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Abstract

A translation surface is a compact Riemann surface obtained as a collection of finitely
many polygons in the plane with glued parallel edges of the same length by translations.
There is a natural action of the group of invertible real 2x2-matrices with positive deter-
minant on the moduli space of translation surfaces by applying matrices to the polygons
and regluing them by the same combinatorial relation. Under rare circumstances an
orbit of this action is closed in the moduli space of translation surfaces. One class of
translation surfaces where this happens are origamis, which consist of finitely many unit
squares. The orbit of an origami parametrizes a family of compact Riemann surfaces.
We consider the family of first singular cohomology groups with complex coefficients de-
fined by this family of compact Riemann surfaces. It can be given the structure of a flat
holomorphic vector bundle. For certain classes of origamis we will study the monodromy
group of this vector bundle from the aspect of arithmeticity.

Zusammenfassung

Eine Translationsfläche ist eine kompakte Riemannsche Fläche, die man dadurch erhält,
dass man endlich viele Polygone in der Ebene an parallelen Kanten gleicher Länge durch
Translationen verklebt. Es gibt eine natürliche Operation der Gruppe der invertier-
baren reellen 2x2-Matrizen mit positiver Determinante auf dem Modulraum der Trans-
lationsflächen, indem wir die Matrizen auf die Polygone anwenden und dann erneut nach
den gleichen kombinatorischen Relationen verkleben. In seltenen Fällen ist eine Bahn
dieser Aktion abgeschlossen im Modulraum der Translationsflächen. Eine Klasse von
Translationsflächen, für die dies eintritt, sind Origamis. Diese bestehen aus endlich vie-
len verklebten Einheitsquadraten. Die Bahn eines Origamis parametrisiert eine Familie
kompakter Riemannscher Flächen. Wir betrachten die Familie der ersten singulären
Kohomologien mit komplexen Koeffizienten, die durch diese Familie kompakter Rie-
mannscher Flächen definiert wird. Ihr kann die Struktur eines flachen holomorphen
Vektorbündels gegeben werden. Wir werden für bestimmte Klassen von Origamis die
Monodromiegruppe dieses Vektorbündels unter dem Gesichtspunkt der Arithmetizität
studieren.
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Preface

Griffiths-Schmid arithmeticity conjecture. Let S, X be complex algebraic man-
ifolds such that X is bimeromorphic to a Kähler manifold and let f : X Ñ S be a flat
proper holomorphic map such that every fiber Xs “ f´1psq is a connected algebraic
manifold. We can consider f : X Ñ S as a family of algebraic manifolds parametrized by
S. Furthermore, let ω be a global section of R2f˚ZX such that for every s P S the restric-
tion of ω to the stalk pR2f˚ZXqs is an integral Kähler class ωs P H1,1pXsq XH2pXs,Zq.
By the Koidara embedding theorem every fiber Xs is hence a projective algebraic vari-
ety and we call such an f : X Ñ S a family of polarized algebraic manifolds. The family
f : X Ñ S naturally carries such an ω if X itself is projective. Then for any embedding
X Ñ PN we can pull back the Kähler class associated to the Fubini-Study metric on PN
to X and this defines in a natural way a global section of R2f˚ZX as we want it. It is a
really hard task to understand such families geometrically, i.e. how are the topological
and geometric features of the fibers related to each other?

One of the tools to understand the topology of the fibers Xs of f : X Ñ S is to consider
their cohomology groups H ipXs,Qq (i P N). We want to describe the family f : X Ñ S
with the help of the cohomology of the fibers in the following way. We fix a base point
s0 P S and measure how elements of the cohomology group H ipXs0 ,Qq change if we
transport them along closed paths in S in a ”continuous way”. This idea leads to the
concept of ”monodromy” which we will explain in detail in Chapter 4.

With the theorem of Ehresmann one can show that for every natural number i P N the
cohomology groups H ipXs,Qq glue together to a locally constant sheaf Rif˚QX over S1.
If we fix a base point s0 P S we can consider the associated monodromy representation

ρi : π1pS, s0q ÝÑ GLpH ipXs0 ,Qqq.

Our goal is thus to understand the representation ρi respectively the image Gi “ Impρiq
of ρi. The groups Gi are often called the algebraic monodromy groups of the family
f : X Ñ S. In general it is really hard to describe the group Gi directly and it is way
easier to determine the Zariski closure Gi of Gi in the linear group GLpH ipXs0 ,Qqq. By
a result of Deligne [20] we know for example that Gi is a semi-simple algebraic group.
Write GipZq for the subgroup of GipQq which stabilizes the lattice H ipXs0 ,Zq{torsion.
One can show that Gi is a subgroup of GipZq. Hence a natural question is to ask
whether the monodromy group Gi is of finite index or of infinite index in GipZq. In the
first case we call Gi arithmetic and thin otherwise. Phillip Griffiths developed a Hodge

1We will do this for a family of compact Riemann surfaces in Section 2.2.3
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Preface

theoretical approach which brings us a little bit closer to the answer of this question.
This approach even led him and Wilfried Schmid to the conjecture which we formulate
in the next paragraph.

Each fiber Xs of f : X Ñ S (s P S) is a Kähler manifold on which we have the Hodge
decomposition

H ipXs,Cq “
à

p`q“i

Hp,q
s ,

where Hp,q
s is the subspace of classes of closed pp, qq-forms on Xs. In Chapter 4 we

will sketch the proof that the subspaces Hp,q
s are the fibers of C8-subbundles Hp,q of

the holomorphic vector bundle Hi associated to Rif˚ZX. All these information can be
summarized in the notion of a mixed variation of Hodge structure on S (c.f. Definition
4.4.9). Results from [48] on mixed variation of Hodge structures led Griffiths and Schmidt
in 1973 to conjecture that all monodromy groups that arise from families of algebraic
manifolds as above could be arithmetic [49, Appendix (d)]. This conjecture was the
starting point of the work on the question whether monodromy groups of families of
algebraic manifolds are arithmetic or thin. A part of the wonderful survey [108] of
Peter Sarnak is dedicated to this topic where he explains some history and progress
relating this question. The first examples of families with thin monodromy were given
by Deligne and Mostow in 1986 [23]. Meanwhile other examples of families with thin
monodromy could be found. Brav and Thomas for example found new families with thin
monodromy among families of Calabi-Yau three-folds which arise as the set of solutions
of a differential equation on P1pCqzt0, 1,8u [11]. Their proofs rely on the Ping-Pong
Lemma. This approach was later extended for example in [36] and [4]. In the last article
the authors constructed Ping-Pong tables with the help of a computer.

Families of linear deformations of translation surfaces. In this thesis we will
focus on Griffiths’ and Schmid’s arithmeticity conjecture in the context of families of
compact Riemann surfaces that come from linear deformations of origamis. Before we
can present results, we have to describe the families we are interested in.

A translation surface is a compact connected Riemann surface constructed by gluing
finitely many polygons Pi pi “ 1, . . . , nq in the Euclidean plane R2 along their edges by
translations. This leads to a flat metric on the Riemann surface where we remove finitely
many points which correspond to vertices of the polygons Pi. We denote translation
surfaces by pairs pX,ωq where X is a connected compact Riemann surface and ω is a
non-trivial holomorphic one-form which provides the surface with a flat metric outside
the finite set of zeros of ω. The moduli space of genus g translation surfaces ΩMg is in
a natural way a bundle over the moduli space of compact connected Riemann surfaces
Mg (see Section 3.2.2). The zeros of ω give a partition κ of 2g ´ 2 by the Theorem of
Gauss-Bonnet and in this way we get a stratification ΩMg “

Ů

κΩMgpκq of the moduli

space of translastion surfaces (c.f. Section 3.2.3). Applying matrices in GL`
2 pRq to

the polygons Pi Ă R2 of a translation surface and regluing them leads to an action of
GL`

2 pRq on the moduli space of genus g translation surfaces ΩMg (see Figure 1 for an
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example). If A P GL`
2 pRq is a matrix and pX,ωq P ΩMg is a translation surface then we

write A.pX,ωq for the translation surface obtained by the construction above.

A

I

I

II II

II
I

II
I

I

I

II II

II
I

II
I

Figure 1.: Deformation of an L-shaped translation surface by the matrix A “ p 1 1
0 1 q.

We want to relate geometric an topological features of the linear deformation A.pX,ωq

of a translation surface pX,ωq by a matrix A P GL`
2 pRq to the corresponding features

of pX,ωq. This is possible in many ways and for many features. See Section 4.5 of
the survey [33] for an overview. We want to restrict ourselves to translation surfaces
pX,ωq and matrices A P GL`

2 pRq such that all the A.pX,ωq fit into a family in terms
of complex geometry respectively algebraic geometry. We explain now how the last
sentence is meant.

For a translation surface pX,ωq linear deformation by homothety and rotation lead to
translation surfaces in the same fiber of the projection map ΩMg Ñ Mg. Thus the
projection of the GL`

2 pRq-orbit of pX,ωq to Mg lead to a mapping H Ñ Mg, which can
be shown to be holomorphic. Under rare circumstances such an GL`

2 pRq-orbit is closed
in ΩMg or equivalent [67] there is a lattice SLpX,ωq ď SL2pRq stabilizing pX,ωq. The
lattice SLpX,ωq is called Veech group of the translation surface pX,ωq. The projection
H Ñ Mg factors through a conjugate SL˚pX,ωq of SLpX,ωq called mirror Veech group
and the image of H{SL˚pX,ωq Ñ Mg is an algebraic but non-complete curve in the
moduli space of compact Riemann surfaces Mg. We call a translation surface pX,ωq

with these properties a Veech surface. A certain class of Veech surfaces are origamis or
square-tiled -surfaces which are built out of finitely many Euclidean unit squares.

We now consider a Veech surface pX,ωq of genus g ě 2. Recall that the points of
H{SL˚pX,ωq Ñ Mg parametrize compact Riemann surfaces. After passing to a certain
torsion free finite index subgroup Γ of the mirror Veech group SL˚pX,ωq, we can put
together the compact Riemann surfaces parametrized by H{SL˚pX,ωq to a family of
compact Riemann surfaces f : X Ñ H{Γ (c.f. Section 4.6.1). If we choose c P H{Γ with
fiber f´1ptcuq “ X, then the local system R1f˚QX has a monodromy representation

π1pH{Γ, cq ÝÑ GLpH1pX,Qqq.

We can describe the monodromy representation as follows. We have chosen the finite
index subgroup Γ ď SLpX,ωq torsion free and hence an element rγs P π1pH{Γ, cq corre-
sponds to an element Aγ P Γ. We will later show that the class rγs acts on H1pX,Qq

as the pullback by a homeomorphism φAγ on X (see Proposition4.6.5). Furthermore
the homeomorphism φAγ preserves the set of zeros Zpωq Ă X of ω and φAγ acts on the
translation charts of XzZpωq as an affine map with linear part Aγ P Γ.
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We write in the following Aff`pX,ωq for the group of orientation preserving homeomor-
phisms of X, which respect Zpωq and which are affine on the translation charts of pX,ωq.
Since Γ ď SLpX,ωq is torsion free, we can identify the group Γ from above with a torsion
free subgroup of Aff`pX,ωq. The action of Aff`pX,ωq on H1pX,Zq by pullback respects
the symplectic intersection pairing on H1pX,Qq and thus the monodromy representation
of R1f˚QX is given by the action

ρ : Γ ÝÑ SppH1pX,Qqq.

of Γ on H1pX,Qq by pullback.

We can describe the monodromy of R1f˚QX even further if we use Teichmüller theory.
Let KpX,ωq “ QptrpSLpX,ωqq be the trace field of the Veech group SLpX,ωq. It is
a totally real algebraic extension of Q of degree at most g [87, Theorem 5.1]. Write
F for the Galois closure of Kpx, ωq. The subspace H1

stpXq “ spanRptRepωq, Impωquq

of H1pX,Rq is invariant under the action of Aff`pX,ωq on H1pX,Rq by pull back.
Furthermore, one can show that an element φ P Aff`pX,ωq acts on H1

stpXq by its
linear part Dpφq P SLpX,ωq with respect to the basis pRepωq, Impωqq. We consider
H1
stpXq as a subspace of H1pX,Qq bQ R. The subspace H1

stpXq is defined over the
trace field KpX,ωq [94, Coroallary 2.10] and so we can consider the Galois conjugate
representations of Aff`pX,ωq on it with respect to GalpF |Qq. By [94] for every σ P

GalpF |Qq the Galois conjugate representation of Aff`pX,ωq on H1
stpXqσ is isomorphic

to that of Aff`pX,ωq on H1
stpXq if and only if σ fixes KpX,ωq. Let σi pi “ 1, . . . , rq

be a system of representatives of GalpF,Qq{GalpF,KpX,ωqq, where σ1 “ id. Then the
subspace ‘r

i“1H
1
stpXqσi is invariant under GalpF,Qq and is thus defined over Q. Hence

we get the following decomposition into Aff`pX,ωq-subrepresentations

H1pX,Qq “ W ‘H1
p0q with W bQ R “

r
à

i“1

H1
stpXqσi , (0.0.0.1)

where H1
p0q

is the orthogonal complement of W with respect to the intersection pairing.

We already pointed out that we perfectly understand the action of Aff`pX,ωq on the
subspace W bQ R of H1pX,Rq. This is in general not the case for the remaining part
H1

p0q
Ă H1pX,Qq. Hence we will focus on the action of Γ respectively of Aff`pX,ωq on

H1
p0q

. We call the associated subrepresentations

ρ
pX,ωq

KoZo : Aff
`pX,ωq ÝÑ SppH1

p0qq and ρΓKoZo : Γ ÝÑ SppH1
p0qq,

the Kontsevich–Zorich (monodromy) representation of the translation surface pX,ωq,
respectively the Kontsevich–Zorich (monodromy) representation of the family f : X Ñ

H{Γ. Furthermore, we write GpX,ωq for the image of the representation ρ
pX,ωq

KoZo , respec-

tively GΓ for the image of ρΓKoZo. We call GpX,ωq the Kontsevich–Zorich monodromy.
The group GΓ is a finite index subgroup of GpX,ωq and since we are interested in arith-
meticity, we will mainly focus on GpX,ωq. A first question is again how does the Zariski
closure of the Kontsevich–Zorich monodromy looks like? A very good answer was given
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by Filip in [34]. He showed that the Zariski closure of the monodromy group of any

direct summand of ρ
pX,ωq

KoZo : Aff
`pX,ωq Ñ SppH1

p0q
q is up to finite index and compact

factors one of the following groups and representations:

• Spp2d,Rq in the standard representation.

• SUCpp, qq in the standard representation.

• SUCpp, 1q in an exterior power representation.

• SO˚p2nq in the standard representation.

• SORpn, 2q in a spin representation.

Hence the question which Zariski closures can occur has a satisfying answer and the
next step is then the study of arithmeticity for the Kontsevich–Zorich monodromy. One
extreme case of the splitting 0.0.0.1 is realized by translation surfaces which are con-
structed by gluing finitely many unit squares. These special translation surfaces are
called origamis. Their Veech groups are finite index subgroups of SL2pZq. Thus the
trace field of their Veech groups is always given by the rational numbers Q. Hence for
an origami O “ pX,ωq the two-dimensional subspace H1

stpXq is defined over Q and with
a slight abuse of notation we get the splitting

H1pX,Qq “ H1
stpXq ‘H1

p0qpXq.

The action of the affine group Aff`pOq of an origami O “ pX,ωq on the cohomology
H1pX,Qq is also way easier to understand then for general translation surfaces. For
example for origamis without automorphisms we can describe the action of the affine
group on the (relative) homology combinatorially [85, Section 3]. Hence we will restrict
ourselves in the proceeding investigation on the monodromy arising from origamis.

Simion Filip proved in [33] that in each stratum ΩMgpκq pg ě 2q the Zariski closure
of the Kontsevich–Zorich monodromy of all origamis outside of a finite set of GL2pRq-
suborbit closures is isomorphic to Sp2g´2pRq and thus as big as possible. The question of
arithmeticity for an origami with Kontsevich–Zorich monodromy with largest possible
Zariski closure was first answered in genus three by Hubert and Matheus [63]. They
answered it positively although they intended to get a different result. The investigation
in genus three was continued in [8], where the authors found seven infinite families in
the stratum ΩM3p4q with arithmetic Kontsevich–Zorich monodromy. Furthermore, we
found in [8] a finite family of genus four origamis in the stratum ΩM4p6q with arithmetic
Kontsevich–Zorich monodromy and full Zariski closures. In [71] Carlos Matheus and the
author of this thesis extended the results of [8] on infinite families in genus four, five
and six with arithmetic Kontsevich–Zorich monodromies and Zariski closures the whole
symplectic group. As far as the author of this text knows there are no such examples for
higher genera then genus six. A special role in this context is played by origamis of genus
two. Martin Möller observed that the Kontsevich–Zorich monodromy of all origamis of
genus two is arithmetic. We explained and elaborated his ideas which are based on
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Hodge theory in Appendix B of [8]. A natural further question for genus two origamis
is therefore to ask about the index of the Kontsevich–Zorich monodromy in PSL2pZq.
Computer experiments for origamis in the stratum ΩM2p2q and primitive origamis in
ΩM2p1, 1q showed that the index in PSL2pZq is expected to be either one or three (c.f.
[8, Section 6]). This conjecture was partially proved in [76].

Results and structure of this thesis. In this thesis we present our contributions to
the investigation of the Kontsevich–Zorich monodromy of origamis. In the second part
of this thesis we present our results which divide into two blocks according to the very
different tools we use. More precisely, there is one block which relies on Hodge theory
and one block where we use concepts from the theory of algebraic groups. In the first
part of this text respectively the first five chapters we provide the necessary theoretical
background for this thesis. My goal, in the first place, is to develop the full theory to
understand the results. In particular we provide references which in our opinion are
useful to learn the different aspects of mathematics which play a role in this thesis and
more generally in the field of Teichmüller dynamics. In this sense we hope that this text
can help newcomers to get a first idea of the fascinating area of Teichmüller dynamics.

Now, we come to a more detailed outline of this text. The idea of Chapter 1, on the one
hand, is to give a short general introduction to the theory of algebraic groups. On the
other hand we will sketch the proof of [100, Theorem 9.10], a beautiful result of Prasad
and Rapinchuk, which is together with [111, Theorem 1.2] of Singh and Venkataramana,
one of the main ingredients of the arithmeticity results for our families from [71].

In Chapter 2 and Chapter 3 we recall some important facts about Teichmüller the-
ory. Hereby we provide information for both aspects, the analytic theory of Teichmüller
spaces and Grothendieck’s complex geometric approach to Teichmüller theory. Fur-
thermore, Chapter 3 provides the mathematical preliminaries for translation surfaces in
particular the moduli space of translation surfaces and Teichmüller curves. We will end
Chapter 3 with Section 3.3, where we study Dehn (multi-)twists about the core curves
of cylinder decompositions of translation surfaces. This will be a very important tool
for computing explicit elements of the Kontsevich–Zorich monodromy.

After that we will explain in the first part of Chapter 4 the different notions and concepts
of monodromy and parallel transport which are relevant for this text. We will give a lot
of proofs in this part because it was either hard to find references which fit to our needs
or they were missing relevant details. In the second part of Chapter 4 we will provide
a short introduction to Hodge theory and period mappings. In particular, we collect all
the necessary concepts and tools to state Griffiths’ and Schmid’s conjecture about the
algebraic monodromy of families of curves from the beginning of the introduction (c.f.
4.4.18). But we do not only state their conjecture but we will also state the theorem
which led to this conjecture (c.f. 4.5.7). Finally, we will properly define Kontsevich–
Zorich monodromy in the last section of this chapter.

11
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2m

N

Figure 2.: The origami O
p4q

N,M .

The last chapter of the preliminary part is dedicated to Kontsevich–Zorich cocycle for Te-
ichmüller curves. There is a deep connection between Hodge theory and the Kontsevich–
Zorich cocycle, in particular its Lyapunov exponents. We will state in this chapter the
results in this context which we will need later in this thesis.

Section 6.1 of Chapter 6 primarily aims at proving the observation of Martin Möller
which was published in appendix B of [8]. The observation is formulated in the following
theorem:

A Theorem (see Theorem 6.1.5). For every genus two origami O “ pX,ωq the Kontse-
vich–Zorich monodromy GO has Zariski closure isomorphic to SL2pRq and it is an arith-
metic group.

The proof of this theorem is based on ideas of Martin Möller and arose in collaboration
with Carlos Matheus. As we already mentioned, the techniques we use to prove Theo-
rem A rely heavily on Hodge theory and its applications to Teichmüller dynamics. In
particular Theorem 4.5.7 of Griffiths, which led to Griffiths’ and Schmid’s artihmeticity
conjecture 4.4.18, is an important ingredient of the proof. Note that Griffiths used in [48,
Appendix D] the same ideas as we did for the proof of Theorem A to show that a family
of K3 surfaces has an arithmetic algebraic monodromy group. In Section 6.4 we use the
tools which we developed in Section 6.1 to gain some insights for the Kontsevich–Zorich
monodromy of certain coverings of L-shaped translation surfaces.

All the remaining arithmeticity results of this thesis rely on a different approach which is
based on algebraic groups and geometric group theory. Let us now state these remaining

results. Let N ě 4 and M “ 4 ` 2m with m ě 0. We consider the stairs origami O
p4q

N,M

of degree N ` M ` 2 which can be seen in Figure 2. We showed in Chapter 8 for a

12
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finite family of origamis O
p4q

N,M that the monodromy groups G
O

p4q

N,M

are arithmetic. More

precisely we obtain the following theorem:

B Theorem (see Theorem 8.1.3). For all N “ 3m`4 andM “ 2m`4 with 4 ď N ď 50
and m P t0, . . . , 50u the monodromy groups G

O
p4q

N,M

have full Zariski closure and they are

arithmetic groups.

For the proof of Theorem B we used a theorem of Singh and Venkataramana (see The-
orem 1.6.1). It requires that the Kontsevich–Zorich monodromy has full Zariski closure
which turned out to be the hardest part. In the case of Theorem B we used a computa-
tional approach to obtain full Zariski closures and this is why we could only prove it for
a finite family. In [71] Carlos Matheus and the author of this thesis overcame this prob-
lem with a theorem of Prasad and Rapinchuk (see Theorem 1.5.8) and Galois theory.
This idea was already used in [8] for genus three origamis. We extended these results to
infinite families of origamis in genus four, five and six. The origamis that we considered

in genus five and six are very similar to the origamis O
p4q

N,M , we only added stairs to get
higher genus. The results from [71] are summarized in the following theorem.

C Theorem (see Theorem 9.2.3, Theorem 9.3.5 and Theorem 9.4.5). In genus four, five
and six we have infinite families of stairs origamis, such that the Kontsevich–Zorich mon-
odromy of these origamis have full Zariski closure and furthermore they are arithmetic
subgroups.

The last theorem is part of joined work with Pascal Kattler and Gabriela Weitze-
Schmithüsen which we started quite recently. We showed that there are indeed origamis
which do have thin Kontsevich–Zorich monodromy.

D Theorem (see Theorem 7.2.3). In genus three there is an origami whose Kontsevich
monodromy has Zariski closure SL2pRq ˆ SL2pRq but the monodromy group is a thin
subgroup of the closure.

Due to computer experiments by Pascal Kattler we can assume that there are more ex-
amples like this. But the question whether there are thin Kontsevich–Zorich monodromy
groups with largest possible Zarsiki closure remains open.

Previously published content. Parts of this thesis have been published in the article
[8] which is accepted for publication in Transactions of the AMS and the article [71] which
was published in Mathematische Nachrichten.

Chapter 6 is based on the tools developed in Appendix B of [8]. But we present the
results in a slightly different way so that we can use them more easily for Section 6.4
and Section 7.1.
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The calculations in the first part of 7.2 are taken from Appendix A of [8] which is due
to Etienne Bonnafoux and Carlos Matheus.

In Chapter 8 we integrated the work of Section 5 of [8]. Chapter 9 is taken from [71]
with some minor changes such that it better fits to the preliminary part of this thesis.
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1. Algebraic groups

In Section 1.1– Section 1.4 of this chapter we will provide the background in the theory
of algebraic groups and Lie algebras which we need for this thesis. An algebraic group
is classically a group defined by polynomial equations over a field k. We should be able
to consider the solutions of the equations in any k-algebra R. To take this idea into
account we have to use the language of group schemes. Since we are mainly working
with classical groups, we are only interested in closed points of schemes. Luckily the
books [91] and [92] of James Milne are perfectly suitable for this. For beginners a book
that uses the classical approach of algebraic groups over algebraically closed fields is still
useful and here I can recommend the book [84] of Gunter Malle, which is for me the best
introduction to this field. In the last sections of this chapter we want to explain results
of Prasad, Rapinchuk [100] and Singh, Venkataramana [111] which we used in the proof
of Theorem B and Theorem C.

1.1 Definitions of algebraic groups

As we already mentioned we are only working with classical groups and are only inter-
ested in closed points of them. Let k be a field and let A be a k-algebra. Instead of
considering the topological space SpecpAq which consists of the set of all prime ideals on
A we consider the subset SpmpAq Ă SpecpAq which consists of all maximal ideals of A. In
the same way as for Spec we can define the Zariski topology on SpmpAq and furthermore
we can associate to SpmpAq a sheaf of k-algebras OSpmpAq (see Appendix A of [92]). An
affine algebraic scheme over k is per definition a locally k-ringed space which is isomor-
phic to the pair pSpmpAq,OSpmpAqq for some finitely generated k-algebra A. A morphism
of affine algebraic schemes over k is a morphism of locally k-ringed spaces. Affine alge-
braic schemes over k with morphisms of locally k-ringed spaces forms a category which
we will denote in the following by k´AffSchm. Furthermore, we write k´AffSchm0 for
the category of affine schemes of finite type over a field k, i.e. the category of schemes
over k which have an open affine cover with obvious morphisms. By a little abuse of
notation we often write SpmpAq if we mean the topological space equipped with the
sheaf of k-algebras. The functor A ÞÑ pSpmpAq,OSpmpAqq is a contravariant equivalence
between the category of k-algebras and the category of affine k-schemes (see Appendix
A of [92] for more details).

1.1.1 Definition (Algebraic groups as affine group schemes). An algebraic group G
(defined) over a field k is an affine algebraic scheme pSpmpAq,OSpmpAqq for a finitely

18



1. Algebraic groups

generated k-algebra A with morphisms of locally ringed spacesm : GˆG Ñ G, inv: G Ñ

G and e : Spmpkq Ñ G such that the following diagrams commute:

GˆGˆG GˆG

GˆG G

idˆm

mˆid m

m

Spmpkq ˆG GˆG Gˆ Spmpkq

G

pe,idq

–
m

pid,eq

–

G GˆG G

Spmpkq G Spmpkq

pinv,idq

m

pid,invq

e e

The morphism G Ñ Spmpkq exists since G is of finite type over k. The isomorphism
of Spmpkq ˆ G – G in the diagram on the right above is just the natural isomorphism
Spmpkq ˆ G “ SpmpA bk kq – G . We say that A is a coordinate ring of G and we
write OpGq “ A. A group variety is an algebraic group such that the coordinate ring
OpGq “ A of G is reduced, i.e. Abkk has no non-zero nilpotent elements for an algebraic
closure k of k.

A morphism of algebraic groups φ : pG,mGq Ñ pH,mHq is a morphism of locally ringed
spaces φ : G Ñ H such that φ ˝mG “ mH ˝ pφˆ φq.

Consider the functor between the category of affine schemes of finite type over a field k
and the category of functors between the category of affine schemes of finite type and
the category of sets

k´AffSchm0 ÝÑ Funcpk´AffSchm0, Setsq,

which sends an affine scheme X of finite type to the Hom-functor hX “ Morp¨, Xq and a
morphisms X Ñ Y between affine schemes of finite type to the natural transformation
hX Ñ hY . The Lemma of Yoneda says that this functor is fully faithful. We will use
this fact to define algebraic groups as a functor.

Let pG,mq be an algebraic group with coordinate ring OpGq “ A. For a k-algebra R we
write GpRq for the set of points of G with coordinates in R, i.e.

GpRq “ hGpSpmpRqq “ MorpSpmpRq, Gq – Homk´AlgpA,Rq.

Furthermore the group multiplication m : GˆG Ñ G induces a natural transformation
hGˆG Ñ hG and for a k-algebra R we write mpRq for the map

mpRq : hGˆGpSpmpRqq ÝÑ hGpSpmpRqq.
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1. Algebraic groups

Hence the map R ÞÝÑ pGpRq,mpRqq defines a functor from the category of k-algebras
to the category of groups and we gave sense to what we mean by the R-points of an
algebraic group defined over k. These considerations also give rise to the second definition
of algebraic groups.

1.1.2 Definition (Algebraic groups as functors). An algebraic group defined over k is
a functor

FG : k´Alg ÝÑ Grps

from the category of finitely generated k-algebras to the category of groups that is
representable, i.e. there is a finitely generated k-algebra A such that FG is naturally
equivalent to the functor hA.

In the setting of Definition 1.1.2 a homomorphism of algebraic groups α : FG Ñ FH is
a natural transformation such that αR : FGpRq Ñ FHpRq is a group homomorphism for
every k-algebra R.

Sketch of equivalence of Definition 1.1.1 and Definition 1.1.2. If we have a functor FG
as above with a finitely generated k-algebra A such that hApRq “ Homk´AlgpA,Rq for
every k-algebra R, then we define G “ SpmpAq. Thus

FGpRq – MorpSpmpRq, Gq

for every k-algebra R. In particular for every finitely generated k-algebra R we have a
group multiplication mR : h

ApRqˆhApRq Ñ hApRq, a map that builds the inverse group
elements invR : h

ApRq Ñ hApRq and a neutral element e P hApKq. By the Lemma of
Yoneda this implies that there exist morphisms of schemes m : GˆG Ñ G, inv: G Ñ G
and e : Spmpkq Ñ G which deliver commutative diagrams as in 1.1.1.

One can use Definition 1.1.2 to define normal algebraic subgroups.

1.1.3 Definition. Let G be an algebraic group over k and H an algebraic subgroup
of G. We say that H is normal in G if HpRq is a normal subgroup of GpRq for every
finitely generated k-algebra R.

We will give some important examples.

1.1.4 Example. Let k be a field.

(i) The additive group Ga is the algebraic group with coordinate ring krGas “ krXs.
It can be characterized by a functor that maps a k-algebra R to its additive group
pR,`q.

(ii) The multiplicative group Gm is the algebraic group with coordinate ring krGms “

krX,Y s{pXY ´ 1q. It corresponds to the functor that maps a k-algebra R to its
multiplicative group pRx, ¨q.
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1. Algebraic groups

(iii) An algebraic group T over k is a torus, if after extending the base field k by a
finite separable field F , it becomes isomorphic to a product of copies of pGmqF as
locally ringed spaces, i.e.

TF – pGmqF ˆ ¨ ¨ ¨ ˆ pGmqF .

We say that the torus T splits over the field F .

(iv) Let G be an algebraic group over k. We write G0 for the connected component of
G which contains the neutral element. Then G0 is a normal algebraic subgroup of
G [92, Proposition 1.34 and Proposition 1.52]

1.1.5 Remark (Subspace topology of k-points). Let G be an algebraic group over
a field k with coordinate ring OpGq “ A, where A is a finitely generated k-algebra.
Again a point P P Gpkq is a homomorphism of k-algebras P : A Ñ k. Thus the kernel
mP “ kerpP q is a maximal ideal in A and hence a point in SpmpAq. In this way we
get an inclusion Gpkq ãÑ SpmpAq. In the future we will equip Gpkq with the subspace
topology of the Zariski topology on SpmpAq.

Let G be an algebraic group over a field k and let S ď Gpkq be an arbitrary subgroup.
By [92, Lemma 1.40] the closure S of S in Gpkq equipped with the subspace topology is
again a subgroup of Gpkq and by [92, Theorem 1.45] there is a unique algebraic subgroup
H of G with k-points Hpkq “ S.

1.1.6 Definition (Zariski closure). Let G be an algebraic group over k and S a subgroup
of Gpkq. The unique algebraic subgroup H of G such that Hpkq is the closure of S in
Gpkq is called the Zariski closure of S in G.

1.2 Representations and arithmeticity

Let k be a field and V a finite dimensional k-vector space. For R a k-algebra we write
VR “ V bk R. We denote by GLV the functor

GLV : k´Alg ÝÑ Grps,

where GLV pRq “ AutpVRq is the group of R-linear automorphisms of VR. If V is a
vector space of dimension n, then a choice of a k-basis of V determines an isomorphism
of functors GLV Ñ GLn where GLn is the algebraic group with coordinate ring

krGLns “ krT11, T12, . . . , Tnn, T s{pdetpTijqijT ´ 1q.

This shows that GLV is also an algebraic group over k.
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1. Algebraic groups

1.2.1 Definition. Let k be a field and let G be an algebraic group. A linear represen-
tation of G on a finite-dimensional k-vector space V is a morphism of algebraic groups
ρ : G Ñ GLV . We say that ρ is faithful if ρpRq : GpRq Ñ GLV pRq is injective for every
k-algebra R.

1.2.2 Definition. Let G be an affine algebraic group over Q and let ρ : G Ñ GLV be
a faithful linear representation on a finite dimensional Q-vector space V . For a lattice
L Ă V we define

Gpρ, Lq “ StabGpQqpLq “ tg P GpQq | g ¨ L “ Lu.

An arithmetic subgroup of GpQq is any subgroup commensurable with Gpρ, Lq, i.e. a
subgroup S of GpQq such that S X Gpρ, Lq has finite index in S and finite index in
Gpρ, Lq.

The definition of arithmeticity in 1.2.2 is independent of the choice of a faithful repre-
sentation ρ : G Ñ GLV and a lattice L Ă V [90, Proposition 28.8].

1.3 Roots and one-parameter subgroups

1.3.1 Functor Lie. Lie algebras are one of the most important tools when it comes
to work with algebraic groups, especially in characteristic zero. We want to give some
basic constructions on Lie algebras associated to algebraic groups.

Let G be an algebraic group over a field k with structure sheaf OG and coordinate ring
OpGq. The neutral element is by definition an element e P Gpkq or equivalent a morphism
Spmpkq Ñ G or a morphism OpGq Ñ k. We will write LiepGq or g for the tangent space
of G at the neutral element e P Gpkq. In the following we want to equip LiepGq with Lie
brackets but we will start with more details on LiepGq as a vector space since this will
help us to understand this object.

For every finitely generated k-algebra R we define the algebra Rrϵs “ RrXs{pX2q, so
ϵ2 “ 0 in Rrϵs. We denote by ιR : R Ñ Rrϵs the inclusion and by πR : Rrϵs Ñ R the
homomorphism with

πRpa` b ¨ ϵq “ a pa, b P Rq.

We write gpkq for the kernel KerpGpkrϵsq
πk
Ñ Gpkqq. This means that an element in gpkq is

a homomorphism φ : OpGq Ñ krϵs such that the composition πk˝φ is the homomorphism
OpGq Ñ k corresponding to the neutral element e. The kernel of the homomorphism
e : OpGq Ñ k of the neutral element is the maximal ideal me. Since ϵ2 “ 0 the homo-
morphism φ : OpGq Ñ krϵs from above factors through OpGqs{m2

e and by [92, Lemma
3.22] we have OpGq{m2

e – k ‘me{m
2
e. Hence the homomorphism φ is of the form

k ‘me{m
2
e ÝÑ krϵs, pa, bq ÞÝÑ a`Dφpbq ¨ ϵ
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1. Algebraic groups

with a linear map Dφ : me{m
2
e Ñ k, uniquely determined by φ. We showed

LiepGq “ Hompme{m
2
e , kq – KerpGpkrϵsq

πk
Ñ Gpkqq “ gpkq.

Now we have defined the map on objects for our functor Lie. Next we want to make
clear what it does with morphisms. Let H be a second algebraic group and φ : G Ñ H a
morphism of algebraic groups. Since φ is a natural transformation the following diagram
commutes.

Gpkrϵsq Hpkrϵsq

Gpkq Hpkq

φpkrϵsq

πk πk

φpkq

By the diagram above we get a homomorphism gpkq Ñ hpkq, where hpkq is the kernel
KerpHpkrϵsq Ñ Hpkqq. Thus the morphism of algebraic groups φ : G Ñ H defines a k-
vector space homomorphism LiepGq Ñ LiepHq. We showed that associating the vector
space LiepGq to an algebraic group is functorial.

1.3.2 Definition. Let k be a field. We call the functor

Lie : k´AlgGr ÝÑ k´Vec

from the category of algebraic groups over k to the category of vector spaces over k,
which maps an algebraic group G to the vector space LiepGq, the Lie functor.

By definition LiepGq “ g is a vector space. If we want to call it Lie algebra, then we
have to define Lie brackets for LiepGq. This is what we want to do next. Again by [92,
Lemma 3.22] we have a split exact sequence

0 ÝÑ me ÝÑ OpGq
e

ÝÑ k ÝÑ 0.

Tensoring it with a finitely generated k-algebra R, we get a short exact sequence of
R-modules

0 ÝÑ pmeqR ÝÑ OpGqR
eR

ÝÑ R ÝÑ 0. (1.3.2.1)

We define gpRq “ KerpGpRrϵsq Ñ GpRqq. An element in gpRq is hence a homomorphism
ψ : OpGqR Ñ Rrϵs with πR ˝ ψ “ eR, where eR is the extension of the homomorphism
e : OpGq Ñ k. From the short exact sequence (1.3.2.1) we get with similar arguments as
above

gpRq – HomppmeqR{pmeq
2
R , Rq – gpkq bk R.

Using the identification gpRq “ gbkR we define the algebraic group GLg as a functor

GLg : k´Alg ÝÑ Grps,
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1. Algebraic groups

which sends a k-algebra R to the group AutR´linpgpRqq of R-linear automorphisms of
gpRq. The group GpRq is a subgroup of GpRrϵsq by the inclusion map ιR : R Ñ Rrϵs
and both groups act on gpRq by inner automorphisms. Hence we can define a group
homomorphism AdpRq : GpRq Ñ GLgpRq by

AdpRqpgqx “ g ¨ x ¨ g´1, x P gpRq, g P GpRq

This clearly defines a natural transformation Ad: G Ñ GLg or in other words a repre-
sentation of the algebraic group G. By [92, p. 10.7] we have LiepGLgqq – Endpgq. If we
apply the functor Lie on the morphism of algebraic groups Ad, we get a homomorphism
of k-vector spaces

ad: LiepGq ÝÑ LiepGLgqq – Endpgq.

For A,X P LiepGq we define the Lie brackets as rA,Xs “ adpAqpXq. With these brackets
LiepGq becomes a Lie algebra and we call it the Lie algebra associated to G. Of course we
still have to show that for every morphism of algebraic groups φ : G Ñ H the vector space
homomorphism Liepφq : LiepGq Ñ LiepHq preserves the Lie brackets we just defined but
we omit this part here and refer to [92, pp. 10.19–10.22].

1.3.3 Remark. The Lie functor is the unique functor in the sense that the Lie algebra of
the linear group GLn is given by LiepGLnq “ knˆn with Lie brackets rA,Bs “ AB´BA
[92, Theorem 10.23].

The Lie functor is far away from being one to one even for characteristic zero. But it is
still very useful, especially if we apply it to algebraic subgroups of an algebraic group.
We want to collect some important properties of the functor Lie in this direction from
[92, 10.15–10.17, section 10.k] respectively chapter II section 2 and especially Theorem
2.11 of [91]:

1.3.4 Theorem. Let G be an algebraic group over a field k. In the situation of alge-
braic groups we have the special situation that G is smooth if and only if dimpGq “

dimpLiepGqq [92, Propsition 1.37]. The functor Lie has the following properties.

(i) Let H1, H2 be smooth connected (irreducible) subgroups of G such that LiepH1q “

LiepH2q. If H1 XH2 is smooth then H1 “ H2

(ii) Let H1, . . . ,Hn be smooth algebraic subgroups of a connected (irreducible) alge-
braic group G. If the Lie algebras of the Hi generate the Lie algebra LiepGq, then
the subgroups Hi generate G as an algebraic group.

For the following property it is really important that the characteristic of the field k of
the algebraic group G is zero.

(iii) For a connected algebraic group G over a field k of characteristic zero the connected
algebraic subgroups of G are in natural one-to-one correspondence with the Lie
subalgebras of LiepGq.
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1. Algebraic groups

1.3.5 Reductive and semisimple groups. Our next goal is to present the structure
theorems of reductive and semisimple algebraic groups. Before we can do this, we have
to define these objects of course. Let G be an algebraic group over a field k and k an
algebraic closure of k. We say that G is solvable if there is a finite sequence pGi | i “

0, . . . , sq of algebraic subgroups of G such that G0 “ G, Gs “ teu and Gi is a normal
subgroup of Gi´1 with commutative quotient Gi´1{Gi for every i “ 1, . . . , s.

Let G be a connected group variety over k. By [92, Proposition 6.42] the group variety G
contains a largest connected solvable normal subgroup variety. This is called the radical
RpGq of G. The connected group variety G is called semisimple if after extension of the
base field k to its closure k, the radical RpGkq of Gk is trivial.

An algebraic group U over k is called unipotent if every nonzero representation ρ : U Ñ

GLV has a nonzero fixed vector v P V , i.e. for every k-algebra R the representation
ρpRq fixes v P V bk R. By [92, subsection 6.45] every connected group variety G over k
has a largest connected normal unipotent subgroup variety. This is called the unipotent
radical RupGq of G. We call G reductive, if after extension of the base field k to k, the
unipotent radical RupGkq of Gk is trivial.

1.3.6 Root space decomposition for Lie algebras of reductive groups. Let G
be a reductive linear algebraic group defined over a field k and let T ď G be a torus
which splits over k, in which case we refer to the pair pG,T q as a split reductive group.
We write XpT q “ HompT,Gmq for the commutative group of characters of T . We can
consider XpT q as a free Z-module [92, chapters 12.b and 12.c]. The rank of XpT q equals
the dimension of T . We have a morphism of algebraic groups

Ad|T : T Ñ GLpLiepGqq

induced by the adjoint representation Ad: G Ñ GLpLiepGqq. Since T is a torus the
representation pLiepGq,Ad|T q also induces a decomposition

LiepGq “
à

χPXpT q

LiepGqχ

by [92, Theorem 4.25 and Theorem 12.12]. Here LiepGqχ are character eigenspaces, on
which Ad|T acts through the character χ P XpT q, i.e. LiepGqχ is the greatest subspace
among the subvector spaces V Ă LiepGq such that Adptq v “ χptq v for all t P T pRq and
v P VR with R a k-algebra. We write ΦpG,T q for the non-trivial characters χ P XpT q

with non-trivial character eigenspaces LiepGqχ and call the elements of ΦpG,T q the roots
of pG,T q.

1.3.7 Remark. A reference for this remark is Chapter III of [91]. We want to intro-
duce an alternative way to obtain the root space decomposition in 1.3.6 but for this
approach we have to restrict ourselves to a semisimple linear algebraic group G over a
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field k of characteristic zero. Let T be a maximal torus in G. We consider the pair
pLiepT q,LiepGqq and the homomorphism of k-vector spaces

ad: LiepGq ÝÑ EndpLiepGqq

from Subsection 1.3.1 and Definition 1.3.2. The Lie algebra LiepT q is an abelian Lie
algebra and for every A P LiepT q the elements adpAq of the endomorphism algebra
EndpLiepGqq are semisimple [91, Proposition 2.12, Example 2.14, Lemma 3.15]. Hence
for every A P LiepT q all the endomorphisms adpAq are simultaneously diagonalizable. If
X P LiepGq is a common eigenvector for all adpAq with A P LiepT q then adpAqpXq “

rA,Xs “ αpAqX for an element αpAq P k. We obtain linear maps α : LiepT q Ñ k and
write

gα “ tX P LiepGq | adpAqpXq “ rA,Xs “ αpAqX @A P LiepT qu

for the eigenspace of the linear map α. We can decompose LiepGq in eigenspaces

LiepGq “ LiepT q ‘
à

αPΦ

gα, (1.3.7.1)

where LiepT q “ g0 is the root space with respect to the trivial linear form. The nonzero
linear forms α such that gα ‰ t0u are called roots of the tuple pLiepT q,LiepGqq and we
denote them by Φ “ ΦpLiepT q,LiepGqq.

By identifying XpT q bZ k with HomkpLiepT q, kq via the Lie algebra functor, the nonzero
χ P XpT q with LiepGqχ ‰ t0u are in one-to-one correspondence with the roots Φ of
pLiepT q,LiepGqq. Thus we will also consider Φ as the set ΦpG,T q of non-trivial characters
χ P XpT q with non-trivial character eigenspaces LiepGqχ.

1.3.8 Example (Lie algebra of the symplectic group). We want to do some calculations
for the symplectic group

Sp2npkq “ tA P GL2npkq | tAJ A “ Ju with J “

ˆ

0 In
´In 0

˙

.

For a reference see Example (Cn) in section 21 of [92]. A nice reference in the case n “ 2
is [83]. One can easily extend the calculations in there to arbitrary n ě 2.

A maximal torus of Sp2npkq is given by the algebraic subgroup T pkq ď Sp2npkq consisting
of diagonal matrices of the form

diagpa1, . . . , an, a
´1
1 , . . . , a´1

n q.

The Lie algebra sp2npkq Ă gl2npkq “ k2nˆ2n has an explicit description as

sp2npkq “ tX P k2nˆ2n | tXJ ` JX “ 0u

“

"ˆ

A B
C ´tA

˙

| A,B,C P knˆn, tB “ B, tC “ C

*
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with Lie brackets rX,Y s “ XY ´ Y X inherited from gl2npkq. If Eij P knˆn denotes the
matrix with entries pEijqkl “ 1 if i “ k, j “ l and pEijqkl “ 0 if i ‰ k or j ‰ l then a
basis of sp2npkq is given by tXij , Yij ,

tYij | i, j “ 1, . . . , nu with matrices

Xij “

ˆ

Eij 0
0 ´Eji

˙

and Yij “

ˆ

0 Eij ` Eji
0 0

˙

We write h for the Lie algebra of the maximal torus T pkq. It consists of diagonal matrices
of the form H “ diagpλ1, . . . , λn,´λ1, . . . ,´λnq with λi P k. For H P h as before and
i, j P t1, . . . nu with i ‰ j we have

rH,Xijs “ pλi ´ λjq ¨Xij ,

rH,Yijs “ pλi ` λjq ¨ Yij and rH, tYijs “ ´pλi ` λjq ¨ tYij ,

rH,Yiis “ 2λi ¨ Yii and rH, tYiis “ ´2λi ¨ tYii.

For every i “ 1, . . . , n we can define a linear map ei : h Ñ k on the set of diagonal
matrices h ď sp2npkq by

ei pdiagpλ1, . . . , λn,´λ1, . . . ,´λnqq “ λi.

This leads to a decomposition sp2npkq “ h ‘
À

αPΦ gα, where the set of roots Φ is given
by

Φ “ Φpsp2npkq, hq “ tpei ´ ejq, ˘pei ` ejq, ˘2ei | i ‰ ju.

We want to write down the root spaces explicitly. For i, j P t1, . . . nu with i ‰ j we have

gei´ej “ spankpXijq,

gei`ej “ spankpYijq and g´pei`ejq “ spankptYijq,

g2ei “ spankpYiiq and g´2ei “ spankptYiiq.

1.3.9 Weyl group of an algebraic group. Let pG,T q be a split reductive group.
The normalizer NGpT q of the torus T in G and the centralizer CGpT q of the torus T in
G are the algebraic groups such that for any k-algebra R,

NGpT qpRq “ GpRq X
č

`

NGpR1qpT pR1qq | R1 is R-algebra
˘

CGpT qpRq “ GpRq X
č

`

CGpR1qpT pR1qq | R1 is R-algebra
˘

For a proof that NGpT q and CGpT q are algebraic groups see [92, 1.j and 1.k]. We have
the identity CGpT q “ NGpT q0 [92, Corollary 17.39] and since T is maximal we have
the identity CGpT q “ T [92, Corllary 17.84]. We call the quotient NGpT q{CGpT q the
Weyl group of the tuple pG,T q and denote it by W pG,T q. We want to collect some
information about the Weyl group in the next proposition. For a proof of it see [92,
Proposition 21.1].
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1. Algebraic groups

Proposition. The Weyl group W pG,T q of a split reductive group pG,T q is a finite
algebraic group and for every field F containing k we have the identities

W pG,T qpkq “ W pG,T qpF q “ NGpT qpF q{T pF q.

Since the group W pG,T qpF q is the same for every field F containing k, we often abuse
notation and write W pG,T q if we mean W pG,T qpF q.

Let R be a k-algebra. Every element g P NGpT qpRq induces an action on T pRq by
conjugation, T pRq Ñ T pRq, t ÞÑ g´1 t g. This action on T leads to an action of the
Weyl group W pG,T q on the characters XpT q which preserves the set of roots ΦpG,T q.
The group NpG,T qpkq acts on the Lie algebra LiepGq “ g via the adjoint representation
Ad: G Ñ GLg. These two actions on the Lie algebra fit together very nicely as we will
see in the next proposition (for a proof see [92, Proposition 21.2]).

Proposition. Let pG,T q be a split reductive group. Consider the decomposition

LiepGq “ LiepT q ‘
à

αPΦ

gα

from (1.3.7.1). Let s P W pG,T qpkq be represented by an element n P NGpT qpkq and let
α P ΦpG,T q be a root of pG,T q. Then sα is also a root of pG,T q and gsα “ Adpnqgα

1.3.10 Structure of reductive and semisimple groups. We want to collect some
important properties about the structure of split reductive groups and split semisimple
groups. For a reference of the first five items about reductive groups in the following
list see [92, Theorem 21.11]. For the statement about split semisimple groups see [92,
Proposition 21.49].

So let G be a reductive group and let T ď G be a maximal torus that splits over k. We
denote by Φ “ ΦpG,T q again the roots of pG,T q . Then for a root α P Φ we have:

(i) In the decomposition LiepGq “ LiepT q ‘
À

αPΦ gα we have dimpgαq “ 1 for every
α P Φ.

(ii) There is a unique unipotent algebraic subgroup Uα ď G1 (called root subgroup)
with the following properties. It is isomorphic to Ga, Uα is normalized by T and
for every isomorphism uα : Ga Ñ Uα and every k-algebra R the relation

t ¨ uαpbq ¨ t´1 “ uαpαptq ¨ bq

holds for arbitrary t P T pRq and b P GapRq.

(iii) The subgroup Uα ď G has Lie algbra LiepUαq “ gα. Furthermore an algebraic
subgroup of G contains Uα if and only if its Lie algebra contains gα.

