Numerical Methods for Partial Differential Equations

| RESEARCH ARTICLE CEIEED

'.) Check for updates

WILEY

Homogeneous Multigrid for Hybrid Discretizations:

Application to HHO Methods

Daniele A. Di Pietro! | Zhaonan Dong? | Guido Kanschat® | Pierre Matalon* | Andreas Rupp’

IMAG, Univ Montpellier, CNRS, Montpellier, France | *Inria & CERMICS, ENPC, Institut Polytechnique de Paris, Paris, France | *Interdisciplinary Center
for Scientific Computing (IWR), Heidelberg University, Heidelberg, Germany | “CMAP, CNRS, Ecole Polytechnique, Institut Polytechnique de Paris, Palaiseau,
France | Department of Mathematics, Saarland University, Saarbriicken, Germany

Correspondence: Andreas Rupp (andreas.rupp@uni-saarland.de)

Received: 13 January 2025 | Revised: 22 May 2025 | Accepted: 7 July 2025

Funding: This work was supported by the European Research Council (Grant No. 101115663), the Deutsche Forschungsgemeinschaft (Grant No. EXC
2181/1-390900948), the Academy of Finland (Grant Nos. 350101, 354489, 359633, and 358944), and Business Finland (Grant No. 539/31/2023).

Keywords: geometric multigrid | homogeneous multigrid | hybrid high-order methods | skeleton methods

ABSTRACT

We prove the uniform convergence of the geometric multigrid V-cycle for hybrid high-order (HHO) and other discontinuous

skeletal methods. Our results generalize previously established results for HDG methods, and our multigrid method uses standard

smoothers and local solvers that are bounded, convergent, and consistent. We use a weak version of elliptic regularity in our proofs.

Numerical experiments confirm our theoretical results.
MSC2020 Classification: 65F10, 65N30, 65N50

1 | Introduction

In the context of fast solvers for linear systems arising from
hybrid discretizations of second-order elliptic equations,
we propose in this work a generalized framework for
the convergence analysis of geometric multigrid methods
[1,2].

Hybrid discretization methods have been part of the numer-
ical analyst’s toolbox to solve partial differential equations
since the seventies, starting with hybridized versions of mixed
methods such as the Raviart-Thomas (RT-H) [3] and the
Brezzi-Douglas-Marini (BDM-H) [4] methods. They have
gained growing interest in recent years with the outbreak of
modern schemes such as the unifying framework of hybridiz-
able discontinuous Galerkin (HDG) methods [5] and hybrid
high-order (HHO) methods [6-8]. The list also includes, but is
not limited to, compatible discrete operators (CDO) [9], mixed

and hybrid finite volumes (MHFV) [10-12], Mimetic Finite
Differences (MFD) [13], weak Galerkin [14], local discontin-
uous Galerkin-hybridizable (LDG-H) [15], and discontinuous
Petrov-Galerkin (DPG) [16] methods. Hybrid discretization
methods are characterized by the location of their degrees of
freedom (DOFs), placed both within the mesh cells and on the
faces. In this configuration, the discrete scheme is built so that
the cell DOFs are only locally coupled, leaving the face DOFs in
charge of the global coupling. Algebraically, this feature enables
the local elimination of the cell unknowns from the arising linear
system, resulting in a Schur complement of reduced size, where
only the face unknowns remain. The mechanical engineering
terminology refers to this elimination process as static conden-
sation, and the resulting system is often called the (statically)
condensed system. The terminology trace or skeleton system
is also used. For an extended introduction to hybrid methods
and hybridization, we refer to the preface of [6] and the first

pages of [5].
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This paper addresses the fast solution of the condensed sys-
tems arising from hybrid discretizations of second-order elliptic
equations, focusing on multigrid methods. Various multigrid
solvers and preconditioners have been designed over the past
decade, focusing primarily on HDG [17-22] and HHO [23-26],
but also covering specifically DPG [27, 28] and RT-H/BDM-H
[29]. The above references focus on geometric multigrid methods,
while a fully algebraic multigrid method has been considered
in [30].

The main difficulty in designing a geometric multigrid algorithm
for a trace system resides in the fact that the DOFs are supported
by the mesh skeleton, which makes classical intergrid transfer
operators designed for element-based DOFs unsuitable. While
earlier approaches [17, 29, 31] recast trace functions into bulk
functions to make use of a known efficient solver (typically, a
standard piecewise linear continuous finite element multigrid
solver), the more recent developments seem to converge toward
the so-called notion of homogeneous multigrid, where the hybrid
discretization is conserved at every level of the mesh hierarchy
and “interskeleton” transfer operators are designed to commu-
nicate trace functions from one mesh skeleton to the other. To
this end, multiple skeletal injection operators have already been
proposed [19, 24].

In this paper, we build upon the work of [18, 19, 32, 33] on
HDG methods to propose a generalized demonstration frame-
work for the uniform convergence of homogeneous multigrid
methods with V-cycle. The main motivation behind this gener-
alization is to include the HHO methods in its application scope.
Indeed, recent multigrid solvers for HHO methods [24-26] have
experimentally shown their optimal behavior, but the supporting
theory is still missing.

The main theoretical challenges of devising a multigrid theory
for HHO methods over a multigrid theory for HDG methods lie
in HHO’s more abstract stabilization term, which requires a more
abstract theory. That is, we need to address two main generaliza-
tions to cope with issues that did not come up in [19]. These are
(i) the reduced smoothing property of HHO (assumption (LS1) in
[19] does not hold and needs to be replaced by (HM1) with larger
right-hand side) and (ii) the explicit expression of the HDG sta-
bilizer cannot be used in the proofs resulting in more technical
proofs while several intermediate results to prove multigrid con-
vergence remain true (or very similar results hold). These issues
will be addressed in the first theoretical part. In the second theory
part of this paper, we then prove that the classical HHO method
fulfills the assumptions of this new framework.

The present theory does not assume full elliptic regularity of the
problem, thus allowing complex domains with re-entrant cor-
ners. However, although modern hybrid methods natively handle
polyhedral elements, it is restricted to simplicial meshes since it
relies on a compatibility condition with linear finite elements,
cf. (HM4) in Section 3. The multigrid method is builtin a standard
fashion from an abstract injection operator: standard smoothers
are used, and the restriction operator is chosen as the adjoint of
the injection operator. A classical, symmetric V-cycle is used if
the problem exhibits full elliptic regularity. If not, then a variable
V-cycle is used, in which the number of (symmetric) smoothing
steps increases as the level decreases in the hierarchy.

Despite our mesh restrictions, we expect this theory to lay the
foundation for considering polyhedral meshes that can be decom-
posed into simplicial meshes for a vast group of hybrid methods.
This goal has already been achieved for many other methods,
such as mimetic finite differences [34], (non-hybridized) discon-
tinuous Galerkin [35], which do not even require nested mesh
sequences. Schwarz-based preconditioners have been derived
under similar assumptions for the virtual finite elements in [36].
A related future research prospect lies in addressing multigrid
methods on agglomerated meshes as it has been done for other
finite element methods with the ability to cope with polyhedral
meshes, such as discontinuous Galerkin [37] and virtual finite
elements [38]. As this setting presents further challenges in our
case, we leave it to future work. Indeed, since condensed systems
arising from hybrid methods rely on face DOFs, it is required that
faces be coarsened between levels [24, sec. 4.4.3], thus making
suitable coarsening strategies more difficult to design.

The paper is organized as follows. In Section 2, we introduce nota-
tions and the model problem. Section 3 describes the abstract
framework: (i) the hybrid method is described abstractly, in the
form of approximation spaces, local linear operators, stabiliza-
tion term and bilinear form; (ii) the injection operators used in
the multigrid method and its analysis are introduced; (iii) the
properties assumed from the hybrid method (HM1) to (HMS)
and the injection operator (IA1) to (IA2) are listed. Section 4
describes the multigrid method and asserts the associated con-
vergence results, whereas Section 5 carries out the convergence
analysis. In Section 6, we verify our framework’s assumptions for
the standard HHO method, and analyze various injection opera-
tors in Section 7. Finally, Section 8 presents the numerical exper-
iments supporting our theoretical results, realized with the HHO
method on two- and three-dimensional test cases.

