Dynamic refractive tensor field
tomography as an inverse problem for a
transport equation

Dissertation
zur Erlangung des Grades des Doktors der Naturwissenschaften

der Fakultat fiir Mathematik und Informatik der Universitat des

Saarlandes

von
Lukas Vierus

Saarbriicken, 2024

UNIVERSITAT
DES
SAARLANDES




Tag des Kolloquiums:

Dekan:
Vorsitzender:
Berichterstatter:

Protokollfiihrer:

14.11.2024

Prof. Dr. Roland Speicher
Prof. Dr. Michael Bildhauer
Prof. Dr. Thomas Schuster
Prof. Dr. Sergej Rjasanow
Prof. Dr. E. Todd Quinto
Dr. Dimitri Rothermel









Acknowledgements

First and foremost, I would like to acknowledge my supervisor, Professor Thomas
Schuster. I am grateful to him for arousing my interest in inverse problems during
my Bachelor’s thesis. I would also like to thank him for the trust he placed in me
and the offer to continue the exciting research question from my Master’s thesis over
the past few years.

[ am grateful to the late Professor Alfred K. Louis for his collaboration in our joint
DFG project and for initially agreeing to serve as a co-referee for this thesis. His
passing is a profound loss to the academic community, and I am honored to have had
the privilege of working with him. I also sincerely thank Professor Sergej Rjasanow,
who kindly stepped in for Professor Louis, and Professor E. Todd Quinto for serving
as co-referees for this thesis.

Furthermore, I would like to thank my maths teacher Katharina Backes, who got
me interested in mathematics when I was a junior at grammar school and made me
want to study mathematics very early on.

I would like to thank Clemens Meiser, Dr. Dimitri Rothermel and Alice Oberacker
for the many mathematical and friendly discussions that greatly helped me in com-
pleting this thesis. I would also like to thank Dr. Rebecca Rothermel, Dean Zenner,
Petra Schuster-Gentes, Claudia Stoffer and Cindy Ernst for the pleasant working
atmosphere.

[ 'am very grateful to Clemens Meiser and Alice Oberacker for proofreading this thesis.

Finally, I would like to thank my family for their unwavering support. Special thanks
go to my parents Stefanie and Markus, my sibling Leno and my partner Michelle.

iv






Abstract

The model of the X-ray transform from computed tomography can be transferred
to numerous applications, for example by increasing the dimension of the problem.
There are already many publications in which generalizations of this transformation
are investigated. For example, instead of scalar functions, vector or tensor fields
are reconstructed. In addition, there are also treatments of time-varying quantities,
intensity losses due to absorption, or deviations of ray trajectories from exact straight
lines. However, these phenomena have so far been discussed only individually or in
pairs, not all simultaneously.

In the first part of this work, a holistic model of tensor tomographic applications
of any rank and dimension is developed. For this purpose, a generalized beam
transformation is derived that considers absorption and refraction effects as well
as temporal variability. By reformulating the integral equation into a transport
equation, the adjoint problem can be derived. Through the approximation of this
parabolic equation by elliptic equations, its unambiguous solvability is shown. This
makes it possible to develop an efficient algorithm for the reconstruction of tensor
fields, which is then applied to synthetic data generated using the model from the
first part. It turns out that the modified model leads to a significant improvement in
the reconstructions.
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Zusammenfassung

Das Modell der Rontgen-Transformation aus der Computertomographie kann auf
zahlreiche Anwendungen iibertragen werden, indem beispielsweise die Dimension des
Problems erhoht wird. Es gibt bereits viele Veroffentlichungen, bei denen Verallge-
meinerungen dieser Transformation untersucht werden. Dabei werden zum Beispiel
statt skalaren Funktionen Vektor- oder Tensorfelder rekonstruiert. Hinzu kommen
auch die Behandlungen von zeitlich variierenden Groéfien, Intensitédtsverlusten durch
Absorption, beziehungsweise Abweichungen der Strahlverldufe von exakten Geraden.
Allerdings wurden diese Phanomene bisher nur einzeln oder paarweise diskutiert,
nicht aber alle zur selben Zeit.

In dieser Arbeit wird im ersten Teil ein ganzheitliches Modell tensortomographi-
scher Anwendungen beliebigen Ranges und Dimension ausgearbeitet. Dazu wird
eine verallgemeinerte Strahltransformation hergeleitet, die sowohl Absorptions- und
Brechungseffekte als auch zeitliche Veranderlichkeit berticksichtigt. Durch Umfor-
mulierung der Integralgleichung zu einer Transportgleichung kann das adjungierte
Problem hergeleitet werden. Fiir die Approximation dieser parabolischen Gleichung
durch elliptische Gleichungen wird dessen eindeutige Losbarkeit gezeigt. Dadurch ist
es moglich einen effizienten Algorithmus zur Rekonstruktion von Tensorfeldern zu
entwickeln. Dieser wird auf synthetische Daten angewendet, die mithilfe des Modells
aus dem ersten Teil generiert werden. Es stellt sich heraus, dass das modifizierte
Modell zu einer deutlichen Verbesserung der Rekonstruktionen fiihrt.
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Introduction

Inverse problems are a very large part of numerical mathematics. The aim is to
deduce the underlying cause of a system from an observed effect. The direct problem
is often easier to solve because a physical model is known. In the case of inverse
problems, this model has to be inverted to determine the cause of the effect, as in
the case described below. This is not possible without further effort, as the following
two examples show.

Direct/Forward problem

~
.

Cause Model Effect

Inverse problem

Figure 0.1: Sketch of direct/forward and inverse problem

A good example of an inverse problem is the reconstruction of an accident. In this
context, one typically observes the consequences of an accident, such as marks on the
road, damage to vehicles, or injuries to people. The aim could be to retrospectively
determine the exact circumstances and parameters of the accident from these visible
indications of how it happened. This inverse problem often requires complex analysis,
as several factors can influence the accident. These include the speeds of the vehicles,
their positions before and after the collision, the frictional properties of the road and
many other parameters. The physical representation of the course of the accident
therefore corresponds to the model. The cause would be the actual course of the
accident, including the specific actions of the drivers involved, road conditions and
other relevant factors. We take the observable results of the accident, such as marks
on the road, damage to vehicles, and injuries to people, as the effect. The following
problems arise: It could be, for example, that two different accident sequences lead
to identical lanes on the road or the same damage to the vehicles. If no further
information is available, there would be no clear explanation for the accident. Another



aspect could be that the tracks were falsified due to other external circumstances,
so without this knowledge, there is no logical hypothesis. It could also happen that
tracks that cannot be measured exactly lead to a completely different conclusion. Let
us assume, for example, that the exact position of the tire tracks on the road cannot
be precisely determined due to measurement inaccuracies or other uncertainties. A
minimal deviation in the interpretation of the tracks could lead investigators to
conclude that the vehicle involved was braking when it was accelerating, or that it
was swerving to the left when it was instead swerving to the right.

In mathematical applications, too, it quickly becomes clear that the inverse problem
is often much more difficult to solve. Let us take the simplified approach that the
population of some bacteria behaves according to the following function: At time ¢
the function

f(t) =10%e", te[0,00)

gives the number of bacteria present in an observed area.
f®)

107

|
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Figure 0.2: Plot of bacteria population

The function f therefore corresponds to the model with which the number of
bacteria can easily be determined for a specific point in time by simply inserting the
respective value into the function and evaluating everything. Conversely, if you want
to determine the possible point in time for a given number, another problem arises:
No explicit inverse function can be written for this function. If you have enough data
points, the function f can be plotted and you can find an approximation for the
value you are looking for by reading it off. However, the exact time cannot usually
be determined in this way. To obtain the best possible approximation in this case,
you can use the Newton method, for example. This is an iterative procedure which,
under certain conditions, converges at least locally to the required solution. As a
result, a decision must be made at a certain point as to which sequence element you
are satisfied with. For example, as a rule, this happens when the distance between
successive iterations falls below a predetermined value. In the case of a non-injective
function such as f, where there is no unique preimage for certain function values. In
such cases, a selection for the physically most sensible solution must be made based
on a priori information.

These two examples show that even for supposedly simple forward problems, the
corresponding inverse problems can present some difficulties. As mentioned above,



one of the biggest challenges is dealing with inverse mappings which, if they exist,
are not bijective and continuous. Things become much more complicated when
considering mappings between higher or even infinite-dimensional spaces. Especially
in the latter case, exact inversion formulas can rarely be given. However, if this is
the case, they are usually not continuous. This means that even small measurement
inaccuracies of the effect lead to large differences in the possible cause. In addition,
there may also be several causes that lead to the same result. In the previous example,
this would correspond to the case where the number of bacteria is the same at several
points in time. For complex inverse problems, it, therefore, takes a large number of
theoretical considerations to develop a method that decides in favor of the physically
most sensible solution when several solutions exist and does not react too sensitively
to possible inaccuracies.

In this thesis, we only refer to linear inverse problems, i.e., the effect depends linearly
on the cause. Tomographic problems are a large area of such problems. This involves
sending signals of an acoustic, mechanical, or electromagnetic nature through an
object that cannot be seen from the outside to obtain and visualize information
about its interior. In this work, we deal with the tomography of tensors. In general,
tensors are multi-linear mappings. Tensor tomography refers to the reconstruction of
matrices as representatives of bilinear mappings, i.e., second-rank tensors. However,
vector-valued functions can also be understood as tensors, more precisely as 1st-rank
tensors. This is because vectors v can be interpreted as a linear mapping by (v, ).
Analogously, scalar functions describe a Oth-rank tensor. It therefore makes sense to
investigate the theory for tensors with maximum degree that appear in applications
and then to obtain information about the treatment of lower rank tensors as simplified
special cases.

Computerized Tomography (CT), often regarded as one of the most classical appli-
cations of the 2D X-ray transform, revolutionized medical diagnostics by enabling
non-invasive visualization of internal anatomical structures. By collecting X-ray
data from various angles and employing mathematical algorithms, CT scanners
reconstruct detailed cross-sectional images, offering clinicians unprecedented insights
into tissues, organs and abnormalities. The inverse problem mathematically involves
determining the absorption coefficient f based on integral data I f, given by

1f(@.§) = [ f(e+r)dr, 1)

providing information about the intensity of an outcoming ray at x in direction &, cf.
[64].

There are plenty of inverse problems that exhibit a similar integral model to (1). For
example, in Single Photon Emission Computed Tomography (SPECT), the same
formula but with an additional damping term is used but f describes a radioactive
source that is to be determined, c.f. [18] and [37]. But also reconstructions of
higher-dimensional quantities are encountered in certain applications. The field of
vector tomography has evolved from various sources and applications that cover a
wide range of topics and challenges. A pioneering work in this field was done by
Norton in 1988, which stands as a precursor to two-dimensional vector tomography
and is documented in [66]. The image of the vectorial beam transformation is a scalar
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function. This is because instead of the vector field, only projections on the ray’s
direction vector of the propagation are considered. Consequently, all parts of a vector
field that are orthogonal to this direction are ignored. Therefore, this transformation
is only injective for divergence-free vector fields. More detailed information can be
found in [28], [70], [95] and [99]. This theory can be used to visualize blood flows
in human bodies, see [48]. Another major application is the detection of velocity
anomalies of seismic wave propagation in the Earth’s interior, which can be used
to predict earthquakes, see [5], [7] and [17]. In some cases, the consideration of
absorption effects is also important. These then appear as an additional weighting
factor in the integral transformation. This problem, among others, was dealt with
in [15], [44], [63] and [82].[24] and [30] show that this concept can also be applied
to tensor fields. Here, too, analytical results such as injectivity or results regarding
the stability or range of the transformation can be proven, see [3], [8], [21], [72], [73],
[90], [96], [97] and [98]. It is noteworthy that this problem can be reformulated as a
boundary value problem, see [27]. In [25], the unambiguous solvability of the partial
differential equation under certain conditions on the absorption coefficient is shown.
The applications of tensor fields are far-reaching. They can be found, for example, in
the calculation of internal stresses in optic fibers, c.f. [76] and [77], strain tensors in
polycrystalline materials [56], diffusion tensors [71] and in the field of photoelasticity,
see [1],[2],]49] and [55].

In all the sources mentioned so far, it is assumed that the signals move in a straight
line through the object under investigation. In practice, however, there are always
deviations from these lines, although to a small extent in certain cases. This
is particularly the case if the object is inhomogeneous, i.e., consists of several
materials. To take these deviations into account, Riemannian manifolds must be
considered. Their comprehensive theory is for example dealt with in sources [6],
[47] and [88]. In [86] it is explained how time-of-flight measurements can be used
to approximately determine the refractive index inside an object. This also leads
to a better approximation of the signal propagation although there are no more
inversion formulas as in the Euclidean case, see [52]. Here, too, it can be seen that
only the divergence-free components of a field can be reconstructed without taking
absorption into account. There is a large number of numerical results that include
refraction effects, limited to the vector undamped case, c.f. [61], [75], or the scalar
damped case, c.f. [26], [29]. Another aspect that is dealt with in the context of
beam transformations is the time dependence of a field. Sources like [50] and [51] on
theory and [83] and [84] on numerical analysis provide theory on general dynamic
inverse problems. Specifically, e.g. [32], [39], [40], [41] deal with dynamic computed
tomography. The aim is to deal with possible artifacts caused by any movement of
the patient during the scan.

In summary, the above sources have generalized the model of the original X-ray
transformation from (1) by extending the dimension from static scalar to dynamic
tensor fields to be reconstructed and by including both absorption and refraction
effects. This work aims to develop a holistic approach that unifies all these aspects.

In the first chapter, all mathematical theories are introduced, which are necessary
for the modeling of the problem and the numerical implementation. This includes
the theory of inverse problems as operator equations. In particular, it describes how,
at least in theory, reasonable solutions can be computed by iterative methods, even
if the available measured data are subject to errors. After that, some important
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definitions and properties of tensors are given, to be able to describe tensor tomogra-
phy mathematically precisely. The third aspect is an introduction to Riemannian
geometry. This is needed to be able to describe the exact course of the rays in a
medium. In the second chapter, some examples of physical problems in different
dimensions are investigated, which can be modeled with a ray transformation. It
is shown that the transformations can all be brought to a similar form. However,
it also becomes clear that some things such as absorption, time dependence and
refraction effects are not taken into account. All these phenomena are embedded in
the model one after the other. Finally, a closed integral transformation is obtained
again. Although continuity can be proved for this one, unfortunately, the formula
is too complex to give direct inversion formulas. Instead, one derives an equivalent
formulation via a transport equation with appropriate initial and boundary condi-
tions. For this problem, with the help of a perturbation term, we show the existence
of a unique weak solution and thus the well-definiteness of the problem. For the
numerical implementation, using the transport equation, we compute the adjoint
operator, which again consists of the solution of a differential equation. From the
derivation, we also see what the adjoint integral operator looks like. In the last
chapter, we then perform some numerical experiments with both forward and adjoint
operators. For simplicity, we restrict ourselves to the time-independent setting and
concentrate on the reconstruction of vector fields because of better visualization. For
reasons of symmetry, it makes sense to choose a polar grid for the reconstruction of
the fields on an area M. For this purpose, we test which combination of radii and
angles leads to the best results. For certain simple vector fields and an Euclidean
metric (propagation of the waves along straight lines), the forward operator can also
be determined analytically. We use these examples to test the quality of the forward
integral operator. As it turns out, it can be approximated very efficiently with
appropriate quadrature formulas. Then we test the quality of the adjoint operator
by determining the absolute error for different numbers of propagation directions.
After careful analysis, we have identified the most effective grid dimensions. We
generate synthetic data with refraction effects calculated into varying degrees and
then apply noise of varying magnitudes to these data. With these data, we check the
above-mentioned constraint from the derivation of the problem, which only allows
certain relations from refraction and absorption.

Finally, there is given a brief outlook on future research.






1 Mathematical preliminaries

In the first chapter we provide the basics for our work. Here we first deal with linear
inverse problems. In the second part, definitions and notations from tensor analysis
and Riemannian geometry are given.

1.1 Inverse Problems

In this subsection, we deal with some useful tools from the theory of inverse problems.
These include regularization methods in the form of iterative procedures as well as
the possible acceleration of these calculations. This section is mainly based on the
monographs from [54], [58] and [79]. All other sources are listed as usual.

Inverse problems usually consist of reconstructing causes from observed effects. The
connection between cause and effect can be expressed by the following equation

Af =g. (1.1)

The mathematical model, expressed by a mapping A: X — Y, maps the set of causes
X to the set of effects Y. Almost all inverse problems that are of practical relevance
are ill-posed in the sense of Hadamard [38]. This is the case if at least one of the
following conditions does not apply.

Definition 1.1. Let X and Y be Hilbert spaces, A: X — Y a linear mapping. The
equation Af = g is called properly-posed or well-posed if the following holds:

a) Existence: For every g € Y there is (at least one) f € X such that Af = g.
b) Uniqueness: For every g € Y there is at most one f € X with Af = g.

c¢) Stability: The inverse mapping A=1: Y — X is continuous, i.e., the solution f
depends continuously on the data g.

Equations for which (at least) one of these properties does not hold are called ill-posed.

We first need some notations. In the following, we focus on continuous linear
mappings between Hilbert spaces X and Y and define

L(X,)Y)={B: X = Y|Bis linear and ||B|| == sup ||Bzl||y < oco}.

z||x=1



Further, we set

N(A) ={f € X|Af =0}  and  R(A)={Af|f € X}

as the null space and range of A. For a closed subspace U C X we denote by
Py : X — X the orthogonal projection from X on U. For A € L(X,Y) there exists
a unique operator A* € L£(Y, X) which is called the adjoint operator of A satisfying

(Az,y)y = (x, A%y)x forallze X, yeY. (1.2)

where (-, )y and (-, -)x denote the scalar product in Y, respectively in X.
We will now extend the solution concept for non-bijective operators A. Therefore,
we consider elements f € X that are characterized in the following way:

Theorem 1.2. Let g €Y and A € L(X,Y). Then the following are equivalent.

a) f € X satisfies Af = Pra9-

b) f € X minimizes the functional

1
Jo = ST — gl (13

c) f € X satiesfies the normal equation
A*Af = A%g. (1.4)

Proof. See [79]. O

This theorem provides a way to cope with operators that are not surjective: If there
is no solution of the operator equation Af = g we seek for one that at least minimizes
the residual ||Af — g||y. For non-injective operators, we make use of the following
statement:

Lemma 1.3. Let g € Y. Then:

a) The set of solutions of the normal equation L(g) = {p € X|A*Ap = A*g} is
non-empty if and only if g € R(A) ® R(A)*.

b) For g € R(A) ®@R(A)* there is exactly one element fT on 1L(g) with a minimal
norm, i.c., ||fY|x < ll¢llx for all v € L(g)\{f'}.

Proof. See [79]. O



Definition 1.4. The operator A': D(AT) = R(A) & R(A)* C Y — X that maps
any g € D(AT) to the uniquely determined element f1 € LL(g) with minimal norm,
is called generalized inverse of A € L(X,Y). We call fT = Alg the minimum-norm
solution of Af = g.

It can easily be verified that fT € A/(A)+. We arbitrarily selected the element with
the smallest norm from the set LL(g). It would also be conceivable to minimize the
distance to a certain element fy € X. In that case, it is possible to insert some prior
information about the solution as we will see later. The corresponding solution is
also clearly determined. We call it the fy-minimum norm solution and also denote it
by fT. For the fy-minimum norm solution, it holds that

1= Alg + Pya fo. (1.5)

Compact operators are a class of operators that typically lead to ill-posed problems.
If their range is not finite-dimensional their generalized inverse cannot be continuous.

Definition 1.5. Let X and Y be normed spaces. The linear operator A: X —'Y is
called compact if one of the following equivalent properties applies:

a) Each bounded set U C X has a relatively compact image, i.e., A(U) is compact
mY.

b) Is {¢n}nen C X a bounded sequence then the sequence of images { App tnen C Y
has a convergent subsequence.

We set

K(X,Y)={A: X —» Y|A is linear and compact}.

Theorem 1.6. Let XY be Hilbert spaces and A € K(X,Y'). There are a monotonic
decreasing sequence {o;}jen C RT that is finite or converges to 0, and complete

orthonormal bases {u;};jen CY of R(A) and {v;}jen C X of N(A)* such that

Avj = ojuy, Atuj = ojv; forallj € N. (1.6)

Given x € X, Ax can be written as a series expansion as

Az = iaj(a:,vj)xuj. (1.7)

J=1

Consequently, compact operators can be seen as a generalization of finite dimensional
linear operators (matrices) to infinite dimensional spaces.

9



Note that AT is not continuous if dim(R(A)) = oo because the (0;) ey in (1.7) must
have an accumulation point in 0. This brings us to the discussion of the third bullet
of Definition 1.1:

So far, we know how to treat the first two points of Theorem 1.2. If the operator A
is not surjective, we are satisfied with an appropriate projection, which hopefully
is close enough to a physically meaningful solution. If the operator is not injective,
i.e., there are several solutions to the inverse problem, we consider the one with the
minimum norm or the one that has the smallest distance to another element f, € X.
What remains is the problem of the discontinuity of the inverse A=!. In reality, we
want to solve a linear operator equation

Af =g, geR(A),

where we are only given some noisy data ¢° with

lg —g°lly < 6.

