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Abstract
Splitting-type variational problems

n
/ > fi(@w) dx — min
iz
with superlinear growth conditions are studied by assuming
hi(t) < fI'(t) < Hi(t) (%)
with suitable functions &;, H;: R — R*,i =1, ..., n, measuring the growth and ellipticity
of the energy density. Here, as the main feature, we do not impose a symmetric behaviour
like h; (t) ~ h;i(—t) and H;(t) ~ H;(—t) for large |¢|. Assuming quite weak hypotheses on
the functions appearing in (), we establish higher integrability of | Vu| for local minimizers
u € L°°(2) by using a Caccioppoli-type inequality with some power weights of negative

exponent.

Keywords Splitting-type variational problems - Asymmetrical growth conditions -
Non-uniform ellipticity

Mathematics Subject Classification 49N60 - 49N99 - 35J45

1 Introduction

Suppose that 2 C R" is a bounded Lipschitz domain and consider the variational integral

J[w] ::/ f (Vw) dx (1.1)
Q
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560 M. Bildhauer, M. Fuchs

of splitting-type, i.e.
n
[R' >R, f(2)=) fi(Z) (12)
i=1

with strictly convex functions fj: R — R of class CIR),i=1,...n, satisfying in addition
some suitable superlinear growth and ellipticity conditions.

Problem (1.1), (1.2) serves as a prototype for non-uniformly elliptic variational problems.
After Giaquinta’s counterexample [1] and the pioneering work of, e.g., Marcellini [2, 3],
Acerbi and Fusco [4], Fusco and Sbordone [5] and many others it is well understood that
the ratio of the highest and the lowest eigenvalue of D? f is the crucial quantity for proving
the regularity of solutions. The reader will find an extensive overview including different
settings of non-uniformly elliptic variational problems in the recent paper [6]. Without going
into further details we refer to the series of references given in this paper. We just like to finish
this short considerations with the remark, that the unbounded counterexamples constructed
by Giaquinta et al. are complemented, e.g., by the work of Fusco and Sbordone [7].

In Section 1.3 of [6], the authors consider general growth conditions which, roughly
speaking, means that the energy density f is controlled in the sense of

g(ZDIE* < D2 f(2)¢E.8), |D*f(2)] =G(Z)), (1.3)

with suitable functions g, G: Rg — RT. Then, under appropriate assumptions on g, G, a
general approach to regularity theory is given in [6].

Our note is motivated by the observation, that in (1.2) there is no obvious reason to assume
some kind of symmetry for the functions f;, i.e. in general we have f;(¢) # fi(—t) and, as
one model case, we just consider (qijE >1,i=1,...,n)

- . + .
fi)y~ )9 if r<« -1, fi)y~ )% if > 1. (1.4)

Then, both for t <« —1 and for ¢ > 1, the functions f; just behave like a uniform power of
]. Nevertheless, the power ¢, enters the left-hand side of (1.3) and ql.+ is needed on the
right-hand side of (1.3).

This motivates to study the model case (1.2) and to establish regularity results for solutions
under the weaker assumption

hi(t) < f{'(t) < Hi(t) t€R, (1.5)

with suitable functions 4;, Hi: R — Rt, i =1,...n.
There is another quite subtle difficulty in studying regularity of solutions to splitting-type
variational problems: in [8] the authors consider variational integrals of the form (1 < k < n)

Iw, Q] = /Q [f @rw, ..., kw) + g (1w, ..., dyw)] dux, (1.6)

where f and g are of p and g-growth, respectively (p, g > 1). Then the regularity of bounded
solutions follows in the sense of [8], Theorem 1.1, without any further condition relating p
and ¢g. The proof argues step by step and works since the energy density splits into two parts.
If, as supposed in (1.2), the energy density splits in more than two components, then one has
to be more careful dealing with the exponents and some more restrictive (but still quite weak)
assumptions have to be made. In this sense Remark 1.3 of [8] might be a little bit misleading.
We note that a splitting structure into two components as supposed in (1.6) is also assumed,
e.g., in [9] and related papers.
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In the following we consider the variational integral (1.1), (1.2) defined on the energy
class