2 | Problem Formulation and Notation

Let Q C RY, d > 1, be a polytopal bounded Lipschitz domain
with boundary 0Q. We approximate the unknown u € H&(Q)
satisfying

—Au=f inQ (2.1)

for some right-hand side f. We assume the problem to be regular
in the sense that

1
lullire < cll fllg-t for some « € (5, 1] (2.2)
Here, ||-|l, for @ € R,, denotes the induced norm of the
Sobolev-Slobodeckij space H*(Q). By || - ||_, and H™%(Q) we

denote the dual norm and the dual space of H §(€2) with respect to
the extension of L? duality, respectively. We denote by || - ||y and
(-,*)y the L2-norm and L2-scalar product with respect to the set
X C Q, respectively. The same notation is also used for the inner
product of [L*(X)]¢ (the exact meaning can be inferred from
the context) such that, for all p, g € [L* (X)), (p.q)x := [y P-4,
where - denotes the dot product. Without loss of generality, we
assume that Q has diameter 1.

Remark 2.1 (More general boundary conditions). The fol-
lowing approaches directly transfer to non-homogeneous Dirich-
let boundary conditions since those only influence the right-hand
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sides of the numerical schemes. Adaptations are needed for other
types of boundary conditions (e.g., Neumann or mixed).

3 | Discontinuous Skeletal Methods

We will render a general framework for all discontinuous skele-
tal methods covering HDG and HHO methods. To this end, we
"""" ;- For all
level 7, we define h, = max;¢y, hy, where hy denotes the diam-
eter of 7. The family (7;),_, . ; is regular (see [39, Def. 11.2]
for a precise definition), which implies that mesh elements do
not deteriorate, and all of its elements are geometrically conform-
ing, which excludes hanging nodes. Additionally, we assume, for
face F,either F C 0Qor F N dQ comprises at most one point, and
that refinement does not progress too fast, that is, there is ¢; > 0
such that
hy > crephy_q Ve efl,...,L} 3.1)
Finally, we assume that our mesh is quasi-uniform implying that
there is a constant c; such that 2, < ¢, minger hy.
Next, we choose a finite-dimensional space M C L*(F) of func-
tions living on face F for all F € F,. In the numerical scheme,
this space will be the test and trial space for the skeletal variable
m, approximating the trace of the unknown u on the skeleton.
Moreover, finite-dimensional approximation spaces V4 C L*(T)
and W C L*(T)? are defined element-wise. The space V. is the
local test and trial space for the primary unknown u, while the
space W, is the local test and trial space for the dual unknown
q = —Vu. Global spaces are defined by concatenation via
M, := {m € L*(F,)) ( mp €P,(F) VF € Pf} (3.2)
mp =0  VFCoQ
Vf:={veL2(Q)‘v|TeVT vrerf} (3.3)
W, = {qeLz(Q;[R{d) |ar e W, VTeTf} (3.4)

where P,(F) comprises polynomials of degree at most p over F.
We define element-wise, abstract linear operators

Ur @ Mylor = Vi, mg|or = ur,
Yy LAT) = Vp,

Qr * Mylyr = W,

my o = ur,
fqr

The choice of these operators, called local solvers, influences the
numerical schemes. Examples for ¥” and Q, which are relevant to
the multigrid method, are provided in Remark 3.1. Global linear
operators are constructed by concatenation of their element-local
analogous:

V,: M, -V, V,:L*Q->V,, Q,:M,—>W,

One can show that m, € M, approximates the trace of u on the
skeleton and thatu ~ U,m, + V, f in the bulk of Q if m, satisfies

ay,(mg, p) = / f U forall y e M, (3.5)
Q

where the elliptic and continuous bilinear form a, has the form

ay(m, u) = / Q,m-Q,p+s,(m, ) (3.6)
Q
The symmetric positive semidefinite s, is usually referred to as
(condensed) penalty or stabilizing term.

The choices of the spaces M, V-, W, the local solvers Uy, V,,
Q, and the stabilizing term s, completely define a discontinuous
skeletal method.

Remark 3.1 (Possible choices of hybrid methods).

« For the LDG-H method, we set My = P,(F), V3 = P,(T),
W, = 73;’ (T),and r, > 0.The operators Uy and Q, map my;
to the element-wise solutions u; € V- and q; € W of

/qT *Pr _/uTv s Pr= _/ myrpPr * Vv (373)
T T oT

/ @Gy - v+ Tpurp)or — / qr - Vup = Tf/ myrvr (3.7b)
or T or

with test functions v, € ¥}, and p;, € W, and v the out-
ward normal vector to 0T. In this sense, Uy @ my; = urp,
Qr : myp > qpforallT € T,.

Finally, the bilinear form a, is defined as

a;(my, )

= / Qmy Quu+ Y 7, | Wymy —mp)Uypp = p)
Q rer, Jor

=s,(mg.p)
for some parameter z, > 0.

« For the RT-H and BDM-H methods, one uses the frame-
work of the LDG-H method replacing the local bulk spaces
by the RT-H and BDM-H spaces with 7, = 0.

« For the HHO method, we set M = P,(F), Vy = P,T),
and Wy = VP, (T). For (up,myr) € Vi X Myr, we define
q;(up, myp) as the element-wise solution of

/qT(”T’maT)'pT_/”TV © Pr =—/ MyrPr -V
T T aT

(3.8)
for all p;, € W .. Note that this relation is the same as (3.7a)
except for the different choice of W .. In HHO terminology,
@r(up,myr) corresponds to —VOr* (up,myy), where 621!
denotes the so-called local higher order reconstruction oper-

ator, defined by (3.8) and the closure condition

/G;Jrl(uT,maT):/ uy 3.9
T or

In a second step, given a local bilinear stabilizer
8, ((ug, myr), (v, 1)), we introduce the local bilinear form

QT((”Ta myr), (Ur, 1))

= /qT(urmaT) qr(vp, 1) + 55 ((ur, myr), (v, p)) (3.10)
T

Consider the following local problems:
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(i) For my; € Myp, find uj. € V7 such that

gT((ulT,O), (v7,0)) = —a,.((0, myr), (vr, 0) Yo € Vp
(3.11)

(ii) For f € L*(Q), find u3. € V; such that

a,((uz.,0), (07, 0)) = /T Sfor Yor € Vr (3.12)

We define Uy : myp = uj, solution of (3.11), Vp : [~ u
solution of (3.12), and we set element-by-element

2
T

Qr @ myr = qr(Urmyr, myr) (3.13)
Finally, the global bilinear form is defined as

af(mf’ #)

= Y a (Uypmyp.myp), U pt, 1)

Q.+ Z ET((Ufmfv mg), Uy p, 1))
TEeT,

1]
P
©
N
3
N

=sp(mg ,p)

(3.14)

3.1 | Operators for the Multigrid Method
and Analysis

For functions p, u € L*(F,), we set

(p1)p = Z Il pH

A10T o

Importantly, (-, -), defines a scalar product on M, and the norm
of this scalar product

el =G

scales like the L2-norm in the bulk of the domain. Moreover, the
scalar product can readily be applied to a combination of bulk and
skeleton functions: For example, (4, v), can readily be evaluated
for y € M, and v € V, with the understanding that the trace of
von dT is used inside the integral over dT. We relate the bilinear
forms a, and (-, -), using the operator A,, which is defined via

(Appsi)p i=a,(p,p)  Vp,u € My (3.15)
The injection operator I, : M,_, — M, remains abstract at this
level. Its properties securing our analytical findings are listed in
Section 3.3. Possible realizations of injection operators can be
found in [19]. The multigrid operator B, : M, — M, for precon-
ditioning A, will be defined in Section 4.2.

