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Abstract
The primary function of biological membranes is to enable compartmentalization among cells and organelles. Loss of integrity by the 
formation of membrane pores would trigger uncontrolled depolarization or influx of toxic compounds, posing a fatal threat to living 
cells. How the lipid complexity of biological membranes enables mechanical stability against pore formation while, simultaneously, 
allowing for ongoing membrane remodeling is largely enigmatic. We performed molecular dynamics simulations of eight complex 
lipid membranes including the plasma membrane and membranes of the organelles endoplasmic reticulum, Golgi, lysosome, and 
mitochondrion. To quantify the mechanical stability of these membranes, we computed the free energy of transmembrane pore 
nucleation as well as the line tension of the rim of open pores. Our simulations reveal that complex biological membranes are 
remarkably stable, however, with the plasma membrane standing out as exceptionally stable, which aligns with its crucial role as a 
protective layer. We observe that sterol content is a key regulator for biomembrane stability, and that lateral sorting among lipid 
mixtures influences the energetics of membrane pores. A comparison of 25 model membranes with varying sterol content, tail length, 
tail saturation, and head group type shows that the pore nucleation free energy is mostly associated with the lipid tilt modulus, 
whereas the line tension along the pore rim is determined by the lipid intrinsic curvature. Together, our study provides an atomistic 
and energetic view on the role of lipid complexity in biomembrane stability.
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Significance Statement

Biomembranes have evolved to fulfill seemingly conflicting requirements. Membranes form a protective layer against bacterial or viral 
infection and against external mechanical, osmotic and toxic stress, thus requiring mechanical stability. Membranes are furthermore 
involved in ongoing remodeling for homeostasis, signaling, trafficking, and morphogenesis, necessitating a high degree of plasticity. 
How the chemical diversity of membranes, comprising hundreds of lipid species, contributes to enable both stability and plasticity is 
not well understood. We used molecular simulations and free energy calculations of pore formation in complex biomembranes to re
veal how mechanical and geometric properties of lipids as well as lateral lipid sorting control the integrity of complex membranes.
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Introduction
Biological membranes contain hundreds of distinct lipid species 
(1), which vary in their head group composition as well as in the 
length, unsaturation degree, and number of acyl chains (2). In 
addition to glycerophospholipids, which are the most abundant 
lipids in eukaryotes (2), membranes contain lipid classes such as 
sphingolipids, sterols, or single-tailed lipids. Lipid compositions 
vary not only between different species and cell types but further
more between cellular organelles. For instance, the sterol content 
of eukaryotic membranes increases along the secretory pathway 
and is maximized in the plasma membrane (2). The complexity 
of many membranes is furthermore increased by asymmetric dis
tributions of lipids between the two membrane leaflets (3, 4). The 

biological functions and advantages of this chemical diversity are 

still largely enigmatic.
Biological membranes have evolved to fulfill seemingly con

flicting mechanical requirements. On the one hand, membranes 
are subject to ongoing remodeling during cell division, endo- 

and exocytosis, or intracellular trafficking, thus requiring a high 
degree of structural plasticity. On the other hand, biological mem

branes serve as barriers between cells and their environment and, 
in eukaryotic cells, between organelles and the cytosol, thus re

quiring mechanical stability. Such stability is crucial to withstand 
the formation of undesired membrane pores, which would lead to 

potentially fatal transmembrane flux of polar solutes and loss of 
homeostasis. To realize how lipid complexity contributes to 

D
ow

nloaded from
 https://academ

ic.oup.com
/pnasnexus/article/4/3/pgaf033/8028997 by U

niversitaet des Saarlandes user on 07 O
ctober 2025

https://orcid.org/0009-0003-0206-4200
https://orcid.org/0000-0001-7716-1767
mailto:jochen.hub@uni-saarland.de
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1093/pnasnexus/pgaf033


reconcile such seemingly conflicting needs—plasticity and stabil
ity—it is mandatory to understand how lipid composition and 
spatial distribution control the free energy landscape of mem
brane remodeling.

To quantify membrane stability, we here focus on the resist
ance of membranes against transmembrane pore formation. 
Membrane pores may form under various biological or experi
mental conditions. Pores are formed by proteins such as bacterial 
toxins (5), antimicrobial peptides (6), or by proteins of the apoptot
ic machinery (7). Pores may be induced mechanically through 
high osmotic pressure (8) or by extensive tension in mechanically 
active tissue (9). During electroporation, pores are formed by ex
ternal electric fields, as widely used in medicine and biotechnol
ogy to deliver bioactive substances into living cells or to kill 
malignant cells that are not accessible to surgery (10, 11). 
Recently, it was found that binding of divalent cations to anionic 
lipids may impose transmembrane potentials and, thereby, trig
ger pore formation and transmembrane ionic flux (12, 13).

Direct experimental observation of protein-free pores has been 
limited to large, micron-sized pores (8) while nanoscopic pores 
have been detected indirectly by measuring the permeation of 
ionic or photoactive compounds (14). Thus, molecular dynamics 
(MD) simulations have been used extensively to obtain structural 
and energetic insight into nanoscopic pores (15). According to MD 
simulations, pore nucleation evolves from local membrane thin
ning via the formation of a thin membrane-spanning water wire 
towards the formation of a toroidally shaped, nanometer-sized, 
hydrophilic transmembrane pore, characterized by tilted lipid ar
rangements along the pore rim (15–17). In absence of external 
stressors, pore formation involves considerable energetic costs 
owing to the initial water penetration into the hydrophobic 
membrane core as well as owing to membrane bending and lipid 
tilting deformations along the pore rim (15, 16, 18–21). Previous 
experimental and computational studies highlighted the effects 
of membrane thickness (22, 23) and cholesterol content (24, 25) 
on increased membrane stability against pore formation. On the 
contrary, the addition of anionic 16:0–18:1-phosphatidylglycerol 
(POPG) into 16:0–18:1-phospatidylcholine (POPC) membranes has 
been shown to reduce resistance against pore formation (26).

Previous MD studies of pore formation mostly focused on 
single-component membranes (22, 27–32) or on membranes 
with at most three to four molecular species (33). Only recently, 
coarse-grained simulations of electroporation in complex plasma 
membrane models were reported. In these simulations, pores 
formed predominantly in regions with enriched density of unsat
urated lipid tails (34). However, since atomic details such as the 
hydrogen bond network of transmembrane water wires likely in
fluence the free energy landscape of pore formation, all-atom sim
ulations are required to obtain a quantitative understanding of 
pore formation in complex membranes.

