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Abstract
The development of new materials showing the magneto-caloric effect (MCE) requires fast and reliable characterization 
methods. For this purpose, a phenomenological model developed by M. A. Hamad has proven to be a useful tool to predict 
the magnetocaloric properties (the isothermal magnetic entropy change, ΔSM , the magnetization-related change of the 
specific heat, ΔC

P,H , and the relative cooling power, RCP) via calculation from magnetization measurements as a function 
of temperature, M(T). However, fitting the M(T) data is difficult for broad, smoothed-out transition curves which are often 
observed for material systems such as core-shell nanoparticles, nanowires, nanowire fabrics or nanoparticle hybrid materials. 
Thus, in this contribution we present a different approach enabling proper fitting of such magnetization data via the use of 
an asymmetric Boltzmann sigmoid function, which provides a clear physical background and enables to properly describe 
the broad and smoothed out transitions of nanomaterials. As examples for our procedure, we present fits to M(T) curves 
of polycrystalline, bulk La0.67Ba0.33MnO3 as well as La1−xSrxMnO3 ( x = 0.2, 0.3, 0.4) and La0.7Ca0.3MnO3 nanostructured 
materials from various authors.
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1 Introduction

The growing importance of green technology for the mod-
ern world caused increased interest in technologies like 
magnetic refrigeration, based on the magneto-caloric effect 
(MCE) [1]. In principle, any magnetic material may exhibit 
this effect, with mostly weak effects at elevated tempera-
tures. However, at temperatures in the vicinity of room tem-
perature (RT) or above, only some types of materials were 
found with a reasonably large MCE effect; the most promi-
nent one being metallic Gd. Such materials were reviewed 

in Refs. [2–7]. Among them, the ceramic materials of the 
perovskite-type manganites (generic formula A1−xBx

MnO3 ) 
offer high Curie temperatures ( T

C
 ) well above RT [8–10], 

leading to considerable research efforts to find new materi-
als with even higher T

C
’s, e.g., by chemical doping [11–14]. 

Thus, it is essential for the ongoing material research to have 
an easily applicable set of tools to measure the MCE proper-
ties of a given material.

A common approach to achieve this goal is the magnetic 
measurement of the ferromagnetic transition curve (M(T)) in 
the vicinity of the Curie temperature as outlined by Földeaki 
et al. [15]. From the measured M(T) data, the isothermal 
magnetic entropy change ΔS

M
 , can be calculated, enabling 

further the determination of several other parameters such as 
the magnetization-related change of the specific heat, ΔC

P,H , 
the relative cooling power (RCP) [16], etc. However, the 
required calculation process remains somewhat tedious, 
and so a phenomenological model was developed in order 
to provide a more straightforward data handling. In 2012, 
Hamad suggested a phenomenological expression to fit the 
magnetization data (M(T)) recorded during the ferromag-
netic–paramagnetic transition in Refs. [17–19]:
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where M
i
 and M

f
 are the initial and final values of the 

magnetization in a ferromagnetic–paramagnetic transi-
tion. The values of the parameters A and C are defined as 
A = 2(B − S

c
)∕(M

i
−M

f
) , C = (M

i
+M

f
)∕2 − BT

C
 , where 

B denotes the magnetization sensitivity dM/dT below T
C
 , 

and S
c
 represents the magnetization sensitivity, dM/dT, at 

T
C
 . The Hamad’s formula as given in Eg. (1) appeared to 

be a convenient tool for estimating the parameters of the 
MCE such as ΔS

M
 , RCP, and ΔC

P,H and was employed by 
Hamad’s group and as well by other authors in the literature. 
This model proved to be especially useful to treat noisy mag-
netization curves or M(T) data recorded with only a small 
number of data points, which are difficult to be processed 
further. An analytical expression can be used to fit such 
M(T) curves and to obtain ΔS

M
 and ΔC

P,H . Usually, the most 
often considered magnetic materials exhibit a steep tran-
sition between the ferromagnetic and paramagnetic states, 
and so the Hamad approach works well. However, recently 
developed material systems such as core-shell nanoparticles, 
nanowires, nanowire fabrics or nanoparticle hybrid materi-
als [5, 20–23] show up with broad, smoothed-out transi-
tion curves and are, therefore, only poorly fit by Hamad’s 
formula.