The operators P ,_, and P?,_,, which are defined via

PO, My M,y (PO, pop) e = (o Ion),

VueM, (3.16)

Pyt My > My, ap ((Pyiipop) = ag(p, Lop)

YueM, (3.17)

replace the L2-orthogonal (for short, L?) and the Ritz projec-
tions of conforming methods, respectively. While the former (or
a discrete variation of it) is relevant for implementing multigrid
methods, the latter is key to the analysis. We also introduce the
L2-projections

Yue Mg,

) tHy(Q) = My, (0. 1), = (0, 1),

né HY(Q) - V,, ([Ho,w)g =0, w)g Yw eV,

3.2 | Assumptions on Discontinuous Skeletal
Methods

Here and in the following, < means smaller than or equal to, up
to a constant independent of the mesh size 4, and the multigrid
level #. We also write A ~ B asashortcutfor“A4 < Band B S A”.
We assume that the numerical hybrid method, characterized in
Section 3, satisfies the following conditions for any u € M,:

« The trace of the bulk unknown approximates the skeletal

unknown:
WWen—ully < hellull,, (HM1)
where || - llo, denotes the norm induced by a, on M, thatis,
I 1l,, 1= s (3.18)
» The operators Q,u and U, u are continuous:
1Q,ullq S A Null, and [ Upullg S llull,  (HM2)

The quantity Q. u approximates -V, U, u, where V, denotes
the broken gradient:

1Qsu+V, Uyppllg S h; NUpp — ull, (HM3)

Consistency with the standard linear finite element method:
—C
IfweV ,, wehave

Uyyyw=w and Q,y,w=-Vw (HM4)

where y, is the trace operator to the skeleton 7, and
vV, = {v € HX(Q) | vy € P(T) VT € 7}}

« Convergence of the skeletal unknown to the traces of the
analytical solution. That is, if m, is the skeletal function of
the hybrid approximation to u € H*%(Q), we have

(HM5)

llmy —TC pull,, S RS Nullgin

« The usual bounds on the eigenvalues of the condensed dis-
cretization matrix hold:

Null? < ap(u, ) S K2l (HM6)
s Ifp=y,wforwe ch, the stabilization satisfies
se(pop) =0 (HM?7)
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« The global bilinear form is bounded by an HDG-type norm:

1
a,(u 1) S 1Qully + Y, — IV p = ully,

3 (HMS)
Ter, T

Remark 3.2 (HDG methods). For the LDG-H (with z,h, <
1), the RT-H, and the BDM-H methods, (HM?7) follows directly
from (HM4), and (HMS) follows directly from the definition of
the bilinear form a,. Thus, one can use almost identical (but
slightly simpler) assumptions to prove multigrid convergence for
the HDG, BDM-H, and RT-H methods. (HM2) to (HM6) have
been used to prove the convergence of multigrid methods for
HDG, while (HM1), (HM7), and (HM8) are novel assumptions
that allow to generalize the convergence theory to HHO.

Notably, assumption (HM6) typically requires mesh regularity,
which might limit the method’s flexibility. Moreover, we empha-
size that (HM1) has been weakened compared with our previous
work, complicating the analysis below. Moreover, the more gen-
eral stabilization (when compared with HDG methods) needs
to be controlled in our multigrid analysis, which is realized in
(HM7) and (HMS).

3.3 | Assumptions on Injection Operators

Our analytical findings will rely on the following conditions to
hold on all mesh levels ¢:

1. Boundedness:

Mol S lloll—y Vpe M, (IA1)

2. Conformity with linear finite elements:

—
Iy, yw=y,w YweV ., (1A2)
3. Locality: there is a parameter o > 0 such that for any

TeT,,
Ue)lor = Uzp)lor (IA3)

for all p,pe M,_, with ulp., 5n, )= Plx, 50, ) and
B(xy,0h,_,) denoting the ball with radius 6h,_; around the
barycenter of T called x.

(The second condition can be interpreted as conformity with
overall continuous, piecewise linear finite element spaces, which
are nested.) This way, we do not restrict ourselves to one spe-
cific injection operator. All injection operators in [19] satisfy the
desired properties. An immediate consequence of (HM4) and
(IA2)is

Lemma 3.3 (Quasi-orthogonality). Let(HM4), (HM7), and
(IA2) hold. Then we have, forall y € M, and all w € ch_l,

Qou—Qp 1 Py, V) =0

Proof. Letw € ch—l and set p :=y,_,w. We have
(HM4) (HM4)
Qrap=Q,vpqw = —Vw = Q,yw

(1A2)
= Q. 1y, qw=Q,1,p (3.19)

where we have additionally used the embedding ch—1 C ch in
the third equality. The definitions of a,, a,_,, and (HM?7) yield

af—l(Paf—lﬂs p)

(3.19)
= (Qf—lpaf—lﬂ’ Qf_lﬂ)g = _(Qf—lPaf—ll'la Vw)g,

3.19)

ao 1pp) = Qi Qp 9 = —(Qum, Viw)g

The two lines are equal by definition (3.17) of the projection oper-
ator P?,_;. Thus, taking the difference gives the result. O

4 | Multigrid Algorithm and Abstract
Convergence Results

If (2.1) has full elliptic regularity, which means that (2.2) holds for
a = 1, we use a standard (symmetric) V-cycle multigrid method.
Otherwise, we use a variable V-cycle multigrid method to solve
the system of linear equations arising from (3.5).

We follow the lines of [19] and avoid a discussion about good
smoothing operators. That is, we allow our smoother in smooth-
ing step i

R, : M, > M,

to fit the criteria of [40], which allow pointwise Jacobi and
Gauss—Seidel methods. Next, we present the multigrid method as
in [41]. Afterwards, we present the abstract convergence results
of [42].

41 | Multigrid Algorithm

We recursively define the multigrid operator of the refinement
level 7
B, M,>uw— B,ueM,

with n, € N\ {0} smoothing steps on level #: Let B, = A;" be
the exact inverse of A, on the coarsest level. For # > 0, set x° =
0eM,.

1. Perform n, smoothing steps
x'=x"T+ R (u—Ax"T

2. Perform recursive multigrid step

4= By PV sy (u— Apx")

and set )° = x" + I,q.

3. Perform n, smoothing steps

Y=y R (u= Ay
4. Set B,y = y'.

If n, = nindependent of the level, we obtain the standard V-cycle.
The variable V-cycle is characterized by

Py Shp_y < polty (4.1

which needs to hold for all # < L and uniform constants 1 < p; <
p,, see [41].
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4.2 | Main Convergence Results

We use the results obtained in [41, 42]. These publications
show convergence under three abstract assumptions, which are
assumed to hold for all level #. To illustrate these assumptions,
let /l:j be the largest eigenvalue of A,, and set

K, :=(1-(1-R,A)(1—R,Ap)) A
where 1 is the identity matrix and R’f is the transpose of R,. The
aforementioned, abstract assumptions claim existence of con-
stants C,, C,, C; > 0 independent of the mesh level # and of the

function y € M, satisfying:

 Regularity of approximation:

, A ml2\" -

la,(u—I,P_ip, )| < C a,(u, )" (AL)

/1A

4

If a = 1in (2.2), (A1) simplifies to
1A ull?
|%w—&wﬁmwn$q—7rf (A1)
4

+ Boundedness of the composition I,P%,_, : M, - M, of
the injection and Ritz quasi-projection operators:

=1, Py _yulla, < Collulla, (A2)
« Smoothing hypothesis:

2
Il

- = Cy(Kyp, 1), (A3)
¢
Theorem 4.1. Let(2.2) holdwitha = 1,aswell as (A1), (A2),
and (A3). Then, for the standard V-cycle, for all £ > 0, and for all
neM,
la,(u — By App, )| < Sa,(u, )

where

C,C, _
6= ——— with n>2C,C;
n—C,Cy
Proof.  This result is [42, Thm. 3.1]. m]

Theorem 4.2. Let (2.2) hold for a € (%,1], and further

assume (A1), (A2), (A3), and that (4.1) holds with p,, p, > 1. Then,
forall¢ >0andall p € My, it holds

Mo, (, 1) < ap(ByApp, p) < myay(u, p)

with N Y
ng M+nf

"E M M T

ny n,

where the constant M > 0 is independent of ¢ . Hence, the condition
number of B, A, does not depend on ¢.

