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Abstract

A translation surface is a compact Riemann surface obtained as a collection of finitely
many polygons in the plane with glued parallel edges of the same length by translations.
There is a natural action of the group of invertible real 2x2-matrices with positive deter-
minant on the moduli space of translation surfaces by applying matrices to the polygons
and regluing them by the same combinatorial relation. Under rare circumstances an
orbit of this action is closed in the moduli space of translation surfaces. One class of
translation surfaces where this happens are origamis, which consist of finitely many unit
squares. The orbit of an origami parametrizes a family of compact Riemann surfaces.
We consider the family of first singular cohomology groups with complex coefficients de-
fined by this family of compact Riemann surfaces. It can be given the structure of a flat
holomorphic vector bundle. For certain classes of origamis we will study the monodromy
group of this vector bundle from the aspect of arithmeticity.

Zusammenfassung

Eine Translationsflache ist eine kompakte Riemannsche Flache, die man dadurch erhélt,
dass man endlich viele Polygone in der Ebene an parallelen Kanten gleicher Lange durch
Translationen verklebt. Es gibt eine natiirliche Operation der Gruppe der invertier-
baren reellen 2x2-Matrizen mit positiver Determinante auf dem Modulraum der Trans-
lationsflachen, indem wir die Matrizen auf die Polygone anwenden und dann erneut nach
den gleichen kombinatorischen Relationen verkleben. In seltenen Fallen ist eine Bahn
dieser Aktion abgeschlossen im Modulraum der Translationsflichen. Eine Klasse von
Translationsflachen, fiir die dies eintritt, sind Origamis. Diese bestehen aus endlich vie-
len verklebten Einheitsquadraten. Die Bahn eines Origamis parametrisiert eine Familie
kompakter Riemannscher Flachen. Wir betrachten die Familie der ersten singuléren
Kohomologien mit komplexen Koeffizienten, die durch diese Familie kompakter Rie-
mannscher Flichen definiert wird. Ihr kann die Struktur eines flachen holomorphen
Vektorbiindels gegeben werden. Wir werden fiir bestimmte Klassen von Origamis die
Monodromiegruppe dieses Vektorbiindels unter dem Gesichtspunkt der Arithmetizitét
studieren.
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Preface

Griffiths-Schmid arithmeticity conjecture. Let S, X be complex algebraic man-
ifolds such that X is bimeromorphic to a Kahler manifold and let f: X — S be a flat
proper holomorphic map such that every fiber X, = f~!(s) is a connected algebraic
manifold. We can consider f: X — S as a family of algebraic manifolds parametrized by
S. Furthermore, let w be a global section of R? f,Z~ such that for every s € S the restric-
tion of w to the stalk (R?f.Zx)s is an integral Kihler class ws € HY(X,) n H*(X, Z).
By the Koidara embedding theorem every fiber X, is hence a projective algebraic vari-
ety and we call such an f: X — S a family of polarized algebraic manifolds. The family
f: X — S naturally carries such an w if X itself is projective. Then for any embedding
X — PV we can pull back the Kihler class associated to the Fubini-Study metric on PY
to X and this defines in a natural way a global section of R?f,Zy as we want it. It is a
really hard task to understand such families geometrically, i.e. how are the topological
and geometric features of the fibers related to each other?

One of the tools to understand the topology of the fibers X of f: X — S is to consider
their cohomology groups H'(Xs, Q) (i € N). We want to describe the family f: X — S
with the help of the cohomology of the fibers in the following way. We fix a base point
so € S and measure how elements of the cohomology group H*(Xs,, Q) change if we
transport them along closed paths in S in a ”continuous way”. This idea leads to the
concept of "monodromy” which we will explain in detail in Chapter

With the theorem of Ehresmann one can show that for every natural number i € N the
cohomology groups H'(X,, Q) glue together to a locally constant sheaf R f,Qy over Sﬂ
If we fix a base point sy € S we can consider the associated monodromy representation

Pi: 7T1(S, 30) — GL(HZ(XSO,Q))

Our goal is thus to understand the representation p; respectively the image G; = Im(p;)
of p;. The groups G; are often called the algebraic monodromy groups of the family
f:X — 5. In general it is really hard to describe the group G; directly and it is way
easier to determine the Zariski closure G; of G; in the linear group GL(H*(Xj,,Q)). By
a result of Deligne [20] we know for example that G; is a semi-simple algebraic group.
Write G;(Z) for the subgroup of G;(Q) which stabilizes the lattice H'(Xg,,Z)/torsion.
One can show that G; is a subgroup of G;(Z). Hence a natural question is to ask
whether the monodromy group G; is of finite index or of infinite index in G;(Z). In the
first case we call G; arithmetic and thin otherwise. Phillip Griffiths developed a Hodge

"We will do this for a family of compact Riemann surfaces in Section m
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theoretical approach which brings us a little bit closer to the answer of this question.
This approach even led him and Wilfried Schmid to the conjecture which we formulate
in the next paragraph.

Each fiber X5 of f: X — S (s € §) is a Kéhler manifold on which we have the Hodge
decomposition
H'(X,,C)= P HPY,
pHq=i

where HY'? is the subspace of classes of closed (p,q)-forms on X,. In Chapter 4 we
will sketch the proof that the subspaces HY'? are the fibers of C*®-subbundles H?? of
the holomorphic vector bundle H’ associated to R'f.Zx. All these information can be
summarized in the notion of a mized variation of Hodge structure on S (c.f. Definition
[4.4.9). Results from [48] on mixed variation of Hodge structures led Griffiths and Schmidt
in 1973 to conjecture that all monodromy groups that arise from families of algebraic
manifolds as above could be arithmetic [49, Appendix (d)]. This conjecture was the
starting point of the work on the question whether monodromy groups of families of
algebraic manifolds are arithmetic or thin. A part of the wonderful survey [108] of
Peter Sarnak is dedicated to this topic where he explains some history and progress
relating this question. The first examples of families with thin monodromy were given
by Deligne and Mostow in 1986 [23]. Meanwhile other examples of families with thin
monodromy could be found. Brav and Thomas for example found new families with thin
monodromy among families of Calabi-Yau three-folds which arise as the set of solutions
of a differential equation on P!(C)\{0, 1,00} [11]. Their proofs rely on the Ping-Pong
Lemma. This approach was later extended for example in [36] and [4]. In the last article
the authors constructed Ping-Pong tables with the help of a computer.

Families of linear deformations of translation surfaces. In this thesis we will
focus on Griffiths’ and Schmid’s arithmeticity conjecture in the context of families of
compact Riemann surfaces that come from linear deformations of origamis. Before we
can present results, we have to describe the families we are interested in.

A translation surface is a compact connected Riemann surface constructed by gluing
finitely many polygons P; (i = 1,...,n) in the Euclidean plane R? along their edges by
translations. This leads to a flat metric on the Riemann surface where we remove finitely
many points which correspond to vertices of the polygons P;. We denote translation
surfaces by pairs (X,w) where X is a connected compact Riemann surface and w is a
non-trivial holomorphic one-form which provides the surface with a flat metric outside
the finite set of zeros of w. The moduli space of genus g translation surfaces QM is in
a natural way a bundle over the moduli space of compact connected Riemann surfaces
M, (see Section . The zeros of w give a partition k of 2g — 2 by the Theorem of
Gauss-Bonnet and in this way we get a stratification QM, = | |, @M, (k) of the moduli
space of translastion surfaces (c.f. Section . Applying matrices in GLj (R) to
the polygons P; — R? of a translation surface and regluing them leads to an action of
GLj (R) on the moduli space of genus g translation surfaces QM, (see Figure |1| for an
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example). If A € GLj (R) is a matrix and (X,w) € QM is a translation surface then we
write A.(X,w) for the translation surface obtained by the construction above.

i
QD Q
d 9 A pd ;
& & /8/ /8/
T T
T I

Figure 1.: Deformation of an L-shaped translation surface by the matrix A = ({ 1).

We want to relate geometric an topological features of the linear deformation A.(X,w)
of a translation surface (X,w) by a matrix A € GL3 (R) to the corresponding features
of (X,w). This is possible in many ways and for many features. See Section 4.5 of
the survey [33] for an overview. We want to restrict ourselves to translation surfaces
(X,w) and matrices A € GLj (R) such that all the A.(X,w) fit into a family in terms
of complex geometry respectively algebraic geometry. We explain now how the last
sentence is meant.

For a translation surface (X, w) linear deformation by homothety and rotation lead to
translation surfaces in the same fiber of the projection map QM, — M,. Thus the
projection of the GL3 (R)-orbit of (X,w) to M, lead to a mapping H — M,, which can
be shown to be holomorphic. Under rare circumstances such an GL3 (R)-orbit is closed
in QM or equivalent [67] there is a lattice SL(X,w) < SLa(R) stabilizing (X,w). The
lattice SL(X,w) is called Veech group of the translation surface (X,w). The projection
H — M, factors through a conjugate SL*(X,w) of SL(X,w) called mirror Veech group
and the image of H/SL*(X,w) — My is an algebraic but non-complete curve in the
moduli space of compact Riemann surfaces M,. We call a translation surface (X,w)
with these properties a Veech surface. A certain class of Veech surfaces are origamis or
square-tiled-surfaces which are built out of finitely many Euclidean unit squares.

We now consider a Veech surface (X,w) of genus g > 2. Recall that the points of
H/SL*(X,w) — M, parametrize compact Riemann surfaces. After passing to a certain
torsion free finite index subgroup I' of the mirror Veech group SL*(X,w), we can put
together the compact Riemann surfaces parametrized by H/SL*(X,w) to a family of
compact Riemann surfaces f: X — H/T (c.f. Section [4.6.1)). If we choose ¢ € H/T' with
fiber f~1({c}) = X, then the local system R!f,Q has a monodromy representation

m (H/T, ¢) — GL(HY(X,Q)).

We can describe the monodromy representation as follows. We have chosen the finite
index subgroup I" < SL(X, w) torsion free and hence an element [v] € 71 (H/T', ¢) corre-
sponds to an element A, € I'. We will later show that the class [y] acts on H'(X,Q)
as the pullback by a homeomorphism ¢4, on X (see Proposition4.6.5)). Furthermore
the homeomorphism ¢4, preserves the set of zeros Z(w) = X of w and ¢4 acts on the
translation charts of X\Z(w) as an affine map with linear part A, e T".
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We write in the following Aff* (X, w) for the group of orientation preserving homeomor-
phisms of X, which respect Z(w) and which are affine on the translation charts of (X, w).
Since I" < SL(X,w) is torsion free, we can identify the group I" from above with a torsion
free subgroup of Aff*(X,w). The action of Aff* (X, w) on H'(X,Z) by pullback respects
the symplectic intersection pairing on H'(X, Q) and thus the monodromy representation
of R f,Qx is given by the action

p: T — Sp(H'(X,Q)).
of T'on H'(X,Q) by pullback.

We can describe the monodromy of R!f,Qy even further if we use Teichmiiller theory.
Let K(X,w) = Q(tr(SL(X,w)) be the trace field of the Veech group SL(X,w). It is
a totally real algebraic extension of Q of degree at most g [87, Theorem 5.1]. Write
F for the Galois closure of K(x,w). The subspace HY(X) = spang({Re(w),Im(w)})
of H'(X,R) is invariant under the action of Aff"(X,w) on H'(X,R) by pull back.
Furthermore, one can show that an element ¢ € AffT(X,w) acts on HL(X) by its
linear part D(yp) € SL(X,w) with respect to the basis (Re(w),Im(w)). We consider
HL(X) as a subspace of H'(X,Q) ®p R. The subspace HL(X) is defined over the
trace field K (X,w) [94, Coroallary 2.10] and so we can consider the Galois conjugate
representations of Aff" (X, w) on it with respect to Gal(F|Q). By [94] for every o €
Gal(F|Q) the Galois conjugate representation of Aff* (X, w) on HL(X)? is isomorphic
to that of Aff"(X,w) on HL(X) if and only if o fixes K(X,w). Let o; (i = 1,...,7)
be a system of representatives of Gal(F,Q)/Gal(F, K(X,w)), where o1 = id. Then the
subspace ®/_; HL(X)% is invariant under Gal(F, Q) and is thus defined over Q. Hence
we get the following decomposition into Aff™ (X, w)-subrepresentations

H'(X,Q =W@®Hj with W®gR =@ Hgy(X)", (0.0.0.1)
=1

where H (10) is the orthogonal complement of W with respect to the intersection pairing.

We already pointed out that we perfectly understand the action of Aff*(X,w) on the
subspace W ®g R of H'(X,R). This is in general not the case for the remaining part
H(lo) c HY(X,Q). Hence we will focus on the action of T' respectively of Aff(X,w) on

H (10). We call the associated subrepresentations

X,w
Prozy : AT (X w) — Sp(H(y) and  pioze: T —> Sp(Hfy)).

the Kontsevich—Zorich (monodromy) representation of the translation surface (X,w),
respectively the Kontsevich—Zorich (monodromy) representation of the family f: X —
H/T. Furthermore, we write G (x ., for the image of the representation p%{)g;o) , respec-
tively Gt for the image of p%oZO. We call G(x ) the Kontsevich-Zorich monodromy.
The group Gr is a finite index subgroup of G(x,) and since we are interested in arith-
meticity, we will mainly focus on G(x,). A first question is again how does the Zariski

closure of the Kontsevich—Zorich monodromy looks like? A very good answer was given
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by Filip in [34]. He showed that the Zariski closure of the monodromy group of any

direct summand of pgg’é‘)o) AffT(X,w) — Sp(H (10)) is up to finite index and compact

factors one of the following groups and representations:

Sp(2d,R) in the standard representation.

SUc(p, q) in the standard representation.

SUc(p,1) in an exterior power representation.
e SO*(2n) in the standard representation.
SOr

° n,2) in a spin representation.

Hence the question which Zariski closures can occur has a satisfying answer and the
next step is then the study of arithmeticity for the Kontsevich—Zorich monodromy. One
extreme case of the splitting is realized by translation surfaces which are con-
structed by gluing finitely many unit squares. These special translation surfaces are
called origamis. Their Veech groups are finite index subgroups of SLy(Z). Thus the
trace field of their Veech groups is always given by the rational numbers Q. Hence for
an origami O = (X, w) the two-dimensional subspace H(X) is defined over Q and with
a slight abuse of notation we get the splitting

H'(X,Q) = HY(X) @ Hig (X).

The action of the affine group Aff*(0) of an origami O = (X,w) on the cohomology
H'(X,Q) is also way easier to understand then for general translation surfaces. For
example for origamis without automorphisms we can describe the action of the affine
group on the (relative) homology combinatorially |85, Section 3]. Hence we will restrict
ourselves in the proceeding investigation on the monodromy arising from origamis.

Simion Filip proved in [33] that in each stratum QM,(x) (¢ > 2) the Zariski closure
of the Kontsevich-Zorich monodromy of all origamis outside of a finite set of GLa(R)-
suborbit closures is isomorphic to Spy,_5(R) and thus as big as possible. The question of
arithmeticity for an origami with Kontsevich—Zorich monodromy with largest possible
Zariski closure was first answered in genus three by Hubert and Matheus [63]. They
answered it positively although they intended to get a different result. The investigation
in genus three was continued in [8], where the authors found seven infinite families in
the stratum QMs3(4) with arithmetic Kontsevich-Zorich monodromy. Furthermore, we
found in [8] a finite family of genus four origamis in the stratum QMy(6) with arithmetic
Kontsevich—Zorich monodromy and full Zariski closures. In [71] Carlos Matheus and the
author of this thesis extended the results of [8] on infinite families in genus four, five
and six with arithmetic Kontsevich-Zorich monodromies and Zariski closures the whole
symplectic group. As far as the author of this text knows there are no such examples for
higher genera then genus six. A special role in this context is played by origamis of genus
two. Martin Moller observed that the Kontsevich—Zorich monodromy of all origamis of
genus two is arithmetic. We explained and elaborated his ideas which are based on

10
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Hodge theory in Appendix B of [8]. A natural further question for genus two origamis
is therefore to ask about the index of the Kontsevich-Zorich monodromy in PSLy(Z).
Computer experiments for origamis in the stratum QM3(2) and primitive origamis in
OMz(1,1) showed that the index in PSLa(Z) is expected to be either one or three (c.f.
[8, Section 6]). This conjecture was partially proved in [76].

Results and structure of this thesis. In this thesis we present our contributions to
the investigation of the Kontsevich—Zorich monodromy of origamis. In the second part
of this thesis we present our results which divide into two blocks according to the very
different tools we use. More precisely, there is one block which relies on Hodge theory
and one block where we use concepts from the theory of algebraic groups. In the first
part of this text respectively the first five chapters we provide the necessary theoretical
background for this thesis. My goal, in the first place, is to develop the full theory to
understand the results. In particular we provide references which in our opinion are
useful to learn the different aspects of mathematics which play a role in this thesis and
more generally in the field of Teichmiiller dynamics. In this sense we hope that this text
can help newcomers to get a first idea of the fascinating area of Teichmiiller dynamics.

Now, we come to a more detailed outline of this text. The idea of Chapter (I} on the one
hand, is to give a short general introduction to the theory of algebraic groups. On the
other hand we will sketch the proof of [100, Theorem 9.10], a beautiful result of Prasad
and Rapinchuk, which is together with [111, Theorem 1.2] of Singh and Venkataramana,
one of the main ingredients of the arithmeticity results for our families from [71].

In Chapter [2| and Chapter [3] we recall some important facts about Teichmiiller the-
ory. Hereby we provide information for both aspects, the analytic theory of Teichmiiller
spaces and Grothendieck’s complex geometric approach to Teichmiiller theory. Fur-
thermore, Chapter [3] provides the mathematical preliminaries for translation surfaces in
particular the moduli space of translation surfaces and Teichmiiller curves. We will end
Chapter |3| with Section where we study Dehn (multi-)twists about the core curves
of cylinder decompositions of translation surfaces. This will be a very important tool
for computing explicit elements of the Kontsevich—Zorich monodromy.

After that we will explain in the first part of Chapter [ the different notions and concepts
of monodromy and parallel transport which are relevant for this text. We will give a lot
of proofs in this part because it was either hard to find references which fit to our needs
or they were missing relevant details. In the second part of Chapter [ we will provide
a short introduction to Hodge theory and period mappings. In particular, we collect all
the necessary concepts and tools to state Griffiths’ and Schmid’s conjecture about the
algebraic monodromy of families of curves from the beginning of the introduction (c.f.
4.4.18)). But we do not only state their conjecture but we will also state the theorem
which led to this conjecture (c.f. . Finally, we will properly define Kontsevich—
Zorich monodromy in the last section of this chapter.

11
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Figure 2.: The origami O%)M.

The last chapter of the preliminary part is dedicated to Kontsevich—Zorich cocycle for Te-
ichmiiller curves. There is a deep connection between Hodge theory and the Kontsevich—
Zorich cocycle, in particular its Lyapunov exponents. We will state in this chapter the
results in this context which we will need later in this thesis.

Section of Chapter [6] primarily aims at proving the observation of Martin Moller
which was published in appendix B of [§]. The observation is formulated in the following
theorem:

A Theorem (see Theorem [6.1.5)). For every genus two origami O = (X, w) the Kontse-
vich-Zorich monodromy G has Zariski closure isomorphic to SLa(R) and it is an arith-
metic group.

The proof of this theorem is based on ideas of Martin Moller and arose in collaboration
with Carlos Matheus. As we already mentioned, the techniques we use to prove Theo-
rem [A] rely heavily on Hodge theory and its applications to Teichmiiller dynamics. In
particular Theorem of Griffiths, which led to Griffiths” and Schmid’s artihmeticity
conjecture is an important ingredient of the proof. Note that Griffiths used in [48,
Appendix D] the same ideas as we did for the proof of Theorem to show that a family
of K3 surfaces has an arithmetic algebraic monodromy group. In Section we use the
tools which we developed in Section to gain some insights for the Kontsevich—Zorich
monodromy of certain coverings of L-shaped translation surfaces.

All the remaining arithmeticity results of this thesis rely on a different approach which is
based on algebraic groups and geometric group theory. Let us now state these remaining
results. Let NV > 4 and M = 4 + 2m with m > 0. We consider the stairs origami O%)M
of degree N + M + 2 which can be seen in Figure 2] We showed in Chapter [ for a

12
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finite family of origamis O%)M that the monodromy groups G o) are arithmetic. More
’ N,M

precisely we obtain the following theorem:

B Theorem (see Theorem8.1.3). For all N = 3m+4 and M = 2m+4 with 4 < N < 50
and m € {0,...,50} the monodromy groups G oW have full Zariski closure and they are
N,M

arithmetic groups.

For the proof of Theorem [B| we used a theorem of Singh and Venkataramana (see The-
orem . It requires that the Kontsevich—Zorich monodromy has full Zariski closure
which turned out to be the hardest part. In the case of Theorem |B| we used a computa-
tional approach to obtain full Zariski closures and this is why we could only prove it for
a finite family. In [71] Carlos Matheus and the author of this thesis overcame this prob-
lem with a theorem of Prasad and Rapinchuk (see Theorem and Galois theory.
This idea was already used in [8] for genus three origamis. We extended these results to
infinite families of origamis in genus four, five and six. The origamis that we considered
in genus five and six are very similar to the origamis O%)M, we only added stairs to get
higher genus. The results from [71] are summarized in the following theorem.

C Theorem (see Theorem Theorem and Theorem. In genus four, five
and six we have infinite families of stairs origamis, such that the Kontsevich—Zorich mon-
odromy of these origamis have full Zariski closure and furthermore they are arithmetic
subgroups.

The last theorem is part of joined work with Pascal Kattler and Gabriela Weitze-
Schmithiisen which we started quite recently. We showed that there are indeed origamis
which do have thin Kontsevich—Zorich monodromy.

D Theorem (see Theorem [7.2.3]). In genus three there is an origami whose Kontsevich
monodromy has Zariski closure SLg(R) x SLo(R) but the monodromy group is a thin
subgroup of the closure.

Due to computer experiments by Pascal Kattler we can assume that there are more ex-
amples like this. But the question whether there are thin Kontsevich—Zorich monodromy
groups with largest possible Zarsiki closure remains open.

Previously published content. Parts of this thesis have been published in the article
[8] which is accepted for publication in Transactions of the AMS and the article [71] which
was published in Mathematische Nachrichten.

Chapter |§| is based on the tools developed in Appendix B of [§]. But we present the
results in a slightly different way so that we can use them more easily for Section
and Section [Tl

13
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The calculations in the first part of are taken from Appendix A of [§8] which is due
to Etienne Bonnafoux and Carlos Matheus.

In Chapter [§ we integrated the work of Section 5 of [§]. Chapter [9] is taken from [71]
with some minor changes such that it better fits to the preliminary part of this thesis.

14



Contents

[Prefacel

[ Preliminarias

(1. Algebraic groups|
[1.1. Definitions of algebraic groups|. . . . . . . . . .. ... L.
[1.2. Representations and arithmeticity] . . . . ... .. ... ... ... ....
[1.3. Roots and one-parameter subgroups| . . . . ... . ... ... ... ...,
[1.4. Root systems| . . . . . . . . . .
[L.5. A criterion for Zariski density| . . . . . . . ...
[1.6. A criterion for arithmeticity| . . . . . . . . .. .. ... ... ... .. ...

D Famili R f |
[2.1. Families of (stable) Riemann surfaces|. . . . . .. ... .. ... .. ... ..
[2.2. Local system associated to a tamily of compact Riemann surfaces| . . . . .
[2.3. Rigidifying families of compact Riemann surfaces| . . . . . . .. . ... ..

[3. Teichmuller theory and translation surfaces|
[3.1. Teichmuller theory| . . . . . . . . . .. ... .. o
[B.2. Translation surfaces . . . . . . . . . . ...
[3.3. Dehn twists and cylinder decomposition| . . . . . . ... ... ... ....

[4. Mondromy representations and Hodge theory|
4.1, Fibrations . . . . . . . ...

4.4. Mixed Hodge structures| . . . . . . . . .. ... ... ... ... ...,
[4.5. Period domains and Period mappings| . . . ... ... ... ... ... ..
|4.6. Algebraic monodromy representations for Veech fibrations| . . . . . . . ..

[5. Ergodic theory and dynamics|
[b.1. Linear cocycles and Oseledets” multiplicative ergodic theorem| . . . . . . .
5.2. Teichmuller dynamics| . . . . . . ... .. ... ... ..

15



Contents

[II._Discussion of results| 106
[6. Arithmeticity and period mappings| 107
[6.1.  Arithmeticity and rank two summands| . . . . . . . . . ... ... ... 107
6.2. Period data in rank twaol . . . . . . . ... 110
[6.3.  Algebraic monodromy groups and coverings| . . . . . . . .. ... ... .. 112
[6.4. Coverings of L-shaped translation surtaces| . . . . . . . ... .. ... ... 114
[7. Prym origamis| 126
[7.1. The Prym locus of QMsg(4) . . . . . . . ... 126
[7.2. A Prym-origami with thin Kontsevich—Zorich monodromy| . . . . . . . . . 128
[8. Arithmeticity for a finite family of stairs origamis in genus four] 135
[8.1. Stairs origamis in genus four|. . . . . ... ... 135
8.2, Our favorite Dehn twistsl . . . . . . . . . . ... ... ... 136
[8.3. Zariski density in genus four|. . . . . .. ... oL 142
[8.4.  Arithmeticity for a finite family in genus four| . . . . . . .. ... ... .. 145
[9. Arithmeticity for infinite families of stairs origamis in genus four, five and six147

[9.1. Preliminaries from Galois theory| . . . . . . ... ... ... ... 147
[9.2. Stairs origamis in genus four revisited| . . . . . .. .. ... 154
[9.3. Stairs origamis in genus five| . . . . . .. ... 158
[9.4. Stairs origamis In Eenus SIX| . . . . v v v . e e e e e e e e e 168
|A. 1. Permutation types| . . . . . . . . . .. 179
|A.2. Representation matrix for Dehn twist| . . . . .. ... ... ... ..... 180
bliograp 180

16



Part |I.

Preliminaries

17



1. Algebraic groups

In Section Section of this chapter we will provide the background in the theory
of algebraic groups and Lie algebras which we need for this thesis. An algebraic group
is classically a group defined by polynomial equations over a field k. We should be able
to consider the solutions of the equations in any k-algebra R. To take this idea into
account we have to use the language of group schemes. Since we are mainly working
with classical groups, we are only interested in closed points of schemes. Luckily the
books [91] and [92] of James Milne are perfectly suitable for this. For beginners a book
that uses the classical approach of algebraic groups over algebraically closed fields is still
useful and here I can recommend the book [84] of Gunter Malle, which is for me the best
introduction to this field. In the last sections of this chapter we want to explain results
of Prasad, Rapinchuk [100] and Singh, Venkataramana [111] which we used in the proof
of Theorem [B] and Theorem

1.1 Definitions of algebraic groups

As we already mentioned we are only working with classical groups and are only inter-
ested in closed points of them. Let k& be a field and let A be a k-algebra. Instead of
considering the topological space Spec(A) which consists of the set of all prime ideals on
A we consider the subset Spm(A) < Spec(A) which consists of all maximal ideals of A. In
the same way as for Spec we can define the Zariski topology on Spm(A) and furthermore
we can associate to Spm(A) a sheaf of k-algebras Ogpy(4) (see Appendix A of [92]). An
affine algebraic scheme over k is per definition a locally k-ringed space which is isomor-
phic to the pair (Spm(A), Ogpm(4)) for some finitely generated k-algebra A. A morphism
of affine algebraic schemes over k is a morphism of locally k-ringed spaces. Affine alge-
braic schemes over k with morphisms of locally k-ringed spaces forms a category which
we will denote in the following by k—AffSchm. Furthermore, we write k—AffSchm® for
the category of affine schemes of finite type over a field k, i.e. the category of schemes
over k which have an open affine cover with obvious morphisms. By a little abuse of
notation we often write Spm(A) if we mean the topological space equipped with the
sheaf of k-algebras. The functor A +— (Spm(A), Ogpm(a)) is a contravariant equivalence
between the category of k-algebras and the category of affine k-schemes (see Appendix
A of |92] for more details).

1.1.1 Definition (Algebraic groups as affine group schemes). An algebraic group G
(defined) over a field k is an affine algebraic scheme (Spm(A), Ogpm(ay) for a finitely

18



1. Algebraic groups

generated k-algebra A with morphisms of locally ringed spaces m: GxG — G, inv: G —
G and e: Spm(k) — G such that the following diagrams commute:

e,id (id,e)
%

GxGxG I gxa Spm(k) x x G G x Spm(k)

i i [ \£/

GxG ——— G

(inv,id) (id,inv)
% %

G GxG G
J [ J
Spm(k) —— G +——— Spm(k)

The morphism G — Spm(k) exists since G is of finite type over k. The isomorphism
of Spm(k) x G =~ G in the diagram on the right above is just the natural isomorphism
Spm(k) x G = Spm(A ®; k) = G . We say that A is a coordinate ring of G and we
write O(G) = A. A group variety is an algebraic group such that the coordinate ring
O(G) = A of G is reduced, i.e. A®}k has no non-zero nilpotent elements for an algebraic
closure k of k.

A morphism of algebraic groups ¢: (G,m¢g) — (H,my) is a morphism of locally ringed
spaces ¢: G — H such that p omg = mpg o (¢ X ).

Consider the functor between the category of affine schemes of finite type over a field k
and the category of functors between the category of affine schemes of finite type and
the category of sets

k—AffSchm® — Func(k—AffSchm®, Sets),

which sends an affine scheme X of finite type to the Hom-functor hx = Mor(-, X) and a
morphisms X — Y between affine schemes of finite type to the natural transformation
hx — hy. The Lemma of Yoneda says that this functor is fully faithful. We will use
this fact to define algebraic groups as a functor.

Let (G, m) be an algebraic group with coordinate ring O(G) = A. For a k-algebra R we
write G(R) for the set of points of G with coordinates in R, i.e.

G(R) = hg(Spm(R)) = Mor(Spm(R), G) = Homy_a15(A, R).

Furthermore the group multiplication m: G x G — G induces a natural transformation
hexa — hg and for a k-algebra R we write m(R) for the map

m(R): hgxa(Spm(R)) — ha(Spm(R)).
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1. Algebraic groups

Hence the map R — (G(R),m(R)) defines a functor from the category of k-algebras
to the category of groups and we gave sense to what we mean by the R-points of an
algebraic group defined over k. These considerations also give rise to the second definition
of algebraic groups.

1.1.2 Definition (Algebraic groups as functors). An algebraic group defined over k is
a functor
Fg: k—Alg — Grps

from the category of finitely generated k-algebras to the category of groups that is
representable, i.e. there is a finitely generated k-algebra A such that F is naturally
equivalent to the functor h4.

In the setting of Definition [1.1.2] a homomorphism of algebraic groups a: Fg — Fp is
a natural transformation such that agr: Fg(R) — Fg(R) is a group homomorphism for
every k-algebra R.

Sketch of equivalence of Definition and Definition[1.1.2 If we have a functor Fg
as above with a finitely generated k-algebra A such that h4(R) = Homy,_ Alg(A, R) for
every k-algebra R, then we define G = Spm(A). Thus

Fg(R) = Mor(Spm(R),G)

for every k-algebra R. In particular for every finitely generated k-algebra R we have a
group multiplication mp: h4(R) x h4(R) — h*(R), a map that builds the inverse group
elements invg: h4(R) — h*4(R) and a neutral element e € h4(K). By the Lemma of
Yoneda this implies that there exist morphisms of schemes m: G x G — G, inv: G — G
and e: Spm(k) — G which deliver commutative diagrams as in [L.1.1] O

One can use Definition to define normal algebraic subgroups.

1.1.3 Definition. Let G be an algebraic group over k£ and H an algebraic subgroup
of G. We say that H is normal in G if H(R) is a normal subgroup of G(R) for every
finitely generated k-algebra R.

We will give some important examples.

1.1.4 Example. Let k£ be a field.

(i) The additive group G, is the algebraic group with coordinate ring k[G,] = k[X].
It can be characterized by a functor that maps a k-algebra R to its additive group
(R, +).

(ii) The multiplicative group G, is the algebraic group with coordinate ring k[G,,] =
E[X,Y]/(XY —1). It corresponds to the functor that maps a k-algebra R to its
multiplicative group (R*,-).
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1. Algebraic groups

(iii) An algebraic group T over k is a torus, if after extending the base field k£ by a
finite separable field F', it becomes isomorphic to a product of copies of (G,,)r as
locally ringed spaces, i.e.

Tr ~ (Gm)F X oo X (Gm)F
We say that the torus T splits over the field F.

(iv) Let G be an algebraic group over k. We write GY for the connected component of
G which contains the neutral element. Then G is a normal algebraic subgroup of
G [92, Proposition 1.34 and Proposition 1.52]

1.1.5 Remark (Subspace topology of k-points). Let G be an algebraic group over
a field k£ with coordinate ring O(G) = A, where A is a finitely generated k-algebra.
Again a point P € G(k) is a homomorphism of k-algebras P: A — k. Thus the kernel
mp = ker(P) is a maximal ideal in A and hence a point in Spm(A). In this way we
get an inclusion G(k) < Spm(A). In the future we will equip G(k) with the subspace
topology of the Zariski topology on Spm(A).

Let G be an algebraic group over a field k£ and let S < G(k) be an arbitrary subgroup.
By [92, Lemma 1.40] the closure S of S in G(k) equipped with the subspace topology is
again a subgroup of G(k) and by |92, Theorem 1.45] there is a unique algebraic subgroup
H of G with k-points H(k) = S.

1.1.6 Definition (Zariski closure). Let G be an algebraic group over k and S a subgroup
of G(k). The unique algebraic subgroup H of G such that H(k) is the closure of S in
G(k) is called the Zariski closure of S in G.

1.2 Representations and arithmeticity

Let k be a field and V' a finite dimensional k-vector space. For R a k-algebra we write
Ve =V ®i R. We denote by GLy the functor

GLy: k—Alg — Grps,

where GLy (R) = Aut(Vg) is the group of R-linear automorphisms of Vg. If V is a
vector space of dimension n, then a choice of a k-basis of V' determines an isomorphism
of functors GLy — GL,, where GL,, is the algebraic group with coordinate ring

k[GLn] = ]{J[TH, T12, e ,Tnn, T]/(det(ﬂj)UT — 1)

This shows that GLy is also an algebraic group over k.
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1. Algebraic groups

1.2.1 Definition. Let k be a field and let G be an algebraic group. A linear represen-
tation of G on a finite-dimensional k-vector space V' is a morphism of algebraic groups
p: G — GLy. We say that p is faithful if p(R): G(R) — GLy(R) is injective for every
k-algebra R.

1.2.2 Definition. Let G be an affine algebraic group over Q and let p: G — GLy be
a faithful linear representation on a finite dimensional Q-vector space V. For a lattice
L c V we define

Glp, L) = Stabg g (L) = {9 G(Q) | g- L = L}.

An arithmetic subgroup of G(Q) is any subgroup commensurable with G(p, L), i.e. a
subgroup S of G(Q) such that S n G(p, L) has finite index in S and finite index in
G(p, L).

The definition of arithmeticity in is independent of the choice of a faithful repre-
sentation p: G — GLy and a lattice L < V' [90, Proposition 28.8].

1.3 Roots and one-parameter subgroups

1.3.1 Functor Lie. Lie algebras are one of the most important tools when it comes
to work with algebraic groups, especially in characteristic zero. We want to give some
basic constructions on Lie algebras associated to algebraic groups.

Let G be an algebraic group over a field k& with structure sheaf Og and coordinate ring
O(@G). The neutral element is by definition an element e € G(k) or equivalent a morphism
Spm(k) — G or a morphism O(G) — k. We will write Lie(G) or g for the tangent space
of G at the neutral element e € G(k). In the following we want to equip Lie(G) with Lie
brackets but we will start with more details on Lie(G) as a vector space since this will
help us to understand this object.

For every finitely generated k-algebra R we define the algebra R[e] = R[X]/(X?), so
€2 = 0 in R[e]. We denote by tg: R — R[e] the inclusion and by nr: R[e] — R the
homomorphism with

mr(a+b-€)=a (a,beR).

Tk

We write g(k) for the kernel Ker(G(k[e]) = G(k)). This means that an element in g(k) is
a homomorphism ¢: O(G) — k[e] such that the composition 70 is the homomorphism
O(G) — k corresponding to the neutral element e. The kernel of the homomorphism
e: O(G) — k of the neutral element is the maximal ideal m,. Since €2 = 0 the homo-
morphism ¢: O(G) — k[e] from above factors through O(G)]/m? and by [92, Lemma
3.22] we have O(G)/m? =~ k @ m./m?2. Hence the homomorphism ¢ is of the form

k@®me/m2 —> kle], (a,b) —> a+ Dy(b) - ¢
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1. Algebraic groups

with a linear map D, : me /m? — k, uniquely determined by . We showed
Lie(G) = Hom(m./m?, k) = Ker(G(k[¢]) 55 G(k)) = g(k).

Now we have defined the map on objects for our functor Lie. Next we want to make
clear what it does with morphisms. Let H be a second algebraic group and ¢: G — H a
morphism of algebraic groups. Since ¢ is a natural transformation the following diagram
commutes.

By the diagram above we get a homomorphism g(k) — h(k), where h(k) is the kernel
Ker(H (k[e]) — H(k)). Thus the morphism of algebraic groups ¢: G — H defines a k-
vector space homomorphism Lie(G) — Lie(H). We showed that associating the vector
space Lie(G) to an algebraic group is functorial.

1.3.2 Definition. Let k£ be a field. We call the functor
Lie: k—AlgGr — k—Vec
from the category of algebraic groups over k to the category of vector spaces over k,

which maps an algebraic group G to the vector space Lie(G), the Lie functor.

By definition Lie(G) = g is a vector space. If we want to call it Lie algebra, then we
have to define Lie brackets for Lie(G). This is what we want to do next. Again by [92,
Lemma 3.22] we have a split exact sequence

0 — me — O(G) 5 k — 0.

Tensoring it with a finitely generated k-algebra R, we get a short exact sequence of
R-modules

0 — (me)p — O(G)r 5 R — 0. (1.3.2.1)

We define g(R) = Ker(G(R[e]) — G(R)). An element in g(R) is hence a homomorphism
¥: O(G)r — R[e] with mr 0 ¢ = ep, where ep is the extension of the homomorphism
e: O(G) — k. From the short exact sequence ((1.3.2.1]) we get with similar arguments as
above

g(R) = Hom((me)r/(me)k , R) = o(k) @ R.
Using the identification g(R) = g®jy R we define the algebraic group GL4 as a functor

GLg: k—Alg — Grps,
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1. Algebraic groups

which sends a k-algebra R to the group Autp_ji,(g(R)) of R-linear automorphisms of
g(R). The group G(R) is a subgroup of G(R]e]) by the inclusion map tgr: R — R[]
and both groups act on g(R) by inner automorphisms. Hence we can define a group
homomorphism Ad(R): G(R) — GL4(R) by

Ad(R)(g)z=g-z-g~", ze€g(R), geG(R)

This clearly defines a natural transformation Ad: G — GLg4 or in other words a repre-
sentation of the algebraic group G. By [92, p. 10.7] we have Lie(GLy)) = End(g). If we
apply the functor Lie on the morphism of algebraic groups Ad, we get a homomorphism
of k-vector spaces

ad: Lie(G) — Lie(GLgy)) = End(g).

For A, X € Lie(G) we define the Lie brackets as [A, X | = ad(A4)(X). With these brackets
Lie(G) becomes a Lie algebra and we call it the Lie algebra associated to G. Of course we
still have to show that for every morphism of algebraic groups ¢: G — H the vector space
homomorphism Lie(yp): Lie(G) — Lie(H) preserves the Lie brackets we just defined but
we omit this part here and refer to [92, pp. 10.19-10.22].

1.3.3 Remark. The Lie functor is the unique functor in the sense that the Lie algebra of
the linear group GL,, is given by Lie(GL,) = k™*™ with Lie brackets [A,B] = AB—B A
[92, Theorem 10.23].

The Lie functor is far away from being one to one even for characteristic zero. But it is
still very useful, especially if we apply it to algebraic subgroups of an algebraic group.
We want to collect some important properties of the functor Lie in this direction from
[92, 10.15-10.17, section 10.k| respectively chapter IT section 2 and especially Theorem
2.11 of [91]:

1.3.4 Theorem. Let G be an algebraic group over a field k. In the situation of alge-
braic groups we have the special situation that G is smooth if and only if dim(G) =
dim(Lie(G)) [92, Propsition 1.37]. The functor Lie has the following properties.

(i) Let Hy, Hy be smooth connected (irreducible) subgroups of G such that Lie(H;) =
Lie(Hsz). If Hy n Ho is smooth then Hy = Hy

(ii) Let Hi,...,H, be smooth algebraic subgroups of a connected (irreducible) alge-
braic group G. If the Lie algebras of the H; generate the Lie algebra Lie(G), then
the subgroups H; generate G as an algebraic group.

For the following property it is really important that the characteristic of the field k of
the algebraic group G is zero.

(iii) For a connected algebraic group G over a field k of characteristic zero the connected
algebraic subgroups of G are in natural one-to-one correspondence with the Lie
subalgebras of Lie(G).
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1. Algebraic groups

1.3.5 Reductive and semisimple groups. Our next goal is to present the structure
theorems of reductive and semisimple algebraic groups. Before we can do this, we have
to define these objects of course. Let G be an algebraic group over a field k and k an
algebraic closure of k. We say that G is solvable if there is a finite sequence (G; | i =
0,...,s) of algebraic subgroups of G such that Go = G, G5 = {e} and G, is a normal
subgroup of G;_1 with commutative quotient G;_1/G; for every i = 1,...,s.

Let G be a connected group variety over k. By [92, Proposition 6.42] the group variety G
contains a largest connected solvable normal subgroup variety. This is called the radical
R(G) of G. The connected group variety G is called semisimple if after extension of the
base field k to its closure k, the radical R(Gy) of Gy is trivial.

An algebraic group U over k is called unipotent if every nonzero representation p: U —
GLy has a nonzero fixed vector v € V, i.e. for every k-algebra R the representation
p(R) fixes v e V ® R. By |92, subsection 6.45] every connected group variety G over k
has a largest connected normal unipotent subgroup variety. This is called the unipotent
radical R,(G) of G. We call G reductive, if after extension of the base field k to k, the
unipotent radical R, (Gy) of Gy, is trivial.

1.3.6 Root space decomposition for Lie algebras of reductive groups. Let G
be a reductive linear algebraic group defined over a field k£ and let T < G be a torus
which splits over k, in which case we refer to the pair (G,T) as a split reductive group.
We write X(T') = Hom(7T,G,,) for the commutative group of characters of 7. We can
consider X (7T) as a free Z-module |92, chapters 12.b and 12.c]. The rank of X (7") equals
the dimension of 7. We have a morphism of algebraic groups

Ad|p: T — GL(Lie(G))

induced by the adjoint representation Ad: G — GL(Lie(G)). Since T is a torus the
representation (Lie(G), Ad|T') also induces a decomposition

Lie(G) = @ Lie(G)y
xeX(T)

by [92, Theorem 4.25 and Theorem 12.12]. Here Lie(G), are character eigenspaces, on
which Ad|r acts through the character x € X(T), i.e. Lie(G), is the greatest subspace
among the subvector spaces V' < Lie(G) such that Ad(t)v = x(t) v for all t € T(R) and
v € Vg with R a k-algebra. We write ®(G,T') for the non-trivial characters x € X(T')
with non-trivial character eigenspaces Lie(G), and call the elements of ®(G,T') the roots
of (G, T).

1.3.7 Remark. A reference for this remark is Chapter III of [91]. We want to intro-
duce an alternative way to obtain the root space decomposition in but for this
approach we have to restrict ourselves to a semisimple linear algebraic group G over a
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1. Algebraic groups

field k£ of characteristic zero. Let T" be a maximal torus in G. We consider the pair
(Lie(T), Lie(G)) and the homomorphism of k-vector spaces

ad: Lie(G) — End(Lie(GQ))

from Subsection and Definition [[.3.2] The Lie algebra Lie(T) is an abelian Lie
algebra and for every A € Lie(T) the elements ad(A) of the endomorphism algebra
End(Lie(G)) are semisimple |91, Proposition 2.12, Example 2.14, Lemma 3.15]. Hence
for every A € Lie(T') all the endomorphisms ad(A) are simultaneously diagonalizable. If
X € Lie(G) is a common eigenvector for all ad(A) with A € Lie(T') then ad(A)(X) =
[A, X] = a(A)X for an element a(A) € k. We obtain linear maps «: Lie(T)) — k and
write

o = {X € Lie(G) | ad(A)(X) = [4, X] = a(A)X V A € Lie(T)}

for the eigenspace of the linear map a. We can decompose Lie(G) in eigenspaces

Lie(G) = Lie(T) ® @ ga, (1.3.7.1)

aced

where Lie(T) = go is the root space with respect to the trivial linear form. The nonzero
linear forms « such that g, # {0} are called roots of the tuple (Lie(T),Lie(G)) and we
denote them by ® = ®(Lie(T), Lie(G)).

