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6.  THE MARKGRAF KARL REFUTATION PROCUDURE

Überhaup t  ha t  de r  Fo r t sch r i t t  das an  s i ch ,  daß e r

v ie l  g rößer  ausschau t ,  a ls e r  w i r k l i che  i s t
J .  N. Nes t roy ,  1859

6 .1 .  INTRODUCTION

The cu r ren t  s t a te  of  deve lopmen t  of  the Ma rkg ra f  Ka r l  Re fu ta t i on

Procedu re  (MKRP) ,  a t heo rem p rov ing  sys tem unde r  deve lopmen t

s i nce  1977  a t  t he  Un i ve rs i t y  o f  Ka r l s ruhe ,  Wes t  Ge rmany ,  i s

p resen ted  and eva lua ted  i n  t he  seque l .  The goa l  o f  t h i s  p ro j ec t

can be summar i zed  by the f o l l ow ing  t h ree  c l a ims :  i t  i s  poss ib l e
to  bu i l d  a t heo rem p rove r  (TP) and augmen t  i t  by app rop r i a te

heu r i s t i c s  and doma in -spec i f i c  know ledge  such t ha t

( i )  i t  w i l l  d i sp l ay  an ac t i ve  and d i r ec ted  behav iou r  i n  i t s

s t r i v i ng  f o r  a p roo f ,  r a the r  t han  t he  pass ive
comb ina to r i a l  sea rch  t h rough  ve ry  l a rge  sea rch  spaces,
wh i ch  was the cha rac te r i s t i c  behav iou r  of  the TPs of the
pas t .  Consequen t l y

( i i )  i t  w i l l  no t  gene ra te  a sea rch  space  o f  many t housands  of

i r r e l evan t  c l auses ,  but  w i l l  f i nd  a p roo f  w i t h

compara t i ve l y  few redundan t  de r i va t i on  s teps .
( i i i )  Such  a TP w i l l  es tab l i sh  an unp receden ted  l eap  i n

| pe r fo rmance  ove r  p rev ious  TPs exp ressed  i n  t e rms  of  the
d i f f i cu l t y  o f  the  t heo rems  i t  can p rove ,

‘W i t h  abou t  25 man yea rs  i nves ted  up to  now and a sou rce  code o f
a lmos t  2000 K (by tes  o f  L i spcode ) ,  t he  sys tem rep resen ts  the
l a rges t  s i ng le  so f twa re  deve lopmen t  unde r taken  i n  the h i s t o r y  of
the f i e l d  and the r esu l t s  ob ta i ned  thus  f a r  co r robo ra te  the f i r s t
two  claims.

The f i na l  ( a l be i t  essen t i a l )  c l a im  has no t  been  ach ieved  ye t :

a l t hough  a t  p resen t  i t  pe r f o rms  subs tan t i a l l y  be t t e r  t han  mos t

o the r  au toma t i c  t heo rem p rov ing  sys tems ,  on ce r t a i n  c l asses  of
examp les  ( i nduc t i on ,  equa l i t y )  the compar i son  i s  un favou rab le  f o r



t he  MRKP-sys tem.  Bu t  t he re  i s  l i t t l e  doub t  t ha t  t hese

sho r t com ings  re f l ec t  the p resen t  s t a te  of  deve lopmen t ;  once the

o the r  modu les  (equa l i t y  r eason ing ,  a more  r e f i ned  mon i t o r i ng  and

i nduc t i on )  a re  ope ra t i ona l ,  t r ad i t i ona l  t heo rem p rove rs  w i l l

p robab l y  no l onge r  be compe t i t i ve ,

Th i s  s t a temen t  i s  l ess  comfo r t i ng  than  i t  appea rs :  the compar i son

i s  based on measu res  of  the sea rch  space and i t  t o t a l l y  neg lec t s

the (eno rmous )  r esou rces  needed  i n  o rde r  t o  ach ieve  the behav iou r

desc r i bed .  W i th i n  t h i s  f r ame  of  r e fe rence  i t  wou ld  be poss ib l e  to

des ign  the  "pe r f ec t "  p roo f  p rocedu re :  t he  supe rv i so r  and t he

l ook -ahead  heu r i s t i c s  wou ld  f i nd  t he  p roo f  and t hen  gu ide  the

sys tem w i t hou t  any unnecessa ry  s teps  t h rough  the  sea rch  space .

I n  summary ,  a l t hough  the re  are good f undamen ta l  a rgumen ts
suppo r t i ng  the hypo thes i s  t ha t  the f u tu re  of  TP resea rch  i s  w i t h

the f i ne l y  know ledge  eng inee red  sys tems  as p roposed he re ,  t he re

i s  a t  p resen t  no ev i dence  t ha t  a t r ad i t i ona l  TP w i t h  i t s  capac i t y

to  qu i ck l y  gene ra te  many ten t housands  of  c l auses  i s  no t  j us t  as

capab le .  The s i t ua t i on  i s  s t i l l  ( a t  t he  t ime  o f  w r i t i ng )

rem in i scen t  of  t odays  chess  p l ay i ng  p rog rams ,  where  the  p rog rams

based  on i n t e l l ec tua l l y  more  i n t e res t i ng  p r i nc i p l es  a re

ou tpe r f o rmed  by t he  b ru te  f o r ce  sys tems  re l y i ng  on advances  i n

ha rdware  t echno logy .

The f o l l ow ing  pa rag raph  summar i zes  t he  bas i c  no t i ons  and

techn iques  o f  t heo rem p rov ing  as f a r  as t hey  a re  r e l evan t  he re

(and may be sk i pped  by a r eade r  a l r eady  f am i l i a r  w i t h  the  f i e l d ) .

Sec t i on  6.2 p rov ides  an ove rv i ew  of  the who le  sys tem,  i nc l ud ing

those  pa r t s  whose deve lopmen t  i s  not  comp le ted  ye t .  Th i s  sec t i on

shou ld  g i ve  a f ee l i ng  f o r  t he  gene ra l  i deas  and p r i nc i p l es  t ha t

gu ided  the des ign  of  the  ove ra l l  s t r uc tu re  o f  the  MKRP sys tem,

Sec t i on  6.3 i s  w r i t t en  f r om the me thodo lo i gca l  po in t  o f  v i ew  and

desc r i bes  the  ma jo r  nove l  t echn iques  and me thods  t ha t  a re  used



wi th i n  the  MKR-Produce r ,

I n  con t ras t  sec t i on  6 .4 ,  uses  the  f l ow  o f  con t ro l  as a gu id i ng

l i ne  t o  p resen t  t he  ac tua l  wo rk i ng  o f  t he  Log i c  Mach ine ,  the

i nne rmos t  pa r t  o f  the MKRP-sys tem,

Sec t i on  6.5 qu i ck l y  r ev i ews  some of  the so f twa re  t oo l s  t ha t  were

deve loped  fo r  the imp lemen ta t i on  of the sys tem and sec t i on  6.6
g i ves  an ove rv i ew  of how to use the sys tem.

Bas i c  Techn iques  and Terminology

The l anguage  used i n  t h i s  repo r t  i s  t ha t  o f  f i r s t - o rde r  p red i ca te

l og i c  w i t h  wh i ch  we assume  the  r eade r  t o  be f am i l i a r .  F rom the

p r im i t i ve  symbo l s  o f  t h i s  l og i c  we use :  u , x , y , z  as i nd i v i dua l

var iables; a,‚b,c,d as i nd i v i dua l  cons tan t s ;  P,O0,R as p red i ca te

cons tan t s ;  f , g , h  as  f unc t i on  l e t t e r s .  The equa l i t y  p red i ca te

wi l l  be deno ted  by E and mos t l y  w r i t t en  in  i n f i x  no ta t i on  as =
t o  imp rove  readab i l i t y .  I nd i v i dua l  cons tan t s  and va r i ab les  a re

te rms  as we l l  as n -p l aced  f unc t i ons  app l i ed  t o  n t e rms ,  As

metasymbo l s  f o r  t e rms  we use r , s and t .  The a r i t y  of f unc t i ons
and p red i ca tes  w i l l  be c l ea r  f rom the con tex t .  An n -p l ace
p red i ca te  l e t t e r  app l i ed  t o n t e rms  is  an atom, A l i t e ra l  is  an
a tom o r  t he  nega t i on  t he reo f .  Fo r  l i t e ra l s  we use  L ,K .  The

abso lu te  va lue  |L |  of  a l i t e ra l  L i s  the atom K such t ha t  e i t he r
L i s  Ko r  L i s  ~ K.

A c l ause  i s  a f i n i t e  se t  o f  l i t e ra l s  fo r  wh i ch  the me tasymbo l s

C,D a re  used . A c l ause  i s  i n t e rp re ted  as the  d i s j unc t i on  o f  i t s

l i t e ra l s ,  un i ve rsa l l y  quan t i f i ed  (ove r  the en t i r e  d i s j unc t i on )  on

i t s  i nd i v i dua l  va r i ab les .  The emp ty  c l ause  i s  deno ted  as o. A
g round  c l ause ,  g round  l i t e ra l  o r  g round  te rm  i s  one t ha t  has no

va r i ab les  occu r r i ng  i n  i t .  A subs t i t u t i on  $ i s  a mapp ing  f r om
va r i ab les  to  t e rms  a lmos t  i den t i ca l  eve rywhe re .  Subs t i t u t i ons  are
ex tended  to  mapp ings  f rom te rms  to  t e rms  by the usua l  mo rph i sm.
Subs t i t u t i ons  are a l so  used to  map l i t e ra l s  ( c l auses )  to l i t e ra l s

( c l auses )  i n  the obv ious  way. A subs t i t u t i on  i s  deno ted  as a set



of  pa i r s  S$={(vj] + t y )  ... (Vv_ + t ) ) }  whe re  the v ,  a re  va r i ab les
and the t .  are t e rms .  The term 8( t )  ( the l i t e ra l  §(L) ,  the c l ause
$ (C) )  i s  ca l l ed  an i ns tance  o f  t ( an  i ns tance  o f  L ,  an  i ns tance

of  C).  We use § ,0 ,  f o r  subs t i t u t i ons .  A subs t i t u t i on  o i s  ca l l ed

a un i f i e r  f o r  two  a toms  L and  K i f f  o (L )=0 (K ) ;  o i s ca l l ed  a most

gene ra l  un i f i e r  (mgu)  o f  L and K, i f  f o r  any o the r  un i f y i ng

subs t i t u t i on  § t he re  ex i s t s  a subs t i t u t i on  XA such  t ha t  §8=iog,

whe re o denotes the  f unc t i ona l  compos i t i on  o f  subs t i t u t i ons . A

ma tche r  (o r  one -way  un i f i e r )  f o r  two  l i t e ra l s  L and K r e l a t i ve  to

L i s  a subs t i t u t i on  go such  t ha t  oL = K.

The He rb rand  Un i ve rse  H(S) o f  a se t  S o f  c l auses  i s  t he  se t  o f

a l l  g round  t e rms  t ha t  can be cons t ruc ted  f r om the  symbo l s

occu r r i ng  i n  S ( i f  no i nd i v i dua l  cons tan t  occu rs  i n  S we add the

s ing le  cons tan t  symbo l  c ) ,  A He rb rand  i ns tance  H ( t ) o f  a t e rm  t

i s  an i ns tance  § ( t ) ,  such  t ha t  a l l  t he  t e rms  i n  § a re  f r om H(S ) ;

s im i l a r l y  we de f i ne  a He rb rand  i ns tance  o f  an a tom,  a l i t e ra l ,  a

c l ause .  An i n t e rp re ta t i on  T o f  S i s  a se t  o f  g round  l i t e ra l s ,

whose abso lu te  va lues  are a l l  the He rb rand  i ns tances  o f  a toms o f

S such t ha t  f o r  each He rb rand  i ns tance  L of  an atom exac t l y  L or

~L i s  i n  T. An i n t e rp re ta t i on  T sa t i s f i es  a g round  c l ause  C i f f  C

T + 6. T sa t i s f i es  a c l ause  C i f  i t  sa t i s f i es  eve ry  g round

i n s tance  o f  C i n  H (C) ; T sa t i s f i es  a se t  o f  c l auses  S i f  i t

sa t i s f i es  eve ry  c l ause  in S.  A mode l  M of a set  of  c l auses  S i s
an i n te rp re ta t i on  t ha t  sa t i s f i es  S. I f  S has no mode l  i t  i s

and a se t  o f  c l auses1)unsa t i s f i ab le .  For  the equa l i t y  p red i ca te

S, a mode l  M o f  S i s  an E -mode l  i f

( i )  t = t  € M fo r  a l l  t e rms  t

( i i )  i f  t he  l i t e ra l s  Le M and s = t e  M and i f I.” i s  ob ta i ned

f rom L by r ep lac i ng  an occu rence  o f  s i n  L by t t hen

L” € M.
I f  S has no E-models  then i t  i s  E -unsa t i s f i ab le ,

Two l i t e ra l s  are comp lemen ta ry  i f  t hey  are o f  oppos i t e  s i gn  and

have the same p red i ca te  l e t t e r ,

I f  C and D a re  c l auses  w i t h  no va r i ab les  i n  common  and L and K



are  comp lemen ta ry  l i t e ra l s i n  C and D respec t i ve l y ,  and i f  [1 ]

and |K |  a re  un i f i ab le  w i t h  mos t  gene ra l  un i f i e r  o, t hen  R=0 (C-
{L } )u  o (D - {K } )  i s  a r eso l ven t  o f  C and o f  R and each  l i t e ra l  L
i n  R descends  f r om a l i t e ra l  L ”  i n  C o r  D.

I f  C i s  a c l ause  w i t h  two l i t e ra l s  I. and K and i f  a most  gene ra l
un i f i e r  o ex i s t s  such  t ha t  o (L )=0 (K )  t hen  F=0 (C-K )  i s  ca l l ed  a
fac to r  o f  C., I f  C and D are c l auses  w i t h  no va r i ab les  i n  common,

and s= t  i s  a l i t e ra l  i n  C, and r i s  a t e rm  occu r r i ng  i n  D such
tha t  t he re  ex i s t s  o w i t h  o ( s )=0 ( r ) ,  and D ts  ob ta i ned  f r om D by

rep lac i ng  r i n  D by t t hen  P=o (D  )uo (C - { s= t } )  i s  a pa ramodu lan t
of C and D. This i n f e rence  ru l e  is  ca l l ed  pa ramodu la t i on .

A connec t i on  graph CG i s

( i )  a se t  o f  c l auses  S
( i i )  a b i na ry  r e l a t i on  R over  l i t e ra l s  i n  S, such t ha t  (L,K)eR

i f  | L |  and |K|  are un i f i ab le  and L and K are of  oppos i t e  s i gn .
Sometimes we w r i t e  <S> for  the connec t i on  graph ob ta i ned  from S.

A l i t e ra l  L i n  S i s  pu re  i f  i t  does no t  occu r  i n  any of  the pa i r s
o f  R i . e .  i t  i s  no t  connec ted  and t he  c l ause  con ta i n i ng  L may
t hen  be de le ted  i n  CG. A connec t i on  g raph  i s  g raph i ca l l y
r ep resen ted  by d raw ing  a l i n k  be tween  L and K f o r  every  (L ,K)eR.

L and K a re  sa id  t o  be connec ted .  I ns tead  o f  r epea t i ng  the
de f i n i t i on  o f  the  connec t i on  g raph  p roo f  p rocedu re  [KO75 | we g i ve

‚an examp le  f o r  one de r i va t i on  s tep .  Cons ide r  the  f o l l ow ing

connec t i on  g raph :

1) AKA IM {~L.R.S NERAOixy Oy 7
ORS

{K,L.~M} (1) (V) {R t }

1.0. M}
an  Rhee  NU

i p }  j aM. O0}

1~Q}



Suppose  we want  to  ob ta i n  the r eso l ven t  of  c l ause  ( I )  and c l ause
( I I ) ,  i . e .  we wan t  t o  r eso l ve  upon l i nk  (1 ) .  Th i s  i s  done by
add ing  t he  r eso l ven t  t o  t he  g raph  and by  connec t i ng  t he  r eso l ven t

i n  the  f o l l ow ing  way :  i f  a l i t e ra l  L i n  t he  r eso l ven t  descends
f rom a l i t e ra l  L” i n  one o f  t he  pa ren t  c l auses  and i f  L~ was
connec ted  to  some l i t e ra l  K and i f  K and L a re  un i f i ab le ,  t hen  I

and K are connec ted  by a l i n k .  F i na l l y  the l i n k  r eso l ved  upon is
de le ted  and a l l  t au to l og ies  and a l l  c l auses  con ta i n i ng  pu re
l i t e ra l s  are de le ted .

For the connec t i on  g raph  above ,  r eso l v i ng  upon l i nk  ( l )  l eads  to

a t au to l ogy ,  wh i ch  i s  de le ted ,  hence  ( I )  and  ( I I )  a re  de le ted

s ince  K , ~ K i s  now pure.

S im i l a r l y  c l auses  ( I I I ) ,  ( IV )  and (V) are de le ted ;  i . e .  a f t e r  one

s tep  the who le  connec t i on  g raph  sh r i nks  t o :
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Th i s  po ten t i a l l y  r ap id  r educ t i on  o f  the  o r i g i na l  g raph  causes  the

p rac t i ca l  a t t r ac t i on  as we l l  as the t heo re t i ca l  p rob lems  of  t h i s

p roo f  p rocedu re .  A more f o rma l  p resen ta t i on  of  the p rocedu re  i s

con ta i ned  i n  Pa rag raph  6 .3 .10 .

Apa r t  f r om the  de le t i on  o f  c l auses  con ta i n i ng  pu re  l i t e ra l s

the re  are add i t i ona l  de le t i on  ru l es ,  wh i ch  become pa r t i cu l a r i l y

s i gn i f i can t  i n  the con tex t  o f  connec t i on  g raphs :  eve ry  de le t i on

of a c l ause  may cause  f u r t he r  de le t i ons  o f  c l auses  (and l i n ks )



and the r esu l t i ng  comp lex  i n t e rp l ay  i s  s t i l l  not  very  we l l
unde rs tood  t heo re t i ca l l y  (see e.g. [B I81 ]  [E I81 |  [sm821).

A c l ause  C i s  a t au to l ogy  i f  i t  con ta i ns  two  comp lemen ta ry

l i t e ra l s  L and K such t ha t  I L ]= |K ]  o r  a l i t e ra l  o f  the fo rm t = t ,

A c l ause  C subsumes  a c l ause  D i f  |C |< |D |  and t he re  ex i s t s  a

subs t i t u t i on  § such  t ha t  6Cce¢D, (Th i s  i s  t he  de f i n i t i on  o f  6 -

subsump t i on  i n  [LOV78 | ) .

Subsumed c l auses  and t au to l ogeous  c l auses  may be de le ted  f rom the

g raph ,  as d i scussed  i n  Sec .  6 .3 .3  and 6 .3 .4  r espec t i ve l y .  The

un res t r i c t ed  use o f  t hese  de l i t i on  ru l es  i s  known  to  make the

respec t i ve  p roo f  p rocedu re  i ncomp le te  and even i ncons i s ten t .

A t r ad i t i ona l  r e f i nemen t  r es t r i c t s  the sea rch  space by b l ock ing

ce r ta i n  poss ib l e  r eso lu t i on  s teps .  For  examp le  a UNIT r e fu ta t i on ,

i n  wh i ch  a t  l eas t  one o f  t he  pa ren t  c l auses  o f  a r eso l ven t  must
be a un i t  c l ause ,  1s such  a r e f i nemen t ,

SET~-OF-SUPPORT i s  a l so  a r e f i nemen t :  t he  se t  o f  c l auses  i s

pa r t i t i oned  i n to  two subse t s  ( usua l l y  the set  of the axiom
c lauses  S and t he  se t  o f  t he  t heo rem c lauses  T) and r eso lu t i on
i s  on l y  pe rm i t t ed  i f  a t  l eas t  one pa ren t  c l ause  i s  i n  T. The

reso l ven t s  a re  pu t  i n t o  T, i . e .  t he  e f f ec t  o f  se t -o f - suppo r t  i s
mos t  p ro f i t ab le  a t  t he  beg inn ing o f  t he  sea rch , but i t  fades the

more the  deduc t i on  p roceeds .

A LINEAR re f i nemen t  se lec t s  a top c l ause  f r om the se t  o f  t heo rem

c lauses  and uses  t h i s  c l ause  as one o f  t he  pa ren t s  f o r  a
reso lu t i on  s tep .  Then the r eso l ven t  becomes  the top  c l ause  and so
on e i t he r  un t i l  the emp ty  c l ause  has been de r i ved  or back t rack ing
i s  necessa ry .
The deve lopmen t  o f  comp le te  re f i nemen ts  was t he  ma in  f ocus  of
r esea rch  i n  t heo rem p rov ing  i n  the  pas t  and t he re  may be c l ose  to

a hund red  now ( see  e.g.  [LOV78| [CHL73]), some o f  t hose  a re  used

to  advan tage  i n  the MKR-Procedu re  as we l l ,



I n  con t ras t  to  a r e f i nemen t ,  wh i ch  on l y  r es t r i c t s  the number  o f
poss ib l e  s teps  (and  o f t en  " cu t s  o f f  ga rbage  and go ld  a l i ke " ) ,  a
s t r a tegy  g i ves  ac t i ve  adv i ce  as t o  wha t  t o  do nex t ,  The
deve lopmen t  and i n t eg ra t i on  o f  such  s t r a teg ies  i n to  one sys tem
was the  ma in  r esea rch  p rob lem o f  t he  MKRP p ro jec t  and the
techn iques  deve loped  so f a r  a re  p resen ted  i n  t he  f o l l ow ing
sec t i ons .  S t ra teg i c  i n f o rma t i on  ove r r i des  any o the r  in format ion:
even  i f  a pa r t i cu l a r  r e f i nemen t  was chosen ,  t he  r esu l t i ng
deduc t i on  may be ve ry  d i f f e ren t .  On ly  i f  no th i ng  be t t e r  i s  known ,
does the sys tem behave  l i ke  a t r ad i t i ona l  t heo rem p rove r .

Completeness

The MKR-Procedu re  i s  i ncomp le te ,  ye t  even  wo rse  i t  i s

i ncons i s ten t  as i t  s t ands .  Th i s  i s  pa r t l y  so ,  because  the

imp lemen ta t i on  i s  no t  comp le ted  and pa r t l y  because  t he re  are open
theo re t i ca l  p rob lems  i n  the  connec t i on  g raph  p rocedu re  i t se l f , see

e .q .  [B I81 |  and [SM82 | .  Mos t  o f  the cases  caus ing
i n comp le teness  (excep t  pa ramodu la t i on )  howeve r  a re  i r r e l evan t  f o r

p rac t i ca l  examp les ;  qu i t e  on the  con t ra r y ,  f o r  some o f  t hem i t  i s
a ha rd  job  to  f i nd  an examp le  whe re  i t  i s  i n  f ac t  relevant.

I n  pa r t i cu l a r  t he re  a re  the  f o l l ow ing  cases :
— As a l l  r educ t i ons  are  pe r f o rmed  be fo re  f ac to r i za t i on ,  the  g raph

may co l l apse  a l t hough  the c l ause  se t  i s  unsa t i s f i ab le  ( i . e .  the
sys tem i s  i ncons i s ten t ) :
Examp le :  < ~P (a , x )  , ~P (x ,a )>

< P (a , x ) ,  P (x ,a )>

A l l  f ou r  R=1l inks are t au to l ogy  l i nks  and w i l l  be de le ted
caus ing  pu r i t y  de le t i on  of  both c l auses ,  a l t hough  the  f ac to r s
<P(a a)> and <NOT P(a  a ) )>  wou ld  a l l ow  fo r  a r e fu ta t i on ,

~ Tau to log ies  are de le ted  w i t hou t  any r es t r i c t i on ,  a l t hough  t h i s
i s  known to  be i ncons i s ten t ,  see [SM82].
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- Subsumed c l auses  and l i n ks  are  de le ted  w i t hou t  any r es t r i c t i on ,

wh i ch  can a l so  cause  i ncons i s tency ,  see [Sm82 |  [E181 | .

- Pa ramodu la t i on  and equa l i t y  r eason ing  i s  no t  f u l l y  imp lemen ted .
Espec ia l l y the mechan i sm to  gene ra te  on l y  t hose  P - l i nks  i n to

va r i ab les  wh i ch  a re  necessa ry  f o r  comp le teness  i s  no t  ye t
comp le ted .  Un res t r i c t ed  gene ra t i on  o f  P - l i nks  f r om each s i de  of

an equa t i on  i n to  each va r i ab le  wou ld  b low  up the g raph  w i t hou t

s i gn i f i can t l y  i nc reas ing  the  t o ta l  amoun t  o f  i n f o rma t i on .
Hence ,  P - l i nks  i n to  va r i ab les  are  no t  gene ra ted  so f a r .

These  de f i c i enc ies  may be t he  r eason  t ha t  a p roo f  ex i s t s ,  bu t
canno t  be f ound  by the sys tem,  Even wo rse ,  the g raph  may co l l apse
(usua l l y  i nd i ca t i ng  sa t i s f i ab i l i t y ) ,  a l t hough  the i n i t i a l  c l ause
se t  i s  unsa t i s f i ab le .

As more t heo re t i ca l  r esu l t s  abou t  c l ause  g raph  p rocedu res  become

known  [E I83 ] ,  we hope  t o  e l im ina te  a t  l eas t  t he  cases  caus ing

i n cons i s tency ,  whe reas  comp le teness  resu l t s ,  a l t hough  i n te res t i ng
as t hey  may be f r om a t heo re t i ca l  po in t  o f  v i ew ,  a re  o f  cou rse
less  impo r tan t  fo r  p rac t i ca l  purposes.

11



6 .2 .  OVERVIEW OF THE SYSTEM

The wo rk i ng  hypo thes i s  o f  the  MKRP p ro jec t  f i r s t  f o rmu la ted  in
an ea r l y  p roposa l  i n  1975 ,  r e f l ec t s  the t hen  dom ina t i ng  t hemes  of
a r t i f i c i a l  i n t e l l i gence  resea rch ,  name ly  t ha t  TPs have a t t a i ned  a
ce r t a i n  l eve l  o f  pe r f o rmance ,  wh i ch  w i l l  no t  be s i gn i f i can t l y

improved  by:
( i )  deve lop ing  more and more i n t r i ca te  re f i nemen ts  ( l i ke  un i t

p re fe rence ,  l i nea r  r eso lu t i on ,  TOSS, MTOSS, ...), whose
so le  pu rpose  i s  t o  r educe  the  sea rch  space ,  nor  by

( i i )  us i ng  d i f f e ren t  l og i cs  ( l i ke  na tu ra l  deduc t i on  logics,
sequence  l og i cs ,  ma t r i x  r educ t i on  me thods  e t c . )

a l t hough  t h i s  was the ma in  f ocus  of  t heo rem p rov ing  resea rch  i n
the pas t  and of cou rse  i t  1s not  en t i r e l y  w i t hou t  i t s  me r i t s
even t oday .

The re l a t i ve  weakness  of  cu r ren t  TP -sys tems  as compared  to  human

pe r fo rmance  i s  due to  a l a rge  ex ten t  to  t he i r  l ack  of  the r i ch

ma thema t i ca l  and ex t rama thema t i ca l  know ledge  t ha t  human
me thema t i c i ans  have :  i n  pa r t i cu l a r ,  know ledge  abou t  the sub jec t

and knowledge of how to f i nd  p roo fs  in  t ha t  subject.

To a l esse r ,  bu t  s t i l l  impo r tan t  ex ten t  the  r e l a t i ve  weakness  o f
cu r ren t  TP -sys tems  can be a t t r i bu ted  to  the i nsu f f i c i en t  emphas i s

wh i ch  i n  t he  pas t  has been  l a i d  on to  t he  so f twa re  eng inee r i ng
p rob lems  and - some t imes  even m ino r  - des ign  i s sues  t ha t  in  t he i r

comb ina t i on  accoun t  more  f o r  t he  s t r eng th  o f  a sys tem than  any

s ing le  r e f i nemen t  or  " l og i ca l  imp rovemen t " .

Hence  t he  ob jec t  o f  t he  MKRP-p ro jec t  i s  f i r s t l y  t o  ca re fu l l y
des ign  and deve lop  a TP sys tem compara t i ve  i n  s t r eng th  t o

t r ad i t i ona l  sys tems  and second l y  to  augmen t  t h i s  sys tem w i t h  the

app rop r i a te  know ledge  sou rces  and heu r i s t i c  me thods . As a test

case  and f o r  t he  f i na l  eva lua t i on  o f  t he  p ro j ec t s  success  o r

12



f a i l u re ,  t he  know ledge  o f  an a l geb ra i c  t r ea tmen t  o f  au toma ta

theo ry  sha l l  be made exp l i c i t  and i nco rpo ra ted  such  t ha t  the

t heo rems  of  a s t anda rd  t ex tbook  [DE71 ]  can be p roved
mechan i ca l l y . These p roo f s  a re  t o  be t r ans fo rmed  i n to  o rd i na ry

na tu ra l  l anguage  ma thema t i ca l  p roo f s ,  thus  gene ra t i ng  the f i r s t

s t anda rd  t ex tbook  en t i r e l y  w r i t t en  by a machine.

The MKRP system is  a l so  heav i l y  used as the deduc t i on  component
of  t he  p rog ram ve r i f i ca t i on  p ro j ec t ,  as desc r i bed  e l sewhe re  i n

t h i s  r epo r t .

A B i rd  s—eye View

Prov ing  a t heo rem has two d i s t i nc t  aspec t s :  the c rea t i ve  aspec t

o f  how to  f i nd  a p roo f ,  usua l l y  r ega rded  as a p rob lem o f

psycho logy ,  and  second l y  t he  l og i ca l  aspec t  as t o  wha t

cons t i t u t es  a p roo f  and how to  w r i t e  i t  down on a shee t  o f  paper,

usua l l y  r e fe r red  to  as p roo f  theory.

These  two  aspec t s  a re  i n  p rac t i ce  no t  as t o ta l l y  sepa ra ted  as
t h i s  s t a temen t  sugges t s  ( see  e.g. [ 5269  ] ) ,  howeve r  we f ound  i t

su f f i c i en t l y  impo r tan t  to  l e t  i t  dom ina te  the ove ra l l  des ign  of

the sys tem:

SUPERVISOR

| DATA

| BANKS

LOGIC’ MACHINE:

F igu re  1
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The SUPERVISOR,  cons i s t s  o f  seve ra l  i ndependen t  modu les  and has

t he  comp lex  t ask  o f  gene ra t i ng  an ove ra l l  p roposa l  ( o r  seve ra l

such )  as to  how the  g i ven  t heo rem may bes t  be p roved ,  i nvok ing
the necessa ry  know ledge  t ha t  may be he lp fu l  i n  the cou rse  of  the
sea rch  f o r  a p roo f  and f i na l l y  t r ans fo rm ing  bo th  p roposa l  and

know ledge  i n to  t echn i ca l  i n f o rma t i on  su f f i c i en t  t o  gu ide  the

LOGIC MACHINE t h rough  the sea rch  space.

The LOGIC MACHINE i s  a t  hea r t  a t r ad i t i ona l  t heo rem p rove r  based

on Kowalsk i ’s  connect ion graph proof procedure [K075],  augmented
by seve ra l  componen ts ,  wh i ch  se lec t  t he  mos t  app rop r i a te

deduc t i on  s teps  to  be ca r r i ed  out.

The DATA BANKS cons i s t  o f  the  f ac tua l  know ledge  o f  the  pa r t i cu l a r
ma thema t i ca l  f i e l d  unde r  i nves t i ga t i on ,  i . e .  t he  de f i n i t i ons ,

ax ioms ,  p rev ious l y  p roved t heo rems  and l emmata ,  augmen ted  as f a r

as poss ib l e  by l oca l  know ledge  abou t  t he i r  po ten t i a l  use,
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A v iew from a lesser A l t i tude

The d i ag ram o f  F i g .  2 r e f i nes  F ig .  1 i n  o rde r  to  ga in  a f ee l i ng

fo r  the  wo rk ing  o f  the  sys tem:

Markgrat Karl Theorem Proving System
Overall Structure

Correct Formulas in External Format and Control Info
Prefix Formulas in Internal Format and Control Info
Clauses and Control info
Proofs

Figure2

®
e

e
0

6
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The use r  commun ica tes  w i t h  t he  sys tem v ia  t he  INPUT and t he
OUTPUT INTERFACE,

The numerous  INPUT f ac i l i t i e s  essen t i a l l y  have  t he  f unc t i on  to
se t  the pa rame te rs  and op t i ons  gove rn ing  the l a t e r  behav iou r  o f
the sys tem,

Some o f  t he  i n t e rac t i ve  f ac i l i t i e s  o f  t h i s  l eve l  we re  on l y
des igned  fo r  the i n t e rmed ia te  s tages  of  deve lopmen t  and sha l l  be
taken  ove r  to  an i nc reas ing  deg ree  by the  SUPERVISOR as i t
deve lops ,  w i t h  t he  i n t en t i on  to  move t h i s  i n t e r f ace  w i t h  t he  use r

a l t oge the r  to  the  ou t s i de  and to  make the SUPERVISOR take  most  o f
the low l eve l  dec i s i ons .  Two se t s  o f  i n s t r uc t i ons  howeve r  are  to
s tay :  the  Ed i t o r  i s  used  t o  se t  up (and  to  r ead )  t he  DATA BANKS
in  a way eas i l y  i n t e l l i g i b l e  f o r  t he  use r .  I t  a l so  pe r f o rms  a

syn tac t i ca l  and seman t i ca l  ana l ys i s  of the DATA BANK, which is  of
cons ide rab le  p rac t i ca l  impo r tance  i n  v i ew  o f  t he  f ac t  t ha t  i t

even tau l l y  con ta i ns  a who le  s t anda rd  ma thema t i ca l  t ex tbook .

The second  se t  p rov ides  the use r  w i t h  seve ra l  op t i ons  to  exp ress
con t ro l  i n f o rma t i on  to  i n f l uence  the  l a t e r  sea rch  f o r  a proof.

The OUTPUT INTERFACE p rov ides  f ac i l i t i e s  f o r  t r ac i ng  t he
behav iou r  o f  the  sys tem at  d i f f e ren t  deg rees  o f  abs t rac t i on  us ing
the ava i l ab le  P ro toco l  Op t i ons .  The Proo f  T rans fo rma t i on  modu les

are cu r ren t l y  unde r  deve lopmen t  and t r ans fo rm  a r eso lu t i on  s t y l e

p roo f  i n t o  a na tu ra l  deduc t i on  p roo f  and i n  a second  s tage
t rans la te  t h i s  na tu ra l  deduc t i on  p roo f  i n t o  a p roo f  s t a ted  i n
na tu ra l  language.

The PROBLEM SUPPLIERS are the i n t e rna l  i n t e r f ace  to  the sys tem,

wh i ch  e i t he r  comp i l e  the  t heo rems  of  the use r  o r  f eed  the ou tpu t
o f  a ve r i f i ca t i on  cond i t i on  gene ra to r  i n t o  t he  MKR-procedure .
O the r  dev i ces  (e .g .  we p l an  t o  p rove  ce r t a i n  ha rdware
con f i gu ra t i ons  and f l ow  d i ag rams  of  a f ac to r y  to  be co r rec t )  may
be p l ugged  i n to  the sys tem a t  t h i s  po in t  o f  en t r y .
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Depend ing  on the k i nd  of  the f o rmu las  the  sys tem may dec ide  t ha t

the t heo rem i s  bes t  be proved by s t r uc tu ra l  i nduc t i on ,  i n  wh i ch

case the INDUCTION MODULE takes  over  con t ro l .  Th i s  modu le ,  wh i ch

i s  no t  ye t  f u l l y  deve loped ,  uses the  MKR-Procedu re  i n  o rde r  t o

p rove  the  base  cases  as we l l  as the  ac tua l  i nduc t i on  s tep  and

hence  whe the r  o r  no t  t he  t heo rem i s  t o  p roved  by i nduc t i on ,  the

i n fo rma t i on  i n  (b) i s  now handed  over  to  the  two ma in  componen ts

o f  the  SUPERVISOR,  the  DOMAIN SPECIF IC  PREPROCESSORS and the  META

REASONING components,

The PREPROCESSORS are  doma in  spec i f i c  expe r t s  t ha t  are  ca l l ed  f o r

va r i ous  t asks  depend ing  on the  k i nd  o f  i npu t  f o rmu la .

The  PREPROVER,  one  o f  t hese  expe r t s ,  cons i s t s  o f  f as t  spec ia l

pu rpose  t heo rem p rov ing  t echn iques  ( l i ke  e.g. t he  Ne l son -Oppen

t echn ique  [NO77 ] )  and e l abo ra ted  s imp l i f i ca t i on  me thods  ( l i ke
e.g. an eva lua t i on  o f  a r i t hme t i c  t e rms  and the  s imp l i f i ca t i on

techn iques  o f  t he  K ing  s imp l i f i e r  [K169 ] ) ,  wh i ch  a re  used  t o

advan tage  f o r  h i gh l y  r edundan t  or  ve ry  spec ia l  i npu t  f o rmu las  as

fo r  examp le  i n  p rogram ve r i f i ca t i on  t asks  (see 6.3.12).

A second  p rep rocesso r  t r i es  t o  dea l  w i t h  t he  p rob lem tha t  the

MKRP sys tem has ma in l y  been  des igned  fo r  t he  r e fu ta t i on  o f

compara t i ve l y  sma l l  se t s  o f  f o rmu las  ( say  f i f t y  c l auses )

requ i r i ng  howeve r  deep  deduc t i ons  ( say  p roo f s  o f  up to  two

hund red  s teps ) .  A l t hough  such  a s i t ua t i on  i s  gene ra l l y  the  case

in  ma thema t i cs ,  f o r  ce r t a i n  app l i ca t i ons  l i ke  p rov ing

ve r i f i ca t i on  cond i t i ons  j us t  the oppos i t e  i s  the case .  There  are

i n  gene ra l  r a the r  l a rge  se t s  of  f o rmu las  to  be r e fu ted  requ i r i ng

re la t i ve l y  few deduc t i on  s teps .  I n  such  c i r cums tances  the

SPL ITT ING a l l ows  to  sp l i t  t he  i n i t i a l  g raph  i n to  a se t  o f

subg raphs  such t ha t  i f  each of t hese  ( some t imes  many hund reds )
subg raphs  has been re fu ted  so i s  the  o r i g i na l  g raph .

Ano the r  p rep rocesso r ,  wh i ch  i s  s t anda rd  i n  every  ATP sys tem based

on reso lu t i on ,  i s  conce rned  w i t h  the  syn tax  of  the i npu t  f o rmu las
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and  t r ans la tes  t hese  i n to  c l ausa l  f o rm .  The e l im ina t i on  o f

equ i va lence  and imp l i ca t i on  s i gns  i s  a l so  op t im i zed  [EW83 ] .

F i na l l y  the r esu l t i ng  c l ause  se t  i s  aga in  s imp l i f i ed  as much as
poss ib l e  ( see  6.4.1.1)  and t he  c l ause  g raph  i s  cons t ruc ted  and

aga in  s imp l i f i ed .

These  doma in  spec i f i c  p rep rocesso rs  a re  a ma in  f ocus  o f  ou r

cu r ren t  deve lopmen ts  and add i t i ona l  t echn iques  w i l l  be

imp lemen ted :  f o r  example  a more e l abo ra ted  de f i n i t i on  expans ion

expe r t ,  an expe r t  to  t r ans fo rm  spec ia l  f o rmu las  au toma t i c l l y  i n t o

a t t r i bu tes  and so on .

The META REASONING components  are the second  ma jo r  f ocus  of  our

cu r ren t  deve lopmen ts ,  wh i ch  howeve r  are  no t  s t ab le  enough  ye t  to

be i nc l uded  i n to  t h i s  r epo r t .  The ma in  job  o f  t hese  componen ts  i s

t o  " t ay l o r "  t he  i npu t  f o rmu la  i n to  a more  app rop r i a te  f o rma t

fo r  t he  LOGIC MACHINE.  Fo r  examp le  t he  se t  o f  c l auses  can be

re fo rmu la ted  by an ex tens i ve  use of  the  so r t ed  l og i c :  i ns tead  o f

exp ress ing  ce r t a i n  f ac t s  a t  t he  c l ause  l eve l ,  t hey  can be coded

to advan tage  i n to  the so r t  r e l a t i onsh ips .  A l so  equa l i t i e s  may be

be t t e r  coded  i n to  t he  un i f i ca t i on  a l go r i t hms ,  c l auses  w i t h  two

l i t e ra l s  are o f t en  be t t e r  used as l i t e ra l  r ewr i t i ng  ru l es  and so

on.  F i na l l y  the  t r ans fo rma t i on  o f  t he  o r i g i na l  f o rmu las  on the
bas i s  o f  t he i r  unde r l y i ng  mean ing  as we l l  as t he  ac t i va t i on  o f

add i t i ona l  know ledge  (de f i n i t i ons ,  l emmata  and t heo rems)  t ha t  may

be use fu l  i n  t he  sea rch  f o r  a p roo f  i s  t o  be ca r r i ed  ou t  by

these  components.

At t h i s  po in t ,  i nd i ca ted  by the  l i ne _.  . i n  F i g .  2, the
SUPERVISOR has essen t i a l l y  f i n i shed  i t s  t ask  and gene ra ted  a se t

of  c l auses  and con t ro l  i n f o rma t i on  hope fu l l y  app rop r i a te  fo r  the

task  a t  hand :  t h i s  i n f o rma t i on  can be v i ewed  as a p roposa l ,  wh i ch

i s  now handed  ove r  t o  t he  LOGIC  MACHINE,  t he  ac tua l  deduc t i on

componen t  o f  the MKRP sys tem,
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Up to  t h i s  po in t  t he  dec i s i ons  and ac t i v i t i e s  o f  the SUPERVISOR

are  t o  some ex ten t  based  on t he  mean ing  o f  t he  t heo ry  unde r

i nves t i ga t i on  and on know ledge  abou t  p roo f s  i n  t h i s  t heo ry  (1)

and i t s  top goa l  may be f o rmu la ted  as: to  be he lp fu l  i n  f i nd ing  a
p roo f  by gene ra t i ng  an app rop r i a te  c l ause  se t  and app rop r i a te

con t ro l  i n f o rma t i on ,  Once i t  has done so, the topgoa l  becomes "to
de r i ve  a con t rad i c t i on  ( t he  empty c l ause )  and t h i s  goa l  imp l i es

tha t  d i f f e ren t  k i nds  o f  i n f o rma t i on  are now use fu l :  the  o r i g i na l

i n f o rma t i on  based on the seman t i cs  (wh i ch i s  by now coded i n to
va r i ous  pa rame te rs ,  p r i o r i t y  va lues  and ac t i va t i on  modu les )  and

in  add i t i on  i n fo rma t i on  based on the syn tax  of  the f o rmu la  under

i nves t i ga t i on  as we l l  as s t anda rd  theo rem p rov ing  techniques,

The ach ievemen t  o f  t h i s  second  goa l  i s  t he  t ask  o f  t he  LOGIC

MACHINE and hence  i t  mos t  c l ose l y  co r responds  to  a t r ad i t i ona l

theorem p rove r .  But  i t s  ac tua l  ope ra t i on  i s  aga in  ve ry  d i f f e ren t

f rom a t r ad i t i ona l  sys tem:  s i nce  a t r ad i t i ona l  r e f i nemen t  does
no t  spec i f y  wh i ch  l i t e ra l  t o  r eso l ve  upon  nex t ,  a c l ass i ca l

r eso lu t i on  based  t heo rem prover  i s  no t  qu ided  towards  t h i s  goa l

i n  a s tep  by s tep  f ash ion .  For  examp le  l i nea r  r eso lu t i on  reduces
the sea rch  space  as compared to  b i na ry  r eso lu t i on ,  bu t  w i t h i n  the
rema in ing  space  the sea rch  i s  as b l i nd  as ever,

( i )  The p roo f  t echn iques  o f  human ma thema t i c i ans  deve loped  fo r

spec ia l  p rob lems  i n  pa r t i cu l a r  ma thema t i ca l  f i e l ds  a re
some t imes  use fu l l y  known  by a mach ine  t oo ,  bu t  more o f t en
spec ia l l y  deve loped  mach ine  o r i en ted  t echn iques  are more
advan tageous :  as i t  so happend evo lu t i on  d id  no t  p rov ide

us w i t h  a power fu l  deduc t i on  component  bu i l t - i n  and hence
a human ma thema t i c i an  can no t  r e l y  on t h i s  use fu l  dev i ce
and i s  f o r ced  to  deve lop  ra the r  d i f f e ren t  heu r i s t i c s  and

techn iques  f o r  h imse l f .
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The LOGIC MACHINE cons i s t s  o f  two  ma in  componen ts :  t he  Log i c
Eng ine ,  wh i ch  i s  an ex tended  c l ause  g raph  t heo rem p rove r  based  to

a l a rge  ex ten t  on Kowa l sk i ” s  connec t i on  g raph  ca l cu lus  [K075| and

t he  Se lec t i on  Modu le .

Once the  i n i t i a l  connec t i on  g raphs  a re  se t  up ,  t he  sea rch  f o r  a
p roo f  commences by the se lec t i on  o f  the nex t  "mos t  app rop r i a te ”

deduc t i on  s tep .  Th i s  se lec t i on  p rocess ,  wh i ch  cons t i t u t es  the
"heu r i s t i c  i n t e l l i gence "  o f  the  MKR-Procedu re  t u rns  the ‘ i n i t i a l

r ep resen ta t i on  o f  c l auses  ( t he  connec t i on  g raph )  i n t o  a p roo f
p rocedu re  (based  on connec t i on  g raphs )  as i t  de f i nes  a pa r t i cu l a r
se lec t i on  f unc t i on  mapp ing  g raphs  to  l i n ks .  Th i s  se lec t i on

func t i on  i s  s i t ua ted  i n  the Se lec t i on  Modu le  and i s  imp lemen ted

as a p roduc t i on  sys tem [OH82 | :  each "p roduc t i on " ,  wh i ch  i s  ca l l ed

an ope ra t i on  b l ock ,  cons i s t s  o f  an ac t i va t i on  cond i t i on ,  an

upda te  f unc t i on  and  an execu ted  f unc t i on .  The  cu r ren t l y

imp lemen ted  ope ra t i on  b l ocks  a re  summar i zed  i n  F i g .  3 and a re

desc r i bed  i n  Sec .  6 .4 .

LOGIC MACHINE

| Factoring | j Reffexivities c rag e rm

Term.
- Rewriting.

Roles

Terminator Literal:
— Roles

Equality Deduction.
Reasoning: ..Roles " -

CProgceduat.| foo Lo  Fo 1 FFConditionat:|. Attachment | feductions”| [Refinements| |Rewriting:
F ig .3

Each of  t hese  ope ra t i on  b locks  co r responds  to  a pa r t i cu l a r  t ask ,
wh i ch  i s  usua l l y  to  ca r r y  ou t  a sequence  of  spec ia l  deduc t i on  or
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r educ t i on  s teps .  Once the  ac t i va t i on  cond i t i on  t ha t  desc r i bes
ce r ta i n  g raph  con f i gu ra t i ons ,  becomes  t r ue  t h i s  t ask  i s  execu ted
and the l oca l  memory  of  the ope ra t i on  b l ock  i s  upda ted ,  I n  o the r
wo rds  the f l ow  o f  con t ro l  - and hence the sequence  of  deduc t i on
and reduc t i on  s teps ac tua l l y  ca r r i ed  out - is  data d r i ven  by the
cu r ren t  s t a te  o f  t he  c l ause  g raph  and no t  p rep rog rammed .  I t
shou ld  no t  be necessa ry  t o  say  t ha t  t he  comp lex  i n te rp l ay  o f
these ope ra t i on  b l ocks ,  which “ sugges t ”  which step to take nex t ,
p reven ts  o f  cou rse  the ove ra l l  deduc t i on  f rom be ing  s tanda rd  and
the r espec t i ve  comp le teness  resu l t s  do no t  necessa r i l y  ho ld .

To summar i ze ,  f i ve  d i f f e ren t  l eve l s  may be d i s t i ngu i shed  w i t h i n
the MKRP sys tem:

N _— ee = pd

Leve l  Corresponding Objec ts  Operat ions upon
MKRP these Ob jec t s
Component

ONE PROBLEM Formulas of  the Syn tac t i ca l  ana lys is
SUPPLIERS INPUT language Semant i ca l  checks

Syntax t r ans fo r -
mat ions

TWO PREPROCESSORS Wel l fo rmed formulas  [Natural deduc t i on .
of the  sorted Sp l i t t i ng .
ca l cu lus .  Rewr i t i ng
At t r ibu tes  o f  Spec ia l  Dec i s i on

; Method
N redt  care RC S imp l i f i ca t i on

Eva lua t ion  o f  terms

THREE LOGIC MACHINE C lause  graphs Graphopera t ions ,
l i ke  Reso lu t i on ,
Reduc t i on ,
De le t i on ,  Pa ra -
modu la t i on ,
Rewr i t i ng ,
Symbolic Eva lua t ion ,
e t c .