Here, we used all-atom MD simulations to compute the free en
ergy landscape of pore formation in complex models of eight dif
ferent biological membranes including an asymmetric plasma 
membrane model (35), models of several cellular organelles (36, 
37), and a membrane representing Escherichia coli polar lipid ex
tract used previously in biophysical experiments (38). We com
puted potentials of mean force (PMFs) of pore nucleation and 
pore expansion to obtain two principal energetic parameters 
that quantify the membrane stability against defect formation: 
the pore nucleation free energy and the line tension along the 
pore rim (39, 40). The PMFs reveal that the plasma membrane— 
in particular its outer leaflet—is by far more stable against 
pore formation compared to membranes of intracellular 

compartments. To rationalize the wide range of membrane stabil
ities and to clarify how lipid species, lipid properties, and mem
brane elastic properties influence pore formation, we computed 
additional PMFs of pore formation for a large set of one- or two- 
component model membranes as well as membrane deformation 
energies in the context of the Helfrich–Kozlov–Hamm (HKH) 
(41, 42) continuum theory. We find that pore nucleation is primar
ily associated with lipid tilting energies, whereas the line tension 
along the pore is controlled by bending energies. Together, our 
calculations provide a comprehensive view on energetics, struc
tures, and mechanisms of pore formation in biological and model 
membranes.

Results
We selected a set of eight membrane systems with complex lipid 
composition, which together represent a wide range of biological
ly relevant membranes. The complex model membranes include 
asymmetric models of a plasma membrane (43), the mitochon
drial outer and inner membranes (36), as well as symmetric mod
els with lipid composition from endosomes, lysosome, 
endoplasmic reticulum (ER), Golgi apparatus, and E. coli lipid ex
tract (38). As shown in Fig. 1a,  the lipid composition greatly varies 
among these membranes (see also Tables S2–S9). The E. coli lipid 
extract does not contain PC but is mostly composed of phosphati
dylethanolamine (PE), phosphatidyl-glycerol (PG), and cardiolipin 
(CL) (44). Among the eukaryotic membranes, the sterol content in
creases along the secretory pathway with a low abundance in the 
ER and Golgi membranes, increased abundance in the lysosome 
and high abundance up to 54% in the outer leaflet plasma mem
brane. Besides cholesterol, which exhibits a strong preference 
for the outer plasma membrane leaflet (43), various other lipids 
are also distributed asymmetrically between the inner and the 
outer leaflet. Phosphatidylserine (PS) and PE lipids are enriched 
in the inner plasma membrane leaflet whereas sphingomyelin 
(SM) is enriched in the outer plasma membrane leaflet (Fig. 1a, 
leftmost column). Likewise, the mitochondrial membrane models 
are asymmetric, with phosphatidylinositol (PI) being enriched in 
the inner leaflet of the mitochondrial outer membrane and with 
CL being enriched in the inner leaflet of the mitochondrial inner 
membrane, where CL plays a role in stabilizing cristae shaped 
with negative curvature (45). Additional examples for 
organelle-specific enrichment of low-abundance lipid species 
are the presence of phosphatidic acid (PA) and diacylglycerol 
(DAG) in the ER membrane, rationalized by the function of the 
ER as the main site of lipid synthesis (2). However, the lipid com
positions of different membranes reflect not only biochemical 
processes but furthermore the need to withstand different de
grees of mechanical stress, likely rationalizing why the plasma 
membrane is thicker as compared to organelle membrane, as il
lustrated by the MD simulation snapshots of Fig. 1b/c.

Pore nucleation free energy ΔGnuc and the line 
tension γ along the pore rim
To obtain quantitative and mechanistic insight into pore forma
tion in complex membranes, we computed potentials of mean 
force (PMFs, also referred to as free energy profiles) of pore forma
tion. PMFs were computed along a joint reaction coordinate ξp of 
pore nucleation and expansion (see Supplementary material) 
(39, 40). For ξp ⪅ 1, the coordinate quantifies the degree of 
connectivity of a polar transmembrane defect (Fig. 2b–d) (40); for 
ξp ⪆ 1, the reaction coordinate quantifies the pore radius R in units 
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of the radius R0 ≈ 0.4 nm of a fully nucleated pore, i.e. ξp = R/R0 

(Fig. 2d–e). Figure 2a presents a typical PMF of pore formation, 
here shown for the membrane of the Golgi apparatus, plotted ei
ther as function of the reaction coordinate ξp (lower abscissa) or, 
for ξp > 1 where a transmembrane defect is present, as function 
of pore radius R (upper abscissa). Starting from the state of a flat 
membrane (ξp = 0.2, Fig. 2b), the PMF reveals an initial steep in
crease reflecting the energetic cost for membrane thinning 
(ξp ≈ 0.6, Fig. 2c). A thin, transmembrane aqueous defect is 
formed at ξp ≈ 0.9, thereby finalizing the pore nucleation phase 
(Fig. 2d). The plateau at ξp ≈ 1.5 reflects some energetic stabiliza
tion by the tilting of lipids to form a toroidally shaped pore. After 
further expansion, at ξp ≳ 4 (R ≳ 1.5 nm), the PMF increases linear
ly reflecting mechanical work against an approximately constant 

line tension γ along the pore rim (Fig. 2e). The shape of the PMF and 
the structural mechanisms involved in pore nucleation and ex
pansion agree qualitatively with results obtained previously for 
simpler model membranes (20, 39, 40). Additional control simula
tions show that the PMFs are influenced by only minor hysteresis 
effects typically in the order of few kilojoules per mole (Fig. S1, 
Table T1). The linear regime of the PMF is compatible with 
classical nucleation theory (46, 47) that describes the free energy 
of larger pores by ΔGCNT = 2πRγ − πR2σ, where γ denotes the 
line tension along the pore rim of length 2πR. The second 
term models the relief of surface tension σ owing to pore 
expansion. However, because our simulations were carried out 
at (i) constant pressure without external surface tension and (ii) 
at constant number of lipids, thereby keeping the membrane– 

Fig. 1. Lipid head group composition of complex membrane systems. a) Composition of simulated biological membrane systems based on lipid species. 
PC, phosphatidyl-choline; PE, phosphatidyl-ethanolamine; PE-E, ether PE (plasmalogen); PI, phosphatidyl-inositol; PS, phosphatidyl-serine; PA, 
phosphatidic acid; PG, phosphatidylglycerol; SM, sphingomyelin; CL, cardiolipin, sterol (cholesterol for mammalian membranes, ergosterol for yeast ER); 
BMGP, bis(monoacylglycero)phosphate; DAG, diaglycerol, Lyso-PC: lyso-16:0-PC. For asymmetric models of the plasma membrane, mitochondrial outer 
(Mito/Outer) and inner membranes (Mito/Inner), the composition of the outer leaflet (OL) and the inner leaflet (IL) are shown. b) Simulation snapshot of 
the asymmetric plasma membrane and c) of the asymmetric inner mitochondrial membrane with lipid atoms shown as beads and colored according to 
the legend in (a). Water is represented as transparent light blue surface.