By identifying X (T") ®z k with Homy,(Lie(T), k) via the Lie algebra functor, the nonzero
x € X(T') with Lie(G), # {0} are in one-to-one correspondence with the roots ® of
(Lie(T'), Lie(G)). Thus we will also consider @ as the set ®(G,T') of non-trivial characters
X € X(T') with non-trivial character eigenspaces Lie(G)y,.

1.3.8 Example (Lie algebra of the symplectic group). We want to do some calculations
for the symplectic group

Spon(k) = {A € GLon(k) [TAJA = J} with J = (_(} Ig) .

For a reference see Example (C),) in section 21 of [92]. A nice reference in the case n = 2
is [83]. One can easily extend the calculations in there to arbitrary n > 2.

A maximal torus of Spy,, (k) is given by the algebraic subgroup T'(k) < Spy,, (k) consisting
of diagonal matrices of the form

diag(ai, ..., an, afl, coanh).
The Lie algebra sps,, (k) < gls,,(k) = k2" has an explicit description as
spo, (k) = {X € k22" | 1XJ + JX =0}

_ {(é _]fA> | A,B,C e k™", 'B = B, tczc}
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1. Algebraic groups

with Lie brackets [X,Y] = XY — Y X inherited from gly, (k). If E;; € k™*™ denotes the
matrix with entries (Fyj) = 1ifi =k, j = [ and (Ej)i = 0if ¢ # k or j # [ then a
basis of spy, (k) is given by {X;;,Y;;,'Y;; | 4,7 = 1,...,n} with matrices

o E;; 0 - 0 El'j—FEji
X”‘(o —Ej,-> and Y”_<0 0

We write b for the Lie algebra of the maximal torus T'(k). It consists of diagonal matrices
of the form H = diag(A1,...,A\n, —A1,...,—Ay) with A\; € k. For H € b as before and
1,7 €{l,...n} with i # j we have

[H, Xij] = (A — Aj) - Xy,
[H,Yi ] = (i + %) Yy and [H,'Yj] = = (N + X)) - 'Yy,
[H,Yi] =2\ Yy and [H,'Y;] = =2\ - Y.

For every ¢ = 1,...,n we can define a linear map e;: h — k on the set of diagonal
matrices h < spo, (k) by

€; (diag()\l, . ,)\n, —)\17 ey —)\n)) = )\7,
This leads to a decomposition sp,, (k) = b ® @ cq 9o, Where the set of roots @ is given

by
D = P(spyy, (k). b) = {(e; —¢j), £(e; +¢j), £2¢; | i # j}.

We want to write down the root spaces explicitly. For i,j € {1,...n} with i # j we have

Yei—e; = Spank(Xij)7
gez’""ej = Spank()/;j) and g—(ei-i-ej) = Spank(tyvij)a
92¢; = spany,(Y;;) and  g_o, = span,('Yy).

1.3.9 Weyl group of an algebraic group. Let (G,T) be a split reductive group.
The normalizer Ng(T') of the torus T in G and the centralizer C¢(T) of the torus T in
G are the algebraic groups such that for any k-algebra R,

Ne(T)(R) = G(R) n [ | (Ng(r)(T(R')) | R’ is R-algebra)
Ca(T)(R) = G(R) n () (Cam)(T(R)) | R’ is R-algebra)

For a proof that Ng(T') and Cq(T) are algebraic groups see [92, 1.j and 1.k]. We have
the identity Cq(T) = Ng(T)° |92, Corollary 17.39] and since T is maximal we have
the identity Cq(T) = T [92, Corllary 17.84]. We call the quotient Ng(T')/Cq(T) the
Weyl group of the tuple (G,T) and denote it by W(G,T). We want to collect some
information about the Weyl group in the next proposition. For a proof of it see [92,
Proposition 21.1].
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Proposition. The Weyl group W (G, T) of a split reductive group (G,T) is a finite
algebraic group and for every field F' containing £ we have the identities

W(G, T)(k) = W(G,T)(F) = Na(T)(F)/T(F).

Since the group W (G, T)(F') is the same for every field F' containing k, we often abuse
notation and write W (G, T) if we mean W (G, T)(F).

Let R be a k-algebra. Every element g € Ng(T)(R) induces an action on T(R) by
conjugation, T(R) — T(R), t = g 'tg. This action on T leads to an action of the
Weyl group W (G, T) on the characters X (7') which preserves the set of roots ®(G,T).
The group N(G,T)(k) acts on the Lie algebra Lie(G) = g via the adjoint representation
Ad: G — GLg. These two actions on the Lie algebra fit together very nicely as we will
see in the next proposition (for a proof see [92, Proposition 21.2]).

Proposition. Let (G,T) be a split reductive group. Consider the decomposition

Lie(G) = Lie(T) ® @ ga
acd

from (1.3.7.1)). Let s € W(G,T)(k) be represented by an element n € Ng(7T)(k) and let
a € ®(G,T) be aroot of (G,T). Then sa is also a root of (G, T) and gso = Ad(n)ga

1.3.10 Structure of reductive and semisimple groups. We want to collect some
important properties about the structure of split reductive groups and split semisimple
groups. For a reference of the first five items about reductive groups in the following
list see [92, Theorem 21.11]. For the statement about split semisimple groups see [92,
Proposition 21.49].

So let G be a reductive group and let T' < G be a maximal torus that splits over k. We
denote by ® = ®(G,T) again the roots of (G,T") . Then for a root o € ® we have:

(i) In the decomposition Lie(G) = Lie(T) ® @, e 9o We have dim(g,) = 1 for every
ae .

(ii) There is a unique unipotent algebraic subgroup U, < Gﬂ (called root subgroup)
with the following properties. It is isomorphic to G,, U, is normalized by T and
for every isomorphism u,: G, — U, and every k-algebra R the relation

t-ua(b) -t = ug(alt) - b)

holds for arbitrary t € T(R) and b € G4(R).

(iii) The subgroup U, < G has Lie algbra Lie(U,) = g,. Furthermore an algebraic
subgroup of GG contains U, if and only if its Lie algebra contains g,.

IFor a definition of the subgroup U, < G see |92, Propsition 13.29, Definition 21.10]
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(iv) For any element w € W(G,T)(k) in the Weyl group of (G,T) represented by
n € Ng(T)(k) we have nUyn™! = Uy -

(v) The reductive group G is generated by 7' and the unipotent subgroups U, < G
where a € .

(vi) If G is semisimple, then G is already generated by the unipotent subgroups U, < G
where a € .

1.4 Root systems

In this section let always V' be a finite dimensional vector space over a field k of charac-
teristic zero.

1.4.1 Definition (Reflection). Let o« € V\{0}. A reflection with vector « is a vector
space endomorphism s € End(V') such that s(a) = —a and the set of vectors fixed by s
is a hyperplane H c V.

1.4.2 Remark. Let V be a vector space over a field k of characteristic zero. We denote
VY = Hom(V, k) and write (-, -) for the natural pairing V' x Vv — k.

(i) Let o € V\{0}. If ¥ € V'V is an element of V'V such that (o,¥) = 2, then a
reflection s with vector « is given by

s:V—0V, v—uv—{v,a”) .

Furthermore every reflection with vector « is of this form for a unique o € V'V
see [92, Lemma C.1].

(ii) Let R < V be a finite set spanning V. There exists at most one reflection s with
vector « such that s R < R |92, Lemma C.3].

1.4.3 Definition (Root system of vector spaces). Let V' be a finite dimensional vector
space over a field k of characteristic zero. A subset R of V is a root system in V if the
following conditions hold:

(i) The set R is finite, 0 ¢ R and Span,(R) = V.

ii) For each o € R, there exists a unique reflection Sa with vector « such that Sa R) c
’ q
R.

(iii) For all a, B € R, the vector s, (f) — § is an integer multiple of .

The Weyl group W (R) < End(V) of a root system (V, R) is the subgroup generated by
the reflections s, with a € R.
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1.4.4 Inner product on a root system. Let R be a root system in a vector space V
over a subfield k£ of R and let W (R) < End(V') be the Weyl group of the root system R.
The Weyl group W(R) is finite because it acts faithfully on R. Let (-,-)o: V x V — k
be an inner product. Then the bilinear form

(): VXV —k, (x,9)= ) (wx,wy) (1.4.4.1)
weW

is again an inner product on V and by definition the elements of W (R) are orthogonal
maps with respect to the inner product in (|1.4.4.1]) see [92}, p. C19] or |91, Proposition
I11.1.9].

Let now (-,-) be an arbitrary inner product on V. We write again (-, -) for the natural
pairing V' x V¥ — k. For each nonzero € V we can define ¥ = 2(-,5)/(5,8) € Vv
and obtain (3, ¥ )=2. Thus a reflection sz with vector /5 is given by

sg: V—0V, v—ov—{(,p") 8B, (1.4.4.2)
The endomorphism sg fixes the hyperplane Hg = span,({8})*.

We consider a root system R < V and an inner product (-,-) such that the elements of
W (R) are orthogonal with respect to (-,-). Let a € R and let s € W(R) be the unique
reflection with vector « such that s(R) € R. Let H be the hyperplane fixed by s. Then
for every w € H we have

(w, @) = (s(w),s(a)) = (w, —av)
This implies (w, ) = 0 for every w € H. Thus the linear map

(v.a)
(@)

V—V, v—uv-2 (1.4.4.3)
agrees with s on H, it agrees with s on the subspace generated by o and thus it agrees
with s on the whole space V. We showed that s is given as in [1.4.4.3, By [1.4.2] the
reflection s with vector a € R is defined by s(v) = v — (v,a¥) « with a unique a¥ € V'V
such that {a, a¥) = 2. We conclude

(v, @) /(a, ) = 1/2{v, ™).

for every v € V. Hence the ratio (v,a)/(a, a) is independent of the choice of an inner
product such that all the elements of W (R) are orthogonal with respect to it. This shows
that two roots «, 8 are orthogonal with respect to (-,-) if and only if the elements «, 8
are orthogonal for all inner products for which the elements of W(R) are orthogonal.
Hence the following definition makes sense.

1.4.5 Definition. Let (V| R) be a root system equipped with an inner product (-, ) such
that the elements of W(R) are orthogonal maps. We say that (V| R) is indecomposable
or irreducible if R can not be written as the disjoint union of two proper subsets J #
R1, Ry © R such that Ry and Ry are orthogonal for the inner product (-, ).
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1.4.6 Proposition (Lengths of roots in indecomposable root systems). Let (V, R) be
an irreducible root system. Then there is a partition R~ 1 R< = R of the set of roots
such that for every inner product (-,-) for which the elements of W (R) are orthogonal
maps, the following properties hold:

(i) All the elements in R~ and R< have the same length with respect to (-,-) and
(r,7) > (s,s) for every r € R~ and s € R~

(ii) All roots of a given length are conjugate under the action of the Weyl group W (R)
of (V,R).

We call the elements in R~ the long roots and the elements in R< the short roots of the
root system (V, R).

Proof. 64, §10.4, Lemma C] O

1.4.7 Theorem (Root system of a reductive algebraic group). Let G be a reductive
algebraic group and 7" < G a maximal torus that splits over k, a field of characteristic
zero. Write again ®(G,T) < X(T) for the subset of characters from the splitting in
Section and write ®(Lie(G),Lie(T")) for the subset of Lie(T")¥ = Hom(Lie(T), k)
defined in Section Then the pair

(X(T)®z k,®(G,T)) respectively (Lie(T)",®(Lie(G),Lie(T)))
is a root system over k in the sense of Definition and the group
W(G,T)(k) = Na(T)(k)/Ce(T)(k)

from Section [1.3.9| can be identified with the Weyl group of this root system.

Proof. See [92, Corollary 21.12] and [92, Proposition C.29] for the results on the root
systems. See |92, Corollary 21.38] for the statement on the Weyl group. O

1.4.8 Remark. We note here again the very important fact that the root system of a
split reductive group does not change under extension of the base field [92, Note 21.17].

1.5 A criterion for Zariski density

1.5.1 Generic elements. We will first give some basic definitions and statements
about generic elements. We can recommend the article |70] which gives a nice introduc-
tion to this theory and which was the main source for this subsection.
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Let k be a field of characteristic zero and let k be an algebraic closure of k. Furthermore
let G be a reductive group over k with coordinate ring O(G). We have a natural action
of Gal(k|k) on the k-points

G (k) = Homy,(O(G), k)

by post-composition. Fix a torus T' < G of dimension n. We denote by X the group
of characters

x: T(k) — G (k).
We have an action of the Galois group Gal(k|k) on the characters Xp given by

Gal(klk) x X7 — X7, (0,x) — X,

where 7y € X7 is defined as “x(t) = o(x(c~'(t))) with t € T(k). Thus the action is
giving us a representation

T Gal(E\k) — Autz(XT)

By a little abuse of notation we write W (G, T) for the group W (G, T)(k). This abuse
is not too bad if we remember the proposition in[1.3.9 Furthermore we have a natural
inclusion of the finite Weyl group W (G, T') into Autz(X7) induced by the faithful action

of the k-points Ng(T')(k) on the torus T'(k) by conjugation |84, Exercise 10.30].

For an arbitrary torus D < G we write kp for the minimal field extension of k£ such that
the subgroup Gal(k|kp) of Gal(k|k) acts trivially on the characters Xp. In this case the
representation ¢p descends to an injective representation

¢YD: Gal(kD|k:) — Autz(XT).

The field kp is a Galois extension and it is minimal among the field extensions K of k
such that Dy is split, i.e. Dy = G%K.

The group @71 (Gal(k|k)) and the Weyl group W(G,T) considered as a subgroup of
Aut(X7), have the following relationship (see |70, Lemma 2.2]):

Proposition. If kg denotes the field extension kg = ﬂT kr of k where the intersection
is over all maximal tori T' < G, then for every maximal torus T we have

er(Gal(klkg)) < W(G,T)

Especially if G is split then @7 (Gal(k|k)) < W(G,T) for every maximal torus T < G.

Let G be an algebraic group over k. We have a group action u: G x G — G on G by
conjugation, i.e. p is a natural transformation such that for every k-algebra R we have
that u(R) is the group action of G(R) on itself by conjugation (see |92} section 1.f. and
section 7| for more details about actions of algebraic groups). For every g € G(k) the
orbit map pg: G — G is defined to be the restriction of  to G x {g}. We write Zg(g)
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for the fiber of the orbit map p,: G — G over g. Then Zg(g) is an algebraic subgroup
of G and for an arbitrary k-algebra R we have

Za(9)(R) = {he G(R) | h-gr = gr - h},

where gp is the image of g under the natural inclusion of G(k) into G(R). We call a
semisimple element g € G(k) regular if the identity component Zg(g)? of Zg(g) is a
maximal torus in G. See the article [113] of Robert Steinberg for more properties of
regular elements.

1.5.2 Definition (Generic tori and generic elements). Let G be a reductive group.

e We say that a maximal torus T of GG is generic if the equality
er(Gal(k|k)) = or(Gal(kr|k)) = W(G,T)

holds.

e We call a regular element g € G(k) generic if the associated maximal torus Zg(g)°
is generic.

1.5.3 Example (Regular and generic elements of the symplectic group). Consider the
symplectic group Sp,,, defined over Q. Furthermore let g € Sp,,(Q) be semisimple
with eigenvalues in R\Q. The characteristic polynomial Py(t) € Q[t] is a reciprocal
polynomial, i.e. the coeflicients a; of the characteristic polynomial P,(t) satisfy a; =
asn—; for every i = 0,1,...,2n. The 2n distinct eigenvalues of ¢ come in pairs A;, )\i_l
(¢t =1,...,n). Let k,; be the field extension of Q which we obtain by adjoining the
eigenvalues
ANt li=1,...,n}cR

of g to Q. We consider Zsp, (9)" < Spy,, and write (Zsp,, (9))k, for the extension of
the base field to k,. Since g is diagonalizable over k; and all eigenvalues are pairwise
different, the group (Zsp, (9)°)k, (R) is isomorphic to Ty, (R) for every kg-algebra R.
Here Ty, (R) is the standard torus of Spy, (R). This shows that Zsp, (g)" is a torus and
that g € Sp,,,(Q) is regular.

In Chapter@we will see in detail that we can identify the Galois group Gal(ky|Q) with a
subgroup of the hyperoctahedral group Z% x S,,. Furthermore the Weyl group W (G, T)
of Spy,, can also be identified with the hyperoctahedral group and thus g is generic if
and only if Gal(ky|Q) has order 2" - n!.

Let Q be a symplectic form on Q?" taking integral values on the lattice Z?". We write
Spo(Z) for the elements in Z2"*?" which respect the form 2. In Chapter |§| generic
elements play an important role for the proof of Theorem [C] We will always consider
special generic elements with the same properties as the element g € Sp,,,(Q) from the
last example. We will sum up the properties of the element g € Sp, (Q) in Definition
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below and will call these elements Galois pinching. As in Example it is easy
to see that Galois pinching elements in the group Spq(Z) are generic elements of the
algebraic group Spq. Galois pinching elements were first introduced in [86, Section 4].

1.5.4 Definition. A matrix A € Spg(Z) is called Galois pinching if A has the following
properties.

(i) The characteristic polynomial P4(t) € Z[t] of the matrix A € Spq(Z) is irreducible
over Q.

(ii) All the roots of the matrix A are real numbers.

(iii) The Galois group of the characteristic polynomial P4(t) € Z[t] of A is as large as
possible and thus isomorphic to the hyperoctahedral group Z5 x .S,,.

The next theorem by Prasad and Rapinchuk [100, Theorem 9.10] is one of the key ingre-
dients to prove Theorem [C] It enables us to describe the Zariski closure of a subgroup
I' < G(k) generated by a generic element g € G(k) of infinite order and an element
x € G(k) of infinite order not commuting with g. We need the following two Lemmas

and before we can prove it.

Therefore let G' be a split reductive group over k with split torus 7. For every root « €
®(G,T) we write again U, for the root subgroup from [1.3.10} There is an isomorphism

u: Gq(k) — Uqy(k) such that

t-u(c)-t71 = u(a(t) - c)

for every t € T'(k) and c € G, (k). Write “u for the homomorphism G, (k) — G(k) defined

by “u(c) = o ou(o~! oc) for every c € G, (k).

1.5.5 Lemma. Let o, € ®(G,T) and o € Gal@]k) with “ac = 8. Then the image of

%u is the root subgroup Ug(k) of G(k) and o(Uqs(k)) = Ug(k).

Proof. For every t € T'(k) and every ¢ € G, (k) we have

t-%u(c) -t =t-cou(c o) t1
=0 ((c7'ot)-u(c™toc)- (e ot)™H)
=gou (oz(cr_l ot)- (o 1o c))
=oou (o7 (9a)(t) (o7 o c))
=u (“a(t) - ¢)
—7u(B(t) - o).
We showed that the image U of “u: G, (k) — G(k) is normalized by T'(k) and that T'(k)

acts on U as the character . Furthermore Lie(U) = goo (k) by [84, Theorem 8.17 (c)].
From [92, Proposition 21.11] respectively [84, Theorem 8.17 (d)] we conclude that the
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image U of “u is a root subgroup of G(k) with U = Us (k) = Ug(k). Since o(k) = k we
have

o (Ua(k)) = o (u(k)) = “u(o(k)) = Us(k).
O

1.5.6 Remark. Let GG be a split reductive group G with maximal torus T that is split
over k. We denote by ®~(G,T) the long roots and by ®<(G,T') the short roots of the
root system ®(G,T), compare Proposition [1.4.6] The long roots ®~ (G, T) are a closed
and symmetric subset of ®(G,T') |84, Proposition B.14, Example B.15 (3)]. This means
the following:

e For a,f e 7 (G,T) with a + € ®(G,T) we have a + S € &7 (G, T).
o If ae ®(G,T) then Za n ®~ (G, T) = {—a, +a}.

From [92, Remark 21.94] we conclude that the algebraic subgroup
G(®” (G, T)) ={T, Uy | € ®(G,T))

is a split reductive group with root system (X (7'), ®~(G,T)).

Furthermore if G is semisimple then Z®(G,T) is of finite index in X (7) [92, C.34 and
Proposition 21.48] and the same holds for the sublattice Z®~ (G, T). By [92, Proposition
21.48] the reductive group G(®~ (G, T)) is also semisimple and by [92, Proposition 21.49]
we have

G(D” (G, T)) = Uy | a € (G, T)).

We call G almost simple if it is semisimple, noncommutative and every proper normal
algebraic subgroup is finite. A very important property of an almost simple group is,
that the root system ®(G,T) of G is indecomposable |92, Proposition 24.1] or equivalent
the Weyl group acts irreducibly on X7 ®z Q [84, Proposition A.16].

1.5.7 Lemma. Let G be an almost simple group over k and let T be a generic torus of
G. Then the following holds.

(i) Every t € T'(k) of infinite order generates a subgroup of T'(k) with Zariski closure
the torus T

(ii) If n € G(k) is an element of infinite order then n € Ng(T')(k) implies n € T'(k).

Proof. Part (i) is [101, Proposition 1] and part (ii) can be found in subsection 9.5 of
[100). O
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1.5.8 Theorem. Let G be an almost simple algebraic group over k and g € G(k) a

generic element of infinite order with maximal torus 7' = Zg(g)°. Furthermore let

x € G(k) be an element of infinite order with = ¢ T'(k). Let I' = {g,2) < G(k) be the
group generated by g and x. Let H < G be the identity component of the Zariski closure
of I'. Then either

H=G or H={U,|aed® (G,T)),

where U, is the root subgroup from [1.3.10| corresponding to the root a € &~ (G, T).

Proof. By assumption the root system ®(G,T') is indecomposable or equivalent the Weyl
group acts irreducibly on X7®z Q. The torus 7T is generic. This implies o7 (Gal(k|k)) =
W (G, T) and hence the Galois group Gal(k|k) acts irreducibly on X7 ®z Q as well. For
the generic element g we conclude from Lemma part (i) that the Zariski closure
of {g) < G(k) equals T and the Zariski closure of the group generated by xgz~! equals
xTz~!. Thus H contains the maximal torus T and zTx~!. Since x ¢ T(k) it can not nor-
malize T' by Lemma part (ii). Hence Lie(H) contains at least one one-dimensional
0o, where o € ®(Lie(G), Lie(T")). Since the Lie-functor is injective on subgroups of G
we conclude U, < H for the unique root subgroup U, with Lie(Uy) = ga.

We consider the natural action of Gal(k|k) on G(k) and the action of @7 (Gal(k|k)) on
®(G,T) from Section m Since H is defined over k we conclude o.H (k) = H (k) for
every o € Gal(k|k). On the other hand o (U, (k)) = Uso(k) by Lemma and thus
Us(k) ¢ H(K) for every 8 € ®(G,T) with 8 = %a for a o € Gal(k|k). From [92,
Corollary 1.44] we conclude that Ug is an algebraic subgroup of H for every € ®(G,T)

such that there exists an element o € Gal(k|k) with 3 = a.

Since T is generic we have that o7 (Gal(k|k)) equals the Weyl group W (G, T) of ®(G, T).
The algebraic group G is almost simple and hence the root system ®(G, T') is indecompos-
able. Thus the Weyl group acts transitively on the roots of same length by Proposition

This implies
<T7 Uﬁ‘6€@<(G7T)><H or <T7 U7’7€¢)>(G7T)><H

Now the statement follows from Remark since G is almost simple and in particular
semisimple. O

1.5.9 Example. We now come back to the symplectic group Sp,,, defined over Q. It
is an almost simple group [92, p. 459]. Again the calculations from [83] can easily be
generalized to arbitrary n > 2. Remember from Example that the set of roots of
5P4,, With respect to the diagonal matrices b < sp,, is given by

¢ = @(5{32”(1{7), h) = {ei — €5 i(ez + 6j)7 i2€i ‘ i # ]}

The set of long roots ®~ is given by all the elements +2¢; for ¢ = 1,...,n. The set of
short roots ®< consists of the elements e; —e; and +(e; +e;) with ¢ # j. See Figure
for the case n = 2. Remember that we had for every i = 1,...,n the identities
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262
A
—e1 + e9 €1+ ez
—2e1 ¢ > 2e1
—€1 — €2 €1 — €9
W
—262

Figure 1.1.: Root system of sp,.

0 Ej 0 0
g2e; =spang ( (¢ and g2, = spang B 0
(23

Furthermore the commutator group h; = [gae,, §—2¢,] is given by

E..
(5 1))

We conclude that b = @), b; and gae, ® g—2¢; @ bs = sl for every i = 1,...,n. Finally
we get

h@ @ Ja = @5[2.
=1

acd>

This implies that the subgroup H of Sp,,, which is generated by all the U, with o € &~
is isomorphic to [ [!"_; SLo.

Let again  be a symplectic form on Q2" which takes integral values on Z". With the
help of Theorem we will now formulate a criterion when two matrices A, B € Spg(Z)
generate a Zariski dense subgroup in Spq, p. Note that a Lagrangian subspace with respect
to Q is a subspace W < R?" such that W coincides with its orthogonal symplectic
complement, i.e. W = W+,

1.5.10 Criterion. Let A, B € Sp(Z) < Z*"*?" be two matrices.

(i) If A is Galois pinching and B # id is unipotent such that (B — id)(R?") is not a
Lagrangian subspace with respect to €2, then the subgroup generated by A and B
is Zariski dense in Spq,.

(ii) If A is Galois pinching and B # id is unipotent such that the dimension of the
subspace (B —id)(R?") is not n, then the subgroup generated by A and B is Zariski
dense in Spq,.
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Proof. Note that part (ii) of Criterion [1.5.10| directly follows from (i) since Lagrangian
subspaces of Q in R?” have dimension n. This follows from dim(W) + dim(W+) = 2n
for every subspace W < R?",

We will continue with the proof of part (i). Since the matrix B is unipotent, it has infinite
order. If A and B would commute, then the eigenspace Eig(B, 1) would be a common
proper invariant subspace for both A and B. But this would imply by [86, Proposition
4.3] that (B —id)(R?") is a Lagrangian subspace with respect to ), a contradiction to
our assumption. This shows that A and B do not commute. The algebraic group Spg, is
almost simple [92], p. 459, Theorem 24.47]. Since A is Galois-pinching and in particular
a generic element, we can apply Theorem and conclude that the Zariski closure of
the group generated by A and B is either Spg or isomorphic to [[;_; SLs by Example
If the Zariski closure of A and B would be isomorphic to [ [;_; SLg, then the two
matrices would have a common proper invariant subspace, what is again impossible by
[86, Proposition 4.3]. This shows that the Zariski closure of the group generated by A
and B is Spq. O

1.6 A criterion for arithmeticity

Let G be a smooth algebraic group over a field k. There exists a largest smooth connected
normal unipotent subgroup R, (G) of G called the unipotent radical of G (see Section
1.3.5).

We need the following theorem of Singh and Venkataramana [111, Theorem 1.2].

1.6.1 Theorem. Suppose that () is a non-degenerate symplectic form on the rational
vector space Q™. Consider the lattice Z™ < Q™ and write again Spq(Z) for the stabilizer

Stabgp,,@)(Z") = {g € Spa(Q) | g-Z" = Z"}.

Suppose I' < Sp(Z) is a dense subgroup which contains three transvections Cy, Ca, C3 €
I'. Let wy,we,ws € Z" with (C; — I,)(Z") = Zw,. If there is i,57 € {1,2,3} with
Q(w;,w;) # 0 and W = Spang (w1, ws,ws) is three dimensional such that the group
generated by C1|w, Ca|w, Cs|w contains a non-trivial element of the unipotent radical
of Spqw (Q), then I' has finite index in Spo(Z).

For this reason we will describe the unipotent radical of the group Spgo(Q) a bit
further. Since W has dimension three the form Q|W is degenerate and there is a one-
dimensional null subspace F = Qe with e € W\{0} such that Q(e,w) = 0 for every
w € W. Since every element in Spgy (Q) preserves the degenerate form Q[W, we
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conclude that SpQ‘W(Q) preserves the null space £ = Qe. Hence the kernel of the
projection map Spoy (Q) — Sp(W/E) is given by

100
Hom(W/E,E) x End(E)={ |0 1 0]eGL(3,Q)|2z#0; =Q?xQ*. (1.6.1.1)
r Yy z

The group in [1.6.1.1]is solvable and a normal subgroup of Spgy, (Q). Since Sp(W/E) =
SL(2,Q), we can write Spoy (Q) as the semidirect product

The group SL2(Q) is simple and thus the subgroup in ((1.6.1.1) is the largest normal
solvable subgroup of SPqy(Q) or in other words the radical R(Spgy (Q)). Thus the
unipotent radical R, (Spow (Q)) of Spauw (Q) is given by

1 00
z y 1
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2.1 Families of (stable) Riemann surfaces

First of all we want to collect some important definitions and results from Grothendieck’s
talks in Cartan’s seminar from 1960 and 1961 recorded in [50], [52]. Hereby we can
warmly recommend the survey paper [2] on Grothendieck’s contributions to Teichmiiller
theory and the survey paper [1] on the original work of Oswald Teichmiiller. Further-
more, the paper [29] of Michael Engber can be very helpful since the author repeats a lot
of ideas of Grothendieck and generalizes it in the context of Riemann surfaces of finite
type. We can also recommend the lecture notes of Johannes Schmitt [109] which is a nice
introduction to the general theory of moduli spaces and for moduli spaces of compact
Riemann surfaces and stable Riemann surfaces. Before we define what we understand
by a stable Riemann surface, we will repeat the definition of a complex space.

Let D < C" be a domain and let J be an ideal sheaf in Op which is of finite type on D,
i.e. for every point z € D there exists an open neighbourhood U < D of z and functions
fis--+, fr € Op(U) such that

JU)=0pWU) fi+...0p(U) fr.

We consider the support V' of the quotient sheaf Op/J which is defined as
V =supp(0p/d) = {z€ D | (Op/d). +# 0}.

We have that V. n U = N(f1,..., fr) and thus V is an analytic subvariety of D. If
t: V — D is the inclusion and :~! the inverse image functor, then we write Oy for the
restriction (Op/d)|v = +=1(Op/d) and call the pair (V, Oy) a complex model space. A C-
ringed space (X, Ox) is called a complex space if X is Hausdorff and if every x € X has a
neighbourhood U such that (U, O X|U) is isomorphic to a complex model space (V, Oy).
A holomorphic map between complex spaces (X,0x) and (Y,0y) is a morphism of
C-ringed spaces. We write CoSp for the category of complex spaces.

Now a one-dimensional connected compact complex space X is called a stable Riemann
surface if the following holds:

e All singular points are ordinary double points, i.e. have a neighbourhood isomor-
phic to the neighbourhood of the origin of the locus {(z,w) € C? | z - w = 0}
and
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2. Families of Riemann surfaces

Every irreducible component L of X that is isomorphic to the projective line P!(C)
intersects X\ L in at least three points.

2.1.1 Definition. Let C be a fixed complex space.

(i)

A complex space over C'is a pair (X, f), where X is a complex space and f: X — C
is a holomorphic map, i.e. a morphism of complex spaces. We use the notation
X/C for a complex space X over C.

A morphism between two complex spaces (X, f) and (X', f') over C is a holomor-
phic map ¢: X — X’ such that f' o = f. In other words, we have the following
commutative diagram:

xX— 5

N

The set of complex spaces over C' with morphisms as above defines a category
which we denote by Ac.

A family of compact (stable) Riemann surfaces over C'is a complex space f: X — C
over C with a surjective, proper and flat morphism f, such that all the fibers are
compact (stable) Riemann surfaces embedded in X.

In the case that all fibers of a (stable) family of Riemann surfaces X/C have the
same genus g = 0, we call g the genus of the family X/C.

We denote the category of families of compact Riemann surfaces of genus g over C
by FR®Y and the category of stable families of Riemann surfaces of genus g over
C by FRY

~ ~“stable"

2.1.2 Proposition (Family in the sense of Kodaira—Spencer). Let B, X be holomorphic
manifolds and let B be connected. A holomorphic map f: X — B between the holo-
morphic manifolds B and X is a family of compact Riemann surfaces if and only if f is
a proper submersion and every fiber is a compact Riemann surface embedded in X.

Proof. Combine the implicit function theorem as on page 47 of [5] with [51, Theorem

3.1).

O

2.1.3 Remark. Let B, X be complex spaces and f: X — B be a morphism.
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2. Families of Riemann surfaces

(i) Kodaira and Spencer used the following definition for family of compact Riemann
surfaces. If B and X are holomorphic manifolds and if f: X — B is a proper
submersion as in Proposition then they called f: X — B a family of compact
Riemann surfaces (c.f. [5, Definition 2.4.1.1]). By Proposition our definition
can be understood as generalisation to non-smooth complex spaces.

(ii) Another consequence of |51, Theorem 3.1] is that the complex space X is smooth
if B is smooth or in other words X is a manifold if B is a manifold.

For every holomorphic map h: C/ — C between complex spaces we can define a functor

by sending a complex space (X, f) over C to the complex space X xc C" — C’, which is
the fiber product of X and C’ over the maps h: ¢’ — C and f: X — Cfl]

XxgCh — X

| |

c— " L0

Furthermore, we define that F} sends a morphism ¢: X1 — Xy between X1/C and Xy/C
to the morphism Fj,(p): X1 xcC’ — X xcC’ by the universal property of fiber product.
This defines a fibered category in the sense of |16, Definition 1.1], see |16, Example 1].

We now fix a genus ¢g > 2 for our families of compact (stable) Riemann surfaces. Consider
the functors

F9: CoSp — Sets
and

F!]

Stable . COSp — Sets

from the category of complex spaces CoSp to the category of sets Sets, which associate
to a complex space C the set of families of (stable) Riemann surfaces over C' up to
isomorphisms and which associates to a holomorphic map h: C' — C the functor F},
restricted to families of (stable) Riemann surfaces modulo isomorphisms. In other words
for a complex space C the set F9(C') consists of the objects in FR®9 up to isomorphism
and the objects in FY are the objects of FRY up to isomorphism.

stable stable
The functors F9 and F¥_, = are not representable (see for example [56, Ex.23.2] in the

algebraic geometry setting). But there are coarse moduli spaces M, and Mg for them,
which we will introduce in Section about Teichmiiller theory. The latter space ﬁg is
compact and was introduced by Deligne and Mumford [24]. There is a natural inclusion
My < ﬁg as dense open complex subspaces and this is why ﬁg is called the Deligne-
Mumford compactification of My. The complement oM, = M,\M, is a Weil divisor (see
[24] or [77] for proofs in the algebraic geometry setting).

'For a proof of existence in the category of analytic spaces see |37, Corollary 0.32].
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2. Families of Riemann surfaces

2.2 Local system associated to a family of compact Rie-
mann surfaces

Before we continue with solutions for the problem that the functor FY is not repre-
sentable, we will explain how we can associate a local system to a family of compact
Riemann surfaces. This sheaf will turn out to be very helpful for many aspects in this
thesis.

2.2.1 Families of compact Riemann surfaces and Ehresmann’s theorem. Let
B, X be holomorphic manifolds and let B be connected. Furthermore let f: X — B be
a surjective proper submersion. By the theorem of Ehresmann [28] for every b € B there
is an open neighbourhood U < B of b and a diffeomorphism F,: f~1(U) — X, x U with
Fyopry = fly-1q for every z € f~1(U), where X = f~!({b}). From the construction
of the tr1v1ahzat10ns Iy with the help of an Ehresmann connection, we can achieve that
for all charts (Uy, Fp,) and (Us, Fy,) with Uy n Us # &, the image of the cocycle map
U10U2—>Diff(f)Cb2,DCb1), 1"—>Fb1xOF_

ba,x

(2.2.1.1)

is in the subgroup of orientation preserving diffeomorphisms Diff(X;,, Xp, ) between Xp,
and Xp,. In Subsection we will come back to Ehresmann’s theorem.

Let now g: Y — C be a family of compact Riemann surfaces of genus g. In [51, Propo-
sition 1.8] Grothendieck showed that for every c € C' there is a neighbourhood U of ¢ in
C, and a family of genus g compact Riemann surfaces f: X — B where X and B are
smooth, as well as a morphism ¢: U — B such that we have an isomorphism between
the complex space g~ }(U) and X xg U over U. i.e. we get the following commutative
diagram:

g —>:X:XBU

\/

Since f: X — B is locally trivializable, we made plausible that the following Lemma of
Grothendieck [50, Lemma 2.1] holds, c.f [29, Lemma 2.3].

2.2.2 Lemma. Every family of compact genus ¢ Riemann surfaces f: X — C' is locally
topological trivial.
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2. Families of Riemann surfaces

2.2.3 Constructing the local system. Let C' and X be complex spaces and let
f: X — C be a family of compact Riemann surfaces over C. The direct image functor
fx: Ab(X) — Ab(C) from the category of sheaves of abelian groups on X to the category
of sheaves of abelian groups on C' is left exact. Since the category Ab(X) has enough
injectives, we can consider for every natural number k € N the right derived functor

R f,: Ab(X) — Ab(C).

Consider Zy, the constant sheaf of stalk Z on X. Then R* f,Zy is the sheaf associated
to the presheaf U — H*(f~Y(U), Zx|f-1(wy) on C [55, Proposition II1.8.1].

We know that f: X — C is topologically locally trivial, so for every c € C there is an
open neighbourhood U < C' and a homeomorphism

o: f7HU) — X, x U.
If U is contractible we further have
Hk(fil(U%Zx’f*l(U)) = HkOCCvZ)v

where the isomorphism follows from [117, Theorem 4.47] and invariance of cohomology
under homotopy (c.f. [118] section 3]). Since every analytic variety is locally contractible
[43] and C is locally isomorphic to a model space, we showed that RF f,Zy is a locally
constant sheaf.

2.3 Rigidifying families of compact Riemann surfaces

To eliminate the non-trivial automorphisms between families of Riemann surfaces over
a complex space C, we have to rigidify our families of Riemann surfaces by adding extra
structure. We will sketch some ideas of Grothendieck to rigidify the functor F9 [50].

2.3.1 Definition. Let I' be a discrete group and g > 2 a natural number. A rigidifying
functor of group I is a functor

RI: FRY — Prip!

from the category FRY of genus g families of compact Riemann surfaces to the category
Prip" of principal bundles of group I" with the following properties:

(i) For every complex space C' the functor RI restricts to a functor
FR®Y — Prip®!

from the category of families of genus g Riemann-surfaces over C' to the category
of principal I'-bundles over C.
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2. Families of Riemann surfaces

(ii) There are compatibility isomorphisms in the sense of [16, Definition 1.4] for the
pull back functors Fj, as in [2.1.3.1} where h: C' — C' is a holomorphic map.

(iii) Every automorphism of an object X/C in FR®9, which induces the identity on
RI(X/C) is the identity.

An RI-structure on a family of Riemann surfaces X/C' is by definition a global section
of the bundle RI(X/C).

2.3.2 Remark. Let C be a complex space and X/C' a family of genus g > 2 Riemann
surfaces over C'. There are two important things we have to note for a rigidifying functor

RI: FRI —> Prip"

as above: First of all, if there exists a global section of the principal I'-bundle RI(X/C)
then it is trivial [96, Section 9.4.3]. And the most important property is that any
automorphism ¢ of the family X/C such that RI(¢) preserves a section of the principal
I-bundle RI(X/C), is the identity by condition (iii) of 2.3.1] This follows since RI(¢) is
the identity on the bundle RI(X/C) [29, page 219] and is one of the main ingredients in
the proof of [50, Theorem 3.1]. We want to state this important theorem of Grothendieck
right after this remark.

2.3.3 Theorem (Theorem 3.1, [50]). Assume for a discrete group I' and a natural
number g > 2 we are given a rigidifying functor of group I':

RI: FRY —> Prip'.

Then the functor
F},: CoSp —> Sets,

which associates to a complex space C the set of isomorphism classes of genus g families
of Riemann surfaces over C' equipped with an RI-structure, is representable.

Next we want to explain the two most famous examples of rigidifying functors.

2.3.4 Teichmiiller-functor. We will first construct the main tool for rigidifying our
families of Riemann surfaces, the so called Teichmiller functor, a rigidifying functor
which is especially important since every other rigidifying functor can be constructed
from it [50, §4]. We will hereby mainly follow [29] and the survey [2].

Let C be a connected complex space and let f: X — C be a family of compact Riemann
surfaces of genus g > 2. We fix a base point ¢ € C' and write X, for the fiber f~1({c})
over c. For a point t € C and the fiber X¢, we denote by I(X,, X;) the space of homotopy
classes of homeomorphisms between the two Riemann surfaces X, and X;. Furthermore

45



2. Families of Riemann surfaces

we write G for the group I(X.,X.). Since f: X — C' is locally topological trivial we can
equip the union

ROL/C) = | (X X0) | £ C)

with the structure of a principal bundle of group G over C [29, Proposition 2.4]. Let
I'(X.) be the index two subgroup of G consisting of homotopy classes of orientation
preserving diffeomorphisms of C. Remember how we constructed the local trivializations
of f: X — B by the Ehresmann connection and that we could choose the cocycle maps in
(2.2.1.1)) orientation preserving. This shows that we could construct in the same way as
above a principal I'(X.)-bundle P(X/C) of C, which we obtain from R(X/C') by reducing
the structure group G of R(X/C) to I'(X,), i.e. there is an isomorphism

PX/C) xpex,) G = (PX/C) x G)/T(Xe) — R(X/C).

Since I'(X,) is discrete, we can equip P(X/C) with an analytic structure via the local
projections of P(X/C) to C (c.f. section 4 of [2]). The functor

C.g . C, . C
RIpy, : FR™Y — Prip™,

which associates to a family X/C of genus g Riemann surfaces the principal I'(X.)-bundle
P(X/C) — C from above leads to the so called Teichmiiller-functor

RI%.: FRY — Prip',

which is indeed a rigidifying functor.

2.3.5 Definition. A Teichmdiiller-marking or Teichmiiller-structure on a family X/C of
genus g Riemann surfaces is a global section of the bundle P(X/C') over C.

2.3.6 Jacobi-functor of level n and level n-structures. Grothendieck presented
in [50] a second rigidifying functor which plays a very important role in algebraic geom-
etry.

Let C be again a complex space and X/C' a family of genus g > 2 Riemann surfaces over
it. We fix a base point ¢ € C' and write I' = I'(X.) for the group of homotopy classes of
orientation preserving diffeomorphisms of X.. The group I' acts on the first cohomology
group H'(X,,Z) and respects the intersection form on it. Thus by choosing a symplectic
basis of H!'(X.,Z) we obtain representations

I' — Sp(2¢9,Z) and T — Sp(2¢,Z,) (n€N).

For a family of genus g Riemann surfaces f: X — C we thus obtain two associated
principal bundles

pror(x/C) :=P(X/C) xr Sp(29,Z)  and
PIN(X/C) :=P(X/C) xr Sp(29,Zn) (neN)
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2. Families of Riemann surfaces

Now for every n > 3 the functor

RI?

]’ FRY —> Prip®P(29:Zn)

which associates to a family X/C of genus g Riemann surfaces the bundle P (X/C),
is another example of a rigidifying functor. A section of PI(X/C) is called a level-n-
structure of the family X/C. Grothendieck used in his proof of the statement that the
Teichmiiller functor Rl%eich is a rigidifying functor, that there exists an interger n > 0
such that RI? 1 is a rigidfiying functor.

[n
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3. Teichmiiller theory and translation
surfaces

3.1 Teichmiiller theory

In this section we want to explain several ways how to analytically construct the fine
moduli space T, for the functor that associates to a complex space the set of isomorphism
classes of genus g > 2 families of compact Riemann surfaces that have a Teichmiiller

marking (c.f. Theorem and Section [2.3.4)).

3.1.1 First Definition of Teichmiiller Space. Let S be a compact connected ori-
entable surface of genus g > 2. We want to define the Teichmiiller space T4(S) as the set
of complex structures on S up to isotopy. Formally this can be done as follows. Let X
be a compact Riemann surface and ¢: S — X an orientation preserving diffeomorphism.
Then we call the pair (X, ) a complez structure on S. Write Diff () for the group of
orientation preserving diffeomorphisms and Diff’(S ) for the normal subgroup of orien-
tation preserving diffeomorphisms homotopic to the identity. Let (X7, 1) and (X2, ¢2)
be two complex structures on S. We say that the structures (X1, 1) and (X2, ¢2) are
equivalent if there exists an element h € Diff’(S) and a biholomorphic map b: X; — X
such that the following diagramm commutes.

Now we define the Teichmiiller space as the set of pairs Ty4(S) = {(X,¢)}/ ~ modulo
the equivalence from above.