We call § > 0 the noise level. With the definition of a generalized inverse, it was
possible to manage the operator not being bijective. The problem of inverting the
operator continuously remains. In fact, if R(A) # R(A) then the generalized inverse
Al is discontinuous (c.f. [79]). As a remedy, one has to regularize and stabilize the
inverse problem. This can be done by approximating A’ by a family of continuous
operators {R;};~o that is defined on Y. From that we need to choose a proper
element from the family {R;g°};~0 C X which approximates Afg the best. One may
think of the element Ry, ,¢° that minimizes the error ||Afg — R;¢°||x but this fails
with the missing knowledge of Afg. All this can be summarized in the following

definition.

Definition 1.7. Let A € L(X,Y) and {R;}+~0 be a family of continuous operators
fromY to X with R;,0 = 0. If there is a mapping v: (0,00) X Y — (0,00) such that
for each g € R(A)

sup{[[A'g — R,5009°llx | 9" €Y, llg = ¢’lly <6} =0 ford—0,  (18)

then ({ Ry }i>0,7) is called a regularization for At. The mapping vy is called parameter
choice and satisfies

lim sup{~(3, g")lg" € Y. llg — ¢lly <0} =0. (1.9)

There is
a) a priori choices only depending on 4,

b) a posteriori choices depending on § and ¢°.

10



Equation (1.8) yields
(lsi_r% IR, 5499 — Algllx =0 for all g € R(A).

From (1.9) it is clear that I' := {v(d, g)|6 > 0, g € R(A)} has an accumulation point
at 0 and hence,

Jim [[Rag = Afgly =0 forall g € R(A). (1.10)

We obtain the following lemma.

Lemma 1.8. Let A € L(X,Y) and ({Ri}i>0,7) be a reqularization for AT. Then,
{R\}rer converges pointwise to At on R(A) as X — 0.

The reconstruction error |A'g — R,¢°||x of regularization can be divided into an
approximation error and a data error:

14T = Rig’[|x < ||A'g — Rigllx + || Ri(g — ¢°)llx -

approximation error data error

Reconstruction error

1 >t
topt

Figure 1.1: Behavior of approximation and data error

Figure 1.1 is a sketch of the typical behavior of the reconstruction error and its
components. For ¢ — 0, the approximation error tends to 0 while the data error
diverges. For t — oo it is the opposite way. Therefore, the reconstruction error tends
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to infinity as t — 0 and t — oo. The important question is how to choose an optimal
regularization parameter ¢,,; that minimizes that error.

Some regularization procedures are now presented: The first method is the so-called
Landweber Method. It is based on transforming the normal equation from (1.4) into
a fixed point equation and then solving it iteratively. The regularized solution is
then obtained as the m*-th iterated of

fm—&-l:fm_WA*(Afm_gé)a Jo=0,

where m* is the stopping index of the iteration. The relaxation parameter w > 0
must be chosen to be smaller than ﬁ so that the iteration converges according to
Banach’s theorem. Thus v = Ti is the regularization parameter. It works similarly
to the iterative Tikhonov regularization, see [11], [42] or [62]. Here, however, instead

of (1.3), the modified functional

Tn) = SIAF — gl + 211

is considered. The difference is that not only the defect ||Af — ¢°||y is minimized but
also the norm of f. Depending on how large [ is, the first or the second summand is
weighted more. The larger 3 is chosen, the smoother the solution becomes. However,
for f — oo we naturally move further and further away from the actual physical
solution. It holds for any f # 0 that (J§'(f), f)x > 0. Hence, Jjs is positive definite
for any 8 > 0 and the minimum is guaranteed and unique. The minimizer f* of J5
can be characterized as the solution of the shifted normal equation

(A*A+B1) [P = A*¢°. (1.11)

It can also be given explicitly for this equation, namely

fr=3 02i5<95,UJ>YUj-
=197

This can be verified easily by using (1.6) and (1.7) and plugging f* into (1.11). Here,
one can see how small singular values are shifted away from 0 which means that the
solution gets smoother for increasing §. In case the singular values are not easy to
compute, one can solve (1.11) iteratively as in Landweber’s method. We obtain the
iteration rule

foir = fn = w (A" (Af = gV + Bfw) . fo=0.

Let us now return to the question of regularization: How long do we have to iterate
until we have found an optimal solution? In Figure 1.1 we have seen that it makes

12



no sense to calculate infinitely many sequence elements. There is a point from which
the defect function increases again. Therefore, we follow the discrepancy principle of
Morozov, which says that we choose the regularization parameters v = v(d) = ni
for some stopping index m* such that

[Af e = 9’ lly = 6.

Definition 1.9. (Morozov’s discrepancy principle) Let 7 > 1 be fized. Choose
m* =m*(6,¢°) as the well-defined number such that for allm =1,...,m* —1,

1 1
SIS — gl <78 < SIAf - g1}

In [33] and [34] it is proven that for both methods the stopping index m*(d, ¢°) €
O(672). For better results, one has to require some smoothness condition on Afg.
We define

X, = R(A*A)% = {(A*A)52 | z € N(A)), v > 0.

Therefore, X, C X, for v > p. If g € R(A) and A'g € X, with v > 0 then the
stopping index m*(d, g°) obtained by Morozov’s discrepancy principle satisfies

m*(6,9%) = O(5~ 7).

But still, especially for small § > 0 the two methods may converge very slowly.

A faster way to achieve convergence of Landweber’s or Tikhonov’s iteration is the
Nesterov acceleration that was first introduced by Y. Nesterov in his seminal paper
[65]. The basic idea is to add a correction term to the iterative sequence generated
by the iterative algorithm. This correction term is designed to compensate for the
error in the previous iteration and is computed using a linear combination of the
previous two iterations.

Specifically, let fi. be the iterative sequence generated by the iterative algorithm, and
let z; be the accelerated sequence generated by a linear combination of the last two
iterates. Then the Nesterov acceleration can be defined by the following update rule:

Zmi1 = fm + A];n(fm - fm—l)
fma1 = Zmi1 — wA* (Azpsr — ¢°)
where

i m—1

" m+k—1
is a weight parameter that depends on the iteration number m. The value of £ is

chosen in such a way that the accelerated sequence converges faster than the original
one. For example, [9] and [45] suggest that k = 3 is an appropriate choice.
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1.2 Riemannian geometry

This section is about the comprehension of curves and tensors on Riemannian
manifolds. Riemannian manifolds are manifolds with a corresponding metric. Their
benefit becomes illustrative when we look at distances on Earth, for example. For two
points on the surface, we can define a distance that is different from the Euclidean
distance. Instead of determining the length of the Euclidean direct line running
through the Earth’s interior, in practice, we measure the length of the shortest curve
on the Earth’s surface that connects the two points. We proceed similarly with
diffractive media: We want to define distances between two points by the course of
the rays in a medium that passes through both points.

We therefore need an alternative concept of distance. This works with Riemannian
manifolds. After we have defined these and understood operators and mappings on
such objects, we will explain how the course of the rays can be calculated given a
metric.

For this chapter, we mainly refer to [36], [74], [87], [94] and [103].

1.2.1 Tensor analysis and Riemannian manifolds

A N-dimensional differentiable manifold or N-manifold is a set M equipped with a
family (M;);er of subsets such that the following conditions are satisfied:

o M= Uie[ Mi7

o for each i € I there is an injective mapping (a so-called chart) ¢;: M; — RY
such that o;(M;) C RY is open,

o for M; N M; # 0 is p;(M; N M;) C RY open, and the composition

@i o @i (M N M;) — @;(M; N M)

is differentiable for all 4,5 =1,... N.

We call the mappings ¢; ! parameterizations. The definition of a N-dimensional
differentiable manifold is illustrated in Figure 1.2.

Next, we want to consider vector fields on such a manifold. In the N-dimensional
real space, one can define them easily by mapping each point p to a N-dimensional
vector v(p). Such a vector points in a direction and has a specific length. In that way,
we can describe, for example, velocity fields of fluids. The reason for generalizing
this definition is that we want to describe refractional media.

For a better understanding, we first assume that the manifold M is a two-dimensional
spherical surface embedded in three-dimensional space. At every point p on this
spherical surface, we can imagine a flat two-dimensional plane that touches the
sphere at p. We call this plane tangent space. It contains all the velocity vectors that
can be used to walk through p on the surface. Let v: R — R3 be a differentiable
curve on the attached surface with (0) = p. Then,
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Figure 1.2: Tllustration of a manifold

d (1) = 7(0)
) = lim —————

is a tangent vector in p. But on a manifold, the difference v(7) — «(0) is not defined
at all. We can only define the tangent space here by embedding the vectors ()
and v(0) into R? and also obtain the difference as a 3-dimensional vector. We now
want to understand how the tangent space can also be defined without a surrounding
space. For this, we need the notion of a directional derivative. Let ¢: M — R be
a scalar function. The directional derivative is used to indicate with which rate ¢
in p € M changes in direction . To do this, we choose a curve v: R — M on the
surface such that (0) = p and 4(0) = £. Then, the directional derivative is given by

 52(7)

7=0

Thus, we have a one-to-one mapping of the directional derivative to the tangential
vector &. Since & = ;Tfy(T)‘ can not be defined without the embedding, we define

for arbitrary N-manifolds M the tangential vector (p) as an operator as follows

§p)o = —o(1(7))| (1.12)



which thus assigns a real number to a scalar function in p. Next, assuming that one
chart ¢ covers M completely, we use (1.12) to compute

£(p)o = i(ebo ¢ opoq)(7)

dr 7=0
- 0(gop™) d
- ;T ) eeniln)] (1.13)
Setting
d
§'(p) = 5(90 07);(T) _

and defining

0
8:@-

o :

we obtain a shorter representation for &(p):

N o
Ep) =2 &5

=1

p
The operators

9
3x1

0

p,...,axN

p

form a basis of the tangent space T),M, each of them pointing in the direction of one
changing coordinate while all others are constant. Consequently, vector fields £ on
M can be expressed by

N
.0
{= ;5 pr (1.14)

Note that we used subindices for the basis vectors and superindices for the components
to avoid future confusion. While the definition of the tangent vectors is independent
of ¢, the representation in the basis, however, obviously depends on the respective
coordinate system. Let us now look at how the representation behaves after a change
of coordinates. Let ¢ be another chart with coordinates Z;(p). Then the components
£'(p) can be written as
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&(p) =

dT(wov) (T >T:o

(j‘@ow Yoy o)i(r)
T
-,

(1.15)
w(p)

where éj (p) are the components in the new coordinates. Hence, we also have

&) =3 S 0). (1.16)

We call such a transformation behavior like that of the components of the tangential
vectors in (1.16) contravariant and in the following, we continue to characterize it
with the superindex. The reason for this notation is that there are also quantities
which are opposite. We now want to define the cotangent space T, M, i.e., the dual
space to the tangent space T,M. This space contains all linear mappings from 7, M/
into the real numbers. To do this, let ¢ again be a scalar function on M defined in a
neighborhood of p, and let £(p) be a tangent vector in p. Then the cotangent vector
d¢(p) is given by

In the definition of the tangent vector, the function ¢ is arbitrary and the uniqueness
of the directional derivative depends on the curve . Here, v and, therefore, £(p)
are arbitrary and the function ¢ defines the cotangent vector. In order to find a
representation of d¢(p) in a proper basis, we compute

0
aZL‘Z‘ p) ¢

Defining the basis dz?, ..., da" of the cotangent space by

d6(p)E (D) = E(p)6 = (z €p)

dz’[,¢(p) = &' (p),

we conclude that

da?|, (ai- ) = (1.17)
1 1p
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Using (1.13), we can write

d(gop) -
do(p) = 3 D22 iy,
i:ZI O o)
Note that for any cotangential vector
N .
w(p) =Y wda'|, (1.18)
i=1
and fixed p we find a scalar function ¢ such that
w(p) = de(p)
by demanding that
d(gop™)
w;(p) = T or :
i ¥(p)

In contrast to (1.14), we use superindices for the cotangent basis vectors and
subindices for the components. Since the right-hand side of (1.17) is constant
and does not depend on the choice of variables, the components w;(p) must transform
in the opposite direction, i.e., using the same chart and local variables as in (1.15),
we get the new components

N al’l

833]-

@i(p) = w;(p)- (1.19)

j=1

We call such behavior of transforming components as in (1.19) covariant.

Let us introduce Einstein’s convention which means that any unrepeated suffix in a
term is understood to take all the values 1,2,..., N whereas in the repeated case
the suffix leads to a summation over 1,2,..., N. Hence, (1.19) can be expressed by

@@:8@%@.

The understanding of how tangent and cotangent vectors behave, leads to the
definition of tensors, i.e., multilinear mappings, acting on tangent and cotangent
spaces. A s-fold covariant and r-fold contravariant tensor or (r, s)-tensor for short,
defined at point p of a differentiable manifold M is a multilinear mapping

18



Tp: (T,M) x - x (T,M) x (T,M) x --- x (T,M) — R.

p

r times s times

The space of all these (r, s)-tensors has the canonical basis

0 . .
Q- ®dx]1]p®---®dx“p>
<8$i1 p O, Ip W yensirs1seengs=1,..; N
such that
0 . o o ‘ .
e ®da’e dzbr . dafr 2 =g o7c.
<8£L‘i1 ) X ® dx ) < T -, , Ar 7, 837[1 ) ) 83:[5) i1 . A ls

This means that

1,0 9 0 ‘ ,
Tp =T 050 (ax-@”@ax. ®dmh®...®dw35>

T

has the coefficients

I (Fp e L

Glseens] ) Y
s al'jl ai[}js

Due to (1.16) and (1.19), these coefficients transform as follows after changing
variables:

,7\_'1'17.“7.2'7‘ fr—y axkl “ .. 8xkr ax]l .. axjs lk17'.i7k7‘
J15--5] Eo 2, yeuey °
0Ty, 0z;,. Oxy, Oxy, "t

This transformation leads to the fact that for a (0, m)-tensor A and a (m, 0)-tensor
B the expression Ail,,,_vimB“"“’im is invariant, i.e., it does not depend on the choice
of variables. We verify that by the following computation

e = (f g B 0 (B0

" PLobm 850“ ai‘lm @qu @xqm
_ . RQ1sqm SP1 ., SPm
- ‘AplwuﬂmB 6(11 5Qm

— P1,--P
- Ap17'~~7imB e,
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To shorten longer expressions somewhat, we also sometimes use the notation of the
inner product, i.e.,

(A B) = A, B

svm

It will always be clear from the context whether the pairing meant by (-,-) is this
pairing or a scalar product.

Next, we summarize the tangent and cotangent spaces for all p € M in the following
way:

TM ={(p,§)lpe M, £ € T,M},
T'M = {(p,&)lpe M, £ € T,M}.

Based on this one can define 7y = (T'M, 7, M) as the tangent bundle and 71, =
(T"M, 7', M) as the cotangent bundle on M, where

m: TM — M,
7T M — M

are corresponding projections to M. For integers r, s > 0 we set 7, M as the product
TgM:T],\/[®“'®T]/\4®TM®“‘®7'M’

where the factor 7y is repeated r times and 7, is repeated s times. On this occasion,
we set the space of all symmetric covariant tensors of rank m as S™7},. The symmetry
here means that the tensor is invariant under the interchange of two indices and thus
invariant under all arbitrary permutations. We will use this set in the next chapter.

In the following, we will give an example of a (0, 2)-tensor, the so-called metric tensor,

which will give us a tool for computing distances on the manifold. Let {z1,...,zx}
be Cartesian coordinate system and {Zy,...,Zy} some local coordinate system at a
point p on a manifold M. Writing (ey, ..., ey) for the canonical orthonormal basis

of T,M embedded into RY, we get the tangent vectors 9y, ...,y by

&xk
= 5~ Ck-
axi

0;

The Euclidean product

= gij (1.20)

- 08,08, 7

<a’i7 aj> = <3iiek’ aigejel
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yields the components of the metric (0, 2)-tensor

N
9= gij(p)de’ ® da’, (1.21)

2,j=1

where g;; has the matrix representation
Oz Oz Oz Oz
931 0dy 931 Din
or Ox oz oz
din " Odn din’ Din

Analogously, for the contravariant basis {9*}, we compute for each of the 2;(x1, ..., zx)
the gradient

(9i(p)) =

or;
Ti(xy,...,xN) = P e =0"
Tk
Hence,
0" = ep = e”.
8l’k 8J}k

Thus, we obtain the components ¢/ of the contravariant metric tensor by

i 0 0% y

90y = ———L =g". 1.22
< ’ > 8xk al‘k g ( )
Using (1.20) and (1.22), we observe that

, 0x,y, 0%,y 0T O
ok — mZom 7 — 5k 1.2
9i39 0z; 0%; Ox; Oxy 0 (1.23)

This equation will be a useful tool for later calculations.

21



Finally, it is possible to define a Riemannian manifold:

Let M be a N-dimensional differentiable manifold. A Riemannian metric g on M is
a mapping p — g, where each g, is an element of C§°(S%7},), i.e., each

gp: T,M x T,M — R

fulfills the following three conditions:
e ¢(X,Y)=yg,(Y,X) forall XY € T,M
o gp(X,X)>0forall X#0

o the coefficients g;; are differentiable functions for any local representation (i.e.,
in every chart)

N
9= 2 9i;(p) - da'|, ® da’},. (1.24)

i.j=1

Note that the metric tensor defined in (1.21) satisfies all the conditions of a Rieman-
nian metric since the matrix (g;;) = 0; ® 0; is positive definite. The pair (M, g) is
called Riemannian manifold.

On a Riemannian manifold, the metric tensor defines for any p € M a scalar product
on T,M. Therefore, it is possible to calculate the length of a tangent vector and the
angle between two elements of (7,M).

1.2.2 Differential operators on Riemannian manifolds

This subsection is about computing differential operators of a Riemannian manifold
(M, g). We refer to [46] and [59]. Let V = v'd; be a vector field on M. We write the
gradient of a scalar function w on M at p as Vu(p) = a'9; for some coeflicients a’.
For a given curve v: (—e,e) — M with v(0) = p and §(0) = £ we write

duy(€) = ~-u(r))

=0

for the directional derivative of u in direction £. Choosing any local chart ¢ going
through p we can define % := u o ¢! and, by the chain rule, it holds

ot duop™) Dp~?

aﬂ) = du()

and
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o

du,(v) = v'du,(9;) = vza—xi = g;v'a.
It follows with (1.23) that
on i 01
a—xi—gija =a'=g pr
and therefore,
Vu = gijgjai. (1.25)

J

The next step is to find a formula for the divergence of a vector field. For this
purpose, we use the product rule for a scalar function u and vector field f

div(u- f) = (Vu, f) +u-divf
and find by Gauss’s theorem that
/RNu ~divfdr = —/RN(Vu,ﬁdx

for any v € Cg°(RY). This can be transferred to Riemannian manifolds: Considering
a manifold M, we have

/M udiv fdV = — /M 9(Vu, f)dV

with the volume element dV' = y/detg dz. We obtain

/M adivf/detg dz = — /M (‘;Zfa/detg d
= /M&aaxi <fi\/detg) dzx.

Since wu is chosen arbitrarily, we conclude

. 1 0 ([,
divf = detg Oz; <f detg> '

:
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Knowing how to compute the gradient and the divergence yields the so-called
Laplace-Beltrami operator applied on a scalar function u:

Ot 1 0 g ou
Au = di = di Ve—0; | = — Yy /detg— 1.26
“ vV v (g Oz, ) V/detg Ox; (g ¢ g@x) (1.26)
which coincides with the well-known Laplacian for g in the Euclidean case.

1.2.3 Covariant derivative and geodesic equation

In the previous subsection, we discussed how to compute tangent vectors via di-
rectional derivatives on a Riemannian manifold. We want to extend this theory to
calculate directional derivatives of vector fields. Using this we will be able to find a
condition for curves on such a manifold to have a constant velocity.

Let Y be a differentiable tangential vector field defined on an /N-dimensional Rie-
mannian manifold (M, g) and let £ € T,M for fixed p. We define the directional
derivative D¢Y|, of Y in direction £ by

DeYl, = S ¥ (3(r) (1.27)

7=0

where 7: (—e€,¢) — M is a curve with tangent vector £ in v(0) = p. As discussed
before, the vector D;Y|, is not necessarily in 7,M. That is why we consider the
covariant derivative V¢ Y which is the projection of D¢Y'|, on T,M:

N
VeY =Y (DY, ep)em,
m=1
where ey, ..., ex form an orthonormal basis of 7, M.

