical framework.
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6 NEURAL NETWORKS FOR MASK
OPTIMISATION

For the final chapter of this thesis, we investigate the problem of mask optimisation
for homogeneous diffusion with the help of neural networks. It contains materials
from a journal paper published in PAA 2023 [174] and a conference paper in the
proceedings of SSVM 2023 [201].

The journal paper [174] was written by Dr. Pascal Peter as first author. I extended
the neural network code that was used by Dr. Tobias Alt-Veit in his conference publi-
cation [9] and performed the neural experiments. The modified U-net backbone we
use is based on an implementation by Dr. Pascal Peter for [168]. In addition, I per-
formed part of the experiments for the model-driven baselines. Dr. Tobias Alt-Veit
and Prof. Joachim Weickert provided valuable discussion and guidance throughout
the preparation of the manuscript.

For the follow-up paper [201], the key ideas and experiments involving neural
networks are my own. Dr. Pascal Peter was involved in scientific discussions and
helped refine the manuscript. Niklas Kimper implemented the CUDA versions of
the model-driven baselines. Prof. Joachim Weickert provided valuable discussion and
guidance throughout the preparation of the manuscript.

6.1 INTRODUCTION

The classical inpainting problem [22, 61, 83, 147] deals with input images that have
been partially corrupted and aims at reconstructing these missing areas. However,
inpainting can be also useful when the whole image is known. For inpainting-based
image compression [2, 17, 28, 32, 52,71, 73,107,129, 171,172, 198, 255, 269], the
encoder stores only a small percentage of known data from which the decoder re-
stores the discarded remainder of the image with inpainting. Some approaches [2,
17,32,52,73, 269] such as the pioneering work of Carlsson [32] limit the choice of
known data to edge locations. Following the diffusion-based codec of Gali¢ et al. [71,
72], many later approaches [94, 171, 172, 198] rely on careful optimisation of the
placement of known data in the image domain without the restriction to semantic
image features. Inpainting with PDEs [32] has been able to outperform state-of-the-
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art codecs: Already simple homogeneous diffusion [98] can compress depth-maps
or flow fields better than HEVC [219] with suitably selected known data [94, 104,
105]. The problem of choosing the right positions of mask pixels, the so-called in-
painting mask, is also vital for other applications such as denoising [5S] or adaptive
sampling [46]. In addition to this spatial optimisation, compression also benefits
trom tonal optimisation: The values of the known pixels can be adjusted to optimise
the reconstruction quality as well.

However, even for a simple inpainting operator, spatial and tonal optimisation
constitute challenging problems. This sparked a plethora of non-neural approaches
[20, 26, 38, 40, 47, 50, 90, 91, 92, 94, 105, 115, 143, 145, 156, 159, 169, 171, 172,
198]. We systematically review those in Section 6.3. Among these methods, most
require many inpaintings per iteration, which tend to be computationally expensive
or rely on sophisticated implementations for acceleration. For instance, probabilistic
methods for spatial optimisation [90, 143] yield high quality masks, but come with
a high computational cost. Theoretical optimality results are rare, but have been de-
rived from shape optimisation [20] for homogeneous diffusion inpainting. This al-
lows near instantaneous spatial optimisation without the need for a single inpainting.
However, so far, existing discrete implementations of this concept do not realise the
tull potential of the theoretical results from the continuous setting.

With our deep data optimisation for homogeneous diffusion inpainting, we aim
for the best of both worlds. We train neural networks that can optimise both mask
positions and values without the need for a single inpainting. These progress from
simple models for small images and fixed mask densities to flexible strategies capable
of 4K resolution and arbitrary densities. During training, we leverage new hybrid
concepts that combine model-based inpainting with deep learning.

6.2 CHAPTER CONTRIBUTIONS

Our contributions are separated into two stages: We begin by proposing the first deep
learning framework for inpainting with homogeneous diftusion in 6.4. It is the first
neural network approach that allows tonal optimisation in addition to the selection
of spatial positions. In order to integrate model-based inpainting relying on PDEs
into a deep learning pipeline, we propose the surrogate solver, which approximates
diffusion-based inpainting with a neural network. This approach allows for straight-
forward backpropagation of gradients and a simple implementation. Integrated into
suitable scaffolding, it enables us to train spatial optimisation networks that generate
inpainting masks and tonal networks that output optimised known pixel values for
a given mask.
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The resulting mask network marries the quality of probabilistic approaches [143]
with the computational efficiency of instantaneous spatial optimisation [20]. Simi-
larly, our neural tonal optimisation consistently offers real-time performance at good
quality. Compared to model-based approaches, its speed does not depend on the
amount of known data in the inpainting mask. In addition, our networks do not
require any parameter tuning after training, making them attractive for practical ap-
plications.

Our second contribution in Chapter 6.5 further extend the spatial optimisation
capabilities to high-resolution images and arbitrary mask densities without retrain-
ing. We achieve this through first coarse-to-fine approach for neural mask genera-
tion. To this end, we partition the image into patches, and generate masks for each.
Mask pixel budgets are assigned to each patch using an optimality result of Belhachmi
et al. [20]. This constitutes the first transfer of their findings to the discrete set-
ting which does not involve dithering, a step that usually leads to substantial quality
losses. Our approach matches the quality of widely used stochastic mask optimisa-
tion strategies on 4K images of size 3840 x 2160, while being up to four orders of
magnitude faster.

In addition, we improve the performance on images of all sizes by replacing the sur-
rogate solver with a model-based inpainting directly inside the neural network. This
yields an overall more transparent and reliable architecture. Additionally, it greatly
reduces the number of trainable weights and speeds up the training.

6.3 RELATED WORK

In the following, we discuss prior work for spatial and tonal optimisation, as well as
related deep learning approaches.

6.3.1 SpATIAL OPTIMISATION

Finding good positions for sparse known pixels constitutes a challenging optimisa-
tion problem that has sparked significant research activities. In the following, we
mostly focus on approaches for diftusion-based inpainting, but there are also more
broadly related works, for instance the free knot problem for spline interpolation.
For instance, Schiitze and Schwetlick [204] have proposed a data selection algorithm
for the 2-D setting which can also be applied to images. Model-based methods for
diffusion inpainting can be organised in four categories.

1. Analytic Approaches. From the theory of shape optimisation, Belhachmi et
al. [20] derived optimality statements in the continuous setting. In practice,
these can be approximated by dithering the Laplacian magnitude of the input
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image. This approach does not require inpainting to find the mask pixels and
is therefore very fast. However, the dithering yields only an imperfect approx-
imation with limited quality [90, 143].

. Nonsmooth Optimisation Strategies. Combining concepts from optimal con-

trol with elaborate strategies such as primal-dual solvers, multiple works [26,
38, 91, 156, 159] leverage nonsmooth optimisation for the selection of mask
positions. These produce results of high quality, but are difficult to adapt to
different inpainting operators. Moreover, they do not allow to specify the tar-
get amount of mask points a priori. For applications in compression, the non-
binary masks need to be binarised, which reduces quality and requires tonal
optimisation [92] for good results.

. Sparsification Methods. Mainberger et al. [143] have proposed probabilistic

sparsification (PS) to tackle the combinatorial complexity of spatial optimi-
sation. They start with a full mask and iteratively remove candidate pixels.
Among those candidates the algorithm discards a fraction of pixels with the
smallest inpainting error permanently, while returning the remainder to the
mask. This process is repeated until the desired percentage of mask points,
the target density, is achieved. Besides good quality, this approach can easily
be adapted to many different inpainting operators, including inpainting with
PDEs [90, 143] or interpolation on triangulations [S0]. This flexibility and
quality comes at the cost of many inpainting operations. Nonetheless, sparsi-
fication is popular and widely used due to its advantages and its simplicity.

. Densification Approaches. For applications such as compression or denoising,

low densities are required. In such cases it can make sense to start with an
empty mask and fill it successively instead of using sparsification. Such strate-
gies [40, 47,110, 115] share the benefits of simplicity, good quality, and broad
applicability with sparsification. They have already been successfully used for
diffusion-based [40, 47, 110] and exemplar-based [115] inpainting operators.
For compression, densification also has been applied to data structures such as
subdivision trees instead of individual pixels [53, 71,171, 198]. A heavily paral-
lelised domain decomposition approach relying on Delaunay triangulation by
Kimper et al. [109, 110] offers state-of-the art performance. In addition, Jost
etal. [103] have extended densification to general linear features besides image
pixels. Their method also allows to store patch averages or derivative features
among others.