3.1.2 Second Definition of Teichmiiller Space. Next we want to give a second
definition of the Teichmiiller space T4(S). We need this characterisation of Teichmiiller
space later for constructing Teichmiiller disks in Section In the following let g > 2
and in contrast to the first defintion let S = Sy be a hyperbolic compact Riemann surface
of genus g.
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3. Teichmiiller theory and translation surfaces

Denote by QC(S) the set of quasiconformal homeomorphisms of S onto itself and we
write QCy(S) for the normal subgroup of elements f € QC(S) homotopic to the iden-
tity.

Let X1, Xo2 be two Riemann surfaces and let ¢;: S — X; be two quasiconformal map-
pings for i = 1,2. We say that the pairs (X1, 1) and (Xo, ¢2) are Teichmiiller equivalent
if there is an element f € QCy(S) such that pa 0 f o gofl is a biholomorphic map. In
other words there is a biholomorphic map b: X; — X3 and an element f € QCg(S) such
that the following diagram commutes.

SL)Xl

3 s

SL)XQ

The Teichmiiller space T4(S) is now the set of Teichmiiller equivalence classes of pairs
(X, ¢), where X is a Riemann surface and ¢: S — X is a quasiconformal mapping. The
map ¢: S — X is called a (Teichmiiller) marking (c.f. Definition 2.3.5)). For (X1, ¢1)
and (X2, ¢2) two marked Riemann surfaces, we define the Teichmiiller metric

d((X1, 1), (X2,2)) = infy log K(f),

where f runs over all quasiconformal maps f: X7 — Xy such that f is homotopic to
@207 on S. Here K(f) denotes the quasiconformal constant of f (see [61, Definition
4.1.2]). This makes T, a complete metric space. We can also equip T4(S) with the
structure of a holomorphic manifold. Due to Bers T,(.S) is homeomorphic to a bounded
domain in C3973, see [Chapter 6][66] for more details.

3.1.3 Third Definition of Teichmiiller Space. For the sake of completeness we
also want to discuss the third definition of Teichmiiller space via Beltrami forms. Let S
be a compact connected orientable surface of genus g > 2. Denote by B(.S) the space of
Beltrami forms on S, which consists of differential forms p of type (—1,1) such that the
restriction of u to a domain D of any local coordinate z has the form f dz/dz, where f
is a bounded measurable function on U. We have a norm | - |, on B(S), where |u]q is
given by the supremum of the L* norms of all the functions f which describe p locally.
Write B(S); for the Beltrami forms of norm less than one and consider two Beltrami
forms to be the same if they coincide outside a subset of measure zero.

Every quasiconformal mapping ¢: S — X gives us a Beltrami form p, € B(S); that is
locally given by d(uop)/d(uop) whenever u is a coordinate of X. On the other hand every
p € B(S)1 defines a Riemann surface structure S, whose underlying topological space is
the same as the topological space of S and whose atlas is given by homeomorphisms u
of open subsets of S to C such that u = du/du [61, Proposition and Definition 4.8.12].
The identity map id: S — S, is a quasiconformal mapping and the Beltrami form p;q
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3. Teichmiiller theory and translation surfaces

that is given by the identity map from above equals p € B(S);. Every quasiconformal
map f € QC(S) induces isometric automorphisms py: T4(S) — T4(S) and of: B(S) —
B(S)1 by

prle]) =[po f™'1 and of(ug) = ppo1,

where ¢: § — X is a quasiconformal map. For the definition of oy remember from the
last paragraph that every element p € B(S); comes from a quasiconformal mapping.

For the map ®: B(S)1 — T4(S5) defined by ®(u) = [id: S — S,,] and every quasiconfor-
mal homeomorphism f € QC(S) we have the identity ® o oy = py o ®. Hence ® factors
through the action of the normal subgroup QCy(S) on B(S);. The map ® induces an
identification T,(S) = B(S5)1/QCy(S) (see [61, Proposition 6.4.11, 6.4.12] and |66, The-
orem 1.6] for more details). This is why we can take B(S)1/QCy(S) as a third definition
for Teichmiiller space.

3.1.4 Definition (Mapping class group). Let again S = S; be a compact hyperbolic
Riemann surface of genus g. We gave several definitions of Teichmiiller space. Thus we
also give two definitions of mapping class group or Teichmiiller modular group.

(i) In the situation of the first definition of Teichmiiller space from Subsection
we define the mapping class group as the quotient

I',(S) = Diff*(S)/Dift(S).

(ii) We already mentioned that the subgroup QC,(S) of quasiconformal homeomor-
phisms on S homotpic to the identity is normal in QC(S). We define in the
situation of the second and third definition of the Teichmiiller space (Section
and Section the mapping class group as the quotient group

[4(5) = QC(5)/QC(S5).

The homomorphism QC(S) — Aut(T,(S5)) defined by f — p; factors through QCy(S)
and produces a homomorphism I'y(S) — Aut(T,(S)) to the group of holomorphic auto-
morphisms Aut(T,(S5))) of Ty(S).

3.1.5 Remark (Teichmiiller universal curve). We can also analytically construct a uni-
versal curve respectively universal family for our moduli-problem by taking the quotient

Uy = (S x B(5)1)/QCo(5),

where QCy(S) acts on S x B(S)1 by f.(s,u) = (f71(s),04(1)) [61, Theorem 6.8.3].
The quotient Uy, is called Teichmiiller universal curve. It is topologically a trivial fiber
bundle S x T, [61, Theorem 6.8.4]. Furthermore we have a natural action of the mapping
class group I'y(.S) on U, which turn out to be automorphisms of the holomorphic family
Uy — Ty (c.f. [29] and [27]).
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3. Teichmiiller theory and translation surfaces

3.1.6 Moduli space of compact Riemann surfaces and level-structures. Ref-
erences for this part are [56, Section 27], [54] and [61].

The action of the mapping class group I'y on the Teichmiiller space T is holomorphic and
properly discontinuous. The moduli space of compact Riemann surfaces is now defined
as the quotient My = T,/T'y. By a theorem of Cartan [14] M, is a complex space and it
is a coarse moduli space for the moduli functor

F9: CoSp — Sets

from Section which associates to a complex space C' the set of families of compact
Riemann surfaces of genus g over C up to isomorphism. A coarse moduli space for the
moduli functor

F, s%able: @ — Sets
is for example given by the quotient ‘j'g /Ty where 5'9 is Abikoff’s augmented Teichmiiller

space. See [57] for more details.

Let us now come again to the rigidification of the moduli problem with level-n-structures
(n e N). We said in Section that

RIf 1 FRY — Prip®P(0n),
g

is a rigidifying functor for our moduli problem if n > 3. Hence for RI = RI [n] the
functor
Fjay: CoSp — Sets,

which associates to a complex space C the set of isomorphism classes of genus g families
of compact Riemann surfaces over C equipped with a non-trivial level-n-structure, is
representable by Theorem We can represent the functor by the quotient J\/[gn] =
T4(S) /an], where an] is the kernel of the action of the mapping class group on the
cohomology group H'(S,7Z/nZ). The group an] is torsion free for all n > 3 by a result
of Serre what makes Mgn] a complex manifold for these natural numbers.

3.2 Translation surfaces

3.2.1 Definition of translation surfaces and origamis. A translation surface is
a pair (X,w) consisting of a compact Riemann surface X and a non-zero holomorphic
1-form w € Q%. We write Z(w) for the set of zeros of w. By the theorem of Gauss-Bonnet
the total numbers of zeros (count in multiplicity) is 2g — 2, where g € N is the genus
of the Riemann surface X. The name translation surface comes from the fact that the
pair (X,w) comes with an atlas of charts on X\Z(w). The new coordinates in the old
coordinate patches {(U,n)} of X\Z(w) are given by the integrals

p

z(p) = fw (pel),

Po
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T T TIT nr
1T T IIT v
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T T v IIT
T
~
TQ

Figure 3.1.: X-origami

where U < X\Z(w) is simply connected and pp € U is a basepoint. In these new
coordinates we have w = dz. An origami or square tiled surface is a pair (X,w) where
X is a Riemann surface obtained as a finite cover

7: X —C/(Z®N-1Z)=:T

of the torus branched only at the origin 0 € T and where w is defined as w = 7*(dz).
For example the X-origami in Figure

3.2.2 Hodge bundle. In this section we follow the construction in [80]. See also the
PhD-Thesis of Fabian Ruoff |[106] for a construction of the Hodge-Bundle in the language
of stacks. Let m: Uy — T4 be the universal Teichmiiller curve. The direct image 7 Q%lqm
by m of the sheaf QlngWg of relative Kéhler-differentials is locally free of rank g. Define
27, to be the associated holomorphic vector-bundle minus its zero-section. For any
point p € T, and fiber X, = 7~1(p) the identity

(w* Q{Wg) ‘ — I'(X,, Q%)
p

holds, what makes Q7, a holomorphic fiber-bundle with fiber C9\{0}. Altogether QT
consists of equivalence classes of triples (X, ,w), where X is a Riemann surface of
genus ¢ with marking ¢: S — X and where w is a holomorphic 1-form on X with a
relation that says that two triples are equivalent if they only differ by a quasiconformal

homeomorphism in QCy(S) (c.f. Equation (3.2.2.1)).

There is an action of the mapping class group I';(S) on QT in the following way. For a
mapping class [ f] represented by f e QC(S) and a triple (X, ¢, w) in QT define

[f]- (X, p,0) = (X, 00 fH,w). (3.2.2.1)

This action is continuous, properly discontinuous and the map QT, — T4(5) is equivari-
ant with respect to the two actions of the mapping class group I'y(S). If we factor out
the action of the modular group I'y(S), we obtain QM, = QT,/T'y(S), the moduli space
of abelian differentials and the map QT; — T,(S) descends to a map QM,; — M, called
Hodge-bundle. Over a point [X]| € M, represented by a compact Riemann-surface X,
the Hodge bundle QM has fiber I'(X, Q% )\{0} (modulo an action of Aut(X)).
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3.2.3 Stratification. A good reference for this subsection is [39]. Let X be a compact
Riemann surface of genus g > 2 and w a non-zero holomorphic 1-form on X. By the
theorem of Gauss-Bonnet w has a finite set of zeros Z(w) = {z1,..., z,} of multiplicity
mult(z;) = k; such that > | k; = 29 — 2. Since the action of the mapping class group
I'y(S) respects the multiplicities of the zeros we obtain subsets QT4(k) < QT, and
OM,4(k) € QMy, consisting of equivalence classes (X, p,w) respectively (X,w), where
the multiplicities of the zeros of w form the partition k£ of 2g — 2. This leads to natural
stratifications
0T, = |_|Q‘J'g(5) and QM, = UQMQ(@),
K K

where k runs over all partitions of 2g — 2.

3.2.4 GL"(2,R)-action on Strata. In this subsection we want to explain the action
of the orientation preserving invertible matrices GL* (2, R) on the bundle QT, and QM,
which gives rise to affine invariant manifolds in strata of QM, and Teichmiiller curves
in M,. We will hereby follow [87] and [33].

Let (X, ¢, w) be a representant of an element in 27T, and A € GL*(2,R). We define a
harmonic 1-form w4 on X by

wa=(1 v=I) (i Z) @n:’)

There is a unique complex structure on the topological space underlying X such that w4
is again a holomorphic 1-form. We denote the corresponding Riemann surface by X 4.
The identity map id: X — X 4 defines an affine map with constant partial derivatives and
hence a quasiconformal map. We define the marking ¢ 4: S — X4 as the composition
id o ¢. The element A.(X,¢,w) € QT is by definition given as the equivalence class
of the triple (X4, ¢a,wa). The right-action of the mapping class group I'y(S) on QT
commutes with the left-action of GL*(2,R) on 7, from above and hence descends to
an GL™(2,R)-action on the Hodge-bundle QM.

A very important class of objects in the theory of Teichmiiller dynamics are so called
Veech surfaces, i.e. points (X,w) € QM, whose GL™ (2, R)-orbits are closed in QM,. We
want to investigate these objects a little bit further in the next subsection.

3.2.5 Teichmiiller disks. The following can be found for example in the work of Earle
and Gardiner[26] or in the survey paper [80]. Fix a point (X, ¢,w) € QT and consider
the map

SLy(R) — QT, > T,, A, (A.(X, <p,w)) = (XA, 04).

For a rotation matrix R € SO(2) one can show that the identity id: X — Xpg defines a
biholomorphic map. This means that (X, ¢) and (Xg, ¢r) are the same point in T,. By
identifying D =~ SL(2,R)/SO(2) in the standard way via Md&bius transformations, the
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3. Teichmiiller theory and translation surfaces

map from above descends to a map g,,: D — T, which is an isometry of the unit disk D
into the Teichmiiller space with respect to the Poincaré metric on D and the Teichmiiller
metric on T,. The image g, (D) < T, is therefore called Teichmiiller disk.

We want to give a second equivalent definition of the map g,,: D — T, from which the
isometry can be seen more easily. The quotient @w/w defines a Beltrami form of norm
one and hence every t € D defines an element tw/w in B(X)1, the set of Beltrami-forms
on X with norm less than one. We can now define g,,: D — T, by

D—)B(X)l _)‘Igy l— [(th/o.n ldOQD)],

where id: X — Xz, is the quasiconformal map which comes from the identity (see
also [80, Proposition 4.4.1] for a nice and very detailed proof).

Let (X,w) be a tuple consisting of a compact Riemann surface X and a holomorphic
1-form w on it. We denote by Aff" (X,w) the group of quasiconformal homeomorphisms
f of X onto itself with the following properties. The quasiconformal homeomorphism
f maps X\ Z(w) onto itself and it is given by affine maps z — Az + ¢ (4 € GLT(2,R),
c € R?) on the charts of the translation atlas given by w. Since X is connected the
matrix A € GLT(2,R) is the same for every translation chart of (X,w). Furthermore
since X has finite volume, we conclude A € SL(2,R). Thus there is a natural group
homomorphism

D: AfFH(X,w) — SL(2,R), f+—— D(f) = A,

which maps an affine homeomorphism f to the linear part A appearing in the description
of f on the translation charts. The group homomorphism D is called the derivative and
its image the Veech group of (X,w). In the following we denote the Veech group of (X, w)
by SL(X,w). The kernel of the derivative D is a finite group denoted by Aut(X,w).
Hence we get the following short exact sequence:

1 —> Aut(X,w) — AfFF (X, w) 2> SL(X,w) —> 1

The intersection of Aff*(X,w) with the group QCy(X) contains only the identity [26]
Lemma 5.2] and thus we can identify Aff*(X,w) with a subgroup of the mapping class

group I'y(X) = QC(X)/QCy(X).

Let g,: D — T4 be a Teichmiiller disk. The global stabilizer of the image A = g,,(D)
with respect to the action of the mapping class group I'; on the Teichmiiller space T,
is the affine group Aff*(X,w) [26, Theorem 1]. Furthermore, the group D~(+I) =
Aut(X,w) - {+1} stabilizes every point in A [80, Proposition 4.3.5].

3.2.6 Teichmiiller curves. By composing g,: D — T, with the projection map
mg: Tg — My, we get a holomorphic map

fo:D— M,.
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3. Teichmiiller theory and translation surfaces

We already mentioned that the global stabilizer of the action of I'y on the Teichmiiller
disk A := g,(D) = T, is the group Aff"(X,w). We write H(X,w) = D™(£I) for the
subgroup of Aff* (X, w) which stabilizes every point in A. Let R = diag(1,—1) and

Stab(f.,) = {A € Aut(D) | f,(At) = f.,(t) Vt € D}.

By [87, Prop. 3.2] we have that R Stab(f,) R coincides with the projection of the Veech
group SL(X, w) of (X,w) to PSLy(R). Thus we can identify the quotient Aff* (X, w)/H (X, w)
with Stab(f,). Since g, is injective we obtain an isomorphism D/Stab(f,,) =~ A/Aff" (X, w).
The map f,,: D — M, clearly factors through its stabilizer and we call

Jw: D/Stab(f,) — My

or the quotient Cy := A/Aff (X, w) a Teichmiiller curve if one of the following equivalent
statements is true:

(i) The stabilizer group Stab(f,) < Aut(D) is a lattice.

(i) The manifold A/Aff" (X, w) has finite volume or equivalently has finitely many
cusps and no funnel or flaring ends.

3.2.7 Proposition. If j,: D/Stab(f,) — M, is a Teichmiiller curve then the image j,
is an algebraic curve in My, whose normalization is C; = D/Stab( f,).

Proof. The mapping class group I'y acts holomorphically and properly discontinuously
on T, and thus we get a holomorphic proper map between complex spaces j,: C1 —
M,. We already know from the theorem of Remmert ([103] or [45]) that the image
of j, is an analytic set in My. In the proof of [44, Theorem 1] the authors showed
that j,(C1) € My has finite fibers and that j,, is injective outside the preimage of the
critical locus. By [45, Theorem 9.3.3] the holomorphic map j,: C1 — j,(C1) is a one-
sheeted analytic covering. Since C] is a manifold and hence normal, the holomorphic map
Jw: C1 = ju(Ch) is the normalization of j,(C}) in the sense of [45]. Let M, denote the
Deligne-Mumford compactification and write fg for the augmented Teichmiiller space.
Furthermore let ¢y, ..., ¢, denote the cusps of Stab(f,). By [57, Proposition 4.13] the

map g,,: D — T, extends continuously to a map
go:DuU{er,...,cn} = Ty
and thus the map j,, extends continuously to a map
Jw:DuU{cr, ..., cn}/Stab(f,) — M.

Hence for every holomorphic map f: Wg — C the composition f o j, is holomorphic
by the Riemann extension Theorem [45, Theorem 7.4.2]. This shows that the map j,
is holomorphic and the image of j,, is an analytic subset of the projective algebraic
variety ﬁg. We conclude that the image of j,, is an algebraic curve in ﬂg by Chow’s
Theorenll O

'See |45, Corollary 9.5.1] for a proof of Chow’s Theorem.
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3. Teichmiiller theory and translation surfaces

T
D/Stab(f.)——— Cy = A/AET (X, w) =2 M,

Juw
D A

Q

Figure 3.2.: Diagram of the construction of Teichmiiller curves.

If the curve C; was constructed from a pair (X,w) € QMg, we say that (X,w) generates
the Teichmiiller curve Cq. The construction made above is visualized in Figure [3.2

3.2.8 Remark. If (X,w) = O defines an origami, the group SL(X,w) is a finite index
subgroup of SL(2,Z) (see [53]). This implies that Stab(f,) is a lattice in Aut(D) and
hence every origami defines a Teichmiiller curve. We will call a Teichmiiller curve, which
comes from an origami, an origami-curve.

3.3 Dehn twists and cylinder decomposition

References for this section are the book [31] the article [119] and the lecture notes [102].
In this section let (X, w) always be a translation surface of genus g > 2.

3.3.1 Definition (Cylinder of a translation surface). A cylinder in (X,w) is an open
subset of X\Z(w) which is isometric to an euclidean cylinder of the form R/kZ x (0, a)
with respect to the flat metric on X\Z(w), where k,a > 0 are positive numbers. We call
k the width and a the height of the cylinder. The modulus p of a cylinder is the ratio of
height to width, i.e. u = a/k.

3.3.2 Remark. A more topological definition is if we say that a cylinder is a connected
set of homotopic simple closed geodesics. Every geodesic is an image of R/kZ x b for
b e (0,a). We have a partial order on the set of cylinders by subset relation. Thus it
makes sense to speak of maximal cylinders. We will show that every maximal cylinder
of a genus g > 2 translation surface (X,w) is bounded by a concatenation of saddle
connections.

3.3.3 Definition. The direction of a cylinder is the direction of one of the closed
geodesics which build the cylinder. A cylinder decomposition of (X,w) is a set of maxi-
mal, pairwise disjoint cylinders such that X is the union of the closures of the cylinders.
The direction of the cylinder decomposition is the direction of each of the cylinders.
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3. Teichmiiller theory and translation surfaces

Let now ¢: R/kZ x (0,a) —» X\Z(w) be an isometry. Then the twist
T:R/kZ x (0,a) — R/KZ x (0,a), (r,t) — (r+kja-t,t)

defines a homeomorphism of X as follows. We write Z for the image of the isometry ¢.
We define T7: X — X by

, . (3.3.3.1)
x if ze X\Z

Ty(z) = {d) oTog¢ l(z) ifxeZ
If 7 is the core curve of the cylinder Z, then the map Ty is called (Dehn) twist about
the cylinder Z or (Dehn) twist about the core curve . The equivalence class of the map
Ty is a well defined element in the mapping class group T'y(X) = Diff" (X)/Diff’(X) of
X. For us it will be important how a twist T acts on the homology H;(X,Z) by push
forward. Therefore we state the following proposition which can be found in the book
of Farb and Margalit [31, Proposition 6.3.1] in a sligthly more general way.

3.3.4 Proposition. Let Z be a cylinder of a translation surface (X,w) with simple
core curve 7. If ¢ denotes the corresponding class of v in Hi(X,Z) and if @ denotes
the intersection pairing on Hj(X,Z) then the multiple twist 7% (k € N) acts by push
forward on the singular homology as

(Tg)*(v) =v+k-Qv,c)ec.

for every v e Hi(X,Z).

In this thesis we want to study the action of Aff* (X, w) on H1(X,R) by push forward and
Dehn twists will play an important role to do so. Thus given a cylinder decomposition of
the translation surface (X, w) we want to show next how we can construct an element in
Afft (X, w) by a composition of multiple twists on the cylinders belonging to the cylinder
decomposition. On the other hand parabolic elements of the Veech group SL(X,w)
lead to cylinder decompositions of the translation surface (X,w). More concretely in
part (i) of Proposition we show a theorem of W. A. Veech [116, Proposition 2.4]
(see also |119, Lemma 3.8]). The proof of it shows how we can explicitly construct
a reducible element in Aff*(X,w) < I'y(X) from a given cylinder decomposition of a
translation surface if the cylinders have commensurable moduli. Conversely in part (ii)
of we construct a parabolic element in SL(X,w) from a cylinder decomposition
with commensurable moduli. You can find the main idea of the proof of (ii) in [119}
Lemma 3.9]. Anja Randecker worked out all the missing steps in her lecture [102], which
I used as a main source for the following parts.

3.3.5 Proposition (Cylinder decomposition and parabolic elements). Let (X,w) be a
finite translation surface of genus g > 2.
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3. Teichmiiller theory and translation surfaces

(i) Assume there is a cylinder decomposition on (X,w), such that all the moduli
are integer multiples of a fixed a € R\{0}. Then there is a parabolic element
M € SL(X,w) and a concatenation ¢ of multiple twists on the cylinders such that
¢ € AffT (X, w) with derivative Dy = M.

(ii) For every parabolic element in SL(X,w)\{£I} there is a cylinder decomposition
on (X, w) in the direction of an eigenvector of the parabolic element.

Before we can prove this result, we have to show the following statement which is worth
being formulated as a proposition itself.

3.3.6 Proposition. Let (X,w) be a finite translation surface of genus g € N. If the
Veech group of (X,w) contains a parabolic element of the form

1 «
M;, = (0 1) e SL(X,w)

for an element o € R\{0}, then every horizontal trajectory is either closed or a saddle
connection.

Proof. If the translation surface (X,w) has genus g > 2, then it has singularities and
horizontal saddle connections.

(1) Let ¢ € Aff*(X,w) be an affine diffeomorphism with derivative

Dy = <(1) (_f) e SL(X, w).

Let Z(w) be the set of zeros of w with s = #Z(w) € N the number of singularities
of the translation surface (X,w). And let H = {hy,...,ht} be the set of horizontal
trajectories in X which start in a singularity, i.e. the set of horizontal separatrices and
saddle connections. Both sets Z(w) and H are nonempty and finite. Furthermore, the
homeomorphism ¢ induces a permutation of Z(w) and H. Let n = s!- k! and ¢ = ".
Then we have |, = id and ¥(h;) = h; for all i € {1,..., k}.

The diffeomorphism ¢ preserves the horizontal direction and hence 1 preserves the
horizontal direction. We conclude that ¢ is a translation on every h; € H for i €
{1,...,k}. Let the singularity s; € Z(w) be the starting point of the trajectory h;. We
have v|p,(s;) = s; and hence 1|5, = id, respectively ¥|p,...on, = id.

(2) The next step is to show that every element in H is a saddle connection. So assume
that there is an i € {1, ..., k} such that h; € H is not a saddle connection. The trajectory
h; is a separatrix and hence not bounded in one direction.

(2.1) We show that there is an open set U < X such that h; n U is dense in U. So let
p € h; be a point with p ¢ Z(w) and let v be a vertical geodesic that starts in p. Since
there are only finitely many singularities there are only finitely many points r in v such
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3. Teichmiiller theory and translation surfaces

that the horizontal geodesic which starts in r runs into a singularity s before it returns
to the segment v. So let v' < v be a vertical segment (that starts in p € v and ends in a
point p’ € v), such that no horizontal geodesic, which starts in a point of v'\{p}, ends in
a singularity s € Z(w) before it returns to v.

Now shift v’ along h; and consider the rectangle that is generated by the shifting process
(see the yellow rectangle in Figure . The volume of X is bounded and the volume of
the rectangle increases monotonously. This implies that there is a point of time when a
shifted copy of v and the original v’ intersect. We conclude that either h; and v’ have an
intersection point or the horizontal trajectory starting in p’ and v’ have an intersection
point. In the second case we can find a point p” € v' and a horizontal trajectory h/
that starts in p” € v" and ends in p € v'. Both horizontal trajectories h; and h} are
trajectories through p and thus h; = hl. In both cases the horizontal trajectory h; has
an intersection point p” with the vertical geodesic v.

We write pp” for the vertical geodesic from p to p”. We assume now that there is a point
q in the interior int(pp”) of pp” which does not belong to the closure h; of h;. Since h; is
closed, we can find and choose an open geodesic segment I < v of maximal size such that
gelandInh; = . Let ¢ € 0 be the endpoint of I that is closer to p. Since I was
maximally chosen, we get ¢’ € h; and all the points of the forward, horizontal trajectory
h! that starts in ¢’ also belong to h;. With the same arguments as above we conclude
that either h! is closed or we can find a returning point of A} in I, i.e. h! NI # . The
first case is impossible since X is a translation surface and ¢ lies between the two points
p, p” € h;. This would imply that h; is closed as well. The second case is impossible
because otherwise we have h; N I # .

By shifting the vertical segment pp” in horizontal direction we can now choose an open
set U < X in the covered rectangle such that U contains the vertical segment pp” and
such that h; n U is dense in U.

(2.2) We have 9|5, = id from (1) and thus 9|y = id. Let (V, z) be a chart of X with
UnV # . We have ¥|y~y = id and thus ¢ = id. But since « # 0 this is a contradiction

to
1 a\"” 1 n -« 10
D¢:<0 1) :<o 1)75(0 1)’

where D1 € SL(X,w) is the derivative of 1. This shows that H only contains horizontal
saddle connections.

(3) It is left to show that every horizontal trajectory which is not a saddle connection
is closed. Again, we will show this by contradiction. So let h < X be a horizontal
trajectory which is not a saddle connection. We assume that h is not closed and hence
h is infinitely long.

(31) We assume that h is not dense in X. Thus there exists a point p € 0h the boundary
of h. Consider a horizontal trajectory ! through p and a vertical geodesic v through p
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Figure 3.3.: Horizontal trajectories and geodesic vertical segments

which starts in p. Let v/ be the reflection of the vertical segment v at the horizontal
trajectory I. Then v/ is also a vertical segment which has p as an endpoint. From p € h
we conclude [ < h. If [ is infinitely long, we can show as above that the trajectory [
intersects the vertical segment v in a point p’ and the vertical segment v’ in a point p”.
And again as above we can show that every point on the vertical segment between p’
and p” belongs to the closure [ and hence belongs to the closure h. Thus we can find a
neighborhood U of p which belongs to h. But this shows p ¢ dh the boundary of h. We
conclude that [ is not infinitely long and [ is closed or a saddle connection.

(3.2) If h is dense in X then of course all horizontal saddle connections lie in A.

(3.3) In both cases (3.1) and (3.2) we found a horizontal trajectory [ which is either a
closed geodesic or a saddle connection and which has an intersection point with h. But
h is parallel to [ and thus has to be closed or a saddle connection as well. O

Proof of Proposition[3.3.5. (i) Let k € N such that k-« is the least common multiple of
all the moduli of the cylinder.

At first we assume that we have a cylinder decomposition in horizontal direction. We
define the matrix M € SL(2,R) by

1 £ «o
M=<0 1 )
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3. Teichmiiller theory and translation surfaces

The matrix M defines a (possibly multiple) twist on every cylinder which fixes the edges
of every cylinder pointwise. If we now combine the single actions on every cylinder to a
homeomorphism ¢ as in (3.3.3.1f), then we get an affine map with derivative Dy = M €
SL(X, w).

If the direction of the cylinder decomposition is not horizontal then choose a rotation
matrix R € GL(2,R) that maps the direction of the cylinder decomposition to the
horizontal direction. Since R is a rotation we hereby do not change the moduli of
the cylinders. With the arguments from above we have M € SL(R.(X,w)) and thus
R™!MR is an element of SL(X,w). For the trace of the matrix M and R"'M R we get
trace(M) = trace(R~'MR) = 2 and hence both matrices are parabolic.

(ii) Let M e SL(X,w) be a parabolic element. First of all we assume that M is of the

form
eilo 1) (00 5))
for a € R\{0}.

As in Proposition we can show that every horizontal trajectory is either a saddle
connection or closed. If we have a closed horizontal trajectory there is an e-neighborhood
in which we also have only closed horizontal trajectories. In this way we can define cylin-
ders on (X,w). If we now choose maximal cylinders we obtain a cylinder decomposition

for (X,w).

If we do not have a parabolic element as above then we bring it to the above form
by conjugation as we will now explain. Every parabolic element has trace +2 and
determinant 1. Thus the characteristic polynomial is of the form t? + 2t + 1 € R[¢]. This
implies that every parabolic element has eigenvalue 1 or —1. Let v € R? be an eigenvector
for the parabolic element and choose a rotation matrix R € GL(2,R) that maps v to the
horizontal direction. We rotate the whole translation surface (X,w) by R such that the
eigenvector v gets mapped in the horizontal direction. We receive the new Veech group
SL(R.(X,w)) = RSL(X,w) R~'. The parabolic element R M R~! of SL(R.(X,w)) has
(1,0) as an eigenvector and thus the first column of the matrix R M R™! is of the form
(£1,0). The trace of R M R~! is again £2 and thus the second column is of the form
(o, £1). We conclude that the element R M R~! is of the form above. O

3.3.7 Remark (Parabolic elements and moduli of cylinder). Let (X,w) be a finite
translation surface of genus g > 2 such that its Veech group SL(X, w) contains a parabolic
element. Then the moduli of the cylinders of the corresponding cylinder decomposition
are commensurable.

Proof. Let p € Aff*(X,w) such that the derivative Dy € SL(X,w) is a parabolic element.

Without loss of generality we assume that D¢y induces a horizontal cylinder decomposi-
tion. Let b = ¢™ be defined as in Proposition such that 1 is the identity on every
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3. Teichmiiller theory and translation surfaces

horizontal saddle connection. The horizontal saddle connections form the boundaries of
the maximal cylinders and thus ¢ acts like a twist or multiple twist on every cylinder.
We fix a cylinder and let p € R be the modulus of the fixed cylinder. If ¢ acts as a
k-twist on the fixed cylinder, then we get the identity

1 n-« 1 k-p
Dy = <0 1 ) - <0 1 ) '
Hence . = n/k-« and the moduli of the cylinders are all rational multiples of an element
a e R. U
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4. Mondromy representations and Hodge
theory

4.1 Fibrations

Main references for this section are the book of Spanier [112] and the paper [97] of Palmer
and Tillman. If not stated otherwise we consider in this section always the category of
topological spaces with continuous maps. If we write homotopy of paths we always mean
homotopy relative to the endpoints of the interval.

We write I for the closed interval [0,1]. Let X be a topological space. The funda-
mental groupoid I11(X) of the topological space X is the category where the objects
Obj(II; (X)) = X are the elements of X and where the morphisms between two ele-
ments zo, 71 € X is the set Morp, (x) (7o, 1) of homotopy classes of paths relative to
{0,1}, which start in zp and end in x;. Composition of morphisms is the product of
homotopy classes.

Choose a base point xg € X. The fundamental group with base point xo € X can then be
identified with the subcategory m (X, zg) of II;(X) whose single object is the element
o € X.

4.1.1 Definition. (i) A continuous map p: E — B between topological spaces E and
B is said to have the homotopy lifting property with respect to a topological space
S if the following holds. Given two continuous maps f: S — Fand F: SxI —> B
such that F'(s,0) = po f(s) for every s € S, there exists a map H: S x I — E that
makes the diagram

Sx {0} L E

A
[
/// p

SXIT>B

commute.

(i) A map p: E — B is called (Hurewicz) fibration if it has the homotopy lifting
property with respect to every topological space S.

(ili) A map p: E — B has the unique path lifting property if given two paths a,y: I —
E with v(0) = a(0) and poy = po « then a = .
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Let p: E — B be a fibration and let v: I — B with v(0) = by and (1) = b € B.
Let ¢: p~1({bo}) < E be the inclusion. It follows from the homotopy lifting property
of the fibration p: E — B (applied to the fiber p~!({b,})) that there exists a map
H,: p~1({bo}) x I — E such that the following diagram commutes:

~1({bo}) x {0} %

[ £

({b})x14>1*>

We define a map f[,] between the fibers p~*(bg) and p~'(b1) by

f['y] : pil(bo) - pil(bl)v f['y](e) = H’Y(e’ 1)7

which is well defined by the commutativity of the diagram from above.

4.1.2 Theorem. Let p: £ — B be a fibration.
(i) There is a functor
Fhi Hl(B) — hTop

from the fundamental groupoid II;(B) of B to the homotopy category hTop of
topological spaces, which assigns to b € B the fiber p~1({b}) over b and to [] the
homotopy class [f[,]] of the map f[,] from above.

(ii) If furthermore the fibration p: E — B has the unique path lifting property then
there is a functor
F:11;(B) — Top

from the fundamental groupoid II;(B) of B to the category of topological spaces
which assigns to b € B the fiber p~! ({b}) over b and to [7] the map f},j from above.

It is really hard to find proper proofs for the statements of the preceding theorem in the
literature. Hence we will give the proofs here.

Proof. (1) The functors are well defined:

Let by, b1 € B and v1,72: I — B two paths in B with 71(0) = 72(0) = bg and (1) =
~v2(1) = by such that v; ~ 75 i.e., both paths are homotopic relative to {0,1}. As before
we write ¢: p~1({bo}) < E for the inclusion. Let Hy, Hy: p~'({b,}) x I — E be two
continuous maps which make the two diagrams commute:

“1({by}) {0& E p (b)) x {0& E
Tl h) x I I — B (b)) x T —s T -4 B
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(i) We have to show that the maps f[,,) = Hi(—,1) and f},,] = H2(—, 1) are homo-
topic. For this we use the homotopy lifting property: Let h: I x I — B be a
homotopy 71 =~ 2. We define f: p~1({b,}) x ({0} x I U T x {0,1}) — E by

f(e,t,0) = Hyi(e,t), f(e,t,1) = Ha(e,t), f(e,0,t)=e,

where e € p~1({b,} and t € I.

Since there is a homeomorphism from I x I to itself that maps I x {0} to {0} x
I vl x{0,1}, we can apply the homotopy lifting property of the fibration on
p1({b,}) x I to get a continuous map K: p~1({b,}) x I x I — E that makes the
following diagram commute:

P ({bo}) x ({0} x T U I x {0,1}) =

j '””'””"f("”’ Jp

p_l({b0}>XIXIpT—2’3>IXIL>B

Now the map p~1({b,}) x I — E with (e,t) — K(e,1,t) is a homotopy between
Sty and f,,) because for every e € p~!({b,}) we have the equalities

K(e,1,0) = Hi(e,1) = f,,)(e) and
K(e,1,1) = Ha(e, 1) = f['y2](6)'

(ii) In the second case we have to show that the two maps f; = Hi(—,1) and fo =
Hy(—,1) are equal. This is a consequence of unique path lifting in the follow-
ing way. For every e € p~'({b,}) we have two paths Hi(e,—): I — E and
Hy(e,—): I — E such that

poHi(e,—) = =~y =po H(e,—).

Hence by [112, Lemma 2.3.3] for every e € p~!({b,}) we have the homotopy of
paths Hi(e,—) ~ Hs(e, —) and in particular Hi(e, 1) = Ha(e, 1).

(2) The functors preserve composition of morphisms: Let 7;: [0,1] — B and
v2: [0,1] — B be two paths that are composable i.e., by = 71(1) = 72(0). Let by = ~(0).
By the homotopy path lifting property of the fibration p: £ — B we get again two
continuous maps Hy: p~1({bo}) x [0,1] — E and Hy: p~1({b1}) x [1,2] such that the
following two diagrams commute:

P ({bo}) x {0} = P ({b1}) x {0} 3 B
pil({bOD X [Oa 1] W [07 1] L B pil({bl}) X [0? 1] W [Ov 1] L) B

65



4. Mondromy representations and Hodge theory

We define a continuous map L: p~({b,}) x [0,1] — E by

Let) = Hi (e, 2t), te0,3]
" | Ho(Hy(e, 1), 2t — 1), te[ti 1]

The map L makes the following diagram commute:

p 1({bo}) x {0} P E
L |
B

p~H({bo}) x [0,1] — [0,1] 22

S

By definition we have f[, = L(—,1) and we get the relation (in (i) up to homotopy)

1%72]
f[’ﬂ*’yz] = L(_a 1) = HQ(Hl(_v 1)7 1) = HQ(_7 1) © HI(_7 1) = f[’\/z] © f[n]'

O]

4.1.3 Remark. Let p: E — B be a fibration. Fix a base point by € B. If we restrict
the fundamental groupoid functor in Theorem [4.1.2] (i) to the subcategory m (B, bg) of
I1(B), then the mapping on the morphisms induces a group homomorphism

7T1(B,b0) — WQAut(hp_l({bo})), (4.1.3.1)

where moAut(hp~1({bo})) is the group of homotopy classes of homotopy equivalences of
p~1({bo}). We call the group homomorphism (4.1.3.1) the monodromy of the fibration
p: E — B in the point by € B.

There are many examples of fibrations. The most common class are covering maps
between topological spaces 7: Y — X, which are known to have unique path lifting [112,
Theorem 2.2.3]. A different important class of fibrations are fiber bundles f: £ — B with
B a paracompact Hausdorff space |112, Corollary 2.7.14]. Differentiable manifolds are
paracompact because they are Hausdorff spaces, second countable and locally compact
[82, Theorem 1.15]. In the next example we want to mention another class of fibrations,
which are important in this text.

4.1.4 Proper submersions as fibrations. In this subsection we will mainly follow
section 4.1 of [13] and the paper [60] of Matias del Hoyo. Let B and X be holomorphic
manifolds and let f: X — B be a proper surjective submersion. We write df for the
differential df : TX — T'B. If we equip X with a Riemannian metric gp we can define a
subbundle T" complementary to the kernel ker(df) of df by taking orthogonal comple-
ments on every fiber of TX. We call T" a horizontal subbundle of TX. For every smooth
curve v: I — B with velocity 7': I — T'B and every x € X, there is a unique lift
Gyaz: I — X (ie. fo(y. =) with the following properties:
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e The element ¢’ ,(¢) is an element of the horizontal tangent space Tg: L (X for every
t € I and furthermore df(, ,(t) = +'(t) for every t € I.

e The starting point of (, , is ¢;,2(0) = .

We hence get a notion of parallel transport on f: X — B and the corresponding connec-
tion is called Fhresmann connection. For every smooth curve v: I — B we can find a
liftt H: I x X,y — X by defining H(t,x) = (.(t). With this connection we can locally
smoothly trivialize the family f: X — B. For example in a neighbourhood of B which
is isomorphic to a ball in R™ we can trivialize by parallel transport along radial geodesic
segments. This result is known as the theorem of Ehresmann. The family f: X — B is
a fibration since B is paracompact as a smooth manifold. Moreover for every ¢ € I the
diffeomorphisms

H{(t, ) Xoy0) — Xy

are orientation preserving by the following argument. The map H(0,-) is the identity
by construction. Moreover the determinant is continuous and thus the determinant of
the differential dH (t,-) is greater than zero on charts because it does not vanish. This
shows that for every b € B we get a monodromy representation

mony: 71 (B, b) —> mpHomeo™ (X),

where moHomeo™ (X}) is the group of orientation preserving homeomorphisms of X up
to homotopy.

4.1.5 An equivariant action on families of Riemann surfaces. In this section
we will explain how the fundamental group 71 (B) of the base space B of a holomorphic
family of Riemann surfaces f: X — B acts on the family f: X — B as holomorphic
automorphisms of families. This can for example be found in the article [27] of Clifford
Earle and Patricia Sipe.

We start with a family f: X — B of Riemann surfaces of genus g > 2 with X and B
manifolds. Let 7: B — B be the holomorphic universal covering of B and X =X xp B
the pull back of the family f: X — B, where

XxgB={(zteXxB|f(z)=mr@)}

as a set.

Then f : X — Bis again a holomorphic family of compact Riemann surfaces and thus a
proper surjective submersion. We identify 71 (B, b) with the group of Deck transforma-
tions of the cover m: B — B. Choose a point b € 7~ ({b}). Each Deck transformation
v € m(B,b) defines a bundle morphism A of the family f: X — B by the universal
property of the pullback. On the level of sets we have

A (x,t) = (z,7(t)) for (z,t) € X xp B.
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The universal cover B is simply connected and the fiber f~2({b}) is biholomorphic to
the compact Riemann surface S = f~!({b}). By parallel transport with respect to
the Ehresmann connection we can define for every t € B an orientation preserving
diffeomorphism

s — )

and since B is simply connected this defines a well defined global section of the principal
bundle T(%/g) Hence the family f: X — B is a marked family. We write Uy — T4(S)
for the universal family of the Teichmiiller space T4(S). By the universal property of
Uy — T4(S) we get a unique holomorphic map h: B — T4(S) such that we can write
the family X — B as the pullback of U; — T, via the morphism h: B — T4(9).
By the definition of the pullback we also get a natural projection map H: X — Uy.
The mapping class group I'y(S) naturally lies in the automorphism group of the family
Uy — T4(S). Furthermore, the map H is equivariant with respect to the action of the
fundamental group (B, b) on f: X — B as above and the action of 1 (B, b) on Uy via
the monodromy representation mony: 7 (B,b) — I'y(S5), i.e.

HoA, =mongs(y)o H (4.1.5.1)

for all v € m1(B,b). See [27] for a proof.

4.1.6 Remark. By a result of Grothendieck [50, Theorem 4.1] it is possible to re-

construct the family f: X — B with the help of formula (4.1.5.1) from the morphism
h: B — T4(S) and the monodromy representation mony: mi(B,b) — I'y(S).

This is a really interesting result because we want to consider families for covers of
Teichmiiller curves later in this text. More concretely: Let g > 2, then a Teichmiiller
disk is by definition a holomorphic isometric embedding D — T, into the Teichmiiller
space of genus g compact Riemann surfaces which is an isometry for the Poincaré metric
on D and the Teichmiiller metric on T,. Under rare circumstances the image A of
D — T4 projects onto an algebraic curve in My. Let I' < I'y be the global stabilizer of
A under the action of the mapping class group. Then the projection A — M, factor
through I' and we obtain a holomorphic map A/T" — M,. One can show that C' = A/I"
is the normalization of the image of A in M, (see Proposition . Remark
and especially formula can help us to understand families of compact Riemann
surfaces over covers of C' = A/T.

4.2 Monodromy of locally constant sheaves

Another important class where the notion of monodromy appears, are sheaves, which
are locally isomorphic to a constant sheaf of R-modules for a ring R. Such sheaves are
also called local systems. For every locally constant sheaf of R-modules I on a path
connected topological space X one can construct monodromy maps

m1(X, x0) — Aut(Ly,)
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as in section about fibrations. (We denote by L,, the stalk at the point xg € X).
We want to explain in the following why the construction in Claire Voisin’s book [118§]
is more or less similar to that of fibrations from the previous section.

Essential for the construction of the monodromy functor was the homotopy lifting prop-
erty of fibrations. The equivalent statement for locally constant sheaves is provided by
the next lemma.

4.2.1 Lemma. Let M be a R-module and let S be a locally connected topological
space and let F be a local system with stalk M on S x [0,1]. A global section ¢° on
Flsxgoy = ¢ 'F for the inclusion ¢: S x {0} — S x [0,1] extends uniquely to a global
section o of F.