5 | Convergence Analysis

We follow the lines of [19] and extend their results to our more
general framework. Thus, the theorems and lemmas in the fol-
lowing sections will be very similar to the ones in [19]. If Lu et al.
[19] have not used any HDG-specific arguments in their proofs,
we also accept the results to hold in our framework and cite them.
Otherwise, we will redo the respective proofs.

5.1 | Energy Boundedness of the Injection
and Proof of (A2)

In the first half of this section, we prove the energy bounds

1, Py yl2, SIP,pl? S ul2,  Yue M,
which are the key properties needed to prove (A2) (see (5.14)
in the final proof of this section). The key step is proving that
MLoplla, < Nplla,_, holds forall y € M,_, (i.e., the first inequality
holds). Proving the second inequality is then a rather straightfor-
ward task and can be done in a few lines, cf. (5.13). Thus, the main
target of this section can be reduced to proving the first inequality,
which is rigorously stated in (5.7).

To this end, we use the averaging linear interpolation

™, v, -V,

I*8,u(x,) :={ {u}}, for any internal mesh vertex a  (5.1)

Here, x, is the point that corresponds to vertex a, and {{u}},
describes the arithmetic mean of all values that u attains in a. For
x € 0Q, we set I8 u(x) :=0.

This averaging operator allows us to go from the coarse mesh
(level Z — 1) to the fine mesh (level ¢) in way that increases the
Il l,, normina controllable way. Thus, this (auxiliary) averaging
operator can be used as a stepping stone to prove the bounded-
ndess of the injection operator I,. This idea is solidified by the
properties in the following lemma.

Lemma 5.1. Assuming (HM1) and (HM3), we have, for all ¢,
that

VI, Uy ulla S ull,,» vueM, (52)
VA= I8,V Alg S hf”ﬂ”a,

=y I8, Vpnlly S hellull,,

vieM, (53)
Vue M, (54)

Proof. This can be shown analogously to [19, Lem. 5.2 and
Lem. 5.3]. However, their (LS1) needs to be replaced by our ver-
sion of (HM1), which changes the right-hand sides in (5.2) and
(5.3). =

Now, we can transport these boundedness arguments to the injec-
tion operator in the below lemma. Notice the similarities between
(5.2) and (5.5), and between (5.3) and (5.6).

Lemma 5.2. Let(IA1), (IA2), (HM1) to (HM4) hold. We have

1, Lkl < lull,, (5.5)
Proof.  This result is obtained combining [41, Thm. 6] with the
relation [41, (A.4) < (3.4)]. O Vein = Vplppllg S hf—l”ﬂ”a,_l < ht’”#”a{_l (5.6)
60f17 Numerical Methods for Partial Differential Equations, 2025
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forall y € M,_,. If, additionally, (HM8) holds, we have

Meplla, S el Vue M, (5.7)

174yl

ar-1

S llull,, VueM, (5.8)

ar

To prove this lemma, we use another operator to compare with:
the lifting operator S, : M, — Vg (with V. C C(Q) N L*(Q)
being a suitable discrete space). This operator serves as an inter-
mediate: We transport the boundedness properties of the aver-
aging operator to the lifting operator, and use the lifting opera-
tor to deduce boundedness of the injection operator (one might,
loosely speaking, think of a triangle inequality-like argument).
It is inspired by [43]. It is also used in [44, Lem. A.3] for the
two-dimensional case and in [45, Def. 5.46] for three-dimensional
settings. For any 4 € M,

(S,u,0)p = (U, 0)y YoePT), VT €T,  (59)

(Sepsmyp = (um)p Vi € P, (F), VF €F, (5.9b)
Syu(a) = {({u}},

Sou(a)=0

Va vertexin 7,, a ¢ 0Q (5.9¢)
Va vertex in 7,, a € 0Q (5.9d)

in two dimensions. In three spatial dimensions, we add the con-
straints

(Sepmyr = (Huttrmr Vi € P, M) (5.9¢)
Here, {{m}}r is the average taken over all cells adjacent to I.
For a precise definition of V. and a proof of the fact that
S, is well-defined, please refer to [44, Lem. A.3] and [45, Def.

5.46]. This construction extends to dimensions higher than three.
Moreover, we have

Lemma 5.3 (Properties of S,A).
(HM1)-(HM4), we have

Under assumptions

ISoullg = lull, Vie M,, (norm equivalence)
(5.10)
Syypw =w vwe V', (lifting identity) ~ (5.11)
[Seulia S lulla, Vi€ M,, (lifting bound) (5.12)

where | - || o denotes the H L(Q)-seminorm.

Proof.  The proof can be performed similarly to the proof of [19,
Lem. 5.5] with our modified version of (HM1) when compared
with their (LS1). O

With all preparations ready, we can now prove Lemma 5.2 with
the key property (5.7):

Proof of Lemma 5.2. Inequalities (5.5) and (5.6) can be

obtained as in [19, Lem. 5.1]. Let us obtain inequality (5.7). To
this end, we observe that

(HMS8) 1
ol S QA g+ D =NV = Viyally,

where (5.5) allows us to bound ||Q,I,u||?, (5.6) allows us to
bound

D RNV I = Vgl S W2V I = Uyl
TeT,

Assumption (IA3) implies that ||U,_,;u — I, u|l,; depends only
on p (., 7n- Thus, we use the face-wise L? orthogonal projection
7 LA(B(x;,ch)nF) = M B(x, zmor to define the operator

G: H'(B(x;,ch) v U,_yzv— I,mv € My|,p C L*(0T)

where B(x;,ch) = B(x;,ch) N Q. Operator G is continuous
(because of (IA1) and (HM2)) and vanishes if v is an overall
continuous, element-wise linear polynomial, c.f. (IA2). Thus, the
standard scaling argument, where B(x, h) is mapped to the unity
ball B(0, 1) can be applied. This allows us to deduce that

1 2 2
D oy Vom0 = 1ol S 10l
TeT,

Finally, setting v =.S,_;u with the lifting operator S,_;, as
defined in (5.9) yields the result (in conjunction with (5.12)).
Relation (5.8) results from

(3.18)

(317)
1Py ull? = ay (PP p, POyyp) =" ap(u, I, P4y pt)

ag-1
5.7)
<Ml 1Py yptlla, S Nitllg, 1Pyl (5.13)

where we have used the Cauchy-Schwarz inequality to pass to
the second line.

Lemma 5.4. Under the assumptions of Lemma 5.2, (A2) holds.

Proof.  Using first the linearity and symmetry of a, and then the
definition (3.17) of the Ritz quasi-projector P“,_,, we obtain, for
allue M,,

ap(u—=1,P% ypu,u—1,P% 1p)
=a,(u, p) —2a,(pu, 1, P p_yp) +a,(L, Py, 1, P o1 1)
< ||ll||§/—20f71(Paf71ﬂ, Py + “IfPaf—lﬂni
, Y ,

-~
<0

To conclude, we write for the rightmost term

N (5.7) R (5.8) )
1P yul2, S NP a5 a2, (5.14)

5.2 | Proofs of (Al) and (A1)

A classical approach for multigrid proofs consists is considering
A p (cf. (3.15)) as a function in L2(Q) and using it as right-hand
side in an auxiliary problem. However, this is not possible for dis-
continuous skeletal methods, since A, u € M, is defined only on
the mesh skeleton and not on the whole domain Q. To this end,

rer, 't we use the lifting operator .S,. That is, we define the auxiliary
1 5 right-hand side f,, € V. as the unique solution of
+ 2 s = Lnlly,
rer T (fuo Sem) = (Apu)y = as(u,m)  VneM, (515
7 of 17
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and its perturbed skeletal approximation g € M, with

as(fi,m) = (f,, Upn) Vne M, (5.16)

Notably, both x and ji approximate the solution of the continuous
problem

(Vii, Vv) =

(f,,v) Vv € Hy(Q) (5.17)

Thus, they are close to one another, which is formalized in the
following lemma:

Lemma 5.5. Let (HM1) to (HM4) hold. Then we have, for all
HE My,

lu—ille, ShAfulle: and  (If,llo S NAsull,  (5.18)
The key trick in the proof of (A1’ ) and (Al) is the observation
that, on one hand, functions from v ¢_1 are not changed by the
injection/projection operators or the local solvers (as implied by
the quasi orthogonality in Lemma 3.3), while, on the other hand,
this function space has approximation properties. Thus, we can
introduce an arbitrary ch_l in a scalar product resembling that
in Lemma 3.3 and hope to exploit the approximation properties
described in Lemma 5.6, whose right-hand side can be controlled
by the means of Lemma 5.7.