1For a definition of the subgroup Uα ď G see [92, Propsition 13.29, Definition 21.10]
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(iv) For any element w P W pG,T qpkq in the Weyl group of pG,T q represented by
n P NGpT qpkq we have nUαn

´1 “ Uw.α.

(v) The reductive group G is generated by T and the unipotent subgroups Uα ď G
where α P Φ.

(vi) If G is semisimple, then G is already generated by the unipotent subgroups Uα ď G
where α P Φ.

1.4 Root systems

In this section let always V be a finite dimensional vector space over a field k of charac-
teristic zero.

1.4.1 Definition (Reflection). Let α P V zt0u. A reflection with vector α is a vector
space endomorphism s P EndpV q such that spαq “ ´α and the set of vectors fixed by s
is a hyperplane H Ă V .

1.4.2 Remark. Let V be a vector space over a field k of characteristic zero. We denote
V _ “ HompV, kq and write x¨, ¨y for the natural pairing V ˆ V _ Ñ k.

(i) Let α P V zt0u. If α_ P V _ is an element of V _ such that xα, α_y “ 2, then a
reflection s with vector α is given by

s : V ÝÑ V, v ÞÝÑ v ´ xv, α_y ¨ α.

Furthermore every reflection with vector α is of this form for a unique α_ P V _

see [92, Lemma C.1].

(ii) Let R Ă V be a finite set spanning V . There exists at most one reflection s with
vector α such that sR Ă R [92, Lemma C.3].

1.4.3 Definition (Root system of vector spaces). Let V be a finite dimensional vector
space over a field k of characteristic zero. A subset R of V is a root system in V if the
following conditions hold:

(i) The set R is finite, 0 R R and SpankpRq “ V .

(ii) For each α P R, there exists a unique reflection sα with vector α such that sαpRq Ă

R.

(iii) For all α, β P R, the vector sαpβq ´ β is an integer multiple of α.

The Weyl group W pRq ď EndpV q of a root system pV,Rq is the subgroup generated by
the reflections sα with α P R.
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1.4.4 Inner product on a root system. Let R be a root system in a vector space V
over a subfield k of R and let W pRq ď EndpV q be the Weyl group of the root system R.
The Weyl group W pRq is finite because it acts faithfully on R. Let p¨, ¨q0 : V ˆ V Ñ k
be an inner product. Then the bilinear form

p¨, ¨q : V ˆ V ÝÑ k, px, yq “
ÿ

wPW

pw x,w yq0 (1.4.4.1)

is again an inner product on V and by definition the elements of W pRq are orthogonal
maps with respect to the inner product in (1.4.4.1) see [92, p. C19] or [91, Proposition
III.1.9].

Let now p¨, ¨q be an arbitrary inner product on V . We write again x¨, ¨y for the natural
pairing V ˆ V _ Ñ k. For each nonzero β P V we can define β_ “ 2p¨, βq{pβ, βq P V _

and obtain xβ, β_y=2. Thus a reflection sβ with vector β is given by

sβ : V ÝÑ V, v ÞÝÑ v ´ xv, β_y ¨ β, (1.4.4.2)

The endomorphism sβ fixes the hyperplane Hβ “ spankptβuqK.

We consider a root system R Ă V and an inner product p¨, ¨q such that the elements of
W pRq are orthogonal with respect to p¨, ¨q. Let α P R and let s P W pRq be the unique
reflection with vector α such that spRq Ă R. Let H be the hyperplane fixed by s. Then
for every w P H we have

pw,αq “ pspwq, spαqq “ pw,´αq

This implies pw,αq “ 0 for every w P H. Thus the linear map

V ÝÑ V, v ÞÝÑ v ´ 2
pv, αq

pα, αq
¨ α (1.4.4.3)

agrees with s on H, it agrees with s on the subspace generated by α and thus it agrees
with s on the whole space V . We showed that s is given as in 1.4.4.3. By 1.4.2 the
reflection s with vector α P R is defined by spvq “ v ´ xv, α_yα with a unique α_ P V _

such that xα, α_y “ 2. We conclude

pv, αq{pα, αq “ 1{2xv, α_y.

for every v P V . Hence the ratio pv, αq{pα, αq is independent of the choice of an inner
product such that all the elements ofW pRq are orthogonal with respect to it. This shows
that two roots α, β are orthogonal with respect to p¨, ¨q if and only if the elements α, β
are orthogonal for all inner products for which the elements of W pRq are orthogonal.
Hence the following definition makes sense.

1.4.5 Definition. Let pV,Rq be a root system equipped with an inner product p¨, ¨q such
that the elements of W pRq are orthogonal maps. We say that pV,Rq is indecomposable
or irreducible if R can not be written as the disjoint union of two proper subsets H ‰

R1, R2 Ă R such that R1 and R2 are orthogonal for the inner product p¨, ¨q.
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1.4.6 Proposition (Lengths of roots in indecomposable root systems). Let pV,Rq be
an irreducible root system. Then there is a partition Rą \ Ră “ R of the set of roots
such that for every inner product p¨, ¨q for which the elements of W pRq are orthogonal
maps, the following properties hold:

(i) All the elements in Rą and Ră have the same length with respect to p¨, ¨q and
pr, rq ą ps, sq for every r P Rą and s P Ră.

(ii) All roots of a given length are conjugate under the action of the Weyl group W pRq

of pV,Rq.

We call the elements in Rą the long roots and the elements in Ră the short roots of the
root system pV,Rq.

Proof. [64, §10.4, Lemma C]

1.4.7 Theorem (Root system of a reductive algebraic group). Let G be a reductive
algebraic group and T ď G a maximal torus that splits over k, a field of characteristic
zero. Write again ΦpG,T q Ă XpT q for the subset of characters from the splitting in
Section 1.3.6 and write ΦpLiepGq,LiepT qq for the subset of LiepT q_ “ HompLiepT q, kq

defined in Section 1.3.6. Then the pair

pXpT q bZ k,ΦpG,T qq respectively pLiepT q_,ΦpLiepGq,LiepT qqq

is a root system over k in the sense of Definition 1.4.3 and the group

W pG,T qpkq “ NGpT qpkq{CGpT qpkq

from Section 1.3.9 can be identified with the Weyl group of this root system.

Proof. See [92, Corollary 21.12] and [92, Proposition C.29] for the results on the root
systems. See [92, Corollary 21.38] for the statement on the Weyl group.

1.4.8 Remark. We note here again the very important fact that the root system of a
split reductive group does not change under extension of the base field [92, Note 21.17].

1.5 A criterion for Zariski density

1.5.1 Generic elements. We will first give some basic definitions and statements
about generic elements. We can recommend the article [70] which gives a nice introduc-
tion to this theory and which was the main source for this subsection.
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Let k be a field of characteristic zero and let k be an algebraic closure of k. Furthermore
let G be a reductive group over k with coordinate ring OpGq. We have a natural action
of Galpk|kq on the k-points

Gpkq “ HomkpOpGq, kq

by post-composition. Fix a torus T ď G of dimension n. We denote by XT the group
of characters

χ : T pkq ÝÑ Gmpkq.

We have an action of the Galois group Galpk|kq on the characters XT given by

Galpk|kq ˆXT ÝÑ XT , pσ, χq ÞÝÑ σχ,

where σχ P XT is defined as σχptq “ σpχpσ´1ptqqq with t P T pkq. Thus the action is
giving us a representation

φT : Galpk|kq Ñ AutZpXT q

By a little abuse of notation we write W pG,T q for the group W pG,T qpkq. This abuse
is not too bad if we remember the proposition in 1.3.9. Furthermore we have a natural
inclusion of the finite Weyl groupW pG,T q into AutZpXT q induced by the faithful action
of the k-points NGpT qpkq on the torus T pkq by conjugation [84, Exercise 10.30].

For an arbitrary torus D ď G we write kD for the minimal field extension of k such that
the subgroup Galpk|kDq of Galpk|kq acts trivially on the characters XD. In this case the
representation φD descends to an injective representation

φD : GalpkD|kq ÝÑ AutZpXT q.

The field kD is a Galois extension and it is minimal among the field extensions K of k
such that DK is split, i.e. DK – Gn

m,K .

The group φT pGalpk|kqq and the Weyl group W pG,T q considered as a subgroup of
AutpXT q, have the following relationship (see [70, Lemma 2.2]):

Proposition. If kG denotes the field extension kG “
Ş

T kT of k where the intersection
is over all maximal tori T ď G, then for every maximal torus T we have

φT pGalpk|kGqq ď W pG,T q

Especially if G is split then φT pGalpk|kqq ď W pG,T q for every maximal torus T ď G.

Let G be an algebraic group over k. We have a group action µ : G ˆ G Ñ G on G by
conjugation, i.e. µ is a natural transformation such that for every k-algebra R we have
that µpRq is the group action of GpRq on itself by conjugation (see [92, section 1.f. and
section 7] for more details about actions of algebraic groups). For every g P Gpkq the
orbit map µg : G Ñ G is defined to be the restriction of µ to G ˆ tgu. We write ZGpgq
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for the fiber of the orbit map µg : G Ñ G over g. Then ZGpgq is an algebraic subgroup
of G and for an arbitrary k-algebra R we have

ZGpgqpRq “ th P GpRq | h ¨ gR “ gR ¨ hu,

where gR is the image of g under the natural inclusion of Gpkq into GpRq. We call a
semisimple element g P Gpkq regular if the identity component ZGpgq0 of ZGpgq is a
maximal torus in G. See the article [113] of Robert Steinberg for more properties of
regular elements.

1.5.2 Definition (Generic tori and generic elements). Let G be a reductive group.

• We say that a maximal torus T of G is generic if the equality

φT pGalpk|kqq “ φT pGalpkT |kqq “ W pG,T q

holds.

• We call a regular element g P Gpkq generic if the associated maximal torus ZGpgq0

is generic.

1.5.3 Example (Regular and generic elements of the symplectic group). Consider the
symplectic group Sp2n defined over Q. Furthermore let g P Sp2npQq be semisimple
with eigenvalues in RzQ. The characteristic polynomial Pgptq P Qrts is a reciprocal
polynomial, i.e. the coefficients ai of the characteristic polynomial Pgptq satisfy ai “

a2n´i for every i “ 0, 1, . . . , 2n. The 2n distinct eigenvalues of g come in pairs λi, λ
´1
i

(i “ 1, . . . , n). Let kg be the field extension of Q which we obtain by adjoining the
eigenvalues

tλi, λ
´1
i | i “ 1, . . . , nu Ă R

of g to Q. We consider ZSp2npgq0 ď Sp2n and write pZSp2npgq0qkg for the extension of
the base field to kg. Since g is diagonalizable over kg and all eigenvalues are pairwise
different, the group pZSp2npgq0qkgpRq is isomorphic to TkgpRq for every kg-algebra R.
Here TkgpRq is the standard torus of Sp2npRq. This shows that ZSp2npgq0 is a torus and
that g P Sp2npQq is regular.

In Chapter 9 we will see in detail that we can identify the Galois group Galpkg|Qq with a
subgroup of the hyperoctahedral group Zn2 ¸ Sn. Furthermore the Weyl group W pG,T q

of Sp2n can also be identified with the hyperoctahedral group and thus g is generic if
and only if Galpkg|Qq has order 2n ¨ n!.

Let Ω be a symplectic form on Q2n taking integral values on the lattice Z2n. We write
SpΩpZq for the elements in Z2nˆ2n which respect the form Ω. In Chapter 9 generic
elements play an important role for the proof of Theorem C. We will always consider
special generic elements with the same properties as the element g P Sp2npQq from the
last example. We will sum up the properties of the element g P Sp2gpQq in Definition
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1.5.4 below and will call these elements Galois pinching. As in Example 1.5.3 it is easy
to see that Galois pinching elements in the group SpΩpZq are generic elements of the
algebraic group SpΩ. Galois pinching elements were first introduced in [86, Section 4].

1.5.4 Definition. A matrix A P SpΩpZq is called Galois pinching if A has the following
properties.

(i) The characteristic polynomial PAptq P Zrts of the matrix A P SpΩpZq is irreducible
over Q.

(ii) All the roots of the matrix A are real numbers.

(iii) The Galois group of the characteristic polynomial PAptq P Zrts of A is as large as
possible and thus isomorphic to the hyperoctahedral group Zn2 ¸ Sn.

The next theorem by Prasad and Rapinchuk [100, Theorem 9.10] is one of the key ingre-
dients to prove Theorem C. It enables us to describe the Zariski closure of a subgroup
Γ ď Gpkq generated by a generic element g P Gpkq of infinite order and an element
x P Gpkq of infinite order not commuting with g. We need the following two Lemmas
1.5.5 and 1.5.7 before we can prove it.

Therefore let G be a split reductive group over k with split torus T . For every root α P

ΦpG,T q we write again Uα for the root subgroup from 1.3.10. There is an isomorphism
u : Gapkq Ñ Uαpkq such that

t ¨ upcq ¨ t´1 “ upαptq ¨ cq

for every t P T pkq and c P Gapkq. Write σu for the homomorphism Gapkq Ñ Gpkq defined
by σupcq “ σ ˝ upσ´1 ˝ cq for every c P Gapkq.

1.5.5 Lemma. Let α, β P ΦpG,T q and σ P Galpk|kq with σα “ β. Then the image of
σu is the root subgroup Uβpkq of Gpkq and σpUαpkqq “ Uβpkq.

Proof. For every t P T pkq and every c P Gapkq we have

t ¨ σupcq ¨ t´1 “t ¨ σ ˝ upσ´1 ˝ cq ¨ t´1

“σ
`

pσ´1 ˝ tq ¨ upσ´1 ˝ cq ¨ pσ´1 ˝ tq´1
˘

“σ ˝ u
`

αpσ´1 ˝ tq ¨ pσ´1 ˝ cq
˘

“σ ˝ u
`

σ´1pσαqptq ¨ pσ´1 ˝ cq
˘

“σu pσαptq ¨ cq

“σupβptq ¨ cq.

We showed that the image U of σu : Gapkq Ñ Gpkq is normalized by T pkq and that T pkq

acts on U as the character σα. Furthermore LiepUq “ gσαpkq by [84, Theorem 8.17 (c)].
From [92, Proposition 21.11] respectively [84, Theorem 8.17 (d)] we conclude that the
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image U of σu is a root subgroup of Gpkq with U “ Uσαpkq “ Uβpkq. Since σpkq “ k we
have

σpUαpkqq “ σpupkqq “ σupσpkqq “ Uβpkq.

1.5.6 Remark. Let G be a split reductive group G with maximal torus T that is split
over k. We denote by ΦąpG,T q the long roots and by ΦăpG,T q the short roots of the
root system ΦpG,T q, compare Proposition 1.4.6. The long roots ΦąpG,T q are a closed
and symmetric subset of ΦpG,T q [84, Proposition B.14, Example B.15 (3)]. This means
the following:

• For α, β P ΦąpG,T q with α ` β P ΦpG,T q we have α ` β P ΦąpG,T q.

• If α P ΦąpG,T q then Zα X ΦąpG,T q “ t´α,`αu.

From [92, Remark 21.94] we conclude that the algebraic subgroup

GpΦąpG,T qq “ xT,Uα | α P ΦąpG,T qy

is a split reductive group with root system pXpT q,ΦąpG,T qq.

Furthermore if G is semisimple then ZΦpG,T q is of finite index in XpT q [92, C.34 and
Proposition 21.48] and the same holds for the sublattice ZΦąpG,T q. By [92, Proposition
21.48] the reductive group GpΦąpG,T qq is also semisimple and by [92, Proposition 21.49]
we have

GpΦąpG,T qq “ xUα | α P ΦąpG,T qy.

We call G almost simple if it is semisimple, noncommutative and every proper normal
algebraic subgroup is finite. A very important property of an almost simple group is,
that the root system ΦpG,T q of G is indecomposable [92, Proposition 24.1] or equivalent
the Weyl group acts irreducibly on XT bZ Q [84, Proposition A.16].

1.5.7 Lemma. Let G be an almost simple group over k and let T be a generic torus of
G. Then the following holds.

(i) Every t P T pkq of infinite order generates a subgroup of T pkq with Zariski closure
the torus T .

(ii) If n P Gpkq is an element of infinite order then n P NGpT qpkq implies n P T pkq.

Proof. Part (i) is [101, Proposition 1] and part (ii) can be found in subsection 9.5 of
[100].
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1.5.8 Theorem. Let G be an almost simple algebraic group over k and g P Gpkq a
generic element of infinite order with maximal torus T “ ZGpgq˝. Furthermore let
x P Gpkq be an element of infinite order with x R T pkq. Let Γ “ xg, xy ď Gpkq be the
group generated by g and x. Let H ď G be the identity component of the Zariski closure
of Γ. Then either

H “ G or H “ xUα | α P ΦąpG,T qy,

where Uα is the root subgroup from 1.3.10 corresponding to the root α P ΦąpG,T q.

Proof. By assumption the root system ΦpG,T q is indecomposable or equivalent the Weyl
group acts irreducibly on XT bZQ. The torus T is generic. This implies φT pGalpk|kqq “

W pG,T q and hence the Galois group Galpk|kq acts irreducibly on XT bZ Q as well. For
the generic element g we conclude from Lemma 1.5.7 part (i) that the Zariski closure
of xgy ď Gpkq equals T and the Zariski closure of the group generated by xgx´1 equals
xTx´1. ThusH contains the maximal torus T and xTx´1. Since x R T pkq it can not nor-
malize T by Lemma 1.5.7 part (ii). Hence LiepHq contains at least one one-dimensional
gα, where α P ΦpLiepGq,LiepT qq. Since the Lie-functor is injective on subgroups of G
we conclude Uα ď H for the unique root subgroup Uα with LiepUαq “ gα.

We consider the natural action of Galpk|kq on Gpkq and the action of φT pGalpk|kqq on
ΦpG,T q from Section 1.5.1. Since H is defined over k we conclude σ.Hpkq “ Hpkq for
every σ P Galpk|kq. On the other hand σpUαpkqq “ Uσαpkq by Lemma 1.5.5 and thus
Uβpkq Ă HpKq for every β P ΦpG,T q with β “ σα for a σ P Galpk|kq. From [92,
Corollary 1.44] we conclude that Uβ is an algebraic subgroup of H for every β P ΦpG,T q

such that there exists an element σ P Galpk|kq with β “ σα.

Since T is generic we have that φT pGalpk|kqq equals the Weyl groupW pG,T q of ΦpG,T q.
The algebraic groupG is almost simple and hence the root system ΦpG,T q is indecompos-
able. Thus the Weyl group acts transitively on the roots of same length by Proposition
1.4.6. This implies

xT, Uβ | β P ΦăpG,T qy ď H or xT, Uγ | γ P ΦąpG,T qy ď H.

Now the statement follows from Remark 1.5.6 since G is almost simple and in particular
semisimple.

1.5.9 Example. We now come back to the symplectic group Sp2n defined over Q. It
is an almost simple group [92, p. 459]. Again the calculations from [83] can easily be
generalized to arbitrary n ě 2. Remember from Example 1.3.8 that the set of roots of
sp2n with respect to the diagonal matrices h ď sp2n is given by

Φ “ Φpsp2npkq, hq “ tei ´ ej , ˘pei ` ejq, ˘2ei | i ‰ ju.

The set of long roots Φą is given by all the elements ˘2ei for i “ 1, . . . , n. The set of
short roots Φă consists of the elements ei ´ ej and ˘pei ` ejq with i ‰ j. See Figure 1.1
for the case n “ 2. Remember that we had for every i “ 1, . . . , n the identities
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2e1

e1 ` e2

2e2

´e1 ` e2

´2e1

´e1 ´ e2

´2e2

e1 ´ e2

Figure 1.1.: Root system of sp4.

g2ei “ spanQ

ˆˆ

0 Eii
0 0

˙˙

and g´2ei “ spanQ

ˆˆ

0 0
Eii 0

˙˙

Furthermore the commutator group hi “ rg2ei , g´2eis is given by

hi “ Spank

ˆˆ

Eii 0
0 ´Eii

˙˙

.

We conclude that h “
Àn

i“1 hi and g2ei ‘ g´2ei ‘ hi – sl2 for every i “ 1, . . . , n. Finally
we get

h ‘
à

αPΦą

gα –

n
à

i“1

sl2.

This implies that the subgroup H of Sp2n which is generated by all the Uα with α P Φą

is isomorphic to
śn
i“1 SL2.

Let again Ω be a symplectic form on Q2n which takes integral values on Zn. With the
help of Theorem 1.5.8 we will now formulate a criterion when two matrices A,B P SpΩpZq

generate a Zariski dense subgroup in SpΩ,R. Note that a Lagrangian subspace with respect
to Ω is a subspace W Ă R2n such that W coincides with its orthogonal symplectic
complement, i.e. W “ WK.

1.5.10 Criterion. Let A,B P SpΩpZq ď Z2nˆ2n be two matrices.

(i) If A is Galois pinching and B ‰ id is unipotent such that pB ´ idqpR2nq is not a
Lagrangian subspace with respect to Ω, then the subgroup generated by A and B
is Zariski dense in SpΩ.

(ii) If A is Galois pinching and B ‰ id is unipotent such that the dimension of the
subspace pB´idqpR2nq is not n, then the subgroup generated by A and B is Zariski
dense in SpΩ.
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1. Algebraic groups

Proof. Note that part (ii) of Criterion 1.5.10 directly follows from (i) since Lagrangian
subspaces of Ω in R2n have dimension n. This follows from dimpW q ` dimpWKq “ 2n
for every subspace W Ă R2n.

We will continue with the proof of part (i). Since the matrix B is unipotent, it has infinite
order. If A and B would commute, then the eigenspace EigpB, 1q would be a common
proper invariant subspace for both A and B. But this would imply by [86, Proposition
4.3] that pB ´ idqpR2nq is a Lagrangian subspace with respect to Ω, a contradiction to
our assumption. This shows that A and B do not commute. The algebraic group SpΩ is
almost simple [92, p. 459, Theorem 24.47]. Since A is Galois-pinching and in particular
a generic element, we can apply Theorem 1.5.8 and conclude that the Zariski closure of
the group generated by A and B is either SpΩ or isomorphic to

śn
i“1 SL2 by Example

1.5.9. If the Zariski closure of A and B would be isomorphic to
śn
i“1 SL2, then the two

matrices would have a common proper invariant subspace, what is again impossible by
[86, Proposition 4.3]. This shows that the Zariski closure of the group generated by A
and B is SpΩ.

1.6 A criterion for arithmeticity

LetG be a smooth algebraic group over a field k. There exists a largest smooth connected
normal unipotent subgroup RupGq of G called the unipotent radical of G (see Section
1.3.5).

We need the following theorem of Singh and Venkataramana [111, Theorem 1.2].

1.6.1 Theorem. Suppose that Ω is a non-degenerate symplectic form on the rational
vector space Qn. Consider the lattice Zn Ă Qn and write again SpΩpZq for the stabilizer

StabSpΩpQqpZnq “ tg P SpΩpQq | g ¨ Zn “ Znu.

Suppose Γ ď SpΩpZq is a dense subgroup which contains three transvections C1, C2, C3 P

Γ. Let w1, w2, w3 P Zn with pCi ´ InqpZnq “ Zwi. If there is i, j P t1, 2, 3u with
Ωpwi, wjq ‰ 0 and W “ SpanQpw1, w2, w3q is three dimensional such that the group
generated by C1|W , C2|W , C3|W contains a non-trivial element of the unipotent radical
of SpΩ|W pQq, then Γ has finite index in SpΩpZq.

For this reason we will describe the unipotent radical of the group SpΩ|W pQq a bit
further. Since W has dimension three the form Ω|W is degenerate and there is a one-
dimensional null subspace E “ Qe with e P W zt0u such that Ωpe, wq “ 0 for every
w P W . Since every element in SpΩ|W pQq preserves the degenerate form Ω|W , we
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conclude that SpΩ|W pQq preserves the null space E “ Qe. Hence the kernel of the
projection map SpΩ|W pQq Ñ SppW {Eq is given by

HompW {E,Eq ˆ EndpEq –

$

&

%

¨

˝

1 0 0
0 1 0
x y z

˛

‚P GLp3,Qq | z ‰ 0

,

.

-

– Q2 ˆ Qˆ. (1.6.1.1)

The group in 1.6.1.1 is solvable and a normal subgroup of SpΩ|W pQq. Since SppW {Eq –

SLp2,Qq, we can write SpΩ|W pQq as the semidirect product

SpΩ|W pQq “ SLp2,Qq ˙ pQ2 ˆ Qˆq

“

$

&

%

¨

˝

a b 0
c d 0
x y z

˛

‚P GLp3,Qq | z ‰ 0, a d´ b c “ 1

,

.

-

The group SL2pQq is simple and thus the subgroup in (1.6.1.1) is the largest normal
solvable subgroup of SPΩ|W pQq or in other words the radical RpSpΩ|W pQqq. Thus the
unipotent radical RupSpΩ|W pQqq of SpΩ|W pQq is given by

RupSpΩ|W pQqq “

$

&

%

¨

˝

1 0 0
0 1 0
x y 1

˛

‚P GLp3,Qq

,

.

-

. (1.6.1.2)
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2. Families of Riemann surfaces

2.1 Families of (stable) Riemann surfaces

First of all we want to collect some important definitions and results from Grothendieck’s
talks in Cartan’s seminar from 1960 and 1961 recorded in [50], [52]. Hereby we can
warmly recommend the survey paper [2] on Grothendieck’s contributions to Teichmüller
theory and the survey paper [1] on the original work of Oswald Teichmüller. Further-
more, the paper [29] of Michael Engber can be very helpful since the author repeats a lot
of ideas of Grothendieck and generalizes it in the context of Riemann surfaces of finite
type. We can also recommend the lecture notes of Johannes Schmitt [109] which is a nice
introduction to the general theory of moduli spaces and for moduli spaces of compact
Riemann surfaces and stable Riemann surfaces. Before we define what we understand
by a stable Riemann surface, we will repeat the definition of a complex space.

Let D Ă Cn be a domain and let J be an ideal sheaf in OD which is of finite type on D,
i.e. for every point z P D there exists an open neighbourhood U Ă D of z and functions
f1, . . . , fk P ODpUq such that

JpUq “ ODpUq f1 ` . . .ODpUq fk.

We consider the support V of the quotient sheaf OD{J which is defined as

V “ supppOD{Jq “ tz P D | pOD{Jqz ‰ 0u.

We have that V X U “ Npf1, . . . , fkq and thus V is an analytic subvariety of D. If
ι : V Ñ D is the inclusion and ι´1 the inverse image functor, then we write OV for the
restriction pOD{Jq|V “ ι´1pOD{Jq and call the pair pV,OV q a complex model space. A C-
ringed space pX,OXq is called a complex space if X is Hausdorff and if every x P X has a
neighbourhood U such that pU,OX|U q is isomorphic to a complex model space pV,OV q.
A holomorphic map between complex spaces pX,OXq and pY,OY q is a morphism of
C-ringed spaces. We write CoSp for the category of complex spaces.

Now a one-dimensional connected compact complex space X is called a stable Riemann
surface if the following holds:

• All singular points are ordinary double points, i.e. have a neighbourhood isomor-
phic to the neighbourhood of the origin of the locus tpz, wq P C2 | z ¨ w “ 0u

and
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2. Families of Riemann surfaces

• Every irreducible component L of X that is isomorphic to the projective line P1pCq

intersects XzL in at least three points.

2.1.1 Definition. Let C be a fixed complex space.

(i) A complex space over C is a pair pX, fq, where X is a complex space and f : X Ñ C
is a holomorphic map, i.e. a morphism of complex spaces. We use the notation
X{C for a complex space X over C.

A morphism between two complex spaces pX, fq and pX1, f 1q over C is a holomor-
phic map φ : X Ñ X1 such that f 1 ˝ φ “ f . In other words, we have the following
commutative diagram:

X X1

C

φ

f f 1

The set of complex spaces over C with morphisms as above defines a category
which we denote by AC .

(ii) A family of compact (stable) Riemann surfaces over C is a complex space f : X Ñ C
over C with a surjective, proper and flat morphism f , such that all the fibers are
compact (stable) Riemann surfaces embedded in X.

In the case that all fibers of a (stable) family of Riemann surfaces X{C have the
same genus g ě 0, we call g the genus of the family X{C.

We denote the category of families of compact Riemann surfaces of genus g over C
by FRC,g and the category of stable families of Riemann surfaces of genus g over
C by FRC,gstable.

2.1.2 Proposition (Family in the sense of Kodaira–Spencer). Let B,X be holomorphic
manifolds and let B be connected. A holomorphic map f : X Ñ B between the holo-
morphic manifolds B and X is a family of compact Riemann surfaces if and only if f is
a proper submersion and every fiber is a compact Riemann surface embedded in X.

Proof. Combine the implicit function theorem as on page 47 of [5] with [51, Theorem
3.1].

2.1.3 Remark. Let B,X be complex spaces and f : X Ñ B be a morphism.
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2. Families of Riemann surfaces

(i) Kodaira and Spencer used the following definition for family of compact Riemann
surfaces. If B and X are holomorphic manifolds and if f : X Ñ B is a proper
submersion as in Proposition 2.1.2 then they called f : X Ñ B a family of compact
Riemann surfaces (c.f. [5, Definition 2.4.1.1]). By Proposition 2.1.2 our definition
can be understood as generalisation to non-smooth complex spaces.

(ii) Another consequence of [51, Theorem 3.1] is that the complex space X is smooth
if B is smooth or in other words X is a manifold if B is a manifold.

For every holomorphic map h : C 1 Ñ C between complex spaces we can define a functor

Fh : AC ÝÑ AC1 (2.1.3.1)

by sending a complex space pX, fq over C to the complex space X ˆC C
1 Ñ C 1, which is

the fiber product of X and C 1 over the maps h : C 1 Ñ C and f : X Ñ C1.

X ˆC C
1 X

C 1 C

f

h

Furthermore, we define that Fh sends a morphism φ : X1 Ñ X2 between X1{C and X2{C
to the morphism Fhpφq : X1ˆCC

1 Ñ X2ˆCC
1 by the universal property of fiber product.

This defines a fibered category in the sense of [16, Definition 1.1], see [16, Example 1].

We now fix a genus g ě 2 for our families of compact (stable) Riemann surfaces. Consider
the functors

F g : CoSp ÝÑ Sets

and

F gstable : CoSp ÝÑ Sets

from the category of complex spaces CoSp to the category of sets Sets, which associate
to a complex space C the set of families of (stable) Riemann surfaces over C up to
isomorphisms and which associates to a holomorphic map h : C 1 Ñ C the functor Fh
restricted to families of (stable) Riemann surfaces modulo isomorphisms. In other words
for a complex space C the set F gpCq consists of the objects in FRC,g up to isomorphism
and the objects in F gstable are the objects of FRC,gstable up to isomorphism.

The functors F g and F gstable are not representable (see for example [56, Ex.23.2] in the
algebraic geometry setting). But there are coarse moduli spaces Mg and Mg for them,
which we will introduce in Section 3.1 about Teichmüller theory. The latter space Mg is
compact and was introduced by Deligne and Mumford [24]. There is a natural inclusion
Mg Ă Mg as dense open complex subspaces and this is why Mg is called the Deligne-
Mumford compactification of Mg. The complement BMg “ MgzMg is a Weil divisor (see
[24] or [77] for proofs in the algebraic geometry setting).

1For a proof of existence in the category of analytic spaces see [37, Corollary 0.32].
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2. Families of Riemann surfaces

2.2 Local system associated to a family of compact Rie-
mann surfaces

Before we continue with solutions for the problem that the functor F g is not repre-
sentable, we will explain how we can associate a local system to a family of compact
Riemann surfaces. This sheaf will turn out to be very helpful for many aspects in this
thesis.

2.2.1 Families of compact Riemann surfaces and Ehresmann’s theorem. Let
B,X be holomorphic manifolds and let B be connected. Furthermore let f : X Ñ B be
a surjective proper submersion. By the theorem of Ehresmann [28] for every b P B there
is an open neighbourhood U Ă B of b and a diffeomorphism Fb : f

´1pUq Ñ Xb ˆU with
Fb ˝ pr2 “ f |f´1pUq for every x P f´1pUq, where Xb “ f´1ptbuq. From the construction
of the trivializations Fb with the help of an Ehresmann connection, we can achieve that
for all charts pU1, Fb1q and pU2, Fb2q with U1 XU2 ‰ H, the image of the cocycle map

U1 X U2 Ñ DiffpXb2 ,Xb1q, x ÞÝÑ Fb1,x ˝ F´1
b2,x

(2.2.1.1)

is in the subgroup of orientation preserving diffeomorphisms DiffpXb2 ,Xb1q` between Xb2
and Xb1 . In Subsection 4.1.4 we will come back to Ehresmann’s theorem.

Let now g : Y Ñ C be a family of compact Riemann surfaces of genus g. In [51, Propo-
sition 1.8] Grothendieck showed that for every c P C there is a neighbourhood U of c in
C, and a family of genus g compact Riemann surfaces f : X Ñ B where X and B are
smooth, as well as a morphism φ : U Ñ B such that we have an isomorphism between
the complex space g´1pUq and X ˆB U over U . i.e. we get the following commutative
diagram:

g´1pUq X ˆB U

U

–

Since f : X Ñ B is locally trivializable, we made plausible that the following Lemma of
Grothendieck [50, Lemma 2.1] holds, c.f [29, Lemma 2.3].

2.2.2 Lemma. Every family of compact genus g Riemann surfaces f : X Ñ C is locally
topological trivial.
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2. Families of Riemann surfaces

2.2.3 Constructing the local system. Let C and X be complex spaces and let
f : X Ñ C be a family of compact Riemann surfaces over C. The direct image functor
f˚ : AbpXq Ñ AbpCq from the category of sheaves of abelian groups on X to the category
of sheaves of abelian groups on C is left exact. Since the category AbpXq has enough
injectives, we can consider for every natural number k P N the right derived functor

Rkf˚ : AbpXq Ñ AbpCq.

Consider ZX, the constant sheaf of stalk Z on X. Then Rkf˚ZX is the sheaf associated
to the presheaf U ÞÑ Hkpf´1pUq,ZX|f´1pUqq on C [55, Proposition III.8.1].

We know that f : X Ñ C is topologically locally trivial, so for every c P C there is an
open neighbourhood U Ă C and a homeomorphism

φ : f´1pUq ÝÑ Xc ˆ U.

If U is contractible we further have

Hkpf´1pUq,ZX|f´1pUqq – HkpXc,Zq,

where the isomorphism follows from [117, Theorem 4.47] and invariance of cohomology
under homotopy (c.f. [118, section 3]). Since every analytic variety is locally contractible
[43] and C is locally isomorphic to a model space, we showed that Rkf˚ZX is a locally
constant sheaf.

2.3 Rigidifying families of compact Riemann surfaces

To eliminate the non-trivial automorphisms between families of Riemann surfaces over
a complex space C, we have to rigidify our families of Riemann surfaces by adding extra
structure. We will sketch some ideas of Grothendieck to rigidify the functor F g [50].

2.3.1 Definition. Let Γ be a discrete group and g ě 2 a natural number. A rigidifying
functor of group Γ is a functor

RI : FRg ÝÑ PripΓ

from the category FRg of genus g families of compact Riemann surfaces to the category
PripΓ of principal bundles of group Γ with the following properties:

(i) For every complex space C the functor RI restricts to a functor

FRC,g ÝÑ PripC,Γ

from the category of families of genus g Riemann-surfaces over C to the category
of principal Γ-bundles over C.
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2. Families of Riemann surfaces

(ii) There are compatibility isomorphisms in the sense of [16, Definition 1.4] for the
pull back functors Fh as in 2.1.3.1, where h : C 1 Ñ C is a holomorphic map.

(iii) Every automorphism of an object X{C in FRC,g, which induces the identity on
RIpX{Cq is the identity.

An RI-structure on a family of Riemann surfaces X{C is by definition a global section
of the bundle RIpX{Cq.

2.3.2 Remark. Let C be a complex space and X{C a family of genus g ě 2 Riemann
surfaces over C. There are two important things we have to note for a rigidifying functor

RI : FRg ÝÑ PripΓ

as above: First of all, if there exists a global section of the principal Γ-bundle RIpX{Cq

then it is trivial [96, Section 9.4.3]. And the most important property is that any
automorphism ϕ of the family X{C such that RIpϕq preserves a section of the principal
Γ-bundle RIpX{Cq, is the identity by condition (iii) of 2.3.1. This follows since RIpϕq is
the identity on the bundle RIpX{Cq [29, page 219] and is one of the main ingredients in
the proof of [50, Theorem 3.1]. We want to state this important theorem of Grothendieck
right after this remark.

2.3.3 Theorem (Theorem 3.1, [50]). Assume for a discrete group Γ and a natural
number g ě 2 we are given a rigidifying functor of group Γ:

RI : FRg ÝÑ PripΓ.

Then the functor
F gRI : CoSp ÝÑ Sets,

which associates to a complex space C the set of isomorphism classes of genus g families
of Riemann surfaces over C equipped with an RI-structure, is representable.

Next we want to explain the two most famous examples of rigidifying functors.

2.3.4 Teichmüller-functor. We will first construct the main tool for rigidifying our
families of Riemann surfaces, the so called Teichmüller functor, a rigidifying functor
which is especially important since every other rigidifying functor can be constructed
from it [50, §4]. We will hereby mainly follow [29] and the survey [2].

Let C be a connected complex space and let f : X Ñ C be a family of compact Riemann
surfaces of genus g ě 2. We fix a base point c P C and write Xc for the fiber f´1ptcuq

over c. For a point t P C and the fiber Xt, we denote by IpXc, Xtq the space of homotopy
classes of homeomorphisms between the two Riemann surfaces Xc and Xt. Furthermore
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2. Families of Riemann surfaces

we write G for the group IpXc,Xcq. Since f : X Ñ C is locally topological trivial we can
equip the union

RpX{Cq “
ď

pIpXc,Xtq | t P Cq

with the structure of a principal bundle of group G over C [29, Proposition 2.4]. Let
ΓpXcq be the index two subgroup of G consisting of homotopy classes of orientation
preserving diffeomorphisms of C. Remember how we constructed the local trivializations
of f : X Ñ B by the Ehresmann connection and that we could choose the cocycle maps in
(2.2.1.1) orientation preserving. This shows that we could construct in the same way as
above a principal ΓpXcq-bundle PpX{Cq of C, which we obtain from RpX{Cq by reducing
the structure group G of RpX{Cq to ΓpXcq, i.e. there is an isomorphism

PpX{Cq ˆΓpXcq G “ pPpX{Cq ˆGq{ΓpXcq ÝÑ RpX{Cq.

Since ΓpXcq is discrete, we can equip PpX{Cq with an analytic structure via the local
projections of PpX{Cq to C (c.f. section 4 of [2]). The functor

RIC,gTeich : FR
C,g ÝÑ PripC,Γ,

which associates to a family X{C of genus g Riemann surfaces the principal ΓpXcq-bundle
PpX{Cq Ñ C from above leads to the so called Teichmüller-functor

RIgTeich : FR
g ÝÑ PripΓ,

which is indeed a rigidifying functor.

2.3.5 Definition. A Teichmüller-marking or Teichmüller-structure on a family X{C of
genus g Riemann surfaces is a global section of the bundle PpX{Cq over C.

2.3.6 Jacobi-functor of level n and level n-structures. Grothendieck presented
in [50] a second rigidifying functor which plays a very important role in algebraic geom-
etry.

Let C be again a complex space and X{C a family of genus g ě 2 Riemann surfaces over
it. We fix a base point c P C and write Γ “ ΓpXcq for the group of homotopy classes of
orientation preserving diffeomorphisms of Xc. The group Γ acts on the first cohomology
group H1pXc,Zq and respects the intersection form on it. Thus by choosing a symplectic
basis of H1pXc,Zq we obtain representations

Γ ÝÑ Spp2g,Zq and Γ ÝÑ Spp2g,Znq pn P Nq.

For a family of genus g Riemann surfaces f : X Ñ C we thus obtain two associated
principal bundles

PTorpX{Cq :“PpX{Cq ˆΓ Spp2g,Zq and

PrnspX{Cq :“PpX{Cq ˆΓ Spp2g,Znq pn P Nq
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2. Families of Riemann surfaces

Now for every n ě 3 the functor

RIg
rns

: FRg ÝÑ PripSpp2g,Znq,

which associates to a family X{C of genus g Riemann surfaces the bundle PrnspX{Cq,
is another example of a rigidifying functor. A section of PrnspX{Cq is called a level-n-
structure of the family X{C. Grothendieck used in his proof of the statement that the
Teichmüller functor RIgTeich is a rigidifying functor, that there exists an interger n ą 0
such that RIg

rns
is a rigidfiying functor.
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surfaces

3.1 Teichmüller theory

In this section we want to explain several ways how to analytically construct the fine
moduli space Tg for the functor that associates to a complex space the set of isomorphism
classes of genus g ě 2 families of compact Riemann surfaces that have a Teichmüller
marking (c.f. Theorem 2.3.3 and Section 2.3.4).

3.1.1 First Definition of Teichmüller Space. Let S be a compact connected ori-
entable surface of genus g ě 2. We want to define the Teichmüller space TgpSq as the set
of complex structures on S up to isotopy. Formally this can be done as follows. Let X
be a compact Riemann surface and φ : S Ñ X an orientation preserving diffeomorphism.
Then we call the pair pX,φq a complex structure on S. Write Diff`pSq for the group of
orientation preserving diffeomorphisms and Diff0pSq for the normal subgroup of orien-
tation preserving diffeomorphisms homotopic to the identity. Let pX1, φ1q and pX2, φ2q

be two complex structures on S. We say that the structures pX1, φ1q and pX2, φ2q are
equivalent if there exists an element h P Diff0pSq and a biholomorphic map b : X1 Ñ X2

such that the following diagramm commutes.

S X1

S X2

φ1

h b

φ2

Now we define the Teichmüller space as the set of pairs TgpSq “ tpX,φqu{ „ modulo
the equivalence from above.

3.1.2 Second Definition of Teichmüller Space. Next we want to give a second
definition of the Teichmüller space TgpSq. We need this characterisation of Teichmüller
space later for constructing Teichmüller disks in Section 3.2.5. In the following let g ě 2
and in contrast to the first defintion let S “ Sg be a hyperbolic compact Riemann surface
of genus g.
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Denote by QCpSq the set of quasiconformal homeomorphisms of S onto itself and we
write QC0pSq for the normal subgroup of elements f P QCpSq homotopic to the iden-
tity.

Let X1, X2 be two Riemann surfaces and let φi : S Ñ Xi be two quasiconformal map-
pings for i “ 1, 2. We say that the pairs pX1, φ1q and pX2, φ2q are Teichmüller equivalent
if there is an element f P QC0pSq such that φ2 ˝ f ˝ φ´1

1 is a biholomorphic map. In
other words there is a biholomorphic map b : X1 Ñ X2 and an element f P QC0pSq such
that the following diagram commutes.

S X1

S X2

φ1

f b

φ2

The Teichmüller space TgpSq is now the set of Teichmüller equivalence classes of pairs
pX,φq, where X is a Riemann surface and φ : S Ñ X is a quasiconformal mapping. The
map φ : S Ñ X is called a (Teichmüller) marking (c.f. Definition 2.3.5). For pX1, φ1q

and pX2, φ2q two marked Riemann surfaces, we define the Teichmüller metric

dppX1, φ1q, pX2, φ2qq “ inff logKpfq,

where f runs over all quasiconformal maps f : X1 Ñ X2 such that f is homotopic to
φ2 ˝ φ´1

1 on S. Here Kpfq denotes the quasiconformal constant of f (see [61, Definition
4.1.2]). This makes Tg a complete metric space. We can also equip TgpSq with the
structure of a holomorphic manifold. Due to Bers TgpSq is homeomorphic to a bounded
domain in C3g´3, see [Chapter 6][66] for more details.

3.1.3 Third Definition of Teichmüller Space. For the sake of completeness we
also want to discuss the third definition of Teichmüller space via Beltrami forms. Let S
be a compact connected orientable surface of genus g ě 2. Denote by BpSq the space of
Beltrami forms on S, which consists of differential forms µ of type p´1, 1q such that the
restriction of µ to a domain D of any local coordinate z has the form f dz{dz, where f
is a bounded measurable function on U . We have a norm } ¨ }8 on BpSq, where }µ}8 is
given by the supremum of the L8 norms of all the functions f which describe µ locally.
Write BpSq1 for the Beltrami forms of norm less than one and consider two Beltrami
forms to be the same if they coincide outside a subset of measure zero.

Every quasiconformal mapping φ : S Ñ X gives us a Beltrami form µφ P BpSq1 that is
locally given by Bpu˝φq{Bpu˝φq whenever u is a coordinate ofX. On the other hand every
µ P BpSq1 defines a Riemann surface structure Sµ whose underlying topological space is
the same as the topological space of S and whose atlas is given by homeomorphisms u
of open subsets of S to C such that µ “ Bu{Bu [61, Proposition and Definition 4.8.12].
The identity map id: S Ñ Sµ is a quasiconformal mapping and the Beltrami form µid
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that is given by the identity map from above equals µ P BpSq1. Every quasiconformal
map f P QCpSq induces isometric automorphisms ρf : TgpSq Ñ TgpSq and σf : BpSq1 Ñ

BpSq1 by
ρf prφsq “ rφ ˝ f´1s and σf pµφq “ µφ˝f´1 ,

where φ : S Ñ X is a quasiconformal map. For the definition of σf remember from the
last paragraph that every element µ P BpSq1 comes from a quasiconformal mapping.

For the map Φ: BpSq1 Ñ TgpSq defined by Φpµq “ rid : S Ñ Sµs and every quasiconfor-
mal homeomorphism f P QCpSq we have the identity Φ ˝ σf “ ρf ˝ Φ. Hence Φ factors
through the action of the normal subgroup QC0pSq on BpSq1. The map Φ induces an
identification TgpSq “ BpSq1{QC0pSq (see [61, Proposition 6.4.11, 6.4.12] and [66, The-
orem 1.6] for more details). This is why we can take BpSq1{QC0pSq as a third definition
for Teichmüller space.

3.1.4 Definition (Mapping class group). Let again S “ Sg be a compact hyperbolic
Riemann surface of genus g. We gave several definitions of Teichmüller space. Thus we
also give two definitions of mapping class group or Teichmüller modular group.

(i) In the situation of the first definition of Teichmüller space from Subsection 3.1.1
we define the mapping class group as the quotient

ΓgpSq “ Diff`pSq{Diff0pSq.

(ii) We already mentioned that the subgroup QC0pSq of quasiconformal homeomor-
phisms on S homotpic to the identity is normal in QCpSq. We define in the
situation of the second and third definition of the Teichmüller space (Section 3.1.2
and Section 3.1.3) the mapping class group as the quotient group

ΓgpSq “ QCpSq{QC0pSq.

The homomorphism QCpSq Ñ AutpTgpSqq defined by f ÞÑ ρf factors through QC0pSq

and produces a homomorphism ΓgpSq Ñ AutpTgpSqq to the group of holomorphic auto-
morphisms AutpTgpSqqq of TgpSq.

3.1.5 Remark (Teichmüller universal curve). We can also analytically construct a uni-
versal curve respectively universal family for our moduli-problem by taking the quotient

Ug “ pS ˆBpSq1q{QC0pSq,

where QC0pSq acts on S ˆ BpSq1 by f.ps, µq “ pf´1psq, σf pµqq [61, Theorem 6.8.3].
The quotient Ug is called Teichmüller universal curve. It is topologically a trivial fiber
bundle SˆTg [61, Theorem 6.8.4]. Furthermore we have a natural action of the mapping
class group ΓgpSq on Ug which turn out to be automorphisms of the holomorphic family
Ug Ñ Tg (c.f. [29] and [27]).
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3. Teichmüller theory and translation surfaces

3.1.6 Moduli space of compact Riemann surfaces and level-structures. Ref-
erences for this part are [56, Section 27], [54] and [61].

The action of the mapping class group Γg on the Teichmüller space Tg is holomorphic and
properly discontinuous. The moduli space of compact Riemann surfaces is now defined
as the quotient Mg “ Tg{Γg. By a theorem of Cartan [14] Mg is a complex space and it
is a coarse moduli space for the moduli functor

F g : CoSp ÝÑ Sets

from Section 2.1 which associates to a complex space C the set of families of compact
Riemann surfaces of genus g over C up to isomorphism. A coarse moduli space for the
moduli functor

F gstable : CoSp ÝÑ Sets

is for example given by the quotient pTg{Γg where pTg is Abikoff’s augmented Teichmüller
space. See [57] for more details.

Let us now come again to the rigidification of the moduli problem with level-n-structures
pn P Nq. We said in Section 2.3.6 that

RIg
rns

: FRg ÝÑ PripSpp2g,Znq,

is a rigidifying functor for our moduli problem if n ě 3. Hence for RI “ RIg
rns

the

functor
F gRI : CoSp ÝÑ Sets,

which associates to a complex space C the set of isomorphism classes of genus g families
of compact Riemann surfaces over C equipped with a non-trivial level-n-structure, is

representable by Theorem 2.3.3. We can represent the functor by the quotient M
rns
g “

TgpSq{Γ
rns
g , where Γ

rns
g is the kernel of the action of the mapping class group on the

cohomology group H1pS,Z{nZq. The group Γ
rns
g is torsion free for all n ě 3 by a result

of Serre what makes M
rns
g a complex manifold for these natural numbers.

3.2 Translation surfaces

3.2.1 Definition of translation surfaces and origamis. A translation surface is
a pair pX,ωq consisting of a compact Riemann surface X and a non-zero holomorphic
1-form ω P Ω1

X . We write Zpωq for the set of zeros of ω. By the theorem of Gauss-Bonnet
the total numbers of zeros (count in multiplicity) is 2g ´ 2, where g P N is the genus
of the Riemann surface X. The name translation surface comes from the fact that the
pair pX,ωq comes with an atlas of charts on XzZpωq. The new coordinates in the old
coordinate patches tpU, ηqu of XzZpωq are given by the integrals

zppq “

p
ż

p0

ω pp P Uq,
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Figure 3.1.: X-origami

where U Ă XzZpωq is simply connected and p0 P U is a basepoint. In these new
coordinates we have ω “ dz. An origami or square tiled surface is a pair pX,ωq where
X is a Riemann surface obtained as a finite cover

π : X ÝÑ C{pZ ‘
?

´1Zq “: T

of the torus branched only at the origin 0 P T and where ω is defined as ω “ π˚pdzq.
For example the X-origami in Figure 3.1.