Ef(Q):= {w e whlQ): / F(Vw)ydx < oo} .
Q

We are interested in local minimizers u: & — R of class E y(2), i.e. it holds that

ff(Vu)dxf/f(Vw)dx (1.7)
Q Q

for all w € E ¢(£2) such that spt(u — w) € .
Notation. We will always denote by ¢ i+ >1,q; > 1,1 <i < n,real exponents and we
let forfixed1 <i <n

q; = min {ql.i_} , ¢;:=max {qli} . (1.8)
Moreover, we let
I:[0,00) >R, T'(t)=1+¢.

Recalling the idea sketched in (1.4), (1.5) we denote by h; and H;, i = 1, ..., n, functions
R — R such that with positive constants a, i ai

[]’,7—2
a, ' 2 (t) if t <—1
< hi(1) (1.9)
41,*72
a, T ([t]) if 1> 1
and
q; 2
@Gz (1) if t <—1
Hi(t) < . (1.10)
qf—Z
Gz (1) if t> 1

We consider functions f;: R — [0, co) of class CX(R),i = 1, ..., n, such that for all
teR

hi(t) < f/'(t) < Hi (1) (1.11)

and note that (1.11) immediately implies for all i € {1, ..., n} with constants b; > 0

-1
/ 5 (e if £ < —1
[fi @] < bi . . (1.12)

q; —1
r=—(ehif t > 1

Moreover we obtain (maybe up to additive constants) for alli = 1, ..., n with constants ¢;,
¢ >0

4 4
=) if t < —1 T (|e]);if t < —1
al . < i) <@ X SEN(RE)
4; 9
(e ift > 1 > (e)if > 1

‘With this notation our main result reads as follows.
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562 M. Bildhauer, M. Fuchs

Theorem 1.1 Suppose that fori = 1, ..., n the functions f;: R — [0, 00) are of class C*(R)
and satisfy (1.11) with h;, H; given in (1.9), (1.10) for qii > 1.
With the notation (1.8) we assume in addition:

(i) inthe case n =2 and q, > 2 we suppose that

Gy <2q1 +2. (1.14)
By (1.14) we may choose p1 > 1 such that
q
pr < 2=="
4 —2
and we further suppose that
71 < 4,2+ p1]+2. (1.15)

In the casen =2 and 1 < g, < 2 we may take any p1 < oo which follows from (5.1)
with Qj =0.
(ii) in the case n > 3 suppose that we have for every fixed 1 <i <n

q; < 2&, +2 forall i< j<n, (1.16)
q; <3q,+2 forall 1=<j<i. (1.17)

Ifu € L*(Q) N E () denotes a local minimizer of (1.1), (1.2), i.e. of

st = [ [Zﬁ(aiw)} dx,
L=

then for every 1 < i < n, for some § > 1/2 and for any ball B>, (xo) € Q
/ fi@wI°(3ul)dx < ¢ (1.18)
By (x0)

with a finite local constant c.

Remark 1.1 i) In the two dimensional case as discussed in [8] we have p = ¢» < q1 = ¢
and g ; =4q;= qj,j =172
In this case (1.14) gives no restriction on the exponents since we have chosen w.l.o.g. p <
q.
In an analogous way it is possible to renumber the exponents in the general form (1.16),
(1.17) (or in the same spirit (2.5), (2.6) of Theorem 2.1 below) in order to have these
conditions after reordering.
For (1.15) we observe

pP+4&L}+2:EEL+Hp+D>2%
p—2 p—2
hence (1.15) as well does not restrict the class of admissible exponents p and g.
Here and in the following we always suppose w.l.0.g. that we have (5.1) (see Section 2
for the precise notation) since otherwise no further hypotheses on the exponents have to
be made.
ii) Of course with an explicit choice of p; and the parameter p, (see (5.11)) the choice of

8 in (1.18) can be made precise. Moreover, given (1.18) one may iterate the arguments
in order to improve the integrability results. We leave the details to the reader.
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Splitting-type variational problems with... 563

iii) In the case n > 3 we could choose parameters p;, j; as outlined by the choice of p;
and p; in the case n = 2. We prefer the much simpler formulation of (1.16) and (1.17).