Lemma 5.6 (Reconstruction approximation). Let (IA1),
(IA2), and (HM1)-(HMS5) hold. Assume further that the model
problem admits the regularity estimate (2.2). Then, forally € M,,
there exists an auxiliary functionu € ch_l such that

1Qu + Vullg + 1Qp 1 P*s_yp + Villg S Al fllaey  (5.19)

Proof. Thisis[19, Lem. 5.8]. ]

Lemma 5.7. Let (HM1) to (HM4), (HM6), and (HM7) hold.
Then,

oy S aella,

Proof. By the definition of negative norms and properties of
sup,

—cC —
(fw = Spr 1AL ) (fur Sev Al pw)

weHH(Q) |W|1,Q
(5.20)

Ifull-y < sup
weHH(Q) |ll/|1,9

Here, IT , is a (quasi-)interpolator onto V' , that satisfies
Yo e HY(Q) (5.21)

e
T pvli0 S vlie

lo-T0 ol S S 0] 4, Vo e H*''(Q), k=0,1 (5.22)

An example is given in [46]. We continue writing
—c (5.11) —c (.21
b = Ser, 1wl = llv = ,ylla S hlwlige (523)
and observe that

—c (5.15) —c
(fwsf%fn Wa = a;(u, 7,11 ,y)

which immediately yields, using a Cauchy-Schwarz inequality,

—c —c
[ Sevell pwal < lulla, v AT pwll,,

—c
= llulle, T pwlio S llullg, Wl (5:24)

Applying a Cauchy-Schwarz inequality to the numerator of the
first supremum in (5.20) followed by (5.23) and using (5.24) to
estimate the numerator of the second supremum, we get, after
simplification,

(5.18)
Ifully S hellfulla + llulle, S ReAlAzully + llulla, S Nall,
where the last inequality is the rightmost inequality of (HM6). O

With these preliminary results at hand, we can formulate a gen-
eralization of [18, Theo. 4.1] and [19, Theo. 5.10]:

Theorem 5.8. If (2.2) holds with a € (2, 1], and if the
assumptions (IA1), (IA2), and (HM1)-(HMS) hold, then (Al) is
satisfied.

Remark 5.9 (Full elliptic regularity).
(A1) ifa=1.

Theorem 5.8 implies

Proof.  We use the definitions (3.6) of a, and (3.17) of P%,_; to
obtain

ap(p— 1, Pyt 1)
=a,(p, 1) — ap_ (Pp_yp, Py 1)
= (Qfll, Qfll)g - (Q/_1Pa,f_1ﬂ, Qf_]Paf_ll’l)Q
. -~

~~
53

~1

+ 5,0, 1) = 5, 1 (Py_yu, POy ),
o

g

%,

and analyze the respective contributions ¥, and ¥, separately.
First, binomial factorization yields
Ty =@Quu+ Q1 Py, Qo —Qp 1 Py 1)g

Let now w € VCﬂr Invoking the quasi-orthogonality property
stated in Lemma 3.3 to insert 2Vw into the first argument of the
L2-product, and adding and subtracting Vw to the second argu-
ment, we obtain

= ((Qf” + Vw) + (Qf—l Pa/71ll + Vw), (Qf” + Vw)

- (Vw+Q, Py,
5 (5.19) , )
<19, + Vwllg + 1Q, 1 Py i+ Vullg)” S h2IIf, N2, (5.25)

where we have used Cauchy-Schwarz and triangle inequalities
to pass to the second line.

Second, we obtain a similar estimate for €,. To this end, we detail

the treatment of the first summand of ¥,, the second summand
—C

can be treated analogously. For any w € V', it holds

(HM7)
Sp(p ) =" S,(U =Y, =Y, W) < ap(H — Yo, 4 — YpW)

= llu = w0l

8of17
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Using the triangle inequality and Lemma 5.5, we have that
e = rowll,, < llu— all,, + 113 = yowll,

< hellfullg + A =vewll,

Defining w as the L? orthogonal projection of 7 into v , yields
the result with (HMS5) as we can write

i = yowll,, < Ili = TP,all, + T, - y,wll,

where the first summand is bounded via (HMS5) and the second
summand can be bounded using (HM6) and standard approxima-
tion properties. Proceeding similarly for the second summand in
<,, we infer

T, SHENLL, (5.26)

Using (5.25) and (5.26) to estimate the right-hand side of (5.26)
and invoking Sobolev interpolation provides us with

2(1-
lag(u =1, P? i)l S BN S AP A
and Lemmas 5.5 and 5.7 yield
lag(u = 1, P syt i) S A Il 20

This is the result, since (HM6) implies that A% < h72.

6 | Verification of Assumptions for HHO

6.1 | Preliminaries

For all T € 7,, we introduce the set 7 collecting the faces of T
and denote a polynomial space on T by P(T).

6.1.1 | General Properties of Used Norms
and Function Spaces

LetT € 7,, F € F;. We recall the following results:

« The discrete trace inequality (see, e.g., [6, Lem. 1.32]):

_1
lollr S ke llolly - Yo e P(T) (6.1)

« The discrete inverse inequality (see, e.g., [6, Lem. 1.28]):

IVolly S Aol Yo e P(T) (6.2)

« The Poincaré-Friedrichs inequality (see, e.g., [39, Lem.
3.30]):

1

Iollr S hellVollr + hillpllyy Vo€ HY(T)  (63)

« The norm equivalence

el = Y hellully

FeF,

VueM, (6.4)

Thus, the square root of the expression in the right-hand side
induces a global norm on M,.

6.1.2 | Properties of HHO

In this part, we enlist some properties of HHO that will be used
to show (HM1) to (HMS).

Recalling the hybrid bilinear form a , introduced in (3.10), we
consider the hybrid, discrete problem: Find (u,,m,) € V, x M,

such that
a,((up,mp), (v, 1) = / fu Yw.meV,xM, (6.5
Q

The pairu, := (Uym, +V,f,m,) € V, X M, is solution of (6.5)
ifand only if m, € M, is solution of the condensed problem (3.5)
(see [47, Prop. 4]). In particular, U,m, + V, f approximates the
exact solution u of the continuous problem (2.1).

Asin [6,2.1.2(2.7), 2.2.2 (2.35)], we define

el = Y lwwliy =3 2 hlllv=uly  (662)

TeT, TeT, FEFy

lwwliz, i= X lewlEy = Y (VoI + I, ) (6.6b)

TeT, —  TeT,

as the H'-like seminorm on the hybrid space V, x M. Moreover,
we assume that the properties of [6, Assumption 2.4] for the sta-
bilization bilinear form s,. hold true. Then, we have:

+ (Boundedness and stability of a,. [48, Lem. 2.6])

lI(v, ﬂ)llil S ap (), (. ) 5 II(U,M)IIil (6.7)

« (Energy error estimate [48, Lem. 2.8, Lem. 2.9])
lqu, — (3w, T yw)ll,, S A llull g (6.8)

where a > % and || - ||£/ is the norm induced by the bilinear
forma,.

« (Cell unknown L2-error estimate [48, Lem. 2.11])
Ifp>1,a> %,then

IVym, +V, f = Tullg S K Nlull 1y (6.9)

where 6 := min{a,1}.