Fig. 2. Mechanism and energetics of pore formation. a) Example PMF of pore nucleation and expansion with the lipid composition of the Golgi apparatus, 
plotted either as function of the reaction coordinate ξp (lower abscissa) or of pore radius (upper abscissa). The inset shows a closeup view on the PMF 
during pore nucleation. The nucleation free energy ΔGnuc was defined as the PMF value at ξp = 0.92, corresponding to the state with a thin water wire 
(vertical double arrow). The slope of the linear regime at ξp > 4 yields the line tension along the pore rim (black dashed line). Labels b–e indicate structures 
shown in (b–e). b) Simulation snapshot of umbrella windows with: a flat membrane (ξp ≈ 0.2), c) a thinned membrane (ξp ≈ 0.7), d) a thin water wire 
(ξp ≈ 0.9), and e) a large pore with radius 1.8 nm (ξp ≈ 5). Water oxygen atoms are shown as red spheres, lipids are represented as transparent gray sticks.
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water interface area approximately constant, the second term can 
be neglected. Thus, the slope of the linear regime of the PMF at 
ξp ≳ 4 reflects the line tension γ and aligns with classical nucle
ation theory.

To characterize the energetics of pore nucleation and expan
sion, we extracted two quantities from the PMFs (see also 
Supplementary material). Firstly, we defined the pore nucleation 
energy ΔGnuc as the free energy at ξp = 0.92, corresponding by 
the presence of a thin, stable transmembrane pore (Fig. 2a, inset, 
double arrow). Secondly, we obtained the line tension γ from the 
slope of a linear fit to the regime 4 ≤ ξp ≤ 6.5 (Fig. 2a, dashed 
line). In the following, we use ΔGnuc and γ to compare the free en
ergy landscapes of pore formation of complex or simple model 
membranes.

Biological membranes greatly vary in their 
resistance against pore formation
Among the eight complex biological membranes simulated in this 
study, the PMFs of pore formation vary considerably (Fig. 3a, col
ored curves). The nucleation free energy ΔGnuc varies between 90  
kJ/mol for the Golgi membrane and 180 kJ/mol for the plasma 
membrane (Fig. 3b). The line tension γ varies between 40 pN for 
the Golgi membrane or for the mitochondrial outer membrane 
and 100 pN for the plasma membrane (Fig. 3c).

These large variations reflect the diverse biological functions of 
different membranes. Specifically, the plasma membrane is far 
more stable against pore formation when compared to mem
branes of intracellular organelles, thus highlighting its ability to 
form a barrier to the extracellular space. Such marked stability 
renders the plasma membrane robust against mechanical and os
motic stress, impedes the action of disruptive molecules such as 
bacterial pore-forming toxins, and forms a barrier against viral in
fection. In contrast, upwards the secretory pathway, membranes 
are increasingly unstable against pore formation, as evident from 
the low ΔGnuc and γ values of the ER and Golgi membranes as well 
as, to a lower degree, of the lysosome membrane (Fig. 3b/c). The 
lower stability of these membranes aligns with their need for in
creased flexibility to enable ongoing remodeling, while not being 
exposed to the degree of mechanical stress that the plasma mem
brane needs to withstand. Similar arguments rationalize the 

relatively low stability of the mitochondrial inner and outer mem
brane. A similarly low stability against pore formation is observed 
for the membrane formed by E. coli extract. However, in the 
physiological context, Gram-positive and Gram-negative bacteria 
are surrounded by peptidoglycan and lipopolysaccharide layers, 
respectively, which strongly contribute to robustness against 
mechanical stress (33, 48). Intermediate stability is observed for 
early endosomes, which derive from the plasma membrane (2). 
As shown below, the higher stability of the endosomal mem
branes is explained by their relatively high cholesterol content 
of ∼30%, slightly above the cholesterol content of 25% of the inner 
plasma membrane leaflet. Notably, endosomal escape via mem
brane fusion may involve pore formation across hemifusion inter
mediate states. The considerable stability of endosomes may pose 
an additional challenge for the design of artificial endosomal es
cape systems, for instance in the context of RNA-based therapeu
tics delivered with lipid nanoparticles.

Biological membranes do not form metastable 
pores
Memory effects during early electroporation experiments sug
gested that lipid membranes may form metastable (long-living) 
pores (10) or, equivalently, that pores may represent a local min
imum of the free energy landscape. Recently, MD simulations re
vealed that nanometer-sized pores are metastable only in 
membranes of inverted cone-shaped lipids (31). For instance, 
metastable pores are formed by lipids with short saturated tails 
such as lauroyl acid (di-12:0) or myristoyl acid (di-14:0) and bulky 
head groups such as PC or PG, whereas unstable pores are formed 
by lipids with unsaturated tails or smaller head groups form. 
Whether complex biological membranes form metastable pores 
has not been systematically addressed.