Theorem 1.1 describes the typical situation we have in mind. The proof however is not
limited to this particular case which leads to the generalized version stated in Theorem 2.1
below.

Although the algebraic choice of parameters in the general form appears somehow
involved, we prefer the general formulation since it clearly indicates the idea of the proof.
We start with an Ansatz involving both f; (d;u) and I'(|0;u|) where the asymmetric structure
enters by exploiting the structure of f; combined with the relation to its derivatives. This
Ansatz leads to the first general inequalities and we end up with some mixed terms which
have to be discussed in the last section. There we combine a careful pointwise analysis with
an iteration procedure which generalizes the arguments given in [8]. We note that even in the
symmetric case splitting into more than 2 groups the known results are generalized by our
Theorems.

In Sect.3 we shortly sketch a regularization procedure via Hilbert-Haar solutions while
Sect.4 presents the main inequalities for the iteration procedure of Sect.5. This completes
the proof of Theorem 2.1 and hence Theorem 1.1.

2 Precise assumptions on f

The suitable larger class of admissible energy densities is given by the following assumption.

Assumption 2.1 The energy density f,
n
[R5 R, f(2)=) fi(Z),
i=1

introduced in (1.2) is supposed to satisfy the following hypotheses.

(i) The function fj: R — [0, 00),i =1, ..., n,is of class C%(R) and for all # € R we have
'@ > o0.

For 1 <i < n we suppose superlinear growth in the sense of
lim |f/(t)] = o0
t—to0 |f’ ( )|

and at most of polynomial growth in the sense that for some s > 0 we have for |¢]
sufficiently large

fi(®) < clt|® with a finite constant c¢.

(i) Fori € {1, ..., n} and for

1
0<6; < 3 2.1
we suppose that for all |#| sufficiently large
al'™ i /@) < fi(0) < e f' OT (e, 2.2)
2 )
£ O] < esfl' @ fior% (e, (2.3)

where c1, ¢3 and ¢3 denote positive constants.
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(iii) We let

0
& I (t)if t <0
rr@)=

a;
Tz (e)if t>0

and suppose that f;, i = 1, ...,n, satisfies with qii > 1, with positive constants c4, ¢5
and for |z| sufficiently large

+ +

T () < £i() < esT 5 (e)). 24

Remark 2.1 1. If f; is a power growth function like, e.g., f;(f) = (1+t)Pi/2, p; > 1 fixed,
then we have

cT(e) f'(0) < fi(0) <cTeD) f' (@)

i.e. (2.2) with ; = 0. Our asymmetric model case given by (1.9)—(1.13) as well is an
admissible choice satisfying (2.2).

2. By convexity it is well known (see, e.g., [10], exercise 1.5.9, p. 53) that if a convex
function is at most of growth rate s, then we have at most the growth rate s — 1 for its
derivative. Hence, (2.4) together with the right-hand side of (2.2) imply (2.3).

3. The condition (2.2) with 6; < 1/2 formally corresponds with the conditiong < p +2in
the standard (p, g)-case (see, e.g., [11], Chapter 5, and the references quoted therein).