. Relocation Methods. Greedy optimisation strategies can get stuck in local min-

ima. To escape from them, nonlocal pixel exchange [143] tests if moving some
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randomly selected mask pixels into the unknown regions leads to a better re-
construction. Successful moves are kept, while unsuccesstul ones are reverted.
Given sufficient time, this method can produce very good masks. Related
strategies have also been used for interpolation on triangulations [145]. They
are usually applied as a postprocessing tool.

6. Neural Methods. Works such as [46, 168] learn the inpainting operator along
with a mask generation network. As this results in an opaque model, we focus
on well-understood homogeneous diffusion inpainting. For it, Alt et al. [9]
have has presented first results which we build upon.

Note that the approach from Category 1 is the only one to require no inpaintings or
complex solvers. Unfortunately, this near instantaneous spatial optimisation yields
notably worse results in terms of quality than the methods from Categories 2—4.
While Category 5 can improve any mask further, it is slow for large images. The deep
learning framework we proposed here aims to achieve the best of both worlds: Fast
spatial optimisation without the need for any inpaintings while producing results of
a quality comparable to Categories 2-5.

6.3.2 ToNaL OPTIMISATION

So far, we have discussed methods that focus on finding optimal positions at which
the original image data is kept. However, in a data optimisation scenario, we are not
confined to selecting the location, but can also alter the value of mask pixels. This
tonal optimisation introduces errors at mask pixels if those lead to a more accurate
reconstruction in larger missing areas. Also for tonal optimisation, one can distin-
guish several categories:

1. Least Squares Approaches. For spatially fixed mask pixels, tonal optimisation
leads to a least squares problem. The resulting linear system of equations is
given by the normal equations. It has as many unknowns as mask pixels. The
system matrix is a quadratic, dense matrix that is symmetric and positive defi-
nite [143].

To solve it numerically, various algorithms can be applied. Direct methods
include Cholesky, LU, and QR factorisations, while conjugate gradients and
the LSQR algorithm constitute suitable iterative approaches [25]. Other it-
erative methods that have been used for tonal optimisation are the L-BFGS
algorithm [38] and a gradient descent with cyclically varying step sizes [90].
All of these approaches sufter from the fact that they require to store the full
matrix, which can become prohibitive for masks with too many pixels.
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A potential remedy of this memory restriction consists of subsequently com-
puting a so-called inpainting echo in a mask pixel [143]. It describes the influ-
ence of the mask pixel on the final inpainting result and can be used to adjust
the grey or colour value accordingly. Doing this in random order for all mask
pixels can be interpreted as a randomised Gauss—Seidel or SOR iteration step.
If one does not store all inpainting echoes but computes them again in each
iteration step, one achieves low memory requirements at the expense of a long
runtime.

Discrete Green’s functions offer another way to decompose the inpainting
problem into pixel-wise contributions [95]. From this dictionary, the inpaint-
ing result can be assembled with simple linear superposition. Hoffmann [93]
have used this property to derive an alternative least squares formulation for
tonal optimisation which can be solved efficiently with a Cholesky solver. Even
though its solution is equivalent to the direct least squares approach, it bene-
fits from speed-ups for low amounts of mask pixels which are represented by
only a few entries from the Green’s function dictionary.

A recent alternative goes back to Chizhov and Weickert [40] and was further
extended by Kdmper et al. [109, 110]. It uses nested solvers and it is both effi-
cient w.r.t. memory and runtime.

. Nonsmooth Optimisation Methods. Hoeltgen and Weickert [92] have shown

that thresholded non-binary spatial mask optimisation [26, 38, 90,156, 159] is
equivalent to a combined selection of binary masks and a tonal optimisation.
Thus, the previously discussed nonsmooth strategies also indirectly perform
tonal optimisation. However, this is inherently coupled to a spatial optimisa-
tion with the advantages and drawbacks described in the previous section.

3. Localisation Approaches. Since the influence of a single mask pixel mainly af-

fects its local neighbourhood, tonal optimisation can be sped up by localisa-
tion. Strategies exist for localised operators such as Shepard interpolation with
truncated Gaussians [169], 1-D linear interpolation [170], or smoothed parti-
cle hydrodynamics [47]. Other approaches limit the influence artificially by
subdivision trees [172] or segmentation [94, 105].

. Quantisation-based Strategies. All compression codecs rely on quantisation,

the coarse discretisation of the colour domain. It can be beneficial to directly
take quantisation into account during tonal optimisation instead of applying
itin postprocessing. Thereby, one replaces the continuous optimisation prob-
lem by a discrete one. To this end, Schmaltz et al. [198] proposed a simple
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strategy that visits pixels in random order and changes their values if increas-
ing or decreasing the quantisation level yields a better results. Peter et al. [171]
instead augment the Gauss-Seidel strategy with echoes [143] with a projection
to the quantised grey levels. For interpolation on triangulations, Marwood et
al. [145] use a stochastic approach that randomly assigns different quantisation
levels in combination with spatial optimisation.

In addition to tonal optimisation itself, there are additional related strategies. Galic et
al. [71] proposed an early predecessor that modified tonal values to avoid singularities
in PDE-based inpainting. To avoid visually unpleasant singularities at mask pixels,
Schmaltz et al. [198] use interpolation swapping: After the initial inpainting, they
remove disks around the known data and use the more reliable reconstruction for a
second inpainting.

The tonal category 1 is restricted to linear diffusion operators, including homo-
geneous diffusion. Category 2 marks the indirect tonal optimisation performed by
nonsmooth spatial methods and categories 3 and 4 are mainly relevant for practical
applications in compression. We aim at providing a neural network alternative to
Category 1 methods for homogeneous diffusion inpainting. As for spatial inpaint-
ing, our goal is to propose a deep optimisation approach that ofters high speed at
good quality.

6.3.3 RELATIONS TO DEEP LEARNING APPROACHES

To our best knowledge, deep learning approaches for sparse data optimisation are still
very rare and so far, only spatial optimisation has been covered at all. Dai et al. [46]
have proposed a deep learning method for adaptive sampling that trains an inpainting
and an optimisation network separately. Joint training for spatial optimisation and
inpainting with Wasserstein GANs was introduced by Peter [168]. Both approaches
differ significantly from the current one, since they aim at learning both a spatial op-
timisation CNN and the inpainting operator. In contrast, we optimise known data
for model-based diftusion inpainting with a surrogate solver for homogeneous diffu-
sion inpainting. Moreover, our deep data selection is the first to consider both spatial
and tonal optimisation.

In addition, a plethora of deep inpainting methods exist (e.g. [136, 165, 235, 239,
258,259, 263]). A full review is beyond the scope of work, because these approaches
do not consider any form of data optimisation. Since the selection of known data is
decisive for the quality of inpainting-based compression, the current lack of research
in this direction is the primary reason why deep inpainting has not played a role in
this area, yet.
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't = 10000

Figure 6.1: Image Evolution of Homogeneous Diffusion Inpainting. This figure shows a
reconstruction of image 130014 from the BSDS500 database [15] cropped to size
256 x 256. White mask pixels indicate a total of 10% known data. At time ¢t =
0, we assign the original pixel values to known areas and initialise the unknown
regions with zero (black). For ¢t — oo, diffusion propagates the known values
and yields the inpainted image as the steady state.

6.4 DEEP SPATIAL AND TONAL OPTIMISATION FOR
HoMOGENEOUS DIFFUSION INPAINTING

DIFFUSION-BASED INPAINTING AND DATA OPTIMISATION

Consider a grey valueimage f : {2 — R thatis only known on the inpainting mask, a
subset K C 2 of the rectangular image domain 2 C R?. Diffusion-based inpainting
[32, 249] reconstructs the missing areas 2 \ K by propagating the information of
the fixed known pixels from K over the diffusion time ¢. The inpainted image is the
steady state t — 00 of this evolution. Fig. 6.1 illustrates such a propagation over
time. For our inpainting purposes, we are only interested in the steady state and not
the intermediate steps of the evolution.

There are sophisticated anisotropic diffusion approaches [71, 106, 172, 198, 249]
that adapt the amount of propagation in different directions to the image structure
and can achieve results of very good quality even if the dataset K is not highly opti-
mised. However, in the following, we consider simple homogeneous diffusion [98]
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forinpainting. Itis parameter-free and can achieve surprisingly high quality for a well-
optimised dataset. In this case, the inpainted image u fulfils the inpainting equation

(1—-c)Au—c(u—f)=0, (6.1)

which arises as the steady state if one inpaints with the homogeneous diffusion equa-
tion Oyu = Au. Here, Au = 0p,u + Oyyu denotes the Laplacian and ¢ is a binary
confidence function with ¢(x) = 1 for known data in K and ¢(x) = 0 other-
wise. At the image boundaries 92 we impose reflecting boundary conditions. Note
that it is also possible to use non-binary confidence values [92], which we will do in
Section 6.4.1. Since homogeneous diftusion is a linear operator, colour inpainting is
implemented by channel-wise processing.