Proof. Since JF is locally constant and [0, 1] is compact we can find open connected
subsets U; © S (i € I) and for every i € I real numbers 0 < 7, < 7541 <1 (1 <k < N;)
sucht that 7,0 = 0 and r; n, = 1 for every ¢ € I and such that the restriction of F to
Ui x [rik,Tik+1] is a constant sheaf for every i € I and every 1 < k < N;. Since Uj is
connected we get for every 1 < k < N; the identities

D(Ui x [rig-1,7ik], F) = TUi, Flu,xgry0y) = TWUi % [Tk, 7 k411, F)

Thus 0°|y,« g0} extends to a section o; € D(U; x [0,1],F) for every i € I. Again, since
J is locally constant one can show that sections o; and o; coincide on the intersection
U; x [0,1] nU; x [0,1]. Hence the sections o; (i € I) glue to a global section ¢ of F. [

From this Lemma one can deduce the following.

4.2.2 Lemma. Let J be a local system with stalk M on S x [0,1], where S is again a
locally connected topological space. We write pry: S x [0,1] — S for the projection to
the first component and we write § for the sheaf pry ' (F| gy (0})- Then there is a canonical
isomorphism of sheaves

~

F = G.

Proof. We write Hom(F,G) for the Hom-sheaf between F and §. For an open set
U < S x [0,1] the elements in I'(U, Hom(5, G)) are the morphisms of sheaves between
F|U and G|U. Since F and G are local systems the sheaves Hom(F|g, 0}, Glsx{0}) and
Hom(F, G)|sx o} are isomorphic. The restrictions F|g, oy and G[g o} are canonically
isomorphic by construction. Let

o € I'(S x {0}, Hom(Fsx (0}, Slsx{0}))

be the corresponding canonical section. By [74, Proposition 2.3.10] the sheaf Hom(F, 9)
is locally constant and thus by the previous Lemma the section ¢ can be extended
to a morphism of sheaves between F and §. It turns out that this extension is an
isomorphism (see Lemma 3.8 in [118§]). O
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4.2.3 Theorem. Let X be a topological space and let IL be a locally constant sheaf on
X. The construction in the following proof induces a well defined functor

F:1,(X) — R—Mod

from the fundamental groupoid II; (X) of X to the category of R-modules which maps a
point z € X to the stalk L, and which maps a class [y] to an isomorphism of R-modules
from Lfy(O) to ]L’Y(l)'

Proof. Let v: [0,1] — X be a path from x to y. Consider the inverse image §7 = v~ 'L
which is a locally constant sheaf on [0,1]. We have that 7|} is the constant sheaf with
stalk I, and 97]{1} is the constant sheaf with stalk L,. If we apply the previous Lemma
twice (with S = {pt}) we get for i = 0,1 canonical isomorphisms

57 — pr; (7)) (4.2.3.1)

For ¢ = 0,1 the sheaf prf1(97|{i}) is the constant sheaf with stalk L, respectively L,
on [0,1] since the inverse image of the constant sheaf Gl(; is constant. The set [0, 1]
is connected and hence for i = 0,1 every stalk of the constant sheaf pr1_1(9'7|{l-}) is
naturally isomorphic to the module of global sections. This is especially true for the
stalks L, = (prl_lg”’]{o})o and L, = (prl_197|{1})1. Hence the morphisms of sheaves from

(4.2.3.1) lead to isomorphisms

Pr,y: F([Oa 1,97) — F([Oa 1],pr1_1(97|{0})) — Ly
and
‘Py,'y: F([Ov 1]7 97) - F([Ov 1]7 pr;1(97|{1})) - ]Ly~

We define A, = ¢, 0 o, € Iso(Ly, Ly).

Next we have to show that our map is well defined, i.e. that A, = A, for paths
v,1n: [0,1] — X which are homotopic. Let h: [0,1] x [0,1] — X be a homotopy of paths
with

h(s,0) =~(s), h(s,1)=mn(s), h(0,t)=x h(l,t)=y

for s,t € [0,1]. We consider the inverse image sheaf h~!L. Tt is easy to see that
(K 'L)lixoy =7 'L and  (h7'L)|jqy = n 'L

If we apply Lemma @ to (h_lL)\IX{O} and to (h_I]L)|IX{1} we get for v and 7 isomor-
phisms that identify h~'LL with the constant sheaf with stalk L, on [0,1] x [0,1] and
isomorphisms that identify A 'L with the constant sheaf with stalk L, on [0, 1] x [0, 1].
By Lemma (and the proof of the Lemma) these isomorphisms coincide pairwise
since v and 7 start and end in the same point. Thus the maps ¢, ~, ¢z, coincide and
the maps ¢y, ¢y, coincide. We conclude A, = A,,.

Now it is left to show that [y#n] — A, 0 A, for paths v,7: [0,1] — X with v(1) = n(0).
We omit this part since it uses basically the same arguments as before. O
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From this theorem we get two corollaries.

4.2.4 Corollary. Let X be a path connected and simply connected topological space.
Then every local system G with stalk M on X is isomorphic to the constant sheaf My
with stalk M on X.

Idea of the proof. Let x € X then for every y € X there is a path v: [0,1] — X with
7(0) = z and ¥(1) = y and an isomorphism A, between the stalks G, and G,. In the
proof of Proposition 3.9 in the book [118] Voisin describes how the A, glue together to a
global section of the sheaf Hom(Mx, G) of locally constant homomorphisms between Mx
and G. She argues that this section is an isomorphism since Mx and G are isomorphic
in a neighbourhood of x by assumption. O

4.2.5 Corollary. Let M be a R-module and let I be a locally constant sheaf of stalk M
on a path connected, locally simply connected topological space X. Fix a point xg € X
and an isomorphism ¢: L,, — M. Then the construction in the proof of this corollary
is a well defined group homomorphism

(X, z9) — Aut(M).

There are two ways to obtain the group homomorphism. One can either use Theorem
directly or one can do an intermediate step with the universal cover of X and
Corollary Both approaches appear in the literature and especially the second one
is important later in Subsection about period mappings. This is why we want to
explain both ways and why they lead to the same group homomorphism.

Proof of Corollary[{.2.5. Approach 1: Let ¢ € m(X,z0) and let v: [0,1] — X be a
closed path which represents c¢. By Theorem [4.2.3|we get an isomorphism A : Ly, — Ly,
which is independent of the representantive of the class c. Define

(X, o) — Aut(M), [y]—> poAd,op .

Approach 2: If 7: X — X is an universal cover of X then 7~ 1(IL) is isomorphic to the
constant sheaf with stalk M on X by Corollary Write

.1

for the isomorphism of sheaves. Then  is uniquely determined by the chosen isomor-
phism ¢: L, = M.

Fix a point yo € 7~ ({zo}), then for every ¢ € m (X, z0) the isomorphism /3 induces
an isomorphisms B.: 7 1(L)ey, — M between the stalk at ¢ - yo and M. Furthermore
(W_lL)c.yO and L, are naturally isomorphic by the definition of the inverse image 7~ 'L.
Write a: (77 1L)¢.yy — Ly, for this isomorphism. Then define the group homomorphism

m (X, ) — Aut(M), c— @oaCOBC_l
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Compare Approach 1 and Approach 2: We explain now why the construction in Approach
2 leads to the same group homomorphism as the construction in Approach 1 with the
monodromy functor from Theorem We identify 71 (X, z¢) with the Deck group of
7: X > X. Let ce m (X, x0) and ¥: [0,1] — X a continuous path from g to ¢-yo such
that v = 7m(¥) is an element of the class ¢ € m1 (X, zp). By Theorem the paths 5
and 7 = 7(¥) induce isomorphisms of stalks

Ay (WﬁlL) — (77'L) and Ay: Ly, — Ly,.

Yo cYo

By definition of the inverse image sheaf 7~ 'L we get again isomorphisms
ap: (7T_1L)y0 —> L, and a: (W_IL)c.yO —> Ly,.

Now we have the identity A, = a0 A5 0 ozfl. This is because we can cover the compact
set ([0,1]) by open sets U; such that 7|y, is a homeomorphism onto its image and in
this case 7~ 1(L)(U;) = L(7(U;)).

We recall the construction of the isomorphism 8: 7~ 'L — M 5 in The main idea
was to identify the stalk (7~!L),, with any other stalk (7~1L), via the isomorphism A4,

from Theorem where 7: [0,1] — X is a continuous path which starts in o and
ends in z. This immediately implies the identity

ﬁczgooaloAgl.

for ¢ € m (X, x9) and ¥ a path from yg to ¢ - y9. We showed that both approaches lead
to the same group homomorphism. O

4.2.6 Definition. Let L be a locally constant sheaf of R-modules and X a path con-
nected locally simply connected topological space X as in the previous corollary. Fix
again a point xp € X and write M for the stalk L,,. Then the group homomorphism

m1(X, o) — Aut(M)

is called the monodromy representation of the local system 1L in the point ro € X.

If our base space X is path-connected and locally simply connected we even have that the
monodromy maps from above define an equivalence of categories between the category of
local systems on X and the category of abelian groups equipped with a m (X, zg)-action.
Given an abelian group A equipped with a 71 (X)-action we can naturally associate a
local system L to it as we want to explain now. If 7: X — X denotes the universal
cover of X and Ay is the constant sheaf with stalk A on X , then we define the sections
of L over an open set U < X as follows. The elements of I'(U,LL) are the sections o of
I(7~1(U), Ag) with the property

o(y-x)=7-0(x)
for all z € X and for all ~v € m(X). For the whole proof see [118] Corollary 3.10.
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4.2.7 Proposition. Let X be a topological space, Let M be a R-module and let I be
a locally constant sheaf of stalk M on X. Let W be a second R-module and let

Q:L®rL - Wx

be a bilinear map. Let z,y € X and v: [0,1] — X be a path from = to y. Write
A,: L, — L, for the isomorphism by parallel transport from Theorem Then
Qyo (A, ®A,) = Q. Orin other words parallel transport preserves the bilinear map
Q.

Proof. Let v: [0,1] — X be a path from z to y. We denote again §7 := v 'LL. Then
there are the isomorphisms of sheaves

Ya: §1 — (Lol and dy: §7 — (Lo,

from the proof of Theorem Let 8 be the presheaf U — G7(U) ®r §7(U), where
U c [0, 1] is open. Since Wy is constant, the morphism of sheaves ) induces a morphism
of presheaves between § and v 'Wx = Wio,17- Thus the universal property of tensor
products on sheaves induces a morphism of sheaves

Qv G ®r G — Wioy.

By Lemma the bilinear maps @ : L; gL, — W and Qy: L, ®r Ly, — W extend
to sheaf morphisms

QW: (La)jo,11 ®r (La)jo1) — Wo,) and QW (Ly)o,11 ®r (Ly)o,1) = Wio,
The universal property of tensor-products on sheaves leads to sheaf morphisms
'(Z:L‘: S"®r 9" — (Lx ® ILJ:(:)[O,l] and Jy: S®r9 — (]Ly & I[dy)[O,l]

induced by v, x 1, respectively 1, x 1),. The construction of trivialisations in Lemma
shows that the following diagrams commute:

§®r G — s Wio1) §®r G — s Wio1)
J@Zz lid lﬂ lid
(La)o,11 ® (L))o, W Wio 1 (Ly)po,11 ®r (Ly)po,1] W Wio 1

The natural isomorphism from the global sections I'([0, 1], W[g1}) = W to the stalks
(Wio11)o = W and (Wjg11)1 = W is also given by the identity map. We thus get the
following commutative diagrams:

Ls ®r Ly —5— T([0,1], (Lz)o,1) ®r (La)jo,1) «—— T'([0,1], 57" ®r §7)

Tig
lcaw lr@ﬂr) lmw

W t———— W =T([0,1], Wio,1)) «——5— W =T([0, 1], Wpo 1))
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and

Ty .
L'([0,1],5"®r §7) —— T([0, 1], (L) [0,1] ®r (Ly){0,17) — Ly ®r Ly

iI‘Q,Y lr@(y) le

W= F([Ov 1]>W[0,1]) l—d> W= F([Ovl]vw[ﬂ,l]) * w

Here the homomorphisms g and ¢ are the natural isomorphisms of the global sections
of (L) [0,11®r (L) [0,1] respectively (Ly)[0,11®r (ILy)[0,1] to the stalks in the point 0 € [0,1]
respectively 1 € [0,1]. The concatenation of the isomorphisms in the first two rows of
the diagrams is the homomorphism A, ® A, : L, ®r L, — L, ®rL,. The commutativity
of the diagrams shows Q, 0 A, ® A, = Q. O

4.2.8 Local systems associated to proper submersions. Let f: X — B be a
proper submersion between holomorphic manifolds B and X. We saw in Section [4.1.4]
that for every b e B we get a monodromy representation

mony: 71 (B, b) — moHomeo™ (X),

where moHomeo™ (Xp) are the orientation preserving homeomorphisms of X up to ho-
motopy. Since homotopic maps induce the same homomorphisms on cohomology, for
any k > 0 we get a homomorphism

Yy, : mgHomeo™ (X) — GL(H"* (X3, Q)),

induced by the action of moHomeo™ (X}) on the cohomology groups H* (X, Q) by pull
back. This leads to a homomorphism py = 1, o mony from m;(B,b) to the group
GL(H*(X},Q)). Since orientation preserving homeomorphisms preserve the intersection
pairing Q, on H*(X3,Q), we get for every k € N a homomorphism

pr: T1(B,b) — Aut(H*(X;, Q), Qr). (4.2.8.1)

As in Remark we can show with the Theorem of Ehresmann that for every natural
number k € N the sheaf RF f,Zy is locally constant. Furthermore if we glue local trivi-
alisations of f: X — B we can easily describe the monodromy representation associated
to the local system RF f,Zy. We will formulate this in the next proposition.

4.2.9 Proposition. Let f: X — B be a proper submersion between holomorphic man-
ifolds and let b € B. Then for every k € N the monodromy representation of the local
system RF f.Z~ is given by the group homomorphism

Pk : 7Tl(Ba b) - AUt(Hk(xba Q)a Qk)

from (4.2.8.1)).
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Proof. [118, Section 3.1.2] or [6, Proposition 1.2.6]) O

We want to state an important result from Alan Landman [81] for the algebraic repre-
sentation.

4.2.10 Theorem (Monodromy Theorem). Now let X — D* be a family of compact
Riemann surfaces over the punctured unit disk D* = {t € C | 0 < [t| < 1} and let
v € m1(D*) be a generator. Denote by pi(v) = Vs the Jordan decomposition of pg(7)
into its semistable and unipotent part. Then there is a natural number m € N with
(vu —1d)™ = 0 and 7 has finite order.

Let f: X — D* be a family of compact Riemann surfaces. If we replace D* by a
finite cyclic cover we can assume that the family has unipotent algebraic monodromy
by Theorem This is important because it allows us to extend the local system
R f,Zx. This is the content of the next section.

4.3 Flat vector bundles

4.3.1 Local systems and flat vector bundles. There is another important charac-
terization of local systems as vector bundles with flat connections. A good reference is
[117] section 9.2.1].

Let B be a complex manifold and denote by Op the sheaf of holomorphic functions on
B. If V is a local system of C-vector spaces then we can associate to V a locally free
Op-module V|, respectively a vector bundle by

V =V®c O0p.

This vector bundle naturally comes with a flat connection Vy: V — Qg ®p, V in the
following way. Let s be a section of the vector bundle V and let U < B be an open
subset, such that I'(U, V) is isomorphic to a C-vector space with basis s1,...,s,. Then
sly =2, fisi with f; € Og(U) and we define

- Ofi

(9Zj

Vysly = > dfi ®si = dz ® si. (4.3.1.1)
=1

3,j=1

This definition is independent of the chosen basis and glues together to a map of sheaves.
A proof of the following proposition can be found in |117, Proposition 9.11].

4.3.2 Proposition. Let B be a complex manifold. The functor
V— (V®&c 05, Vv),

defines an equivalence of the category of local systems over B and the category of complex
vector bundles over B equipped with a flat connection.
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4.3.3 Deligne canonical extension. We write D for the unit disk and denote D* =
D\{0}. Let n,k € N with k£ < n and let B = (D*)* x D" as well as X = D". Then
D = X\B is a divisor with normal crossing singularity since D is given by the equation
Hle t; = 0 for local coordinates t1,...,t, of the polydisk X.

Let V be a local system of C-vector spaces over B and let V = V®¢ Op be the associated
holomorphic vector bundle with flat connection

VviV—>QB®OBV

Choose an isomorphism of the fundamental group 71 (B, b) of B with base point b € B and
the group Z*. We write p: m1(B,b) — GL(V}) for the monodromy representation of the
local system V. Choose generators 71, ...,v, € m1(B,b) corresponding to the standard
generators e, ..., e, of ZF under our identification and assume that the monodromy
operators T; := p(7;) € GL(V}) are unipotent elements for every i = 1,... k.

We will sketch the construction of Deligne’s canonical extension of (V,V) to a vec-
tor bundle over X with a meromorphic connection (Vext, Vext) [19, Proposition I1.5.2].
Without loss of generality we assume k = n and hence B = (D*)". Let V be a vector

bundle of rank r. For every ¢ = 1,...,n we define a nilpotent matrix
Ni= — " logTi = Z
_ og T
"oomy/—1 &L 27r\/

where the sum on the right hand side is finite since the matrices T; € C"*" are unipotent
by assumption. A universal cover muniv: H™ — B is given by

Tuniv(21, -+ 2n) = (exp(2mV/ =1 21), ..., exp(27vV—1 2,)).

The fundamental group Z" of B with standard generators ey, ..., e, acts on H" by Deck
transformations by the rule

€i(21y s Ziyeeoyzn) = (21, 2i — 1,000, 2pn).

The pull back 7t . 'V of the bundle V to the universal cover H" can be globally trivialized
and hence the sections of V over B correspond to holomorphic maps s: H" — C" which
are equivariant with respect to the action of the fundamental group Z™ on H" and the
action of the group of monodromy operators on C". This means that for every z € H"
and every i = 1,...,n the equality s(e;.z) = T; s(z) is required. For any vector v € C”
we define a holomorphic map

n
Sy: H" — C",  5,((21,...,2n)) = exp (277\/—1 Z szj> v

j=1
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We fix a vector v € C" and the holomorphic map §,: H* — C". Then for every i =
1,...,n and every z € H" we have the property

Sy(ei.z) = exp (277\/: (Zn: ZjNj — NI>> v
j=1

= exp(—2mV—1N;) - 5,(2) = T; - 3,(2).

This shows $S,(e;.2) = T; - Sy(z). In other words, the holomorphic map s, defines a
holomorphic section s, of V — B. By construction of the universal cover myy;,: H* — B
and by construction of the section s, € I'(B, V), we see that s, is meromorphic on X
and holomorphic on B = X\D with growth O(log|t[*) close to D, where |t| = 1/d(t, D).
Let : B — X be the inclusion. For every v € C" we have s, € I'(X, 1, V) and we define
Vext as

(sp |veC)®c Ox < 14 V.

All the matrices N; commute with each other and hence we obtain for all (z1,...,2,) €
H™ the equality

n n
exp (277\/—1 Z szj> = H exp (271'\/—1 szj) .
j=1 J=1
For i =1,...,n, we conclude for the partial derivatives
n n
0/0z; <exp <27r\/—1 Z szj>> = 2w/ —1- N; - exp (277\/—1 Z szj> .

J=1 Jj=1

On the pull back 7Tu_nliVV of the local system V to H" we have a natural connection V

defined as in 4.3.1.1} If v € C" and §,,: H” — C" is defined as above, then

V§v=2ﬂ'\/—1 Z de®Njgu.

J=1

For the coordinate t; = exp(2my/—1zx) of B we get dty/tp = 2m+/—1dz and hence the
connection Vgt : Vext — Q}( ®o0y Vext that fits to our construction is given by

O dt
Vext(sv) = Z T]®N] Sy-
i=1 7

The 1-forms dt;/t; are so called logarithmic 1—formsﬂ The tuple (Vext, Vext) is a regular
connection in the sense of [19, Definition II.1.11]. The construction of the Deligne
canonical extension is the main part of the following theorem (see [107, Chapter 6,
Section 6.1] or [98, Theorem 11.7] for more details).

'The sheaf of logarithmic one forms on X which are holomorphic on B = X\D is often written in the
literature as Q% (logD).
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4.3.4 Theorem (Deligne’s Riemann Hilbert correspondance). The construction delivers
a functor

Vi— ((V ®(C oB)ex‘w (vV)ext)a

which includes the category of locally constant sheaves on B = X\D into the category
of holomorphic vector bundles on X with a regular meromorphic connection.

4.4 Mixed Hodge structures

The proof of Theorem [A] relies on Hodge theory. In this section we want to collect all
the tools we need. We can warmly recommend the book [98], which we used as a main
reference in this section, and the book [117]. But also chapter 3 of [65] summarizes parts
of the theory very nicely.

4.4.1 Definition (Hodge structure and Hodge decomposition for modules). Let V7 be
a Z-module of finite rank and let k € Z.

(i) A Hodge structure of weight k on V7 is by definition a decreasing filtration { FPV}pez
of the associated complex vector space V¢ = Vz ®z C by complex subspaces such
that for every p, g € Z with p + ¢ = k + 1 the condition

Ve=FPVOF1V
holds.

(i) A Hodge decomposition of weight k on Vz is a decomposition of the associated
complex vector space

V(CZ @ VP4
p+q=k

such that VP4 = V4P for the complex vector spaces VP4 < V¢ (p+ g = k). The

numbers hP? := dim(V?9) are called Hodge numbers of the Hodge structure.

(iii) Let Vz and Wy be two Z-modules equipped with Hodge decompositions of weight
k. We say that a morphism f: Vz — Wy is a morphism of Hodge decompositions
if foc(VP?) < WPH for every p, q € Z, where fc is the complexification f¢ of f.

4.4.2 Remark. Let V7 be a Z-module of finite rank and k € Z. The definition of Hodge
structure and Hodge decomposition in Definition [£.4.1] describe the same structure on
Vc by the following arguments. Given a decreasing Hodge filtration {F?Vc},ez on V¢,
the complex spaces

VP:= FPVe nFiVe  (p,q€Z, p+q=k)
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define a Hodge decomposition. The other way around, if we have a decomposition
Ve = @pt¢=1 VP17 as in Definition m (ii) then the subspaces

FPVe = PV (peZ)
izp

define a Hodge filtration {FPV¢}pez on Ve.

4.4.3 Example (Hodge structure on integral cohomology). Let X be a compact Kéhler
manifold then the cohomology group H*(X,Z) has a Hodge decomposition of weight
k. We identify H*(X,C) by the isomorphism of De Rham with the k-th De Rham
cohomology, which we want to denote in the following by HSR(X ,C). The k-th De
Rham cohomology admits the well known decomposition

HY(X,C) = Hir(X,C) = P H(X),
p+q=k

where HP4(X) is the space of harmonic (p, ¢)-forms on X (see [98, Theorem 1.8]).

Furthermore if Y is a second compact Kéahler manifold and f: X — Y is a holomorphic
map, then the pull back map f*: H*(Y,C) — H*(X,C) maps H?4(Y) to HP(X) for
p + ¢ = k and hence defines a morphism of Hodge decompositions.

4.4.4 Example (Hodge structure of Tate). Let m € Z. An important and basic example
of Hodge decomposition is the Hodge decomposition of Tate on the module Z(m) :=
(2m/—1)™Z, which consists of the single vector space

H™™ ™M :=7Z(m)®z C = C.

It has weight —2m.

4.4.5 Constructions. We want to introduce the most relevant constructions on Hodge
structures. Let Vz, Wz be Z-modules of finite rank with Hodge decompositions

V(C: (—B VP4 and W(CZ @ W

p+q=k r+s=m
of weight k£ and weight m.

(i) Morphisms: 1If Homy(Vz, Wy) is the module of all Z-module homomorphisms be-
tween V7 and Wy, then we can identify Homgz(Vz, W7z) ®z C with the finite vector
space Home(Ve, W) and there is a Hodge decomposition of weight m — k on
Homy (Vz, W7) given by the subspaces

Hom(V, W)"* := {p: Vo — We | p(VP1) c WPTIT2Y p, g}

of the complex vector space Homg (Ve, We).
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(ii) Tensor product: We can identify (Vz®z W7)®zC with the complex tensor product
Ve ®c We and get the natural subspaces

(Ve®@We)™*:= @O VMW",

p+r=u,qt+s=z

which define a Hodge decomposition of weight k + m on Vz Qg W7.

4.4.6 Definition. An integral polarization of a Hodge structure of weight k£ on a Z-
module V7 is a morphism of Hodge decompositions

QZ VZ ®Z VZ —> Z(—k),

which is (—1)*-symmetric, i.e. Q(v @ w) = (—1)*Q(w ® v) for all v,w € Vz and such
that the hermitian form

Hv,w) := 270vV=1) Qc(C v ® W)

is positive-definite on V. Here C denotes the Weil operator, which is defined by C|VP? =
v/—177%id and hence respects the Hodge decomposition.

4.4.7 Remark. Let V; be a Z-module equipped with a Hodge structure with Hodge
decomposition Vo = @p1q= VP respectively a decreasing filtration {FPVi}pez. Fur-
thermore let Q: Vz ®z Vz — Z(—k) be a polarization for the Hodge structure in the
sense of Definition The only relevant part of the Hodge decomposition of Z(—k)
is given by H %% = C. Hence we directly deduce from the definition of polarization
the following relations:

Qc(VPI V™) =0 wunlessp=sandqg=r
V-1""H(v,0) >0 forp+q=Fkand0#uve VP4

The first relations together with an argument on dimensions shows that FK~™+11 is the
orthogonal complement of F™ V¢ with respect to Q¢ for every m € Z. This is indeed an
equivalent formulation of the first relation. The two relations above are called Riemann
relations. The first relation also ensures that H is an hermitian form on the whole space
Ve. The second one that H is positive-definite. Alternatively we could have defined a
polarization as a bilinear form on Vz which is symmetric for even k and alternating for
odd k such that the Riemann relations are fulfilled. See the discussion in [98] Section
2.1. for more details.

4.4.8 Hodge-Riemann pairing. Let X be a compact complex manifold and let w €
H?(X,7) be an integral Kihler class. We call such a pair (X,w) a polarized manifold.
The manifold X is projective by the Koidara embedding theorem, i.e. we have an
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embedding X — P" for some n > 0. Let d = dim¢(X) the dimension of X and let
k < d. We write L for the cup-product

L: HYX,Z) — H*"*(X,Z), a—w A a.

We define the intersection pairing or Hodge-Riemann pairing Qy: H*(X,Z)x H*(X,Z) —
Z(—k) by
(_1)k(k—1)/2

d—k

The primitive cohomology H*(X,Z)prim = ker(L?*+1) is naturally equipped with a
Hodge decomposition by the spaces

(., ) —

HPS, = HY(X,C)prim 0 HPU(X)  (p+q = K).
The pairing Q on H k(X ,Z) now defines an integral polarization on the primitive part
H*(X,Z)prim- See section 7.1.2 of [117] for more details.

4.4.9 Definition (Mixed variation of Hodge structures and Hodge decomposition). Let
B be a complex manifold and let k € Z.

(i) A (mized) variation of Hodge structure of weight k on B (short: VHS of weight k)
consists of a local system V7 of finitely generated abelian groups on B and a finite
decreasing filtration {F? V},cz of the holomorphic vector bundle V := Vz ®z Op
by holomorphic subbundles with the following properties:

e For each b € B the filtration {FPV;} defines a Hodge structure of weight k
on the finite complex vector space Vz; ®z C.

e The flat connection Vy,: V — Q}B ®pp V associated to the local system Vz
satisfies Griffith’s transversality condition

Vv, (FPV) € Qf Qo FPV.

(ii) A morphism of variation of Hodge structures of degree r is a morphism of the
underlying local systems ¢: Vz — Wy such that the extension of ¢ satisfies
o(FPV) c FPt"™W.

4.4.10 Remark. Given two VHS (Vz, {FPV},ez) and (Wz, {FIW}.cz) of weight k
and m on a complex manifold B, then there is a VHS on Vz ®z Wz of degree k + m
and a VHS on Hom(Vz, Wy) of degree m — k. In other words the category VHS(B) of

variations of Hodge structure on a complex manifold B is equipped with the operations
tensor product and homomorphisms.
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4.4.11 Remark. Let (Vz,{FPV}) be a VHS of weight k£ on the complex manifold B
as in Definition We can consider the holomorphic subbundles FPV (p € Z) also
as real C®-bundles on B and thus their complex conjugates are anti-holomorphic. We
define

VP .= FPV A FIV  (p,qe 7).

From this we get a decomposition of V in C'°-subbundles
V= P vra (4.4.11.1)

ptq=k

The decomposition in (4.4.11.1)) defines a Hodge decomposition on every fiber Vy, (b € B)
of V and hence we want to call it Hodge decomposition of the VHS.

On the other hand, if there is a decomposition of the flat vector bundle V = V;®70p as
in equation such that for an integer k the bundles El—)i?p Vi*~% are holomorphic
and moreover fulfill Griffith’s transversality condition, then we obtain in this way a
variation of Hodge structure of weight k.

4.4.12 Variation of Hodge structures on a family of algebraic manifolds. We
want to discuss an example from [46], where Griffiths defined a variation of Hodge struc-
ture on a family of algebraic manifolds. So let B and X be complex manifolds and let
f: X — B be a family of algebraic manifolds. Furthermore we assume that X is bimero-
morphic to a Kéhler manifold. The complex space X is for example bimeromorphic to a
Kahler manifold if it is an algebraic manifold.

Consider the local system RYf.Zy, where RYf, is the g-th right derived functor of the
direct image functor. We associate to it the vector bundle

HYL(X/B) := R f.Zx ®z Op.

We write df: TX — f*TB for the differential of f: X — B. If T(X/B) denotes the
kernel of df and N(X/B) the image of df then we have an exact sequence

0 —> T(X/B) —> TX —> N(X/B) —> 0.

If Df: f*QL — Qf is the dual morphism of the differential df with image D f(f*Qk) <
Q%C then we get the dual exact sequence

0 — Df(f*Q%) — Q% — QL/Df(f*Q%) — 0.

In the following we write Q%C /B for Q3./Df(f*Q}). The locally free sheaves ar B =
No, U ) form a complex

Q56/3 = (Ox — Q%C/B - Q§C/B —...),

the relative de Rham complex. Let Q3. B J* be an injective resolution. Inductively
we can built a simultaneous injective resolution J* — J*° such that J? — JP*® is an
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injective resolution for every p = 0. This is called a Cartan-Eilenberg resolution. Read
more about Cartan-Eilenberg resolutions in [115, p. 23.3.7]. We write J* for the total
complex of J*°. One can show that J* and J°* are quasi-isomorphic. We apply the
functor fx to J and J** and consider the spectral sequence EX'? = EPY(f,J**) with
upward orientation associated to f.J**. The spectral sequence EF? degenerates at
E1 98, Proposition 10.29] and the E"? converge to

HP(f,3%) = HPT9(f,0%) = RPT£(Q% ).

By [98, Theorem 10.26, Corollary 10.27] we have HEL(X/B) =~ ka*(QSC/B) and the
above translates to

EYY = ROf p — HpR! (X/B) = R £ (Q ).
Hence we get for every k € N a filtration

B0~ FFc Pl ... c F' ¢ F° = HfR(X/B)
with Ef_i’i ~ F_i/Fy—it1 for every i =0,... k.

4.4.13 Theorem. Let f: X — B be a family of algebraic manifolds such that X and
B are smooth and such that X is bimeromorphic to a Kéhler manifold. Then for every
k € N the local system RF f,Zy with the filtration {FP} on HEg(X/B) from above is a
variation of Hodge structure with respect to the Gauss-Manin connection.

Proof. |21, Theorem 3.6] or |98, Corollary 10.31] O

4.4.14 Remark. In the following text we consider most of the time f: X — B a
family of compact Riemann surfaces and the local system R!f.Zy. For k = 1 we get
EYY = £ /p and E;Y = R'f,Ox. The filtration on HJg(X/B) is then given by

0=F*c F' = fQyp c F* = Hhr(X/B). (4.4.14.1)

4.4.15 Variation of Hodge structure for the Leray primitive cohomology sheaf.
Let f: XX — B be a family of algebraic manifolds as in section Furthermore let w
be a global section of R?f,Zy such that the restriction wy of w to the stalks H?(Xp,Z)
(b € B) are integral Kéhler classes. We call a family f: X — B together with a global
section w as above a polarized family of algebraic manifolds. Recall that for every b e B
the pair (Xp,wp) is a polarized manifold in the sense of

Let d = dimc(X) (b € B) be the dimension of the fibers of f: X — B and let k < d.
Cup-product with the Kahler class wy leads to a map

H*(Xy,Z) — H*2(X,Z), o — wy A
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between the stalks H*(Xy, Z) of RF f,Zy and H**2(Xy,Z) of R¥*2 f,Zy. The morphisms
on the stalks glue together to a morphism of sheaves

L: R¥§.Zo — RFT2 1, 7.

Now we define the Leray primitive cohomology sheaf (R* f+Zx)prim as the kernel of
LA—k+1 We write Virim for the associated holomorphic bundle of (Rk J«Zx)prim Which
is a subbundle of HE (X/B). If {VP4 | p,q € Z} is a Hodge decomposition of HE (X/B)
then the intersections

Vprim 0 VP4 (p,q € Z)

are again C°-bundles and define a Hodge decomposition on (R¥ fZx)prim (c.f. (3.2) in
[49]).

4.4.16 Definition. Let B be a complex manifold and let (Vz, {F?V},cz) be a VHS of
weight k on B. We write Z(—k)p for the constant sheaf of stalk Z(—k) = (2rv/—1)"*Z
on B. The constant sheaf Z(—k)p is naturally equipped with an abstract variation of
Hodge structures of weight 2k which fits together with the one on Z(—k). A polarization
of the VHS (Vyz, {FPV},cz) is a morphism of Hodge structures of degree zero

Q:Vy®7Vy — Z(—k)p,

such that the induced morphisms of Hodge structure Vz, ®z V7, — Z(—k) are polar-
izations for every b € B in the sense of Definition 4.4.6

4.4.17 Example (Polarization for a family of polarized algebraic manifolds). Let f: X —
B be a family of algebraic manifolds such that X and B are manifolds and such that X
is bimeromorphic to a Kahler manifold.

(i) We assume that f: X — B is a family of polarized algebraic manifolds with global
section w € T'(B, R?fyZyx). By definition the restriction of the global section w
to the stalk H?(Xp,Z) leads to an integral Kihler class wy, € H?(Xy,Z) for every
be B. Thus on every stalk H*(X;,Z) we have the Hodge-Riemann pairing

Qh: H¥ (X, Z) @z H*(Xy, Z) —> Z(—k)

from section [£.4.8] The Hodge-Riemann pairing defines an integral polarization on
the primitive part H*(Xp, Z)prim. The polarizations QY restricted to H*(Xp, Z)prim
glue to a polarization Qi on the Leray primitive cohomology sheaf (Rk J+Zx) prim
equipped with the VHS which comes from the VHS on RF f,Z.

(ii) If f: X — B is a family of compact Riemann surfaces then it is automatically a
polarized family for the following reason. The complex structure of X induces the
complex structures on every compact Riemann surface X, (b € B). Hence if w is an
element of H?(X,Z) n HY(X) it restricts to an element wy, € H?(Xy, Z) n H1 ()
for every fiber X (b € B). Every X3 has complex dimension one and thus dwy, = 0.
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In other words wp is an integral Kéhler class for X;. Recall that the Ehresmann
connection induces canonical isomorphisms H2(f~Y(U),Z) = H?(X,,Z) for every
contractible U < B and u € U. Hence we can consider w as a global section of
R?f.Zy. In contrast to the general case, the Hodge-Riemann pairing

QY HY (X, Z) ®z H' (X3, Z) —> Z(—1)

is a polarization on the whole cohomology H!(Xy,Z) for every b € B and hence we
get an integral polarization for the VHS (R! fyZx, f*Q%C/B) on B.

4.4.18 Question. Let f: X — B be a family of polarized algebraic manifolds with X, B
manifolds and X bimeromorphic to a Kéhler manifold. Then we constructed an integral
polarized VHS on the Leray primitive cohomology sheaf (R* f«Zx)prim- Let b € B and
let

pi: (B, b) — Autz(H*(Xp, Z) prim)

be the monodromy representation of the local system (RFfiZx)prim- In [49] Griffiths
and Schmid asked the question whether the image of p; is always an arithmetic group?

Griffiths and Schmid assumed that the answer to Question [4.4.18|is yes, which turned
out to be wrong. The first counterexamples were given by Deligne and Mostow [23].
Nevertheless we want to state in Theorem the theorem of Griffiths, which has led
to the conjecture. This theorem also plays an important role in the proof of Theorem
6.1.5l Before we can state Griffith’s theorem, we have to introduce period mappings.
We will do this in the next section.

4.5 Period domains and Period mappings

As a reference of the following subsections we used the books [13], [117] and the papers
[48] and [49].

4.5.1 Construction of period domains. Motivated by the definition of Hodge struc-
tures and Hodge decompositions in Definition and the definition of integral polar-
izations of Hodge structures in Definition we want to fix the following data:

(i) Let Vz be a finitely generated lattice in a Q-vector space. For a field F € {Q, R, C}
we denote by Vg = V7 &z F.

(ii) Let k € Z be an integer and for every p,q € Z with p + ¢ = k let h?? € N u {0}
such that hP? = h?P and ), hP? = dimc (V). We denote by

fm _ 2 hi,kfi

=m

p+q=k
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(iii) Furthermore let ) be a bilinear form on V7 which shall be symmetric if & is even
and skew-symmetric if k is odd.

Note especially for item (ii) how we constructed a Hodge filtration out of a Hodge de-
composition in Remark If V7 is a Z- module of rank k and Vg = @pyq=r VP4

a Hodge decomposition with Hodge numbers h?? = dim(VP?) then the subspaces
F"™Ve = @ism Vik=i define a Hodge filtration on Vi and we get the obvious relation
dim(F™Vg) = Y5, hoF

Definition. We write D = D(Vz, Q, k, {h??}) for the set consisting of all Hodge struc-
tures of weight k£ on V7 with Hodge numbers {hP?} and which are integrally polarized
by Q. We call D the classifying space of Hodge structures with these data.

In the following we will give D the structure of a complex space. First of all we write D
for the subspace of the finite product of Grassmannians

H Grass(f™,Ve)
Jm#0
consisting of filtrations {F™ | f™ # 0} of V¢ with dim(F™) = f™, satisfying the

following two conditions :

{(c-..cFlcpmc pmlc... cp (4.5.1.1)
and
Q(F™, Fk=m+1y = ¢ (4.5.1.2)

Then D is per definition a subvariety of a product of Grassmann varieties and D is the
open subset of all those points in D with the property

Q(Cv,v) >0 forall 0+#ve FPn Fiwithp+q=k, (4.5.1.3)

where C' is the Weil operator from Definition The definition of D and D are
absolutely intuitive if we compare the equations [£.5.1.2) and [£.5.1.3| with Definition [.4.6]
respectively the Riemann bilinear relations in Remark

The space D and the classifying space of Hodge structures D has also a description
as homogeneous space. Write G¢ = Aut(Vg, Q) for the subgroup of GL(V¢), which
consists of elements which preserve the extension of @ to V. One can show that G¢
acts transitively on D. Furthermore, if Bc = Stabg.(Fp) is the stabilizer of a fixed flag
Fy = {FP} € D, then D = G¢/Bc.

Now we denote by Gr < G¢ the subgroup of elements T' € G¢ such that T'Vg < Vg. It
is possible to show that the action of Gg on D preserves D and that Gr acts transitively
on D with isotropy group K = B¢ n Gr at Fjy. Since the elements of K commute
with complex conjugation they do not only preserve the flag Fy but also the Hodge
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decomposition on V¢ induced by Fy. We conclude that K preserves the Hermitian
form

H(v,w) = Q(Cv,w)

on V¢ and thus K is a compact group. We will collect important properties of D and D
in the next proposition.

4.5.2 Proposition. The space D is a smooth projective complete algebraic variety
which is a homogeneous space D= Gc/Bc, where B is a parabolic group. The set D
of Hodge structures of weight k on V7, which are polarized by @ is an open complex
submanifold of D and it is homogeneous D = Gg/K with a compact group K.

Proof. Proposition 8.2 and Proposition 8.12 in [48]. O

4.5.3 Remark. We can equip D with a Gr-invariant Hermitian metric d52D induced by
the Cartan-Killing form on the Lie algebra of Gg, see [48] and the references in there.

4.5.4 Construction of period mappings. Let B be a connected holomorphic man-
ifold and let (Vz, {FPV}, Q) be an integral polarized VHS of weight k on B. Let again
V =V, ®z Og. We fix a base point b € B and we write W for the fiber V; of the
holomorphic bundle V at the point b € B. We denote fP = dim(FPV};) and write

Dc H Grass(f?, V),

2
for the classifying space of all Hodge structures on V;, polarized by Q.

Denote by N
m: B— B

the universal cover of B. The pullback 771V of the local system V7 is again locally
constant or equivalently the associated holomorphic vector bundle V= 7V ®z O B
is equipped with a flat connection. Furthermore the polarization @} pulls back to a
polarization on 7~ 'Vc¢.

Let b € B be a point with 7(b) = b. The stalk (77'V¢); is naturally isomorphic to the
stalk W = (V¢), and the sheaf 7= 'V¢ is isomorphic to the constant sheaf Wy of stalk

W on B by Corollary

The isomorphism of sheaves 8: 7~V =~ W is uniquely determined by the isomorphism
(7T_1V)I; ~ IV and it induces for every t € B an isomorphism of vector spaces

Be: (n'Ve), — W.

The fiber \N/'l; is naturally isomorphic to the fiber V. On the level of holomorphic
vector bundles with flat connection, we could interprete 5 as the global trivialization
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V — B x V;, induced by the flat connection. Every holomorphic subbundle £V of V
pulls back to a holomorphic subbundle £’ PV of V. For every t € B and every p € Z with
fP # 0 we thus get a subspace Fth c Vt and obviously

Bi(FPV,) € Grass(f?, V).

Indeed since the polarization ) can be viewed as a natural transformation between locally
constant sheaves the second Riemann relation is preserved under the isomorphisms [3;
and hence (5; FPVy), € D. We get the so called period mapping

PZ§—>D, t'—>(,8tFp{7t)p

We will collect two very important properties of the period mapping in the following
proposition.

4.5.5 Proposition. Let B be a connected holomorphic manifold with universal cover
B and let (Vz, {FPV}, Q) be an integral polarized VHS of weight k on B. Furthermore
let b € B be a base point and

p: m(B,b) — GL(V¢,)

be the monodromy representation associated to V¢. Then the period mapping P: B —
D constructed above has the following properties:

(i) The period mapping P: B — D is holomorphic

(ii) The image I' of the monodromy representation p is a subgroup of Aut(Vz,,Qs).
Furthermore the period mapping P is equivariant with respect to the action of [v] €
71(B,b) on B by deck transformations and the action of p([y])~! € Aut(Vz,, Qp)
on D, i.e.

P([h]-t) = p(b]) - P(t) (te B).

Proof. Part(i) was first shown by Griffiths [47, Theorem 1.27]. You can also find a proof
of part (i) in |13, Theorem 4.5.6].

Since (@ is a bilinear morphism of sheaves between locally constant sheaves, the polar-
ization is invariant under monodromy and thus the image I' of the monodromy repre-
sentation p lies in Aut((Vz,, @) (c.f. Proposition {4.2.7)).

As above we write 7: B — B for the universal cover of B. Fix a base point b € B and
a point b € B with 7(b) = b. The relation P(y-t) = p(y)~*- P(t) (t € B) follows from
the construction of the monodromy map and the construction of the period map as we
will explain now. Fix an element ¢ € B and let ¢ = [v] € m1(B,b) be represented by a
path v: [0,1] — B with 4(0) = b = (1). Let §: [0,1] — B be a lift of v with F(0) = b
and let 7j: [0,1] — B be a path with 7(0) = b and 7(1) = t. We denote n = wo1. Let
y#*n: [0,1] — B be the unique lift of v = n with v#*n(0) = b. Then by definition of
the action of m1(B,b) on B we have c.t = y%7(1). Let c.ij: [0,1] — B be defined by
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c.n(s) = c.s. The unique path lifting property of the universal cover : B—> B implies
that 5 * c.7j = v * 7). Let

Ary: (F_IV(C)E — (TF_IVC)C.E and Ac.ﬁ: (W_IV((;)C.E — (W_IV(C)c.t

be the isomorphism induced by parallel transport from Theorem Furthermore let
ap: (m1Ve); = Ve and a,;: (m7'V¢) ; — Ve be the natural isomorphism. Then
we get the identity

Bet(—) = oz 0 A%l o a;l% o, ;o AC_}](—)

= o)™ (50 Ay(0)) -

By definition of the inverse image functor 7! and the properties of 7 as a covering we
get for every p with fP # 0 the identity

@50 Ay (FPVer) = a0 AT (FPV) = G(FPV).
This shows P(c.t) = p(c)~ - P(t) as claimed. O

4.5.6 Remark. The period mapping P: B — D from Proposition 5| descends to
a holomorphic map ¢: B — D/T" which satisfies a technical Condltlon, that is in the
literature known as Griffith’s infinitesimal period relation, see (9.1) respectively (9.2) in
[48] for a definition.