3.2.2 Hodge bundle. In this section we follow the construction in [80]. See also the
PhD-Thesis of Fabian Ruoff [106] for a construction of the Hodge-Bundle in the language
of stacks. Let π : Ug Ñ Tg be the universal Teichmüller curve. The direct image π˚ Ω

1
Ug |Tg

by π of the sheaf Ω1
Ug |Tg

of relative Kähler-differentials is locally free of rank g. Define

ΩTg to be the associated holomorphic vector-bundle minus its zero-section. For any
point p P Tg and fiber Xp “ π´1ppq the identity

´

π˚ Ω
1
Ug |Tg

¯

ˇ

ˇ

ˇ

ˇ

p

“ ΓpXp,Ω
1
Xp

q

holds, what makes ΩTg a holomorphic fiber-bundle with fiber Cgzt0u. Altogether ΩTg
consists of equivalence classes of triples pX,φ, ωq, where X is a Riemann surface of
genus g with marking φ : S Ñ X and where ω is a holomorphic 1-form on X with a
relation that says that two triples are equivalent if they only differ by a quasiconformal
homeomorphism in QC0pSq (c.f. Equation (3.2.2.1)).

There is an action of the mapping class group ΓgpSq on ΩTg in the following way. For a
mapping class rf s represented by f P QCpSq and a triple pX,φ, ωq in ΩTg define

rf s ¨ pX,φ, ωq “ pX,φ ˝ f´1, ωq. (3.2.2.1)

This action is continuous, properly discontinuous and the map ΩTg Ñ TgpSq is equivari-
ant with respect to the two actions of the mapping class group ΓgpSq. If we factor out
the action of the modular group ΓgpSq, we obtain ΩMg “ ΩTg{ΓgpSq, the moduli space
of abelian differentials and the map ΩTg Ñ TgpSq descends to a map ΩMg Ñ Mg called
Hodge-bundle. Over a point rXs P Mg represented by a compact Riemann-surface X,
the Hodge bundle ΩMg has fiber ΓpX,Ω1

Xqzt0u (modulo an action of AutpXq).
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3. Teichmüller theory and translation surfaces

3.2.3 Stratification. A good reference for this subsection is [39]. Let X be a compact
Riemann surface of genus g ě 2 and ω a non-zero holomorphic 1-form on X. By the
theorem of Gauss-Bonnet ω has a finite set of zeros Zpωq “ tz1, . . . , znu of multiplicity
multpziq “ ki such that

řn
i“1 ki “ 2g ´ 2. Since the action of the mapping class group

ΓgpSq respects the multiplicities of the zeros we obtain subsets ΩTgpκq Ă ΩTg and
ΩMgpκq Ă ΩMg, consisting of equivalence classes pX,φ, ωq respectively pX,ωq, where
the multiplicities of the zeros of ω form the partition κ of 2g ´ 2. This leads to natural
stratifications

ΩTg “
ğ

κ

ΩTgpκq and ΩMg “
ğ

κ

ΩMgpκq,

where κ runs over all partitions of 2g ´ 2.

3.2.4 GL`p2,Rq-action on Strata. In this subsection we want to explain the action
of the orientation preserving invertible matrices GL`p2,Rq on the bundle ΩTg and ΩMg

which gives rise to affine invariant manifolds in strata of ΩMg and Teichmüller curves
in Mg. We will hereby follow [87] and [33].

Let pX,φ, ωq be a representant of an element in ΩTg and A P GL`p2,Rq. We define a
harmonic 1-form ωA on X by

ωA “
`

1
?

´1
˘

ˆ

a b
c d

˙ ˆ

Reω
Imω

˙

.

There is a unique complex structure on the topological space underlying X such that ωA
is again a holomorphic 1-form. We denote the corresponding Riemann surface by XA.
The identity map id: X Ñ XA defines an affine map with constant partial derivatives and
hence a quasiconformal map. We define the marking φA : S Ñ XA as the composition
id ˝ φ. The element A.pX,φ, ωq P ΩTg is by definition given as the equivalence class
of the triple pXA, φA, ωAq. The right-action of the mapping class group ΓgpSq on ΩTg
commutes with the left-action of GL`p2,Rq on ΩTg from above and hence descends to
an GL`p2,Rq-action on the Hodge-bundle ΩMg.

A very important class of objects in the theory of Teichmüller dynamics are so called
Veech surfaces, i.e. points pX,ωq P ΩMg whose GL`p2,Rq-orbits are closed in ΩMg. We
want to investigate these objects a little bit further in the next subsection.

3.2.5 Teichmüller disks. The following can be found for example in the work of Earle
and Gardiner[26] or in the survey paper [80]. Fix a point pX,φ, ωq P ΩTg and consider
the map

SL2pRq Ñ ΩTg Ñ Tg, A ÞÑ πg

´

A.pX,φ, ωq

¯

“ pXA, φAq.

For a rotation matrix R P SOp2q one can show that the identity id : X Ñ XR defines a
biholomorphic map. This means that pX,φq and pXR, φRq are the same point in Tg. By
identifying D – SLp2,Rq{SOp2q in the standard way via Möbius transformations, the
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3. Teichmüller theory and translation surfaces

map from above descends to a map gω : D Ñ Tg which is an isometry of the unit disk D
into the Teichmüller space with respect to the Poincaré metric on D and the Teichmüller
metric on Tg. The image gωpDq Ă Tg is therefore called Teichmüller disk.

We want to give a second equivalent definition of the map gω : D Ñ Tg from which the
isometry can be seen more easily. The quotient ω{ω defines a Beltrami form of norm
one and hence every t P D defines an element t ω{ω in BpXq1, the set of Beltrami-forms
on X with norm less than one. We can now define gω : D Ñ Tg by

D ÝÑ BpXq1 ÝÑ Tg, t ÞÝÑ rpXt ω{ω, id ˝ φqs,

where id : X Ñ Xt ω{ω is the quasiconformal map which comes from the identity (see
also [80, Proposition 4.4.1] for a nice and very detailed proof).

Let pX,ωq be a tuple consisting of a compact Riemann surface X and a holomorphic
1-form ω on it. We denote by Aff`pX,ωq the group of quasiconformal homeomorphisms
f of X onto itself with the following properties. The quasiconformal homeomorphism
f maps XzZpωq onto itself and it is given by affine maps z ÞÑ Az ` c (A P GL`p2,Rq,
c P R2) on the charts of the translation atlas given by ω. Since X is connected the
matrix A P GL`p2,Rq is the same for every translation chart of pX,ωq. Furthermore
since X has finite volume, we conclude A P SLp2,Rq. Thus there is a natural group
homomorphism

D : Aff`pX,ωq ÝÑ SLp2,Rq, f ÞÝÑ Dpfq “ A,

which maps an affine homeomorphism f to the linear part A appearing in the description
of f on the translation charts. The group homomorphism D is called the derivative and
its image the Veech group of pX,ωq. In the following we denote the Veech group of pX,ωq

by SLpX,ωq. The kernel of the derivative D is a finite group denoted by AutpX,ωq.
Hence we get the following short exact sequence:

1 ÝÑ AutpX,ωq ÝÑ Aff`pX,ωq
D

ÝÑ SLpX,ωq ÝÑ 1

The intersection of Aff`pX,ωq with the group QC0pXq contains only the identity [26,
Lemma 5.2] and thus we can identify Aff`pX,ωq with a subgroup of the mapping class
group ΓgpXq “ QCpXq{QC0pXq.

Let gω : D Ñ Tg be a Teichmüller disk. The global stabilizer of the image ∆ “ gωpDq

with respect to the action of the mapping class group Γg on the Teichmüller space Tg
is the affine group Aff`pX,ωq [26, Theorem 1]. Furthermore, the group D´1p˘Iq “

AutpX,ωq ¨ t˘Iu stabilizes every point in ∆ [80, Proposition 4.3.5].

3.2.6 Teichmüller curves. By composing gω : D Ñ Tg with the projection map
πg : Tg Ñ Mg, we get a holomorphic map

fω : D ÝÑ Mg.
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3. Teichmüller theory and translation surfaces

We already mentioned that the global stabilizer of the action of Γg on the Teichmüller
disk ∆ :“ gωpDq Ă Tg is the group Aff`pX,ωq. We write HpX,ωq “ D´1p˘Iq for the
subgroup of Aff`pX,ωq which stabilizes every point in ∆. Let R “ diagp1,´1q and

Stabpfωq “ tA P AutpDq | fωpA tq “ fωptq @t P Du.

By [87, Prop. 3.2] we have that R StabpfωqR coincides with the projection of the Veech
group SLpX,ωq of pX,ωq to PSL2pRq. Thus we can identify the quotient Aff`pX,ωq{HpX,ωq

with Stabpfωq. Since gω is injective we obtain an isomorphism D{Stabpfωq – ∆{Aff`pX,ωq.
The map fω : D Ñ Mg clearly factors through its stabilizer and we call

jω : D{Stabpfωq Ñ Mg

or the quotient C1 :“ ∆{Aff`pX,ωq a Teichmüller curve if one of the following equivalent
statements is true:

(i) The stabilizer group Stabpfωq Ă AutpDq is a lattice.

(ii) The manifold ∆{Aff`pX,ωq has finite volume or equivalently has finitely many
cusps and no funnel or flaring ends.

3.2.7 Proposition. If jω : D{Stabpfωq Ñ Mg is a Teichmüller curve then the image jω
is an algebraic curve in Mg, whose normalization is C1 “ D{Stabpfωq.

Proof. The mapping class group Γg acts holomorphically and properly discontinuously
on Tg and thus we get a holomorphic proper map between complex spaces jω : C1 Ñ

Mg. We already know from the theorem of Remmert ([103] or [45]) that the image
of jω is an analytic set in Mg. In the proof of [44, Theorem 1] the authors showed
that jωpC1q Ă Mg has finite fibers and that jω is injective outside the preimage of the
critical locus. By [45, Theorem 9.3.3] the holomorphic map jω : C1 Ñ jωpC1q is a one-
sheeted analytic covering. Since C1 is a manifold and hence normal, the holomorphic map
jω : C1 Ñ jωpC1q is the normalization of jωpC1q in the sense of [45]. Let Mg denote the
Deligne-Mumford compactification and write Tg for the augmented Teichmüller space.
Furthermore let c1, . . . , cn denote the cusps of Stabpfωq. By [57, Proposition 4.13] the
map gω : D Ñ Tg extends continuously to a map

gω : D Y tc1, . . . , cnu Ñ Tg

and thus the map jω extends continuously to a map

jω : D Y tc1, . . . , cnu{Stabpfωq Ñ Mg.

Hence for every holomorphic map f : Mg Ñ C the composition f ˝ jω is holomorphic
by the Riemann extension Theorem [45, Theorem 7.4.2]. This shows that the map jω
is holomorphic and the image of jω is an analytic subset of the projective algebraic
variety Mg. We conclude that the image of jω is an algebraic curve in Mg by Chow’s
Theorem1.
1See [45, Corollary 9.5.1] for a proof of Chow’s Theorem.
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D
gω

∆ Tg

πg

MgC1 “ ∆{Aff`pX,ωqD{Stabpfωq
– jω

Figure 3.2.: Diagram of the construction of Teichmüller curves.

If the curve C1 was constructed from a pair pX,ωq P ΩMg, we say that pX,ωq generates
the Teichmüller curve C1. The construction made above is visualized in Figure 3.2.

3.2.8 Remark. If pX,ωq “ O defines an origami, the group SLpX,ωq is a finite index
subgroup of SLp2,Zq (see [53]). This implies that Stabpfωq is a lattice in AutpDq and
hence every origami defines a Teichmüller curve. We will call a Teichmüller curve, which
comes from an origami, an origami-curve.

3.3 Dehn twists and cylinder decomposition

References for this section are the book [31] the article [119] and the lecture notes [102].
In this section let pX,ωq always be a translation surface of genus g ě 2.

3.3.1 Definition (Cylinder of a translation surface). A cylinder in pX,ωq is an open
subset of XzZpωq which is isometric to an euclidean cylinder of the form R{kZ ˆ p0, aq

with respect to the flat metric on XzZpωq, where k, a ą 0 are positive numbers. We call
k the width and a the height of the cylinder. The modulus µ of a cylinder is the ratio of
height to width, i.e. µ “ a{k.

3.3.2 Remark. A more topological definition is if we say that a cylinder is a connected
set of homotopic simple closed geodesics. Every geodesic is an image of R{kZ ˆ b for
b P p0, aq. We have a partial order on the set of cylinders by subset relation. Thus it
makes sense to speak of maximal cylinders. We will show that every maximal cylinder
of a genus g ě 2 translation surface pX,ωq is bounded by a concatenation of saddle
connections.

3.3.3 Definition. The direction of a cylinder is the direction of one of the closed
geodesics which build the cylinder. A cylinder decomposition of pX,ωq is a set of maxi-
mal, pairwise disjoint cylinders such that X is the union of the closures of the cylinders.
The direction of the cylinder decomposition is the direction of each of the cylinders.
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3. Teichmüller theory and translation surfaces

Let now ϕ : R{kZ ˆ p0, aq Ñ XzZpωq be an isometry. Then the twist

T : R{kZ ˆ p0, aq ÝÑ R{kZ ˆ p0, aq, pr, tq ÞÝÑ pr ` k{a ¨ t, tq

defines a homeomorphism of X as follows. We write Z for the image of the isometry ϕ.
We define TZ : X Ñ X by

TZpxq “

#

ϕ ˝ T ˝ ϕ´1pxq if x P Z

x if x P XzZ
. (3.3.3.1)

If γ is the core curve of the cylinder Z, then the map TZ is called (Dehn) twist about
the cylinder Z or (Dehn) twist about the core curve γ. The equivalence class of the map
TZ is a well defined element in the mapping class group ΓgpXq “ Diff`pXq{Diff0pXq of
X. For us it will be important how a twist TZ acts on the homology H1pX,Zq by push
forward. Therefore we state the following proposition which can be found in the book
of Farb and Margalit [31, Proposition 6.3.1] in a sligthly more general way.

3.3.4 Proposition. Let Z be a cylinder of a translation surface pX,ωq with simple
core curve γ. If c denotes the corresponding class of γ in H1pX,Zq and if Q denotes
the intersection pairing on H1pX,Zq then the multiple twist T kZ pk P Nq acts by push
forward on the singular homology as

pT kZq˚pvq “ v ` k ¨Qpv, cq c.

for every v P H1pX,Zq.

In this thesis we want to study the action of Aff`pX,ωq onH1pX,Rq by push forward and
Dehn twists will play an important role to do so. Thus given a cylinder decomposition of
the translation surface pX,ωq we want to show next how we can construct an element in
Aff`pX,ωq by a composition of multiple twists on the cylinders belonging to the cylinder
decomposition. On the other hand parabolic elements of the Veech group SLpX,ωq

lead to cylinder decompositions of the translation surface pX,ωq. More concretely in
part (i) of Proposition 3.3.5 we show a theorem of W. A. Veech [116, Proposition 2.4]
(see also [119, Lemma 3.8]). The proof of it shows how we can explicitly construct
a reducible element in Aff`pX,ωq ď ΓgpXq from a given cylinder decomposition of a
translation surface if the cylinders have commensurable moduli. Conversely in part (ii)
of 3.3.5 we construct a parabolic element in SLpX,ωq from a cylinder decomposition
with commensurable moduli. You can find the main idea of the proof of (ii) in [119,
Lemma 3.9]. Anja Randecker worked out all the missing steps in her lecture [102], which
I used as a main source for the following parts.

3.3.5 Proposition (Cylinder decomposition and parabolic elements). Let pX,ωq be a
finite translation surface of genus g ě 2.
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(i) Assume there is a cylinder decomposition on pX,ωq, such that all the moduli
are integer multiples of a fixed α P Rzt0u. Then there is a parabolic element
M P SLpX,ωq and a concatenation φ of multiple twists on the cylinders such that
φ P Aff`pX,ωq with derivative Dφ “ M .

(ii) For every parabolic element in SLpX,ωqzt˘Iu there is a cylinder decomposition
on pX,ωq in the direction of an eigenvector of the parabolic element.

Before we can prove this result, we have to show the following statement which is worth
being formulated as a proposition itself.

3.3.6 Proposition. Let pX,ωq be a finite translation surface of genus g P N. If the
Veech group of pX,ωq contains a parabolic element of the form

Mh “

ˆ

1 α
0 1

˙

P SLpX,ωq

for an element α P Rzt0u, then every horizontal trajectory is either closed or a saddle
connection.

Proof. If the translation surface pX,ωq has genus g ě 2, then it has singularities and
horizontal saddle connections.

(1) Let φ P Aff`pX,ωq be an affine diffeomorphism with derivative

Dφ “

ˆ

1 α
0 1

˙

P SLpX,ωq.

Let Zpωq be the set of zeros of ω with s “ #Zpωq P N the number of singularities
of the translation surface pX,ωq. And let H “ th1, . . . , hku be the set of horizontal
trajectories in X which start in a singularity, i.e. the set of horizontal separatrices and
saddle connections. Both sets Zpωq and H are nonempty and finite. Furthermore, the
homeomorphism φ induces a permutation of Zpωq and H. Let n “ s! ¨ k! and ψ “ φn.
Then we have ψ|Zpωq “ id and ψphiq “ hi for all i P t1, . . . , ku.

The diffeomorphism φ preserves the horizontal direction and hence ψ preserves the
horizontal direction. We conclude that ψ is a translation on every hi P H for i P

t1, . . . , ku. Let the singularity si P Zpωq be the starting point of the trajectory hi. We
have ψ|hipsiq “ si and hence ψ|hi “ id, respectively ψ|h1Y¨¨¨Yhk “ id.

(2) The next step is to show that every element in H is a saddle connection. So assume
that there is an i P t1, . . . , ku such that hi P H is not a saddle connection. The trajectory
hi is a separatrix and hence not bounded in one direction.

(2.1) We show that there is an open set U Ă X such that hi X U is dense in U . So let
p P hi be a point with p R Zpωq and let v be a vertical geodesic that starts in p. Since
there are only finitely many singularities there are only finitely many points r in v such

58



3. Teichmüller theory and translation surfaces

that the horizontal geodesic which starts in r runs into a singularity s before it returns
to the segment v. So let v1 Ă v be a vertical segment (that starts in p P v and ends in a
point p1 P v), such that no horizontal geodesic, which starts in a point of v1ztpu, ends in
a singularity s P Zpωq before it returns to v.

Now shift v1 along hi and consider the rectangle that is generated by the shifting process
(see the yellow rectangle in Figure 3.3). The volume of X is bounded and the volume of
the rectangle increases monotonously. This implies that there is a point of time when a
shifted copy of v1 and the original v1 intersect. We conclude that either hi and v

1 have an
intersection point or the horizontal trajectory starting in p1 and v1 have an intersection
point. In the second case we can find a point p2 P v1 and a horizontal trajectory h1

i

that starts in p2 P v1 and ends in p P v1. Both horizontal trajectories hi and h1
i are

trajectories through p and thus hi “ h1
i. In both cases the horizontal trajectory hi has

an intersection point p2 with the vertical geodesic v.

We write pp2 for the vertical geodesic from p to p2. We assume now that there is a point
q in the interior intppp2q of pp2 which does not belong to the closure hi of hi. Since hi is
closed, we can find and choose an open geodesic segment I Ă v of maximal size such that
q P I and I X hi “ H. Let q1 P BI be the endpoint of I that is closer to p. Since I was
maximally chosen, we get q1 P hi and all the points of the forward, horizontal trajectory
h2
i that starts in q1 also belong to hi. With the same arguments as above we conclude

that either h2
i is closed or we can find a returning point of h2

i in I, i.e. h
2
i X I ‰ H. The

first case is impossible since X is a translation surface and q1 lies between the two points
p, p2 P hi. This would imply that hi is closed as well. The second case is impossible
because otherwise we have hi X I ‰ H.

By shifting the vertical segment pp2 in horizontal direction we can now choose an open
set U Ă X in the covered rectangle such that U contains the vertical segment pp2 and
such that hi X U is dense in U .

(2.2) We have ψ|hi “ id from (1) and thus ψ|U “ id. Let pV, zq be a chart of X with
UXV ‰ H. We have ψ|UXV “ id and thus ψ “ id. But since α ‰ 0 this is a contradiction
to

Dψ “

ˆ

1 α
0 1

˙n

“

ˆ

1 n ¨ α
0 1

˙

‰

ˆ

1 0
0 1

˙

,

where Dψ P SLpX,ωq is the derivative of ψ. This shows that H only contains horizontal
saddle connections.

(3) It is left to show that every horizontal trajectory which is not a saddle connection
is closed. Again, we will show this by contradiction. So let h Ă X be a horizontal
trajectory which is not a saddle connection. We assume that h is not closed and hence
h is infinitely long.

(3.1) We assume that h is not dense in X. Thus there exists a point p P Bh the boundary
of h. Consider a horizontal trajectory l through p and a vertical geodesic v through p
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Figure 3.3.: Horizontal trajectories and geodesic vertical segments

which starts in p. Let v1 be the reflection of the vertical segment v at the horizontal
trajectory l. Then v1 is also a vertical segment which has p as an endpoint. From p P h
we conclude l Ă h. If l is infinitely long, we can show as above that the trajectory l
intersects the vertical segment v in a point p1 and the vertical segment v1 in a point p2.
And again as above we can show that every point on the vertical segment between p1

and p2 belongs to the closure l and hence belongs to the closure h. Thus we can find a
neighborhood U of p which belongs to h. But this shows p R Bh the boundary of h. We
conclude that l is not infinitely long and l is closed or a saddle connection.

(3.2) If h is dense in X then of course all horizontal saddle connections lie in h.

(3.3) In both cases (3.1) and (3.2) we found a horizontal trajectory l which is either a
closed geodesic or a saddle connection and which has an intersection point with h. But
h is parallel to l and thus has to be closed or a saddle connection as well.

Proof of Proposition 3.3.5. (i) Let k P N such that k ¨α is the least common multiple of
all the moduli of the cylinder.

At first we assume that we have a cylinder decomposition in horizontal direction. We
define the matrix M P SLp2,Rq by

M “

ˆ

1 k ¨ α
0 1

˙

.
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3. Teichmüller theory and translation surfaces

The matrixM defines a (possibly multiple) twist on every cylinder which fixes the edges
of every cylinder pointwise. If we now combine the single actions on every cylinder to a
homeomorphism φ as in (3.3.3.1), then we get an affine map with derivative Dφ “ M P

SLpX,ωq.

If the direction of the cylinder decomposition is not horizontal then choose a rotation
matrix R P GLp2,Rq that maps the direction of the cylinder decomposition to the
horizontal direction. Since R is a rotation we hereby do not change the moduli of
the cylinders. With the arguments from above we have M P SLpR.pX,ωqq and thus
R´1MR is an element of SLpX,ωq. For the trace of the matrix M and R´1MR we get
tracepMq “ tracepR´1MRq “ 2 and hence both matrices are parabolic.

(ii) Let M P SLpX,ωq be a parabolic element. First of all we assume that M is of the
form

M P

"ˆ

1 α
0 1

˙

,

ˆ

´1 α
0 ´1

˙*

for α P Rzt0u.

As in Proposition 3.3.6 we can show that every horizontal trajectory is either a saddle
connection or closed. If we have a closed horizontal trajectory there is an ε-neighborhood
in which we also have only closed horizontal trajectories. In this way we can define cylin-
ders on pX,ωq. If we now choose maximal cylinders we obtain a cylinder decomposition
for pX,ωq.

If we do not have a parabolic element as above then we bring it to the above form
by conjugation as we will now explain. Every parabolic element has trace ˘2 and
determinant 1. Thus the characteristic polynomial is of the form t2 ˘ 2t` 1 P Rrts. This
implies that every parabolic element has eigenvalue 1 or ´1. Let v P R2 be an eigenvector
for the parabolic element and choose a rotation matrix R P GLp2,Rq that maps v to the
horizontal direction. We rotate the whole translation surface pX,ωq by R such that the
eigenvector v gets mapped in the horizontal direction. We receive the new Veech group
SLpR.pX,ωqq “ R SLpX,ωqR´1. The parabolic element RM R´1 of SLpR.pX,ωqq has
p1, 0q as an eigenvector and thus the first column of the matrix RM R´1 is of the form
p˘1, 0q. The trace of RM R´1 is again ˘2 and thus the second column is of the form
pα,˘1q. We conclude that the element RM R´1 is of the form above.

3.3.7 Remark (Parabolic elements and moduli of cylinder). Let pX,ωq be a finite
translation surface of genus g ě 2 such that its Veech group SLpX,ωq contains a parabolic
element. Then the moduli of the cylinders of the corresponding cylinder decomposition
are commensurable.

Proof. Let φ P Aff`pX,ωq such that the derivativeDφ P SLpX,ωq is a parabolic element.
Without loss of generality we assume that Dφ induces a horizontal cylinder decomposi-
tion. Let ψ “ φn be defined as in Proposition 3.3.6 such that ψ is the identity on every
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3. Teichmüller theory and translation surfaces

horizontal saddle connection. The horizontal saddle connections form the boundaries of
the maximal cylinders and thus ψ acts like a twist or multiple twist on every cylinder.
We fix a cylinder and let µ P R be the modulus of the fixed cylinder. If ψ acts as a
k-twist on the fixed cylinder, then we get the identity

Dψ “

ˆ

1 n ¨ α
0 1

˙

“

ˆ

1 k ¨ µ
0 1

˙

.

Hence µ “ n{k ¨α and the moduli of the cylinders are all rational multiples of an element
α P R.
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4. Mondromy representations and Hodge
theory

4.1 Fibrations

Main references for this section are the book of Spanier [112] and the paper [97] of Palmer
and Tillman. If not stated otherwise we consider in this section always the category of
topological spaces with continuous maps. If we write homotopy of paths we always mean
homotopy relative to the endpoints of the interval.

We write I for the closed interval r0, 1s. Let X be a topological space. The funda-
mental groupoid Π1pXq of the topological space X is the category where the objects
ObjpΠ1pXqq “ X are the elements of X and where the morphisms between two ele-
ments x0, x1 P X is the set MorΠ1pXqpx0, x1q of homotopy classes of paths relative to
t0, 1u, which start in x0 and end in x1. Composition of morphisms is the product of
homotopy classes.

Choose a base point x0 P X. The fundamental group with base point x0 P X can then be
identified with the subcategory π1pX,x0q of Π1pXq whose single object is the element
x0 P X.

4.1.1 Definition. (i) A continuous map p : E Ñ B between topological spaces E and
B is said to have the homotopy lifting property with respect to a topological space
S if the following holds. Given two continuous maps f : S Ñ E and F : Sˆ I Ñ B
such that F ps, 0q “ p ˝ fpsq for every s P S, there exists a map H : Sˆ I Ñ E that
makes the diagram

S ˆ t0u E

S ˆ I B

f

p

F

H

commute.

(ii) A map p : E Ñ B is called (Hurewicz) fibration if it has the homotopy lifting
property with respect to every topological space S.

(iii) A map p : E Ñ B has the unique path lifting property if given two paths α, γ : I Ñ

E with γp0q “ αp0q and p ˝ γ “ p ˝ α then α “ γ.
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4. Mondromy representations and Hodge theory

Let p : E Ñ B be a fibration and let γ : I Ñ B with γp0q “ b0 and γp1q “ b1 P B.
Let ι : p´1ptb0uq ãÑ E be the inclusion. It follows from the homotopy lifting property
of the fibration p : E Ñ B (applied to the fiber p´1ptbouq) that there exists a map
Hγ : p

´1ptbouq ˆ I Ñ E such that the following diagram commutes:

p´1ptbouq ˆ t0u E

p´1ptbouq ˆ I I B

ι ˝ pr1

p

pr2

Hγ

γ

We define a map frγs between the fibers p´1pb0q and p´1pb1q by

frγs : p
´1pb0q ÝÑ p´1pb1q, frγspeq “ Hγpe, 1q,

which is well defined by the commutativity of the diagram from above.

4.1.2 Theorem. Let p : E Ñ B be a fibration.

(i) There is a functor
Fh : Π1pBq ÝÑ hTop

from the fundamental groupoid Π1pBq of B to the homotopy category hTop of
topological spaces, which assigns to b P B the fiber p´1ptbuq over b and to rγs the
homotopy class rfrγss of the map frγs from above.

(ii) If furthermore the fibration p : E Ñ B has the unique path lifting property then
there is a functor

F : Π1pBq ÝÑ Top

from the fundamental groupoid Π1pBq of B to the category of topological spaces
which assigns to b P B the fiber p´1ptbuq over b and to rγs the map frγs from above.

It is really hard to find proper proofs for the statements of the preceding theorem in the
literature. Hence we will give the proofs here.

Proof. (1) The functors are well defined:

Let b0, b1 P B and γ1, γ2 : I Ñ B two paths in B with γ1p0q “ γ2p0q “ b0 and γ1p1q “

γ2p1q “ b1 such that γ1 » γ2 i.e., both paths are homotopic relative to t0, 1u. As before
we write ι : p´1ptb0uq ãÑ E for the inclusion. Let H1, H2 : p

´1ptbouq ˆ I Ñ E be two
continuous maps which make the two diagrams commute:

p´1ptbouq ˆ t0u E

p´1ptbouq ˆ I I B

ι ˝ pr1

p

pr2

H1

γ1

p´1ptbouq ˆ t0u E

p´1ptbouq ˆ I I B

ι ˝ pr1

p

pr2

H2

γ2
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4. Mondromy representations and Hodge theory

(i) We have to show that the maps frγ1s “ H1p´, 1q and frγ2s “ H2p´, 1q are homo-
topic. For this we use the homotopy lifting property: Let h : I ˆ I Ñ B be a
homotopy γ1 » γ2. We define f : p´1ptbouq ˆ pt0u ˆ I Y I ˆ t0, 1uq Ñ E by

fpe, t, 0q “ H1pe, tq, fpe, t, 1q “ H2pe, tq, fpe, 0, tq “ e,

where e P p´1ptbou and t P I.

Since there is a homeomorphism from I ˆ I to itself that maps I ˆ t0u to t0u ˆ

I Y I ˆ t0, 1u, we can apply the homotopy lifting property of the fibration on
p´1ptbouq ˆ I to get a continuous map K : p´1ptbouq ˆ I ˆ I Ñ E that makes the
following diagram commute:

p´1ptbouq ˆ pt0u ˆ I Y I ˆ t0, 1uq E

p´1ptbouq ˆ I ˆ I I ˆ I B

f

p

pr2,3

K

h

Now the map p´1ptbouq ˆ I Ñ E with pe, tq ÞÑ Kpe, 1, tq is a homotopy between
frγ1s and frγ2s because for every e P p´1ptbouq we have the equalities

Kpe, 1, 0q “ H1pe, 1q “ frγ1speq and

Kpe, 1, 1q “ H2pe, 1q “ frγ2speq.

(ii) In the second case we have to show that the two maps f1 “ H1p´, 1q and f2 “

H2p´, 1q are equal. This is a consequence of unique path lifting in the follow-
ing way. For every e P p´1ptbouq we have two paths H1pe,´q : I Ñ E and
H2pe,´q : I Ñ E such that

p ˝H1pe,´q “ γ1 » γ2 “ p ˝H2pe,´q.

Hence by [112, Lemma 2.3.3] for every e P p´1ptbouq we have the homotopy of
paths H1pe,´q » H2pe,´q and in particular H1pe, 1q “ H2pe, 1q.

(2) The functors preserve composition of morphisms: Let γ1 : r0, 1s Ñ B and
γ2 : r0, 1s Ñ B be two paths that are composable i.e., b1 “ γ1p1q “ γ2p0q. Let b0 “ γp0q.
By the homotopy path lifting property of the fibration p : E Ñ B we get again two
continuous maps H1 : p

´1ptbouq ˆ r0, 1s Ñ E and H2 : p
´1ptb1uq ˆ r1, 2s such that the

following two diagrams commute:

p´1ptbouq ˆ t0u E

p´1ptbouq ˆ r0, 1s r0, 1s B

pr1

p

pr2

H1

γ1

p´1ptb1uq ˆ t0u E

p´1ptb1uq ˆ r0, 1s r0, 1s B

pr1

p

pr2

H2

γ2
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4. Mondromy representations and Hodge theory

We define a continuous map L : p´1ptbouq ˆ r0, 1s Ñ E by

Lpe, tq “

#

H1pe, 2tq, t P r0, 12 s

H2pH1pe, 1q, 2t´ 1q, t P r12 , 1s

The map L makes the following diagram commute:

p´1ptb0uq ˆ t0u E

p´1ptb0uq ˆ r0, 1s r0, 1s B

ι ˝ pr1

p

pr2

L

γ1˚γ2

By definition we have frγ1˚γ2s “ Lp´, 1q and we get the relation (in (i) up to homotopy)

frγ1˚γ2s “ Lp´, 1q “ H2pH1p´, 1q, 1q “ H2p´, 1q ˝H1p´, 1q “ frγ2s ˝ frγ1s.

4.1.3 Remark. Let p : E Ñ B be a fibration. Fix a base point b0 P B. If we restrict
the fundamental groupoid functor in Theorem 4.1.2 (i) to the subcategory π1pB, b0q of
ΠpBq, then the mapping on the morphisms induces a group homomorphism

π1pB, b0q ÝÑ π0Autph p
´1ptb0uqq, (4.1.3.1)

where π0Autph p
´1ptb0uqq is the group of homotopy classes of homotopy equivalences of

p´1ptb0uq. We call the group homomorphism (4.1.3.1) the monodromy of the fibration
p : E Ñ B in the point b0 P B.

There are many examples of fibrations. The most common class are covering maps
between topological spaces π : Y Ñ X, which are known to have unique path lifting [112,
Theorem 2.2.3]. A different important class of fibrations are fiber bundles f : E Ñ B with
B a paracompact Hausdorff space [112, Corollary 2.7.14]. Differentiable manifolds are
paracompact because they are Hausdorff spaces, second countable and locally compact
[82, Theorem 1.15]. In the next example we want to mention another class of fibrations,
which are important in this text.

4.1.4 Proper submersions as fibrations. In this subsection we will mainly follow
section 4.1 of [13] and the paper [60] of Matias del Hoyo. Let B and X be holomorphic
manifolds and let f : X Ñ B be a proper surjective submersion. We write df for the
differential df : TX Ñ TB. If we equip X with a Riemannian metric gE we can define a
subbundle T h complementary to the kernel kerpdfq of df by taking orthogonal comple-
ments on every fiber of TX. We call T h a horizontal subbundle of TX. For every smooth
curve γ : I Ñ B with velocity γ1 : I Ñ TB and every x P Xγp0q there is a unique lift
ζγ,x : I Ñ X (i.e. f ˝ ζγ,x “ γ) with the following properties:
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4. Mondromy representations and Hodge theory

• The element ζ 1
γ,xptq is an element of the horizontal tangent space T hζγ,xptqX for every

t P I and furthermore dfζ 1
γ,xptq “ γ1ptq for every t P I.

• The starting point of ζγ,x is ζγ,xp0q “ x.

We hence get a notion of parallel transport on f : X Ñ B and the corresponding connec-
tion is called Ehresmann connection. For every smooth curve γ : I Ñ B we can find a
lift H : I ˆXγp0q Ñ X by defining Hpt, xq “ ζγ,xptq. With this connection we can locally
smoothly trivialize the family f : X Ñ B. For example in a neighbourhood of B which
is isomorphic to a ball in Rn we can trivialize by parallel transport along radial geodesic
segments. This result is known as the theorem of Ehresmann. The family f : X Ñ B is
a fibration since B is paracompact as a smooth manifold. Moreover for every t P I the
diffeomorphisms

Hpt, ¨q : Xγp0q ÝÑ Xγptq

are orientation preserving by the following argument. The map Hp0, ¨q is the identity
by construction. Moreover the determinant is continuous and thus the determinant of
the differential dHpt, ¨q is greater than zero on charts because it does not vanish. This
shows that for every b P B we get a monodromy representation

monf : π1pB, bq ÝÑ π0Homeo`pXbq,

where π0Homeo`pXbq is the group of orientation preserving homeomorphisms of Xb up
to homotopy.

4.1.5 An equivariant action on families of Riemann surfaces. In this section
we will explain how the fundamental group π1pBq of the base space B of a holomorphic
family of Riemann surfaces f : X Ñ B acts on the family f : X Ñ B as holomorphic
automorphisms of families. This can for example be found in the article [27] of Clifford
Earle and Patricia Sipe.

We start with a family f : X Ñ B of Riemann surfaces of genus g ě 2 with X and B
manifolds. Let π : rB Ñ B be the holomorphic universal covering of B and rX “ X ˆB

rB
the pull back of the family f : X Ñ B, where

X ˆB
rB “ tpx, tq P X ˆ B̃ | fpxq “ πptqu

as a set.

Then rf : rX Ñ rB is again a holomorphic family of compact Riemann surfaces and thus a
proper surjective submersion. We identify π1pB, bq with the group of Deck transforma-
tions of the cover π : B̃ Ñ B. Choose a point b̃ P π´1ptbuq. Each Deck transformation

γ P π1pB, bq defines a bundle morphism Aγ of the family rf : rX Ñ rB by the universal
property of the pullback. On the level of sets we have

Aγpx, tq “ px, γptqq for px, tq P X ˆB
rB.
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The universal cover rB is simply connected and the fiber rf´1ptb̃uq is biholomorphic to
the compact Riemann surface S “ f´1ptbuq. By parallel transport with respect to
the Ehresmann connection we can define for every t P rB an orientation preserving
diffeomorphism

S ÝÑ rf´1ptq

and since rB is simply connected this defines a well defined global section of the principal

bundle PprX{ĂBq. Hence the family rf : rX Ñ rB is a marked family. We write Ug Ñ TgpSq

for the universal family of the Teichmüller space TgpSq. By the universal property of

Ug Ñ TgpSq we get a unique holomorphic map h : rB Ñ TgpSq such that we can write

the family rX Ñ rB as the pullback of Ug Ñ Tg via the morphism h : rB Ñ TgpSq.

By the definition of the pullback we also get a natural projection map H : rX Ñ Ug.
The mapping class group ΓgpSq naturally lies in the automorphism group of the family
Ug Ñ TgpSq. Furthermore, the map H is equivariant with respect to the action of the

fundamental group π1pB, bq on rf : rX Ñ rB as above and the action of π1pB, bq on Ug via
the monodromy representation monf : π1pB, bq Ñ ΓgpSq, i.e.

H ˝Aγ “ monf pγq ˝H (4.1.5.1)

for all γ P π1pB, bq. See [27] for a proof.

4.1.6 Remark. By a result of Grothendieck [50, Theorem 4.1] it is possible to re-
construct the family f : X Ñ B with the help of formula (4.1.5.1) from the morphism
h : rB Ñ TgpSq and the monodromy representation monf : π1pB, bq Ñ ΓgpSq.

This is a really interesting result because we want to consider families for covers of
Teichmüller curves later in this text. More concretely: Let g ě 2, then a Teichmüller
disk is by definition a holomorphic isometric embedding D Ñ Tg into the Teichmüller
space of genus g compact Riemann surfaces which is an isometry for the Poincaré metric
on D and the Teichmüller metric on Tg. Under rare circumstances the image ∆ of
D Ñ Tg projects onto an algebraic curve in Mg. Let Γ ď Γg be the global stabilizer of
∆ under the action of the mapping class group. Then the projection ∆ Ñ Mg factor
through Γ and we obtain a holomorphic map ∆{Γ Ñ Mg. One can show that C “ ∆{Γ
is the normalization of the image of ∆ in Mg (see Proposition 3.2.7). Remark 4.1.6
and especially formula (4.1.5.1) can help us to understand families of compact Riemann
surfaces over covers of C “ ∆{Γ.

4.2 Monodromy of locally constant sheaves

Another important class where the notion of monodromy appears, are sheaves, which
are locally isomorphic to a constant sheaf of R-modules for a ring R. Such sheaves are
also called local systems. For every locally constant sheaf of R-modules L on a path
connected topological space X one can construct monodromy maps

π1pX,x0q ÝÑ AutpLx0q
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as in section 4.1 about fibrations. (We denote by Lx0 the stalk at the point x0 P X).
We want to explain in the following why the construction in Claire Voisin’s book [118]
is more or less similar to that of fibrations from the previous section.

Essential for the construction of the monodromy functor was the homotopy lifting prop-
erty of fibrations. The equivalent statement for locally constant sheaves is provided by
the next lemma.

4.2.1 Lemma. Let M be a R-module and let S be a locally connected topological
space and let F be a local system with stalk M on S ˆ r0, 1s. A global section σ0 on
F|Sˆt0u “ ι´1F for the inclusion ι : S ˆ t0u ãÑ S ˆ r0, 1s extends uniquely to a global
section σ of F.

Proof. Since F is locally constant and r0, 1s is compact we can find open connected
subsets Ui Ă S pi P Iq and for every i P I real numbers 0 ď ri,k ă ri,k`1 ď 1 (1 ď k ď Ni)
sucht that ri,0 “ 0 and ri,Ni “ 1 for every i P I and such that the restriction of F to
Ui ˆ rri,k, ri,k`1s is a constant sheaf for every i P I and every 1 ď k ă Ni. Since Ui is
connected we get for every 1 ă k ă Ni the identities

ΓpUi ˆ rri,k´1, ri,ks,Fq “ ΓpUi,F|Uiˆtri,kuq “ ΓpUi ˆ rri,k, ri,k`1s,Fq

Thus σ0|Uiˆt0u extends to a section σi P ΓpUi ˆ r0, 1s,Fq for every i P I. Again, since
F is locally constant one can show that sections σi and σj coincide on the intersection
Ui ˆ r0, 1s XUj ˆ r0, 1s. Hence the sections σi (i P I) glue to a global section σ of F.

From this Lemma one can deduce the following.

4.2.2 Lemma. Let F be a local system with stalk M on S ˆ r0, 1s, where S is again a
locally connected topological space. We write pr1 : S ˆ r0, 1s Ñ S for the projection to
the first component and we write G for the sheaf pr´1

1 pF|Sˆt0uq. Then there is a canonical
isomorphism of sheaves

F
–

ÝÑ G.

Proof. We write HompF,Gq for the Hom-sheaf between F and G. For an open set
U Ă S ˆ r0, 1s the elements in ΓpU,HompF,Gqq are the morphisms of sheaves between
F|U and G|U . Since F and G are local systems the sheaves HompF|Sˆt0u,G|Sˆt0uq and
HompF,Gq|Sˆt0u are isomorphic. The restrictions F|Sˆt0u and G|Sˆt0u are canonically
isomorphic by construction. Let

σ P ΓpS ˆ t0u,HompF|Sˆt0u,G|Sˆt0uqq

be the corresponding canonical section. By [74, Proposition 2.3.10] the sheaf HompF,Gq

is locally constant and thus by the previous Lemma 4.2.1 the section σ can be extended
to a morphism of sheaves between F and G. It turns out that this extension is an
isomorphism (see Lemma 3.8 in [118]).
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4.2.3 Theorem. Let X be a topological space and let L be a locally constant sheaf on
X. The construction in the following proof induces a well defined functor

F : Π1pXq ÝÑ R´Mod

from the fundamental groupoid Π1pXq of X to the category of R-modules which maps a
point x P X to the stalk Lx and which maps a class rγs to an isomorphism of R-modules
from Lγp0q to Lγp1q.

Proof. Let γ : r0, 1s Ñ X be a path from x to y. Consider the inverse image Gγ “ γ´1L
which is a locally constant sheaf on r0, 1s. We have that Gγ |t0u is the constant sheaf with
stalk Lx and Gγ |t1u is the constant sheaf with stalk Ly. If we apply the previous Lemma
4.2.2 twice (with S “ tptu) we get for i “ 0, 1 canonical isomorphisms

Gγ ÝÑ pr´1
1 pGγ |tiuq (4.2.3.1)

For i “ 0, 1 the sheaf pr´1
1 pGγ |tiuq is the constant sheaf with stalk Lx respectively Ly

on r0, 1s since the inverse image of the constant sheaf G|tiu is constant. The set r0, 1s

is connected and hence for i “ 0, 1 every stalk of the constant sheaf pr´1
1 pGγ |tiuq is

naturally isomorphic to the module of global sections. This is especially true for the
stalks Lx “ ppr´1

1 Gγ |t0uq0 and Ly “ ppr´1
1 Gγ |t1uq1. Hence the morphisms of sheaves from

(4.2.3.1) lead to isomorphisms

φx,γ : Γpr0, 1s,Gγq ÝÑ Γpr0, 1s, pr´1
1 pGγ |t0uqq ÝÑ Lx

and

φy,γ : Γpr0, 1s,Gγq ÝÑ Γpr0, 1s, pr´1
1 pGγ |t1uqq ÝÑ Ly.

We define Aγ “ φy,γ ˝ φ´1
x,γ P IsopLx,Lyq.

Next we have to show that our map is well defined, i.e. that Aγ “ Aη for paths
γ, η : r0, 1s Ñ X which are homotopic. Let h : r0, 1s ˆ r0, 1s Ñ X be a homotopy of paths
with

hps, 0q “ γpsq, hps, 1q “ ηpsq, hp0, tq “ x hp1, tq “ y

for s, t P r0, 1s. We consider the inverse image sheaf h´1L. It is easy to see that

ph´1Lq|Iˆt0u “ γ´1L and ph´1Lq|Iˆt1u “ η´1L.

If we apply Lemma 4.2.2 to ph´1Lq|Iˆt0u and to ph´1Lq|Iˆt1u we get for γ and η isomor-
phisms that identify h´1L with the constant sheaf with stalk Lx on r0, 1s ˆ r0, 1s and
isomorphisms that identify h´1L with the constant sheaf with stalk Ly on r0, 1s ˆ r0, 1s.
By Lemma 4.2.1 (and the proof of the Lemma) these isomorphisms coincide pairwise
since γ and η start and end in the same point. Thus the maps φx,γ , φx,η coincide and
the maps φy,γ , φy,η coincide. We conclude Aγ “ Aη.

Now it is left to show that rγ ˚ηs ÞÑ Aη ˝Aγ for paths γ, η : r0, 1s Ñ X with γp1q “ ηp0q.
We omit this part since it uses basically the same arguments as before.
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From this theorem we get two corollaries.

4.2.4 Corollary. Let X be a path connected and simply connected topological space.
Then every local system G with stalk M on X is isomorphic to the constant sheaf MX

with stalk M on X.

Idea of the proof. Let x P X then for every y P X there is a path γ : r0, 1s Ñ X with
γp0q “ x and γp1q “ y and an isomorphism Aγ between the stalks Gx and Gy. In the
proof of Proposition 3.9 in the book [118] Voisin describes how the Aγ glue together to a
global section of the sheafHompMX ,Gq of locally constant homomorphisms betweenMX

and G. She argues that this section is an isomorphism since MX and G are isomorphic
in a neighbourhood of x by assumption.

4.2.5 Corollary. LetM be a R-module and let L be a locally constant sheaf of stalkM
on a path connected, locally simply connected topological space X. Fix a point x0 P X
and an isomorphism φ : Lx0 Ñ M . Then the construction in the proof of this corollary
is a well defined group homomorphism

π1pX,x0q ÝÑ AutpMq.

There are two ways to obtain the group homomorphism. One can either use Theorem
4.2.3 directly or one can do an intermediate step with the universal cover of X and
Corollary 4.2.4. Both approaches appear in the literature and especially the second one
is important later in Subsection 4.5.4 about period mappings. This is why we want to
explain both ways and why they lead to the same group homomorphism.

Proof of Corollary 4.2.5. Approach 1: Let c P π1pX,x0q and let γ : r0, 1s Ñ X be a
closed path which represents c. By Theorem 4.2.3 we get an isomorphism Aγ : Lx0 Ñ Lx0
which is independent of the representantive of the class c. Define

π1pX,x0q ÝÑ AutpMq, rγs ÞÝÑ φ ˝Aγ ˝ φ´1.

Approach 2: If π : rX Ñ X is an universal cover of X then π´1pLq is isomorphic to the
constant sheaf with stalk M on rX by Corollary 4.2.4. Write

β : π´1L ÝÑ M
rX

for the isomorphism of sheaves. Then β is uniquely determined by the chosen isomor-
phism φ : Lx0 – M .

Fix a point y0 P π´1ptx0uq, then for every c P π1pX,x0q the isomorphism β induces
an isomorphisms βc : π

´1pLqc¨y0 Ñ M between the stalk at c ¨ y0 and M . Furthermore
pπ´1Lqc¨y0 and Lx0 are naturally isomorphic by the definition of the inverse image π´1L.
Write αc : pπ´1Lqc¨y0 Ñ Lx0 for this isomorphism. Then define the group homomorphism

π1pX,x0q ÝÑ AutpMq, c ÞÝÑ φ ˝ αc ˝ β´1
c
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Compare Approach 1 and Approach 2: We explain now why the construction in Approach
2 leads to the same group homomorphism as the construction in Approach 1 with the
monodromy functor from Theorem 4.2.3. We identify π1pX,x0q with the Deck group of
π : rX Ñ X. Let c P π1pX,x0q and rγ : r0, 1s Ñ rX a continuous path from y0 to c ¨ y0 such
that γ “ πprγq is an element of the class c P π1pX,x0q. By Theorem 4.2.3 the paths rγ
and γ “ πprγq induce isomorphisms of stalks

A
rγ :

`

π´1L
˘

y0
ÝÑ

`

π´1L
˘

c¨y0
and Aγ : Lx0 ÝÑ Lx0 .

By definition of the inverse image sheaf π´1L we get again isomorphisms

α1 : pπ´1Lqy0 ÝÑ Lx0 and αc : pπ´1Lqc¨y0 ÝÑ Lx0 .

Now we have the identity Aγ “ αc ˝A
rγ ˝α´1

1 . This is because we can cover the compact
set γpr0, 1sq by open sets Ui such that π|Ui is a homeomorphism onto its image and in
this case π´1pLqpUiq “ LpπpUiqq.

We recall the construction of the isomorphism β : π´1L Ñ M
rX
in 4.2.4. The main idea

was to identify the stalk pπ´1Lqy0 with any other stalk pπ´1Lqz via the isomorphism Aη
from Theorem 4.2.3, where η : r0, 1s Ñ rX is a continuous path which starts in y0 and
ends in z. This immediately implies the identity

βc “ φ ˝ α1 ˝A´1
rγ .

for c P π1pX,x0q and rγ a path from y0 to c ¨ y0. We showed that both approaches lead
to the same group homomorphism.

4.2.6 Definition. Let L be a locally constant sheaf of R-modules and X a path con-
nected locally simply connected topological space X as in the previous corollary. Fix
again a point x0 P X and write M for the stalk Lx0 . Then the group homomorphism

π1pX,x0q ÝÑ AutpMq

is called the monodromy representation of the local system L in the point x0 P X.