For reference, Fig. 3a (black curve) presents the PMF of pore for
mation for di-12:0-PC (DLPC). In agreement with previous studies 
(31, 39), the PMF for DLPC reveals a local free energy minimum at 
ξp ≈ 2.5, implying a metastable pore of radius R ≈ 1 nm. The pres
ence of the metastable pore may imply pore lifetimes of microsec
onds or longer (19, 31). In sharp contrast, no such metastable pore 
was found in any of the complex membranes, as evident from the 
absence of corresponding local free energy minimum at ξp > 1 

Fig. 3. Energetics of pore formation for eight complex membrane systems. a) PMFs for pore nucleation (ξp ≲ 0.92) and pore expansion (ξp ≳ 1) in eight 
complex biological model membranes and in a membrane of pure di-12:0-PC (DLPC). The arrow highlights a local free energy minimum for the DLPC 
membrane, indicating a metastable open pore. b) Pore nucleation free energies ΔGnuc and (c) line tension γ along the pore rim as taken from the PMFs. 
Error bars of ΔGnuc and γ (hardly visible) obtained from bootstrapping (see Supplementary material) denote 1SE.
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(Fig. 3a, colored curves). We hypothesize that the lipid composition 
of biological membranes has evolved to strictly avoid the forma
tion of long-living pores, underlining that uncontrolled leakage of 
protons or other ions would be fatal for living cells. Thus, to form 
long-living pores even in biological membranes, external perturba
tions are required such as the application of large transmembrane 
potentials during electroporation experiments (20, 30) or the pres
ence of membrane-active agents including channel-forming tox
ins(5), proteins involved in regulated cell death (7, 49), polymers 
(50), peptides (51, 52), or organic solvents such as DMSO (39, 53).

The outer leaflet of the plasma membrane is the 
main protection layer against pore formation
Next, we examined how lipid asymmetry influences pore formation 
in the plasma membrane and in the inner and outer mitochondrial 
membranes. To this end, we compared the PMFs obtained with 
asymmetric membrane models with PMFs obtained with symmetric 
membranes with the lipid composition of the respective outer or in
ner leaflet (Fig. S4). The PMFs revealed that the outer plasma mem
brane leaflet is far more stable compared to the inner leaflet, as 
shown by increased ΔGnuc and γ values by 125 kJ/mol and 83 pN, re
spectively. These findings suggest that the outer plasma membrane 
leaflet serves as the primary protection layer against external stres
sors and against pore-forming agents. In contrast, the inner leaflet of 
the plasma membrane exhibits a lower stability with a nucleation 
barrier slightly below the value for the endosomal membrane, while 
still being more stable than the other biological membranes investi
gated in this study (Fig. S4).

The reduced stability of the inner plasma membrane 
leaflet aligns with its biological function. Exocytosis involves the for
mation of a hemifusion stalk between the inner leaflet of the plasma 
membrane and the outer leaflet of an intracellular vesicle, repre
senting a major structural perturbation of the inner plasma mem
brane leaflet. Thus, the reduced stability of the inner leaflet 
against pore formation may provide a compromise between the 
ability to carry out structural remodeling with acceptable energetic 
costs while still contributing to the mechanical stability of the over
all plasma membrane. These findings are consistent with our previ
ous study that revealed that hemifusion stalk formation by the 
inner plasma membrane leaflet is far more energetically accessible 
than stalk formation by the outer leaflet (54).

The large difference in stability between the outer and inner plas
ma membrane leaflet is, in part, rationalized by the highly asymmet
ric cholesterol distribution in the plasma membrane model used 
here, (43) with cholesterol concentrations of 54% and 25% in the outer 
and inner leaflet, respectively. The influence of cholesterol on mem
brane stability is analyzed in detail below. In addition, sphingomyelin 
makes up 25% of the lipids of the outer leaflet (Fig. 1a). Since sphingo
myelin increases lipid tail order and membrane stiffness as compared 
to PC lipids (55, 56), we hypothesized that sphingomyelin enrichment 
contributes to the great stability of the plasma membrane outer 
leaflet. Indeed, by comparing the PMF for a pure POPC membrane 
with the PMF for a 1:1 mixture of POPC with 18:0–24:0-sphingomyelin 
(DSM), we found that the addition of DSM increases ΔGnuc by 40 kJ/ 
mol (Fig. S5). Thus, cholesterol and sphingomyelin contribute to the 
marked stability of the outer plasma membrane leaflet.

Whereas the two plasma membrane leaflets reveal greatly differ
ent stabilities against pore formation, this is not the case for the 
mitochondrial membranes. Namely, despite the marked asym
metry of the mitochondrial inner and outer membranes (Fig. 1a), 
symmetric membranes with the composition of the inner or outer 
leaflet reveal nearly identical ΔGnuc and only minor variations of γ 

values (Fig. S4b–e). These findings likely reflect that mitochondrial 
membranes, relative to the plasma membrane, are faced with far 
lower mechanical stress.

Lipid-specific enrichment or depletion modulate 
the rim energy
Based on the observation that the addition of a lipid species such 
as sphingomyelin may strongly alter the free energy of pore for
mation, we investigated the spatial distribution of lipid species 
during pore formation. From 400 ns simulations of open pores, 
we computed the mass densities of several lipid species as func
tion of lateral distance r from the pore center and normal distance 
z from the membrane center. Densities were computed for mem
branes with the composition of the Golgi apparatus (Fig. 4b–i), out
er plasma membrane leaflet, endosome, and E. coli extract 
(Fig. S6). The densities reveal enrichment or depletion at the 
pore rim by several lipid species.

The toroidal pore rim is characterized by Gaussian curvature 
with positive curvature along the membrane normal and negative 
curvature in the membrane plane. Whether the positive or the 
negative component of the rim curvature controls lipid enrich
ment and depletion is, a priori, not obvious. Among the Golgi 
membrane lipids, we found that lyso-PC was enriched at the 
pore rim (Fig. 4b/f), where lyso-PC preferentially adopted a tilted 
conformation, thereby shielding the hydrophobic membrane 
core from the transmembrane water defect (Fig. 4a, black arrow). 
Because lyso-PC is characterized by a large head-to-tail volume 
ratio, lyso-PC stabilizes positive membrane curvature (57). 
Lyso-PC enrichment at the pore was likewise observed in simula
tions of binary POPC/lyso-PC mixtures (Fig. S7). These findings 
suggest that the positive curvature along the membrane normal 
dominates the pore energy and, thereby, controls lipid enrich
ment or depletion at the pore rim, even for small pores with radius 
of ∼1 nm (Figs. 4a, S7) and considerable Gaussian curvature. Thus, 
lipids with positive intrinsic curvature such as lyso-PC may stabil
ize pores. For instance, lyso-PC likely contributes to the low line 
tension of pores in the Golgi membrane (Fig. 3c).