In practice, we implement this method on a discrete input image f € R"="v with
resolution n, X n,. Discretising Eq. 6.1 with finite differences leads to a linear system
of equations. Then, reconstructing the image u € R"*" is achieved with a suitable
numerical solver.

The discrete problem of mask optimisation for homogeneous diffusion inpaint-
ing consists in finding the binary mask ¢ € {0, 1}"*" with a user-specified target
density d such that ||c||1/(ngn,) = d where || - ||; denotes the 1-norm. This density
can be seen as a budget that specifies the percentage of image pixels that should be
contained in the final mask.

For comparisons, we consider the analytic approach of Belhachmi et al. [20]. It is
based on results from the theory of shape optimisation that demonstrate that mask
pixels should be placed at locations of large Laplace magnitude. In the discrete set-
ting, they use a Floyd-Steinberg dithering [68] of the Laplace magnitude. This leads
to an imperfect, but very fast approximation of the theoretical optimum. This algo-
rithm is a representative for simple approaches that do not require any inpaintings to
determine the optimised mask.

As a prototype for better performing mask optimisation algorithms, we consider
the widely used probabilistic sparsification of Mainberger et al. [143]. It yields better
results than the analytic approach by taking the discrete nature into account directly
and greedily removing pixels that are not important for the reconstruction. It starts
with a full inpainting mask. In each iteration, it removes a fraction p of candidate
pixels from the mask. After an inpainting with the new mask, it analyses the local
inpainting error: Candidate pixels which have a high local inpainting error are hard
to reconstruct and should thus not be removed. Therefore, the algorithm adds back
the fraction ¢ of candidates with the largest errors. The iterations are repeated until
the target density d is reached.

Further improvements can be achieved with the nonlocal pixel exchange [143]. It
is designed to escape from potential local minima by moving a set of p candidate lo-
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random AA [20] PS[143] ~ PS+NLPE [143]

Figure 6.2: Spatial Optimisation Techniques. For reference, we consider a uniformly ran-
dom mask with 10% known data and the corresponding reconstruction of image
130014 from Fig. 6.1 with homogeneous diffusion inpainting. The analytic ap-
proach [20] (AA) already yields a significantimprovement over the random mask.
Probabilistic sparsification (PS) and non-local pixel exchange (NLPE) [143] refine
the background as well as the fur patterns of the giraffe. A gain of more than 9dB
PSNR illustrates the vital importance of spatial optimisation for homogeneous
diffusion inpainting.

cations from the inpainting mask to locations in the unknown image areas. If this
positional exchange improves the overall inpainting, it is maintained, otherwise it is
reverted. While this guarantees that mask quality cannot deteriorate, each step re-
quires an inpainting and therefore, convergence tends to be slow.

In Fig. 6.2, a comparison of the three aforementioned spatial optimisation tech-
niques with a uniformly random mask highlights their significant impact. Carefully
optimised known data are integral for good inpainting results.

Since we consider homogeneous diffusion and do not require quantisation, we
use a least squares approach for tonal optimisation. Due to the similar quality of the
tonal methods from Section 6.3, we choose the Green’s formulation by Hoffmann
et al. [93] equipped with a Cholesky solver. It offers good quality at fairly low com-
putational cost, in particular for very sparse masks.

In the following sections we introduce a deep learning approach that does not re-
quire inpaintings during spatial or tonal optimisation and approximates the quality
of probabilistic methods and model-based tonal optimisation.
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Figure 6.3: Structure of Our Deep Tonal Optimisation Framework. The surrogate in-
painting network and its associated residual loss are marked in yellow, the mask
network and loss in blue, and the tonal network in red. Forward passes between
the networks are indicated by solid arrows, while dashed arrows represent back-
propagation.

6.4.1 SPATIAL AND TONAL OPTIMISATION WITH SURROGATE
INPAINTING

In this section, we describe the three types of networks that act as the building blocks
for our neural data optimisation framework. The centrepiece required for our dif-
ferent pipelines is the surrogate inpainting network. It approximates inpainting with
homogeneous diffusion by minimising the residual of the inpainting equation. We
only use it during training. Its sole purpose is to act as a fast approximate solver for
the inpainting problem that is still differentiable and allows backpropagation.

For the data optimisation, we consider a mask network for spatial optimisation and
a tonal network for optimisation of the pixel values. Each of them is trained together
with a separate surrogate inpainting network. Both data optimisation networks min-
imise the inpainting error w.r.t. the reconstruction by the respective surrogate solver.
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In addition, the mask network requires a separate loss to approximate the intended
mask density d. The macro architecture of our spatial approach with can be found
in Fig. 6.3(a).

For the tonal setting in Fig. 6.3(b), we have a similar overall setup. However, here
the binary masks are already part of the training dataset. In practice, we use our tonal
network to generate these inputs, but also other sources such as model-based spatial
optimisation approaches or even randomly generated masks could be used instead.
Note that here, the optimised mask values are fed into the surrogate solver instead of
the original ones.

All three types of networks use a similar U-net structure [185] that we discuss in
more detail in Section 6.4.1. In the following sections on the individual networks, we
only discuss deviations from this standard U-net architecture.

Deploying our networks for practical applications comes down to first applying
the mask network to the input image. The resulting mask is then optionally fed into
the tonal network together with the original. This yields the complete known data
for homogeneous diffusion inpainting. The surrogate solver is never used in an eval-
uation scenario. Instead, we use model-based inpainting.

THE SURROGATE INPAINTING NETWORK

To train our mask and tonal networks, we require backpropagation from inpainting
results. For instance, this could be achieved by translating a classical discrete imple-
mentation of a diffusion process into a neural network [11], which results in a se-
quence of ResNet [86] blocks. However, this might require very deep networks to
reach the steady state of the diffusion process since the number of ResNet blocks is
tied to the diffusion time in such a scenario. Instead, we propose an alternative that
approximates inpainting results more efficiently by also having access to the ground
truth.

The surrogate inpainting network I takes known data specified in terms of the lo-
cations in a binary or non-binary mask ¢ and pixel values g as an input. Note that
these known values do not necessarily need to coincide with the corresponding data
in the original f. In addition, it has access to the full known image f. This network
will only be used during training, and for evaluation, a model-based solver is respon-
sible for the inpainting. Therefore, having access to the unknown pixels in Q2 \ K
eases the networks task and does not compromise the validity of data optimisation in
any way.

The reconstruction u = Z( f, g, ¢) should solve the discrete inpainting equation

(I -C)Au—C(u—g) =0, (6.2)
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which is a discretised version of Eq. (6.1). The finite difference discretisation of the
Laplacian is represented by the matrix A € R"*"v*"™ and C' € [0, 1|"="v*"="v jg
a diagonal matrix containing the mask entries.

Since the network aims at simulating a numerical solver for Eq. (6.2), we follow
the ideas of Alt et al. [11] and define a corresponding residual loss

1

Lr(u,g,¢) = I(I = C)Au — C(u—g)|l;. (6.3)

Here || - ||2 denotes the Euclidean norm. Note that the inpainting network is explic-
itly zot trained to minimise any reconstruction loss w.r.t. the original f. The residual
loss only makes sure that the networks produces a good approximation of homoge-
neous diffusion inpainting given the mask c and the pixel values g. It follows similar
principles as deep energy approaches [77]. This ensures that the surrogate solver’s
access to the full original image does not skew the data optimisation.

THE MASK NETWORK

Given the original image f, our mask network M outputs positional data in terms

of the mask ¢ = M( f) with a density d.

NoON-BINARY MASK NETWORKS

Our network outputs non-binary masks with values in [0, 1]. Our goal is to opti-
mise ¢ for the best possible inpainting result. Therefore, our network is equipped
with an inpainting loss that measures the deviation of the reconstruction u from the
original f in terms of

1

NgTy

Li(u, f) = lw— £1I3- (6.4)

While this loss establishes a connection between mask positions and reconstruction
quality, it does not address the density. To this end, we apply a sigmoid activation at
the last layer of our mask U-net, which limits the non-binary mask outputs to [0, 1].
If the preliminary mask ¢ exceeds the target density d, we rescale it according to

de

el
Ng My

c= (6.5)

—I—e‘

With ¢ = 107° we avoid rounding issues for very low estimated mask densities and
potential division by zero.
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During training, our network passes on the non-binary confidence values. Values
close to 1 indicate that the mask network sees this position as highly important, and
a value close to 0 marks unimportant positions. For practical applications, however,
we still require binary masks. These can be extracted with a simple postprocessing:
Interpreting the confidence values as a probability, we perform a weighted coin flip
for each confidence value.