Let f: RY — M be a local parameterization of the N-dimensional manifold M.
Then, we can identify the basis vectors {9;} by

aof
ort

0=
Therefore, we obtain for p = f(u)
DxY|, = DY[.((Df)~"(X))
and, in particular,

p,, 2 _

(1.28)
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Evaluating this projection for two tangent basis vectors X = 0; and Y = 0;, we

obtain with (1.20)

Vaiaj = <D8i8j7€m>em
89@; al>7ak

% 0%y
= gkl<Da¢aj, 3z>3k-

= <D8iaj7 O

(1.29)

We introduce the Christoffel symbols Ffj as the components of the upper derivative

with respect to the basis 0y,...,0dy, i.e.,
k
vc()i&j - Fmak
Consequently,
FZ = gkl<D3iaj, 81)
We verify that in local coordinates this can be written as

1 N

0g; Ogi;  0¢;s o
rszzgkl< it | 99 _ gf) for 1 <4,k < N.

2 Or; Ox; O

=1

To prove this, we compute the terms on the right side:

g,
87;; = <D8i0ja 8l> + <(9j, Daﬁﬁ
Igii
ail] = <D8jal7 a’t> + <al, D8j8i>
0Gij

_Twzj = —(Dy,0;,0;) — (0i, Do, 05).

Using (1.28), we obtain

1 g1 Ogii  0gij
Fl,f,zf kl J L LY leaa

K 2;9 (8@- +8xj ox; 9"(D2,0;, )
and thus, by (1.29),

Ff]ak = gkl<D8iaj7 al>8lc = Vaﬁj.
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Let v be a curve on M. Then, in the Euclidean setting, D;% = 4 is the accelaration
vector of v within a manifold. We want to consider curves on the manifold for which
the tangential component of the acceleration vector, and thus the acceleration within
the manifold, vanishes. Thus, we demand that

Dy = Vi = 0. (1.32)

Let 4 = 4'0; be written in local coordinates. Then,

Vi = Vg, (77 0;)
=9'Va,(779;)

i [OF ;
=5 (%iajﬂfvaiaj).

Using (1.30) we obtain

= (4 + T54747) Ok

Extracting the coefficients results in the following system of differential equation, we
get the so-called geodesic equation:

¥+ TE()47 =0, k=1,...,N.

We note that if V54 = 0, then

and therefore, ||%|| must be constant with respect to the metric g. The reason why
we consider geodesic curves is that all shortest connections between two points in
the manifold are geodesics. The opposite is not necessarily true. To explain this
statement, the next section is about the fact that a curve satisfies the geodesic
equation if it is the shortest connection between two points. For this purpose, we
need to introduce the Lagrange formalism.
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1.2.4 Lagrange formalism and geodesic equation

This section aims to derive a condition for a curve on a Riemannian manifold being
the shortest connection between two points. The derivation is based on [10], [53] and
[102]. First, we need an expression for the length of the curve.

Let v be a curve on a Riemannian manifold (M, g) that is parametrized by the arc
length. Let A = (so) be the start point and B = ~(s;) be the end point. Then, the
time of propagation is given by

Th]:[/ds:/jds:/:

with the arc measure ds. Using (1.24), we get
dy

Tly] = /
h/] S0 ds
_ / dy dy) ,
s P\ Q57 ds )
51 . dvy , dy
= [\t () s (G )as

_ [ dy* dy?
—/80 \/911(7(8)) ds @ds- (1.34)

dy

d 1.
71|48 (1.33)

ds

For simplicity, we define

L (ws), j”) - Jg,-jw(s))f];f]; 1

The necessary condition for the existence of a local extremum of the functional T for
a curve 7y can be interpreted as follows:

o The differential of the functional T" at the point v is zero.

o The functional T is stationary at the point ~, that is, it does not change for a
function that lies in the infinitesimal neighborhood of the curve v and coincides
with v at the points A and B.

As a symbol for the type of variation described above, we use ¢ and can write the
differential of L as

dy N oL N oL dr!
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We calculate the variation 67"

v1<s>,...,vN<s>,f11<s>,...,‘”<s>]

so(XooL ., X oL dv!
_/so (Zwéy+ga(dvl)5<(is>>ds

ds

s (X (0oL d OL
[ (5 (5 oty e

Since the variations 67 for [ = 1,..., N are arbitrary we obtain the Euler-Lagrange
equations

oL 4 L
oyt dso(%r) o 3

To obtain an explicit equation for v we compute

)0 ()55

o (L
oL 1 (gij (%)

where we used the symmetry of g. Therefore,
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d oL o 1dL dv7 1dg, (dy’ 1 d2~7
as\o(®)) ~ P ds™ (d) I (a) AL (a)
1dL dv? 19gy; ., (dy’ 1 d2~J
T (d) Loy (a) T <d>
_ g (dv’) (dv) o (dv)
oyt \ ds ds 7\ ds?

where, in the last step, we applied that L = 1. Computing the derivatives of L with
respect to 'yl, we get

OL _ 1 0gydy' (dy?) _ 10g; (dv') (o
oyl 2L 0y ds \ds /] 209 \ds ds
and hence, (1.35) becomes
o= Qo (O (A7, (@) 10y (Ao (4
oyt \ ds ds T\ "2 2098 \ ds ds

d*y/ dgi;  10g;; dy’ dy?
= g R =, 1.
L ( ds? ) * <8’yz 2 04t ds ds (1.36)

By using that

Ogi; (A" (4’ Ogij , 99\ (") (4o
oyt \ ds ds oyt 0! ds ds

Ogij | 9ga\ (v N (4
oyt 0yl ds ds

1
2
1
2
we can rewrite (1.36) as

d*y/ 1 (Ogy;  Oga Oy dr’ dy?
- iy el L ) =o.
L ( ds? ) * 2 (87’ + oyl oy ds ds

Multiplying both sides with g*, and using that g*g;; = 5;“, we finally arrive at the
geodesic equation

ds? Uds ds (1.37)
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where

e = Lo (995, O9u 09,
1) 2 871' a,yj a’yl

are the Christoffel symbols from (1.31). From this, it follows that the shortest
connections between two points on a manifold correspond to the curves whose
acceleration vanishes along their direction.

Using the two preceding derivations of the geodesic differential equations, several
things can be established: First, they are solved by curves with a constant velocity
vector field along the curve. Thus, a particle moving along such a curve would not
experience any acceleration. Second, the equations are solved by curves which locally
give the shortest connection between points on the manifold. To speak globally of a
shortest connection, certain assumptions must be made on the metric. This is only
the case if the equation has exactly one solution, which in turn is directly linked to
the metric g by the Christoffel symbols. In the next section, we will see that the
metric underlying our applications satisfies the necessary properties.
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2 Inverse problem of dynamic ten-
sor tomography

This chapter deals with the inverse problem of dynamic tensor tomography. First,
the direct problem from a physical point of view is modeled. It will be shown that
there are two ways to describe this direct problem. In particular, we will address the
question which conditions must apply so that there is an unambiguous correlation
between the investigated quantity and the measurement data. Once this question
is clarified, we formulate the inverse problem as an operator equation. We derive
the adjoint operator, which, as seen in Chapter 1, is needed for the inversion of the
operator, i.e., the solution of the problem.

2.1 Modeling of the direct problem as a ray trans-
form

In this section, we are concerned with modeling the forward operator, i.e., the direct
problem. In general, the beam transformation is to be derived for tensors of arbitrary
ranks. In the first part, we give some examples of applications for ray transforms
for tensor fields of different ranks. Here, we assume that the rays are sent through
a homogeneous medium. This means that the propagation is always along straight
lines. Although the applications are very different in their dimension, the formulae
look quite similar. In the second section, the phenomena of the absorption of the
signals and the temporal change of the examined sizes are included. Then it is a
question of extending the model found in the first subsection to inhomogeneous
media. For this purpose, the theory of Riemannian manifolds and geodesics from
Section 1.2 is used.

2.1.1 Applications of ray transforms for different tensor
ranks

First, we begin with the simplest case: by the term "tensor" we also mean, in
particular, tensors of Oth degree and 1st degree, i.e., scalar functions and vector
fields, respectively. We will explain the former with the application example of
single photon emission computed tomography (SPECT). It will be shown that the
collected data are given as the output of a line integral. It is useful to already
include absorption effects here. This will be reflected in a corresponding factor in
the integrand. Subsequently, we extend this model to vector fields. As a classical
example of vector tomography, we consider tumor detection. By measuring the flow
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velocity of blood inside a human body, tumors can be identified. Again, we will
consider absorption phenomena. It will turn out that the integral formula obtained
here is very similar to that in the scalar case. Therefore, this model can be extended
to tensor fields of any level. Some tools from tensor analysis, which will be explained
in Chapter 2, will be used for this purpose.

One application of ray transforms, that is not the classical computerized tomography,
is SPECT (c.f.[18] and [37]). SPECT stands for single-photon emission computed
tomography and is a medical imaging technique used to create 3D images of internal
body structures. The idea is to inject a patient’s bloodstream with a tracer which
is a biochemical molecule that is labeled with radioactive gamma rays. These rays
make the body emit photons that propagate through the body until they can be
detected from outside the patient’s body. For the detection one uses a rotating
camera that is equipped with a parallel hole collimator (see Figure 2.1).

calera

-

collimator

Figure 2.1: Collimator lets photons (red) pass that propagate perpendicular to the camera
and filters the others (black).

The reason for this collimator is to only measure photons that come from a specific
direction. The smaller the distance between the blue lines the smaller the interval of
tolerance gets. In an ideal setting, all the measurements taken for a specific position
of the camera are due to emissions from the same direction. Hence, only photons
that propagate perpendicular to the camera are recorded. For one detector point, the
appropriate emitters in the body are in a straight line. Therefore, the measurement
can be seen as the accumulated quantity of photons that move on that line toward
the detector. Setting f(x) as the unknown radioactive source at position x and & as
the directional vector of propagation, the intensity or energy transport at x is given
by
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1f(0,€) = [ flo+re)dr

o0

Here, we took into account that, theoretically, every particle in the human body can
emit such a photon. To cope with the huge quantity of particles and the very small
distances between any two of them, we treat f as a continuous function. The integral
limits are due to the assumption that there is no radioactivity outside the body. To
be more precise, these limits can be written explicitly as entry time 7_(z, &) and exit
time 7, (x, ). Hence, the inverse problem consists of recovering the scalar function
f from the output of the integral equation

T+ (:ﬂ,ﬁ)

1@ =[ " fla+re)dr (2.1)

T (2.8)

In Section 2.2 we will see that in contrast to CT, this application requires further
modeling of other physical phenomena.

A similar integral transform as (2.1) can be defined for vector fields as well. As it will
be shown in this subsection the so-called Doppler transform computes line integrals
of projections of vector fields on the direction of propagation. One application of this
transformation is to detect malign tumors in the human body by reconstructing the
blood flow in the surroundings. Other applications are, for example, the estimation of
gas flows in furnaces (see [93]) or the reconstruction of flow velocities in oceanography
(see [81]). In Doppler tomography one uses the Doppler effect describing that a
moving fluid or gas in the interior of a medium changes the frequency of an incoming
wave. The Doppler transform calculates the total change of frequency along the
whole path of propagation inside the medium. This can be seen as follows (see [23]):
During a period a signal with velocity ¢ and frequency v travels the distance A\g = e
If the source of the wave moves with the velocity v, toward the receiver, the distance
between two wavefronts after one period is given by

c Uy
A= — — —.

W
Since A is the wavelength, the receiver measures the frequency

Cc Vy
- = > 1. 2.2
o1 (2:2)

C

Analogously, if the receiver moves in positive z-direction with velocity v,, it travels
the distance 7= during one period. Therefore, the measured frequency is given by

V=1 (1 + UC> <. (2.3)
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Putting (2.2) and (2.3) together, we obtain

142

c

1—

c

Vv = IZB

Since vy < ¢ we can approximate the denominator by a Taylor expansion and obtain

r s A
V:yoc(l—l—v) <1—U>z1/0<1+v>,
c c c

where Av = vy — v,. Consequently, there is a shift in the frequency of

Av
Av=v—1y=—.
c

In our setting, there is a source sending the signal. At some point, the fluid or gas
acts like a receiver and changes the frequency once. Afterwards, the signal propagates
further to the backside of the object. Hence, the particle of the fluid or gas that
caused the first shift can be seen as a new source of a signal with another frequency.
Since the source is moving, there is again a Doppler shift. In both processes Av is
the same. That is why the receiver measures a shift of MT”.

Let us consider the change of velocity in an infinitely small time interval [r, 7 + A7].
We assume the velocity changes linearly in this interval, i.e., Av is proportional to
A7. Only the length of the projection of f(z) on the integration line has an impact
on the frequency. We write

Av = Py [f(7(7))]AT,

where Py [f(7(7))] is the acceleration factor given by the projection of f at v(7)
on the line of propagation with directional vector 4(7). The tilde above P indicates
that we only want information about the length of the projection vector and its
sign. Therefore, this term can either increase or decrease the change of velocity.
The reason why we keep writing 4(7) instead of a constant vector £ is that in the
next section, these vectors will not be constant anymore. In the following, we want
to compute P. Note that the projection vector Py[f(7(7))] is a multiple of the
direction 4(7), i.e., there is a K > 0 such that

Py [f(v(7))] = K4(7). (2.4)
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A 4

Figure 2.2: Projection Py f (blue) of vector field f (gray) on the line of integration with
direction % (blue arrow).

Secondly, the red dashed vector in Figure 2.2 is perpendicular to (7). Therefore,
we have

Pl = LR

= {(f(v(7)), %0(7)) 30 (T)

with unit vectors 4o(7). Thus,

Py [f(v(7)] = {f(3(7)), 50(7))- (2.5)

Since f(7(7)) and §(7) are velocity vectors, they have the SI-unit **, the normalized
vector 4o(7) has the unit %, and therefore,

(F(r (7)) 40(7))

describes an acceleration with unit %z and Av a velocity with unit **. To compute
the total shift, we need to split the whole path of propagation into infinitely many
intervals as we used here and end up with an integral as a limit. We obtain

At = [ (7)), Ao(7))el

To make the concept more consistent, we scale the parameterization without loss of
generality such that 4(7) = 40(7). By doing so, the integral only changes by a known
constant. In the following, we will only speak of normalized vectors. Therefore, we
omit the index 0. This results in the following definition:
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Let f € C(M,RY). Then, the Doppler transform [Z,f](x, ) of a signal that prop-
agates through M with end point x € M and end direction ¢ € SV~!, is given
by

T+(2,8)
Lol &) = [ 7). 8dr (26)
T+(2:8)
= ([0t rodre) (27)
7 (2,€)

where 7_(z, ) and 7, (z,€) are the time points of entering and exiting the observed
object.

Y- (2,8))

supp f

Figure 2.3: 2D-Illustration of data acquisition of vector tomography

We observe that the transform (2.6) is just a special case of the scalar ray transform
(2.1), i.e.,

[Zof](, &) = If(z,€)

where f(z,€) = (f(x),€). There is even a more general case of ray transforms. In
fact, (2.6) can be generalized for tensor fields of rank 2 as they occur for example in
polarization tomography. Polarization tomography attempts to determine the stress
tensor of a material by measuring the polarization, i.e., the direction of transversal
oscillation of outgoing light (c.f. [67, 87, 91]). In contrast to the previous application,
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the measurements are obtained by integrals along a ray, using the component of the
medium that is orthogonal to the ray. Assuming the absence of charges and currents,
Maxwell’s equations are given by

VxB-182 =0, divD=0

VxE+188 =0, divB=0

where B is the magnetic field, F the electric field and D; = €;; E*. We assume that
the material is quasi-isotropic, i.e., the tensor ¢;; can be presented as

1
€ij = n’0i; + 1 Xis

where k is the wave number, ¢ the light velocity and n the refractive index. The
tensor x;; describes the anisotropy and has to be reconstructed. By Rytov’s law, the
polarization vector n = n~! A~ E satisfies

Vin = msfn (2.8)
where A is the amplitude of the ray and

7
f—ﬁX-

Here, v denotes again the curve of linear propagation with direction 4 = £ and 75 is
the projection operator on the plane 4. The inverse problem consists of recovering
the anisotropic part of y, or equivalently, recovering the tensor f. In the literature it
is assumed that y is skew-symmetric and therefore, f is symmetric. The tomographic
measurements are of the following type: Given a curve 7: [7_, 7| — M between two
boundary points, we choose an initial value 1y = n(7_) of the polarization vector and
measure the final value n; = n(7,). We rewrite (2.8) as an operator equation

where fer: &5 — & is the restriction of 71 f(7(7)) to the plane £+ and U(r) is a
linear operator satisfying U(7_) = 1. Hence, the measurement data are given by

®[fI(7) = U(ry).
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Defining U(7) such that

UT)lee =U(1),  U(T)E=¢

we obtain the initial value problem

dU
E = (’ﬂ'glf’ﬂ'gl)U, U(T_) =1.

Setting w = IndetU(7) we get

dw
= tr(mes frer)

where the trace tr(A) of an operator A is defined for an orthonormal basis ey, ..., ey
by

N

tr(A) = (Ae;,e;).

=1

Hence, one ends up with the fact that the accumulated change w of polarization
along the path is an integral over this tensor field f:

wlfl(e,§) = [ trixef(a +r&)me)dr.

Splitting f into

f=f4M, trf =0,

where 1 is defined by

is the identity mapping. We complete {{} to an orthonormal basis by adding basis
vectors (1, ...,(ny_1 we have that
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[e.°]

wM](z, &) = tr(7r§()\(:£ + 7€) 1)me)dr

A + TE)tr(nd)dr

83

8

A + 7E)tr(me)dr

3

M + 7E)tr(1 — Pe)dr

83

M+ 7E)(tr(1) — tr(Pe))dr

Il
\\\8\\
8

8

o) N—
-/ A(:HTO( (PEE — Y Pfck,ck)
& k=1
—/ Mz + 7E)(N — 1)dr
— DI[M(z, €).
Since
N-1 .
tr(mefme) = Y (me freCe, o) + (me fme, €)
k=1
N-1
= > (fC G
=1
—(f¢,9),

it holds that w[f] = —I[f] and, hence,

where

T+ (,8) o
L f](z,€) =/T_(w fij(z +1EEE AL,

It can easily be shown that f can be determined by knowing (N
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In the last examples, it became clear that the integral transformation, known from
computerized tomography, can be extended to vector fields and tensor fields of rank
2. The only difference is the degree of multilinear dependence on the direction of
propagation of the integrating function. However, it finds a lot of different practical
applications. Therefore, we now want to define the generalized ray transform for
tensors of any arbitrary rank.

One thing that has been neglected in the application of SPECT is the fact that
the material under examination also partially absorbs the energy of tracers and
transforms it into heat, for example. Thus, a kind of attenuation of the radiation
takes place. This can be compensated by a corresponding exponential term in
the integrand. The second problem is that both SPECT and vector tomography
take images of the inside of the human body. This means that there can also be
slight movements during the measurement, which can of course greatly distort the
measurement data. So we also have to look at some kind of temporal dependence
of the tensors. The third point is that waves, particularly in the last two examples,
do not propagate in a straight line. In the polarization tomography example, the
refractive index appears in the formulae. This means that there are places where
light propagates faster or slower than in the surrounding material. There are also
strong effects on the course when two different media meet. In this case, there is no
longer any straight-line propagation.

All these points should be sufficient motivation to derive a general ray transformation
that takes these problems into account. These will be modeled step by step in
the next subsection. It will be shown that all the points just mentioned can be
summarized in one formula.

2.1.2 Attenuated ray transform of dynamic tensor fields in
inhomogeneous media

In (2.7) the consequence becomes clear that only the projections on the direction of
the wave were measured. This means that all vectors that were perpendicular to the
direction of the wave contributed nothing to the integral. Additionally, in this case,
only scalar data can be measured. Consequently, a complete reconstruction of any
vector field is not possible. This phenomenen can also be observed for tensor fields of
any other rank. For this general case one can accurately determine the kernel of Z,.
Considering the Euclidean setting, by S™(€2) we denote the symmetric m-tensor
fields on Q. We define the divergence operator s: C*(S™(Q)) — C*>°(5™(Q2)) in
coordinate form by

— 8fi1-~~imj
(5f)21...zm A 8xj .

Moreover, we define the inner differentiation p: C*(S™(Q)) — C=(S™1(Q)) by

. - 1 awil...im - awil---ik—ljik+1~--im
Uiy i = (PW)iyij = Oxi + 2 Ox'k .

m+1 ]
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Given these definitions, we call a tensor field f solenoidal if sf = 0 and we call it
potential field if there exists a v such that f = pv. The next theorem is about the
decomposition of tensor fields into solenoidal and potential parts.