In contrast to lyso-PC, cholesterol and sphingomyelin were de
pleted from pores in Golgi, E. coli extract, plasma, and endosomal 
membranes (Figs. 4a, c/d, g/h and S6), and oleic acid was depleted 
from pores across POPC/olecic acid membranes (Fig. S7). Thus, the 
geometries of cholesterol, sphingomyelin, and oleic acid are in
compatible with the rim structure, which aligns with the large 
free energies of pore formation in the plasma membrane model, 
which contains large amounts of sphingomyelin and cholesterol, 
and with the increased free energies in the POPC/olecic acid mem
branes (Fig. S7). Thus, enrichment or depletion of specific lipids at 
the pore rim correlate with stabilizing or destabilizing lipid effects, 
respectively.

Notably, lateral sorting may lead to different specific lipid con
centrations at the pore rim relative to the bulk membrane. 
Consequently, elastic membrane properties such as bending 
moduli derived from bulk membranes are not necessarily applic
able to the pore rim in complex multicomponent membranes.

Among eukaryotic membranes, sterol 
concentration is a major regulator of membrane 
stability
Which structural lipid properties control ΔGnuc and γ, and which 
lipid properties are employed by biological cells to tune mem
brane stability? To answer these questions, we investigated sys
tematically how ΔGnuc and γ are modulated by three structural 
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properties that have been implicated with membrane stability: 
sterol content (24, 25), lipid tail length (22, 23), and degree of un
saturation (34). We computed PMFs for twelve model membranes 
(Fig. S9a–c) and compared the derived ΔGnuc and γ values (Fig. 5g–l) 
with the values obtained for complex biological membranes 
(Fig. 5a–f).

The addition of cholesterol to a membrane of POPC leads a 
marked concentration-dependent increase of ΔGnuc and γ by up 
to 100 kJ/mol and 35 pN, respectively (Fig. 5g/j), which aligns 
with the trends in complex membranes (Fig. 5a/d). Likewise, by in
creasing the tail length among five simulations with lipids from 
di-14:1-PC up to di-22:1-PC, ΔGnuc and γ increase considerably 
(Fig. 5h/k), likely owing to increasing membrane thickness (22, 
23, 58). Thus, both sterol content and tail length modulate mem
brane stability against pore formation. However, among the bio
logical membranes studied here, whereas cholesterol content 
varied between 0 and 54% (Fig. 5a/d), the average lipid tail length 
varied only between 16.7 and 18.8 carbons (Fig. 5e/k, red arrows). 
These findings suggest that, among the eukaryotic membranes 
studied here, not the tail length but instead the sterol content 
serves as the key regulator for membrane stability. While many 
prokaryotes do not contain sterols, a similar membrane-stiffening 
effect has been attributed to hopanoids, (59) suggesting that hopa
noids may play a similar role in membrane stability of 
prokaryotes.

A recent simulation study based on the coarse-grained 
MARTINI model reported that poration across complex biological 
membranes occurs predominantly at sites with a local enrich
ment of polyunsaturated lipids (34). To test the effects of unsatur
ation on pore formation with atomistic models, we obtained ΔGnuc 

and γ for lipids with increasing degree of unsaturation: 18:0– 
18:1-PC, di-18:1-PC, di-18:2-PC, or 18:2–18:3-PC. We found that 
the degree of unsaturation has only a small effects on membrane 
stability against pore formation, thus challenging the interpret
ation of the coarse-gained simulations (34). While ΔGnuc was virtu
ally invariant with respect to unsaturation (Fig. 5i), γ revealed an 
initial rise upon the addition of a second double bond, followed 

by a minor decrease upon the addition of two or three double 
bonds per lipid (Fig. 5l). These effects may be rationalized by two 
opposing effects: on the one hand, a higher degree of unsaturation 
leads to membrane thinning (Fig. S8b), in line with experimental 
observations (60), which would lead to decreasing ΔGnuc and γ. 
On the other hand, owing to the kinks in the acyl chains, polyun
saturated lipids induce negative membrane curvature, which is 
incompatible with positive curvature along the membrane nor
mal, which dominates the pore energy as well as lipid enrichment 
and depletion, as discussed above. Thus, effects by polyunsatur
ated lipids on membrane thickness may cancel with curvature ef
fects, rationalizing the overall small influence on the free energies 
of pore formation.

Pore line tension correlates with Helfrich bending 
energy while nucleation free energy correlates 
with lipid tilt modulus
Complementary to MD simulations, elasticity theory has been ap
plied to model the free energy of toroidal open pores with contri
butions from membrane bending, membrane stretching, or lipid 
tilt (18, 21, 41, 42, 61). The HKH free energy functional (41, 42) re
lates the physical properties of lipid monolayers and flat bilayers 
to the energy of their deformations:

F = ∫ dA
1
2

κ(H̃ − Js)2 +
1
2

κθt2 + κ̅K̃G

􏼔 􏼕

. (1) 

According to the functional, F is determined by the bending modu

lus κ that is associated with the difference between the sum H̃ of 
the two principal curvatures and the spontaneous curvature Js. 

The tilde on H̃ highlights that the calculation is performed over 
the director field, rather than over the membrane normal vectors. 
The tilt modulus κθ is associated with the local lipid tilt vector t de
fined by the deviation of lipid orientation vector d from the mem
brane normal n (Fig. 6c). In the absence of tilt, F equals the 

common Helfrich functional (42). The Gaussian curvature K̃G 

and its associated modulus κ̅ are typically ignored in studies of 

Fig. 4. On lipid-specific enrichment or depletion at the pore rim. a) Simulation snapshot with lipid composition of the Golgi apparatus with a pore with 
radius R = 1.3 nm in top view (upper panel) and side view (lower panel). Lipids are shown as sticks, with phosphorous atoms highlighted as orange 
spheres. Lyso-16:0-PC, cholesterol, and sphingomyelin are shown as red, green, and blue thick sticks, respectively, and other lipids as thin gray sticks. The 
arrow highlights a tilted lyso-16:0-PC lipid at the pore rim. b–e) Lipid density along the pore rim as function of radial distance r from the pore center and 
normal distance z from the membrane center, relative to the density in the bulk membrane, for b) lyso-16:0-PC, c) 18:0–22:0-sphingomyelin, d) 
cholesterol, and e) 18:0–20:4-PC. f–i) 1D lipid density profiles after averaging the densities in (b–e) along z.
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membrane deformations as, according to the Gauss–Bonnet the

orem, the integral over K̃G for a closed surface is a topological in
variant. However, the formation of a pore changes the topology of 
the membrane and involves the formation of an additional bound
ary, hence this modulus is potentially relevant for pore formation. 
The HKH theory of membrane elasticity (Eq. 1) can only be ex
pected to provide semiquantitative insight into pore formation 
for several reasons. First, it is not evident whether the pore rim 

is to be modeled as curved monolayer or as a hole whose boundary 
is formed by a large number of tilted lipids. Second, Helfrich the
ory may be taken as a series expansion of the free energy up to se
cond order around a flat reference geometry; thus, whether the 
theory is applicable to a highly curved pore rim is unclear. 
Third, for small pores, details of hydrogen bond networks, the fi
nite size of water molecules, and electrostatic interactions may 
be important (20). Nonetheless, the theory has been applied to 