If our base spaceX is path-connected and locally simply connected we even have that the
monodromy maps from above define an equivalence of categories between the category of
local systems on X and the category of abelian groups equipped with a π1pX,x0q-action.
Given an abelian group A equipped with a π1pXq-action we can naturally associate a
local system L to it as we want to explain now. If π : rX Ñ X denotes the universal
cover of X and A

rX
is the constant sheaf with stalk A on rX, then we define the sections

of L over an open set U Ă X as follows. The elements of ΓpU,Lq are the sections σ of
Γpπ´1pUq, A

rX
q with the property

σpγ ¨ xq “ γ ¨ σpxq

for all x P rX and for all γ P π1pXq. For the whole proof see [118] Corollary 3.10.
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4.2.7 Proposition. Let X be a topological space, Let M be a R-module and let L be
a locally constant sheaf of stalk M on X. Let W be a second R-module and let

Q : L bR L Ñ WX

be a bilinear map. Let x, y P X and γ : r0, 1s Ñ X be a path from x to y. Write
Aγ : Lx Ñ Ly for the isomorphism by parallel transport from Theorem 4.2.3. Then
Qy ˝ pAγ b Aγq “ Qx. Or in other words parallel transport preserves the bilinear map
Q.

Proof. Let γ : r0, 1s Ñ X be a path from x to y. We denote again Gγ :“ γ´1L. Then
there are the isomorphisms of sheaves

ψx : G
γ ÝÑ pLxqr0,1s and ψy : G

γ ÝÑ pLyqr0,1s.

from the proof of Theorem 4.2.3. Let S be the presheaf U ÞÑ GγpUq bR GγpUq, where
U Ă r0, 1s is open. SinceWX is constant, the morphism of sheaves Q induces a morphism
of presheaves between S and γ´1WX “ Wr0,1s. Thus the universal property of tensor
products on sheaves induces a morphism of sheaves

Qγ : G
γ bR Gγ ÝÑ Wr0,1s.

By Lemma 4.2.1 the bilinear maps Qx : Lx bR Lx Ñ W and Qy : Ly bR Ly Ñ W extend
to sheaf morphisms

rQpxq : pLxqr0,1s bR pLxqr0,1s Ñ Wr0,1s and rQpyq : pLyqr0,1s bR pLyqr0,1s Ñ Wr0,1s

The universal property of tensor-products on sheaves leads to sheaf morphisms

rψx : G
γ bR Gγ Ñ pLx b Lxqr0,1s and rψy : G

γ bR Gγ Ñ pLy b Lyqr0,1s

induced by ψx ˆ ψx respectively ψy ˆ ψy. The construction of trivialisations in Lemma
4.2.1 shows that the following diagrams commute:

Gγ bR Gγ Wr0,1s

pLxqr0,1s b pLxqr0,1s Wr0,1s

Qγ

rψx id

rQpxq

Gγ bR Gγ Wr0,1s

pLyqr0,1s bR pLyqr0,1s Wr0,1s

Qγ

rψy id

rQpyq

The natural isomorphism from the global sections Γpr0, 1s,Wr0,1sq “ W to the stalks
pWr0,1sq0 “ W and pWr0,1sq1 “ W is also given by the identity map. We thus get the
following commutative diagrams:

Lx bR Lx Γpr0, 1s, pLxqr0,1s bR pLxqr0,1sq Γpr0, 1s,Gγ bR Gγq

W W “ Γpr0, 1s,Wr0,1sq W “ Γpr0, 1s,Wr0,1sq

Qx

φ0

Γ rQpxq

Γ rψx

ΓQγ

id id
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and

Γpr0, 1s,Gγ bR Gγq Γpr0, 1s, pLyqr0,1s bR pLyqr0,1sq Ly bR Ly

W “ Γpr0, 1s,Wr0,1sq W “ Γpr0, 1s,Wr0,1sq W

Γ rψy

ΓQγ

φ1

Γ rQpyq Qy

id id

Here the homomorphisms φ0 and φ1 are the natural isomorphisms of the global sections
of pLxqr0,1sbRpLxqr0,1s respectively pLyqr0,1sbRpLyqr0,1s to the stalks in the point 0 P r0, 1s

respectively 1 P r0, 1s. The concatenation of the isomorphisms in the first two rows of
the diagrams is the homomorphism Aγ bAγ : LxbRLx Ñ LybRLy. The commutativity
of the diagrams shows Qy ˝Aγ bAγ “ Qx.

4.2.8 Local systems associated to proper submersions. Let f : X Ñ B be a
proper submersion between holomorphic manifolds B and X. We saw in Section 4.1.4
that for every b P B we get a monodromy representation

monf : π1pB, bq ÝÑ π0Homeo`pXbq,

where π0Homeo`pXbq are the orientation preserving homeomorphisms of Xb up to ho-
motopy. Since homotopic maps induce the same homomorphisms on cohomology, for
any k ě 0 we get a homomorphism

ψk : π0Homeo`pXbq ÝÑ GLpHkpXb,Qqq,

induced by the action of π0Homeo`pXbq on the cohomology groups HkpXb,Qq by pull
back. This leads to a homomorphism ρk “ ψk ˝ monf from π1pB, bq to the group
GLpHkpXb,Qqq. Since orientation preserving homeomorphisms preserve the intersection
pairing Qk on HkpXb,Qq, we get for every k P N a homomorphism

ρk : π1pB, bq ÝÑ AutpHkpXb,Qq, Qkq. (4.2.8.1)

As in Remark 2.2.3 we can show with the Theorem of Ehresmann that for every natural
number k P N the sheaf Rkf˚ZX is locally constant. Furthermore if we glue local trivi-
alisations of f : X Ñ B we can easily describe the monodromy representation associated
to the local system Rkf˚ZX. We will formulate this in the next proposition.

4.2.9 Proposition. Let f : X Ñ B be a proper submersion between holomorphic man-
ifolds and let b P B. Then for every k P N the monodromy representation of the local
system Rkf˚ZX is given by the group homomorphism

ρk : π1pB, bq ÝÑ AutpHkpXb,Qq, Qkq.

from (4.2.8.1).
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Proof. [118, Section 3.1.2] or [6, Proposition 1.2.6])

We want to state an important result from Alan Landman [81] for the algebraic repre-
sentation.

4.2.10 Theorem (Monodromy Theorem). Now let X Ñ D˚ be a family of compact
Riemann surfaces over the punctured unit disk D˚ “ tt P C | 0 ă |t| ă 1u and let
γ P π1pD˚q be a generator. Denote by ρkpγq “ γsγu the Jordan decomposition of ρkpγq

into its semistable and unipotent part. Then there is a natural number m P N with
pγu ´ idqm “ 0 and γs has finite order.

Let f : X Ñ D˚ be a family of compact Riemann surfaces. If we replace D˚ by a
finite cyclic cover we can assume that the family has unipotent algebraic monodromy
by Theorem 4.2.10. This is important because it allows us to extend the local system
R1f˚ZX. This is the content of the next section.

4.3 Flat vector bundles

4.3.1 Local systems and flat vector bundles. There is another important charac-
terization of local systems as vector bundles with flat connections. A good reference is
[117, section 9.2.1].

Let B be a complex manifold and denote by OB the sheaf of holomorphic functions on
B. If V is a local system of C-vector spaces then we can associate to V a locally free
OB-module V, respectively a vector bundle by

V “ V bC OB.

This vector bundle naturally comes with a flat connection ∇V : V Ñ ΩB bOB
V in the

following way. Let s be a section of the vector bundle V and let U Ă B be an open
subset, such that ΓpU,Vq is isomorphic to a C-vector space with basis s1, . . . , sn. Then
s|U “

řn
i“1 fi si with fi P OBpUq and we define

∇V s|U “

n
ÿ

i“1

dfi b si “

n
ÿ

i,j“1

Bfi
Bzj

dzj b si. (4.3.1.1)

This definition is independent of the chosen basis and glues together to a map of sheaves.
A proof of the following proposition can be found in [117, Proposition 9.11].

4.3.2 Proposition. Let B be a complex manifold. The functor

V ÞÝÑ pV bC OB,∇Vq,

defines an equivalence of the category of local systems over B and the category of complex
vector bundles over B equipped with a flat connection.
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4.3.3 Deligne canonical extension. We write D for the unit disk and denote D˚ “

Dzt0u. Let n, k P N with k ď n and let B “ pD˚qk ˆ Dn´k as well as X “ Dn. Then
D “ XzB is a divisor with normal crossing singularity since D is given by the equation
śk
i“1 ti “ 0 for local coordinates t1, . . . , tn of the polydisk X.

Let V be a local system of C-vector spaces over B and let V “ VbCOB be the associated
holomorphic vector bundle with flat connection

∇V : V ÝÑ ΩB bOB
V.

Choose an isomorphism of the fundamental group π1pB, bq of B with base point b P B and
the group Zk. We write ρ : π1pB, bq Ñ GLpVbq for the monodromy representation of the
local system V. Choose generators γ1, . . . , γk P π1pB, bq corresponding to the standard
generators e1, . . . , ek of Zk under our identification and assume that the monodromy
operators Ti :“ ρpγiq P GLpVbq are unipotent elements for every i “ 1, . . . , k.

We will sketch the construction of Deligne’s canonical extension of pV,∇q to a vec-
tor bundle over X with a meromorphic connection pVext,∇extq [19, Proposition II.5.2].
Without loss of generality we assume k “ n and hence B “ pD˚qn. Let V be a vector
bundle of rank r. For every i “ 1, . . . , n we define a nilpotent matrix

Ni “
´1

2π
?

´1
log Ti “

1

2π
?

´1

8
ÿ

j“1

1

j
pIr ´ Tiq

j ,

where the sum on the right hand side is finite since the matrices Ti P Crˆr are unipotent
by assumption. A universal cover πuniv : Hn Ñ B is given by

πunivpz1, . . . , znq “ pexpp2π
?

´1 z1q, . . . , expp2π
?

´1 znqq.

The fundamental group Zn of B with standard generators e1, . . . , en acts on Hn by Deck
transformations by the rule

ei.pz1, . . . , zi, . . . , znq “ pz1, . . . , zi ´ 1, . . . , znq.

The pull back π˚
univV of the bundleV to the universal cover Hn can be globally trivialized

and hence the sections of V over B correspond to holomorphic maps s : Hn Ñ Cr which
are equivariant with respect to the action of the fundamental group Zn on Hn and the
action of the group of monodromy operators on Cr. This means that for every z P Hn

and every i “ 1, . . . , n the equality spei.zq “ Ti spzq is required. For any vector v P Cr
we define a holomorphic map

rsv : Hn ÝÑ Cr, rsvppz1, . . . , znqq “ exp

˜

2π
?

´1
n

ÿ

j“1

zjNj

¸

v.
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We fix a vector v P Cr and the holomorphic map rsv : Hn Ñ Cr. Then for every i “

1, . . . , n and every z P Hn we have the property

rsvpei.zq “ exp

˜

2π
?

´1

˜

n
ÿ

j“1

zjNj ´Ni

¸¸

¨ v

“ expp´2π
?

´1Niq ¨ rsvpzq “ Ti ¨ rsvpzq.

This shows rsvpei.zq “ Ti ¨ rsvpzq. In other words, the holomorphic map rsv defines a
holomorphic section sv of V Ñ B. By construction of the universal cover πuniv : Hn Ñ B
and by construction of the section sv P ΓpB,Vq, we see that sv is meromorphic on X
and holomorphic on B “ XzD with growth Oplog}t}kq close to D, where }t} “ 1{dpt,Dq.
Let ι : B Ñ X be the inclusion. For every v P Cr we have sv P ΓpX, ι˚Vq and we define
Vext as

xsv | v P Cry bC OX Ă ι˚V.

All the matrices Nj commute with each other and hence we obtain for all pz1, . . . , znq P

Hn the equality

exp

˜

2π
?

´1
n

ÿ

j“1

zjNj

¸

“

n
ź

j“1

exp
`

2π
?

´1 zjNj

˘

.

For i “ 1, . . . , n, we conclude for the partial derivatives

B{Bzi

˜

exp

˜

2π
?

´1
n

ÿ

j“1

zjNj

¸¸

“ 2π
?

´1 ¨Ni ¨ exp

˜

2π
?

´1
n

ÿ

j“1

zjNj

¸

.

On the pull back π´1
univV of the local system V to Hn we have a natural connection ∇

defined as in 4.3.1.1. If v P Cr and rsv : Hn Ñ Cr is defined as above, then

∇rsv “ 2π
?

´1
n

ÿ

j“1

dzj bNj rsv.

For the coordinate tk “ expp2π
?

´1zkq of B we get dtk{tk “ 2π
?

´1 dzk and hence the
connection ∇ext : Vext Ñ Ω1

X bOX
Vext that fits to our construction is given by

∇extpsvq :“
n

ÿ

j“1

dtj
tj

bNj sv.

The 1-forms dtj{tj are so called logarithmic 1-forms1. The tuple pVext,∇extq is a regular
connection in the sense of [19, Definition II.1.11]. The construction of the Deligne
canonical extension is the main part of the following theorem (see [107, Chapter 6,
Section 6.1] or [98, Theorem 11.7] for more details).

1The sheaf of logarithmic one forms on X which are holomorphic on B “ XzD is often written in the
literature as Ω1

XplogDq.
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4.3.4 Theorem (Deligne’s Riemann Hilbert correspondance). The construction delivers
a functor

V ÞÝÑ ppV bC OBqext, p∇Vqextq,

which includes the category of locally constant sheaves on B “ XzD into the category
of holomorphic vector bundles on X with a regular meromorphic connection.

4.4 Mixed Hodge structures

The proof of Theorem A relies on Hodge theory. In this section we want to collect all
the tools we need. We can warmly recommend the book [98], which we used as a main
reference in this section, and the book [117]. But also chapter 3 of [65] summarizes parts
of the theory very nicely.

4.4.1 Definition (Hodge structure and Hodge decomposition for modules). Let VZ be
a Z-module of finite rank and let k P Z.

(i) AHodge structure of weight k on VZ is by definition a decreasing filtration tF pVCupPZ
of the associated complex vector space VC “ VZ bZ C by complex subspaces such
that for every p, q P Z with p` q “ k ` 1 the condition

VC “ F p V ‘ F q V

holds.

(ii) A Hodge decomposition of weight k on VZ is a decomposition of the associated
complex vector space

VC “
à

p`q“k

V p,q

such that V p,q “ V q,p for the complex vector spaces V p,q Ă VC pp ` q “ kq. The
numbers hp,q :“ dimpV p,qq are called Hodge numbers of the Hodge structure.

(iii) Let VZ and WZ be two Z-modules equipped with Hodge decompositions of weight
k. We say that a morphism f : VZ Ñ WZ is a morphism of Hodge decompositions
if fCpV p,qq Ă W p,q for every p, q P Z, where fC is the complexification fC of f .

4.4.2 Remark. Let VZ be a Z-module of finite rank and k P Z. The definition of Hodge
structure and Hodge decomposition in Definition 4.4.1 describe the same structure on
VC by the following arguments. Given a decreasing Hodge filtration tF pVCupPZ on VC,
the complex spaces

V p,q :“ F pVC X F qVC pp, q P Z, p` q “ kq
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define a Hodge decomposition. The other way around, if we have a decomposition
VC “ ‘p`q“kV

p,q as in Definition 4.4.1 (ii) then the subspaces

F pVC :“
à

iěp

V i,k´i pp P Zq

define a Hodge filtration tF pVCupPZ on VC.

4.4.3 Example (Hodge structure on integral cohomology). Let X be a compact Kähler
manifold then the cohomology group HkpX,Zq has a Hodge decomposition of weight
k. We identify HkpX,Cq by the isomorphism of De Rham with the k-th De Rham
cohomology, which we want to denote in the following by Hk

DRpX,Cq. The k-th De
Rham cohomology admits the well known decomposition

HkpX,Cq “ Hk
DRpX,Cq “

à

p`q“k

Hp,qpXq,

where Hp,qpXq is the space of harmonic pp, qq-forms on X (see [98, Theorem 1.8]).

Furthermore if Y is a second compact Kähler manifold and f : X Ñ Y is a holomorphic
map, then the pull back map f˚ : HkpY,Cq Ñ HkpX,Cq maps Hp,qpY q to Hp,qpXq for
p` q “ k and hence defines a morphism of Hodge decompositions.

4.4.4 Example (Hodge structure of Tate). Letm P Z. An important and basic example
of Hodge decomposition is the Hodge decomposition of Tate on the module Zpmq :“
p2π

?
´1qmZ, which consists of the single vector space

H´m,´m :“ Zpmq bZ C “ C.

It has weight ´2m.

4.4.5 Constructions. We want to introduce the most relevant constructions on Hodge
structures. Let VZ, WZ be Z-modules of finite rank with Hodge decompositions

VC “
à

p`q“k

V p,q and WC “
à

r`s“m

W r,s

of weight k and weight m.

(i) Morphisms: If HomZpVZ,WZq is the module of all Z-module homomorphisms be-
tween VZ and WZ, then we can identify HomZpVZ,WZq bZ C with the finite vector
space HomCpVC,WCq and there is a Hodge decomposition of weight m ´ k on
HomZpVZ,WZq given by the subspaces

HompV,W qu,z :“ tφ : VC Ñ WC | φpV p,qq Ă W p`u, q`z @ p, qu

of the complex vector space HomCpVC,WCq.
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(ii) Tensor product: We can identify pVZbZWZqbZC with the complex tensor product
VC bC WC and get the natural subspaces

pVC bWCqu,z :“
à

p`r“u, q`s“z

V p,q bC W
r,s,

which define a Hodge decomposition of weight k `m on VZ bZ WZ.

4.4.6 Definition. An integral polarization of a Hodge structure of weight k on a Z-
module VZ is a morphism of Hodge decompositions

Q : VZ bZ VZ ÝÑ Zp´kq,

which is p´1qk-symmetric, i.e. Qpv b wq “ p´1qkQpw b vq for all v, w P VZ and such
that the hermitian form

Hpv, wq :“ p2π
?

´1qkQCpC v b wq

is positive-definite on VC. Here C denotes the Weil operator, which is defined by C|V p,q “
?

´1
p´q

id and hence respects the Hodge decomposition.

4.4.7 Remark. Let VZ be a Z-module equipped with a Hodge structure with Hodge
decomposition VC “ ‘p`q“kV

p,q respectively a decreasing filtration tF pVCupPZ. Fur-
thermore let Q : VZ bZ VZ Ñ Zp´kq be a polarization for the Hodge structure in the
sense of Definition 4.4.6. The only relevant part of the Hodge decomposition of Zp´kq

is given by H´k,´k “ C. Hence we directly deduce from the definition of polarization
the following relations:

QCpV p,q, V r,sq “ 0 unless p “ s and q “ r
?

´1
p´q

Hpv, vq ą 0 for p` q “ k and 0 ‰ v P V p,q

The first relations together with an argument on dimensions shows that F k´m`1VC is the
orthogonal complement of FmVC with respect to QC for every m P Z. This is indeed an
equivalent formulation of the first relation. The two relations above are called Riemann
relations. The first relation also ensures that H is an hermitian form on the whole space
VC. The second one that H is positive-definite. Alternatively we could have defined a
polarization as a bilinear form on VZ which is symmetric for even k and alternating for
odd k such that the Riemann relations are fulfilled. See the discussion in [98] Section
2.1. for more details.

4.4.8 Hodge-Riemann pairing. Let X be a compact complex manifold and let ω P

H2pX,Zq be an integral Kähler class. We call such a pair pX,ωq a polarized manifold.
The manifold X is projective by the Koidara embedding theorem, i.e. we have an
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embedding X Ñ Pn for some n ą 0. Let d “ dimCpXq the dimension of X and let
k ď d. We write L for the cup-product

L : HkpX,Zq ÝÑ Hk`2pX,Zq, α ÞÝÑ ω ^ α.

We define the intersection pairing orHodge-Riemann pairingQk : H
kpX,ZqˆHkpX,Zq Ñ

Zp´kq by

pα, βq ÞÝÑ
p´1qkpk´1q{2

p2π
?

´1qk

ż

X
α ^ β ^ ωd´k.

The primitive cohomology HkpX,Zqprim “ kerpLd´k`1q is naturally equipped with a
Hodge decomposition by the spaces

Hp,q
prim :“ HkpX,Cqprim XHp,qpXq pp` q “ kq.

The pairing Qk on HkpX,Zq now defines an integral polarization on the primitive part
HkpX,Zqprim. See section 7.1.2 of [117] for more details.

4.4.9 Definition (Mixed variation of Hodge structures and Hodge decomposition). Let
B be a complex manifold and let k P Z.

(i) A (mixed) variation of Hodge structure of weight k on B (short: VHS of weight k)
consists of a local system VZ of finitely generated abelian groups on B and a finite
decreasing filtration tF pVupPZ of the holomorphic vector bundle V :“ VZ bZ OB
by holomorphic subbundles with the following properties:

• For each b P B the filtration tF pVbu defines a Hodge structure of weight k
on the finite complex vector space VZ,b bZ C.

• The flat connection ∇VZ : V Ñ Ω1
B bOB

V associated to the local system VZ
satisfies Griffith’s transversality condition

∇VZpF pVq Ă Ω1
B bOB

F p´1V.

(ii) A morphism of variation of Hodge structures of degree r is a morphism of the
underlying local systems φ : VZ Ñ WZ such that the extension of φ satisfies
φpF pVq Ă F p`rW.

4.4.10 Remark. Given two VHS pVZ , tF pVupPZq and pWZ, tF
qWuqPZq of weight k

and m on a complex manifold B, then there is a VHS on VZ bZ WZ of degree k ` m
and a VHS on HompVZ,WZq of degree m ´ k. In other words the category VHSpBq of
variations of Hodge structure on a complex manifold B is equipped with the operations
tensor product and homomorphisms.
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4.4.11 Remark. Let pVZ , tF pVuq be a VHS of weight k on the complex manifold B
as in Definition 4.4.9. We can consider the holomorphic subbundles F pV (p P Z) also
as real C8-bundles on B and thus their complex conjugates are anti-holomorphic. We
define

Vp,q :“ F pV X F qV pp, q P Zq.

From this we get a decomposition of V in C8-subbundles

V “
à

p`q“k

Vp,q. (4.4.11.1)

The decomposition in (4.4.11.1) defines a Hodge decomposition on every fiber Vb (b P Bq

of V and hence we want to call it Hodge decomposition of the VHS.

On the other hand, if there is a decomposition of the flat vector bundle V “ VZbZOB as
in equation (4.4.11.1) such that for an integer k the bundles

À

iěpV
i,k´i are holomorphic

and moreover fulfill Griffith’s transversality condition, then we obtain in this way a
variation of Hodge structure of weight k.

4.4.12 Variation of Hodge structures on a family of algebraic manifolds. We
want to discuss an example from [46], where Griffiths defined a variation of Hodge struc-
ture on a family of algebraic manifolds. So let B and X be complex manifolds and let
f : X Ñ B be a family of algebraic manifolds. Furthermore we assume that X is bimero-
morphic to a Kähler manifold. The complex space X is for example bimeromorphic to a
Kähler manifold if it is an algebraic manifold.

Consider the local system Rqf˚ZX, where R
qf˚ is the q-th right derived functor of the

direct image functor. We associate to it the vector bundle

Hq
DRpX{Bq :“ Rqf˚ZX bZ OB.

We write df : TX Ñ f˚TB for the differential of f : X Ñ B. If T pX{Bq denotes the
kernel of df and NpX{Bq the image of df then we have an exact sequence

0 ÝÑ T pX{Bq ÝÑ TX ÝÑ NpX{Bq ÝÑ 0.

If Df : f˚Ω1
B Ñ Ω1

X is the dual morphism of the differential df with image Dfpf˚Ω1
Bq Ă

Ω1
X then we get the dual exact sequence

0 ÝÑ Dfpf˚Ω1
Bq ÝÑ Ω1

X ÝÑ Ω1
X{Dfpf˚Ω1

Bq ÝÑ 0.

In the following we write Ω1
X{B for Ω1

X{Dfpf˚Ω1
Bq. The locally free sheaves Ωp

X{B :“
Źp

OX
Ω1
X{B form a complex

Ω‚
X{B “ pOX ÝÑ Ω1

X{B ÝÑ Ω2
X{B ÝÑ . . . q,

the relative de Rham complex. Let Ω‚
X{B Ñ I‚ be an injective resolution. Inductively

we can built a simultaneous injective resolution I‚ Ñ J‚,‚ such that Ip Ñ Jp,‚ is an
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injective resolution for every p ě 0. This is called a Cartan-Eilenberg resolution. Read
more about Cartan-Eilenberg resolutions in [115, p. 23.3.7]. We write J‚ for the total
complex of J‚,‚. One can show that I‚ and J‚ are quasi-isomorphic. We apply the
functor f˚ to I and J‚,‚ and consider the spectral sequence Ep,qr “ Ep,qr pf˚J

‚,‚q with
upward orientation associated to f˚J

‚,‚. The spectral sequence Ep,qr degenerates at
E1 [98, Proposition 10.29] and the Ep,q1 converge to

Hp`qpf˚J
‚q – Hp`qpf˚I

‚q – Rp`qf˚pΩ‚
X{Bq.

By [98, Theorem 10.26, Corollary 10.27] we have Hk
DRpX{Bq – Rkf˚pΩ‚

X{Bq and the
above translates to

Ep,q1 “ Rqf˚Ω
p
X{B ùñ

p
Hp`q

DR pX{Bq – Rp`qf˚pΩ‚
X{Bq.

Hence we get for every k P N a filtration

Ek,01 “ F k Ă F k´1 Ă ¨ ¨ ¨ Ă F 1 Ă F 0 “ Hk
DRpX{Bq

with Ek´i,i
1 – Fk´i{Fk´i`1 for every i “ 0, . . . , k.

4.4.13 Theorem. Let f : X Ñ B be a family of algebraic manifolds such that X and
B are smooth and such that X is bimeromorphic to a Kähler manifold. Then for every
k P N the local system Rkf˚ZX with the filtration tF pu on Hk

DRpX{Bq from above is a
variation of Hodge structure with respect to the Gauss-Manin connection.

Proof. [21, Theorem 3.6] or [98, Corollary 10.31]

4.4.14 Remark. In the following text we consider most of the time f : X Ñ B a
family of compact Riemann surfaces and the local system R1f˚ZX. For k “ 1 we get
E0,1

1 “ f˚Ω
1
X{B and E1,0

1 “ R1f˚OX. The filtration on H1
DRpX{Bq is then given by

0 “ F 2 Ă F 1 “ f˚Ω
1
X{B Ă F 0 “ H1

DRpX{Bq. (4.4.14.1)

4.4.15 Variation of Hodge structure for the Leray primitive cohomology sheaf.
Let f : X Ñ B be a family of algebraic manifolds as in section 4.4.12. Furthermore let ω
be a global section of R2f˚ZX such that the restriction ωb of ω to the stalks H2pXb,Zq

pb P Bq are integral Kähler classes. We call a family f : X Ñ B together with a global
section ω as above a polarized family of algebraic manifolds. Recall that for every b P B
the pair pXb, ωbq is a polarized manifold in the sense of 4.4.8.

Let d “ dimCpXbq pb P Bq be the dimension of the fibers of f : X Ñ B and let k ď d.
Cup-product with the Kähler class ωb leads to a map

HkpXb,Zq ÝÑ Hk`2pXb,Zq, α ÞÝÑ ωb ^ α
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between the stalks HkpXb,Zq of Rkf˚ZX and Hk`2pXb,Zq of Rk`2f˚ZX. The morphisms
on the stalks glue together to a morphism of sheaves

L : Rkf˚ZX Ñ Rk`2f˚ZX.

Now we define the Leray primitive cohomology sheaf pRkf˚ZXqprim as the kernel of
Ld´k`1. We write Vprim for the associated holomorphic bundle of pRkf˚ZXqprim which
is a subbundle of Hk

DRpX{Bq. If tVp,q | p, q P Zu is a Hodge decomposition of Hk
DRpX{Bq

then the intersections
Vprim X Vp,q pp, q P Zq

are again C8-bundles and define a Hodge decomposition on pRkf˚ZXqprim (c.f. (3.2) in
[49]).

4.4.16 Definition. Let B be a complex manifold and let pVZ, tF
pVupPZq be a VHS of

weight k on B. We write Zp´kqB for the constant sheaf of stalk Zp´kq “ p2π
?

´1q´kZ
on B. The constant sheaf Zp´kqB is naturally equipped with an abstract variation of
Hodge structures of weight 2k which fits together with the one on Zp´kq. A polarization
of the VHS pVZ, tF

pVupPZq is a morphism of Hodge structures of degree zero

Q : VZ bZ VZ ÝÑ Zp´kqB,

such that the induced morphisms of Hodge structure VZ,b bZ VZ,b ÝÑ Zp´kq are polar-
izations for every b P B in the sense of Definition 4.4.6.

4.4.17 Example (Polarization for a family of polarized algebraic manifolds). Let f : X Ñ

B be a family of algebraic manifolds such that X and B are manifolds and such that X
is bimeromorphic to a Kähler manifold.

(i) We assume that f : X Ñ B is a family of polarized algebraic manifolds with global
section ω P ΓpB,R2f˚ZXq. By definition the restriction of the global section ω
to the stalk H2pXb,Zq leads to an integral Kähler class ωb P H2pXb,Zq for every
b P B. Thus on every stalk HkpXb,Zq we have the Hodge-Riemann pairing

Qbk : H
kpXb,Zq bZ H

kpXb,Zq ÝÑ Zp´kq

from section 4.4.8. The Hodge-Riemann pairing defines an integral polarization on
the primitive part HkpXb,Zqprim. The polarizations Q

b
k restricted to HkpXb,Zqprim

glue to a polarization Qk on the Leray primitive cohomology sheaf pRkf˚ZXqprim

equipped with the VHS which comes from the VHS on Rkf˚ZX.

(ii) If f : X Ñ B is a family of compact Riemann surfaces then it is automatically a
polarized family for the following reason. The complex structure of X induces the
complex structures on every compact Riemann surface Xb (b P Bq. Hence if ω is an
element of H2pX,Zq XH1,1pXq it restricts to an element ωb P H2pXb,Zq XH1,1pXbq

for every fiber Xb (b P Bq. Every Xb has complex dimension one and thus dωb “ 0.
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In other words ωb is an integral Kähler class for Xb. Recall that the Ehresmann
connection induces canonical isomorphisms H2pf´1pUq,Zq – H2pXu,Zq for every
contractible U Ă B and u P U . Hence we can consider ω as a global section of
R2f˚ZX. In contrast to the general case, the Hodge-Riemann pairing

Qb1 : H
1pXb,Zq bZ H

1pXb,Zq ÝÑ Zp´1q

is a polarization on the whole cohomology H1pXb,Zq for every b P B and hence we
get an integral polarization for the VHS pR1f˚ZX, f˚Ω

1
X{Bq on B.

4.4.18 Question. Let f : X Ñ B be a family of polarized algebraic manifolds with X, B
manifolds and X bimeromorphic to a Kähler manifold. Then we constructed an integral
polarized VHS on the Leray primitive cohomology sheaf pRkf˚ZXqprim. Let b P B and
let

ρk : π1pB, bq ÝÑ AutZpHkpXb,Zqprimq

be the monodromy representation of the local system pRkf˚ZXqprim. In [49] Griffiths
and Schmid asked the question whether the image of ρk is always an arithmetic group?

Griffiths and Schmid assumed that the answer to Question 4.4.18 is yes, which turned
out to be wrong. The first counterexamples were given by Deligne and Mostow [23].
Nevertheless we want to state in Theorem 4.5.7 the theorem of Griffiths, which has led
to the conjecture. This theorem also plays an important role in the proof of Theorem
6.1.5. Before we can state Griffith’s theorem, we have to introduce period mappings.
We will do this in the next section.

4.5 Period domains and Period mappings

As a reference of the following subsections we used the books [13], [117] and the papers
[48] and [49].

4.5.1 Construction of period domains. Motivated by the definition of Hodge struc-
tures and Hodge decompositions in Definition 4.4.1 and the definition of integral polar-
izations of Hodge structures in Definition 4.4.6 we want to fix the following data:

(i) Let VZ be a finitely generated lattice in a Q-vector space. For a field F P tQ,R,Cu

we denote by VF “ VZ bZ F.

(ii) Let k P Z be an integer and for every p, q P Z with p ` q “ k let hp,q P N Y t0u

such that hp,q “ hq,p and
ř

p`q“k h
p,q “ dimCpVCq. We denote by

fm “
ÿ

iěm

hi,k´i
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(iii) Furthermore let Q be a bilinear form on VZ which shall be symmetric if k is even
and skew-symmetric if k is odd.

Note especially for item (ii) how we constructed a Hodge filtration out of a Hodge de-
composition in Remark 4.4.2: If VZ is a Z- module of rank k and VC “ ‘p`q“kV

p,q

a Hodge decomposition with Hodge numbers hp,q “ dimpV p,qq then the subspaces
FmVC “

À

iěm V
i,k´i define a Hodge filtration on VC and we get the obvious relation

dimpFmVCq “
ř

iěm h
i,k´i.

Definition. We write D “ DpVZ, Q, k, th
p,quq for the set consisting of all Hodge struc-

tures of weight k on VZ with Hodge numbers thp,qu and which are integrally polarized
by Q. We call D the classifying space of Hodge structures with these data.

In the following we will give D the structure of a complex space. First of all we write qD
for the subspace of the finite product of Grassmannians

ź

fm‰0

Grasspfm, VCq

consisting of filtrations tFm | fm ‰ 0u of VC with dimpFmq “ fm, satisfying the
following two conditions :

t0u Ă ¨ ¨ ¨ Ă Fm`1 Ă Fm Ă Fm´1 Ă ¨ ¨ ¨ Ă VC (4.5.1.1)

and

QpFm, F k´m`1q “ 0 (4.5.1.2)

Then qD is per definition a subvariety of a product of Grassmann varieties and D is the
open subset of all those points in qD with the property

QpCv, vq ą 0 for all 0 ‰ v P F p X F q with p` q “ k, (4.5.1.3)

where C is the Weil operator from Definition 4.4.6. The definition of qD and D are
absolutely intuitive if we compare the equations 4.5.1.2 and 4.5.1.3 with Definition 4.4.6
respectively the Riemann bilinear relations in Remark 4.4.7.

The space qD and the classifying space of Hodge structures D has also a description
as homogeneous space. Write GC “ AutpVC, Qq for the subgroup of GLpVCq, which
consists of elements which preserve the extension of Q to VC. One can show that GC
acts transitively on qD. Furthermore, if BC “ StabGCpF0q is the stabilizer of a fixed flag

F0 “ tF p0 u P qD, then qD “ GC{BC.

Now we denote by GR ď GC the subgroup of elements T P GC such that T VR Ă VR. It
is possible to show that the action of GR on qD preserves D and that GR acts transitively
on D with isotropy group K “ BC X GR at F0. Since the elements of K commute
with complex conjugation they do not only preserve the flag F0 but also the Hodge
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decomposition on VC induced by F0. We conclude that K preserves the Hermitian
form

Hpv, wq “ QpC v,wq

on VC and thus K is a compact group. We will collect important properties of qD and D
in the next proposition.

4.5.2 Proposition. The space qD is a smooth projective complete algebraic variety
which is a homogeneous space qD “ GC{BC, where BC is a parabolic group. The set D
of Hodge structures of weight k on VZ, which are polarized by Q is an open complex
submanifold of qD and it is homogeneous D “ GR{K with a compact group K.

Proof. Proposition 8.2 and Proposition 8.12 in [48].

4.5.3 Remark. We can equip D with a GR-invariant Hermitian metric ds2D induced by
the Cartan-Killing form on the Lie algebra of GR, see [48] and the references in there.

4.5.4 Construction of period mappings. Let B be a connected holomorphic man-
ifold and let pVZ, tF

pVu, Qq be an integral polarized VHS of weight k on B. Let again
V “ VZ bZ OB. We fix a base point b P B and we write W for the fiber Vb of the
holomorphic bundle V at the point b P B. We denote fp “ dimpF pVbq and write

D Ă
ź

p

Grasspfp,Vbq,

for the classifying space of all Hodge structures on Vb polarized by Qb.

Denote by
π : rB ÝÑ B

the universal cover of B. The pullback π´1VZ of the local system VZ is again locally
constant or equivalently the associated holomorphic vector bundle rV :“ π´1VZ bZ O

rB
is equipped with a flat connection. Furthermore the polarization Q pulls back to a
polarization on π´1VC.

Let b̃ P rB be a point with πpb̃q “ b. The stalk pπ´1VCqb̃ is naturally isomorphic to the
stalk W “ pVCqb and the sheaf π´1VC is isomorphic to the constant sheaf W

rB
of stalk

W on rB by Corollary 4.2.4.

The isomorphism of sheaves β : π´1VC – W
rB
is uniquely determined by the isomorphism

pπ´1Vqb̃ – W and it induces for every t P rB an isomorphism of vector spaces

βt :
`

π´1VC
˘

t
ÝÑ W.

The fiber rVb̃ is naturally isomorphic to the fiber Vb. On the level of holomorphic
vector bundles with flat connection, we could interprete β as the global trivialization
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rV Ñ rB ˆ Vb induced by the flat connection. Every holomorphic subbundle F pV of V
pulls back to a holomorphic subbundle F p rV of rV. For every t P rB and every p P Z with
fp ‰ 0 we thus get a subspace F p rVt Ă rVt and obviously

βtpF
p

rVtq P Grasspfp,Vbq.

Indeed since the polarizationQ can be viewed as a natural transformation between locally
constant sheaves the second Riemann relation is preserved under the isomorphisms βt
and hence pβt F

p
rVtqp P D. We get the so called period mapping

P : rB ÝÑ D, t ÞÝÑ pβt F
p

rVtqp

We will collect two very important properties of the period mapping in the following
proposition.

4.5.5 Proposition. Let B be a connected holomorphic manifold with universal cover
rB and let pVZ, tF

pVu, Qq be an integral polarized VHS of weight k on B. Furthermore
let b P B be a base point and

ρ : π1pB, bq ÝÑ GLpVC,bq

be the monodromy representation associated to VC. Then the period mapping P : rB Ñ

D constructed above has the following properties:

(i) The period mapping P : rB Ñ D is holomorphic

(ii) The image Γ of the monodromy representation ρ is a subgroup of AutpVZ,b , Qbq.
Furthermore the period mapping P is equivariant with respect to the action of rγs P

π1pB, bq on B̃ by deck transformations and the action of ρprγsq´1 P AutpVZ,b , Qbq
on D, i.e.

P prγs ¨ tq “ ρprγsq´1 ¨ P ptq pt P rBq.

Proof. Part(i) was first shown by Griffiths [47, Theorem 1.27]. You can also find a proof
of part (i) in [13, Theorem 4.5.6].

Since Q is a bilinear morphism of sheaves between locally constant sheaves, the polar-
ization is invariant under monodromy and thus the image Γ of the monodromy repre-
sentation ρ lies in AutppVZ,b , Qbq (c.f. Proposition 4.2.7).

As above we write π : rB Ñ B for the universal cover of B. Fix a base point b P B and
a point rb P rB with πprbq “ b. The relation P pγ ¨ tq “ ρpγq´1 ¨ P ptq pt P rBq follows from
the construction of the monodromy map and the construction of the period map as we
will explain now. Fix an element t P rB and let c “ rγs P π1pB, bq be represented by a
path γ : r0, 1s Ñ B with γp0q “ b “ γp1q. Let rγ : r0, 1s Ñ rB be a lift of γ with rγp0q “ rb
and let rη : r0, 1s Ñ rB be a path with rηp0q “ b̃ and rηp1q “ t. We denote η “ π ˝ rη. Let
Ćγ ˚ η : r0, 1s Ñ rB be the unique lift of γ ˚ η with Ćγ ˚ ηp0q “ rb. Then by definition of
the action of π1pB, bq on rB we have c.t “ Ćγ ˚ ηp1q. Let c.rη : r0, 1s Ñ rB be defined by
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c.rηpsq “ c.s. The unique path lifting property of the universal cover π : rB Ñ B implies
that rγ ˚ c.rη “ Ćγ ˚ η. Let

A
rγ : pπ´1VCq

rb
ÝÑ pπ´1VCq

c.rb
and Ac.rη : pπ´1VCq

c.rb
ÝÑ pπ´1VCqc.t

be the isomorphism induced by parallel transport from Theorem 4.2.3. Furthermore let
α

rb
: pπ´1VCq

rb
Ñ VC,b and α

c.rb
: pπ´1VCq

c.rb
Ñ VC,b be the natural isomorphism. Then

we get the identity

βctp´q “ αb̃ ˝A´1
rγ ˝ α´1

c.b̃
˝ αc.b̃ ˝A´1

c.rηp´q

“ ρprγsq´1
´

αc.b̃ ˝A´1
c.rηp´q

¯

.

By definition of the inverse image functor π´1 and the properties of π as a covering we
get for every p with fp ‰ 0 the identity

αc.b̃ ˝A´1
c.rηpF p rVc.tq “ αb̃ ˝A´1

rη pF p rVtq “ βtpF
p

rVtq.

This shows P pc.tq “ ρpcq´1 ¨ P ptq as claimed.

4.5.6 Remark. The period mapping P : rB Ñ D from Proposition 4.5.5 descends to
a holomorphic map ϕ : B Ñ D{Γ which satisfies a technical condition, that is in the
literature known as Griffith’s infinitesimal period relation, see (9.1) respectively (9.2) in
[48] for a definition.

Indeed giving a polarized VHS on B with monodromy group Γ is equivalent to giving a
holomorphic map ϕ : B Ñ D{Γ with the following two properties:

(i) The map ϕ : B Ñ D{Γ is locally liftable i.e. for every b P B there exists a neigh-
bourhood U Ă B of b and a holomorphic map rϕ : U Ñ D such that the diagram

U D

D{Γ

rϕ

ϕ

commutes.

(ii) The map ϕ : B Ñ D{Γ satisfies Griffiths infinitesimal period relation.

For a proof of this result see [48, Proposition 9.3] or [13, Lemma-Definition 4.6.3].

Let B be a complex algebraic manifold and let B be a smooth, complete, projective
variety which contains B as a Zariski open set. We assume that S “ BzB is locally
given by

b1 ¨ ¨ ¨ ¨ ¨ bk “ 0,
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where b1, . . . , bk are part of a holomorphic coordinate system b1, . . . , bd of B. Let
pVZ, tF

pVu, Qq be an integral polarized VHS of weight k on B. Fix a basepoint b P B
and write again Γ for the image of the monodromy map

π1pB, bq ÝÑ AutpVZ,b, Qbq

The period mapping of the polarized VHS descends to a holomorphic map ϕ : B Ñ D{Γ.
Assume that s P S is a regular point of the divisor S “ BzB. By the local description
of the divisor S we know that there is a neighbourhood U of s P S such that U X S is
isomorphic to D˚ ˆDd´1. The fundamental group π1pUq is generated by a path γ around
s. Let T “ ρprγsq P Γ be the corresponding element in the monodromy group Γ. If T is
of finite order then we can extend ϕ to a holomorphic map B Y tsu Ñ D{Γ by a result
of Griffiths [48, Theorem 9.5]. Write B˚ for the union of B with all of these regular
points of S for which the mapping ϕ has a holomorphic extension as above. Denote
by ϕ˚ : B˚ Ñ D{Γ the resulting holomorphic extension of ϕ. We are now able to state
Griffith’s Theorem, which led to Question 4.4.18.

4.5.7 Theorem (Griffiths, see Theorem 9.9 [48]). The image ϕ˚pB˚q is a closed analytic
subvariety of D{Γ and has finite volume with respect to the metric ds2D on D from
Remark 4.5.3.

We will end this section with how the period domain and period mapping looks like for
our running example, a family of polarized compact Riemann surfaces over a hyperbolic
Riemann surface.

4.5.8 Example. We will follow in this example [46, Section 1(e)] and [47, Section
II.1 ]. Let f : X Ñ B be a family of compact Riemann surfaces such that X and B
are holomorphic manifolds and such that X is bimeromorphic to a Kähler manifold.
We assume that B is a hyperbolic Riemann surface, i.e. B “ H{Γ for a Fuchsian
group Γ ď SL2pRq. By 4.4.14 and Example 4.4.17 we can associate the polarized VHS
pR1f˚ZX, f˚Ω

1
X{B, Q1q of weight one to f : X Ñ B. Let g ě 2 be the genus of the fibers

f´1ptbuq pb P Bq, then H1,0pXq “ Ω1
Xb

has complex dimension g and thus the period
domain D of the polarized VHS is contained in Grasspg, 2gq. Note that for every b P B
the pairing Qb1 on H1pXb,Qq induced by Q1 is a symplectic pairing. Indeed one can find
for every b P B a basis γb1, . . . γ

b
2g of H1pXb,Zq such that the matrix Mb “ pmi,jqi,j with

entries mi,j “
ş

Xb
γbi ^ γbj is given by

M “

ˆ

0 Ig
´Ig 0

˙

.

This shows that GR is isomorphic to the symplectic group Spp2g,Rq and the image of
the monodromy representation π1pB, bq Ñ AutZpH1pXb,Zqq is contained in Spp2g,Rq.

Let π : H Ñ B “ H{Γ be a universal cover of B and denote VZ “ R1f˚ZX as well as
F 1V “ f˚Ω

1
X{B. From [40, Theorem 30.1 and Theorem 30.4] we know that we can find

90



4. Mondromy representations and Hodge theory

global section ω1, . . . , ωg for the pull back F 1
rV of f˚Ω

1
X{B to the universal cover H of

B “ H{Γ such that for every t P H the elements ω1ptq, . . . , ωgptq are a basis of F 1
rVt.

Consider an element t P H and let α1ptq, β1ptq, . . . , αgptq, βgptq be a symplectic basis of
pπ´1VZq_

t . Consider the matrix

Ωt “ pFt, Etq P Cgˆ2g

with Ft “

´

ş

βiptq
ωjptq

¯

i,j
and Et “

´

ş

αiptq
ωjptq

¯

i,j
.

The Plücker coordinates of F 1
rV P Grasspg, 2gq are now given by the rows of the matrix

Ωt. One can show that the Riemann relations for Q1 imply that Zt :“ F´1
t Et P Cgˆg is

positive definite and that Zt coincides with its transpose [46, Section 1] for more details).
This implies Zt is contained in Hg, the Siegel space of degree g and thus we get a map
P : H Ñ Hg defined by P ptq “ Zt.

4.6 Algebraic monodromy representations for Veech fibra-
tions

We will end this chapter with a section, where we want to explain how one can use
Hodge theory to describe Teichmüller curves. We can warmly recommend Simion Filip’s
survey [33] which gives insights in the Hodge theoretical approach to Teichmüller theory
in a by far more elaborate way.

4.6.1 Veech fibrations. We are interested in the algebraic monodromy of families of
algebraic manifolds. So we start this section by recalling the construction of families of
curves coming from Teichmüller curves as in section 1.4 of [94] or section 3.1 of [93].

Let g ě 2 and let jω : C1 Ñ Mg be a Teichmüller curve, which comes from a Veech

surface pX,ωq P ΩMg as in Section 3.2.6. Let n ě 3 and M
rns
g “ TgpSq{Γ

rns
g be the

moduli space of curves with level-n structure. Here Γ
rns
g is the kernel of the action of

the mapping class group ΓgpSq on H1pS,Z{nZq. We have that Γ
rns
g ď Γg is a torsion

free finite index subgroup. Furthermore M
rns
g is a fine moduli space. Hence there is a

universal family f rns : X
rns

univ Ñ M
rns
g over M

rns
g .

Let gω : D Ñ TgpSq be the map from Subsection 3.2.5 with image ∆ “ gωpDq the
Teichmüller disk associated to pX,ωq. We write Γ1 for the global stabilizer of ∆ with

respect to the action of Γ
rns
g on TgpSq and define C

rns

1 as the quotient C
rns

1 “ ∆{Γ1.

The inclusion ∆ ãÑ TgpSq induces a map C
rns

1 Ñ M
rns
g on the quotients. The moduli

space M
rns
g admits a universal family f rns : X

rns

univ Ñ M
rns
g , which we can pull back via

C
rns

1 Ñ M
rns
g to get a family of curves X

rns

C1
Ñ C

rns

1 .
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4. Mondromy representations and Hodge theory

By the stable reduction theorem we can now pass to a finite index subgroup Γ ď Γ1,

such that the pull back of the universal family via the map C :“ ∆{Γ Ñ M
rns
g delivers

a family of curves f : X Ñ C, which can be completed to a stable family f : X Ñ C over
the smooth completion (smooth compactification) C “ ∆{Γ of C.

This implies that monodromies around the cusps BC “ CzC are unipotent [98, Corollary
11.19]. The whole situation is visualized in Figure 4.1.

C1 “ ∆{Aff`pX,ωq Mg

M
rns
gC

rns

1 “ ∆{Γ1

f rns

X
rns

C1

f rns

X
rns

univX

f

C “ ∆{Γ

X

f

C

Figure 4.1.: Diagram visualizing the construction of the family of curves associated to a
Teichmüller curve.

In his PhD thesis, André Kappes collects the most relevant properties of the subgroup
Γ ď Aff`pX,ωq and the properties of the family of curves f : X Ñ ∆{Γ from above in
a definition [73, Remark 5.4 and Definition 5.5]. We want to do this in the same way
because we want to be able to refer to it later in this text.

4.6.2 Definition. We say that a subgroup Γ ď Aff`pX,ωq has condition (‹) if the
following holds:

(i) The group Γ ď Aff`pX,ωq is torsion free and has finite index.

(ii) There is a natural number n ě 3 such that the holomorphic map ∆{Γ Ñ Mg

factors over M
rns
g .

(iii) The pullback f : X Ñ ∆{Γ of the universal curve over M
rns
g with n as in (ii) can be

completed to a stable family f : X Ñ ∆{Γ over the smooth compactification ∆{Γ
of ∆{Γ.

We call the family f : X Ñ ∆{Γ, respectively the family f : X Ñ ∆{Γ the Veech fibration
associated to Γ.

4.6.3 Proposition. The construction in Subsection 4.6.1 shows that for every g ě 2
and every Veech surface pX,ωq P ΩMg we can find a subgroup Γ ď Aff`pX,ωq which
has condition p‹q and a stable family f : X Ñ ∆{Γ associated to Γ.
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4. Mondromy representations and Hodge theory

4.6.4 Remark. In the literature a family f : X Ñ ∆{Γ as in Section 4.6.1 is often
called ”family coming from the Teichmüler curve jω : C1 Ñ Mg” associated to pX,ωq.
I prefer to call them ”Veech fibrations” as Freedman and Lucas did in [41]. Inspired
by results on elliptic fibrations, Freedman and Lucas were the first who studied families
f : X Ñ ∆{Γ as interesting spaces in their own right and I share their enthusiasm for
this lovely construction which helps to study Teichmüller curves in so many ways.