Theorem 2.1. Let §2 be a bounded domain and m > 0. A tensor field f € C*(S™(Q))
can be uniquely decomposed into a solenoidal and a potential field, i.e., there exist
uniquely determined fsoi, fpor € C(S™(82)) such that

f = fsol+fpot7

where 5fso =0 and fyoe = pv for a v satisfying v]so = 0.
Proof. See Theorem 2.4.2 in [89]. O

Using Theorem 2.1, we obtain

[Iof](x7§) = [I()fsol] (ZL’ 5) [I()fpot](x €>
~ Bofal@ 9 + [ ool ). €mar

- o)+ bl 7915
= [Iofsol] (-T, f)

Consequently, there is only a chance to reconstruct the solenoidal part of a vector
field. This changes if the phenomenon of absorption is taken into account. Absorption
generally means that part of the energy of a wave is converted into another form
of energy. For example, thermal energy loss occurs in sound waves. According to
the Lambert-Beer absorption law (see e.g. [22]), the intensity of a wave decreases
exponentially with the depth of penetration into a material. More precisely, the
following applies to the intensity I after traveling a distance Az within a medium

I =1y exp @4%

where [ is the initial intensity and a denotes the so-called absorption coefficient.
If we assume that the radiation passes through .J different areas of the length Az;,
j=1,...,J, each with an absorption coefficient «;, the final intensity results in

J J
I=1Iy [Jexp 2% = I exp (— > oszzj) . (2.10)
j=1

Jj=1

Letting the distances Az; tend to 0, the sum in (2.10) can be approximated by an
integral of o over a line segment. Therefore, we define the attenuated ray transform
for tensor fields as follows:
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For a given bounded domain @ C RY with strictly convex boundary and a €
C(Q2 x S¥71) with a > ap > 0 for some g € R, the attenuated ray transform

Z,: C(S™(Q)) — C(09 x SN7h

of a symmetric m-tensor field f = (f;, . ;) is given by

0

Zfw.6) = [

T—_(z,

0

)(f(x+7§),§m) exp (—/T a(x+0§,§)da) dr. (2.11)

By £™ we denote the m-fold tensor product, i.e., ™ = ® --- ® . The fact that
we only allow symmetric tensor fields is that symmetric fields are investigated in all
tensor tomographic applications. For a rank less than or equal to 1 this makes no
difference anyway. We are demanding a lower bound to a.. This leads to the fact that
the exponential in the integral takes values between 0 and 1 and thus has the impact
of an attenuation. Since even atmospheric air has slightly absorbing properties, this
is not a constraint. Any positive attenuation coefficient makes the ray transform
injective as first has been shown in [35]. One could perhaps get the idea to interpret
the exponential term in (2.11) as a new function but we will see in Subsection 2.2
that this form of representation is advantageous.

There have been many achievements in describing the range of the attenuated ray
transform in the scalar case in [69]. An explicit inversion formula is derived in [68]
and [16] presents numerical results. In [78] it is even shown how to compute f and
a simultaneously.

The next goal is to adapt (2.11) for time-dependent fields. Especially in the two
examples of SPECT and Doppler-tomography, it is obvious that the examined object
and thus also the size to be reconstructed can change over time. If we assume that
the object is not compressed or stretched, we can take the change as a rigid-body
deformation. This would mean that we would only include rotations and translations
in our model. Accordingly, there exist suitable rotation matrices A; and translation
vectors by, so that the model for the function to be reconstructed could be

ft,z) = ff(Ax+b), te[0T]

Another point would be that f varies in time even without external action. For
example, the blood flow in (2.3) could change simply due to blood circulation to
the extent that measurement inaccuracies occur. Thus, to keep the formulation as
general as possible, we allow arbitrary temporal changes. This leads to the definition
of the dynamic attenuated ray transform of time-dependent tensor fields.
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For a given bounded domain @ C RY with strictly convex boundary and a €
C(2 x S"1) with a > ap > 0 for some oy € R, the dynamic attenuated ray
transform

T 0(0,T;S™(Q)) — C(0,T;00 x SN1)
of a symmetric m-tensor field f = (f;, ;) is given by

0

TN = [ (ferra+re) e (- /TO ale +0€,€)do ) dr. (212)

T (2:¢)

A more complex phenomenon that should not be neglected is the directional deflection
of signals in inhomogeneous media. These deviations from straight lines occur
when the signal does not propagate at the same speed everywhere in the object of
consideration. This can be because the object does not have the same temperature
everywhere or is exposed to the same pressure. Here, even small deviations can lead
to measurable changes in velocity. Above all, however, the deflections occur when
the signal passes through more than one medium. To stay with the example of vector
tomography from the last section, the sound waves do not only hit blood but also
other substances such as tissue, muscles, etc. For all these, one can give a typical
range for the so-called refractive index. This number denoted by n gives the ratio of
the speed of propagation vy of the wave in a reference medium and the speed vy edium
in the observed medium, i.e.,

bl (2.13)

n =
VUmedium

For mechanical waves such as ultrasound waves, one uses v, for the velocity in air,
and for electromagnetic waves, one uses the velocity in vacuum. Note, that for a
fixed frequency the refractive index is a positive number greater than or equal to
1. Now what happens when a wave hits the interface between two media, is that it
splits into two partial waves.

As seen in Figure (2.4) one part of the wave is reflected at the interface, i.e., it
changes its direction and propagates further in the first medium. The second part,
the so-called transmitted wave, penetrates the second medium and is deflected in the
process. Depending on the ratio of the two refractive indices, a larger part can be
reflected or transmitted.
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Figure 2.4: Incoming wave (red) hits boundary with incident angle ¢, gets split into
reflected part with angle ¢’ and refracted/transmitted part with an angle 6.

In the following, we will now examine how exactly this refraction is to be understood.
The refraction of the transmitted wave is not random but can be specified explicitly
for given refractive indices. This requires the principle of Pierre de Fermat:

Fermat’s principle states that an optical or mechanical signal in a medium takes paths
between two points on which its travel time does not change with small variations
of the path. In particular, the optical path length is extremal, i.e., the longest or
shortest.

This therefore means that the acceleration of the path curve along the path vanishes
(c.f. (1.32)), which means that these curves are the minimizers of (1.34).

As discussed in Chapter 1, it is necessary to define an appropriate metric on M
which describes the phenomenon of refraction. The metric tensor is defined via
the tangent basis vectors 01, ...,y at each point x € M. Since cotangent vectors
describe the derivative into some direction which is nothing else than the velocity of
a curve passing through x € M, we rewrite (2.13) as

and therefore, define the local coordinate system by
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A’L' = ' ) = 17 L) N.
z (@) 1
Hence,
0
0; = (9?; er = n(z)e;
and the metric tensor is given by

We observe that ¢ is a diagonal matrix with positive entries that satisfies the
conditions of a Riemannian metric for a smooth enough n. In particular, in the
homogeneous case of the previous section, this metric becomes a multiple of the
identity matrix. As a simple example, we consider what happens if M = M; U M,
consists of only two different media M; and M, separated by a straight boundary
between them. Let A € M; with n = n; and B € M, with n = nsy. To find the path
that a signal takes from A to B we minimize the optical arc length.

A

hy

Figure 2.5: Sketch for proving Snellius’ law
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Let A and B be the starting and ending points of the wave. By construction, the
angle ¢ appears again in the red triangle of Figure (2.5). Let hy and hy be the
distances the wave travels perpendicular to the plane of refraction in each medium.
We split the distance L parallel to this plane into the part [ in medium 1 and the
part L — [ in medium 2. By (1.34), the length of propagation with respect to the
metric g becomes:

T(l) =niy/hi + 12 +nay/h3 + (L —1)2. (2.15)

Minimizing this function means to choose [ such that 7”(l) = 0. Differentiating yields

l L—1

JRE 1 hE 4 (L —1)?

= nqsinp — nysin 6.

T/(l) =Ny

Hence, we obtain the following condition which is called Snellius’ law:

sinp  no

sinf  ng

The second part of his law states that the angle of incidence ¢ and the angle of
reflection " are equal. This can be derived similarly by using Fermat’s principle.
So you can see that for ny &~ ns the angle barely changes. The transmitted wave
has a different wavelength, but still the same frequency. We do not consider the
propagation of the reflected wave any further in the following. We include the loss of
energy in the absorption coefficient from (2.11).

At the moment, we know how to calculate the paths for piecewise constant refractive
indices. It is different if we assume that the refractive index changes continuously
or is differentiable. We justify this assumption by the fact that we can numerically
approximate any discontinuity arbitrarily well by continuous functions. The advan-
tage now is that we can use the geodesic equation from (1.37) instead of many small
minimization problems. Analogous to the homogeneous case, we define a curve

Voe: R — M
as a solution to the initial value problem

d2’7k d’yi d’yj
k=L =L —
ds? Y ds ds

with 7(0) = z and 4(0) = &.

46



Thus, the illustration from Figure 2.3 is no longer correct but looks as in Figure 2.6.
It is noticeable that the same wave that was sent through the object in Figure 2.3
with the same direction of propagation now emerges at a completely different location.
Due to the changed propagation, other projections of the field also contribute to the
integral.

Y(7—(2,£))

Figure 2.6: 2D-Illustration of the principle of RT'T

In contrast to the modeling in the homogeneous case, this curve is parameterized
with respect to time instead of arc length. Keeping in mind that one goal of this
modeling is to reconstruct fields that change by time, we are interested in a geodesic
equation that is parameterized by time instead of the arc length. Unfortunately,
(1.37) does not necessarily remain correct if we choose any arbitrary parameterization.
To see this, let (1) = v(s(7)) be any other parameterization of a geodesic curve.
Then, it holds for k =1,..., N that

dy*(r)  dy*(s) ~ds

dr ds dr
P _ ) ()P o) s
dr2 ds? dr ds dr?’

The Christoffel symbols depend only on the partial derivatives of the metric and not
on the parameter representation of the curve. Therefore, they remain unchanged.
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Hence,

d?7%(7) ko~
a2 + Fij(’)’)

dy'(r) d3 (1)  dv*(s) d’s
dr dr ds dr?

The last expression vanishes only if s depends linearly on 7. In the case that we
parameterize by time, this is true. Observing that (1.34) can be derived similarly for
the time variable 7, we obtain for g;;(z) = n?(z)d;;

ds = n(,}/(T))‘ 3:—/ eucliddT
and thus
ds d~y
E a n(V(T»’ E euclid -

where ¢y is the vacuum velocity of the propagating signal. Hence, the second
derivative is zero as required and we obtain

§4(7) + TH (M)A (77 (7) = 0 (2.16)

with initial conditions v(0) = x and 4(0) = £. This leads us finally to the definition
of the stationary and dynamic ray transform taking refraction into account:
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Let (M, g) be a Riemannian manifold where M is a N-dimensional manifold with
strictly convex boundary and g;;(z) = n?(2)d;;. Given the tangent bundle

TM = {(z,6)|v € M, € T,M},

we define the following submanifold:

OM = {(z,&) e TM]| |[¢]| = 1}.

Its boundary can be splitted into an inflow boundary and an outflow boundary:

0_QM = {(x,&) € QM|x € OM, (v(z),§) < 0},
0. QM = {(z,&) € QM |z € OM, (v(z),§) > 0}.

Since the measurement data is taken when a signal exits the object M, we restrict
the set of possible pairs (z,&) to 0, QM. Therefore, we substitute the integral limit
7 (x,€) by 0. For a given a € C(Q2M) with a > a9 > 0 for some oy € R, we define

« the stationary attenuated ray transform of a m-tensor field f = (fi,.i.) by
the function Z, f: C(S™1},) — C(0:QM) where

0

L= [ (el e eso (-

T (2.8)

« the dynamic attenuated ray transform of a m-tensor field f = (f;, ;) by the
function Z¢f: C(0,T;C(S™1},)) — C(0,T;C(0,QM)) where

U7 A e (= [ anelo), Anelo))do ) dr

(2.18)

Zaf)(t2.€) = [

T (2.8)

It is noteworthy that there exist similar decompositions of tensor fields on Rieman-
nian manifolds as in Theorem 2.1. Therefore, for a = 0, potential fields do not
contribute to the integrals in (2.17) and (2.18). For more details, we refer to [89].

The next question is whether this operator is well defined, i.e., the path of integration

is uniquely determined. Furthermore, we want to investigate if this transform is
continuous for appropriate spaces.
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2.1.3 Well-definedness and continuity of the ray transform

First, we investigate under which conditions this equation is uniquely solvable. For
this purpose, we compute the Christoffel symbols for the metric g from (2.14).

Lemma 2.2. Let (M,g) be a Riemannian manifold with M C R? and g;;(z) =
n?(x)d;; the metric tensor. The Christoffel symbols are given by

on(x) Oen(z)  Osn(x)
(Fij(:c))ij =n"(z) [ On(z) —0Oin(z) 0 , (2.19)
Osn(x) 0 —0n(z)

—0on(zx) On(x) 0
(F?j (x))ij = n~Y(x) | din(x) dun(x) Osn(z) (2.20)
0 Osn(x) —09n(x)
and
—03n(x) 0 on(x)
on(xz)  On(z) Osn(x)
forallx e M.

Proof. The Christoffel symbols are defined by

Ffj (x) =

1w dgu(x) | Oga 9gij
g (280 1 S0ty -

N ;gkl(ﬂ?)(@gﬂ(ﬂ?) +0;9a(x) — Ougi; (),
where ¢g*(z) are the entries of the inverse of g;;(x) and given by
g (x) = n"2(x)8".
Using that
Ongij(x) = Oxn®(2)0;; = 2n(x)Okn(z)dy;

we obtain for k=1
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ng () =n(z)™* (@n(m)éik + Oin(x)d, — 8kn(:c)5ij>

and hence, by (2.19),

In the same way, we get (2.20) and (2.21).
[l

Corollary 2.3. Let (M, g) be a Riemannian manifold as in Lemma 2.2 but with
M C R2%. Then, the Christoffel symbols are given by

Tl = () 2 ) 2.2

and

3y =n-ia) () D). (223

Proof. The equations (2.22) and (2.23) can be derived as in (2.19) and (2.20). O

In the next theorem, we present the uniqueness result. To this end, it is necessary
to know how to compute the scalar product of two tangent vectors, the norm of a
tangent vector, and the gradient of a vector in M. By construction, g, defines a
scalar product on T, M for every point x € M. Therefore, we define for &,n € T, M

<§7 7]> = g$(§7 7]) = 9ij (x)flnj - nQ(x)gLnJ - nQ(x) <§7 77>eu<:lid-

Accordingly, the norm of £ € T, M is defined as

€] = /92(&: §) = n(2)l|€]leucria (2.24)

Using (1.25), the gradient of a given function w: M — R is given by
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Vu = g”@luaj = n_Q(-r)veuclid'

Hence, the following expression is independent of the refractive index:

<vu7 §> - <VU, §>euclid-

We will use that to prove the next theorem.

Theorem 2.4. Let (M, g) be a compact Riemannian manifold in RN, N = 2,3 and
n € C*(M). Then, the following initial value system has a unique solution:

4+ TEM())AYA =0,  4(0) = z,4(0) =& (2.25)

Proof. In [86] the proof has been done for two dimensions. For N = 3 we refer to
the proof in [101]. First, we write the second-order ordinary differential equation

into a system of first-order equations. Setting I'y;(x) = (T'j;(x),. .., (x)) we obtain
L) =50
10) =
70)  =¢

the function

satisfies a Lipschitz condition

1F(€(8)) = F(G)I] < LIGE#) = G@)];

where (7, (, are in a small neighborhood of z and L > 0. Due to the mean value
theorem, it remains to show that the Jacobian V., f(z(t)) is bounded for all ¢.
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First, we remark that, in local coordinates, we have

ok 87
51=0 3 — 6 kl=1,...,N.
We obtain for k=1,..., N
—T5MYY
- () (SZWW’“V&;@? R +;( o)) 6 3 SZ(WW)
=0 (26(39; o 21%@ e Z ( FEAY ) W)Q)
on on on -
_ ! n-2(z 2_ 9 2 o N~ I ik
(7)( (@) o (AR - 25 () ;kawm)
— () (n%x)j;ww 2y §;<w)
— ) (n-%)j;(v)nvn? ~ 255(Vn(n). v>) | (227)
Thus,
S (CTEO)IH) =07 (3) (20720) S () = 234 52 () — 20KV
g1y =n7(3) { 2n 7)3xk(v)v 5 l(v) L (Vn(y),%)
S (TH)34) = = g~ (30720) IR - 28T, 1))

Since n € C?(M) and n > 0 by definition, all the derivatives are bounded and the
asserted statement follows. ]

In particular, the solution z depends continuously on the initial values according

o [103]. This means that (2.17) and (2.18) are well-defined operators. In the next
theorem, it will be shown that they are even continuous operators. We will mainly
focus on Sobolev spaces. That is why it is necessary to consider different volume
and angle measures.
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Let (V, A, ) be a measure space, i.e., a non-empty set V', a o-algebra A on V and a
measure p on (V, A). For a real number 1 < p < co we define the following vector
space

(V) = {f: V—>R‘/prd,u < oo}.

On LP(V') we can define the norm

I fllzevy = (/v |f\pd,u)]i .

We will only use the case where p = 2. Then, on L?*(V) we define a scalar product by

(fs )2y Z/Vfgdﬂ-

for f,g € L*(V'). To write these L?-spaces explicitly for some spaces V of interest
we need to find the corresponding volume forms. Keeping in mind that, for every
point x € M, the tangent space T, M is equipped with the structure of an Euclidean
vector space induced by the Riemannian metric. As proven in [87], the Euclidean
volume form on T, M in a local coordinate system is expressed by

dVN(€) = \/detg dE* A -+~ AdEN = y/detg dE.

The angular measure dw,(£) on the unit sphere Q, M = {¢ € T, M| ||£||* = 1} of the
tangent space T, M can be written as

N
dw? (€) = y/detg Z(—l)i*fidgl A /\aéf\i Ao AdEN,
i=1

where the d/g means that this index will be skipped in the summation. Therefore,
the volume forms on QM and on 0,QM (0QM) are

d¥Y = dw, (€) A dVY (z),
do™ = (=1)Vdw, (&) AdVN (),

where dV ¥ (z) = y/detg dz = n™(x)dz is the Riemannian volume form on M and
dVN=1(z) is the one on OM.
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For N =2 and N = 3 we want to compute dw’ (¢) and dXY. For N = 2, £ reads in

polar coordinates as
(€Y oy [cose
5_ <£2 =n (l’) singp .

It holds that

d¢' = —n~(x) sin pdy
dé? = n1(x) cos pdy.

Hence,
dw? (&) = y/detg i(—l)i—lgidgl A AdEA - A dE2
=1
= n*(z)(§'d¢* - ¢’
= n?(z)(n"?(z) cos® pdyp + n"?(x) sin” pdyp)
= dy (2.28)
and

d¥? = dw?(é) A dV?(z) = n?(z)dedz.

Analogously, for N = 3, we write £ in spherical coordinates
&t cos @ sin 6
E= [ =n"'(z)|singsind | .
£3 cos

d¢' = n~Y(2)(— sin @ sin Odep + cos ¢ cos HdH)
d¢? = n~'(x)(cos @ sin Ody + sin ¢ cos Hd6)
de® = n~!(x)(—sin 0dh),

Therefore,

3
dw?(€) = \/detg S (=1)1EdE A - AdETA -+ A dE
=1

— n¥(z) (€12 A dE® — £2€" A dE® + €¥d€! A de?)
= cos @ sin f(cos p sin @dp + sin ¢ cos #dl) (— sin #dH)
— sin ¢ sin O(— sin p sin fdy + cos p cos 0dH) (— sin HdH)
+ cos O(— sin ¢ sin Ody + cos p cos d)(cos p sin Ody + sin ¢ cos 0dH)
= sin #dfdyp (2.29)
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and

d¥? = dw? (&) AdV3(2) = n®(z) sin df A dp A da.

Given all these measures above leads to the following norms for scalar functions u
and tensor fields f of rank m:

/M u2dv>; (2.30)
/Q ; u2d2) (2.31)

(
( 1
lull 20,00y = (/8+QM U2d0+> 2 (2.32)
(
(

[l 2@y =

/Q " quwgc(S))% (2.33)
/M firrosim 0 "’"dvf. (2.34)

1fllz2(smry,) =
For V .C R¥ let L} (V) be the space of local integrable functions on V| i.e.,
Lig (V) = {f: V — R‘/ |f(z)]dx < 0o V compact K C V}.
K

Given that space, it is possible to define weak derivatives: Let f,g € Li (V). We
call g the a-th weak derivative of f if for all test functions ¢ it holds

[ 9@y = (1" [ f@)D*¢(x)dx
where o = (v, ..., o) is a multi-index with «; € Ny and

glal
0%ixy...0Ngy

N
lal => o and D~
i=1

All functions that are a-times strongly differentiable are also a-times weakly differ-
entiable. Generalizing the understanding of differentiability leads to the fact that
there are Hilbert spaces of weakly differentiable functions by demanding that the
weak derivatives are L2-integrable.
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The so-called Sobolev spaces H*(V) are defined by the norm

1
2
HUHH’“(V) = ( E , HDQUH%Q(V))

o<k

being induced by the scalar product

<U,U>Hk(v) = Z <Dau, Da’U>L2(V).

la| <k

In (2.18) we considered functions which are additionally time dependent. For this
class of functions, we introduce the so-called Bochner spaces, see [85]. Assuming that
a function is known on a finite interval [0, 7], we define

L2<07T7 Hk(v)) = {u: [OuT] XV = IR’”u”L2(0,T;H’“(V)) < 00}7

where

1
2

T
fulsoasn = ( ] 1OFxct)
Similarly, we can define
H'(O,T5 V) = {u: 0.7 % V = Rl [ullmormivy < o< .

where

l 2
||U||Hl(o,T;Hk(V)) = <Z ||8ZU||%2(0,T;Hk(V))> :
i=1

Given these norms, it is possible to prove a continuity estimate of (2.17) and (2.18)
for tensor fields that are weakly smooth in time and space.