Theorem 2.1 Suppose that we have Assumption 2.1 with qijE > 1,i =1, ..., n. With the
above notation we assume in addition that we have for every fixed 1 <i <n

gy < (1-6)[2(q,—26) +2]

forall i< j<n, 2.5
_ 1 —26;
g, <(1-0) |:(2+r)<gi—20i)+2:|, C= g

forall 1<j<i. (2.6)

Ifu € L*(2) N E ¢ () denotes a local minimizer of (1.1), (1.2), i.e. of

n
Jw] = / [Z fi(aiw):| dx,
S I
then for every 1 < i < n, for some § > 1/2 and for any ball B, (xo) € Q2 we have
/ [i@wT = (dul) dx < ¢ 2.7
By (x0)
with a finite local constant c.

Remark 2.2 In particular we note that (2.5), (2.6) reduce to (1.16), (1.17) if 6; is equal to
Zero.
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3 Some remarks on regularization

We have to start with a regularization procedure such that the expressions given below are
well defined. We follow Section 2 of [8] and fix aball D € 2. If u denotes the local minimizer
in the sense of (1.7) and if ¢ > 0 is sufficiently small, we consider the mollification (u), of
u w.r.t. the radius e. We consider the Dirichlet-problem

/ > fi(@w) dx — min
Doy

among all Lipschitz mappings D — R with boundary data (#),. According to, e.g., [12],
there exists a unique (Hilbert-Haar) solution u, to this problem.
Exactly as outlined in [8], Lemma 2.1 and Lemma 2.2, we obtain:

Lemma3.1 Let g := minj<;<y q;

i) We have as ¢ — 0

ug—u inWh4(Dy, /Zf,'(a,-us)dxe/ Zf,-(Bl-u)dx.
Do Dizi

ii) There is a finite constant ¢ > 0 not depending on € such that
luellLoopy < c.

iii) Foranya < 1 we have u, € C'*(D) N W22(D).

loc

We then argue as follows: consider a local minimizer « of (1.1), (1.2) and the approxi-
mating sequence {u,} minimizing the functional

J[w, D] ::/ Zfi(aiwi) dx (3.1)
Doy

w.r.t. the data (u),. In particular we have a sequence of local J[w, D]-minimizers. We apply
the a priori results of the next section to #, and Theorem 1.1 follows from Lemma 3.1 passing
to the limit ¢ — 0.

4 General inequalities

The main result of this section is Proposition 4.2 which is not depending on the hypotheses
made in Assumption 2.1, iii).

We will rely on the following variant of Caccioppoli’s inequality which was first introduced
in [13]. We also refer to Section 6 of [14] on Caccioppoli-type inequalities involving powers
with negative exponents, in particular we refer to Proposition 6.1.

Lemma 4.1 Fix | € N and suppose that n € C°(D), 0 < n < 1. If we consider a local
minimizer u € WIL’COO(D) N Wl%)’CZ(D) of the variational functional

I[w]:/ g(Vw)dx
D
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566 M. Bildhauer, M. Fuchs

with energy density g: R" — R of class C? satisfying D*g(Z)(Y,Y) > Oforall Y, Z € R",
then for any fixed i € {1, ...,n} we have

/Dng(Vu) (Voju, Vou) n*' TP (19;ul) dx
< [ D2 T 2T ol dx
forany B > —1/2.
To the end of our note we always consider a fixed ball

B=By(x) €D.

With this notation we have the following auxiliary proposition.

Proposition 4.1 Suppose that we have i) of Assumption 2.1 and letn € C{°(B), 0 <n <1,
n = lon B, (xg), |Vn| < c/r. Moreover, we assume thatu € Lw(D)ﬁWIL’COO(D)ﬂWé’CZ(D).

Then we have for fixed y € R, for all k > O sufficiently large and fori = 1, ..., n the
starting inequalities (no summation w.r.t. i)

/ﬁ(aiu)f’1+”(|3iu|)n2kdxSC[1+/ |9; 0| T (1;ul) f; (3;u)n** dx
B B
+/ |aiaz-u||f,-’|(az-u)r%+V<|aiu|>n2kdx], (4.1)
B

where the constant may depend on ||u||p~ and on r > 0.