The change in the system parameters during a phase tran-
sition can be described by the Boltzmann sigmoid function, 
as done by many authors in many different fields like growth 
processes, polymer transitions, smart gels as well as supercon-
ductivity [24–29]. To our knowledge, this function was not yet 
applied to ferromagnetic–paramagnetic transitions. Thus, in 
the current contribution, we present a different approach based 
on the Boltzmann sigmoid function to enable a proper fitting 
of magnetization data of nanostructured magnetic materials.

2  Model

The Boltzmann sigmoid function arises as a result of minimiz-
ing the change in free energy due to a phase transition [24]. 
Using the Boltzmann sigmoid function, the magnetization dur-
ing ferromagnetic–paramagnetic transition can be expressed as

where T
w
 is a parameter characterizing the transition width. 

This expression has clear physical sense and describes 
a transition from the state with magnetization M

i
(T) to 

the state with magnetization M
f
(T) . Given T

w
= 1∕(2A) , 

M
i
(T) = M

i
+ B(T − T

C
) , and M

f
(T) = M

f
− B(T − T

C
) , the 

expression (2) can be transformed to the Hamad’s formula 

(1)M(T) =

M
i
−M

f

2
tanh

[

−A
(

T − T
C

)]

+ BT + C,

(2)M(T) = M
i
(T) +

M
f
(T) −M

i
(T)

1 + exp
(

−
(

T − T
C

)

∕T
w

) ,

(1). Therefore, the Hamad’s phenomenological formula (1) 
and the approach suggested here using the Boltzmann sig-
moid function (2) are analogous.

In a broad and smoothed transition between the ferromag-
netic and paramagnetic states often seen for nanostructured 
materials, the magnetization is changed in a different manner 
at T below T

C
 and at T above T

C
 . To be able fit this behavior 

properly, we choose an asymmetric sigmoid function [30]. 
Then, the ferromagnetic–paramagnetic transition in nano-
structured materials is described by the following expression:

where � is a dimensionless parameter accounting for the 
asymmetry, which depends on a characteristic size and/or 
structural disorder. M

i
(T) and M

f
(T) can be expressed as 

M
i
(T) = M

i
+ S

i
(T − T

C
) and M

f
(T) = M

f
+ S

f
(T − T

C
) , 

where S
i
 and S

f
 are the magnetization sensitivities dM/dT 

above and below T
C

 , respectively. Like the function (2), 
function (3) has a derivative extremum at T = T

C
.

Values of the magnetic entropy change ΔS
M

 , the relative 
cooling power RCP, and the magnetization-related change of 
the specific heat ΔC

P,H can now be obtained by numerical 
calculations from Eq. (3), using

where �TFWHM is a full-width at half-maximum of a 
ΔS

M
(T ,H) dependence. Let us set M

i
(T) = M

i
 and 

M
f
(T) = M

f
 , which is valid in the vicinity of a ferromag-

netic–paramagnetic transition, to find analytical expressions 
for thermomagnetic parameters from Eq. (3). The magnetic 
entropy change ΔS

M
 is derived from Eq. (3):

Here, the values of ΔS
M

 are given in J/(kg K) and the values 
of magnetization are expressed in A m2/kg. The maximum 
change ΔSMax is calculated as

To obtain �TFWHM , the full-width at half-maximum of a 
ΔSM(T ,H) dependence, one should find two roots T1 and T2 

(3)M(T) = M
i
(T) +

M
f
(T) −M

i
(T)

[

1 + � exp
(

−
(

T − T
C

)

∕T
w

)]1∕�
,

(4)

ΔS
M
(T ,H) =�0 ∫

H

0

�M
(

T ,H�
)

�T
dH�,

RCP(T ,H) = − ΔS
M
(T ,H) �TFWHM,

ΔC
P,H(T) =T

�ΔS
M
(T ,H)

�T
,

(5)ΔS
M
(T ,H) = −

�0H

T
w

(

M
i
−M

f

)

exp
(

−
T−T

C

T
w

)

[

1 + � exp
(

−
T−T

C

T
w

)]
1

�
+1
.