Indeed giving a polarized VHS on B with monodromy group I' is equivalent to giving a
holomorphic map ¢: B — D/T" with the following two properties:

(i) The map ¢: B — D/T" is locally liftable i.e. for every b € B there exists a neigh-
bourhood U < B of b and a holomorphic map ¢: U — D such that the diagram

U—>D

N

D/T
commutes.
(ii) The map ¢: B — D/I" satisfies Griffiths infinitesimal period relation.
For a proof of this result see |48, Proposition 9.3] or |13, Lemma-Definition 4.6.3].
Let B be a complex algebraic manifold and let B be a smooth, complete, projective
variety which contains B as a Zariski open set. We assume that S = B\B is locally

given by
by« by =0,
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where by,...,b, are part of a holomorphic coordinate system by,...,bs of B. Let
(Vz, {FPV},Q) be an integral polarized VHS of weight k on B. Fix a basepoint b € B
and write again I" for the image of the monodromy map

m1(B,b) — Aut(Vzp, Q)

The period mapping of the polarized VHS descends to a holomorphic map ¢: B — D/T.
Assume that s € S is a regular point of the divisor S = B\B. By the local description
of the divisor S we know that there is a neighbourhood U of s € S such that U n S is
isomorphic to D* x D4~!. The fundamental group 71 (U) is generated by a path v around
s. Let T = p([y]) € T be the corresponding element in the monodromy group I'. If T" is
of finite order then we can extend ¢ to a holomorphic map B u {s} — D/T" by a result
of Griffiths [48, Theorem 9.5]. Write B* for the union of B with all of these regular
points of S for which the mapping ¢ has a holomorphic extension as above. Denote
by ¢*: B* — D/T" the resulting holomorphic extension of ¢. We are now able to state
Griffith’s Theorem, which led to Question [4.4.18

4.5.7 Theorem (Griffiths, see Theorem 9.9 [48]). The image ¢*(B*) is a closed analytic
subvariety of D/T" and has finite volume with respect to the metric ds% on D from

Remark [4.5.3]

We will end this section with how the period domain and period mapping looks like for
our running example, a family of polarized compact Riemann surfaces over a hyperbolic
Riemann surface.

4.5.8 Example. We will follow in this example [46, Section 1(e)] and [47, Section
II.1 ]. Let f: X — B be a family of compact Riemann surfaces such that X and B
are holomorphic manifolds and such that X is bimeromorphic to a K&hler manifold.
We assume that B is a hyperbolic Riemann surface, i.e. B = H/T" for a Fuchsian

group I' < SLy(R). By {4.4.14] and Example we can associate the polarized VHS
(R f4Zx, f*Q%C/B, Q1) of weight one to f: X — B. Let g = 2 be the genus of the fibers

F1({b}) (b € B), then HYO(X) = Q%Cb has complex dimension g and thus the period
domain D of the polarized VHS is contained in Grass(g,2g). Note that for every b € B
the pairing Qzl’ on H'(Xp, Q) induced by Q1 is a symplectic pairing. Indeed one can find
for every b e B a basis 74, ... vgg of H'(X;,Z) such that the matrix M;, = (m;;);; with
entries m; ; = be 'yzb A 'y}’ is given by

0 I
M= ( 0 g) .
I, 0
This shows that Gg is isomorphic to the symplectic group Sp(2g,R) and the image of

the monodromy representation 71 (B,b) — Autz(H'(Xp,Z)) is contained in Sp(2g, R).

Let m: H — B = H/T be a universal cover of B and denote Vz = R!f,Zy as well as
F'V = f*Q%C/B. From [40, Theorem 30.1 and Theorem 30.4] we know that we can find
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global section wi,...,wy for the pull back F 1V of f*Q%C /B to the universal cover H of

B = H/T such that for every t € H the elements wi(t),...,wy(t) are a basis of F'V,.
Consider an element t € H and let o (t), B1(t), ..., aq4(t), By(t) be a symplectic basis of
(77'Vz)y. Consider the matrix

Qt = (Ft,Et) S C9X2g

with By = (§5,wi(®)) and B, = (S ®). -

1, 3

The Pliicker coordinates of F1V € Grass(g,2g) are now given by the rows of the matrix
;. One can show that the Riemann relations for ()1 imply that Z; := thlEt e C979 is
positive definite and that Z; coincides with its transpose [46] Section 1] for more details).
This implies Z; is contained in Hy, the Siegel space of degree g and thus we get a map
P: H — H, defined by P(t) = Z;.

4.6 Algebraic monodromy representations for Veech fibra-
tions

We will end this chapter with a section, where we want to explain how one can use
Hodge theory to describe Teichmiiller curves. We can warmly recommend Simion Filip’s
survey [33] which gives insights in the Hodge theoretical approach to Teichmiiller theory
in a by far more elaborate way.

4.6.1 Veech fibrations. We are interested in the algebraic monodromy of families of
algebraic manifolds. So we start this section by recalling the construction of families of
curves coming from Teichmiiller curves as in section 1.4 of [94] or section 3.1 of [93].

Let g = 2 and let j,: C1 — M, be a Teichmiiller curve, which comes from a Veech
surface (X,w) € QM, as in Section Let n > 3 and J\/[gn] = ‘J'g(S)/an] be the
moduli space of curves with level-n structure. Here an] is the kernel of the action of
the mapping class group I'y(S) on H'(S,Z/nZ). We have that an] < I'y is a torsion
free finite index subgroup. Furthermore Mgn] is a fine moduli space. Hence there is a
universal family . DCl[ﬁ]iv — Mgn] over Mgn].

Let g,: D — T4(S) be the map from Subsection with image A = g,(D) the
Teichmiiller disk associated to (X,w). We write I'; for the global stabilizer of A with
respect to the action of an] on Ty4(S) and define C’l[n] as the quotient C’l[n] = A/Ty.
The inclusion A — T,(S) induces a map C{n] — Mgn] on the quotients. The moduli
space Mgn] admits a universal family f[: f)CEZl]iV — J\/[gn], which we can pull back via

Cl[n] — J\/[gn] to get a family of curves DC[&] — Cl[n].
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By the stable reduction theorem we can now pass to a finite index subgroup I' < I'y,
such that the pull back of the universal family via the map C := A/T" — Mgn] delivers
a family of curves f: X — C, which can be completed to a stable family f: X — C over
the smooth completion (smooth compactification) C' = A/T of C.

This implies that monodromies around the cusps 0C = C\C are unipotent |98, Corollary
11.19]. The whole situation is visualized in Figure

X X g )

f f
flnl flnl
C—C=AT

\0{”] — AT —— Ml

g

Cy = AJART (X, w) —— M,

Figure 4.1.: Diagram visualizing the construction of the family of curves associated to a
Teichmiiller curve.

In his PhD thesis, André Kappes collects the most relevant properties of the subgroup
I' < Aff"(X,w) and the properties of the family of curves f: X — A/T from above in
a definition |73, Remark 5.4 and Definition 5.5]. We want to do this in the same way
because we want to be able to refer to it later in this text.

4.6.2 Definition. We say that a subgroup I' < Aff*(X,w) has condition (x) if the
following holds:

(i) The group I' < Afft(X,w) is torsion free and has finite index.

(ii) There is a natural number n > 3 such that the holomorphic map A/I' — M,

factors over Mgn] .

(iii) The pullback f: X — A/T" of the universal curve over Mg"] with n as in (ii) can be
completed to a stable family f: X — A/I" over the smooth compactification A/T
of AJT.

We call the family f: X — A/T, respectively the family f: X — A/T the Veech fibration

associated to T'.

4.6.3 Proposition. The construction in Subsection shows that for every g > 2
and every Veech surface (X,w) € @M, we can find a subgroup I' < AffT (X, w) which
has condition (*) and a stable family f: X — A/I" associated to T'.
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4.6.4 Remark. In the literature a family f: X — A/T as in Section is often
called "family coming from the Teichmiiler curve j,: Ci — M,” associated to (X,w).
I prefer to call them ”Veech fibrations” as Freedman and Lucas did in [41]. Inspired
by results on elliptic fibrations, Freedman and Lucas were the first who studied families

f: X — A/T as interesting spaces in their own right and I share their enthusiasm for
this lovely construction which helps to study Teichmiiller curves in so many ways.

4.6.5 A monodromy representation for Teichmiiller curves. Let (X,w)e QM,
be a Veech surface which defines a Teichmiiller curve j,: C1 — M,. The affine homeo-
morphisms Afft(X,w) acts on the integral homology group Hi(X,Z) by push forward
and on the integral cohomology group H'(X,Z) by pull back. The actions preserve the
intersection form on Hi(X,Z) and the Hodge-Riemann pairing on H'(X,Z), respec-
tively. This leads to representations

AffH (X, w) — Sp(H1(X,Z)) and

(4.6.5.1)
AffT(X,w) — Sp(H'(X,7Z)).

In the following we describe this action and explain a geometric meaning. As we already
mentioned in the preface , the representations above can be considered as the monodromy
representation of a deformation of the Veech surface (X,w) by matrices in SLa(R). We
will do this mathematically precise now. Let I' be a subgroup of Aff" (X, w) which has
condition (x) and let f: X — C = A/T" be the Veech fibration associated to I". Here
A = A(X,w) c T, is again the Teichmiiller disk associated to the triple (X,id,w). We
continue as in Section L.1.5l We consider the Teichmiiller disk A as the universal cover
of C = A/T. Let fa: H — A be the pullback of the family f: X — C' via the projection
A — C = A/T. Then fa: H — A is naturally a marked family. Choose a point ¢ € A
with fiber f&l(é) = X which is marked by the identity id: X — X. Let ¢ € C be the
image of & under the projection A — C, then f~!({c}) = X as well.

First we want to describe the monodromy representation mony: m1(C,c) — I'y(X) of
the family of curves f: X — C as in Subsection We identify the deck group of the
universal cover A — C with the subgroup I' < Aff* (X, w). For every a € m(C,c) let
04 € AffT(X,w) be the corresponding element in the group of affine diffeomorphisms.
Then Equation [£.1.5.1] in combination with Remark [3.1.5] says that for every fiber Y of
the bundle fa: H — A with marking m: X — Y, we have the equality

(Y,mop,) =mong(a) - (Y, m).

This implies mons(a) = ¢, € I'y(X). By Poincaré duality we can also interpret the
stalk of the local system R!(fa)«Za at the point (X,id) € A as the singular homology
Hi(X,Z). By the description of the monodromy map mony of the family f: X — C
from above and the way we lifted paths in Proposition [:2.3], it is immediately clear that
the monodromy representation of R f,Z is as follows:
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Proposition. We identify the stalk of R!'f.Zy at ¢ € C with the singular homology
H1(X,Z) respectively by the singular cohomology H'(X,Z). Then the monodromy
operation of a class a € m1(C,¢) is given by pushforward on H;(X,Z) respectively by
pullback on H'(X,Z) of the inverse ¢, ! of the unique affine homeomorphism ¢, €
Afft (X, w) corresponding to a € 7 (C, c).

You can find two different approaches for proofs of the previous proposition in [6] and
[80]. We showed that the restriction of the representations in (4.6.5.1)) to the subgroup
' < Aff*(X,w) correspond to local systems which we identify in the following with

4.6.6 Splitting the monodromy representation. Let again (X,w) € QM, be a
Veech surface of genus g > 2 and let I' < Aff (X, w) be a subgroup which has condition
(%) with associated Veech fibration f: X — C. We identify the fundamental group 7 (C)
with the subgroup I'. In we saw that the monodromy representation of the local
system R!f.Zx is isomorphic to the representation

pt': T — Sp(H'(X,7)).

induced by the action of I' < Aff" (X, w) on H'(X,Z) via pullback. We want to describe
the representation a little bit further. Let K(X,w) = Q(tr(SL(X,w)) be the trace field
of the Veech group SL(X,w), i.e. the field extension of Q obtained by adjoining the
traces of the matrices in SL(X,w) < SL2(R). It is a totally real algebraic extension of Q
of degree at most g, see [87, Theorem 5.1, Theorem 5.2] and |94, Proposition 2.6]. The
subspace H}(X) = spang({Re(w), Im(w)}) of H!(X,R) is invariant under the action of
AffT(X,w) on H'(X,R) via pullback. More precisely an element ¢ € Aff*(X,w) acts on
Hy(X) by

©*(Re(w),Im(w)) = Dy - (Re(w), Im(w)), (4.6.6.1)
where Dy € SL(X,w) is the derivative of ¢ € Aff" (X, w) (see [80, Proposition 5.4.2]).

Write F for the Galois closure of K(z,w). We consider HL(X) as a subspace of
H'(X,Q)®gR. The subspace HL(X) is defined over a finite field extension of the trace
field K (X,w) and so we can consider the Galois conjugate representations of Aff* (X, w)
on it with respect to the Galois group Gal(F|Q). By [94] for every o € Gal(F|Q)
the Galois conjugate representation of Aff"(X,w) on HL(X)? is isomorphic to that of
AffY(X,w) on HL(X) if and only if o fixes K(X,w). Fori = 1,...,7 let 0; be a sys-
tem of representatives of the quotient Gal(F,Q)/Gal(F, K(X,w)), where o1 = id. Then
the subspace @/_,; H}(X)? is invariant under Gal(F,Q) and is thus defined over Q.
Let W < HY(X,Q) such that W ®g R = @)_, HL(X)?". Hence we get the following
decomposition into Aff" (X, w)-invariant subspaces

H'(X,Q) = W H,, (4.6.6.2)

where H (10) is the orthogonal complement of W with respect to the symplectic Hodge-
Riemann pairing on H'(X, Q).
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4.6.7 Definition (Kontsevich-Zorich monodromy). Let (X,w) be a Veech surface and
let again T' < Aff* (X, w) be a subgroup which has condition (x). Consider the action of
Afft(X,w) and T on H, (10). We call the corresponding representations
X7
Do s AEF(X,w) — Sp(H[p)) and  pkoz,: T —> Sp(Hy)),
the Kontsevich-Zorich (monodromy) representation of the translation surface (X,w),
respectively the Kontsevich—Zorich monodromy representation of the Veech fibration

f: X — A(X,w)/I'. Furthermore, we write G(x.) = GKO,ZWO) for the image of the

(X
representation pgzwo) respectively Gr for the image of ,0%;020 and call the groups the

Kontsevich—Zorich monodromy of the translation surface (X, w), respectively the Kontsevich—
Zorich monodromy of the Veech fibration f: X — A(X,w)/T.

4.6.8 Splitting the Variation of Hodge structure associated to Teichmiiller
curves. We consider the local system Vz = R! f,Zy and the flat vector bundle

Hir(X/C) = R fuZy ®7 Oc

associated to a Veech fibration f: X — C of a Veech surface (X,w) € QM,. From
Theorem [4.4.13] we know that there is a VHS of weight one on C, where the only
relevant part of the filtration is given by the subbundle

9% o © HhR(X/C).

(see Equation (4.4.14.1)). The VHS (Vz, f*Q%C/C) has a natural polarization which in-
duces the Hodge-Riemann pairing on each fiber of H}p (X/C) (c.f. Example 4.4.17).

The subspace HL(X) = Spang({Re(w),Im(w)}) = H'(X,R) is invariant under the
action of Aff (X, w) and hence corresponds to a rank two linear subsystem

Lg c Vg = (R f+Zx) @z R,

such that the stalk of Lg at the base point ¢ € C is without loss of generality given by
the subspace HL(X).

Again by [94, Lemma 2.2] the local system Lp is defined over a field K; which has
degree at most two over the trace field K(X,w) of (X,w), that means that there is a
local system L defined over the field K; with Lr = L ®k, R. We write F' for the Galois
closure of the trace field K(X,w) and we write L7 for the Galois conjugate local systems
of L. Then Moller deduced from Deligne’s semisimplicity theorem [22, Proposition 1.13]
the following theorem.

Theorem (Moller, [94] Prop. 2.4). Let K = K (X, w) be the trace field of (X,w) € QOM,.
The polarized VHS (Vy, f*Q%C Nor Q) associated to the family of curves f: X — C splits
over Q into two subsystems

VQ = WQ ) MQ
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where Mg carries a polarized Q-VHS of weight one and the local system Wq splits over
the Galois closure F' of the trace field K as

Wp =@ L, o € Gal(F|Q)/Gal(F|K(X,w))

such that each of the Galois-conjugate rank two subsystems L7 carries a polarized F-
VHS of weight one. The sum of these VHS gives back the original VHS on V.

4.6.9 Remark. Assume we are in the situation of Theorem We want to explain
two direct corollaries of this theorem.

(i) Let (X,w) € QM, be a Veech surface with group of affine homeomorphisms
Afft (X, w). We deduce from that the representation matrix of the action
of an element ¢ € Afft(X,w) on HL(X) with respect to the basis (Re(w), Im(w))
is given by ‘D¢, the transpose of the derivative of ¢. Hence ¢ acts on the Galois
conjugates L7 of L by (*Dyp)?. Let K = K(X,w) be the trace field of the Veech
group SL(X,w). Let Ok be the ring of integers in K. Let I' < Aff"(X,w) be a
subgroup which has condition (x) and let f: X — C' = A/T" be the associated Veech
fibration. Let ¢ € C. We identify again the fundamental group 71 (C,c) with the
group I". The group I' can be considered as a subgroup of SLa(Ox) by Corollary
2.11 in [94]. From Theorem we conclude that the monodromy representation
71 (C,c) — Sp(H(X,R)) of Vg has a subrepresentation

a:m(Ce) — [ [SLa(R), o€ Gal(F|Q)/Gal(F|K (X,w)) (4.6.9.1)

which can be described as follows. We have a group homomorphism

p: SLo(0k) — | [SLa(R), p(7) =[]

where o runs over Gal(F|Q)/Gal(F|K). We identify 71(C,¢) with I and H}(X)
with R? via the basis (Re(w),Im(w)). Under the identifications from above the
monodromy representation in is given by the restriction of the group
homomorphism p to I'. By [95, Proposition 5.5.8] it is possible to find a lattice
L « @, R? such that G = [], SL2(R) is defined over Q with respect to L ®z Q
and such that the image p(SL2(Og)) corresponds to the elements g € G(Q) with
gL = L. Thus p(SL2(Of)) is an arithmetic group in G but this is not necessarily
the case for p(I") as we will see now. The group I' is a lattice and thus Zariski dense
in SLy(R) by the density Theorem of Borel. By a result of Gutkin and Judge (for
a proof see [62]) the Veech group of (X,w) is conjugate to an arithmetic subgroup
of SLy(R) if and only if the Teichmiiller curve C'— M, is an origami curve. Thus
the projection of the monodromy group p(I') on the copy of SLy(R) with o = id is
thin except for the case that C' — M, is an origami curve.
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(ii) We can associate to the Veech fibration f: X — C equipped with the polarized
VHS (Vz, f*Q%C/C, Q) a family of Jacobians Jac(X/C) as follows. Note that

HIIDR(:X:/C)/JC*Q%C/C = le*ODCo

We glue the Jacobians QY (X;)Y/H'(X;,Z) of the fibers X; = f~1(t) (t € C)
and obtain the intermediate Jacobian Jac(X/C) = R! f.Ox/R" f+Zy (compare [48|
Section 7]). The Torelli map M, — Ay sends a point in M, to its Jacobian.
From Theorem Moéller concludes in |94, Theorem 2.7] that the image of the
composition

C — My — A,

lies in the locus of A, where the abelian varieties split up to isogeny into A; x¢ As
with A; has dimension r = dimg(K(X,w)) and real multiplication by the trace
field K (X, w) [94, Theorem 2.7].

4.6.10 Monodromy for origami curves. One extreme case of the splitting
is given for origamis. The Veech group of an origami O = (X,w) is a finite index
subgroup of SLy(Z) and thus the trace field of O is K(0) = Q. By [89, Theorem 9.5] the
elements Re(w) and Im(w) are contained in H*(X, Q). Thus H}(X) is naturally defined
over Q. Write H}; (X, Q) for spang({Re(w),Im(w)}). If W < H*(X,Q) is defined as in
Subsection [£.6.6] such that W ®q R is given by the sum over all Galois conjugates of
HL(X), then W = HL(X,Q) since K(X,w) = Q and

H'(X,Q) = Hy(X,Q) @ H ) (X). (4.6.10.1)

We can find an analogue of the splitting (4.6.10.1)) for the homology H;(X,Q) as well,
as we want to explain next. First of all we want to define the subspaces of H;(X,Q)
which correspond to HY(X,Q) and H (10) (X). In a second step we want to explain why

the chosen subspaces translate to HL (X, Q) and H (10) (X) by Poincaré duality.
Let O = (X,w) be an origami with n € N squares with a branched covering
m: X >T=C/(Z+v-17).

For each square Sq(i) < X\Z, i € {1,...n} let us denote by z;,y; the cycles of the
relative homology H;(X, Z,R) as in the picture, where we write Z for the set of corners
of the squares of O.

Yi )

g
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The cycles z;, y; (i = 1,...,n) generate the relative homology H;(X,Z,7Z) and the
absolute homology Hi(X,Z) is the kernel of the connecting map

0: H\(X, Z,7) — Ho(Z,7), (4.6.10.2)

which sends a cycle representing a homology class in Hy(X, Z,Z) to its boundary. We
define the submodule Hl(o) (X,Z) of Hi(X,Z) as the kernel of the pushforward

me: H\(X,Z) — Hy(T? 7).

We call Hl(o) (X,Z) the non-tautological part of the homology Hy(X, Z,7Z). The orthog-

onal complement of Hfo) (X, Q) with respect to the intersection form is the subspace

H{'(X,Q) < H1(X,Q) generated by the cycles

n n
szxi and yzZyi.
i=1 i=1

Indeed if ¢ = > | ki z; + myy; € Hi(X,Z) is in the kernel of 7, with k;,m; € Q, then
diiki=0and >} m; =0.If (-,-) is the intersection form on H;(X,Q), then

(c,x) = imz =0 and (cy) = ikl = 0.
i=1 i=1

This shows that x and y are in the orthogonal complement of H 1(0) (X,Q). For dimension

reasons we must have that H{'(X, Q) is the orthogonal complement of H 1(0) (X,Q). We
call the submodule H!(X,Z) = {z,y)z respectively the subspace H:'(X,Q) the tauto-

logical part of the homology. We get the splitting Hy (X, Q) = H{'(X,Q) @ Hfo) (Q).

For every ¢ € Hi(X,Z) we have { Re(w) € Z and {_ Im(w) € Z since H{(X,Z) = ker(d)
is the kernel of the connecting map in (4.6.10.2)) and

LiRe(w)Zl, LiRe(w)ZO, LiIm@:o, Lilm(‘”):l

for every i = 1,...,n. Hence we can consider Re(w) and Im(w) from H'(X,R) as
elements of H'(X,Z). By definition § Re(w) = 0 and § Im(w) = 0 for every cycle

ce Hfo)(X, Q) and

LRe(w) 0, L Re(w) — 0, f Im(w) = 0, L Im(w) = n.

The Hodge-Riemann pairing is Poincaré dual to the intersection paring on Hp(X,Q)
and thus the splitting H;(X,Q) = H{*(X,Q) & Hfo) (Q) translates to the splitting in
(4.6.10.1)) by Poincaré duality.
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4. Mondromy representations and Hodge theory

The intersection form on H;(X,Z) is invariant under the action of the affine diffeomor-
phisms AffT(X,w). Thus the action of Aff" (X, w) also preserves the decomposition

H(X,Z) = H'(X,Z)® H" (X, Z).

We conclude that the representation Aff*(X,w) — Sp(H1(X,Z)) also restricts to a
subrepresentation

AfFF (X, w) — Sp(H” (X, Q)).

In the following we will also call this representation the Kontsevich—Zorich monodromy
of the origami O = (X,w).
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5. Ergodic theory and dynamics

5.1 Linear cocycles and Oseledets’ multiplicative ergodic
theorem

In the following section let €2 be a separable, second-countable metric space, B its Borel
o-algebra and p: B — [0, 1] a probability measure. Let T: Q — € be a measurable
map. We say that the measure p is T-invariant if for every A € B the equality

Tup(A) == p (T (A)) = (A)
holds.

We denote by MPT(Q, B, 1) the group of all measure preserving invertible maps. Given
a locally compact second-countable group G which acts measurably on €2, a measure
preserving system is a group homomorphism

T:G— MPT(Q,B,un), gr—Ty.

We denote the measure preserving systems by triples (€2, u, G). We say that a measurable
action G x Q — Q is ergodic if for every G-invariant set S € B either u(S) = 0 or
w(Q\S) = 0 holds.

5.1.1 Definition (Linear Cocycles). Let (€2, i, G) be a measure preserving system with
group homomorphism 7': G — MPT(Q2, B, u) and let V. — Q be a real or complex vector
bundle of rank n over 2. We say that an action C': G x V — V of the group G on V is
a linear cocylce for (Q, u, G) if it lifts the action of G on (2, 1) to the bundle V — by
linear transformations i.e.,

(i) For every g € G the equality Tyom = moC/(g, —) holds. In other words the following
diagram commutes
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5. Ergodic theory and dynamics

(ii) The cocycle C restricts for every g € G and every w € Q to linear invertible maps
Cg(w) = C(ga _)‘Vu}: Vy — VTg(w)

between the fibers.

(iii) The map C': GxV — V is a measurable action with respect to the Borel o-algebra.
5.1.2 Remark (Cocycles as in Zimmer’s book). Let F be either R or C. Furthermore
let V be a vector bundle and let C': G x V — V be a linear cocycle as in Definition
We will show that our definition of linear cocycle is also a cocycle in the sense of

Zimmer [122 Definition 4.2.1] if the bundle V. — € can be trivialized by a measurable
map on a set of full measure.

We assume that we have a measurable trivialization 2 x F” — V of the vector bundle
V — Q. Via this trivialization we identify the linear maps Cy(w): V, — V1, with
elements in GL(n,F). Then condition (iii) says that the maps C,(w) vary measurably
in w and g, that is

a: G xQ— GL(n,F), (g9,w)+— Cy(w)

is a measurable map, where we consider GL(n,F) ¢ F"*™ as a Lie group. Since the
cocycle C: G x V — V is itself a group action we obtain the compatibility condition

a(gh,w) = Cyp(w) = Cy(Th(w)) o Ch(w) = alg, Th(w)) - a(h,w)
with maps
Con(): Vu > V1, w), Chw): Vo = Vrys Co(Th(w)): Vi, ) = V1,,w)-

Thus a linear cocycle is also a cocycle in the sense of Zimmer [122] Definition 4.2.1].
For a proof of the following theorem of Oseledets see for example [32] or [105].

5.1.3 Theorem (Oseledets’ Theorem for linear cocycles). Assume we are given a mea-
sure preserving ergodic system (2, u, Z) respectively (2, u, R) and V — Q a real vector
bundle over €. Assume furthermore there is a linear cocycle

C?:ZxV >V respectively C:RxV >V

and that the bundle V is equipped with a norm | — | (on each fiber) such that
log" |C% (W) ]op € L* (2, 1) and  log™ [C{(w)]op € LM (Q, 1), (5.1.3.1)
respectively
_151<1tp<110gJr 1CE (W) lop € L2, ). (5.1.3.2)
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5. Ergodic theory and dynamics

Here log*(z) := max(0,logz) and | — [lop denotes the operator norm of linear maps
between vector spaces.

Then there exist real numbers A\; > --- > X\ (with perhaps A\ = —o0) and Z-invariant
respectively R-invariant subbundles VA (i = 1,...,k) defined on a set of full measure
of Q with V.= VM @@ V** such that

. 1 d
Nliriloc N log |[Cy(w)v]| = Ni (5.1.3.3)
and in the second case
. 1 c .
tEIJ_Poo n log |Cf(w)v]| = N\ (5.1.3.4)

for every w € Q where the splitting exists and every v € VX\{0} (i = 1,...,k). The
numbers \; (i = 1,...,k) from (5.1.3.3) and (5.1.3.4]) are called the Lyapunov exponents
of the cocycle C¢ respectively C°.

5.1.4 Remark. The Z-invariance respectively R-invariance of the subbundles V' in
the previous Theorem means that the cocycles C? respectively C¢ take the fiber
Vi to V;i(w) (i =1,...,k) for we Q, where the splitting exists.

5.1.5 Remark. Note that in the discrete case (2, u,7Z) as well as the continuous case
(Q, 1, R) the numbers )\; and subbundles VX of V are unchanged if we replace the
support of the measure p by a finite unramified covering of 2 with a lift of the cocycle
C? respectively C¢ on the pullback of V to the covering.

5.2 Teichmiiller dynamics

5.2.1 Kontsevich—Zorich cocycle for Teichmiiller curves. Let M, denote again
the bundle of non-zero holomorphic 1-forms over the moduli space of curves M,. We
write in the following €2y M, respectively €2;T, for the subset of translation surfaces and
marked translation surfaces with area one. Note that we have a natural area changing

diffeomorphism
Qlj\/[g X R>0 —> QMg

The GL™*(2,R)-action on the bundles @M, and Q7 explained in Section induces
an SL(2, R)-action on Q;M, and ;7.

We consider a closed SL(2,R)-orbit
M = SL(2,R).(X,w) € 1M,

where (X,w) € Q1M is a Veech surface of area one. This means that M corresponds to
a Teichmiiller curve C' — My, where C'is the normalization of the image of M under the
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5. Ergodic theory and dynamics

projection to M. To obtain a linear cocycle we have to add level structures once again.
Consider the orbit SL(2,R).(X,id,w) < 91Ty, which is a lift of M to €,7,. Denote its

projection to Ql‘J'g/FE’] by M. We have

MBI — Qng/FE’] — g/FE’] - ME’]

and pull back the universal family x{fﬂiv — Mgg] over the fine moduli space ME,S] to a

family f: X — Ml The local system V; = R f,Zy has stalk H'(X,Z) at (X,w). We
denote by V = Vz &z Cﬁ[:ﬂ the corresponding real smooth vector bundle. The geodesic
flow {g;}ser on M3l is the restriction of the SL(2,R)-action to the subgroup diag(et, e %)
(t e R).

We equip Ml with the finite Borel measure A\ induced from the Haar measure on
SL(2,R). We can lift the flow {g;}«cr on MDB! to the bundle V by parallel transport
with respect to the flat connection on V. This lifted action varies measurably on the
fibers of V in {g;}ter and M [3] since our connnection on V is flat and parallel transport
is smooth. We define the Kontsevich—Zorich cocycle for the Teichmiiller curve generated
by (X,w) to be this lift of the geodesic flow

GEoZoO R x V —V, (t,v) —> g;.v.

5.2.2 Lyapunov exponents for the Kontsevich—Zorich cocycle. Let (X,w) €
(1M, be again a Veech surface of genus g with area one which generates a Teichmiiller
curve C' — M, and let

G2 R x V-V

be the Kontsevich—Zorich cocycle for the Teichmiiller curve from Section [5.2.1] with a
real flat bundle V coming from the local system V.

We saw in Example and Theorem that the local system V7 has a weight
one VHS and a polarization ¢ on Vz, which admits a polarization and a Hermitian
positive definite form H on every fiber of V. On every stalk of V¢ we have the Hodge
decomposition

HY(X,C) = HY(X) @ H"'(X) = Qx (X) ® Q% (X),

compare Example Using the isomorphism Q% (X) =~ H'(X,R) which sends a
holomorphic 1-form 1 to Re(n), we can define the Hodge norm | - | on H'(X,R) as
follows. For v € H'(X,R) there is a 1-form 7, € Q% (X) with v = Re(n,). Now define
|lv| = H(1y,m,)"?. In this way we can define a norm on every fiber of the smooth bundle

In Section we equipped the projection of the orbit SL(2,R).(X,w) < 21T, to the

quotient ;T /Fgg] with a measure A inherited from the Haar measure on SL(2,R). The
geodesic flow {g:}er is ergodic with respect to A [17, Theorem 4.4.1]. Furthermore,
the integrability conditions of Oseledets’ theorem are fulfilled for the Hodge norm on
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5. Ergodic theory and dynamics

the Kontsevich-Zorich cocycle GK°%°: R x V. — V (93, Lemma 6.10] and thus we
can speak of Lyapunov exponents for G¥°%°. Since our cocycle respects the symplectic
intersection form on H'(X,R), the Lyapunov exponents are symmetric to the origin.
Indeed the Lyapunov spectrum of the Kontsevich—Zorich cocycle is of the form

I=M=2X = 2X20=2-X=>=-X=>-\=-1

and there are many authors and articles where it is studied, see for example [79] or [38]
just to mention two of them.

5.2.3 Lyapunov exponents and Hodge theory. Let g > 2 and (X,w) € QM a
Veech surface. Furthermore, let I' < Afft(X,w) be a subgroup which has property (x)
and let f: X — C = A(X,w)/T be the associated Veech fibration and let f: X — C
be the stable family over the smooth completion C' of C. Write S = C\C. The flat
vector bundle V = R! f,Z~y ®z O¢ has due to Deligne (see Section an extension
Vext to a vector bundle on C. The (1,0)-parts on the fibers of V form a holomorphic
bundle f.Qy/c and this bundle extends to the subbundle ?*Qy c C Vex over C. In
[79] Kontsevich and Zorich already discovered the connection between Hodge theory and
the Lyapunov exponents of the Kontsevich-Zorich cocycle GX°%°. For example by]|79,
Section 9] the identity

 deg(£:Qq/0)
9 2g—-2+|8
holds. We have more results of this type, which will be relevant for us in the next chapter.

We write K (X,w) for the trace field of the Veech group of (X,w). Let 0: K(X,w) — R
be an embedding of the trace field into the real numbers and consider the rank two

subsystems L in the decomposition of R! f,Ry from Theorem - or consider a rank

A F A

two subsystem F of My as in the splitting of Theorem Here L9 is the local
subsystem which has stalk Spang({Re(w),Im(w)}) = H'(X,R) over the base point c €

C. We write F(l’o)

ext

for the (1,0)-part of the Hodge filtration on the Deligne extension
(FRROC)ext and write deg(F(l’O)) for the degree of the line bundle FLO Write d, for the

ext ext

degree of the (1, 0)-part of the Hodge filtration on the Deligne extension (L% ®g O¢)ext-

We can apply Oseledets’ Theorem to each of the summands L7 or the rank two summand
F of My individually and obtain for each summand a Lyapunov exponent in the spectrum
of the Kontsevich-Zorich cocycle G¥°%° corresponding to it. In [10] and [9] Bouw and

Moller gave results how to write the Lyapunov exponents of these summands in terms
F(lao)

ext

of degrees of the line bundles d, respectively deg( ) from above.

5.2.4 Theorem (Bouw, Mdller, [10], Theorem 8.2, Proposition 8.5). Let A be the finite

SL(2, R)-invariant measure on Ml as in Section Then the following holds for the
Lyapunov spectrum of the Kontsevich-Zorich cocycle GH0%°:
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5. Ergodic theory and dynamics

(i) For each embedding o: K(X,w) — C, the Lyapunov exponent associated to the
summand L7 is given by the quotient

do/diq.

(ii) For every rank two summand F of Mg the Lyapunov exponent is given by the
quotient
1,0

deg(Fy)/dia
We know that in genus g = 2 the VHS over a Teichmiiller curve splits over R into two
direct summands of rank two. The full set of Lyapunov exponents is the union of the
Lyapunov exponents of the two summands. In [9] Bouw and Méller used Theorem m
to compute these two Lyapunov exponents. We want to state their result which was also

proven by Bainbridge in [3], in the following Corollary.

5.2.5 Corollary (Bouw, Moller, [9], Corollary 2.4). Let C' — My be a Teichmiiller
curve in genus g = 2 generated by the translation surface (X,w). The positive Lyapunov
exponents are

(1, o) :{ (1,1/3) if (X,w) € QM5(2),

(1,1/2) if (X,w) € QMs(1, 1)
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6. Arithmeticity and period mappings

6.1 Arithmeticity and rank two summands

We consider a genus g > 2 Veech surface (X,w) € QM,. By Proposition there
exists a subgroup I' < Aff"(X,w) which has condition (). Let f: X — C = A/T be
the associated Veech fibration which completes to a stable family f: X — C = T/F over
the smooth compactification C of C. In the following we write Vz for the local system
R Zx.

For the rest of this section we assume there is a rank two submodule L of H(X,Z)
which is invariant under the action of I' < Aff*(X,w) on H'(X,Z). We equip L with
the restriction of the intersection pairing on H'(X,Z). That means we get a subrepre-
sentation

p: I'—> Sp(L) = SLy(Z).
of the monodromy representation I' — Sp(H'(X,Z)). We can associate to p a lo-
cal subsystem Lz of Vz and it carries a polarized sub-VHS of (Vz, f*Q%C Yor Q) by [22,
Proposition 1.13].

The following proposition was communicated by Martin Moéller to us. It was part of his
idea how to prove that the the monodromy groups of the Kontsevich—Zorich monodromy
for all origamis of genus two are arithmetic. We used it in Appendix B of [§].

6.1.1 Proposition. Suppose the local subsystem Ly associated to p: I' — SLa(Z)
carries a non-trivial polarized sub-VHS of (Vz,f*Q%C/C,Q), i.e. the (1,0)-part of the
Hodge decomposition of Ly ®z O¢ is a non-trivial line bundle. Then the image p(T') is
of finite index in Sp(L) = SL(2,Z).

Proof. Write L = Lz ®7 O¢ for the flat vector bundle associated to the local system Ly
and let (ILz, L1, Q1,) be the non-trivial polarized sub-VHS of (Vz, f*Q%C/C, Q). Thus
there exists a period mapping for the weight one polarized VHS (L, L0, QL,) which
is in our situation given as follows (compare Example or |93, Section 4]). By [40,
Theorem 30.3] there exists a global section w of the (1,0)-part of the pullback of L to
the universal cover 7: H — C of C. Furthermore, there are sections a, b of 7Ly that
are locally a symplectic basis adapted to w, i.e. for every ¢t € H we have

J w(t) e H and f w(t) = 1.
a(t) b(t)
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6. Arithmeticity and period mappings

The period domain is in our situation analytically isomorphic to the Siegel upper half-
plane H by [46, Proposition 1.24]. The period mapping is given by

P:H— H, T'—>J w(t).
a(t)

By Remark the period mapping P: H — H descends to a holomorphic map
¢: C — H/p(T'), whereby p(I') acts holomorphically, properly and discontinuously on
H (see |7, Proposition 8.2.2 and Proposition 8.2.5]). Also by Remark we know
that the mapping ¢ must be non-constant since the polarized VHS (LLz, L 1’0), Qu,) is
by assumption non-trivial. This shows that ¢ is open because it is holomorphic and
non-constant .

Next we want to show that H/p(T") has finite hyperbolic volume. If we follow the discus-
sion which preceeds Theorem then we see that it is possible to extend the period
mapping ¢ holomorphically to a map

$: CUS — H/p(T),

by Theorem 9.5 in [48], where S < dC' denotes the set of cusps for which the monodromy
representation p maps the corresponding parabolic elements in I' to elements of finite
order in Sp(L) = SL(2,Z). From Proposition 9.11 and the proof of Theorem 9.6 in [48]
we conclude that the mapping 5 is proper and since 5 : Cu S — H/p(T) is holomorphic
and non-constant, it is surjective. Furthermore Theorem implies that H/p(I") =

¢(C U S) has finite hyperbolic volume or equivalently, the group p(I") has finite index in
SL(2,Z) (see [110, Prop. 1.31)). O

6.1.2 Remark. We know that SLo(Z) is a lattice in SLy(R) [95, Theorem 7.0.1] and
that every subgroup of SLg(R) which is commensurable to a lattice, is a lattice as well
195, Example 4.2.2]. By Borel Density Theorem (see [95, Corollary 4.5.6] for a proof)
any finite index subgroup of SLy(Z) is Zariski dense in SLa(R). This shows that in the
situation of Proposition the image of the representation

p: T — Sp(L) = SLa(Z).

has Zariski closure isomorphic to SLa(R).

6.1.3 Remark (Lyapunov exponents, period mappings and monodromy representa-
tion). Assume we are in the situation of Proposition respectively the proof of it.
Again we assume that we have a rank two submodule L of H'(X,Z) which is invari-
ant under the action of a finite index subgroup I' < Aff*(X,w) which has condition
(). In Proposition we showed that the monodromy group p(I') has finite index
in SLa(Z) if the local system Ly associated to p carries a non-trivial polarized VHS of
weight one. In this case it is possible to compute the non-negative Lyapunov exponent
Az associated to Lz in terms of the monodromy representation p, respectively the holo-
morphic mapping ¢: H/T' — H/p(I") induced by the period mapping P: H — H defined
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by (Lz, L0, QL,). By results of André Kappes [72, Theorem 1.1] or |73, Theorem 9.18,
Proposition 9.19] the Lyapunov exponent Az, is given by the quotient

_ deg(9) - vol(E/p(T)
vol(H/T")

AL (6.1.3.1)

In the next lemma we want to give an easy criterion under which circumstances it is
possible to apply Proposition to the T-invariant submodule L of H'(X,Z). Again,
let L be the local subsystem of Vy associated to p: I' — SLo(Z). In Subsection
we saw that we can apply Oseledets’ theorem to the summand IL individually and in
this way we obtain a non-negative Lyapunov exponent A;. Of course, the Lyapunov
exponent Ay, lies in the Lyapunov spectrum of the Kontsevich-Zorich cocycle G¥o%°,

6.1.4 Lemma. If the Lyapunov exponent A; associated to LL is strictly positive, i.e.
AL > 0, then the (1,0)-part of the Hodge decomposition of L ®7 O¢ is a non-trivial line
bundle.

(1,0)

Proof. We write Ly, for the (1,0)-part of the Hodge filtration on the Deligne extension
(Lz ®7 O¢)ext and write deg(L(1

oxt ) for the degree of the line bundle Lgi’to)
the Lyapunov exponent Ay, is given by the quotient

,0
:0) . By Theorem

AL = deg(L(l 0))/did-

b
ext

This shows deg(L(l’O)) # 0. Thus the (1,0)-part of the Hodge decomposition of Lz ®zO¢

ext
is a non-trivial line bundle O

From this lemma we can now easily conclude the following theorem, which was first
observed by Méller. It is Theorem 38 in our article [8].

6.1.5 Theorem. Every origami O = (X,w) € QMj of genus two has arithmetic Kontse-
vich—Zorich-monodromy.

Proof. The rank two submodule H{O) (X,Z) of Hi(X,Z) is invariant under the action
of the affine group Aff*(X,w). The associated non-negative Lyapunov exponent is ei-
ther 1/3 or 1/2 by Corollary Now the Theorem follows from Lemma and

Proposition O
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6.2 Period data in rank two

We will come back to the general situation of families of complex algebraic manifolds as
in the introduction of this text. Let .S and X be complex connected algebraic manifolds
with X bimeromorphic to a Kéhler manifold and let f: X — S be a family of polarized
algebraic manifolds. We fix a natural number ¢ € N and consider the local system
R f.Qy. If we fix a base point so € S, then we can consider the associated algebraic
monodromy representation

71(S, s9) — GL(H'(X,,,Q)).

Deligne proved in [22] the following theorem for local systems, respectively monodromy
representations, which come from families of algebraic manifolds as above.

6.2.1 Theorem (see Theorem 0.1, Variant 0.2 in [22]). Let S be a complex connected
algebraic manifold with sg € S a base point and let n € N be a natural number. Let L.
be a local system of Q-vector spaces of dimension n over S and let

pL: m1(S, s0) — GL((Ls,)

be the associated monodromy representation. If the local system L comes from a family
of polarized algebraic manifolds parametrized by S as above, then there are up to iso-
morphism only finitely many different irreducible direct summands which can occur in
the splitting of the local system L, respectively the splitting of the representation pr..

We want to stress out the importance of Hodge theory for this theorem. Indeed, Deligne
deduced Theorem from the following theorem.

6.2.2 Theorem (see Theorem 0.5 in [22]). Let S be a complex connected algebraic
manifold and let n € N be a natural number. For a local systems IL of Q-vector spaces of
dimension n over S there are up to isomorphism only finitely many different irreducible
direct summands underlying a polarized VHS which can appear in a splitting of L.

We are interested in the algebraic monodromy of Veech fibrations. Having Theorem
[6.2.2] in mind, it would be interesting to know which isomorphism classes of irreducible
polarized sub-VHS can occur in the polarized VHS of a Veech fibration. Partial answers
in this direction are Theorem and |94, Corollary 2.11] of Moéller. But both results
do not help us with the Kontsevich—Zorich monodromy of a Veech fibration. Thus we
want to introduce work of André Kappes which can be used to gain information for rank
two summands. The work of André Kappes from [72] and [73] is a natural way to gain
information because it also relies on Hodge theory. More concretely, it relies on period
mappings. After a quick summary of some concepts developed in [72], we will continue
our studies with two examples.