Theorem 2.5. Let (M, g) be a Riemannian manifold with g;; = n*(x)d;; and n > 1.
Further, let « € H¥(QM) with a > ag > 0. Then, I8 from (2.18) is bounded, i.e.,
for alll € Ny there is a constant C = C(T,a, QM) > 0, such that

IZ fll s, 0 00000y < CNF lmtco,rmrs st - (2.35)
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Proof. In this proof, we follow Sharafutdinov’s approach as outlined in [87], which
provides the continuity for the stationary case with a = 0.
Let f € C*(0,T;5™T),). For further simplifications we put

F(t7 Z, 6) = fil'"im (t, m)gh o é‘lm

Using (2.24), we have that

[E(t,2, O = [(f(t,x), &™)
S <f(t,l‘),f<t,$)> : <§ma§m>

= {J(ta). J(t.2) - <§:§>m

Hence,

1 F | 21 0,72 nnyy < [ fllaeo.msmn (st - (2.36)

We can rewrite Z2 f as

0 0
Tiftr )= [ P m ) g e (- [ alug(e). duelo))do ) ar
(2.37)
By (2.36), it is sufficient to prove
IZa fll oz os a0y < CIF ao,rsme@any- (2.38)

Let U C QM and V C 9,QM be domains with local coordinates (y!,...,y*¥~1) and
(21, ..., 22V7%) respectively. If we take a smooth function ¢ with supp ¢ C V, the
linearity of the operator Z¢ implies the sufficiency of showing that

e Z¢fll o vy < CNF | meoma wy)-

For |k| < k and fixed ¢ we obtain by using the product rule
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0 (2, TS (8, 2,))

- 6+%=R(a;¢)<x’§) /T—(x,f) 07 (F(t+7,7(7), 4ue(7))) 02 exp (— /T

+ D Chs(029)(w, ) (A7) (2, )
sy

<08 (Pl 70,0 20elr 0. ) el (0 D) eww (= [ altelotutodia) )
(2.39)

01060 Aug(o))do ) dr

According to [89], the function 7_ is smooth and thus all derivatives are locally
bounded. In particular, we can define a diffeomorphism p: 9, QM — d_QM by

p(, &) = (v,10) = (Vae(T-(,€)), Yae(T-(2,€))

Using this transformation, we have that 7_(p~!(v,n)) = 0. Therefore, we can write
ford <k

/V & (F(t+r(x,£),%:,£(7(m,f))a’Yz,&(T(x’é))eXp <_ /TO(

= | 102F(t,900(0), 30 (O))? |detDp(v, )|~ dor

2
d0'+

o) nglo)do ) )

:E,é)

with local coordinates (2',...,2*N=2) of V C 0_QM and surface measure do_ of V.

Considering the smoothness of p, the L?*(V)-norm of the second sum in (2.39) can
be majorized by ¢||F(t,, )| gr-1(o_anr for ¢ = ¢(QM) and all ¢t € [0, 7.
Since the trace operator

v_: HY(0,T; H*(QM)) — HY(0,T; H*"1(0_QM)),  F+ Flo_au

is bounded, we can even estimate the second sum in (2.39) by ¢||F'(t, -, -)||gx). The
integral on the right-hand side of (2.39) can be estimated using Cauchy-Schwarz:

0 2

0
/ oo O P47, %0e(7), (7)) 2 exp (_ /

0 0 0
< . B : 5 (_ : )
<[t [0 (F 4 neln) () 02 (= [ ale(0). gl

0

=—r@e [
0
=—r@8 [ YO0

6) ~<8

@(1g(0), fue(0))do ) dr

2
dr

2
dr

02 (F(t 4+ 7,70e(7), e (1) B exp (= [ a(3iel0),n(o))do

2
dr.

Oy (F(t +7,726(7), Jz.e(7)))

29



The factors Cg,(t,z,§) are smooth functions. Integrating both sides of the last
inequality leads to

0 0 2

02 (F(t + 7, 70e(7), 3ue(7))) L xp (— [

—(@,8) a(’)/a:,f(g)yﬁ./x,g(a))d(j) dr

/ > Ch, / 7 (2, )] - |02 (F(t + 7, 72.6(7), Yu (7)) *drd.

= (@)

L2(V)

We substitute all arguments of F' by G(t,z,&; 1), i.e.,

G<t7 T, f; 7—) = (t + 7, 7$75(7)7 19075(7—))’

similarly to the mapping constructed in Corollary 3.3.3 of [89]. Therefore, we can
adapt Santal6’s formula (c.f. Lemma 3.3.2 of [89]), which becomes

0
o 0w S = [ [ 047 () AP (), E)drdo

for any ¢ € C'(2M), and obtain

0 2

0 (F(t + 7, 70e(r), e (1) B exp (= [ a(3el0),ne(o))do ) dr

T (2.8)

_/Zcﬁ

V<8

L2(V)

ooy (e ) Py

By Lemma 4.1.1 in [87], the function 7_: 0,QM — R is smooth. Since 7_(z,&) =0
for (z,€&) with (v(z),£) = 0, the function 7_(z,§)/(v(z),£) is bounded. This leads

to the final estimation

2

0 0
[ O P+ 7 00) Auelr)) B2exp (= [ alme(a) Auelo))do ) dr
< 6t”F(ta '7')||Hk(U)

L2(V)

Computing strong derivatives of F', we proved that for fixed ¢

IZLf(t, s M aroy0nny < el f(, e (smer (2.40)

for f(t,-) € H*(S™7},), where ¢; depends continuously on t. Hence,
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T
122 e orme ooy = [ IZaF (-, inoynndt
< [ AN s ey

< sup Ct /0 ”f(t,'a')H%{k(smw)dt

te[0,7)

= C?[| 1 220,715 (571,

where €' := sup,¢o ) ¢+ < o0. This proves (2.35) for arbitrary £ € N and [ = 0.

Let now [ > 0. By Holder’s inequality, the integrand of (2.18) is L!-integrable. Thus,
one can interchange the integration over 7 and the differentiation concerning the
time variable t yielding

HaizgfnLQ(O,T;H’“(8+(QM)) = HzgaifHL2(0,T;H’C(8+(QM))

S CH8if||L2(O,T;Hk(SmT]/w))

and therefore,

l
IZ8f o oo, anryy = 2 N0 Zaf 2o it o, )
i=1

I
<> C?N0, fIl2omsme(smr, )

< CQHf”?‘IZ(O,T;Hk(SmTIIVI)).

The proof now follows by a standard density argument. O

The inverse problem consists of recovering f from given measurement data Z,f,
respectively Z¢f. Instead of inverting the integral transforms we can consider an

inverse source problem for a corresponding transport equation. This is subject of
the next section.
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2.2 Modelling of the direct problem as a solution
of a transport equation

This section consists of two parts. In the first part, it is demonstrated that the
extensions of Z, f and Z2f solve a boundary value problem on the entire domain
QM. Subsequently, the unique solvability of this problem is investigated. Without
loss of generality, we assume that M is the strictly convex N-dimensional unit ball.
This assumption enables the establishment of a unique outward normal on OM.
This assumption is justified by the practical application of M being a bounded N-
dimensional connected set, capable of being scaled and translated into a corresponding
unit ball.

2.2.1 Derivation of the transport equation

It suffices to derive the transport equation for the dynamic case which directly implies
the equation for static tensor fields. We primarily rely on the explanations of [101].
Let (M, g) be the Riemannian manifold with g;;(x) = n?(x)d;; and n € C*(M),

TOM = {(x,€) € TMI¢ # 0},

-----

X exp (— /TO a(yze(o), %Aa))da) dr. (2.41)

It can be observed that for (z,£) € 9,QM this integral coincides with Z¢f and
for (z,€) € 0-QM that the integral vanishes since 7_ is zero. Next, we show that
(2.41) is a solution of a transport equation. Similar results have been obtained in
[87] for static fields without absorption and constant refractive index n in [25]. Let
(2,€) € T°'M\T(OM) and v = v, ¢ : [7-(2,€), T4 (2, €)] = M be a geodesic uniqueley
determined by the initial conditions 7, ¢(0) = =, and 4, ¢(0) = . According to the
definition and the smoothness of 7, its length is finite. We assume that the interval
of definition cannot be further extended. Therefore, the interval boundaries can also
be characterized by

7_(2,§) = max{7 € (—00,0] : 1¢(t) NOM # (0},
T4 (2,€) = min{7 € [0,00) : 1,¢(t) NOM # 0}.

Choosing a sufficiently small s € R, we set t, =t + s, z, = (s) and & = 5(s).
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Then, vy, ¢,(7) = (7 + s) and 7_(x,, &) = 7-(x,§) — s yield

0
xexp (= [ (e (0. dae. (0))do ) dr
— / (x é‘) fil,-..,im (t + T, 7@5(7—))7@5(7)11 . ’yz7£<7—>2m y

X exp (— /: a(Vze(o), ")/x{(O'))dO') dr. (2.42)

The next step is to differentiate this equation with respect to s and to evaluate it at
s = 0. For the left-hand side, we get

Ok O kg 9% Uk 9% i 0149 (0). 2%
5 T (O)axk + 4 (O)agk =5 T (O)ka L7 (v(0))5(0) (O)agk
_ Ou k(o eigs OU
~ o + (Vau, §) Fz‘j(x)ff ek
ou
— E‘FHU,

where H denotes the geodesic vector field defined by
Hu = (V I (n)cier 2
u = (Vyu,§) — ij(x)ff 37516

For brevity, we write

V(7,s) = exp (—/T a('ym(a),%,g(a))da) :
Then, the right hand side of (2.42) reads as
/S U(r)V(r,s)dr.
T (x,€)
Let us define W (7, s) as an antiderivative of U(7)V (7, s) with respect to t, i.e.,
W(r,s) = /U(T)V(T, s)dr.

The function is only uniquely defined up to a constant, which can be neglected since
we are only interested in its derivatives. Note that [7_(z, ), s] is bounded.
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The fact that a > 0 leads to the boundedness of the function V', i.e., V(7,s) < 1,
and we obtain

Therefore,
d s d B
-~/ o UV (Ts)dr = £ W (s,5) = 5 W(r,5)
oW B )
= E(T’ s) . + g(ﬂ s) T %W(ﬂs)
UV + [ v sdr
H_,’—/ T_(z,€) 0s "’
s oV
=U(s)+ U(r)—(7,s)dr
OFY G
Using that
oV .
S (18) = —a(e(5). Bae NV (7, 9),
we obtain
i S [ U@V AT = i (67 (0)32(0) 4220
S0 s e TN T i 8 g e 1ai©)

Finally, we conclude that

(gt +H + Oé(l’, 5)) UJ(t’ x, §> - fil ..... im <t7 x)f“ s §im. (243)

Note that furthermore, u satisfies the boundary conditions

Tif(t,x,€) = o(t,x,€), (x,€) € 0.QM,tel0,T)]

ult,28) = { 0, (z,6) € 0_QM,t € [0,T] (244)

64



Because of (2.41) a natural initial value for u is given by

u(0,2,£) =0, (2.45)

assuming that there is no flow f for ¢ < 0. For static tensor fields f, (2.43) and
(2.44) turn into

(H + CK(LL’, 5)) u(ac, f) = fil ,,,,, im(l’)fil Tt 5“" (246)

and

(2.47)

for given ¢ = T, f, see [87]. Instead of computing f from Z2f, 7, f, respectively, the
inverse problem can now be re-formulated as inverse source problems for (2.43), (2.46):
Given the constraints (2.43) and (2.44), (2.46) and (2.47), respectively, compute f
from ¢. Along with this, it is very important that the initial- and boundary-value
problems have unique solutions which leads to a well-defined parameter-to-solution
map f — wu. As it has been shown in [31] for the Euclidean case, it turns out that
indeed this is not satisfied in general. As a remedy, we consider viscosity solutions.
This is the subject of the following subsection.

2.2.2 Uniqueness of viscosity solutions
We focus on the existence and uniqueness of weak solutions for (2.43) given the
boundary conditions (2.44) and the initial condition (2.45). First, we consider static

fields f. To derive the weak formulation of (2.46) we multiply both sides by a test
function v € H} (M) and integrate over QM. Let

Y4+ HI(QM) — L2(3+QM)

be the trace operator restricting a function from QM to 0, QM. This results in the
following weak formulation:
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Find u € H'(QM) such that
a(u,v) = b(v), v e Hy(QM)
where the bilinear form a : H'(QM) x HY(QM) — R is given as

ou

a(u,v) = /QM ((qu,av - Ffj(x)fifja—gkv + ozuv) dx (2.48)

and the linear functional b : H'(QM) — R as

b(v) = /QM fil,...,z’mfil o EmpdY.

According to standard results such as [57, Theorem 2.1], the bilinear form a must be
H'-coercive to prove the uniqueness of a weak solution, which is not fulfilled. As a
remedy, we turn over to viscosity solutions as investigated in [19]. By adding a small
multiple of the Laplace-Beltrami operator to the first-order differential operator of
the original equation we transform the transport equation into an elliptic equation.
For the arising elliptic problem, we want to prove the coercivity and thus the unique
solvability by using the Lax-Milgram Theorem.

Remark 2.6. One reason the term "viscosity solution" is used for perturbated PDEs,
despite it being a misuse of notation, is the convergence that these solutions exhibit.
As e — 0, the solutions u. often converge to a viscosity solution of the unperturbed
equation.

To arrange the following computations more clearly, we split the Laplacian from

(A.11) into A = A, + Ag, where

0? on 0
2 _ -3
A, =n""(x) Z —83312 + (N —2)n"°(x) Z B, Oz

i 7

2 0?
Ag i =n"(z) Z @

The following propositions are useful to prove the uniqueness of viscosity solutions.
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Lemma 2.7. Let u,v € H' (QM). Then, we have

— Ayuvdy = (Veu, Vyv) dX — vVyudo,, (2.49)

QM QM 94 QM

as well as
~ [ Aqwds = [ (Teu, Vev) ax., 2.50
/QM guv o VU Ver) (2.50)
Particularly, we get for u € H}(QM)
—/ A uudy :/ (Vyu, Vyu) dX. (2.51)
QM oM

The two statements follow directly from Green’s formula. For the second part, one
uses that 9(Q2,M) = 0. The following lemma is useful to rewrite the bilinear form.

Lemma 2.8. Let N = 2,3 and u,v € H'(QM). Then, the following identities hold:

0
= [ T (@) = [ TR 0 )T, Quudn(€), N =2
(252)
= [ A () = [ TR 2 (o) (Vi undin(), N =3
(2.53)
Proof. See Appendix (A.1). O

From Lemma 2.8, one directly gets the following corollary.

Corollary 2.9. Let N = 2,3 and u,v € H'(QM). Then, the following identities
hold:

- [ T agkudwx<s> 5 [ @), N =2 (259

- /Q Ry gkudwx(g) - /Q L @ ©). N =3 (255)
Proof. Set v = w in (2.52) and (2.53). O

The next theorem is used for proving the uniqueness of solutions in general elliptic
PDEs.
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Theorem 2.10. (Lax-Milgram Theorem,)
Let V' be a Hilbert space, a(-,-) : V xV — R a coercive and continuous coercive
bilinear form, i.e., there exist c1,co > 0 such that

a(u,u) > ci|ul} YueV
aw,0)| < eallullyllolly Vv eV,

and b € V' be a linear bounded functional, i.e., there exists c3 > 0 such that

[b(v)] < esl|v]].

Then, the solution u of the variational problem
a(u,v) =bv) YveV
exists and is unique.

Proof. See Theorem 1.1 in [57]. O

By definition, a viscosity solution to (2.46) solves the equation

ou

—eAu + <Va:ua §> + au — nyfzgj 8&”“ - fi1 ..... im( o gim’ (256)

8
~
72"

<.
=

for € > 0. Multiplying both sides with a test function v € H*(Q2M) and integrating
over QM leads to

We derive the variational formulation of the boundary value problem by setting

a.(u,v) = /QM —cAuvdy + a(u, v)

= e(Vu, Vo)dy — / evVyudoy + a(u,v) (2.57)
oM 01 OM
() = [ firrin (@)€ - Em0dD (2.58)
M

Since ulg Lom 7 0, to prove coercivity, we split u into two parts. We assume that

A

there is a H'(QM)-extension b of ¢, ie., §£|8+QM = ¢. Then, the function @ = u — ¢
lies in V = H}(2M) and solves
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(—eA+H+a)i=(—eA+H+a)u— (—eA+H+a)p

A

= (f,§") —(—eA+H + )¢

and @ = 0 on 0, QM. Consequently, the final weak formulation of (2.56) along with
the boundary condition (2.47) is given by:

Find ¢ € H'(QM) such that 7,6 = ¢ and u. € HL(QM) such that
ae(ue,v) = b3(v), Vv € Hy(QM), (2.59)
where

a:(u,v) = /QM5<VU, Vo)dx _/a ot evVyudoy + a(u, v)
+

bz)(v> = bz—:(”) - a’E(ng U)

and set uy. = u. + ¢ € HY(QM).

The variational problem (2.59) has a unique solution under certain conditions.

Theorem 2.11. Let ¢ > 0, a € L*(QM) for N = 2,3 with a(x,&) > ag > 0 for all
(2,€) € QM, n € CY (M) and f € L*(S™7};) a m-tensor field. If

[Vn(z)|
su < ay, N =2 2.60
IGE 2n(z) 0 (2.60)
sup [Vn()] < ), N =3 (2.61)
cem n(x)

then the solution u. € H (QM) of the variational problem (2.59) exists and is unique.

Proof. 1t is possible to prove this theorem for N = 2 and N = 3 simultaneously. The
only difference comes from the fact that the equations (2.54) and (2.55) differ by a
factor % We define

(2.62)

69



The proof consists of an application of the Lax-Milgram Theorem. To this end, we
have to show

o the coercivity of a.,
 the continuity of a. and
o the continuity of 5

on H}(QM). Let 0 < 6 < 1 be sufficiently small such that for N = 2,

V()]
— < (1 - .
SO on) S (1 —d)ao, (2.63)
and for N =3
[Vn(z)||
X2 < (1 = §)ay, 2.64
enl n(z) ~ ( Jao (264)

is satisfied. Since v = 0 on 0Q2M, the boundary integral in (2.57) vanishes. We split
a. = alV + a®, where

agl)(ua v) = / e(Vyu, Vou) + (Vau, v + dauvdy

QM

ou

0§kv + (1 = 9)auvdX.

a®(uv) = [ &(Veu, Vev) — Tl (2)¢'e’

One verifies that

/Q Ve 8udS = [ (e v)do /Q (Y, §uds,

—— [ (Ve uds,

where do is the measure on 0Q2M. Hence,

/Q (Vau, §udx = 0, (2.65)

and, consequently,

£

alD (u,u) = / e||Vaul)® + dau*ds.
oM
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Using equations (2.54)-(2.55) and (2.60)-(2.62) we estimate the second part by

a/(

Ouu) = [ el Veul? + (1 = da+ (e, §)) u'dS

> / | Veu/2dE.
oM
Adding both parts, we have the coercivity condition

(u,u >/ e([|Vaul? + [Veul®) + dau?dS

> min (g, dv) [|ullF1 ar- (2.66)

Next, we prove the continuity of a. Using the triangle inequality and (2.57), gives

|ac (u, v)] <

Vo, Vo) + (Veu, V dZ’
| = (0, V,0) + (Ve Vev)

/ CzuvdE‘
QM

k;

+ / Tk ggﬂ(%kvdz‘ (2.67)

The first summand can be estimated by using the Cauchy-Schwarz inequality

/QMg (Vau, Va0 + (Veu, Vo)) dE‘ < ellull s s 1]l 1 ans- (2.68)

In the same manner, we obtain for the second summand

‘/QM(Vm@UdE’ _ ‘/QMwmu,ug)dz‘

) (/QMW“U’ V%“ME)é - (/QM U2d2>§

< wll g @ |l a2 @any- (2.69)

Moreover,
’/QM auvdZ‘ < Nl gean el z2cnn o1l 2 (2.70)
< [laf| e @an [wllm@an 0]l 1 @arn- (2.71)

We use (2.27) for the last part in (2.67) and obtain
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| - <>§5ﬂa§kvd2\ | ( agﬂf)—zn—1<x>§k<Vn,§>> %kvdE(

)(Vn, Veu)lv| — 20~ (2){Vn, £)(¢, Veu)|v]dy

Jo
| 07 @) ((9n, Veu) = 2V, €)(€, Veu)) [o]dz
/

) (V@) [IVeull + 2[[Vn(@)[[[[Veul]) fo]dX

Vn
“ ” IV eul [o]ds

\

< HOéHLoo QM) vauHLQ(QM)HUHLQ(QM)
< 6| o ) [ull 2 @an 10| 1 (@) - (2.72)

Finally, with (2.68) - (2.72) we arrive at

|ac(u, v)| < (e + 1+ Tlla| oo an) |ull g an [V] 21 @ar) -

The last step is to prove the continuity of 5. We compute

[ ot = (] ) ([ )

<c(n )”fHLQ(SmTI’u)HUHHl(QM)

for a positive constant c(n) depending on the refractive index n. The continuity of b
then follows from this estimate and the continuity of a.. This completes the proof.
O

The continuity conditions for a. and 0§ hold true also for € = 0, whereas the coercivity
only holds for € > 0. Theorem (2.11) guarantees that there exists a unique, weak
viscous solution if n varies only slowly. Especially in the Euclidean geometry (n = 1)
conditions (2.60) and (2.61) are valid for any positive ag. These results are in
accordance with those presented in [25]. It is consistent with the observation that in
the absence of absorption, the integral transform (2.17) exhibits a non-trivial kernel,
encompassing, at least, all potential fields.