(6)ΔSMax(T ,H) = −
�0H

T
w

(

M
i
−M

f

)

(� + 1)
1

�
+1

.
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of the equation ΔSM − 0.5ΔSMax = 0 . For � = 1, �TFWHM is 
given by

For 𝜈 > 1, the values of �TFWHM are calculated numerically. 
The �TFWHM values for different � can be approximated by

The relative cooling power based on the magnetic entropy 
change is obtained via

The magnetization-related change of the specific heat, ΔC
P,H 

is expressed as

Using this set of improved formulae, a better fitting of exper-
imentally measured M(T)-data found in the literature can be 
achieved. This is shown in the following Section for some 
examples. Here, we have chosen data of perovskite-type 
manganites as for these materials, data of bulk samples and 
nanostructured ones are available in the literature.

3  Application of the model and discussion

One of the first papers of Hamad [18] was using the data of 
La0.67Sr0.33MnO3 (LSMO) and La0.67Ca0.33MnO3 (LCMO) 
polycrystalline bulk samples measured at H = 500 Oe pre-
sented in Refs. [8, 31, 32] for the introduction of his phe-
nomenological model. However, in Refs. [8, 31, 32] data 
were included for two applied magnetic fields of 500 Oe 
and 20 kOe and also data for a La0.67Ba0.33MnO3 (LBMO) 
polycrystalline, bulk sample were shown. LBMO exhibited 
a much broader paramagnetic–ferromagnetic transition than 
the other two samples already at 500 Oe applied field, and 
thus, only a small ΔSM was obtained. There are several rea-
sons for such a behavior. Additional magnetic phases and 
structural homogeneity may broaden the transition as dis-
cussed in Ref. [33]. Furthermore, the data for all the samples 
demonstrated a broad paramagnetic–ferromagnetic transition 
at the higher applied field of 20 kOe. That is why only the 
data for LCMO and LSMO were included by Hamad in Ref. 
[18].

Therefore, at first, we apply the new model to the said 
data [8, 31, 32]. As Figs. 1a and 2a show, our new approach 
using the asymmetric sigmoid function provides a better 

�TFWHM =

�

ln(3 +
√

8) − ln(3 −
√

8)
�

T
w
≈ 3.53T

w
.

(7)�TFWHM ≈ (0.78� + 2.75)T
w
,

(8)RCP ≈ �0H(M
i
−M

f
)
0.78� + 2.75

(� + 1)
1

�
+1

.

(9)

ΔC
P,H(T) = �0H

T

T2
w

(M
i
−M

f
) exp

(

−
T−T

C

T
w

) [

1 − exp
(

−
T−T

C

T
w

)]

[

1 + � exp
(

−
T−T

C

T
w

)]
1

�
+2

.

suited fitting as the original Hamad model. Figures 1b, c 
and 2b, c present the calculated data for ΔSM and ΔC

P,H . 
The corresponding RCP values and the fitting parameters are 
listed in Table 1. All these data may be directly compared to 
the hand-calculated data presented in Ref. [8].

Then, as an example for LSMO nanowire networks, the 
experimental M(T) curves published in Refs. [32, 34, 35] 
are treated. The data comprise three different compositions, 
i.e., La0.8Sr0.2MnO3 (the average grain size of 20.0 nm, the 
average diameter of 223.0 nm), La0.7Sr0.3MnO3 (the average 
grain size of 19.4 nm, the average diameter of 251.0 nm) and 
La0.6Sr0.4MnO3 (the average grain size of 24.8 nm, the aver-
age diameter of 227.8 nm), which were prepared by means 
of electrospinning. All the LSMO grains were randomly ori-
ented with high-angle grain boundaries between them. The 
T
C
 varies between 314 K ( x = 0.3), 310 K ( x = 0.4) and 291 

K ( x = 0.2), which confirms the excellent behavior of the 
x = 0.3 composition. However, the T

C
 is lower than its bulk 

Fig. 1  Temperature evolution of a the magnetization M and b the 
magnetic entropy change ΔS

M
 , ΔC

P,H for LSMO, LBMO, and LCMO 
bulks at an applied magnetic field, H = 500 Oe. The inset shows the 
change of the specific heat. The experimental data are from Ref. [31]. 
Lines are calculated using Eqs. (3), (5), and (9)
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counterpart as shown in Figs. 1a, b. These nanowire fabrics 
were characterized for their magneto-resistance behavior 
in Refs. [32, 34, 35]. As result, the M(T) data of all types 
of LSMO nanowires are well fitted by Eq. (3) as shown in 
Fig. 3a. The ΔS

M
(T) and ΔC

P,H(T) data obtained from the 
experimental M(T) curves are also successfully fitted by eqs. 
(5) and (9), respectively, see the full lines in Fig. 3b, c.