4.6.5 A monodromy representation for Teichmüller curves. Let pX,ωq P ΩMg

be a Veech surface which defines a Teichmüller curve jω : C1 Ñ Mg. The affine homeo-
morphisms Aff`pX,ωq acts on the integral homology group H1pX,Zq by push forward
and on the integral cohomology group H1pX,Zq by pull back. The actions preserve the
intersection form on H1pX,Zq and the Hodge-Riemann pairing on H1pX,Zq, respec-
tively. This leads to representations

Aff`pX,ωq ÝÑ SppH1pX,Zqq and

Aff`pX,ωq ÝÑ SppH1pX,Zqq.
(4.6.5.1)

In the following we describe this action and explain a geometric meaning. As we already
mentioned in the preface , the representations above can be considered as the monodromy
representation of a deformation of the Veech surface pX,ωq by matrices in SL2pRq. We
will do this mathematically precise now. Let Γ be a subgroup of Aff`pX,ωq which has
condition p‹q and let f : X Ñ C “ ∆{Γ be the Veech fibration associated to Γ. Here
∆ “ ∆pX,ωq Ă Tg is again the Teichmüller disk associated to the triple pX, id, ωq. We
continue as in Section 4.1.5. We consider the Teichmüller disk ∆ as the universal cover
of C “ ∆{Γ. Let f∆ : H Ñ ∆ be the pullback of the family f : X Ñ C via the projection
∆ Ñ C “ ∆{Γ. Then f∆ : H Ñ ∆ is naturally a marked family. Choose a point c̃ P ∆
with fiber f´1

∆ pc̃q “ X which is marked by the identity id : X Ñ X. Let c P C be the
image of c̃ under the projection ∆ Ñ C, then f´1ptcuq “ X as well.

First we want to describe the monodromy representation monf : π1pC, cq Ñ ΓgpXq of
the family of curves f : X Ñ C as in Subsection 4.1.4. We identify the deck group of the
universal cover ∆ Ñ C with the subgroup Γ ď Aff`pX,ωq. For every a P π1pC, cq let
φa P Aff`pX,ωq be the corresponding element in the group of affine diffeomorphisms.
Then Equation 4.1.5.1 in combination with Remark 3.1.5 says that for every fiber Y of
the bundle f∆ : H Ñ ∆ with marking m : X Ñ Y , we have the equality

pY,m ˝ φaq “ monf paq ¨ pY,mq.

This implies monf paq “ φ´1
a P ΓgpXq. By Poincaré duality we can also interpret the

stalk of the local system R1pf∆q˚Z∆ at the point pX, idq P ∆ as the singular homology
H1pX,Zq. By the description of the monodromy map monf of the family f : X Ñ C
from above and the way we lifted paths in Proposition 4.2.3, it is immediately clear that
the monodromy representation of R1f˚ZX is as follows:
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4. Mondromy representations and Hodge theory

Proposition. We identify the stalk of R1f˚ZX at c P C with the singular homology
H1pX,Zq respectively by the singular cohomology H1pX,Zq. Then the monodromy
operation of a class a P π1pC, cq is given by pushforward on H1pX,Zq respectively by
pullback on H1pX,Zq of the inverse φ´1

a of the unique affine homeomorphism φa P

Aff`pX,ωq corresponding to a P π1pC, cq.

You can find two different approaches for proofs of the previous proposition in [6] and
[80]. We showed that the restriction of the representations in (4.6.5.1) to the subgroup
Γ ď Aff`pX,ωq correspond to local systems which we identify in the following with
R1f˚ZX.

4.6.6 Splitting the monodromy representation. Let again pX,ωq P ΩMg be a
Veech surface of genus g ě 2 and let Γ ď Aff`pX,ωq be a subgroup which has condition
p‹q with associated Veech fibration f : X Ñ C. We identify the fundamental group π1pCq

with the subgroup Γ. In 4.6.5 we saw that the monodromy representation of the local
system R1f˚ZX is isomorphic to the representation

ρΓ : Γ ÝÑ SppH1pX,Zqq.

induced by the action of Γ ď Aff`pX,ωq on H1pX,Zq via pullback. We want to describe
the representation a little bit further. Let KpX,ωq “ QptrpSLpX,ωqq be the trace field
of the Veech group SLpX,ωq, i.e. the field extension of Q obtained by adjoining the
traces of the matrices in SLpX,ωq ď SL2pRq. It is a totally real algebraic extension of Q
of degree at most g, see [87, Theorem 5.1, Theorem 5.2] and [94, Proposition 2.6]. The
subspace H1

stpXq “ spanRptRepωq, Impωquq of H1pX,Rq is invariant under the action of
Aff`pX,ωq on H1pX,Rq via pullback. More precisely an element φ P Aff`pX,ωq acts on
H1
stpXq by

φ˚pRepωq, Impωqq “ Dφ ¨ pRepωq, Impωqq, (4.6.6.1)

where Dφ P SLpX,ωq is the derivative of φ P Aff`pX,ωq (see [80, Proposition 5.4.2]).

Write F for the Galois closure of Kpx, ωq. We consider H1
stpXq as a subspace of

H1pX,Qq bQR. The subspace H1
stpXq is defined over a finite field extension of the trace

field KpX,ωq and so we can consider the Galois conjugate representations of Aff`pX,ωq

on it with respect to the Galois group GalpF |Qq. By [94] for every σ P GalpF |Qq

the Galois conjugate representation of Aff`pX,ωq on H1
stpXqσ is isomorphic to that of

Aff`pX,ωq on H1
stpXq if and only if σ fixes KpX,ωq. For i “ 1, . . . , r let σi be a sys-

tem of representatives of the quotient GalpF,Qq{GalpF,KpX,ωqq, where σ1 “ id. Then
the subspace ‘r

i“1H
1
stpXqσi is invariant under GalpF,Qq and is thus defined over Q.

Let W Ă H1pX,Qq such that W bQ R “
Àr

i“1H
1
stpXqσi . Hence we get the following

decomposition into Aff`pX,ωq-invariant subspaces

H1pX,Qq “ W ‘H1
p0q, (4.6.6.2)

where H1
p0q

is the orthogonal complement of W with respect to the symplectic Hodge-

Riemann pairing on H1pX,Qq.
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4.6.7 Definition (Kontsevich–Zorich monodromy). Let pX,ωq be a Veech surface and
let again Γ ď Aff`pX,ωq be a subgroup which has condition p‹q. Consider the action of
Aff`pX,ωq and Γ on H1

p0q
. We call the corresponding representations

ρ
pX,ωq

KoZo : Aff
`pX,ωq ÝÑ SppH1

p0qq and ρΓKoZo : Γ ÝÑ SppH1
p0qq,

the Kontsevich–Zorich (monodromy) representation of the translation surface pX,ωq,
respectively the Kontsevich–Zorich monodromy representation of the Veech fibration
f : X Ñ ∆pX,ωq{Γ. Furthermore, we write GpX,ωq “ GKoZo

pX,ωq
for the image of the

representation ρ
pX,ωq

KoZo respectively GΓ for the image of ρΓKoZo and call the groups the
Kontsevich–Zorich monodromy of the translation surface pX,ωq, respectively theKontsevich–
Zorich monodromy of the Veech fibration f : X Ñ ∆pX,ωq{Γ.

4.6.8 Splitting the Variation of Hodge structure associated to Teichmüller
curves. We consider the local system VZ “ R1f˚ZX and the flat vector bundle

H1
DRpX{Cq “ R1f˚ZX bZ OC

associated to a Veech fibration f : X Ñ C of a Veech surface pX,ωq P ΩMg. From
Theorem 4.4.13 we know that there is a VHS of weight one on C, where the only
relevant part of the filtration is given by the subbundle

f˚Ω
1
X{C Ă H1

DRpX{Cq.

(see Equation (4.4.14.1)). The VHS pVZ, f˚Ω
1
X{Cq has a natural polarization which in-

duces the Hodge-Riemann pairing on each fiber of H1
DRpX{Cq (c.f. Example 4.4.17).

The subspace H1
stpXq “ SpanRptRepωq, Impωquq Ă H1pX,Rq is invariant under the

action of Aff`pX,ωq and hence corresponds to a rank two linear subsystem

LR Ă VR “ pR1f˚ZXq bZ R,

such that the stalk of LR at the base point c P C is without loss of generality given by
the subspace H1

stpXq.

Again by [94, Lemma 2.2] the local system LR is defined over a field K1 which has
degree at most two over the trace field KpX,ωq of pX,ωq, that means that there is a
local system L defined over the field K1 with LR “ L bK1 R. We write F for the Galois
closure of the trace field KpX,ωq and we write Lσ for the Galois conjugate local systems
of L. Then Möller deduced from Deligne’s semisimplicity theorem [22, Proposition 1.13]
the following theorem.

Theorem (Möller, [94] Prop. 2.4). Let K “ KpX,ωq be the trace field of pX,ωq P ΩMg.
The polarized VHS pVZ, f˚Ω

1
X{C , Qq associated to the family of curves f : X Ñ C splits

over Q into two subsystems
VQ “ WQ ‘ MQ
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where MQ carries a polarized Q-VHS of weight one and the local system WQ splits over
the Galois closure F of the trace field K as

WF “
à

σ

Lσ, σ P GalpF |Qq{GalpF |KpX,ωqq

such that each of the Galois-conjugate rank two subsystems Lσ carries a polarized F -
VHS of weight one. The sum of these VHS gives back the original VHS on VC.

4.6.9 Remark. Assume we are in the situation of Theorem 4.6.8. We want to explain
two direct corollaries of this theorem.

(i) Let pX,ωq P ΩMg be a Veech surface with group of affine homeomorphisms
Aff`pX,ωq. We deduce from (4.6.6.1) that the representation matrix of the action
of an element φ P Aff`pX,ωq on H1

stpXq with respect to the basis pRepωq, Impωqq

is given by tDφ, the transpose of the derivative of φ. Hence φ acts on the Galois
conjugates Lσ of L by ptDφqσ. Let K “ KpX,ωq be the trace field of the Veech
group SLpX,ωq. Let OK be the ring of integers in K. Let Γ ď Aff`pX,ωq be a
subgroup which has condition p‹q and let f : X Ñ C “ ∆{Γ be the associated Veech
fibration. Let c P C. We identify again the fundamental group π1pC, cq with the
group Γ. The group Γ can be considered as a subgroup of SL2pOKq by Corollary
2.11 in [94]. From Theorem 4.6.8 we conclude that the monodromy representation
π1pC, cq Ñ SppH1pX,Rqq of VR has a subrepresentation

α : π1pC, cq ÝÑ
ź

σ

SL2pRq, σ P GalpF |Qq{GalpF |KpX,ωqq (4.6.9.1)

which can be described as follows. We have a group homomorphism

ρ : SL2pOKq ÝÑ
ź

σ

SL2pRq, ρpγq “
ź

σ

tγσ

where σ runs over GalpF |Qq{GalpF |Kq. We identify π1pC, cq with Γ and H1
stpXq

with R2 via the basis pRepωq, Impωqq. Under the identifications from above the
monodromy representation in (4.6.9.1) is given by the restriction of the group
homomorphism ρ to Γ. By [95, Proposition 5.5.8] it is possible to find a lattice
L Ă

À

σ R2 such that G “
ś

σ SL2pRq is defined over Q with respect to L bZ Q
and such that the image ρpSL2pOKqq corresponds to the elements g P GpQq with
g ¨L “ L. Thus ρpSL2pOKqq is an arithmetic group in G but this is not necessarily
the case for ρpΓq as we will see now. The group Γ is a lattice and thus Zariski dense
in SL2pRq by the density Theorem of Borel. By a result of Gutkin and Judge (for
a proof see [62]) the Veech group of pX,ωq is conjugate to an arithmetic subgroup
of SL2pRq if and only if the Teichmüller curve C Ñ Mg is an origami curve. Thus
the projection of the monodromy group ρpΓq on the copy of SL2pRq with σ “ id is
thin except for the case that C Ñ Mg is an origami curve.
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(ii) We can associate to the Veech fibration f : X Ñ C equipped with the polarized
VHS pVZ, f˚Ω

1
X{C , Qq a family of Jacobians JacpX{Cq as follows. Note that

H1
DRpX{Cq{f˚Ω

1
X{C – R1f˚OX.

We glue the Jacobians Ω1
Xt

pXtq
_{H1pXt,Zq of the fibers Xt “ f´1ptq (t P C)

and obtain the intermediate Jacobian JacpX{Cq “ R1f˚OX{R1f˚ZX (compare [48,
Section 7]). The Torelli map Mg Ñ Ag sends a point in Mg to its Jacobian.
From Theorem 4.6.8 Möller concludes in [94, Theorem 2.7] that the image of the
composition

C ÝÑ Mg ÝÑ Ag

lies in the locus of Ag where the abelian varieties split up to isogeny into A1 ˆCA2

with A1 has dimension r “ dimQpKpX,ωqq and real multiplication by the trace
field KpX,ωq [94, Theorem 2.7].

4.6.10 Monodromy for origami curves. One extreme case of the splitting (4.6.6.2)
is given for origamis. The Veech group of an origami O “ pX,ωq is a finite index
subgroup of SL2pZq and thus the trace field of O is KpOq “ Q. By [89, Theorem 9.5] the
elements Repωq and Impωq are contained in H1pX,Qq. Thus H1

stpXq is naturally defined
over Q. Write H1

stpX,Qq for spanQptRepωq, Impωquq. If W Ă H1pX,Qq is defined as in
Subsection 4.6.6 such that W bQ R is given by the sum over all Galois conjugates of
H1
stpXq, then W “ H1

stpX,Qq since KpX,ωq “ Q and

H1pX,Qq “ H1
stpX,Qq ‘H1

p0qpXq. (4.6.10.1)

We can find an analogue of the splitting (4.6.10.1) for the homology H1pX,Qq as well,
as we want to explain next. First of all we want to define the subspaces of H1pX,Qq

which correspond to H1
stpX,Qq and H1

p0q
pXq. In a second step we want to explain why

the chosen subspaces translate to H1
stpX,Qq and H1

p0q
pXq by Poincaré duality.

Let O “ pX,ωq be an origami with n P N squares with a branched covering

π : X Ñ T “ C{pZ `
?

´1Zq.

For each square Sqpiq Ă XzZ, i P t1, . . . nu let us denote by xi, yi the cycles of the
relative homology H1pX,Z,Rq as in the picture, where we write Z for the set of corners
of the squares of O.

xi

yi i
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The cycles xi, yi (i “ 1, . . . , n) generate the relative homology H1pX,Z,Zq and the
absolute homology H1pX,Zq is the kernel of the connecting map

B : H1pX,Z,Zq ÝÑ H0pZ,Zq, (4.6.10.2)

which sends a cycle representing a homology class in H1pX,Z,Zq to its boundary. We

define the submodule H
p0q

1 pX,Zq of H1pX,Zq as the kernel of the pushforward

π˚ : H1pX,Zq ÝÑ H1pT2,Zq.

We call H
p0q

1 pX,Zq the non-tautological part of the homology H1pX,Z,Zq. The orthog-

onal complement of H
p0q

1 pX,Qq with respect to the intersection form is the subspace
Hst

1 pX,Qq ď H1pX,Qq generated by the cycles

x “

n
ÿ

i“1

xi and y “

n
ÿ

i“1

yi.

Indeed if c “
řn
i“1 ki xi ` miyi P H1pX,Zq is in the kernel of π˚ with ki,mi P Q, then

řn
i“1 ki “ 0 and

řn
i“1mi “ 0. If p¨, ¨q is the intersection form on H1pX,Qq, then

pc, xq “

n
ÿ

i“1

mi “ 0 and pc, yq “

n
ÿ

i“1

ki “ 0.

This shows that x and y are in the orthogonal complement of H
p0q

1 pX,Qq. For dimension

reasons we must have that Hst
1 pX,Qq is the orthogonal complement of H

p0q

1 pX,Qq. We
call the submodule Hst

1 pX,Zq “ xx, yyZ respectively the subspace Hst
1 pX,Qq the tauto-

logical part of the homology. We get the splitting H1pX,Qq “ Hst
1 pX,Qq ‘H

p0q

1 pQq.

For every c P H1pX,Zq we have
ş

cRepωq P Z and
ş

c Impωq P Z since H1pX,Zq “ kerpBq

is the kernel of the connecting map in (4.6.10.2) and

ż

xi

Repωq “ 1,

ż

yi

Repωq “ 0,

ż

xi

Impωq “ 0,

ż

yi

Impωq “ 1

for every i “ 1, . . . , n. Hence we can consider Repωq and Impωq from H1pX,Rq as
elements of H1pX,Zq. By definition

ş

cRepωq “ 0 and
ş

c Impωq “ 0 for every cycle

c P H
p0q

1 pX,Qq and

ż

x
Repωq “ n,

ż

y
Repωq “ 0,

ż

x
Impωq “ 0,

ż

y
Impωq “ n.

The Hodge-Riemann pairing is Poincaré dual to the intersection paring on H1pX,Qq

and thus the splitting H1pX,Qq “ Hst
1 pX,Qq ‘ H

p0q

1 pQq translates to the splitting in
(4.6.10.1) by Poincaré duality.
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The intersection form on H1pX,Zq is invariant under the action of the affine diffeomor-
phisms Aff`pX,ωq. Thus the action of Aff`pX,ωq also preserves the decomposition

H1pX,Zq “ Hst
1 pX,Zq ‘H

p0q

1 pX,Zq.

We conclude that the representation Aff`pX,ωq Ñ SppH1pX,Zqq also restricts to a
subrepresentation

Aff`pX,ωq ÝÑ SppH
p0q

1 pX,Qqq.

In the following we will also call this representation the Kontsevich–Zorich monodromy
of the origami O “ pX,ωq.
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5. Ergodic theory and dynamics

5.1 Linear cocycles and Oseledets’ multiplicative ergodic
theorem

In the following section let Ω be a separable, second-countable metric space, B its Borel
σ-algebra and µ : B Ñ r0, 1s a probability measure. Let T : Ω Ñ Ω be a measurable
map. We say that the measure µ is T -invariant if for every A P B the equality

T˚µpAq :“ µ
`

T´1pAq
˘

“ µpAq

holds.

We denote by MPTpΩ,B, µq the group of all measure preserving invertible maps. Given
a locally compact second-countable group G which acts measurably on Ω, a measure
preserving system is a group homomorphism

T : G ÝÑ MPTpΩ,B, µq, g ÞÝÑ Tg.

We denote the measure preserving systems by triples pΩ, µ,Gq. We say that a measurable
action G ˆ Ω Ñ Ω is ergodic if for every G-invariant set S P B either µpSq “ 0 or
µpΩzSq “ 0 holds.

5.1.1 Definition (Linear Cocycles). Let pΩ, µ,Gq be a measure preserving system with
group homomorphism T : G Ñ MPTpΩ,B, µq and let V Ñ Ω be a real or complex vector
bundle of rank n over Ω. We say that an action C : Gˆ V Ñ V of the group G on V is
a linear cocylce for pΩ, µ,Gq if it lifts the action of G on pΩ, µq to the bundle V Ñ Ω by
linear transformations i.e.,

(i) For every g P G the equality Tg˝π “ π˝Cpg,´q holds. In other words the following
diagram commutes

V V

Ω Ω

Cpg,´q

π π

Tg
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(ii) The cocycle C restricts for every g P G and every ω P Ω to linear invertible maps

Cgpωq :“ Cpg,´q|Vω : Vω ÝÑ VTgpωq

between the fibers.

(iii) The map C : GˆV Ñ V is a measurable action with respect to the Borel σ-algebra.

5.1.2 Remark (Cocycles as in Zimmer’s book). Let F be either R or C. Furthermore
let V be a vector bundle and let C : G ˆ V Ñ V be a linear cocycle as in Definition
5.1.1. We will show that our definition of linear cocycle is also a cocycle in the sense of
Zimmer [122, Definition 4.2.1] if the bundle V Ñ Ω can be trivialized by a measurable
map on a set of full measure.

We assume that we have a measurable trivialization Ω ˆ Fn Ñ V of the vector bundle
V Ñ Ω. Via this trivialization we identify the linear maps Cgpωq : Vω Ñ VTgpωq with
elements in GLpn,Fq. Then condition (iii) says that the maps Cgpωq vary measurably
in ω and g, that is

α : Gˆ Ω Ñ GLpn,Fq, pg, ωq ÞÝÑ Cgpωq

is a measurable map, where we consider GLpn,Fq Ă Fnˆn as a Lie group. Since the
cocycle C : Gˆ V Ñ V is itself a group action we obtain the compatibility condition

αpg h, ωq “ Cghpωq “ CgpThpωqq ˝ Chpωq “ αpg, Thpωqq ¨ αph, ωq

with maps

Cghpωq : Vω Ñ VTghpωq, Chpωq : Vω Ñ VThpωq, CgpThpωqq : VThpωq Ñ VTghpωq.

Thus a linear cocycle is also a cocycle in the sense of Zimmer [122, Definition 4.2.1].

For a proof of the following theorem of Oseledets see for example [32] or [105].

5.1.3 Theorem (Oseledets’ Theorem for linear cocycles). Assume we are given a mea-
sure preserving ergodic system pΩ, µ,Zq respectively pΩ, µ,Rq and V Ñ Ω a real vector
bundle over Ω. Assume furthermore there is a linear cocycle

Cd : Z ˆ V Ñ V respectively Cc : R ˆ V Ñ V

and that the bundle V is equipped with a norm } ´ } (on each fiber) such that

log` }Cd´1pωq}op P L1pΩ, µq and log` }Cd1 pωq}op P L1pΩ, µq, (5.1.3.1)

respectively

sup
´1ďtď1

log` }Cct pωq}op P L1pΩ, µq. (5.1.3.2)
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5. Ergodic theory and dynamics

Here log`pxq :“ maxp0, logxq and } ´ }op denotes the operator norm of linear maps
between vector spaces.

Then there exist real numbers λ1 ą ¨ ¨ ¨ ą λk (with perhaps λk “ ´8) and Z-invariant
respectively R-invariant subbundles Vλi (i “ 1, . . . , k) defined on a set of full measure
of Ω with V “ Vλ1 ‘ ¨ ¨ ¨ ‘ Vλk such that

lim
NÑ˘8

1

N
log }CdN pωqv} “ λi (5.1.3.3)

and in the second case

lim
tÑ˘8

1

t
log }Cct pωqv} “ λi (5.1.3.4)

for every ω P Ω where the splitting exists and every v P Vλi
ω zt0u (i “ 1, . . . , k). The

numbers λi (i “ 1, . . . , k) from (5.1.3.3) and (5.1.3.4) are called the Lyapunov exponents
of the cocycle Cd respectively Cc.

5.1.4 Remark. The Z-invariance respectively R-invariance of the subbundles Vλi in
the previous Theorem 5.1.3 means that the cocycles Cd respectively Cc take the fiber
Vλi
ω to Vλi

T pωq
(i “ 1, . . . , k) for ω P Ω, where the splitting exists.

5.1.5 Remark. Note that in the discrete case pΩ, µ,Zq as well as the continuous case
pΩ, µ,Rq the numbers λi and subbundles Vλi of V are unchanged if we replace the
support of the measure µ by a finite unramified covering of Ω with a lift of the cocycle
Cd respectively Cc on the pullback of V to the covering.

5.2 Teichmüller dynamics

5.2.1 Kontsevich–Zorich cocycle for Teichmüller curves. Let ΩMg denote again
the bundle of non-zero holomorphic 1-forms over the moduli space of curves Mg. We
write in the following Ω1Mg respectively Ω1Tg for the subset of translation surfaces and
marked translation surfaces with area one. Note that we have a natural area changing
diffeomorphism

Ω1Mg ˆ Rą0 ÝÑ ΩMg.

The GL`p2,Rq-action on the bundles ΩMg and ΩTg explained in Section 3.2.4 induces
an SLp2,Rq-action on Ω1Mg and Ω1Tg.

We consider a closed SLp2,Rq-orbit

M “ SLp2,Rq.pX,ωq Ă Ω1Mg,

where pX,ωq P Ω1Mg is a Veech surface of area one. This means that M corresponds to
a Teichmüller curve C Ñ Mg, where C is the normalization of the image ofM under the
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5. Ergodic theory and dynamics

projection to Mg. To obtain a linear cocycle we have to add level structures once again.
Consider the orbit SLp2,Rq.pX, id, ωq Ă Ω1Tg, which is a lift of M to Ω1Tg. Denote its

projection to Ω1Tg{Γ
r3s
g by M r3s. We have

M r3s ÝÑ Ω1Tg{Γr3s
g ÝÑ Tg{Γr3s

g “ Mr3s
g

and pull back the universal family X
r3s

univ Ñ M
r3s
g over the fine moduli space M

r3s
g to a

family f : X Ñ M r3s. The local system VZ “ R1f˚ZX has stalk H1pX,Zq at pX,ωq. We
denote by V “ VZ bZ C

8
M r3s the corresponding real smooth vector bundle. The geodesic

flow tgtutPR onM r3s is the restriction of the SLp2,Rq-action to the subgroup diagpet, e´tq

(t P R).

We equip M r3s with the finite Borel measure λ induced from the Haar measure on
SLp2,Rq. We can lift the flow tgtutPR on M r3s to the bundle V by parallel transport
with respect to the flat connection on V. This lifted action varies measurably on the
fibers of V in tgtutPR and M r3s since our connnection on V is flat and parallel transport
is smooth. We define the Kontsevich–Zorich cocycle for the Teichmüller curve generated
by pX,ωq to be this lift of the geodesic flow

GKoZo : R ˆ V ÝÑ V, pt, vq ÞÝÑ gt.v.

5.2.2 Lyapunov exponents for the Kontsevich–Zorich cocycle. Let pX,ωq P

Ω1Mg be again a Veech surface of genus g with area one which generates a Teichmüller
curve C Ñ Mg and let

GKoZo : R ˆ V Ñ V

be the Kontsevich–Zorich cocycle for the Teichmüller curve from Section 5.2.1 with a
real flat bundle V coming from the local system VZ.

We saw in Example 4.4.17 and Theorem 4.4.13 that the local system VZ has a weight
one VHS and a polarization Q on VZ, which admits a polarization and a Hermitian
positive definite form H on every fiber of VC. On every stalk of VC we have the Hodge
decomposition

H1pX,Cq “ H1,0pXq ‘H0,1pXq “ Ω1
XpXq ‘ Ω1

XpXq,

compare Example 4.4.3. Using the isomorphism Ω1
XpXq – H1pX,Rq which sends a

holomorphic 1-form η to Repηq, we can define the Hodge norm } ¨ } on H1pX,Rq as
follows. For v P H1pX,Rq there is a 1-form ηv P Ω1

XpXq with v “ Repηvq. Now define
}v} “ Hpηv, ηvq1{2. In this way we can define a norm on every fiber of the smooth bundle
V “ VZ bZ C

8
M r3s .

In Section 5.2.1 we equipped the projection of the orbit SLp2,Rq.pX,ωq Ă Ω1Tg to the

quotient Ω1Tg{Γ
r3s
g with a measure λ inherited from the Haar measure on SLp2,Rq. The

geodesic flow tgtutPR is ergodic with respect to λ [17, Theorem 4.4.1]. Furthermore,
the integrability conditions of Oseledets’ theorem are fulfilled for the Hodge norm on

103



5. Ergodic theory and dynamics

the Kontsevich–Zorich cocycle GKoZo : R ˆ V ÝÑ V [93, Lemma 6.10] and thus we
can speak of Lyapunov exponents for GKoZo. Since our cocycle respects the symplectic
intersection form on H1pX,Rq, the Lyapunov exponents are symmetric to the origin.
Indeed the Lyapunov spectrum of the Kontsevich–Zorich cocycle is of the form

1 “ λ1 ě λ2 ě ¨ ¨ ¨ ě λg ě 0 ě ´λg ě ¨ ¨ ¨ ě ´λ2 ě ´λ1 “ ´1

and there are many authors and articles where it is studied, see for example [79] or [38]
just to mention two of them.

5.2.3 Lyapunov exponents and Hodge theory. Let g ě 2 and pX,ωq P ΩMg a
Veech surface. Furthermore, let Γ ď Aff`pX,ωq be a subgroup which has property p‹q

and let f : X Ñ C “ ∆pX,ωq{Γ be the associated Veech fibration and let f : X Ñ C
be the stable family over the smooth completion C of C. Write S “ CzC. The flat
vector bundle V “ R1f˚ZX bZ OC has due to Deligne (see Section 4.3.3) an extension
Vext to a vector bundle on C. The p1, 0q-parts on the fibers of V form a holomorphic
bundle f˚ΩX{C and this bundle extends to the subbundle f˚ΩX{C Ă Vext over C. In

[79] Kontsevich and Zorich already discovered the connection between Hodge theory and
the Lyapunov exponents of the Kontsevich–Zorich cocycle GKoZo. For example by[79,
Section 9] the identity

λ1 ` ¨ ¨ ¨ ` λg “
degpf˚ΩX{Cq

2g ´ 2 ` |S|

holds. We have more results of this type, which will be relevant for us in the next chapter.
We write KpX,ωq for the trace field of the Veech group of pX,ωq. Let σ : KpX,ωq Ñ R
be an embedding of the trace field into the real numbers and consider the rank two
subsystems Lσ in the decomposition of R1f˚RX from Theorem 4.6.8 or consider a rank
two subsystem F of MR as in the splitting of Theorem 4.6.8. Here Lid is the local
subsystem which has stalk SpanRptRepωq, Impωquq Ă H1pX,Rq over the base point c P

C. We write F
p1,0q

ext for the p1, 0q-part of the Hodge filtration on the Deligne extension

pFbROCqext and write degpF
p1,0q

ext q for the degree of the line bundle F
p1,0q

ext . Write dσ for the
degree of the p1, 0q-part of the Hodge filtration on the Deligne extension pLσbROCqext.

We can apply Oseledets’ Theorem to each of the summands Lσ or the rank two summand
F ofMR individually and obtain for each summand a Lyapunov exponent in the spectrum
of the Kontsevich–Zorich cocycle GKoZo corresponding to it. In [10] and [9] Bouw and
Möller gave results how to write the Lyapunov exponents of these summands in terms

of degrees of the line bundles dσ respectively degpF
p1,0q

ext q from above.

5.2.4 Theorem (Bouw, Möller, [10], Theorem 8.2, Proposition 8.5). Let λ be the finite
SLp2,Rq-invariant measure on M r3s as in Section 5.2.1. Then the following holds for the
Lyapunov spectrum of the Kontsevich–Zorich cocycle GKoZo:
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5. Ergodic theory and dynamics

(i) For each embedding σ : KpX,ωq Ñ C, the Lyapunov exponent associated to the
summand Lσ is given by the quotient

dσ{did.

(ii) For every rank two summand F of MR the Lyapunov exponent is given by the
quotient

degpF
p1,0q

ext q{did

We know that in genus g “ 2 the VHS over a Teichmüller curve splits over R into two
direct summands of rank two. The full set of Lyapunov exponents is the union of the
Lyapunov exponents of the two summands. In [9] Bouw and Möller used Theorem 5.2.4
to compute these two Lyapunov exponents. We want to state their result which was also
proven by Bainbridge in [3], in the following Corollary.

5.2.5 Corollary (Bouw, Möller, [9], Corollary 2.4). Let C Ñ M2 be a Teichmüller
curve in genus g “ 2 generated by the translation surface pX,ωq. The positive Lyapunov
exponents are

pλ1, λ2q “

"

p1, 1{3q if pX,ωq P ΩM2p2q,
p1, 1{2q if pX,ωq P ΩM2p1, 1q

.
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6. Arithmeticity and period mappings

6.1 Arithmeticity and rank two summands

We consider a genus g ě 2 Veech surface pX,ωq P ΩMg. By Proposition 4.6.3 there
exists a subgroup Γ ď Aff`pX,ωq which has condition p‹q. Let f : X Ñ C “ ∆{Γ be
the associated Veech fibration which completes to a stable family f : X Ñ C “ ∆{Γ over
the smooth compactification C of C. In the following we write VZ for the local system
R1f˚ZX.

For the rest of this section we assume there is a rank two submodule L of H1pX,Zq

which is invariant under the action of Γ ď Aff`pX,ωq on H1pX,Zq. We equip L with
the restriction of the intersection pairing on H1pX,Zq. That means we get a subrepre-
sentation

ρ : Γ ÝÑ SppLq – SL2pZq.

of the monodromy representation Γ Ñ SppH1pX,Zqq. We can associate to ρ a lo-
cal subsystem LZ of VZ and it carries a polarized sub-VHS of pVZ, f˚Ω

1
X{C , Qq by [22,

Proposition 1.13].

The following proposition was communicated by Martin Möller to us. It was part of his
idea how to prove that the the monodromy groups of the Kontsevich–Zorich monodromy
for all origamis of genus two are arithmetic. We used it in Appendix B of [8].

6.1.1 Proposition. Suppose the local subsystem LZ associated to ρ : Γ Ñ SL2pZq

carries a non-trivial polarized sub-VHS of pVZ, f˚Ω
1
X{C , Qq, i.e. the p1, 0q-part of the

Hodge decomposition of LZ bZ OC is a non-trivial line bundle. Then the image ρpΓq is
of finite index in SppLq – SLp2,Zq.

Proof. Write L “ LZ bZ OC for the flat vector bundle associated to the local system LZ
and let pLZ,L

p1,0q, QLZq be the non-trivial polarized sub-VHS of pVZ, f˚Ω
1
X{C , Qq. Thus

there exists a period mapping for the weight one polarized VHS pLZ,L
p1,0q, QLZq which

is in our situation given as follows (compare Example 4.5.8) or [93, Section 4]). By [40,
Theorem 30.3] there exists a global section ω of the p1, 0q-part of the pullback of L to
the universal cover π : H Ñ C of C. Furthermore, there are sections a, b of π´1LZ that
are locally a symplectic basis adapted to ω, i.e. for every t P H we have

ż

aptq
ωptq P H and

ż

bptq
ωptq “ 1.
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6. Arithmeticity and period mappings

The period domain is in our situation analytically isomorphic to the Siegel upper half-
plane H by [46, Proposition 1.24]. The period mapping is given by

P : H ÝÑ H, τ ÞÝÑ

ż

aptq
ωptq.

By Remark 4.5.6 the period mapping P : H Ñ H descends to a holomorphic map
ϕ : C Ñ H{ρpΓq, whereby ρpΓq acts holomorphically, properly and discontinuously on
H (see [7, Proposition 8.2.2 and Proposition 8.2.5]). Also by Remark 4.5.6 we know
that the mapping ϕ must be non-constant since the polarized VHS pLZ,L

p1,0q, QLZq is
by assumption non-trivial. This shows that ϕ is open because it is holomorphic and
non-constant .

Next we want to show that H{ρpΓq has finite hyperbolic volume. If we follow the discus-
sion which preceeds Theorem 4.5.7, then we see that it is possible to extend the period
mapping ϕ holomorphically to a map

rϕ : C Y S ÝÑ H{ρpΓq,

by Theorem 9.5 in [48], where S Ă BC denotes the set of cusps for which the monodromy
representation ρ maps the corresponding parabolic elements in Γ to elements of finite
order in SppLq – SLp2,Zq. From Proposition 9.11 and the proof of Theorem 9.6 in [48]
we conclude that the mapping rϕ is proper and since rϕ : C YS Ñ H{ρpΓq is holomorphic
and non-constant, it is surjective. Furthermore Theorem 4.5.7 implies that H{ρpΓq “
rϕpC YSq has finite hyperbolic volume or equivalently, the group ρpΓq has finite index in
SLp2,Zq (see [110, Prop. 1.31]).

6.1.2 Remark. We know that SL2pZq is a lattice in SL2pRq [95, Theorem 7.0.1] and
that every subgroup of SL2pRq which is commensurable to a lattice, is a lattice as well
[95, Example 4.2.2]. By Borel Density Theorem (see [95, Corollary 4.5.6] for a proof)
any finite index subgroup of SL2pZq is Zariski dense in SL2pRq. This shows that in the
situation of Proposition 6.1.1 the image of the representation

ρ : Γ ÝÑ SppLq – SL2pZq.

has Zariski closure isomorphic to SL2pRq.

6.1.3 Remark (Lyapunov exponents, period mappings and monodromy representa-
tion). Assume we are in the situation of Proposition 6.1.1, respectively the proof of it.
Again we assume that we have a rank two submodule L of H1pX,Zq which is invari-
ant under the action of a finite index subgroup Γ ď Aff`pX,ωq which has condition
p‹q. In Proposition 6.1.1 we showed that the monodromy group ρpΓq has finite index
in SL2pZq if the local system LZ associated to ρ carries a non-trivial polarized VHS of
weight one. In this case it is possible to compute the non-negative Lyapunov exponent
λL associated to LZ in terms of the monodromy representation ρ, respectively the holo-
morphic mapping ϕ : H{Γ Ñ H{ρpΓq induced by the period mapping P : H Ñ H defined
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by pLZ,L
p1,0q, QLZq. By results of André Kappes [72, Theorem 1.1] or [73, Theorem 9.18,

Proposition 9.19] the Lyapunov exponent λL is given by the quotient

λL “
degpϕq ¨ volpH{ρpΓqq

volpH{Γq
. (6.1.3.1)

In the next lemma we want to give an easy criterion under which circumstances it is
possible to apply Proposition 6.1.1 to the Γ-invariant submodule L of H1pX,Zq. Again,
let L be the local subsystem of VZ associated to ρ : Γ Ñ SL2pZq. In Subsection 5.2.3
we saw that we can apply Oseledets’ theorem to the summand L individually and in
this way we obtain a non-negative Lyapunov exponent λL. Of course, the Lyapunov
exponent λL lies in the Lyapunov spectrum of the Kontsevich–Zorich cocycle GKoZo.

6.1.4 Lemma. If the Lyapunov exponent λL associated to L is strictly positive, i.e.
λL ą 0, then the p1, 0q-part of the Hodge decomposition of L bZ OC is a non-trivial line
bundle.

Proof. We write L
p1,0q

ext for the p1, 0q-part of the Hodge filtration on the Deligne extension

pLZ bZOCqext and write degpL
p1,0q

ext q for the degree of the line bundle L
p1,0q

ext . By Theorem
5.2.4 the Lyapunov exponent λL is given by the quotient

λL “ degpL
p1,0q

ext q{did.

This shows degpL
p1,0q

ext q ‰ 0. Thus the p1, 0q-part of the Hodge decomposition of LZbZOC
is a non-trivial line bundle

From this lemma we can now easily conclude the following theorem, which was first
observed by Möller. It is Theorem 38 in our article [8].

6.1.5 Theorem. Every origami O “ pX,ωq P ΩM2 of genus two has arithmetic Kontse-
vich–Zorich-monodromy.

Proof. The rank two submodule H
p0q

1 pX,Zq of H1pX,Zq is invariant under the action
of the affine group Aff`pX,ωq. The associated non-negative Lyapunov exponent is ei-
ther 1{3 or 1{2 by Corollary 5.2.5. Now the Theorem follows from Lemma 6.1.4 and
Proposition 6.1.1.
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6.2 Period data in rank two

We will come back to the general situation of families of complex algebraic manifolds as
in the introduction of this text. Let S and X be complex connected algebraic manifolds
with X bimeromorphic to a Kähler manifold and let f : X Ñ S be a family of polarized
algebraic manifolds. We fix a natural number i P N and consider the local system
Rif˚QX. If we fix a base point s0 P S, then we can consider the associated algebraic
monodromy representation

π1pS, s0q ÝÑ GLpH ipXs0 ,Qqq.

Deligne proved in [22] the following theorem for local systems, respectively monodromy
representations, which come from families of algebraic manifolds as above.

6.2.1 Theorem (see Theorem 0.1, Variant 0.2 in [22]). Let S be a complex connected
algebraic manifold with s0 P S a base point and let n P N be a natural number. Let L
be a local system of Q-vector spaces of dimension n over S and let

ρL : π1pS, s0q ÝÑ GLppLs0q

be the associated monodromy representation. If the local system L comes from a family
of polarized algebraic manifolds parametrized by S as above, then there are up to iso-
morphism only finitely many different irreducible direct summands which can occur in
the splitting of the local system L, respectively the splitting of the representation ρL.

We want to stress out the importance of Hodge theory for this theorem. Indeed, Deligne
deduced Theorem 6.2.1 from the following theorem.

6.2.2 Theorem (see Theorem 0.5 in [22]). Let S be a complex connected algebraic
manifold and let n P N be a natural number. For a local systems L of Q-vector spaces of
dimension n over S there are up to isomorphism only finitely many different irreducible
direct summands underlying a polarized VHS which can appear in a splitting of L.

We are interested in the algebraic monodromy of Veech fibrations. Having Theorem
6.2.2 in mind, it would be interesting to know which isomorphism classes of irreducible
polarized sub-VHS can occur in the polarized VHS of a Veech fibration. Partial answers
in this direction are Theorem 4.6.8 and [94, Corollary 2.11] of Möller. But both results
do not help us with the Kontsevich–Zorich monodromy of a Veech fibration. Thus we
want to introduce work of André Kappes which can be used to gain information for rank
two summands. The work of André Kappes from [72] and [73] is a natural way to gain
information because it also relies on Hodge theory. More concretely, it relies on period
mappings. After a quick summary of some concepts developed in [72], we will continue
our studies with two examples.
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Note that we saw in Remark 4.5.6 that a polarized variation of Hodge structure can
be equivalently described by its period mapping. Remember that the period domain of
weight one polarized Hodge structures on rank two modules is given by the upper half
plane H. This motivates the following definition:

6.2.3 Definition. A modular embedding or period datum (of rank two and weight one)
is a triple pP,Γ, ρq consisting of the following objects:

(i) A group Γ ď SL2pRq which is a cofinite Fuchsian group, so Γ is a lattice.

(ii) A group homomorphism ρ : Γ Ñ SL2pZq such that the image of ρ has finite index
in SL2pZq.

(iii) A holomorphic map P : H Ñ H which is equivariant with respect to the group
homomorphism ρ.

6.2.4 Proposition (Proposition 5.4 [72]). Assume Γ ď SL2pRq is a cofinite Fuchsian
group and ρ : Γ Ñ SL2pZq is a non-trivial group homomorphism. Then there is at most
one holomorphic map P : H Ñ H, which makes pP,Γ, ρq a modular embedding.

6.2.5 Remark. We consider a Veech surface pX,ωq P Mg of genus g ě 2 and a subgroup
Γ ď Aff`pX,ωq which has condition p‹q. Remember that Γ is by assumption torsion free
and hence can be identified with a finite index subgroup of the Veech group SLpX,ωq ď

SL2pRq. Assume we have a rank two submodule L Ă H1pX,Zq which is invariant under
the action of Γ. Equip L with the restriction of the intersection form on H1pX,Zq and
consider the corresponding representation

ρ : Γ ÝÑ SppLq – SL2pZq.

If the corresponding non-negative Lyapunov spectrum λL of the Kontsevich–Zorich co-
cycle is positive then we obtain by Proposition 6.1.1 and 6.1.4 a modular embedding.
By Proposition 6.2.4 the modular embedding is uniquely determined by ρ and Γ.

There is a left action of SL2pZq ˆSL2pRq on modular embeddings. For pg, hq P SL2pZq ˆ

SL2pRq and a modular embedding pP,Γ, ρq define

pg, hq.pP,Γ, ρq “ pg ˝ P ˝ h´1, h ¨ Γ ¨ h´1, cg ˝ ρ ˝ ch´1q,

where cg is the action of g on SL2pZq by conjugation and ch´1 is the action of h´1 on
SL2pRq by conjugation.

The next definition gives expression to the fact that we always consider families of
compact Riemann surfaces on coverings of Teichmüller curves. Thus we want to be able
to replace a subgroup Γ ď Aff`pX,ωq which has condition p‹q by a different finite index
subgroup of Aff`pX,ωq which also has condition p‹q and still speak about ”the same”
direct summand of the algebraic monodromy. It also gives credit to the fact that we
only want to characterize direct summands of algebraic monodromy representations up
to isomorphism.
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6.2.6 Definition (Commensurability and weak commensurability). Let pP1,Γ1, ρ1q and
pP2,Γ2, ρ2q be two modular embeddings of rank two and weight one.

(i) We say that pP1,Γ1, ρ1q and pP2,Γ2, ρ2q are commensurable if there exists a sub-
group Γ ď SL2pRq which is a finite index subgroup of Γ1 and Γ2 and such that
ρ1|Γ “ ρ2|Γ.

(ii) We say that pP1,Γ1, ρ1q and pP2,Γ2, ρ2q are weakly commensurable if there is
an element pg, hq P SL2pZq ˆ SL2pRq such that pP1,Γ1, ρ1q is commensurable to
pg, hq.pP2,Γ2, ρ2q.

For modular embeddings the concept of Lyapunov exponents will be an important tool
as well. Remark 6.1.3 justifies the following definition.

6.2.7 Definition. Let pP,Γ, ρq be a modular embedding of rank two and weight one.
The map P : H Ñ H descends to holomorphic map ϕ : H{Γ Ñ H{ρpΓq. We define the
Lyapunov exponent of the modular embedding by

λpP,Γ,ρq “
degpϕq ¨ volpH{ρpΓqq

volpH{Γq
. (6.2.7.1)

Lyapunov exponents will help us with the study of modular embeddings because of the
following proposition.

6.2.8 Proposition (Proposition 5.12 [72]). The Lyapunov exponents λpPi,Γi,ρiq of two
weakly commensurable modular embeddings pPi,Γi, ρiq pi “ 1, 2q coincide, i.e

λpP1,Γ1,ρ1q “ λpP2,Γ2,ρ2q.

6.3 Algebraic monodromy groups and coverings

Intuitively a translation covering of a translation surface pX,ωq arises as follows. Cut
up the translation surface pX,ωq such that it becomes a simply connected polygon P .
Then each edge in P has an associated parallel edge. Now take copies P1, . . . Pd of the
polygon P and glue each edge of Pi to its associated edge in some Pj (i, j “ 1, . . . , d),
here i may or may not be equal to j. Do this in such a way that the gluing leads to a
connected surface, a covering surface of X. We will see in this section how coverings can
help to characterize direct summands of the algebraic monodromy of Veech fibrations.

6.3.1 Definition (Translation covering and Veech covering). Let pX,ωq, pY, ηq be trans-
lation surfaces. We call a holomorphic covering π : Y Ñ X a translation covering if
π˚pωq “ η. A translation covering π : Y Ñ X is called Veech covering if pX,ωq and
pY, ηq are Veech surfaces and if the branch points of π have finite Aff`pX,ωq-orbits.
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6.3.2 Remark. Let pX,ωq and pY, ηq be translation surfaces and let π : Y Ñ X be a
translation covering. By [53, Theorem 4.9] the translation surfaces pX,ωq and pY, ηq

have commensurable Veech groups SLpX,ωq and SLpY, ηq. Thus if SLpX,ωq ď SL2pRq

is a lattice then SLpY, ηq ď SL2pRq is a lattice as well. In other words a translation
covering of a Veech surface is a Veech surface.

We consider Veech coverings in the next section because they induce subrepresentations
of the algebraic monodromy representation associated to a Veech fibration. We want
to make this precise. Let pX,ωq and pY, ηq be Veech surfaces and π : Y Ñ X a Veech
covering. Write Aff`pY, ηqπ for the elments in Aff`pY, ηq which descend to pX,ωq via
π, i.e. an element φ P Aff`pY, ηq is contained in Aff`pY, ηqπ if and only if there is an
element φ´ P Aff`pX,ωq with π˚ ˝ φ “ φ´ ˝ π˚. Let

Φπ : Aff
`pY, ηqπ ÝÑ Aff`pX,ωq, φ ÞÝÑ φ´.

By [53, Theorem 4.8] the group Aff`pY, ηqπ is a finite index subgroup of Aff`pY, ηq.
Again by [53, Theorem 4.8] the image Aff`pX,ωqπ of Φπ is the finite index subgroup of
Aff`pX,ωq of elements which lift to pY, ηq. This implies the following Lemma which can
be found in [72, Proposition 4.2].

6.3.3 Lemma. Let π : Y Ñ X be a Veech covering between Veech surfaces pX,ωq and
pY, ηq and consider the natural actions of Aff`pY, ηq on H1pY,Zqq and Aff`pX,ωq on
H1pX,Zqq which preserve the intersection forms. Let U be the image of H1pX,Zq under
the group homomorphism

π˚ : H1pX,Zq ÝÑ H1pY,Zq.

Write QY for the intersection form on H1pY,Zq. Then U is an Aff`pY, ηqπ-invariant
submodule of H1pY,Zq polarized by the restriction of degpπq¨QY on U . Furthermore the
maps π˚ is equivariant for the action of Aff`pY, ηqπ on U and the action of Aff`pX,ωqπ

on H1pX,Zq.

Corollary 12 of [99] implies the following Proposition, which can be found in the PhD-
Thesis of André Kappes [73, Theorem 9.3].

6.3.4 Proposition (Veech coverings and local systems). We consider Veech surfaces
pX,ωq and pY, ηq of genus g and genus h respectively together with a Veech covering
p : Y Ñ X. Then the following holds:

(i) There is a subgroup Γ ď SLpX,ωq X SLpY, ηq which is isomorphic to a torsion free
subgroup of Aff`pX,ωq and Aff`pY, ηq such that condition p‹q is simultaneously
fulfilled for the covers

H{Γ Ñ ∆pX,ωq{Aff`pX,ωq Ñ Mg and H{Γ Ñ ∆pY, ηq{Aff`pY, ηq Ñ Mh

(ii) If fX : X Ñ H{Γ and fY : Y Ñ H{Γ are the associated Veech fibrations, then
we have an inclusion of local systems R1pfXq˚ZX Ñ R1pfY q˚ZY which is also a
morphism of the corresponding polarized VHS.
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6.4 Coverings of L-shaped translation surfaces

Let 0 ă a, b ă 1 be parameters. The Veech surfaces in the stratum ΩM2p2q are well
understood. An important role is played by the translation surfaces Lpa, bq with pa-
rameters 0 ă a, b ă 1 as shown in Figure 6.1. In this section we want to study the
algebraic monodromy of Veech fibrations associated to translation surfaces Kpa, bq and
Xpa, bq in ΩM5p24q which we will obtain as coverings of a L-shaped translation surface
Lpa, bq P ΩM2p2q. Both covers will have Deck-group the Klein four-group Z{2Z ˆ Z{2Z.
The following theorem of Calta and McMullen clearifies for which 0 ă a, b ă 1 the
translation surface Lpa, bq is a Veech surface.

a

b

1

1

Figure 6.1.: The surface Lpa, bq. Opposite sides are glued.