« (Face unknown L2-error estimate [48, Lem. 2.9])
If p > 1, then

llm, =10 pull, S WS lull i (6.10)

Now, let us introduce the seminorms || - ||, , and | - |, , on the
skeletal space M, which are based on the seminorms || - ||, , and
| - |, defined in (6.6): o

Il = Vu ol and  fulyy 1= Vpp 1y
(6.11)
Similarly, the condensed bilinear form a, introduced in (3.14) is

built from the hybrid bilinear form a,, (3.10), in which the generic

90f17
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cell unknown variable is also recovered from the skeletal variable
through U, that is,

ap(m, ) = a,(Uym,m), Uy, 1))
In the same fashion, we also have
sp(m, p) =5, (UVym,m), Uyp, 1))
Thus, useful properties of a, and s, derive in a natural way from

those of a, and s,. In particular, we shall use in this work the
following results:

+ (Boundedness and stability of a,)

Nullf, S ar(u,m) S lIull3, (6.12)

« Since s, is symmetric positive semidefinite [6, Assumption
2.4],s01is s,.

Lemma 6.1. Thenorm || - ||, is weaker than || - ||, ., that is,

el S Nwlhy  VYHE M, (6.13)

Proof.  Starting from (6.4), the triangle inequality is used via the
insertion of 0 = U’y — U’y into the norms in the sum, yielding

Il S D he (1 = pll + 1V pll)

FeF

6 2 2

S D hellVpn = pllZ + DNV ull%
FeFr TeT,

S D hellUpp = il + 1V w3, (6.14)
FeF -

where the last passage follows from the discrete Poincaré inequal-
ity [6, Lem. 2.15] applied to (U} u, u) (notice that u vanishes on
0Q2). Hence, recalling (6.11),

Il2 S D hellVpp = wll + IV Vpnllyy + 14l (6.15)
FeF

The fact that h, < k' is a consequence of the fact that we
assumed that Q has diameter 1 without loss of generality so that
hy < 1. Hence, we can go on writing

ul2 S UV Vull, + w2, = ulZ,

and the result follows by taking the square root. m]

6.2 | Verification of (HM1)
We write

NVpp— ull?

S Y X hllVn—ull,

TeT, FEF,
2 -1 2
<hZ Y Y RUu— pll
TeT, FEF,

66b) , ©n , (18 5
S Wl @Wep s, S Al Wpp ll, =" Ry llplly,

where the first inequality follows from mesh regularity implying
hy S hp. Taking the square root of the above inequality proves
(HM1).

6.3 | Verification of (HMZ2)

Let us start with the second inequality in (HM2) on an arbitrary
element 7' € 7,. Recalling the definition (3.11) of U, and choos-
inguvy = ulT = Uruand myp = p, we have, denoting by || - IIQT the
seminorm induced by ar,

IV Ol = ar (U p. 0), (U 1 0))

=" (0. 1. Wy 0) <110 )l NV .0,

where the conclusion follows from the Cauchy-Schwarz inequal-
ity. Hence,

. 0)ll,, < 0. I, (6.16)
‘We write
) (6.7) ) (6.16) 5
Um0l < WO, < 110, I,
Py =T =T
S 2 -1 2
S O, Iy 7 S Ay llullyy (6.17)

where the last inequality follows recalling the definition (6.6b) of
Il - I, and noticing that A;! < k! for all F € F; by mesh reg-
ularity. Next, using the Poincaré-Friedrichs inequality (6.3) and
definition (6.6b) of the [|(:,-)|l; 7-norm along with the fact that
h;' < by forall F € Fr by mesh regularity, we have

1Vrullz S A IVl + eV plisy S R Vs, O,

(6i7>h 2 6.18
S hrllully, (6.18)

The second inequality in (HM2) is derived by using (6.18) and
summing over all elements.

Second, consider the first inequality on an arbitrary element
T € T,. Recalling the definition (3.8) of g, (-, ) with (uy, myp) =

. (3.13)
(Urn, ) and choosing pr = qr(Urpp, p) = Qrp, up = Urp,
and my; = u, we have

/QTﬂ~QTﬂ=/Uru(V : Qru)—/ w(Qrp-v)
T T

aT

Estimating the right-hand side of the above expression with
Cauchy-Schwarz inequalities followed by the discrete inverse
inequality (6.2) for the first term, the discrete trace inequality
(6.1) for the second term, we have after simplifying and raising
to the square,

2 -2 2 -1 2 €18 -1 2
1Qrully S A NVrully + h lullyy < hpllully,  (6.19)

Finally, the first inequality in (HM2) is derived by
using (6.19), summing over all elements, and using the
mesh quasi-uniformity assumption to write |[|Q,ullq S
B lull -
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6.4 | Verification of (HM3)

Plugging the definition (3.13) of Q; into (3.8) we have,

/QTu~pT—/1fTu(v 'PT)=—/ Wpr-v)  VpreWy
T T oT

Then, we integrate by parts the second term of the left-hand side
and rearrange to infer

/(QTM +VUrp) - pr = / Urp — wpr - v Vpr e Wr
T or

Now, after noticing that VUyu € VP (T) C VP, ((T) = W, we
can specify this relation for p; = Qu + VUi, which gives

1Qru+ VUrully = | Wypp—u) Qru+VUrp)-v
oT

Using the Cauchy-Schwarz inequality on the right-hand side,
we have

1Qru+VUrullr < Uru - HHaTHQTﬂ + VU'Tl'i”ar

At this point, we refer to the discrete trace inequality (6.1), which
we use component by component to bound the last term and
obtain

_1
1Qru+ VUiplly S hp? [ Upu — pllor1Qru + VU ullr
Simplifying and squaring, we get
1Qru + VUrullz S W U — pll}y

Summing over all elements and using mesh quasi-uniformity
yields

1Qru + VUrullg,

S Y NV =l $ Y 072 Y, hell Vs = %
TeT, TeT, FeF;

SHEY Y hpllVpp =l BNV p - pll?

TeT, FEF,

where we have used the fact that 4;'h, 1 for all T € 7, and
all F € F; by mesh regularity in the second inequality, the
mesh quasi-uniformity assumption to write 47> < 72 in the third
inequality, and (6.4) to conclude

6.5 | Verification of (HM4)

We show (HM4) for a generic element T € 7. If the identities

hold there, they will hold on all elements. We must show that
—C

HHO reproduces the w € V' ,. We take w,; =y, w.

/‘IT(W,waT)'PT=/WV © Pr— Z /waTPT'V
T T F

FEF;

Integrating by parts the first term on the right-hand side, it
holds that

/WV : PT=_/VW'PT+/ WorPr -V
T T or

Plugging that yields
/qT(w, Wyr) Py = —/Vw«pT Vpr € Wy
T T
which shows that
qr(w, wsr) = -Vw (6.20)

Given the definition (3.11) of V%, we need to show that

a, (W, wyr), (vr,0)) =0 Yo € Vp

We have
QT(W, Wiy, (UT’ 0))

- / 410, W) - @07 0) + 5, (. Wyr), (v 0))
T

—_— ——
0

== / Vw - qr(vr.0)
T

where the stabilization term vanishes due to the polynomial con-
sistency of s,. [6, Assumption 2.4 (S3)], and we have used (6.20)
for the last equality. For the remaining term, (3.8) gives

/qT(UT70)'pT_/UTV - pr=0 Vpr e Wr
T T

which we specialize to p;, = —Vw to infer

—/qT(vT,0)~Vw+/UTAw=0
T T

Asw e ch, Aw = 0, which concludes the proof of Uy, w = w.

Remark 6.2 (Generalization to p =0). Equation (HM4)
is one reason why we assume that p>1 throughout this
manuscript. However, this assumption can be relaxed by insert-
ing the L?-orthogonal projector at several locations in the above
argument. This observation motivates that our multigrid frame-
work can be extended to the case p = 0 if one can find ways to
make the following criterion work, which might work only under
additional constraints, cf. Remark 8.1.

6.6 | Verification of (HMS5)

This is an extension of Theorem 2.27 in [48] by Sobolev inter-
polation. Following Lemma 2.9, the left-hand side of (HMS5) is
bounded by the consistency error estimates. The (HM5) is derived
using Theorem 2.10 in [48].