Remark 4.1 (i) The idea of the proof of Proposition 4.1 is based on an integration by parts
using the boundedness of u. An Ansatz of this kind was already made by Choe [15],
where all relevant quantities are depending on |Vu|. Here the main new feature is to
work with the energy density f which is not depending on the modulus of Vu.

(ii)) We note that for the proof of Proposition 4.1 no minimizing property of u is needed.

Proof of Proposition 4.1 Withi € {1, ..., n} fixed we obtain using an integration by parts
f}gﬁ(am F17 (3pulyn dx
=/B|al-u|2ﬁ(aiu)ry<|a,-u|>n2kdx+Lﬁ<aiu>ry<|aiu|>n2k dx
= —/Buai[a,-uﬁ<aiu)ry(|aiu|)n2"] dx-i—/Bﬁ(aiu)FyﬂaillDUdex
sch|aiaiu|ry(|al~u|>fl~<aiu)n2kdx
+c/B|a,»a,»u||a,-u||ﬂ|<aiu) I7 (sl dx

+c/ |91l f; ()T (19;u)n** 18| dx +/ fi (@77 (|3;u))n* dx
B B
=hi+h;+h;+1L;. 4.2)
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In (4.2) we discuss I3 ;: for ¢ > 0 sufficiently small we estimate
I s/B|aiu|fg%(aiu>r%(|a,-u|)nkﬁ%(aiu>r%<|aiu|>nk—1|Vn|dx
< e/B 0gul2 £ Bi0)T (Bl yn dx
+c(e, r) /B £ @;u)T7 (|0;u)n** 2 dx . (4.3)
The first integral on the right-hand side of (4.3) is absorbed in the left-hand side of (4.2), i.e.
| fi@ur ™ o as
< I+ hi+ecer) fB fi@u)T (|9 ) 2 dx
+/Bfl~<aiu)ry<|aiu|>n2k dx
<hi+hi+cer) fB Si@u)T (|95u)n* 2 dx. (4.4)

Discussing the remaining integral we recall that the function f; (HTH7 (J2]) is at most of
polynomial growth, hence we may apply the auxiliary Lemma 4.2 below to the functions
o) = fiOTY(t]) and ¥ (2) := f,'(t)F”V(ltl) with the result that for some p > 1 and for
allr e R

Ji@T7(|t]) < C[ﬁ(t)FHy(ItI)]% +c (4.5)

with a suitable finite constant c.
With (4.5) we estimate for &€ > 0 sufficiently small and for k > p* = p/(p — 1)

c(e, r)/ @) T (9;ul)n®2 dx
B
56‘(8,?)/ [fi(8iu)rl+y(|3iu|)]%n%ﬂ%_2dx+c
B

< s/ ﬁ(aiu)F]+y(|8iu|)n2kdx+C(§,8,r)/ n2*=P" dx 4 ¢
B B
(4.6)

The inequalities (4.4) and (4.6) complete the proof of the proposition by absorbing the first
integral on the right-hand side of (4.6) in the left-hand side of (4.4). ]

It remains to give an elementary proof of the following auxiliary Lemma.

Lemma4.2 For m € N we consider functions ¢, ¥: R™ — [0, 00) such that ¥(X) <
cIT(| X)) for some T > 0 and for all X € R™. Suppose that we have for some ¢ > 0 and for
all X e R"

P(X) < I (IXDY(X).

Then there exists a real number p > 1 and a constant C > 0 such that

D=

p(X) < [v(X)]” +C.
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568 M. Bildhauer, M. Fuchs

Proof Leté :=¢/t,wlo0.g.8 < 1,ie. forall X € R™
1+ 9°(X) < 1+l (X) < L+ T (X)),
hence we have by assumption
5 -1
P(X) < c[1+¢°(X0] ¥(X)

c if (X)) <1

IA

(X)) if Yi(X) > 1

The lemma follows with the choice p = 1/(1 — §).