110
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Note that we saw in Remark that a polarized variation of Hodge structure can
be equivalently described by its period mapping. Remember that the period domain of
weight one polarized Hodge structures on rank two modules is given by the upper half
plane H. This motivates the following definition:

6.2.3 Definition. A modular embedding or period datum (of rank two and weight one)
is a triple (P, T, p) consisting of the following objects:

(i) A group I' < SLy(R) which is a cofinite Fuchsian group, so I is a lattice.

(ii) A group homomorphism p: I' — SLy(Z) such that the image of p has finite index
in SL2 (Z)

(iii) A holomorphic map P: H — H which is equivariant with respect to the group
homomorphism p.

6.2.4 Proposition (Proposition 5.4 [72]). Assume I' < SLy(R) is a cofinite Fuchsian
group and p: I' — SLg(Z) is a non-trivial group homomorphism. Then there is at most
one holomorphic map P: H — H, which makes (P, T, p) a modular embedding.

6.2.5 Remark. We consider a Veech surface (X,w) € My of genus g > 2 and a subgroup
I' < Aff*(X,w) which has condition (). Remember that I is by assumption torsion free
and hence can be identified with a finite index subgroup of the Veech group SL(X,w) <
SLs(R). Assume we have a rank two submodule L = H'(X,Z) which is invariant under
the action of I'. Equip L with the restriction of the intersection form on H'(X,Z) and
consider the corresponding representation

p: I'— Sp(L) = SLy(Z).

If the corresponding non-negative Lyapunov spectrum Az, of the Kontsevich—Zorich co-
cycle is positive then we obtain by Proposition [6.1.1] and [6.1.4] a modular embedding.
By Proposition the modular embedding is uniquely determined by p and I'.

There is a left action of SLa(Z) x SLo(R) on modular embeddings. For (g, h) € SLa(Z) x
SL2(R) and a modular embedding (P, T, p) define

(9,h).(P,T,p) = (goPoh™ h-T-h' cjopocy),

where ¢, is the action of g on SL2(Z) by conjugation and c¢;-1 is the action of h~1 on
SL2(R) by conjugation.

The next definition gives expression to the fact that we always consider families of
compact Riemann surfaces on coverings of Teichmiiller curves. Thus we want to be able
to replace a subgroup I' < Afft (X, w) which has condition () by a different finite index
subgroup of Aff" (X, w) which also has condition (*) and still speak about "the same”
direct summand of the algebraic monodromy. It also gives credit to the fact that we
only want to characterize direct summands of algebraic monodromy representations up
to isomorphism.
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6.2.6 Definition (Commensurability and weak commensurability). Let (P, ', p1) and
(P2,T2, p2) be two modular embeddings of rank two and weight one.

(i) We say that (P;,I'1,p1) and (P2, 'y, p2) are commensurable if there exists a sub-
group I" < SLa(R) which is a finite index subgroup of I'; and I's and such that

pilr = p2|r.

(ii) We say that (P1,T'1,p1) and (P, T2, p2) are weakly commensurable if there is
an element (g,h) € SLo(Z) x SLa(R) such that (P;,I'1,p1) is commensurable to
(ga h)(P27 F27P2>-

For modular embeddings the concept of Lyapunov exponents will be an important tool
as well. Remark justifies the following definition.

6.2.7 Definition. Let (P, T, p) be a modular embedding of rank two and weight one.
The map P: H — H descends to holomorphic map ¢: H/T' — H/p(I"). We define the
Lyapunov exponent of the modular embedding by

\ _ deg(¢) - vol(H/p(I"))
(L) vol(H/T) ‘

(6.2.7.1)

Lyapunov exponents will help us with the study of modular embeddings because of the
following proposition.

6.2.8 Proposition (Proposition 5.12 |72]). The Lyapunov exponents Ap, r, ,,
weakly commensurable modular embeddings (P;, I';, p;) (i = 1,2) coincide, i.e

) of two

)‘(Pl,rl,m) = /\(P27F2,p2)'

6.3 Algebraic monodromy groups and coverings

Intuitively a translation covering of a translation surface (X,w) arises as follows. Cut
up the translation surface (X,w) such that it becomes a simply connected polygon P.
Then each edge in P has an associated parallel edge. Now take copies Py, ... Py of the
polygon P and glue each edge of P; to its associated edge in some P; (4,5 = 1,...,d),
here ¢ may or may not be equal to j. Do this in such a way that the gluing leads to a
connected surface, a covering surface of X. We will see in this section how coverings can
help to characterize direct summands of the algebraic monodromy of Veech fibrations.

6.3.1 Definition (Translation covering and Veech covering). Let (X,w), (Y, n) be trans-
lation surfaces. We call a holomorphic covering 7: Y — X a translation covering if
7 (w) = n. A translation covering 7: Y — X is called Veech covering if (X,w) and
(Y,n) are Veech surfaces and if the branch points of 7 have finite Aff* (X, w)-orbits.
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6.3.2 Remark. Let (X,w) and (Y,n) be translation surfaces and let 7: ¥ — X be a
translation covering. By [53, Theorem 4.9] the translation surfaces (X,w) and (Y,n)
have commensurable Veech groups SL(X,w) and SL(Y,n). Thus if SL(X,w) < SL2(R)
is a lattice then SL(Y,n) < SLa(R) is a lattice as well. In other words a translation
covering of a Veech surface is a Veech surface.

We consider Veech coverings in the next section because they induce subrepresentations
of the algebraic monodromy representation associated to a Veech fibration. We want
to make this precise. Let (X,w) and (Y,n) be Veech surfaces and 7: ¥ — X a Veech
covering. Write Aff* (Y, n), for the elments in Aff*(Y,n) which descend to (X,w) via
7, i.e. an element p € Aff*(Y,n) is contained in Aff*(Y,n), if and only if there is an
element ¢~ € AffT (X, w) with 7* 0 o = o~ o w*. Let

O, A (Y, n)r — AFY(X,w), @+ ¢ .

By [53, Theorem 4.8] the group Aff*(Y,n), is a finite index subgroup of Aff*(Y,n).
Again by [53, Theorem 4.8] the image Aff" (X, w)™ of ®, is the finite index subgroup of
Afft(X,w) of elements which lift to (Y, ). This implies the following Lemma which can
be found in [72, Proposition 4.2].

6.3.3 Lemma. Let 7: Y — X be a Veech covering between Veech surfaces (X, w) and
(Y,n) and consider the natural actions of Aff*(Y,n) on H(Y,Z)) and Afft(X,w) on
H'(X,Z)) which preserve the intersection forms. Let U be the image of H!(X,Z) under
the group homomorphism

™ HY(X,Z) — H\(Y, 7).

Write Qy for the intersection form on H'(Y,Z). Then U is an Aff*(Y,n),-invariant
submodule of H!(Y,Z) polarized by the restriction of deg(r)-Qy on U. Furthermore the

maps 7* is equivariant for the action of Aff* (Y, ), on U and the action of Aff*(X,w)™
on HY(X,Z).

Corollary 12 of [99] implies the following Proposition, which can be found in the PhD-
Thesis of André Kappes [73, Theorem 9.3].

6.3.4 Proposition (Veech coverings and local systems). We consider Veech surfaces
(X,w) and (Y,7n) of genus g and genus h respectively together with a Veech covering
p: Y — X. Then the following holds:

(i) There is a subgroup I' < SL(X,w) n SL(Y,n) which is isomorphic to a torsion free
subgroup of Aff*(X,w) and Aff*(Y,7n) such that condition () is simultaneously
fulfilled for the covers

H/T — A(X,w)/AfF (X,w) » M, and H/T — A(Y,)/AfF*(Y,n) — My
(i) If fx: X — H/T' and fy:Y — H/I' are the associated Veech fibrations, then

we have an inclusion of local systems R!(fx)«Zyx — R(fy)«Zy which is also a
morphism of the corresponding polarized VHS.
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6.4 Coverings of L-shaped translation surfaces

Let 0 < a,b < 1 be parameters. The Veech surfaces in the stratum QMo (2) are well
understood. An important role is played by the translation surfaces L(a,b) with pa-
rameters 0 < a,b < 1 as shown in Figure In this section we want to study the
algebraic monodromy of Veech fibrations associated to translation surfaces K (a,b) and
X (a,b) in QM5(2%) which we will obtain as coverings of a L-shaped translation surface
L(a,b) € Q@M2(2). Both covers will have Deck-group the Klein four-group Z/27Z x Z/27.
The following theorem of Calta and McMullen clearifies for which 0 < a,b < 1 the
translation surface L(a,b) is a Veech surface.

Figure 6.1.: The surface L(a,b). Opposite sides are glued.

6.4.1 Theorem (Calta [12], McMullen [87], [88]). The surface L(a,b) is a Veech surface
if and only if we are for 0 < a,b < 1 in one of the following situations.

(i) Both a, and b are rational.

(ii) There are x,y € Q and D > 1 a square-free integer such that
1/l—a)=z+yVD and 1/(1-b)=(1—x)+yVD.

The trace field of L(a,b) is in this case K(L(a,b)) = Q(+/D).

6.4.2 Remark. Let 0 < a,b < 1 be parameters such that condition (i) or (ii) of Theorem
are fulfilled. Let T' < Aff*(L(a, b)) be a finite index subgroup which has condition
(x) and let f: X — A/T be the associated Veech fibration. We denote L, = R f.Zx.
Depending on whether the parameters a,b are rational or not, we get two different
splittings of the local system L, due to Theorem

(i) If we are in situation (i) of Theorem and a, b are rational then the trace field
K(L(a,b)) of L(a,b) is Q and the local system L, ; decomposes over Q in rank two
summands

(Lap)o = Lst @ Ly
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(ii) If we are in situation (ii) of Theorem then the trace field K(L(a,b)) is given
by F := Q(+/D). Write id and o for the two embeddings of F = Q(+/D) into R.
Then L, decomposes over F' in rank two summands

(Lop)r = LY @L,
where L7 is the Galois-conjugate of Lid.

The local system LL* in case (i) and the local system L9 in (ii) corresponds to the
standard-action of I' < Aff" (L(a,b) on the tautological part

Hg(L(a,b),R) = (Re(w), Im(w)),

where w is the holomorphic one-form which induces the translation structure on L(a, b).

We will now fix parameters 0 < a,b < 1 such that (i) or (ii) in is fulfilled. With
the help of Proposition we can find a finite index subgroup I' < SL(L(a, b)) which
also has finite index in SL(K (a,b)) and SL(X(a,b)) such that condition (*) is fulfilled
for the covers

H/T — A(K(a,b))/Aff" (K (a,b)) — Ms
and
H/T — A(X (a,b))/AffT (X (a,b)) — Ms.

This means that H/T' is a cover for both Teichmiiller curves, the Teichmiiller curve
coming from K (a,b) as well as the Teichmiiller curve coming from X (a,b). We obtain
two Veech fibrations fx: Xx — H/T" and fi: Xy — H/T and two local systems V&) =
R'(fx)«Qx, and VIW) .= RY(f11).Qx,, over H/T. Since K (a,b) and X (a,b) have genus
five, the local systems V&) and VW) are local systems of rational vector spaces of
dimension ten. Following the theme of Theorem and Theorem [6.2.2] we will know
try to gain information about the polarized sub-VHS of the summands respectively the
modular embeddings associated to rank two summands.

In the following subsections we will make use of the following lemma several times.

6.4.3 Lemma. Let (X,w) € QM be a translation surface of genus g > 2 equipped with
an involution o € Afft(X,w), i.e. 02 = id. Let X/o be a half translation surface of
genus h = g(X /o). The involution defines a linear mapping o*: H'(X,Z) — HY(X,Z),
which induces a splitting

HY(X,Q) = Eig(c*,1) @ Eig(c*, —1) (6.4.3.1)

into eigenspaces over the rational numbers such that dim(Eig(c*, 1)) = 2h. Furthermore
Eig(c*,1) and Eig(c*, —1) are orthogonal to each other with respect to the intersection
form on H'(X,Q) and the affine group Aff™(X,w) respects the splitting of H!(X, Q) in

(6.4.3.1).

115



6. Arithmeticity and period mappings

Proof. The involution o € Aff"(X,w) induces linear maps o, on Hi(X,Z) and o* on
HY(X,Z). We write m,: X — X /o for the double covering induced by . The covering
7o X — X /o induces two linear maps

Tow: H1(X,Z) — H(X/0,Z) and w*: H (X /o,Z) — H' (X, 7).
Since 02 = id, we obviously get the following splittings over the complex numbers:

H;(X,C) = Eig(o«, 1) ® Eig(cs, —1)
and
H'(X,C) = Eig(c*,1) @ Eig(c*, —1).

The covering is invariant under the involution, i.e. 7, o ¢ = 7,. This implies

*

Tow O0x = Mpx and o*omy =m).

This shows Eig(o, —1) < ker(m,«) and im(7}) < Eig(c™, 1).

o

Remember that we have a positive definite Hermitian form H on H!(X,C) induced by
the intersection form. By the Lemma of Riesz for every element c¢ € ker(m, ) there
is an element o, € H'(X,C) with § 8 = H(ac, ) for all € H'(X,C). Let W =
{ae | c€ ker(my )y = HY(X,C) be the subspace generated by all the o, € H'(X,C). Let
v € im(7¥) and ¢ € ker(7,.+). Thus we have an element vy € H'(X /o, C) with v = 7% (7o)
and

H(ae) = [

[

w0 = | -0

WJ,*(C)

This shows that W and im(7}) are orthogonal with respect to H and thus H!(X,C) =
W @ im(7%) for dimension reasons.

We show next that Eig(c*,1) = im(7}) holds. Let ¢1,...,con be a basis of Hy(X/0,7Z).
There are linearly independent di,...,don, € Hi(X,Z) with 7,.(d;) = ¢; for every
i = 1,...,2h. Then all the elements d; + 0.(d;) € Eig(os,1) are linearly indepen-
dent since 7y« (d; + 04(d;)) = 2¢; for every i = 1,...,2h. This shows dim(Eig(c*,1)) <

dim(im(7})). From im(7}) < Eig(c*,1) we conclude Eig(c*,1) = im(7}).

We write @ for the intersection form on H'(X,Q). Note that o € Aff"(X,w) respects
the intersection form. If now c € Eig(c*,1) and d € Eig(c*, —1), then

Qe d) = Q(o%(c),07(d)) = Q(c, =d) = —Q(c, d).

This shows that Eig(c*,1) and Eig(c*, —1) are orthogonal to each other with respect to
the intersection form on H'(X,Q) and that Aff"(X,w) respects the decomposition of

H'(X,Q) into eigenspaces as in (6.4.3.1)). O
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SNt
(0,1)

(1,1)

bl

A—C— —G—4A
=3 % # 6 T
———b— ———
N I S
A —bB—

(0,0) (1,0)

Figure 6.2.: The translation surface K (1/2,1/2).

The translation surface K(a,b)

Again we consider parameters 0 < a,b < 1 such that (i) or (i) in[6.4.1]is fulfilled. In this
part of the section we consider the translation surface K (a, b) which we obtain as covering
mw: K(a,b) — L(a,b) of the Veech surface L(a,b). If we rescale the area of K(1/2,1/2)
the we can obtain an origami K. The origami K can be found in the article [35] of Filip,
Forni and Matheus. For each element in the Klein four-group V' = Z/2Z x Z/2Z take
a copy L(a,b)y of L(a,b). We obtain K (a,b) by the following construction. For every
g € V glue the two rightmost vertical sides of L(a,b), to the two leftmost vertical sides
of L(a,b)y4(1,0) and glue the two topmost horizontal sides of L(a,b), to the two bottom
most horizontal sides of L(a, b) 44 (9,1). The translation surface K (a, b) lies in the stratum
QM5(2%). It can be seen in Figure for the parameters a = 1/2 and b = 1/2.

6.4.4 Description of automorphisms and singular homology of K (a,b). Every g
in the Klein four-group V' gives us an element in the automorphism group Aut(K (a, b))
of the translation surface by mapping the copy L(a,b); to the copy L(a,b)g4n. The
automorphism group Aut(K (a, b)) of the translation surface K (a,b) is indeed isomorphic
to the Klein four-group V. Note that K (a,b) is a Veech surface as well since it is obtained
as a translation covering 7: K(a,b) — L(a,b) of L(a,b). For every g € V\{(0,0)} we get
a translation surface K(a,b)/(g) € QM(2,2) which is an unramified double cover of the
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surface L(a,b) € QM(2). For later use we write
mg: K(a,b) — K(a,b)/{g)

for the covering of K (a,b)/{g) by K(a,b). Note that the coverings 7, are Veech coverings.
In Figure you can see the translation surface K(a,b)/{(1,0)) and in Figure you
can see the surface K(a,b)/{(1,1)). In both figures we have parameters a = 1/2 and
b = 1/2. Every g € V induces a linear automorphism ¢g* on the singular cohomology

Fal A Fal A
\ X \w X
~ ~
- > > -
“ “
an [ [ s
n n N n
D D D D
- -
- - - -
= -
A n fal N A n al Y
X D \] D X D \w D
(a) (b)

Figure 6.3.: In Figure m you can see the origami K(1/2,1/2)/((1,0)) and in Figure
6.3a) the origami K(1/2,1/2)/{(1,1)) can be seen.

H'(K(a,b),Q). Furthermore the coverings my: K(a,b) — K(a,b)/(g) and the covering
m: K(a,b) — L(a,b) induce linear maps

e H'(K(a,b)/{9),Q) — H'(K(a,D),Q)
and

7*: HY(L(a,b),Q)) — H'(K(a,b),Q)

by pull back. Every covering 7, is invariant under the automotphism g € V' =~ Aut(K(a, b))
and with the help of we obtain splittings

H'(K(a,b),Q) = Eig(¢*, 1) @ Eig(¢*, - 1),
as well as

HY(K(0,h),Q) = m(r) @ Y Fig(g*,~1).
g#(0,0)

As in the proof of Lemma we can indentify H'(K (a,b)/{g), Q) with the subspace of
H'(K(a,b),Q) which is invariant under g*. Furthermore we can identify the singular co-
homology H(L(a,b),Q) of the Veech surface L(a, b) with the subspace of H*(K (a,b), Q)
which is invariant under all the ¢g* with g € V\{(0,0)}. This shows that we can find a
decomposition

H'(K(a,b),Q=Ma P M, (6.4.4.1)
9#(0,0)

into summands with the following properties:

H'(L(a,b),Q) = M (6.4.4.2)
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and
H'Y(K(a,0)/{g), Q) = M®M,; (g9 V\{(0,0)}) (6.4.4.3)

Note that by Lemma all the summands in the decomposition (6.4.4.1]) are orthog-
onal to each other with respect to the intersection form on H'(K (a,b), Q).

6.4.5 Veech fibration and algebraic monodromy of K(a,b). We apply re-

spectively Proposition to m: K(a,b) — L(a,b) and each of the my: K(a,b) —

K(a,b)/{gy and find a torsion free finite index subgroup I‘Ef? < Ty such that condition

(%) is simultaneously fulfilled for each of the following holomorphic coverings

H/T) — A(K(a,0))/Aff* (K (a,b)) —Ms (6.4.5.1)
H/T() — A(K (a,5) (o)) /A (K (a,b) /o)) —Ms (g #(0,0)  (6.4.5.2)

H/T) — A(L(a,b))/AfF (L(a, b)) —Ma. (6.4.5.3)

We write fx: Xx — H/FELIZ) for the Veech fibration associated to the cover (6.4.5.1)),
respectively fg: Yy — H/Fffg) and fy: Yy — H/I‘Efz) for the Veech fibrations associated

to (6.4.5.2)) and (6.4.5.3)). Furthermore, Proposition says that we have inclusions

of local systems

RY(fv)sZy, — R'(fx)«Zx and R'(fg)sZy, — R'(fx)«Zx (g # (0,0)),

which are also morphisms of polarized VHS. All of these inclusions correspond to pairwise
different local subsystems of V) = RY(fK)«Zy as they correspond to pairwise different
subrepresentations of H!(K,Q).

The inclusion of local systems from above together with Deligne’s semisimplicity result
(see [22] or [121, Theorem 7.25]) and the splitting theorem of Méller shows that

V((@K) splits into a direct sum of local subsystems

VEY=M® P M, (6.4.5.4)
9#(0,0)

such that each of the subsystems M (g € V\{(0,0)}) carries a polarized Q-VHS of weight
one.

In the next Lemma we will determine the Lyapunov exponents for the Kontsevich-Zorich

cocycle over H/Fgﬁ). We will hereby mimic the proof in Section 5.4 of [35] respectively
the proof of |18, Theorem 7).

6.4.6 Lemma. The non-negative Lyapunov exponents associated to the summand M

are 1 and 1/3. The Lyapunov exponents A, of the summands M, of V((@K) are all given

by Ai =1/3 (g # (0,0)).
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Proof. We identify the smooth bundle associated to the local subsystem M of V((@K) with

the smooth bundle R'(fy)«Zy, ®z CH?/F(K) underlying the Kontsevich—Zorich cocycle
a,b

of the Veech surface L(a,b) € QM (2). In this stratum we have Laypunov exponents
(1,1/3) by Corollary As we explained above, we can identify for every g # (0,0)
the local subsystems

M@ M, = R'(f,):+Qy,

Every Veech surface K(a,b)/{(g) is contained in the component QM34(2,2) and we
know that the sum of Lyapunov exponents is non-varying in this component by results
of Chen and Méller [15]. Indeed the sum of Lyapunov exponents is given by 5/3. With
the argument above the sum of Lyapunov exponents of the Kontsevich—Zorich cocycle

associated to R!( f9)+Qy, ®q C’Ho;;/r( x) must satisfy the relation
a,b

14+1/3+ X, =5/3.

This shows Ay = 1/3 for every g # (0,0). O

Let ng) < Aff*(K(a,b) be as in Subsection [6.4.5. Recall that all the summands in the

splitting

H'(K(a,0),Q)=Ma® @ M, (6.4.6.1)
9#(0,0)

from (|6.4.4.1]) are orthogonal to each other and hence they are invariant under the action
of ng on H'(K(a,b),Q). Depending on a,b € Q or not we get a further splitting of
the summand as follows (c.f Remark [6.4.2)): If a,b are as in part (i) of Theorem
then the summand M splits over Q as

M = My ® M),

if a,b are as in part (ii) of Theorem then the summand M splits over the F' :=
K(L(a,b)) as .
M®q F = M © Mg,

where id and o are the different embeddings of F' = K(L(a,b)) into R. Note that for

a,b € Q the summands My, and M) of H'(K (a,b),Q) are orthogonal to all the other

summands M, (g # (0,0)) with respect to the intersection form. We can restrict Fl(fz)

to a finite index subgroup I" which still has condition (*) such that I" respects a lattice
in My n H'(K(a,b),Z) with g # (0,0) respectively a lattice in Mgy n H'(K(a,b),Z).
We can now apply Proposition [6.1.1} and Lemma|6.1.4jon I" and the rank two summand
My (g # (0,0)) respectively M) if a,b € Q. In this way we obtain together with the
density theorem of Borel (c.f. Remark the following proposition.
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6.4.7 Proposition. For all parameters 0 < a,b < 1 as in Theorem the Kontsevich—
Zorich monodromy representation

) — Sp(H}y (K (a,b),Q))

splits into rank two summands such that the monodromy group projects for each of the
summands to an arithmetic subgroup of SLa(R).

Wind tree model

oo [oo]  [69] o] (o]

(=1,0)
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1
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(—1,-1) [©0.-] la.-] 1.-1)

Figure 6.4.: Two fundamental regions for the billiard table of the wind tree model.

In this section we want to study the monodromy groups of local systems associated to
Teichmiiller curves coming from a famous family of translation surfaces. These transla-
tion surfaces were constructed to study a polygonal billiard called wind tree model (see

Figure and Figure .

We will now explain to the construction of the wind tree model. The Katok-Zemliakov
unfolding procedure of the billiard in the yellow-colored fundamental domains shown in
Figure leads to a translation surface X (a,b) which is made of four reflected copies
of the fundamental domain see Figure We will see that for the cases of 0 < a,b < 1

2 1

Figure 6.5.: Cutting and pasting the fundamental regions of the wind tree model.
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Figure 6.6.: Two different presentations of the translation surface X(a, b).

as in Theorem the translation surface X(a,b) is also a Veech surface and in the
following we want to study the monodromy group of the local system associated to the
Teichmiiller curve coming from X (a,b).

6.4.8 Lemma (Delecroix, Hubert, Lelievre [18]). The following holds:

(i) The surface X (a,b) is a genus five surface in QMs5(24). It is a normal unramified
translation covering of L(a,b) with Deck group G isomorphic to the Klein four-
group Z/27 x 7,/27.. The Deck group G of the covering is generated by an element
Tr, € G which acts by translation in direction (0, 1) on the copies in Figure and
by an element 7, € G which acts by translation in direction (1,0) on the copies in

Figure

(i) Now consider the translation surfaces from Figure The translation surfaces
X(a,b)/{1yy and X (a,b)/{t) belong to the hyperelliptic component Qngp(Q, 2)
while the translation surface X (a, b)/{7;7,) belongs to the component QM4 (2, 2).

We write again G for the Deck group of the covering w: X (a,b) — L(a,b). We will now
sum up the main parts of [18, Section 3.3] and [18, Lemma 4]. The Deck group G acts
on the cohomology H!(X (a,b),Q) by pull back. Every element g # 1g of G acts on
H'(X(a,b),Q) by a linear transformation g* which has only the eigenvalues —1 and 1.
Furthermore for every g # 1 there is a decomposition in eigenspaces

H'(X(a,b),Q) = Eig(g, 1) ® Eig(g, -1).
By Lemma This leads to a decomposition

H'(X(a,0),Q) =E® P Ey, (6.4.8.1)
9#la
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Figure 6.7.: In we can see the translation surface X (a, b)/{T,7y), in we can see
X(a,b)/{tp)y and in we can see the translation surface X (a,b)/{(Ty).

such that ¢* - w = w for every w € E® E, and g* - w = —w for every w € Ej, @ Ej,
with h,k # g. For every g # 1g the translation covering my: X(a,b) — X(a,b)/{g) is
obviously a Veech covering. As in the proof of Lemma we obtain isomorphisms of
vector spaces

HY(X(a,b)/{9),Q) — E®E, and H'(L(a,b),Q) — E (6.4.8.2)

We apply Proposition to the Veech cover m: X(a,b) — L(a,b) and each of the
coverings 7y X (a,b) — X (a,b)/(g) with g # 1g. We conclude that there is a subgroup

Fg/z) < SLa(R), which is contained in the intersection of the Veech group SL(X(a,b))
with the Veech group SL(L(a, b)) and in the intersection of SL(X (a,b)) with all of the
groups SL(X (a,b)/{g9)) (g # 1g). Furthermore we can assume that there are subgroups
Go < Aff* (X (a,b)), G1 < Aff*(L(a,b))and G, < Aff* (X (a,b)/{g)) (i = 1,2,3) which
map isomorphically to F((IVZ) under the derivative and such that condition () is fulfilled
for each of the following covers

H/T()) — A(X(a,0))/AfF* (X (a,0)) —M; (6.4.8.3)
/T — A(X(a,0)/()/A (X (a,0)(9) —Mz  (9#1a)  (6484)
H/T,) — A(L(a,b))/AfE" (X (a,b)) —My (6.4.8.5)

We write fy: Xy — H/T S/Z) for the Veech fibration associated to the covering in
6.4.8.3), respectively f,: Yy — H/F((IVZ) for the Veech fibrations associated to (6.4.8.4
and fg: Yg — H/F%/) for the Veech fibration associated to the covering (6.4.8.5). By
Proposition we get inclusions of local systems

RY(fc)sZyg — R (fw)sloxyy (6.4.8.6)

and
R'(fg)aZy, — R'(fw)sZxy, (9 # la), (6.4.8.7)
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6. Arithmeticity and period mappings

which are furthermore morphisms of polarized VHS. All of these inclusions correspond
to pairwise different local subsystems of V(W) — RY( fw)«Zx,, as they correspond to
pairwise different subrepresentations of H'(X (a, as indicated in (6.4.8.2]).

b), Q)
The inclusion of local systems from ((6.4.8.6)) and (6.4.8.7) together with Deligne’s semisim-

plicity [22] result and the splitting theorem of Moller 8| shows that V(W) splits over
Q as stated below:

w
vy =E® @ E, (6.4.8.8)
9#lc

where E@ Ey = R (f,)«Qy, for g # 1¢ and where E = R'(f)«Qy,, is the local system

corresponding to the action of I‘gmb/) on H'(L(a,b),Q). Furthermore each rank two local

subsystem E, (g # 1) carries a polarized Q-VHS of weight one.

6.4.9 Lemma. The non-negative Lyapunov exponents associated to the local subsystem
E are (1,1/3) and the Lyapunov exponents of the subsystems E, of (V(W))Q are given
by Ay = 2/3 for the element g = 7, and g = 7,. In the case g = 7,7, it is given by
Ar,r, = 1/3 for the local subsystem E, 7, .

Proof. We just mimic the proof of [18, Theorem 7] in our simplified situation. By

Proposition |6.3.4] the Kontsevich-—Zorich cocycle on the smooth bundle E ®q C];IO/F(W)
a,b

associated to the local subsystem E of V"’ can be identified with the Kontsevich—Zorich
cocycle for L(a,b) € QM3(2). In the stratum QMs(2) we have Lyapunov exponents
(1,1/3) by Corollary As we explained before we identify for every g # 14 the local
subsystems

(W)

E®E, = R'(f4)«Qy,.

In the case of g = 7, and g = 7, the local system Rl(fg)*(@yg comes from the Veech

surface X (a,b)/{g) € Qngp(Q, 2) while the translation surface X (a,b)/{m,7,) belongs
to QMgdd@, 2). We konw that the sum of Lyapunov exponents is non-varying in these
components by results of Chen and Moller [15]. Furthermore, the sum of the Lyapunov
exponents is given by 2 in the component ngp(2,2) and it is given by 5/3 in the
component QM$34(2,2). This implies:

1+1/34+ ;=2 forg=m,and g=m,
14+1/34+ Xy =5/3 for g=m7.

This shows Ay = 2/3 for g = 7, and g = 7, as well as A\r, -, = 1/3. ]

We can now argue as in Proposition to obtain the following result.
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6. Arithmeticity and period mappings

6.4.10 Proposition. For all parameters 0 < a,b < 1 as in Theorem the Kontsevich—
Zorich monodromy representation

T — Sp(Hiy (K (a,b),Q))

splits into rank two summands such that the monodromy group projects for each of the
summands to an arithmetic subgroup of SLa(R).

Summary

We will now sum up some obvious insigths for the period data which come from the
rank two summands in the splittings (6.4.5.4)) and (6.4.8.8). The group F(lz)

the group T b) are isomorphic to finite index subgroups of the Veech group SL(L(a,b)).

We got a Veech fibration fx: Xx — H/T' g for the cover H/T'k of the Teichmiiller curve
associated to K and a Veech fibration fy: Xy — H/T'y for the cover H/Ty of the
Teichmiiller curve associated to W. We found two splittings over the rational numbers
of the following local systems

Rl(fK)*QxK = M(‘B @ Mg

975(070)

as well as

and

Rl(fW)*QDCW =E® @ Eg-

9#la

All of the direct summands in both decompositions are of rank two and carry polarized
sub-VHS. The period data of E;, and [E;, are not weakly commensurable to any other
direct summand of rank two since their Lyapunov exponent is 2/3 instead of 1/3. It
would be interesting to find out more about the period data which can appear for Veech
coverings of the translation surface L(a,b). Maybe one can proceed as in [72, Example
5.10] to show that the period data of the summands M (g # (0,0)) or the period datum
of E;, 7, is not induced by a Veech covering.
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7. Prym origamis

In this chapter we will investigate a so called Prym origami in the stratum QMg (4). In
Section we will shortly elaborate some general properties of their Kontsevich—Zorich
monodromy and Kontsevich—Zorich representation. After that we will investigate a
special Prym origami with thin Kontsevich-Zorich monodromy in Section This is
part of joined work with Pascal Kattler and Gabriela Weitze-Schmithiisen which we
started a few weeks ago.

7.1 The Prym locus of QM;(4)

By results of Kontsevich and Zorich |78, Theorem 2] the stratum QMs3(4) has two con-
nected components

OM34(4) and QMPP(4).

We say that an origami O = (X,w) € QM34(4) belongs to the Prym-locus if there is a
holomorphic involution o: X — X, which has four fixed points such that c*w = —w. The
last condition implies that ¢ is an affine homeomorphism of O with derivative D(o) =
—I5. By the Riemann-Hurwitz formula we see that the genus of X /o is (X /o) = 1.

We want to describe the general features of the Kontsevich—Zorich monodromy represen-
tation of origamis in the Prym locus a little bit before we come to the main result of this
section. The main feature is that the Kontsevich—Zorich representation splits into two
rank two summands and that the Kontsevich—Zorich monodromy projects to arithmetic
groups with Zariski closure isomorphic to SLa(R) (see Proposition . We start our
investigation with the following lemma.

7.1.1 Lemma. Let O = (X,w) be an origami in the Prym-locus of QM3 (4) with
associated involution o: X — X. Consider the action of o on the non-tautological part
Hfo) (X,Q) by push forward. Then Hfo) (X,Q) decomposes into eigenspaces H, and
H_ for the eigenvalues 1 and —1. Both eigenspaces H, and H_ are two-dimensional
and orthogonal to each other with respect to the intersection form @ on Hi(X,Q).
Furthermore every element in the affine group Aff*(0) respects the splitting

HYX,Q =H, ®H_.
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7. Prym origamis

Proof. Since O = (X,w) is an origami, the tautological part H{'(X,Q) of H1(X,Q) is
defined over Q. Furthermore the involution o: X — X has by definition the property
0*(w) = —w. This implies that H;*(X,Q) is a subspace of Eig(cy, —1) by duality (c.f.

Section 4.6.10)).

The genus of X is g(X) = 3 and the genus of X /o is g(X /o) = 1. By Lemma and
duality H'(X,Q) — Hy(X,Q) the homology H;(X,Q) splits into eigenspaces

H1(X,Q) = Eig(o, 1) @ Eig(os, 1), (7.1.1.1)

of o4, which are orthogonal to each other with respect to the intersection form. Fur-
thermore, Eig(oy,1) has dimension two and the eigenspace Eig(oy, —1) has dimension
four. This shows that the non-tautological part Hl(o)(X , Q) splits into eigenspaces H

and H_ of dimension two. O

Let again O = (X,w) be an origami in the Prym-locus of QM3 TLet ¢ € {+,—}
and write U, for the lattice H;(X,Z) n He. For every ¢ € {+,—}, the lattice U, is
invariant under the action of Aff" (X, w) and Uk is naturally polarized by the restriction
of the intersection form on Hj(X,Z).Thus the action of Aff*(X,w) on U, induces a
representation

pe: AfT (X, w) — Sp(UL). (7.1.1.2)

We choose a subgroup I' < Aff"(X,w) which has condition (x). Let f: X — C =
A(X,w)/T" be the associated Veech fibration. For every e € {4+, —}, we can associate a
local system U, to the representation pc|r. We denote Vz = R! f«Zx as before. Lemma
induces a splitting of local systems (c.f. Theorem

Vo=WOE, ®E_, (7.1.1.3)

where E, = U, ®z Q by duality for each € € {+,—}. On Vz we have the polarized
VHS (Vz, f*Q%C Nor Q) of weight one. Thus from Deligne’s semisimplicity result and the
splitting of the local system V7 in , we obtain a polarized VHS of weight one on
U, for both of the € € {+, —} or equivalently a holomorphic mapping

¢e: C — H/ (pe|r(Ue)) ,

which is locally liftable and has Griffith’s infinitesimal period relation.

We denote by USC the (1,0)-part of the Hodge filtration of the Deligne extension of
U. ®7 O¢ to the smooth compactification C' of C. Write deg(Ul’O) for the degree of
the line bundle US". The next lemma together with implies that deg(Ui’O) # 0
for every € € {+, —} or equivalently that ¢. is non-constant and hence surjective. This
lemma can also be found in Section 6.6 of [86].

7.1.2 Lemma. The Kontsevich-Zorich cocycle on Vz®zCX restricts to cocycles on each

of the smooth subbundles U} ®7 C# and U_ ®z CF with positive Lyapunov exponents
Ay =2/5and \_ =1/5.
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7. Prym origamis

Proof. The involution o: X — X has four fixed points and induces a covering 7: X —
X /o with X /o an elliptic curve. The holomorphic quadratic differential w? descends
to a quadratic differential ¢ on X /o, i.e. 7%q = w?. The four ramification points of 7
correspond to zeroes of odd orders or simple poles of ¢. By (2.5) in [30] we know that
the single zero of order four of w gives rise to a zero of order three of ¢. Since X /o has
genus one, we conclude that ¢ has three simple poles. By [30, Theorem 1, Theorem 2]
and [15, Section 5.1] we conclude

I+ A+ X =8/5 (7.1.2.1)
and

1+A Ay =1/4-(1+1+1+1/5) =4/5 (7.1.2.2)
This shows Ay =2/5 and A_ = 1/5. O

From Proposition Lemma and Borel Density Theorem (c.f. Remark [6.1.2)

we obtain the following proposition which was already pointed out in Appendix A of [§],
which is due to Etienne Bonnafoux and Carlos Matheus.

7.1.3 Proposition. For each € € {+, —}, the image im(p¢) of the representation
pe: AT (X, w) — Sp(Ue).

from (7.1.1.2) has Zariski closure isomorphic to SLo(R) and it is an arithmetic group.
In other words the monodromy group of the Kontsevich—Zorich representation projects
to Zariski dense and arithmetic groups in SLa(R).

7.2 A Prym-origami with thin Kontsevich—Zorich monodromy

Figure 7.1.: The origami O with its four fixed points under the involution.
We want to consider the origami O € QM3%4(4) from Figure associated to the pair

of permutations
op =(1,2)(4,5) and o, =(2,3,4).
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7. Prym origamis

It has degree five and lies in the Prym-locus of QM349¢(4). Etienne Bonnafoux and Carlos
Matheus computed the Kontsevich-Zorich monodromy of O in Appendix A of [8]. We
will now repeat their result. The origami O has three horizontal cylinders with waist
curves o1, og and oy with holonomies (2,0), (1,0) and (2,0). Furthermore, O has three
vertical cylinders with waist curves (3, (o and {2 with holonomy vectors (0, 1), (0, 3) and
(0,1). A basis of the non-tautological part Hfo)((‘L Q) is given by ¥; = 0, —20¢ (i = 1,2)
and Z; = 3(; — (o (i = 1,2). Again the involution splits the non-tautological part in
eigenspaces H 1(0)((‘), Q) = H{ @ H{ . The eigenspace H;" of the eigenvalue 1 is generated
by the elements ¥ = 31 — ¥y and Z+ = Z; — Z5. The eigenspace H of the eigenvalue
—1 is generated by ¥~ = ¥ + 39 and Z~ = Z; + Z. The Veech group SL(O) of O is
generated by the following matrices in SLa(Z):

1 2 10
™M=l 1) ™7 \3 1
1 0 6 —5
M=o —1) "™T\s 4

The elements my and mgy act on the basis (X7, Z1, 37, Z7) of eigenvectors of Hfo) (0,Q)
by the matrices

and

1300 100 0
0100 1100
A=1o 01 1| 2@ B=1g 0 1 0
000 1 001 1

The element mg € SL(O) comes from the involution on O and my4 acts by a Dehn multi-
twist in direction (1,1) on O and thus acts trivially. In the next section we will study
the Kontsevich—Zorich monodromy of O.

Thin Kontsevich—Zorich monodromy. In this subsection we finally show parts of
the work which Pascal Kattler, Gabriela Weitze Schmithiisen and myself started quite
recently. We denote in the following

1 1 1 0
T_<O 1) and L_<1 1).

We write A, B for the elements A = (73,T) and B = (L, L) of SLy(Z) x SL2(Z) and we
write U = (A, B) for the subgroup generated by A and B. Let

P: SLy(Z) —> PSLy(Z)

be the projection map and write T = P(T) and L = P(L) for the images of T' and L under
P. In the following we write PU for the subgroup of PSLy(Z) x PSLy(Z) generated by
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7. Prym origamis

the elements A := (T°,T) and B := (L, L). For i = 1,2 let pr;: PSLy(Z) x PSLy(Z) —
PSLy(Z) be the projection onto the first, respectively second component. The image
pr; (PU) < PSLy(Z) of PU under the projection onto the first component is given by

the subgroup of PSLy(Z) generated by the elements T and T and we have the identity

Pry(3) =(T°,I) = {(‘CL Z) €PSLy(Z) |a=+1=d (mod3), b=0 (modB)} .

Consider the following commutative diagram:

PSLy(Z) x {1} ——— PSLy(Z) x PSLy(Z) 225 PSLy(Z)

J | o

PU ~ (PSLy(Z) x {1}) « s PU e, PSLy(Z)

We want to show in this section that the group PU has infinite index in PSLy(Z) x
PSLy(Z). The projection of PU onto the second component is the full group PSLy(Z).
Hence the two rows of the commutative diagram above are exact. We conclude that it
suffices to show that the group

H := PU n (PSLy(Z) x {1}) = PU n ker(pry)

has infinite index in PSLy(Z) x {1}, respectively that G = pr;(H) has infinite index in
PSLy(Z). The group PT'1(3) has finite index in PSLy(Z) and we know from above that
G is a subgroup of PT'y(3). Thus if we can show that G = pr;(H) < PT'1(3) has infinite
index in PI'1(3), then we are done.

A group presentation of PSLy(Z) is given by

GpsLyz) = @y | (P22, (y™)*). (7.2.0.1)

The group homomorphism Gpgr,z) — PSL2(Z) induced by z ~— T,y — L is an
isomorphism of groups. Consider the element R € PT'1(3) given by

R=TT 2=+ <:Z g) . (7.2.0.2)

7.2.1 Lemma. The group G is given by the normal hull of the element R in the group
['1(3),ie G =< R »pr,(3)-

Proof. Let F, = F, , be the free group in two generators x and y. Consider the group
homomorphism

@i Fyy —> PSLo(Z) x PSLo(Z), ¢(z) = A, ¢(y) = B.
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7. Prym origamis

By definition of the group homomorphism ¢, we have the identity im(¢) = PU. We get
the relation H = im(p) n ker(pry). Furthermore, the identity

im(p) N ker(pry) = @(ker(pry o ¢)) (7.2.1.1)

holds. Consider the elements S; = (y?z71)? and Sz = (zy~')3 of F,,. If we recall
the group presentation of PSLy(Z) in , then it is clear that the kernel of the
concatenation pry o ¢ is given by the normall hull « S, 52 »F, , in Fy, generated as a
normal subgroup by S; and Ss. This shows

H = p(ker(pry 0 ¢)) =< ¢(51),¢(52) »pu -

We have the identities

1

pryop(Sy) = (T°LT ')¥ =L and pryop(S) = (LT °)? =R

We conclude that G is given by the normall hull of the element R in PI'1(3) since
pry(PU) = PI'1(3), i.e. G =< R »pr,(3)- O

The element R € PI'1(3) from ([7.2.0.2) is obviously an element of the congruence sub-
group PT(2) = <TQ,f2> of PSLy(Z) as well. From the description of G from Lemma

we conclude that G < I'(2) hence G < PT';(3) n PI'(2). We write in the following
ISC for the intersection PI'1(3) n PI'(2).
7.2.2 Lemma. Let ISC = PT";(3) n PT'(2) as above. The following holds:

(i) The group ISC has index four in PI'(2). Furthermore, the group ISC is a free
group in the set of generators sq,...,s; € PT'(2), where

31=L2=i<; (1)>,

-T2 T2 T 4 (5 —18)

2 =7
—4 =2 =2 ——2 ——4 —35 162
ss=1 -L -1T"-L ~-T —ir<_8 37>
—4 =4 =2 17 —-30
sa=T1T -L -T "=+ 4 _7>,

85=T6=‘|_‘<(1) (13>

(ii) The group ISC has index six in PT';(3) and a set of right cosets is given by the
elements Ay, ..., Ag € PT'1(3), where

3

)

Ay = £1o, As
Ay =TT, As=

As
: T37 A6

I
S
I

ﬂ‘ ]
w

o~
N~

w
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~

l

Figure 7.2.: The right coset graph of the group ISC in PT'(2).