FOUR META Graphoperat ions Transformat ion of
REASONING ; predicates in tc

‘ so r t  r e l a t i onsh ips .
Transformat ion  of
c lauses  i n to
deduc t ion  ru l es .
Def in i t ion
Expans ion

FIVE PROOF Proofs  Transformat ion  of
TRANSFORMERS proofs

Reso lu t ionproo f  +
Mat ing
proof + Gentzenproof
+ Natura l  Language

F igu re  4:
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Per formance S ta t i s t i c s

To ga in  a f ee l i ng  for  the imp rovemen t  ach ieved  up to  now, F i g .  5
g i ves  a samp le  o f  some t es t  r uns .  I n  o rde r  t o  avo id  one o f  t he
p i t f a l l s  o f  s t a t i s t i ca l  da ta ,  wh i ch i s  t o  show the  imp rovemen t
ach ieved  on ce r t a i n  examp les  and no t  show ing  the  de te r i o ra t i on  on
o the rs ,  t he  sys tem has been  t es ted  on a lmos t  a l l  o f  t he  ma in
examples quoted in  the ATP l i t e ra tu re :  [WM76|,  [RRYKU82 | .Of a l l
examp les  t es ted  t hus  f a r ,  t he  examp les  o f  F i g .  5 a re

rep resen ta t i ve , They are t aken  f r om the  ex tens i ve ,  compara t i ve
s tudy  unde r taken  a t  t he  Un i ve rs i t y  o f  Ma ry l and  [WM76 ] | ,  whe re
e igh t  d i f f e ren t  p roo f  p rocedu res  we re  t es ted  and s ta t i s t i ca l l y

eva lua ted  on a t o ta l  of 152 examples ,  
|

ems  i r e i n  a r  ee  Bas  
m

soryland Re: I $ OY 
N 

ı

| NOC-P NOC -G G-P N I -P  GC GP |

| SD EN SR | 
_ a

es  vg l i ]  62 (243) | 0 ,306  (0 ,019 )  5 ; |

hows ox vo 20 ]  63 (2565)! 0 ,302  (0,708)  5 16 0,5

Vez  21 3051 89 (221)  0 ,236  (0 ,9 )  12 r i  0 ,  144

vs 3 7 (Til 17 43154) 1 0 ,412  0,0435}  3 3 ]

Fs  13 (1731231  40244) 1 0 ,054  (0 ,0425  a 10 0,2 _

! 5 no 12  12:1 210  AO)  0 ,057  0 ,013 )  SS Qe Dave )

ho  59 1a ]  a8 ( 1m | 0 ,204  0 ,011  4 7 0 ,571

ho  12 01231282 (624)  | 0 , 048  (0 ,010  7 12 0 ,%:3

l g  14 (1431335  (1521 )  [ 0 ,042  (6 ,009 )  5 2 9 ,729

I I  17 (17)| 48 (220)  | 0 ,354  (0 ,012 )  11 58 0 ,159

!-  5 .008 v3 (13)| 20 (227)  | 0 ,65  ( 0 ,08 )  7 11 5 ,716

b t  21 36  0 ,058  12 Yo) 0 ,3
) r=  - Soa r  SE 

=

NOC-P = Wache r  o f  C lauses  i n  t he  F roo f  NACoP

NTC-G = Nabe r  of C lauses 35 !  rated GP = "or  -G

GP = G-Pene  rance  i LL  Co

The t ab le  i s  to  be unde rs tood  as f o l l ows :  the f i r s t  co lumn  g i ves

the name of the set  of ax i oms  in  [WM76 ] ,  e .g .  LS-35 in  l i ne  9.
The nex t  t h ree  co lumns  quo te  the f i nd ings  of  [WM76 | ,  where the
f i gu re  i n  b racke t s  g i ves  the va lue  f o r  the  wo rs t  p roo f  p rocedu re
among the e i gh t  t es ted  p rocedu res  and the o the r  f i gu re  g i ves  the
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va lue  f o r  t he  p roo f  p rocedu re  t ha t  pe r f o rmed  bes t .  The f i na l

t h ree  co lumns  g i ve  the co r respond ing  va lues  f o r  the Ma rkg ra f  Ka r l

P rocedu re ,  Fo r  examp le ,  i n  o rde r  t o  p rove  the  ax i om se t  LS -35

( l i ne  9) the best  proof  p rocedure  of [WMG76| had to gene ra te  335
c lauses  i n  o rde r  t o  f i nd  t he  p roo f ,  wh i ch  cons i s ted  o f  14

c l auses ,  and t he  wo rs t  p roo f  p rocedu re  had to  gene ra te  1 .521

c lauses  i n  o rde r  t o  f i nd  t ha t  p roo f .  I n  con t ras t  ou r  sys tem

gene ra ted  on l y 9 clauses i n  o rde r  t o  f i nd  an even  sho r te r  p roo f

(o f  8 c l auses ) . As t hese  f i gu res  are t yp i ca l  and ho ld  un i f o rm ly

f o r  a l l  cases ,  t hey  a re  t he  s ta t i s t i ca l  exp ress ion  and

j u s t i f i ca t i on  f o r  t he  f i r s t  two  c l a ims  pu t  f o rwa rd  i n  the

i n t r oduc t i on .

The po ten t i a l  exp los i on  of  the number  o f  l i n ks  i s  the bo t t l eneck

o f  t he  connec t i on  g raph  p roo f  p rocedu re :  t he  f o l l ow ing

“cha l l enge ”  p roposed  by P. And rews ,  Ca rneg ie  Me l l on  a t  the  1979

deduc t i on  Workshop ,  p rov ides  a po in t  o f  demons t ra t i on :

[ ( 3x  ¥y  Px =Py )  = ( ( I x  Ox)  = ( ¥y  Py ) ) ]

= [ ( I x  ¥y  0x  = Qy) = ( ( I x  Px)  = ( ¥y  Qy ) ) ]

A s t ra i gh t f o rwa rd  t r ans la t i on  of  t h i s  f o rmu la  i n to  c l ausa l  no rma l

form wou ld  r esu l t  i n  up to  16 000 c l auses  (wo rs t  case ) .  Us ing  an

improved  t r ans la t i on  a l go r i t hm the g roup  a t  A rgonne  Na t i ona l  Lab

t rans fo rmed  i t  i n t o  a c l ausese t  o f  86 c l auses  w i t h  e i gh t  l i t e ra l s

each  and deduced  1052  c l auses  i n  o rde r  t o  f i nd  a p roo f  [S IG76| .

[s1G80].

The MKR-Procedu re  a l so  uses an op t im i zed  t r ans la t i on  a l go r i t hm,

wh i ch  gene ra ted  128 c l auses  o f  e i gh t  l i t e ra l s  each .  But  t h i s  wou ld

resu l t  i n  an i n i t i a l  g raph  w i t h  more  t han  100 000 l i n ks  and

seve ra l  t housand  l i nks  wou ld  be added  t o  t he  g raph  w i t h  each

reso lu t i on  s tep .  I f  a l l  t hese  l i nks  we re  dec lea red  "ac t i ve "  the

compu ta t i on  o f  the  se lec t i on  f unc t i ons  wou ld  become in to le rab ly

expens i ve .

I n  ac tua l  f ac t  the above f o rmu la  i s  sp l i t  and reduced  i n to  e i gh t
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pa r t s  of e i gh t  c l auses  each ,  where each c l ause  has at  most two
l i t e ra l s .  The i n i t i a l  e i gh t  g raphs  resu l t i ng  f r om each sp l i t  pa r t
neve r  exceed  100 l i n ks  and the sys tem on l y  deduced  a t o ta l  of  58
c lauses  be fo re  i t  eas i l y  f ound  a p roo f .  The G -pene t rance  va r i ed
f rom 0.8 t o  1.0 du r i ng  the e i gh t  runs.

The s t i pu la ted  ac t i ve  and goa l  d i r ec ted  behav io r  o f  t he  MKRP-

sys tem,  wh i ch  f i nds  i t s  s t a t i s t i ca l  exp ress ion  i n  the ve ry  h i gh

G-pene t rance ,  even ho lds  f o r  hard  and ex t reme ly  d i f f i cu l t
t heo rems  ( j udged  by t he  s tanda rds  o f  p resen t  day  t heo rem p rov ing

sys tems) .  For examp le  an open p rob lem of  modu la r  l a t t i ce  t heo ry ,
wh ich  was f i r s t  so l ved  w i t h  the a id  of  a compu te r  [GR69 ] ,  has
become we l l  known in  the ATP l i t e ra tu re  under  the name of SAMs
Lemma. The on l y  sys tem,  so f a r  capab le  of f u l l y  au toma t i ca l l y
f i nd i ng  a p roo f  f o r  t h i s  t heo rem,  i s  t ha t  a t  A rgonne  Na t i ona l  Lab

[ MOW76| .

A p ro toco l  and desc r i p t i on  of  how the MKRP-sys tem found  a p roo f

a l so ,  i s  p resen ted  i n  Sec. 6.7 and the  s ta t i s t i c s  t he re  show the

same h i gh t  G-penetrance.

F ina l l y  i n  [{OW83] t he  p roo f  f ound  by t he  MKRP-sys tem o f  a ve ry

d i f f i cu l t  and un t i l  r ecen t l y  open  p rob lem taken  f r om re l evance

log i cs  i s  p resen ted ,  wh i ch  up to  now none o f  the  s t r ong  Amer i can

sys tems  cou ld  solve,

I n  [MOW76| some o f  t he  mos t  d i f f i cu l t  t heo rems  so f a r  p roved  by a

TP sys tem a re  p resen ted  and we have  t es ted  t he i r  examp les  a l so .

Compar i son  w i t h  t he i r  r epo r ted  resu l t s ,  shows  t ha t  i f  t he  MKRP

sys tem f i nds  a p roo f  i t  i s  supe r i o r  t o  t he  same deg ree  as

repo r ted  i n  F i g . 5 above ,

Howeve r ,  t he re  are s t i l l  seve ra l  d i f f i cu l t  examp les  repo r ted  i n

[MOW76| wh i ch  we can  no t  p rove  a t  p resen t .  The s t r eng th  o f  t he

sys tem [MOW76] de r i ves  ma in l y  f rom a success fu l  t echn ique  to
hand le  equa l i t y  ax i oms  and a lmos t  a l l  t he  examp les  quo ted  i n
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[MOW76| r e l y  on t h i s  t echn ique ,  Fo r  t ha t  r eason ,  as l ong  as the

equa l i t y  r eason ing  modu les  of  the MKRP-sys tem are not  f u l l y

deve loped ,  t he re  i s  no f a i r  compar i son  w i t h  r espec t  t o  t hese

examp les .

F ina l l y  among t he  ve ry  l a rge  sys tems  wh i ch  p resen t l y  dom ina te

theo rem p rov ing  resea rch  i s  the sys tem deve loped  by R. Boye r  and

J .  S. Moo re  a t  SRI  [BM78|. The i r  sys tem re l i es  on power fu l

i nduc t i on  t echn iques  and a l t hough  most  o f  the examp les  quo ted  i n

[BM78| cou ld  be p roved  by the  MKRP-sys tem a t  p resen t ,  a

j u s t i f i ab l e  compar i son  i s  on l y  poss ib l e  once  ou r  i nduc t i on

modu les  are  comp le ted .

Kinship to  other Deduction Systems

The adven t  of PLANNER [HE72|  marked  an impo r tan t  po in t  in  the

h i s to r y  o f  au toma t i c  t heo rem p rov ing  resea rch  [AH72|, and

a l t hough  none  o f  t he  t echn iques  p roposed  t he re  a re  ac tua l l y

p resen t  i n  t he  MKRP sys tem i t  i s  none t he  l ess  the  p roduc t  o f  t he

sh i f t  of the r esea rch  pa rad igm,  of wh i ch  PLANNER was an ea r l y
ha l lma rk .

More i n f l uen t i a l  and d i r ec t l y  r e l evan t  i s  the  work  of  W. B ledsoe ,

Un ive rs i t y  of  Texas  [BT75], [BB75], [BBH72|,  [BL71], [BL77].
Howeve r ,  i n  con t ras t  t o  [BT75 ] | ,  we t r i ed  t o  sepa ra te  as much as

poss ib l e  the l og i c  w i t h i n  wh i ch  the p roo fs  are ca r r i ed  ou t  f r om

the  heu r i s t i c s  wh i ch  a re  he lp fu l  i n  f i nd i ng  the  proof.

The s t r onges t  ( r eso lu t i on  based )  sys tem up to  now has been  t ha t

of  LL. Wos and co l l eagues  , Argonne Na t i ona l  Lab and most  o f  t he i r

t echn iques ,  l i ke  demodu la t i on ,  heu r i s t i c  we igh t i ng  o f  terms,

pa ramodu la t i on  and o the rs  have been adap ted  fo r  the MKRP-sys tem

a l so .  A l t hough  both sys tems  are r a the r  d i f f e ren t  i n  p r i nc i p l e  a t

p resen t  t hey  va ry  l i t t l e  i n  s t r eng th .

The s ta r t i ng  po in t  f o r  t he  I nduc t i on  Modu les  was t he  t heo rem

p rove r  of Boyer  and Moore [BM78|.  The main d i f f e rence  be tween
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t he i r  s ys tem and the  MKR-Procedu re  i s  t he  use o f  a ( s l i gh t l y )

d i f f e ren t  l og i c  and the use of  d i f f e ren t  t heo rem p rove rs  f o r  the

ac tua l  p roo f s  o f  t he  base  cases  and the  i nduc t i on  s teps :  whe ras

Boyer  and Moore use a compera t i ve l y  weak bu t  spec ia l l y  t a i l o red

pos i t i ve  p rove r ,  t he  MKRP sys tem uses  t he  r eso lu t i on  ( i . e .

r e fu ta t i on )  componen ts  o f  the Log i c  Mach ine .

26



6 .3 .  METHODS_AND_TECHNIQUES

"As a r u l e , "  sa id  Ho lmes , " t he  more b i za r re  a t h i ng

i s ,  t he  l ess  mys te r i ous  i t  p roves  to  be.  I t  i s

you r  commonp lace ,  f ea tu re l ess  cases  wh i ch  a re

r ea l l y  puzz l i ng . "
A.C .  Doy le ,  The Red-Headed League

6 .3 .1 . A many  So r ted  Ca l cu lus  based  on  Reso lu t i on  and

Paramodu la t i on

The MKR-Procedu re  i s  based  on a so r t ed  ve rs i on  o f  t he  f i r s t  o rde r

p red i ca te  ca l cu lus .  For  examp le  fo rmu las  l i ke

( i )  ¥x :S .  P(x)  and 3Ix:S. P(x)
are t rea ted  formal ly  as abb rev ia t i ons  fo r

( i i )  ¥x .  S (x ) + P (x )  and I x .  S (x )  EHE P (x ) .

Wel l  so r ted  f o rmu las  are  f r equen t l y  used i n  ma thema t i cs ,  because

they p rov ide  a conven ien t  sho r thand  no ta t i on  for  o rd i na ry  f i r s t -
o rde r  f o rmu las .  Bu t  so r t s  a l so  i n f l uence  the  deduc t i ons  f r om a

g i ven  se t  o f  we l l  so r t ed  f o rmu las .  For  i ns tance ,  i f  P i s  a

p red i ca te  on l y  de f i ned  on t he  so r t  Z o f  i n t ege rs ,  we w i l l  neve r

pe r fo rm  a deduc t i on  l i ke  ¥x :Z .  P (x )  |= P (V /2 ) .  P roo f s  are
s imp l i f i ed ,  because  a many -so r t ed  ca l cu lus  i s  more adap ted  to  a

many -so r ted  theory  and hence  no t  su rp r i s i ng l y  deduc t i ons  wh i ch

respec t  so r t s  as we l l  as t he  usage  o f  we l l  so r t ed  f o rmu las

r e f l ec t  the eve ryday  usage of p red i ca te  l og i c ,

A many-sor ted  (meh rso r t i g )  ca l cu lus  can be deve loped  f rom a g i ven

( sound  and comp le te )  f i r s t - o rde r  one -so r t ed  (e i nso r t i g )  ca l cu lus

as f o l l ows :  Assume the re  i s  a set  of  so r t  s ymbo l s  $, o rde red  by a
g i ven  subso r t  o rde r  <g and va r i ab le  and f unc t i on  symbo l s  a re

assoc ia ted  w i t h  ce r t a i n  so r t  s ymbo l s .  The so r t  of a t e rm  {t},
wh ich  i s  d i f f e ren t  f rom a va r i ab le ,  i s  then  de te rm ined  by the
so r t  o f  i t s  ou te rmos t  f unc t i on  symbo l .  Now i n  the cons t ruc t i on  of

we l l  so r ted  ( so r t en rech t )  f o rmu las  for each a rgumen t  pos i t i on  of
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a f unc t i on  o r  p red i ca te  symbo l  on l y  we l l  so r t ed  t e rms  o f  a
ce r ta i n  doma inso r t  o r  o f  subso r t  o f  t h i s  doma inso r t  a re  allowed.

The i n fe rence  ru l es  o f  the  many-sor ted ca l cu lus  a re  the  i n f e rence
ru les  o f  t he  g i ven  ca l cu lus ,  bu t  w i t h  t he  r es t r i c t i on  t ha t  on l y
we l l  so r t ed  f o rmu las  may be deduced .  S ta r t i ng  w i t h  we l l  so r t ed

f o rmu las  t h i s  gua ran tees  t ha t  on l y  we l l  so r t ed  f o rmu las  are
de r i ved  i n  a deduc t i on .  Now let|+ ¢ deno te  t ha t  ¢ i s  a t heo rem
of  the  many -so r t ed  ca l cu lus  and l e t  AX a $ i nd i ca te  t ha t  t he re
i s  a deduc t i on  of  ¢ f rom the ax ioms  AX. Fu r t he r  l e t  us assume
that  there is  a no t i on  o f  t r u th  for  we l l  sor ted f o rmu las  and l e t
H—¢ deno te  t he  va l i d i t y  o f  t he  we l l  so r t ed  f o rmu la  ¢ and
l e t  AX ky ¢ deno te  the seman t i c  imp l i ca t i on .  Obv ious l y  we are
on l y  i n t e res ted  i n  a many -so r t ed  ca l cu lus  wh i ch  i s  sound  and
comp le te ,  i . e .  we a l l ow  on l y  de f i n i t i ons  o f  |3 and  ky wh i ch
gua ran tee

(1 ) Hy © i f f  I so ,  for  each we l l  sor ted formula  ¢ .

Assume our  de f i n i t i ons  sa t i s f y  (1 ) :  wh i ch  f o rmu las  do we expec t

as t heo rems  o f  t he  many -so r t ed  ca l cu lus  compared  to  i t s  one -

so r t ed  coun te rpa r t ?  Fo r  a compar i son ,  we l e t  t he  r e l a t i ons

be tween  the f unc t i on  symbo ls  and the so r t  symbols  as we l l  as the
subso r t  o rde r  be r ep resen ted  by t he  se t  A l  o f  so r t  ax i oms
(So r tenax iome) .  Fo r  a we l l  so r t ed  f o rmu la  % as e.g. ( i )  above,
the r e l a t i v i za t i on  + (So r tenbesch ränkung ,  Re la t i v i e rung )  o f  ¢ i s

t he  unabb rev ia ted  ve rs i on  o f  9 e .g .  ( i i )  above ,  whe re  so r t

symbo l s  are used as unary  p red i ca te  symbo ls  to  exp ress  the so r t

o f  a va r i ab le ,  Now we can s ta te  wha t  k i nd  o f  t heo rems  we expec t

i n  a many -so r t ed  ca l cu lus :  The de f i n i t i ons  o f  fy  and ı5  shou ld

ensu re

( i )  Hr 9 i f f  AZ ¢ and

(2)

( i i )  5 & i f f  al H5,  for  each we l l  so r ted  f o rmu la  9.
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Cond i t i on  (2) i s  ca l l ed  the  Sor t -Theorem (So r tensa t z ) ,  2 ( i )  i s

i t s  mode l t heo re t i c  pa r t  and 2 ( i i )  i t s  p roo f t heo re t i c  pa r t .

The So r t -Theo rem a l so  shows the advan tages  of  us i ng  a many-
sor ted  ca l cu lus :  sho r te r  deduc t i ons  w i t h  sma l l e r  f o rmu las  f rom a

sma l l e r  set of hypotheses are ob ta i ned ,  when prov ing  fy ¢

i ns tead of AY | - o .

The reason  i s  t ha t  deduc t i ons  about  so r t r e l a t i onsh ips ,  wh i ch  are

per fo rmed exp l i c i t l y  i n  the one-sor ted  ca l cu lus ,  are  bu i l t  i n t o

the i n f e rence  mechan i sm i n  the many-sor ted  ca l cu lus .

The connec t i on  be tween  a f i r s t - o rde r  one -so r ted  ca l cu lus  and i t s

many-sor ted  coun te rpa r t  can be summar ized  as f o l l ows :

( 1 )
I r  9 — > 9

2 ( i )  2 ( i i )

Al —¢ «—— a’ 6

Suppose  soundness  and comp le teness  o f  t he  g i ven  one -so r t ed
ca l cu lus  (3)  a re  known .  Then  i n  o rde r  t o  show the  commuta t i v i t y
o f  the  above  d i ag ram e i t he r  a p roo f  o f  bo th  pa r t s  o f  t he  So r t -

Theo rem 2 ( i )  and 2 ( i i )  i s  needed  o r  a p roo f  o f  one o f  i t s  pa r t s
2 ( i )  o r  2 ( i i )  t oge the r  w i t h  a p roo f  o f  t he  soundness  and
comple teness  o f  the many-sor ted ca l cu lus  (1 ) .

000

In  h is  t hes i s ,  J.Herbrand presented a many-sorted ve rs i on  of h is
ca l cu lus  and proved the p roo f theore t i c  par t  o f  the  Sor t -Theorem

[HER30| .  Howeve r  He rb rand ’ s  p roo f  i s  i nadequa te ,  because  he d i d

not  cons ide r  t ha t  ce r t a i n  deduc t i ons  i n  h i s  one -so r t ed  ca l cu lus

cannot  be t r ans la ted  to  deduc t i ons  i n  the many -so r ted  calculus.
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Th i s  was po in ted  ou t  by A .  Schm id t  [SCH38 | ,  who proposed a many-

so r ted  ve rs i on  o f  a H i l be r t -Ca l cu lus  w i t hou t  subso r t s  and proved

the  p roo f t heo re t i c  pa r t  o f  t he  So r t -Theo rem fo r  t h i s  ca l cu lus
[SCH38, SCH52].

H.  Wang de f i ned  a many -so r t ed  ve rs i on  of  a H i l be r t -Ca l cu lus
wi thou t  f unc t i on  symbo l s  and subso r t s  [WAN52 | .  He p roved  the

soundness  and comp le teness  o f  h i s  ca l cu lus  and the  mode l t heo re t i c

pa r t  o f  the So r t -Theorem.  Wang a l so  gave an a l t e rna t i ve  proof  of

the p roo f t heo re t i c  pa r t  o f  the  So r t -Theo rem by an app l i ca t i on  o f

the He rb rand -Theo rem,

P.C.  G i lmo re  po in ted  ou t  t ha t  t h i s  p roo f  i s  i nadequa te . He

extended the many-sor ted ca l cu lus  of Wang by the i n t r oduc t i on  of
subso r t s  and p resen ted  an improved ve rs i on  o f  the  p roo f - t heo re t i c

pa r t  o f  the Sor t -Theorem fo r  t h i s  ex tended  ca l cu lus  [GIL58].

T.  Ha i l pe r i n  p resen ted  a ca l cu lus  wh i ch  can be v i ewed  as a
gene ra l i za t i on  of Wangs”s many-sor ted  ca l cu lus  [HA I57 | .  I n  t h i s
ca l cu lus  so r t r e l a t i onsh ips  can be exp ressed  by a rb i t r a r y  f i r s t -

order  f o rmu las  i ns tead  of a tom ic  f o rmu las ,  i . e .  unary predicates.
Ha i l pe r i n  p roved  a t heo rem wh i ch  co r responds  t o  t he

p roo f t heo re t i c  pa r t  o f  the  So r t -Theorem,

A .  Obe rsche lp  [OBE62 |  proposed seve ra l  many -so r ted  ve rs i ons  o f  a

ca l cu lus  o f  Mon tague  and Henk in  [MH56|. I n  t hese  ca l cu l i  f unc t i on

symbo l s  and  subso r t s  a re  adm i t t ed .  Obe rsche lp  p roved  the

soundness  and comp le teness  o f  h i s  ca l cu l i  and a l so  gave  t he

proo fs  fo r  the mode l t heo re t i c  par ts  o f  the  Sort-Theorems.

A.V. I de l son  d i scussed  f o rms  of  many -so r t ed  ca l cu l i  o f
cons t ruc t i ve  ma thema t i ca l  l og i c  [ IDE64 | ,  wh i ch  are  based  on the

ca l cu lus  o f  na tu ra l  deduc t i on  [GEN34 ] .

O00
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The advan tages  o f  a many -so r t ed  ca l cu lus  a re  we l l  r ecogn i zed

wi th i n  the f i e l d  of  au tomated  theorem prov ing  e.g.  [HAY71,HEN72]
and seve ra l  theorem prov ing programs success fu l l y  use some k i nd
of  many -so r t ed  ca l cu lus ,  e .g .  [WEY77 ,  CHA78 ,  BM79 |
( un fo r t una te l y  w i t hou t  a sound  t heo re t i ca l  f ounda t i on ) .  S ince

most  theorem p rov ing  programs are based on an RP-ca l cu lus ,  i .e. a
f i r s t - o rde r  ca l cu lus  whose  i n fe rence  ru l es  a re  f ac to r i za t i on ,
reso lu t i on  and pa ramodu la t i on  [ROB65, WR73| and whose f o rmu las
(ca l l ed  c l auses )  a re  i n  sko lem ized  con junc t i ve  no rma l  f o rm ,  i t
wou ld  be use fu l  t o  ex tend  the  r esu l t s  o f  the  above  quo ted  wo rks
to  an RP-ca l cu lus  en r i ched  by sorts.

I n  [WA82 ]  t he  ZRP-ca l cu lus  a many -so r t ed  ve rs i on  o f  t he  RP-
ca l cu lus  i s  de f i ned  as  ou t l i ned  above  and  a no t i on  o f

unsa t i s f i ab i l i t y  of sets  of we l l  sor ted c lauses  is  i n t r oduced .

Soundness  and comp le teness  o f  t he  ZRP-ca l cu lus  as we l l  as the
mode l theore t i c  par t  of the Sort-Theorem are shown in [wWA82], i .e.
i t  i s  shown t ha t  the f o l l ow ing  d i ag ram i s  commutative:

(1 )
S i s  LE -unsa t i s f i ab le  « > SE f y  ©

( 2 .1 )  |

S u A l  i s  E -unsa t i s f i ab le  ¢ > sE u a l  —ep  O
(3)

Here  sP deno tes  t he  ex tens ion  o f  t he  se t  S o f  we l l  so r t ed  c l auses
by a l l  f unc t i ona l l y - r e f l ex i ve  ax ioms  [WR73 |  and o deno tes  the
empty  c l ause .
I n  pa r t i cu l a r  [WA82]| shows t ha t  the IRP-ca l cu lus  is  on l y
comp le te  p rov ided  the  subso r t  o rde r  imposes  a ce r t a i n  s t r uc tu re
on t he  se t  o f  so r t  s ymbo l s .  Mo reove r  i n  t he  case  o f
pa ramodu la t i on  the  se t  o f  we l l  so r ted  c l auses  to  be r e fu ted  has
to  be i n  a ce r t a i n  f o rma t  to  ensu re  completeness.
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I t  i s  a l so  shown t ha t  t hese  res t r i c t i ons  can be abandoned w i t hou t
l oos ing  comp le teness ,  i f  the IRP-ca l cu lus  i s  ex tended  by an
add i t i ona l  i n f e rence  ru l e ,  t he  so ca l l ed  weaken ing  ru l e ,  wh i ch
de r i ves  a va r i an t  o f  a c l ause  by r enam ing  i t  w i t h  va r i ab les  of  a
subso r t .  This r u l e  is  spec i f i c  to a many-sorted ca l cu lus  s ince  i t
canno t  be app l i ed  i f  on l y  one so r t  i s  g i ven  and hence  t he  RP-

ca l cu lus  i s  bu t  a spec ia l  case o f  the  ZRP-calculus.

The p rac t i ca l  app l i ca t i on  of  the  ZRP-ca l cu lus  i n  the MKRP sys tem,
l eads  to a d ras t i c  r educ t i on of  the sea rch  space and to  sho r te r
r e fu ta t i ons  o f  sma l l e r  se t s  o f  sho r te r  c l auses  as compared to  the

RP-ca l cu lus .  Howeve r  ce r t a i n  mod i f i ca t i ons  a re  necessa ry  t o
ob ta i n  a t heo rem p rove r  based  on t he  IRP-ca l cu lus .  Essen t i a l l y

they  concern :

- the i npu t - l anguage  comp i le r

- the sko lem iza t i on  rou t i ne

- the un i f i ca t i on  a l go r i t hm and

- the compu ta t i on  o f  f ac to r s ,  r eso l ven t s  and pa ramodu lan t s .

The Compiler

The Comp i l e r  t es t s  whe the r  a g i ven  i npu t  s t r i ng  sa t i s f i es  t he

ru l es  o f  s yn tax  and those o f  the “ s t a t i c  seman t i cs™,  for  examp le

tha t  f unc t i on  symbo l s  a re  used  w i t h  a p rope r  a r i t y  e t c . ,  and

p roduces  as code ”  a f i r s t - o rde r  f o rmu la  i n  an i n t e rna l

r ep resen ta t i on .

The ru l es  of  the s t a t i c  seman t i cs  have to  be ex tended  such t ha t
on l y  we l l  so r t ed  f i r s t - o rde r  f o rmu las  a re  accep ted :  Fo r  each

a tom ic  f o rmu la  A i n  a f o rmu la  g i ven  as i npu t ,  t he  comp i l e r  has t o

de te rm ine  whether  A is  a we l l  sor ted atomic  f o rmu la ,

Th i s  p rob lem i s  the same as fo r  p rog ramming  l anguages  w i t h  so r t s

(o f t en  ca l l ed  t ypes ,  e .g .  i n  PASCAL o r  ADA) and was so l ved  us ing

we l l known techn iques  o f  comp i l e r  cons t ruc t i on .
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I n  add i t i on  a dev i ce  i s  r equ i red  to  de f i ne  a se t  o f  so r t  symbols,

a subso r t  o rde r  and some sor ted  s i gna tu re  (see Sec.  6.6.).

The Skolemization Routine

The sko lem iza t i on  o f  a f i r s t - o rde r  f o rmu la  requ i res  t ha t  each

occu rence  of  an ex i s t en t i a l l y  quan t i f i ed  va r i ab le  symbo l  y i s
r ep laced  by a sko lem te rm  t ,  and a l l  ex i s t en t i a l  quan t i f i e r s  are

removed.

For I - sko lem iza t i on ,  i .e .  s ko lem iza t i on  under  so r t s ,  t h i s  p rocess

rema ins  t he  same ,  bu t  i n  add i t i on  t he  s i gna tu re  Z has t o  be

ex tended ,  y i e l d i ng  a s i gna tu re  I *  f o r  the new f unc t i on  symbo l s
i n t roduced  by the  sko lem iza t i on .

The Un i f i ca t ion  Algorithm

At  t he  ve ry  hea r t  o f  eve ry  un i f i ca t i on  a l go r i t hm,  va r i ab le

symbols  have to be rep laced by t e rms .  The r esu l t i ng  subs t i t u t i on ,
rep resen ted  as { x¢ t } ,  i s  then composed w i t h  o the r  subs t i t u t i ons

of  t h i s  k i nd ,  y i e l d i ng  the  f i na l  un i f i e r .  Hence each un i f i ca t i on

a lgo r i t hm con ta i ns  a sequence  o f  s t a temen ts  l i ke

(1) i f  x = t then return { }
(2)  i f  x € vars  ( { t } )  then s top / fa i l u re

(3)  return {x+t)}

The un i f i ca t i on  a l go r i t hm i s  mod i f i ed  t o  ob ta i n  a Zun i f i ca t i on

a lgo r i t hm by r ep lac i ng  s ta temen t  (3 )  by  t he  sequence  o f

s ta temen ts :

( 3 .1 )  i f  [ t ] <s [x] t hen  re tu rn  { x« t }

( 3 .2 )  i f  t i s  no t  a va r i ab le  o r  [ t | ng (x ]  = ¢ t hen

s top / f a i l u re

(3 .3 )  i f  [x] <s [ t ]  then return { t ex }
(3 .4 )  le t  { s ; . . . s ; }  = max ( [ t ]  ng  [ x ] )
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(3 .5)  l e t  {zı,...,zy)}) be a set  of  new va r i ab les  and [z ;  | = g

( 3 .6 )  return { { xez , ,  t ez  l l ,  ne ,  { xez , ,  t ez ,  } }

Here  sy ng  s ,  = { se$ | s<gs ,  and s<g S , }  and

max($ )  = { ses  |s<q  s ”  f o r  each  s7€$ }

For each I - un i f i ab le  se t  o f  Z - t e rms  the I - un i f i ca t i on  a l go r i t hm

re tu rns  a se t  o f  I - un i f i e r s  (and not  a s i ng le  un i f i e r  as usua l ) ,

because  a un i f i ca t i on  p rob lem may have  seve ra l  mos t  gene ra l

so lu t i ons  unde r  so r t s .

Computation o f  Factors,  Resolvents and Paramodulants

We ou t l i ne  an imp lemen ta t i on ,  wh i ch  avo ids  t he  exp l i c i t

compu ta t i on  of  weakened va r i an t s :

Let  A be a c l ause  i n  a I - deduc t i on  and l e t  B¢ A such t ha t  |B]|>2
and l e t  U(B) be the  I -mgus  fo r  the l i t e ra l s  i n  B:

U(B)  = { t 1 reee r t y l e

Then eve ry  I - c l ause  T;A has to  be compu ted

each  o f  wh i ch  i s  a I - f ac to r  o f  a weakened  va r i an t  o f  A .

Le t  A,B be c l auses  i n  a I - deduc t i on ,  L,€cA and LpeB such  t ha t  L ,

and Lg are  complementary  and

u ( { l op l s l i g l d )  = ( t ı r 000 r7Tn ) -

Then eve ry  I - c l ause  has to  be computed
t 4 (A  = LA) U T , (B -L , ) ,

each of wh i ch  i s  a I - r eso l ven t  of  some weakened  va r i an t  of  A and
B.

Le t  A, B be c l auses  and l e t  l z r  €B and LeA be t he  l i t e ra l  t o  be

paramodu la ted  upon ,  i . e .  1 and a subterm in  L a re  I - un i f i ab le .

Now a I - pa ramodu lan t  can on l y  be de r i ved  i f  t he  so r t  o f  r i s  a lso

compa t i b l e  w i t h  t he  pos i t i on  o f  t he  sub te rm  i n  L : t h i s  aga in  may

d ras t i ca l l y  reduce the search  space.
For  each  weaken ing  subs t i t u t i on  eve ry  I - pa ramodu lan t  o f  some

weakend  va r i an t  o f  A and B has to  be compu ted .
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Af te r  t he  compu ta t i on  o f  a Z - f ac to r , Z- reso l ven t  o r  Z -

pa ramodu lan t  the va r i ab le  symbo ls  of  t hese  Z -c l auses  have to  be

renamed us ing  an appropr ia te  E-renaming subs t i t u t i on .

The Markg ra f  Ka r l  Re fu ta t i on  P rocedu re  was adap ted  to  t he  ZIRP-

ca l cu lus  acco rd ing  t o  t he  mod i f i ca t i ons  s ta ted  above  and the

f o l l ow ing  is  a proof protocol  of the new sys tem, prov ing  a many-

so r ted  ve rs i on  of the we l l  known monkey-banana-problem [LOV78|:

khkhkhkhkhkhkkkkhkhkkhkhkhkhkkhkkhkhkhkhkkhhhkhkkhkhkhkhhkkhhhhhkhkhkkhkhhkkhhkkhkhkkkkkkkkkkki

*

*

*

*

*

MARKGRAF KARL REFUTATION PROCEDURE, UNI  KARLSRUHE,  VERSION

12 -0CT-82

DATE: 2 -Nov -82  16 :46 :27

Krk :

AXIOMS

SORT

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

TYPE

AXM1

AXM2

AXM3

AXM4

AXM5

GIVEN TO THE THEOREM PROVER:

ANIMAL ,  TALL:  IN.ROOM

BANANA, FLOOR: IN .ROOM

CHAIR :  TALL

MONKEY: ANIMAL

CAN.REACH (ANIMAL IN .ROOM)

CLOSE.TO (IN.ROOM IN.ROOM)
ON ( IN .ROOM IN .ROOM)

UNDER ( IN .ROOM IN .ROOM)

CAN ‚MOVE ‚NEAR (ANIMAL IN.ROOM IN.ROOM)
CAN.CL IMB  (AN IMAL  TALL )

: ALL X :AN IMAL  Y : IN .ROOM NOT CLOSE.TO(X  Y) OR CAN.REACH(X

Y)
ALL X :ANIMAL Y :TALL  NOT ON (X Y) OR NOT UNDER(Y BANANA)

OR CLOSE.TO(X  BANANA)

ALL X :AN IMAL  Y:IN.,ROOM Z:IN.,ROOM NOT CAN.MOVE.NEAR(X Y

Z ) OR CLOSE.TO(Z  FLOOR) OR UNDER (Y 2)

ALL X :AN IMAL  Y :TALL  NOT CAN.CL IMB(X  Y) OR ON(X Y)

CAN .MOVE .NEAR (MONKEY CHAIR BANANA)
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AXM6 : NOT CLOSE.TO (BANANA FLOOR)

AXM7 : CAN.CLIMB(MONKEY CHAIR)
THEOREM GIVEN TO THE THEOREM PROVER:

THM8 : NOT CAN.REACH(MONKEY BANANA)

*

AXM2 + AXM3 - ->  RES1 : ALL X :AN IMAL  Y :TALL  Z :AN IMAL  CLOSE.TO(X

BANANA)
OR NOT ON(X Y) OR CLOSE.TO(BANANA FLOOR)

OR NOT CAN.MOVE.NEAR(Z Y BANANA)

RES1 + AXM5 - ->  RES2 : ALL X :AN IMAL  CLOSE.TO(BANANA FLOOR) OR NOT

ON(X CHAIR)

OR CLOSE.TO (X BANANA)

AXM1 + RES2 - ->  RES3 : ALL X :AN IMAL  CAN.REACH(X BABANA) OR NOT ON

(X CHAIR)
OR CLOSE .TO(BANANA FLOOR)

ASM6 + RES3 - ->  RES 4 : ALL X :AN IMAL  NOT ON(X CHAIR)  OR

CAN.REACH(X BANANA)
THM8 + RES4 - ->  RES5 : NOT ON(MONKEY CHAIR)

RES5 + AXM4 - ->  RES6 : NOT CAN.CLIMB(MONKEY CHAIR)

RES6 + AXM7 - ->  RES7 : EMPTY

THE FOLLOWING CLAUSES WERE USED IN THE PROOF:
AXM7 AXM4 AXM5 AXM3 AXM2 RES1 RES2 AXM1 RES3 AXM6é RES4 THM8 RESS

RES6 RES7.

THE THEOREM IS PROVED. END OF PROOF 2-NOV-82 16 :47 :22 ,

The f o l l ow ing  exp ress ions  (see  Sec .6 .6 )  are used :
SORT S j re++eS3S tO deno te  8; <q  Ss,

TYPE C j r7 .007CH?  S t o  deno te  t ha t  C ;eC has  r angeso r t  s

TYPE P (s j . . .S , )  t o  deno te  t ha t  P has  t he  doma inso r t s  S i r . . .

ALL x :S  t o  deno te  t he  un i ve rsa l  quan t i f i ca t i on  o f  a va r i ab le

symbo l  x w i t h  rangesorts

The sys tem a l so  so l ved  the monkey-banana-p rob lem,  us ing  the one-

sorted ax ioma t i za t i on  from [LO0V78]. The fo l l ow ing  diagram shows
the proof s t a t i s t i c s  o f  both examp le  runs:
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CPU-SECONDS USED: 3 .32  11 .38  29%
NUMBER OF STEPS EXECUTED: 7 16 44%
NUMBER OF LINKS GENERATED: 22 99 22%
NUMBER OF LINKS IN IN IT IAL  GRAPH: 8 23 35%
NUMBER OF CLAUSES GENERATED: 15 29 52%

INITIAL CLAUSES: 8 13
RESOLVENTS: 7 12

FACTORS: 0 4

NUMBER OF LITERALS GENERATED: 28 75 37%
IN IN IT IAL  CLAUSES: 14 24
IN DEDUCED CLAUSES: 14 51

LEVEL OF PROOF: 7 12 58%
NUMBER OF CLAUSES IN PROOF: 15 25 60%
G~-PENETRANCE: 1 .00  0 .86(CLAUSES IN PROOF / CLAUSES GENERATED)
D-PENETRANCE: 1 .00  O0.75(DEDUCED CLAUSES IN PROOF / CLAUSES

DEDUCED)

The f i r s t  co lumn  l i s t s  the s ta t i s t i ca l  va l ues  fo r  the  proof us i ng
the many-so r ted  ca l cu lus ,  the  second co lumn l i s t s  the va lues  fo r
the  one -so r t ed  ca l cu lus  and t he  t h i r d  co lumn  shows  the  r a t i o
between the va lues  o f  both example runs .

I n  the  p roo f  s t a t i s t i c s ,  the  va lue  f o r  “ number  of  l i n ks
genera ted”  cor responds to  the s i ze  o f  the search  space ,  the va lue
fo r  "number  o f  s t eps  execu ted ”  i s  a measu re  o f  the expense  of  the
ac tua l  search and “ l eve l  of proof”  represents  the search dep th .

The compar i son  be tween  the s ta t i s t i ca l  va l ues  o f  bo th  p ro toco ls
immed ia te l y  revea l s  the  advan tages  o f  us i ng  an au toma ted  theorem
prover  based  on the LRP-ca l cu lus . ,  The va lues  are  t yp i ca l  fo r  a l l
examp les  (and  o f  cou rse  f o r  mo re  comp lex  ones )  t ha t  have  been
proved by t h i s  sys tem,
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6 .3 .2 .  Paramodu la ted  Connec t i on  Graphs

Th is  sec t i on ,  wh i ch  i s  based on [SW80| g i ves  an accoun t of  how
the connec t i on  g raph  p roo f  p rocedu re of  [KO75| can be ex tended
t o  t he  case  o f  equa l i t y  by t he  i n t r oduc t i on  o f  spec ia l  l i n ks
connec t i ng  those  t e rms  tha t  can be pa ramodu la ted  upon .

To ga in  a no t i on  o f  t he  p rob lem i nvo l ved ,  assume  t ha t  two  one -

l i t e ra l  ground c l auses  {P (a ) }  and {~P (b ) }  form a connec t i on  g raph

(Examp le  1 (a ) ) .

Example 1

{Pa}  {r@} {Pa}

{~rw)} {~P(b)} {ph}
(a) (b) ' €)

As t hey  s tand  t hese  two  c l auses  a re  no t  r eso l vab le  w i t h  each

o the r .  Now i f  i t  we re  known  t ha t  a i s  equa l  t o  b and some way

cou ld  be found  o f  en te r i ng  t h i s  i n f o rma t i on  i n to  the connec t i on

g raph  so as t o  be ab le  t o  make a subs t i t u t i on  i n to  one o f  t he

l i t e ra l s  t hen  t he  two  l i t e ra l s  wou ld  become  reso l vab le .  The

in i t i a l  i dea  i s  t o  i n t r oduce  t h i s  i n f o rma t i on  i n  t he  f o rm  o f  an

equa l i t y  un i t  {azb} which is  then connected to the c l auses  by two
spec ia l  l i n ks  i nd i ca t i ng  poss ib l e  pa ramodu la t i ons ,  e i t he r  o f b

i n to  {P (a ) }  o f  a i n t o  {~P (b ) }  (Examp le  1 l ( b ) ) .  (These  l i nks  w i l l

be ca l l ed  pa ramodu la t i on  l i nks  o r  P - l i nks  i n  t he  seque l ,  as

opposed  to  t he  no rma l  l i n ks  connec t i ng  un i f i ab le  l i t e ra l s ,

herea f te r  re fe r red  to as R - l i nks . )

Now,  t o  comp le te  t he  i dea ,  a l i n k  i s  i nc l uded  to  i nd i ca te  t he

po ten t i a l  r eso l vab i l i t y  of {P (a ) }  and {~P (b ) }  (Example 1 l ( c ) ) .  But
because  t hese  c l auses  a re  no t  un i f i ab le  as t hey  s tand ,  t he  l i n k

cannot  be an o rd ina ry  R - l i nk .  Rather  the l i n k  i nd i ca tes  tha t  the
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two  l i t e ra l s  connec ted  can  be made comp lemen ta ry  unde r

pa ramodu la t i on :  t ha t  i s  a f t e r  ce r t a i n  pa ramodu la t i on  s teps  these

two l i t e ra l s  may be r eso l ved  upon.  The i n f o rma t i on  rep resen ted  by

such  a l i n k  i s  abso lu te l y  essen t i a l ,  i f  t he  bas i c  p r i nc i p l e  o f

t he  connec t i on  g raph  p roo f  p rocedu re  i s  t o  be ex tended  to  t he

case  o f  pa ramodu la t i on . ,  Un fo r t una te l y  i t  i s  i n  gene ra l

undec idab le ,  whe the r  such a l i n k  i s  to  be se t  o r  not.

Th i s  f undamen ta l  p rob lem w i l l  be d i scussed  i n  t he  f o l l ow ing

paragraph ,  bu t  be fo re  an examp le  i s  g i ven  to  demons t ra te  some of

the advantages which would r esu l t ,  i f  the connec t ion  graph proof
procedure  cou ld  be ex tended  by pa ramodu la t i on  l i nks .

Examp le  2 i l l u s t r a tes  t he  i ncompa t i b i l i t y  de le t i on  f o r

pa ramodu la t i on  l i nks .  The g raph  cons i s t s  o f  t he  f ou r  c l auses

{ p ( f ( a , x ) , x ) , 0 (b ) } ,  { ~Q(z ) } , {~P (£ f ( y ,a ) , a ) }  and  { f ( a ,b )= f (b ,a ) l .

A l l  poss ib l e  P-  and R - l i nks  are  se t  and

Example 2

{P(f(a, x), Xx), oh}

X '=3  Z . = b

{fta, my = fh, a)} BD

{~P(s(y, 2). a} {~Qn}

each l i n k  i s  l abe led  w i t h  i t s  co r respond ing  subs t i t u t i on ,  e .q .
x<=b i n  P - l i nk  ( 1 ) .
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Paramodu la t i on  l i nks  (1)  and (2)  a re  i ncompa t i b l e  w i t h  l i n k  (3)

and may hence  be de le ted ,  s i nce  the  r espec t i ve  pa ramodu lan t s

wou ld  con ta i n  pu re  l i t e ra l s .  No te  t ha t  i n  the case  o f

i ncompa t i b i l i t y  be tween  a pa ramodu la t i on  l i nk  and a r eso lu t i on

l i nk  a lways the paramodu la t ion  l i nk  i s  e rased .

The po in t  o f  demons t ra t i on  i s ,  t ha t  t he  equa l i t y  un i t  becomes

pu re  a f t e r  the  i ncompa t i b i l i t y  check  and hence  the  who le

(equa l i t y )  c l ause  i s  e rased .  Th i s  may l ead  to  a snowba l l - e f f ec t

o f  o the r  c l auses  be ing  e rased  as a consequence .  Th i s  f am i l i a r

e f f ec t  f rom the o r i g i na l  proof procedure i s  demons t ra ted  here  to

ho ld  a l so  f o r  R-1 l ink  and P - l i nks ,  hence  apa r t  f r om the  obv ious

mo t i va t i on  t o  p rov ide  f o r  equa l i t y  r u l e  i n  connec t i on  g raphs ,

t he re  i s  the add i t i ona l  chance  tha t  the  graph en r i ched  by P - l i nks

may reduce  much more r ap id l y .

The Problem

I n  o rde r  t o  ach ieve  t he  e f f ec t  men t i oned  i n  t he  p rev ious

pa rag raph ,  we wou ld  l i ke  t o  have  a connec t i on  g raph  as dense  as

poss ib l e ,  I n  pa r t i cu l a r  we wou ld  l i ke  t o  have  t he  f o l l ow ing

l i n ks :

( i )  a l l  complementary  l i t e ra l s  i n  d i f f e ren t  c l auses  wh i ch  are

un i f i ab le  are connected  w i t h  a l i n k  ca l l ed  R-1l ink;

( i i )  a l l  equa t i ons  pe rm i t t i ng  pa ramodu la t i on  i n to  a pa r t i cu l a r

t e rm  o f  some l i t e ra l  a re  connec ted  w i t h  a l i n k  to  t ha t

te rm,  ca l l ed  P - l i nk ;

( i i i )  a l l  l i t e ra l s  wh i ch  can be made comp lemen ta ry  unde r

paramodu la t ion  and un i f i ca t i on  are connec ted  by a l i n k .