6.7 | Verification of (HMS6)

Combining some preliminary results, we have that

5 (6.13) 5 (6.12) (6.12) )
Il S Mul?, S aeGumw S lull,

Thus, we only need to prove that

Null, < B Nl (6.21)
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Inserting 0 = Q,u — Q,u into the gradient term of (6.11) and
using the triangle inequality gives

Nl , SNV Ui+ Quulley + 1Qrpllg, + il o

HM3) ) )
S hANVen— plly +1Qeullg + |y, (6.22)

To make ||-||, appear in |u|,,, we observe that, by mesh
quasi-uniformity,

_ (6.4)
iy = b2 Y Y BV =l = W2V = w2 (623)

TeT, FEF;

Plugging (6.23) into (6.22) gives

(HM1)
Il , S W20 Vpn = ull7 +1Qulle, < Nally, (6.24)

Finally, (6.21) follows from (HM2).

6.8 | Verification of (HM?7)

This equality corresponds to [6, Assumption 2.4 (S3)].

6.9 | Verification of (HMS)

This is relation (6.12).

7 | Injection Operators for HHO

Consider two successive levels  (fine) and £ — 1 (coarse). Given

the coarse faces F,_;, the mesh nestedness allows us to decom-

pose F, as the disjoint union 7, U ,, where
F, :={FeF,3F,_,€F,  st. FCF,_,}, F,:=F,\F,

In the following, we introduce three injection operators used in

[24], denoted by I, i € {1,2,3}. The first one is defined as

u iftFef,,
e =<0 o (7.1)
Uy otherwise

This first operator exploits the nestedness of the meshes to
straightforwardly transfer values from coarse faces to their
embedded fine faces. Regarding the fine faces that are not geo-
metrically included in the coarse skeleton (i.e., }o’f), we make
use of the local solver: U,_; builds a bulk function in the coarse
cells, whose traces provide admissible approximations on the fine
faces.

Instead of the straight injection for the embedded faces, an alter-
native is to also use the bulk functions reconstructed from the
local solver. As U,_, yields a discontinuous polynomial, and the
faces of f’f are located at the interface of two coarse cells, we pro-
pose to take the average of the respective traces, that is,

(Iéﬂ)u«* ={V,anllr (7.2)

Remark that this formula also holds for F € F,, as the average
trace of a continuous bulk function on both sides of a face reduces

to its regular trace. This injection operator comes with advan-
tages. First, it allows the mesh nestedness condition to be relaxed,
paving the way to generalized multigrid methods on non-nested
meshes, as developed in [25]. Additionally, a more complex for-
mula can handle difficulties occurring at cell interfaces. Typically,
using an adequate weighted average formula can yield robust
convergence in the presence of large jumps in the diffusion coef-
ficient; see [24].

Finally, the third injection operator leverages the higher order
reconstruction operator, a salient feature of the HHO methods:

PR AR AN CURY NI (7.3)

where 7 : L*(F,) = M, denotes the L*-orthogonal projector
onto the skeletal polynomial space of degree p. I; is based on
the same principle of the averaged trace as I2, except that the
higher order reconstruction operator 6’;:1 enables the gain of one
extra polynomial degree in the approximation of the coarse error.
Then, after computing the average trace, the polynomial degree is
lowered back to its original value by applying the L2-orthogonal
projector onto the lower order space.

While the first injection operator is local with respect to each
coarse element, the later injection operators use information
from their neighboring elements, increasing their domain of
dependence. Thus, the first injection operator can be imple-
mented more efficiently than the latter ones. On the contrary, the
evaluation of the HHO reconstruction produces negligible cost
(solving a local system of equations per cell) if the degree of par-
allelization is high.

To fit these injection operators into the framework, we demon-
strate

Lemma 7.1. Under the assumptions (HM2) and (HM4), the
injection operators I,, i € {1,2,3} verify (IA1)-(IA2).

Proof. Regarding I}, we refer to [19, Lem. 3.2], as they investi-
gate the same injection operator: If1 is their third operator.

Let us consider I;: condition (IA2) follows directly from (HM4)
recalling that we assume here p > 1 (cf. Remark 8.1 below). The
discrete trace inequality (6.1) along with mesh regularity, that is,

17| 2 2 ;
LLilulZ, S Il for all T € 7, gives

IVeamlle S WVpoamlla S Npllo—

where the second inequality is (HM2). (IA1) now follows from
the triangle inequality [[{{V,_ u}}pll, < NV ull,-

Let us consider (IA2) for I;. On one hand, (HM4) says that
Q1 Vpw = ergtll(vf—lyf—ll’U’ Yeaw) = Vw
—
for w € V' . This, in turn, implies that
9?:11(1/}717%1 W, Y, W) = w+c

for some constant ¢ € R. On the other hand, the high-order
reconstruction guarantees (cf. (3.9)) that the mean value of
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t‘);tll Uy_yv,_1w, v,_yw) equals the mean values of U,_,y,_jw =

w (through (HM4)), which implies that ¢ = 0.

Next, we prove (IA1) for I;: let us consider a coarse element 7.
‘We have that

TCT

DY 7] |
— ||71';0;t1(7ff_1ﬂ|1,/4|(3?)”,)T
TET,., TeT, 0T'|

+1
S DO Wyaplrs ol
TeT,

1
< Z ||0;t1(Uf—1ﬂ|Ta/4|dT) = Vpatlrlly + W mlrlla
TeT,

S Y helVOLS (Wil mlor)

TET,

g

=—Qu
= VU, _plrlly + IV mlrllg

S hrllulla,, +IVpoaplrlle S lklle—

Ar
Here, the first inequality uses the boundedness of the
L*-orthogonal projector along with discrete trace inequali-
ties. The second passage follows inserting +1/,_, u into the norm
and using a triangle inequality. The third inequality is obtained
using a local Poincaré-Wirtinger inequality. The fourth passage
is obtained using (HM3) and (HM1). The last inequality uses

(HM6) and (HM2). O
8 | Numerical Experiments
8.1 | Experimental Setup

The numerical tests reported in this section are performed on the
Poisson problem (2.1), on two- and three-dimensional domains.
Namely, the fully elliptic problem shall be tested on the unit
square and cube, and the low-regularity problem shall be tested
on an L-shaped domain. The problem is discretized using the
standard HHO method as described in Section 3, with the clas-
sical stabilizing term [6, Ex. 2.7 (2.22)]. Tests will span the poly-
nomial degrees p = 1,2, 3. Modal polynomial bases are used in
cells and on faces to assemble the method (specifically, we use
L?-orthogonal Legendre bases).

Remark 8.1 (The lowest order case). The HHO method with
p = 0 is not considered in the numerical tests as it does not ver-
ify the error estimates (6.9) and (6.10). Consequently, (HM5) does
not hold and the multigrid method might not be uniformly con-
vergent. This limitation does not appear to be just theoretical: it
has been observed in practice in [24, 25], where suboptimal con-
vergence is reported for p = 0 while the method exhibits optimal
convergence for the higher orders, with no variation in any other
parameter.

The multigrid method is constructed as described in Section 4.1.
Section 7 describes the injection operators we consider. The
V-cycle is carried out using pointwise Gauss-Seidel smoothing
iterations, arranged so that both the smoothing step and the
multigrid iteration remain symmetric. Specifically, for V(1,1),
the pre-smoothing iteration is performed in the forward order

and the post-smoothing iteration in the backward order. For
V(2,2), the pre- and post-smoothing procedures involve a single
forward iteration followed by a single backward iteration. The
grid hierarchy is built by successive refinements of an initial
simplicial mesh, and the condensed problem is assembled at
every level. The coarsest system is solved with the Cholesky
factorization. The stopping criterion relies on the backward error
[lx]l,/IIbll,, where r denotes the residual of the algebraic system,
b the right-hand side, and || - ||, the standard Euclidean norm
applied to the vector space of coordinates. In all experiments,
convergence is considered to be reached once ||x||,/||b]l, < 107°
is satisfied.