6.4.1 Theorem (Calta [12], McMullen [87], [88]). The surface Lpa, bq is a Veech surface
if and only if we are for 0 ă a, b ă 1 in one of the following situations.

(i) Both a, and b are rational.

(ii) There are x, y P Q and D ą 1 a square-free integer such that

1{p1 ´ aq “ x` y
?
D and 1{p1 ´ bq “ p1 ´ xq ` y

?
D.

The trace field of Lpa, bq is in this case KpLpa, bqq “ Qp
?
Dq.

6.4.2 Remark. Let 0 ă a, b ă 1 be parameters such that condition (i) or (ii) of Theorem
6.4.1 are fulfilled. Let Γ ď Aff`pLpa, bqq be a finite index subgroup which has condition
p‹q and let f : X Ñ ∆{Γ be the associated Veech fibration. We denote La,b “ R1f˚ZX.
Depending on whether the parameters a, b are rational or not, we get two different
splittings of the local system La,b due to Theorem 4.6.8:

(i) If we are in situation (i) of Theorem 6.4.1 and a, b are rational then the trace field
KpLpa, bqq of Lpa, bq is Q and the local system La,b decomposes over Q in rank two
summands

pLa,bqQ “ Lst ‘ Lp0q
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(ii) If we are in situation (ii) of Theorem 6.4.1 then the trace field KpLpa, bqq is given
by F :“ Qp

?
Dq. Write id and σ for the two embeddings of F “ Qp

?
Dq into R.

Then La,b decomposes over F in rank two summands

pLa,bqF “ Lid ‘ Lσ,

where Lσ is the Galois-conjugate of Lid.

The local system Lst in case (i) and the local system Lid in (ii) corresponds to the
standard-action of Γ ď Aff`pLpa, bq on the tautological part

H1
stpLpa, bq,Rq “ xRepωq, Impωqy,

where ω is the holomorphic one-form which induces the translation structure on Lpa, bq.

We will now fix parameters 0 ă a, b ă 1 such that (i) or (ii) in 6.4.1 is fulfilled. With
the help of Proposition 6.3.4 we can find a finite index subgroup Γ ď SLpLpa, bqq which
also has finite index in SLpKpa, bqq and SLpXpa, bqq such that condition p‹q is fulfilled
for the covers

H{Γ Ñ ∆pKpa, bqq{Aff`pKpa, bqq Ñ M5

and

H{Γ Ñ ∆pXpa, bqq{Aff`pXpa, bqq Ñ M5.

This means that H{Γ is a cover for both Teichmüller curves, the Teichmüller curve
coming from Kpa, bq as well as the Teichmüller curve coming from Xpa, bq. We obtain
two Veech fibrations fK : XK Ñ H{Γ and fW : XW Ñ H{Γ and two local systems VpKq :“
R1pfKq˚QXK

and VpW q :“ R1pfW q˚QXW
over H{Γ. Since Kpa, bq and Xpa, bq have genus

five, the local systems VpKq and VpW q are local systems of rational vector spaces of
dimension ten. Following the theme of Theorem 6.2.1 and Theorem 6.2.2 we will know
try to gain information about the polarized sub-VHS of the summands respectively the
modular embeddings associated to rank two summands.

In the following subsections we will make use of the following lemma several times.

6.4.3 Lemma. Let pX,ωq P ΩMg be a translation surface of genus g ě 2 equipped with
an involution σ P Aff`pX,ωq, i.e. σ2 “ id. Let X{σ be a half translation surface of
genus h “ gpX{σq. The involution defines a linear mapping σ˚ : H1pX,Zq Ñ H1pX,Zq,
which induces a splitting

H1pX,Qq “ Eigpσ˚, 1q ‘ Eigpσ˚,´1q (6.4.3.1)

into eigenspaces over the rational numbers such that dimpEigpσ˚, 1qq “ 2h. Furthermore
Eigpσ˚, 1q and Eigpσ˚,´1q are orthogonal to each other with respect to the intersection
form on H1pX,Qq and the affine group Aff`pX,ωq respects the splitting of H1pX,Qq in
(6.4.3.1).
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Proof. The involution σ P Aff`pX,ωq induces linear maps σ˚ on H1pX,Zq and σ˚ on
H1pX,Zq. We write πσ : X Ñ X{σ for the double covering induced by σ. The covering
πσ : X Ñ X{σ induces two linear maps

πσ,˚ : H1pX,Zq ÝÑ H1pX{σ,Zq and π˚
σ : H

1pX{σ,Zq ÝÑ H1pX,Zq.

Since σ2 “ id, we obviously get the following splittings over the complex numbers:

H1pX,Cq “ Eigpσ˚, 1q ‘ Eigpσ˚,´1q

and

H1pX,Cq “ Eigpσ˚, 1q ‘ Eigpσ˚,´1q.

The covering is invariant under the involution, i.e. πσ ˝ σ “ πσ. This implies

πσ,˚ ˝ σ˚ “ πσ,˚ and σ˚ ˝ π˚
σ “ π˚

σ.

This shows Eigpσ˚,´1q Ă kerpπσ,˚q and impπ˚
σq Ă Eigpσ˚, 1q.

Remember that we have a positive definite Hermitian form H on H1pX,Cq induced by
the intersection form. By the Lemma of Riesz for every element c P kerpπσ,˚q there
is an element αc P H1pX,Cq with

ş

c β “ Hpαc, βq for all β P H1pX,Cq. Let W “

xαc | c P kerpπσ,˚qy Ă H1pX,Cq be the subspace generated by all the αc P H1pX,Cq. Let
γ P impπ˚

σq and c P kerpπσ,˚q. Thus we have an element γ0 P H1pX{σ,Cq with γ “ π˚
σpγ0q

and

Hpαc, γq “

ż

c
π˚
σpγ0q “

ż

πσ,˚pcq
γ0 “ 0.

This shows that W and impπ˚
σq are orthogonal with respect to H and thus H1pX,Cq “

W ‘ impπ˚
σq for dimension reasons.

We show next that Eigpσ˚, 1q “ impπ˚
σq holds. Let c1, . . . , c2h be a basis of H1pX{σ,Zq.

There are linearly independent d1, . . . , d2h P H1pX,Zq with πσ,˚pdiq “ ci for every
i “ 1, . . . , 2h. Then all the elements di ` σ˚pdiq P Eigpσ˚, 1q are linearly indepen-
dent since πσ,˚pdi ` σ˚pdiqq “ 2ci for every i “ 1, . . . , 2h. This shows dimpEigpσ˚, 1qq ď

dimpimpπ˚
σqq. From impπ˚

σq Ă Eigpσ˚, 1q we conclude Eigpσ˚, 1q “ impπ˚
σq.

We write Q for the intersection form on H1pX,Qq. Note that σ P Aff`pX,ωq respects
the intersection form. If now c P Eigpσ˚, 1q and d P Eigpσ˚,´1q, then

Qpc, dq “ Qpσ˚pcq, σ˚pdqq “ Qpc,´dq “ ´Qpc, dq.

This shows that Eigpσ˚, 1q and Eigpσ˚,´1q are orthogonal to each other with respect to
the intersection form on H1pX,Qq and that Aff`pX,ωq respects the decomposition of
H1pX,Qq into eigenspaces as in (6.4.3.1).
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Figure 6.2.: The translation surface Kp1{2, 1{2q.

The translation surface Kpa, bq

Again we consider parameters 0 ă a, b ă 1 such that (i) or (ii) in 6.4.1 is fulfilled. In this
part of the section we consider the translation surfaceKpa, bq which we obtain as covering
π : Kpa, bq Ñ Lpa, bq of the Veech surface Lpa, bq. If we rescale the area of Kp1{2, 1{2q

the we can obtain an origami K. The origami K can be found in the article [35] of Filip,
Forni and Matheus. For each element in the Klein four-group V “ Z{2Z ˆ Z{2Z take
a copy Lpa, bqg of Lpa, bq. We obtain Kpa, bq by the following construction. For every
g P V glue the two rightmost vertical sides of Lpa, bqg to the two leftmost vertical sides
of Lpa, bqg`p1,0q and glue the two topmost horizontal sides of Lpa, bqg to the two bottom
most horizontal sides of Lpa, bqg`p0,1q. The translation surface Kpa, bq lies in the stratum
ΩM5p24q. It can be seen in Figure 6.2 for the parameters a “ 1{2 and b “ 1{2.

6.4.4 Description of automorphisms and singular homology of Kpa, bq. Every g
in the Klein four-group V gives us an element in the automorphism group AutpKpa, bqq

of the translation surface by mapping the copy Lpa, bqh to the copy Lpa, bqg`h. The
automorphism group AutpKpa, bqq of the translation surfaceKpa, bq is indeed isomorphic
to the Klein four-group V . Note thatKpa, bq is a Veech surface as well since it is obtained
as a translation covering π : Kpa, bq Ñ Lpa, bq of Lpa, bq. For every g P V ztp0, 0qu we get
a translation surface Kpa, bq{xgy P ΩMp2, 2q which is an unramified double cover of the
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surface Lpa, bq P ΩMp2q. For later use we write

πg : Kpa, bq ÝÑ Kpa, bq{xgy

for the covering ofKpa, bq{xgy byKpa, bq. Note that the coverings πg are Veech coverings.
In Figure 6.3b you can see the translation surface Kpa, bq{xp1, 0qy and in Figure 6.3a you
can see the surface Kpa, bq{xp1, 1qy. In both figures we have parameters a “ 1{2 and
b “ 1{2. Every g P V induces a linear automorphism g˚ on the singular cohomology

I I

II II
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IV IV

A

A
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(a)

A

A

B

B

C
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Figure 6.3.: In Figure 6.3b you can see the origami Kp1{2, 1{2q{xp1, 0qy and in Figure
6.3a the origami Kp1{2, 1{2q{xp1, 1qy can be seen.

H1pKpa, bq,Qq. Furthermore the coverings πg : Kpa, bq Ñ Kpa, bq{xgy and the covering
π : Kpa, bq Ñ Lpa, bq induce linear maps

π˚
g : H

1pKpa, bq{xgy,Qq ÝÑ H1pKpa, bq,Qq

and

π˚ : H1pLpa, bq,Qqq ÝÑ H1pKpa, bq,Qq

by pull back. Every covering πg is invariant under the automotphism g P V – AutpKpa, bqq

and with the help of 6.4.3 we obtain splittings

H1pKpa, bq,Qq “ Eigpg˚, 1q ‘ Eigpg˚,´1q,

as well as

H1pKpa, bq,Qq “ impπ˚q ‘
ÿ

g‰p0,0q

Eigpg˚,´1q.

As in the proof of Lemma 6.4.3 we can indentify H1pKpa, bq{xgy,Qq with the subspace of
H1pKpa, bq,Qq which is invariant under g˚. Furthermore we can identify the singular co-
homology H1pLpa, bq,Qq of the Veech surface Lpa, bq with the subspace of H1pKpa, bq,Qq

which is invariant under all the g˚ with g P V ztp0, 0qu. This shows that we can find a
decomposition

H1pKpa, bq,Qq “ M ‘
à

g‰p0,0q

Mg (6.4.4.1)

into summands with the following properties:

H1pLpa, bq,Qq – M (6.4.4.2)

118



6. Arithmeticity and period mappings

and

H1pKpa, bq{xgy,Qq – M ‘Mg pg P V ztp0, 0quq (6.4.4.3)

Note that by Lemma 6.4.3 all the summands in the decomposition (6.4.4.1) are orthog-
onal to each other with respect to the intersection form on H1pKpa, bq,Qq.

6.4.5 Veech fibration and algebraic monodromy of Kpa, bq. We apply 6.3.3 re-
spectively Proposition 6.3.4 to π : Kpa, bq Ñ Lpa, bq and each of the πg : Kpa, bq Ñ

Kpa, bq{xgy and find a torsion free finite index subgroup Γ
pKq

a,b ď Γ0 such that condition
p‹q is simultaneously fulfilled for each of the following holomorphic coverings

H{Γ
pKq

a,b ÝÑ ∆pKpa, bqq{Aff`pKpa, bqq ÝÑM5 (6.4.5.1)

H{Γ
pKq

a,b ÝÑ ∆pKpa, bq{xgyq{Aff`pKpa, bq{xgyq ÝÑM3 pg ‰ p0, 0qq (6.4.5.2)

H{Γ
pKq

a,b ÝÑ ∆pLpa, bqq{Aff`pLpa, bqq ÝÑM2. (6.4.5.3)

We write fK : XK Ñ H{Γ
pKq

a,b for the Veech fibration associated to the cover (6.4.5.1),

respectively fg : Yg Ñ H{Γ
pKq

a,b and fV : YV Ñ H{Γ
pKq

a,b for the Veech fibrations associated
to (6.4.5.2) and (6.4.5.3). Furthermore, Proposition 6.3.4 says that we have inclusions
of local systems

R1pfV q˚ZYV
ÝÑ R1pfKq˚ZX and R1pfgq˚ZYg ÝÑ R1pfKq˚ZX pg ‰ p0, 0qq,

which are also morphisms of polarized VHS. All of these inclusions correspond to pairwise
different local subsystems of VpKq “ R1pfKq˚ZX as they correspond to pairwise different
subrepresentations of H1pK,Qq.

The inclusion of local systems from above together with Deligne’s semisimplicity result
(see [22] or [121, Theorem 7.25]) and the splitting theorem of Möller 4.6.8 shows that

VpKq

Q splits into a direct sum of local subsystems

pVpKqqQ “ M ‘
à

g‰p0,0q

Mg (6.4.5.4)

such that each of the subsystemsMg (g P V ztp0, 0qu) carries a polarized Q-VHS of weight
one.

In the next Lemma we will determine the Lyapunov exponents for the Kontsevich-Zorich

cocycle over H{Γ
pKq

a,b . We will hereby mimic the proof in Section 5.4 of [35] respectively
the proof of [18, Theorem 7].

6.4.6 Lemma. The non-negative Lyapunov exponents associated to the summand M
are 1 and 1{3. The Lyapunov exponents λg of the summands Mg of VpKq

Q are all given
by λi “ 1{3 (g ‰ p0, 0q).
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Proof. We identify the smooth bundle associated to the local subsystem M of VpKq

Q with

the smooth bundle R1pfV q˚ZYV
bZ C

8

H{Γ
pKq

a,b

underlying the Kontsevich–Zorich cocycle

of the Veech surface Lpa, bq P ΩM2p2q. In this stratum we have Laypunov exponents
p1, 1{3q by Corollary 5.2.5. As we explained above, we can identify for every g ‰ p0, 0q

the local subsystems
M ‘ Mg – R1pfgq˚QYg .

Every Veech surface Kpa, bq{xgy is contained in the component ΩModd
3 p2, 2q and we

know that the sum of Lyapunov exponents is non-varying in this component by results
of Chen and Möller [15]. Indeed the sum of Lyapunov exponents is given by 5{3. With
the argument above the sum of Lyapunov exponents of the Kontsevich–Zorich cocycle
associated to R1pfgq˚QYg bQ C

8

H{Γ
pKq

a,b

must satisfy the relation

1 ` 1{3 ` λg “ 5{3.

This shows λg “ 1{3 for every g ‰ p0, 0q.

Let Γ
pKq

a,b ď Aff`pKpa, bq be as in Subsection 6.4.5. Recall that all the summands in the
splitting

H1pKpa, bq,Qq “ M ‘
à

g‰p0,0q

Mg (6.4.6.1)

from (6.4.4.1) are orthogonal to each other and hence they are invariant under the action

of Γ
pKq

a,b on H1pKpa, bq,Qq. Depending on a, b P Q or not we get a further splitting of
the summand as follows (c.f Remark 6.4.2): If a, b are as in part (i) of Theorem 6.4.1,
then the summand M splits over Q as

M “ Mst ‘Mp0q,

if a, b are as in part (ii) of Theorem 6.4.1 then the summand M splits over the F :“
KpLpa, bqq as

M bQ F “ M id
st ‘Mσ

st,

where id and σ are the different embeddings of F “ KpLpa, bqq into R. Note that for
a, b P Q the summands Mst and Mp0q of H1pKpa, bq,Qq are orthogonal to all the other

summands Mg (g ‰ p0, 0q) with respect to the intersection form. We can restrict Γ
pKq

a,b

to a finite index subgroup Γ which still has condition p‹q such that Γ respects a lattice
in Mg X H1pKpa, bq,Zq with g ‰ p0, 0q respectively a lattice in Mp0q X H1pKpa, bq,Zq.
We can now apply Proposition 6.1.1 and Lemma 6.1.4 on Γ and the rank two summand
Mg pg ‰ p0, 0qq respectively Mp0q if a, b P Q. In this way we obtain together with the
density theorem of Borel (c.f. Remark 6.1.2) the following proposition.
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6.4.7 Proposition. For all parameters 0 ă a, b ă 1 as in Theorem 6.4.1 the Kontsevich–
Zorich monodromy representation

Γ
pKq

a,b ÝÑ SppH1
p0qpKpa, bq,Qqq

splits into rank two summands such that the monodromy group projects for each of the
summands to an arithmetic subgroup of SL2pRq.

Wind tree model

p´1, 1q p0, 1q p1, 1q

p´1, 0q p0, 0q p1, 0q

p´1, ´1q p0, ´1q p1, ´1q

(a)

p´1, 1q p0, 1q p1, 1q

p´1, 0q p0, 0q p1, 0q

p´1, ´1q p0, ´1q p1, ´1q

(b)

Figure 6.4.: Two fundamental regions for the billiard table of the wind tree model.

In this section we want to study the monodromy groups of local systems associated to
Teichmüller curves coming from a famous family of translation surfaces. These transla-
tion surfaces were constructed to study a polygonal billiard called wind tree model (see
Figure 6.4 and Figure 6.5).

We will now explain to the construction of the wind tree model. The Katok-Zemliakov
unfolding procedure of the billiard in the yellow-colored fundamental domains shown in
Figure 6.4 leads to a translation surface Xpa, bq which is made of four reflected copies
of the fundamental domain see Figure 6.6. We will see that for the cases of 0 ă a, b ă 1

a

b

1 1

1

a

b

Figure 6.5.: Cutting and pasting the fundamental regions of the wind tree model.
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Figure 6.6.: Two different presentations of the translation surface Xpa, bq.

as in Theorem 6.4.1 the translation surface Xpa, bq is also a Veech surface and in the
following we want to study the monodromy group of the local system associated to the
Teichmüller curve coming from Xpa, bq.

6.4.8 Lemma (Delecroix, Hubert, Lelièvre [18]). The following holds:

(i) The surface Xpa, bq is a genus five surface in ΩM5p24q. It is a normal unramified
translation covering of Lpa, bq with Deck group G isomorphic to the Klein four-
group Z{2ZˆZ{2Z. The Deck group G of the covering is generated by an element
τh P G which acts by translation in direction p0, 1q on the copies in Figure 6.6a and
by an element τv P G which acts by translation in direction p1, 0q on the copies in
Figure 6.6a.

(ii) Now consider the translation surfaces from Figure 6.7. The translation surfaces

Xpa, bq{xτvy and Xpa, bq{xτhy belong to the hyperelliptic component ΩMhyp
3 p2, 2q

while the translation surface Xpa, bq{xτhτvy belongs to the component ΩModd
3 p2, 2q.

We write again G for the Deck group of the covering π : Xpa, bq Ñ Lpa, bq. We will now
sum up the main parts of [18, Section 3.3] and [18, Lemma 4]. The Deck group G acts
on the cohomology H1pXpa, bq,Qq by pull back. Every element g ‰ 1G of G acts on
H1pXpa, bq,Qq by a linear transformation g˚ which has only the eigenvalues ´1 and 1.
Furthermore for every g ‰ 1G there is a decomposition in eigenspaces

H1pXpa, bq,Qq “ Eigpg, 1q ‘ Eigpg,´1q.

By Lemma 6.4.3. This leads to a decomposition

H1pXpa, bq,Qq “ E ‘
à

g‰1G

Eg, (6.4.8.1)
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Figure 6.7.: In 6.7a we can see the translation surface Xpa, bq{xτhτvy, in 6.7b we can see
Xpa, bq{xτhy and in 6.7c we can see the translation surface Xpa, bq{xτvy.

such that g˚ ¨ w “ w for every w P E ‘ Eg and g˚ ¨ w “ ´w for every w P Eh ‘ Ek
with h, k ‰ g. For every g ‰ 1G the translation covering πg : Xpa, bq Ñ Xpa, bq{xgy is
obviously a Veech covering. As in the proof of Lemma 6.4.3 we obtain isomorphisms of
vector spaces

H1pXpa, bq{xgy,Qq ÝÑ E ‘ Eg and H1pLpa, bq,Qq ÝÑ E (6.4.8.2)

We apply Proposition 6.3.4 to the Veech cover π : Xpa, bq Ñ Lpa, bq and each of the
coverings πg : Xpa, bq Ñ Xpa, bq{xgy with g ‰ 1G. We conclude that there is a subgroup

Γ
pW q

a,b ď SL2pRq, which is contained in the intersection of the Veech group SLpXpa, bqq

with the Veech group SLpLpa, bqq and in the intersection of SLpXpa, bqq with all of the
groups SLpXpa, bq{xgyq (g ‰ 1G). Furthermore we can assume that there are subgroups
G0 ď Aff`pXpa, bqq, G1 ď Aff`pLpa, bqqand Gg ď Aff`pXpa, bq{xgyq (i “ 1, 2, 3) which

map isomorphically to Γ
pW q

a,b under the derivative and such that condition p‹q is fulfilled
for each of the following covers

H{Γ
pW q

a,b ÝÑ ∆pXpa, bqq{Aff`pXpa, bqq ÝÑM5 (6.4.8.3)

H{Γ
pW q

a,b ÝÑ ∆pXpa, bq{xgyq{Aff`pXpa, bq{xgyq ÝÑM3 pg ‰ 1Gq (6.4.8.4)

H{Γ
pW q

a,b ÝÑ ∆pLpa, bqq{Aff`pXpa, bqq ÝÑM2 (6.4.8.5)

We write fW : XW Ñ H{Γ
pW q

a,b for the Veech fibration associated to the covering in

(6.4.8.3), respectively fg : Yg Ñ H{Γ
pW q

a,b for the Veech fibrations associated to (6.4.8.4)

and fG : YG Ñ H{Γ
pW q

a,b for the Veech fibration associated to the covering (6.4.8.5). By
Proposition 6.3.4 we get inclusions of local systems

R1pfGq˚ZYG
ÝÑ R1pfW q˚ZXW

(6.4.8.6)

and

R1pfgq˚ZYg ÝÑ R1pfW q˚ZXW
pg ‰ 1Gq, (6.4.8.7)
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6. Arithmeticity and period mappings

which are furthermore morphisms of polarized VHS. All of these inclusions correspond
to pairwise different local subsystems of VpW q “ R1pfW q˚ZXW

as they correspond to
pairwise different subrepresentations of H1pXpa, bq,Qq as indicated in (6.4.8.2).

The inclusion of local systems from (6.4.8.6) and (6.4.8.7) together with Deligne’s semisim-
plicity [22] result and the splitting theorem of Möller 4.6.8 shows that VpW q splits over
Q as stated below:

VpW q

Q “ E ‘
à

g‰1G

Eg, (6.4.8.8)

where E ‘ Eg – R1pfgq˚QYg for g ‰ 1G and where E – R1pfGq˚QYG
is the local system

corresponding to the action of Γ
pW q

a,b on H1pLpa, bq,Qq. Furthermore each rank two local
subsystem Eg (g ‰ 1G) carries a polarized Q-VHS of weight one.

6.4.9 Lemma. The non-negative Lyapunov exponents associated to the local subsystem
E are p1, 1{3q and the Lyapunov exponents of the subsystems Eg of pVpW qqQ are given
by λg “ 2{3 for the element g “ τh and g “ τv. In the case g “ τhτv it is given by
λτhτv “ 1{3 for the local subsystem Eτhτv .

Proof. We just mimic the proof of [18, Theorem 7] in our simplified situation. By
Proposition 6.3.4 the Kontsevich–Zorich cocycle on the smooth bundle E bQ C

8

H{Γ
pW q

a,b

associated to the local subsystem E of VpW q

Q can be identified with the Kontsevich–Zorich
cocycle for Lpa, bq P ΩM2p2q. In the stratum ΩM2p2q we have Lyapunov exponents
p1, 1{3q by Corollary 5.2.5. As we explained before we identify for every g ‰ 1G the local
subsystems

E ‘ Eg – R1pfgq˚QYg .

In the case of g “ τh and g “ τv the local system R1pfgq˚QYg comes from the Veech

surface Xpa, bq{xgy P ΩMhyp
3 p2, 2q while the translation surface Xpa, bq{xτhτvy belongs

to ΩModd
3 p2, 2q. We konw that the sum of Lyapunov exponents is non-varying in these

components by results of Chen and Möller [15]. Furthermore, the sum of the Lyapunov

exponents is given by 2 in the component M
hyp
3 p2, 2q and it is given by 5{3 in the

component ΩModd
3 p2, 2q. This implies:

1 ` 1{3 ` λg “ 2 for g “ τh and g “ τv

1 ` 1{3 ` λg “ 5{3 for g “ τhτv.

This shows λg “ 2{3 for g “ τh and g “ τv as well as λτhτv “ 1{3.

We can now argue as in Proposition 6.4.7 to obtain the following result.
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6. Arithmeticity and period mappings

6.4.10 Proposition. For all parameters 0 ă a, b ă 1 as in Theorem 6.4.1 the Kontsevich–
Zorich monodromy representation

Γ
pW q

a,b ÝÑ SppH1
p0qpKpa, bq,Qqq

splits into rank two summands such that the monodromy group projects for each of the
summands to an arithmetic subgroup of SL2pRq.

Summary

We will now sum up some obvious insigths for the period data which come from the

rank two summands in the splittings (6.4.5.4) and (6.4.8.8). The group Γ
pKq

a,b as well as

the group Γ
pW q

a,b are isomorphic to finite index subgroups of the Veech group SLpLpa, bqq.
We got a Veech fibration fK : XK Ñ H{ΓK for the cover H{ΓK of the Teichmüller curve
associated to K and a Veech fibration fW : XW Ñ H{ΓW for the cover H{ΓW of the
Teichmüller curve associated to W . We found two splittings over the rational numbers
of the following local systems

R1pfKq˚QXK
“ M ‘

à

g‰p0,0q

Mg

and

R1pfW q˚QXW
“ E ‘

à

g‰1G

Eg.

All of the direct summands in both decompositions are of rank two and carry polarized
sub-VHS. The period data of Eτh and Eτg are not weakly commensurable to any other
direct summand of rank two since their Lyapunov exponent is 2{3 instead of 1{3. It
would be interesting to find out more about the period data which can appear for Veech
coverings of the translation surface Lpa, bq. Maybe one can proceed as in [72, Example
5.10] to show that the period data of the summands Mg pg ‰ p0, 0qq or the period datum
of Eτhτv is not induced by a Veech covering.
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7. Prym origamis

In this chapter we will investigate a so called Prym origami in the stratum ΩM3p4q. In
Section 7.1 we will shortly elaborate some general properties of their Kontsevich–Zorich
monodromy and Kontsevich–Zorich representation. After that we will investigate a
special Prym origami with thin Kontsevich–Zorich monodromy in Section 7.2. This is
part of joined work with Pascal Kattler and Gabriela Weitze-Schmithüsen which we
started a few weeks ago.

7.1 The Prym locus of ΩM3p4q

By results of Kontsevich and Zorich [78, Theorem 2] the stratum ΩM3p4q has two con-
nected components

ΩModd
3 p4q and ΩMhyp

3 p4q.

We say that an origami O “ pX,ωq P ΩModd
3 p4q belongs to the Prym-locus if there is a

holomorphic involution σ : X Ñ X, which has four fixed points such that σ˚ω “ ´ω. The
last condition implies that σ is an affine homeomorphism of O with derivative Dpσq “

´I2. By the Riemann-Hurwitz formula we see that the genus of X{σ is gpX{σq “ 1.

We want to describe the general features of the Kontsevich–Zorich monodromy represen-
tation of origamis in the Prym locus a little bit before we come to the main result of this
section. The main feature is that the Kontsevich–Zorich representation splits into two
rank two summands and that the Kontsevich–Zorich monodromy projects to arithmetic
groups with Zariski closure isomorphic to SL2pRq (see Proposition 7.1.3). We start our
investigation with the following lemma.

7.1.1 Lemma. Let O “ pX,ωq be an origami in the Prym-locus of ΩModd
3 p4q with

associated involution σ : X Ñ X. Consider the action of σ on the non-tautological part

H
p0q

1 pX,Qq by push forward. Then H
p0q

1 pX,Qq decomposes into eigenspaces H` and
H´ for the eigenvalues 1 and ´1. Both eigenspaces H` and H´ are two-dimensional
and orthogonal to each other with respect to the intersection form Q on H1pX,Qq.
Furthermore every element in the affine group Aff`pOq respects the splitting

H
p0q

1 pX,Qq “ H` ‘H´.

126



7. Prym origamis

Proof. Since O “ pX,ωq is an origami, the tautological part Hst
1 pX,Qq of H1pX,Qq is

defined over Q. Furthermore the involution σ : X Ñ X has by definition the property
σ˚pωq “ ´ω. This implies that Hst

1 pX,Qq is a subspace of Eigpσ˚,´1q by duality (c.f.
Section 4.6.10).

The genus of X is gpXq “ 3 and the genus of X{σ is gpX{σq “ 1. By Lemma 6.4.3 and
duality H1pX,Qq Ñ H1pX,Qq the homology H1pX,Qq splits into eigenspaces

H1pX,Qq “ Eigpσ˚, 1q ‘ Eigpσ˚,´1q, (7.1.1.1)

of σ˚, which are orthogonal to each other with respect to the intersection form. Fur-
thermore, Eigpσ˚, 1q has dimension two and the eigenspace Eigpσ˚,´1q has dimension

four. This shows that the non-tautological part H
p0q

1 pX,Qq splits into eigenspaces H`

and H´ of dimension two.

Let again O “ pX,ωq be an origami in the Prym-locus of ΩModd
3 . Let ϵ P t`,´u

and write Uϵ for the lattice H1pX,Zq X Hϵ. For every ϵ P t`,´u, the lattice Uϵ is
invariant under the action of Aff`pX,ωq and Uϵ is naturally polarized by the restriction
of the intersection form on H1pX,Zq.Thus the action of Aff`pX,ωq on Uϵ induces a
representation

ρϵ : Aff
`pX,ωq Ñ SppUϵq. (7.1.1.2)

We choose a subgroup Γ ď Aff`pX,ωq which has condition p‹q. Let f : X Ñ C “

∆pX,ωq{Γ be the associated Veech fibration. For every ϵ P t`,´u, we can associate a
local system Uϵ to the representation ρϵ|Γ. We denote VZ “ R1f˚ZX as before. Lemma
7.1.1 induces a splitting of local systems (c.f. Theorem 4.6.8)

VQ “ W ‘ E` ‘ E´, (7.1.1.3)

where Eϵ – Uϵ bZ Q by duality for each ϵ P t`,´u. On VZ we have the polarized
VHS pVZ, f˚Ω

1
X{C , Qq of weight one. Thus from Deligne’s semisimplicity result and the

splitting of the local system VZ in (7.1.1.3), we obtain a polarized VHS of weight one on
Uϵ for both of the ϵ P t`,´u or equivalently a holomorphic mapping

ϕϵ : C Ñ H{ pρϵ|ΓpUϵqq ,

which is locally liftable and has Griffith’s infinitesimal period relation.

We denote by U
1,0
ϵ the p1, 0q-part of the Hodge filtration of the Deligne extension of

Uϵ bZ OC to the smooth compactification C of C. Write degpU
1,0
ϵ q for the degree of

the line bundle U
1,0
ϵ . The next lemma together with 5.2.4 implies that degpU

1,0
ϵ q ‰ 0

for every ϵ P t`,´u or equivalently that ϕϵ is non-constant and hence surjective. This
lemma can also be found in Section 6.6 of [86].

7.1.2 Lemma. The Kontsevich–Zorich cocycle on VZbZC
8
C restricts to cocycles on each

of the smooth subbundles U` bZ C
8
C and U´ bZ C

8
C with positive Lyapunov exponents

λ` “ 2{5 and λ´ “ 1{5.
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7. Prym origamis

Proof. The involution σ : X Ñ X has four fixed points and induces a covering π : X Ñ

X{σ with X{σ an elliptic curve. The holomorphic quadratic differential ω2 descends
to a quadratic differential q on X{σ, i.e. π˚q “ ω2. The four ramification points of π
correspond to zeroes of odd orders or simple poles of q. By (2.5) in [30] we know that
the single zero of order four of ω gives rise to a zero of order three of q. Since X{σ has
genus one, we conclude that q has three simple poles. By [30, Theorem 1, Theorem 2]
and [15, Section 5.1] we conclude

1 ` λ´ ` λ` “ 8{5 (7.1.2.1)

and

1 ` λ´ ´ λ` “ 1{4 ¨ p1 ` 1 ` 1 ` 1{5q “ 4{5 (7.1.2.2)

This shows λ` “ 2{5 and λ´ “ 1{5.

From Proposition 6.1.1, Lemma 6.1.4 and Borel Density Theorem (c.f. Remark 6.1.2)
we obtain the following proposition which was already pointed out in Appendix A of [8],
which is due to Etienne Bonnafoux and Carlos Matheus.

7.1.3 Proposition. For each ϵ P t`,´u, the image impρϵq of the representation

ρϵ : Aff
`pX,ωq Ñ SppUϵq.

from (7.1.1.2) has Zariski closure isomorphic to SL2pRq and it is an arithmetic group.
In other words the monodromy group of the Kontsevich–Zorich representation projects
to Zariski dense and arithmetic groups in SL2pRq.

7.2 A Prym-origami with thin Kontsevich–Zorich monodromy

■▲ ▲

♦

♦

Figure 7.1.: The origami O with its four fixed points under the involution.

We want to consider the origami O P ΩModd
3 p4q from Figure 7.1 associated to the pair

of permutations
σh “ p1, 2qp4, 5q and σv “ p2, 3, 4q.
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7. Prym origamis

It has degree five and lies in the Prym-locus of ΩModd
3 p4q. Etienne Bonnafoux and Carlos

Matheus computed the Kontsevich-Zorich monodromy of O in Appendix A of [8]. We
will now repeat their result. The origami O has three horizontal cylinders with waist
curves σ1, σ0 and σ2 with holonomies p2, 0q, p1, 0q and p2, 0q. Furthermore, O has three
vertical cylinders with waist curves ζ1, ζ0 and ζ2 with holonomy vectors p0, 1q, p0, 3q and

p0, 1q. A basis of the non-tautological part H
p0q

1 pO,Qq is given by Σi “ σi´2σ0 pi “ 1, 2q

and Zi “ 3ζi ´ ζ0 pi “ 1, 2q. Again the involution splits the non-tautological part in

eigenspaces H
p0q

1 pO,Qq “ H`
1 ‘H´

1 . The eigenspace H`
1 of the eigenvalue 1 is generated

by the elements Σ` “ Σ1 ´Σ2 and Z` “ Z1 ´Z2. The eigenspace H
´
1 of the eigenvalue

´1 is generated by Σ´ “ Σ1 ` Σ2 and Z´ “ Z1 ` Z2. The Veech group SLpOq of O is
generated by the following matrices in SL2pZq:

m1 “

ˆ

1 2
0 1

˙

, m2 “

ˆ

1 0
3 1

˙

and

m3 “

ˆ

´1 0
0 ´1

˙

, m4 “

ˆ

6 ´5
5 ´4

˙

The elementsm1 andm2 act on the basis pΣ`, Z`,Σ´, Z´q of eigenvectors of H
p0q

1 pO,Qq

by the matrices

A “

¨

˚

˚

˝

1 3 0 0
0 1 0 0
0 0 1 1
0 0 0 1

˛

‹

‹

‚

and B “

¨

˚

˚

˝

1 0 0 0
1 1 0 0
0 0 1 0
0 0 1 1

˛

‹

‹

‚

The element m3 P SLpOq comes from the involution on O and m4 acts by a Dehn multi-
twist in direction p1, 1q on O and thus acts trivially. In the next section we will study
the Kontsevich–Zorich monodromy of O.

Thin Kontsevich–Zorich monodromy. In this subsection we finally show parts of
the work which Pascal Kattler, Gabriela Weitze Schmithüsen and myself started quite
recently. We denote in the following

T “

ˆ

1 1
0 1

˙

and L “

ˆ

1 0
1 1

˙

.

We write A, B for the elements A “ pT 3, T q and B “ pL,Lq of SL2pZq ˆ SL2pZq and we
write U “ xA,By for the subgroup generated by A and B. Let

P : SL2pZq ÝÑ PSL2pZq

be the projection map and write T “ P pT q and L “ P pLq for the images of T and L under
P . In the following we write PU for the subgroup of PSL2pZq ˆ PSL2pZq generated by
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7. Prym origamis

the elements A :“ pT
3
, T q and B :“ pL,Lq. For i “ 1, 2 let pri : PSL2pZq ˆ PSL2pZq Ñ

PSL2pZq be the projection onto the first, respectively second component. The image
pr1pPUq ď PSL2pZq of PU under the projection onto the first component is given by

the subgroup of PSL2pZq generated by the elements T
3
and L and we have the identity

PΓ1p3q “ xT
3
, Ly “

"ˆ

a b
c d

˙

P PSL2pZq | a ” ˘1 ” d pmod3q, b ” 0 pmod3q

*

.

Consider the following commutative diagram:

PSL2pZq ˆ t1u PSL2pZq ˆ PSL2pZq PSL2pZq

PU X pPSL2pZq ˆ t1uq PU PSL2pZq

pr2

pr2

id

We want to show in this section that the group PU has infinite index in PSL2pZq ˆ

PSL2pZq. The projection of PU onto the second component is the full group PSL2pZq.
Hence the two rows of the commutative diagram above are exact. We conclude that it
suffices to show that the group

H :“ PU X pPSL2pZq ˆ t1uq “ PU X kerppr2q

has infinite index in PSL2pZq ˆ t1u, respectively that G “ pr1pHq has infinite index in
PSL2pZq. The group PΓ1p3q has finite index in PSL2pZq and we know from above that
G is a subgroup of PΓ1p3q. Thus if we can show that G “ pr1pHq ď PΓ1p3q has infinite
index in PΓ1p3q, then we are done.

A group presentation of PSL2pZq is given by

GPSL2pZq “ xx, y | py2x´1q2, px y´1q3y. (7.2.0.1)

The group homomorphism GPSL2pZq Ñ PSL2pZq induced by x ÞÑ T , y ÞÑ L is an
isomorphism of groups. Consider the element R P PΓ1p3q given by

R “ pL
2
T

´3
q2 “ ˘

ˆ

´5 12
´8 19

˙

. (7.2.0.2)

7.2.1 Lemma. The group G is given by the normal hull of the element R in the group
Γ1p3q, i.e G “! R "PΓ1p3q.

Proof. Let F2 “ Fx,y be the free group in two generators x and y. Consider the group
homomorphism

φ : Fx,y ÝÑ PSL2pZq ˆ PSL2pZq, φpxq “ A, φpyq “ B.
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7. Prym origamis

By definition of the group homomorphism φ, we have the identity impφq “ PU . We get
the relation H “ impφq X kerppr2q. Furthermore, the identity

impφq X kerppr2q “ φpkerppr2 ˝ φqq (7.2.1.1)

holds. Consider the elements S1 “ py2x´1q2 and S2 “ px y´1q3 of Fx,y. If we recall
the group presentation of PSL2pZq in (7.2.0.1), then it is clear that the kernel of the
concatenation pr2 ˝ φ is given by the normall hull ! S1, S2 "Fx,y in Fx,y generated as a
normal subgroup by S1 and S2. This shows

H “ φpkerppr2 ˝ φqq “! φpS1q, φpS2q "PU .

We have the identities

pr1 ˝ φpS2q “ pT
3
L

´1
q3 “ I2 and pr1 ˝ φpS1q “ pL

2
T

´3
q2 “ R.

We conclude that G is given by the normall hull of the element R in PΓ1p3q since
pr1pPUq “ PΓ1p3q, i.e. G “! R "PΓ1p3q.

The element R P PΓ1p3q from (7.2.0.2) is obviously an element of the congruence sub-

group PΓp2q “ xT
2
, L

2
y of PSL2pZq as well. From the description of G from Lemma

7.2.1 we conclude that G ď Γp2q hence G ď PΓ1p3q X PΓp2q. We write in the following
ISC for the intersection PΓ1p3q X PΓp2q.

7.2.2 Lemma. Let ISC “ PΓ1p3q X PΓp2q as above. The following holds:

(i) The group ISC has index four in PΓp2q. Furthermore, the group ISC is a free
group in the set of generators s1, . . . , s5 P PΓp2q, where

s1 “ L
2

“ ˘

ˆ

1 0
2 1

˙

,

s2 “ T
2

¨ L
2

¨ T
´4

“ ˘

ˆ

5 ´18
2 ´7

˙

s3 “ T
4

¨ L
2

¨ T
2

¨ L
´2

¨ T
´4

“ ˘

ˆ

´35 162
´8 37

˙

s4 “ T
4

¨ L
4

¨ T
´2

“ ˘

ˆ

17 ´30
4 ´7

˙

,

s5 “ T
6

“ ˘

ˆ

1 6
0 1

˙

.

(ii) The group ISC has index six in PΓ1p3q and a set of right cosets is given by the
elements A1, . . . , A6 P PΓ1p3q, where

A1 “ ˘I2, A2 “ T
3
, A3 “ L

A4 “ T
3

¨ L, A5 “ L ¨ T
3
, A6 “ T 3 ¨ L ¨ T 3.
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Figure 7.2.: The right coset graph of the group ISC in PΓp2q.

Proof. The right coset graph of ISC in PΓp2q is given by the graph in Figure 7.2. A
standard argument with the Ping-Pong Lemma shows that PΓp2q can be written as the

free product PΓp2q “ xT
2
y ˚ xL

2
y and hence PΓp2q is a free group in the two generators

T
2
and L

2
. Thus ISC is a free group in five generators by the rank-index-formula. The

fundamental group with base point ˘I2 of the right coset graph in Figure 7.2 is naturally
isomorphic to the group ISC. Thus we get S “ ts1, . . . , s5u ď PΓp2q as above as a set
of generators of ISC. The right coset graph of ISC in PΓ1p3q is given by the graph in
Figure 7.3.

With Lemma 7.2.1 and Lemma 7.2.2 we can now continue our investigations on the group
G. We know that the elements A1, . . . , A6 as in Lemma 7.2.2 build a set of right cosets
of ISC in PΓ1p3q and G “! R "PΓ1p3q. All the elements Ri :“ AiRA

´1
i pi “ 1, . . . , 6q

are elements of ISC. All together we conclude that the group G ď ISC is given by the
normall hull

G “ ! R "PΓ1p3q “ ! Ri “ AiRA
´1
i | i “ 1, . . . , 6 "ISC,

In terms of the generators s1, . . . , s5 of ISC from Lemma 7.2.2 we have the following
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˘I2 L

T
3

T
3
LT

3
LT

3
LT

3

L

T
3 T

3

LT
3

L

T
3 T

3

L

L

L

T
3

Figure 7.3.: The right coset graph of the group ISC in PΓ1p3q

identities for the elements Ri “ AiRA
´1
i pi “ 1, . . . , 6q from above:

R1 “ s1 ¨ s´1
5 ¨ s´1

2 “ ˘

ˆ

´5 12
´8 19

˙

,

R2 “ s´1
2 ¨ s1 ¨ s´1

5 “ ˘

ˆ

´29 156
´8 43

˙

,

R3 “ s1 ¨ s´1
4 ¨ s5 ¨ s´1

1 “ ˘

ˆ

´17 12
´44 31

˙

,

R4 “ s´1
2 ¨ s´1

3 ¨ s4 ¨ s2 “ ˘

ˆ

´149 552
´44 163

˙

R5 “ s1 ¨ s´1
5 ¨ s´1

3 ¨ s5 ¨ s´1
4 ¨ s3 ¨ s5 ¨ s´1

1 “ ˘

ˆ

´185 156
´236 199

˙

R6 “ s´1
2 ¨ s´1

4 ¨ s´1
3 ¨ s24 ¨ s2 “ ˘

ˆ

´893 3432
´236 907

˙

We consider the group homomorphism of ISC onto its abelization

ϕab : ISC Ñ ISC{rISC, ISCs.

It is easy to see that the image ϕabpGq is a subgroup of infinite index in ISC{rISC, ISCs

and this shows that G has also infinite index in ISC. Furthermore an easy computation in
GAP shows that the matrices ˘I2 ¨Ri pi “ 1, . . . , 6q project surjectively onto SL2pZ{5Zq.
By a theorem of Weigel ([120],[104, Theorem 2.2]) we conclude that the Zariski closure of
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7. Prym origamis

G is PSL2pRq respectively that the Zariski closure of PUXPSL2pRqˆt˘I2u is isomorphic
to SL2pRq. Since pr2pPUq “ PSL2pZq, this shows that the subgroup PU ď PSL2pRq ˆ

PSL2pRq is Zariski dense. We will sum up the main result of this section in the next
Theorem.

7.2.3 Theorem. The Kontsevich–Zorich monodromy of the prym-origami O P ΩModd
3 p4q

associated to the permutations σh “ p1, 2qp4, 5q and σv “ p2, 3, 4q is thin.
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8. Arithmeticity for a finite family of stairs
origamis in genus four

In this chapter we integrate the content of [8, Section 5]. We will show for a finite
family in the stratum ΩM4p6q, that the monodromy group of the Kontsevich–Zorich
monodromy representation is an arithmetic group. In contrast to the results from the
previous chapter which are based on Hodge theory, we will hereby use the theory of
algebraic groups. We laid the foundation of these techniques in Chapter 1. The main
difficulty for the sequences of origamis in this chapter and the next chapter is to prove
that the monodromy group of the Kontsevich–Zorich representation is Zariski-dense. In
this chapter the proof is computer-aided (c.f. Theorem 8.3.1) and hence results in a
finite family. In chapter 9 we obtain Zariski-density by a Galois-theoretical approach.
Nevertheless we need the explicit description of several elements in the Kontsevich–
Zorich monodromy in both cases which we develop in Section 8.2. In Section 8.3 we
prove the density of the Kontsevich-Zorich monodromy of the origamis considered in
Theorem 8.1.3. Finally, in Section 8.4 we show arithmeticity with the help of 1.6.1.

8.1 Stairs origamis in genus four

Before we start with the construction of our families, we want to explain what we mean
by length or combinatorial length of a curve on an origami.

8.1.1 Definition. For an origami π : O Ñ R2{Z2 and a closed curve γ : r0, 1s Ñ O we
mean by (combinatorial) length the number of t P p0, 1s such that πpγptqq “ πpγp0qq.

First of all we want to introduce the members of the finite family which we want to
consider in this section.

8.1.2 Definition. Let N ě 4 andM “ 4`2m with m ě 0. Let O
p4q

N,M be the origami of
degree N`M`2 associated to the pair of permutations h, v P Sympt1, . . . , N`M`2uq,
where

h “p1, 2, 3 . . . , NqpN ` 1, N ` 2, N ` 3qpN ` 4, N ` 5qpN ` 6q . . . pN `M ` 2q

v “p1, N ` 1, N ` 4, N ` 6, . . . , N `M ` 2qp2, N ` 2, N ` 5qp3, N ` 3qp4q . . . pNq.

135



8. Arithmeticity for a finite family of stairs origamis in genus four

M

N

σN

σ3

σ2

σ1

ζM ζ3 ζ2 ζ1

Figure 8.1.: Origami O
p4q

N,M with horizontal waist curves σ1, σ2, σ3, σN and vertical waist
curves ζ1, ζ2, ζ3, ζM

The origamis from Definition 8.1.2 are visualized in Figure 8.1. The main result of this
chapter is the following. This is Theorem 2 respectively Theorem 22 in our article [8].
Note that in Chapter 9 we will obtain an infinite family with arithmetic Kontsevich–

Zorich monodromy among the origamis O
p4q

N,M but we have more constraints on the
parameters N,M P N.

8.1.3 Theorem. For all N “ 3m ` 4 with 4 ď N ď 50 and M “ 2m ` 4 with
m P t0, . . . , 50u the Kontsevich–Zorich monodromy of O

p4q

N,M is arithmetic.

8.2 Our favorite Dehn twists

In this subsection we compute explicit elements in the Kontsevich–Zorich monodromy.

We use cylinder decompositions of the origami O
p4q

N,M in several directions to construct

Dehn multitwists. Rember that we defined H
p0q

1 pO
p4q

N,M ,Zq as the kernel of the push-

forward π˚ induced by the covering π : O
p4q

N,M Ñ T2 of the torus (c.f Subsection 4.6.10).
We will compute the transformation matrices of the Dehn-multitwist with respect to a

basis Bp0q ofH
p0q

1 pO
p4q

N,M ,Zq. This will be the cornerstone for the arguments in Section 8.3
and Section 8.4.

The waist curves σ1, σ2, σ3, σN of the four maximal horizontal cylinders and the four waist

curves ζ1, ζ2, ζ3, ζM of the four maximal vertical cylinders form a basis B of H1pO
p4q

N,M ,Qq
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8. Arithmeticity for a finite family of stairs origamis in genus four

(see Figure 8.1). We have the following holonomy vectors for these waist curves:

holpσ1q “ p1, 0q, holpσ2q “ p2, 0q, holpσ3q “ p3, 0q, holpσN q “ pN, 0q

holpζ1q “ p0, 1q, holpζ2q “ p0, 2q, holpζ3q “ p0, 3q, holpζM q “ p0,Mq.

We have that Bp0q “ tΣ1,Σ2,ΣN , Z1, Z2, ZMu is a basis of the non-tautological part

H
p0q

1 pO
p4q

N,M ,Qq, where

Σ1 “ σ2 ´ 2σ1, Σ2 “ σ3 ´ 3σ1, ΣN “ σN ´Nσ1,

Z1 “ ζ2 ´ 2ζ1, Z2 “ ζ3 ´ 3ζ1, ZM “ ζM ´Mζ1.

That Bp0q is indeed a basis follows for example from the fact that the fundamental matrix
G̃ of the intersection form Ω with respect to Bp0q (see 8.2) is regular:

G̃ “

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 1 ´1
0 0 0 1 1 ´2
0 0 0 ´1 ´2 ´N ´M ` 1
0 ´1 1 0 0 0

´1 ´1 2 0 0 0
1 2 N `M ´ 1 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚

We will use the Dehn multitwists along the waist curves of the cylinders in the directions
p1, 1q, p1,´1q, p1, 2q, p1,´2q as well as the horizontal and vertical direction. In the

following we compute their actions on H
p0q

1 pO
p4q

N,M ,Qq.