The p rob lem conce rns  t he  l i n ks  o f  ( i i i ) :  i t  i s  ne i t he r

p rac t i ca l l y  feas ib le  nor ( i n  general )  theore t ica l ly  poss ib le  to

ever  se t  a l l  l i n ks  o f  ( i i i ) .  Cons ide r  a group G whose wordproblem
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i s  unso l vab le .  Le t  S be a se t  o f  c l auses  con ta i n i ng  a l l  t he
equa t i ons  de f i n i ng  g roup  G. Le t  P (wy )  and ~P (w , )  a l so  be i n  S,

whe re  wy and w,  a re  wo rds  i n  G and i t  i s  now imposs ib l e  t o  dec ide
whe the r  o r  no t  P(w,) and ~P (w , )  shou ld  be connec ted .  So l e t  us
t r y  t he  f o l l ow ing  so lu t i on :  Suppose  we do no t  i n i t i a l l y  se t  a l l
the  l i n ks  i n  ( i i i ) ,  t hen  t he  r esu l t i ng  s i t ua t i on  a r i ses :  Le t
s= { {a=d } ,  { b=d } ,  { p (a ) } ,  { ~P (b ) } }  and the i n i t i a l  connec t i on
graph i s  g i ven  i n  examp le  4 (a ) :

Example 4

a———os  ——
a —— a

A nS hE
Po  ma t

da = d} {d ==bt

© ©) =
IP )  } {~  Pb }  {P(d) }  I ~  Pd)  p

( )  ib)

Now, a f t e r  pa ramodu la t i ng  on l i n ks ( l )  and (2 ) ,  we ob ta i n  the
connec t i on  g raph  < {P (d ) } ,  { ~P (d ) }>  i n  examp le  4 (b ) .  But s i nce
P(a )  and ~P(b )  we re  no t  connec ted  by a l i n k ,  t he  pa ramodu lan t s
cannot i nhe r i t  any l inks , i .e .  P(d) and ~P(d) are not connected by
a l i nk  and t he re fo re  canno t  be r eso l ved  upon .  The obv ious
so lu t i on  then  may be,  a f t e r  each pa ramodu la t i on  s tep ,  to  sea rch
th rough  the  who le  g raph  and compare the pa ramodu lan t  w i t h  every
other l i t e ra l  for un i f i ab i l i t y .

Bu t  t o  s t a r t  sea rch ing  f o r  un i f i ab le  l i t e ra l s  a f t e r  each
pa ramodu la t i on  s tep  wou ld  des t roy  one o f  the ma in  p r i nc i p l es  o f
the  connec t i on  g raph  p roo f  p rocedu re ,  wh i ch  i s  p rec i se l y  to
e l im ina te  the unsuccess fu l  search for  un i f i ab i l i t y .

A Solut ion t o  the Problem

In  o rde r  to  so l ve  t h i s  p rob lem we demons t ra te  t ha t  P - l i nks  can
have more  t han  j us t  t he  one f unc t i on  o f  r eco rd ing  poss ib l e
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pa ramodu la t i ons .  The i r  add i t i ona l  f unc t i on  i s  t o  s t o re

i n fo rma t i on .

Cons ide r  examp le  4 (a )  aga in  i n  wh i ch  we add ano the r  P - l i nk

connec t i ng  t he  d ’ s  o f  t he  two  equa l i t y  un i t s  i .e .  the g raph  now
becomes :

Ja=d} {d=b}

{Pa t  {~P(b) }
e r  ——— r t  Regnr Bem er hmm emma mmm = ceca  mn . s r  enews  cm meme .

Suppose we se lec t  l i n k  (1)

ONt iN a b}a 
-

if

P(d)} tho}

where  (4 )  i s  the  l i n k  i nhe r i t ed  from (3 ) .

I f  we now se lec t  l i n k  (2 )

QTY fro
Cr

where  (5)  i s  i nhe r i t ed  from (3)  and (6)  i s  i nhe r i t ed  f rom (4 ) .
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I £  l i n ks  a re  i nhe r i t ed  wh i ch  even tua l l y  connec t  non -equa l i t y

l i t e ra l s  ( l i n k  (6) above)  a spec ia l  process i s  i n i t i a l i zed  wh i ch

checks  whe the r  t he  connec ted  l i t e ra l s  a re  r eso l vab le  and i f  so

then  t he  P - l i nk  i s  r eco lou red  i n to  an R - l i nk .  O the rw i se  i t  i s

e rased .

That  i s ,  po ten t i a l l y  un i f i ab le  l i t e ra l s  are d i scove red  (w i t hou t

exhaus t i ve  sea rch )  and the appropr ia te  l i n ks  are se t ,  i n c l ud ing

connec t i ons  be tween  the  r i gh t -  and l e f t - hand  s i de  o f  equa l i t y

l i t e ra l s  as e .g .  i n :

{ a=g (a ) }

( such  l i n ks  are ca l l ed  “au to - l i nks™ la te r  on ) .

The Proof Procedure

The f o l l ow ing  p roo f  p rocedu re  PROOF i s  essen t i a l l y  t ha t  o f

[R075] augmen ted  by add i t i ona l  s t eps  t o  hand le  pa ramodu la t i on ,

However  we do not  qu i t e  use the  bas i c  p rocedure  o f  [KO75 | ,  bu t  a

r e f i nemen t  due to  M. B ruynooghe ,  wh i ch  avo ids  ce r t a i n
redundanc ies  of the o ld  procedure by employ ing “ i n t e rna l  l i n ks ” ,
Such “ i n t e rna l  l i n ks ”  were a l so  sugges ted  by R .Kowa lsk i  i n
[K075 | .  No te  t ha t  a r eso lu t i on  s tep  ( pa ramodu la t i on  s tep )  on such
an “ i n t e rna l  l i n k ”  i s  to  be unders tood as a s tep  us ing  two cop ies
of t he  same c l ause .  A l so  we do no t  l abe l  each  l i n k  w i t h  i t s

assoc ia ted  most genera l  un i f i e r ,  as once the un i f i ab i l i t y  of two
terms has been es tab l i shed  the re ten t i on  of the mgu is  l og i ca l l y
supe r f l uous  f o r  t he  p rocedu re  p resen ted  be low .  An ac tua l

imp lemen ta t i on  howeve r ,  may or  may not  r e ta i n  t h i s  i n f o rma t i on

for p ragmat i c  reasons.

At the top l eve l  of  the p roo f  p rocedu re  PROOF i n i t i a l l y  se t s  up
the connect ion  graph <Sj> for  the set of c l auses  S w i t h  the he lp
of CONSTRUCT-GRAPH and then ca l l s  PROVE.
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Le t  S be a se t  o f  clauses.

PROOF (S)

CONSTRUCT-GRAPH(S)+<S j )>

PROVE(<S>)
END-OF-PROOF.

The recu rs i ve  p rocedu re  PROVE te rm ina tes  i f  the g raph  con ta i ns
the empty c l ause  or is  empty i t se l f  and o the rw i se  SELECT-A-LINK
non -de te rm in i s t i ca l l y .  A f t e r  e i t he r  RESOLVEing o r  PARAMODula t i ng
upon  t he  l i n k  1 i n  t he  g raph  <S;> ( depend ing  on t he  t ype  o f  1)
a l l  t au to l og ies  and pu re  c l auses  a re  r emoved  by DELETE,  wh i ch

t hen  r e tu rns  a new graph to  PROVE.

Let <Sj> be a connec t ion  g raph .

PROVES (¢S ;> )

i f oe<sy?  then te rmina te  w i t h  <8 ;  unsa t i s f i ab le ,
e l se i f  <5?  i s  empty then terminate  w i t h  ¢S,> sat is f iable,

SELECT-A-L INK(<Sy? ) *1
i f  t ype ( l )=R- l i nk  then RESOLVE(<S ;2 ,1 ) *<5 ,>

e l se i f  t ype ( l )=P - l i nk  then PARAMOD( ¢S ;> ,1 )  +<S,>
END-OF-PROVE

Le t  S be a se t  o f  clauses.

CONSTRUCT~GRAPH(S)

(1) Gene ra te  and i nc l ude  i n  the g raph  a l l  f ac to r s  of
c lauses  i n  S.

(2.1) For  eve ry  pa i r ( | L | ,  |K | )  o f  un i f i ab le  ( equa l i t y  or
nonequa l i t y )  l i t e ra l s  w i t h  oppos i t e  s i gn  i n  d i s t i nc t

c lauses  i n  the g raph ,  i nse r t  an R-1l ink connec t i ng  the
l i t e ra l s  L and K .

(2 .2 )  For  every pa i r  ( | L | , |K ] )  o f  un i f i ab le  ( r enamed)  l i t e ra l s

w i t h  oppos i t e  s i gn  i n  t he  same c l ause ,  i nse r t  an R-1 l i nk
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( 3 .1 )

(3 .2 )

connec t i ng  the l i t e ra l s .

Fo r  eve ry  pa i r  o f  l i t e ra l s  cons i s t i ng  o f  e i t he r  a non -

equa l i t y  o r  equa l i t y  l i t e ra l  and a second  equa l i t y
l i t e ra l  i n  d i s t i nc t  c l auses ,  such tha t  the  l e f t - hand  s i de
(or r i gh t -hand  s ide )  of the second equa l i t y  is  un i f i ab le
wi th  some t e rm  i n  t he  f i r s t  l i t e ra l ,  i n se r t  a P-1 l ink
connec t i ng  the terms i n  the l i t e ra l s .
For  every  equa l i t y  l i t e ra l  con ta i n i ng  a te rm on one s i de
wh i ch  can be subs t i t u t ed  i n to  t he  t e rm  on t he  o the r  s i de ,
i nse r t  a P - l i nk  connec t ing  the terms i n  the literal.

END-OF-CONSTRUCT-GRAPH

Let <S3> be a connec t ion  graph and le t  1 be an R - l i nk  in  <Sj)>.
Le t  C and D be the c l auses  connected by 1.

RESOLVE (<Sy> ,1 )

Add the reso lven t  R o f  C and D assoc ia ted  w i t h  1 to  <Sj)>-.
INHERIT -R-L INKS(<Sy> ,C ,D ,R ) .

INHERIT -P -L INKS(<S ;> ,C ,D ,R ) .

For  each fac to r  F o f  R:

Add F to  <Sy?
INHERIT -R-L INKS(<S ;? ,R ,R ,F )
INHERIT -P -L INKS(<S ;> ,R ,R ,F ) .

* Add a l l  poss ib l e  R-1 l inks  and P - l i nks  be tween  the  f ac to r  o f  R
and R.

Retu rn  the  new graph

END-OF-RESOLVE.

Note:  S tep*  shou ld  be avoided in  an appropriate re f i nemen t .

Le t  <S,> be a connec t i on  graph and l e t  1 be a P - l i nk  i n  <S;>,  Le t
C be the c l ause  con ta i n i ng  an equa l i t y  l i t e ra l  and l e t  D be the
c lause  paramodu la ted  upon .

PARAMOD(<Sy%,1)

Add the paramodulantP assoc ia ted  w i t h  1 to <S5;?
INHERIT-R-LINKS(<Sy>,C,D,P)
INHERIT -P -L INKS(<S ; ”> ,C ,D ,P )

45



I f  a new P - l i nk  connects  a term in  a l i t e ra l  L in  P to some
other  term in  a nonequal i ty  l i t e ra l  K

andi f  L and K are complementary un i f i ab le
then e rase  the P - l i nk  and connect  L

and K by an R-1link

else e rase  the P - l i nk

For  each f ac to r  F o f  P:

Add F to  <S7]>?

INHERIT -R-L INKS(<S ;> ,P ,P ,F )

INHERIT -P -L INKS(<Sy> ,P ,P ,F )

*Add a l l  poss ib l e  P - l i nks  and R - l i nks  be tween  the fac to rs  of
R and R

Return the  new graph

END-OF-PARAMOD.

Note :  S tep*  shou ld  be avo ided i n  an appropr ia te  r e f i nemen t .

The INHERIT -p rocedu res  above  connec t  t he  new ly  gene ra ted

paramodu lan t  and reso lvent  to  the graph and the  DELETE procedure

e rases  a l l  t au to l og ies  and pure c l auses .

I n  [SW80 ]  soundness  and comp le teness  o f  t he  pa ramodu la ted

connec t i on  g raph  p roo f  p rocedu re  a re  shown  re l a t i ve  t o  t he

respec t i ve  resu l t s  f o r  t he  o r i g i na l  p roo f  p rocedu re ;  i.e. i t  i s

shown t ha t  i f  the p roo f  p rocedu re  of  Kowa l sk i  i s  sound and
comp le te  so i s  t h i s  one.  |

Recen t l y  i t  was shown  t ha t  Kowa l sk i “ s  p roo f  p rocedu re  i s  no t

complete  - i n  f ac t  i t  i s  not  even cons i s ten t  .

Equal i ty  Reasoning

The p roo f  p rocedu re  as p resen ted  has ce r t a i n  advan tages  ove r

o rd i na ry  pa ramodu la t i on ,  f o r  p rac t i ca l  pu rposes  howeve r  t he

sea rch  space  i s  s t i l l  t oo  exp los i ve :  t he re  a re  j us t  t oo  many

l i n ks  - i . e .  paramodulat ion poss ib i l i t i e s  - i n  the g raph .

46



I n  o rder  to  overcome th i s  prob lem we o r i g i na l l y  expe r imen ted  w i t h

ce r t a i n  r e f i nemen ts ,  bu t  even t hen ,  the  exp los i on  i n  the number

of P - l i nks  i s  unmanageab le  f o r  any r ea l  app l i ca t i on .
In  6 .3 .10  a f easab le  so lu t i on  for  t h i s  problem i s  p resen ted .

6 .3 .3  Subsump t i on  and Connec t i on  Graphs

One o f  t he  s t r i k i ng  p rope r t i es  o f  t he  connec t i on  g raph  p roo f

p rocedu re  i s  t ha t  t he  app l i ca t i on  o f  a de le t i on  ope ra t i on  can

resu l t  i n  the  app l i cab i l i t y  o f  f u r t he r  de le t i on  ope ra t i ons ,  thus

po ten t i a l l y  l ead ing  t o  a snowba l l  e f f ec t  wh i ch  rap id l y  r educes

the g raph .  The p robab i l i t y  o f  t h i s  e f f ec t  r i ses  w i t h  t he  number
of de le t i on  ru l es  ava i l ab le .

A ve ry  power fu l  de le t i on  ru l e  f o r  r eso lu t i on  based sys tems  is
t he  subsump t i on  ru l e  ( [ LOV78) ) .  Un fo r t una te l y  a t es t  f o r

subsump t i on  i s  very expens i ve  and i s  usa l l y  imp lemen ted  on ly  fo r
r es t r i c t ed  cases .  I n  t h i s  sec t i on  a t es t  fo r  subsump t i on  based on

the  p r i nc i pa l  i dea  o f  t he  connec t i on  g raph  p roo f  p rocedu re  i s
deve loped ,  wh i ch  i n  con t ras t  t o  the  s t anda rd  t es t  ( [ LOV78 ] )  i s
su f f i c i en t l y  e f f i c i en t  t o  pe rm i t  un res t r i c t ed  subsump t i on  i n

p rac t i ca l  cases .  Though  no t  l im i t ed  t o  i t ,  t he  t es t  i s  mos t
na tu ra l l y  embedded  i n to  the connec t i on  g raph  proof  p rocedu re ,  bu t
un res t r i c t ed  comb ina t i on  o f  subsump t i on  or  tau to logy  w i t h  pu r i t y
de le t i on  is  shown in [E I81 ]  to make a connec t i on  graph proof
procedure i ncons i s ten t  and hence incomplete.

The de le t i on  ru les  con t r i bu te  both to the p rac t i ca l  a t t r ac t i v i t y
and t he  t heo re t i ca l  d i f f i cu l t i es  o f  t he  connec t i on  g raph  p roo f

procedure.  The o r i g i na l  r u l es  of [KO75] are :  de le te  a c lause  i f
i t  con ta i ns  a pu re  l i t e ra l  and de le te  a c l ause  wh i ch  i s  a
t au to l ogy .  Fu r t he r  poss ib l e  r u l es  i nc l ude :  de le te  a l i n k  i f  i t s
r eso l ven t  i s  a t au to l ogy  ( see  6.3.4.) ,  de le te  a c l ause  i f  i t  i s
subsumed by ano the r  c l ause  i n  the g raph ,  de le te  a l i n k  i f  i t s
r eso l ven t  i s  subsumed  by ano the r  c l ause  i n  t he  g raph .  No te  t ha t
each de le t i on  may cause a pu r i t y  to a r i se ,  t he reby  caus ing
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f u r t he r  de le t i ons ,  I t  i s  no t  ye t  known  as t o  wh i ch  comb ina t i ons

o f  t hese  de le t i on  ru l es  p rese rve  t he  comp le teness  o f  t he
p rocedu re ,

Subsumption and the S - l i nk  Test

Le t  C and D be c l auses .  C 6 - subsumes  D, i f  |Cc |< |D] |  and © i s  a
subs t i t u t i on  such t ha t  6 (C)cD .The  s tandard  t es t  f o r  ©-subsumpt ion

works  as f o l l ows :  g i ven  C and D, f i r s t  make su re  t ha t  l c l < |D |
and that  D is  not  a tauto logy.  Then negate  D and change va r i ab les
in  D to cons tan t s ,  y i e l d i ng  a se t  D of  g round  un i t  c l auses .  C 9-
subsumes  D i f f o  i s  de r i vab le  f r om {C} wv D. (De ta i l s  can be
found in [CL73| and [LOV78].

The pos i t i ve  aspect  of t h i s  subsumpt ion  t es t  i s  t ha t  i t  uses the
same mechan i sm wh i ch  unde r l i es  the en t i r e  deduc t i on  sys tem,  i .e .
r eso lu t i on .  But  f rom a p rac t i ca l  po in t  o f  v i ew  t h i s  t u rns  ou t  to

be a d i sadvan tage .  No rma l l y  one has to  check  f o r  subsump t i on  as

soon  as a new c l ause  i s  gene ra ted ,  i . e .  a f t e r  each  r eso lu t i on

s tep .  Th i s  means t ha t  each "ma jo r "  r eso lu t i on  s tep  i s  f o l l owed  by

seve ra l  "m ino r "  r eso lu t i on  s teps  for  the subsump t i on  t es t ,  t hus

mu l t i p l y i ng  t he  ove ra l l  expense .  Ye t  even  wo rse ,  g i ven  a

r eso l ven t  C t he re  i s  no h i n t  as to  wh i ch  c l auses  po ten t i a l l y
subsume  o r  a re  subsumed  by C. So t he  t es t ,  a l r eady  expens i ve  i n

i t se l f ,  has to  be per fo rmed w i t h i n  an i t e ra t i on  over  a l l  e l emen ts

o f  t he  g i ven  se t  o f  c l auses .  I n  p rac t i ce ,  o f  cou rse ,  one wou ld

f i r s t  make su re  t ha t  t he  p red i ca tes  a re  i n  common ,  so t ha t  t he

tes t  i s  not  performed du r i ng  each i t e ra t i on  s tep .

The resu l t i ng  cos t  i s  such  t ha t  f o r  p rac t i ca l  s ys tems  on l y

res t r i c ted  ve rs ions  of subsumpt ion are imp lemented ,  e.g. on ly  for
cases  where  the subsum ing  c l ause  i s  a un i t .  Om i t t i ng  subsumption,

on the o ther  hand ,  can cause  cons ide rab le  redundancies.

The cen t ra l  problem for  subsump t i on  t es t  cons i s t s  i n  e f f i c i en t l y

f i nd ing  ou t  wh i ch  l i t e ra l s  i n  wh i ch  c l auses  a re  un i f i ab le ,
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Dis rega rd ing  t he  s i gns  o f  t he  l i t e ra l s  t h i s  co r responds  to  the

ve ry  same p rob lem tha t  a r i ses  when two  c l auses  have  t o  be

se lec ted  f o r  t he  nex t  r eso lu t i on  s tep .  I n  bo th  cases  compar i ng

a l l  l i t e ra l s  o f  a l l  c l auses  i s  a poss ib l e  bu t  i ne f f i c i en t

so lu t i on ,

I n  t he  r eso lu t i on  case  t he  connec t i on  g raph  p rocedu re  p rov ides

fo r  a more e f f i c i en t  a l t e rna t i ve .  The l i t e ra l s  of  a set  of
c lauses  a re  compared  w i t h  each  o the r  once  and f o reve r  when t he

i n i t i a l  g raph  i s  cons t ruc ted .  Subsequen t l y  t he  necessa ry

i n fo rma t i on  i s  d i r ec t l y  ava i l ab le ‘ in t he  f o rm  o f  t he  l inks.
Because  o f  the  i nhe r i t ance  mechan i sm for  l i n ks  the new l i t e ra l s

in  r eso l ven t s  and f ac to r s  need not  go th rough any sea rch  p rocess
e i t he r .  Thus  t he  p rob lem o f  f i nd i ng  two  reso l vab le  c l auses  i s
reduced  to  s imp ly  p i ck i ng  a l i n k .  

|

Th i s  bas i c  i dea  can be app l i ed  t o  t he  subsump t i on  p rob lem by

i n t roduc ing  l i nks  o f  a new type tha t  connec t  un i f i ab le  l i terals.
Fo rma l l y  we de f i ne  a subsump t i on  graph (S -g raph )  as a pa i r  (C, S)

such t ha t

l )  C is  a set  of c l auses
2) Le t  L IT  be the se t  o f  a l l  l i t e ra l s  occu r i ng  i n  the c l auses

of  C. Then S ¢ C x L IT  x C x L IT  i s  a r e l a t i on  such t ha t
a) ( ¢ ,  L ,  CC”, L7 )es  » C # C°,  LeC ,L ”eC” ,  L and  L”  a re

un i f i ab le

b) (C, L ,  C ” ,  L ” )  €S  <-> (C° ,  L ° ,  C, L )eS

The S—-graph i s  sa id  to  be S - t o ta l ,  i f  cond i t i on  2a) a l so  ho lds  i n
the oppos i t e  d i r ec t i on , A l i t e ra l  L i n  a c l ause C i s  S -pu re ,  i f
t he re  a re  no C7, L”  such  t ha t  (C,  L ,  C”,  L " )eS .  The e l emen ts  o f  S
are ca l l ed  S - l i nks .

G i ven  a se t  o f  c l auses  to  be r e fu ted ,  we i n i t i a l l y  compu te  a l l
poss ib l e  S - l i nks  be tween  l i t e ra l s  i n  t hese  c l auses .  When a new
reso l ven t  o r  f ac to r  i s  de r i ved ,  t he  S - l i nks  a re  i nhe r i t ed  f r om

the pa ren t  c l auses  i n  the same way as the r eso lu t i on  l i nks  in
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t he  connec t i on  g raph  p roo f  p rocedu re .  Bu t  i n  con t ras t  t o

reso lu t i on  l i nks  (R - l i nks )  S - l i nks  are never  de le ted ,  un less  one

o f  t he  pa ren t  c l auses  i s  r emoved  f r om C i t  can  be shown  eas i l y

t ha t  unde r  t hese  c i r cums tances  the  S -g raph  rema ins  S - to ta l

th roughou t  the en t i r e  compu ta t i on  (see [EI81  |) .

I n  o rde r  to  deve lop  a subsump t i on  t es t  us i ng  s -g raphs  we need

some f u r t he r  de f i n i t i ons :

Let  (C ,S)  be a S-g raph ,  ceC a c lause  and Lec a l i t e ra l .

We de f i ne  con (C ,L )  :=  {DeC)  | 3KeD (C ,L ,D ,K )eS}  as t he  se t  o f

a l l  c l auses  connected to  L i n  C by S - l i nks .

Fu r the r  l e t  sub (C )  : =Jcon (C ,L )  be t he  se t  o f  a l l  c l auses

connec ted  to  every  l i t e ra l  i n  L by S - l i nks

Fo r  LeC and ano the r  c l ause  DeC we de f i ne

un i ( c ,L ,D )  := { o |3KeD:  (C ,L ,D ,K )eS  A o(L) = K} as the se t  of  a l l

match ing  subs t i t u t i ons  mapping L onto some l i t e ra l  i n  D. F i na l l y

l e t  Uj reee rUg  be se t s  of  subs t i t u t i ons .  Then merge (Uy , . . e ,U  ) :=

( 010000  EU Xp00uXU | the o; are pa i rw i se  s t rongly  compat ib le }
i s  the  subse t  o f  t he i r  ca r t es i an  p roduc t ,  f o r  wh i ch  the

f unc t i ona l  compos i t i on  o f  t he  componen ts  y i e l ds  a un ique

subs t i t u t i on  rega rd less  o f  t he i r  o rde r .

The subsumpt ion tes t  i s  prov ided by the fo l lowing theorems:

Theorem 1
Let  (C,S) be an S- to ta l  subsumpt ion  graph and
C=  {L;,seesLpy}eC a c l ause ,  n > 1.  Then f o r  DeC

C o -subsumes  D i f f  |c| < |p| ~ Desub (C)  A

| merge (un i (C ,Ly ,D ) , s . . . , un i (C ,L ,D)) + 4 .

Theorem 2
Le t  (C ,S )  be an S - t o ta l  subsump t i on  g raph  and  D =

{Ky,000/KpleC a c lause ,  m > 1. Then for C # DO

n
C o-subsumes D only i f  CelJ/con(D,K;) .

i=1

50



Deta i l ed  proofs  can be found i n  [ EI81].

The f o l l ow ing  examp le  i l l u s t r a tes  the p r i nc i p l e  o f  a t es t  based

on Theorem 1. Assume the set of c l auses  C = {C, D ; ,D5 ,D3,D, }  w i t h
C = {Pub ,Quv } ,  Dy = {Pxy ,Qva l ,  D,  = {pzb ,Pab ,Qab l } ,  Dy = {Pww,Rw},

Dy = {Qaa ,Rb } .  We want  to  f i nd  a l l  c l auses  subsumed  by C. I n  t h i s

case on l y  S - l i nks  connec ted  to  C are  r e l evan t ,  so for  r easons  of

c l a r i t y  a l l  o t he r  S - l i nks  a re  om i t t ed  i n  t he  S -g raph  f o r  C:

Now |c |  < ID, | f o r  a l l  i and sub(C) = {D , ,D , } ,  because  D, and
Dy a re  each  connec ted  t o  on l y  one l i t e ra l  o f  C. We have  t o

assoc ia te  w i t h  each l i t e ra l  o f  C a se t  o f  ma tch ing  subs t i t u t i ons

fo r  each  c l ause  i n  sub (C ) .  I n  t h i s  case  un i (C ,Pub ,D j )  = J
because  t he re  i s  no o such  t ha t  o (Pub )  = Pxy .  Thus  Dy; can be

d i s rega rded .

For D,  we ob ta i n  un i (C ,Pub ,D , )  = { { u  z= z } ,  {u := a } }  and

un i (C ,Quv ,D , )  = { { u  := a, v := b } } .  The subs t i t u t i ons  {u := a}
and {u  :=  a ,  v := b }  a re  s t r ong l y  compa t i b l e ,  t hus  C subsumes  D j
( bu t  none  o f  D i  , /D3 ,D4 ) .

The ma in  po in t  o f  t he  t es t  i s  t ha t  t he  expens i ve  un i f i ca t i on  i s

postponed un t i l  the  f unc t i on  sub p rese lec ted  a p l aus ib l e  subse t

o f  cand ida tes  f o r  subsump t i on .  I n  case  we a re  l ook ing  f o r

subsum ing  ra the r  than  subsumed  c l ause ,  t h i s  p rese lec t i on  p rocess

is  s l i gh t l y  more comp l i ca ted .  By Theorem 2 we f i r s t  de te rm ine  a l l

c l auses  connec ted  by a t  l eas t  one S - l i nk  t o  t he  g i ven  c l ause  D.
Then f r om th i s  se t  we asce r ta i n  t hose  C f o r  wh i ch  | c |  < | p |  and
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Desub (C)  ho lds  and on l y  t hen  t he  un i f i ca t i on  ope ra t i ons  a re

pe r fo rmed ,

In  both cases  t h i s  p rese lec t i on  and the f ac t  t ha t  the  l i t e ra l s  to
be un i f i ed  a re  exp l i c i t l y  known ,  can save  cons ide rab le  t ime . On
the  o the r  hand some e f f o r t  has to  be i nves ted  for  the  compu ta t i on
of  a l l  S - l i nks  i n  the i n i t i a l  g raph .  As w i t h  the connec t i on  g raph

p roo f  p rocedu re  t h i s  advance  cos t  can be h i ghe r  t han  a poss ib l e

ga in ,  i f  t he  se t  o f  c l auses  i s  on l y  sma l l .  Fo r  more  comp lex

examp les  however ,  there  i s  ce r t a i n l y  a pay o f f .  Bu t  o f  cou rse  any

ga in  i n  t ime  has to  be pa id  f o r  by add i t i ona l  s to rage  needed  f o r

the S-links.

Ref inements o f  the S-1link Tes t

The i nhe r i t i ng  mechan i sm o f  S~ l i nks  can be op t im i zed  i n  the same

way as desc r i bed  i n  [B75 ]  f o r  r eso lu t i on  l i nks ,  Here the p roo f s
are  very s imp le  because  S—-graphs are a lways  total.

Ano the r  r e f i nemen t  r esu l t s  f rom the  obse rva t i on  t ha t  f o r  a c l ause

C con tan ing  an S-pure  l i t e ra l  sub(C)  = @. Tha t  means t ha t  such a

c l ause  canno t  subsume any o the r  c l ause .

When compu t i ng  t he  un i ( c , L } ,D )  we need  t o  know wh i ch  KeD a re

un i f i ab le  w i t h  L i ,  As t he  de f i n i t i on  o f  un i  shows ,  t hese  a re

exac t l y  t hose  l i t e ra l s  we a l r eady  had t o  cons ide r  f o r  t he

compu ta t i on  o f  con and sub .  The i n f o rma t i on  ob ta i ned  du r i ng  the

compu ta t i on  o f  con and sub shou ld  be s to red  i n  an app rop r i a te

da ta  s t r uc tu re  to  avo id  hav ing  to  recompute i t  fo r  un i .

Thus  f a r  t he  S - l i nk  t es t  was deve loped  w i t hou t  cons ide r i ng  t he

unde r l y i ng  i n fe rence  mechan i sm.  S ince  they  are  based  on the  same

p r i nc i pa l  i dea  as connec t i on  g raphs ,  S -g raphs  appea r  t o  be

comb ined  most  na tu ra l l y  w i t h  t h i s  i n f e rence  me thod . We can mod i f y

the  de f i n i t i on  o f  a connec t i on  g raph  to  be a t r i p l e  (C ,R ,S )  such

tha t  (C ,R)  i s  a connec t i on  g raph  ( i n  t he  h i t he r t o  sense )  and
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(C,S) i s  an S -g raph .  For such a g raph  we can de f i ne  a new k i nd  o f
subsump t i on :  a c l ause  C subsumes  an R - l i nk  (D , ,K , ,D , ,K5 ) ,  i f  C

subsumes the  r eso l ven t  o f  (Dy Ky +Dy ,K , )

Th i s  l i n k  subsump t i on  ru l e  i s  a ve ry  power fu l  t echn ique ,  s i nce
de le t i ng  subsumed  reso l ven t s  has the  e f f ec t  as i f  a l l  r eso lu t i ons
lead ing  to  subsumed  reso l ven t s  we re  pe r f o rmed  p r i o r  t o  o the r
s teps .  Th i s  r esu l t s  i n  a s t r onge r  r educ t i on  of  the g raph  than  in
the usua l  case  whe re  subsump t i ons  occu r  on l y  r andomly .  The
d i f f e rence  i s  s im i l a r  t o  t he  one be tween  de le t i ng  t au to l ogy
c lauses  and de le t i ng  tau to logy  l i nks  i n  a graph (see 6 .3 .4 . ) .

Practical Results

On the ave rage  a g raph  has abou t  t he  same number  o f  S -1 l i nks  as i t
has R - l i nks .  Th i s  may seem an inappropr ia te  i nc rease  i n  s to rage
requ i remen t .  But  i n  the  ac tua l  imp lemen ta t i on  S - l i nks  need much
less  s to rage  than  R - l i nks .  Mo reove r ,  i t  i s  no t  t he  phys i ca l
s to rage  t ha t  i s  impo r tan t ,  bu t  t he  number  o f  ac t i ve  R - l i nks  i n
the sea rch  space ,  and t h i s  number  can be r educed  cons ide rab l y .

P rac t i ca l  t es t s  i nd i ca te  t ha t  the r educ t i on  of  the  g raph  caused
by subsump t i on  usua l l y  more than  compensa tes  fo r  the s t o rage  used
by the S -1 l i nks .  An examp le  i s  P. And rews  “ cha l l enge ”  p roposed  at
the deduc t i on  workshop  in  Aus t i n  1979:(  3x  Qx = Vy  Qy) = (dx V y
Qx = Qy ) .  He re  subsump t i on  reduces  the  i n i t i a l  g raph  by 89% o f
the c l auses  and by 99,5% of  the R - l i nks  (wh i ch  i s  howeve r  an
ex t reme  case ) .

I n  o rde r  t o  ge t  some expe r i ence  w i t h  more  "na tu ra l "  p rob lems ,  a
se lec t i on  o f  examp les  f r om [MOW76] and [WM76] was run  us i ng  the
s t ra teg ies  bas ic  r eso lu t i on ,  se t -o f f - suppo r t ,  and un i t
r e fu ta t i on ,  each w i t h  and w i t hou t  subsump t i on .

The resu l t s  show ( see  [E I81 ]  f o r  the ac tua l  f i gu res )  t ha t
subsump t i on  usua l l y  caused  a cons ide rab le  imp rovemen t  o f  t he
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pene t rances ,  i.e. f ewe r  unnecessa ry  s teps  we re  pe r f o rmed .  Th i s
demons t ra tes  t he  r educ t i on  o f  t he  sea rch  space .  Some t imes  the
sys tem even found  a proof  where  i t  d i d  not  w i t hou t  subsumpt ion.
The i nc rase  of  the  R -va lue  i nd i ca tes  t ha t  subsump t i on  i n fac t  has
a ve ry  s t r ong  impac t  on the  s i ze  o f  t he  graph.

6 .3 .4  De le t i on  o f  Redundan t  L i nks  i n  Connec t i on  g raphs

The connec t i on  g raph  p roo f  p rocedu re  a l l ows  the  r emova l  o f  a
c l ause  f rom the  g raph ,  i f  i t  i s  a t au to l ogy  or  a pu re  c l ause .

Th i s  c l ause  de le t i on  ru l e  can be t r ans fe r red  to  l i n ks  i f  we v i ew
a l i nk  as a po ten t i a l  c l ause :  each  l i n k  r ep resen ts  a po ten t i a l
f ac to r ,  r eso l ven t  o r  pa ramodu lan t .  L i nks  wh i ch  gene ra te

tau to l og ies  or  pu re  c l auses  a re  ca l l ed  redundan t  l i n ks .  S ince

non - redundan t  we l l  as r edundan t  l i n ks  a re  cop ied  ( i . e .
i nhe r i t ed )  i n  t he  p rocess  o f  a de r i va t i on ,  t he  e l im ina t i on  o f
r edundan t  l i n ks  as ea r l y  as poss ib l e  ( i . e .  immed ia te l y  a f t e r

t he i r  gene ra t i on )  p roh ib i t s  t he i r  occas iona l  exponen t i a l  g row th .

The connec t i on  g raph  proof  p rocedure  i s  ex tended  by seve ra l  new

types  o f  l i n ks  i n  o rde r  t o  f o rmu la te  necessa ry  and su f f i c i en t

c r i t e r i a  t ha t  l i n ks  a re  r edundan t .

Mult ico loured Graphs

A connec t i on  g raph  i s  a se t  o f  c l auses  t oge the r  w i t h  seve ra l  se t s

of l i n ks .  The l a t t e r  i nc l ude  so far:

> F -L INKS,  the se t  o f  f ac to r i sa t i on  l i nks

> R -L INKS,  the  se t  o f  r eso lu t i on  l i nks

> P -L INKS,  the  se t  o f  pa ramodu la t i on  l i nks

> IP -L INKS,  the se t  o f  i n f o rma t i on  l i nks
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> S -L INKS,  the  se t  o f  subsumpt ion  l i nks

> T -L INKS,  t he  se t  o f  t au to l ogy  l i nks  wh i ch  a re  subc lass i f i ed
in to

TS-L INKS

TR-L INKS

TP-L INKS ( see  be low)

> PC-L INKS,  the se t  o f  pa ren t  connector  l i n ks  (see below)

Some o f  t hese  l i nks  may aga in  be c l ass i f i ed  as ac t i ve ,  passive,
i nh i b i t ed  or  i nhe r i t ance  on l y  and i n  add i t i on  a re  so r t ed
accord ing  to va r i ous  p r i o r i t i e s  as desc r i bed  in  sec t i on  6 .4 .

A fac to r i sa t i on  l i nk  (F - l i nk )  i s  a pa i r  <C ,o> ,  whe re  C i s  a
c l ause  and o i s  a mos t  gene ra l  un i f i e r  (mgu)  f o r  0oLg = OL;
( l < i<n )  whe re  { LgsLy reeesL }  €C,  I f  1 = <C,0> i s  an F - l i nk ,  t he

c lause  oC i s  the  f ac to r  o f  C, formed by 1 .

A r eso lu t i on  l i nk  (R - l i nk )  i s  a 5 - t up le  <«C,M,D,L,0> where  C,D are
c l auses ,  MeC and LeD a re  l i t e ra l s  such  t ha t  ~oM = oL and vo i s
most gene ra l .
A pa ramodu la t i on  l i nk  (P - l i nk )  1 i s  a 6 - t up le  <C,M,a ,D ,N ,0>  where
Cand D a re  two  d i s t i nc t  c l auses ,  M i s  a non -equa l i t y  l i t e ra l  i n
C, N is  an equa l i t y  l i t e ra l  of  the fo rm s = t i n  D, a i s  an
admiss ib l e  t e rm  access  f unc t i on  fo r  M and ¢ i s  a mgu f o r  oca(M) =
gs .

A subsump t i on  l i nk  (S - l i nk )  i s  a 4 - t up le  <C,M,D,L> where  C,D are
c l auses ,  MeC and  LeD a re  l i t e ra l s  such  t ha t  LL and M are
un i f i ab le .  These  l i nks  a re  used  to  compu te  t he  subsumt i on
r e l a t i on  as d i scussed  i n  sec t i on  6 .3 .3 .

T-L inks  and PC~L inks  are  de f i ned  be low .

55



Tau to log ies

A c l ause  i s  a t au to l ogy ,  i f f

( 1 )  i t  con ta i ns  a l i t e ra l  o f  t he  f o rm  t 1 t ,  whe re  T i s  some

equa t i ona l  theory  or
(2)  i t  con ta i ns  two comp lementa ry  l i te ra ls .

We c l ass i f y  t au to l og ies  acco rd ing  to  the  way they  are  gene ra ted :

Type  1 :

A tau to l ogy  i s  gene ra ted  by an app l i ca t i on  of  a subs t i t u t i on  to
a c l ause  ( t h i s  happens  on f ac to r i sa t i on ,  r eso lu t i on  and
pa ramodu la t i on ) .

Examp le :

The app l i ca t i on  o f  t he  f ac to r i ng -subs t i t u t i on  { x /a  v /a }  t o  t he
c l ause  C = <~Px,  Py ,  QOxa, Qay> resu l t s  i n  a f ac to r  o f  C, <~Pa,
Pa, Qaa> wh i ch  i s  a tautology.

Type  2 :

The two comp lemen ta ry  l i t e ra l s  i n  a t au to l ogy  s tem f rom d i s t i nc t
pa ren t  c l auses  and are made comp lemen ta ry  by the  app l i ca t i on  of  a
subs t i t u t i on  to both pa ren t  c l auses  ( t h i s  happens on r eso lu t i on
and pa ramodu la t i on ) .

Examp le :

Reso lu t i on  w i t h  t he  pa ren t  c l auses  <Px,  ~Qxa> and <Qay,  Py>
resu l t s  i n  the r eso l ven t  <Pa, ~Pa> wh i ch  i s  a t au to l ogy .

Type  3:

The t au to l ogy  i s  gene ra ted  by r ep lac i ng  a sub te rm  o f  a l i t e ra l  i n
a c l ause  and by app l y i ng  a subs t i t u t i on  t o  t he  c l ause  ( t h i s
happens  on l y  on paramodulat ion) .
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Example:

Paramodu la t i on  w i t h  the  pa ren t  c l auses  <~P f ( f ( a ) ) ,Pa>  and
<£(£ (x ) )  = x> r esu l t s  i n  t he  pa ramodu lan t  < -Pa ,  Pa> wh i ch  i s  a

t au to l ogy .

Type  4 :

The t au to l ogy  i s  gene ra ted  by i nse r t i ng  comp lemen ta ry  equa l

l i t e ra l s  i n  a c l ause  wh i ch  s tem f rom two d i s t i nc t  c l auses  and are

made comp lemen ta ry  equa l  by sub te rm  rep lacemen t  and app l i ca t i on

of  a subs t i t u t i on  t o  bo th  c l auses  ( t h i s  happens  on l y  on

pa ramodu la t i on ) .

Examp le :
Pa ramodu la t i on  w i t h  the pa ren t  c l auses  <~P f ( f ( a ) )>  and

<f ( f (x ) )=x ,  Pa> resu l t s  in  the pa ramodu lan t  <~Pa, Pa> which is  a
t au to l ogy .

Tautology detect ion

The d i f f e ren t  t ypes  of t au to l og ies  are now ana l yzed  in  o rde r  to
p reven t  t he i r  gene ra t i on  du r i ng  the sea rch  fo r  a proof.

Type 1 - Tauto log ies :

Tau to log ies  t ha t  a re  gene ra ted  i n  t h i s  way a re  de tec ted  us ing

soca l l ed  Tau to logy  Subs t i t u t i on  L i nks :
(DEF) A t au to l ogy  subs t i t u t i on  l i nk  (TS - l i nk )  i s  a t r i p l e  <C,L,K>

where C is  a c l ause  and L and K are comp lemen ta ry  un i f i ab le
l i t e ra l s  i n  C, o r  i s  a t r i p l e  <(C,s , t>  where  s and t a re  un i f i ab le

terms and P (s , t )  i s  a l i t e ra l  in  C and P is  a r e f l ex i ve  p red i ca te
( o r  ~ P (s , t )  i s  a l i t e ra l  i n  C and  P i s  an i r r e f l ex i ve

p red i ca te ) .

Subsequen t l y  we assume  connec t i on  g raphs  to  be f u l l y  TS-

connec ted ,  i . e .  a l l  TS - l i nks  a re  se t .
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(DEF)  An F - l i nk  <C ,o>  o r  a

R- l i nk  <C ,M,D ,N ,o>  or  a
P - l i nk  <C ,M,a ,D ,N ,0>  or  a
P - l i nk  <D ,N ,a ,C ,M ,o>

i s  t ı - r edundan t  i f f  t he re  ex i s t s  a

TS-1l ink <C ,L ,K>  or  a TS - l i nk  <C ,s , t>
such t ha t

L¥M,  K#M (Ps t#M)  o r  ~Psti#M

and o |L |  = o |K|  (os = o t ) .

Type 2 - Tautologies

Tau to log ies  o f  t h i s  t ype  a re  de tec ted  on t he  bas i s  o f  soca l l ed

Tau to logy  Reso l ven t  L i nks :

(DEF)  A t au to l ogy  reso l ven t  l i n k  (TR-1 l i nk )  i s  a quad rup le
<C,L ,D ,K>  whe re  C and  D a re  d i s t i nc t  c l auses  and  LeC and  KeD a re

complementary un i f i ab le  l iterals.
I n  a f u l l y  TR-connec ted  connec t i on  g raph  each  pa i r  o f

comp lemen ta ry  un i f i ab le  l i t e ra l s  i n  d i s t i nc t  c l auses  i s  connec ted

w i t h  exac t l y  one TR- o r  R - l i nk .

Subsequen t l y  we assume  connec t i on  g raphs  to  be f u l l y  TR-
connec ted .

(DEF) An R-l1link <C ,M,D ,N ,0>  or  a
P - l i nk  <C ,M,a ,D ,N ,0>  or  a

in a connect ion graph is  Tt,-redundant, i f f  there is an
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such t ha t

L#M, K#N and o|L| = o|K

Type 3 - Tautologies

We in t roduce  another  new l i nk  type to de tec t  t au to log ies  of t h i s
t ype :

(DEF) A t au to l ogy  pa ramodu lan t  l i n k  (TP-1l ink)  i s  a 5 - t upe l  <C, M,
a, D, s= t> ,  whe re  C and D a re  d i s t i nc t  c l auses ,  M i s  a non -
equa l i t y  l i t e ra l  in  C, s = t i s  an equa l i t y  l i t e ra l  in  D and a is
an adm iss ib l e  t e rm  access  f unc t i on  f o r  M, such  t ha t  a(M) and s
are un i f i ab le  terms.

In a f u l l y  TP-connec ted  connec t i on  graph each s ide of an equa l i t y
l i t e ra l  i s  connec ted  to  a sub te rm  o f  a non -equa l i t y  l i t e ra l  i n
ano the r  c l ause  by exac t l y  one P-  o r  TP - l i nk ,  wheneve r  the s i de  of
the equa l i t y  and the  sub te rm  are  un i f i ab le .

Subsequen t l y  we assume  connec t i on  g raphs  to  be f u l l y  TP-
connec ted .

(DEF) A P - l i nk  <C ,M,0 ,D ,s  = t , 9>  i n  a connec t i on  g raph  i s  13 -

r edundan t ,  i f f  t he re  i s  a P-l1link <C ,N ,a ,D , t  = 5 ,0>  o r  a TP -1 l i nk

<C,N ,a ,D , t  = s> such  t ha t  M and N have  oppos i t e  s i gns  and the
same p red i ca te  symbo l ,  o |M |  2 o |N |  and o t  = oca(N).

K = L f o r  some l i t e ra l s  K and L ,  i f f  L = K excep t  f o r  t he
sub te rms  o f  L and K g i ven  by a.

Type 4 - Tauto logies

I t  i s  cha rac te r i s t i c  f o r  t au to l og ies  of t h i s  type  t ha t  the two
comp lemen ta ry  equa l  l i t e ra l s  are  the  pa ramodu la ted  l i t e ra l  and a
l i t e ra l  s temming  f rom the equa l i t y  c l ause .
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(DEF) A P - l i nk  <C ,M,a ,D ,s  = t , 0>  i n  a connec t i on  g raph  i s  Tt4-

r edundan t ,  i f f  t he re  ex i s t s  a l i t e ra l  NeD d i f f e ren t  f r om s = t

such  t ha t  M and N have  oppos i t e  s i gns  and t he  same p red i ca te

symbo l ,  o|M| £ o|N| and ot = oa(N).

Remark

The de tec t i on  o f  t ype -4  t au to l og ies  i nvo l ves  a sea rch  f o r  t he

l i t e ra l  NeD. Th i s  p rob lem cou ld  be so lved  by the  i n t r oduc t i on  of

a new c l ass  o f  l i n ks  ( s im i l a r  t o  P - l i nks ) ,  wh i ch  connec t  one s i de

o f  an equa l i t y  w i t h  a sub te rm  o f  a l i t e ra l  i n  t he  same c l ause .

Us ing  t hese  l i n ks  the  l i t e ra l  NeD cou ld  be found w i t hou t  sea rch .

We re j ec t  t h i s  so lu t i on :  As i n  the  case o f  P - l i nks ,  the  number o f

t hose  l i nks  i n  a connec t i on  g raph  wou ld  be ve ry  l a rge ,  so t ha t

t he  cos t  o f  gene ra t i ng ,  i nhe r i t i ng  and s to r i ng  t hese  l i nks

exceeds  the  cos t  o f  t he  sea rch  f o r  a spec i f i c  l i t e ra l  i n  a

c l ause .  No te  t ha t  t h i s  a rgumen t  does no t  ho ld  fo r  TP - l i nks ,  s i nce

the  number  o f  TP - l i nks  compared  to  t he  number  o f  P - l i nks  i n  a

connec t i on  graph i s  very sma l l  i ndeed .

Tautology Redundant L inks

Now i n  o rde r  to  avo id  the  gene ra t i on  o f  t au to l og ies ,  we say :

An F - ,  R- o r  P - l i nk  1 i n  a f u l l y  TS - ,  TR- and TP-connec ted

connec t i on  g raph  i s  t au to l ogy  redundan t  ( t - r edundan t ) ,  i f f  1 i s

T i - r edundan t  fo r  some i e {1 ,2 ,3 ,4 } .

Theorem 1

A c l ause  gene ra ted  by an F - ,  R- o r  P - l i nk  i n  a f u l l y  TS- ,  TR- and

TP-connec ted  connec t i on  g raph  i s  a t au to l ogy ,  i f f  1 i s  a 1 -

r edundan t  l i n k .

Theo rem 1 g i ves  a necessa ry  and su f f i c i en t  cond i t i on  t o  de tec t

l i nks  wh i ch  gene ra te  t au to l og ies  by means  o f  TS - ,  TR- and TP-

l i n ks .
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The ac tua l  imp lemen ta t i on  uses  t h i s  i n f o rma t i on  t o  avo id  t he

gene ra t i on  of  t au to l og ies  and ex tends  the  Connec t i on  Graph P roo f

P rocedu re  by a t - l i n k  r educ t i on  ru l e :

(1) Fo r  each  c l ause  i n  t he  i n i t i a l  g raph  c rea te  a l l  TS - l i nks  t o

gua ran tee  the  f u l l y  TS-connec ted  proper ty  o f  the  g raph .

(2) A f t e r  c rea t i on  o f  the i n i t i a l  g raph ,  remove each t - r edundan t

F - l i nk  f rom the  g raph .  Reco lou r  each t - r edundan t  R- or  P - l i nk  to

‘a TR- o r  TP - l i nk  t o  gua ran tee  t ha t  t he  g raph  i s  s t i l l  f u l l y  TR-

or  TP -connec ted .

(3)  A f t e r  gene ra t i on  o f  a f ac to r ,  r emove  the  assoc ia ted  F - l i nk

f rom the g raph .  A f t e r  gene ra t i on  o f  a r eso l ven t  or  pa ramodu lan t ,

r eco lou r  the  assoc ia ted  R- o r  P - l i nk  to  a TR- o f  TP - l i nk  (R- and

P- l i nks  mus t  no t  be r emoved  to  gua ran tee  the  f u l l y  TR- and TP-

connec ted  p rope r t y  o f  t he  g raph ) .  I n  add i t i on  gene ra te  a l l  TS-

l i nks  f o r  the  f ac to r ,  r eso l ven t  o r  paramodulant.