Our experiments show that this non-binary mask optimisation creates a challeng-
ing energy landscape. During the training process, the mask network can get stuck
in local minima that assign equal confidence to every mask pixel. Combined with
the coin flip, this can lead to a uniform random mask. As a remedy, we propose an
additional mask loss Ly that acts as a regulariser by penalising the inverse variance

Ly(c) =alol+ 8)_1 (6.6)

Asin Eq. (6.5), € avoids division by zero. The regularisation parameter cv balances the
influence of the mask loss with the inpainting loss. Not only does this discourage flat
masks with equal confidence in every pixel, but it also encourages confidence values
close to 0 and 1. This yields the additional benefit of a closer approximation of binary
masks during training.

Binary Mask NETWORKS

Recently, strategies for deep data optimisation of neural network-based inpainting
have been proposed that also allow direct output of binary masks [168]. This con-
stitutes a challenge since the binarisation of real input values is a non-differentiable
operation. However, end-to-end approaches that also learn the inpainting benefit
from this binarisation, since the training of the inpainting network tends to be bi-
ased by a non-binary mask input. This leads to worse results during deployment of
the inpainting network.

For our own strategy, we investigate two different alternatives for direct binarisa-
tion and evaluate their performance in Section 6.4.2.

STRATEGY 1: QUANTISATION First, we directly adopt the strategy of Peter [168]:
We interpret binarisation of z € R by hard rounding  — [c + 0.5] as very coarse
quantisation. Theis et al. [224] have shown that simply approximating the derivative
by 1 yields very good results among more sophisticated alternatives.

For this strategy, the variance-based regularisation from Eq. (6.6) is not necessary.
However, the enforcement of the target density via rescaling from the non-binary
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approach also does not work in this case. Therefore, we define the mask loss directly
as the deviation from the target density d according to

Lufe) = | Jellr d' . (67)
Mgy
Since the mask contains only binary values, the 1-norm || - ||; yields the number of

mask points and thus the mask loss measures the deviation from the target density
d. While the non-binary strategy does not require a density loss, we found in our
experiments that it can have a stabilising effect on training if added to the regulariser
loss from Eq. (6.6).

STRATEGY 2: CoIN FLIP Instead of quantisation, we can also modify our non-
binary approach to output binary masks. We keep the regularisation mask loss and
rescaling from Section 6.4.1, yielding a non-binary confidence mask. However, dur-
ing training, we directly add the coin flip binarisation. This can be seen as an alterna-
tive quantisation approach instead of the rounding operation in Strategy 1. We apply
the same synthetic gradient as in the first binary mask approach.

In Section 6.4.2 we evaluate the binary and non-binary alternatives for mask gen-
eration in an ablation study.

THE ToNAL NETWORK

Finally, our tonal network takes both the original image f and a mask c as an input.
The mask can either originate from the mask network or an external source.

Fortunately, we do not require binarisation layers, since the input masks are already
binary. Furthermore, the mask density is already fixed. Therefore, the tonal network
uses the U-net described in Section 6.4.1 without further need for modifications. It
feeds the optimised pixel values g = T (f, ) into the inpainting loss from Eq. (6.4).

The residual network is trained with the residual loss w.r.t. the optimised known
data Lz (u, g, c) as well. While this works well, we have found in our experiments
that the training of the surrogate solver can be stabilised by also minimising the resid-
ual Lr(u, f, ) w.r.t. the original known data. This provides a fixed reference point
for the residual solver, since in contrast to g, the known data from f is not influ-
enced by the training progress of the tonal network. This prevents the training of the
residual solver from getting trapped in local minima.

NETWORK ARCHITECTURE

For all three networks, we use a U-net [185] architecture, since U-nets implement the
core principles of multigrid solvers for PDE-based inpainting [11]. This makes them
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a perfect fit for the surrogate solver. U-nets and multigrid have in common that they
operate on multiple scales, first restricting the image in multiple stages down to the
coarsest scale and then prolongating it again to the finest scale. We follow this general
structure in Fig. 6.4(a), and offer further information on basic U-nets in Section 3.1.3.

We also rely on modifications to the standard U-net approach that were first used
for inpainting by Vasata et al. [230]. They replace traditional convolutional layers by
multiple parallel dilated convolutions with dilation factors 0, 2, and 5 followed by
ELU activations. As shown in Fig. 6.4(b), the results are concatenated to a joint out-
put. This so-called multiscale context aggregation was originally designed by Yu and
Koltun [261] to increase the receptive field for segmentation. We discuss its benefits
for our application in Section 6.4.2 with an ablation study.

For restriction, we also use context aggregation [261] with 5 x 5 dilated convo-
lutions followed by a 2 x 2 max pooling. The corresponding prolongation uses the
same structure, but with 5 X 5 transposed convolutions and 2 X 2 upsampling. Two
context aggregation blocks without any upsampling or max pooling perform post-
processing on the coarsest scale. The final hard sigmoid activation limits the results
to the original image range [0, 1]. Only in the case of our binary mask networks, this
is followed by a quantisation or coin flip binarisation layer. As commonly the case
in multiscale architectures, the number of channels increases for coarser scales. It
ranges from 64 to 256 (see Fig. 6.4(a) for details), which is half of the channel band-
width used by Vasata et al. [230]. In Section 6.4.2 we have verified that such smaller
networks suffice for our task.

6.4.2 EXPERIMENTAL EVALUATION

After an overview of the technical details of our evaluation in Section 6.4.2, we jus-
tify our design decisions for the networks with an ablation study in Section 6.4.2.
We compare with model-based approaches for spatial optimisation in Section 6.4.2
and with tonal optimisation methods in Section 6.4.2. In both cases, we assess re-
construction quality and speed.

EXPERIMENTAL SETUP

Unless stated otherwise, all networks rely on the modified U-net architecture from
Section 6.4.1 with ~ 2.9 million parameters per network.

All of our networks have been trained on an Intel Xeon E5-2689 v4 CPU (2 cores),
together with an Nvidia Pascal P100 16GB GPU. For training, we use a subset of
100,000 images randomly sampled from ImageNet [S1] by Dai et al. [46] and the
corresponding validation dataset containing 1,000 images. We use centre crops to
reduce the size of the images, thus speeding up the training process. For model selec-
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tion we crop to 64 x 64, while the remainder of the experiments are performed on
size 128 x 128. All networks were with the Adam optimiser [119] and a learning rate
of 5-107°. We used 50 epochs for the spatial experiments, and 100 for tonal exper-
iments. For evaluation, we used an AMD Ryzen 7 5800X CPU equipped with an
Nvidia RTX 3090 24GB GPU. We performed model selection based on the lowest
achieved inpainting error on the validation set. Our test set is based on all S00 images
of the BSDS500 database [15]. These were centre cropped to size 128 x 128 in or-
der to fit the size of the training data. The cropping also speeds up the model-based
competitors and thus allows us to compare with them on a larger variety of images.
We measure qualitative results with the peak signal-to-noise ratio (PSNR).

We compare with three spatial optimisation methods. The analytic approach by
Belhachmi etal. [20] (AA) acts as a representative of very fast spatial optimisation. It
isimplemented with Floyd-Steinberg dithering [68] of the Laplace magnitude. Prob-
abilistic sparsification (PS) in combination with a non-local pixel exchange (NLPE)
provides qualitative benchmarks. These methods have been implemented with a con-
jugate gradient solver, ensuring convergence up to a relative residual of 1076 for the
diffusion inpainting. NLPE is run for 5 so-called cycles, each consisting of ||c||; iter-
ations.

ABLATION STUDY

In the following, we first evaluate different architectures and design principles, to
select the best among those for the comparison with model-based approaches.

NETWORK ARCHITECTURE Compared to the standard U-net architecture that
was used in [9], the modified U-net from Section 6.4.1 benefits from the context ag-
gregation and more sophisticated postprocessing layers after upsampling to the finest
scale. In [9], Alt et al. used sequential 3 x 3 convolutions on each scale. Therefore,
propagation of information over larger distances works mainly via downsampling to
coarse scales and upsampling. On each individual scale, the receptive field of the sim-
ple convolutions is relatively small. In contrast, the context aggregation allows our
network to perceive larger regions of the image on each individual scale. Our eval-
uation in Table 6.1(a) contrasts these modifications with the standard U-net using a
similar total amount of weights. The modifications yield up to 2.3 dB improvement
w.r.t. PSNR, especially on challenging very sparse masks.