Proof. The right coset graph of ISC in PT'(2) is given by the graph in Figure A
standard argument with the Ping-Pong Lemma shows that PT'(2) can be written as the
free product PI'(2) = <TQ> * <Z2> and hence PT'(2) is a free group in the two generators
T and T°. Thus ISC is a free group in five generators by the rank-index-formula. The
fundamental group with base point +75 of the right coset graph in Figure[7.2]is naturally
isomorphic to the group ISC. Thus we get S = {s1,...,s5} < PI'(2) as above as a set
of generators of ISC. The right coset graph of ISC in PT';(3) is given by the graph in

Figure O

With Lemma[7.2.T]and Lemmal[7.2.2] we can now continue our investigations on the group
G. We know that the elements Ay, ..., Ag as in Lemma build a set of right cosets
of ISC in PT'1(3) and G =« R »pr,(3). All the elements R; := A;RATY (i=1,...,6)
are elements of ISC. All together we conclude that the group G < ISC is given by the
normall hull

G=<R»pr3 =<«<R=ARA|i=1,...,6 >0,

In terms of the generators sy,...,s; of ISC from Lemma we have the following
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L

Figure 7.3.: The right coset graph of the group ISC in PI'1(3)

identities for the elements R; = A; RA; " (i = 1,...,6) from above:

8 43
Ry=siosy' sl =& (iﬂ :ﬁ) ,
Ri=sy' 53! - sa-82= = (_—14449 L;)g)

U 803 3432
R62821’S41'831'82'82:i<236 9o7>

We consider the group homomorphism of ISC onto its abelization
¢ap : ISC — ISC/[ISC, ISC].

It is easy to see that the image ¢.1,(G) is a subgroup of infinite index in ISC/[ISC,ISC]
and this shows that G has also infinite index in ISC. Furthermore an easy computation in
GAP shows that the matrices +15-R; (i = 1,...,6) project surjectively onto SLa(Z/5Z).
By a theorem of Weigel ([120],[104, Theorem 2.2]) we conclude that the Zariski closure of
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G is PSLa(R) respectively that the Zariski closure of PU NPSLy(R) x {+ 13} is isomorphic
to SL2(R). Since pry(PU) = PSLy(Z), this shows that the subgroup PU < PSLy(R) x
PSL9(R) is Zariski dense. We will sum up the main result of this section in the next
Theorem.

7.2.3 Theorem. The Kontsevich-Zorich monodromy of the prym-origami O € QM344(4)
associated to the permutations o, = (1,2)(4,5) and o, = (2,3,4) is thin.
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8. Arithmeticity for a finite family of stairs
origamis in genus four

In this chapter we integrate the content of [8, Section 5]. We will show for a finite
family in the stratum QMy(6), that the monodromy group of the Kontsevich—Zorich
monodromy representation is an arithmetic group. In contrast to the results from the
previous chapter which are based on Hodge theory, we will hereby use the theory of
algebraic groups. We laid the foundation of these techniques in Chapter The main
difficulty for the sequences of origamis in this chapter and the next chapter is to prove
that the monodromy group of the Kontsevich—Zorich representation is Zariski-dense. In
this chapter the proof is computer-aided (c.f. Theorem and hence results in a
finite family. In chapter [J] we obtain Zariski-density by a Galois-theoretical approach.
Nevertheless we need the explicit description of several elements in the Kontsevich—
Zorich monodromy in both cases which we develop in Section In Section we
prove the density of the Kontsevich-Zorich monodromy of the origamis considered in
Theorem Finally, in Section [8.4] we show arithmeticity with the help of

8.1 Stairs origamis in genus four

Before we start with the construction of our families, we want to explain what we mean
by length or combinatorial length of a curve on an origami.

8.1.1 Definition. For an origami 7: O — R?/Z? and a closed curve v: [0,1] — O we
mean by (combinatorial) length the number of t € (0,1] such that 7(y(¢)) = w(7(0)).

First of all we want to introduce the members of the finite family which we want to
consider in this section.

8.1.2 Definition. Let N > 4 and M = 4+ 2m with m > 0. Let O%)M be the origami of
degree N + M + 2 associated to the pair of permutations h,v € Sym({1,..., N + M +2}),
where

(1,2,3...,N)(N+1,N+2, N+3)(N+4,N+5)(N+6)...(N+M+2)

h
v=(1, N+1, N+4, N+6,.... N+ M +2)(2, N+2, N+5)(3, N+3)(4)...(N).
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|
7

v 63 G2 C1

g

N

Figure 8.1.: Origami (‘)E\A;)M with horizontal waist curves o1, 09, 03, 0N and vertical waist

curves Cla C2> C37 CM

The origamis from Definition are visualized in Figure [8.I] The main result of this
chapter is the following. This is Theorem 2 respectively Theorem 22 in our article [8].
Note that in Chapter [0 we will obtain an infinite family with arithmetic Kontsevich—
Zorich monodromy among the origamis OE\A;)M but we have more constraints on the
parameters N, M € N. ’

8.1.3 Theorem. For all N = 3m + 4 with 4 < N < 50 and M = 2m + 4 with
m € {0,...,50} the Kontsevich-Zorich monodromy of (‘)E\A;)M is arithmetic.

8.2 Our favorite Dehn twists

In this subsection we compute explicit elements in the Kontsevich—Zorich monodromy.

We use cylinder decompositions of the origami O%)M in several directions to construct

Dehn multitwists. Rember that we defined H fo)(O%?M,Z) as the kernel of the push-

forward m, induced by the covering : O%}M — T? of the torus (c.f Subsection |4.6.10)).

We will compute the transformation matrices of the Dehn-multitwist with respect to a
basis B(0) of H 1(0) (O%)M, Z). This will be the cornerstone for the arguments in Section
and Section [8.4

The waist curves o1, 09, 03, oy of the four maximal horizontal cylinders and the four waist
curves (1, (2, (3, (s of the four maximal vertical cylinders form a basis B of H (O%)M, Q)
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8. Arithmeticity for a finite family of stairs origamis in genus four

(see Figure . We have the following holonomy vectors for these waist curves:
hol(o1) = (1,0), hol(oz) = (2,0), hol(os) = (3,0), hol(on) = (N,0)
hOI(gl) = (Oa 1)7 hOI(CQ) = (Oa 2)7 hOI(C?)) = (073)7 hOI(gM) = (OaM)

We have that BO©) = {31,%9, XN, 21,22, Zpr} is a basis of the non-tautological part

Hfo)(O%?M, Q), where

2120'2*20'1, 22=0'3*30'1, ENZO'N*NO'M
Zy = =20, Zy= -3, Zm=Cm— MG.

That B () is indeed a basis follows for example from the fact that the fundamental matrix
G of the intersection form Q with respect to B(?) (see is regular:

0 0 0 0 1 —1
0 0 0 11 -2

a_| 0 o 0 1 -2 -N-M+1
1 o -1 1 0 0 0
-1 -1 2 0 0 0
1 2 N+M-1 0 0 0

We will use the Dehn multitwists along the waist curves of the cylinders in the directions

(1,1), (1,-1), (1,2), (1,—2) as well as the horizontal and vertical direction. In the

following we compute their actions on H io) ((953? v Q)-

2m 2m

-/
S-S INN

13- ST/

(a) (b)
Figure 8.2.: Cylinder decomposition in direction (1,—1) and (1,1) of the origami O%)M.
Here x1 and §; are the waist curves of the blue cylinders.

For the direction (1,1) we have a decomposition into two maximal cylinders of equal
height with waist curves d; of combinatorial length 3 and Jo of combinatorial length
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8. Arithmeticity for a finite family of stairs origamis in genus four

N + M —1 (see Figure [8.2b). In direction (1, —1) we also have a decomposition into two
maximal cylinders (see Figure again of equal height. We denote the waist curve of
combinatorial length 5 by x1 and the waist curve of combinatorial length N + M — 3 by
x2. The associated Dehn multitwists along the waist curves of these maximal cylinders
then act as linear maps Ds and D, on Hfo)(O%)M,Q) given by (c.f. Proposition [3.3.4
and Formula (2.4) [8]): 7

Ds:v— v+ (N + M — 1) Q(U,(Sl) 0 +3 Q('U,52) 09 (8.2.0.1)
Dy:v— v+ (N+M-3) Qu,x1)x1+5 Qv, x2) X2 (8.2.0.2)

We will now count the intersection points of the curves o;,0n,(, Cyr (i = 1,2,3) with
the waist curves of the cylinders to finally compute matrix representations for Dy and
D,:

Q|5 02 X1 X2
o1 0 1 0 —1
09 1 1 -1 —1
o3 1 2 -2 -1
ov| 1| N-1 | 2] - (N-2
alo 1 0 1
G | =1 1 1 1
Gl-1] —2 |=2| =1
G | =1 —(—1) | —2 | ~(M—2)

Table 8.1.: Number of intersection points between the waist curves d1, , 3 of the cylinders
in direction (1,1) and the waist curves xi, x2 of the cylinders in direction
(1,—1) with the elements o;,on, G, Car (i = 1,2,3).

As next step we compute the matrix representations M éo) and M>(<0) of the linear maps

Ds, D, € SpQ(Hfo)(O%)M,Q)) with respect to B(®). The following two elements of the

homology will be essential for this:
A=(N+M-1)-6,—3-6¢ Hfo)(O%?M,Z)
X=(N+M-3)x1—5 x2e H 0V, 2)

They both have zero holonomy and are thus elements of the non-tautological part
Hfo)(OSé)M,Z). The intersection numbers obtained above allow us by a simple but
longish computation to determine the coefficients of A and X with respect to the basis

Bof H 1((953,)]\4, ). We then convert them to coefficients with respect to the basis B(®)

of Hl(o)(Ogé?M, ) and obtain:
A=—321+(N+M—1)22—3ZN
—321+(N+M—1)Z2—3ZM,
X= (N+M-3)51+(N+M-3)32—-5%y
—(N+M—-3)Z1 —(N+M —-3)Zs+5Zy

(8.2.0.3)
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8. Arithmeticity for a finite family of stairs origamis in genus four

Now, using (8.2.0.1) and (8.2.0.2)) we obtain:

Ds(31) = X1+ A, Ds(E2) =X2+ 4, Ds(En)=2Xy+A4,

Ds(Z1) = Z1 — A, Ds(Z2) =Za— A, Ds(Zy) =Zy — A,

Dy(S1) = 51— X, Dy(S2) = 5o —2X, Dy(Sy) = Sy —2X, (8.204)
Dy(Z1) = 71— X, Dy(Ze) = Zo — 2X, Dy(Zar) = Zas — 2X

From (8.2.0.4]) we see that the linear maps D and D, are transvections, i.e. Ds—id and
D, — id have one-dimensional images. This finally leads to the matrix representations

MO, M e RE<6 where

-2 -3 -3 3 3 3
N+M—-1 N+M N+M-1 -N-M+1 -N-M+1 -N-M+1
M(O)_ -3 -3 —2 3 3 3
s = -3 -3 -3 4 3 3
N+M—-1 N+M-1 N+M-1 -N-M+1 -N-M+2 -N-M+1
-3 -3 -3 3 3 4
and
~-M~-N+4 —2M—-2N+6 —2M—2N+6 —M—-N+3 —2M—2N+6 —2M —2N+6
~-M~-N+3 —2M—-2N+7 —2M—-2N+6 ~-M-N+3 —2M—2N+6 —2M —2N +6
M(O)_ 5 10 11 5 10 10
x = M+N-3 2M+2N—-6 2M+2N—-6 M+N—-2 2M+2N—-6 2M+2N—6
M+N-3 2M+2N—-6 2M+2N—-6 M+N-3 2M+2N—-5 2M+2N—6
-5 -10 ~10 -5 -10 -9

For the directions (1,2) and (1, —2) we assume that M = 2m + 4 (m € Ny). We then

/]
2m

|
/'\/\ /'\/\

2m

2
2% 7
7 7
77 z
7 77
2% 7
7 A
3
- A -
7 7
z z

(a) (b)
Figure 8.3.: Cylinder decomposition in direction (1,2) and (1, —2) of the origami O%)M.
Here 1 and «; are the waist curves of the blue cylinders.

again have decompositions into two cylinders of equal height (see Figure and Figure
8.3b)). For direction (1,2) the waist curves =7, 72 have combinatorial length % and
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8. Arithmeticity for a finite family of stairs origamis in genus four

%. For direction (1, —2) the waist curves a1, ae have combinatorial length N +m
and m + 6. We get the following transvections D, and D,:

Dy:v— v+ 2N+ M +4) Qv,y1)71 + M Q(v,72)72
Dy:v— v+ (m+6) Quv,a1)a; + (N +m) Qv, az)as

For the intersection points of the waist curve 1,72 and a1, as with o;, 0N, (G, (r we
counted:

Q ga! 72 a1 Q2
o1 1 1 -1 -1
09 1 3 -1 -3
g3 1 5 —2 —4
ON 1 2N —1 4—2N —4
G 0 -1 1 0
Go 0 —2 ~1 1
(3 1 92 1 92
v | —14+m) | —=B4+m) | —=(14+m) | —(3+m)

Table 8.2.: Number of intersection points between the waist curves 71, v of the cylinders
in direction (1,2) and the waist curves aq, ag of the cylinders in direction
(1, —2) with the elements o;,0n, G, (v (i = 1,2,3).

With these data we compute similarly as above the representation matrices M.(YO) and

MO(KO) of the maps D., D, with respect to the basis B (O), The crucial elements of the non
tautological part of homology are in this case:

D =2N+M+4)y — My e Hl(o)(ogé,)MZ)
A= (m+6)ar — (N +m)ag e H(0,,.2)
We get for the coefficients of T’ and A in the basis B(O) = {31, %5, %,,, Z1, Za, Zys}:

= @N+M+4)S —MYy— MYy

—9M Zy —2M Zy + (2N +4) Zy,

8.2.0.5
A=—=(N4+m)X; — (N +m)E2 + (m +6)%, ( )
+(N—=6)Z1+2(N+m)Zy + (N —6)Zn
Furthermore we compute
Dy(¥1) =31 =T, Dy(32)=%2-2I Dy(¥n) =%y —(N-1)T,
D(Z)) = 7y, D(Zy) = Zo —T,  Dy(Zyn) = Zpr — (m + 1)T, 5206
Da(S1) =51+ A, Do(Ss) =53+ A, Do(Sy) =Sy — (N —4)A, o
Da(Zl) =71+ A, Da(ZQ) =7y + 2A, Da(ZM) =Zym + (3 + m)A
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8. Arithmeticity for a finite family of stairs origamis in genus four

We conclude that the maps D,, D, have the matrix representations M,(YO) and Méo) €
R6*6 on H fo)(O%)M, Q) with respect to the basis B(®) which are given as follows:

—M —2N -3 —2M —4N -8 —(N—-1)(M+2N+4) 0 —-M—-2N-4 —(m+1)(M+2N +4)
M 2M + 1 (N —1)M 0 M (m + 1)M
M(O) _ M 2M (N —-1)M +1 0 M (m + 1)M
vy T 2M aM 2(N —1)M 1 2M 2(m + 1)M
oM AM 2(N —1)M 0 2M + 1 2(m 4+ 1)M
—2N —4 —4N — 8 —(N —1)(2N + 4) 0 —2N —4 —(m+1)(2N +4) + 1
and
—(N+m)+1 —(N +m) (N —4)(N +m) —(N 4+ m) —2(N + m) —(3+ m)(N +m)
—(N + m) —(N +m)+1 (N —4)(N +m) —(N 4+ m) —2(N + m) —(B8 4+ m)(N + m)
M(O)_ m+ 6 m+ 6 —(N —4)(m +6) + 1 m+6 2(m + 6) (3 + m)(m + 6)
o N -6 N —6 —(N —4)(N —6) N -5 2(N — 6) 3+ m)(N —6)
2(N + m) 2(N +m) —2(N — 4)(N + m) 2(N+m) 4(N+m)+1 2(3+ m)(N +m)
N -6 N -6 —(N —4)(N —6) N -6 2(N — 6) 3+ m)(N —6)+1
|
! /\/\
. M {
v ———
N N -3
(a) (b)

(4)

Figure 8.4.: Cylinder decomposition in direction (1,0) and (0, 1) of the origami O/,

(4)

In the cylinder decomposition of the origami O ]3 s in horizontal and vertical direction

we have in both cases four maximal cylinders with moduli M — 3, 1/2, 1/3, 1/N for

the horizontal direction and moduli N —3, 1/2, 1/3, 1/M for the vertical direction (see

Figure and Figure |8.4b]). Hence we obtain two corresponding multitwists which act
O 9® by

on Hy 7 (O, Q) by:

Dp:w—w+6(M —3)N Qw,o1)o1 + 3N Q(w,02)02 + 2N Q(w, 03)03 + 6 Q(w,on)on,

Dy:w— w+6(N—3)M Qw,(1)¢ +3M Qw, ()¢ + 2M Q(w,(3)3 + 6 Q(w, Car)ar-

We read the intersection numbers of the o; and ¢; from Figure A straight forward

computation now gives the representation matrices M ,(LO) and Mv0 for the action of the
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8. Arithmeticity for a finite family of stairs origamis in genus four

horizontal and vertical twist on H 1(0)(053)]\/[, Q) with respect to B(O):

100 O —3N —3N
01 0 —2N -—-2N —2N
MO _ 001 6 12 6(M —1)
ho" 0 0 0 1 0 0
000 O 1 0
000 O 0 1
and
1 0 0
0 1 0
M50> _ 0 0 1

0 3M 3M
oM 2M 2M
—6 —12 —6(N —1)

OO = O OO
O R O O O O
_ o oo oo

8.3 Zariski density in genus four

For the proof of the Zariski-density of the Kontsevich-Zorich monodromy of the OS\%)M

we will follow an approach which differs from the one in the previous sections. Let us
first describe the idea before we go into the details:

The key ingredient of our arguments is the following theorem of Detinko, Flannery and
Hulpke.

8.3.1 Theorem (Detinko, Flannery, Hulpke, [25] Prop. 3.7). Suppose that a subgroup
H < Sp(2n,Z) contains a transvection ¢ € H, i.e. rank(t —id) = 1. Then H is Zariski
dense if and only if the normal closure (¢) of ¢ in H is absolutely irreducible, i.e. (t) is
irreducible for arbitrary extensions of scalars by field extensions of the rational numbers.

In order to use this theorem we firstly have to overcome the issue that the Kontse-
vich monodromy I'®) by definition lives in Spq(H. {0)(0%?]\/[, 7)) and thus per se is not a
subgroup of Sp(2n,Z). We solve this problem by passing to a finite index subgroup.
More precisely, we choose in the beginning a Z-submodule I'y s of Hl(o)(Ogé?M,Z)
such that with a suitable choice of a base of I'y ys the intersection form € restricted

to Iy s is a multiple of the standard symplectic form on Z°. Thus the elements of

SpQ(Hl(O)((‘)Sé)M, Z)) which stabilize I'y s can be identified with elements of the stan-
dard symplectic group Sp(6,Z). Therefore our goal is to find a transvection ¢ in the
image G of the action

AFFH(OR)) — Spo(H{” (03, 2)),
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8. Arithmeticity for a finite family of stairs origamis in genus four

which stabilizes the lattice Ty 5 and to show that the normal closure (¢t)# is absolutely
irreducible, where we identify

H=Gn StabSpQ(Hfm(Ogé’)M,Z))(FN’M)

with a subgroup of Sp(6, 7). With this approach we will show Zariski-density for finitely
many N, M € N using a computer aided proof for the irreducibility of (¢)¥.

We now start going into details. Consider the Z-submodule I'y as of Hl(o)(O%‘?M,Z)

generated by the following elements:

c1 = (N—FM—I—Q)Zl, Co = (N+M+2)(—221 — ZN),
c3=(-1=-N—-M)Z1+ Zo+ Zy, c4= 2o,
C5=Z1, cg =21+ 22+ 2N

The submodule I' 3 has finite index in H {0)(0%")]\/{, Z) and if we restrict the symplectic

intersection-form € to I'y »s we get the following matrix representation in Ig e Qbx6
with respect to the basis C' = {¢1, c2, 3, ¢4, 5, ¢6}:

0 0 0O 1 0 O
0 0 0O 0 1 0
0 0 0 0 0 1
IS = (N +M+2)- 1 0 0 00 0
0O -1 0 0 0 0
0 0O -1 0 0 O

Let G be the image of the action Aﬂ'+(O§3)M) — SpQ(Hl(O)(O%)M, Z)). We conclude that
choosing the basis C' of I'y »s identifies the elements ¢ € G which stabilize the lattice
I'n, v with elements of the standard symplectic group Sp(6,Z) i.e.,

H=Gn Stabspg(&z) (FN,M) < Sp(6,7Z).

In the following we describe the elements of SpQ(Hl(O)(O%)M,Z)) which stabilize the
lattice 'y pr. More precisely, we find conditions for their matrix representations to do
so. Denote by C € Q%6 the matrix, which has as columns the coefficients of the vectors
¢i (i =1,...,6) written as a linear combination of elements in B(’). Furthermore let

C~! € Q56 be the inverse of C i.e.,

N+M+2 —2(N+M+2) 0 0 01

0 0 0 0 01

o 0 —(N + M +2) 0 00 1
0 0 —-1-N-M 0 1 0

0 0 1 1 00

0 0 1 0 00
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and
M+%V+2 M+]{LV+2 M{]§7+2 0 0 0
0 wiNt2 wensz 0 0 0
o1 — 0 0 0 0 0 1
0 0 0 0 1 -1
0 0 0 1 0 M+N+1
0 1 0 0 0 0

An element ¢ € SpQ(H{O)(O%?M, 7)) stabilizes the lattice I'y s if and only if ¢(c;) is an
element of Spany({c1,...,cs}) for each i € {1,...,6} or equivalent

C™' D (¢(ci))) € Z°

for every i € {1,...,6}. Here we write D ) (é(c;)) € R® for the coefficients of ¢(c;) with
respect to the basis B(©).

Thus ¢ stabilizes I'y s if and only if for each i € {1,...,6} the element Dy (¢P(c;)) is
in both the kernels of the following two maps

q1: 28 —Z)(N+M+2)Z, (vi,...,06) —> v1 + vz — 203
g2: 28 — Z)(N + M +2)Z, (v1,...,v6) —> U3 — v3.

Easy but boring calculations show that for every i € {1,...,6} and every matrix M in
the set (M, M M M MV}, we have

M - Dpo (ci) € ker(g1) n ker(ga).

Hence Ds, Dy, D+, Dq, Dy, € Stabry, ,, (SpQ(HfO)(O%)M, Z))). Furthermore we computed
with GAP that
0
(AN D (e3) € Ker(gn) 0 ker(gz2)
for all N € {4,5,...,50} and M = 2m + 4 with m € {0,1,...,50}. Consider the algebra
An v generated by the transvection t = M éo) and the elements M ~'tM e ()7 where

Me {Mf(o), Mago), Méo), Mzgo), (M}(ZO))N+M+2}.

Here (t) denotes the normal closure of the transvection ¢ in H. For N € {4,5, ..., 50}
and M = 2m + 4 with m € {0,1,...,50} we calculated with GAP dimg(An,) = 36
for the vector space dimension of the algebra Ay ps. The code for this can be found in
[75]. This shows that (t)/ is an absolutely irreducible group [114, IV Theorem 2.10])
We obtain now with Theorem the following Proposition

8.3.2 Proposition. The group H is Zariski dense in SpQ(Hfo)(O%?M,R)) for every
N e {4,5,...,50} and M = 2m + 4 with m € {0, 1, ..., 50}.

144



8. Arithmeticity for a finite family of stairs origamis in genus four

8.4 Arithmeticity for a finite family in genus four

Recall from Section that for each of the cylinder decompositions in direction (1,1),

(1,—1) and (1, 2) we get two maximal cylinders. Their waist curves are d1, d2 € H; (O%)M, Z)
for direction (1, 1), x1,x2 € Hl(O%?M, Z) for the direction (1, —1) and 1, 2 for the direc-
tion (1,2) € Hy (0%, Z). Furthermore we introduced in|8.2.0.3/and 8.2.0.5/the following

elements in the non-tautological part H 1(0)(053)]\4, Z):

A=-3%+(N+M-1)3—-3%yx
—3Z1+(N+M—1)Zy—32Zy,

X= (N+M-3)51+(N+M-3)%—-5%y
—(N+M-3)Z1 —(N+M —3)Zs+ 52y,

I'= CN+M+4)%-MY - My
—2M Zy — 2M Zs + (2N +4) Zy

Set W = Spang(A, X, I'). The vector space W has dimension dimg (W) = 3. We set
A= —-224+4N +4M, B = =6 —3m and C = —12 + 3N — 9m. Using and
(8.2.0.6) we obtain that the restrictions of the transvections Ds, D, and D, to W have
the following matrix representations with respect to the basis {A, X, T'}:

1 A —2B 1 0 0 1 00
o1 o0 |, ~A 1 —20 |, 0 1 0
00 1 0 0 1 B C 1

The vector e = —2CA + 2BX + Al is fixed by all the three elements Ds, D, and D,.
Furthermore Q(e,w) = 0 for all w € W. With respect to the new basis {A, X, e} we
get the following matrix representations for D5, D, and D,:

1 A0 1 00 28241 2% 0
0 1 0 |, -A 10 |, —2B2  _9BC 11
001 0 01 B g 1

If we choose C' = 0 or equivalent N = 3m + 4, we have
QA, X) = —50(2m* +5m +2) <0

for all m > 0 and the group generated by Ds|w, Dy|w, D|w contains a non-trivial
element of the unipotent radical of the symplectic group on W, namely (DX\W)*QB2 o
(D,Y|W)A2 is represented by
1 00
0 1 0
BA 0 1
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with respect to the basis {A, X, e}. With Theorem and Proposition we

conclude that the Kontsevich-Zorich monodromy of the origami O is a finite index

N,M
subgroup of SpQ(Hfo)(O%?M,Z)) for every 4 < N < 50 with N = 3m + 4 and every

M = 2m + 4 with 0 < m < 50. This ends the proof of Theorem [8.1.3
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9. Arithmeticity for infinite families of
stairs origamis in genus four, five and six

In Chapter [§| we were only able to show arithmeticity of the Kontsevich—Zorich mon-
odromy for a finite family of origamis. The reason for that was our computational
approach to show Zariski density of the monodromy groups. In this chapter we use
Theorem [1.5.8|respectively Criterion and Galois theory to overcome this problem.
Showing Zariski density for the Kontsevich—Zorich monodromy translates with Criterion
to finding Galois pinching elements in the monodromy group. If we show Zariski
density then we can apply Theorem [1.6.1] as in Chapter [§] Everything which is written
in this chapter is joined work with Carlos Matheus. It is published in the article [71].

9.1 Preliminaries from Galois theory

9.1.1 Galois groups as permutation groups. Consider a monic irreducible poly-
nomial P(X) € Z[X] of degree n with the set of complex roots S = {A1,...,\,}.
Let Z(P) = Q(A1,...,An) be the splitting field of the polynomial P(X) € Z[X]. We
consider the standard embedding of Gal(P) = Autg(Z(P)) in the permutation group
Sym(S) via
Gal(P) — Sym(S), o+ ols.

The theorem of Dedekind is a useful tool to study the Galois group of a polynomial
P(X) € Z[X] as above:

Theorem (Dedekind). Let P(X) € Z[X] be monic irreducible of degree n. For an
arbitrary prime number p not dividing the discriminant of P(X) € Z[X], let the monic
irreducible factorization of P(X) € Z[X] modulo p be

PX)=m(X) ... -m(X) mod p
with 7;(X) pairwise distinct and set d; := degm;(X), so di + -+ + di, = n. Then the

Galois group Gal(P) of P(X) € Z[X] viewed as a subgroup of Sym(S) contains an
element that permutes the roots S of P(X) with cycle type (di,...,d).
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9.1.2 Galois groups of polynomials of degree four and five. For a reference of
the following see [69]. We consider in this subsection a monic irreducible polynomial

k—1

QX) =X+ > b X' eQ[X]

i=0
of degree four or five with set of roots S = {p1,...,pk} (k=4 or k =5).

Let first & = 4. We define the cubic resolvent CRg(Y') € Q[Y'] of the polynomial Q(X)
as

CRQ(Y) = (Y — (pap2 + papa)) (Y — (paps + popa)) (Y — (papa + piopis)).

Direct calculations show
CR(Y) =Y? —by Y2 + (by by — 4bg) Y — (bo b3 — 4 by by + b3).
Furthermore a computation reveals the equality
Disc(Q(X)) = Disc(CRg(Y))

between the discriminant Disc(Q (X)) of Q(X) € Q[X] and the discriminant Disc(C'Rg)
of CRo(Y) € Q[Y]. The five transitive subgroups of the permutation group Sy are the
Klein-four group V4, the cyclic group Cy, the dihedral group Dy, A4 and Sy itself. The
next theorem will help to determine the Galois group of the polynomial Q(X) € Q[X].
A proof can be found in |69, Theorem 2.2.2].

9.1.3 Theorem. Let Z(CRg) be the splitting field of the cubic resolvent CRg(Y) €
Q[Y] from above and let m = [Z(CRg) : Q] be the degree of the field extension over
the rational numbers. Then we have for the Galois group Gal(Q) < Sy of the irreducible
polynomial Q(X) € Q[X] from above:

Sy ifm=26
Gal(Q) Ay ifm=3
Dyor Cy ifm=2
Vi ifm=1

9.1.4 Remark. Since the cubic resolvent CRg(Y) € Q(Y) of Q(X) € Q[X] is a degree
three polynomial it is sufficient for the splitting field Z(C'Rg) to be a degree six field
extension over the rational numbers, that CRg(Y) € Q(Y)) is irreducible and that the
discriminant Disc(CRg) = Disc(Q) of CRg(Y') respectively Q(X) is not a square of a
rational number.

Now let k = 5. The Weber sextic resolvent SWRq(Y') € Q[Y] defined as in Definition
2.3.2 of [69] is a degree six polynomial which helps to determine the Galois group of
the quintic polynomial Q(X) € Q[X] as we will explain in the following Theorem and
Remark (see [69, Theorem 2.3.3] for a proof of the theorem):
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9.1.5 Theorem. The Galois group Gal(Q) < S5 of the irreducible monic polynomial
Q(X) € Q[X] is solvable if and only if the sextic Weber resolvent SW Rq(Y') € Q[Y'] has
a root in the rational numbers Q.

9.1.6 Remark. The only transitive subgroups of S5 are (5, the dihedral group Ds, the
affine group Foo = Z/5Z % (Z/5Z)*, A5 and S5 itself. Hence the only transitive subgroups
that are non-solvable are A5 and S5. Thus it is easy to ensure that Gal(Q)) = S5 with
the help of the previous theorem and the fact that Gal(Q) < As if and only if the
discriminant Disc(Q) is a square of a rational number.

9.1.7 Galois group of certain reciprocal polynomials. Consider from now on an
irreducible monic polynomial

P(X) = i ci X' e Z[X]
=0

of degree n = 2k which is reciprocal, i.e. ¢, =cop =1 and ¢; =cp_; fori=1,... k.

The Galois group of such a P(X) € Z[X] can be naturally seen as a subgroup of the
hyperoctahedral group Gj as we will see in the next paragraph. But first we want to
explain the hyperoctahedral group as we want to use it in this text:

For k > 1 we define the hyperoctahedral group as the semidirect product G = Z’IQC X
Sk, where Sy is the permutation group on a set with k elements. The group S; acts
on Z5 by 7(e1,...,ex) = (€:()s---+€)) (€ € {+1}) and the multiplication on the
hyperoctahedral group Gy, is defined by

(6,7)-(€,7) = (T(e) - & ToT). (9.1.7.1)

Compare section two in [68].

Since P(X) € Z[X] is reciprocal and its splitting field is of zero characteristic and hence
perfect, the polynomial P(X) has n = 2k distinct roots which come in pairs {\;, A; '}
for i € {1,...,k}. Denote by Z(P) the splitting field of the polynomial P(X) € Z[X]
and by Gal(P) = Autg(Z(P)) the Galois group of P(X) € Z[X]. An automorphism
o € Gal(P) necessarily permutes the k pairs of roots {\;, \; '} of P(X) € Z[X] and this
leads to a group homomorphism

¢: Gal(P) — Sk, o0+ 75,

where we set 7,(i) = j if c({\;, \;'}) = {), )\j_l} (1,7 € {1,...,k}). The kernel N
of ¢ is given by the automorphisms o € Gal(P) such that o({\;, \; '}) = {\;, A\; '} for
every i € {1,...,k}. Hence, we can identify N with a subgroup of Z& via the following
homomorphism

L N—>Z§, or— € = (e],...,€7),
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where €7 = 1 if o()\;) = A\ and €7 = —1if o(\;) = )\i_l. Since N is the kernel of ¢,
it is normal and together with the map ¢, we can represent Gal(P) = N x Im(¢) as a
subgroup of the hyperoctahedral group G = Z§ x Si. The whole situation is visualized
in the following commutative diagram:

N Gal(P)—2 1 5,

L. L

Z——— G = Zh x S —— S

Here iy : Zé — (1, is the inclusion map and 7 : G — Sj is the projection map, what

7 ™ .
makes of course Z’§ —, G =5 Sk, a split exact sequence.

9.1.8 Action of the hyperoctahedral group on the splitting field. In the follow-
ing we want to consider the action of the hyperoctahedral group G on the splitting field
Z(P) of P(X) € Z| X] that fits together with the action of Gal(P) from above. Hence we
define the action of G on Z(P) via a permutation of the roots {\;, \;* | i = 1,...,k}
in the following way: For € = (e1,...,€x) € {(£1,...,£1)},every 7€ Sy and i = 1,...,k
we define

(€,7). X =A%y and (e,7). A7 =A% (9.1.8.1)

9.1.9 Lemma. The equalities in (9.1.8.1]) indeed define an action of the group Gy on
the set of roots {\;, \; ' |i=1,...,k}.

Proof. We have to show the compatibility with the multiplication on G defined in
(9.1.7.1). Let 6 € {£1} and i € {1,...,k}. For (e,7), (¢,7) € Gj we have

(6)((@7).28) = () A% = ATZY = (7)€ 707) .\,

what ends the proof since (¢,7) - (€,7) = (7(€) - €, 7 o 7T) by definition of the product on

e 0

In our subsequent discussion, we need to find reciprocal polynomials such that the map
¢: Gal(P) — Sy is onto. The next proposition will help us with that.

9.1.10 Proposition. Let k£ > 2 and P(X) € Z[X] be an irreducible reciprocal poly-
nomial of degree 2k with ¢(Gal(P)) = Si. Then Gal(P) is isomorphic to one of the
following subgroups of Gy = Z& x Sy
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Either Gal(P) =~ Sk, Gal(P) = Gy, or Gal(P) is isomorphic to one of the following three
subgroups Hy, 1, Hy 2, Hy 3 < G}, where

k
Hyy = {((er,-. - en),7) | [ [ei =1},
i=1
k
Hyo = {((e1,...,ex),7) | sign(7) [ Je& = 1},
=1
and Hyg:={(+1,...,+1), (—1,...,—1)} x S;.

Proof. For k = 2 this is an easy exercise since the only possible subgroups of Go = 73 x Sy
which surject onto S5 and which are not the full group or the trivial group, are groups
of order four. In this case

Hyy = Haz = (AL, A2)ATH A1), AL AT (A2, A7) ) = V)
and
H272 = < ()\1)\2_1)\1_1)\2) > = 04,

where we used the same identification of G5 with a subgroup of the permutation group
Sym({A\1, A\[1, A2, Ay '}) as in Section

For k = 3,4 and all £ > 5 the result follows as in Proposition 4 in [68] since Az is a
simple group as well as all Ay with k£ > 5 and the only non-trivial normal subgroup of
Ay is the Klein four-group V4 which has index three in Ay4. ]

Together with the fundamental theorem of Galois theory we will use the next lemma to
ensure that the Galois group of certain reciprocal polynomials P(X) € Z[X] equals the
whole hyperoctahedral group, i.e. Gal(P) = Gy.

9.1.11 Lemma. Let the hyperoctahedral group Gy = Z& x S, act on the splitting field
Z(P) = Q({\i, A1 | i = 1,...,k}) of the polynomial P(X) € Z[X] as explained in
Section Consider the two subgroups Hj, 1 and Hj o of G} defined in Proposition
[9.1.10l Then:

(i) The expression 051 :=[]; (/\i - )\i_l) is invariant under the action of Hj,; but not
G-

(ii) The expression b2 =[], ; ()\i AN - )\j_l) I ()\i - )\Z-_1> is invariant under
the action of Hj, o but not Gy.

Proof. For every 7 € Sy, and every i € {1,...,k} we have

(+1,- -, +1),7) - i = A7) = Aoy = Al
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This shows that 0y ; € Z(P) is invariant under the action of Sy.

Now consider (e,id).(\; — A1) for e = (e1,...,e;) € Z and i € {1,..., k}. We have

D ifeg =1,

e1d). (A — A )= — A =€ (AN — A
id A )\Z 1 A )\1 1 A )\z
=AY if e = 1.

(6,id). (N — A ) = A =N = (\

Furthermore (e,id).(\; + A\; ) = A + A\, ! for every e e Z5.

We know sgn(7) = (—=1)™() for every element 7 € S;, with inv(7) € Ny is the number
of elements (4,7) € {1,...,k} x {1,...,k} with ¢ < j but 7(i) > 7(j) and thus

(1,41, 7) (TTOw+ 47 = x5 = A7)
i<j
— sgn(7) (H(Ai FATL S - A;l)).

Putting this together with the arguments from above we conclude for every (¢, 7) € Gy =
7K % Sp where € = (eq,...,e) € {(£1,...,£1)}:

k k
(6,7).0k1 = <H el) Ok, and (e,7).60k2 = sgn(r) (H ei) Ok.2

i=1 i=1
This proves (i) and (ii). O
9.1.12 Remark. For a reciprocal monic polynomial P(X) € Z[X] of degree n = 2k with
set of roots {\;, \;' | i =1,...,k} = C we can always find a polynomial Q(Y) € Z[Y]
such that 1/X* - P(X) = Q(X + 1/X + 2). The polynomial Q(Y) € Z[Y] has distinct
roots u; (i = 1,...,k) such that without loss of generality u; = \; + )\;1 + 2 for all

i =1,..., k. We write in the following Ay, := (5,371 and Ao := (5,372 for the squares of
the expressions d 1 and dj 2 from Lemma We have

(i) Apa =027 =TT = A2 =TTy i — 4) = Q(0) Q(4)

and

(i) Apo =07, = (Hi<j(ﬂi — Mj)>2<l_[i(>\i - Afl))Q = Disc(Q) Ak

This shows Ay, 1, A2 € Q and delivers an easy way how to write Ay 1 and Ay 2 in terms
of coefficients of Q(Y) € Q[Y].
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9.1.13 Real roots of cubic, quartic and quintic polynomials. For a cubic poly-
nomial Q(X) € R[X] with discriminant Disc(Q) # 0 it is well known that the number
of real roots can be read off from the discriminant as follows. If

Disc(Q) > 0, then Q(X) has three real roots,

9.1.13.1
Disc(Q) < 0, then Q(X) has one real root and two non-real roots. ( )

Real roots for quartic polynomials. We have a slightly more complicated statement
of this form for quartic polynomials as well, so let

QIX)=X"+aX?+bX?+cX +deR[X]

be a real monic polynomial of degree four. By substituting X =Y — a/4, we get the
depressed quartic polynomial

DQY)=Y*+qY? +7Y +seR[Y], (9.1.13.2)
with coefficients

g=0b—(3/8)a% r=c—(1/2)a(b—(1/4)a?®) and
s=d—(3/256)a* + (1/16)a®b — (1/4) ac.

For a quartic polynomial in the depressed form as in , there is an easy criterion
whether the polynomial has four real roots or no real roots (see [42]). We want to state
the result and denote by Disc(DQ) the discriminant of the polynomial in and
by F(DQ) the expression F(DQ) := ¢*> — 4s. If we have

Disc(DQ) > 0, ¢ =0, then (9.1.13.2) has no real roots,
Disc(DQ) > 0, F(DQ) <0, then (9.1.13.2) has no real roots, (9.1.13.3)
Disc(DQ) > 0, ¢ <0, F(DQ) >0, then (9.1.13.2)) has four real roots.

Real roots for quintic polynomials. We want to end this section with a criterion
from [59] with which we can find out whether a quintic polynomial in R[X] has simple
real roots. Let

QIX)=X+aX*+bX3+cX? +dX +eeR[X].
By substituting X =Y — a/5 we get a depressed polynomial

DQY) =Y’ +pY? +qY?+rY +seR[X]. (9.1.13.4)
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With the help of the following four discriminants we can find out wether DQ(Y") has
simple real roots. We define

Fi(DQ) = —p,
Fy(DQ) =40rp — 12p® — 454,
F(DQ) =12p*r —4p3 > + 117 pr¢®> — 8812 p> —40qp? s
+125ps® —27¢* —300¢r s + 16073,
Fy(DQ) = —1600¢ s> — 3750 p s® g + 2000 p s% 12 — 4p3 ¢* (9.1.13.5)
+16p° ¢® s — 9007 % p® + 825 ¢? p? 52 + 144 p* r®
+2250 ¢ s% + 16 p* r® + 108 p° 52 — 128 74 p? — 27 ¢* 12
+108¢° s 4+ 25670 + 3125 s — 72ptrsq + 56012 p? sq
—630pr q3 s.
In [59] they classified the number of real roots and their multiplicity of a depressed
quintic polynomial as in @ using six discriminants among which are the four

discriminants from Equation (9.1.13.5). We only state the for us relevant case, namely
if the four discriminants Fi(DQ), F2(DQ), F3(DQ) and F4(DQ) are positive then the

polynomial DQ(Y") in (9.1.13.4) has five simple real roots.

9.2 Stairs origamis in genus four revisited

Let N > 4 and M = 4 + 2m with m > 0. We consider again the origami O%)M €
OMy4(6) from Chapter [8f Recall that it is associated to the pair of permutations h,v €
Sym({1,...,N + M + 2}), where

h=(1,2,3...,N)(N+1,N+2,N+3)(N+4,N+5)(N+6)...(M)

(I, N+1, N+4, N+6,..., N+ M)(2, N+2, N+5)(3, N+3)
(4)...(N).

The Kontsevich—Zorich monodromy of O%?M was already studied in Section via the
analysis of Dehn twists in several rational directions. You can find all the details how
we constructed the following matrices in Section But note that we consider in this
Chapter Dehn twists in reverse direction of the waist curves. We will now extend our

investigations on an infinite subfamily of the stairs origamis O%)M.

For the purpose of finding a Galois pinching element in Sp(H fo)(OSé?M, 7)), we consider

v

the horizontal and vertical directions which lead to Dehn twists acting on the basis B(©)
of H 1(0)((953)]\/[, Q) from Section [8.2| via the matrices (c.f. the matrices M }EO) and MV at
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the end of Section [8.2

10 0 0 3N 3N
01 0 2N 2N 2N
MO _ 001 -6 —-12 —6(M—-1)
-1 0 00 1 0 0
000 O 1 0
00 0 O 0 1
and
1 0 0 0 0 0
0 1 0 0 0O
MO _ 0 0 1 0 0O
v 0 —3M —3M 1 00
—2M —2M -2M 0 1 0
6 12 6(N—-1) 0 0 1

9.2.1 Zariski density and arithmeticity for a genus four family. At this point,
(4)

we are ready to establish the arithmeticity of the Kontsevich—Zorich monodromy of O Jé M
for many choices of N, M such that N =4+ 3m and M = 4+ 2m (m € N). We start to
show the Zariski density with Criterion [1.5.10l More precisely, consider the matrix

Ay(N, M) = M) ) e RO,

By a straight forward computation of the characteristic polynomial of A4(N, M) one
obtains a reciprocal, sextic polynomial

P(X)=xa(X) =X+ a1 X° + a2 X* + a3 X + 0 X* + a1 X + 1 € Z[X]
with coefficients a1, a9, a3 € R given by

a; = 312m?* + 650m + 238

ap = 22032m* + 98280 m> + 146568 m? + 84520 m + 15743

az = 279936 mS + 2099520 m® + 6161184 m* + 8927280 m?>
+ 6611328 m? + 2317980 mn, + 299812

We have 1/X3 . P(X) = Q(X + 1/X + 2) for the cubic polynomial
QY)=Y3+ (a1 —6)Y? + (—4a; +az +9)Y + 2a; — 2as + az — 2 (9.2.1.1)

(c.f. Remark [9.1.12). For m = 1 modulo 13, the polynomials P(X) and Q(Y') can be

written by irreducible factors modulo 13 as

P(X)=X0+4X5+10X*+6X®+10X%+4X + 1 modulo 13 and
QY)=Y3+11Y? +3Y + 5 modulo 13.
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In the sequel, we will assume m = 1 modulo 13 and thus the polynomials P(X) and
Q(Y") are irreducible over the rational numbers Q.