(4) A f t e r  gene ra t i on  of  a r eso l ven t  or  pa ramodu lan t ,  remove each

t - r edundan t  F - l i nk  f r om the  g raph ,  wh i ch  i s  a t t ached  to  t he

reso l ven t  o f  pa ramodu lan t .  A f t e r  gene ra t i on  o f  a factor,

r eso l ven t  or  pa ramodu lan t ,  r eco lou r  each t - r edundan t  R- or  P - l i nk

to  a TR- o r  TP - l i nk ,  wh i ch  i s  connec ted  to  a l i t e ra l  i n  t he

fac to r ,  r eso l ven t  o r  pa ramodu lan t .

(5) A f t e r  r eco lou r i ng  an R- o r  P - l i nk ,  check  t he  l i n ks  pa ren t

c l auses  fo r  pu r i t y .

Pure  C lause  Genera t ion

A c l ause  i s  pu re ,  i f f  i t  con ta i ns  a l i t e ra l  wh i ch  i s  no t

connec ted  by an R- o r  P - l i nk .

A l i n k  connec t i ng  a l i t e ra l  i n  a f ac to r  o r  r eso l ven t  i s  e i t he r

i nhe r i t ed  f rom a l i n k  connec t i ng  i t s  pa ren t  l i t e ra l  o r

i s  new ly  c rea ted  and connec t s  a l i t e ra l  i n  i t s  pa ren t  clause.
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I n  o rde r  t o  check  f o r  pu r i t y  w i t h  a g i ven  l i t e ra l  L i n  c l ause  C
and a subs t i t u t i on  o o f  an F -  o r  R -1 l i nk ,  we have  t o  sea rch  C f o r
l i t e ra l s  K j ,  wh i ch  are  un i f i ab le  w i t h  oL.

G i ven  a l i t e ra l  L ,  we f i nd  some o f  the  l i t e ra l s  K ;  w i t h  the he lp
of the TS - l i nks .  Un fo r t una te l y  not  a l l  l i t e ra l s  K;  are g i ven  by
t hese  l i n ks .

Examp le :
C = < -P (x ) ,  P ( f ( x ) )>

{ x /a }  { x / f ( a ) }

/
<P(a)> < -P ( f ( f ( a ) ) )>

S ince  -P (x )  and P ( f ( x ) )  a re  no t  un i f i ab le ,  we have  no TS- l i nk
be tween  these  l i t e ra l s .  But  we can connec t  the descendan t  P ( f ( a ) )
of  P ( f ( x ) )  i n  C to  -P (x )  in C. The p rob lem i s  to  t ake  i n t o
accoun t  t he  r enam ing  o f  va r i ab les  i n  f ac to r s  and reso lven ts ,
which is  done by i n t r oduc ing  soca l l ed  paren t  connec to r  links.

Pure C lause Detect ion

(DEF) A pa ren t  connec to r  l i n k  (PC- l i nk )  i s  a t r i p l e  <C,L ,K> where
C i s  a c l ause ,  L and K a re  l i t e ra l s  i n  C wh i ch  are  un i f i ab le  on l y
a f t e r  r enam ing ,  i . e .

ALL 6 .  0 | L |  # 0 |K |  and

EXp EXv. p i s  va r i ab le  renaming  of K
and v |L |  = vp | K|

We assume connec t i on  graphs  to  be f u l l y  PC-connec ted  and the TS-
l i nks  and the PC- l i nks  deno te  the  l i t e ra l s  K i n  a c l ause  C wh i ch
a re  un i f i ab le  (a t  l eas t  a f t e r  r enam ing )  w i t h  a g i ven  l i t e ra l  i n
C.
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Pur i t y  Redundant L inks

Pu r i t y  r edundan t  l i n ks  are de f i ned  as:

(DEF) An R - l i nk  <C ,M,D ,M,c>  o r  an F - l i nk  <C ,o>  i s  pu r i t y

redundan t  (wv - redundan t ) ,  i f f

EX L € C-{M}
( r esp .  LeC i n  case  o f  an F - l i nk )

such t ha t

(1) ALL R -L INKS <C ,L ,C j sL ; r0 ;>
~EX 8 ,  Opo |L |  = o|L, |

and

(2)  ALL TS-L INKS and PC-L INKS <C ,L ,K>

~EX 9 ,  6po |L |  = 6]|K]
where m i s  a va r i ab le  renam ing  f o r  C.

Theorem 2

A c l ause  gene ra ted  by an F-  o r  R -L INK  1 i n  a f u l l y  TS- and PC-

connec ted  connec t i on  g raph  i s  pu re ,  i f f  1 i s  a w - redundan t  l i n k .

Pur i t y  L ink  Reduct ion

Theorem 2 g i ves  a necessa ry  and su f f i c i en t  cond i t i on  wh ich  is
used i n  t he  MKR-Procedu re  t o  avo id  the  gene ra t i on  o f  pu re

c l auses .  The P roo f  p rocedu re  i s  ex tended  by a t - l i n k  r educ t i on

ru le :

(1) Fo r  each  c l ause  i n  t he  i n i t i a l  g raph  and f o r  each  r eso l ven t

or f ac to r  c rea te  a l l  TS- and PC- l i nks  to  ensu re  t ha t  the  g raph  i s

f u l l y  TS- and PC-connec ted .

(2) A f t e r  c rea t i on  o f  t he  i n i t i a l  g raph  and a f t e r  each  c rea t i on

of a f ac to r  or  r eso l ven t ,  remove  f rom the g raph  each t - r edundan t

l i nk ,  wh i ch  i s  connec ted  to  a l i t e ra l  i n  a c l ause  o f  the i n i t i a l

g raph  or  i n  the f ac to r  of  resolvent,
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I f  t - l i n k  r educ t i on  i s  app l i ed ,  i ns tead  of  r emov ing  w - redundan t

R - l i nks  f r om the  g raph ,  " r eco lou r "  t hese  l i nks  to  TR- l i nks  to

ensu re  t ha t  the  g raph  i s  s t i l l  f u l l y  TR-connec ted ,

(3)  A f t e r  r emov ing  o r  r eco lou r i ng  an R - l i nk ,  r emove  or  r eco lou r

each  m- redundan t  l i n k ,  wh i ch  i s  connec ted  to  a l i t e ra l  i n  a
pa ren t  c l ause  o f  the  removed or  r eco lou red  R - l i nk , .

Pure C lauses  under Paramodulat ion

The ex tens ion  o f  wn - l i nk  r educ t i on  t o  P - l i nks  i s  o f  l i t t l e .
p rac t i ca l  va l ue ,  s i nce  t he  pu r i t y  p r i nc i p l e  i s  so r a re l y .

app l i cab le  i n  pa ramodu la ted  connec t i on  graphs. Cons ide r  f o r .

i ns tance  ax iom c l auses  l i ke  <~x>0 ,  successo r  ( p redecesso r  (x ) )  =
x> o r  <~ f ( x )  = f ( y ) ,  x = y> ,

I n  pa ramodu la ted  connec t i on  g raphs  each va r i ab le  r ep resen t i ng  one

s ide  of  an unnega ted  equa l i t y  i n  a c l ause  C i s  connec ted  to  each

te rm  i n  a c l ause  d i f f e ren t  f r om C. Hence c l auses  l i ke  t hose  g i ven

in  the  examp le  p reven t  each  o the r  f r om becom ing  pu re .  These

examp les  do no t  r ep resen t  a r t i f i c i a l  p rob lems  bu t  t ypes  of  ax i oms

wh ich  occu r  ve ry  o f t en  i n  ax i oma t i za t i ons  w i t h  equa l i t y .  The

res t r i c t ed  success  compared  to  i t s  g rea t  expense  does not  seem to

j us t i f y  ex tend ing  m-1 l ink  r educ t i on  t o  pa ramodu la ted  connec t i on

g raphs .

Howeve r ,  t hese  a rgumen ts  are no t  spec i f i c  to  pa ramodu la t i on :  I f

we i nco rpo ra te  equa l i t y by a p red i ca te  symbo l  E and do no t  use

pa ramodu la t i on ,  t he  subs t i t u t i on  ax ioms  fo r  p red i ca tes  ( f o r

i ns tance  fo r  a unary  p red i ca te  P:
<~E(xy ) ,  ~P (x ) ,  P (y )> )

guaran tees  tha t  no l i t e ra l  w i t h  p red i ca te  symbol  P becomes pure
un less  t he  subs t i t u t i on  ax iom i t se l f  become  pu re ,  wh i ch  i s

prevented by the axiom of symmet ry  <~E(xy) ,  E (yx )> .
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El iminat ing  the Search  for  R - l i nk  Inher i tance

A f u r t he r  usage  o f  TS-  and PC- l i nks  i s  t he  f o l l ow ing :  A f t e r

f o rm ing  a r eso l ven t  o r  f ac to r  i t  i s  necessa ry  t o  sea rch  f o r

l i t e ra l s  i n  the  r eso l ven t  (o r  f ac to r ) ,  wh i ch  are  un i f i ab le  w i t h  a

l i t e ra l  i n  t he  pa ren t  c l auses .  Fo r  such  pa i r s  o f  l i t e ra l s  an R-

l i n k  i s  added to  the g raph .  We ca l l  such an R - l i nk  a pa ren t
connec t i on ,  (The  o r i g i na l  p rocedu re  o f  [KO75 | r equ i res  a sea rch

and connec t i on  f o r  bo th  pa ren t  c l auses .  I t  i s  easy  t o  ve r i f y ,

t ha t  t h i s  approach resu l t s  i n  the  mu l t i p l e  i nhe r i t ance  of  R - l i nks

or - even wo rse  - i n  the i nhe r i t ance  o f  R - l i nks  a l r eady  removed

f rom the graph).

The p rob lem cons i s t s  i n  t he  f ac t  t ha t  t he  sea rch  f o r  pa ren t

connec t i ons  can be ve ry  expens i ve  because  we have  t o  pe r f o rm

(x + vy) * (x + y) t es t s  f o r  un i f i ab i l i t y ,  where x and y are the
number  o f  l i t e ra l s  i n  a r eso l ven t s  pa ren t  c l auses .  Th i s  expens i ve

sea rch  can be d i spensed  w i t h  i n  f u l l y  TS- and PC-connec ted  g raphs

s ince  fo r  each l i t e ra l L in  a resolvent or f ac to r  the un i f i ab le
l i t e ra l  K i n  i t s  pa ren t  c l ause  C i s  g i ven  by a TS-  o r  PC- l i nk

<C ,L ,K> ,

Generat ion Rules for L i nks  i n  Extended Connect ion Graphs

Dur ing  the cons t ruc t i on  o f  an i n i t i a l  connec t i on  g raph ,  each t ime

two l i t e ra l s  L and K i n  a c l ause  C a re  un i f i ab le ,  a TS -1 l i nk

<C,L ,K>  i s  added  t o  t he  g raph .  Each  t ime  two  l i t e ra l s  L and K i n

a c l ause  C a re  un i f i ab le  a f t e r  r enam ing ,  a PC- l i nk  <«C,L,K> i s

i nse r t ed  i n to  t he  g raph .  TR- and TP- l i nks  a re  gene ra ted  i n  the

i n i t i a l  g raph  by app l i ca t i on  of  the  t - l i n k  r educ t i on  ru l e  to  the

R- and P - l i nks  o f  the  i n i t i a l  g raph .
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6 .3 .5  Te rm ina to r

Todays theorem p rov ing  ca l cu l i  may be c l ass i f i ed  i n to  those that
s ta r t  w i t h  a g i ven  se t  o f  l og i ca l  f o rmu las  and  c rea te  new

f o rmu las  by the app l i ca t i on  of ce r t a i n  deduc t i on  ru l es  l i ke
reso lu t i on  [RO065], pa ramodu la t i on  [WR73], na tu ra l  deduc t i on  ru l es
[BL77|,  [NE74] e tc ,  un t i l  t he  t heo rem ( f o rwa rd  reason ing )  o r  a

r e fu ta t i on  (backward  reason ing )  has been de r i ved .

Recen t l y  new ca l cu l i  o f  a d i f f e ren t  k i nd  l i ke  And rews ”  ma t i ng

ca l cu lus  [AN81] or B ibe l ” s  ma t r i x  ca l cu lus  [B I81 ]  have been
deve loped  wh i ch  i n i t i a l l y  do not  deduce any new f o rmu las ,  but
on l y  t es t  ce r t a i n  pa th  cond i t i ons  ensu r i ng  sa t i s f i ab i l i t y  o r

unsa t i s f i ab i l i t y  of  the i n i t i a l  f o rmu la  se t .  On ly  i f  t h i s  t es t
f a i l s  may t he  need  a r i se  t o  copy  ce r t a i n  f o rmu las .  Kowa l sk i s

connec t i on  g raph  p roo f  p rocedu re  [KO75 | i n  i t s  o r i g i na l

f o rmu la t i on  i s  o f  the f i r s t  k i nd :  A connec t i on  g raph  cons i s t s  of

the nodes l abe led  by c l auses  i n  con junc t i ve  no rma l f o rm  and l i nks

( connec t i ons )  be tween  comp lemen ta ry  un i f i ab le  l i t e ra l s

rep resen t i ng  poss ib l e  r eso lu t i on  s teps .  A deduc t i on  i s  pe r f o rmed

by the se lec t i on  o f  a l i n k ,  c rea t i ng  the co r respond ing  reso l ven t ,

i nse r t i ng  i t  i n t o  t he  g raph  and de le t i ng  t he  se lec ted  l i nk ,

po ten t i a l l y  caus ing  f u r t he r  de le t i ons  of l i n ks  and clauses.
Th i s  p roo f  p rocedu re  can be t r ans fo rmed  i n to  a ca l cu lus  o f  t he

second k ind  us ing  an idea o r i g i na l l y  proposed by S .S i cke l  [S176 ] :
i n s tead  o f  add ing  reso l ven t s  to  the  g raph ,  the  sea rch  f o r  a p roo f

i s  essen t i a l l y  done on the i n i t i a l  g raph  by "wa l k i ng  a l ong "  the
l i n ks  un t i l  a r e fu ta t i on  has been  f ound ,  t hus  "un ro l l i ng  t he

graph"  [S176].
The me thod  p roposed  he re  i s  ve ry  much i n  t ha t  sp i r i t  bu t  used  f o r

a very spec ia l  - a l be i t  impor tan t  - case on l y :  I f  the c l ause  set
i s  un i t  r e fu tab le ,  i . e .  the empty  c l ause  can be de r i ved  by
success i ve  reso lu t i on  s teps  w i t h  one - l i t e ra l  c l auses ,  the c l ause

g raph  has t o  con ta i n  a spec ia l  sub t ree  ( r e fu ta t i on  t r ee  o r

t e rm ina to r  s i t ua t i on )  wh i ch  j us t  r ep resen ts  t h i s  cha in  o f  un i t

r eso lu t i ons .
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Examples:

[HTT ]  [TT HH] [CLT

F ig . l  a) b) Cc)

Eve ry  box i n  f i g . l  r ep resen ts  a l i t e ra l ,  a s t r i ng  o f  boxes  i s  a

c lause  and comp lemen ta ry  un i f i ab le  boxes  ( l i t e ra l s )  a re  connec ted

by a l i n k ,  I f  a l l  un i f i e r s  a t t ached  to  t he  l i n k  i n  f i g .  l a )  a re

compa t i b l e ,  t h i s  r ep resen ts  a one - l eve l  t e rm ina to r  s i t ua t i on ,

s ince  i t  immed ia te l y  a l l ows  fo r  the de r i va t i on  of the empty
c l ause ,  S im i l a r y  f i g .  l b )  r ep resen ts  a two - l eve l  t e rm ina to r
s i t ua t i on  (a ke rne l  wh i ch  i s  connec ted  to  a one - l eve l  t e rm ina to r

s i t ua t i on )  and f i g .  l c )  a 3 - l eve l  t e rm ina to r  s i t ua t i on  i f  a l l

un i f i e r s  are compatible.

The t e rm ina to r  componen t  o f  t he  MKRP sys tem,  wh i ch  de tec t s

con f i gu ra t i ons  o f  t he  above  k i nd ,  i s  used  i n  two  ways :  f i r s t  i t

ac t s  l i ke  a s imp le  and f as t  t heo rem p rove r  and i s  ac t i va ted  on

the i n i t i a l  connec t i on  g raph .  I f  i t  f a i l s ,  the f u l l  mach ine ry  of
the  Log i c  Mach ine  i s  ac t i va ted .  Second l y  i t  i s  used  to  ove rcome

the p rob lem tha t  the heu r i s t i c  se lec t i on  f unc t i ons  have the ve ry

l im i t ed  ho r i zon  o f  one s tep  ahead ,  s i nce  the  compu ta t i on  of  a

f u r t he r  n - l eve l  look ahead f o r  n»2,  i s  so p roh ib i t i ve l y  expens i ve

tha t  i t  ou twe ighs  the advan tage .  For  t ha t  r eason  the Te rm ina to r

is  used as a d i f f e ren t  n - l eve l  look ahead t echn ique ,  wh i ch  checks

a t  t o l e rab le  cos t s  i f  t he re  i s  a p roo f  w i t h i n  a p rede f i ned

complex i ty  bound. This use is the no- loop-requi rement  of [SI76]
and i s  ak i n  to the n - l eve l - l ook -ahead  heu r i s t i c  p roposed  by
[KO75 ] .  I t  i s  one of  the ma in  sou rces  f o r  the success  of the
cu r ren t  sys tem,
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A c l ause  g raph  i s  a r e fu ta t i on  t ree  (a terminator) i f :

Every l i t e ra l  of a c l ause  is  a t tached  to exac t l y  one
l i n k .

The un i f i e r s  o f  the  l i n ks  are  compatible.
The g raph  i s  cyc l e  f r ee ,

The f o l l ow ing  impor tan t  r esu l t  i s  known abou t  r e fu ta t i on
t rees  [HR78|:

Theo rem:
A un i t  r e fu tab le  c l ause  se t  S i s  unsa t i s f i ab le  i f  t he re  ex i s t s  a
re fu ta t i on  t r ee  fo r  the fac to red  se t  S.
Of cou rse  the  know ledge  o f  t he  ex i s t ence  o f  such  a r e fu ta t i on
t ree  i s  o f  l i t t l e  p rac t i ca l  use  un less  a f as t  me thod  f o r

ex t rac t i ng  i t  f r om a g i ven  g raph  i s  known .  An exhaus t i ve  and

unsoph i s t i ca ted  sea rch  f o r  such  a t e rm ina to r  con f i gu ra t i on  i s
p roh ib i t i ve l y  expens i ve  i n  l a rge  g raphs ,  hence  an e f f i c i en t
ex t rac t i on  o f  a r e fu ta t i on  t ree  ( i f  i t  ex i s t s )  f rom a g i ven  graph
i s  the t ask  o f  the  p resen ted  TERMINATOR a lgo r i t hm,

The Algorithm

The f i r s t  a t t emp t  to  imp lemen t  an N - l eve l  t e rm ina to r  a l go r i t hm

used a r ecu rs i ve  t echn ique  [SS81 ] : A non -un i t c l ause  C was
se lec ted  and exam ined  fo r  a one - l eve l  s i t ua t i on .  I f  t he  f i r s t

t es t  f a i l ed ,  t he  a l go r i t hm was ca l l ed  recu rs i ve l y  fo r  o the r  non-

un i t c l auses  connec ted  to  C, trying to  f i nd  a cha in  of un i t
r eso lu t i ons  wh i ch  r eso l ves  away a l l  l i t e ra l s  exep t  t ha t  one
connec ted  to  C, and t he  one - l eve l  t es t  f o r C was pe r fo rmed  once
aga in  t ak i ng  advan tage  o f  t h i s  new i n fo rma t i on . This a l go r i t hm

cons ide rab l y  i nc reased  the ove ra l l  s t r eng th  of  the  sys tem,  s i nce

the  i n t e rac t i on  be tween  the  TERMINATOR and t he  MKR-Procedu re

essen t i a l l y  amoun ts  to  a b i d i r ec t i ona l  search  f o r  a r e fu ta t i on .
Un fo r t una te l y  t he  a l go r i t hm i t se l f  was r a the r  i ne f f i c i en t ,
because  no r esu l t s  o f  f o rmer  TERMINATOR ca l l s  had  been  s to red ,
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and t he re fo re  t he  same pa r t  o f  t he  c l ause  g raph  had to  be

exam ined  aga in  and aga in ,  Hence  on l y  t he  N = 1 case  was eve r

w i t h i n  p rac t i ca l  l im i t s .

Whereas the o l d  a l go r i t hm worked f r om i ns i de  the  r e fu ta t i on  t r ee

to the l ea f  nodes ( un i t c l auses ) ,  the new a l go r i t hm works  j us t  i n

the oppos i t e  d i r ec t i on  and s to res  every i n f o rma t i on  i t  has onces

gene ra ted  f o r  l a t e r  use .  We sha l l  p resen t  t he  wo rk i ng  o f  t he

a lgo r i t hm us ing  a few examp les .

The i npu t  c l auses  are d i v i ded  i n to  the se t  o f  un i t c l auses  (UNITS)

and the se t  o f  non -un i t c l auses  (NON-UNITS) .  NON-UNITS are so r ted

acco rd ing  to  i nc reas ing  l i t e ra l  number ,  Fo r  each  e l emen t  C o f

NON-UNITS o f  wh i ch  eve ry  l i t e ra l  excep t  a t  most  one i s  connec ted

to a t  l eas t  one e l emen t  o f  UNITS a compab i l i t y  t es t  i s  pe r f o rmed .

An examp le  w i l l  i l l u s t r a te  t h i s  test:

Suppose  C has f ou r  l i t e ra l s :  C = <L1 L2 L3 L4> ,  Each  l i t e ra l  L i

may be connec ted  to  a se t  o f  un i t c l auses  comp lemen ta ry  to  L i  and

le t  U be t he  se t  o f  un i f i e r s  assoc ia ted  w i t h  t hese  connec t i ons

( t he re  may be more t han  one un i f i e r  assoc ia ted  w i t h  each l i n k ) :

Va lo
[ F re 113 JueHq |]

We s ta r t  w i t h  t he  f i r s t  l i t e ra l  and compu te  t he  se t  o f  "me rged "

un i f i e r s :

= * = eg=  *Uy, Uy U,  { o :0  01991  01V  I ,EU ,  }

where 01799  i s  a most gene ra l  merge subs t i t u t i on  ( resp .un i f ie r ,
see be low)  of  91  and I n  + S im i l a r l y  we ca l cu la te

*U= * =
Uj23 = U,  03 and U j , 34  = Uyp370 ,  -
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I f  U j234  * ¢ t hen  eve ry  e l emen t o f  Uy,4, a l l ows  to  r eso l ve  away

the  who le  c l ause ,  i . e .  a p roo f  i s  f ound .  I f  U; ,534 =¢ ,  bu t  Uypg *9

we app l y  eve ry  subs t i t u t i on  of  U ; , 3  to  l i t e ra l  L4 t hus
gene ra t i ng  new un i t c l auses  and i nse r t  them i n to  the UNITS-L i s t ,

W i th  t h i s  s tep  we deduce  i n  f ac t  new f o rmu las ,  bu t  we on l y  use

them as a compac t  r ep resen ta t i on  o f  the  merged  un i f i e r s  w i t h  two

add i t i ona l  advan tages :

l .  A ve ry  s imp le  and f as t  subsump t i on  t es t  be tween  the

un i t c l auses  a l l ows  to  de tec t  i f  t he  r esu l t  o f  a un i t  r eso lu t i on

cha in  i s  an i ns tance  o f  t he  r esu l t  o f  ano the r  cha in .  I n  gene ra l

t he  de le t i on  o f  subsumed  un i t c l auses  p runes  the  sea rch  space

cons ide rab l y .

2. The t r ea tmen t  o f  the  i npu t  un i t c l auses  i s  j us t  the  same as the

t r ea tmen t  o f  t he  deduced  onces ,  wh i ch  s imp l i f i e s  t he  da ta -  and

con t ro l  s t r uc tu res .

I f  U i234  +* ¢ we c rea te  new un i t c l auses  i n  t he  same way app l y i ng
* * .

Uis  Uy, t o  L3 ,  Uy  024  t o  L2  and  Usag  t o  L1., The  l i nks  of  t he

i n i t i a l  graph p rov ide  now the  i n f o rma t i on  to  a t t ach  a l l  the new

un i t c l auses  t o  comp lemen ta ry  l i t e ra l s  i n  o the r  c l auses ,

( r espec t i ve l y  o the r  l i t e ra l s  i n  t he  same c l ause ,  i f  i t  i s

se l f r eso l v i ng ) .

The c l auses  i n  NON-UNITS are exam ined  seve ra l  t imes ,  cons tan t l y

p roduc ing  new un i t c l auses ,  e i t he r  un t i l  t he  p roo f  i s  f ound  o r

un t i l  a ce r t a i n  bounde ry  va lue  is  exceeded .  I f  a t e rm ina to r

s i t ua t i on  i s  f ound ,  t he  da tas t ruc tu res  we use t o  r ep resen t  t he

un i t s  and t he  l i n k  a l l ow  fo r  an immed ia te  ex t rac t i on  o f  t he

re fu ta t i on  t r ee ,  wh i ch  i s  t hen  used  t o  gene ra te  an o rd i na ry

reso lu t i on  proof.

The TERMINATOR i s  ca l l ed  f rom the  MKR-Procedure  a t  the  beg inn ing

o f  t he  sea rch  f o r  a p roo f  and ,  i f  i t  does  no t  f i nd  an immed ia te

proof  i t  i s  ca l l ed  aga in  each t ime  a ce r t a i n  number  o f  s t eps  has

been pe r f o rmed  by o the r  componen ts  of  the sys tem,  hence the

ove ra l l  behav iou r  amoun ts  t o  a t i gh t l y  con t ro l l ed  and
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soph i s t i ca ted  b i d i r ec t i ona l  sea rch ,  I n  pa r t i cu l a r  the o the r  l i n k
se lec t i on  mechan i sm in  the sys tem p re fe r  t hose  r eso lu t i on  and
pa ramodu la t i on  s teps  wh i ch  are expec ted  to  t r ans fo rm  a non -un i t
r e fu tab le  c l ause  g raph  i n to  an un i t  r e fu tab le  one.

A second  app l i ca t i on  o f  t he  TERMINATOR i s  t he  gene ra t i on  o f

un i t c l auses ,  f o r  i ns tance  the r ewr i t e  component  o f  the  sys tem can

dec ide  t ha t  a spec i f i c  un i t  equa t i on  m igh t  be use fu l l  as a

rewr i t e  r u l e  and cha rges  the TERMINATOR to  deduce ,  i f  possible,

the des i r ed  equa t i on  f r om a cond i t i ona l  equa t i on ,

The Compat ib i l i t y  Test

The bo t t l eneck  of  the  t e rm ina to r  a l go r i t hm i s  the compa t i b i l i t y

t es t :

We have a se t  A w i t h  n subs t i t u t i ons  and a se t  B w i t h  m
subs t i t u t i ons .  Now the task  i s  to  un i f y  each subs t i t u t i on  in  A
wi th  each  subs t i t u t i on  i n  B, i.e. t o  compu te  t he  mos t  gene ra l
merge subs t i t u t i on  f o r  each such pa i r .

A un i f i e r  f o r  two  subs t i t u t i ons  o,T and A i s  a subs t i t u t i on

such t ha t

o* t : = A ,0 = \.T i s  ca l l ed  t he  merge  subs t i t u t i on  o f
oc and Tt.

There  are  f as t  un i f i ca t i on  a l go r i t hm known for  the un i f i ca t i on  of

t e rms  [RO71 ] ,  [BA73 ] ,  [MM79 ] ,  t he  mos t  r ecen t  a re  even  l i nea r

[PW78| ,  [KK82 ] .  The un i f i ca t i on  o f  subs t i t u t i ons  was f i r s t

i nves t i ga ted  i n  [VV75 ] ,  be t t e r  and more e f f i c i en t  a l go r i t hms  are

su rveyed  in  [HE83 | .  But f o r  |A|  = n and |B| = m they  s t i l l  have
to  pe r f o rm  n*m such  ope ra t i ons  and i n  many  app l i ca t i ons  t h i s

number may be g rea te r  t han  10° ,  i.e. the known  me thods  are  ou t  o f
the ques t i on .  Fo r  t ha t  r eason  a ve ry  f as t  me rg ing  a l go r i t hm fo r

l a rge  se t s  o f  subs t i t u t i ons  was deve loped  wh i ch  exp lo i ds  spec ia l

cond i t i ons  p resen t  i n  the  t e rm ina to r  s i t ua t i on .  The p rob lem i s  to

71



f i nd  a r ep resen ta t i on  for  the subs t i t u t i ons  such t ha t  t he re  i s  a ‘

d i rec t  access  f r om each  subs t i t u t i on  o i n  se t A t o  t hose  wh i ch

are compa t i b l e  w i t h  o i n  se t  B.
The wo rk i ng  o f  t he  a l go r i t hm w i l l  be i l l u s t r a ted  w i t h  t he ‘

f o l l ow ing  examp les .

Examp le  1

<~PXy ’ ~Pyz ’ Pxz>

| | v ,X , y ,2  are va r i ab les
<Pa f ( v )>  <P f (b ) c>

set A: { ( x / a ,  y / f ( v ) ) }  n =1
se t  B: { ( y / f ( b ) ,  z / c ) }  m=1

S ince  on l y  l i n ks  be tween  un i t c l auses  and non -un i t c l auses  a re

cons ide red ,  we know t ha t  the s i ng le  l i t e ra l  o f  the  un i t c l ause  i s

not  p resen t in  the r eso l ven t  a f t e r  r eso lu t i on  upon such a l i n k .
The re fo re  on l y  the subs t i t u t i on  components  for  va r i ab les  of  the

non -un i t c l ause  are r e l evan t  f o r  the r eso l ven t ,  p rov ided  the
un i f i e r i s  i n  no rma l  f o rm  [HE83 | and t he  va r i ab les  i n  d i f f e ren t

c l auses  a re  d i s j o i n t .  S ince  t hese  cond i t i ons  can be ensu red ,  i t

i s  adm iss ib l e  t o  d i sca rd  a l l  o t he r  subs t i t u t i on  components.

Because  of t h i s  i t  i s  poss ib l e  to  r ep resen t  the r ema in ing
componen ts  i n  a t ab le  us i ng  a f i xed  o rde r i ng  o f  t he  va r i ab les

occu r r i ng  i n  t he  non -un i t c l auses .  Th i s  r ep resen ta t i on  w i l l  be

ca l l ed  a T - rep resen ta t i on .

For  examp le  1 we ob ta i n :  : X Yy 2

I n  t h i s  case  i t  i s  easy  t o  see t ha t  t he  un i f i ca t i on  o f  t he

co r respond ing  t e rms  i n  t he  t ab le  i s  su f f i c i en t  t o  ge t  a mos t

gene ra l  i ns tance  o f  the  subs t i t u t i ons ,
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I n  t h i s  examp le  i t  is:

X y zZ or  i n  s t anda rd  rep resen ta t i on :

a f ( b )  € ( x  « a ,  y « f ( b ) ,  z + c )

The ma in  p rob lem,  howeve r  i s  t he  me rg ing  o f  two  non -s i ng le ton
se ts  A and B o f  subs t i t u t i ons .
Suppose  we have  two  l i s t s  A and B w i t h  t h ree  e l emen ts  i n  each
l i s t :

Examp le  2 T - rep resen ta t i on

A : X y yA B : X y 2 V ,W,X ,Y ,2Z  a re

2 0 i 2 2 amt 2nd i va r i ab les

A l  : a f ( v )  b B l  : b a zZ

A2 : Vy W B2 : a a b n =

A3 : b b B3 : a f ( b )  b =

The rep resen ta t i on  i s  t hen  changed  a second  t ime :  Equa l  t e rms
occu r r i ng  i n  d i f f e ren t  subs t i t u t i ons  bu t  i n  t he  same co lumn  o f
t he  T - rep resen ta t i on  a re  s t o red  on l y  once ,  The subs t i t u t i ons
themse l ves  a re  r ep resen ted  by po in te r s  t o  t he i r  t e rms .  These
te rms  have a l so  po in te r s  back to  the subs t i t u t i ons  i n  wh i ch  they
occu r ;  and f rom the t e rms  of  g roup  A l i n ks  to eve ry  un i f i ab le
t e rm  i n  t he  same pos i t i on o f  g roup  B a re  gene ra ted ,  I n  add i t i on

the un i f i e r s  f o r  t hese  s i ng le  t e rms  are a t t ached  to  the  l i n ks .  We

ca l l  t h i s  r ep resen ta t i on  the P - rep resen ta t i on .
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P- rep resen ta t i on  o f  examp le  2:

z-co lumn
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The comp lex i t y  o f  the  me rg ing  a l go r i t hm i s  a f unc t i on  o f  the t ask

o f  gene ra t i ng  t he  l i n ks  be tween  un i f i ab le  t e rms ,  wh i ch  can be

fu r t he r  improved  by g roup ing  the t e rms  i n to  l i s t s  of  variables,

cons tan t s ,  g round  t e rms  (w i t hou t  va r i ab les )  and composed  t e rms  to

exp lo i t  t he  f ac t  t ha t  some s i ng le~ te rm~un i f i e r s  a re  t r i v i a l

( va r i ab les  w i t h  cons tan t s  e t c . )  whe reas  o the rs  a re  imposs ib l e

( cons tan t s  w i t h  g round  t e rms ) .

On the  bas i s  o f  t he  P - rep resen ta t i on i t  i s  now easy  to  ex t rac t

f o r  a subs t i t u t i on  o i n  g roup  A a l l  compa t i b l e  ones  i n  g roup  B.

For every  te rm o f  co and every  l i n k  a t t ached  to  t h i s  t e rm :  a t t ach

the  s i ng le - t e rm-un i f i e r  co r respond ing  to  t h i s  l i n k  a t  eve ry

subs t i t u t i on  of  g roup B i n  wh i ch  the t e rm  po in ted  to  by the l i n k

occu rs :
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For examp le  2 we ob ta i n :

B l  B2 B3

f rom A l :  ( z / b )  (N IL )  (N IL )  (N IL  ( v / b )  (N IL )

f rom A2:  ( y / a )  (w / z )  (N IL )  ( y / a )  (w /b )  (N IL )  ( y / f ( b ) )  (w /b )

f rom A3: ( z / b )  ( x / a )  (N IL )  ( x / a )  (N IL )

A l l  t hose  subs t i t u t i ons  i n  B w i t h  exac t l y  p compa t i b l e  s i ng le -

t e rm-un i f i e r s ,  whe re  p i s  t he  l eng th  o f  t he  T - rep resen ta t i on

(=number  o f  va r i ab les  i n  t he  non -un i t  c l ause ) ,  a re  compa t i b l e

w i t h  oo, For  examp le  2 we ob ta i n  t h ree  compa t i b l e  pa i r s  o f

subs t i t u t i ons :

2 X y Zz

Al  * B3 : a f ( b )  b

A2 * B2 : a a b

A3 * B3 : f ( b )  b

A l t hough  the gene ra t i on  o f  the  s i ng le - t e rm  l i nks  i s  no t  l i nea r  i n

gene ra l ,  t he  a l go r i t hm shows  a l i nea r ( in  n )  behav iou r  i n  mos t

p rac t i ca l  examp les ,  i . e .  i ns tead  o f  n * m ope ra t i ons  on l y  n
ope ra t i ons  are  pe r fo rmed  on ave rage .

Summary

Wi th  the  t e rm ina to r  a l go r i t hm two ma in  goa l s  have been ach ieved :

l., Ac tua l l y  no th i ng  has t o  be done tw i ce ,  because  a l l  r e l evan t
i n te rmed ia te  resu l t s  (me rged  subs t i t u t i ons )  can be s to red

w i t hou t  r equ i r i ng  too much space.
2. The compa t i b i l i t y  t es t  i s  eno rmous l y  reduced  i n  complexi ty,

a l l ow ing  the  f as t  un i f i ca t i on  o f  m i l l i ons  o f  pa i r s  o f

subs t i t u t i ons .
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These are  the  ma in  advan tages  compared to  s im i l a r  me thods  f o r  the

ex t rac t i on  o f  r e fu ta t i on  t r ees  ( r espec t i ve l y  g raphs ) ,  l i ke  S.

S icke l ” s  graph un ro l l i ng  [S I76 |  or Chang and S lag le ” s  usage of
r ewr i t e  r u l es  [CS79] | .  A l t hough  t he i r  ca l cu l i  are comp le te  f o r
non -un i t  r e fu tab le  c l ause  se t s  as we l l ,  t he i r  p rac t i ca l

use fu l l ness  i s  ques t i onab le ,  un less  t he i r  e f f i c i ency  p rob lems  are

so l ved .

The implementat ion of the te rmina to r  a lgo r i t hm has cons iderably
i n c reased  the pe r f o rmance  o f  the  MKR-Procedu re .  For  i ns tance  we

have so l ved  SAMs Lemma, a f amous  p rob lem in  au toma ted  t heo rem

prov ing ,  wh i ch  was f i r s t  p roved  w i t h  an i n t e rac t i ve  t heo rem

p rove r  [GOSB69| ,  and l a t e r  by the au toma ted  t heo rem p rove r  at
Argonne  Na t i ona l  Lab .  I t  had t o  deduce  22000  c l auses  be fo re

f i nd i ng  a p roo f  [COW76 | .  The TERMINATOR gene ra ted  on l y  190

un i t c l auses  un t i l  the  proof  was found [OH82].

6 .3 .6 .  Heu r i s t i c  Se lec t i on  C r i t e r i a

In  con t ras t  to  the  g l oba l  sea rch  s t r a teg ies  and g l oba l  heu r i s t i c s

some heu r i s t i c  se lec t i on  f unc t i ons  a re  based  on l oca l  syn tac t i ca l

i n f o rma t i on  abou t  t he  g raph  o r  t he  r eso l ven t  ( pa ramodu lan t )

r espec t i ve l y .

I n i t i a l l y  we expe r imen ted  w i t h  abou t  20 d i f f e ren t  heu r i s t i c

f ea tu res ,  whe re  each  f ea tu re  a t t aches  a ce r t a i n  va lue  to  eve ry

l i nk  k i n  G j .  G,  i s  t he  p resen t  g raph ,  G i r l  i s  t he  r esu l t i ng

g raph  a f t e r  r eso lu t i on  upon  l i nk  k and Res i s  t he  r eso l ven t

resu l t i ng  f rom th i s  s t ep :

( i )  Sum o f  l i t e ra l s  i n  G r ]

( i i )  Sum o f  c l auses  i n  G ;41
( 1 i i )  Sum o f  l i n ks  i n  Gi

( i v )  Average l eng th  o f  c l auses  i n  G j ,
(v )  Ave rage  sum o f  l i n ks  on l i t e ra l s  i n  G i

( v i )  Sum ( resp .  ave rage  sum) o f  cons tan t  symbo ls  i n  G j ,
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( v i i )  Number o f  d i s t i nc t  p red i ca te  symbols  i n  Gi;4+1
( v i i i )  Number of d i s t i nc t  va r i ab les  in  G i r l

( i x )  Sum of  l i t e ra l s  o f  Res

(x)  Sum of  l i n ks  o f  Res

( x i )  Sum o f  cons tan t  symbo ls  i n  Res

( x i i )  Sum o f  d i s t i nc t  va r i ab les  i n  Res

( x i i i )  Number of d i s t i nc t  p red i ca te  symbols in  Res
( xv i )  Term comp lex i t y  o f  Res

(xv )  M in imum of  l i n ks  on l i t e ra l s  i n  Res

( xv i )  Comp lex i t y  o f  the  mos t  gene ra l  un i f i e r  o¢

a t t ached  to  l i n k  k

( xv i i )  Age o f  Res

( xv i i i )  Deg ree  o f  i so l a t i on  o f  Res

( x i x )  Deg ree  o f  i so l a t i on  o f  the  pa ren t s  o f  Res .

The p rob lem i s  t ha t  a l t hough  each heu r i s t i c  f ea tu re  has a ce r t a i n

wo r th ,  t he  cos t  o f  i t s  compu ta t i on  can by f a r  ou twe igh  i t s

po ten t i a l  con t r i bu t i on .  A l so  i t  may no t  be i ndependen t  o f  the
o the r  heu r i s t i c  f ea tu res ;  f o r  examp le  f ea tu res  ( x i )  and ( x i i )

bo th  measu re  t he  "deg ree  o f  g roundness  o f  Res " ,  bu t  i n  a
d i f f e ren t  way.  S im i l a r l y  the va lues  fo r  Res and fo r  G ; , 1  are no t

i ndependen t  f o r  ce r t a i n  f ea tu res  (e .g .  x i i i  and v i i ) .  A l so  t he re

are  t he  two  p rob lems  o f  f i nd i ng  an app rop r i a te  me t r i c  f o r  each

fea tu re  and t o  dec ide  upon  t he i r  r e l a t i ve  wo r th  i n  case  o f
con f l i c t  w i t h  o the r  f ea tu res .

o r i g i na l l y  t he  i n f o rma t i on  con ta i ned in  the heu r i s t i c  f ea tu res

was en te red  i n  two  d i f f e ren t  ways :  ce r t a i n  f ac t s  ( e .g .  dec reas ing

s i ze  o f  t he  g raph )  had  abso lu te  p r i o r i t y  ove r  a l l  o t he r

i n fo rma t i on  (see a l so  the merge  f ea tu re  o f  TT i n  [DA78 | ) .  Most  o f

the i n f o rma t i on  of  the  o the r  f ea tu res  however  was exp ressed  as a

rea l  number  i n  [ 0 ,1 ] ,  whe re  we expe r imen ted  w i t h  seve ra l  ( l inear,

non l i nea r )  me t r i c s  [SS81 | .  This  i n f o rma t i on  was then en te red  in  a
we igh ted  po l ynom ia l  and the r esu l t i ng  rea l  number ( the p r i o r i t y
va lue )  exp ressed  the  r e l a t i ve  wo r th  o f  t he  pa r t i cu l a r  l i n k  and

was a t t ached  to  each  l i nk .
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The sys tem has been  des igned  such  t ha t  heu r i s t i c  f ea tu res  can

eas i l y  be added  and de le ted  and a f t e r  more  t han  two  yea rs  o f

expe r imen ta t i on  the sys tem s tab i l i zed  w i t h  the f o l l ow ing  se t  of

f ea tu res ,

1 .  Comp lex i t y  o f  the  Graph

1.1  FCLSUM = ( I  of c l auses  of G j4 ) )  minus ( I  of c l auses  of G;)
1 .2  FLINKSUM = ( I  o f  l i n ks  o f  G ;41 )  m inus  (IX o f  l i n ks  o f  G j )

1.3 FCANCEL = {P/P i s  p red i ca te  symbol  occu r r i ng  in  G;4+1}

Comp lex i t y  o f  the  Reso l ven t

2 .1  FAGE = Age o f  Res

2.2 FLITSUM = Sum o f  l i t e ra l s  i n  Res

2.3  FTERM = Term comp lex i t y  o f  Res

2.4 FRESISO = Deg ree  o f  i so l a t i on  o f  Res

3.  Comp lex i t y  o f  the  Pa ren t s  o f  Res

3 .1  FPARISO = Deg ree  o f  i so l a t i on  o f  the  pa ren t s

These f ea tu res  a re  used to  i n f l uence  the  ac tua l  de r i va t i on  i n  the

fo l l ow ing  way:  a l l  s teps  t ha t  l ead  to  a r educ t i on  i n  the  s i ze  o f

t he  g raph  have  abso lu te  p r i o r i t y  and a re  immed ia te l y  execu ted .

Tha t  i s ,  eve ry  l i n k  wh i ch  l eads  to  a g raph w i t h  f ewe r  c l auses  or

f ewe r  l i n ks  o r  bo th  i s  pu t  i n t o  a spec ia l  c l ass ,  wh i ch  i s

execu ted  be fo re  any f u r t he r  eva lua t i on  t akes  p l ace .  The dec i s i on

whe the r  o r  no t  a l i n k  l eads  t o  a r educ t i on  i s  based  on

i n fo rma t i on  f rom the  r educ t i on  modu le  and i s  op t i ona l l y  t aken  fo r

every  l i n k  or  f o r  the ac t i ve  l i nks  on l y .  Note  t ha t  the  r educ t i on

i n  the s i ze  of  the g raph  may l ead  to  f u r t he r  de le t i ons ,  hence a
po ten t i a l  snowba l l  e f f ec t  o f  de le t i ons  i s  ca r r i ed  ou t  immed ia te l y

wh i ch  accoun ts  f o r  one o f  t he  ma in  sou rces  o f  t he  s t r eng th  o f  t he

sys tem,

The rea l i sa t i on  o f  t he  pa ramoun t  impo r tance  o f  t hose  f ea tu res

hav ing  abso lu te  p r i o r i t y  ( and  t he i r  f o rmer  cos t l y  compu ta t i on )

has l ed  to  a d i f f e ren t  imp lemen ta t i on  now: we no l onge r  compute  a
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weighted po lynomia l  as in the o r i g i na l  heu r i s t i c  module [BESS81].
I ns tead  the  f ea tu res  1.l and 1.2 a re  removed f rom t h i s  modu le  and

the se lec t i on  modu le  se lec t s  and execu tes  the  co r respond ing  s teps
p r i o r  to eve ry th i ng  e lse  (see sec t i on  6.4.).
The heu r i s t i c s  2 .4 .  and 3 .1 .  a re  comp le te l y  abandoned ,  whe reas
the  r ema in ing  f ea tu res  2 .1 l . ,  2 . 2 .  and 2 .3 .  a re  now rea l i sed  i n
the f o l l ow ing  way:  each l i s t  o f  l i n ks  to  be execu ted  (see sec t i on
6.4.) i s  so r ted  such t ha t  fo r  the r eso l ven t  Res ( i )  r esu l t i ng  f r om

the i t h  l i n k  i n  t ha t  l i s t :

( i )  e i t he r  t he  number  o f  l i t e ra l s  o f  Res ( i )  i s  sma l l e r  t han

the number  o f  l i t e ra l s  o f  Res ( i + l )  ( un i t  p re fe rence )

( i i )  or  ( number  o f  l i t e ra l s  o f  Res ( i ) )  = ( number  of  l i t e ra l s  o f
Res ( i+ l )  and the te rm comp lex i t y  o f  Res ( i + l )  i s  l ess  t han

the term comp lex i t y  of Res ( i ) .
(iii) or  t e rm  comp lex i t y  o f  Res ( i )  = ( t e rm  comp lex i t y  o f

Res ( i+1 l ) )  and t he  age o f  Res ( i )  i s  l ess  t han  t he  age o f

Res ( i+ l ) .

Now a lways  the f i r s t  e l emen t  o f  a l i s t  i s  execu ted  first.

The age o f  a c l ause  i s  computed by the  f o l l ow ing  f o rmu la :

= 3/2FAGE :=  (1  - AGE/Dp x’

where Age:  max {Age (Pa ren t l ) ,  Age (Pa ren t2 ) }  + 1
- Dmax: User  de f i ned  max ima l l y  adm i t t ed  dep th  o f  de r i va t i on

Th i s  f ea tu re  i s  ma in l y  used  t o  avo id  " i n f i n t e  ho les "  i n  t he
sea rch  space ,  s i nce  a f t e r  t oo  many s teps  i n  one d i r ec t i on ,  t he
age o f  t he  r eso l ven t s  become  too  h i gh  and d i f f e ren t  s t eps  a re
t r i ed ,  i . e .  a f t e r  a wh i l e  a " b read th - f i r s t "  s t r a tegy  i s  en fo r ced

aga in .

The t e rm  comp lex i t y  o f  a te rm i s  computed as :
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1 i f  no  nes ted  te rms i n  Res

FTERM

n
1 /2 [1 - (1 /n  z ( s ; ) 3 /2 )  /smax 2? | o therwise

i=1

where :  S ; :  max ima l  nes t i ng  dep th  o f  i t h  te rm i n  Res
Smax: use r  de f i ned  max ima l l y  adm i t t ed  dep th  o f  nes t i ng

n : number  o f  te rms i n  Res

The t e rm  comp lex i t y  o f  a c l ause  i s  t he  ave rage  o f  t he  t e rm
comp lex i t y  of  the  te rms occu r r i ng  i n  i t .

6 . 3 .7 .  Re f i nemen ts

A l t hough  the t r ad i t i ona l  r esea rch  pa rad igm of  au toma ted  t heo rem
prov ing  was s t r ong l y  r e j ec ted  r i gh t  f rom the very  s t a r t  o f  t h i s
p ro j ec t ,  some o f  t he  t r ad i t i ona l  r esu l t s  t u rned  ou t  t o  be no t
en t i r e l y  w i t hou t  va lue :

A l i nk  i n  a connec t i on  graph represen ts  a po ten t i a l  r eso l ven t  and
the comp lex  and expens i ve l y  computed  se lec t i on  f unc t i ons ,  which
p i ck  the  most  p rom is i ng  cand ida te ,  have to  exam ine  eve ry  l i n k :  i n
a r ea l i s t i c  se t t i ng  the re  may be seve ra l  t housands  i n  a g raph  to
be exam ined  aga in  and aga in  fo r  each s tep .