Based on the results obtained for static fields, we will now proceed analogously for
the dynamic case. Let V' be a reflexive and separable Banach space with norm || - ||/
and V* its dual space with norm || - [|y«. The dual pairing is denoted by (-, )y <y~
Furthermore, let

WHRA(V, V) = {u € L*(0,T; V) : dw € L*(0,T;V*)},
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where d;u represents the distributional derivative of u. Throughout, we consistently
assume V = H}(QM), yielding V* = H~'(QM). We interpret (2.59) as an abstract
operator equation (c.f. [60],[92]) in which

Ac(u) = fiy, i, & € in V7

where A, : V' — V* defined by A.(u) = a-(u,-) constitues a monotone operator. The
monotonicity is evident since for all uy,us € V', we have

(Ac(ur) — Ac(ug), ur — ug) = (Ac(uy — uz), u1 — ug)

= aa(ul — Uz, U1 — UQ)
> 0.

This finding is also applicable to the dynamic equation, as discussed in [80] and [105].
As illustrated in (2.43), the extension u of Z%f satisfies

0 | |
87?; +(H+a)u= fi  a,(tx)E" -5

The corresponding viscosity solution is characterized by

ng —eAu+ (H+)u= fi, i, (t,x)" - &

and the associated variational formulation reads as:

Find u. € WHL2(0,T;V, V*) such that

3(1), v)ve v, (2.73)

~

for all v € V and for a.e. t € (0,T) and set uf, = u. + ¢.

Analogously to equation (2.57), the bilinear form a. is defined by

a:(t;u,v) = /QM e(Vu(t), Vu(t)) + (Vyu(t), §v(t) — Ffjfigjagg(:)v(t) + au(t)v(t)dX

- Ju(t)u(t)d
g = Vet
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and the linear form b3 is specified by

(05 (t),v) = /Q e o (@) e Em()dD — ac(t, d(t), v(t)).

Due to the Aubin-Lions Lemma, Wh2(V, V*) € C(0,T; L*(2M)) holds, ensuring
that the point evaluation u.(0) in (2.73) is well-defined. The subsequent theorem
represents a standard tool employed to ensure unique solutions of time-dependent
differential equations.

Theorem 2.12 (Theorem 3.6 in [4]). Let V' be a reflexive Banach space. Assume
b € V* and that the bilinear form a(t;-,-) : V x V — R satisfies the following
properties:

o The mapping t — a(t;u,v) is measurable for all u,v € V.
o There exists a c¢; > 0: a(t,u,v) > c1||ul|? for all t € (0,T).
o There exists a co > 0: |a(t,u,v)| < eollullv||v||yv for allt € (0,T).

Then, the equation
(dyu(t), v)y=v + alt,u(t),v) = (b,v)v« v Yo eV

has a unique solution v € WhHL2(0,T; V,V*) satisfying

1
[ullwrrzwye < —I[[bf|v-.
C1

Using Theorem 2.12 we get:

Theorem 2.13. Let ¢ > 0, a € L®(QM) for N = 2,3 with a(x,§) > ap > 0 for all
(2,€) € QM , n € CY (M) and f € L*(0,T; S™7},) a m-tensor field. If

wup I72@

< ), N =2
veM  2n(7) °

V@)
ze]\r/)[ n(zx)

then the variational problem (2.73) has a unique solution u..

Proof. The assumption follows directly from Theorem 2.11, Theorem 2.12 and the
fact that the bilinear form a. is continuous and hence measurable. O
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In summary, based on Theorems 2.11 and 2.13, static and dynamic tensor field
tomography in a medium with absorption and refraction can be mathematically
represented by the linear equations

Sof = ¢, Sf=¢

for given data ¢, where

St L*(S™7y,) — L*(0,QM),
Soh W0, T;V,V*) — L*(0,T;0.QM)

can be decomposed as

SZ =7+0° ‘FOEU
85 =y 0 F

with parameter-to-solution mappings

Fo o L*(S™7),) — L*(00M), [ uge,
FobWhH2(0,T;V,V*) — L*(0,T; 09M), [ g,

Theorems 2.11 and 2.13 then guarantee that all mappings are well-defined.
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2.3 The inverse problem of refractive dynamic
tensor tomography (RDTT)

There exist representations of the adjoint operator Z? of the integral transform in a
non-Euclidean static setting but only for o = 0. Using Santal6’s formula it is shown
in [20] that

Livle) = || o* @66 (1 €)don(6). (2.74)

where % (z,£) is defined as a function that equals ¥(z,&) on 9, QM and that is
constant along 7, ¢. Note that (2.74) looks quite similar to the backprojection opera-
tor R* used in computerized tomography. In this section, the adjoint operator via
transport equations is derived for the attenuated and dynamic case.

Theorem 2.14. Let f € L2(0,T; L*(S™7},)) and ¢ = SI(f). Assuming that for any
h € L*(0,T; L*(0.QM)) there is a unique solution w € H'(0,T; H*(QM)) of the
adjoint problem

0 .0
_ai: — (Vw, &) + rfjglgﬂag‘; F et Bz, )w=0, te[0,T],(z,€) € QM
(2.75)
with boundary and end conditions
w(T,z,8) =0, (x,€) € QM (2.76)
wlt.§) = ") DT (e (@7

w(tr. =ttt e (- [ (a2 )Onencar) @79
tel0,7T], (x,&) € 0_-QM

where

T _ h(ta717§(T+(x7€))7;7x,5(7—+($76)))
Fults 2 4) <V’Vz,§(7'+(ff7§)7’.}/5675(7—-&-(%75)) ’ (2.79)

the adjoint operator can be computed explicitly by

(S hlta) = [ w(t.2, " do, (&) € L0, T LA(S™73)).

x
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Proof. We consider (2.56) and multiply both sides by a test function w € H'(QM)

and integrate over [0,7] x QM. Then, the equation becomes

/ /QM 3tw+ (Vou,Hw — 17 55 agk+ozuwd2dt

n / /Q Firsim (t, )€ - EmwdEdt.

To rewrite the left side of (2.80), we compute

T Ju T ow
[ Srwdt = u(T)u(T) —u(0)w(0) - /0 uSsdt

T Ow

— w(T)w(T) — / uSdt.

0

Next,

| (Fau§wds = o€ v)do = [ (Vow,Suds,

0, QM

and by (2.52),

k ¢i jai — J
_/QIM IS agkde = /Qz 5{ 85"3 + =2, (z, §uw dX.

Inserting (2.81)-(2.83) into (2.80) yields

[ L (‘—Ww@”’“fffa@ (@ Zala, €)w ) dE

+/ /a+QM ( Ve )>dadt

+/ (T, 2, €)w(T, z, €)%

- /0 /QM(f, wE™ASd!

= (f, (S h) 2 01:12(5m71))-

(2.80)

(2.81)

(2.82)

(2.83)

If w solves (2.75)-(2.76), the integrals (2.84) and (2.86) vanish and (2.85) becomes

T
hdY = (SEF B2 r2 '
/o /QM¢ (Sats h) 2.2 @an)
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Since u vanishes on 0_QM, there is so far no information about w on that part of
the boundary. To obtain them, we restrict w to a geodesic 7, ¢ for some (z,§) € QM.
Then, we get for (1) == w(t + T, 7¢(T), Y2.e(7)) that

dlg(:) — Hi(r) = (o + S )w(r) (2.89)
and
ZIJ(T+(I‘, g)) — h(t + 7-+<:C7 5)7 P)/x,§<7—+(x’ 5))7 ;Y$75(7—+(x7 5))) — kh(t, x, 6) (290)

<V’Yz,5(7'+(ff,£)) ) ;Vré(T-i- (55; f)»

Solving the first order ODE (2.89) for given final condition (2.90) by separation of
variables, results in

T+ ((E,ﬁ)

a(r) = ka(ta. ) oxp (= [ 04 2 el e ).

Therefore,

7 (7,8)
7(0) = ut2.9) =t e (- 77+ 200 A7) 200

on QM and, in particular, on 9_Q2M. This shows the assertion.

O
Corollary 2.15. In the case of static tensor fields, i.e., f € L*(S™1},) and ¢ =
So(f), the adjoint problem is to find the unique solution w € H'(QM) of
k i g OW -1
—<Vw,§> + Fzyf gjﬁigk + (Oé +n (x)(Vn(a;),&)) w = 07 ('xaf) € QM
(2.92)
with boundary conditions
Mz, §)
w(x, &) = , x,€) € 0.QOM
( 5) <V$,§> ( f) +
(2.93)
T4 (2,8) _ )
w(e,€) = k@ exp (= [ (a4 20 Quelo) Anelo)do ) (@.6) € 0.1
(2.94)
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where

_ h(’7z7§(7+($, 5))7 /yas,f(T—I—(Ia €>>>

kn (2, € : 2.95
h( ) <V%c,g(7'+($,§))7 733,5(7-1- (ZL’, 5))> ( )
for any h € L*(OQM). Then, the adjoint operator is given by
[S:h](x) = / w(z, £)E™do,(€) € LH(S™r!,). (2.96)
Q.M

Remark 2.16. Note that w is well-definied on the boundary since h(x,£) =0 for
(v, &) = 0. It can be observed that (2.96) coincides with (2.74) for o = 0.

Regarding the well-definedness of the adjoint operators, which is equivalent to the
unique solvability of the adjoint problem, the same approach as for the forward
problem can be used. Adding the viscosity term —eAw to the left side of (2.92),
deriving the variational formulation by identifying the bilinear form a* analogously
to (2.48)

a*(w,v) = /QM —(V,w, &)v + Ffj(x)fifjgg;v + awvdy, w,v € H' (QM)
(2.97)
and setting
a(w,v) = / e(Vw, Vo)dS — / WVwdoy + a*(w, v) (2.98)
oM 0. QM
b, . (v) = —a*(h,v). (2.99)
we arrive at the following weak formulation:
Find wy, . = w. + he H'(QM) such that
al(we,v) = by, (v), Vv € Hy(QM), (2.100)

where w. € HY{(QM) and v,.h = h.

The variational problem (2.100) has a unique solution under certain conditions:
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Theorem 2.17. Let € > 0, a € L>®(QM) for N = 2,3 with a(x,£) > ag > 0 for all
(,€) € QM and n € CY(M). If

wup I72@

< ), N =2
veM  2n(x) ’

sap IV _ oy g
veM ()

then the solution w. € HY(QM) of the variational problem (2.100) exists and is

unique.

Proof. The proof works similarly to the one of (2.11) by applying the Lax-Milgram
theorem. []

We have observed that the adjoint operator can be represented using the solution of
a transport equation. However, an alternative approach exists for representing this
operator. To explore this, let us revisit equation (2.91). The introduction of w was
intended to provide us with the complete boundary data of the function w. Notably,
we observe here that we can explicitly specify w along the entire geodesic v as a
result of a curve integral. In the dynamic case, we derive the following alternative
representation:

For a given function h € L?(0,T; L*(0,QM)) we define the adjoint operator
(Za)": L*(0,T; L*(9:QM)) — L*(0,T; L*(S™7},))

of the generalized dynamic attenuated ray transform Z¢ by

(@R = [ w(t,2, €60 (6),

Qe M
where
T (x,8)
w(t, ,€) = kn(t,z, €) exp (— / (a 4 :) (Yoe(F), m(%))d%) ,
te [O7T]7 (I,f) c QM

and

h(t7 7$,§(T+(x7 5))7 ’71775(7-4-(1'7 5)))
(Ve e(ri@o) Tee (74 (2,6)))

kh<t7 T, 5) =
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At this point, one might ask the reasons to study partial differential equations
when they can be equivalently understood as ordinary differential equations through
integral transformations or along geodesics. In the former scenario, involving the
forward operator, employing the integral formula is logical, as it necessitates solving
the geodesic differential equation once for each evaluation, followed by the application
of a quadrature formula. However, the advantage of partial differential equations
becomes apparent in the context of the adjoint operator: If one would solve these
equations using the characteristics method, determining S*h(x) or (S?)*h(z) for
a point x would require solving an ordinary differential equation for all possible
directions ¢ in the corresponding discretization to evaluate the integral over €2, M.
Instead, solving one system of linear equations per iterate proves to be more efficient.
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3 Numerical results

In this Chapter, the theory of the previous ones is applied to some numerical experi-
ments. In all examples we let M be the 2-dimensional unit circle and m = 1. The
attenuation coefficient « is assumed to be constant equal to ag. First, we will restrict
ourselves to the Euclidean case and evaluate the accuracy of the two representations
of the adjoint operator for synthetic data. Afterward, we test different regularization
methods to reconstruct the vector fields. Once we find the optimal parameters of the
grid and the best type of regularization, we extend the examples to variable metrics.

All subsequent computations were implemented in Matlab. We utilized an Intel(R)
Core(TM) processor operating at 3.7 GHz with 64 GB of RAM. In cases where we
parallelized the code, we utilized ten cores.

3.1 Numerical results for the Euclidean case

First, we compute the line integrals of the forward operator. Because of the radial
symmetry, we choose polar coordinates for all variables. Since we only need to
consider vectors x on OM, it is sufficient to parameterize as follows:

Il
S

l
l—‘

_[cos 2mp
Tp = (Sinup>’ oy I ..., P

For £ we write this accordingly:

sin @,

cos 2mq
gq:< gpq)v @qzi qzlva

For (z,£) € 0, QM, the integral limit 7_(x, &) of (2.17) can be computed explicitly
by

7_(2,6) = min{r € R| ||z + 7¢|%0iq = 1}
= —(2,6) — /(2,62 +1— (z,2)
= _2<$a§>
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Hence, Z,, becomes

Toafl(e.©) = [, (76, exp(~2aaa, €)dr

)

To approximate this integral numerically, we use the trapezoidal sum. That is why
we need an approximation for f on some points on the integration line. There we
have to distinguish two cases: The first one is that the point ¥ is located between
two concentric grid lines, see Figure 3.1.

Ly p+1 Lr,p

Figure 3.1: Segment between two concentrical circles

Without loss of generality Z is in the mesh with grid points z,,, Z,4+1,, Zrp+1 and
ZTrp1pt1- Let 0 < G <1 be the radial difference to the inner circle and 0 < ¢, <1
the angular one of the lower index. Then,

f(xr—i—ér,p) ~ Crf(xr,p) + (1 - gr)f(xr—&-l,p)
f@ricopr1) = Gf(@rpi1) + (1= G) f(Trg1p41)-

Hence,

f(j) ~ Cpf(zrﬂmp) + (1 - Cp)f($r+4r,p+l)
- Crgpf(*rr,p) + (1 - Cr)Cpf(xr-i—l,p)
+ G (1= G)f (@rpr1) + (1 = G) (L = ) f (@rip41)-

The second case is where T lies in the inside of the inner circle. As mentioned above,
0 is not part of the grid. We assign it a value by taking the average of all grid points
on the inner circle, i.e.

F0) 1= 33 F o).

p=1
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Figure 3.2: Segment inside the inner circle

For any & # 0 there is a segment containing & that is given by two grid points x;
and z 41 and 0, see Figure 3.2.
Analogously, we define ¢, and ¢, and set

f(@) = G f(0) + (1= GG f (21.p) + (1 = Q) f(21p11))-

Since the line of integration is given analytically we can choose the grid points for the
integration equidistantly. Therefore, splitting [7_(z, £), 0] into T" intervals of length
AT = %@’5), we get the step sizes

7 = T1_(2,§) + tAT, t=0,...,T

and set

~

Hy, = Lo, fl(xp, &) = Z flxp + 7&y), &) exp(aoTt).

t=0

3.1.1 Implementation of the adjoint operator via integration

Next, we turn over to the adjoint operator. In the Euclidean case and with constant
absorption, this is given for h € L*(0, QM) by

T2, 1) = [ wle, €(e))e()de

where



h(Ve e (T4 (2, €)), Yag (14 (2, €)))

w(r,§) = o+ 72 (0, )6, €) exp(—aoTy(z,8))
= hgi"é‘;—l(ﬁi_f)? f) eXp(—O(07'+<I,f)). (31)

For (z,&) € QM we can compute 7, (z, ) explicitly by

(':C 6) - maX{T € R| ||JZ + Tg”euclzd 1}
—(z,&) + \/ (,6)2+ 1 — (x, z).

This means that a large part of (3.1) can be calculated analytically. Only the
evaluation of h requires interpolation. It is possible to precisely calculate the location
where h needs to be evaluated. We parameterize x € M as follows:

. COS p _1 .
xrm_pr(Sinﬂp), p'r_Ru T_la"‘7R

Let x, and x,4; be these points points with polar angles p1, and p,41 and let £ = &,
be constant. We write

Trpq = Trp + T (Trp, §)Eq € OM

for the endpoint of the integration line. Then, there is exists a ji, such that

- COS [
Frpg = ( . /f> . (3.2)

sin [t

This point in OM has the neighboring points

(I5)a) e (5] )

where the indices are taken modulo P. This results in linear interpolation

) = (1 (57 =[50 ]) Hieesat (5~ [52]) Az
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The total adjoint operator is then calculated using the trapezoidal sum as follows:

Q
22, b)) =$; (@rr &)

Given the forward and adjoint operators, we can implement the Landweber iteration.
Let us discuss the ratio between the number of angles and radii. In the Cartesian
case, it is obvious that both grid sizes should be chosen equally. The resulting
squares correspond to the rectangles that minimize the area of the grid meshes with
a constant perimeter. We want to proceed similarly here: We want to select the grid
sizes in such a way that the straight side pieces for a grid segment are approximately
as long as the curved sections. Note that the length of the straight sides is the
same for all segments for a given number of radii, whereas the curved sides naturally
become larger towards the outside. We therefore consider how long the curved sides
are on average. If R is the number of concentric rings in the grid, these have the
radii

If you add up the outer and inner radii, you get an average of

1

1 /R R 1 /1 1
3R (gor—i-;?") =55 (Q(R—1)+2(R+1)> =3

Thus, for a grid with P angles, the meshes have an average arc length of 5.
This should correspond to the lengths of the straight sides of a mesh, i.e.

1
R

ol =

and thus

P~ 7R, (3.3)

We check this hypothesis using two examples for solenoidal vector fields. Setting
a fixed amount of R - P = 3600 grid points, we consider different combinations
of R and P = () and compare the relative errors after reconstruction where we
used Landweber’s method with relaxation parameter 0.1. Additionally, we include
the pair (R, P) = (34,106) which is the closest combination for satisfying (3.3)
and having approximately 3600 grid points. For both vector fields, we choose
a € {0,0.1,0.2,0.3,0.4}.
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«
(R, P) 0 01 02 03 04

(20, 180) | 0.0579 0.1432 0.4580 0.9739 1.1155
(30, 120) | 0.0637 0.1457 0.4599 0.9703 1.1156
(34, 106) | 0.0233 0.1190 0.4403 0.9568 1.1094
(40, 90) | 0.0313 0.1209 0.4407 0.9567 1.1108
(60, 60) | 0.1190 0.1762 0.4672 0.9540 1.1371
(90, 40) | 1.6989 1.7108 1.7675 1.9603 2.2919
(120, 30) | 0.3920 0.4228 0.6306 1.0871 1.3950
(180, 20) | 2.9775 3.0166 3.0895 3.2521 3.5495

Table 3.1: Relative L-error (%) between reconstruction and true vector field f()(z) =
(1 4 x2, 21 — x9) | for the same number of pixels but in different proportions of R and

P=Q.

«
(R, P) 0 01 02 03 04

(20, 180) | 0.1323 0.1862 0.4330 0.8553 1.4147
(30, 120) | 0.1401 0.1991 0.4437 0.8613 1.4173
(34, 106) | 0.0549 0.1292 0.3951 0.8228 1.3827
(40, 90) | 0.0715 0.1403 0.4012 0.8284 1.3871
(60, 60) | 0.2635 0.3108 0.5226 0.9155 1.4462
(90, 40) | 2.9140 2.9588 3.0184 3.1318 3.3409
(120, 30) | 1.0319 1.0537 1.1794 1.4641 1.9150
(180, 20) | 5.4409 5.5277 5.6187 5.7324 5.7936

Table 3.2: Relative L?-error (%) between reconstruction and true vector field f)(z) =
(22 — 222, —22122) " for the same number of pixels but in different proportions R and

P=Q.