We also evaluated other modifications to the U-net structure such as gated convo-
lutions, but the context aggregation yielded the best combination of good qualitative
performance and stability during training.

In Table 6.1(b), we compare the full size U-net proposed by Vasata etal. [230] with
our leaner version from Section 6.4.1 on 128 x 128 color images. The large U-net
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PSNR (dB)
density 1% 5% 10% PSNR (dB)
non-binary [9] | 19.40 25.45 28.34 density | 1% 5%  10%
our non-binary | 21.72 25.92 29.06 small | 21.10 25.48 28.58
coinflip 18.61 24.99 22.58 large | 21.04 25.64 28.63
binary 20.08 24.00 26.04
(a) binary vs. non-binary (b) small vs. large Masknet

Table 6.1: Ablation Experiments. All experiments have been conducted on 64 x 64 grey
value centre crops from BSDS500 [15] with mask densities 1%, 5%, and 10%.
(a) The non-binary masks outperform both binary options qualitatively over the
tull range of mask densities. In addition, our modified network architecture and
training methodology outperforms the earlier non-binary mask network [9]. The
coinflip variant showed instabilities during training for high densities and did thus
not yield satistying results for 10%. (b) Reducing the number of channels in the
modified U-net by a factor 2 does not deteriorate the quality.

uses twice the amount of channels in relation to Fig. 6.4(a) in all but the last two
postprocessing layers. This results in ~ 11.5 million parameters, compared to our
significantly lower ~ 2.9 million. The larger network does not yield a qualitative
advantage over a wide range of densities. The PSNR results of the large network
only deviate marginally from those of the small masknet in Table 6.1(b). However,
it increases training times from 43 min to 93 min per epoch. Therefore, we use our
lean nets instead.

NON-BINARY Vs. BINARY Masks In Section 6.4.1 we have proposed three pos-
sible output options for our mask networks: non-binary masks, binary masks based
on quantisation, and binary masks produced by a coin flip. For full deep learning
based approaches [168], the binarisation during training is a key component of their
architecture.

Surprisingly, our ablation study in Table 6.1(a) paints a difterent picture: The non-
binary mask network clearly outperforms both binary options. This results from a
key difference in our method compared to full deep learning approaches. Using a
non-binary mask while simultaneously training an inpainting network introduces a
bias. This deteriorates inpainting quality during testing [46]. However, our surro-
gate solver is only deployed during training and is not coupled directly to an inpaint-
ing loss. It merely approximates diffusion-based inpainting. During testing, we use a
model-based implementation of homogeneous diffusion inpainting.
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Therefore, we benefit from a non-binary mask network that does not rely on syn-
thetic gradients for binarisation layers. Consequentially, we use the non-binary vari-
ant for our comparisons with model-based data optimisation.

SPATIAL OPTIMISATION

We evaluate our networks on the BSDS500 greyscale image database for mask densi-
ties of up to 20% in Fig. 6.7(a). Our mask network not only consistently outperforms
both the analytic approach [20] (AA) and probabilistic sparsification [143] (PS), but
very closely approximates the quality of PS+NLPE.

The same ranking also applies in the case of the full colour version of BSDS500
in Fig. 6.7(b). Thus, our mask network rivals the best model-based approach in the
comparison. Visually, it yields similar results as the probabilistic methods in Fig. 6.5
and Fig. 6.6. Especially for low densities, there is a large quality gap between the
analytical approach and all other competitors.

Even though our mask net offers a similar quality as PS+NLPE, it requires sig-
nificantly less computational time since it does not rely on any inpaintings during
inference. On the CPU, it accelerates mask computation by up to a factor 3,500 and
even up to a factor 140,000 on the GPU in Fig. 6.9(a). Only the analytic approach
is faster with ~ 0.2 ms. However, there the speed comes at the cost of a significantly
diminished quality. Without compromising on quality, our mask net is also real-time
capable with 1.4 ms on GPU and 55 ms on CPU.

Thus, our mask network reaches our goal of providing an easy to use, parameter-
free spatial optimisation which approximates the quality of stochastic methods at a
computational cost close to the instantaneous analytic approach.

ToNAL OPTIMISATION

In Fig. 6.8(a) we compare our tonal network with the Green’s function approach of
Hoftmann [93] on the masks obtained from our mask network. Especially for sparse
known data, our deep tonal optimisation reaches a similar quality as the model-based
approach. Only above 15%, the improvements over the unoptimised data from the
mask net decline.

Our results in Fig. 6.5 show that our network approach also remains competitive
to PS+NLPE when adding tonal optimisation. Here we apply the tonal network for
our own deep learning method and the Green’s function optimiser for all model-
based competitors.

As for spatial optimisation, our tonal network offers a viable alternative for time
critical applications. Fig. 6.9(b) shows that the computational cost of the Green’s
function approach grows significantly with the number of mask values that need to
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origiﬁal image 61034
BSDS500 [15]

AA [20] PS [143] PS+NLPE [143] our Masknet

PSNR:13.73 PSNR: 16.96 PSNR:19.90 PSNR:19.99
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PSNR: 18.55 PSNR: 21.35 PSNR:22.27 PSNR: 21.98

mask

spatial only

spatial + tonal

Figure 6.5: Visual Comparison for 1% Mask Density. Visually, probabilistic spar-
sification (PS) in combination with non-local pixel exchange (NLPE) [143],
and our network-based approach significantly outperform the analytic ap-
proach (AA) [20]. For such sparse masks, the visual impact of tonal optimisation
is apparent.
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Figure 6.6: Visual Comparison for 10% Mask Density. Also at high density, our mask
network yields results that are comparable to the probabilistic approaches PS and
PS+NLPE [143]. The visual gap towards the analytic approach (AA) [20] is
smaller, but still noticable.
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Figure 6.7: Spatial Optimisation. (a) On grey level images, our network consistently out-
performs the analytic spatial optimisation (AA) [20] and probabilistic sparsifica-
tion (PS) [143]. Especially for lower densities, Masknet results rival the quality of
PS with non-local pixel exchange (NLPE) [143] as postprocessing. (b) For colour
images, our mask network also closely approximates the quality of PS+NLPE for
the whole range from 1% to 20%.
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(a) neural vs. model-based (b) full optimisation comparison

Figure 6.8: Tonal Optimisation. (a) We compare our tonal network with the Green’s func-
tion approach [93] on masks from our mask network. Our tonal optimisa-
tion (TO) reaches a comparable quality up to 15% known data. (b) In a com-
parison that combines the spatially optimised mask with tonal optimisation, our
full network approach yields competitive results to PS+NLPE combined with
tonal optimisation. All model-based approaches use the Green’s function ap-
proach [93] for tonal optimisation.
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Figure 6.9: Runtime Comparison with Logarithmic Time Axis. (a) The analytic ap-
proach (AA) [20] is the fastest method, followed closely by our Masknet on the
GPU and CPU. These three methods all have a constant speed independently of
mask density. The speed of PS and PS+NLPE [143] is density dependent. Over-
all, our methods are consistently faster by several orders of magnitude compared
to probabilistic approaches. (b) The situation for tonal optimisation is compa-
rable. The Green’s function-based solver [93] becomes increasingly slower with
rising mask density. Only for very low densities its speed is comparable to our
tonal network on the CPU. The networks have constant runtime independent of
density and are faster by 1 to S orders of magnitude.

be optimised. In contrast, the computational time of the tonal network is indepen-
dent of the mask density. For densities larger than 5%, speed-ups by multiple orders
of magnitude can be achieved with our mask net.

Thus, a combination of our spatial and tonal networks is a viable option for real-
time applications that does not require to sacrifice quality for speed.

6.5 EFFICIENT NEURAL GENERATION OF 4K MASKS
FOR HOMOGENEOUS DIFFUSION INPAINTING

Our mask optimisation framework from Section 6.4 ofters a good combination of
quality and speed for greyscale images of sizes up to 256 x 256 and colour images up
to 128 x128. However, itis inflexible: The mask network can only generate masks for
the density and resolution it was trained for. Furthermore, a naive extension to high-
resolution images requires a prohibitive amounts of compute power during training:
At a resolution of 3840 x 2160, 4K colour images have around 25 million values,
two to three orders of magnitude more than previously considered.

We solve this with a coarse-to-fine approach, which divides the image into patches.
Each patch is then processed with an improved version of the framework introduced
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in Section 6.4. Most notably, we replace the surrogate solver with a model-based in-
painting directly inside the deep learning model.