Bu t  suppose  the  sys tem i s  t o  s imu la te  a un i t - r e fu ta t i on ,  i . e .
a de r i va t i on  o f  t he  emp ty  c l ause ,  whe re  a t  l eas t  one o f  t he
pa ren t s  o f  eve ry  r eso lu t i on  s tep  i s  a un i t  c l ause .  I n  t ha t  case
the se lec t i on  f unc t i ons  are a l l owed  to p i ck  on ly  those l i n ks  tha t
connec t  at l eas t  one un i t  c l ause .
I f  by appropr ia te  on -o f f  sw i t ches  on ly  those l i nks  emana t i ng  f rom
un i t  c l auses  are dec la red  ac t i ve  and a l l  o the r  l i n ks  pass i ve  the
se lec t i on  f unc t i ons  have to  be compu ted  on l y  f o r  the sma l l
f r ac t i on  of the graph t ha t  i s  dec la red  ac t i ve .
I t  shou ld  no t  be t oo  d i f f i cu l t  t o  see t ha t  by an app rop r i a te
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se t t i ng  o f  t he  on -o f f  sw i t ches  eve ry  t r ad i t i ona l  r e f i nemen t

[ LOV78] can be s imu la ted .
Seen f rom th i s  po in t  o f  v i ew  a t r ad i t i ona l  r e f i nemen t  ac t s  l i ke

a cone  o f  l i gh t  t ha t  i l l um ina tes  ce r t a i n  pa r t s  o f  t he  g raph  and

shades  those  t ha t  a re  ( hope fu l l y )  i r r e l evan t  f o r  a p roo f  - and i t
is  a comfo r t i ng  f ac t  to know tha t  i f  the r e f i nemen t  is  comp le te ,
the shaded  pa r t s  are  a t  l eas t  t heo re t i ca l l y  irrelevant.

On the o the r  hand i t  is  a we l l known fac t  tha t  the "shaded pa r t s "
of b l ocked  reso lu t i ons  rep resen t  "ga rbage  and go ld "  a l i ke :  hence
the s t r a teg i c  i n f o rma t i on  o f  the sys tem ove r r i des  the  i n f o rma t i on
of  every  pa r t i cu l a r  r e f i nemen t .  On ly  i f  no th i ng  be t t e r  i n  known
does i t  t ake  t he  r e f i nemen t  i n f o rma t i on  i n to  accoun t  and i t

shou ld  not  be necessa ry  to  say t ha t  the complex  i n te rp l ay  o f  the
many sou rces  o f  i n f o rma t i on  t ha t  a re  t aken  i n to  accoun t  ( see

6 .4 . )  p reven t  the  ove ra l l  deduc t i on  f rom be ing  s tanda rd .

6 .3 .8 .  C lause  Reduc t i on

Deduc t i on  s teps ,  which in  a cer ta in  sence reduce the comp lex i t y
o f  a c l ause ,  a re  ca l l ed  c l ause  reduc t i on .

Term Rewr i t i ng

A g i ven  equa t i on  l = r  can o f t en  be t u rned  i n to  a d i r ec ted  equa t i on
1=>r  such t ha t  the  comp lex i t y  of  the t e rm  1 i s  g rea te r  than  t ha t
o f  r .  Fo r  examp le  x * 0 = 0 i s  such  an equa t i on .  D i rec ted
equa t i ons  are compu ta t i ona l l y  very  use fu l :  i f  1 i s  some sub te rm

occu r r i ng  i n  a l i t e ra l  L j  and  1 1s  an  i ns tance  o f  1 ,  i . e .  j o

such  t ha t  1 = o l ,  t hen  rep lac i ng  1 i n  L by or does  no t  change
the t r u th  va lue  o f  L j  i f  l = r  i s  assumed  va l i d .  I f  Lig + Ly deno tes

such  a r ep lacemen t ,  we say a g i ven  se t  o f  d i r ec ted  equa t i ons  i s

Nöthe r i an  i f  t he re  i s  no i n f i n i t e  sequence  Lg + L i * L,  + . . .  The
se t  o f  equa t i ons  i s  con f l uen t  i f  f o r  eve ry  L i s  Ly w i t h  Lg * Ly

the re  ex i s t s  L j  such  t ha t  L ,  * L and L ,  * L_ ( see  [HO80] f o r  a

su rvey ) .
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I f  t he  i n i t i a l  se t  o f  c l auses  con ta i ns  a se t  o f  equa t i ona l  un i t

c l auses ,  wh i ch  a re  con f l uen t  and No the r i an ,  t hey  can be used  t o

compu te  no rma l  f o rms  and hence  a re  r emoved  f r om the  i n i t i a l

c l ause  se t :  t hey  a re  on l y  used  t o  compu te  t he  no rma l  f o rms  i n  t he

i n i t i a l  se t  and subsequen t l y  i n  every  deduced  c l ause .

Un fo r t una te l y  mos t  se t s  o f  equa t i ona l  un i t  c l auses  a re  no t

con f l uen t  and No the r i an ,  bu t  they  may s t i l l  be used fo r  r ewr i t i ng

purposes  (see  6 .4 . ) .

The essen t i a l  d i f f e rence  be tween  a r ewr i t i ng  s tep  and a

pa ramodu la t i on  s tep  i s  the un i f i ca t i on  requ i remen t :  i n  o rde r  to

rewr i t e  t he  t e rm  1 i n  a l i t e ra l  L us i ng  t he  equa t i on  l > r  we

requ i re  1= o l  and r ep lace  1 by o r .  Bu t  i n  o rde r  t o  pa ra -

modu la te  t he  t e rm  1 i n  L us i ng  l > r  we have  t he  weake r

requ i remen t  o f  o l  = o l  i n  o rde r  to  r ep lace  1 by or  i n  L ,

Fo r  examp le  P ( f ( x , y ) , z )  can no t  be r ewr i t t en  w i t h  t he  equa t i on

f ( x ,0 )=>0 ,  bu t  can be pa ramodu la ted  to  P (0 , z ) .  P (£ (1 ,0 ) , 2z )  can be

rewr i t t en  to  P (0 , z ) ,  hence  r ewr i t i ng  does no t  change  the  va lue  o f

a l i t e ra l ,  but  i s  on l y  used to man ipu la te  i t s  syn tax .

Condi t iona l  Term Rewr i t ing

S ing le  equa t i ons  (un i t s )  do no t  occu r  too o f t en  i n  c l ause  se t s :

usua l l y  an equa t i on  requ i res  some cond i t i on  to  be t r ue  be fo re  i t

can be app l i ed .  Fo r  examp le  f o r  a l l  x , y :  i f  P ( x )  and Q ( f ( y ) )  t hen

g (x , y )=C  where  P and Q s ta te  some p rope r t i es  o f  x and y such t ha t

g (x , y )=C  ho lds .

The c l ause  form i s

<~Px, ~Q( f ( y ) ) ,  g ( x , y )=C>
and such c l auses  are  t r ea ted  i n  a spec ia l  way:

i f  the l i t e ra l s  p receed ing  the  equa t i on  can be reso l ved  away w i t h

a t  mos t  a p rede f i ned  number  o f  s t eps  t hen  t hese  s teps  a re

execu ted  p r i o r  to  any th i ng  e l se  and o [g ( x , y )=C |  i s  used as a
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r ewr i t i ng  equa t i on .  Here o i s  the  subs t i t u t i on  resu l t i ng  f rom

these r eso lu t i on  s teps (see  6 .4 .2 .9 ) .

L i t e ra l  Rewr i t ing

A very s im i l a r  k ind  of " r ewr i t i ng "  can be done w i t h  two - l i t e ra l
c lauses  ( i ns tead  o f  equa t i ons ) .  For examp le :

f o r  a l l  x :  P ( f ( x ) )  imp l i es  P (x )

can be used to  r educe  a l i t e ra l  l i ke

P(£ (£ (£ (0 ) ) ) )  t o  P (0 ) .

Such two - l i t e ra l  c l auses  are marked  by the use r  (see 6.4.2.7) and

a l l  poss ib l e  r educ t i on  s teps  a re  per fo rmed w i t h  a h i gh  p r i o r i t y .

Condi t ional  L i t e ra l  Rewr i t i ng

An asse r t i on

fo r  a l l  x , y :  P (x )  and OQ( f ( x ) )  and P ( f ( x ) )  imp l i es  P (x )

has the  c l ausa l  form

<~Px ,  ~Q f ( x ) ,  ~P f ( x ) ,  Px>

An ac tua l  imp lemen ta t i on  w i l l  make su re  t ha t  t hese  l i t e ra l s  are
not r andomly  r eso l ved  upon,  but  t ha t  the f i r s t  two l i t e ra l s  are
r eso l ved  away  p r i o r  t o  eve ry th i ng  e l se  and t he  r ema in ing  two
l i t e ra l s  a re  t hen  used as a l i t e ra l  r ewr i t i ng  ru l e .

Demodulation

Suppose seve ra l  r ewr i t i ng  s teps can be sequen t i a l l y  app l i ed  to a
l i t e ra l  L i n  a c l ause  C (w i t h  some abuse  o f  no ta t i on ) :

Co > C + CH 40007  C

A l though  no t  comp le te  t heo re t i ca l l y  and o f t en  dange rous

p rac t i ca l l y  i t  may neve r the less  be use fu l  some t imes  to  no t  save
the i n t e rmed ia te  resu l t s  C i ,  Cy , . ee ,Cph_q .
I f  t hese  c l auses  a re  e rased  once  C has  been  deduced ,  t he
r ep lacemen t  of  Cg by C, i s  ca l l ed  demodu la t i on  [WR67|,  or Cy i s
demodu la ted  t o  Che
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Demodu la t i on  i s  use r  con t ro l l ed  by app rop r i a te  op t i ons  (see

6 .4 . ) .

Replacement Resolu t ion

Suppose  we have  a un i t  c l ause  <Pa> and a c l ause  <~Pa ,Qx> .  The

reso l ven t  i s  <Qx>, wh i ch  subsumes  i t s  second  pa ren t  c l ause .  The

resu l t  o f  t he  r eso lu t i on  s tep  w i t h  the  subsequen t  subsump t i on

cou ld  a l so  be ob ta i ned  by s imp l y  e ras ing  ~Pa i n  <~Pa ,Qx> .  Th i s

obse rva t i on ,  ca l l ed  rep lacemen t  subsumpt ion  in [RO65] can
advan tageous l y  be gene ra l i zed  i n  seve ra l  ways :

F i r s t l y  poss ib l e  merg ing  o f  l i t e ra l s  can be t aken  i n to  account,

as f o r  examp le  i n :
<Pa,Qb> <~Pa ,Qb> ,  i . e .  we s t i l l  may j us t  e rase  Pa ,

Second l y  t he  i ns tan t i a t i on  p rocess  can be t aken  i n to  accon t ,  as

fo r  examp le  i n :
<Pa ,~Px>  and <~Pa ,Qy> ,  whe re  the  second  c l ause  i s  to  be r ep laced

by <-Px ,Qy> ( r eso lu t i on  p l us  subsequen t  subsump t i on ) .

F i na l l y  e l abo ra te  add i t i ona l  t echn iques  can be emp loyed ,  as f o r

examp le  i n :
<Pa ,Qy>  and <~Px ,Qa ,x+a> .  The reso l ven t  i s  <Qy,Qa,a#%¥a>. The

l i t e ra l  a*a  i s  f a l se  i n  any i n t e rp re ta t i on  and may hence  be

de le ted ,  i . e .  a f ac to r  o f  t he  f i na l  r eso l ven t  i s  <Qa>,  wh i ch

cou ld  be ob ta i ned  immed ia te l y  by e ras ing  Px and x=a i n  t he

pa ren t ,

The advan tage  o f  t hese  rep lacemen t  r u l es  i s  t ha t  a l l  t he

i n te rmed ia te  s teps  a re  d i sca rded  and mos t  impo r tan t l y :  t hese

reduc t i on  s teps  can be ca r r i ed  ou t  p r i o r  to  eve ry th i ng  e l se ,  thus

tak i ng  the bu rden  o f f  the  deduc t i ve  mach ine ry .

Th i s  i s  bu t  one i ns tance  o f  a more  gene ra l  a im :  a t r ad i t i ona l

t heo rem p rov ing  sys tem i s  con f ron ted  w i t h  a bew i l de r i ng  number  o f

poss ib l e  deduc t i on  s teps ,  most  o f  wh i ch  r esu l t  i n  t r i v i a l  s ymbo l

man ipu la t i ons  and a l t hough  t hese  s teps  a re  necessa ry ,  t hey
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c lu t t e r  the view fo r  the "essen t i a l  l og i ca l "  s teps tha t  ac tua l l y
cons t i t ue  t he  f i na l  p roo f , The general a im i s  t o  r emove  as many

t r i v i a l  deduc t i on  poss ib i l i t i e s  f r om the  v i ew  o f  t he  se lec t i on

mechan i sm o f  t he  Log i c  Mach ine  and t o  bu i l d  them i n to  i t s  ha rd

w i red  co re ,

Replacement Factor ing

Jus t  as a r eso l ven t may subsume  one o f  i t s  pa ren t s ,  a f ac to r  may

subsume  i t s  pa ren t  and can  be ob ta i ned  by s imp l y  e ras ing  the

app rop r i a te  l i t e ra l  o f  t he  pa ren t  i n  the  f i r s t  p l ace .  S im i l a r

gene ra l i za t i ons  as above a re  poss ib l e .

Merge Resolut ion

I f  a c l ause  con ta i ns  two i den t i ca l  l i t e ra l s  they  may be merged
i n t o  one l i t e ra l  w i t hou t  e f f ec t i ng  t he  t r u th  va lue  o f  t ha t

c l ause .  For examp le  <Qa ,Qa ,P f ( x )>  becomes  <Qa ,P f ( x )> .

The impo r tance  o f  me rg ing  can be seen more c l ea r l y  i n  comb ina t i on

w i t h  a r eso lu t i on  s tep :

For  examp le  t he  two  c l auses  <~Py ,Qa>  and <Pa ,Qa>  reso l ve  and

merge  t o  t he  un i t  c l ause  <Qa> ( i .e .  a sho r te r  c l ause ! ) .  Such a

s tep  i s  ca l l ed  a merge  reso lu t i on  and t he  r ea l i za t i on  o f  the

impo r tance  o f  merge  r eso lu t i on  s teps  i s  - bes ides  the  r ea l i za t i on

o f  t he  impo r tance  o f  un i t  c l auses  [WR64 |  - t he  second  ma jo r

obse rva t i on  in the h i s t o r y  of the f i e l d  [AN68| :  merg ing  is the
"go lden  key"  i n  the sea rch  for  a p roo f .

6 .3 .9 .  T -Un i f i ca t i on

A l though  the p rob lem was men t i oned  ea r l i e r  i n  the t heo rem p rov ing

l i t e ra tu re ;  i t  has been pa r t i cu l a r l y  c l ea r  s i nce  Rob insons  paper

i n  1967 [ROB67 | ,  t ha t  subs tan t i a l  p rog ress  wou ld  be ach ieved  - i n

f ac t  "a new p l a teau "  - i f  ce r t a i n  t r oub lesome  ax ioms  cou ld  be

taken  ou t  o f  t he  da tabase  and "bu i l t  i n t o "  t he  r u l es  o f
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i n f e rence .

These  ax ioms  i nc l ude  the  equa l i t y  ax i oms ,  pa r t i a l  o rde r i ng ,

(na i ve )  se t  t heo ry ;  o r  t hey  may be s imp l y  t he  assoc ia t i v i t y ,

commuta t i v i t y  or  i dempo tency  l aws .

For ce r t a i n  axioms the r eso lu t i on  process  y i e l ds  a l a rge  number
o f  r eso l ven t s  a l l  o f  wh i ch  - a l t hough  they  a re  syn tac t i ca l l y

d i f f e ren t  - have the  same mean ing  i n  the  f o l l ow ing  sense :

I f  f o r  examp le  t he  ax i oms  de f i ne  mu l t i p l i ca t i on  and one ax iom

s ta tes  t ha t  mu l t i p l i ca t i on  i s  assoc ia t i ve

f ( f ( x , y ) , z )  = £ ( x ,£ f ( y , 2z ) )

the  f o l l ow ing  s i t ua t i on  m igh t  a r i se .  Suppose some ax ioms  con ta i n

s t r i ngs  o f  mu l t i p l i ed  cons tan t s ,  e .g .

f ( £ (£ f ( f ( a ,b ) , d )e )qg )

t hen  reso lu t i on  w i t h  t he  above  f o rmu la  w i l l  even tua l l y  p roduce

a l l  poss ib l e  comb ina t i ons :

f ( £ ( f ( a ,b ) , £ f ( d ,e ) ) , q9 )

f ( a , f ( £ f ( b ,qd ) , £ f ( e ,q ) ) )
f ( f ( f ( a ,b ) , d ) , f ( e ,q9 ) )  . . .  e t c .

S ince  they  are syn tac t i ca l l y  d i f f e ren t  the TP rega rds  them as
d i f f e ren t  f o rmu las ,  a l t hough  seman t i ca l l y  they  deno te  the same

ob jec t  in  any i n t e rp re ta t i on .

A s im i l a r  s i t ua t i on  can a r i se  f o r  o the r  ax i oms ,  and t he  s to rage

w i l l  be g radua l l y  f i l l ed  w i t h  r edundan t  c l auses  o f  t h i s  t ype .

Th i s  phenomenon has been re fe r red  to  as " seman t i c  no i se " ,
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However apar t  from the p rob lem of the " seman t i c  no i se " ,  i.e. the
f ac t  t ha t a whole equ i va lence  c l ass  i s  unnecessa r i l y  computed,

there is  a lso  the p rob lem tha t  these axioms cons ide rab l y  en la rge
t he  sea rch  space ,  wh i ch  i s  demons t ra ted  i n  [S I75 |  us i ng  aga in  the

case of  assoc ia t i v i t y  as an examp le ,

Two d i f f e ren t  app roaches  t owa rds  a so lu t i on  a im ing  a t  t he  "new

p la teau "  in  ATP have emerged  so f a r :  e i t he r  to bu i l d  the ax ioms
in to  d i f f e ren t  i n f e rence  ru l es  [SL72|  or to bu i l d  the axioms i n to
the un i f i ca t i on  a l go r i t hm [PL72].

The f i r s t  app roach  - adop ted  e.g. by S lag le i n  [SL72 | - appea rs
t o  be r a the r  weak ,  s i nce  the  sea rch  space  seems to  be o f  t he  same

comp lex i t y  as be fore  and on ly  a r educ t i on  in  ac tua l  compu ta t i on
t ime  - the l eas t  impo r tan t  o f  a l l  cos t s  - i s  c l a imed .

The second  approach has been adopted by many worke rs  i n  ATP, and

p rov ided  some mo t i va t i on  for  the g rowth  o f  a t heo re t i ca l  f i e l d  of

i t s  own, concerned ma in l y  w i t h  equa t i ona l  ax ioms (see [SS82| for
a su rvey ) .

G i ven  two t e rms  and an equa t i ona l  t heo ry  the  un i f i ca t i on  p rob lem

is  to  f i nd  subs t i t u t i ons  fo r  the va r i ab les  such t ha t  t hese  t e rms
become  equa l  i n  t he  g i ven  t heo ry .  Suppose  now t ha t  we have a T -
un i f i ca t i on  a l go r i t hm fo r  a g i ven  t heo ry  T, wh i ch  so l ves  t h i s

p rob lem,  then  the ax ioms  in  T may be removed  f rom the da ta  base
p rov ided  the  se t  o f  un i f i e r s  has the  f o l l ow ing  p rope r t y :

— a l l  e l emen ts  o f  the  se t  a re  un i f i e r s  ( co r rec tness )

- a l l  un i f i e r s  a re  r ep resen ted  by t h i s  se t  ( comp le teness )

~ the set sa t i s f i es  a m in ima l i t y  cond i t i on  (m in ima l i t y )

Under these cond i t i ons  the theorem prover  is  comp le te  [PL72]| and
based  on t h i s  r esu l t  many un i f i ca t i on  a l go r i t hms  have  been

deve loped .  The f o l l ow ing  t ab le  summer i zes  the ma jo r  r esu l t s  t ha t

have  been  ob ta i ned  f o r  spec ia l  t heo r i es  wh i ch  cons i s t  o f

comb ina t i ons  of  the  f o l l ow ing  equa t i ons :
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f ( x , f ( y , z ) )

C ( commuta t i v i t y )  f ( x , y )  f ( y , x )

D (d i s t r i bu t i v i t y )  D: f £ ( x ,g9 (y , z ) )  = £ (£ ( x , y ) , £ ( x , z ) )

D: f ( g ( x , y ) , z )  = g ( f ( x , z ) , £ f ( y , z ) )

A ( assoc ia t i v i t y )  f ( f ( x , y ) , 2 )

H,E (homomorph i sm,  endomorph i sm)  ¢ ( xoy )  = $ ( x ) y ( y )

I i dempo tence  f ( x , x )  = x

Abbrev ia t i ons :

FPA: F i n i t e l y  P resen ted  A lgeb ras
0G: Quas ig roups

AG: Abe l i an  Groups
H10: H i l be r t ” s  10 Prob lem

So t :  Second o rde r  terms
Ho t :  H ighe r  o rde r  terms ( i . e .  > 3 o rde r )

Theory  Type Un i f i ca t i on  A

T of  T dec idab le  recu rs i ve

g 1 Yes Yes Yes

A oo Yes Yes Yes
C w Yes Yes Yes
I w Yes Yes Yes

A+C w Yes Yes Yes

A+I ? Yes ? No

C+I w Yes Yes Yes

A+C+I w Yes Yes Yes
D © ? Yes Yes
D+A © No Yes Yes

D+C co ? Yes Yes

D+A+C © No Yes Yes

D+A+I ? Yes ? No

H,E 1 Yes Yes Yes

H+A o Yes Yes Yes

H+A+C w Yes Yes Yes

E+A+C © ? ? No
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0G Ww Yes Yes Yes

AG Ww Yes Yes Yes

H10 ? No ? No

FPA Ww Yes Yes Yes

T=f

T=

The co lumn  " t ype  o f  a t heo ry "  i nd i ca tes  t he  ca rd ina l i t y  o f  a

min ima l  set  of  un i f i e r s  and the co lumn  "A" says whe the r  or not  a
type con fo rma l  a l go r i t hm i s  known ,  The cond i t i on  type con fo rma l

is  a s l i gh t  weaken ing  of the m in ima l i t y  cond i t i on .
For de ta i l s  see [SS82].
But  two ma in  p rob lems  rema in  when bu i l d i ng  these  a l go r i t hms  i n to

an au toma ted  t heo rem p rove r .  The  f i r s t  one  i s  t ha t  t hese

a lgo r i t hms  a re  on l y  des igned  fo r  one f unc t i on  symbo l  (wh i ch
de f i nes  the t heo ry )  and cons tan t s  and va r i ab les .  For examp le  l e t

f be a commuta t i ve  f unc t i on ,  i . e .  f ( x , y )  = f£ (y ,x )  t hen  t e rms  l i ke
f (g (a ) , h (e , y ) )  a re  f o rb i dden .

The second  unso l ved  p rob lem i s  t he  comb ina t i on  o f  seve ra l  such

a lgo r i t hms .  The immed ia te  i n tu i t i ve  app roach  o f  i t e ra t i ve l y

i nvok ing  does  no t  so l ve  t he  p rob lem as t he  f o l l ow ing  examp le

shows :  l e t  f be i dempo ten t  and g commuta t i ve .  G i ven  the t e rms

S g ( f ( a , y ) , g ( x , y ) )  and  t = g (g ( c ,a ) y ) ,  t he  s and  t a re
un i f i ab le  w i t h  o = { y / a , x / c }  but  i t  i s  not  appa ren t  wh i ch
a lgo r i t hm i s  to  be i nvoked .

The f o l l ow ing  i s  a sho r t  r epo r t  o f  wha t  i s  imp lemen ted  a t  t he
moment and what  i s  p l anned  fo r  the  nea r  f u tu re :

The un i f i ca t i on  module con ta i ns  an a l go r i t hm for  o rd i na ry  te rm-
un i f i ca t i on  and a f u l l y  i n t eg ra ted  un i f i ca t i on  a l go r i t hm fo r

assoc ia t i ve  t e rms ,  I n  add i t i on  there  are spec ia l  a l go r i t hms  and

da ta  s t r uc tu res  used f o r  the  compu ta t i on  i n  the connec t i on  graph.
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We a l so  have  imp lemen ted  bu t  not  i n t eg ra ted  a l go r i t hms  fo r  t he

fo l l ow ing  theories:

assoc ia l i t y  + commuta t i v i t y ,  commuta t i v i t y ,  i dempo tency ,
commuta t i v i t y  + idempotency  and assoc .  + comm. + i demp .

The i nco rpo ra t i on  o f  t he  A+C-case  i n to  t he  Markg ra f -Ka r l -

Refu ta t i on -P rocedu re  i s  the most p ress ing  task  in  the f u tu re ,
s ince  many a l geb ra i c  s t r uc tu res  l i ke  abe l i an  g roups ,  r i ngs ,

f i e l ds ,  l a t t i ces ,  se t s  and so on a re  de f i ned  w i t h  t hese  two

ax ioms ,

A spec ia l  s t udy  i s  under  way to  compare the known R -un i f i ca t i on

a lgo r i t hms  (i.e. f o r  t r ee  t e rms )  w i t h  r espec t  t o  t he  f o l l ow ing

prob lems :  ( i )  e f f ec i ency ,  ( i i )  app l i cab i l i t y  for  the MRKP-system
and ( i i i )  poss ib l e  hardware rea l i za t i on .

F ina l l y  we i n tend  to  deve lop  and i nco rpo ra te  heu r i s t i ca l l y

mo t i va ted  un i f i ca t i on  a l go r i t hms  t ha t  a re  no t  comp le te  bu t

su f f i c i en t l y  e f f i c i en t :  some t heo r i es  ( l i ke  e.g. assoc ia t i v i t y )

a re  i n f i n i t e ,  i . e .  t he re  ex i s t s  i n  gene ra l  an i n f i n i t e  se t  o f

mos t  gene ra l  un i f i e r s  f o r  two  g i ven  terms.  Bu t  even  f i n i t e  se t s

of un i f i e r s  may be fa r  too la rge  to be p rac t i ca l l y  computab le  or
e l se  even i f  the f i n i t e  se t  i s  r easonab l y  sma l l  (as i n  the A+C-
case )  t he  compu ta t i on  o f  t h i s  se t  i s  f a r  t oo  expens i ve .  I n  a l l

t hese  cases  e f f i c i en t  me thods  to  compu te  a heu r i s t i ca l l y

mot iva ted  subse t  of the whole set  of un i f i e r s  have to be f ound .
The d i f f i cu l t  pa r t  i s  no t  so much to  f i nd  such me thods ,  bu t  to
ga in  enough  expe r i ence  f o r  a p rac t i ca l  eva lua t i on ,  i.e. i f  t he

i nc rease  i n  e f f i c i ency  ou twe ighs  the  l oss  o f  comp le teness .
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6 .3 .10  Equa l i t y  Reason ing

In t roduct ion

The use o f  t he  equa l i t y  ax i oms  i n  a t heo rem p rove r  based  on
reso lu t i on  has t u rned  ou t  to  be very  i ne f f i c i en t ,  s i nce  too  many

add i t i ona l  r eso lu t i on  ope ra t i ons  i nvo l v i ng  the equa l i t y  ax i oms

are poss ib l e ,  Th i s  p rob lem i s  we l l  r ecogn i zed  wh i t h i n  the f i e l d

( see  [WR67), [RW69], [ s169 ] ,  [M069], [BR75], [sH78]|, [HR78],
[DI79] ) .
A way ou t  i s  t o  d i r ec t l y  i nco rpo ra te  equa l i t y  i n t o  t he  p roo f

p rocedu re . One o f  t he  va r i ous  me thods  p roposed  w i t h  t h i s  a im i n
mind  i s  pa ramodu la t i on ,  as desc r i bed  i n  6 .3 .2 :  w i t h  one
add i t i ona l  r u l e  o f  i n f e rence ,  t he  pa ramodu la t i on  ru l e ,  t he

equa l i y  ax i oms  become  supe r f l uous  excep t  f o r  t he  r e f l ex i v i t y

ax iom,
But  pa ramodu la t i on ,  i .e .  the  r ep lacemen t  o f  t e rms  by equa l  t e rms ,

can be app l i ed  a lmos t  eve rywhe re  i n  a c l ausese t  and t he re fo re

pa ramodu la t i on  a l one  s t i l l  does not  so l ve  the p rob lem of  "how to

hand le  equa l i t y  i n  an au toma t i c  theorem prov ing  sys tem" ,

S t ra teg ies  or  me thods  a re  r equ i red  to  con t ro l  the  eno rmous  amount

of  po ten t i a l  s t eps  and to  make sens ib l e  use o f  the  pa ramodu la t i on

ru le ,

A p rom is i ng  con t ro l  mechan i sm may resu l t  f rom the "pa ramodu la t i on

i f  needed "  i dea ,  wh i ch  s ta tes  t ha t  the pa ramodu la t i on  ru l e  shou ld

on l y  be used  t o  r educe  d i f f e rences  be tween  po ten t i a l l y

comp lemen ta ry  l i t e ra l s ,  such  t ha t  an i n f e rence  s tep  (by

reso lu t i on )  becomes poss ib l e .

The re  a re  seve ra l  me thods  known  to  r ea l i ze  t he  i f  needed  i dea

( e .g  [SH78]|, [HR78]|, [D179]. The mos t  exp l i c i t  r ea l i za t i on  o f

which is Mor r i s ”  E - reso lu t i on  [M069].
An E - reso lu t i on  s tep  can  be v i ewed  as a sequence  o f
pa ramodu la t i on  s teps  such  t ha t  two  po ten t i a l l y  comp lemen ta ry
l i t e ra l s  become un i f i ab le ,  f o l l owed  by the  app rop r i a te  r eso lu t i on

s tep .  Th i s  cou ld  be an op t ima l  r ea l i za t i on  of  the i f  needed idea
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and po ten t i a l l y  one o f  t he  bes t  ways  t o  hand le  equa l i t y  i n  an

ATP, because  equa t i ons  are  on l y  used when needed ,  i .e .  to  remove

the  d i f f e rence  be tween  t e rms ,  wh i ch  p reven t  t he i r  un i f i ca t i on .

Fu r the rmore  the  equa t i ons  a re  on l y  used  i f  i t  i s  poss ib l e  to

remove such d i f f e rences  comp le te l y .

An imp lemen ta t i on  o f  a p roo f  p rocedu re  based  on E - reso lu t i on

howeve r  i s  un feasab le  w i t hou t  add i t i ona l  sea rch  and con t ro l

mechan i sms ,  because  two  ma jo r  p rob lems  rema in :

( i )  Equa l i t y  o f  two  t e rms  w i t h  r espec t  t o  t he  g i ven  se t  o f

equa t i ons  i s  undec idab le ,  and  t he re fo re  i n  gene ra l  i t  i s

imposs ib l e  t o  con t i nue  sea rch ing  f o r  equa t i ons  un t i l  t he

po ten t i a l l y  comp lemen ta ry  l i t e ra l s  unde r  cons ide ra t i on  are

un i f i ab le  (o r  de f i n i t e l y  no t  un i f i ab le ) .  Hence the  f i r s t  p rob lem

is  to  o rgan i ze  the  sea rch  fo r  equa t i ons  and the  app l i ca t i on  o f  E-

reso lu t i on  i n  such  a way ,  t ha t  t he  p roo f  p rocedu re  i s  e f f i c i en t

and comp le te .  The proof  p rocedure  based  on E - reso lu t i on  p resen ted

by Mor r i s  [M069 ]  i s  des igned  to  ensu re  comp le teness  [AN70 |  r a the r

than eff ic iency.

( i i )  Be fo re  an E - reso lu t i on  s tep  can be execu ted ,  t he  necessa ry

equa t i ons  have  t o  be f ound  and because  o f  t he  eno rmous  sea rch

space an unsoph i s t i ca ted  and exhaus t i ve  sea rch  fo r  such equa t i ons

i s  p roh ib i t i ve l y  expens i ve .

I n  the  f o l l ow ing  the  essen t i a l  i deas  o f  t he  pa ramodu la t i on - i f -

needed pa rad igm and the  i deas  o f  the  pa ramodu la ted  c l ause  g raph

p rocedu re  (PCG-p rocedu re )  a re  comb ined  by i nco rpo ra t i ng  E-

reso lu t i on  i n to  the PCG-procedure .  Th i s  comb ina t i on  p rov ides  an

e f f i c i en t  sea rch  p rocedu re  f o r  poss ib l e  E - reso lu t i ons ,  and a

con t ro l  mechan i sm to  d i r ec t  the search  for  E - reso lu t i ons  so l v i ng

the two problems ( i )  and ( i i )  men t ioned  above .

Pa ramodu la t i on  and reso lu t i on  conce rn  a t  mos t  two  c l auses ,

whe reas  E - reso lu t i on  i s  a gene ra l i za t i on  o f  r eso lu t i on  wh i ch
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i n vo l ves  many  c l auses ,  t he re fo re  new s t r uc tu res  ( ca l l ed  paths)

wi l l  be used to  r ep resen t  such mac ro -ope ra t i ons .  A pa th  r epesen ts

a sequence  of  P - l i nks  and cons i s t s  of  the necessa ry  i n f o rma t i on

to pe r f o rm  the r espec t i ve  mac ro -ope ra t i on ,  Du r i ng  the sea rch  f o r
a p roo f  i t  i s  poss ib l e  to  se lec t  l i n ks  as we l l  as pa ths  f o r  t he
de r i va t i on  o f  new c l auses .  ER-pa ths  (E - reso lu t i on -pa ths )

‘ r ep resen t i ng  poss ib l e  E - reso lu t i on  s teps  are  de f i ned  such t ha t  an

ER-path  connec t s  two comp lemen ta ry  l i t e ra l s  and cons i s t s  of  the

equa t i ons  wh i ch  make bo th  l i t e ra l s  un i f i ab le .

Us ing  t h i s  de f i n i t i on ,  the above s ta ted  p rob lems  of  E -~ reso lu t i on
may t hen  be reph rased  as :
( i )  the  i n t eg ra t i on  o f  ER-pa ths  i n to  the proof  p rocedu re

( i i )  the  p rob lem to  sea rch  fo r  ER-pa ths

I n teg ra t ion  o f  Pa ths  i n to  the Proof Procedure

Jus t  l i ke  R -1 l i nks  and P - l i nks  pa ths  shou ld  be sea rched  fo r  and

c rea ted  r i gh t  a t  the  beg inn ing ,  when the  i n i t i a l  g raph  i s  f o rmed ,

and the i n f o rma t i on  con ta i ned  i n  a pa th  shou ld  then  be i nhe r i t ed

du r i ng  the subsequen t  sea rch  fo r  a p roo f .

But s i nce  the equa l i t y  of  two t e rms  is  undec idab le ,  not  eve ry  ER-
pa th  can be f ound  i n  t he  i n i t i a l  g raph .  Fo r  t ha t  r eason  a new
l i nk  t ype ,  PER-1 l i nk  ( po ten t i a l  E - reso lu t i on  l i nk )  connec t i ng
po ten t i a l l y  comp lemen ta ry  l i t e ra l s  i s  i n t r oduced .  These PER-1l inks
p rov ide  the  t op leve l  i n f o rma t i on  f o r  t he  p roo f  p rocedu re  to

sea rch  f o r  t he  co r respond ing  ER-pa ths ,  and du r i ng  t h i s  sea rch

t h ree  cases  can  occu r :

a) A l l  poss ib l e  ER-pa ths  co r respond ing  to  a PER- l i nk  are  f ound .
b) I t  i s  de tec ted  t ha t  t he re  does  no t  ex i s t  an ER-pa th  f o r  a

g i ven  PER-1 l ink .

c) The sea rch  fo r  ER-pa ths  has to  be t e rm ina ted  because  of  space
or  t ime  l im i t a t i ons .

For each o f  t hese  t h ree  cases  d i f f e ren t  ope ra t i ons  are  pe r f o rmed :
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a)

b)

c)

I f  a l l  ER-pa ths  a re  f ound ,  the PER- l i nk  i s  e rased  and rep laced
by t he  ER~-pa ths .  A l l  poss ib l e  ways  t o  r emove  the  d i f f e rences
between the l i t e ra l s  connec ted  by the PER- l i nk  are known now
and g i ven  by t he  ER~pa ths .  I f  an ER-pa th  i s  se l ec ted ,  t he  E-
reso lu t i on  s tep  co r respond ing  to  t he  ER-pa th  i s  execu ted  by
the proof  p rocedu re ,
The re  ex i s t s  no ER-pa th  be tween  the l i t e ra l s  connec ted  by the

PER-1 l i nk ,  i.e. t he  d i f f e rences  be tween  the  r espec t i ve  t e rms

canno t  be comp le te l y  r emoved  and t he re fo re  t he  PER-1 l i nk  i s
de le ted .
I f  t he  sea rch  i s  t e rm ina ted  and  no (o r  no t  a l l )  ER-pa ths  a re

f ound ,  t he  PER~ l i nk  rema ins  i n  t he  g raph .  I f  neve r the less  a

PER~-l ink i s  se l ec ted  by the p roo f  p rocedu re ,  t hen  an ope ra t i on

i s  execu ted  to  r educe  the  d i f f e rence  be tween  the  l i t e ra l s

connec ted  by the PER- l i nk  us ing  the i n f o rma t i on  ob ta i ned  f r om

the i ncomp le te  sea rch .

PER- l i nks  are t r ea ted  as a spec ia l  case and a re  on l y  used by the

g loba l  s t r a teg ies  as aux i l i a r y  l i n ks  t o  con t ro l  t he  sea rch  f o r

pa ths .

Du r i ng  the  ac tua l  sea rch  f o r  a p roo f  ER-pa ths  as we l l  as PER-

l i nks  are i nhe r i t ed  and used to  compu te  new ER-pa ths  and new PER-

l i nks .  Hence  each  ER-pa th  used  i n  t he  p roo f  was a l r eady  p resen t

i n t he  i n i t i a l  g raph  o r  has been  i nhe r i t ed  f r om an i n i t i a l  ER-

pa th .

Th i s  me thod  o f  us i ng  ER-pa ths  has t h ree  ma in  advan tages :

( i ) ER-pa ths  and PER-1 l i nks  con ta i n  impo r tan t  i n f o rma t i on  f o r

g l oba l  s t r a teg ies  wh i ch  p l an  and con t ro l  the  who le  sea rch

fo r  a p roo f .  Th i s  i n f o rma t i on  i s  pa r t i cu l a r i l y  useful,

because  i t  i s  a l r eady  ava i l ab le  at  the beg inn ing  of the
p roo f .

( i i )  An e f f i c i en t  hand l i ng  of equa l i t y  is  poss ib l e ,  because the
search is  done in  the sma l l  i n i t i a l  graph on l y .  Fu r the rmore
on l y  a few pa ths  are  f ound  by i nhe r i t ance .
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( i i i )  S t rong  add i t i ona l  de le t i on  ru l es  a re  ava i l ab le ,  wh i ch
g rea t l y  reduce  the  po ten t i a l  number  o f  pa ths  as we l l  as the
s i ze  o f  t he  g raph .  Fo r  examp le  i n  case  b) above  the
de le t i on  o f  a PER- l i nk  may l ead  t o  a pu re  c l ause  ( j us t  as
i n  t he  usua l  c l ause  g raph  p roo f  p rocedu re )  caus ing  the
wel lknown snowbal l  e f f ec t  of de le t i ons  to s t a r t .

The Search for  Paths Us ing  Constra in ts

An unsoph i s t i ca ted  and exhaus t i ve  sea rch  f o r  ER-pa ths  (i.e. f o r
E - reso lu t i on  s teps )  i s  p roh ib i t i ve l y  expens i ve ,  because  o f  t he
very  l a rge  sea rch  space ,  the  s i ze  of  wh i ch  essen t i a l l y  depends  on
the  number  o f  equa t i ons  (ne )  i n  t he  c l ausese t ,  on t he  ave rage
number  of  sub te rms  (ns)  i n  a l i t e ra l ,  and on the r a t i o  ( r )  of
pos i t i ve  t o  to ta l  ( i . e .  pos i t i ve  p l us  nega t i ve )  un i f i ca t i on
tes t s .  F i na l l y  i t  depends  on t he  sea rch  dep th  ( sd ) .  A b read th
f i r s t  search  p rocedure ,  l i ke  tha t  of Mo r r i s  [MO69| must execu te
((2 * ne * ns * r ) sd  * 1 / r )  ca l l s  of the un i f i ca t i on  a l go r i t hm,
A lso  (2 * ne * ns * r ) sd  equa l i t y  r ep lacemen ts  have to  be ca r r i ed

"ou t  i n  o rde r  t o  ge t  a l l  poss ib l e  E - reso l ven t s  f o r  one PER-1 l i nk .
Fo r  examp le  i f  a c l ausese t  has t en  equa t i ons ,  on ave rage  f i ve
sub te rms  pe r  l i t e ra l  and 10% o f  t he  un i f i ca t i on  a t t emp ts  a re
success fu l ,  t hen  f o r  a sea rch  dep th  o f  t en  s teps  t he re  a re  1011

10 rep lacemen tca l l s  o f  t he  un i f i ca t i on  a l go r i t hm and 10
ope ra t i ons  necessa ry .  To worsen  the s i t ua t i on ,  Mo r r i s  [M069|
observed  t ha t  i n  a usua l  c l ausese t  most  PER~-l inks do no t  have an
E - reso l ven t ,  t hus  mos t  e f f o r t  i s  spen t  i n  va in .
I n  o rde r  t o  ob ta i n  a p rac t i ca l  sea rch  p rocedu re ,  t he  eno rmous
search  space  has to  be reduced  somehow.

In  t he  f o l l ow ing  we p ropose a reduc t i on  o f  t he  sea rch  space  by
exp lo i t i ng  cons t ra i n t s ,  where  the cons t ra i n t s  use the i n f o rma t i on
con ta ined  i n  the  P-links.

For  a g i ven  c l auseg raph  and a PER- l i nk  there  are usua l l y  many P-
l i nks  connec t i ng  the  e f f ec t i ve  equa t i ons  and the two  l i t e ra l s .  I f
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t hese  P - l i nks  a re  v i sua l i zed  g raph i ca l l y ,  ce r t a i n  s t r uc tu res
emerge ,  e.g. an equa l i t y - cha in  as i n  t he  s imp le  examp le  1 .  I n

mos t  cases  t he  s t r uc tu re  i s  a more  comp lex  equa l i t y -ne t  as
examp le  2 demonstrates:

<Q a
<P a> oN

/ f ( b , c )
<a = g(b) > _—
yd  8 N

<b = ¢>  \N

| < f ( d ,e )  = i>

<P g (c )>  - ya
i 3?

Examp le  1 Examp le  2

An equa l i t y -ne t  (EN) and a compa t i b l e  equa l i t y -ne t  are  de f i ned  as

spec ia l  g raph  s t r uc tu res  o f  P - l i nks ,  Each compa t i b l e  equa l i t y -ne t

i s  an ER-pa th  and r ep resen ts  a poss ib l e  E - reso lu t i on  s tep .  V i ce

ve rsa  f o r  each  poss ib l e  E - reso lu t i on  s tep  t he re  ex i s t s  a

compa t i b l e  EN i n  the  g raph ,  wh i ch  bu i l ds  the  app rop r i a te  ER-pa th .

These  cond i t i ons  ho ld ,  because  the  PCG-p rocedu re  i s  comp le te

[SW79 ] .  I n  o rde r  to  f i nd  the ER-pa ths ,  the compa t i b l e  equa l i t y -
ne ts  mus t  now be sea rched  f o r .  |

To t h i s  end seve ra l  cond i t i ons  can be s ta ted  wh i ch  are necessa ry

bu t  no t  su f f i c i en t  f o r  the  compa t i b i l i t y  o f  an EN. Such
cons t ra i n t s  a re  checked  s tep  by s tep  d ras t i ca l l y  r educ ing  the

sea rch  space .  Th i s  me thod  i s  known as exp lo i t i ng  cons t ra i n t s  i n

o the r  f i e l ds  o f  a r t i f i c i a l  in te l l igence.

The f o l l ow ing  examp les  show two reasons fo r  the i ncompa t i b i l i t y

of equa l i t y -ne t s :
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<P g(a)  > <P a>
{x + - -  a} /

<a = b>

g (x )  = f ( x )>  \

{ xe== Db} <E (b )  = c>

<P f ( b )  >

<P >

Examp le  3 Example  4

In  examp le  3 t he  comb ina t i on  o f  P - l i nk  1 and P - l i nk  2 i s
i n compa t i b l e ,  because  t he i r  un i f i e r s  {x +- -  a}  and {x +--  b}  a re

i n compa t i b l e ,  I n  examp le  4 P - l i nk  1 and  P - l i nk  2 a re

i ncompa t i b l e :  a f t e r  pa ramodu la t i on  on l i n k  1 ,  l i n k  2 canno t  be

i nhe r i t ed  to  the pa ramodu lan t  <P b>, s i nce  the access  dep th  does

no t  co i nc i de .

Some o f  t he  cons t ra i n t s  t o  be used  a re :

(1)  I n  a compa t i b l e  EN a l l  un i f i e r s  o f  t he  P - l i nks  conce rned
mus t  me rge  to  one mgu ( i . e .  t he  un i f i e r s  mus t  be
compa t i b l e ,  p rov ided  a proper  va r i ab le  r enam ing ) .

( i i )  I n  a compa t i b l e  EN: f o r  each  max ima l  equa l i t y - cha in  i n  t he

EN the  sum o f  a l l  access  dep ths  mus t  be equa l  t o  ze ro  and

each pa r t i a l  sum mus t  be l ess  o r  equa l  to  ze ro .

( i i i )  I n  a compa t i b l e  EN, no cha in  o f  two  l i n ks  i n  t he  EN i s

compa t i b l e ,  i . e .  i f  an equa l i t y - cha in  of l eng th  2 is
i n compa t i b l e ,  (No te :  i ncompa t i b l e  i s  d i f f e ren t  f r om no t
compa t i b l e ) .

The sea rch  p rocedu re  can be improved  cons ide rab l y  by add i t i ona l
const ra in ts .

A l t hough  such  cons t ra i n t s  a re  ve ry  use fu l l ,  t hey  a re  no t

expens i ve  t o  compu te ,  f o r  examp le  on l y  some  i n tege rs  mus t  be



added to  de tec t  the i ncompa t i b i l i t y  o f  an EN caused  by cond i t i on

2.

A f t e r  the  r educ t i on  o f  t he  sea rch  space  t he  mos t  p rom is i ng  ENs
are  se lec ted  f o r  a f u l l  compa t i b i l i t y  t es t ,  and t he  su rv i v i ng
cand ida tes  are  used to  bu i l d  the  ER-pa ths .

Summary and Future P lans

Pa ramodu la t i on  based  on P - l i nks  i s  a l r eady  i nco rpo ra ted  i n to  the
MKRP-sys tem.  The me thod  to  con t ro l  t he  pa ramodu la t i on  s teps  as
ou t l i ned  above  i s  cu r ren t l y  be ing  imp lemen ted  and eva lua ted  on
the  bas i s  o f  t he  p resen t  f i nd ings .  I t  i s  s t i l l  t o  ea r l y  howeve r

to  draw any de f i n i t e  conc lus i ons .

6 .3 .11 .  P roo f s  by I nduc t i on

A su rvey  o f  t he  I nduc t i on -P roo f  Sys tem i s  p resen ted  wh i ch  i s

cu r ren t l y  unde r  deve lopement  and pa r t e l y  imp lemen ted .

The System Language

For a sys tem des igned  to p rove  t heo rems  by i nduc t i on ,  i . e .
p rov ing  t heo rems  i n  cons t ruc t i ves  t heo r i es ,  i t  i s  a necessa ry

p re requ i s i t e  t ha t  the ob jec t s  under  i nves t i ga t i on  are  de f i ned  in

a cons t ruc t i ve  way.  Hence each i nduc t i on  theorem prov ing sys tem
mus t  p rov ide  a sys tem l anguage  wh i ch  con ta i ns  some k i nd  o f  a

p rog ramming  l anguage ,  ca l l ed  t he  a l go r i t hm ic  sub language ,  t o

a l l ow

- the de f i n i t i on  o f  we l l - f ounded  se t s ,  and

- the  de f i n i t i on  o f  f unc t i ons  and p red i ca tes  (wh i ch  ope ra te  on

these  we l l - f ounded  se t s ) .
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To exp ress  p rope r t i es  o f  t he  f unc t i ons  and p red i ca tes  de f i ned
us ing  the  a l go r i t hm ic  sub language ,  t he  sys tem l anguage  has to
con ta i n  ano the r  sub language ,  ca l l ed  t he  l og i c  sub language . The
a lgo r i t hm ic  and t he  l og i c  sub language  cons t i t u t e  t he  sys tem
language  o f  an i nduc t i on  t heo rem p rov ing  sys tem,

For the Ka r l s ruhe  i nduc t i on  t heo rem p rov ing  sys tem we have chosen
the many -so r ted  f i r s t - o rde r  l anguage  PLL (see 6 .3 .1  and 6 .6 .2 )  as
the l og i c  sub language ,  because the t heo r i es  unde r  i nves t i ga t i on

are many -so r t ed  and hence  p rope r t i es  o f  f unc t i ons  and p red i ca tes
a re  mos t  conven ien t l y  exp ressed  i n  a many -so r t ed  f i r s t - o rde r
l anguage  [WAS82].

The l og i c  sub language  PLL i s  ex tended  by  t he  a l go r i t hm ic

sub language ,  y i e l d i ng  the P red i ca te  Log i c  P rog ramming  Language

(PL2 ) ,  wh i ch  i s  t he  sys tem l anguage  o f  t he  Ka r l s ruhe  i nduc t i on

theo rem p rove r  [WA83 | .  The a l go r i t hm ic  sub language  cons i s t s  of  a
de f i n i t i on  p r i nc i p l e  fo r  we l l - f ounded  se t s  and fo r  f unc t i ons  and

p red i ca tes .