In both examples, we observe that, regardless of the choice of a, the combination
(R,P) = (34,106), c.f. Equation (3.3), consistently yields the smallest errors in
reconstruction. Therefore, this combination will be retained for the subsequent
numerical experiments.

Subsequently, we investigate the optimal number of directions ). In the aforemen-
tioned tables, we maintained P = ). Now, with R = 34 and P = 106 held constant,
we vary () and present the results in the following two tables.
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(8
Q 0 01 0.2 03 04

10 | 0.2330 0.2639 0.5030 0.9684 1.1268
20 | 1.1849 1.2326 1.3388 1.6129 2.1131
30 | 0.1741 0.2146 0.4851 0.9668 1.1090
40 | 0.5509 0.5682 0.7118 1.1090 1.5050
50 | 0.1260 0.1801 0.4745 0.9580 1.1090
60 | 0.3371 0.3585 0.5583 1.0103 1.1270
70 | 0.1514 0.1950 0.4713 0.9671 1.1090
80 | 0.1878 0.2229 0.4839 0.9720 1.1067
90 | 0.0506 0.1268 0.4415 0.9548 1.1056
100 | 0.1858 0.2202 0.4776 0.9714 1.1135
106 | 0.0233 0.1190 0.4403 0.9568 1.1094

Table 3.3: Relative error (%) between reconstruction and true vector field f() for (R, P) =
(34,106) and different number of directions Q.

(8
Q 0 0.1 0.2 0.3 0.4

10 | 0.3445 0.3652 0.5251 0.8934 1.4230
20 | 0.2914 0.3122 0.4886 0.8723 1.4051
30 10.2390 0.2709 0.4749 0.8673 1.3937
40 | 0.2204 0.2479 0.4501 0.8480 1.3812
50 | 0.1459 0.1933 0.4346 0.8461 1.3880
60 | 0.1846 0.2206 0.4458 0.8490 1.3783
70 | 0.2201 0.2490 0.4515 0.8492 1.3910
80 | 0.1202 0.1611 0.4005 0.8190 1.3739
90 | 0.0850 0.1352 0.3877 0.8124 1.3716
100 | 0.0485 0.1175 0.3830 0.8116 1.3735
106 | 0.0549 0.1292 0.3951 0.8228 1.3827

Table 3.4: Relative error (%) between reconstruction and true vector field () for (R, P) =
(34,106) and different number of directions Q.

According to Table 3.3 and 3.4 we have the best reconstruction for () = 106 inde-
pendent of a. However, we also observe in both examples that for a = 0.2 the error
for ) = 106 is hardly better than for () = 30. However, the first case mentioned is
significantly more complex, as the number of arithmetic operations is proportional
to ) in both the forward and the adjoint problem. For this reason, we decide the
following in favor of P = () for small absorptions and then for a significantly smaller
number for larger ones.
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We test the optimal grid sizes on

fO(2) = (2] — 223, —22125)

for noisy data, see Figure 3.3. We observe even for high noise levels very stable
reconstructions.
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Figure 3.3: Reconstruction of fl(z) for § € {0,0.1,0.15,0.2}

o
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X

1

An example will be used to demonstrate the influence of a on the quality of the re-
construction. For various noise levels 4, the forward operator with the corresponding
a will be initially applied. Subsequently, using the undamped integral transformation
model, a reconstruction will be performed using the Landweber method. In this
process, w has been set to 0.1.
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Figure 3.4: Influence of a on the relative error in reconstruction

We see that, as expected, the relative error becomes greater as § increases. Moreover,
it can be observed that for all choices d, there is an asymptotical linear increasing
behavior.

3.1.2 Implementation of adjoint operator via PDE

In this subsection, we examine the alternative approach of solving the adjoint opera-
tor using S} instead of Z*. We consider the Euclidean case and a constant damping
ap. In this case, we can evaluate the quality of the approximation using analytical
representations.

Let h € L*(0:QM). Then, S : L*(0,QM) — L*(S'1y,) is given by
S2, @) = [ wle.©)edo(6),

where w solves the following boundary value problem:

—(Vuw(z,£),§) + agw =0, (z,€) € QM

w = h($+T+(J},£)£,§> ($’€> c OOM.

V@62 +1— [z
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For stabilization, we add the term —eAw for € > 0 to the left-hand side of the PDE
and obtain

—eAw — (Vw(z,£), &) + apw = 0, (x,€) € QM

w = h(.ﬁlﬁ—l—7'+<l’,£)€,£) (.CE,f) c OOM.

Vi, &2 +1— a2

We use again polar coordinates for parameterizing x and £. We calculate the boundary
values for r = R analytically via Z,,. For the inner points, we first convert the PDE
into polar coordinates:

—eAw — (Vw(z,§),&) + apw =0

& —¢ Low @+i@ —a—wcos( - )—la—wsin( — )+ apw =0
pdp 02 o) op W T T pgu Y T et
(3.4)

We use difference quotients for the approximations of the partial derivatives. In
the case of the radial derivative, we use the forward differences so that a derivative
can also be assigned to the points on the innermost ring. The second derivative is
approximated using central differential quotients. For the azimuthal derivative, we
use central differences, i.e.,

dw Wr+1,pq — Wrpgq

aip(xr,pﬁfq) ~ Ap ’ P b it
082;;)(337“,1)7 &) r LR T ?er];; g r=2,...,R—1
Gl et sl Pt
Gl m ey p

The indices for specifying the polar angle are again to be understood modulo P. For
r = 1 we have the special case that the second radial derivative cannot be calculated
in this way. To this end, we assume that P is even. Then the grid point @ ,, P lies at
a distance of 2Ap on the line through z;, and x5, beyond z;,. We choose a linear
combination of these three points so that they approximate the second derivative in
x1,. For simplicity, we write w(z,,) = w(z,p, &,).
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A Taylor expansion leads to

0w
87102(9”1710) = Aw(za,) + Bw(z1p) + Cw(xl,erg)
ow Ap)? O*w
= (wtang) + a5 + ST ) + 00

+ Bw(x1,)

0
+C (1) — 2852 01,) + 289

2w

0p?

mm+mmﬁ0.

L2,p

Figure 3.5: Grid points for approximation of 227%’ atp=1

Comparing coefficients leads to

A+B+C =0,
ApA —2ApC =0,

2
A(AQ'O) +20(Ap)? = 1.

This results in the solution (A, B,C) = ﬁ(%, —1,3). Thus,

0*w 2w pg — 3W1pq + W1pt2q

o eSS T

Note that there is no derivative concerning ¢ here, as it is constant. This means
that the system of equations with (R — 1)P(Q variables can be reduced to () many
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systems of equations with (R—1)P many variables. These can therefore be calculated
independently and thus in parallel. For fixed ¢ and r > 1, (3.4) can be written as

€ 2e 2e cos(p — 1) >
0= w, + + + +
" (prAp (Ap)%  p2(Ap)? Ap

&k _cos(ga—u))
prAp (Ap)? Ap

P (Ap)? 2prAu

€ £ 2 cos(p — 1) )
0=w + + o
. <p Ap - (Ap? " pi(Ap)? Ap
£ 2¢e cos(p — u))
+w — -
i ( pAp  3(Ap) Ap

N e sin(p—p)
w JR— —
T p2(Ap)? T 20, 0p
£ sin(p — M))
+ Wy - — + .
b ( p2(Ap)?  2pmAp

The question remains on the accuracy of the reconstruction if S} is used instead of
7. Unfortunately, no pattern for the optimal choice of the grid could be found here.
Generally, the method only seems effective for certain grid parameters. For many
combinations of radii and angles, the solution of the adjoint problem is so unstable that
no iteration takes place at all. For all grids, the matrix that arises in each iteration
of the finite differences appears to be nearly singular. To avoid this, the viscosity
solutions were calculated. But this has not led to any improvement. Therefore, we
calculate the minimum norm solution instead. To evaluate the quality of the adjoint
operator via the transport or viscosity solutions, we first consider examples of vector
fields f for which both Zyf and Z;Zyf can be calculated analytically. In (A.3.1)
these two operators were calculated for f(z) = (a,b)", a,b € R and it is verified that

<Iof IOf>L2 8+QM <f I IOf>L2 Slr / = 27T(CL2 + b2) (35)

On the one hand, this confirms that the corresponding scalar products have been
correctly derived and implemented. On the other hand, (3.5) offers the possibility
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to test the adjoint operators Zj or (S§)* for exactness due to the very precise
computability of Zyf and therefore, (Zof,Zof)r29,0m). That is the reason for
measuring the quality of the performance of the adjoint operators by introducing
the relative errors

|<Zocfa Iaf) B <f7 IZIafH

err(Z)) = TIL]) (3.6)
and, respectively,

For three distinct vector fields and various selections of €, the errors are calculated, see
Figures 3.6 - 3.8. A consistent trend is noted across all three cases, wherein the error
exhibits similar behavior. As ¢ increases significantly, the error increases, while as ¢
tends toward zero, it appears to approach the error associated with the unperturbed
transport equation. However, it is noteworthy that the observed errors are larger
than those acquired through Zj. This discrepancy arises due to the necessity of
computing the minimum norm solution of the linear system when addressing the
original and perturbated transport equation.
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1018 10710 1078 10°

Figure 3.6: Relative errors err((S§)*) for € > 0 (blue), err((S9)*) (red) and err(Zj) (green)
for fW(z) = (z1 4 z0, 21 — 22) "
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Figure 3.7: Relative errors err((S§)*) for € > 0 (blue), err((S§)*) (red) and err(Zj) (green)
for f@(z) = (23 — 223, —2z129) "
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Figure 3.8: Relative errors err((S§)*) for € > 0 (blue), err((S§)*) (red) and err(Zy) (green)
for fO)(x) = (z1, —22)"

The next investigation is solely confined to the case of & = 0. The rationale behind
this choice lies in the fact that the performance of (S5)* for ¢ > 0 significantly
deteriorates with damping.
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Figure 3.9: Validation of (3.6) and (3.7) for Z} and (S2)*

Several observations can be made from Figure 3.9: Firstly, it appears that the relative
error is linearly dependent on the choice of o for both types of adjoint operators and
across both vector fields. Secondly, the error associated with (89)* is significantly
larger than that of (Z,)*. Only for f; and @ = 0 do both operators yield results
within the same order of magnitude. This example emphazises that even (SJ)* can
lead to significant errors in certain fields.

Another drawback becomes evident when comparing the run time between the two
approaches. When utilizing noise levels of 3% and 10% for the same grid and f5, we
measure the time required for the reconstruction, see Table 3.5.

Choice of adjoint Noise level Relative error Run time
I 3% 1.30% 5min 5 s

0 10% 3.39% 3 min 32 s

S 3% 1.27% 178 min 53 s

0 10% 3.34% 124 min 25 s

Table 3.5: Run time for reconstructing fo and relative L?-error of Landweber iteration
without Nesterov acceleration for both representations of adjoint operators

It is remarkable that the error in the reconstruction remains almost unchanged, while
the run time for iterations using the PDE approach is significantly longer compared
to the alternative method. Hence, there is little merit in extending the slower method
to non-Euclidean metrics.
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3.2 Numerical results for the non-Euclidean case

In the following, we allow the refractive index and the absorption coefficent to be
variable. We will consider the following examples:

(c) n® (@) = 2 — 212 (d) n®) () = 1+ exp(a? + a3 — 1)

Figure 3.10: Sketch of geodesics starting in « = (1,0)" for several n(®)

Fori=1,..., 4 it can be verified that

Ve ()] Vn®
sup ) > 0.162 sup | n2 @l > 0.109
eM  ny’(x em  n@(x
[Vn® (z)] [V ()|
> (.296 > 0.091
() vert n®(z)

98



Hence, for small oy equation (2.60) is not necessarily satisfied. We will now determine
to what extent the approximation of the forward and adjoint operators will change.

Note that £ depends on z if n(z) does, i.e. we parameterize for p = 1,..., P and
q - 17 A 7Q
_ (cosp, _ 2mp
P Sin Mp I :U’p - P 9
and

2
Epag = n_l(xp) <COS 80q> ) Pg = i(]

sin g,

The variable attenuation leads to the fact that the forward operator now consists of
two nested integrations. To be able to approximate this using quadrature formulas,
first the integration path v = v,,¢, . must be calculated. Since a value # 0 can
only be expected for (z,,§,,) from 0,QM, we calculate the solution of the geodesic
equation (2.25) backwards from 7 = 0 to 7 = 7_(z,,,,). This means that we have
to multiply by —1 later in the quadrature. For each pair (z,,§,,) we denote the grid
points by 75, s =0,...,5 =S, ,, where 19 = 7 (2,, &) and 7s = 7_(2,,&,4). The
system of ordinary differential equations (2.26) is solved here using the Runge-Kutta
method of order 4 (see (A.4)) and a constant step size A7. We calculate further
points 7(75) of the geodesic until we obtain a point v (7g) outside M. We now assume
that n(z) at OM deviates only slightly from 1. This is physically realistic. After
all, we have required in our model that the analyzed object is surrounded by air.
For correspondingly small A7, we can therefore assume that v(7s5) does not deviate
significantly from the actual trajectory. Therefore, we determine the true entry point
v(7§) as the intersection of the Euclidean line segment of v(7s_1) to §(7g) and the
boundary dM. The spacing of the sampling points for the evaluation of the integrals
is therefore no longer constant. We approximate the increment A7* between the last
two points by scaling

AT* = ||7(Ti) - ’Y(TS—l)Heuclid AT
||7(TS) - ’Y(TS—I)”euclid

Using the trapezoidal sum, the approximation A,,s of the inner integral in the
exponential is given for 0 < s < .S = S, , by

0 1 s—1 s
_~/r Oé(’yﬂwfpyq (0))d0 ~ AP#LS = §AT (Z O‘(’yfpvfp,q (7—5)) + Z Oé(’yip:fp,q (7—5))> :

5= §=2
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For s = 0 we obviously get A, ,0 = 0. Only for s = S do we specifically define

1 *
APvQ:S = Ap:‘Lsfl + §AT (Oé(ﬁympvép,q (Tsfl)) + a(ﬁymp’ép,q (TS>)) .
This yields

AT 2
I f(xp7 Sp q 7 ,YCvafp q Ts ) ;yxpagp,q (TS)> eXp(Apa‘Ls)
AT = 1 )
- 7 %Jpﬁépq 7s)), Vappq (75)) exp(Apq,)
AT* .
- 2 <f(7xp,£p7q (TS—l))7 ,Yxpygp,q (TS_1)> eXp(ApnyS_l)
AT* )
- 2 <f(’y$p:£p,q (TS))7 7$p»£p,q (TS>> eXp<Ap»Q7S)'

Note that the above scalar products must all be considered in the corresponding
metric. The treatment of the adjoint operator must also be slightly modified. Since
now x € M, we parameterize forr=1,..., R, p=1,...,Pandg=1,...,Q

- COS Uy _r B 271‘7]9
rp pr sin ﬂ'p 9 107" - R’ Mp - P 9
and
g = 1 @) 50 - 2
TP,q rp) | gin 0.)’ Pq = 0

First, an integral must be approximated due to the variable assumed attenuation
a(x). To this end, the integration line must also be calculated first, but in contrast to
the forward operator, the geodesic equation is solved forward in time. Similarly, we
therefore calculate further points of the geodesics with a step size A1 starting from
7 = 0 until we leave the area M at 7g. We determine the true exit point v(7§) as
the intersection of the Euclidean line segment of v(75_1) to 7(7s) and the boundary
OM . Hence, the last step size A7* is defined as

AT = ||’7(7—i) B V(TS—I)Heuclid AT
HV(TS) - 7(7-571)”eucid
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For N =2, =Z,, is defined as

=u(5) = 507 (D)(Vn(),€) = 507 (&) (Oun(e)és +Bn()Er).

That is why the approximation of the exponent in the exponential for 7, ¢ s

- 0 (Oé + En) (’Y-Tr,pygr,p,q (0-)7 /7377’,1)757‘,[),(1 (O-))do-
1 S5-2 5—1
~ _iAT ( (CY + En)(’%ﬁpvfp,q (TS)v ")/zpvfp,q (TS)) + Z (Oé + E”)(/%Cp»fp,q <TS>’ ’%Upvfp,q (TS))>
5=1 §=2
1., _ . _ .
B §AT ((O& + :n)(’yzpvfp,q (TS_I)J Vapbp.q (TS—l)) + (a + :”)(’yzpvfp,q (TS)7 Tep&p,a (TS>>> ’

We calculate the denominator of (2.95) by default as a scalar product over the metric
g, i.e.,

<V'Y;vr,p,§np7q (TS) ) ;Y-Tr,pag'r,p,q (TS>> = n72 (xT,p) <ﬁyfl'r,p7§hp,q (TS) I ;yx’l‘,]hé’r‘,p,q (TS)>€UClid'

The last step is to evaluate the function h at (Z,,,&.p,) € 04QM. In contrast to
the Euclidean case, Z,, and f,mq are not necessarily located on a grid. Therefore, a
two-dimensional interpolation in the variables p and ¢ is required. As in (3.2), i1
and ¢ exist such that

- _ [cospt > [cosp
%w”__<$nﬂ>’ §Wﬂ“<an¢>'

The point (%, 4, &rpq) has the four adjacent points

(5] 15)): (5] 151 +2)

(5] [5]) (5] 252+ )

where again the indices are taken modulo P and @), respectively. This results in
uP

M G~ (1= (5 = [521)) (0= (57 - [ 5 ]) iz
(5 15 (- (57 - [5)

(- (5 - 1520) (5 - 5] sy
(Zf B VS?D (ﬁf B @?D Hae o[22 )40
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Therefore, the approximation of the adjoint operator is given by

L)) = [ w0 €)6dn(©)

P

— (T, §(9))E(0)dyp

QWM

ey Z W(Trp, &rpg)Erpg-

We want to apply this approximation to some examples. First, we consider f©®)(z) =
(1, —x2) " but with a = 0 and very slowly varying refractive index

4
n6.00s(x) = 0.002|z[* + 3

This refractive index could be found in a domain filled with water that has not the
same temperature everywhere. For a variety of noise levels, we get the following
absolute errors in the reconstruction:

x10* x10*
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Figure 3.11: Absolute error for (R, P,Q) = (34,106,106) and ¢ € {0,0.01,0.02,0.03} from
the left top to the bottom

©

®

Next, we examine the extent to which the model with the inclusion of refraction
effects also leads to an improvement in the reconstruction, when there is only a
slight deviation from straight lines. At the same time, we want to compare the run
times. For this purpose, we apply Z, to a vector field, add noise to the result, and
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then calculate the reconstruction once in the Euclidean (n = 1) and once within
non-Euclidean setting (n{py(z) = 1+ 0.002(z% + 22)). We use Landweber’s method
with a relaxation parameter of w = 0.01 and accelerate this with Nesterov’s method
(k = 3). With different choices of noise level and damping, we obtain the following
data:

Noise level ~Attenuation Refraction (y/n) Relative L?-error Run time

0 0.01 n 0.0555 1281 s
0 0.01 y 0.0132 3122 s
0.01 0.01 n 0.0559 655 s
0.01 0.01 y 0.0144 4149 s
0 0.02 n 0.0556 1579 s
0 0.02 y 0.0134 8734 s
0.01 0.02 n 0.0557 880 s
0.01 0.02 y 0.0145 6421 s

Table 3.6: Comparison of relative error after reconstructing with Euclidean and non-
Euclidean model for (R, P,Q) = (34,106, 106)

Table 3.6 clearly shows that, regardless of the choice of noise level or absorption
coefficient, the method with refraction taken into account reduces the relative error
by about 75%. On the other hand, we must accept a significantly higher run time
for this purpose.

Allowing for greater fluctuations in n(x) necessitates the use of the generalized model.
Otherwise, the solutions would deviate even more significantly. Hereafter, we employ
the refractive indices n®, n® and n®, combine them with various noise levels and
attenuations, and apply them to f®.
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Figure 3.12: Quiver plot of reconstruction and difference to solution, and absolute error in
each pixel of @ for n®, § = 4%, o = 0.1; relative error is 3.26%
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Figure 3.13: Quiver plot of reconstruction, difference to solution, and absolute error in
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Figure 3.14: Quiver plot of reconstruction, difference to solution, and absolute error in
each pixel of @ for n®, § = 20%, a = 0.1; relative error is 8.75%

In the Euclidean part, we have seen how time-consuming the execution of (S7)* is
and that this does not improve the reconstructions. With a variable refractive index,
we would have to solve a much larger system of equations as described above, which
will therefore increase the calculation time considerably. Therefore, no examples are
given here for this case. We only show a numerical example of the solution of the
boundary value problem that is solved by S;. Let

.
fO(z) = <; T +x2> :

2+ a3+ 17

We choose nV)(z) and a = 1 such that (2.60) is satisfied:

vn 2 2
sup I 7?11) @)l _ sup 2|9C|4 < 2 ~osu
zeM  ny(z) veM (|22 + 3) <‘§1>
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Figure 3.15: Solution of the transport equation, viscosity equation and the relative error
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Figure 3.16: Solution of the transport equation, viscosity equation, and the relative error

for (R, P,Q) = (30,30,10) and ¢ = 10~°
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Figure 3.17: Solution of the transport equation, viscosity equation and the relative error
for (R, P,Q) = (30,30,10) and e = 107

The figures (3.15) - (3.17) are computed as described above. We see that the smaller
¢ gets the smaller the relative error in each grid point. We assume that the viscosity
solution converges numerically to the transport solution as € — 0 for other choices
of f,n, and a.
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4 Conclusion and outlook

In the first part of this thesis, we derived a generalized model for tensor tomography
that integrates both, absorption and refraction, and is also applicable to tensors that
change over time. Having proven the continuity of the integral transformation, we
have shown that it can also be interpreted as the boundary value of a transport
equation. It was possible to derive the conditions under which unique weak viscosity
solutions exist for the absorption coefficients and the refractive index. Based on
this, the adjoint operator could also be specified in the form of a transport equation,
with the difference that the solution of the actual PDE now takes place with full
information about the boundary conditions. Here, too, the unambiguous solvability
could be shown in the same sense as in the forward problem. An analytical solution
could be found for the unperturbed transport equation so that there are now two
possible representations of the adjoint problem.