MOoDEL-BASED MaSK OPTIMISATION

A mask optimisation strategy that does not require any inpaintings has been pro-
posed by Belhachmi et al. [20]. They show that for optimal masks, the local density
should increase with the Laplacian magnitude. In Section 6.5.2 we use this result to
predict a suitable density for image regions. However, the application of these results
to discrete images relies on dithering. The commonly used Floyd-Steinberg dither-
ing [68] is fast and simple, but suffers from a directional bias and generates masks of
relatively low quality.

A method which produces better masks but remains simple is probabilistic sparsi-
frcation [143]. It starts with a full mask and gradually removes pixels until the target
density d is reached. In every iteration, a fraction p of mask pixels is removed. Then,
an inpainting is computed, and the fraction ¢ which resulted in the largest loss of

quality is added back.

We also consider nonlocal pixel exchange [143] as a post-processing method. In
each step, it moves a fraction p of mask pixels into the unknown image area. It then
inpaints with the new mask to check for improvements: Exchanges which increase
inpainting quality are kept, while unsuccesstul ones are reverted. This is repeated
for k cycles with ||c||; iterations each. Nonlocal pixel exchange can help greedy ap-
proaches like probabilistic sparsification escape from poor local minima at the cost
of significant runtime.

Both probablisitic sparsification and nonlocal pixel exchange require an inpaint-
ing for each iteration, with the other operations being quick in comparison. As such,
their runtime is primarily determined by the number and the speed of the inpaint-
ing operations. A naive CPU-based inpainter using a conjugate gradient solver takes
around 3.5 seconds per 4K colour image on a contemporary PC. At this speed, 5 cy-
cles of nonlocal pixel exchange for a mask with 5% known data would take around
12 weeks. To enable meaningful comparisons, we have developed implementations
of probablistic sparsification and nonlocal pixel exchange that use the very fast GPU-
based inpainting of Kimper et al. [111]. With it, an iteration of either method re-
quires only ~ 6 milliseconds, a speedup of two orders of magnitude. To the best of
our knowledge, our implementations are the fastest available.

6.5.1 NEURAL MASK GENERATION

We follow the basic network architecture from Peter et al. [174] with a mask gener-
ator network and an inpainting approximator. The latter is used to train the mask
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Figure 6.10: Our Mask Optimisation Architecture. The mask network and its losses are
coloured in blue, our newly introduced sequence of CG iterations is given in
yellow.

network by evaluating the reconstruction quality and is discarded during inference.
An overview of our architecture can be found in Figure 6.10. While we retain the
mask network as is, we completely replace the original inpainting approximator.

Mask NETwWORK ~ The mask network receives the original image f and generates
amask ¢ = M(f). Its output is restricted to [0, 1] by applying a sigmoid activation
function. Additionally, the network outputs are rescaled if they exceed the desired
density d. The goal of the network is to produce masks such that the corresponding
inpainted image w is close to the original f. To this end, we minimise their MSE
Li(u, f)= nz.lny |w — f1|3 . In addition, we require a mechanism to encourage the
generation of binary masks. To this end, we penalise the inverse variance of the mask
using L£/(¢) = (02 +¢) ! where £ is a small numerical constant to avoid division

by 0, and « balances variance loss £, and inpainting loss L.

INPAINTING APPROXIMATOR  In order to train the mask network with an inpaint-
ing loss £, we need to approximate the inpainting process inside the network. The
approach from Section 6.4 achieves this with a surrogate inpainting network which
receives the original f and mask ¢, and is trained to find a reconstruction w which
solves the discrete version of the inpainting equation (6.1):

(I-C)Au—C(u—f)=0 (6.8)

Here, the matrix C' = diag(c) contains the mask entries on the diagonal, and A
applies a finite difference discretisation of the Laplacian A with reflecting boundary
conditions. This approach significantly increases the total number of weights and
adds complexity to the architecture. Furthermore, it decreases interpretability as the
surrogate is, apart from its loss function, a black box.

We propose to replace it by a sufficient number of iterations of a successful nu-
merical solver. As homogeneous diffusion leads to a linear system of equations with
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a) initial image

d) inpainting

Figure 6.11: Stages of the Mask Generation Process. (a) Initial image with subdivision
into patches. (b) Quantised patch densities, and Laplacian magnitude with loga-
rithmic dynamic compression for better visibility in the background. (c) Binary
mask with 3% known data. (d) Inpainted result.

a symmetric system matrix, we can use the conjugate gradient (CG) method [252].
It offers convergence guarantees while remaining simple and efficient. As each iter-
ation is differentiable, we can backpropagate through the solver to train the mask
network. By introducing this well-understood numerical solver, we have reduced the
total number of weights by half compared to [174] while increasing interpretability.
Section 6.5.3 confirms that this improves inpainting approximation quality greatly

and the quality of generated masks slightly.

Mask GENERATION IN PRACTICE  As the generated masks are not guaranteed to
be binary, we need to binarise them. To this end, Peter et al. [174] perform weighted
coinflips at each mask pixel and then choose the best-performing mask out of 30
attempts. We found that rounding leads to a comparable quality for our masks. It is
less time intensive and involves no randomness.
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6.5.2 COARSE-TO-FINE APPROACH FOR MASK GENERATION

Simply partitioning a large image into patches and generating masks with equal den-
sity for each leads to suboptimal results: Textured regions receive too few, while ho-
mogeneous areas receive too many mask pixels. As such, we require a fast and simple
mechanism that estimates suitable densities for each patch while taking the whole
image into account.

To this end, we estimate a good patch density using the average Laplacian magni-
tude per patch, similar to the approach by Belhachmi et al. [20]. They have shown
that for optimal continuous masks, the local mask density should increase with the
Laplacian magnitude. The discrete approximation of this result through dithering
requires significant compromises. We, however, aggregate the Laplacian magnitude
over an image patch to estimate the optimal density and thus avoid dithering com-
pletely. To the best of our knowledge, we are the first to apply the optimality result
this way. This motivates the following algorithm, which is also visualised in Figure
6.11:

1. Compute the Laplacian magnitude of the luma channel for every pixel.
2. Rescale it such that its global mean matches the target density.

3. Compute the target patch densities as the mean of the rescaled Laplacian mag-
nitude per patch. Section 6.5.3 confirms that these target densities correlate

well with high-quality masks.

4. Quantise the patch densities to values for which pre-trained mask networks
are available and generate masks for every patch.

S. Assemble the mask patches into a mask for the whole image.

As an additional benefit, this methodology allows to generate masks with arbitrary
densities. This is achieved by selecting densities per patch out of the available ones
such that their mean approximates the desired average well.

6.5.3 EXPERIMENTS

After mentioning the technical details in Section 6.5.3, we show the improvements
made by introducing a CG solver into the network in Section 6.5.3. Additionally,
we provide empirical evidence for our patch density estimation in Section 6.5.3, and
compare the mask generation performance for 4K images in Section 6.5.3.
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Figure 6.12: Our 12 test images of size 3840 x 2160. Photos by J. Weickert.
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EXPERIMENTAL SETUP

For our mask generator, we use the same small multiscale context aggregation net-
work [230] with ~ 2.9 million parameters and settings as in [174] to facilitate direct
comparisons. It is based on a U-Net architecture with four scales and uses blocks
of parallel dilated convolutions with different dilation rates. All mask networks are
trained with the losses described in Section 6.5.1. The mask variance loss weight is
set to &« = 0.01. The surrogate network in Section 6.5.3 shares the mask network
architecture and uses the squared residual of the discrete inpainting equation (6.8)
as its loss. All networks are trained for 100 epochs with a batch size of 8 and the
Adam optimiser [119] with a learning rate of 5 - 10~°. Performance is evaluated on
an AMD Ryzen 7 5800X CPU and an Nvidia RTX 3090 GPU. For comparisons
against [174], we trained on a subset 0£ 100,000 images from ImageNet [51] sampled
by Dai et al. [46]. Tests are performed on the full BSDSS00 dataset [15]. We used
128 x 128 centre crops for both. The networks used for 4K inpainting were trained
on 100,000 random patches of size 120 x 120 from the high-resolution image dataset
Div2K [6]. Tests are performed on 12 representative 4K images photographed by
one of the authors; see Figure 6.12. Our selection of pre-trained networks is opti-
mised for target densities < 10%, as those are practically relevant for compression.
The set contains networks for different densities in the range from 0.5% to 80%. For
1%-15%, we use increments of 1%. For 15%-25% we increment by 2%, and by 5%
for densities between 25% and 50%. Finally, in the range of 50%-80% we have steps
of 10%. Reference inpaintings are computed using a CG solver which is stopped after
a relative decrease of the Euclidean norm of the residual of 107°.