We l l - f ounded  se t s  a re  r ep resen ted  by s t r uc tu red  so r t s  o r
s t r uc tu res  f o r  so r t .  S t ruc tu res  a re  i n t r oduced  by a so ca l l ed

s t ruc tu re  dec la ra t i on .

Func t i ons  and p red i ca tes  de f i ned  on t he  we l l - f ounded  se t s
r ep resen ted  by s t r uc tu res  are  i n t r oduced  by a f unc t i on
dec la ra t i on  or a p red i ca te  dec la ra t i on  respec t i ve l y ,  i . e .  a
de f i n i t i on  p r i nc i p l e  wh i ch  uses  t he  t echn iques  o f  f unc t i ona l

compos i t i on ,  de f i n i t i on  by cases  and de f i n i t i on  by r ecu rs i on .

The seman t i c  o f  PL2 i s  de f i ned  by a mapp ing  o f  PL2 exp ress ions
in to  f o rmu las  o f  t he  l og i c  sub language  PLL ,  v i e l d i ng  the  so
ca l l ed  de f i n i t i on  f o rmu las :  Fo rmu las  o f  the  l og i c  sub language  are
mapped  i n to  t hemse l ves .  Exp ress ions  o f  t he  a l go r i t hm ic

sub language  a re  t r ea ted  as abb rev ia t i ons  f o r  t he  de f i n i t i on

fo rmu la  o f  the  r espec t i ve  exp ress ion .
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Add i t i ona l l y  each f unc t i on  and p red i ca te  dec la ra t i on  i s
assoc ia ted  w i t h  a PLL f o rmu la ,  ca l l ed  t he  un iqueness  formula,

wh i ch  exp resses  t ha t  the  i n t ended  f unc t i on  o r  p red i ca te  i s  un ique

fo r  each g i ven  i npu t .

The recu rs i on  f o rmu la  for  a f unc t i on  or  a p red i ca te  dec la ra t i on ,

i s  a PLL f o rmu la ,  wh i ch  exp resses  t ha t  for  a g i ven  we l l - f ounded

o rde r  r e l a t i on  the  i n t ended  f unc t i on  or  p red i ca te  w i l l  t e rm ina te ,

Spec i f i ca t ion  o f  the System

The i nduc t i on  t heo rem p rov ing  sys tem can be v i ewed  as a sys tem

which ma in ta i ns  a sequence of PLL f o rmu las ,  ca l l ed  the database,

whose con junc t i on  rep resen ts  a ce r t a i n  ma thema t i ca l  t heo ry .

There are on ly  two ope ra t i ons  de f i ned  by the sys tem:

- ex tend  the  da ta  base by a new PLL f o rmu la

- remove the PLL f o rmu la  most  r ecen t l y  i nse r t ed  f rom the da ta
base

Howeve r  the sys tem w i l l  no t  accep t  j us t  any f o rmu la  fo r  ex tens ion

o f  i t s  da ta  base .  The exp ress ions  g i ven  to  t he  sys tem have  t o

be adm iss ib l e  PL2 exp ress ions :

- a s t r uc tu re  dec la ra t i on  is  a lways  an adm iss ib l e  exp ress ion

- a f unc t i on  o r  p red i ca te  dec la ra t i on  i s  an adm iss ib l e  exp ress ion

i f  the assoc ia ted  un iqueness  f o rmu la  and ( f o r  some we l l - f ounded

o rde r  r e l a t i on )  the assoc ia ted  recu rs i on  f o rmu la  can be proved

by the  sys tem us ing  the  con junc t i on  o f  f o rmu la  i n  t he  da ta  base

as hypo theses .

- a PLL f o rmu la  i s  an adm iss ib l e  PL2 exp ress ion  i f  i t  can  be

p roved  by t he  sys tem us ing  the  con junc t i on  o f  f o rmu la  i n  t he

da ta  base as hypotheses.
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For  each  PL2 exp ress ion  g i ven  as i npu t ,  t he  sys tem has t o
improve  the adm iss ib i l i t y  o f  the exp ress ion ,  For  each admissible
exp ress ion ,  i t s  de f i n i t i on  f o rmu la  w i l l  be used  t o  ex tend  the
da ta  base .

I t  can be shown ,  t ha t  by accep t i ng  on ly  adm iss ib l e  expressions,
t he  con junc t i on  o f  f o rmu lae  i n  the  da ta  base i s  a lways
sa t i s f i ab le .

P rac t i ca l  Impl icat ions

Us ing  the  spec i f i ca t i on  o f  t he  l as t  sec t i on ,  t he  i nduc t i on
theo rem p rov ing  sys tem i s  used  t o  de f i ne  t heo r i es  by ex tend ing
i t s  data base by fo rmu lae  which represent  we l l - f ounded  se t s ,  by
f unc t i on  and p red i ca tes ,  wh i ch  opera te  on t hese  we l l - f ounded  se t s
and by f o rmu lae ,  which s ta te  p rope r t i es  about  t h i s  f unc t i on  and
p red i ca tes .

The cons t ra i n t  to  adm iss ib l e  exp ress ions  as i npu t  fo r  the sys tem
gua ran tee  t ha t  the  theory rep resen ted  by the con junc t i on  of  the
fo rmu lae  i n  the  da ta  base i s  a lways  cons i s ten t .

To check  t he  adm iss ib i l i t y o f  a g i ven  i npu t ,  two  ma in  p rob lems
have to  be so l ved  by t he  sys tem:

(1) f i nd  a we l l - f ounded  o rde r  r e l a t i on  ( i f  poss ib l e ) ,  such t ha t
t he  r ecu rs i on  f o rmu la  f o r  a g i ven  f unc t i on  can be p roved ,
and

(2)  prove the  fo rmu las  i nvo l ved  w i t h  the  adm iss ib i l i t y  t es t s ,

P rob lem (1 )  i s  ca l l ed  recu rs i on  ana l ys i s :  Us ing  spec ia l
heu r i s t i c s  the sys tem a t t emp ts  to f i nd  a we l l - f ounded  o rde r
r e l a t i on  wh i ch  gua ran tees  the t e rm ina t i on  o f  the g i ven  f unc t i on
or  predicate.
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Prob lem (2)  sp l i t s  i n t o  the  f o l l ow ing  subp rob lems :

(2 .1 )  F i nd  adequa te  i nduc t i on  schemes  such  t ha t  t he  f o rmu la

ob ta i ned  f r om the  g i ven  f o rmu la  by i ns tan t i a t i ons

sugges ted  by the i nduc t i on  scheme can be proved w i t hou t

i nduc t i on ,  and

(2 .2 )  i n f l uence  the  con t ro l  o f  a r eso lu t i on  t heo rem prover  such

tha t  the  f o rmu la  t hus  ob ta i ned  can be proved.

Conclusion

Presen t l y  the fo l low ing  problems have been so l ved :

- de f i n i t i on  of the system language PLZ of the i nduc t i on  theorem

prov ing  sys tem

- imp lemen ta t i on  o f  a PL2 comp i l e r

= deve lopemen t  and imp lemen ta t i on  o f  a “ s imp l i f i ca t i on ”  modu le

wh i ch  t r ans fo rm  PLL f o rmu las  to  equ i va len t  bu t  s imp le r  PLL

fo rmu las .  (Th i s  modu le  i s  i n  pa r t i cu l a r  use fu l  t o  p rove

un iqueness f o rmu las )

The f o l l ow ing  modu les  are  p resen t l y  unde r  deve lopmen t :

- the recurs ion—-ana lys is -modu le ,

- a modu le  wh i ch  e l im ina tes  ex i s ten t i a l  quan t i f i e r s  by sko lem

f unc t i ons  fo r  wh i ch  cons t ruc t i ve  de f i n i t i ons  are  ob ta i ned  us ing

techn iques  o f  program syn thes i s .

- a con t ro l -modu le  wh i ch  pe r f o rms  the  necessa ry  i n te rac t i ons

be tween  the  i nduc t i on  sys tem and the r eso lu t i on  theorem prover ,

i . e .  the l og i c  mach ine  o f  the  MKRP-sys tem,
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6 .3 .12  Preprover

The p rep rove r  i s  pa r t  o f  t he  Doma in  Spec i f i c  P rep rocesso rs

men t i oned  i n  sec t i on  6 .2  ( see  f i gu re  2) and cons i s t s  o f

s imp l i f i ca t i on  t echn iques  and f as t  dec i s i on  me thods .

The Nelson-Oppen Method for  Combining Decis ion Procedures

In  1979 G.Ne lson  and D.Oppen [NO79 | have deve loped  a me thod  for

comb in ing  dec i s i on  p rocedu res  f o r  seve ra l  ( d i s j o i n t )  t heo r i es

i n to  a dec i s i on  p rocedu re  f o r  t he  comb ina t i on  o f  t he  theor ies .

The method , wh i ch  i s  app l i cab le  to  quan t i f i e r - f r ee  f i r s t - o rde r

t heo r i es ,  i s  pa r t i cu l a r l y  use fu l  f o r  app l i ca t i ons  i n  p rog ram

ve r i f i ca t i on .  We have  imp lemen ted  a spec ia l  ve r s i on  o f  the

me thod ,  wh i ch  con ta i ns  dec i s i on  p rocedu res  f o r  t he  f o l l ow ing

quan t i f i e r - f r ee  t heo r i es :  r ea l  a r i t hme t i c  unde r  add i t i on  and

o rde r ,  the t heo ry  o f  equa l i t y  w i t h  un in te rp re ted  f unc t i on  symbo ls

and the  theory  o f  l i s t  s t r uc tu res  unde r  cons ,  ca r ,  cdr  and a tom,

The imp lemen ta t i on  t hus  cons t i t u t es  a spec ia l  t heo rem prover  fo r

the comb ina t i on  o f  the  above t heo r i es .  Bes ides  imp lemen t i ng  the

prover  we have a l so  improved some t heo re t i ca l  r esu l t s  wh i ch  are

re l evan t  t o  t he  me thod  and have  g i ven  a r i go rous  p roo f  o f

co r rec tness  o f  the me thod ,  see [BA82a ] | ,  [BA82b ] .

The Ne l son -Oppen  me thod  i s  based  on a spec i f i c  k i nd  o f

i n t e rac t i on  be tween  the  i nd i v i dua l  dec i s i on  p rocedu res  wh i ch  have

to  be comb ined .  Rough l y  speak ing ,  i n t e rac t i on  t akes  p l ace  by

"p ropaga t i ng  equa l i t i e s " ,  t ha t  i s ,  a l l  equa l i t i e s  be tween

va r i ab les  wh i ch  are found  to  be a l og i ca l  consequence  of  a g i ven

fo rmu la by one dec i s i on  p rocedu re  a re  t r ansm i t t ed  t o  a l l  o t he r

dec i s i on  p rocedu res .  P rac t i ca l  expe r i ence  has shown  t ha t  the

capab i l i t y  o f  t he  i nd i v i dua l  dec i s i on  p rocedu res  to  de tec t  t he

re l evan t  equa l i t i e s  i n  an e f f i c i en t  way,  heav i l y  i n f l uences  the

e f f i c i ency  o f  the  ove ra l l  me thod .  There fo re  we have ex tended  some

o f  t he  dec i s i on  p rocedu res ,  wh i ch  a re  con ta i ned  i n  ou r  p rove r ,  i n

an app rop r i a te  way i n  o rde r  t o  ach ieve  a be t t e r  pe r f o rmance  o f
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the gene ra l  p rov ing  p rocedu re ,

Work has now been  unde r taken  i n  imp lemen t i ng  and i nc l ud ing  a

dec i s i on  p rocedu re  f o r  t he  t heo ry  o f  a r rays  unde r  s t o re  and

se lec t ,  We a l so  p l an  t o  i nc l ude  f u r t he r  dec i s i on  p rocedu res  f o r

t heo r i es  wh i ch  a re  use fu l  f o r  app l i ca t i on  i n  p rog ram

ve r i f i ca t i on .  Cons ide ra t i on  w i l l  a l so  be g i ven  to  deve lop ing

me thods  f o r  us i ng  the  theo rem p rove r  as a s imp l i f i e r .

The S imp l i f i e r  o f  K ing

In  o rde r  to  p rove t heo rems  tha t  are gene ra ted  mechan i ca l l y  by a

VCG, K ing  deve loped  a power fu l l  spec ia l  pu rpose  s imp l i f i e r  f o r

a r i t hme t i cs  [K I69 ] .

The s imp l i f i e r  cons i s t s  o f  f ou r  pa r t s :

( i )  the compu ta t i on  of  canon i ca l  a r i t hme t i ca l  t e rms  and o f

s t anda r i zed  equa l i t y  and unequa l i t y  r e l a t i ons .

( i i )  a sa t i s f i ab i l i t y  t es t  f o r  sys tems  o f  equa l i t y  and

unequa l i t y  r e l a t i ons  wh i ch  a l so  r educes  the number  o f

r e l a t i ons  i n  the sys tem.

( i i i )  l og i ca l  r educ t i ons  l i ke  subsump t i on  wo rk i ng  on the

con junc t s  o f  t he  d i s j unc t i ve  no rma l  f o rm  o f  t he

t heo rem,

( i v )  a l i nea r  so l ve r  wo rk i ng  on l i nea r  r e l a t i ons  us ing

me thods  of  l i nea r  a l geb ra .

A hands imu la t i on  o f  t he  s imp l i f i e r  t oge the r  w i t h  t he

t ru th func t i ona l  r educ t i on  me thod  to  be desc r i bed  be low  fo r  t he

case  o f  a so r t i ng  p rog ram (and  o the rs ) ,  has demons t ra ted  the

ex t rem use fu l ness  of  t h i s  comb ina t i on :  A l lmos t  a l l  ve r i f i ca t i on
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cond i t i ons  were proved and the  r ema in ing  ones were subs tan t i a l l y

s imp l i f i ed .  Fu r t he rmore  the  t r ans fo rma t i on  o f  a r i t hme t i ca l

exp ress ions  and re l a t i ons  i n to  no rma l  f o rms  eases  t he  wo rk  o f

o the r  theo rem p rove rs  to  be ca r r i ed  ou t  a f t e rwa rds .

Tru th func t ia l  Reduct ion

In  o rde r  t o  p rove  a t heo rem o f  t he  f o rm  A-B + A-C we may s imp l y

p rove  A.B  + C i ns tead .  Ca l l i ng  reduc t i ons  o f  t h i s  k i nd

t ru th func t i ona l  r educ t i ons ,  t hey  may be ex tended  to  quan t i f i ed

sub fo rmu lae  a l so :

For examp le  i n

(ALL  x A) + B

A may be reduced to A” and i f  x does not occur  in  A” then
A”  + B

may be f u r t he r  r educed .

In  comb ina t i on  w i t h  the  K ing  s imp l i f i e r  o f  the p rev ious  paragraph
these  t r u th func t i ona l  r educ t i ons  become a power fu l l  t echn ique  fo r

the s imp l i f i ca t i on  of mechan i ca l l y  gene ra ted  theorems.

At  t he  momen t  t he re  ex i s t s  a s imp l i f i e r  f o r  a r i t hme t i ca l
r e l a t i ons  and exp ress ions ,  i t  r educes  exp ress ions  and re l a t i ons
w i t h  cons tan t  a rgumen ts  and t r i es  t o  s imp l i f y  a r i t hme t i ca l
exp ress ions  and re l a t i ons  con ta i n i ng  va r i ab les  as much as
poss ib l e .

The imp lemen ta t i on  of the King s imp l i f i e r  and the t r u th func t i ona l
r educ t i on  method  i s  unde r  way.

A Product ion System for the Control o f  the S imp l i f i e r s  and Fast
Dec is ion  Procedures

S imp l i f i e r s  or  f as t  dec i s i on  p rocedu res  work  sa t i s f ac to r i l y  on l y

i f  t hey  a re  app l i ed  t o  p rob lems  o f  app rop r i a te  k i nd .  I t  i s
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t he re fo re  des i r ab le  t o  con t ro l  t he  o rde r  o f  t he i r  app l i ca t i on

au toma t i ca l l y .  For  t ha t  r easons  the ca l l  o f  the  most  app rop r i a te
dec i s i on  or  s imp l i f i ca t i on  componen t  i s  t o  be ca r r i ed  ou t  by a
p roduc t i on  sys tem ( s im i l a r  t o  t he  se lec t i on  modu le ,  see 6.4) ,
wh i ch  s ta tes  t he  c r i t e r i a  o f  app l i cab i l i t y  i n  i t s  cond i t i ona l

pa r t .

6 .4 .  The Log i c  Mach ine

The l og i c  mach ine  (LM) of  the  MKRP i s  an au toma ted  t heo rem prover

fo r  a so r ted  f i r s t - o rde r  ca l cu lus  and cons i s t s  o f  the  se lec t i on
modu le  and t he  l og i c  eng ine . The se lec t i on  modu le  embod ies  t he

con t ro l  and se lec t i on  f unc t i ons  tha t  govern the behav iou r  of  the

l og i c  eng ine ,  a t r ad i t i ona l  t heo rem prover  based  on an ex tens ion

of Kowa lsk i “ s  Connec t i on  Graph Proo f  P rocedu re ,

We sha l l  now depa r t  f r om th i s  concep tua l  po in t  o f  v i ew  and

p resen t  t he  sys tem (May 1983 )  us i ng  t he  f l ow  o f  con t ro l  as a

gu id i ng  l i ne .

A t yp i ca l  sess ion ,  a f t e r  s t a r t i ng  and i n i t i a l i z i ng  t he  MKRP

sys tem,  beg ins  by t yp ing  i n  some ax iom and t heo rem fo rmu las .  I f

a l l  f o rmu las  a re  accep ted  by t he  sys tem,  t he  use r  t ypes  i n  OK and

the  sea rch  f o r  a proof  commences .

Fur the r  p rog ress  i s  con t ro l l ed  by the con t ro l  modu le  and i s
d i v i ded  i n to  the  ma in  phases ,  each  o f  them w i t h  seve ra l
subphases :

Phase 1 :  P rep rocess ing

- Conve rs i on  o f  t he  f o rmu las  i n to  c l ausa l  f o rm  and

cons t ruc t i on  of  the  connec t i on  g raph .

- App l i ca t i on  o f  t he  s imp l i f i ca t i on  ru l es  t o  t he

f o rmu las .
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Phase 2:  The deduc t i on  loop

- Se lec t i on  and  execu t i on  o f  a r eso lu t i on ,
pa ramodu la t i on  o r  f ac to r i za t i on  s tep ,  and

~ Reduc t i on  o f  t he  g raph  un t i l  ce r t a i n  b reak  o f f
cond i t i ons  come t r ue .

I f  i t  i s  poss ib l e  t o  sp l i t  t he  f o rmu las  i n to  seve ra l  sma l l e r
p i eces  and t he  op t i on  GEN:SPL ITT ING i s  no t  N IL ,  some s teps  o f
phase  1 and t he  deduc t i on  l oop  a re  pe r f o rmed  fo r  eve ry  s i ng le
sp l i t  pa r t .  The p roo f  o f  t he  o r i g i na l  t heo rem i s  assumed  to  be
co r rec t  on l y  a f t e r  the sys tem has found  a r e fu ta t i on  fo r  eve ry
sp l i t  pa r t .

These  ma jo r  phases ,  summar i zed  i n  f i g . l ,  a re  now su f f i c i en t l y

e l abo ra ted  i n  o rder  to  unders tand  why the l og i c  mach ine  makes a

pa r t i cu l a r  s tep  i n  a pa r t i cu l a r  s i t ua t i on  and to  enab le  the user
to  se t  and app ly  the  con t ro l  op t i ons .  A l t hough  the  de fau l t  va l ues
of  t hese  con t ro l  op t i ons  are  p rese t  i n  an "op t ima l "  way,  they  are
of course  not op t ima l  fo r  every  theorem and some knowledge about
the  mechan i sm they a re  con t ro l l i ng  i s  a p re requ i s i t e  fo r  a manua l
se t t i ng ,  wh i ch  i s  advantageous  i n  exp lo i t i ng  the who le  power  o f
the  sys tem,

A comp le te  desc r i p t i on  (a t  the  imp lemen ta t i ona l  l eve l )  i s  ou t s i de
of  the scope o f  t h i s  repor t ,  a t  the end o f  t h i s  sec t i on ,  however
the  ma jo r  modu les  are men t i oned  and summar i zed  i n  fig.6.
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6 .4 .1  P rep rocess ing

The i n i t i a l  f o rmu las  g i ven  to  a t heo rem prover are usua l l y  h i gh l y

redundan t  - i n  pa r t i cu l a r  when they are au toma t i ca l l y  generated,

f o r  examp le  by a ve r i f i ca t i on  cond i t i on  gene ra to r .

Second l y  t he  use  o f  t he  connec t i on  g raph  p rove r  w i t h  i t s

ex tens i ve  and expens i ve  se lec t i on  p rocedu res  i s  some t imes  l i ke

us ing  a s teamhammer  t o  c rack  a nu t :  t he  t heo rem may be j us t  t oo

s imp le  to ac t i va te  the whole mach ine ry .

For  t hese  reasons  e l abo ra ted  s imp l i f i ca t i on  and f as t  spec ia l
pu rpose  t heo rem p rov ing  t echn iques  a re  ca l l ed  upon ,  be fo re  t he

l og i c  mach ine  i s  ac t i va ted .

The ac tua l  p rog rams  of  the  p rep rocess ing  phase are l oca ted  w i t h i n

t he  modu les  PRESIMPL IF ICAT ION,  NORMALIZAT ION,  S IMPL IF ICAT ION and

CONSTRUCT, a l l  o f  wh i ch  a re  coo rd ina ted  by the  CONTROL modu le .

6 .4 .1 .1  Preprover

Th i s  modu le  wh i ch  i s  s t i l l  unde r  deve lopemen t ,  i s  p l anned  as a

spec ia l  expe r t  sys tem,  con ta i n i ng  s imp l i f i ca t i on  t echn iques  fo r
a r i t hme t i c ,  l og i ca l  exp ress ions ,  equa l i t i e s  and i nequa l i t i e s ,  set
t heo ry  and o the rs .  Fas t  spec ia l  pu rpose  dec i s i on  me thods ,  as
d i scussed  i n  6 .3 .10  a re  emp loyed  to  e i t he r  p roo f  o r  a t  l eas t
reduce  the  i n i t i a l  formulas.

I f  the  t heo rem has no t  been proved the reduced  and s imp l i f i ed  se t
o f  f i r s t - o rde r  f o rmu las  i s  passed  on.

6 .4 .1 .2  No rma l i za t i on  and Sp l i t t i ng

The f o rmu lae  rema in ig  a f t e r  s imp l i f i ca t i on ,  wh i ch  are a l r eady  i n
p re f i x  f o rm ,  are now conve r ted  i n  sko lem ized  con junc t i ve  no rma l
f o rm  sub jec t  t o  va r i ous  op t im i za t i on  t echn iques .  As a r esu l t
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t he re  a re  two  se t s  o f  va r i ab le  d i s j o i n t  c l auses :  t he  ax i om

c lauses  and the  t heo rem c lauses .

I f  t he  op t i on  GEN:SPL ITT ING was  se t  t o  TRUE o r  t o  a na tu ra l

number  the va r i ab le  d i s j o i n t  pa r t s  o f  the  i npu t  f o rmu la  are  sp l i t
i n t o  seve ra l  se t s  o f  c l auses  , wh i ch  can be proved i ndependen t l y

[F183].

Examp le :

A theo rem NOT [(A OR B) AND (C OR D) ]

( a f t e r  nega t i on )

i s  sp l i t  i n t o  the two pa r t s

NOT (A OR B ) ,  NOT (C OR D)

And a theorem NOT [A IMPL (B AND C) |  ( a f t e r  nega t i on )

i s  sp l i t  i n t o  NOT (A IMPL B ) ,  NOT (A IMPL C)

The a l go r i t hm i s  op t im i zed  fo r  ge t t i ng  a max imum number  o f  sp l i t

pa r t s  w i t h  a m in imum number  o f  c l auses .

6 .4 .1 .3  C lause  S imp l i f i ca t i ons

The resu l t i ng  se t  o f  c l auses  i s  f u r t he r  s imp l i f i ed  acco rd ing  to

the f o l l ow ing  ru l es :

Dele t ion o f  Tautological  Clauses

A c l ause  con ta i n i ng  two l i t e ra l s  wh i ch  have
- d i f f e ren t  s i gns

- the same p red i ca te  symbols  and

co r respond ing  te rm l i s t s ,  wh i ch  a re  equa l  unde r  a g i ven  theo ry

i s  r ecogn i zed  as a t au to l ogy .

110



Examp le :  <NOT P (a ) ,  P (a ) ,  Q(x )  > i s  a t au to logy

(NOT P ( f ( a , f ( b , c ) ) ) ,  P ( f ( f ( a ,b ) , c ) ) ,  Q(x)  > i s  a

t au to l ogy ,  i f  £ has the  a t t r i bu te  "assoc ia t i ve "

I f  R i s  a symmet r i c  predicate:

<NOT R (a ,b ) ,  R (b ,a ) ,  Q(x )  > i s  a tau to logy  t oo .

A c l ause  con ta i n i ng  a l i t e ra l  o f  the  form R ( t y ,  t y )  w i t h  ty  equa l

to  t ,  unde r  a g i ven  theory  i s  r ecogn i zed  as a t au to logy  too ,  i f  R

i s  a symmet r i c  p red i ca te .

Examp le :  <g (a )  = g (a ) ,  Q(x )  > i s  a tautology.

<R( f (a , f ( b , c ) ) , f ( £ f ( a ,b ) , c ) ) ,  O(x )  > i s  a t au to l ogy  i f  R

i s  r e f l ex i ve ,

Delet ion o f  Mu l t ip le  L i tera ls

Two l i t e ra l s  a re  r ecogn i zed  as i den t i ca l  and one o f  them is

e rased  i f  they  have

— the same s i gn

- the  same p red i ca te  symbol

- co r respond ing  term l i s t s ,  wh i ch  are  equa l  unde r  a g i ven  theory

Examp le :  I f  f i s  assoc ia te  and P i s  symmet r i c  i n

<P(a , f ( x , f ( y , 2 ) ) ) ,  P ( f ( f ( x , y ) , y ) , a )  >

t hen  the  second  l i t e ra l  i s  e rased .

Dele t ion  o f  Re f lex ive  o r  I r re f lex ive  L i t e ra l s

Suppose the p red i ca te  R deno tes  a r e f l ex i ve  [ i r r e f l ex i ve ]  b i na ry

re l a t i on .  Now i f  t he  l i t e ra l  R ( t y r t , )  occu rs  i n  a c l ause  and ty

i s  equa l  to  t ,  unde r  a g i ven  theory T, t hen  t h i s  l i t e ra l  i s  f a l se

and hence  may be de le ted .  I f  t he  c l ause  was a un i t ,  a l l  f u r t he r

p rocess ing  i s  s topped w i t h  the  theorem proved.
The l i t e ra l  t ;  = t ,  i s  but  a spec ia l  case of  t h i s  r u l e  and may

hence  be de le ted .
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Replacement  Factor ing

A c l ause  may be subsumed by i t s  own f ac to r .

Examp le :  <P (x ) ,  P (a ) ,  P (b )  > has a factor:
<P (a ) ,  P (b )  >, wh i ch  subsumes i t s  pa ren t .

A l i t e ra l  L i n  a c l ause  C i s  r ecogn i zed  as a f ac to r i za t i on
l i t e ra l  and immed ia te l y  removed i f  t he re  i s  a second  l i t e ra l  M in
C t ha t  can be f ac to red ,  i . e . :

- L and M have the  same s i gn
L and M have the  same p red i ca te  symbol

- t he re  i s  a ma tche r  p such t ha t  pL=M
- fo r  any o the r  l i t e ra l  K i n  C, wh i ch  i s  a f f ec ted  by yp:

pK i s  e i t he r  FALSE ( con t rad i c t s  t he  re f l ex i v i t y  o r

i r r e f l ex i v i t y )  o r  e l se  i s  equa l  t o  ano the r  l i t e ra l ,  wh i ch  i s
no t  a f f ec ted .

6 .4 .1 .4  Cons t ruc t i on  o f  the  Connec t i on  Graph

Once t he  c l ause  s imp l i f i ca t i on  i s  f i n i shed  the  f o l l ow ing  s teps
are  pe r f o rmed :

- The gene ra t i on  o f  t he  ax i om g raph ,  i . e .  t he  sea rch  f o r  and t he
cons t ruc t i on  o f  the  l i n ks  be tween  the  ax iom clauses.

- The i n i t i a l  r educ t i on  o f  the  ax iom g raph .

I f  t he re  are more t han  one sp l i t  par ts  o f  the t heo rem,  the ax iom

graph  i s  saved  au toma t i ca l l y  and t hen  f o r  eve ry  sp l i t  pa r t  o f  t he
theo rem:

- The theorem c lauses  are connec ted  to  the ax iom g raph ,  i . e .  the

l i n ks  between the theorem c l auses  and axiom c l auses  are drawn.
- A g raph  s imp l i f i ca t i on  and an
- I n i t i a l  r educ t i on  o f  the  en t i r e  graph are  pe r f o rmed .
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I n i t i a l  Reduct ion o f  the Axiom Graph

The reduc t i ons  desc r i bed  be low  as we l l  as t he  de le t i on  o f

t au to l og ies  may be sw i t ched  on and o f f  by se t t i ng  the f o l l ow ing

op t i ons  to  TRUE or  N IL :

RED: PUR. IN IT IAL  RED: PUR.CLAUSES . IN IT IAL

RED: TAU. IN IT IAL  RED: TAU .CLAUSES . IN IT IAL

RED: SUB. IN IT IAL  RED:SUB.CLAUSES. INITIAL

Depend ing  on t he  ad jus tmen t  o f  t hese  op t i ons  the  f o l l ow ing
reduc t i ons  take  p l ace :

(1 )

( i i )

( i i i )

( i v )

Clause  subsump t i on  (RED: SUB .CLAUSES. IN IT IAL )

E l im ina t i on  of c l auses  wh i ch  are subsumed by o the r
c lauses ,  see sec t i on  6 .3 .3

L ink  tau to logy  (RED: TAU.INITIAL)
E l im ina t i on  o f  R- and P - l i nks  wh i ch  wou ld  gene ra te  a

t au to l og i ca l  r eso l ven t  o f  pa ramodu lan t ,  see  sec t i on

6 .3 .4

L ink  subsumpt ion  (RED: SUB,.INITIAL)
E l im ina t i on  o f  an R - l i nk  the r eso l ven t  of  wh i ch  wou ld  be

subsumed  by an a l r eady  ex i s t i ng  c l ause ,  see sec t i on
6 .3 .3

L ink  pu r i t y  (RED: PUR. IN IT IAL )

E l im ina t i on  o f  R- and F - l i nks  the r eso l ven t  r esp .  f ac to r
o f  wh i ch  wou ld  be pu re ,  see sec t i on  6.3.4

Graph S imp l i f i ca t ion

A f te r  the  t heo rem c lauses  a re  connec ted  to  t he  ax i om g raph ,  the
comp le te  g raph  (w i t h  ax i om and t heo rem c lauses )  i s  f u r t he r

s imp l i f i ed  by :
(v )  Pu r i t y
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Every  c l ause  con ta i n i ng  a p red i ca te  symbol  wh i ch  does no t  occu r

w i t h  oppos i t e  s i gn  i n  any o f  t he  o the r  c l auses  i s  r emoved  f r om

the g raph .

Note :  A l i t e ra l  may be connec ted  by a P - l i nk  ~ { i . e .  i t  i s  not
pure  in  the sense de f i ned  be low} -  a l t hough  the re  i s  no
l i t e ra l  w i t h  oppos i t e  s i gn  and the same p red i ca te  symbol,

( v i )  De le t i on  o f  I so l a ted  Pa r t i a l  G raphs

Th i s  s imp l i f i ca t i on  i s  pe r fo rmed  i f

- t he re  i s  a t  l eas t  one theorem c lause  and

- t he re  i s  no equa l i t y  l i t e ra l  i n  the g raph .

I n  t h i s  case  c l auses  a re  de le ted ,  i f  t hey  a re  comp le te l y

sepa ra ted  f r om the  t heo rems ,  i.e. no r eso lu t i on  w i t h  a t heo rem

c lause  i s  poss ib l e .  Th i s  de le t i on  ru l e  p rese rves  comp le teness

on l y  i f  the  ax i oms  are  sa t i s f i ab le  (wh i ch  a t  t h i s  s tage  we a lways

assume  to  be t he  case ) .

Examp le :  AXM1 <NOT P (b )  NOT S (a )>

AXM2 < P(b) S(x)>
AXM3 <NOT R(a)>
AXM4 < R (x )  Q (a )>

THM1 < NOT Q(x)>

AXM1 and AXM2 a re  r emoved .

I n i t i a l  Reduct ion o f  the En t i r e  Graph

Now the  f ou r  i n i t i a l  r educ t i ons  f o r  t he  ax i om g raph  men t i oned

aboved  a re  app l i ed  aga in  to  t he  en t i r e  g raph .  Add i t i ona l l y ,  a
f i f t h  r educ t i on  i s  pe r f o rmed ,  wh i ch  cou ld  no t  be app l i ed  to  t he

ax iom g raph  a l one ,  because  o f  t he  m i ss i ng  l i nks  t o  t he  t heo rem

c lauses :
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( v i i )  C lause Pu r i t y  (RED:PUR. ,CLAUSES. INITIAL)
E l im ina t i on  o f  c l auses  w i t h  a t  l eas t  one l i t e ra l  wh i ch
i s  no t  connec ted  by a t  l eas t  one R- o r  P - l i nk .

Once a l l  t he  above  ope ra t i ons  a re  pe r f o rmed  the  i n i t i a l  g raph
cons t ruc t i on  i s  f i n i shed  and the  sea rch  fo r  a p roof  commences.

Th i s  sea rch  f o r  a p roo f  i s  done  i n  t he  f o l l ow ing  deduc t i on  l oop

and t he  f i r s t  essen t i a l  s t ep  to  be ca r r i ed  ou t  i n  t h i s  l oop  i s  a
ca l l  t o  the  t e rm ina to r  (see 6.3.5) to  see i f  an easy proof  can be
found w i t h i n  a p rede f i ned  comp lex i t y  bound .  I f  a proof  can not  be
found so eas i l y ,  the  ac tua l  sea rch  i s  s t a r t ed .

6 .4 .2  The Deduc t i on  Loop

The se lec t i on  o f  the most  app rop r i a te  r eso lu t i on ,  pa ramodu la t i on
or  f ac to r i za t i on  s tep  as we l l  as t he  dec i s i on  when ce r t a i n
reduc t i on  ru l es  a re  to  be app l i ed  a re  a cen t ra l  i s sue  o f  t he  MKRP
sys tem,

The se lec t i on  modu le  i s  o rgan i zed  as a p roduc t i on  sys tem and
cons i s t s  o f  a number  o f  r u l es  (wh i ch  are  ca l l ed  ope ra t i on  b l ocks )
of  the  f o rm :

CONDIT ION + ACTION

These ru l es  (ope ra t i on  b l ocks )  are  o rdered  and the f i r s t  r u l e  i n
- t h i s  o rde r ,  whose cond i t i on  becomes TRUE, takes  over  con t ro l  and
pe r fo rms  a cha in  o f  co r re la ted  deduct ions.

More spec i f i ca l l y ,  each ope ra t i on  b lock  cons i s t s  o f  the f o l l ow ing
th ree  key f unc t i ons :

( i )  The update  f unc t i on

Th i s  f unc t i on  pe rmanen t l y  wa tches  t he  chang ing
connec t i on  g raph  and upda tes  t he  i n t e rna l  i n f o rma t i on
necessa ry  f o r  i t s  ope ra t i on  b l ock ;  i n  o the r  wo rds  each
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( i i )

( i i i )

p roduc t i on  has a l oca l  memory ,  wh i ch  can be read and
upda ted ,

The ac t i va te  f unc t i on

The ac t i va te  f unc t i ons  o f  t he  b l ocks  a re  ca l l ed  i n  a
f i xed  o rde r  a t  t he  beg inn ing  o f  t he  deduc t i on  l oop  and
immed ia te l y  a f t e r  the cu r ren t l y  ac t i va ted  ope ra t i on
b lock  has r e l eased  con t ro l .  The f i r s t  ac t i va te  f unc t i on
wh i ch  re tu rns  a pos i t i ve  va lue ,  de te rm ines  t ha t  i t s
ope ra t i on  b l ock  sha l l  t ake  ove r  con t ro l  f o r  t he  nex t
s teps .

The execu te  f unc t i on
This f unc t i on  ac tua l l y  se lec t s  the l i n ks  to be opera ted
upon and the  pa r t i cu l a r  r educ t i ons  to  be pe r f o rmed .

The f o l l ow ing  pa rag raphs  desc r i be  t he  cu r ren t l y  imp lemen ted
ope ra t i on  b locks  i n  the same o rder  as t he i r  ac t i va t i on  f unc t i ons
are ca l l ed  i n i t i a l l y ,  the ove ra l l  f l ow  o f  the con t ro l  i s  howeve r
da ta  d r i ven  by t he  ac tua l  s t a te  o f  t he  g raph  and may o f  cou rse  be
en t i r e l y  di f ferent.

6 .4  «2 e l Fac to r i ng

a)

b)

c)

Ac t i va t i on  cond i t i on :
There  i s  a t  l eas t  one F - l i nk  i n  the  g raph .

Deduc t i ons :

A l l  F - l i nks  i n  the  cu r ren t  graph are  worked o f f .

Reduc t i ons :

The execu ted  F - l i nks  are  removed a f t e r  each s tep .  The c l ause
reduc t i on  ru l es  a re  app l i ed  t o  t he  f ac to r s  on l y  a f t e r  t he
l as t  F - l i nks  has been removed .
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d) User  con t ro l :

Fac to r i za t i on  of the i n i t i a l  graph i s  sw i t ched  on by se t t i ng
t he  op t i on  FAC: IN IT IAL  to  TRUE.

Fac to r i za t i on  du r i ng  the subsequen t  s teps  i s  sw i t ched  on by
se t t i ng  FAC:EACH.STEP to  TRUE.

Remark :  As l ong  as any o f  t he  o the r  ope ra t i on  b l ocks  i s
ac t i ve ,  no f ac to r i za t i on  i s  pe r fo rmed .

6 .4 .2 .2  Graph Reduc t i on

Deduc t i ons  wh i ch  gene ra l l y  r educe  the s i ze  of  the connec t i on
g raph  o r  e l se  a re  f o r  o the r  r easons  impo r tan t  enough  to  be
ca r r i ed  ou t  immed ia te l y  a re  g i ven  a f avou red  s ta tus  w i t h  h i gh
p r i o r i t y .

a) Ac t i va t i on  cond i t i ons :

The re  i s  a t  l eas t  one R - l i nk  wh i ch  sa t i s f i es  a t  l eas t  one o f

the  f o l l ow ing  cond i t i ons :

- Bo th  pa ren t  c l auses  a re  pu re  a f t e r  r eso lu t i on  upon  t h i s
l i n k  (i.e. t hey  can be de le ted ) .

- The r eso l ven t  subsumes  one o f  t he  pa ren t  c l auses
( rep lacemen t  r eso lu t i on ,  i . e .  the  paren t  i s  de le ted ) .

- One pa ren t  c l ause  i s  a un i t  c l ause  and  t he  o the r  one

becomes  pu re  a f t e r  r eso lu t i on  upon  t h i s  l i n k ,  (i.e. t he
reso l ven t  r ep laces  t he  pa ren t  c l ause  and has  f ewe r
l i t e ra l s ) .

- Reso lu t i on  upon t h i s  l i n k  i s  a merge r eso lu t i on ,  such t ha t
t he  r eso l ven t  has f ewe r  l i t e ra l s  t han  e i t he r  o f  t he
pa ren t s .

Remark :  These cond i t i ons  a re  t es ted  on l y  once fo r  every  l i n k ,  so
the  pu r i t y  cond i t i ons  wh i ch  may change  du r i ng  the
p rog ress  of  the  proof  a re  no t  a lways  recogn i zed .
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b) Deduc t i ons :

A l l  f avou red  R - l i nks  a re  worked o f f .

Cc) Reduc t i ons :
At each s tep  the c l ause  reduc t i on  ru l es  a re  app l i ed .

4d) User  con t ro l :

None .

6 .4 .2 .3  Term E l im ina t i on

a) Ac t i va t i on  cond i t i ons
The re  i s  a t  l eas t  one un i t  equa l i t y  c l ause  i n  t he  graph,

sa t i s f y i ng  one o f  the  f o l l ow ing  cond i t i ons :

~ The fo rm o f  the  c l ause  i s

cons tan t  = te rm

and the cons tan t  does no t  occu r  i n  the  t e rm ,

- The form of  the  c l ause  i s

f (X i r s  «e+  +X,  ) = te rm

and the  f unc t i on  symbo l  f does  no t  occu r  i n  t e rm  and no

theory  i s  de f i ned  for  f .

W i t h  such an equa t i on  every occu r rence  of  the cons tan t  or

f unc t i on  symbo l  can be e l im ina ted  i n  t he  en t i r e  graph,

sub jec t  to  the proper so r t  r e l a t i onsh ips .

b) Deduc t i ons :
The pa ramodu la t i ons  necessa ry  to  e l im ina te  cons tan t  and
f unc t i on  symbo ls  sa t i s f y i ng  the cond i t i ons  g i ven  i n  a) a re

ca r r i ed  ou t .
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c)

d)

Reduc t i ons :

Each t ime such an equa t i on  has been worked o f f ,  the equa t i on
and eve ry  pa ren t  ( o f  t he  pa ramodu lan t  t hus  gene ra ted )  i s
removed f rom the  g raph .
The rema in ing  pa ramodu lan t s  a re  r educed .

User  Con t ro l :

None .

Examp le :  AXMl <P (c l )  0Q(cl)  0Q(c2)>

AXM2 <c l  = ¢c2>

AXM1 + AXM2 = PAR] <P (c2 )  0O(c l )  0 ( c2 )>

PAR1l + AXM2 = PAR2 <P(c2 )  Q (c2 )>

AXM1, AXM2 and PARl are  r emoved .

(No t i ce :  Each c l ause  i s  pa ramodu la ted  on l y  once ) .

Remarks :

6.

Due t o  m i ss i ng  P - l i nks  i n  t he  cu r ren t  imp lemen ta t i on ,  i t  i s

poss ib l e  t ha t  no t  a l l  occu r rences  o f  the  cons tan t s  o r  f unc t i ons
are  e l im ina ted .

The t r ea tmen t  o f  f unc t i ons  f o r  wh i ch  t heo r i es  l i ke
assoc ia t i v i t y  e t c .  a re  dec la red  i s  no t  ye t  imp lemen ted :
I n  o rde r  t o  p rese rve  comp le teness  one has t o  i nse r t  a c l ause
wh ich  exp resses  the  theo ry  and to  pa ramodu la te  t h i s  c l ause  too .

4 .2 .4  Te rm ina to r

The t e rm ina to r  i s  a sepa ra te  modu le ,  wh i ch  i s  ca l l ed  by the
se lec t i on  modu le  and  f i nds  a r e fu ta t i on  f o r  a un i t  r e fu tab le

c lause  se t  ( see  sec t i on  6.3.5). The  t e rm ina to r  ope ra t i on  b l ock
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wi th i n  the se lec t i on  modu le  de te rm ines  when the  t e rm ina to r  has  to

be ac t i va ted  and i t  p rocesses  the  ou tpu t  o f  t he  t e rm ina to r

modu le ,

Three op t i ons  i n f l uence  the  f l ow  o f  con t ro l  w i t h i n  t he

t e rm ina to r :

( i )  STR:TERM.DEPTH

( i i )

( i i i )

I f  t h i s  va lue  i s  se t  t o  a na tu ra l  number ,  no un i t  c l auses

w i t h  a t e rm  l i s t  deepe r  nes ted  t han  t h i s  number  a re

i n te rna l l y  gene ra ted .

TERM. ITERATIONS

Th i s  number  de te rm ines  how o f t en  a non -un i t  c l ause  is
examined fo r  a te rm ina to r  s i t ua t i on .
Remember t ha t  a f i r s t  exam ina t i on  of  a c l ause  m igh t  fail,

bu t  a second  or  t h i r d  one succeed  because  i n  the  mean t ime

new un i t c l auses  may have  been  gene ra ted  du r i ng  t he

examina t i on  of the o the r  c l auses .
I f  TERM: ITERATIONS i s  equa l  t o  ze ro ,  no new un i t c l auses

are genera ted  and on ly  the one l eve l  t e rm ina to r  s i t ua t i ons
can be f ound .

TERM:UNITS

The e f f ec t  o f  t h i s  op t i on  i s  exp la i ned  be low .

The t e rm ina to r  ope ra t i on  b l ock  w i t h i n  t he  se lec t i on  modu le

cons i s t s  o f :

a) Ac t i va t i on  cond i t i on :
Case  1 :  TERM: ITERATIONS = 0

Because  t h i s  1s a ve ry  f as t  ope ra t i on  mode f o r  t he

te rm ina to r ,  i t  i s  ca l l ed  a f t e r  eve ry  r eso lu t i on  s tep  and

takes over control  immed ia te l y  once a t e rm ina to r  s i t ua t i on
has  been  f ound .
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b)

c)

d)

Case 2 :  TERM: ITERATIONS > 0

Th i s  i s  a more  t ime  consum ing  ope ra t i on  mode f o r  t he

te rm ina to r  used on l y  f o r  d i f f i cu l t  examp les .  The modu le  i s

ca l l ed  a t  t he  beg inn ing  o f  t he  p roo f  and i s  ca l l ed  aga in

wheneve r  a t  l eas t  t h ree  c l auses  a re  gene ra ted  by o the r

ope ra t i on  b l ocks  (and are not  subsequen t l y  removed  by
r educ t i on  ope ra t i ons ) .

Deduc t i ons :

I f  a t e rm ina to r  s i t ua t i on  has been found ,  the co r respond ing

reso lu t i on  s teps  a re  pe r f o rmed .

I f  a t e rm ina to r  s i t ua t i on  has no t  been  f ound ,  bu t  some

un i t c l auses  can be ca l cu la ted ,  t he  ac t i on  t o  be t aken

depends  on the  op t i on  TERM:UNITS:

TERM:UNITS  = N IL

The resu l t  o f  t he  t e rm ina to r  i s  i gno red  and con t ro l  i s

r e l eased .

TERM:UNITS = TRUE

The reso lu t i on  s teps  wh i ch  gene ra te  the  un i t c l auses  as

proposed by the  t e rm ina to r  a re  pe r f o rmed .

Reduc t i ons

In te rmed ia te  resu l t s ,  i .e .  those  non -un i t  c l auses ,  wh i ch  are

necessa ry  t o  deduce  un i t c l auses  a re  de le ted .  I n  t he

TERM:UNITS = TRUE mode,  the  r educ t i on  ru l es  are  then app l i ed

to  the  r ema in ing  new clauses.

User  con t ro l :

Ad jus tmen t  o f  STR:TERM.DEPTH,  TERM: ITERATIONS and

TERM:UNITS.
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6 .2 .4 .5  Term Rewr i t i ng  Ru les

A un i t  equa l i t y  c l ause  t l  := £2 r esp .  t l  =:  t2  ( f o rmu la ted  w i t h
the spec ia l  equa l i t y  symbo l  := resp.  = : )  i s  t r ea ted  as a r ewr i t e
ru l e ( see  6 .3 .9 ) .  Each  P - l i nk  connec ted  t o  t he  s i de  o f  t he

equa t i on  marked  by the  co lon  i s  worked  o f f  as soon as poss ib l e .

a)

b)

c)

d)

Ac t i va t i on  cond i t i on :
The re  i s  a t  l eas t  one P - l i nk ,  no t  ma rked  " i nh ib i t ed "  and

connec ted  to  the marked  s i de  o f  un i t  equa l i t y  c l ause  (w i t h  a
one-way un i f i e r ) .

Deduc t i ons :
Eve ry  pa ramodu la t i on  s tep ,  wh i ch  uses  t h i s  equa t i on  as a
rewr i t e  r u l e  (o r  demodu la to r )  i s  pe r f o rmed .
Depend ing  on the  op t i ons

STR:P  .CONFLUENT = TRUE

STR:P  .CONFLUENT = N IL

a normal  form i s  computed or  no t .

Reduc t i ons

Case  1 :  Op t i on  STR:P  .DEMODULATION = N IL

a l l  pa ramodu lan ts  are  r educed .

Case  2 :  Op t i on  STR:P  .DEMODULATION = TRUE

t he  pa ren t  c l auses  and the i n t e rmed ia te  resu l t s

a re  r emoved  f r om the  g raph  and t he  r ema in ig  new
c lauses  a re  r educed .

User  con t ro l :
Usage  o f  t he  spec ia l  equa l i t y  s i gns  := o r  =:  i n  t he  i npu t

l anguage  and ad jus tmen t  o f  the  op t i on  STR:P.DEMODULATION.
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Examp le :  AXM1: <R(£ (y ) )>

AXM2: <P ( f ( f ( a ) ) )  Q ( f ( f ( b ) ) )>
AXM3: <£ (£ (x ) )  = x>

AXM2 + AXM3 = PAR l :  <P(a)  OQ( f (£ f ( b ) ) )>

PARl + AXM3 = PAR2 :  <P (a )  OQO(b)>

I f  STR:P.DEMODULATION = TRUE AXM2 and PARl  a re  r emoved .

(No t i ce :  No c l ause  i s  pa ramodu la ted  more  t han  once ) .