Data of LSMO nanofibers fabricated by sol–gel electro-
spinning from Ref. [36] have been previously analyzed by 
Hamad’s model in Ref. [37]. A nonmonotonic dependence 
of the transition parameters has been found as the applied 
magnetic field H was varied between 20 Oe and 500 Oe. 
The authors of [36] had described their LSMO nanofibers 
as a collection of nanoparticles (grain size average diam-
eter 27 nm), each with a ferrimagnetic core and a spin glass 
shell, organized in locally ordered clusters embedded in a 
disordered host. Thus, the measured M(T) curves for these 
nanofibers exhibit a very broad transition below T

C
 , in stark 

contrast to the bulk materials prepared by the same authors 
[36]. Applying our improved expressions (3–9) to these data 

results in fitting with much better quality (see Fig. 4a). In 
principle, these experimental curves can be fitted with fixed 
T
w
 and shifted � or vice versa, or shifted both T

w
 and � for 

different H. Here, we use the fixed parameter � for different 
H. The predicted ΔS

M
(T) and ΔC

P,H(T) dependencies are 
shown in Fig. 4b. The estimated parameters change mono-
tonically with H (Table 1) instead of the results obtained in 
Ref. [37].

The same analysis is performed for M(T) data of 
La0.7Ca0.3MnO3 nanoparticles prepared by mechanochemi-
cal milling [38]. These nanoparticles exhibit an average 
diameter of 9 nm, and the dense particle agglomerates 
found were described by the authors as an ensemble of nan-
oparticles, where every individual nanoparticle possesses 
superspin [38], which in turn causes very broad transition 
curves. M(T) data for applied magnetic fields of 0.1–5 kOe 
were measured and 6 fields were selected for the analysis 

Fig. 2  Temperature evolution of a the magnetization M, b the mag-
netic entropy change ΔS

M
 , and c the change of the specific heat 

ΔC
P,H for LSMO, LBMO, and LCMO bulks at H = 20 kOe. The 

experimental data are from Ref. [31] Fig. 3  Temperature evolution of a the magnetization M, b the mag-
netic entropy change ΔS

M
 , and (c) the change of the specific heat 

ΔC
P,H for La1−xSrxMnO3 nanowires with x ranging between 0.2 and 

0.4; the applied magnetic field was 20 kOe. The experimental data are 
from Ref. [32, 34, 35]. Lines are calculated using eqs. (3), (5), and (9)
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(see Table 1). The Curie temperature shifts monotonously 
with increasing applied field from 73 K (0.1 kOe) to 86 K 
(5 kOe). The fitted M(T) curves are shown in Fig. 5a. The 
predicted ΔS

M
(T) and ΔC

P,H(T) dependencies are presented 
in Fig. 5b.

The M(T) data of the LSMO nanowires, nanowire fabrics 
and nanoparticles analyzed here are characterized by their 
very broad paramagnetic–ferromagnetic transitions with 
transition widths extending over 50–150 K, which is in stark 
contrast to the polycrystalline, bulk samples presented in 
Fig. 1a. The transition of the bulk LBMO sample of Refs. 
[8, 31, 32] was already an exception from this rule, thus it 
could serve well as an example for the application of the new 
formalism developed here, which was then extended to fit 
also the more recent data obtained for various nanomaterials 
using the new parameter �.

All the M(T) data obtained of the four different types of 
materials (bulks, nanowire fabrics, nanowires, nanoparticles) 
can be well fitted with the new formalism, see Figs. 3, 4 and 
5. Thus, the application of the asymmetric Boltzmann sig-
moid function represents a useful improvement to Hamad’s 

phenomenological model to obtain the MCE cooling param-
eters from magnetic M(T) measurements. The newly intro-
duced dimensionless parameter � , which accounts for the 
asymmetry of M(T) curves, can be related to a characteristic 
size and structural disorder in magnetic materials. This will 
be a topic for future research work. We thus believe that the 
suggested approach can be useful also to predict the ther-
momagnetic parameters for any kind of transition between 
states with different magnetic ordering in various materials, 
see, e.g., the transition curves measured in Refs. [39, 40].