For our comparisons against model-driven approaches, we choose the analytic ap-
proach (AA) by Belhachmi et al. [20], and probabilistic sparsification (PS) alone or
combined with nonlocal pixel exchange (PS+NLPE). PS uses candidate fractions

p = 0.3 and ¢ = 0.005. NLPE runs for 5 cycles. The other NLPE parameters
were optimised individually for the different target resolutions.

QUALITY OF INPAINTING APPROXIMATIONS

We measure the quality of different inpainting approximators by comparing against
inpaintings with our reference solver. To avoid a bias against the surrogate inpaint-
ing networks, we test on binarised masks generated by their corresponding mask net-
works. In Figure 6.13(a), we see that 100 CG iterations are a better approximator than
the surrogate network across all densities. Additionally, they allow for faster training:
On image batches, one forward and backward pass takes only 1.9 ms per image, while
the surrogate requires 5.6 ms. Nevertheless, the quality of the trained mask network
is only slightly improved by using CG as an inpainting approximator as can be seen
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Figure 6.13: Comparison of Different Inpainting Approximators. (a) Distance between
the inpainting approximations and a converged inpainting. The MSEs decrease
in a nonmonotone fashion due to the varying quality of different mask and in-
painting networks. (b) Comparison of mask networks trained with either a sur-
rogate inpainter (Masknet S) or 100 CG iterations (Masknet CG). Even though
100 CG iterations are a much better inpainting approximator, the quality of the
mask network trained with them is only slightly improved. Both methods are
better than the analytic approach (AA) and probablistic sparsification (PS), and
are very close to PS with added nonlocal pixel exchange (PS+NLPE).

in Figure 6.13(b). This makes sense as the reconstruction error is about 3000 times
larger than the approximation error for 100 CG steps and all densities, making small
deviations insignificant.

JusTiFicATION OF MASK PIXEL DISTRIBUTION

In Figure 6.14 we show that the rescaled Laplacian magnitude is a good predictor of
optimal mask densities at a patch level. There we compare against the patch densi-
ties of a well optimised mask generated with the approach from Chizhov and Weick-
ert [40]. The relationship between the patch densities is almost linear, and the mean
absolute error between densities is only 0.5%. While dithering the rescaled Lapla-
cian magnitude leads to low-quality masks, its aggregation over a patch avoids this
and produces a good coarse scale density estimate.

HicH-RESOLUTION MaSK GENERATION

The tests on 4K images in Figure 6.15(a) show that our masknet trained with 100 CG
iteration is superior to AA and PS for all densities. In addition, we are even able to
outperform PS+NLPE on densities smaller than 8%. This range is practically rele-
vant for inpainting-based compression.
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Figure 6.14: Patch Density Correlation between Laplacian Magnitude and High Qual-
ity Mask. Comparison of the mean rescaled Laplacian magnitude for each patch
of the image lofsdalen against patch densities of a high quality mask, both with a
total density of 5%. A correlation coefficient of 0.994 confirms the strong con-
nection.
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Figure 6.15: Spatial Optimisation. Our masknet outperforms the faster analytic approach,
but also the slower PS across all densities. It even beats the significantly slower
PS+NLPE for densities < 8%. Time measurements exclude input/output op-
erations.
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Figure 6.16: Visual Comparison for 4% Mask Density on lofsdalen. PSNRs are for the
whole image. Notice the discoloured sky for PS and PS+NLPE. The full images
are available in the supplementary material.

In Figure 6.15(b) we compare the speed of the different methods. The runtime
of PS+NLPE scales with the required inpaintings, taking between 30 minutes and
8.5 hours depending on the density. In contrast, our neural approach takes only
about 0.6 seconds per image. It is even quicker for the lowest densities where fewer
of the pre-trained mask networks are active and the batches per net are larger. Our
masknet is also more than 10 times faster than the qualitatively worse PS. The an-
alytic approach requires no inpaintings, and even a CPU-based implementation is
significantly faster than our neural method. Still, its quality is inferior by a large mar-
gin. In Figure 6.16, the most noticeable differences are slightly blurry edges for AA,
and a discoloured sky for PS and PS+NLPE.
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6.6 CHAPTER CONCLUSIONS

Our data optimisation approach in Section 6.4 merges classical inpainting with par-
tial differential equations and deep learning with a surrogate solver. This allows us to
select both position and values of known data for homogeneous diffusion inpainting
that minimise the reconstruction error.

With this strategy we rival the results of probabilistic sparsification with postpro-
cessing by non-local pixel exchange and tonal optimisation in terms of quality. Simul-
taneously, we are reaching the near instantaneous speed of the qualitatively inferior
analytic approach.

We further refine this process with our coarse-to-fine approach. Itis orders of mag-
nitude faster than qualitatively similar approaches on 4K images. This shows that
the estimation of patch densities using the optimality result by Belhachmi et al. [20]
works well, and our mask networks are able to outperform dithering. Performance of
the neural approach relative to PS+NLPE even grew with the increase in resolution.
Our experiments suggest that the coarse-to-fine approach produces local problems
that are easier and faster to solve in high quality. This is in line with transform-based
codecs like JPEG [166], which also use a block structure to enable parallelisation and
reduce complexity.

In the future, we plan to integrate our framework into image compression codecs.
Time-consuming spatial and tonal optimisation still present a bottleneck in this area.
This holds true especially for practical applications with high demand for computa-
tional efficiency, such as video coding. While real-time decoding is already possible
with diffusion [14, 122, 173], the data selection during encoding will benefit from
our deep optimisation.

We believe that this chapter illustrates well what neuroexplicit methods stand for.
Our algorithms learn from data, but incorporate model-driven solvers at the same
time. In addition, our loss functions contains both the MSE as a quality measure and
the squared residual to ensure adherence to our explicit constrains. This interplay of
aspects of both worlds is, to us, the core of neuroexplicit research.

Our approach with the model-driven solver inside the network has also shown that
neural networks can learn to interact with model-driven components. Through the
training procedure, the mask network learned which structures in an image are hard
to reconstruct for homogeneous diffusion, and how to distribute the mask pixels ac-
cordingly. Just as humans have constructed heuristics for this task, so has the neural
network. In comparison to probabilistic methods, we have thus traded some measure
of transparency for speed and quality.
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7 CONCLUSIONS AND OUTLOOK

7.1 CONCLUSIONS

This thesis demonstrates that neuroexplicit models are always a trade-oft. Introduc-
ing large amounts of weights or parameters into a model always reduces interpretabil-
ity, at least on a local level. A human expert is usually able to comprehend the mean-
ing and impact of a handful of model parameters, but somewhere on the road to
the billions of parameters used today, it becomes impossible for any human to truly
understand them.

Somewhere along the way, understanding shifts from individual values to larger
building blocks. In Chapter 5, we represented discrete images and continuous sound
fields as CNNs and neural fields respectively. As such, we still understand their role
in the larger task, as well as their inputs, outputs, and training objective. However,
the individual values of our trained weights hold no human-interpretable meaning
on their own any more.

This also symbolises that just being able to explicitly describe a model is not mean-
ingful on its own. A trained neural network can be stated explicitly as a sequence of
various matrix and point operations. However, this typically does not allow a human
to glean any insight. In contrast, the individual steps of numerical algorithms like CG
are both explicit and interpretable to human experts.

However, as can be seen both in this thesis and the overwhelming success of neu-
ral networks in the last decade, introducing non-interpretable components can be a
price worth paying. Of course, by building neural architectures capable of discov-
ering connections and representations beyond human comprehension, one receives
just that: Networks which can exceed the capabilities of human-designed methods.

Therefore, the design of neuroexplicit methods comes down to finding the best
trade-offs: Making the smallest part of the overall algorithm non-interpretable while
reaping the largest possible speed and quality benefits. This thesis demonstrates mul-
tiple examples of this, each with small, deliberately chosen neural building blocks
which lead to demonstrable benefits.

In Chapter 4, we unify a range of discretisations for anisotropic diffusion in a sin-
gle framework and derive stability bounds. Before this work, time step size limits
were only experimentally confirmed. By connecting the discretisation to the build-
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ing block of residual networks, we obtain a simple yet efficient implementation that
benefits from deep learning frameworks while retaining theoretical guarantees.

Chapter 5 establishes that solving PDEs and variational models with tools from
deep learning can serve as a viable alternative to purely model-driven solvers. By
combining deep priors with a variational energy loss and principled numerical for-
mulations, our solver for Euler’s elastica inpainting matches the quality of highly
specialised state-of-the-art methods while remaining broadly applicable. Moreover,
our extension of physics-informed neural networks for simultaneous magnitude and
phase prediction in magnitude distribution reconstruction demonstrates the flexibil-
ity of these techniques. Our approach remains interpretable while exploiting optimi-
sation capabilities inherent to deep learning frameworks.