We utilized this model to perform numerical experiments. Since the boundary values
must be fully known for the solvability of a PDE, the integral representation is the
suitable choice for the forward operator. Both variants can be implemented for the
adjoint operator. Using these operators, we implemented the damped Landweber
method. In the pursuit of optimal parameters for a polar grid, we identified a pattern
when applying the integral operators and consistently utilized the optimal values.
Beginning with a constant refractive index, excellent reconstructions of synthetic
data were achieved, even at high noise levels. When solving the adjoint problem via
the transport equation, very good results could be obtained for certain grids and in
the absence of absorption. Unlike the integral operator, no pattern could be identified
here. Furthermore, the computation time is significantly higher. However, it was
confirmed through several examples that the viscosity solutions w. of the perturbed
equation numerically converge towards the solution w of the transport equation. To
circumvent uncertainty with arbitrary grids and long computation times, preference
should be given to using the integral operator. This is why only this operator was
further investigated for the non-Euclidean case. Here, we initially allowed only small
fluctuations around the refractive index and observed a significant improvement
compared to the Euclidean model. However, the computational effort increased up to
10 times. Finally, we also examined significant deviations in the signal and obtained
very precise reconstructions for various absorption coefficients and high noise levels
in the data. We were able to reduce the computational effort with the help of
Nesterov acceleration. However, the method terminates when encountering large
reconstruction errors. It is practical to utilize this method to save iteration steps and
subsequently perform additional ordinary Landweber iterations with the solution that
is still unsatisfactory. This approach has allowed for a reduction of approximately
25% in the number of iterations while maintaining a consistent residue level in our
examples. The Landweber method demonstrated superior performance compared to
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Tikhonov regularization in our experiments. Consequently, we focused on presenting
the numerical results of the Landweber method, highlighting its effectiveness.

All necessary source code that is used for the numerical results is shared via GitHub
under https://github.com/tschus71/RDTT.git.

Future research

Although the theory of the model has been provided in this thesis, there is no
numerical example for tensor fields of rank greater than 1 and tensor fields that
change over time. For example, one could assume that the analyzed object performs
a rigid body motion, i.e., there is a time-dependent pair of a rotation matrix A(t) and
a transformation vector b(t) so that we obtain for a reference field f**f € C'(S™},)

flt,2) = fI(A()z + b(2))-

Furthermore, it can be investigated how the reconstruction works for fields on a
3-dimensional domain. All three aspects mentioned above increase the dimension of
the problem and thus the computational effort considerably.

Although all the generalizations mentioned so far are already very far-reaching, there
is another possibility of generalization about one phenomenon: In this work, it has
always been assumed that the studied material is isotropic. For isotropic materials,
the refraction does not depend on the direction, but for anisotropic ones, this is the
case. This means that for isotropic media the travel time from A to B is the same
as from B to A, but for anisotropic this is generally not the case. This property is
reflected in the metric tensor. For example, in [104] it is assumed that the metric

tensor is given by
n? 0
o=l (i 3)e
]

where () denotes a rotation matrix. The question arises as to how this affects the
Ffj and, consequently, the solutions of the geodesic equation. Furthermore, it re-
mains unclear whether a similar uniqueness condition for weak viscosity solutions of
the transport equation exists in this case and what numerical results can be expected.

Finally, it remains an open question whether the solutions u. of the perturbed
transport equation (2.56) converge with respect to a specific topology. And if so, it
is also not clear whether the limit

lim u,
e—0
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solves the original transport equation. Under certain assumptions for the tensor field
f and the metric g one can show that

U, — u as j — +oo locally uniformly on [0, 7] x QM

for a subsequence {¢;};en and a viscosity solution u (c.f. [100]). Alternatively, one
can interpret 8¢, S&¢ as inexact operators, i.e. there is a number 7(¢) such that

IS54D = SV < m(e)

measuring the model uncertainty due to the degree of perturbation €. This inter-
pretation has for example been studied in [13],[14] and [100]. We define a family of
Tikhonov functionals {J.}.~¢ by

Tf) = SIS0 - &I+ D

The idea is to prove that

I

J-— Do

in the sense of I'-convergence which is a special type of convergence of functionals.
Given a Banach space X, a sequence S,,: X — [0, oo is said to [-converge to a limit
F: X — [0, 00] if the following to conditions hold:

 For any converging sequence (f,) in X with lim,, .. f, = f € X it holds that

o For any f € X there is a sequence (f,) in X converging to f such that

S(f) > limsup S, (fn)-

n—o0

Consequently, instead of proving the convergence of the forward operators directly,
one shows the convergence of the respecting Tikhonov functionals. This is a milder
condition because a converging sequence of forward operators leads to I'-converging
Tikhonov functionals. The following result from [14] is implied:
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If the family of functionals {J.}.~¢ is uniformly mildly coercive and

T. = To,

then any accumulation point of a minimizing sequence { f.} of J. is a minimizer of

Jo-

As a consequence, this theorem guarantees that minimizers of J. are ’close’ to those
of Jy. Therefore, the convergence of

Ug —> U

is not necessarily demanded. Alternatively, one can use the criteria presented in [12]
guaranteeing I'-convergence as well as the convergence of minimizing sequences.
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A Appendix

A.1 Proof of Theorem 2.8

First, we consider the case NV = 2. Writing £ in polar coordinates, we get

Next, we need the derivatives

Similarly,

= (e) =)

Ou
o¢l

ou

and PE2 We compute

Ju  Ou 0y

o5 D¢t
ou 0 £2

= % . (9751 arctan <§1>

~ Ou —(5122
SO 14 (5

ou_oudp

0&? a Op 0&?

= @ . i arctan <£2>
 Jp  0€2

_ g

SO 14+ (8)

_ % i n<x>cosg0

Oy L
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We use (2.27) and (2.28) and write the left-hand side of (2.51) as

- wa—gkwdmg)

= [0t (1720 ) - 264 Vo) P55t 0

Using (A.1) and (A.3), we obtain for k = 1,2

(m?(@fi(@ 2, Vn(l’)>> el

= (n (1) = On (z) —2n ! (x) cos (n‘l(:ﬂ);:(x) cos ¢ + n_l(x)gg(a:) sin go)) X

8351 1

——

on on on ou
[t .2
_< n=(x >8I1( x)sinp 4+ 2n" ! (z )(99[:1( ) cos® psing + 2n~ ' (x )ax2(:c)cosg081n gp) 9

ou

on on
_ [, 2 -1 .2
= (n (x)agc1 (x)(2 cos” psinp — siny) + 2n <I>8x2 (x) cos psin <p> 9

and

<n—2($)§§2($) — 2¢2(¢, Vn(;p)>> auggé £)

= (n 2(x )8n( )—2n_1(x)sin<p<n_1(x)§£( Ycosp +n"t(z )i(m)singp)) X

8332
X (n(:v)cos 8u>
90890
_ On o1 (2) 2 (@) cos? osin o — 20 () O )
—<n ()8302( x)cosp — 2n (x)axl(x)cos psinp — 2n (w)am(x)coscpsm © 9

) (" (o) g () (2 cos? psine) + (o) 5 o) (costp — 2cos g @) 7
Cancellation of terms yields

ou on on ou

27
- [ T Sudante) = [ 07%o) (~ g @) s+ S (ycos ) Sud,
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Integration by parts leads to

2
/0 n_z(a:)< 88;1( )smgp—i— 8n cos go) a::wdgo

——/27r In(z) sin +8n( )c 0S (9w
- T om T Tomy, ) 9p"
- On(x) On(x)
2
+n (:U)( (%1 cos p + o, sin ¢ | uwde

-/, ssaa—gkudwx@ T @0 6) ww (6).

The analog can be done for N = 3. Writing ¢ in spherical coordinates as

I cos p sin 6
E= [ =n"'(z)|singsind |.
£3 cos

To obtain the derivatives 2%, 2% and 83 we compute:

dfl’ 852
Ou 890 Ou i arctan &
p 0t p & ¢!
_ &
% . (€1)2
dp 14 (&)
o ou n(m) cosglzzjina
= L esny
a(p cos?
sin ¢ Ou
= —nlx -,
sinf Oy
Qudd _oud )+ (€
00 9T 90 OE £
_ Ou &€+
o (€')2+(£2)?
W1+ e
=n(x )COSQOCOSQZZ
Hence,
du  Oudp  Oudf sin @ Ju ou

— +n(z) cos p cos —

96~ op00 Taoe - "Winea, 20
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In the same way we get

oudp Ju 0 <§2>
= - —— arctan

o0 Do 0E ¢!
_ @
Op 1+ (5)?
_ aiu . n(l‘)coscplsine
B a(p 00312<p
cos ¢ Ju
= T -,
sinf Oy
won _ouo o (EFEN
00 02 00 O€2 £3
_ Ou e\/g)+@)?
T 901 + %
= n(x) sin ¢ cos 6%,
and thus,
Ou  OJudp Oudd cos ¢ Ju , Ou
3752—%07524—%8—&?—n(x)m%—i—n(x)smcpcos@ag, (A6)
as well as
ou_0udh _ou 0 (e
og3 0003 90 €3 ¢l
0w @Rt @R/
00 pows
= —n(x)sin 9(;7; (A.7)

Using (2.29) and (2.27) we write the left-hand side of (2.53) as

- [ ThEE (o

- /o% /()W (@) (”_2(5”)6;3 - 26M(¢, Vn(fff))) aua(if)w(m, ¢) sin #d4dp.
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Next, we use (A.5), (A.6) and (A.7) to obtain separately for k =1

(n_2(x) ag;f) —261(¢, Vn>> gg sin 6

= (n_l (m)?é) (8171 cos ¢ cos 0 sin @ — 20;n cos® o cos O sin® 0

—20,n cos? @ sin ¢ cos @ sin® § — 20sn cos® p cos?  sin’ 9)

+ (nl (x) gz;> (—81n sin o + 20,1 cos® @ sin p sin’ §
+20,m cos p sin? @ sin? 6 + 2031 cos @ sin ¢ cos O sin 9) : (A.8)
for k=2
n’Q(:U)aL(I) — 26%(€,Vn) Ou sin 0
8272 ’ 852
= (nl(:c) 83) (82n sin ¢ cos @ sin @ — 20;n cos Y sin® ¢ cos O sin® §
—20,n sin® ¢ cos @ sin® 6 — 203n sin? ¢ cos?  sin® 0)
+ (n_l(x)gu> (6271 cos  — 201n cos® @ sin @ sin” 6
¥

—20,n cos @ sin? @ sin? @ — 2050 cos wsin @ cos 6 sin 9) , (A.9)

and for k = 3

(n_g(:p)agi:) —263(¢, Vn)) ggg sin 6

0
= (n_l(x)az> X
X (—8371 sin® f + 20,1 cos ¢ cos @ sin® @ +20,n sin ¢ cos O sin® § + 203n cos? 0 sin® 9) )
(A.10)

After some simplifications we get

B on ou .
(n 2(:6)(9—%@) — 2£k<§,Vn(x)>> a—gksm9
= n~H(x)(O1n sin 6 cos O cos ¢ + dyn sin O cos § sin  — G3n sin? Q)gz

_ ou
+n" () (0yn cos p — Oymsin gp)%
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and thus,

[t (nm e o) — 26 Vo ) 242t ¢ sna

2w
= / / n~2(z)(01n sin O cos O cos o + Oy sin O cos O sin ¢ — Jsn sin’ 9)29 wdfdp
o Jo

2w pm ou
-2 . . el
+ /0 /0 n="(z)(0yn cos ¢ — Oynsin p) awwdedgp.

An integration by parts with respect to 6 in the first integral leads to

27
/ / x)(O1nsin 6 cos  cos ¢ + Oynsin  cos 0 sin p — d3n sin G)gewdﬁdgo
= / [ ) (91 sin 6 cos 0 cos ¢ + Jyn sin 6 cos § sin o — dyn sin? O)u? dgp
8
x)(O1nsin 0 cos O cos ¢ + Oyn sin 6 cos O sin  — Jsn sin? ) —— 50 udpdf

™

/ /271'
2m
—/ / n~?(x)01n cos ¢(cos® O — sin® O)uwdpdd
o Jo
2m

/Tr / n~2(x)(dan sin p(cos? § — sin? ) — 203n sin 6 cos O)uwdedd.
o Jo

An according integration by parts with respect to ¢ yields

21
/ / x)(0an cos p — Oymsin ) a—wd@dgp
Oy
2
= / [ ) (Oam(x) cos p — Oin(x) sin ) vw| db
0

2w
—/ / u—n “2(x) (Oyn(x) cos p — Ayn(x) sin ) dpdd

2w
—/ / uwn~ (—0an(x) sinp — dyn(x) cos ) dedf.

Because of the periodicity of the trigonometric functions, the first integral vanishes
in each case and we arrive at
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on u
—1 ON N ock
[ @ (n ) g (0) = 266, Vo)) Sz
2w
:—// (O1nsin 0 cos 6 cos @ + dan sin O cos O sin ¢ — d3n sin® H)ggudgodﬁ

2m
—// u—n ) (Oan(z) cos p — Oyn(z) sin ) dpdd

2m
- / / x)01n cos p(cos® § — sin? §)uwdpdd

2m
— / / ) (0yn sin p(cos® @ — sin® §) — 203n sin 0 cos O)uwdpdd
- / / (—0an(x) sin p — d1n(x) cos p) uwdedd

- /Q gfjaékudwz +2/ HVn, &)uwdw,(§).
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A.2 Gradient and Laplacian in spherical coordi-
nates

In the Euclidean case, the Laplacian in spherical coordinates (c.f. [10]), applied to a
scalar function ®, is given by

AP = lg 8(1) + 1 g Qaj + 1 827@
~r2or\| or r2sin 6 06 sin 06 r2sin 62 dp?

For N = 2 the angle ¢ can be set as a constant 7 and therefore,

10 ([ 09 1 0*®
AD = 7”6’[“ <T87“> + ET@Q

On the Riemannian manifold (M, g) the Laplacian becomes the Laplace-Beltrami
operator Au of a scalar function u € C*(QM). In cartesian coordinates we use (1.26)
to compute

1 N 0 ; Ou 0 ou
Au = Vdetg ZJZ::1 (8% < detgg” ox ) o0&t ( detgg’ 8§J>)
N
= n_N(x) g::l (aiz <nN—2(x)gZ> 1 pN-2 (2 ) 9%u )

(¢
—n22)Y (g;g + %) + (N - Zl 8% (A.11)

In polar coordinates, we parameterize similarly to the proof of 2.8. For N = 2 we get

(& - cos @ (T _ [cosp
&= <§2> =n"'(a) (sin gp.) ’ T (xi) -7 (Sin,u.)

Hence, (A.11) becomes

A Ly 10 ( ,0u 1 0%°u %
u=n" G \Tar ) T rae T o)

Accordingly for N = 3, we parametrize

T oS 1 sin 7 £t cos psin 6
x=|xy| =7 |sinusing |, E= & =n"'(z)|singsind |.
x3 cosn £ cos 6
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Observing that

N on du
Z = <Veuclidn7 Veuclidu>euclid

i=1
~ Onodu 1 Ondu 10ndu

B EE—F r251n277871@+ r20n dn’

we obtain

Au = n"?(z) 10 rza—q) —{—71 9 inQa—(I) + Lo + Al
N r2 or or 2singog \ o0 72 sin 02 0p? sin? § 9?2

on ou 1 on Ou 1 0n 8u>

-3 it - e
o (x)<6r or * r2sinn Op Op T2 on On
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A.3 Computation of integral transforms for some
examples

Chapter 2 introduced Z(? for tensor fields. For the numerical application and analysis
of the solution methods from Chapter 3, the transformations are calculated for some
examples where the integration is also possible analytically. For all examples, we
consider NV = 2 and g as the Euclidean metric. We parametrize = by

z = (“”“) — (TCOS“>, r e [0,1], u € [0, 27]

To 7 sin
1
= (5)= (7). venom

A.3.1 Constant vector field

For constants A and B let

FO (2, 20) = (g) -

Then,
(0) 0
Zof Ol ) = [ (Tl +78), ) dr
0
= [ A€+ Beedr
T_(x,€
_ AL+ BE (1= oo )
Qg
and

[Zof (2, 6) = —(AE! + BE)T_(2,€).

We want to compute ||Zof |20, anr for f(z) = (A, B)T.

TofO(z, &) = —(AE' + BE)1_(2,€) = (AE' + BE?) (<x7€> + \/<:v,€>2 +1- <:v,ﬂs>> :

of O Tof ) iroonn = ) 17050, €)Pdo (0

+

= (A" + BE)? ((z,€) + |(2,€)])" doy (&)

84 QM
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Parametrizing x = (cos y,sinu) ", € = (cos @, sin )T,

27 27
<Iof Iof >L2 @ QM) = /0 (Acosp + Bsin @)2/0 (cos(p — ) + | cos(p — cp)|)2 dude.

Since the integrand of the inner integral is 27-periodic, we have

/27r (cos(pe — @) + | cos(u — @)[)* dps

= [ (cos(un) + feos(l)dya+ [ (cos(in) + | cos(n) ) d
+/ cos(y1) + | cos(p)])* d

2
—/ 4 cos?( wdp+ |, 4cos (p)dp

= [sin(2p) + 24 + [Sln(QM) + 205

=27

and therefore,

27
<Iof(0),zof(0)>L2(a+QM) = 27r/0 (Acos p + Bsin p)*dy
_on2(A2 4 B2).

Hence,
HIOf(O)HL2(8+QM) =/2(A? + B?)r.
For A, B € R we want to verify that

<IOf IOf >L2 (0+QM) — <f(0)7ISIOf(O)>L2(5171’M)-

We have

Tof (w,€) = —(Ag' + BE)T_(,€)
= (46 + B (0.6 + V/{e. 67 +1 = fz,))
=: h(x,§).

Thus, for (Z,€) € QM,
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=1

£)
= (A&, + B&) (a:+7+ éé5>+¢<:%+T+(a?,é>§,€>2+1—I:E+T+(i:,€>él2

— (461 + BE) (0.8 + 70,8 + /(2.8 + 7,7, 9)2)
= 2(A&y + B&)(2.6)% + 1 - [

Consequently, we have

and therefore,

2w
ISIOf(O):/O 2(Acosp + Bsiny) ( 5;) dp =27 (g)

Hence, we obtain as expected

(SO LT f ) rasiny,) = /M 2(A% + B?)dV

1 r2r

= 2m(A? + BQ)/ / rdudr
0 Jo

= 21%(A% + B?).

This example will be used to prove the accuracy of the implemented adjoint operator.

A.3.2 Variable vector field

Let ¢ > 0 be constant. We define

Flay,as) = (Cﬂ;) .

Then,
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Lol €) = [ [+ 7€ +elaa + rE)e7] e

0

= (218! + cx26?) + 7((€)? + ¢(?)?)] e207dr
yw<5l+m§27+xﬁtuw8_xéf+déﬁﬂ°
T—(2,€)

Qp 7

nf ewsg (€24 ()

ap ad

_ oo ) ((51)2 + C<§2)27-7(3:, 6+ &Y + cxa? B (£1)? —1-20(52)2)

o ) o

and

0 {(:1:1 + 7EHE 4 (2 + 7'52)52] dr
o (@18 + a8+ 7((€) +el¢?))] ar

(1€ + eI (,) — (€ + ()7 (..
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A.4 Runge-Kutta method

We consider the following first-order differential equation:

y'(t) = fy(t),  ylte) = vo.

The fourth-order Runge-Kutta method is given by

k1= f(y(to)) = f(wo)
ky = f (yo + klAt>
ks = f (?Jo + k‘zAt>

k4 = f(yo -+ k’gAt)

and

ki + 2ky + 2ks 4 ky
6

Y At
<k:1+ Sk + k:3+ m)m.

y(to + At) = y(to) +

6
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