Fig. 5. On the effects of sterol concentration (left column), lipid tail length (middle column), and tail unsaturation (right column) on pore nucleation free 
energy ΔGnuc and line tension γ. a–f) Correlation plots (see axis labels) for biological membranes, with abbreviations defined in the upper row. g–l) 
Correlation analysis among the same pairs of quantities as shown in (a–f), however analyzed for model membranes of g/j) POPC with cholesterol content 
between 0 and 40%, h/k) membranes with increasing tail length (see legend), or i/l) membranes with increasing unsaturation, plotted as number of 
double bonds per acyl chain (see legend). Arrows in (e) and (k) highlight the range of average tail lengths realized by biological membranes.
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model pore formation via a variational minimization of the HKH 
functional with variable pore boundary geometry using a bound
ary condition in the director orientation (18).

In this study, we do not aim to explain pore free energies quanti
tatively by HKH theory. Instead, we correlate pore free energies from 
PMF calculations to lipid properties in the context of the HKH theory 
(such as spontaneous curvature, bending, or tilt moduli), with the 
aim to reveal the physicochemical determinants of membrane sta
bility. To this end, by means of a back-of-the-envelope estimation, 
membrane bending contributes to the free energy of large pores 
via the term κ(H̃ − Js)

2
/2 (see Eq. 1), where H̃ is the large positive 

curvature along the pore, while Js is the spontaneous curvature. 
The effect of Js on pore formation has frequently been interpreted 

geometrically: (62) inverted-cone shaped or cone-shaped lipids im
pose positive or negative Js, thereby enabling either favorable or un
favorable packing along the pore rim, respectively (Fig. 6a/b). For 
instance, unsaturated fatty acids such as oleic acid with a bulky 
tail and a small polar head group impose negative Js, whereas satu
rated mono acyl lipids such as lyso-16:0-PC impose positive Js (63). 
Thus, oleic acid and lyso-16:0-PC are expected to impede or to facili
tate pore formation, respectively, which we confirmed by a series of 
PMF calculations with membranes with increasing oleic acid or 
lyso-PC content (Fig. S7). Lipids with Js ≈ 0 such as POPC are associ
ated with a cylindrical shape, thus expected to show intermediate 
behavior. Integrating the bending energy functional (first term in 
Eq. 1) over the rim of a large pore (21) yields the line tension 

Fig. 6. Influence of elastic and geometric properties of the membrane on nucleation free energy ΔGnuc and line tension γ. a) Inverted cone-shaped lipids 
with positive spontaneous curvature Js enable favorable packing along the pore rim, whereas b) cone-shaped lipids with negative Js reveal unfavorable 
packing along the rim. Contribution of bending is characterized by γbend

Helf . c) Definition of lipid tilt vector t = d/(n · d) − n ≈ d − n, with n denoting the 
membrane normal vector and d the director. d) Illustration of lipid tilting during pore nucleation, with lipid tilting being capable of stabilizing the initial 
aqueous defect. e/h, f/i, g/j) Correlations of ΔGnuc or γ with γbend

Helf , hydrophobic core thickness dhc and tilt modulus κθ (see axis labels) for six palmitoyl-oleoyl 
(PO, 16:0–18:1) membranes with varying head groups of PA, PI, PG, PC, PE, or PS, as well as 80:20 mixtures of POPC with 16:0-lyso-PC (PC-LP) or with oleic 
acid (PC-OL) and a 70:30 mixture of POPC and cholesterol (PC-CH). Results of a linear regression excluding the POPC/cholesterol data points are shown as 
dashed lines and correlation coefficients R (see Table S11). Dashed arrows (f/i) highlight reversed effect of PS and PE head groups on ΔGnuc and γ.
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γbend
Helf = κdhcπ/4 · (2/dhc − Js)2, where dhc denotes the thickness of the 

membrane hydrophobic core. Here, it was assumed that one princi
pal curvature is given by c1 = 1/(dhc/2), whereas the second principal 
curvature is approximately zero for a large pore. Following previous 
work (21), we hypothesized that the line tension γ obtained from sim
ulations may be correlated with the line tension γbend

Helf suggested by 
elasticity theory.

In contrast to wide open pores, the defects during the pore nucle
ation phase do not adopt a toroidal shape but are instead character
ized by thin aqueous protrusions into the hydrophobic membrane 
core (Fig. 2c) (19, 27–30, 39, 64, 65). Visual inspection of the simula
tions revealed that such aqueous protrusions are stabilized by par
tial tilting of lipids, thereby reducing the unfavorable contact of 
the aqueous protrusion with the membrane core (Fig. 6c/d) (17, 39). 
Thus, we hypothesized that the free energy of pore nucleation is, 
in addition to membrane thickness (22, 31), controlled by the energy 
of lipid tilting as given by the term 12 κθt2 in the HKH functional (Eq. 1).

To systematically investigate the roles of bending and tilting 
during pore formation, we resorted to simple model membranes 
of various lipid compositions: single-component model mem
branes with the same palmitoyl-oleoyl (PO) tails combined with 
different head groups, namely POPC, POPE, POPS, POPA, and 
POPG, as well as binary mixtures of POPC with either cholesterol 
or with the curvature-inducing single-tailed lyso-16:0 PC or oleic 
acid. From simulations of planar membranes, we computed Js, κ, 
and κθ, where values for POPC and POPE were taken from previous 
studies (66–68). Table 1 demonstrates large variations of Js in the 
range between −0.18 nm−1 for POPE, characterizing a cone-shaped 
lipid (69), up to 0.23 nm−1 for POPG, characterizing an highly 
inverted-cone-shaped lipid. As expected, the addition of 
lyso-16:0-PC or oleic acid to POPC imposes positive or negative Js, 
respectively, whereas the effect of cholesterol is hardly detectable 
within our statistical errors (63, 70). Likewise, both the bending 
modulus κ and the tilt modulus κθ vary considerably among the 
model membranes, characterizing harder or softer bending or 
tilt deformations, respectively. Notably, the addition of 30% chol
esterol leads to a strong hardening of both bending and tilt defor
mations as shown by the by far largest κ and κθ values. As shown in 
the following, the variations in Js, κ, and κθ have large effects on the 
free energies of pore formation.