In Chapter 6, we address the relatively unexplored field of neural mask optimisa-
tion. Combining both data-driven and model-driven losses into a single architecture
allows us to benefit from both. Our extension based on domain decomposition with
theoretical backing enables efficient parallelisation. Within each subproblem, neural
solvers are guided by model-based objectives, producing interpretable results. Finally,
our approach does not even require any annotated image data and is able to learn in
an unsupervised fashion. Our work demonstrates that neuroexplicit approaches of-
fer a competitive alternative to probablistic methods. Furthermore, we overcome the
drawbacks of early works, which were limited to fixed mask densities and resolutions.

Observing the applications in this thesis, we can identify some common patterns
where neuroexplicit solutions can help in otherwise model-driven problems. Clearly,
when there is a simple, reliable, fast, and high-quality model-driven solution avail-
able, then there is no need to introduce neural networks. In such a situation, they
can only make things worse. However, plenty of model-driven approaches still fall
short in at least one of those categories. Anisotropic diffusion in Chapter 4 could, in
addition to existing acceleration strategies, still benefit from a further speed-up using
a simple but fast neural implementation. Existing approaches for Euler’s elastica in
Section 5.4 were largely slow, highly involved, or of mixed quality. Our neural solver
offered competitive quality while remaining simple. Even the well-explored problem
of mask learning could still benefit in terms of speed and quality for large images
through a data-driven approach in Chapter 6.

While not every problem benefits from the indiscriminate addition of neural net-
works, the domains studied here exemplify a broad class where carefully chosen neu-
ral ideas are a worthwhile trade-off, enhancing performance while retaining large
parts of the interpretability and transparency of model-driven methods. The puz-
zle pieces provided in this thesis contribute to realising the potential of neuroexplicit
models, in particular those involving well-defined numerical models.
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7.2 OUTLOOK

Based on our arguments in the previous section, one might think that more research
on neuroexplicit models, particularly those which are very light on neural compo-
nents, would be conducted. However, most research involving deep learning hap-
pens on one extreme of the possible trade-offs: maximal performance, with very lit-
tle interpretability remaining. In areas where there is sufficient data to train those
models, plenty of neural publications even laud their performance gains over model-
driven solutions, while not mentioning the lack of transparency and interpretability
of their networks.

Furthermore, a lot of the research that values understanding works on post-hoc
explanations of large models, probing neural black boxes to extract some human-
interpretable meaning. While this work has shed light on some of the inner workings
of these highly sophisticated models, there is also a lot to gain by starting from the
other direction: Designing models which are interpretable right from the start. The
research in this thesis and beyond shows that the symbiosis of neural and model-
driven methods can achieve more than either of those on their own. We hope in
particular that our successful examples of mathematical model with well-contained
neural black-boxes will serve as inspiration for further contributions to this field. To-
gether with this general outlook, we also see specific opportunities for the applica-
tions we considered.

The principle of directional splitting presented in Chapter 4 extends beyond an-
isotropic diffusion and can be applied to other anisotropic processes such as mean
curvature motion [245]. The strategy is not limited to 2-D grids and extends natu-
rally to hexagonal grids or 3-D processes [241]. Challenges could arise, however, in
the spectral analysis of nonsymmetric system matrices. Furthermore, the connection
between numerical schemes and neural architectures suggests that many PDE-based
methods, particularly those expressible in terms of convolutions and pointwise op-
erations, can benefit from the highly optimised implementations in deep learning
frameworks. While customised CUDA implementations may still achieve superior
performance, the simplicity and accessibility of these translations make them com-
pelling for rapid prototyping.

For Chapter 5, the application of neural solvers to poorly conditioned PDEs and
variational models represents only a first step. Many relevant problems in practice
are poorly conditioned, and moving beyond model-driven solvers can allow for fur-
ther progress. Specifically for our work on elastica, we hope that further advances in
discretisations may mitigate checkerboard artefacts and lessen the reliance on deep
priors. In the case of sound field magnitude inpainting, our work did not require any
datasets. To move even further into the neuroexplicit domain, one could also train on
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a set of different frequencies and room configurations to improve quality and enable
wider applicability without retraining for every instance.

For Chapter 6, scaling beyond patch-based decomposition is a natural next step.
By training fully convolutional architectures on an appropriately rescaled version of
the Laplacian magnitude, mask generation could be adapted to arbitrary target den-
sities and image sizes. Future work may also extend the framework to more advanced
inpainting operators by either learning operator approximations or embedding suit-
able solvers directly into the optimisation pipeline. Directions toward compression
are equally promising: combining mask optimisation with concepts from neural cod-
ing, where expected code length is incorporated into loss functions, could enable fur-
ther inpainting-based compression codecs.
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PUBLICATIONS

A.l FURTHER CONTRIBUTIONS

Apart from our journal paper on neural mask optimisation [174] in Chapter 6.4,
only first-author publications are discussed in this thesis. Here, we shortly discuss
other works to which we contributed.

* Our work on connecting anisotropic diffusion stencils to ResNets [202] was
preceded by multiple other papers which connected neural networks and nu-
merical algorithms for PDEs [10, 11]. In these, we analyse how numerical
schemes for nonlinear diffusion, wavelet shrinkage, and variational methods
all connect to ResNet blocks. Furthermore, we discover how diffusivities and
activations functions relate to each other, and inspire novel activation func-
tions this way. Lastly, we also translate notions of stability to the neural realm.

* PDEs and variational methods often offer invariance under translation and ro-
tation by design. This s typically rooted in the underlying model assumptions,
which are then translated into a mathematical model. While CNNs are shift
invariant by design, they are not rotation invariant. Through the introduction
of coupling activation functions [12] we are able to enforce rotation invariance
while still preserving the directional filtering capabilities of the network.

A.2 LisT OF PUBLICATIONS

JOURNAL PUBLICATIONS

* T. Alt, K. Schrader, M. Augustin, P. Peter, and J. Weickert: “Connections be-
tween numerical algorithms for PDEs and neural networks”, Journal of Math-
ematical Imaging and Vision, Vol. 65,185-208, June 2022

* T. Alt, K. Schrader, J. Weickert, P. Peter, and M. Augustin: “Designing rota-
tionally invariant neural networks from PDEs and variational methods”, Re-
search in the Mathematical Sciences, Vol. 9, No. 3, Article 52, Sept. 2022
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P. Peter, K. Schrader, T. Alt, and J. Weickert: “Deep spatial and tonal data op-
timisation for homogeneous diftusion inpainting”, Pattern Analysis and Ap-
plications, Vol. 26, No. 4,1585-1600, 2023

CONFERENCE PAPERS

114

T. Alt, P. Peter, J. Weickert, and K. Schrader: “Translating numerical con-
cepts for PDEs into neural architectures”, In A. Elmoataz, J. Fadili, Y. Quéau, J.
Rabin, and L. Simon (Eds.): Scale Space and Variational Methods in Computer
Vision, Lecture Notes in Computer Science, Vol. 12679, 294-306, Springer,
Cham, 2021

K. Schrader, T. Alt, J. Weickert, and M. Ertel: “CNN-based Euler’s elastica
inpainting with deep energy and deep image prior”, Proc. 10th European Work-
shop on Visual Information Processing, Lisbon, Portugal, Sept. 2022

K. Schrader, P. Peter, N. Kimper, and J. Weickert: “Efficient neural gener-
ation of 4K masks for homogeneous diffusion inpainting.”, In L. Calatroni,
M. Donatelli, S. Morigi, M. Prato, and M. Santavesaria (Eds.): Scale Space
and Variational Methods in Computer Vision, Lecture Notes in Computer
Science, Vol. 14009, 16-28, Springer, Cham, 2023

K. Schrader, J. Weickert, and M. Krause: “Anisotropic diffusion stencils:
from simple derivations over stability estimates to ResNet implementations”,
To appear in K. Burnecki, J. Szwabiriski, and M. Teuerle (Ed.): Progress in In-
dustrial Mathematics at ECMI 2023, Springer, Cham, 2026

K. Schrader, S. Koyama, T. Nakamura, and M. Pezzoli: “Phase-Retrieval-
Based Physics-Informed Neural Networks For Acoustic Magnitude Field Re-
construction”, To appear in Proc. 2026 IEEE International Conference on
Acoustics, Speech, and Signal Processing, Barcelona, Spain, 2026.
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