8.2 | Numerical Tests

8.2.1 | Full Regularity: The Unit Square

The Poisson problem is set up for the manufactured solution
u: (x,y) + sin(4zx)sin(4zy). The unit square is discretized by
a hierarchy of 7 structured triangular meshes. For each problem
solved on this hierarchy, the number of face unknowns is given
in Table 1. The largest problem size we consider involves three
million unknowns. Considering the injection operator I}, we
notice that the V(1,1) cycle diverges regardless of the value of p.
Increasing the number of smoothing steps restores convergence.
With the V(2,2) cycle, the method converges for p € {1,2} and
still diverges for p = 3. The numbers of iterations are reported in
Table 2 (the symbol oo indicating divergence or a number of iter-
ations > 100). Their mild increase as the number of levels grows
indicates asymptotic optimality. Table 3 now considers the injec-
tion operator I;. In V(1,1), contrary to the same cycle with I, the
method now converges for p € {1, 2}, indicating better robust-
ness of I; compared with I;. The number of iterations of the
V(2,2) cycleillustrates the uniform convergence of the method for
all values of p. Finally, using the injection operator I3, the results
of Table 4 show that the method converges uniformly with both
cycles and for all values of p, making this injection operator the
most robust amongst those considered here.

Remark 8.2 (Preconditioning). For the cases where the
multigrid solver diverges, good performance may nonetheless be

TABLE1 | For thesquare domain, number of face unknowns at each
level and for each value of p.

Levels 3 4 5 6 7

p=1 6016 24,320 97,792 392,192 1,570,816
p=2 9024 36,480 146,688 588,288 2,356,224
p=3 12,032 48,640 195,584 784,384 3,141,632

TABLE 2 | Inthesquaredomain, numberof V(2,2)iterations with the
injection operator 1}.

Levels 3 4 5 6 7
p=1 13 14 14 15 15
p=2 36 38 38 39 39
p=3 00 0 00 00 0
13 0f 17
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TABLE 3 | Inthesquaredomain, number of iterations with the injec-
tion operator I7.

V(@,1) V(2,2)

Levels 3 4 5 6 7 3 4 5 6 7

p=1 24 25 25 26 26 13 13 14 14 14

p=2 20 22 25 26 27 10 10 11 11 11

p=3 © o o0 oo oo 13 13 13 14 14
TABLE 4 | Inthesquaredomain, number ofiterations with the injec-

3 3
tion operator /.

V(1) V(2,2)

Levels 3 4 5 6 7 3 4 5 6 7

p=1 8 18 19 19 20 10 10 11 11 11

p=2 17 17 17 17 18 9 10 10 10 10

p=3 20 21 21 21 21 11 11 11 11 11
TABLE 5 | In the square domain, number conjugate gradient itera-

tions, preconditioned with one V(1,1) multigrid cycle, using the injection
operator I}.

Levels 3 4 5 6 7
p=1 18 19 20 21 21
p=2 20 22 24 25 26
p=3 21 23 25 26 27

achieved if it is used as a preconditioner. For instance, consider
the multigrid solver with V(1,1) cycle and the injection opera-
tor I;. When used as a solver, the method diverges for all values
of p. On the other hand, used as a preconditioner for the conju-
gate gradient, the method only exhibits a mild dependency on the
number of unknowns, as shown in Table 5.

8.2.2 | Low Regularity: The L-Shaped Domain

The computational domain is now the L-shaped domain Q =
(-=1,1)%\ ([0,1] x [0, —=1]). The source function of the Poisson
problem is set to zero. The Dirichlet boundary condition follows
the manufactured exact solution u : (r, @) — r2/3sin( %(p), where
(r, @) represent polar coordinates of domain points. An unstruc-
tured Delaunay triangulation builds the coarsest mesh, and a
classical refinement technique by edge bisection is used to build
finer meshes successively. Although the theory would require the
variable cycle, fixed cycles exhibit uniform convergence in prac-
tice. Therefore, the test results presented here are obtained with
classical V(1,1) and V(2,2) cycles. Similarly to the preceding test
case, the problem sizes are indicated in Table 6. The results, pre-
sented in Tables 7, 8, and 9 are also qualitatively similar. With the
least robust injection operator, I}, the V(1,1) cycle diverges for all
values of p, and the V(2,2) cycle is uniformly convergent only for
p =1 (cf. Table 7). With 12, V(1,1) provides a uniformly conver-
gent solver up to p = 2, while V(2,2) converges uniformly for all

TABLE 6 | For the L-shaped domain, number of face unknowns at
each level and for each value of p.

Levels 3 4 5 6 7

p=1 4480 18,176 73,216 293,888 1,177,600
p=2 6720 27,264 109,824 440,832 1,766,400
p=3 8960 36,352 146,432 587,776 2,355,200

TABLE 7 | Inthe L-shaped domain, number of V(2,2) iterations with
the injection operator 1.

Levels 3 4 5 6 7
p=1 15 12 14 15 15
p=2 [*3) (Y] [e3) (3] [e3)
p=3 [e3) (Y] [e3) (3] [e3)

TABLE 8 | In the L-shaped domain, number of iterations with the
injection operator I7.

v(@,1) V(2,2)

Levels 3 4 5 6 7 3 4 5 6 7

p=1 20 20 20 20 20 11 11 11 11 11
=2 17 17 17 17 17 9 9 9 9 9
p=3 © o o oo oo 11 11 11 11 11

p € {1,2,3} (cf. Table 8). Finally, using I3, Table 9 shows that the
convergence is optimal for both cycles and all values of p. Based
on these experiments, one can conclude that the convergence of
the multigrid solver does not seem to suffer from the lower regu-
larity of the solution. However, if we compare the number of iter-
ations obtained with 1 ; to those obtained with 1 ; , we remark that,
robustness aside, I ; does not generally yield a faster convergence
(see especially V(2,2)). Recall that I ; is obtained from 1; by insert-
ing the higher order reconstruction operator. Since it is known
that sufficient regularity is required for higher orders to have ben-
eficial effects, the low regularity of the solution might explain this
lack of noticeable improvement. Looking back at the fully regular
problem on the square, one sees that the higher order reconstruc-
tion did improve convergence in that case (Table 3 vs. Table 4).

8.2.3 | 3D Test Case: The Cubic Domain

The unit cube is discretized by a Cartesian grid, where each ele-
ment is decomposed into six geometrically similar tetrahedra,
following [49, fig. 9]. Repeating the same procedure on succes-
sive levels of embedded Cartesian grids ensures that the subse-
quent tetrahedral grids are also embedded. Five levels are built,
and the considered problem sizes are given in Table 10. The
manufactured solution is u : (x, y) — sin(4zx) sin(4rzy)sin(4rz).
This problem is more challenging, so we restrict ourselves to the
most efficient injection operator I; and the V(2,2) cycle (V(1,1)
diverges). The convergence results presented in Table 11, while
still exhibiting asymptotically optimal convergence, also show
higher numbers of iterations than in 2D. More numerical tests
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TABLE9 | In the L-shaped domain, number of iterations with the
injection operator I?.

v(@1,1) V(2,2)

Levels 3 4 5 6 7 3 4 5 6 7

p=1 16 16 16 16 16 9 9 10 11 11

p=2 17 17 17 17 17 8 9 9 9 9

p=3 20 20 20 20 20 10 10 10 10 10
TABLE 10 | For the cubic domain, number of face unknowns at each

level and for each value of p.

Levels 3 4 5

p=1 17,280 142,848 1,161,216
p=2 34,560 285,696 2,322,432
p=3 57,600 476,160 3,870,720

TABLE 11 | Inthecubicdomain, numberofV(2,2)iterations with the
injection operator I?.

Levels 3 4 5

=1 18 23 25
p=2 23 24 22
p=3 22 23 23

are available in [24], where it is shown that better convergence
can be achieved for comparable cost through simple parame-
ter tunings such as the use of cycles with post-smoothing only,
non-alternating directions in the Gauss-Seidel sweeps, or block-
wise Gauss—Seidel smoothers.

8.3 | Conclusions

We have constructed and rigorously analyzed a homogeneous
multigrid method for HHO methods, which does not internally
change the discretization scheme. To this end, we generalized
the homogeneous multigrid framework for HDG methods and
verified the resulting, more general assumptions for HHO meth-
ods. We verified our analytical findings numerically using several
injection operators.

There are three important generalizations to our approach that
we would like to address in future work: First, we would like to
extend our theory to polyhedral meshes. Second, we would like
to extend our multigrid framework to work as a preconditioner.
Third, we want to extend this work to piece-wise constant approx-
imations as detailed in Remark 6.2.
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