As in Section we will identify the Galois group Gal(P) of the reciprocal degree
six polynomial P(X) € Z[X] with a subgroup of the hyperoctahedral group G3 as well
as with a subgroup of the permutation group Sg (see Section . The discriminant
Disc(Q) of the polynomial Q(Y') € Z[Y'] has an irreducible factorization in terms of m
as

8
Disc(Q) = ¢g (Z ¢ mz> (m +2)%(3m + 4)%,
i=0
with coefficients

co = 186624, cg = 1778112,  ¢7=7832160,
ce = 14307444, c5 = 13909500, ¢4=8133701,
c3 = 2980770, co = 676093, ¢1=87020,
co = 4900.

By [86l, Proposition 6.17] we can apply Siegel’s theorem on integral points of algebraic
curvesﬂ we have that the discriminant of Q(Y') is a square of a rational number only
for finitely many choices of m. This implies that Gal(Q) = S3 for all but finitely many
m € N with m = 1 modulo 13. Furthermore Gal(P) the Galois-group of P(X) € Z[X]
is a subgroup of the hyperoctahedral group Gs = Z3 x S3 such that Gal(P) projects
surjectively onto S3.

The only non-trivial subgroups of G3 = Z3 x S3 which project surjectively onto S3 are
the groups Hgz 1, H32 and H3 3 defined in Lemma [9.1.10

Next we want to factorize the expressions Az = 531 and Az o = 532 with d31 and d32
from Lemma [9.1.11] in terms of m. With the formulas from Remark [9.1.12| we get

6
Asy =03, = cr <Z ci m) (2m+ 1)(3m + 1)(m + 2)*(3m + 4)*
=0

with coefficients

cr = 165888, cg = 8748, cs = 65610, ¢4 = 191160,
c3 = 272835, co = 197463, c¢1 = 67195, co = 8400.

and A372 = 5%72 = A371 . DiSC(Q).

By applying Siegel’s theorem again, we see that the expressions d3; and 032 are not
rational numbers for all but finitely many m € N with m = 1 modulo 13. In particular,
the Galois group Gal(P) of P(X) is not contained in the subgroups Hs 1 or H3 g of the

!For example [58] is a reference for Siegel’s theorem.
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hyperoctahedral group G3 by the fundamental theorem of Galois theory and Lemma
9.1 11

Furthermore, if we have m = 1 modulo 11, the discriminant Disc(P) of P(X) € Z[X] is
not divisible by 11 since Disc(P) = 9 modulo 11 and the polynomial P(X) € Z[X] can
be written by irreducible factors as

P(X)=(X?+10X + 1)(X* +2X* +8X? +2X + 1) modulo 11.

71 |i=1,2,3}), then Dedekind’s theorem
(cf. Section says that Gal(P) contains a permutation of type (2,4) for m = 1
modulo 11. The groups S3 and H33 < G3 on the other hand contain only non-trivial
permutations of cycle type (6), (3,3),(2,2,2) or (1,1,2,2) (see Appendix [A.1). Hence
Gal(P) is not contained in one of the groups S, or Hs3 of G3 for m = 1 modulo 11.

If we view Gal(P) as a subgroup of Sym({\;, A,

In summary, we showed the main part of the following proposition:

9.2.2 Proposition. For all but finitely many choices of m € N such that m = 1 modulo
p, where p € {11, 13}, we have that A4(N, M) = M,(lo) ‘MISO) e R6%6 is a Galois pinching

matrix.

Proof. The discriminant Disc(Q) of the cubic polynomial Q(Y) € Z[Y] from
which we computed in converges to infinity for growing m. This shows that Q(Y")
has three distinct real roots for m = 1 modulo 13 big enough. Furthermore for m big
enough all the coefficients of the polynomial Q(Y) are positive and hence by Décarte’s
rule of signs the three roots u1, pe and pg of Q(Y) are negative. By the choice of Q(Y)
we have
=N+ A1 +2 fori=1,2,3,

for the six roots {\i, A\;! |4 = 1,2,3} of P(X). With A\;* = X;/|\i|?, we conclude for
the imaginary part Im(u;) of w; for every i =1,2,3:

0 = Im(u;) = Im(\;) (1 — 1/|\e[?)

This shows [A\;| = 1 or Im()\;) = 0 for every ¢ = 1,2, 3. Assume that Im();) # 0 for some
i€ {1,2,3}. Then |\;] =1 and

0 > Re(ui) = Re(\i + A7 +2) = Re()\;) + Re(\;) + 2.
This would imply Re(\;) < —1 a contradiction to |\;| = 1.

This shows that all roots of P(X) are real for m = 1 modulo 13 big enough. Together
with the calculations on Gal(P) from this section we conclude that A4(N, M) e R6*6
is a Galois pinching matrix for every natural number m big enough such that m = 1
modulo p, where p € {11, 13}. O

From this statement, it is not hard to show with Theorem that:
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4m

Car Ga G3 G2 G1

N

Figure 9.1.: Origami OEV)M with horizontal waist curves o1, 09, 03,04, 0N and vertical

waist curves (1, (2, (3, (4, Car-

9.2.83 Theorem. The Kontsevich-Zorich monodromies of the genus four origamis O%)M €

OMy4(6) with M = 2m + 4 and N = 3m + 4 are finite index subgroups of the symplectic
group Sp(HEO)(O%)M,Z)) for all but perhaps finitely many m € N such that m = 1
modulo p, where p € {11, 13}.

Proof. One can check that the matrix B # Id associated to an appropriate Dehn twist
in the direction (1,1) is a unipotent matrix such that the image (B — Id)(R") is one-
dimensional and hence not a Lagrangian subspace (cf. the relevant matrix B is called
M 5(0) in Section . Since the matrix A4(N, M) is Galois pinching for all but finitely
many choices of m € N with m = 1 modulo p, where p € {11, 13} as in Proposition
Zariski density follows now from Criterion [1.5] and arithmeticity follows from
Singh—Venkataramana’s criterion (c.f Theorem [1.6.1)). O

9.3 Stairs origamis in genus five

Now we construct infinite families in genus five with similar methods as in Section [9.2
For N, M € N with M = 6 + 4m (m € N), we consider the origami OE\?)M € OM;5(8) that
is given by the following horizontal and vertical permutation h,v € Sym({1,2,..., N +
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M + 5}):
h=1,....,N)(N+1,....N+4)(N+5,...,N+7)
(N+8 N+9)(N+10)...(N+M+5)
=(1,N+1,N+5N+8 N+10,...,N+ M +5)
(2,N+2,N+6,N+9)(3,N+3,N+ (4, N +4)(5)...(N)
The five waist curves o1, ...,04,0n of the maximal horizontal cylinders together with
the waist curves (y,...,(s,(yr of the maximal vertical cylinders form a basis B of the

absolute homology H 1(05\5,)]\/[, Q) of the origami OES)M see Figure With respect to the

basis B the symplectic intersection form €2 on H- 1((‘)5\?)]\4, Q) has a matrix representation
MQ = (Q(O’i, Cj)mgiven by

0o 0 o0 O 0 0O0O0O0OT1
0o o0 o0 0 0 0O0©O0T11
0o 0 o0 O O 00111
0o o o0 o0 o0 01111
0o o0 o0 o0 o0 11111
Ma = 0o 0 0 0 -1 000©O00O0
0o 0 0 -1 -1 00 O0O00O0
0 0 -1 -1 -1 00 0 0O
0 -1 -1 -1 -1 0 0 0 0 O
-1 -1 -1 -1 -1 0 0 0 0 O

If we compare the length of the waist curves of the five maximal horizontal and vertical

cylinders of Og\??M, we see that

© = {21) 227 237 ZNa 217 Z27 Z37 ZM}
is a basis of the non-tautological part H 1(0)((‘)53)]\/[, Q), where

Yi:=09—201, Xo:=03—301, 23:=o04—401, Xn:=o0ony—Noy,
Z1:=0—-20, Z3:=—-30, Z3:=G—-4G, Zm:=Cu—-MQG.

If we restrict the intersection form {2 to the subspace Hfo)(OSS)M,Q) of the absolute

homology then it can be represented by the following matrix MQ©) = (Q|H£0) (X4, 7Z5))i;
with respect to the basis B® from above:

0 0 0 0 0 0 1 ~1
0 0 0 0 0 1 1 —2
0 0 0 0 1 1 1 -3

0 0 0 0 0 1 -2 -3 1-N-M
M = 0 0 -1 1 0 0 0 0
0 -1 -1 2 0 0 0 0
1 -1 -1 3 0 0 0 0
1 2 3 M+N—-1 0 0 O 0
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nw
nw

wy +9
wy +9

>- 31/ EONNERFINY

(a) (b)

Figure 9.2.: Cylinder decomposition in direction (1,2) and direction (1,—2) of the

origami O§\5,)M. Here 7, is the waist curve of the blue cylinder in direc-

tion (1,2) and «; is the waist curve of the blue cylinder in direction (1, —2).

9.3.1 Dehn twists in genus five. Now we can start with our calculations. Recall

that M = 6 4+ 4m. In this case, the cylinder decompositions of Og\‘?)M in the directions
(1,2), (1,—2) and (1,4) have the following structure.

In the direction (1,2), we find a waist curve 71 of length 3 + 2m and a waist curve 7, of
length 8 + N + 2m. Thus, T' := (8 + N + 2m)y1 — (3 + 2m)ye € HV(0),,,Z) and this

direction yields a transvectiorﬂ
Dy:v— v+ (84 N +2m)Q(v1,v) 71 + (3 + 2m) Q(y2,v) 72.

For later reference, let us observe that:

( (
Qy1,04) = =1, Qm,on) = -1,
9(717 Cl) =0, Q(’Yla CQ) =0, Q(’Yla C3) 0,
Q(VI7C4) = 17 Q(’Yl,CM) =242m

2That D, is indeed a transvection was shown for general multitwists along the waist curves of a two-
cylinder decomposition in |8, Lemma 12]
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and

Q

Q00D

(
(
(
(

Y2,01) = =1, Q(y2,02) = -3, Q(y2,03) = =5,
Y2,04) = 7, Q(v2,0n) =1 2N,

72,C1) = Q(72,¢2) =2, Qy2,¢3) =3,
V2,C1) = Qy2,C(m) =4+ 2m

We can write I' € Hl(O)(O ~.ar,Z) as a linear combination of elements of B() in the

following way:

F=—(N+2m+8)X1+(2m+3)X2+ (2m+3)X3+ (2m +3) XN
+MZi+MZy+ MZs— (N +5)Zy

Furthermore we calculate

In the direction (1,

DW(ZD =31 +7T, (22) =Yg + 2T,

Dy(S3) = £3 + 3T, Dy(Sy) = Ex + (N — )T, 950
D, (Z1) = Zu, D (Z3) = Za,

D,(Z3) =Z3+T, Dy(Zm)=Zm+ (2+2m)L.

—2), we have a waist curve o of length 2 and a waist curve ay of

length 9 + N + 4m. This yields a transvection

Dy:v— v+ (9+ N +4m) Qa1,v) a; +2Q(az,v) as.

Again, for later reference, we note that:

Qa1,01) =0, Qar,02) =1, Qay,03) =1,
Q(a1704) = 17 Q(alaUN) - ]-7
Q(O[l,(l) = 07 Q(Oll,CQ) - 07 Q(OZLCP)) = 05
Q(a17<4) = 17 Q(OZDCM) - 17
and
Q(a2701) = 27 Q(Oé ) ’ Q(Oé2,0’3) = 55
Nag,04) =7, Qag,on) =2N —1,
Q(O{Q,Cl) = 17 Q(QQ,CQ) = 2 Q(Oég,(g) = 37
Q(OzQ,C4) =3, Q(Oég, CM) =5+ 4m,

We can write A =

(5)

9+ N +4M)a; — 2a9 € H{O)(ONM,Z) as a linear combination of

elements of B(®) as

A=

—(9—|—N—|—4m)21+222+223+22N—421

—4Zy+ (T+ N +4m) Zs — 4 Zyy.
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9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

We calculate

a(Zl) =Y+ A, Da(zg) =39+ A,

a(X3) =¥3+ A, Da(En) =XN + A, (9.3.1.9)
o(Z1) = Z1, Do(Z2) = Za,

o(Z3) =Zs+ A, Dy(Zy) = Zy + A

This leads to a matrix representation Méo) of D, on H 1(0)((953)]\4, Q) with respect to the

basis B,

M=6+4m A

Figure 9.3.: Origami OS\?)M
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with cylinder decomposition in direction (1,4). Here x; is

the waist curve of the blue cylinder.

Finally, in the direction (1,4), we find a waist curve x; of length 1 + N + m and a waist
curve ya of length 10 + 3m. The transvection associated to this direction is:

Dy:v— v+ (10 +3m) Q(x1,v) x1 + (1 + N +m) Q(x2,v) x2

Also, let us remark that:

Q

(x1,01)
(x1,04)
(x1,¢1)

(x1,G1) =

)

)

)

Qx1,02) = -2, Q(x1,03) = —A4,
Q(x1,0n5) = =6 — 4(N — 4),

Qx1,¢) =1, Q. Gs) = 1, (9.3.1.3)
Q(x1,Cv) =2+ m,

162



9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

= — =<
| 7] 5
% -
S IR S

Lle- <]

V20702787777

7777

7777

2077

7r77

222 2 77 177771 222

7077 _ _

2177 7 vy 7 777
77

N N
(a) (b)
Figure 9.4.: Origami Og@M with cylinder decomposition in vertical and horizontal direc-
tion.
as well as
Qx2,01) = =3,  Qx2,02) = —6, Q(x2,03) = =8,
Q(x2,04) = —10, Q = —10,
(x2,04) (X2, 0n) (9.3.1.4)
Q(X27<1) = 0’ Q(XQ?CZ) =1, Q(X27C3) = 27
Q(x2, 1) =3, Q(x2,Cum) = 4+ 3m.

We can write X = (3m+10) x; —(N+m+1)x2 € Hl(o)(OS\E;)M, Z) as a linear combination

of elements of B as

X= (N+m+1)EZ+(N+m+1)E+(N+m+1)E3—(3m+10)XN
+ (2N —4m —18) Z1 + (2N —4m — 18) Zo + (3N — 7) Z3 + (3N —7) Zy;.

We calculate for the image of B under D,:

Dy (%) = 1, Dy(E2) =35 —

Dy(S3) = 55 — 2X, Dy(Sy) = Sy — (3N ~10)X, 95.15)
Dy(Z) = Zy — X, Dy(Z) = 22 92X,

Dy(Z3) = Z3 — 3X, Dy(Za1) = Zas — (4 + 3m)X.

(5)

For the cylinder decompositions of the origami O N in horizontal, resp. vertical direc-
tion we get in both cases five maximal cylinders with moduli M — 4, 1 /2, 1/3,1/4, 1/N
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9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

for the horizontal direction and moduli N — 4, 1/2, 1/3, 1/4, 1/M for the vertical
direction (see Figure and Figure [9.4b)). We get two Dehn twists which act on
Hf))(oﬁ 1> Q) by the following mapping rules:

Dp: w— w+12(M — 4)N Q(o1,w) o1 + 6N Q(o2,w) 09
+4N Q(o3,w) 03 + 3N Q(og4,w) 04 + 12 Q(on,w) oN,

Dy:w — w+12(N — 4)M Q(¢1,w) ¢ + 6M Q(Co, w) G
+4M Q(C3,w) (3 + 3N Q(Cy, w) €4 + 12 Q(Car, w) Cor

It is now easy to calculate representation matrices M, }SO) and Méo) for the action of the
horizontal and vertical twist on H }0)((9&3)]\/[, Q) with respect to the basis B():

1000 O 0 6N 6N
01 00 0O 4N 4N 4N
001 0 3N 3N 3N 3N
e 000 1 —12 —24 —36 12—12M
h" 10000 1 0 0 0
0000 O 1 0 0
0000 O 0 1 0
000 0 O 0 0 1
and
1 0 0 0 0 000
0 1 0 0 0 000
0 0 1 0 0 000
O _ 0 0 0 1 0 000
v 0 0 —6M —6M 1 0 00
0 —4M —4M —4 M 01 00
-3M -3M -3M —-3M 0 010
12 24 36 —12+12N 0 0 0 1
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9.3.2 Finding a family of candidates in genus five. Recall that we found in the

previous section the following elements of the non-tautological part H {0)(05\?)]\/[, Z):

X=0Bm+10)x1—(N+m+1)x2
=(N+m+1)Z+(N+m+1)%,
+(N+m+1)E3— (3m+10)2yN
+(2N — 4m —18) Z; + (2N — 4m — 18) Z
+(BN —=7)Z3 + (3N —7) Zuy,

A= 09+ N +4M)ag —2as
=—(9+ N +4m)>¥1 + 23X +2%3 + 2X N
47y — 475+ (T+ N +4m) Zs — 4 Zyy,

=8+ N+2m)y — (3+2m)y2
=—(N+2m+8) X1+ (2m+3)32+ (2m+3)X3+ (2m + 3) XN
+MZ1+MZ2+M23—(N+5)ZM.

Consider the transvections D, , D, and D, from the previous section and recall that the
image of D, —id, D, — id respectively D, — id was generated by X, A respectively I.
We consider the subspace W = Spang({X, A,T'}) of H}O)(OE\E}’)M, Q). With respect to the
basis {X, A, '}, we can represent the restrictions of the transvections D,, D, and D, to
W by the following three matrices (compare Equations(9.3.1.1}(9.3.1.2] and |9.3.1.5)):

1 b a 1 00 1 0 0

0 1 0], -b 1 ¢, o 1 0],

0 01 0 01 —a —c 1
where a = —5N —3Nm +5m + 5, b= —9N + 21 and ¢ = —2N + 8m + 2. The element
e:=—cX +aA—0bI e W is invariant under (Dy)|w, (Dq)|w respectively (D-)|w .
The two waist curves 71,2 are linearly independent in H; (OS)M, Q) and the same holds
for the waist curves aq, s and x1, x2. From the definition of the transvections Dy, D,
and D, and the fact that the element e is invariant under them, we can directly see
Qe,w) = 0 for all w e W. With respect to the new basis {X, A, e} of W we have the
following matrix representations for (Dy)|w, (Da)|w and (D-)|w:

1 b 0 1 00 5 t+1 5 0
01 0}, -b 1 0], —§—%+10
0 0 1 0 0 1 g £ 1
where b = —9N + 21 # 0 for all N € N. If we now choose ¢ = 0 or equivalently

N =1+ 4m one can easily see that a,b # 0 for all N, m € N. We can see that the
subgroup of Spg (W) generated by (Dy)|w, (Da)lw and (D~)|w contains a non-trivial

element of the unipotent radical, namely (Doé)|‘7[,‘12 o (DA,)H’;,. We would like to apply
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9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

Theorem to obtain arithmeticity but first we have to show Zariski-density for the
Kontsevich—Zorich monodromy of a decent subfamily among the OS\?)M. To find such a
subfamily is our task in the next subsection.

9.3.3 Zariski density and arithmeticity for a genus five family. In this subsec-
tion we fix M = 6+ 4m and N = 1+ 4m (m € N). The characteristic polynomial of the
matrix A := A5(N, M) := M}(LO) . Méo) e R®*8 is given by a reciprocal polynomial

8
P(X) = xa(X) = ) a; X' € Z[X]
i=0
with ag = ag =1 and a; = ag_; fori=1,...,4.

We have 1/X%. P(X) = Q(X + 1/X + 2) for the quartic polynomial

3
QY) =Y+ > b Y eZ[Y] (9.3.3.1)
i=0
with coefficients
by = a; — 8, by = as — 6a1 + 20,

b =a3—4a2+9a; — 16, by=a4 —2a3+2a2—2a; + 2.

Let now p1, po, ps, pa € C be the roots of the polynomial Q(Y') € Z[Y] and CRg(Y) €
Q[Y] its cubic resolvent (cf. Section 9.1.2)).

For m = 1 modulo 31 one can compute with a computer algebra system like MATLAB
that the polynomials P(X) € Z[X] and Q(Y') € Z[Y] are irreducible modulo 31 and hence
irreducible over the rational numbers Q. Furthermore the cubic resolvent CRg(Y) €
Z|Y'] is irreducible modulo 11 if m = 1 modulo 11 and in this case also irreducible over
the rational numbers. The discriminant Disc(Q) of the polynomial Q(Y") can be written
by irreducible factors in terms of m as

Disc(Q) = ¢- f(m) - (2m + 3)%- (4m +1)°

for a positive integer ¢ and a monic polynomial f(m) of degree 12. With Siegel’s theorem
of integral points we conclude that Disc(Q) can only be a square of a rational number
for finitely many m € N. As in Section we conclude that the Galois group Gal(Q)
of Q(Y) can be identified with the full symmetric group Sym({x1,...,pus}) for all but
perhaps finitely many m € N with m = 1 modulo p € {11, 31}. In these cases the
Galois group Gal(P) < Z3 x Sy of our reciprocal polynomial P(X) = char4(X) projects
surjectively on Sy and hence Gal(P) can be identified with Sy, with one of the groups
Hy; (i =1,2,3) or with the full hyperoctahedral group G4 = Z‘Ql x Sy (see Proposition

pLI0)
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With the help of MATLAB we see that we can write Ay = 5271 from Lemma [9.1.11| by

irreducible factors in terms of m as
Agy=c-glm)-2m+1)(4dm—3)2m+3)3(4m + 1)

for an integer ¢ and a monic polynomial g(m) of degree 8. Furthermore Ay 9 = Disc(Q) -
A471 .

With [86], Proposition 6, 17] respectively Siegel’s theorem on integral points we conclude
that 41 and 042 are rational numbers only for finitely many m € N. Since Hy3 is a
subgroup of Hy ; the fundamental theorem of Galois theory together with Lemma
shows that Gal(P) # Hy; for i = 1,2, 3.

We showed the hardest part of the following proposition:

9.3.4 Proposition. The matrix A = A5(N, M) € R®*® is Galois pinching for all but
finitely many m € N with m = 1 modulo p, where p € {11, 31}.

Proof. The only thing that is left to show, is that for m € N as in the statement and big
enough, the matrix As(N, M) has only real eigenvalues. For this reason we analyse the

roots of the polynomial Q(Y) € Z from Equation (9.3.3.1) with the help of (9.1.13.3))
in Section [9.1.13] First we bring Q(Y") in the depressed form DQ(t) by substituting

t =Y — b3/4. If we determine the roots of the depressed form DQ(t), we can determine
them directly for Q(Y) as well. By a boring but not to complicated analysis of the

expressions Disc(D@Q), F(DQ) and g for DQ(Y') as in[9.1.13.3| (or by using a computer
algebra system), we see that

Disc(DQ) >0, F(DQ)>0 and ¢<0

for m big enough.

Hence in that case all the roots of DQ(¢) and thus all the roots of Q(Y') are real. As in
the proof of we conclude that As(N, M) has only real eigenvalues for m € N with

m = 1 modulo p, where p € {11, 31} and m big enough. O
Since Bs(N,M) := O s an unipotent matrix such that the image (Bs(N,M) —

Id)(R®) is not a Lagrangian subspace, the matrices A5(N, M) and Bs(N, M) generate
a Zariski-dense subgroup of Sp(HfO)(Og\?)M,Z)) by Criterion |1.5.10| for all m € N as in
Proposition [9.3.4l Together with the theorem of Singh-Venkataramana [1.6.1] and the

result in Subsection [0.3.2] we conclude:

9.3.5 Theorem. The genus five origamis O%)M € OM5(8) with N =1+ 4m and M =

6 + 4 m have Kontsevich—Zorich monodromies with finite index in Sp(H 1(0) (OS\?)M, Z)) for

all but finitely many m € N such that m = 1 modulo p, where p € {11, 31}.
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Figure 9.5.: Origami O with horizontal waist curves o1, 09, 03,04, 05, 0N and vertical
g g N.M ’ I ) ) )
waist curves (1, (2, (3, C4, C5, (-

9.4 Stairs origamis in genus six

Lastly we will expand out investigation in genus six. We will see that the Galois theory
is even more complicated then for the genus four and five families. Thus we did not
try to find families of origamis with arithmetic Kontsevich—Zorich monodromy in higher

genus. For N, M € N with M = 6 + 4m (m € N), we consider the genus six origami

OE\?M € QMqg(10) that is given by the following horizontal and vertical permutation

h,ve Sym({1,2,...,N + M +9}):

h=1,...,N)(N+1,....N+5)(N+6,...,N+9)
N+10 N +11, N+12)

=(1,
(
(N +13,N +14)(N +15)...(N + M +9)
=(
(2,
(4,

IL,N+1,N+6,N+10,N+13,N +15,...,N+ M +9)
2,N+2,N+T7,N +11, N+14)(3,N+3,N+8,N+12)
N+4,N+9)(5,N+5)(6)...(N)

The six waist curves o1,...,05, oy of the maximal horizontal cylinders together with
the waist curves (1,...,(5,(y of the maximal vertical cylinders form again a basis of

the absolute homology H 1(05\6,)]\/[, Z) of the origami OS\?)M see Figure

It is easy to see that BO) = {%; ¥y, Z;, Zy | @ = 1,...,4} is a basis of the non-
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tautological part Hfo)((‘)g\?’)M, Q), where

Yi=o1—(i+ 1oy fori=1,...,4, ¥y:=0n— Noy,
Zii=Cu—(G+1)¢ fori=1,....4, Zy:=(y— N{(.

We can represent the restriction of the intersection form €2 to the non-tautological part
Hfo)(Ogs)M,Q) of the absolute homology by the following matrix with respect to the

basis B© from above:

o 0 0 0 0 0o 0 0 1 -1
0 0 0 O 0 0 0 1 1 -2
o 0 0 O 0 0 1 1 1 -3
0 0 0 O 0 1 1 1 1 —4
0o 0 0 O 0 -1 -2 -3 4 1-N-M
0 0 0 -1 1 0 0 0 O 0
0 0 -1 -1 2 0o 0 0 O 0
0 -1 -1 -1 3 0 0 0 O 0
-1 -1 -1 -1 4 0O 0 0 O 0
1 2 3 4 M+N-1 0 0 0 O 0
M=6+4m A
g\
N

Figure 9.6.: Origami OES)M with cylinder decomposition in direction (1, —2). Here ~; is

the waist curve of the blue cylinder.

9.4.1 Dehn twists in genus six. In direction (1, —2) there are two maximal cylinders
with one waist curve 7y of combinatorial length 4 and one waist curve - of combinatorial
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length N 4 4m + 11. We count intersection points of v, and 7o with the elements of B(©)
and get

Q(%,Ul) = 07 9(71702) = 17 9(7170-3) = 17
2, 9(71705) =2, Q(VI’UN) =2,

Qv,0) =0, Qv,¢) =0, Qn,) =1,
1 17 Q(’yl)CM) = 17

9(72701) = 4 9(72702) =3, 9(72’03) =9,
9(7270-4) = 67 9(7270-5) = 87 9(7270N) = 2(N - 1)7

Qy2,¢1) =1, Q72,¢) =2, Qr,G) =2,
9(727@1) = 37 9(7274.5) = 47 Q(’Y?)CM) =5 + 4m.

We can write I' := (N + 4m + 11)y; — 4y € Hfo)(OE\G,)M,Z) as a linear combination of

elements of B in the following way:

= 4% +4% — (N+4m +11)33+ 43X, +4%N
—8Z1+(N+4dm +17)Zy —8Z3+ (N +4m +7) Zy — 8 Zyy.

The Dehn twist along the waist curves v, and 2 acts on H{O)(OES)M,@) via the map-
ping
Dy:v— v+ (N +4m+ 11) Q(y1,v) 71 + 4 Q(72,v) 72

and for the images of the elements in B(®) under D, we get

(31) =31 +T, D(S) =%3+D,  D(S3) = S5+ 2T,
D(S4) Dy(Sy) = Sy + 2T,
Dy(Z) = 2y, Dy(Zy) = Zo+T, Dy(Z3) = Z3+T
D(Zs) Dy(Zy) = Zag + T

For direction (1,4) there are two maximal cylinders with waist curve §; of length 2m + 6
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Figure 9.7.: Origami OE\?)M with cylinder decomposition in direction (1,4) and (1, —4).
Here 0; and «ay are the waist curves of the blue cylinders.
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and waist curve do of length N + 2m + 9. We have

Q(61,01) = =2,  Q(b1,02) = Q(61,03) = —4,
9(51704) = _57 9(51,0'5) Q<5 ) _57
Q((sl’Cl) = 0> Q(élaCQ) Q(51>C3) 7
Q(61,¢1) =1, Q(61,6) = Q(01,Cm) =2+ 2m,
Q(02,01) = =2,  Q(d2,02) = Q(b2,03) = =8,
Q(52,O'4) = —11, 9(52,05) = Q((S ) —4N + 5,
9(527C1) = 1> Q(é2aC2) = 9(527<3)

Q(52,C4) =3, Q((S ) = Q((SQ,CM) = 4 + 2m.

The element A := (N 4+ 2m + 9)d; — (2m + 6)d2 € Hl(o)((f)gs)M, Z) can be written as a

linear combination of elements of B as
—(N+2m+9)Z;+2m+6)3s — (N +2m+9)%3
+(2m+6) X4+ (2m +6) Xy
+(8m+24)Z1+ (4m — N +9) Zo + (dm — N +9) Z3
+ (4m—N+9)Z4— (2N+6)ZM.

The Dehn twist along the waist curves d; and Jo of the maximal cylinders acts on the
non-tautological part of the absolute homology via the mapping

Ds: v— v+ (N +2m+9)Q(d1,v) 61 + (2m + 6) Q(d2,v) 2.

If we evaluate the elements of the basis B(©) of Hfo)(Ogs’)M, Q), then we get

D(;(Zl) =Y + A, D(S(ZQ) =Yoo +2A, D(;(Eg) =33+ 3A,
Ds(34) =34 +5A, Ds(En) =%, + (2N —5) A,

Ds(Zy) = Zu, Ds(Z2) = 7> + A, Ds(Z3) = Zs + A,
D(;(Z4) =74+ 2A, D(;(ZM) :ZM+(2+2m) A.

We have two maximal cylinders in direction (1, —4) with waist curve a; of combinatorial
length 4 +m and waist curve as of combinatorial length N + 3m + 11. We calculate the
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following intersection points with the elements of the basis B(®:

Q(Oq,o‘l) , Q(Oq,o‘g) = , Q(a ) = 2
Q(a1,04) = , Q(Ozl,0'5) = , Q(Oz ) 4
a1, G1) =0,  Qai,¢2) = Qa1,¢3) =1,
Qo Ga) =1, Qaa,G) = a1, ) =1 +m,
Q(ag,al) = 3 Q(Ozg,o‘g) = 7 Q(Oz ) = 10
Qag,04) =12, Q(ag,05) =16, Q(ag,on) =N —4,
Qa2,¢1) = Qa2,(2) = a2, (3) =2,
a2, () = Qaz, () = Qag, () =5 + 3m.

With this information we can write the element A := (N + 3m + 11)a; — (4 + m)asg in

the basis B():

A= m+49)Z1+(m+4)Es— (N +3m+11)33
+(m+4)E+ (m+4)EN
—(Am +16) Z; + (2N +4m + 14) Zy + (N —

—(4m—|—16)Z4—|—(N—1)ZM.

1) Zs

The map
Dy:v— v+ (N +3m+11)Q(ag,v) a1 + (m + 4) Q(az,v) as
has images
Do(31) =21 —A, Dao(¥2) =32—- A4 Da(E3) = X3,
Dy(34) =%4—A, Dyo(En) =Xny—(N—4)A,
Da(Zl) = Zl, Da(ZQ) =75+ A, Da(Zg) = Z3 + A,
Do(Zy) =Zy+ A, Do(Zy)=Zy+(m+1)A

In horizontal direction we have six maximal cylinders with moduli M — 5, 1/2, 1/3,
1/4,1/5 and 1/N respectively in vertical direction there are six maximal cylinders with
moduli N —5, 1/2, 1/3, 1/4, 1/5 and 1/N. As in the sections before we can calculate

representation matrices for the action of the associated Dehn twists on H fo)(Ogs)M, ).
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In horizontal direction we have:

10000 O 0 0 30N 30N
01000 O 0 20N 20N 20N
00100 O 15N 15N 15N 15N
0 00 1 0 12N 12N 12N 12N 12N
MO 00001 —60 —120 —180 —240 —60(M —1)
h 000 O0O0 1 0 0 0 0
000 O0O0 O 1 0 0 0
000 O0O0 O 0 1 0 0
000 O0O0 O 0 0 1 0
0 00 0O0 O 0 0 0 1
and in vertical direction we get:
1 0 0 0 0 000 0O
0 1 0 0 0 000 0O
0 0 1 0 0 00000
0 0 0 1 0 00000
M0 _ 0 0 0 0 1 00000
v 0 0 0 -30M —-30M 1 0 0 0 O
0 0 —-20M —-20M -20M 0 1 0 0 O
0 —-15M —-15M —-16M —-15M 0 0 1 0 O
-12M -12M -12M -12M —-12M 0 0 0 1 0
60 120 180 240 60(N—-1) 0 0 0 0 1

9.4.2 Finding a family of candidates in genus six. Recall that we obtained el-

ements I', A, A of the non-tautological part Hfo)(Og\G,?M, Z) of the absolute homology
by comparing the waist curves of the maximal cylinders in direction (1,—2), (1,4) and

(1,—4). We wrote them as a linear combination of elements of B(?) in the following

174



9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

way:

A= m+49)E+(m+4)Xy — (N +3m+11) 33
+(m+4)E+(m+4)EN
—(Am+16)Z1 + (2N +4m +14) Zo + (N — 1) Z3
—(Am+16)Zy+ (N — 1) Zy

= 4% +4% — (N +4m+11) %3
+43X4+4YN
—8Z1+(N+4m+T7)Zy —8Z3+ (N +4dm +7) Zy — 8 Zyy

A=—(N+2m+9) X+ (2m+6)3Xs — (N +2m +9) X3
+(2m+6)Xs+ (2m+6) XN
+8m+24)Z1 + (4m — N +9) Zy + (4m — N +9) Z3
+ (4dm —N+9)Zs — (2N +6) Zy;.

Let W = Spang(A4, T', A} the Q-linear subspace of Hl(o)((‘)gs?M, Q) spanned by A, I' and

A. The three maps D,, D~ and Ds are transvections on H io) (OE\??M,@). The images

D, —id, D, —id respectively Ds — id are generated by the elements A,I" respectively
A of H{O)(OS\?)M, Z). If we restrict Do, D~ and Ds to the subspace W, then we obtain
the following three matrix representations with respect to {4, I', A}:

1 b 1 00 1 0 0
01 b 1 ¢, o 1 0],
0 0 0 0 1 1

— o Q

—a —C

where b =2—-2N,a=—-10N+12m—4mN +42 and ¢ = 16 m+ 24 —8 N. The element
e:=cA—al+bA is invariant under the elements (Do )|w, (D-)|lw, (Ds)|lw € Spa(W)
and an element of the nullspace W*. The restrictions of Dy, D, and Ds to the subspace
W have the following matrix representations with respect to the basis {A, T', e}:

1 b0 1 00 41 <0
01 0}, -b 1 0}, @ ac i
00 1 0 01 —a —¢ 1

If we choose ¢ = 0 or N = 3 + 2m, then we can easily find an element of the unipotent
radical of Spg (W) in the subgroup generated by the three transvections (Dq)|w, (D~)|w
and (Ds)|w, for example (D7)|“l,[2/ o (Dy)|% lies in the unipotent radical.

9.4.3 Zariski density and arithmeticity for a genus six family. We consider in

this subsection the family of origamis OES)M, where M = 6+4m, N = 3+2m and m € N.

As before in the genus four and five section, we try first to determine an infinite family
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of natural numbers m € N for which the matrix A = Ag(N, M) = M}(LO) MY e R10X10
is Galois pinching. The characteristic polynomial

10
P(X):=xa(X) = ) a; X' € Z[X]
i=0

of the matrix A = Ag(N, M) € R!®*!0 is monic and reciprocal, i.e. a9 = ap = 1 and

a; = a1g—; for i = 1,...,5. Hence there is a cubic polynomial
4 .
QYY) =Y’ + > b Y eQ[Y] (9.4.3.1)
i=0

such that 1/X° - P(X) = Q(X + 1/X + 2). The coefficients of Q(Y) € Q[Y] are

by =a1—10, b3 = as—8a; +35, by= az—6as+ 20a; — 50,
by =a4—4a3+9a2 —16a; +25, byg= as—2a4+2a3—2a2+2a; — 2.

Denote the sextic Weber resolvent of Q(Y') € Q[Y] again by SWRp(Y) € Q[Y]. For
m = 2 modulo 89 we computed with MATLAB that P(X) = x4(X) can be irreducibly
written modulo 89 as

PX)=X"Y4+4Xx%4+63X%+33X"+39X6+71X°
+39 X% +33X3 +63X%+4X + 1 modulo 89.

Furthermore for m = 2 modulo 17, respectively m = 2 modulo 19 we computed that
Q(Y) respectively SW R (Y') factorizes as

QY)=Y?+4Y*+Y?4+6Y + 16 modulo 17 and
SWRo(Y)=Y®+13Y° +7Y*+3Y3 +15Y? + 17Y + 16 modulo 19.

Hence Q(Y) is irreducible modulo 17 and SWRg(Y') is irreducible modulo 19. Since
P(X) € Q[X] is irreducible for m = 2 modulo 89, we identify its Galois group Gal(P)
of P(X) € Z[X] again with a subgroup of the hyperoctahedral group G5 = Z3 x Sj.

To ensure that A = Ag(N, M) is Galois pinching we need that Gal(P) projects surjec-
tively onto S5 or equivalently that Gal(Q) = S5. With Theorem and Remark
it suffices to find m € N such that the discriminant Disc(SW Rg) = Disc(Q) is not a
rational square and that the sextic Weber resolvent SW R (Y') € Q[Y] does not have a
rational root. We computed

Disc(Q) = ¢ f(m) (2m + 3)*,

where ¢ > 0 and with an irreducible polynomial f(m) € Z[m] of degree 16. With Siegel’s
theorem of integral points and the equations above we conclude that Gal(Q) = S5 for
all but finitely many m € N with m = 2 modulo p € {17, 19}.
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Next we want to restrict m € N further such that Gal(P) # S5 and Gal(P) # Hs; for
i = 1,2,3. For the expressions As; = 52’1 and A5y = 532 from Lemma [9.1.11| and
Remark [9.1.12] we computed

As1=Q0)Q(4) =c-g(m)-(m—1)(4m +1)(2m +3)® and
A572 = DISC(Q) . A571,

where ¢ € Z and g(m) € Z[m] is an irreducible polynomial of degree 10. With [86,
Proposition 6.17] we conclude that Gal(P) # Hs; for i = 1,2 and almost all m € N with
m = 2 modulo p, where p € {17, 19, 89}. Furthermore if m = 2 modulo 29 then P(X)
can be written in irreducible factors modulo 29 as

P(X)= (X +15)(X +2)(X*+ 7X + 7)(X* + X + 25)
(X* +22X3 +21X% + 22X + 1) modulo 29.

One can compute that 29 does not divide the discriminant Disc(P) of P(X) € Q[X]
for m = 2 modulo 29, we conclude with the theorem of Dedekind that in this case
Gal(P) contains a permutation of cycle type (4,2,2,1,1). But Hs3 does not contain a
permutation of this cycle type as we showed in Appendix [A]

The discussion from above almost showed:

9.4.4 Proposition. The matrix Ag(N, M) € R19%19 is Galois pinching for all but per-
haps finitely many m € N with m = 2 modulo p, where p € {17, 19, 29, 89}.

Proof. Let m € N such that the quintic polynomial Q(Y') € Q[Y] from Equation (9.4.3.1])
is irreducible. By substituting t =Y — by/5 we can bring Q(Y') in depressed form

DQ(t) =t° + pt® + qt* +rt + s € Q[t].

By an analysis of the four discriminants F;(DQ) (i = 1,2,3,4) from for the
polynomial DQ(t) from above, we can see that for all i« = 1,2,3,4 and m big enough
the inequality F;(DQ) > 0 holds. From [59] we know that in this case the depressed
polynomial DQ(t) and hence Q(Y') has five real roots. Denote the roots of Q(Y) by p;
(t=1,...,5). We have the equality

i =X+ A7+ 2

foralli =1,...,5, where A\; and )\;1 are roots of the reciprocal characteristic polynomial
P(X) of Ag(N,M). Furthermore for m big enough all the coefficients b; (i = 1,...,5)
of Q(Y) are positive. With Décarte’s rule of signs we conclude that in this situation all
the roots p; (i = 1,...,5) are negative real numbers. As before in we now know
that the roots {\;, \; ' | i =1,...,5} of P(X) are real. Putting this argument together
with the arguments we did before for Gal(P), we see that Ag(IN, M) is Galois pinching
for m € N big enough such that m = 2 modulo p, where p € {17, 19, 29, 89}. O

177



9. Arithmeticity for infinite families of stairs origamis in genus four, five and six

Denote by Bg(N,M) = Méo) e R19%10 the representation matrix with respect to the

basis B® of the map D, acting on the non-tautological Hfo)(OSS)M,

Then Bg(N, M) is unipotent and the subspace

R) from Section

(Bs(IV, M) —1d)(R™?)

is one-dimensional and hence not a Lagrangian subspace with respect to €2. Furthermore
Ag(N, M) and Bg(N, M) do not commute but perhaps for finitely many m € N. Putting
hhis together with the previous Proposition about the matrix Ag(N, M), Criterion[1.5.10
implies:

9.4.5 Theorem. The genus six Origamis OS&?M e OMg(10) with N = 3 4+ 2m and

M = 6+4m have Kontsevich-Zorich monodromies with finite index in Sp(H {0) (Ogs)M, 7))
for all but finitely many m € N such that m = 2 modulo p, where p € {17, 19,29, 89}.
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Appendix A.

A.1 Permutation types

We call ¢} the map that identifies the group Hy 3 < G, from Proposition [9.1.10| with a
subgroup of the permutation group Sym({}\;, )\2._1 li=1,...,k}).

We first consider k = 3 and ¢3: Hz3 — Sym({\;, \; ' | i = 1,2,3}). We have

@3((—1,-1,-1),(123)) =(AA; " AsAT AN ),
p3((—1,—1,-1),(1,2)) =(MA; DA H(AsAz 1),
3((+1,+1,+1), (123)) =AM A2 A3) AT AN
p3((+1,+1,+1), (1,2)) =(Ax2) (AT AT H(A3) (A5 ).

The element (123) € S is of permutation type (3) and (12) € S5 is of type (2,1). These
two types are the only non-trivial types that can appear in S3. Hence the calculations
from above show that the only non-trivial permutation types that occur in ¢p3(Hs3) <
Sym({A\i, A, [ i = 1,2,3}) are (6),(3,3),(2,2,2) and (2,2,1,1).

For k = 5 the permutation group S5 has permutations of type (5), (4,1), (3,2), (3,1,1),
(2,2,1), (2,1,1,1) and (1,1,1,1,1). If we want to determine the permutation types
of the elements of Hy 3 as a subgroup of Sym({\;, \;! | i = 1,...,5}) then because of

symmetry reasons it is sufficient to determine the permutations ¢5((—1,...,—1),0)) and
o5((+1,...,+1),0)), where o € S5 is a represent of a permutation type of S5 as above.
We have
@s((—1,...,=1),(12345)) =(A1 A5 "AsAT AAT A TN )
os((— L —1),(1234)) =23 " As Ay ) (edg "D (AsAs )
o5((—1,. ) (123)(45)) =(AAy  AsAT A2Ag ) (aAg (AT
(( 17 —1), (123)) =(MAz " AsAT AT (AT (s A5 )
e5((—1,.. ) (12)(34)) =(A A3 AT AsAT D Aarz (AT
ws(( —1), (12)) =(AMAz HOATH (AsA5 ) (AT sz ).

We conclude that for the subgroup ¢r(Hy3) < Sym({\i, \;' | i = 1,...,5}) only
non-trivial permutations of type (10), (4,4,2), (6,2,2), (2,2, 2 2,2) and of type (5,5),
(4747 17 1)7 (3’ 37 27 2)’ (37 37 1? 17 17 1)7 (2’ 2’ 2’ 27 71) (2 27 1’ 17 17 17 17 1) can occur.
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Appendix A.
A.2 Representation matrix for Dehn twist

The following matrix is the representation matrix MS)) for the restriction of the Dehn
twist D, in direction (1, —2) to Hfo) (OS\?)M, Q) with respect to the basis B(%) from Section
9.5.1]

£
K &
Zwmmww‘i‘m
| T
Jr
< -
OO OO OO —HO
S
K &
memwm"‘w
| T =
+
< -
S
K &
memmw"‘w
| T =
J’_
< -
£
K 5
memww“Fw
| 7=
J’_
< -
co~oooooO
£
K &
memﬂ‘ﬂ""’ﬂ*
| T = ]
+
< -
S
K &
ZNC\IC\Iwﬁ_‘_ﬂ
| =
+
® -
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