S ide  e f f ec t s :
P- l i nks  connected to the o the r  not p re fe r red  s ide of the equa l i t y
l i t e ra l  a re  ma rked  " i nh ib i t ed " .  A l l  P - l i nks  connec t i ng  the

p re fe r red  s i de  o f  t he  equa l i t y ,  bu t  ma rked  w i t h  a un i f i e r  (i.e.

not a one-way un i f i e r )  are a l so  i nh ib i t ed .  For example the P - l i nk
be tween  AXM3 i n  t he  above  examp le  i s  i nh ib i t ed  f o r  r ewr i t i ng

pu rposes .  These i nh ib i t ed  l i nks  may on l y  be se lec ted  fo r  te rm
e l im ina t i on  pu rposes .

6 .4 .2 .6  L i t e ra l  Rewr i t i ng  Ru les

A s im i l a r  t ype  o f  r ewr i t i ng ,  no t  f o r  t e rms ,  bu t  f o r  who le

l i t e ra l s  i s  hand led  i n  t h i s  ope ra t i on  b l ock .  For examp le :
P( f ( x ) )  : IMPL  P (x )  i s  a cand ida te  f o r  t hese  reduc t i ons ,  whe re

the  l e f t  hand l i t e ra l  i s  rep laced  by the  r i gh t  hand one.

a) Ac t i va t i on  cond i t i on :

A c l ause  i s  marked as l i t e ra l  r ewr i t e  r u l e ,  i f

= t he  c l ause  cons i s t s  o f  exac t l y  two l i t e ra l s

- the p red i ca te  o f  bo th  l i t e ra l s  a re  equa l

- the  l i t e ra l s  have oppos i t e  s i gns

- one of the l i t e ra l s  i s  marked p re fe r red  by a co lon .

I f  t he re  i s  such a c l ause  and an R - l i nk  connec t i ng  the p re fe r red

l i t e ra l  (w i t h  a ma tche r ) ,  the  ope ra t i on  b lock  i s  ac t i va ted .
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b) Deductions:

A l l  r eso lu t i on  s teps  necessa ry  to  r ewr i t e  t h i s  l i t e ra l  are

pe r fo rmed ,

Cc) Reduc t i ons :

Case 1:  STR:R.DEMODULATION = N IL

a l l  r eso l ven t s  a re  r educed .

Case 2 :  STR:P.DEMODULATION = TRUE

t he  pa ren t  c l ause  and i n te rmed ia te  resu l t s  a re

removed ,  t he  r ema in ing  new c l auses  a re  r educed .

d) User con t ro l :
- Ma rk i ng  l i t e ra l s  as " p re fe r red "  i s  i nd i ca ted  i n  the i npu t

l anguage  by w r i t i ng  : IMPL :AND OR: e t c .

- Ad jus tmen t  o f  the op t i on  STR:R.DEMODULATION.

Examp le :

I npu t  l anguage  P ( f ( a ) )  AND P (£ f (b ) )

ALL x P ( f ( x ) )  : IMPL P (x )

C lausa l  f o rm :  AXMl :  <P ( f ( a ) )  P ( f ( b ) )>

AXM2:  <NOT P ( f ( x ) )  P (x )>

RES1 <P(a) P ( f ( b ) )>
RES 2 <P(a) P(b )>

AXMl + AXM2

RES1 + AXM2

I f  STR:P .DEMODULATION = TRUE, AXM1l and RES1l a re  r emoved .

S ide  effect:

A l l  R - l i nks  connec t i ng  such a l i t e ra l  r ewr i t e  r u l e  wh i ch  are  no t

p re fe r red  are  marked " i nh ib i t ed " .
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6 .4 .2 .7  Cond i t i ona l  Term Rewr i t i ng  Ru les

Th i s  i s  a comb ina t i on  o f  t e rm  rewr i t i ng  ru l es  and deduc t i on  ru l es

as exp la i ned  be low .

A c lause  i s  ma rked  as " cond i t i ona l  t e rm  rewr i t i ng  ru l e " ,  i f

the c l ause  cons i s t s  o f  a t  l eas t  two l i t e ra l s

one l i t e ra l  is  a term rewr i t ing  ru le  as exp la ined above.
a l l  o t he r  l i t e ra l s  are  marked p re fe r red .

Examp le :

a)

b)

c)

d)

A l l  x , y  P (x )  AND Q( f ( y ) )  : IMPL  g (x  y )  :=  c

Ac t i va t i on  cond i t i on :

- The re  i s  a P - l i nk  connec t i ng  t he  p re fe r red  s i de  o f  t he

equa t i on .

- Eve ry  p re fe r red  l i t e ra l  i s  connec ted  v i a  an R - l i nk  to  a

un i t c l ause .

- The un i f i e r s  of t hese  R - l i nks  are compa t i b l e  w i t h  each
o the r  and w i t h  the matcher  of the P - l i nk .

Deduc t i ons :

The l i t e ra l s  r ep resen t i ng  the cond i t i ons  a re reso l ved  away
and a f t e rwa rds  the  te rm rewr i t i ng  i s  pe r fo rmed .

Reduc t i ons :

The reduc t i ons  o f  t he  r eso l ven t s  depend  on t he  op t i on

STR:R.DEMODULATION and the  r educ t i ons  of  the pa ramodu lan t s

depend  on STR:P.DEMODULATION as desc r i bed  be low  fo r  t he

deduc t i on  ru l es  and term rewr i t i ng  ru l es  above respec t i ve l y .

User  con t ro l :

Ad jus tmen t  of STR:R.DEMODULATION and STR:P.DEMODULATION and
by t he  usage  o f  t he  co lons  i n  t he  i npu t  l anguage .
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Examp le :

I npu t  l anguage :  A l l  x , y  P (x )  AND O( f£ f ( y ) )  : IMPL  g (x  y)  :=  c

P(a )  AND Q( f£ f (b ) )

R (g (a  b)  c )  OR R(c  g (a  b ) )

C lausa l  f o rm :  AXMl :  <NOT P (x )  NOT Q( f ( y ) )  g ( x  y )  :=  c>

AXM2: <P (a )>

AXM3: <Q( f (b ) )>

AXM4: <R(g (a  b) c) R(c g (a  b ) )>

AXM1l + AXM2

RES1 + AXM3

RES2 + AXM4
RES2 + PAR1l

RES1: <NOT Q( f ( y ) )  g(a y) := c>
RES2: <g(a b) := c>

PAR l :  <R(c c) R(c  g (a  b ) )>

PAR2:  <R(c c )>

I f  STR:R.DEMODULATION = TRUE then  RES1l i s  de le ted .

I f  STR:P .DEMODULATION = TRUE then  PARl  i s  de le ted .

Side  e f f ec t s :

A l l  o t he r  R-  and  P - l i nks  connec t i ng  t he  cond i t i ona l  t e rm

r ewr i t i ng  ru l e  wh i ch  do not  sa t i s f y  the cond i t i ons  g i ven  i n  a)
are marked " i nh ib i t ed " .

6 .2 .4 .8  Deduc t i on  Ru les

A c l ause  i s  marked as a deduc t i on  ru l e ,  i f

- the  c l ause  cons i s t s  o f  a t  l eas t  two l i t e ra l s

- a t  l eas t  one bu t  no t  a l l  l i t e ra l s  are  marked p re fe r red .

a) Ac t i va t i on  cond i t i on :

Each p re fe r red  l i t e ra l  i n a deduc t i on  ru l e  i s  connec ted  v i a

an R - l i nk  to  a un i t  c l ause  and t h i s  se t  of R - l i nks  i s
compa t i b l e .
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b)

c)

d)

Deduc t i ons :

The se t  o f  compa t i b l e  R - l i nks  t o  un i t c l auses  resp .  t he i r

descendan ts  i s  worked o f f .

Reduc t i ons :

STR:R .DEMODULATION = N IL

Once  t he  se t  o f  R - l i nks  has  been  wo rked  o f f ,  t he  new

reso l ven t s  a re  r educed  and t he  i n t e rmed ia te  c l auses  a re

kep t .
STR:R.DEMODULATION = TRUE |

I n t e rmed ia te  c l auses  are removed and the r ema in ing  c l auses

a re  r educed .

User  con t ro l :

ad jus tmen t  o f  STR:R.DEMODULATION and t he  usage  o f  t he

j unc to r  symbo ls  w i t h  co lons  to  mark a f o rmu la  as a deduc t i on

ru le ,

Examp le :

I npu t  l anguage :  P (a )  AND Q(a)  : IMPL R(b)

A l l  x P(x)  AND Qf(a)

C lausa l  fo rm:  AXMl: <NOT P(a) NOT Q(a) R(b)<
AXM2: <pP(x)>

AXM3: <Q(a)>

AXMl + AXM2

RES1 + AXM3

RES1l: <NOT Q(a)  R (b )>

RES2: <R(b )>

I f  STR:R.DEMODULATION = TRUE, RES1l i s  r emoved .
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6 .4 .2 .9  Re f i nemen ts

Th i s  i s  the  l as t  ope ra t i on  b l ock ,  wh i ch  i s  ac t i va ted  on l y  i f  none
of  the o the r  b l ocks  i s  i n  con t ro l .
C lass i ca l  r e f i nemen t  s t r a teg ies  l i ke  se t -o f - suppo r t ,  l i nea r  etc,
are s imu la ted  in  t h i s  b lock  by c l ass i f y i ng  the R- and P - l i nks  as
ac t i ve  or  pass i ve  depend ing  on the  ac tua l l y  chosen  s t r a tegy .  Only

one of the c l ass i f i ed  R- or P - l i nks  i s  se l ec ted  and con t ro l  is
t hen  r e l eased  again.

a) Ac t i va t i on  cond i t i on :

The ac t i va t i on  cond i t i on  i s  a lways  TRUE.

b) Deduc t i ons :
Only one r eso lu t i on  or paramodula t ion. ,

c) Reduc t i ons :

The reso l ven t  r esp .  pa ramodu lan t  i s  r educed .

d)  Use r  con t ro l :

- Se lec t i on  of the r eso lu t i on  s t r a tegy  STR:RESOLUTION and
pa ramodu la t i on  strategySTR:PARAMODULATION,

Resolut ion Ref inements

The f o l l ow ing  i s  a l i s t i ng  o f  t he  r e f i nemen ts  t ha t  a re

imp lemented  so f a r ,  f u r t he r  ex tens ions  are  p l anned .

BASIC

A l l  l i n ks  a re  ma rked  ac t i ve  such  t ha t  t he  se lec t i on  mechan i sm

desc r i bed  above cause  a b read th  f i r s t  sea rch .

User  op t i on :  STR: RESOLUTION = BASIC
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SET-OF-SUPPORT

Case 1:  The re  i s  no theo rem clause:
The s t r a tegy  i s  sw i t ched  to  BASIC ,

Case 2:  The re  i s  a t  l eas t  one theorem clause:
A l l  t heo rem c lauses  of  the  i n i t i a l  g raph  are  assumedto
be i n  t he  se t  o f  suppo r t .  Hence  a l l  R - l i nks  be tween
ax ioms  are marked  pass i ve  and those be tween  ax ioms  and
theo rem c lauses  a re  marked  ac t i ve ,  La te r  on a l l  new
c lauses  de r i ved  f rom a t  l eas t  one suppor ted  pa ren t  are
pu t  i n t o  the se t  o f  suppor t  and the R - l i nks  connec t i ng
to  t hem a re  ma rked  ac t i ve ,  A l l  o t he r  l i n ks  a re  ma rked
pass i ve ,

L INEAR

A l l  R - l i nks  connec t i ng  t he  t op  c l ause  a re  ma rked  ac t i ve .  Du r i ng
the f o l l ow ing  deduc t i on  s teps  the  ac t i ve  l i nks  are  pass i va ted  and
the l i n ks  connec t i ng  the new clauses are ac t i va ted  resu l t i ng  i n
a l i nea r  deduc t i on  cha in ,  I f  no ac t i ve  l i nk  i s  ava i l ab le ,  f o r
i ns tance  because  the  new ly  deduced  c l ause  i s  a t au to l ogy  and
removed f rom the  g raph ,  a back t rack ing  mechan i sm reac t i va tes  one
o f  the  fo rmer ly  c rea ted  c l auses .

The  L INEAR reso lu t i on  s t r a tegy  i n te r f e res  w i t h  t he
pa ramodu la t i on  s t r a teg ies  and ac t i va tes  on ly  the P - l i nks  f o r  the
top c l ause .
The top c l ause  o f  t he  LINEAR s t ra tegy  i s  e i t he r  use r  de f i ned  by a
conca tena t i on  o f  " L INEAR" ,  w i t h  t he  p r i n tname  o f  t he  t op  c l ause
or  e l se  i s  asked  fo r  by the  sys tem,

Examp le :  STR:RESOLUTION = L INEAR, .THM2"  (o r  L .THM2)

de f i nes  THM2 as top c l ause ,
I f  the  use r  does no t  know the p r i n tname  be fo re  s ta r t i ng
the  p roo f ,  he may use STR:RESOLUTION = L INEAR and the
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sys tem p r i n t s  t he  c l auses  and t hen  asks  f o r  t he  t op
c lause .

UNIT

A l l  R - l i nks  connec t i ng  un i t  c l auses  a re  ac t i va ted ,  t he  o the r
l i nks  are  pass i va ted .

User  op t i on :  STR:RESOLUTION = UNIT

Combined Resolut ion Ref inements

UNIT RESOLUTION p runes  the  sea rch  space  cons ide rab l y ,  bu t
un fo r t una te l y  i t  i s  no t  comp le te  f o r  a l l  c l ause  se t s .  Fo r  this

reason ,  the use r  can de f i ne  s t r a teg ies :
STR:RESOLUTION = U-SOS

STR:RESOLUTION = U-B

STR:RESOLUTION = U-L

say ing  " i f  t he  c l ause  se t s  i s  Ho rn  renamab le  t hen  UNIT

RESOLUTION,  e l se  SET-OF-SUPPORT"  ( r esp .  BAS IC  o r  L INEAR) .  The

c lause  se t  i s  t hen  au toma t i ca l l y  t es ted  wea the r  i t  i s  Ho rn

renamab le ,  i . e .  un i t  r e fu tab le ,  us i ng  a f as t  t echn ique  p roposed

in  [ LE78 | ,  and t he  ac tua l  s t r a tegy  i s  ad jus ted  acco rd ing  to  the

resu l t  o f  the test.

Paramodulat ion Ref inements

Equa l i t y  r eason ing  is  a t op - l eve l  modu le  of i t s  own and is
cu r ren t l y  be ing  deve loped as desc r i bed  i n  6 .4 .1 .  For  t ha t  reason

we on l y  p resen t  the few rud imen ta ry  f ac i l i t i e s  t ha t  r ema ined
pe rmanen t l y  w i t h i n  the  l og i c  eng ine .
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NONE

A l l  P - l i nks  a re  pass i va ted .  Hence ,  as l ong  as any ac t i ve  R - l i nk

i s  ava i l ab le ,  no pa ramodu la t i on  i s  pe r f o rmed ,

User  op t i on :  STR:  PARAMODULATION = NONE

REWRITE

I f  t h i s  op t i on  i s  t aken a un i t  equa l i t y  c l ause  i s  au toma t i ca l l y

de f i ned  as a r ewr i t e  equa t i on  i f  t he  t e rm  s i ze  o f  one s i de  o f  t he

equa t i on  i s  l a rge r  t han  t ha t  o f  t he  o the r  s i de .  P - l i nks

connec t i ng  a un i t c l ause  to  the l a rge r  s i de  o f  the equa t i on  (w i t h

a ma tche r )  are  ac t i va ted ,  the  o the r  ones are  pass i va ted .

User  op t i on :  STR:  PARAMODULATION = REWRITE

UNIT  ANCESTRY

P- l i nks  be tween  a un i t  equa t i on  E and a un i t  c l ause ,  o f  wh i ch

none of  the ances to r s  i s  E i t se l f ,  a re  ac t i va ted ,  the o the r  ones

are  pass i va ted .

Th i s  s t r a tegy  a l l owes  to  deduce  cop ies  o f  each un i t c l ause  under  a

g i ven  equa t i on ,  bu t  pa ramodu la t i on  i n to  the descendan t  o f  such a

copy (by the same equa t i on )  i s  supp ressed .

Examp le :  AXM1 {NOT Q(b )>

AXM2 < Q(x) OR P(a)>
AXM3 < a = f ( a )>

AXM4 < f ( x )  = g ( c )>

AXM1l, AXM2 = RES1 <P(a)>
RES1, AXM3 = PARI <P ( f ( a ) )>

PAR1, AXM4 = PAR2 <P(g (c ) )>

The l as t  two pa ramodu la t i on  s teps  are per fo rmed by t h i s  strategy,
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bu t  f u r t he r  pa ramodu la t i on  s teps  w i t h  PAR1l p roduc ing
<P( f ( f ( a ) ) )> ,  <P (£ (£ ( f ( a ) ) ) )>  e t c .  a re  supp ressed .

6 .4 .2 .10  De le t i on  S teps

The f o l l ow ing  de le t i on  ope ra t i ons ,  wh i ch  have a l l  been exp la i ned

above, can be ( d i s )ac t i va ted  by se t t i ng  the op t i on  keys to NIL or
TRUE:

Clause  pu r i t y  RED:PUR.CLAUSES .EACH.STEP
C lause  subsump t i on  RED: SUB.CLAUSES .EACH.STEP

C lause  t au to l ogy  RED: TAU .CLAUSES‚EACH .STEP

L ink  t au to logy  RED: TAU ‚EACH .STEP
L ink  subsump t i on  RED:SUB.EACH.STEP
L ink  pu r i t y  RED: PUR .EACH.STEP

I f  the  op t i ons  a re  se t  TRUE the  r educ t i ons  a re  p rocessed  as

desc r i bed  i n  6 .4 .1 .1  and 6 .4 .1 .4 .

A l l  t he  c l ause  s imp l i f i ca t i ons  o f  6.4.1.3 a re  a l so  pe r f o rmed  as

soon as a new c l ause  i s  gene ra ted ,

6 .4 .2 .11  Reso lu t i on  o f  Con f l i c t s

A c l ause  may f u l f i l l  seve ra l  o f  the  above r equ i remen ts  r esu l t i ng
in  a con f l i c t  o f  wh i ch  ope ra t i on  i s  t o  be pe r f o rmed .  Fo r  t h i s
reason  the c l auses  i n  the i n i t i a l  g raph as we l l  as eve ry  deduced
c lause  a re  c l ass i f i ed  acco rd ing  t o  t he  f o l l ow ing  p r i o r i t y

h i e ra r chy :

l .  e l im ina t i ng  equa t i on
2 .  cond i t i ona l  te rm rewr i t e  r u l e

3 .  t e rm rewr i t e  r u l e
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4 ,  l i t e ra l  r ewr i t e  r u l e

5 .  deduc t i on  ru l e

Hence ,  f o r  i ns tance ,  a c l ause  sa t i s f y i ng  the  cond i t i ons  f o r  a

l i t e ra l  r ewr i t e  r u l e  as  we l l  as  f o r  a deduc t i on  ru l e  i s

c lass i f i ed  as a l i t e ra l  r ewr i t e  r u l e .

The re f i nemen t  ope ra t i on  b lock  c l ass i f i es  the R- and P - l i nks  as

"ac t i ve "  and "pass i ve " .  I t  depends  now on t he  ac tua l  r eso lu t i on

s t ra tegy  wh i ch  o f  t hese  l i n ks  i s  se l ec ted  fo r  the nex t  deduc t i on

s tep .  To t h i s  end the l i s t  o f  ac t i ve  R-1links i s  so r t ed  acco rd ing

to  un i t  p re fe rence  s t r a tegy ,  i . e .  t he  l i n k  w i t h  sma l l es t  l i n k

dep th  as f i r s t  c r i t e r i on  and f ewes t  number  of  l i t e ra l s  in  the
r eso l ven t  as second  c r i t e r i on  i s  t he  one w i t h  t he  h i ghes t

p r i o r i t y .  I f  the r eso lu t i on  s t ra tegy  is  LINEAR, the pass i ve  l i n ks
are  so r t ed  such t ha t  back t rack ing  i s  s imu la ted .

The l i n k  to  be opera ted  upon i s  se l ec ted  i n  the f o l l ow ing  order:

Case 1 :  The r eso lu t i on  s t r a tegy  i s  no t  LINEAR

1 .  The f i r s t  one i n  t he  l i s t  o f  ac t i ve  P - l i nks .

2 .  The f i r s t  one i n  t he  l i s t  o f  ac t i ve  R - l i nks .

3.  The f i r s t  one i n  the l i s t  o f  pass i ve  P - l i nks .

Case 2:  The r eso lu t i on  s t r a tegy  i s  LINEAR
l .  The f i r s t  one i n  the  l i s t  o f  ac t i ve  R - l i nks .
2 ,  The f i r s t  one i n  the  l i s t  o f  ac t i ve  P - l i nks .
3.  The f i r s t  one o f  the  pass i ve  R-links.
4 .  The f i r s t  one o f  the  pass i ve  P - l i nks .

The re  i s  an add i t i ona l  t es t  t o  be pe r f o rmed  a t  eve ry  s tep ,
depend ing  on the op t i ons  STR:TERM.DEPTH and STR:LINK.DEPTH, bo th
of  wh i ch  can be se t  t o  NIL  o r  t o  a na tu ra l  number .
I f  STR:TERM.DEPTH i s  se t  t o  a na tu ra l  number  N, a l l  R- and P-

l i nks  gene ra t i ng  c l auses  w i t h  t e rms  l i s t s  deepe r  nes ted  t han N

are marked  " i nh ib i t ed "  in  o rde r  to  avo id  the c rea t i on  of ve ry
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deep l y  nes ted  te rm l i s t s .

Examp le :  STR: TERM.DEPTH = 1

<P(x) Q ( f ( x ) )>
yd

x / f ( a )  ===)  Q ( f ( £ (a ) ) )>

x

<NOT P ( f ( a ) )>

The t e rm  dep th  o f  f ( £ (a ) )  i s  2 (max imum number  o f  nes ted

func t i ons ) ,  so t h i s  r eso lu t i on  s tep  wou ld  be supp ressed .

I£  STR:LINK.DEPTH i s  se t  to  a na tu ra l  number ,  a l l  R- and P - l i nks

w i t h  a l i n k  dep th  g rea te r  t han  t h i s  number  are  marked  " i nh ib i t ed "

t oo .

The l i nk  dep th  4 i s  de f i ned  as f o l l ows :

L i nks  be tween  c l auses  i n  t he  i n i t i a l  g raph  have  t he  l i n k  dep th

d(L) = 0.  For a l l  o t he r  l i n ks  L:
d (L )  = 1 + max (d (L1 l ) ,  d (L2 ) )

whe re  L1 and L2 a re  t he  l i n ks  wh i ch  gene ra ted  the  two  c l auses

connec ted  by L .

6 .4 .2 .12  Te rm ina t i on  o f  the  Loop

The p rocess ing  i s  t e rm ina ted  w i t h  pos i t i ve  resu l t ,  i f  a

r e fu ta t i on  is  f ound ,  i . e .  the empty  c l ause  has been deduced.

I t  i s  t e rm ina ted  w i t h  nega t i ve  resu l t ,  i f  one o f  t he  f o l l ow ing

cond i t i ons  come t r ue :

( i )  The number of deduc t i on  s teps  exceeds the boundary  va lue
GEN:MAXITMUM.STEPS.

( i i )  The g raph  i s  co l l apsed ,  i . e .  a l l  c l auses  a re  r emoved ,
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( i i i )  The s t r a tegy  ope ra t i on  b lock  i s  ac t i va ted ,  bu t  t he re  i s
no ac t i ve  l i nk  ( r esp .  pass i ve  P - l i nk )  ava i l ab le .  (LINEAR
s t ra tegy  s t i l l  works w i t h  pass i ve  l i n ks ) .

Two add i t i ona l  f unc t i ons  are  pe rmanen t l y  wa tch ing  the g raph  and
may i n te r vene  rega rde less  of the cu r ren t l y  ac t i va ted  ope ra t i on
b lock :

(iv) As soon  as an  R - l i nk  be tween  two  un i t c l auses  i s

gene ra ted ,  a r e fu ta t i on  i s  f ound  and the f i r s t  o f  t hese
f unc t i ons  w i l l  no t i ce  t ha t  f ac t  and t e rm ina te  w i t h
pos i t i ve  resu l t .

( v )  An unsa t i s f i ab le  c l ause  se t  has a t  l eas t  one pos i t i ve
c lause  (a c l ause  w i t h  on l y  pos i t i ve  l i t e ra l s )  and a t
l eas t  one nega t i ve  c l ause .
I f  t h i s  cond i t i on  i s  no t  f u l f i l l ed ,  e i t he r  i n  t he
i n i t i a l  g raph ,  o r  l a t e r  due t o  t he  de le t i on  o f  some
c lauses ,  t he  second  f unc t i on  w i l l  s t op  a l l  f u r t he r
p rocess ing  and t e rm ina te  w i t h  nega t i ve  result.

F ina l s  Remarks :

The c l ass i f i ca t i on  o f  t he  l i n ks  as ac t i ve  and pass i ve  i s  on l y
respec ted  by t he  r e f i nemen t  ope ra t i on  b l ock .  A l l  o t he r  b l ocks

‘ i gno re  t h i s  c l ass i f i ca t i on .
For  examp le ,  i f  the r eso lu t i on  re f i nemen t  i s  SET-OF-SUPPORT, the
reduc t i on  b l ocks  may neve r the less  f o r ce  a r eso lu t i on  s tep  w i t h
two  ax iom c l auses .  I n  t h i s  case  howeve r ,  t he  r eso l ven t  i s  no t
i n se r t ed  i n to  the se t  o f  suppo r t .  I n  o the r  wo rds ,  the r e f i nemen ts
do no t  p rov ide  the  mos t  impo r tan t  i n f o rma t i on ,  bu t  are  on ly  taken
in to  accoun t  i f  no th i ng  e l se  i s  aga ins t  i t ,  i . e .  even  w i t h  the
s t ra teg ies  sw i t ched  on, the sys tem i s  no t  a " c l ass i ca l "  theorem
prover .

Reso lu t i on  upon  pass i ve  R - l i nks  i s  gene ra l l y  f o rb i dden  i n  t he
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r e f i nemen t  ope ra t i on  b lock (excep t  for  LINEAR s t ra tegy ) ,  because
we assume  t ha t  t he  comp le teness  resu l t s  f o r  t he  r e f i nemen ts
(wh i ch  ho ld  f o r  o rd i na ry  r eso lu t i on )  a re  a l so  va l i d  f o r  the
connec t i on  g raph  p rocedu re .  Our pa ramodu la t i on  s t r a teg ies  howeve r

are no t  comp le te ,  t he re fo re  we a l l ow  pa ramodu la t i on  upon pass i ve
P- l i nks  too ,  Hence ,  " pass i ve "  P - l i nks  are no t  r ea l l y  pass i ve ,  bu t

they are l i n ks  w i t h  l ower  p r i o r i t y  than "ac t i ve "  ones,

Those l i n ks  wh i ch  are marked  i nh ib i t ed  by some b locks  are  (w i t h

ve ry  r a re  excep t i ons )  comp le te l y  f o rb i dden  fo r  a l l  o f  t he

ope ra t i on  b l ocks .  An excep t i on  i s  made ,  i f  i t  i s  necessa ry  to

pa ramodu la te  w i t h  an i nh ib i t ed  P - l i nk  i n  o rde r  t o  e l im ina te  a

cons tan t  or f unc t i on  symbo l  f rom the g raph .  A l so  i t  i s  too
d i f f i cu l t  (and  t he re fo re  no t  checked )  t o  obse rve  the  l i n k  dep th

bounda ry  va lues  f o r  r eso lu t i ons  p roposed  by t he  t e rm ina to r .

The l i n k  dep th  bounda ry  va lue  i s  i gno red  too ,  when reso l v i ng  away

the  cond i t i ons  i n  cond i t i ona l  t e rm  rewr i t e  r u l es  and deduc t i on

r u l es .

6 .4 .3 .  The Modu le  Con f i gu ra t i on

At  t he  bo t t om o f  t he  sys tem the re  i s  a s t o rage  managemen t

modu le ,  wh i ch  was necessa ry  t o  save  space  and t o  ove rcome  some

gross  b l unde rs  o f  the  SIEMENS INTERLISP sys tem .

On the  t op  o f  t h i s  modu le  t he  da ta  s t r uc tu res  f o r  t he  usua l

l og i ca l  ob jec t s  (as  e .g .  va r i ab les ,  l i t e ra l s ,  c l auses ,  l i n ks

e t c . )  a re  de f i ned  as abs t rac t  da ta  t ypes .

The nex t  l aye r  p rov ides  the  ope ra t i ons  f o r  va r i ous  un i f i ca t i on

tasks  and f o r  t he  man ipu la t i on  o f  t he  connec t i on  g raph :  each

laye r  i s  ca re fu l l y  des igned  to  ope ra te  on l y  on t hose  i t ems

de f i ned  a t  t he  l aye r  be low  ( see  a l so  [ LMO82 ]  f o r  such  an

a rch i t ec tu re ) .

The l as t  l aye r i s  used by the deduc t i on  and reduc t i on  modu les ,
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wh ich  pe r f o rm  the  l og i ca l  ope ra t i ons  ( l i ke  reso lu t i on ,

subsump t i on ,  f ac to r i ng  etc.). The o rde r  o f  t hese  s teps  i s
de te rm ined  i n  t he  se lec t i on  modu le ,  wh i ch  s ta tes  f o r  any g i ven
s ta te  o f  the  g raph  wh i ch  s tep  i s  to  be t aken  next,
The i n te rp l ay  be tween  these  modu les  i s  o rgan i zed  by the con t ro l
modu le ,  wh i ch  a l so  i n i t i a t es  t he  va r i ous  p rep rocesso rs  and
p rov ides  the  necessa ry  i n fo rma t i on  f o r  t he  p ro toco l  module.

6 .5  So f twa re  t oo l s

I n  the cou rse  of  the deve lopmen t  and imp lemen ta t i on  of  the MKRP

sys tem many de f i c i enc ies  o f  the  p rog ramming  env i r onmen t ,  i n  t h i s

case SIEMENS-~INTERLISP, were de tec ted .  To overcome these  p rob lems
we deve loped  seve ra l  so f twa re  t oo l s  t o  ease  t he  p rog ram

deve lopmen t  and t o  i nc rease  the  p roduc t i v i t y .  Of t hese  t oo l s
th ree  a re  o f  a more  gene ra l  k i nd :  a se rv i ce  l i b ra r y ,  a modu le -
concep t  [E I82 |  and a measu remen t - sys tem [M I83 |  f o r  INTERL ISP .
These t oo l s  are su rveyed  i n  t hese  sec t i on .

The Serv ice Library

The se rv i ce - l i b ra r y  is  a co l l ec t i on  o f  f unc t i ons  f o r  bas i c
ope ra t i ons  and da ta t ypes  ex tend ing  the  INTERL ISP  s tanda rd .  I t
r ep resen ts  the co l l ec t i ve  p rog ramming  expe r i ence  of  our  p ro j ec t

‘and  i s  cons tan t l y  mod i f i ed  acco rd ing  to  t he  j o i n t  dec i s i ons  o f
our g roup .  I t  i s  a ve ry  use fu l  t oo l  i nc reas ing  p roduc t i v i t y  by
avo id i ng  t he  “ r e i nven t - t he -whee l ”™ e f f ec t .  Espec ia l l y  t he
ex tens ions  o f  L ISP  by f unc t i ons  f o r  man ipu la t i ng  se t s  f o r
access ing  the ope ra t i ng -sys tem,  fo r  s ymbo l i c  compu ta t i on  and fo r
an ex tended  f i l e -hand l i ng  a re  impo r tan t  f o r  ou r  p rog ramming
purposes  and are heav i l y  used .  A l l  our  p rograms run  i n  t h i s  much
more comfo r tab le  env i ronmen t  w i t hou t  a f f ec t i ng  t he i r  po r t ab i l i t y ,
because  the se rv i ce - l i b ra r y  i t se l f  i s  imp lemen ted  in  s t anda rd
INTERL ISP .
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A Module Concept

The i n t r oduc t i on  of  a modu le - concep t  i s  the r esu l t  o f  our  e f f o r t
to  adop t  f ea tu res  of  typed l anguages ,  e ,g .  PASCAL, f o r  INTERLISP.
Essen t i a l l y  i t  cons i s t s  of  some i den t i f i e r - conven t i ons ,  e .g .  the
use of  modu le -p re f i xes  i n  va r i ab le  o r  f unc t i on  names ,  and a l a rge
se t  o f  suppo r t i ng  f unc t i ons .  The new va r i ab le  t ypes  LOCAL,

COMMON, GLOBAL,  EXTERNAL and t he  d i s t i nc t i on  be tween  i n te r f ace

and i n te rna l  f unc t i ons  o f  a modu le  a re  i n t r oduced  t h i s  way.  These
va r i ab le  t ypes  and t he  modu le - concep t  a re  suppo r ted  by an

ex tens ion  o f  t he  s t anda rd  MAKEFILE  command .  I t  compu tes  a
de ta i l ed  ana l ys i s  of the ca l l - h i e ra r chy  and the used va r i ab les  of
each  f unc t i on as we l l  as a c ross re fe rence  l i s t  o f  each  va r i ab le
of  a modu le .  Add i t i ona l l y  open mac ros  and subs t i t u t i on  mac ros  are

au toma t i ca l l y  de r i ved  f rom the f unc t i on  de f i n i t i ons .  Th i s  eases

cons ide rab l y  the upda t i ng  and the  use o f  f unc t i ons  and suppo r t s  a
modu la r  p rog ramming  s t y l e ,  wh i l e  avo id i ng  run t ime  i ne f f i c i enc ies .
Toge the r  w i t h  commen t i ng  and p rog ramming  conven t i ons  t h i s  modu le~

concep t  a l l ows  the  s ta t i c  de tec t i on  of  some t r i v i a l  e r ro rs  l i ke

m iss ing  quo tes  or  m i sspe l l ed  i den t i f i e r s  and g rea t l y  r educes  the

amoun t  o f  r un - t ime  er ro rs  and the  cos t s  o f  t es t i ng .

The Measurement System

In  o rder  to  op t im i ze  a l go r i t hms ,  to  measu re  t he i r  pe r fo rmance  and

to  ge t  a de ta i l ed  i ns i gh t  i n t o  t he  p rog ram execu t i on ,  we

deve loped  a measu remen t  sys tem,  Ve rsa t i l i t y ,  exac tness ,
rep roducab i l i t y  and m in ima l i t y  are the bas i c  demands such a
sys tem shou ld  f u l f i l l .  I n  o rde r  to  ach ieve  these  requ i remen ts ,  a

spec ia l  measu remen t  l anguage  was deve loped .  I n  the d i a l ogue -pa r t

o f  t he  sys tem the  use r  spec i f i es ,  us i ng  t h i s  l anguage ,  wh i ch

resou rces  and wh i ch  p rog ram or  modu le  he wan ts  t o  be measu red .

Us ing  t h i s  i n f o rma t i on  a t ask~ -spec i f i c  measu remen t  p rog ram i s

comp le ted ,  wh i ch ,  when l oaded ,  au toma t i ca l l y  pe r f o rms  the

measu remen t  and saves  t he  r esu l t s .  Thus  f o r  each  t ask  on l y  a

f r ac t i on  o f  t he  sys tem i s  i n  co re ,  m in im i z i ng  t he  i nev i t ab le
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add i t i ona l  l oad  o f  t he  CPU, To gua ran tee  exac t  and r ep roducab le

resu l t s  t he  sys tem takes  i t s  own f r ac t i on  o f  t he  consumed
measu red  resou rces  exac t l y  i n t o  cons ide ra t i ons :  Fo r  examp le  a
de ta i l ed  measu remen t  o f  the  MKRP sys tem resu l t ed  i n  a more than
ten fo l d  i nc rease  i n  execu t i on  t ime  (w i t h  a CPU- t ime  e r ro r  of  +-

20%) .

A f t e r  the execu t i on  of  the measu red  p rograms the  r esu l t s  can be

eva lua ted  us ing  a separa te  modu le  o f  the sys tem,  Th i s  a l l ows  the
p repa ra t i on  o f  s t a t i s t i ca l  eva lua t i ons  o f  se t s  o f  measu red

p rog rams  as we l l .  The measu remen t  sys tem can be augmen ted  by

s imp l y  i nse r t i ng  new t ask -spec i f i c  measu r i ng  f unc t i ons .

I n  t he  p resen t  imp lemen ta t i on  t he  consumed  CPU- t ime ,  the  used
L ISP-s to rage ,  the number  of  ca l l s  and the  share  of  sub func t i ons
and submodu les  can be measu red  fo r  each f unc t i on  o r  module,

Software Engineer ing Aspects

A l a rge  so f twa re  deve lopemen t  o f  t h i s  k i nd  cou ld  no t  be
imp lemen ted  w i t hou t  s t r i c t  obed ience  to  gene ra l l y  accep ted

so f twa re  s tanda rds :  apa r t  f r om the  se l f imposed  ( i . e .  no t
suppor ted  by INTERLISP)  d i sc i p l i ne  w i t h  respec t  to  modu la r i sa t i on
and t yp ing  as men t i oned  above ,  t he  sys tem has been  des igned  i n
seve ra l  layers.

These layers  are as f o l l ows :  at the bot tom there  is  an INTERLISP
sys tem augmen ted  by a spec ia l  memory  managemen t  sys tem,  t ha t
t r i es  to  cope w i t h  the  ex t rao rd ina ry  space  requ i remen ts .

On top o f  t h i s  l aye r  t he re  i s  an i n t e rmed ia te  l eve l  o f  aux i l i a r y
func t i ons  t ha t  a re  used  t o  p rog ram the  nex t  concep tua l  l eve l ,
which cons i s t s  of abs t rac t  data types l i ke  c l ause ,  l i n k  e tc .  and
p rov ides  f unc t i ons  l i ke  GETCLAUSE, MAKECLAUSE, GETUNIFIER and so
on,  Th i s  i s  t he  l owes t  concep tua l  l eve l  f r om the  MKRP sys tem
po in t  o f  v i ew  and p rov ides  the  p rog ramming  p r im i t i ves for each
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l a ye r  above .  I n  pa r t i cu l a r  t h i s  way a change  i n  t he  i n t e ra l

r ep resen ta t i on  does  no t  a f f ec t  t he  who le  sys tem,  bu t  on l y

requ i res  a r e fo rmu la t i on  o f  the  i n t e rmed ia te  level.

On top of t hese  da ta  s t r uc tu re  f unc t i ons  are the t h ree  l aye rs
desc r i bed  i n  the p rev ious  paragraph on the modu le  con f i gu ra t i on

and i t  i s  most  i n t e res t i ng  to  see t ha t  t hese  s t r uc tu res  are  ve ry

s im i l a r  t o  t he  imp lemen ta t i ona l  s t r uc tu res  o f  t he  A rgonne

Nat i ona l  Lab P rove r  [LMO82]. The f ac t  t ha t  t he i r  s ys tem was

comp le te l y  i ndependen t l y  imp lemen ted  bu t  neve r the less  the same
pa t t e rn  o f  imp lemen ta t i ona l  s t r uc tu res  emerged  i s  a c l ea r

i nd i ca t i on  o f  t he i r  " ob jec t i ve "  na tu re  and may be seen  as the

ea r l y  ha l l  mark o f  an emerg ing  eng inee r i ng  d i scp l i ne  of  t heo rem ı

p rov ing .

Jus t  as a comp i l e r  o r  ope ra t i ng  sys tem cons i s t s  o f  gene ra l l y

ag reed  upon  pa r t s  ( t he  symbo l  t ab le ,  t he  pa rse r ,  s chedu l i ng

e t c . ) ,  a l l  o f  wh i ch  are imp lemen ted  acco rd ing  to  we l l  unde rs tood

techn iques  and p r i nc i p l es ,  a t heo rem prover  i s  a we l l s t r uc tu red

so f twa re  p roduc t  based  on t he  h i s t o r i ca l  so f twa re  eng inee r i ng

expe r i ences  o f  ea r l i e r  imp lemen ta t i ona l  a t t emp ts .  A p resen ta t i on

and eva lua t i on  o f  t hese  t echn iques  wou ld  be one o f  t he  mos t

des i rab le  pub l i ca t i ons  in  o rde r  to  p reven t  the " r e i nven t i on  of
the  whee l ”  for  every  new theo rem prov ing  sys tem,

6 .6 .  How To Use The Sys tem

Af te r  the LOGON command the  use r  types

Do ATP, X

wh i ch  loads the INTERLISP sys tem and the MKRP modu les  and se t s  up

an i n i t i a l  s ys tem.  Depend ing  on the  op t i on  X, wh i ch  can be

- C10, C50, C100
- I 10 ,  I50

the  sys tem i s  e i t he r  comp i l ed  (C) o r  i n t e rp re ted  ( I )  and cons i s t s
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o f  a sma l l  con f i gu ra t i on  (10 )  f o r  t es t i ng  pu rposes  o r  a med ium

(50)  o r  l a rge  (100 )  con f i gu ra t i on ,  depend ing  on the  an t i c i pa ted

work space .

The use r  i s  now i n  the ope ra t i ng  sys tem of  the MKRP-PROCEDURE, he

may use the i npu t  l anguage  PLL to  f o rmu la te  h i s  p rob lem,  ed i t  and

check  h i s  i npu t  and f i na l l y  se t  the  ou tpu t  op t i ons ,  a l l  o f  wh i ch

are  b r i e f l y  su rveyed  be low .

6 .6 .1  The MKRP Ope ra t i ng  Sys tem

The ope ra t i ng  sys tem p rov ides  the  f o l l ow ing  use r  commands:

HELP CONTINUE

EXIT EDIT

LOGOFF OPTIONS

PROVE LISP

INDUCTION HC

V

The i r  e f f ec t  i s  b r i e f l y  summar i zed  as f o l l ows :
HELP CO exp la i ns  a command CO to  the user.

EXIT and LOGOFF are  the t e rm ina t i on  commands,
P rove  i s  the ma in  command a t  t h i s  l eve l ,  wh i ch  p rov ides  the

en t r y  t o  t he  ac tua l  t heo rem p rov ing  sys tem:  a f t e r  a sho r t

d i a l ogue  w i t h  t he  use r , i n  t he  cou rse  o f  wh i ch  sou rce  and

des t i na t i on  o f  t he  ax i oms ,  t heo rem and p roo f ( s )  r espec t i ve l y

are  se t t l ed ,  the sea rch  fo r  a p roof  i s  in i t iated,

INDUCTION en te r s  t he  i nduc t i on  t heo rem p rov ing  f ac i l i t i e s

and CONTINUE i s  a use fu l  command  fo r  t he  r esump t i on  o f
i n t e r rup ted  p roo f  r uns .

The OPTIONS command  i s  t he  key  i n t o  the  modu le ,  wh i ch  se t s  the

va r i ous  pa rame te rs  ( op t i ons )  t ha t  gove rn  t he  ove ra l l  sea rch

behav iou r .  These  op t i ons  a re  c l ass i f i ed  i n to  f ou r  a reas :
RED, STR, GEN, PR

wh ich  can be se t  and upda ted  w i t h  t he  f o l l ow ing  commands :
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PRINT <a rea>  d i sp lays  t he  ac tua l  se t t i ng  o f  t he  op t i ons  in
<area> on the sc reen .

WRITE <area> < f i l e>  w r i t es  the ac tua l  se t t i n  of  the  op t i ons  in
<a rea>  on to  a f i l e  < f i l e> ,  f o r  examp le  f o r  l a t e r
use .

READ < f i l e>  reads  the se t t i ng  of  the op t i ons  f r om < f i l e>  i n to

the  p rede f i ned  a rea .
V TRUE manua l  t e l e t ype  con t ro l  on
V N IL  manua l  t e l e t ype  con t ro l  o f f

OK t e rm ina tes  the  se t t i ng  o f  the  op t i ons

The f ou r  a reas  cons i s t  o f  t he  f o l l ow ing  op t i ons ,  wh i ch  can be
ca l l ed  by t yp ing  the  name o f  the  a rea .

RED

Th i s  a rea  co l l ec t s  the  op t i ons  t ha t  gove rn  the  r educ t i on  steps.‘
The use r  can sw i t ch  the  r educ t i ons  on and o f f  by t yp i ng  TRUE and:

NIL :  !
4

Ä

RED De fau l t s

RED:SUB.CLAUSES. IN IT IAL  T

RED:SUB.CLAUSES ‚EACH .STEP T

RED: SUB. IN IT IAL  T

RED:SUB.EACH.STEP T

RED: PUR.CLAUSES , IN IT IAL  T

RED: PUR.CLAUSES .EACH.STEP T

RED:PUR. IN IT IAL  T

RED: PUR.EACH  .STEP T

RED: TAU .CLAUSES . IN IT IAL  T
RED: TAU .CLAUSES ‚EACH .STEP T
RED: TAU. IN IT IAL  T

RED: TAU .EACH.STEP T
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STR

Th i s  a rea  co l l ec t s  t he  op t i ons  t ha t  a re  used  t o  sw i t ch  the

r e f i nemen ts  on or  o f f :

STR De fau l t s

FAC:  IN IT IAL  N IL

FAC:EACH.STEP N IL

STR:  RESOLUTION SET-OF-SUPPORT

STR:  PARAMODULATION UNIT-ANCESTRY

STR:L INK .DEPTH N IL

STR:  TERM .DEPTH | N IL

STR:R .DEMODULATION T

STR:P  .DEMODULATION T

TERM:UNITS  T

TERM: ITERATIONS 0

GEN

The op t i ons  o f  t h i s  a rea  a re  used  t o  i n f l uence  some gene ra l
paramete rs :

1 GEN: BATCH .ANSWER (De fau l t  SC)
IMPORTANT ONLY IF  PROVER RUNS IN BATCH.
IS NEEDED IF  THERE IS NO MORE SPACE FOR MEMORY-MODULE.

ABORT ( A)
CONTINUE ( C)

SAVE-ABORT (SA)

SAVE-CONTINUE (SC)

2 GEN:SAVE.F ILE  (De fau l t  SAVE.DEFAULTS)

<FILENAME> SYSTEM SAVES GRAPHS ON THIS F ILE  ( IF

GEN:GRAPH .SAVING NOT NIL  ! )

3 GEN: GRAPH .SAVING (De fau l t  N IL )
NIL  +: NO EFFECT
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POSIT IVE  INTEGER:

4 GEN: MAXIMUM ‚STEPS

POSIT IVE INTEGER

5 GEN: MANUAL ‚CONTROL

INFLUENCE OF USER

T, Y, YES
NIL ,  N, NO

6 GEN:SPLITTING

NUMBER OF DEDUCTION-STEPS BETWEEN TWO

SAVINGS OF THE GRAPH (SEE GEN:SAVE.F ILE )

(De fau l t  NIL)
(NIL MEANS “INFINITE™)
THIS IS MAXIMUM NUMBER OF DEDUCTION-
STEPS AT PROOF)

(De fau l t  N IL )
ON PROOF:

SWITCHED ON

SWITCHED OFF

(De fau l t  0 )

AND-SPLIT OF THEOREM:

NIL ,  N ,  NO

NAT NUMBER

T, Y, YES

PR

SWITCHED OFF

SWITCHED ON. MAXIMAL NESTING DEPTH UP

TO WHICH MULT IPL ICAT ION INTO DNF TAKES

PLACE IN ORDER TO ENABLE SPL ITT ING

SWITCHED ON. MULT IPL ICAT ION IN  ALL

NESTING DEPTHS.

Th i s  a rea  co l l ec t s  t he  op t i ons  t ha t  accoun t  f o r  t he  p roo f

p ro toco l  mode:

PR De fau l t

PR: PREPROCESSING N IL

PR: STEP .MODE LR

PR: DUMP N IL

PR:CLAUSE .MODE I

PR :L INK  .MODE I

PR: TRACE .F ILE  | NIL

PR: TERMINAL N IL

PR: PROOF .F ILE  ~ PR.DEFAULT
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A l l  o f  t hese  op t i ons  a re  se t  t o  a p rede f i ned  de fau l t  va l ue  t ha t

t u rned  to  be op t ima l  f o r  mos t  r uns ,  Howeve r  t o  ge t  t he  mos t  ou t
o f  t he  sys tem they  shou ld  be i nd i v i dua l l y  ad jus ted  f o r  eve ry
p rob lem,

6 .6 .2 .  The I npu t  Language

The PREDICATE LOGIC LANGUAGE (PLL ) ,  a f o rma l  l anguage  i n  wh i ch

so r ted  f i r s t - o rde r  p red i ca te  l og i c  f o rmu las  can be f o rmu la ted ,  i s
desc r i bed ,  Ax ioms  and t heo rems ,  wh i ch  are  g i ven  to  the MARKGRAF

KARL REFUTATION PROCEDURE, a re  r ep resen ted  i n  PLL and t he
l anguage  cons t ruc t s  of  PLL wh i ch  r e f l ec t  the spec ia l  f ac i l i t i e s
of t h i s  sys tem are exh ib i t ed ,  i . e .

- an i n f e rence  mechan i sm based on a many-sor ted  ca l cu lus ,
- t he  i nco rpo ra t i on  o f  spec ia l  ax i oms  i n to  t he  i n f e rence

mechan i sm,  and

- the con t ro l  o f  the  i n f e rence  mechan i sm us ing  spec ia l  de r i va t i on
s t ra teg ies .