Figure 6e–j correlates ΔGnuc or γ obtained from PMFs of pore for
mation with elasticity properties obtained from simulations of 
planar membranes. Here, for the calculation of correlation coeffi
cients R, we excluded the POPC/cholesterol membrane because 
cholesterol is nearly completely depleted from the pore rim 
(Fig. 4d and h). In line with our hypothesis stated above, the line 
tension along the pore rim γ strongly correlates with the line ten
sion from HKH theory γbend

Helf (Fig. 6h, correlation coefficient 
R = 0.97); however, the simple integration of the HKH energy 

functional as carried out here overestimates the line tension by 
a factor of approximately two, thus emphasizing the need for a 
consistent minimization including tilt degrees of freedom. The 
membrane thickness and tilt modulus reveal weaker correlation 
with γ (Fig. 6i/j). This analysis suggests that bending deformation 
energy is the key contribution to the pore line tension in agree
ment with previous work (18).

In contrast, ΔGnuc reveals poor correlation with γbend
Helf (Fig. 6e) 

but instead strongly correlates with tilt modulus κθ (Fig. 6g, 
R = 0.96). This suggests that soft lipid tilting as found in mem
branes POPG or POPC:lyso-PC facilitates pore nucleation because 
head group tilting may stabilize water protrusions into the mem
brane core, as illustrated in Fig. 6d. Notably, in agreement with 
previous simulation studies (22, 31), ΔGnuc furthermore strongly 
correlates with membrane thickness dhc. However, the correlation 
with dhc is weaker compared to the correlation with κθ, mostly be
cause POPE reveals smaller ΔGnuc than POPS albeit forming a 
thicker membrane (Fig. 6f, black arrow). Thus, in addition to mem
brane thickness, lipid tilting energy emerges as a key determinant 
for pore nucleation. The importance of thickness and tilting may 
be expected because they are both proxies for packing of the lipid 
tails. However, because only the tilt modulus quantifies a cost for 
modifying the lipid tail packing, the tilt modulus is the better de
scriptor for the energetic cost of pore formation during which the 
lipid chain configuration changes dramatically.

Discussion
We presented PMF calculations of pore formation across complex 
biological membranes and across simple single- or two-component 
model membranes, providing two principal energetic parameters: 
the nucleation free energy ΔGnuc and the line tension γ along the 
rim of large pores. The results for γ obtained here with the 
CHARMM36 lipid force field are in reasonable agreement with experi
ments that reported values between 6.7 and 39.5 pN for various lipid 
compositions (Table S12) (26, 71–75). However, quantitative compari
son is challenging considering that experimental values vary consid
erably; for instance, reported γ values for DOPC vary by up to a factor 
of four depending on the lipid supplier and reference, which has been 
attributed to the presence of small amounts of impurities (72, 73). 
Nevertheless, trends of γ with varying lipid composition observed 
here agree with previous reports: specifically, γ decreased upon re
placing PE with PC head groups or by replacing two-tailed PC lipids 
with lyso-PC (74). Likewise, the exceptionally low γ and ΔGnuc ob
tained here for POPG aligns with Lira et al. (26), who reported a 
marked destabilization of giant unilamellar vesicles (GUV) upon the 
addition of 50% POPG to a membrane of POPC. Notably, Lira et al. sug
gested that the low stability of POPG-containing GUVs may indicate 
general feature of membranes with anionic lipids. In our simulations, 

Table 1. Spontaneous curvature Js, monolayer bending modulus κ, and bilayer tilt modulus κθ computed from planar membranes as well 
as estimated line tension from Helfrich theory γbend

Helf .

Component Js [nm−1] κ [kJ mol−1] κθ [kJ mol−1 nm−2] γbendHelf [pN]

POPC (66) −0.001 ± 0.028 33.7 ± 1.4 42.53 ± 1.7 62 ± 4
POPE (67, 68) −0.178 ± 0.005 48.0 ± 0.9 65.6 ± 2.9 130 ± 3
POPA 0.027 ± 0.006 53.1 ± 2.3 72.1 ± 2.7 86 ± 4
POPI 0.172 ± 0.016 42.8 ± 2.1 55.8 ± 2.6 44 ± 3
POPG 0.227 ± 0.017 30.2 ± 1.3 35.8 ± 1.6 32 ± 2
POPS −0.019 ± 0.007 50.3 ± 2.3 78 ± 4 91 ±5
POPC:lyso16:0-PC 80:20 0.085 ± 0.008 28.2 ± 1.2 32.6 ± 1.4 43 ± 2
POPC:oleic acid 80:20 −0.063 ± 0.009 37.7 ± 1.5 58.8 ± 2.5 81 ± 4
POPC:Chol 70:30 −0.0007 ± 0.003 105 ± 5 166 ± 8 160 ± 8

Starke et al. | 9
D

ow
nloaded from

 https://academ
ic.oup.com

/pnasnexus/article/4/3/pgaf033/8028997 by U
niversitaet des Saarlandes user on 07 O

ctober 2025

http://academic.oup.com/pnasnexus/article-lookup/doi/10.1093/pnasnexus/pgaf033#supplementary-data


in contrast, membrane destabilization was specific for POPG owing to 
(i) its exceptionally low tilt modulus κθ, leading to low ΔGnuc and (ii) its 
low bending modulus κ together with a large spontaneous curvature 
Js, leading to low line tension γ (Fig. 6, Table 1, and Table S13). 
Membranes formed by other anionic lipids POPI, POPA, and POPS ex
hibited larger ΔGnuc and γ values, which aligns for the case of POPS 
with previous experimental and computational studies (76, 77). 
However, considering that force fields for anionic lipids have not 
been refined against experiments as extensively as force fields for 
zwitterionic lipids, it will be important to revisit the role of anionic lip
ids during pore formation in future studies.