2m

N

(a)

2m

N

(b)

Figure 8.2.: Cylinder decomposition in direction p1,´1q and p1, 1q of the origami O
p4q

N,M .
Here χ1 and δ1 are the waist curves of the blue cylinders.

For the direction p1, 1q we have a decomposition into two maximal cylinders of equal
height with waist curves δ1 of combinatorial length 3 and δ2 of combinatorial length
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8. Arithmeticity for a finite family of stairs origamis in genus four

N `M ´ 1 (see Figure 8.2b). In direction p1,´1q we also have a decomposition into two
maximal cylinders (see Figure 8.2a) again of equal height. We denote the waist curve of
combinatorial length 5 by χ1 and the waist curve of combinatorial length N `M ´ 3 by
χ2. The associated Dehn multitwists along the waist curves of these maximal cylinders

then act as linear maps Dδ and Dχ on H
p0q

1 pO
p4q

N,M ,Qq given by (c.f. Proposition 3.3.4
and Formula (2.4) [8]):

Dδ : v ÞÝÑ v ` pN `M ´ 1q Ωpv, δ1q δ1 ` 3 Ωpv, δ2q δ2 (8.2.0.1)

Dχ : v ÞÝÑ v ` pN `M ´ 3q Ωpv, χ1qχ1 ` 5 Ωpv, χ2qχ2 (8.2.0.2)

We will now count the intersection points of the curves σi, σN , ζi, ζM pi “ 1, 2, 3q with
the waist curves of the cylinders to finally compute matrix representations for Dδ and
Dχ:

Ω δ1 δ2 χ1 χ2

σ1 0 1 0 ´1
σ2 1 1 ´1 ´1
σ3 1 2 ´2 ´1
σN 1 N ´ 1 ´2 ´pN ´ 2q

ζ1 0 ´1 0 ´1
ζ2 ´1 ´1 ´1 ´1
ζ3 ´1 ´2 ´2 ´1
ζM ´1 ´pM ´ 1q ´2 ´pM ´ 2q

Table 8.1.: Number of intersection points between the waist curves δ1, , δ2 of the cylinders
in direction p1, 1q and the waist curves χ1, χ2 of the cylinders in direction
p1,´1q with the elements σi, σN , ζi, ζM pi “ 1, 2, 3q.

As next step we compute the matrix representations M
p0q

δ and M
p0q
χ of the linear maps

Dδ, Dχ P SpΩpH
p0q

1 pO
p4q

N,M ,Qqq with respect to Bp0q. The following two elements of the
homology will be essential for this:

∆ “ pN `M ´ 1q ¨ δ1 ´ 3 ¨ δ2 P H
p0q

1 pO
p4q

N,M ,Zq

X “ pN `M ´ 3q ¨ χ1 ´ 5 ¨ χ2 P H
p0q

1 pO
p4q

N,M ,Zq

They both have zero holonomy and are thus elements of the non-tautological part

H
p0q

1 pO
p4q

N,M ,Zq. The intersection numbers obtained above allow us by a simple but
longish computation to determine the coefficients of ∆ and X with respect to the basis

B of H1pO
p4q

N,M ,Qq. We then convert them to coefficients with respect to the basis Bp0q

of H
p0q

1 pO
p4q

N,M ,Qq and obtain:

∆ “ ´3Σ1 ` pN `M ´ 1qΣ2 ´ 3ΣN

´3Z1 ` pN `M ´ 1qZ2 ´ 3ZM ,

X “ pN `M ´ 3qΣ1 ` pN `M ´ 3qΣ2 ´ 5ΣN

´pN `M ´ 3qZ1 ´ pN `M ´ 3qZ2 ` 5ZM

(8.2.0.3)
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8. Arithmeticity for a finite family of stairs origamis in genus four

Now, using (8.2.0.1) and (8.2.0.2) we obtain:

DδpΣ1q “ Σ1 ` ∆, DδpΣ2q “ Σ2 ` ∆, DδpΣN q “ ΣN ` ∆,

DδpZ1q “ Z1 ´ ∆, DδpZ2q “ Z2 ´ ∆, DδpZM q “ ZM ´ ∆,

DχpΣ1q “ Σ1 ´X, DχpΣ2q “ Σ2 ´ 2X, DχpΣN q “ ΣN ´ 2X,

DχpZ1q “ Z1 ´X, DχpZ2q “ Z2 ´ 2X, DχpZM q “ ZM ´ 2X

(8.2.0.4)

From (8.2.0.4) we see that the linear maps Dδ and Dχ are transvections, i.e. Dδ ´ id and
Dχ ´ id have one-dimensional images. This finally leads to the matrix representations

M
p0q

δ , M
p0q
χ P R6ˆ6, where

M
p0q

δ “

¨

˝

´2 ´3 ´3 3 3 3
N ` M ´ 1 N ` M N ` M ´ 1 ´N ´ M ` 1 ´N ´ M ` 1 ´N ´ M ` 1

´3 ´3 ´2 3 3 3
´3 ´3 ´3 4 3 3

N ` M ´ 1 N ` M ´ 1 N ` M ´ 1 ´N ´ M ` 1 ´N ´ M ` 2 ´N ´ M ` 1
´3 ´3 ´3 3 3 4

˛

‚

and

M p0q
χ “

¨

˝

´M ´ N ` 4 ´2M ´ 2N ` 6 ´2M ´ 2N ` 6 ´M ´ N ` 3 ´2M ´ 2N ` 6 ´2M ´ 2N ` 6
´M ´ N ` 3 ´2M ´ 2N ` 7 ´2M ´ 2N ` 6 ´M ´ N ` 3 ´2M ´ 2N ` 6 ´2M ´ 2N ` 6

5 10 11 5 10 10
M ` N ´ 3 2M ` 2N ´ 6 2M ` 2N ´ 6 M ` N ´ 2 2M ` 2N ´ 6 2M ` 2N ´ 6
M ` N ´ 3 2M ` 2N ´ 6 2M ` 2N ´ 6 M ` N ´ 3 2M ` 2N ´ 5 2M ` 2N ´ 6

´5 ´10 ´10 ´5 ´10 ´9

˛

‚.

For the directions p1, 2q and p1,´2q we assume that M “ 2m ` 4 (m P N⊬). We then

2m

N

(a)

2m

N

(b)

Figure 8.3.: Cylinder decomposition in direction p1, 2q and p1,´2q of the origami O
p4q

N,M .
Here γ1 and α1 are the waist curves of the blue cylinders.

again have decompositions into two cylinders of equal height (see Figure 8.3a and Figure
8.3b). For direction p1, 2q the waist curves γ1, γ2 have combinatorial length M

2 and
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8. Arithmeticity for a finite family of stairs origamis in genus four

2N`M`4
2 . For direction p1,´2q the waist curves α1, α2 have combinatorial length N `m

and m` 6. We get the following transvections Dγ and Dα:

Dγ : v ÞÝÑ v ` p2N `M ` 4q Ωpv, γ1qγ1 `M Ωpv, γ2qγ2

Dα : v ÞÝÑ v ` pm` 6q Ωpv, α1qα1 ` pN `mq Ωpv, α2qα2

For the intersection points of the waist curve γ1, γ2 and α1, α2 with σi, σN , ζi, ζM we
counted:

Ω γ1 γ2 α1 α2

σ1 1 1 ´1 ´1
σ2 1 3 ´1 ´3
σ3 1 5 ´2 ´4
σN 1 2N ´ 1 4 ´ 2N ´4
ζ1 0 ´1 ´1 0
ζ2 0 ´2 ´1 ´1
ζ3 ´1 ´2 ´1 ´2
ζM ´p1 `mq ´p3 `mq ´p1 `mq ´p3 `mq

Table 8.2.: Number of intersection points between the waist curves γ1, γ2 of the cylinders
in direction p1, 2q and the waist curves α1, α2 of the cylinders in direction
p1,´2q with the elements σi, σN , ζi, ζM pi “ 1, 2, 3q.

With these data we compute similarly as above the representation matrices M
p0q
γ and

M
p0q
α of the maps Dγ , Dα with respect to the basis Bp0q. The crucial elements of the non

tautological part of homology are in this case:

Γ “ p2N `M ` 4qγ1 ´Mγ2 P H
p0q

1 pO
p4q

N,M ,Zq

A “ pm` 6qα1 ´ pN `mqα2 P H
p0q

1 pO
p4q

N,M ,Zq

We get for the coefficients of Γ and A in the basis Bp0q “ tΣ1,Σ2,Σn, Z1, Z2, ZMu:

Γ “ p2N `M ` 4qΣ1 ´M Σ2 ´M ΣN

´2M Z1 ´ 2M Z2 ` p2N ` 4qZM ,

A “ ´pN `mqΣ1 ´ pN `mqΣ2 ` pm` 6qΣn

`pN ´ 6qZ1 ` 2pN `mqZ2 ` pN ´ 6qZM

(8.2.0.5)

Furthermore we compute

DγpΣ1q “ Σ1 ´ Γ, DγpΣ2q “ Σ2 ´ 2Γ, DγpΣN q “ ΣN ´ pN ´ 1qΓ,

DγpZ1q “ Z1, DγpZ2q “ Z2 ´ Γ, DγpZM q “ ZM ´ pm` 1qΓ,

DαpΣ1q “ Σ1 `A, DαpΣ2q “ Σ2 `A, DαpΣN q “ ΣN ´ pN ´ 4qA,

DαpZ1q “ Z1 `A, DαpZ2q “ Z2 ` 2A, DαpZM q “ ZM ` p3 `mqA

(8.2.0.6)
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We conclude that the maps Dγ , Dα have the matrix representations M
p0q
γ and M

p0q
α P

R6ˆ6 on H
p0q

1 pO
p4q

N,M ,Qq with respect to the basis Bp0q which are given as follows:

M p0q
γ “

¨

˝

´M ´ 2N ´ 3 ´2M ´ 4N ´ 8 ´pN ´ 1qpM ` 2N ` 4q 0 ´M ´ 2N ´ 4 ´pm ` 1qpM ` 2N ` 4q

M 2M ` 1 pN ´ 1qM 0 M pm ` 1qM
M 2M pN ´ 1qM ` 1 0 M pm ` 1qM
2M 4M 2pN ´ 1qM 1 2M 2pm ` 1qM
2M 4M 2pN ´ 1qM 0 2M ` 1 2pm ` 1qM

´2N ´ 4 ´4N ´ 8 ´pN ´ 1qp2N ` 4q 0 ´2N ´ 4 ´pm ` 1qp2N ` 4q ` 1

˛

‚

and

M p0q
α “

¨

˝

´pN ` mq ` 1 ´pN ` mq pN ´ 4qpN ` mq ´pN ` mq ´2pN ` mq ´p3 ` mqpN ` mq

´pN ` mq ´pN ` mq ` 1 pN ´ 4qpN ` mq ´pN ` mq ´2pN ` mq ´p3 ` mqpN ` mq

m ` 6 m ` 6 ´pN ´ 4qpm ` 6q ` 1 m ` 6 2pm ` 6q p3 ` mqpm ` 6q

N ´ 6 N ´ 6 ´pN ´ 4qpN ´ 6q N ´ 5 2pN ´ 6q p3 ` mqpN ´ 6q

2pN ` mq 2pN ` mq ´2pN ´ 4qpN ` mq 2pN ` mq 4pN ` mq ` 1 2p3 ` mqpN ` mq

N ´ 6 N ´ 6 ´pN ´ 4qpN ´ 6q N ´ 6 2pN ´ 6q p3 ` mqpN ´ 6q ` 1

˛

‚.

M ´ 3

N

(a)

M

N ´ 3

(b)

Figure 8.4.: Cylinder decomposition in direction p1, 0q and p0, 1q of the origami O
p4q

N,M .

In the cylinder decomposition of the origami O
p4q

N,M in horizontal and vertical direction
we have in both cases four maximal cylinders with moduli M ´ 3, 1{2, 1{3, 1{N for
the horizontal direction and moduli N ´ 3, 1{2, 1{3, 1{M for the vertical direction (see
Figure 8.4a and Figure 8.4b). Hence we obtain two corresponding multitwists which act

on H
p0q

1 pO
p4q

N,M ,Qq by:

Dh : w ÞÑ w ` 6pM ´ 3qN Ωpw, σ1qσ1 ` 3N Ωpw, σ2qσ2 ` 2N Ωpw, σ3qσ3 ` 6 Ωpw, σN qσN ,

Dv : w ÞÑ w ` 6pN ´ 3qM Ωpw, ζ1qζ1 ` 3M Ωpw, ζ2qζ2 ` 2M Ωpw, ζ3qζ3 ` 6 Ωpw, ζM qζM .

We read the intersection numbers of the σi and ζj from Figure 8.1. A straight forward

computation now gives the representation matrices M
p0q

h and M
p0q
v for the action of the
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horizontal and vertical twist on H
p0q

1 pO
p4q

N,M ,Qq with respect to Bp0q:

M
p0q

h “

¨

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 ´3N ´3N
0 1 0 ´2N ´2N ´2N
0 0 1 6 12 6pM ´ 1q

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‚

and

M p0q
v “

¨

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 3M 3M 1 0 0

2M 2M 2M 0 1 0
´6 ´12 ´6pN ´ 1q 0 0 1

˛

‹

‹

‹

‹

‹

‹

‚

.

8.3 Zariski density in genus four

For the proof of the Zariski-density of the Kontsevich-Zorich monodromy of the O
p4q

N,M

we will follow an approach which differs from the one in the previous sections. Let us
first describe the idea before we go into the details:

The key ingredient of our arguments is the following theorem of Detinko, Flannery and
Hulpke.

8.3.1 Theorem (Detinko, Flannery, Hulpke, [25] Prop. 3.7). Suppose that a subgroup
H ď Spp2n,Zq contains a transvection t P H, i.e. rankpt ´ idq “ 1. Then H is Zariski
dense if and only if the normal closure xtyH of t in H is absolutely irreducible, i.e. xtyH is
irreducible for arbitrary extensions of scalars by field extensions of the rational numbers.

In order to use this theorem we firstly have to overcome the issue that the Kontse-

vich monodromy Γp0q by definition lives in SpΩpH
p0q

1 pO
p4q

N,M ,Zqq and thus per se is not a
subgroup of Spp2n,Zq. We solve this problem by passing to a finite index subgroup.

More precisely, we choose in the beginning a Z-submodule ΓN,M of H
p0q

1 pO
p4q

N,M ,Zq

such that with a suitable choice of a base of ΓN,M the intersection form Ω restricted
to ΓN,M is a multiple of the standard symplectic form on Z6. Thus the elements of

SpΩpH
p0q

1 pO
p4q

N,M ,Zqq which stabilize ΓN,M can be identified with elements of the stan-
dard symplectic group Spp6,Zq. Therefore our goal is to find a transvection t in the
image G of the action

Aff`pO
p4q

N,M q ÝÑ SpΩpH
p0q

1 pO
p4q

N,M ,Zqq,
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which stabilizes the lattice ΓN,M and to show that the normal closure xtyH is absolutely
irreducible, where we identify

H “ GX StabSpΩpH
p0q

1 pO
p4q

N,M ,Zqq
pΓN,M q

with a subgroup of Spp6,Zq. With this approach we will show Zariski-density for finitely
many N,M P N using a computer aided proof for the irreducibility of xtyH .

We now start going into details. Consider the Z-submodule ΓN,M of H
p0q

1 pO
p4q

N,M ,Zq

generated by the following elements:

c1 “ pN `M ` 2qΣ1, c2 “ pN `M ` 2qp´2Σ1 ´ ΣN q,

c3 “ p´1 ´N ´MqZ1 ` Z2 ` ZM , c4 “ Z2,

c5 “ Z1, c6 “ Σ1 ` Σ2 ` ΣN

The submodule ΓN,M has finite index in H
p0q

1 pO
p4q

N,M ,Zq and if we restrict the symplectic

intersection-form Ω to ΓN,M we get the following matrix representation in ICΩ P Q6ˆ6

with respect to the basis C “ tc1, c2, c3, c4, c5, c6u:

ICΩ “ pN `M ` 2q ¨

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

´1 0 0 0 0 0
0 ´1 0 0 0 0
0 0 ´1 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚

Let G be the image of the action Aff`pO
p4q

N,M q Ñ SpΩpH
p0q

1 pO
p4q

N,M ,Zqq. We conclude that
choosing the basis C of ΓN,M identifies the elements ϕ P G which stabilize the lattice
ΓN,M with elements of the standard symplectic group Spp6,Zq i.e.,

H “ GX StabSpΩp6,ZqpΓN,M q ď Spp6,Zq.

In the following we describe the elements of SpΩpH
p0q

1 pO
p4q

N,M ,Zqq which stabilize the
lattice ΓN,M . More precisely, we find conditions for their matrix representations to do
so. Denote by C P Q6ˆ6 the matrix, which has as columns the coefficients of the vectors
ci pi “ 1, . . . , 6q written as a linear combination of elements in Bp0q. Furthermore let
C´1 P Q6ˆ6 be the inverse of C i.e.,

C “

¨

˚

˚

˚

˚

˚

˚

˝

N `M ` 2 ´2pN `M ` 2q 0 0 0 1
0 0 0 0 0 1
0 ´pN `M ` 2q 0 0 0 1
0 0 ´1 ´N ´M 0 1 0
0 0 1 1 0 0
0 0 1 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚
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and

C´1 “

¨

˚

˚

˚

˚

˚

˚

˝

1
M`N`2

1
M`N`2

´2
M`N`2 0 0 0

0 1
M`N`2

´1
M`N`2 0 0 0

0 0 0 0 0 1
0 0 0 0 1 ´1
0 0 0 1 0 M `N ` 1
0 1 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚

An element ϕ P SpΩpH
p0q

1 pO
p4q

N,M ,Zqq stabilizes the lattice ΓN,M if and only if ϕpciq is an
element of SpanZptc1, . . . , c6uq for each i P t1, . . . , 6u or equivalent

C´1 ¨DBp0qpϕpciqqq P Z6

for every i P t1, . . . , 6u. Here we write DBp0qpϕpciqq P R6 for the coefficients of ϕpciq with
respect to the basis Bp0q.

Thus ϕ stabilizes ΓN,M if and only if for each i P t1, . . . , 6u the element DBp0qpϕpciqq is
in both the kernels of the following two maps

g1 : Z6 ÝÑ Z{pN `M ` 2qZ, pv1, . . . , v6q ÞÝÑ v1 ` v2 ´ 2v3

g2 : Z6 ÝÑ Z{pN `M ` 2qZ, pv1, . . . , v6q ÞÝÑ v2 ´ v3.

Easy but boring calculations show that for every i P t1, . . . , 6u and every matrix M in

the set tM
p0q

δ , M
p0q
χ , M

p0q
γ , M

p0q
α , M

p0q
v u, we have

M ¨DBp0qpciq P kerpg1q X kerpg2q.

Hence Dδ, Dχ, Dγ , Dα, Dv P StabΓN,M
pSpΩpH

p0q

1 pO
p4q

N,M ,Zqqq. Furthermore we computed
with GAP that

pM
p0q

h qN`M`2 ¨DBp0qpciq P kerpg1q X kerpg2q

for all N P t4, 5, ..., 50u and M “ 2m ` 4 with m P t0, 1, ..., 50u. Consider the algebra

AN,M generated by the transvection t “ M
p0q

δ and the elements M´1tM P xtyH where

M P tM p0q
χ ,M p0q

γ ,M p0q
α ,M p0q

v , pM
p0q

h qN`M`2u.

Here xtyH denotes the normal closure of the transvection t in H. For N P t4, 5, ..., 50u

and M “ 2m ` 4 with m P t0, 1, ..., 50u we calculated with GAP dimQpAN,M q “ 36
for the vector space dimension of the algebra AN,M . The code for this can be found in
[75]. This shows that xtyH is an absolutely irreducible group [114, IV Theorem 2.10])
We obtain now with Theorem 8.3.1 the following Proposition

8.3.2 Proposition. The group H is Zariski dense in SpΩpH
p0q

1 pO
p4q

N,M ,Rqq for every
N P t4, 5, ..., 50u and M “ 2m` 4 with m P t0, 1, ..., 50u.
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8. Arithmeticity for a finite family of stairs origamis in genus four

8.4 Arithmeticity for a finite family in genus four

Recall from Section 8.2 that for each of the cylinder decompositions in direction p1, 1q,

p1,´1q and p1, 2q we get two maximal cylinders. Their waist curves are δ1, δ2 P H1pO
p4q

N,M ,Zq

for direction p1, 1q, χ1, χ2 P H1pO
p4q

N,M ,Zq for the direction p1,´1q and γ1, γ2 for the direc-

tion p1, 2q P H1pO
p4q

N,M ,Zq. Furthermore we introduced in 8.2.0.3 and 8.2.0.5 the following

elements in the non-tautological part H
p0q

1 pO
p4q

N,M ,Zq:

∆ “ ´3Σ1 ` pN `M ´ 1qΣ2 ´ 3ΣN

´3Z1 ` pN `M ´ 1qZ2 ´ 3ZM ,

X “ pN `M ´ 3qΣ1 ` pN `M ´ 3qΣ2 ´ 5ΣN

´pN `M ´ 3qZ1 ´ pN `M ´ 3qZ2 ` 5ZM ,

Γ “ p2N `M ` 4qΣ1 ´M Σ2 ´M ΣN

´2M Z1 ´ 2M Z2 ` p2N ` 4qZM

Set W “ SpanQp∆, X, Γq. The vector space W has dimension dimQpW q “ 3. We set
A “ ´22 ` 4N ` 4M , B “ ´6 ´ 3m and C “ ´12 ` 3N ´ 9m. Using (8.2.0.4) and
(8.2.0.6) we obtain that the restrictions of the transvections Dδ, Dχ and Dγ to W have
the following matrix representations with respect to the basis t∆, X, Γu:

¨

˝

1 A ´2B
0 1 0
0 0 1

˛

‚,

¨

˝

1 0 0
´A 1 ´2C
0 0 1

˛

‚,

¨

˝

1 0 0
0 1 0
B C 1

˛

‚

The vector e “ ´2C∆ ` 2BX ` AΓ is fixed by all the three elements Dδ, Dχ and Dγ .
Furthermore Ωpe, wq “ 0 for all w P W . With respect to the new basis t∆, X, eu we
get the following matrix representations for Dδ, Dχ and Dγ :

¨

˝

1 A 0
0 1 0
0 0 1

˛

‚,

¨

˝

1 0 0
´A 1 0
0 0 1

˛

‚,

¨

˚

˝

2BCA ` 1 2C
2

A 0

´2B
2

A ´2BCA ` 1 0
B
A

C
A 1

˛

‹

‚

If we choose C “ 0 or equivalent N “ 3m` 4, we have

Ωp∆, Xq “ ´50 p2m2 ` 5m` 2q ă 0

for all m ą 0 and the group generated by Dδ|W , Dχ|W , Dγ |W contains a non-trivial

element of the unipotent radical of the symplectic group on W , namely pDχ|W q´2B2
˝

pDγ |W qA
2
is represented by

¨

˝

1 0 0
0 1 0
BA 0 1

˛

‚
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8. Arithmeticity for a finite family of stairs origamis in genus four

with respect to the basis t∆, X, eu. With Theorem 1.6.1 and Proposition 8.3.2 we

conclude that the Kontsevich–Zorich monodromy of the origami O
p4q

N,M is a finite index

subgroup of SpΩpH
p0q

1 pO
p4q

N,M ,Zqq for every 4 ď N ď 50 with N “ 3m ` 4 and every
M “ 2m` 4 with 0 ď m ď 50. This ends the proof of Theorem 8.1.3.
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stairs origamis in genus four, five and six

In Chapter 8 we were only able to show arithmeticity of the Kontsevich–Zorich mon-
odromy for a finite family of origamis. The reason for that was our computational
approach to show Zariski density of the monodromy groups. In this chapter we use
Theorem 1.5.8 respectively Criterion 1.5.10 and Galois theory to overcome this problem.
Showing Zariski density for the Kontsevich–Zorich monodromy translates with Criterion
1.5.10 to finding Galois pinching elements in the monodromy group. If we show Zariski
density then we can apply Theorem 1.6.1 as in Chapter 8. Everything which is written
in this chapter is joined work with Carlos Matheus. It is published in the article [71].

9.1 Preliminaries from Galois theory

9.1.1 Galois groups as permutation groups. Consider a monic irreducible poly-
nomial P pXq P ZrXs of degree n with the set of complex roots S “ tλ1, . . . , λnu.
Let ZpP q “ Qpλ1, . . . , λnq be the splitting field of the polynomial P pXq P ZrXs. We
consider the standard embedding of GalpP q “ AutQpZpP qq in the permutation group
SympSq via

GalpP q ÝÑ SympSq, σ ÞÝÑ σ|S .

The theorem of Dedekind is a useful tool to study the Galois group of a polynomial
P pXq P ZrXs as above:

Theorem (Dedekind). Let P pXq P ZrXs be monic irreducible of degree n. For an
arbitrary prime number p not dividing the discriminant of P pXq P ZrXs, let the monic
irreducible factorization of P pXq P ZrXs modulo p be

P pXq ” π1pXq ¨ . . . ¨ πkpXq mod p

with πipXq pairwise distinct and set di :“ deg πipXq, so d1 ` ¨ ¨ ¨ ` dk “ n. Then the
Galois group GalpP q of P pXq P ZrXs viewed as a subgroup of SympSq contains an
element that permutes the roots S of P pXq with cycle type pd1, . . . , dkq.
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9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

9.1.2 Galois groups of polynomials of degree four and five. For a reference of
the following see [69]. We consider in this subsection a monic irreducible polynomial

QpXq “ Xk `

k´1
ÿ

i“0

biX
i P QrXs

of degree four or five with set of roots S “ tµ1, . . . , µku (k “ 4 or k “ 5).

Let first k “ 4. We define the cubic resolvent CRQpY q P QrY s of the polynomial QpXq

as

CRQpY q “ pY ´ pµ1µ2 ` µ3µ4qq pY ´ pµ1µ3 ` µ2µ4qq pY ´ pµ1µ4 ` µ2µ3qq.

Direct calculations show

CRQpY q “ Y 3 ´ b2 Y
2 ` pb1 b3 ´ 4b0qY ´ pb0 b

3
3 ´ 4 b0 b2 ` b21q.

Furthermore a computation reveals the equality

DiscpQpXqq “ DiscpCRQpY qq

between the discriminant DiscpQpXqq of QpXq P QrXs and the discriminant DiscpCRQq

of CRQpY q P QrY s. The five transitive subgroups of the permutation group S4 are the
Klein-four group V4, the cyclic group C4, the dihedral group D4, A4 and S4 itself. The
next theorem will help to determine the Galois group of the polynomial QpXq P QrXs.
A proof can be found in [69, Theorem 2.2.2].

9.1.3 Theorem. Let ZpCRQq be the splitting field of the cubic resolvent CRQpY q P

QrY s from above and let m “ rZpCRQq : Qs be the degree of the field extension over
the rational numbers. Then we have for the Galois group GalpQq ď S4 of the irreducible
polynomial QpXq P QrXs from above:

GalpQq “

$

’

’

’

’

&

’

’

’

’

%

S4 if m “ 6

A4 if m “ 3

D4 or C4 if m “ 2

V4 if m “ 1

9.1.4 Remark. Since the cubic resolvent CRQpY q P QpY q of QpXq P QrXs is a degree
three polynomial it is sufficient for the splitting field ZpCRQq to be a degree six field
extension over the rational numbers, that CRQpY q P QpY q is irreducible and that the
discriminant DiscpCRQq “ DiscpQq of CRQpY q respectively QpXq is not a square of a
rational number.

Now let k “ 5. The Weber sextic resolvent SWRQpY q P QrY s defined as in Definition
2.3.2 of [69] is a degree six polynomial which helps to determine the Galois group of
the quintic polynomial QpXq P QrXs as we will explain in the following Theorem and
Remark (see [69, Theorem 2.3.3] for a proof of the theorem):
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9.1.5 Theorem. The Galois group GalpQq ď S5 of the irreducible monic polynomial
QpXq P QrXs is solvable if and only if the sextic Weber resolvent SWRQpY q P QrY s has
a root in the rational numbers Q.

9.1.6 Remark. The only transitive subgroups of S5 are C5, the dihedral group D5, the
affine group F20 – Z{5Z¸pZ{5Zqˆ, A5 and S5 itself. Hence the only transitive subgroups
that are non-solvable are A5 and S5. Thus it is easy to ensure that GalpQq “ S5 with
the help of the previous theorem and the fact that GalpQq ď A5 if and only if the
discriminant DiscpQq is a square of a rational number.

9.1.7 Galois group of certain reciprocal polynomials. Consider from now on an
irreducible monic polynomial

P pXq “

n
ÿ

i“0

ciX
i P ZrXs

of degree n “ 2k which is reciprocal, i.e. cn “ c0 “ 1 and ci “ cn´i for i “ 1, . . . , k.

The Galois group of such a P pXq P ZrXs can be naturally seen as a subgroup of the
hyperoctahedral group Gk as we will see in the next paragraph. But first we want to
explain the hyperoctahedral group as we want to use it in this text:

For k ě 1 we define the hyperoctahedral group as the semidirect product Gk “ Zk2 ¸

Sk, where Sk is the permutation group on a set with k elements. The group Sk acts
on Zk2 by τpϵ1, . . . , ϵkq “ pϵτp1q, . . . , ϵτpkqq pϵi P t˘1uq and the multiplication on the
hyperoctahedral group Gk is defined by

pϵ, τq ¨ pϵ̃, τ̃q “ pτ̃pϵq ¨ ϵ̃, τ ˝ τ̃q. (9.1.7.1)

Compare section two in [68].

Since P pXq P ZrXs is reciprocal and its splitting field is of zero characteristic and hence
perfect, the polynomial P pXq has n “ 2k distinct roots which come in pairs tλi, λ

´1
i u

for i P t1, . . . , ku. Denote by ZpP q the splitting field of the polynomial P pXq P ZrXs

and by GalpP q “ AutQpZpP qq the Galois group of P pXq P ZrXs. An automorphism
σ P GalpP q necessarily permutes the k pairs of roots tλi, λ

´1
i u of P pXq P ZrXs and this

leads to a group homomorphism

ϕ : GalpP q ÝÑ Sk, σ ÞÝÑ τσ,

where we set τσpiq “ j if σptλi, λ
´1
i uq “ tλj , λ

´1
j u pi, j P t1, . . . , kuq. The kernel N

of ϕ is given by the automorphisms σ P GalpP q such that σptλi, λ
´1
i uq “ tλi, λ

´1
i u for

every i P t1, . . . , ku. Hence, we can identify N with a subgroup of Zk2 via the following
homomorphism

ι : N ÝÑ Zk2, σ ÞÝÑ ϵσ “ pϵσ1 , . . . , ϵ
σ
kq,
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9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

where ϵσi “ 1 if σpλiq “ λi and ϵσi “ ´1 if σpλiq “ λ´1
i . Since N is the kernel of ϕ,

it is normal and together with the map ι, we can represent GalpP q “ N ¸ Impϕq as a
subgroup of the hyperoctahedral group Gk “ Zk2 ¸Sk. The whole situation is visualized
in the following commutative diagram:

N
ι

GalpP q
ϕ

Sk

SkGk “ Zk2 ¸ SkZk2
ik πk

Here ik : Zk2 Ñ Gk is the inclusion map and πk : Gk Ñ Sk is the projection map, what

makes of course Zk2
ik

ÝÑ Gk
πk

ÝÑ Sk a split exact sequence.

9.1.8 Action of the hyperoctahedral group on the splitting field. In the follow-
ing we want to consider the action of the hyperoctahedral group Gk on the splitting field
ZpP q of P pXq P ZrXs that fits together with the action of GalpP q from above. Hence we
define the action of Gk on ZpP q via a permutation of the roots tλi, λ

´1
i | i “ 1, . . . , ku

in the following way: For ϵ “ pϵ1, . . . , ϵkq P tp˘1, . . . ,˘1qu, every τ P Sk and i “ 1, . . . , k
we define

pϵ, τq . λi “ λϵiτpiq and pϵ, τq . λ´1
i “ λ´ϵi

τpiq. (9.1.8.1)

9.1.9 Lemma. The equalities in (9.1.8.1) indeed define an action of the group Gk on
the set of roots tλi, λ

´1
i | i “ 1, . . . , ku.

Proof. We have to show the compatibility with the multiplication on Gk defined in
p9.1.7.1q. Let δ P t˘1u and i P t1, . . . , ku. For pϵ, τq, pϵ̃, τ̃q P Gk we have

pϵ, τq.
´

pϵ̃, τ̃q . λδi

¯

“ pϵ, τq . λδ¨ϵ̃i
τ̃piq “ λ

pδ¨ϵ̃iq¨ϵτ̃piq

τ˝τ̃piq “ pτ̃pϵq ¨ ϵ̃, τ ˝ τ̃q . λδi ,

what ends the proof since pϵ, τq ¨ pϵ̃, τ̃q “ pτ̃pϵq ¨ ϵ̃, τ ˝ τ̃q by definition of the product on
Gk.

In our subsequent discussion, we need to find reciprocal polynomials such that the map
ϕ : GalpP q Ñ Sk is onto. The next proposition will help us with that.

9.1.10 Proposition. Let k ě 2 and P pXq P ZrXs be an irreducible reciprocal poly-
nomial of degree 2k with ϕpGalpP qq “ Sk. Then GalpP q is isomorphic to one of the
following subgroups of Gk “ Zk2 ¸ Sk:
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Either GalpP q – Sk, GalpP q – Gk or GalpP q is isomorphic to one of the following three
subgroups Hk,1, Hk,2, Hk,3 ď Gk, where

Hk,1 :“ tppϵ1, . . . , ϵkq, τq |

k
ź

i“1

ϵi “ 1u,

Hk,2 :“ tppϵ1, . . . , ϵkq, τq | signpτq

k
ź

i“1

ϵi “ 1u,

and Hk,3 :“ tp`1, . . . ,`1q, p´1, . . . ,´1qu ˆ Sk.

Proof. For k “ 2 this is an easy exercise since the only possible subgroups of G2 “ Z2
2¸S2

which surject onto S2 and which are not the full group or the trivial group, are groups
of order four. In this case

H2,1 “ H2,3 “ x pλ1, λ2qpλ´1
1 , λ´1

2 q, pλ1, λ
´1
1 qpλ2, λ

´1
2 q y – V4

and

H2,2 “ x pλ1λ
´1
2 λ´1

1 λ2q y – C4,

where we used the same identification of G2 with a subgroup of the permutation group
Symptλ1, λ

´1
1 , λ2, λ

´1
2 uq as in Section 9.1.8.

For k “ 3, 4 and all k ě 5 the result follows as in Proposition 4 in [68] since A3 is a
simple group as well as all Ak with k ě 5 and the only non-trivial normal subgroup of
A4 is the Klein four-group V4 which has index three in A4.

Together with the fundamental theorem of Galois theory we will use the next lemma to
ensure that the Galois group of certain reciprocal polynomials P pXq P ZrXs equals the
whole hyperoctahedral group, i.e. GalpP q “ Gk.

9.1.11 Lemma. Let the hyperoctahedral group Gk “ Zk2 ¸ Sk act on the splitting field
ZpP q “ Qptλi, λ

´1
i | i “ 1, . . . , kuq of the polynomial P pXq P ZrXs as explained in

Section 9.1.8. Consider the two subgroups Hk,1 and Hk,2 of Gk defined in Proposition
9.1.10. Then:

(i) The expression δk,1 :“
ś

i

´

λi ´ λ´1
i

¯

is invariant under the action of Hk,1 but not

Gk.

(ii) The expression δk,2 :“
ś

iăj

´

λi`λ´1
i ´λj ´λ´1

j

¯

ś

i

´

λi´λ´1
i

¯

is invariant under

the action of Hk,2 but not Gk.

Proof. For every τ P Sk and every i P t1, . . . , ku we have

pp`1, . . . ,`1q, τq . pλi ´ λ´1
i q “ λτpiq ´ λ´1

τpiq.
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This shows that δk,1 P ZpP q is invariant under the action of Sk.

Now consider pϵ, idq.pλi ´ λ´1
i q for ϵ “ pϵ1, . . . , ϵkq P Zk2 and i P t1, . . . , ku. We have

pϵ, idq . pλi ´ λ´1
i q “ λi ´ λ´1

i “ ϵi pλi ´ λ´1
i q if ϵi “ 1,

pϵ, idq . pλi ´ λ´1
i q “ λ´1

i ´ λi “ ϵi pλi ´ λ´1
i q if ϵi “ ´1.

Furthermore pϵ, idq.pλi ` λ´1
i q “ λi ` λ´1

i for every ϵ P Zk2.

We know sgnpτq “ p´1qinvpτq for every element τ P Sk with invpτq P N0 is the number
of elements pi, jq P t1, . . . , ku ˆ t1, . . . , ku with i ă j but τpiq ą τpjq and thus

pp`1, . . . ,`1q, τq .
´

ź

iăj

pλi ` λ´1
i ´ λj ´ λ´1

j q

¯

“ sgnpτq

´

ź

iăj

pλi ` λ´1
i ´ λj ´ λ´1

j q

¯

.

Putting this together with the arguments from above we conclude for every pϵ, τq P Gk “

Zk2 ¸ Sk where ϵ “ pϵ1, . . . , ϵkq P tp˘1, . . . ,˘1qu:

pϵ, τq . δk,1 “

˜

k
ź

i“1

ϵi

¸

δk,1 and pϵ, τq . δk,2 “ sgnpτq

˜

k
ź

i“1

ϵi

¸

δk,2

This proves (i) and (ii).

9.1.12 Remark. For a reciprocal monic polynomial P pXq P ZrXs of degree n “ 2k with
set of roots tλi, λ

´1
i | i “ 1, . . . , ku Ă C we can always find a polynomial QpY q P ZrY s

such that 1{Xk ¨ P pXq “ QpX ` 1{X ` 2q. The polynomial QpY q P ZrY s has distinct
roots µi (i “ 1, . . . , k) such that without loss of generality µi “ λi ` λ´1

i ` 2 for all
i “ 1, . . . , k. We write in the following ∆k,1 :“ δ2k,1 and ∆k,2 :“ δ2k,2 for the squares of
the expressions δk,1 and δk,2 from Lemma 9.1.11. We have

(i) ∆k,1 “ δ2k,1 “
śk
i“1pλi ´ λ´1

i q2 “
śk
i“1 µipµi ´ 4q “ Qp0qQp4q

and

(ii) ∆k,2 “ δ2k,2 “

´

ś

iăjpµi ´ µjq
¯2´

ś

ipλi ´ λ´1
i q

¯2
“ DiscpQq∆k,1.

This shows ∆k,1, ∆k,2 P Q and delivers an easy way how to write ∆k,1 and ∆k,2 in terms
of coefficients of QpY q P QrY s.
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9.1.13 Real roots of cubic, quartic and quintic polynomials. For a cubic poly-
nomial QpXq P RrXs with discriminant DiscpQq ‰ 0 it is well known that the number
of real roots can be read off from the discriminant as follows. If

DiscpQq ą 0, then QpXq has three real roots,

DiscpQq ă 0, then QpXq has one real root and two non-real roots.
(9.1.13.1)

Real roots for quartic polynomials. We have a slightly more complicated statement
of this form for quartic polynomials as well, so let

QpXq “ X4 ` aX3 ` bX2 ` cX ` d P RrXs

be a real monic polynomial of degree four. By substituting X “ Y ´ a{4, we get the
depressed quartic polynomial

DQpY q “ Y 4 ` q Y 2 ` rY ` s P RrY s, (9.1.13.2)

with coefficients

q “ b´ p3{8q a2, r “ c´ p1{2q a pb´ p1{4q a2q and

s “ d´ p3{256q a4 ` p1{16q a2 b´ p1{4q a c.

For a quartic polynomial in the depressed form as in (9.1.13.2), there is an easy criterion
whether the polynomial has four real roots or no real roots (see [42]). We want to state
the result and denote by DiscpDQq the discriminant of the polynomial in 9.1.13.2 and
by F pDQq the expression F pDQq :“ q2 ´ 4s. If we have

DiscpDQq ą 0, q ě 0, then (9.1.13.2) has no real roots,

DiscpDQq ą 0, F pDQq ď 0, then (9.1.13.2) has no real roots,

DiscpDQq ą 0, q ă 0, F pDQq ą 0, then (9.1.13.2) has four real roots.

(9.1.13.3)

Real roots for quintic polynomials. We want to end this section with a criterion
from [59] with which we can find out whether a quintic polynomial in RrXs has simple
real roots. Let

QpXq “ X5 ` aX4 ` bX3 ` cX2 ` dX ` e P RrXs.

By substituting X “ Y ´ a{5 we get a depressed polynomial

DQpY q “ Y 5 ` p Y 3 ` q Y 2 ` r Y ` s P RrXs. (9.1.13.4)
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With the help of the following four discriminants we can find out wether DQpY q has
simple real roots. We define

F1pDQq “ ´p,

F2pDQq “ 40 r p´ 12 p3 ´ 45 q2,

F3pDQq “ 12 p4 r ´ 4 p3 q2 ` 117 p r q2 ´ 88 r2 p2 ´ 40 q p2 s

`125 p s2 ´ 27 q4 ´ 300 q r s` 160 r3,

F4pDQq “ ´1600 q s r3 ´ 3750 p s3 q ` 2000 p s2 r2 ´ 4 p3 q2 r2

`16 p3 q3 s´ 900 r s2 p3 ` 825 q2 p2 s2 ` 144 p q2 r3

`2250 q2 r s2 ` 16 p4 r3 ` 108 p5 s2 ´ 128 r4 p2 ´ 27 q4 r2

`108 q5 s` 256 r5 ` 3125 s4 ´ 72 p4 r s q ` 560 r2 p2 s q

´630 p r q3 s.

(9.1.13.5)

In [59] they classified the number of real roots and their multiplicity of a depressed
quintic polynomial as in (9.1.13.4) using six discriminants among which are the four
discriminants from Equation (9.1.13.5). We only state the for us relevant case, namely
if the four discriminants F1pDQq, F2pDQq, F3pDQq and F4pDQq are positive then the
polynomial DQpY q in (9.1.13.4) has five simple real roots.

9.2 Stairs origamis in genus four revisited

Let N ě 4 and M “ 4 ` 2m with m ě 0. We consider again the origami O
p4q

N,M P

ΩM4p6q from Chapter 8. Recall that it is associated to the pair of permutations h, v P

Sympt1, . . . , N `M ` 2uq, where

h “p1, 2, 3 . . . , NqpN ` 1, N ` 2, N ` 3qpN ` 4, N ` 5qpN ` 6q . . . pMq

v “p1, N ` 1, N ` 4, N ` 6, . . . , N `Mqp2, N ` 2, N ` 5qp3, N ` 3q

p4q . . . pNq.

The Kontsevich–Zorich monodromy of O
p4q

N,M was already studied in Section 8.1 via the
analysis of Dehn twists in several rational directions. You can find all the details how
we constructed the following matrices in Section 8.2. But note that we consider in this
Chapter Dehn twists in reverse direction of the waist curves. We will now extend our

investigations on an infinite subfamily of the stairs origamis O
p4q

N,M .

For the purpose of finding a Galois pinching element in SppH
p0q

1 pO
p4q

N,M ,Zqq, we consider

the horizontal and vertical directions which lead to Dehn twists acting on the basis Bp0q

of H
p0q

1 pO
p4q

N,M ,Qq from Section 8.2 via the matrices (c.f. the matrices M
p0q

h and M
p0q
v at

154



9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

the end of Section 8.2.

M
p0q

´h “

¨

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 3N 3N
0 1 0 2N 2N 2N
0 0 1 ´6 ´12 ´6pM ´ 1q

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‚

and

M
p0q

´v “

¨

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 ´3M ´3M 1 0 0

´2M ´2M ´2M 0 1 0
6 12 6pN ´ 1q 0 0 1

˛

‹

‹

‹

‹

‹

‹

‚

.

9.2.1 Zariski density and arithmeticity for a genus four family. At this point,

we are ready to establish the arithmeticity of the Kontsevich–Zorich monodromy of O
p4q

N,M

for many choices of N , M such that N “ 4` 3m and M “ 4` 2m pm P Nq. We start to
show the Zariski density with Criterion 1.5.10. More precisely, consider the matrix

A4pN,Mq :“ M
p0q

´h ¨M
p0q

´v P R6ˆ6.

By a straight forward computation of the characteristic polynomial of A4pN,Mq one
obtains a reciprocal, sextic polynomial

P pXq “ χApXq “ X6 ` a1X
5 ` a2X

4 ` a3X
3 ` a2X

2 ` a1X ` 1 P ZrXs

with coefficients a1, a2, a3 P R given by

a1 “ 312m2 ` 650m` 238

a2 “ 22032m4 ` 98280m3 ` 146568m2 ` 84520m` 15743

a3 “ 279936m6 ` 2099520m5 ` 6161184m4 ` 8927280m3

` 6611328m2 ` 2317980m` 299812

We have 1{X3 ¨ P pXq “ QpX ` 1{X ` 2q for the cubic polynomial

QpY q “ Y 3 ` pa1 ´ 6qY 2 ` p´4 a1 ` a2 ` 9qY ` 2a1 ´ 2a2 ` a3 ´ 2 (9.2.1.1)

(c.f. Remark 9.1.12). For m ” 1 modulo 13, the polynomials P pXq and QpY q can be
written by irreducible factors modulo 13 as

P pXq ” X6 ` 4X5 ` 10X4 ` 6X3 ` 10X2 ` 4X ` 1 modulo 13 and

QpY q ” Y 3 ` 11Y 2 ` 3Y ` 5 modulo 13.
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In the sequel, we will assume m ” 1 modulo 13 and thus the polynomials P pXq and
QpY q are irreducible over the rational numbers Q.

As in Section 9.1.7 we will identify the Galois group GalpP q of the reciprocal degree
six polynomial P pXq P ZrXs with a subgroup of the hyperoctahedral group G3 as well
as with a subgroup of the permutation group S6 (see Section 9.1.1). The discriminant
DiscpQq of the polynomial QpY q P ZrY s has an irreducible factorization in terms of m
as

DiscpQq “ c9

˜

8
ÿ

i“0

cim
i

¸

pm` 2q2 p3m` 4q2,

with coefficients

c9 “ 186624, c8 “ 1778112, c7“7832160,

c6 “ 14307444, c5 “ 13909500, c4“8133701,

c3 “ 2980770, c2 “ 676093, c1“87020,

c0 “ 4900.

By [86, Proposition 6.17] we can apply Siegel’s theorem on integral points of algebraic
curves1, we have that the discriminant of QpY q is a square of a rational number only
for finitely many choices of m. This implies that GalpQq “ S3 for all but finitely many
m P N with m ” 1 modulo 13. Furthermore GalpP q the Galois-group of P pXq P ZrXs

is a subgroup of the hyperoctahedral group G3 “ Z3
2 ¸ S3 such that GalpP q projects

surjectively onto S3.

The only non-trivial subgroups of G3 “ Z3
2 ¸ S3 which project surjectively onto S3 are

the groups H3,1, H3,2 and H3,3 defined in Lemma 9.1.10.

Next we want to factorize the expressions ∆3,1 “ δ23,1 and ∆3,2 “ δ23,2 with δ3,1 and δ3,2
from Lemma 9.1.11 in terms of m. With the formulas from Remark 9.1.12 we get

∆3,1 “ δ23,1 “ c7

˜

6
ÿ

i“0

cim
i

¸

p2m` 1qp3m` 1qpm` 2q2p3m` 4q2

with coefficients

c7 “ 165888, c6 “ 8748, c5 “ 65610, c4 “ 191160,

c3 “ 272835, c2 “ 197463, c1 “ 67195, c0 “ 8400.

and ∆3,2 “ δ23,2 “ ∆3,1 ¨ DiscpQq.

By applying Siegel’s theorem again, we see that the expressions δ3,1 and δ3,2 are not
rational numbers for all but finitely many m P N with m ” 1 modulo 13. In particular,
the Galois group GalpP q of P pXq is not contained in the subgroups H3,1 or H3,2 of the

1For example [58] is a reference for Siegel’s theorem.
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hyperoctahedral group G3 by the fundamental theorem of Galois theory and Lemma
9.1.11.

Furthermore, if we have m ” 1 modulo 11, the discriminant DiscpP q of P pXq P ZrXs is
not divisible by 11 since DiscpP q “ 9 modulo 11 and the polynomial P pXq P ZrXs can
be written by irreducible factors as

P pXq ” pX2 ` 10X ` 1qpX4 ` 2X3 ` 8X2 ` 2X ` 1q modulo 11.

If we view GalpP q as a subgroup of Symptλi, λ
´1
i | i “ 1, 2, 3uq, then Dedekind’s theorem

(cf. Section 9.1.1) says that GalpP q contains a permutation of type p2, 4q for m ” 1
modulo 11. The groups S3 and H3,3 ď G3 on the other hand contain only non-trivial
permutations of cycle type p6q, p3, 3q, p2, 2, 2q or p1, 1, 2, 2q (see Appendix A.1). Hence
GalpP q is not contained in one of the groups S3, or H3,3 of G3 for m ” 1 modulo 11.

In summary, we showed the main part of the following proposition:

9.2.2 Proposition. For all but finitely many choices of m P N such that m ” 1 modulo

p, where p P t11, 13u, we have that A4pN,Mq “ M
p0q

h ¨M
p0q
v P R6ˆ6 is a Galois pinching

matrix.

Proof. The discriminant DiscpQq of the cubic polynomial QpY q P ZrY s from (9.2.1.1)
which we computed in 9.2.1, converges to infinity for growing m. This shows that QpY q

has three distinct real roots for m ” 1 modulo 13 big enough. Furthermore for m big
enough all the coefficients of the polynomial QpY q are positive and hence by Décarte’s
rule of signs the three roots µ1, µ2 and µ3 of QpY q are negative. By the choice of QpY q

we have
µi “ λi ` λ´1

i ` 2 for i “ 1, 2, 3,

for the six roots tλi, λ
´1
i | i “ 1, 2, 3u of P pXq. With λ´1

i “ λi{|λi|
2, we conclude for

the imaginary part Impµiq of µi for every i “ 1, 2, 3:

0 “ Impµiq “ Impλiqp1 ´ 1{|λi|
2q

This shows |λi| “ 1 or Impλiq “ 0 for every i “ 1, 2, 3. Assume that Impλiq ‰ 0 for some
i P t1, 2, 3u. Then |λi| “ 1 and

0 ą Repµiq “ Repλi ` λ´1
i ` 2q “ Repλiq ` Repλiq ` 2.