Bas i c  Concepts

I n  PLL a l l  usua l  j unc to r s ,  deno ted  OR, AND, IMPL ,  EQV and NOT,
the  un i ve rsa l  quan t i f i e r  ALL and t he  ex i s t en t i a l  quan t i f i e r  EX
a re  p resen t ,  Junc to r s  and  quan t i f i e r s  have  t he  f o l l ow ing
p r i o r i t i e s  when used in  a formula  w i t hou t  pa ran theses :

( 1 )  NOT

(2) AND
(3) OR
(4) IMPL
(5) EQV
(6) ALL, EX
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I n  a f o rmu la  w i t hou t  pa ran theses ,  t he  r i gh tmos t  j unc to r  has

p recedence  ove r  a l l  j unc to r s  w i t h  t he  same p r i o r i t y  l e f t  o f  i t .

Examp le

NOT A OR B AND C i s  equ i va len t  to  (NOT A) OR (B AND C) and

A IMPL B IMPL C i s  equ i va len t  t o  A IMPL (B IMPL  C ) .

I n  PLL t he  s i gn  = deno tes  t he  equa l i t y  symbo l ,  i . e .  we use a
f i r s t - o rde r  p red i ca te  ca l cu lus  w i t h  equa l i t y .  As an example for
us ing  PLL,  we ax ioma t i ze  a g roup :

Examp le

* AXIOMIZATION OF A GROUP WITH EQUALITY,

* F IS A GROUP OPERATOR AND 1 IS THE IDENTY ELEMENT

ALL X,Y EX Z F(X Y) = Z

ALL X ,Y ,2  F(X F(Y 2 ) )  = F (F (X  Y) zZ)

ALL X F (1  X) = X AND F(X 1) = X

ALL X EX Y F(X Y) =1

A theo rem g i ven  to  the MKRP sys tem cou ld  be fo r  i ns tance :

* IDEMPOTENCY IMPL IES  COMMUTATIVITY

ALL X F(X X) = 1 IMPL (ALL X ,Y ,F (X  Y) = F(Y X))

The l i nes  s ta r t i ng  w i t h  a “*” are PLL -commen ts .  We g i ve  ano the r
ax ioma t i za t i on  o f  a g roup :

Examp le

* AXIOMATIZATION OF A GROUP WITHOUT EQUALITY

* P(X Y Z) MEANS F(X Y) = Z WHERE F IS THE

* GROUP OPERATOR. E IS THE LEFTIDENTTY.
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ALL X,Y EX Z P(X Y 2)
ALL X,Y,%2,U,V,W P(X Y U) AND P(Y 2 V) IMPL

(P(X V W) EQV P(U 2 W))
ALL X P(E X X)
ALL X EX Y P(X Y E)

Now a t heo rem cou ld  be f o r  i ns tance :

* LEFT IDENTITY  IS  R IGHTIDENTITY

ALL X P(X  E X)

The Many-Sorted Ca lcu lus

Assume  we have  a se t  o f  s ymbo l s  o rde red  by t he  subso r t  o rde r ,  a

pa r t i a l  o rde r  r e l a t i on  wh i ch  i s  r e f l ex i ve ,  an t i s ymmet r i c  and

t rans i t i ve .  Va r i ab le ,  cons tan t  and f unc t i on  symbo l s  a re

assoc ia ted  w i t h  a ce r t a i n  so r t  s ymbo l .  The so r t  o f  a va r i ab le  or

cons tan t  symbo l  i s  i t s  r angeso r t  and the so r t  o f  a t e rm  wh i ch  i s
d i f f e ren t  from a va r i ab le  or cons tan t  symbol  i s  de te rm ined  by the
r angeso r t  o f  i t s  ou te rmos t  f unc t i on  symbol,

A l l  a rgumen t  pos i t i ons  o f  a f unc t i on  o r  p red i ca te  symbo l  a re
assoc ia ted  w i t h  ce r t a i n  so r t  s ymbo l s ,  ca l l ed  the doma inso r t s .  I n
the cons t ruc t i on  of  the  we l l  f o rmed  f o rmu las  o f  the many -so r t ed

ca l cu lus ,  on l y  t hose  t e rms  may f i l l  an a rgumen t  pos i t i on  o f  a
f unc t i on  o r  p red i ca te  symbo l ,  whose  so r t s  a re  subso r t s  o f  t he
doma inso r t s  g i ven  f o r  t he  a rgumen t  pos i t i on  o f  t he  r espec t i ve

func t i on  or  p red i ca te  symbo l .
A

Bes ide  the  i nc rease  o f  r eadab i l i t y  o f  ax i oma t i za t i ons ,  the usage
of  the i n f o rma t i on  g i ven  by the  range-  and doma inso r t s  and by the

subso r t  o rde r  p reven ts  t he  i n f e rence  mechan i sm o f  t he  t heo rem

prover  to  do use less  de r i va t i ons .  The t heo re t i ca l  f ounda t i on  of

t he  many -so r t ed  ca l cu lus  imp lemen ted  i n  t he  MARK GRAF KARL
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REFUTATION PROCEDURE can be found i n  [WAL82].

As an examp le  f o r  an app l i ca t i on  o f  a many -so r t ed  ca l cu lus  we
ax ioma t i ze  se t s  o f  l e t t e r s  and d i g i t s  and some bas i c  ope ra t i ons
f o r  t hese  se t s :

Examp le

* DEFIN IT ION OF THE SORTS LETTER AND D IG IT ,  I .E .
* A,B ,  . . .  ,Z ARE CONSTANTS OF SORT LETTER AND

* 0 ,1 ,  . . .  ,9 ARE CONSTANTS OF SORT D IG IT

TYPE A ,B ,C ,D ,E ,F ,G ,H , I , J ,K ,L ,M ,N ,0 ,P ,Q ,R ,S ,T7 ,0 ,V ,W,X ,Y ,2  : LETTER

TYPE 0 ,9 ,8 ,7 ,6 ,5 ,4 ,3 ,2 ,1  : D IG IT

* LETTER AND D IG IT  ARE SUBSORTS OF SORT SIGN

SORT LETTER, D IG IT :S IGN

* DEFIN IT ION OF THE EMPTY SET AND SET~-MEMBERSHIP,

* T .E .  EMPTY IS A CONSTANT OF SORT SET AND MEMBER

* IS A BINARY PREDICATE DEFINED ON (SIGN SET)

TYPE EMPTY :SET

TYPE MEMBER(SIGN SET)
ALL X :S IGN NOT MEMBER(X EMPTY)

ALL U ,V :SET  U = V EQV (ALL  X :S IGN MEMBER (X U) EQV MEMBER (X V) )

* DEFIN IT ION OF SINGLETONS, I .E .
* SINGLETON IS A FUNCTION MAPPING SIGN TO SET

TYPE S INGLETON(S IGN):SET

ALL X :S IGN ALL U ,V :SET  (MEMBER(X U) OR MEMBER(X V) )

EQV MEMBER (X UNION (U V) )
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Theorems to  be proved by the  ATP sys tem cou ld  be f o r  i ns tance :

* UNION IS  IDEMPOTENT AND EMPTY IS  AN IDENTITY  ELEMENT

ALL X :SET  UNION (X X) = X AND UNION(EMPTY X) = X

* SINGLETON IS  INJECTIVE

ALL X ,Y :S IGN S INGLETON(X)  = S INGLETON(Y)  IMPL  X = Y

* EACH LETTER IS  A SIGN

ALL Y :SET  (EX U :LETTER MEMBER(U Y ) )

IMPL  (EX X :S IGN MEMBER(X Y ) )

A t t r i bu tes  o f  Func t i ons  and  P red i ca tes

At t r i bu tes  a re  abb rev ia t i ons  f o r  t he i r  de f i n i ng  axioms, i . e .

f i r s t - o rde r  ax i oms  wh i ch  ax ioma t i ze  ce r t a i n  p rope r t i es  o f

f unc t i ons  o r  p red i ca tes .

The e f f ec t  i n  s t a t i ng  a ce r t a i n  a t t r i bu te  o f  a f unc t i on  or
p red i ca te  us ing  an a t t r i bu te  dec la ra t i on  i s  f o rma l l y  the same as
g i v i ng  the  de f i n i ng  ax iom to  the ATP. At the moment  the f o l l ow ing

p rope r t i es  can be dec la red .

A t t r i bu te  Dec la ra t i on  De f i n i ng  Ax iom

REFLEXIVE (P) ALL X P(X X)

IRREFLEXIVE(P)  ALL X NOT P(X X)

SYMMETRIC(P) ALL X,Y P(X Y) IMPL P(Y X)

ASSOCIATIVE(F)  ALL X ,Y ,2  F(X F(Y 2 ) )  = F (F (X  Y) 2)

The de f i n i ng  ax ioms  o f  a t t r i bu tes  a re  i nco rpo ra ted  i n to  t he

i n fe rence  mechan i sm of  the  sys tem as desc r i bed  above.
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Examp le

I n  examp le  2 .1 .2  f o r  i ns tance  the  assoc ia t i v i t y  o f  t he  g roup
ope ra to r  F cou ld  be s ta ted  by:  ASSOCIATIVE (F) ,  I n  examp le  2 .2 .1
we cou ld  w r i t e  as an ax i om:  ASSOCIATIVE(UNION) .

Special  Junctors and Equal i ty  Symbols

For the j unc to r s  i n t r oduced  above ,  PLL o f f e r s  va r i ous  a l t e rna t i ve
no ta t i ons :

Junc to r  A l t e rna t i ve  No ta t i ons

AND AND: ‚ AND o r  :AND:

OR OR: + SOR o r  : 0R :

IMPL IMPL :  , ¢ IMPL  or  : IMPL :

EQV EQV , ¢EQV o r  :EQV:

The eqa l i t y  symbo l  = can be a l t e rna t i ve l y  deno ted  by := ,  =: or

The co lon -no ta t i on  o f  j unc to r s  and equa l i t y  symbo l s  i s  used  to

i n f l uence  the sequence  of  deduc t i ons  as d i scussed  i n  sec t i on  6.4.

Fo rma l l y  t he re  i s  no d i f f e rence  be tween  j unc to r s  and equa l i t y

symbols  w r i t t en  w i t h  or w i t hou t  colons.

The Syntax o f  PLL

The f o rma l  syn tax  o f  PLL de f i ned  by a con tex t  f r ee  g rammar  i s

con ta ined  i n  [WA83], wh ich  p resen ts  add i t i ona l  de ta i l s  and

examp les .

Semant ic  Constra ints for PLL

I n  the seque l  we s ta te  the  seman t i c  cons t ra i n t s  ( i . e .  the con tex t

dependen t  l anguage  f ea tu res )  f o r  PLL .  The s t r i ngs  i n  ang le
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b racke t s ,  e .g .  < te rm> ,  r e fe r  t o  t he  p roduc t i on  ru l es  o f  t he

PLL -g rammar  as de f i ned  i n  [WA83].

So r t  Symbo ls

So r t  symbo ls  a re  i n t r oduced  w i t h  t he i r  f i r s t  usage i n

- a <so r t  dec la ra t i on ’ ,  e .g .  SORT LETTER,DIGIT:SIGN,ALPHABET

- a < t ype  dec la ra t i on> ,  e .g .  TYPE A ,B :BOOL,
TYPE MEMBER(S IGN,SET)  o r  TYPE S INGLETON(S IGN):SET,

— a <va r i ab le  dec la ra t i on> ,  e .g .  ALL Z : INT  EX N:NAT ABS(Z)  = N.

The d i r ec t  subso r t  r e l a t i on  imposed  on the se t  o f  so r t  s ymbo l s  i s
a pa r t i a l ,  i r r e f l ex i ve  and non - t r ans i t i ve  re l a t i on  such t ha t  the

p rede f i ned  so r t  s ymbo l  ANY i s  no d i r ec t  subso r t  o f  each  so r t

symbo l  and each so r t  symbo l  d i f f e ren t  f rom ANY i s  a d i r ec t
subso r t  o f  a t  l eas t  ano the r  so r t  s ymbo l .

The subso r t  o rde r  imposed  on t he  se t  o f  so r t  s ymbo l s  i s  t he

r e f l ex i ve  and t r ans i t i ve  c l osu re  o f  t he  d i r ec t  subso r t  r e l a t i on .

The subso r t  symbo l s  l e f t  o f  the  co lon  i n  a <so r t  dec la ra t i on>  are
d i rec t  subso r t s  of each sor t  symbol  to the r i gh t  of the co lon  in
the  <so r t  dec la ra t i on ’ ,

The so r t  s ymbo l s  r i gh t  o f  t he  co lon  i n  a <so r t  dec la ra t i on ’  a re

d i r ec t  subso r t s  o f  ANY,  p rov ided  t hese  so r t  s ymbo l s  a re

i n t r oduced  by t h i s  <so r t  dec la ra t i on» .

The so r t  s ymbo l s  wh i ch  are  i n t r oduced  by a < type  dec la ra t i on>  or

by a <va r i ab le  dec la ra t i on>  are d i r ec t  subso r t s  of ANY.

Examp le

Fo r  t he  <so r t  dec la ra t i on>  g i ven  above  LETTER and D IG IT  a re

subso r t s  o f  S IGN and  o f  ALPHABET,  and  S IGN and  ALPHABET a re
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d i rec t  subso r t s  o f  ANY, Hence LETTER, D IG IT  and SIGN are  subso r t s
o f  S IGN and  ANY,  S IGN,  ALPHABET,  LETTER and  D IG IT  a re  subso r t s

of  ANY.

Va r i ab le  Symbo ls

Var i ab le  symbo ls  are in t roduced  by a <va r i ab le  dec la ra t i on>  in  a
<quan t i f i ca t i on> .

Examp le

ALL X,Y EX 2:S P(X Y Z)

The scope  o f  a <va r i ab le  symbo l>  i s  the  <quan t i f i ca t i on>
f o l l ow ing  the  <va r i ab le  dec la ra t i on>  i n  a <gquan t i f i ca t i on> , .

I n  i t s  scope  each  <va r i ab le  symbo l>  has as r angeso r t  t he  so r t

symbo l  g i ven  by t he  <so r t  s ymbo l>  f o l l ow ing  the  co lon  i n  i t s

<va r i ab le  so r t>  o f  t he  <va r i ab le  dec la ra t i on> .  I f  no <va r i ab le

so r t>  i s  p resen t ,  t he  r angeso r t  o f  the  <(var iab le  symbo l>  i s  the

p rede f i ned  so r t  symbol ANY.

Examp le

The exp ress ion  g i ven  i n  t he  above  examp le  have  t he  f o l l ow ing

so r t s :

r angeso r t (Y )  = ANY and

S.

rangeso r t (X )
rangeso r t (Z )

In  each  <quan t i f i ca t i on>  va r i ab le  symbo l s  a re  cons i s ten t l y

renamed  f r om l e f t  t o  r i gh t  t o  r eso l ve  con f l i c t s  on mu l t i p l e

i n t r oduc t i ons  o f  va r i ab le  symbo l s .
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Examp le

ALL Y,X P(Y)  i s  the  same as ALL X,Y P(Y)  and

ALL X (EX X P (X ) )  IMPL  Q(X )  i s  t he  same  as

ALL  X (EX  Y P (Y ) )  IMPL  Q(X )

Cons tan t  Symbo ls

Cons tan t  symbols  a re  i n t r oduced  w i t h  t he i r  f i r s t  usage

- i n  a < t ype  dec la ra t i on> ,  e .g .  TYPE ~ -1 ,+1 : INT

- as < te rms> ,  e .g ,  ALL X P(X A) OR F(C)  =D

Each cons tan t  symbo l  has a r angeso r t  the  <so r t  s ymbo l>  f o l l ow ing

t he  co lon  i n  t he  < t ype  dec la ra t i on>  wh i ch  i n t r oduces  the
cons tan t  symbo l> ,

Examp le

For  the  exp ress ions  g i ven  above we f i nd

- rangeso r t ( - 1 l )  = r angeso r t (+ l )  = INT ,

The rangeso r t  for  a cons tan t  symbo l  wh i ch  i s  i n t r oduced  w i t h  i t s

f i r s t  usage  as a < te rm> i s  ANY.

No te  t ha t  i n  PLL va r i ab le  symbo l s  a re  a lways  p receded  by a

quan t i f i e r  and t he reby  can a lways  be d i s t i ngu i shed  f rom cons tan t

symbo l s .  As a consequence  t he re  i s  no concep t  of f r ee  va r i ab les
in  PLL.

Func t i on  Symbo ls

Func t i on  symbols  are  i n t r oduced  w i t h  t he i r  f i r s t  usage i n

- a <type dec la ra t i on> ,  e .g .  TYPE ABS(INT) :NAT
- a <a t t r i bu te  dec la ra t i on> ,  e .g .  ASSOCIATIVE(PLUS)

~- a < te rm> ,  e .g .  ALL X P (F (X ) )  OR G(X) = A
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Each f unc t i on  symbo l  i s  assoc ia ted  w i t h  a so r t  symbo l  fo r  each
a rgumen t  pos i t i on i ,  ca l l ed  i t s  i t h  doma inso r t ,  w i t h  a na tu ra l

number ,  ca l l ed  i t s  a r i t y ,  and w i t h  a so r t  s ymbo l ,  ca l l ed  i t s
r angeso r t .

Func t i on  symbo ls  wh i ch  are  i n t r oduced  by < t ype  dec la ra t i on>  have

as i t h  doma inso r t  the <sor t  symbol> g i ven  on the i t h  pos i t i on  in
the l i s t  of <so r t  symbols> f o l l ow ing  the < func t i on  symbol> in  the
( t ype  dec la ra t i on» ,

Examp le

For  t he  exp ress ion  TYPE PRODUCT(SCALAR VECTOR):VECTOR we ge t

doma inso r t  (PRODUCT 1)=SCALAR and doma inso r t  (PRODUCT 2)=VECTOR.,

A < func t i on  symbo l>  wh i ch  i s  i n t r oduced  by  a <p rope r t y

dec la ra t i on>  o r  by i t s  f i r s t  usage  i n  a < te rm>  has ANY as i t h

doma inso r t  fo r  each a rgumen t  pos i t i on  i .

The a r i t y  of a f unc t i on  symbol is  de f i ned  as

- t he  number  o f  so r t  s ymbo l s  i n  t he  l i s t  o f  <so r t  s ymbo l s>

fo l l ow ing  the  < func t i on  symbo l>  i n  the  < t ype  dec la ra t i on>  wh i ch

i n t r oduces  the  < func t i on  symbo l»
- two, for  a < func t i on  symbol> i n t r oduced  by a <a t t r i bu te

dec la ra t i on»

- or  e l se  the  number  o f  a rgumen ts  on i t s  f i r s t  usage i n  a < te rm> ,

Examp le

For the  exp ress ions  g i ven  above we ge t  a r i t y (ABS)  = 1 ,

a r i t y (PLUS)  = 2 and a r i t y (F )  = a r i t y (G )  = 1 .
The rangeso r t  o f  a < func t i on  symbo l>  i s  de f i ned  by t he  <so r t

symbo l>  f o l l ow ing  the  co lon  i n  a < t ype  dec la ra t i on> ,  I t s
rangeso r t  i s  ANY i f  the < func t i on  symbol?» i s  i n t r oduced  by a
<prope r t y  dec la ra t i on>  or  by i t s  f i r s t  usage  i n  a < te rm> ,
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Examp le

For  the examp les  g i ven  i n  the  exp ress ions  above we ge t

r angeso r t (ABS)  = NAT

rangeso r t (PRODUCT)  = VECTOR, and

rangeso r t (PLUS)  = r angeso r t (F )  = r angeso r t (G )  = ANY.

P red i ca te  Symbo ls

A p red i ca te  symbol  i s  i n t r oduced  w i t h  i t s  f i r s t  usage i n

- a < t ype  dec la ra t i on> ,  e .g .TYPE MEMBER(S IGN SET)

- a <atom> i n  a quan t i f i ca t i on ,  e .g .  EX X,Y P(X Y) AND ©

Each p red i ca te  symbo l  i s  assoc ia ted  w i t h  a na tu ra l  number ,  ca l l ed

i t s  a r i t y ,  and w i t h a so r t  s ymbo l  f o r  each  a rgumen t  pos i t i on  i ,

ca l l ed  i t s  i t h  domainsort.

The a r i t y  and doma inso r t  o f  p red i ca te  symbo l s  are de te rm ined  i n

the  same way a r i t y and doma inso r t s  a re  de te rm ined  f o r  f unc t i on

symbo l s .

The <equa l i t y  symbo l s>  a re  p rede f i ned  p red i ca te  symbo l s  whose

a r i t y  i s  2 and whose  1s t  and 2nd doma inso r t  i s  ANY. They  a re  the

on l y  p red i ca te  symbo l s  wh i ch  a re  w r i t t en  i n  i n f i x  no ta t i on ,

“TRUE” and "FALSE are p rede f i ned  p red i ca te  symbols  w i t h  a r i t y  0,
wh ich  have the obv ious  mean ing .

I n  the f o l l ow ing  the numbers  i n  ang le  b racke t s ,  e.t. <23>, deno te

e r ro r  code numbers  r e tu rned  by the PLL -comp i l e r  o f  the  MARKGRAF

KARL REFUTATION PROCEDURE ( summar i zed  be low)  when g i ven  a

seman t i ca l l y  i nco r rec t  <exp ress ion>  as i npu t .  The ph rase  unknown

symbo l  deno tes  a s t r i ng  o f  t he  t e rm ina l  a l phabe t  o f  t he  PLL -
g rammar ,  wh i ch  was no t  used before.
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Seman t i ca l l y  co r rec t  So r t  Dec la ra t i ons

A <so r t  dec la ra t i on>  SORT S1, . . .  ,Sm:T l ,  . . .  ,Tn i s  seman t i ca l l y
co r rec t ,  i f

- a l l  S i  and a l l  T j  ( i = l . . .m ,  j = l . . . n )  a re  so r t  s ymbo l s  o r  e l se
are  unknown  symbo l s  ( o the rw i se  e r ro r  message )  <61 ,62 ,63 ,64>  and
S i  i s  a d i r ec t  subso r t  o f  T j  <1> o r  e l se  a t  l eas t  one o f  the
symbo ls  Si  and TJ) i s  an unknown symbo l  <2>,

Seman t i ca l l y  co r rec t  Type Dec la ra t i ons

A < t ype  dec la ra t i on>  T i s  seman t i ca l l y  co r rec t  i f

- T i s  TYPE C l ,  ... ,Cn :S  and S i s  a so r t  s ymbo l  o r  e l se  i s  an

unknown  symbo l  <61 ,62 ,63 ,64>  and f o r  a l l  i = l . . . n  C i  i s  a

cons tan t  symbo l  w i t h  r angeso r t (C i  = 5 <14 o r  C i  i s  an unknown

symbol  <«11,12,16,17>
- o r  T i s  TYPE P (S l , . . .Sn )  and  f o r  a l l  i = l , . . n  S i  i s  a so r t

symbo l  o r  e l se  i s  an unknown  symbo l  <61 ,62 ,63 ,64>  and P i s  a

p red i ca te  symbo l  w i t h  a r i t y (P )=n  <34>  and
doma inso r t { (P=1 )=S1 i<36>  o r  e l se  i s  an unknown  symbo l

<31,32,36,37>
- o r  T i s  TYPE F (S l . . .Sn ) :S  and f o r  a l l  i=l . . .n S and S i  a re  so r t .

s ymbo l s  o r  e l se  a re  unknown  symbo l s  <61 ,62 ,63 ,64>  and F i s  a

f unc t i on  symbo l  w i t h  a r i t y (F )=n  <23>, r angeso r t (F )=S  <27> and

doma inso r t  (F 1)=S1i <26> o r  an unknown symbol <21 ,22 ,24 ,28> ,

Seman t i ca l l y  co r rec t  A t t r i bu te  Dec la ra t i ons

A <a t t r i bu te  dec la ra t i on>  ASSOCIATIVE(F) i s  seman t i ca l l y  co r rec t

i f
- F i s  a f unc t i on  symbo l  w i t h  a r i t y (F )=2  <23> ,  r angeso r t  (F ) =

doma inso r t (F 1 )  = doma inso r t (F  2) <26> o r  e l se  i s  an unknown

symbol  <21 ,22 ,24 ,28> ,

The <a t t r i bu te  dec la ra t i ons>s  REFLEXIVE(P ) ,  IRREFLEXIVE(P )  and
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SYMMETRIC(P) are seman t i ca l l y  co r rec t  i f

- P i s  a p red i ca te  symbo l  w i t h  a r i t y (P )=2  <34> and doma inso r t

(P 1) = doma inso r t  (P 2) <36> o r  e l se  i s  an unknown  symbo l

<31 ,32 ,33 ,37> .

Seman t i ca l l y  co r rec t  Te rms ,  Atoms and Quan t i f i ca t i ons

The so r t  o f  a t e rm  t ,  deno ted  so r t ( t ) ,  i s  t he  r angeso r t  o f  t ,  i f
t i s  a va r i ab le  or  cons tan t  symbo l ,  and e l se  i s  the  r angeso r t  o f

the  ou te rmos t  f unc t i on  symbol  o f  t .

A < te rm> T i s  seman t i ca l l y  co r rec t  i f

- T i s  a cons tan t  symbo l ,  a va r i ab le  symbol  or an unknown symbol
<11 ,12 ,16 ,17>

- or T i s  F (T l . . . Tn )  and f o r  a l l  i = l . . n , T i  i s  a seman t i ca l l y
co r rec t  t e rm ,  F i s  a f unc t i on  symbo l  w i t h  a r i t y (F )=n  <23> and

so r t  (T i )  i s  a subso r t  o f  doma inso r t (F  i )  <81>  o r  e l se  F i s  an

unknown  symbo l  <21 ,22 ,24 ,28 )> ,

An <atom> A i s  seman t i ca l l y  co r rec t  i f

A i s  a p red i ca te  symbo l  w i t h  a r i t y (A )=0  <34> or  A i s  an unknown

symbol <31 ,32 ,33 ,37>

- o r  A i s  P(Tl..T’n) and f o r  a l l  i = l . . . n ,  T i  i s  a seman t i ca l l y

co r rec t  te rm,  P is  a p red i ca te  symbol  w i t h  a r i t y (P )=n  <34> and
so r t (T i )  i s  a subso r t  of  doma inso r t (P  i )  <81> or e l se  P is  an
unknown symbol  <31 ,32 ,33 ,37>

- o r  A i s  T l  =T2 ,  T l  and T2 a re  seman t i ca l l y  co r rec t  t e rms  and =

i s  an <equa l i t y  symbo l> ,

A <quan t i f i ca t i on>Q is  seman t i ca l l y  co r rec t  i f
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- Q i s  ALL X . . .  o r  EX X . . .  and X i s  a va r i ab le  symbo l  o r  an
unknown  symbo l  <51 ,52 ,53 ,55>  and each atom i n  Q i s  seman t i ca l l y

co r rec t ,

Er ro rs  de tec ted  by the  Comp i l e r

The PLL comp i l e r  o f  the  ATP sys tem checks  each i npu t  f o r
syn tac t i ca l  and seman t i ca l  co r rec tness .  An i npu t  con ta i n i ng  s i gns

wh i ch  are  no t  member o f  the  t e rm ina l  a l phabe t  i s  r esponded  by a

message .

***** SYMBOL ERROR <<< xxx IS NO ADMISSIBLE SYMBOL

where  xxx i s  a s i gn  wh i ch  i s  no t  member o f  the  t e rm ina l  alphabet.

For  a syn tac t i ca l l y  co r rec t  i npu t ,  the  comp i l e r  r esponds

++*#++* SYNTAX ERROR >>> xxx  NOT ACCEPTED

UNEXAMINED REMAINDER OF THE INPUT >>> zzz

where  xxx i s  the  s i gn  wh i ch  causes  the syn tac t i ca l  i nco r rec tness

and zzz i s  the  unana l ysed  rema inde r  o f  the  g i ven  input.

For  a syn tac t i ca l l y  co r rec t  bu t  seman t i ca l l y  i nco r rec t  i npu t ,  the

comp i l e r  r esponds

* k * * *  SEMANTIC ERROR nnn >>> message

UNEXAMINED REMAINDER OF THE INPUT >>> zzz

where “nnn”  i s  the seman t i c  e r ro r  code ,  “message ”  i s  an e r ro r
message  exp la i n i ng  the  k i nd  o f  t he  seman t i c  e r ro r  and “ zzz i s

the (no t  ana l ysed )  r ema inde r  o f  the  g i ven  i npu t .
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Par t i cu l a r i t i e s  o f  the  I npu t  Rou t i nes

S ince  the who le  ATP sys tem i s  an INTERLISP p rog ram,  the spec ia l

f ea tu res  o f  t he  INTERL ISP  i npu t  r ou t i nes  have  t o  be t aken  i n to

accoun t ,  i . e .

- ()  i s  r ead  as NIL

~ 7X is  read as (QUOTE X)

- < i s  r ead  as (

- > is  read as a non empty sequence of ) ’ s

— > c l oses  a l l  l e f t - b racke t s  up to  the  f i r s t  l e f t - supe rb racke t  <<

— each l e f t - b racke t  has to  be ma tched  by a r i gh t -b racke t  or  by a

r i gh t - supe rb racke t>

- each  i npu t  has t o  con ta i n  an even  number  o f  " ( i . e . the s t r i ng

ind i ca to r )

- a sequence  o f  b l anks  i s  r ead  as one b l ank  (excep t  i n  a s t r i ng )

- + i s  read as a b lank  i f  i t  i s  f o l l owed  by a sequence of d i g i t s ,
e .g .  +4711  i s  read as 4711

- a sequence  o f  ze roes  i s  r ead  as a ze ro ,  un less  the  sequence  i s

preceeded by non-zero  s i gn ,  e .g .  007 is  read as 7.

Sepa ra to r  Cha rac te r s

In  INTERL ISP  each  o f  t he  f o l l ow ing  cha rac te r s  sepa ra tes  S-
exp ress ions :

- a b l ank
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- a b racke t ,  i . e .  ) ,  ( ,  > or  <

~- the quote s i gn ,  i . e .  ~

~ the s t r i ng  i nd i ca to r ,  i . e .  "

S igns  ac t i ng  as sepa ra to rs  i n  PLL are

— a l l  INTERL ISP  sepa ra to r s

— the co lon ,  i . e .  X:Y i s  the  same as X : Y and

- the comma, i . e .  X,Y i s  the  same as X ,  Y .

The EDITOR i s  a sc reen  o r i en ted ,  syn tax  d i r ec ted  ed i t o r  f o r
so r ted  l og i ca l  f o rmu lae ,  wh i ch  evo l ved  as t he  MKRP-Procedu re

deve loped :  I t  i s  based  on the  p rac t i ca l  expe r i ence  o f  a lmos t  f i ve

yea rs  o f  use .  A l t hough  the  MKRP sys tem i s  a t  bes t  a p i l o t

imp lemen ta t i on  f o r  pu re l y  r esea rch  pu rposes  i t  t u rned  ou t  t ha t
the use of the system became i n to l e rab l y  comp l i ca ted  even fo r  the
expe r i enced  use r  w i t hou t  s t r ong  so f twa re  suppo r t .

The EDITOR p rov ides  abou t  f ou r t y  commands the ma jo r  ones are now

summar i zed  to  ge t  a f ee l i ng  f o r  wha t  can be done .  The f o rmu lae  i n

the a rea  to  be ed i t ed  are  d i v i ded  i n to  two k i nds :  the  ac t i ve  a rea

and t he  pass i ve  a rea .  Rough l y  t he  pass i ve  a rea  cons i s t s  o f  t he

mos t  r ecen t l y  i nse r t ed  f o rmu lae  and t he  symbo l  t ab le ,  t he

seman t i c  checks  and o the rs  have no t  been pe r fo rmed  or  upda ted  fo r

t hese  f o rmu lae .  The p rob lem i s ,  t ha t  t he  sys tem ma in ta i ns  a

reco rd  o f  eve ry th i ng  t ha t  i s  go ing  on,  i n  pa r t i cu l a r  a l i s t i ng  of

the  i n t ended  mean ing  o f  t he  symbo l s  occu r r i ng  i n  t he  f o rmu lae ,
t he i r  a r i t y  and so on and t h i s  r eco rd  i s  bu i l t  up on l y  f o r  t he

ac t i ve  a rea .
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INSERT < fo rmu la>  i nse r t s  a syn tac t i ca l l y  and seman t i ca l l y

DELETE -

DELETE 2

DELETE 3 -
+SHIFT

++SHIFT

~SHIFT

-=SHIET

EDIT 3

READ < f i l e>

WRITE < f i l e>

SWITCH 3 4

UNDO

co r rec t  f o rmu la  as t he  l as t  one i n t o  t he  ac t i ve

area
de le tes  a l l  fo rmu lae

de le tes  fo rmu la  No 2

de le tes  a l l  f o rmu lae  f rom the  t h i r d  one onwards .

sh i f t s  the f i r s t  f o rmu la  o f  the  pass i ve  a rea  i n t o

the  ac t i ve  a rea

sh i f t s  a l l  f o rmu lae  o f  t he  pass i ve  a rea  i n to  the

ac t i ve  a rea

sh i f t s  t he  l as t  f o rmu la  o f  t he  ac t i ve  a rea  i n to

the  pass i ve  a rea

sh i f t s  a l l
ca l l s  the  L ISP-ed i t o r  f o r  the  fo rmu la  No 3

reads  a < f i l e> ,  wh i ch  mus t  have  been  c rea ted  by

the  WRITE command

the  con ten t  o f  t he  ed i t ed  a rea  w i l l  be saved  on

< f i l e>  so t ha t  i t  can be r es to red  l a te r  w i t h  the
READ command

fo rmu la  3 and f o rmu la  4 i n  t he  pass i ve  a rea  a re

exchanged

"Undoes" the l as t  des t ruc t i ve  command
REPLACE <OLD><NEW> rep laces  f o rmu la  <OLD by fo rmu la  <NEW> in  the

PRINT < f i l e>

SHOW

ac t i ve  and pass i ve  a rea

wr i t es  the  symbo l  t ab le  and a l l  f o rmu lae  i n
readab le  fo rma t  onto < f i l e>
(Symbol  1> . . .  <Symbol  m>

<Kind 1> . . . . . .  <Kind n> d i sp lays  a l l
( symbo l  1> t o  <symbo l  m> o r  eve ry  symbo l  o f  t he

k i nd  <K ind  1> to  <K ind  n>

There are f i ve  k i nds  of symbo ls :
SORT

RELATION

CONSTANT

FUNCTION

PREDICATE
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PREFIX

INF IX

STATE

HELP <COMMAND>

d i sp lays  the  comp i l ed  p re f i x  fo rm o f  the  f o rmu lae
d i sp lays  the (uncomp i led )  i npu t  f o rmu lae  in  i n f i x
d i sp lays  t he  d i s t r i bu t i on  o f  f o rmu lae  i n  the
ac t i ve  and pass i ve  a reas
exp la i ns  the use o f  <COMMAND>

H HELP even more exp lana t i on

OK te rm ina tes  the  use r  sess ion  w i t h  the  EDITOR

6 .6 .4 .  The Outpu t  Fac i l i t i e s

When the  use r  se t s  the  op t i ons  f o r  a p roo f ,  he can spec i f y  a f i l e

(p roo f  f i l e ) ,  upon  wh i ch  t he  cou rse  o f  t he  sea rch  f o r  the  p roo f

i s  r eco rded .  At  r un - t ime  as l i t t l e  t ime  as poss ib l e  shou ld be

los t ,  The re fo re  a l l  t he  i n f o rma t i on  wh i ch  i s  impo r tan t  f o r  the

f i na l  p roo f  documen ta t i on  i s  w r i t t en  on to  t he  p roo f  f i l e  i n  a

ve ry  f as t  way and compac t  f o rma t ,  Thus a dense  and comp l i ca ted

sequence  o f  “wo rds ”  i s  gene ra ted  i n  t he  f i l e  con ta i n i ng  a l l  the

essen t i a l  i n f o rma t i on  ( t he  even t s ;  f o r  a s im i l a r  app roach  see

[LMO82|)

Th i s  i n f o rma t i on  i nc l udes :

- the use r ” s  i npu t :

- p re l im ina ry  t r ans -
f o rma t i on :

- p roo f  s t eps :

- s t a t i s t i ca l da ta :

ax ioms ,  t heo rems ,  op t i ons

ax ioms  and t heo rems  i n  t he  i n t e rna l

l anguage  o r  t he  symbo l  t ab le  o f  a l l

symbo ls  used

pa ren t  c l ause (s ) ,  t ype  o f  opera t ion ,

resu l t i ng  c l ause ,  un i f i e r

t h i s  can be p r i n ted  a l so  i n  o rde r  t o

ana l yze  the  l og i ca l  pe r f o rmance  (number

o f  c l auses ,  o f  l i n ks ,  G-  and  R-

pene t rance  etc.)
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Only  a f t e r  the p roo f  i s  f i n i shed  the da ta  on the p roo f  f i l e  is
f u r t he r  p rocessed  such  t ha t  t he  cou rse  o f  t he  p roo f  can be
exac t l y  reconstructed,

The re  are f ou r  l eve l s  o f  abs t rac t i on  upon wh i ch  the sea rch  fo r  a
p roo f  can be r eco rded ,

DUMP: the comp le te  dump o f  the  proof  f i l e

IMPLEMENTATIONAL: a ve ry  de ta i l ed  (bu t  r eadab le )  r eco rd  of
eve ry th i ng  t ha t  happened  (and  why i t
happened )  du r i ng  the  sea rch  f o r  a p roo f

LOGICAL:  a p re t t y  p r i n ted  reco rd  o f  t he  r eso lu t i on

s teps  t ha t  were  pe r fo rmed

PROOF: S im i l a r  to  LOGICAL bu t  on l y  t hose  s teps  are
reco rded  t ha t  we re  ac tua l l y  used  i n  the
proof  

|

Cur ren t  work  t r ans fo rms  the PROOF i n  a f i r s t  t r ans fo rma t i on  i n to
a na tu ra l  deduc t i on  s t y l e  p roo f  and a second  t r ans fo rma t i on  i s
t hen  t o  t r ans la te  t h i s  na tu ra l  deduc t i on  p roo f  i n t o  "na tu ra l
l anguage ” ,  i . e .  a f o rma t  c l ose  to  a human ma thema t i c i ans  way o f
exp ress ing  h i s  r eason ing .

6 .6 .5 .  T races

For  debugg ing  pu rposes  some o f  t he  modu les  have  add i t i ona l
p ro toco l  f unc t i ons ,  These  f unc t i ons  can on l y  be ac t i va ted  f r on
the LISP l eve l  and no t  f rom the ATP ope ra t i ng  sys tem.
In  o rde r  t o  ac t i va te  a t r ace  f unc t i on ,  a p rog rammer  ca l l s  the
LISP i n te rp re te r  and w r i t es :
(mod-TRACE ON) or  (mod-TRACE T) ,  where  mod i s  an abb rev ia t i on  of
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the  modu le  name,
(mod-TRACE ON) d i r ec t s  the t r ace  to  the gene ra l  p ro toco l  f i l e  and
(mod-TRACE T) to  the terminal,

Wi th  (mod-TRACE OFF) t he  t r ace  i s  sw i t ched  o f f .

The f o l l ow ing  t r ace  f unc t i ons  are  available:
1 . Norma l i za t i on :  NORM-TRACE

Deta i l ed  i n fo rma t i on  abou t  the t r ans fo rma t i ons  o f  the p re f i x
f o rmu la  to  c l ausa l  f o rm  are  printed,

Se lec t i on :  SEL-TRACE

I n f o rma t i on  about  the ac t i va t i on  o f  the ope ra t i on  b locks  and

deduc t i on  and reduc t i on  s teps  a re  p r i n ted ,

Te rm ina to r :  TERM-TRACE

The name o f  t he  cu r ren t l y  exam ined  c l ause  t oge the r  w i t h

s ta t i s t i ca l  va lues  abou t  the compa t i b i l i t y  t es t  of  un i f i e r s
are p r i n ted ,  I n  add i t i on  a l l  i n t e rna l l y  gene ra ted  un i t c l auses
are  l i s t ed ,

Connec t i on  g raph :  CG-TRACE

A l l  ob jec t s  ( c l auses ,  l i n ks ,  un i f i e r s )  wh i ch  are removed  f rom

the  g raph  t oge the r  w i t h  a sho r t  exp lana t i on  why t hey  are

removed ,  are  l i s t ed .
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6 .6 .6 .  A Tes t  Run

The f o l l ow ing  p ro toco l  l i s t s  a t yp i ca l  sess ion :  the f i r s t  se t  of

i ns t r uc t i ons  i s  used  t o  se t  up t he  da tabase  e t c .  The second  se t

i s  t he  f i na l  ou tpu t  p ro toco l .  The t heo rem to  be p roved  i s  P.

Andrews ( sma l l )  cha l l enge  prob lem:

(ALL x,  Qx = EX y .  Qy) = (EX x ALL y Ox = Qy)

The sess ion  as i t  appears on the  Sc reen :

DO ATP-C50
% P500 L ISPV4 /   /81-09-29 LOADED
ATP SYSTEM: MARKGRAF KARL REFUTATION PROCEDURE, UNI KARLSRUHE

VERSION: 21 -DEC-83

DEUTSCH, ENGLISH? (D /E )

e
THE DIALOGUE LANGUAGE IS ENGLISH FOR THIS ATP~SESSION.

HLCELP] PRINTS A LIST OF ALL AVAILABLE COMMANDS.
HLELP]  <COM> EXPLAINS  THE COMMAND <COM>.

0
THIS IS THE OPTIONS-MODULE. FOR ASSISTANCE TYPE HLELP ] .
&

&

p r :p roo f . f i l e  p r . and rews .sma l l
PR: PROOF.FILE PR.ANDREWS.SMALL
gen :sp l i t t i ng
GEN: SPL ITT ING in

 —
 

1

1

&

ok

a

P
CALL ING THE FORMULA EDITOR.  PLEASE EDIT  THE AX IOM FORMULAS:

H PRINTS A L IST  OF ALL AVAILABLE  EDITOR-COMMANDS.
OK TERMINATES THIS EDITOR-SESSION.

>
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ok
EDITOR TERMINATED.
WARNING:
CALLING THE FORMULA EDITOR.

>

r $k i n f47 . f . t h . and rews .sma l l

THERE ARE NO AXIOM FORMULAS!
PLEASE EDIT THE THEOREM FORMULAS:

DATE OF FILE GENERATION: 15 -JUL -83  12 :49 :01
SYMBOL-TABLE AND ONE FORMULA LOADED FROM FILE S$KINF47.F.TH.ANDREWS.SMALL.
INSERTED IN THE ACTIVE AREA AT POSITION 1 .

>
[ =

* 1 *

>
ok
EDITOR TERMINATED.

* kkkx  REFUTATION

THEOREM 53 MSEC L INKS:2  +0 -0  CLAUSES: 4 +0 -0  STORE:265 49
REDUCED 25 MSEC LINKS:?2 +0 -0  CLAUSES: 4 +0 -0  STORE:265 49
THEOREM 168 MSEC L INKS:10  +0 -0  CLAUSES: 4 +0 -0  STORE:264 49
REDUCED 69 MSEC L INKS:10  +0 ~-0 CLAUSES: 4 +0 -0  STORE:264 49
THEOREM 91 MSEC L INKS:12  +0 -0  CLAUSES: 4 +0 -0  STORE:263 49
REDUCED 440 MSEC L INKS:12  +1 -1 CLAUSES: 4 +0 -0  STORE:261 49
MARKED 135 MSEC L INKS:12  +0 -0  CLAUSES: 4 +0 =0 STORE:260 49
STEP 1 109 MSEC L INKS:16  +4 -0  CLAUSES:5 +1 =0 STORE:260 49

210 MSEC L INKS:S  +1 -12 CLAUSES:3 +0 =2 STORE:259 49

*kx%kk*x REFUTATION DETECTED BY TERMINATOR! #*%kdk¥*

STEP 2 102 MSEC L INKS:7  +2 =-0 CLAUSES: 4 +1 =0 STORE:257 49
11 MSEC L INKS:7  +0 -0  CLAUSES: 4 +0 -0  STORE:257 49

STEP 3 48 MSEC LINKS:?7 +0 -0  CLAUSES:S +1 -0  STORE:256 49

* dd kk  REFUTATION OF SPLIT PART 1 SUCCEEDED. ///1/1/1111111111171007071771071017101711

* kk4 *  REFUTATION OF SPLIT PART 2 IN IT IATED.  ///711117111717111110°00010000077777171

THEOREM 345 MSEC L INKS:21  +0 -0  CLAUSES: 4 +0 -0  STORE:252 49
REDUCED 168 MSEC L INKS:13  +0 -8  CLAUSES: 3 +0 =1 STORE:252 49
THEOREM 105 MSEC L INKS:16  +0 -0  CLAUSES:3 +0 =0 STORE:251 49
REDUCED 838 MSEC L INKS:16  +4 -& CLAUSES:3 +0 -0  STORE:248 49
MARKED 103 MSEC L INKS:16  +0 -0  CLAUSES: 3 +0 -0  STORE:247 49
STEP 1 358 MSEC L INKS:22  +14 7-8 CLAUSES: 4 +1 =0 STORE:246 49

156 MSEC L INKS:11  +1 -12 CLAUSES:3 +0 -1 STORE:245 49
STEP 2 131 MSEC L INKS:16  +5 ~0 CLAUSES: 4 +1 -0  STORE:243 49

220 MSEC L INKS:3  +1 -14  CLAUSES:?2 +0 =2 STORE:242 49

OF SPLIT PART 1 IN IT IATED.

NOW THE PROOF BEGINS:
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xxx  REFUTATION DETECTED BY TERMINATOR! *i*kk*w%i%

STEP 3 104 MSEC L INKS:6 +3 -0  CLAUSES: 3 +1 =0 STORE:241 49
12 MSEC L INKS:6 +0 -0  CLAUSES:3 +0 -0  STORE:241 49

STEP 4 49 MSEC L INKS:6 +0 -0  CLAUSES: 4 +1 =0 STORE:240 49

x%%k%x* REFUTATION OF SPLIT PART 2 SUCCEEDED. ////17/17111111711117117171171717117177717

kkhkkkdkhkkhkkkkdkikkkkk PROOF SUCCESSFULLY TERMINATED. Kick ck ck  ck ck

a

pr  p r . and rews .sma l l

TCOMPL FORMAT IWOC.ATP.PROT.EXECUTE CREATED 10 -DEC-83  08 :50 :32  FILENAME: IWOC
<ATP.PROT.EXECUTE.COM.OO
ATP.PROT.EXECUTECOMS

TCOMPL FORMAT IWOC.ATP.PROT.PREPARE CREATED 10 -DEC-83  08 :51 :26  FILENAME: IWOC
«.ATP.PROT.PREPARE.COM.0O

ATP.PROT.PREPARECOMS

TCOMPL FORMAT IWOC.ATP.PROT.DATASTRUCTURE CREATED 10 -DEC-83  08 :56 :42  FILENAME
: IWOC.ATP.PROT.DATASTRUCTURE.COM.DO
ATP.PROT.DATASTRUCTURECOMS

TCOMPL FORMAT IWOC.ATP.PROT.PRINT CREATED 10 -DEC-83  09 :01 :24  FILENAME: IWOC.A
TP.PROT.PRINT.COM.0OO
ATP.PROT.PRINTCOMS
PROTOKOLL AUF FOLGENDE DATEI ERZEUGT: PR.ANDREWS.SMALL.LIST.O0O

ex
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The F ina l  P ro toco l

ale ee ie deale i e  ale ala ale ale aleale al ale ale ale ale aleale ala ala ale aleale ala ak die ale lea i a  al l  %&

ATP=SYSTEM : M K R P » UNI KARLSRUHE

VERSION : 21 -DEC-83
DATE : 18 -JAN-84  20 :28 :58

* 
4 

¥ 
* 

¥

* 
A 

%
 

* 
* 

*

% kk  dk dk k k  ok de gk dk de d k  kkk  kk  kkk  kkk  kk  kk  de dk dk ok k kk  dk  kkk  kkk

FORMULAE GIVEN TO THE EDITOR

THEOREMS : (CALL  X @ (X ) )  EQV (EX  Y @ (Y ) ) )
EQV
(EX X ALL Y Q (X)  EQV @ (Y ) )

REFUTATION OF SPLITPART 1

IN IT IAL  CLAUSES : * T1 : ALL X:ANY =@(C_1)  =-Q(X )
* T2 : ALL X:ANY +Q(X)  +Q(C_2 )
* T3 : ALL  X :ANY +Q(C_3 )  -Q (X )
* T4 : ALL  X :ANY =Q(C_3 )  +Q(X )

T1 1_REPL_2 -=> * T1 .1  : =-Q(C_1)
T2 2_REPL_1 -=> * T2.1  : +Q(C_2)
T4s2 + T1 .1 ,1  ==>  * R1 : =@(C_3)
13 ,1  + R11  -=>  * R2 : = -Q(C_2)
T2 .1 ,1  + R2 ,1  ==>  * R3 :
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REFUTATION OF SPLITPART 2

IN IT IAL  CLAUSES : * T1 : ALL X ,Y :  ANY <+Q(X) =-Q(Y)
T2 : =Q(C_4 )  +Q(C_5 )

* T3 : ALL X:ANY =Q(X)  =Q(F_1 (X ) )
* T4 : ALL X:ANY +Q(X)  +Q(F_1 (X ) )

T4 ,1  + 71,72 ==> %* R1 : ALL X ,Y :ANY +Q(F_1 (X ) )  +Q(CY)
R1 1_REPL_2  -=> * R1 .1  : ALL X:ANY +Q(F_1 (X ) )
R1.121  + T1 .2  > * R2 : ALL X:ANY +Q(X)
R2.,1 + T3. ,1 ==>  % R3 : ALL X:ANY =Q(F_1 (X ) )
R2,1  + R3 ,1  ==>  * R4 :

Q. E.  Da.
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