The nucleation free energies ΔGnuc reported above determine 
the probabilities of pore formation in the small simulation system 
used during pore nucleation via Psim

pore ≈ exp ( − ΔGnuc/kBT), where kB 

and T denote the Boltzmann constant and temperature, respect
ively. Because the probability of pore formation is proportional to 
the membrane area, the simulation conditions translate to the 
free energy of pore formation under experimental conditions of

ΔGexp
nuc = ΔGnuc − kBT ln (Aexp/Asim), 

where Aexp and Asim denote the membrane areas in experiment 

and in our small simulation system, respectively. For instance, 

for a large GUV of POPG with radius 100 μ m, ΔGexp
nuc would equal 

only 9 kJ/mol, implying frequent water leakage. For the Golgi 

apparatus with a membrane area of approximately 1000 μ m2, 

ΔGexp
nuc takes a considerable value of 48 kJ/mol, implying a probabil

ity of pore formation of 10−9 in the absence of any membrane stress 
(78). Thus, considering that the Golgi membrane revealed the 
smallest ΔGnuc value among the biological membranes studied 
here, these results demonstrate that even biological membranes 
of inner cellular compartments are remarkably stable, possibly 
to withstand structural perturbations caused by membrane- 
associated proteins as well as mechanical stress during membrane 
remodeling. The stability of the plasma membrane is increased by 
another ∼80 kJ/mol relative to the membranes of the inner com
partments mostly owing to the high cholesterol and sphingomyelin 
contents of its outer leaflet, implying another reduction of pore 

probability by a factor of 1013 in the absence of stress. Such marked 
stability has likely evolved to withstand major mechanical stress 
faced by biological cells and, possibly, to reduce the risk of bacterial 
or viral infection.

We identified cholesterol content as a potent regulator for the 
stability of the biological membranes studied here. Cholesterol 
greatly increases γ by increasing the bending modulus κ (Table 1, 
Fig. 6) and by moderately increasing the membrane thickness, im
plying a large bending energy along the pore rim in the context of 
Helfrich theory. In addition, cholesterol greatly increases ΔGnuc by 
increasing the tilt modulus κθ. Cholesterol has also been associ
ated with negative membrane curvature (70, 79, 80), which could 
be taken as an indication that cholesterol intrinsic curvature 
contributes to the increased pore free energies since it would be 
incompatible with the large positive curvature along the mem
brane normal of the pore rim. Our data and previous results do 
not support this interpretation. First, compared to (i) the large ef
fect of cholesterol on κ and κθ and (ii) large variations of Js among 
phospholipids, the effect of cholesterol in a POPC membrane on 
spontaneous curvature Js is small (Table 1). Second, cholesterol 
is not only depleted from positively curved pore rims as reported 
here but also from negatively curved fusion stalks as shown 
previously (54). The depletion of cholesterol from highly curved 
membrane regions is therefore not explained by intrinsic 
cholesterol curvature but, more likely, by unfavorable 

interactions of cholesterol with the disordered lipid tail structures 
along pores or stalks. Together, our results suggest that the mem
brane-stabilizing cholesterol effect against pore formation is pre
dominantly a consequence of the increase in membrane stiffness 
against bending and tilting deformations, whereas effects of chol
esterol on spontaneous curvature play only a minor role during 
pore formation. Notably, the γ and ΔGnuc values for the POPC:chol
esterol 70:30 membrane are lower than expected from the correl
ation analysis among other model membranes; we rationalize this 
finding by lateral depletion of cholesterol from the pore rim (Figs. 
4d and h and 6e–j).

Conclusion
Any form of life relies on tightly controlled compartmentalization 
by lipid membranes. To quantify the robustness of lipid mem
branes against mechanical stress, we computed the free energy 
landscape of pore formation across eight different complex bio
logical membranes, revealing that, both, the nucleation free en
ergy ΔGnuc and the line tension along the pore rim γ vary greatly 
among biological membranes. The plasma membrane, and in 
particular its outer leaflet, is far more stable against pore forma
tion as compared to membranes of intracellular compartments, 
as shown by ΔGnuc and γ values increased by ∼125 kJ/mol and 
∼83 pN, respectively. However, even membranes of intracellular 
compartments are remarkably stable against pore formation, 
quantified by the probability of pore formation per cell in the order 
of 10−9 in the absence of stress, and given that none of the biologic
al membranes studied here form metastable pores. We found 
that, while membrane stability may in principle be enhanced ei
ther by increased sterol content or by incorporating longer lipid 
tails, mainly the sterol content is utilized to regulate the wide 
range of membrane stabilities among the eukaryotic membranes 
studied here. Sterol enhances membrane stability via simultan
eously increasing membrane thickness, the tilt modulus, and 
the bending modulus, but not primarily via imposing negative 
curvature. Compared to sterol content and tail length, lipid poly
unsaturation has only a small effect on membrane stability. In 
complex membranes, the pore free energies may be decreased 
considerably by enriching or depleting lipids with positive or nega
tive intrinsic curvature at the pore rim, respectively, suggesting 
that mechanical properties obtained for planar membranes may 
not be applicable to the pore rim region.

To scrutinize the lipid properties that control membrane stabil
ity, we computed, for a large set of simpler model membranes, the 
PMFs of pore formation as well as parameters of membrane elas
ticity theory, namely the spontaneous curvature, bending modu
lus, and tilt modulus. We found that γ is highly correlated to the 
bending energy over the pore rim, whereas the biologically im
portant nucleation free energy is primarily determined by the 
tilt modulus because lipid tilting may reduce the cost of water 
penetration into the hydrophobic membrane core. Together, our 
simulations provide an energetic and mechanistic view on trans
membrane pore formation, and they reveal how biological cells 
utilize complex lipid compositions to tune the mechanical stabil
ity of membranes, as required for robust compartmentalization.

Method summary
MD simulations were carried out using GROMACS (81). PMF calcu
lations of pore formation were carried out using umbrella sam
pling (US) along a joint reaction coordinate for pore nucleation 
and expansion (39, 40, 82) implemented in a modified GROMACS 
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version freely available at https://gitlab.com/cbjh/gromacs- 
chain-coordinate. Lipids were described with the CHARMM36 
force field (83–87). Continuum properties, i.e. spontaneous curva
ture, bending modulus, and tilt modulus were computed from 
equilibrium simulations of planar membranes as described previ
ously (66, 67, 88). Lipid director definitions as part of the 
LIPIDATOR-TOOLKIT and a modified GROMACS version to calculate 
the local stress tensor are freely available at https://github.com/ 
allolio. Additional computational details are described in the 
Supplementary material, which contains the additional Refs. 
(89–107).
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