This would imply Repλiq ă ´1 a contradiction to |λi| “ 1.

This shows that all roots of P pXq are real for m ” 1 modulo 13 big enough. Together
with the calculations on GalpP q from this section we conclude that A4pN,Mq P R6ˆ6

is a Galois pinching matrix for every natural number m big enough such that m ” 1
modulo p, where p P t11, 13u.

From this statement, it is not hard to show with Theorem 1.6.1 that:
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4m

N

σN

σ4

σ3

σ2

σ1

ζM ζ4 ζ3 ζ2 ζ1

Figure 9.1.: Origami O
p5q

N,M with horizontal waist curves σ1, σ2, σ3, σ4, σN and vertical
waist curves ζ1, ζ2, ζ3, ζ4, ζM .

9.2.3 Theorem. The Kontsevich-Zorich monodromies of the genus four origamis O
p4q

N,M P

ΩM4p6q with M “ 2m` 4 and N “ 3m` 4 are finite index subgroups of the symplectic

group SppH
p0q

1 pO
p4q

N,M ,Zqq for all but perhaps finitely many m P N such that m ” 1
modulo p, where p P t11, 13u.

Proof. One can check that the matrix B ‰ Id associated to an appropriate Dehn twist
in the direction p1, 1q is a unipotent matrix such that the image pB ´ IdqpR6q is one-
dimensional and hence not a Lagrangian subspace (cf. the relevant matrix B is called

M
p0q

δ in Section 8.2. Since the matrix A4pN,Mq is Galois pinching for all but finitely
many choices of m P N with m ” 1 modulo p, where p P t11, 13u as in Proposition
9.2.2. Zariski density follows now from Criterion 1.5 and arithmeticity follows from
Singh–Venkataramana’s criterion (c.f Theorem 1.6.1).

9.3 Stairs origamis in genus five

Now we construct infinite families in genus five with similar methods as in Section 9.2.

For N,M P N with M “ 6 ` 4m pm P Nq, we consider the origami O
p5q

N,M P ΩM5p8q that
is given by the following horizontal and vertical permutation h, v P Sympt1, 2, . . . , N `
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M ` 5uq:

h “p1, . . . , NqpN ` 1, . . . , N ` 4qpN ` 5, . . . , N ` 7q

pN ` 8, N ` 9qpN ` 10q . . . pN `M ` 5q

v “p1, N ` 1, N ` 5, N ` 8, N ` 10, . . . , N `M ` 5q

p2, N ` 2, N ` 6, N ` 9qp3, N ` 3, N ` 7qp4, N ` 4qp5q . . . pNq

The five waist curves σ1, . . . , σ4, σN of the maximal horizontal cylinders together with
the waist curves ζ1, . . . , ζ5, ζM of the maximal vertical cylinders form a basis B of the

absolute homology H1pO
p5q

N,M ,Qq of the origami O
p5q

N,M see Figure 9.1. With respect to the

basis B the symplectic intersection form Ω on H1pO
p5q

N,M ,Qq has a matrix representation
MΩ “ pΩpσi, ζjqi,jgiven by

MΩ “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 1
0 0 0 0 0 0 0 1 1 1
0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 1 1 1 1 1
0 0 0 0 ´1 0 0 0 0 0
0 0 0 ´1 ´1 0 0 0 0 0
0 0 ´1 ´1 ´1 0 0 0 0 0
0 ´1 ´1 ´1 ´1 0 0 0 0 0

´1 ´1 ´1 ´1 ´1 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

If we compare the length of the waist curves of the five maximal horizontal and vertical

cylinders of O
p5q

N,M , we see that

Bp0q “ tΣ1, Σ2, Σ3, ΣN , Z1, Z2, Z3, ZMu

is a basis of the non-tautological part H
p0q

1 pO
p5q

N,M ,Qq, where

Σ1 :“ σ2 ´ 2σ1, Σ2 :“ σ3 ´ 3σ1, Σ3 :“ σ4 ´ 4σ1, ΣN :“ σN ´N σ1,

Z1 :“ ζ2 ´ 2 ζ1, Z2 :“ ζ3 ´ 3 ζ1, Z3 :“ ζ4 ´ 4 ζ1, ZM :“ ζM ´M ζ1.

If we restrict the intersection form Ω to the subspace H
p0q

1 pO
p5q

N,M ,Qq of the absolute

homology then it can be represented by the following matrixMΩp0q “ pΩ|H
p0q

1 pΣi, Zjqqi,j

with respect to the basis Bp0q from above:

MΩp0q “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 1 ´1
0 0 0 0 0 1 1 ´2
0 0 0 0 1 1 1 ´3
0 0 0 0 ´1 ´2 ´3 1 ´N ´M
0 0 ´1 1 0 0 0 0
0 ´1 ´1 2 0 0 0 0

´1 ´1 ´1 3 0 0 0 0
1 2 3 M `N ´ 1 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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M
“

6
`
4
m

N

(a)

M
“

6
`
4m

N

(b)

Figure 9.2.: Cylinder decomposition in direction p1, 2q and direction p1,´2q of the

origami O
p5q

N,M . Here γ1 is the waist curve of the blue cylinder in direc-
tion p1, 2q and α1 is the waist curve of the blue cylinder in direction p1,´2q.

9.3.1 Dehn twists in genus five. Now we can start with our calculations. Recall

that M “ 6 ` 4m. In this case, the cylinder decompositions of O
p5q

N,M in the directions
p1, 2q, p1,´2q and p1, 4q have the following structure.

In the direction p1, 2q, we find a waist curve γ1 of length 3` 2m and a waist curve γ2 of

length 8 `N ` 2m. Thus, Γ :“ p8 `N ` 2mqγ1 ´ p3 ` 2mqγ2 P H
p0q

1 pO
p5q

N,M ,Zq and this

direction yields a transvection2.

Dγ : v ÞÝÑ v ` p8 `N ` 2mqΩpγ1, vq γ1 ` p3 ` 2mqΩpγ2, vq γ2.

For later reference, let us observe that:

Ωpγ1, σ1q “ ´1, Ωpγ1, σ2q “ ´1, Ωpγ1, σ3q “ ´1,

Ωpγ1, σ4q “ ´1, Ωpγ1, σN q “ ´1,

Ωpγ1, ζ1q “ 0, Ωpγ1, ζ2q “ 0, Ωpγ1, ζ3q “ 0,

Ωpγ1, ζ4q “ 1, Ωpγ1, ζM q “ 2 ` 2m

2That Dγ is indeed a transvection was shown for general multitwists along the waist curves of a two-
cylinder decomposition in [8, Lemma 12]
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and

Ωpγ2, σ1q “ ´1, Ωpγ2, σ2q “ ´3, Ωpγ2, σ3q “ ´5,

Ωpγ2, σ4q “ ´7, Ωpγ2, σN q “ 1 ´ 2N,

Ωpγ2, ζ1q “ 1, Ωpγ2, ζ2q “ 2, Ωpγ2, ζ3q “ 3,

Ωpγ2, ζ4q “ 3, Ωpγ2, ζM q “ 4 ` 2m

We can write Γ P H
p0q

1 pON,M ,Zq as a linear combination of elements of Bp0q in the
following way:

Γ “ ´ pN ` 2m` 8qΣ1 ` p2m` 3qΣ2 ` p2m` 3qΣ3 ` p2m` 3qΣN

`M Z1 `M Z2 `M Z3 ´ pN ` 5qZM

Furthermore we calculate

DγpΣ1q “ Σ1 ` Γ, DγpΣ2q “ Σ2 ` 2Γ,

DγpΣ3q “ Σ3 ` 3Γ, DγpΣN q “ ΣN ` pN ´ 1qΓ,

DγpZ1q “ Z1, DγpZ2q “ Z2,

DγpZ3q “ Z3 ` Γ, DγpZM q “ ZM ` p2 ` 2mqΓ.

(9.3.1.1)

In the direction p1,´2q, we have a waist curve α1 of length 2 and a waist curve α2 of
length 9 `N ` 4m. This yields a transvection

Dα : v ÞÝÑ v ` p9 `N ` 4mqΩpα1, vqα1 ` 2Ωpα2, vqα2.

Again, for later reference, we note that:

Ωpα1, σ1q “ 0, Ωpα1, σ2q “ 1, Ωpα1, σ3q “ 1,

Ωpα1, σ4q “ 1, Ωpα1, σN q “ 1,

Ωpα1, ζ1q “ 0, Ωpα1, ζ2q “ 0, Ωpα1, ζ3q “ 0,

Ωpα1, ζ4q “ 1, Ωpα1, ζM q “ 1,

and

Ωpα2, σ1q “ 2, Ωpα2, σ2q “ 3, Ωpα2, σ3q “ 5,

Ωpα2, σ4q “ 7, Ωpα2, σN q “ 2N ´ 1,

Ωpα2, ζ1q “ 1, Ωpα2, ζ2q “ 2, Ωpα2, ζ3q “ 3,

Ωpα2, ζ4q “ 3, Ωpα2, ζM q “ 5 ` 4m,

We can write A “ p9 ` N ` 4Mqα1 ´ 2α2 P H
p0q

1 pO
p5q

N,M ,Zq as a linear combination of

elements of Bp0q as

A “ ´p9 `N ` 4mqΣ1 ` 2Σ2 ` 2Σ3 ` 2ΣN ´ 4Z1 ´ 4Z2 ` p7 `N ` 4mqZ3 ´ 4ZM .
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We calculate

DαpΣ1q “ Σ1 `A, DαpΣ2q “ Σ2 `A,

DαpΣ3q “ Σ3 `A, DαpΣN q “ ΣN `A,

DαpZ1q “ Z1, DαpZ2q “ Z2,

DαpZ3q “ Z3 `A, DαpZM q “ ZM `A.

(9.3.1.2)

This leads to a matrix representation M
p0q
α of Dα on H

p0q

1 pO
p5q

N,M ,Qq with respect to the

basis Bp0q.

M “ 6 ` 4m

N

Figure 9.3.: Origami O
p5q

N,M with cylinder decomposition in direction p1, 4q. Here χ1 is
the waist curve of the blue cylinder.

Finally, in the direction p1, 4q, we find a waist curve χ1 of length 1`N `m and a waist
curve χ2 of length 10 ` 3m. The transvection associated to this direction is:

Dχ : v ÞÝÑ v ` p10 ` 3mqΩpχ1, vqχ1 ` p1 `N `mqΩpχ2, vqχ2

Also, let us remark that:

Ωpχ1, σ1q “ ´1, Ωpχ1, σ2q “ ´2, Ωpχ1, σ3q “ ´4,

Ωpχ1, σ4q “ ´6, Ωpχ1, σN q “ ´6 ´ 4pN ´ 4q,

Ωpχ1, ζ1q “ 1, Ωpχ1, ζ2q “ 1, Ωpχ1, ζ3q “ 1,

Ωpχ1, ζ4q “ 1, Ωpχ1, ζM q “ 2 `m,

(9.3.1.3)
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M
“

6
`
4
m

N

(a)

M
“

6
`
4m

N

(b)

Figure 9.4.: Origami O
p5q

N,M with cylinder decomposition in vertical and horizontal direc-
tion.

as well as

Ωpχ2, σ1q “ ´3, Ωpχ2, σ2q “ ´6, Ωpχ2, σ3q “ ´8,

Ωpχ2, σ4q “ ´10, Ωpχ2, σN q “ ´10,

Ωpχ2, ζ1q “ 0, Ωpχ2, ζ2q “ 1, Ωpχ2, ζ3q “ 2,

Ωpχ2, ζ4q “ 3, Ωpχ2, ζM q “ 4 ` 3m.

(9.3.1.4)

We can write X “ p3m`10qχ1´pN`m`1qχ2 P H
p0q

1 pO
p5q

N,M ,Zq as a linear combination

of elements of Bp0q as

X “ pN `m` 1qΣ1 ` pN `m` 1qΣ2 ` pN `m` 1qΣ3 ´ p3m` 10qΣN

` p2N ´ 4m´ 18qZ1 ` p2N ´ 4m´ 18qZ2 ` p3N ´ 7qZ3 ` p3N ´ 7qZM .

We calculate for the image of Bp0q under Dχ:

DχpΣ1q “ Σ1, DχpΣ2q “ Σ2 ´X,

DχpΣ3q “ Σ3 ´ 2X, DχpΣN q “ ΣN ´ p3N ´ 10qX,

DχpZ1q “ Z1 ´X, DχpZ2q “ Z2 ´ 2X,

DχpZ3q “ Z3 ´ 3X, DχpZM q “ ZM ´ p4 ` 3mqX.

(9.3.1.5)

For the cylinder decompositions of the origami O
p5q

N,M in horizontal, resp. vertical direc-
tion we get in both cases five maximal cylinders with moduli M ´ 4, 1{2, 1{3, 1{4, 1{N
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for the horizontal direction and moduli N ´ 4, 1{2, 1{3, 1{4, 1{M for the vertical
direction (see Figure 9.4a and Figure 9.4b). We get two Dehn twists which act on

H
p0q

1 pO
p5q

N,M ,Qq by the following mapping rules:

Dh : w ÞÝÑ w`12pM ´ 4qN Ωpσ1, wqσ1 ` 6N Ωpσ2, wqσ2

`4N Ωpσ3, wqσ3 ` 3N Ωpσ4, wqσ4 ` 12 ΩpσN , wqσN ,

Dv : w ÞÝÑ w`12pN ´ 4qM Ωpζ1, wq ζ1 ` 6M Ωpζ2, wq ζ2

`4M Ωpζ3, wq ζ3 ` 3N Ωpζ4, wq ζ4 ` 12 ΩpζM , wq ζM .

It is now easy to calculate representation matrices M
p0q

h and M
p0q
v for the action of the

horizontal and vertical twist on H
p0q

1 pO
p5q

N,M ,Qq with respect to the basis Bp0q:

M
p0q

h “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0 6N 6N
0 1 0 0 0 4N 4N 4N
0 0 1 0 3N 3N 3N 3N
0 0 0 1 ´12 ´24 ´36 12 ´ 12M
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

and

M p0q
v “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 ´6M ´6M 1 0 0 0
0 ´4M ´4M ´4M 0 1 0 0

´3M ´3M ´3M ´3M 0 0 1 0
12 24 36 ´12 ` 12N 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚
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9.3.2 Finding a family of candidates in genus five. Recall that we found in the

previous section the following elements of the non-tautological part H
p0q

1 pO
p5q

N,M ,Zq:

X “ p3m` 10qχ1 ´ pN `m` 1qχ2

“ pN `m` 1qΣ1 ` pN `m` 1qΣ2

`pN `m` 1qΣ3 ´ p3m` 10qΣN

`p2N ´ 4m´ 18qZ1 ` p2N ´ 4m´ 18qZ2

`p3N ´ 7qZ3 ` p3N ´ 7qZM ,

A “ p9 `N ` 4Mqα1 ´ 2α2

“ ´p9 `N ` 4mqΣ1 ` 2Σ2 ` 2Σ3 ` 2ΣN

´4Z1 ´ 4Z2 ` p7 `N ` 4mqZ3 ´ 4ZM ,

Γ “ p8 `N ` 2mqγ1 ´ p3 ` 2mqγ2

“ ´pN ` 2m` 8qΣ1 ` p2m` 3qΣ2 ` p2m` 3qΣ3 ` p2m` 3qΣN

`M Z1 `M Z2 `M Z3 ´ pN ` 5qZM .

Consider the transvections Dχ, Dα and Dγ from the previous section and recall that the
image of Dχ ´ id, Dα ´ id respectively Dγ ´ id was generated by X, A respectively Γ.

We consider the subspaceW “ SpanQptX,A,Γuq of H
p0q

1 pO
p5q

N,M ,Qq. With respect to the
basis tX,A,Γu, we can represent the restrictions of the transvections Dχ, Dα and Dγ to
W by the following three matrices (compare Equations 9.3.1.1, 9.3.1.2 and 9.3.1.5):

¨

˝

1 b a
0 1 0
0 0 1

˛

‚,

¨

˝

1 0 0
´b 1 c
0 0 1

˛

‚,

¨

˝

1 0 0
0 1 0

´a ´c 1

˛

‚,

where a “ ´5N ´ 3Nm` 5m` 5, b “ ´9N ` 21 and c “ ´2N ` 8m` 2. The element
e :“ ´cX ` aA ´ bΓ P W is invariant under pDχq|W , pDαq|W respectively pDγq|W .

The two waist curves γ1, γ2 are linearly independent in H1pO
p5q

N,M ,Qq and the same holds
for the waist curves α1, α2 and χ1, χ2. From the definition of the transvections Dχ, Dα

and Dγ and the fact that the element e is invariant under them, we can directly see
Ωpe, wq “ 0 for all w P W . With respect to the new basis tX,A, eu of W we have the
following matrix representations for pDχq|W , pDαq|W and pDγq|W :

¨

˝

1 b 0
0 1 0
0 0 1

˛

‚,

¨

˝

1 0 0
´b 1 0
0 0 1

˛

‚,

¨

˚

˝

ac
b ` 1 c2

b 0

´a2

b ´ac
b ` 1 0

a
b

c
b 1

˛

‹

‚

where b “ ´9N ` 21 ‰ 0 for all N P N. If we now choose c “ 0 or equivalently
N “ 1 ` 4m one can easily see that a, b ‰ 0 for all N, m P N. We can see that the
subgroup of SpΩpW q generated by pDχq|W , pDαq|W and pDγq|W contains a non-trivial

element of the unipotent radical, namely pDαq|
´a2

W ˝ pDγq|b
2

W . We would like to apply
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Theorem 1.6.1 to obtain arithmeticity but first we have to show Zariski-density for the

Kontsevich–Zorich monodromy of a decent subfamily among the O
p5q

N,M . To find such a
subfamily is our task in the next subsection.

9.3.3 Zariski density and arithmeticity for a genus five family. In this subsec-
tion we fix M “ 6 ` 4m and N “ 1 ` 4m (m P N). The characteristic polynomial of the

matrix A :“ A5pN,Mq :“ M
p0q

h ¨M
p0q
v P R8ˆ8 is given by a reciprocal polynomial

P pXq “ χApXq “

8
ÿ

i“0

aiX
i P ZrXs

with a0 “ a8 “ 1 and ai “ a8´i for i “ 1, . . . , 4.

We have 1{X4 ¨ P pXq “ QpX ` 1{X ` 2q for the quartic polynomial

QpY q “ Y 4 `

3
ÿ

i“0

bi Y
i P ZrY s (9.3.3.1)

with coefficients

b3 “ a1 ´ 8, b2 “ a2 ´ 6 a1 ` 20,

b1 “ a3 ´ 4 a2 ` 9 a1 ´ 16, b0 “ a4 ´ 2 a3 ` 2 a2 ´ 2 a1 ` 2.

Let now µ1, µ2, µ3, µ4 P C be the roots of the polynomial QpY q P ZrY s and CRQpY q P

QrY s its cubic resolvent (cf. Section 9.1.2).

For m ” 1 modulo 31 one can compute with a computer algebra system like MATLAB
that the polynomials P pXq P ZrXs andQpY q P ZrY s are irreducible modulo 31 and hence
irreducible over the rational numbers Q. Furthermore the cubic resolvent CRQpY q P

ZrY s is irreducible modulo 11 if m ” 1 modulo 11 and in this case also irreducible over
the rational numbers. The discriminant DiscpQq of the polynomial QpY q can be written
by irreducible factors in terms of m as

DiscpQq “ c ¨ fpmq ¨ p2m` 3q6 ¨ p4m` 1q6

for a positive integer c and a monic polynomial fpmq of degree 12. With Siegel’s theorem
of integral points we conclude that DiscpQq can only be a square of a rational number
for finitely many m P N. As in Section 9.2.1 we conclude that the Galois group GalpQq

of QpY q can be identified with the full symmetric group Symptµ1, . . . , µ4uq for all but
perhaps finitely many m P N with m ” 1 modulo p P t11, 31u. In these cases the
Galois group GalpP q ď Z4

2 ¸S4 of our reciprocal polynomial P pXq “ charApXq projects
surjectively on S4 and hence GalpP q can be identified with S4, with one of the groups
H4,i pi “ 1, 2, 3q or with the full hyperoctahedral group G4 “ Z4

2 ¸ S4 (see Proposition
9.1.10).
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With the help of MATLAB we see that we can write ∆4,1 “ δ24,1 from Lemma 9.1.11 by
irreducible factors in terms of m as

∆4,1 “ c ¨ gpmq ¨ p2m` 1qp4m´ 3qp2m` 3q3p4m` 1q3

for an integer c and a monic polynomial gpmq of degree 8. Furthermore ∆4,2 “ DiscpQq ¨

∆4,1.

With [86, Proposition 6, 17] respectively Siegel’s theorem on integral points we conclude
that δ4,1 and δ4,2 are rational numbers only for finitely many m P N. Since H4,3 is a
subgroup of H4,1 the fundamental theorem of Galois theory together with Lemma 9.1.11
shows that GalpP q ‰ H4,i for i “ 1, 2, 3.

We showed the hardest part of the following proposition:

9.3.4 Proposition. The matrix A “ A5pN,Mq P R8ˆ8 is Galois pinching for all but
finitely many m P N with m ” 1 modulo p, where p P t11, 31u.

Proof. The only thing that is left to show, is that for m P N as in the statement and big
enough, the matrix A5pN,Mq has only real eigenvalues. For this reason we analyse the
roots of the polynomial QpY q P Z from Equation (9.3.3.1) with the help of (9.1.13.3)
in Section 9.1.13. First we bring QpY q in the depressed form DQptq by substituting
t “ Y ´ b3{4. If we determine the roots of the depressed form DQptq, we can determine
them directly for QpY q as well. By a boring but not to complicated analysis of the
expressions DiscpDQq, F pDQq and q for DQpY q as in 9.1.13.3 (or by using a computer
algebra system), we see that

DiscpDQq ą 0, F pDQq ą 0 and q ă 0

for m big enough.

Hence in that case all the roots of DQptq and thus all the roots of QpY q are real. As in
the proof of 9.2.2 we conclude that A5pN,Mq has only real eigenvalues for m P N with
m ” 1 modulo p, where p P t11, 31u and m big enough.

Since B5pN,Mq :“ M
p0q
α is an unipotent matrix such that the image pB5pN,Mq ´

IdqpR8q is not a Lagrangian subspace, the matrices A5pN,Mq and B5pN,Mq generate

a Zariski-dense subgroup of SppH
p0q

1 pO
p5q

N,M ,Zqq by Criterion 1.5.10 for all m P N as in
Proposition 9.3.4. Together with the theorem of Singh-Venkataramana 1.6.1 and the
result in Subsection 9.3.2, we conclude:

9.3.5 Theorem. The genus five origamis O
p5q

N,M P ΩM5p8q with N “ 1 ` 4m and M “

6`4m have Kontsevich–Zorich monodromies with finite index in SppH
p0q

1 pO
p5q

N,M ,Zqq for
all but finitely many m P N such that m ” 1 modulo p, where p P t11, 31u.
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4m

N

σN

σ5

σ4

σ3

σ2

σ1

ζM ζ5 ζ4 ζ3 ζ2 ζ1

Figure 9.5.: Origami O
p6q

N,M with horizontal waist curves σ1, σ2, σ3, σ4, σ5, σN and vertical
waist curves ζ1, ζ2, ζ3, ζ4, ζ5, ζM .

9.4 Stairs origamis in genus six

Lastly we will expand out investigation in genus six. We will see that the Galois theory
is even more complicated then for the genus four and five families. Thus we did not
try to find families of origamis with arithmetic Kontsevich–Zorich monodromy in higher
genus. For N,M P N with M “ 6 ` 4m pm P Nq, we consider the genus six origami

O
p6q

N,M P ΩM6p10q that is given by the following horizontal and vertical permutation
h, v P Sympt1, 2, . . . , N `M ` 9uq:

h “p1, . . . , NqpN ` 1, . . . , N ` 5qpN ` 6, . . . , N ` 9q

pN ` 10, N ` 11, N ` 12q

pN ` 13, N ` 14qpN ` 15q . . . pN `M ` 9q

v “p1, N ` 1, N ` 6, N ` 10, N ` 13, N ` 15, . . . , N `M ` 9q

p2, N ` 2, N ` 7, N ` 11, N ` 14qp3, N ` 3, N ` 8, N ` 12q

p4, N ` 4, N ` 9qp5, N ` 5qp6q . . . pNq

The six waist curves σ1, . . . , σ5, σN of the maximal horizontal cylinders together with
the waist curves ζ1, . . . , ζ5, ζM of the maximal vertical cylinders form again a basis of

the absolute homology H1pO
p6q

N,M ,Zq of the origami O
p6q

N,M see Figure 9.5.

It is easy to see that Bp0q “ tΣi, ΣN , Zi, ZM | i “ 1, . . . , 4u is a basis of the non-
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tautological part H
p0q

1 pO
p6q

N,M ,Qq, where

Σi :“ σi`1 ´ pi` 1qσ1 for i “ 1, . . . , 4, ΣN :“ σN ´N σ1,

Zi :“ ζi`1 ´ pi` 1q ζ1 for i “ 1, . . . , 4, ZN :“ ζN ´N ζ1.

We can represent the restriction of the intersection form Ω to the non-tautological part

H
p0q

1 pO
p6q

N,M ,Qq of the absolute homology by the following matrix with respect to the

basis Bp0q from above:

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0 0 0 1 ´1
0 0 0 0 0 0 0 1 1 ´2
0 0 0 0 0 0 1 1 1 ´3
0 0 0 0 0 1 1 1 1 ´4
0 0 0 0 0 ´1 ´2 ´3 ´4 1 ´N ´M
0 0 0 ´1 1 0 0 0 0 0
0 0 ´1 ´1 2 0 0 0 0 0
0 ´1 ´1 ´1 3 0 0 0 0 0

´1 ´1 ´1 ´1 4 0 0 0 0 0
1 2 3 4 M `N ´ 1 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

M “ 6 ` 4m

N

Figure 9.6.: Origami O
p6q

N,M with cylinder decomposition in direction p1,´2q. Here γ1 is
the waist curve of the blue cylinder.

9.4.1 Dehn twists in genus six. In direction p1,´2q there are two maximal cylinders
with one waist curve γ1 of combinatorial length 4 and one waist curve γ2 of combinatorial
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length N `4m`11. We count intersection points of γ1 and γ2 with the elements of Bp0q

and get

Ωpγ1, σ1q “ 0, Ωpγ1, σ2q “ 1, Ωpγ1, σ3q “ 1,

Ωpγ1, σ4q “ 2, Ωpγ1, σ5q “ 2, Ωpγ1, σN q “ 2,

Ωpγ1, ζ1q “ 0, Ωpγ1, ζ2q “ 0, Ωpγ1, ζ3q “ 1,

Ωpγ1, ζ4q “ 1, Ωpγ1, ζ5q “ 1, Ωpγ1, ζM q “ 1,

Ωpγ2, σ1q “ 2, Ωpγ2, σ2q “ 3, Ωpγ2, σ3q “ 5,

Ωpγ2, σ4q “ 6, Ωpγ2, σ5q “ 8, Ωpγ2, σN q “ 2pN ´ 1q,

Ωpγ2, ζ1q “ 1, Ωpγ2, ζ2q “ 2, Ωpγ2, ζ3q “ 2,

Ωpγ2, ζ4q “ 3, Ωpγ2, ζ5q “ 4, Ωpγ2, ζM q “ 5 ` 4m.

We can write Γ :“ pN ` 4m ` 11qγ1 ´ 4γ2 P H
p0q

1 pO
p6q

N,M ,Zq as a linear combination of

elements of Bp0q in the following way:

Γ “ 4Σ1 ` 4Σ2 ´ pN ` 4m` 11qΣ3 ` 4Σ4 ` 4ΣN

´ 8Z1 ` pN ` 4m` 7qZ2 ´ 8Z3 ` pN ` 4m` 7qZ4 ´ 8ZM .

The Dehn twist along the waist curves γ1 and γ2 acts on H
p0q

1 pO
p6q

N,M ,Qq via the map-
ping

Dγ : v ÞÝÑ v ` pN ` 4m` 11qΩpγ1, vq γ1 ` 4Ωpγ2, vq γ2

and for the images of the elements in Bp0q under Dγ we get

DγpΣ1q “ Σ1 ` Γ, DγpΣ2q “ Σ2 ` Γ, DγpΣ3q “ Σ3 ` 2Γ,

DγpΣ4q “ Σ4 ` 2Γ, DγpΣN q “ ΣN ` 2Γ,

DγpZ1q “ Z1, DγpZ2q “ Z2 ` Γ, DγpZ3q “ Z3 ` Γ

DγpZ4q “ Z4 ` Γ, DγpZM q “ ZM ` Γ.

For direction p1, 4q there are two maximal cylinders with waist curve δ1 of length 2m`6

170



9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

M
“

6
`
4m

N

(a)

M
“

6
`
4
m

N

(b)

Figure 9.7.: Origami O
p6q

N,M with cylinder decomposition in direction p1, 4q and p1,´4q.
Here δ1 and α1 are the waist curves of the blue cylinders.
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and waist curve δ2 of length N ` 2m` 9. We have

Ωpδ1, σ1q “ ´2, Ωpδ1, σ2q “ ´3, Ωpδ1, σ3q “ ´4,

Ωpδ1, σ4q “ ´5, Ωpδ1, σ5q “ ´5, Ωpδ1, σN q “ ´5,

Ωpδ1, ζ1q “ 0, Ωpδ1, ζ2q “ 0, Ωpδ1, ζ3q “ 1,

Ωpδ1, ζ4q “ 1, Ωpδ1, ζ5q “ 2, Ωpδ1, ζM q “ 2 ` 2m,

Ωpδ2, σ1q “ ´2, Ωpδ2, σ2q “ ´5, Ωpδ2, σ3q “ ´8,

Ωpδ2, σ4q “ ´11, Ωpδ2, σ5q “ ´15, Ωpδ2, σN q “ ´4N ` 5,

Ωpδ2, ζ1q “ 1, Ωpδ2, ζ2q “ 2, Ωpδ2, ζ3q “ 2,

Ωpδ2, ζ4q “ 3, Ωpδ2, ζ5q “ 3, Ωpδ2, ζM q “ 4 ` 2m.

The element ∆ :“ pN ` 2m ` 9qδ1 ´ p2m ` 6qδ2 P H
p0q

1 pO
p6q

N,M ,Zq can be written as a

linear combination of elements of Bp0q as

∆ “ ´ pN ` 2m` 9qΣ1 ` p2m` 6qΣ2 ´ pN ` 2m` 9qΣ3

` p2m` 6qΣ4 ` p2m` 6qΣN

` p8m` 24qZ1 ` p4m´N ` 9qZ2 ` p4m´N ` 9qZ3

` p4m´N ` 9qZ4 ´ p2N ` 6qZM .

The Dehn twist along the waist curves δ1 and δ2 of the maximal cylinders acts on the
non-tautological part of the absolute homology via the mapping

Dδ : v ÞÝÑ v ` pN ` 2m` 9qΩpδ1, vq δ1 ` p2m` 6qΩpδ2, vq δ2.

If we evaluate the elements of the basis Bp0q of H
p0q

1 pO
p6q

N,M ,Qq, then we get

DδpΣ1q “ Σ1 ` ∆, DδpΣ2q “ Σ2 ` 2∆, DδpΣ3q “ Σ3 ` 3∆,

DδpΣ4q “ Σ4 ` 5∆, DδpΣN q “ Σn ` p2N ´ 5q∆,

DδpZ1q “ Z1, DδpZ2q “ Z2 ` ∆, DδpZ3q “ Z3 ` ∆,

DδpZ4q “ Z4 ` 2∆, DδpZM q “ ZM ` p2 ` 2mq∆.

We have two maximal cylinders in direction p1,´4q with waist curve α1 of combinatorial
length 4`m and waist curve α2 of combinatorial length N ` 3m` 11. We calculate the
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following intersection points with the elements of the basis Bp0q:

Ωpα1, σ1q “ 1, Ωpα1, σ2q “ 1, Ωpα1, σ3q “ 2,

Ωpα1, σ4q “ 4, Ωpα1, σ5q “ 4, Ωpα1, σN q “ 4,

Ωpα1, ζ1q “ 0, Ωpα1, ζ2q “ 0, Ωpα1, ζ3q “ 1,

Ωpα1, ζ4q “ 1, Ωpα1, ζ5q “ 1, Ωpα1, ζM q “ 1 `m,

Ωpα2, σ1q “ 3, Ωpα2, σ2q “ 7, Ωpα2, σ3q “ 10,

Ωpα2, σ4q “ 12, Ωpα2, σ5q “ 16, Ωpα2, σN q “ N ´ 4,

Ωpα2, ζ1q “ 1, Ωpα2, ζ2q “ 2, Ωpα2, ζ3q “ 2,

Ωpα2, ζ4q “ 3, Ωpα2, ζ5q “ 4, Ωpα2, ζM q “ 5 ` 3m.

With this information we can write the element A :“ pN ` 3m ` 11qα1 ´ p4 ` mqα2 in
the basis Bp0q:

A “ pm` 4qΣ1 ` pm` 4qΣ2 ´ pN ` 3m` 11qΣ3

` pm` 4qΣ4 ` pm` 4qΣN

´ p4m` 16qZ1 ` p2N ` 4m` 14qZ2 ` pN ´ 1qZ3

´ p4m` 16qZ4 ` pN ´ 1qZM .

The map

Dα : v ÞÝÑ v ` pN ` 3m` 11qΩpα1, vqα1 ` pm` 4qΩpα2, vqα2

has images

DαpΣ1q “ Σ1 ´A, DαpΣ2q “ Σ2 ´A DαpΣ3q “ Σ3,

DαpΣ4q “ Σ4 ´A, DαpΣN q “ ΣN ´ pN ´ 4qA,

DαpZ1q “ Z1, DαpZ2q “ Z2 `A, DαpZ3q “ Z3 `A,

DαpZ4q “ Z4 `A, DαpZM q “ ZM ` pm` 1qA.

In horizontal direction we have six maximal cylinders with moduli M ´ 5, 1{2, 1{3,
1{4, 1{5 and 1{N respectively in vertical direction there are six maximal cylinders with
moduli N ´ 5, 1{2, 1{3, 1{4, 1{5 and 1{N . As in the sections before we can calculate

representation matrices for the action of the associated Dehn twists on H
p0q

1 pO
p6q

N,M ,Qq.
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In horizontal direction we have:

M
p0q

h “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0 0 0 30N 30N
0 1 0 0 0 0 0 20N 20N 20N
0 0 1 0 0 0 15N 15N 15N 15N
0 0 0 1 0 12N 12N 12N 12N 12N
0 0 0 0 1 ´60 ´120 ´180 ´240 ´60pM ´ 1q

0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

and in vertical direction we get:

M p0q
v “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0
0 0 0 ´30M ´30M 1 0 0 0 0
0 0 ´20M ´20M ´20M 0 1 0 0 0
0 ´15M ´15M ´15M ´15M 0 0 1 0 0

´12M ´12M ´12M ´12M ´12M 0 0 0 1 0
60 120 180 240 60pN ´ 1q 0 0 0 0 1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

9.4.2 Finding a family of candidates in genus six. Recall that we obtained el-

ements Γ, ∆, A of the non-tautological part H
p0q

1 pO
p6q

N,M ,Zq of the absolute homology
by comparing the waist curves of the maximal cylinders in direction p1,´2q, p1, 4q and
p1,´4q. We wrote them as a linear combination of elements of Bp0q in the following
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way:

A “ pm` 4qΣ1 ` pm` 4qΣ2 ´ pN ` 3m` 11qΣ3

` pm` 4qΣ4 ` pm` 4qΣN

´ p4m` 16qZ1 ` p2N ` 4m` 14qZ2 ` pN ´ 1qZ3

´ p4m` 16qZ4 ` pN ´ 1qZM

Γ “ 4Σ1 ` 4Σ2 ´ pN ` 4m` 11qΣ3

` 4Σ4 ` 4ΣN

´ 8Z1 ` pN ` 4m` 7qZ2 ´ 8Z3 ` pN ` 4m` 7qZ4 ´ 8ZM

∆ “ ´ pN ` 2m` 9qΣ1 ` p2m` 6qΣ2 ´ pN ` 2m` 9qΣ3

` p2m` 6qΣ4 ` p2m` 6qΣN

` p8m` 24qZ1 ` p4m´N ` 9qZ2 ` p4m´N ` 9qZ3

` p4m´N ` 9qZ4 ´ p2N ` 6qZM .

Let W “ SpanQpA, Γ, ∆u the Q-linear subspace of H
p0q

1 pO
p6q

N,M ,Qq spanned by A, Γ and

∆. The three maps Dα, Dγ and Dδ are transvections on H
p0q

1 pO
p6q

N,M ,Qq. The images
Dα ´ id, Dγ ´ id respectively Dδ ´ id are generated by the elements A,Γ respectively

∆ of H
p0q

1 pO
p6q

N,M ,Zq. If we restrict Dα, Dγ and Dδ to the subspace W , then we obtain
the following three matrix representations with respect to tA, Γ, ∆u:

¨

˝

1 b a
0 1 0
0 0 1

˛

‚,

¨

˝

1 0 0
´b 1 c
0 0 1

˛

‚,

¨

˝

1 0 0
0 1 0

´a ´c 1

˛

‚,

where b “ 2´2N , a “ ´10N `12m´4mN `42 and c “ 16m`24´8N . The element
e :“ cA´ aΓ` b∆ is invariant under the elements pDαq|W , pDγq|W , pDδq|W P SpΩpW q

and an element of the nullspaceWΩ. The restrictions of Dα, Dγ and Dδ to the subspace
W have the following matrix representations with respect to the basis tA, Γ, eu:

¨

˝

1 b 0
0 1 0
0 0 1

˛

‚,

¨

˝

1 0 0
´b 1 0
0 0 1

˛

‚,

¨

˚

˝

ac
b ` 1 c2

b 0
a2

b
ac
b ` 1 0

´a
b ´ c

b 1

˛

‹

‚

.

If we choose c “ 0 or N “ 3 ` 2m, then we can easily find an element of the unipotent
radical of SpΩpW q in the subgroup generated by the three transvections pDαq|W , pDγq|W

and pDδq|W , for example pDγq|a
2

W ˝ pDδq|bW lies in the unipotent radical.

9.4.3 Zariski density and arithmeticity for a genus six family. We consider in

this subsection the family of origamis O
p6q

N,M , whereM “ 6`4m, N “ 3`2m and m P N.
As before in the genus four and five section, we try first to determine an infinite family
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of natural numbers m P N for which the matrix A “ A6pN,Mq “ M
p0q

h ¨ M
p0q
v P R10ˆ10

is Galois pinching. The characteristic polynomial

P pXq :“ χApXq “

10
ÿ

i“0

aiX
i P ZrXs

of the matrix A “ A6pN,Mq P R10ˆ10 is monic and reciprocal, i.e. a10 “ a0 “ 1 and
ai “ a10´i for i “ 1, . . . , 5. Hence there is a cubic polynomial

QpY q “ Y 5 `

4
ÿ

i“0

bi Y
i P QrY s (9.4.3.1)

such that 1{X5 ¨ P pXq “ QpX ` 1{X ` 2q. The coefficients of QpY q P QrY s are

b4 “ a1 ´ 10, b3 “ a2 ´ 8 a1 ` 35, b2 “ a3 ´ 6 a2 ` 20 a1 ´ 50,

b1 “ a4 ´ 4 a3 ` 9 a2 ´ 16 a1 ` 25, b0 “ a5 ´ 2 a4 ` 2 a3 ´ 2 a2 ` 2 a1 ´ 2.

Denote the sextic Weber resolvent of QpY q P QrY s again by SWRQpY q P QrY s. For
m ” 2 modulo 89 we computed with MATLAB that P pXq “ χApXq can be irreducibly
written modulo 89 as

P pXq ” X10 ` 4X9 ` 63X8 ` 33X7 ` 39X6 ` 71X5

`39X4 ` 33X3 ` 63X2 ` 4X ` 1 modulo 89.

Furthermore for m ” 2 modulo 17, respectively m ” 2 modulo 19 we computed that
QpY q respectively SWRQpY q factorizes as

QpY q ” Y 5 ` 4Y 4 ` Y 2 ` 6Y ` 16 modulo 17 and

SWRQpY q ” Y 6 ` 13Y 5 ` 7Y 4 ` 3Y 3 ` 15Y 2 ` 17Y ` 16 modulo 19.

Hence QpY q is irreducible modulo 17 and SWRQpY q is irreducible modulo 19. Since
P pXq P QrXs is irreducible for m ” 2 modulo 89, we identify its Galois group GalpP q

of P pXq P ZrXs again with a subgroup of the hyperoctahedral group G5 “ Z5
2 ¸ S5.

To ensure that A “ A6pN,Mq is Galois pinching we need that GalpP q projects surjec-
tively onto S5 or equivalently that GalpQq “ S5. With Theorem 9.1.5 and Remark 9.1.6
it suffices to find m P N such that the discriminant DiscpSWRQq “ DiscpQq is not a
rational square and that the sextic Weber resolvent SWRQpY q P QrY s does not have a
rational root. We computed

DiscpQq “ c fpmq p2m` 3q24,

where c ą 0 and with an irreducible polynomial fpmq P Zrms of degree 16. With Siegel’s
theorem of integral points and the equations above we conclude that GalpQq “ S5 for
all but finitely many m P N with m ” 2 modulo p P t17, 19u.
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Next we want to restrict m P N further such that GalpP q ‰ S5 and GalpP q ‰ H5,i for
i “ 1, 2, 3. For the expressions ∆5,1 “ δ25,1 and ∆5,2 “ δ25,2 from Lemma 9.1.11 and
Remark 9.1.12 we computed

∆5,1 “ Qp0qQp4q “ c ¨ gpmq ¨ pm´ 1qp4m` 1qp2m` 3q8 and

∆5,2 “ DiscpQq ¨ ∆5,1,

where c P Z and gpmq P Zrms is an irreducible polynomial of degree 10. With [86,
Proposition 6.17] we conclude that GalpP q ‰ H5,i for i “ 1, 2 and almost all m P N with
m ” 2 modulo p, where p P t17, 19, 89u. Furthermore if m ” 2 modulo 29 then P pXq

can be written in irreducible factors modulo 29 as

P pXq ” pX ` 15qpX ` 2qpX2 ` 7X ` 7qpX2 `X ` 25q

pX4 ` 22X3 ` 21X2 ` 22X ` 1q modulo 29.

One can compute that 29 does not divide the discriminant DiscpP q of P pXq P QrXs

for m ” 2 modulo 29, we conclude with the theorem of Dedekind that in this case
GalpP q contains a permutation of cycle type p4, 2, 2, 1, 1q. But H5,3 does not contain a
permutation of this cycle type as we showed in Appendix A.1.

The discussion from above almost showed:

9.4.4 Proposition. The matrix A6pN,Mq P R10ˆ10 is Galois pinching for all but per-
haps finitely many m P N with m ” 2 modulo p, where p P t17, 19, 29, 89u.

Proof. Letm P N such that the quintic polynomial QpY q P QrY s from Equation (9.4.3.1)
is irreducible. By substituting t “ Y ´ b4{5 we can bring QpY q in depressed form

DQptq “ t5 ` p t3 ` q t2 ` r t` s P Qrts.

By an analysis of the four discriminants FipDQq (i “ 1, 2, 3, 4q from (9.1.13.5) for the
polynomial DQptq from above, we can see that for all i “ 1, 2, 3, 4 and m big enough
the inequality FipDQq ą 0 holds. From [59] we know that in this case the depressed
polynomial DQptq and hence QpY q has five real roots. Denote the roots of QpY q by µi
pi “ 1, . . . , 5q. We have the equality

µi “ λi ` λ´1
i ` 2

for all i “ 1, . . . , 5, where λi and λ
´1
i are roots of the reciprocal characteristic polynomial

P pXq of A6pN,Mq. Furthermore for m big enough all the coefficients bi (i “ 1, . . . , 5)
of QpY q are positive. With Décarte’s rule of signs we conclude that in this situation all
the roots µi pi “ 1, . . . , 5q are negative real numbers. As before in 9.2.2 we now know
that the roots tλi, λ

´1
i | i “ 1, . . . , 5u of P pXq are real. Putting this argument together

with the arguments we did before for GalpP q, we see that A6pN,Mq is Galois pinching
for m P N big enough such that m ” 2 modulo p, where p P t17, 19, 29, 89u.
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Denote by B6pN,Mq “ M
p0q
γ P R10ˆ10 the representation matrix with respect to the

basis Bp0q of the map Dγ acting on the non-tautological H
p0q

1 pO
p6q

N,M ,Rq from Section
9.4.1. Then B6pN,Mq is unipotent and the subspace

pB6pN,Mq ´ IdqpR10q

is one-dimensional and hence not a Lagrangian subspace with respect to Ω. Furthermore
A6pN,Mq and B6pN,Mq do not commute but perhaps for finitely many m P N. Putting
hhis together with the previous Proposition about the matrix A6pN,Mq, Criterion 1.5.10
implies:

9.4.5 Theorem. The genus six Origamis O
p6q

N,M P ΩM6p10q with N “ 3 ` 2m and

M “ 6`4m have Kontsevich-Zorich monodromies with finite index in SppH
p0q

1 pO
p6q

N,M ,Zqq

for all but finitely many m P N such that m ” 2 modulo p, where p P t17, 19, 29, 89u.
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A.1 Permutation types

We call φk the map that identifies the group Hk,3 ď Gk from Proposition 9.1.10 with a
subgroup of the permutation group Symptλi, λ

´1
i | i “ 1, . . . , kuq.

We first consider k “ 3 and φ3 : H3,3 Ñ Symptλi, λ
´1
i | i “ 1, 2, 3uq. We have

φ3pp´1,´1,´1q, p123qq “pλ1λ
´1
2 λ3λ

´1
1 λ2λ

´1
3 q,

φ3pp´1,´1,´1q, p1, 2qq “pλ1λ
´1
2 qpλ2λ

´1
1 qpλ3λ

´1
3 q,

φ3pp`1,`1,`1q, p123qq “pλ1λ2λ3qpλ´1
1 λ´1

2 λ´1
3 q

φ3pp`1,`1,`1q, p1, 2qq “pλ1λ2qpλ´1
1 λ´1

2 qpλ3qpλ´1
3 q.

The element p123q P S3 is of permutation type p3q and p12q P S3 is of type p2, 1q. These
two types are the only non-trivial types that can appear in S3. Hence the calculations
from above show that the only non-trivial permutation types that occur in φ3pH3,3q ď

Symptλi, λ
´1
i | i “ 1, 2, 3uq are p6q, p3, 3q, p2, 2, 2q and p2, 2, 1, 1q.

For k “ 5 the permutation group S5 has permutations of type p5q, p4, 1q, p3, 2q, p3, 1, 1q,
p2, 2, 1q, p2, 1, 1, 1q and p1, 1, 1, 1, 1q. If we want to determine the permutation types
of the elements of H5,3 as a subgroup of Symptλi, λ

´1
i | i “ 1, . . . , 5uq then because of

symmetry reasons it is sufficient to determine the permutations φ5pp´1, . . . ,´1q, σqq and
φ5pp`1, . . . ,`1q, σqq, where σ P S5 is a represent of a permutation type of S5 as above.
We have

φ5pp´1, . . . ,´1q, p12345qq “pλ1λ
´1
2 λ3λ

´1
4 λ5λ

´1
1 λ2λ

´1
3 λ4λ

´1
5 q

φ5pp´1, . . . ,´1q, p1234qq “pλ1λ
´1
2 λ3λ

´1
4 qpλ2λ

´1
3 λ4λ

´1
1 qpλ5λ

´1
5 q

φ5pp´1, . . . ,´1q, p123qp45qq “pλ1λ
´1
2 λ3λ

´1
1 λ2λ

´1
3 qpλ4λ

´1
5 qpλ5λ

´1
4 q

φ5pp´1, . . . ,´1q, p123qq “pλ1λ
´1
2 λ3λ

´1
1 λ2λ

´1
3 qpλ4λ

´1
4 qpλ5λ

´1
5 q

φ5pp´1, . . . ,´1q, p12qp34qq “pλ1λ
´1
2 qpλ2λ

´1
1 qpλ3λ

´1
4 qpλ4λ

´1
3 qpλ5λ

´1
5 q

φ5pp´1, . . . ,´1q, p12qq “pλ1λ
´1
2 qpλ2λ

´1
1 qpλ3λ

´1
3 qpλ4λ

´1
4 qpλ5λ

´1
5 q.

We conclude that for the subgroup φkpHk,3q ď Symptλi, λ
´1
i | i “ 1, . . . , 5uq only

non-trivial permutations of type p10q, p4, 4, 2q, p6, 2, 2q, p2, 2, 2, 2, 2q and of type p5, 5q,
p4, 4, 1, 1q, p3, 3, 2, 2q, p3, 3, 1, 1, 1, 1q, p2, 2, 2, 2, 1, 1q, p2, 2, 1, 1, 1, 1, 1, 1q can occur.
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Appendix A.

A.2 Representation matrix for Dehn twist

The following matrix is the representation matrix M
p0q
α for the restriction of the Dehn

twistDα in direction p1,´2q toH
p0q

1 pO
p5q

N,M ,Qq with respect to the basis Bp0q from Section
9.3.1.

¨ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˚ ˝

´
8

´
N

´
4m

´
9

´
N

´
4
m

0
´
9

´
N

´
4m

´
9

´
N

´
4
m

´
9

´
N

´
4m

0
´
9

´
N

´
4m

2
3

0
2

2
2

0
2

2
2

1
2

2
2

0
2

2
2

0
3

2
2

0
2

´
4

´
4

0
´
4

´
3

´
4

0
´
4

´
4

´
4

0
´
4

´
4

´
3

0
´
4

7
`
N

`
4
m

7
`
N

`
4m

0
7

`
N

`
4
m

7
`
N

`
4m

7
`
N

`
4
m

1
7

`
N

`
4m

´
4

´
4

0
´
4

´
4

´
4

0
´
3

˛ ‹ ‹ ‹ ‹ ‹ ‹ ‹ ‹ ‹ ‹ ‚
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Société mathématique de France, 1960.

[17] I.P. Cornfeld et al. Ergodic Theory. Grundlehren der mathematischenWissenschaften.
Springer New York, 2012.

[18] V. Delecroix, P. Hubert, and S. Lelièvre. “Diffusion for the periodic wind-tree
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[22] Pierre Deligne. “Un théorème de finitude pour la monodromie”. In: Discrete
groups in Geometry and Analysis 67 (1987), pp. 1–19.

[23] Pierre Deligne and G. D. Mostow. “Monodromy of hypergeometric functions and
non-lattice integral monodromy”. In: Publications Mathématiques de l’IHÉS 63
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