4  Conclusion

To conclude, we have introduced here a new approach to fit 
the experimentally obtained M(T) curves of the paramag-
netic–ferromagnetic transition of MCE materials based on 
an asymmetric Boltzmann sigmoid function. The new model 
presented here provides two main advantages: 

 (i) A new ansatz for the Hamad’s formula with a proper 
physical background. The Hamad’s formula was arti-
ficially constructed to simulate a transition curve. In 
contrast, our new expression makes use of the Boltz-

Fig. 4  Temperature dependencies of a the magnetization M and b the 
magnetic entropy change ΔSM for LSMO nanofibers prepared in Ref. 
[36]. The applied magnetic fields range between 20 and 500 Oe. The 
inset in (b) shows the change of the specific heat ΔC

P,H

Fig. 5  Temperature dependencies of a the magnetization M and b 
the magnetic entropy change ΔSM for LCMO nanoparticles [38]. The 
applied magnetic fields range between 100 and 5000 Oe. The inset to 
(b) shows the change of the specific heat ΔC

P,H
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mann sigmoid function, which can describe the com-
mon form of a transition between two different states.

 (ii) As a second amendment, we adapt the asymmet-
ric Boltzmann sigmoid function for an improved 
description of the magnetic transition of nanosized 
magnetic materials by introducing a new parameter, 
� , which accounts for the asymmetry of the transi-
tion.

This approach enables a better fitting of the M(T)-data, 
which is especially important for the very broad transition 
curves of several types of nanomaterials (nanowire fab-
rics, nanowires, nanoparticles). A further analysis of the 
parameter � and its dependence on specific microstructures 
or magnetic configuration will be a task for future work. 
Thus, better processing of the data becomes possible to 
obtain reliably the MCE parameters such as ΔSM , ΔC

P,H 
and RCP from the measured M(T) curves.
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Table 1  Parameters obtained from fitting of experimental M(T) data

�0H T
C

T
w

� M
i

ΔSMax �TFWHM RCP ΔC
P,H(max)

(T) (K) (K) (Am2kg−1) (J kg−1K−1) (K) (J kg−1) (J kg−1K−1)

La0.67Sr0.33MnO3 [31] 0.05 372 1.8 2 36.3 −0.17 7.8 1.3 – 13
La0.67Ba0.33MnO3 [31] 0.05 345 1.8 12 36 −0.062 22 1.3 −3.5
La0.67Ca0.33MnO3 [31] 0.05 266 1.8 3 41 −0.175 9.2 1.6 −8.5
La0.67Sr0.33MnO3 [31] 2 382 15 2 57 −1.4 65 90 – 
La0.67Ba0.33MnO3 [31] 2 359 6 12 82 −1.6 72 112 – 29
La0.67Ca0.33MnO3 [31] 2 278 5 3 71 −3.5 25 89 – 69
La0.8Sr0.2MnO3 [34, 35] 2 291 10 20 54.2 −0.44 183 81 −4.1
La0.7Sr0.3MnO3 [34, 35] 2 314 7 8 44.0 −1.06 63 67 – 15
La0.6Sr0.4MnO3 [34, 35] 2 310 8 10 39.4 −0.71 84 59 −8.8
La0.67Sr0.33MnO3 [36, 37] 0.002 356 0.5 27 4.4 −0.0006 12 0.007 −0.11

0.005 357 0.9 27 10 −0.0018 21 0.037 −0.19
0.02 358 1.7 27 34 −0.013 40 0.51 −0.75
0.05 358 1.8 27 36 −0.032 43 1.36 −1.8

La0.7Ca0.3MnO3 [38] 0.01 73 14 2 2.7 −0.0004 60 0.022 −0.001
0.05 76 15 2 7.8 −0.0050 65 0.32 −0.012
0.1 77 16 2 10.6 −0.013 69 0.88 −0.030
0.2 80 17 2 13.2 −0.030 73 2.2 −0.069
0.3 81 18.5 2 14.9 −0.047 80 3.7 −0.10
0.5 86 21 2 17.2 −0.079 90 7.1 −0.16
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