With the help of Proposition 4.1 we now establish the main inequality of this section.

Proposition 4.2 Suppose that we have Assumption 2.1 andletn € Ci°(B),0<n <1,n=1
on B, (x0), |Vn| < c¢/r. Moreover, we assume that u € L>*°(D) N WIL’COO(D) N WI%)’CZ(D) isa

local minimizer of (3.1).

Fori € {1, ..., n} we choose o; satisfying (recall 0 < 6; < 1/2)
0; <o <1/2.
Moreover, again for i = 1, ..., n we choose arbitrary real numbers y; > —1, i > —1/2

subject to the condition

1
vitoi=:pi>—7.

Then we have for any sufficiently large real number k > 0
/ﬁ-(aiu) T (9ul)n™ dx
B

< c[l + Zf f7 @) P ((0;uln* 2 dx] :
j#i B

Proof We recall the starting inequality (4.1),
[ @ g ax < 1+ n+ ).
B

where we fix i € {1, ..., n}. We estimate for fixed ; as above

1 Bi

LB , -1 Bi
I =/B|aiaiu|[ﬁ//(aiu>]2r7(|aiu|)[f,-’ @] 207 (ou))
T (18ul]) f; @) dx

< c/ £ (@) |8; ;P TP (18;u))n** dx
B

+c/ [ﬁ”(a,»u)]‘lr%‘*"f(|a,~u|)f,.2(al~u)n2k dx.
B
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Splitting-type variational problems with... 569

The second integral on the right-hand side of (4.10) is handled with the help of the right-
hand side of (2.2) using in addition Lemma 4.2 (recalling o; > 6;)

-1 5
/ (£ @]~ TV (|0;ul) f7(@iu)n™* dx
B
< [ [A@uort e g ax
B
Ly, 5% 2
< [ [f@urasun] n¥ o ax e
B
58/ Fi @)Y (0u)n®* dx + (e, r) . 4.11)
B
Absorbing terms it is shown up to now (using (4.9)— (4.11))
/ﬁ(a,-m P (3pulyn d
B
ey a.,121PBi (15, 2k .
§c|:1—|—f S (0iu)|0; 0;u|“ TP (|0;u)n dx+12,,i|. (4.12)
B
Let us consider I ;, i € {1, ...,n}. With §; > —1/2 as above we have
" . " -1 b
L= |3i8iu|[f,' (3iu)] Iz (|3iu)[fi (3iu)] ™2 (|0;ul)
B

1 :
T2 (|9uul)| £ 1(u)n* dx

c/ 1 @1018;9;ul TP (9;ul)n** dx
B

IA

+c/B [f,.“(a,-u)]“1“1*%'*""(|a,-u|)|ﬂ|2(a,-u)n2’< dx. (4.13)

The first integral on the right-hand side of (4.13) already occurs in (4.12) and the second one
is handled with (2.3) and Lemma 4.2 (recalling o; > 6;)

/ [ @) ]~ T (aul)| £ P @iyn® dx
B
5/ﬁ(aiu)F””*“’f*@)(|aiu|)n2’<dx
B
Ly N
< [fl-(a,»u)r V’(|8iu|)] Ny nE dx + ¢
B
58/ Fi @™ (19;u)n™ dx + c(e, r) (4.14)
B

and once more the integral on the right-hand side is absorbed.
To sum up, (4.12) implies with the help of (4.13) and (4.14) fori =1, ..., n

fﬁ(aiu)r””qaiunn% dx
B

gc[1+/ fi”(8iu)|8i8iu|zfﬁ"(|8iu|)n2kdx]. (4.15)
B
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570 M. Bildhauer, M. Fuchs

Discussing the right-hand side of (4.15) we apply Lemma 4.1, where we let f(Z) =
Z?:l fi(Z;)andfixi € {1,...,n}:

/ £ @) 18;0;u TP (|9 ) dx
B
<c / D? f (Vi) (8 Vuu, 3 Vu) TP (|9 yn™* dx
B

< C/I;sz(Vu)(Vr),Vn)['l+/3i(|aiu|)n2k72 dx
< c(r)Z/ £ @ T P u) 2 dx (4.16)
j=1"%

For j = i on the right-hand side of (4.16) we now apply the left-hand side of (2.2) and again
Lemma 4.2 with the result (recall 6;, o; < 1/2)

/B £ @)D P (|9, 2 dx
5fBﬁ(&u)l“”‘*““’f(|a,-u|)n2k—2dx
E/};[ﬁ(aiu)Fl'H’i(|8,-u|))]’l);72pkn;]’i2dx_|_c
ge/Bﬁ(a,-u)r1+yf(|a,-u|)n2’<dx+c(e,r). (4.17)

Note that the integral on the right-hand side of (4.17) can be absorbed in the left-hand side
of (4.15). This proves Proposition 4.2. O

5 Iteration

Step 1 - preliminaries. We start with an elementary proposition recalling and relating the
relevant parameters of the problem.

Proposition 5.1 With qii, 4,40, —1/2 < i = yi +o0i, i =1, ..., n, as above we further
let

+
a)ijE :=%+yi, ief{l,...,n}.

W.lo.g. (since otherwise the claim (5.3) trivially holds on account of o; < 1/2) we assume
that we have for j € {1,...,n}

q;>2(1-06;). (5.1)

We fixt > 0,4, j € {1,...,n} and suppose in addition to (4.7) that y; (and B;) are given
such that

q,(1-6;) 241 T
I+y <= —o0; (1-9; !
MR R Y (e o ( ’)aj—z 0;

(5.2)

(-
(1-6))
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This yields (for any combination of q?[ and qii, recall o; < 1/2, hence a)li —Bi >0)

+
L 1+8 1+ %+
T <2(1—-6;)) —=—+71(1-6) . (5.3)
T A (1-9)) p s (1-6))
Proof We note that
(1—06; qi/(1—6;
1+%<g,( D) 24 _a,-(1_e,-)’qu/( )
2 g;-2(1-0)) q;—2(1-0)
is equivalent to
_ g,‘(l_ej) _
(1+yg)[qj—2(1—6’j)]<gi(1—9j)+t f—ai(l—éj) —0iq;j -

Writing this in the form

q. q.
q;(+p)<2(1-6)) [l—l—yi +§} +7(1-9)) [3 —a,-:|
and recalling that we have by definition a)l.jE —Bi = (ql.jE /2) — o; we obtain as an equivalent
inequality

g.—ZO',‘

cl-0) L

148 1+ 4y
w; - Bi q; —20;

Toi — B

Up to now no relation between qf and g; was needed due to our particular Ansatz
depending on ¢ instead of |z].

Step 2 - main inequality. To complete the proofs of Theorem 1.1 and Theorem 2.1 it
remains to handle the mixed terms on the right-hand side of (4.8). Here, of course, it is
no longer possible to argue with the structure conditions for fixed i, i.e. to argue with ql.i
separated from each other in disjoint regions.

Throughout the rest of this section we suppose that the assumptions of Theorem 2.1 are
satisfied.

Consider a set U C € and a C!-function v:  — R. We let for anyi € {1,...,n}

UN[dv=0l=Uvl=U", UN[gv<0l=U [v]l=U,
in particular U can be written as the disjoint union
U=U"uu;

forevery 1 <i <n.
Using this notation, recalling Proposition 4.2 and the left-hand side of (2.2) we have for
everyl <i <n

/ @ (8u)n?* dx
B

< c|:1 + Z/ £ @) P ((0;uln* 2 dx]
j#i 0P

5c[1+2/f,-(aju)r9f*1(|aju|)rl+ﬂi(|a,»u|)n2k*2dx}. (5.4)
j#i '8
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Fixi e {l,...,n}and let

i l—l—a)l.i t l—l—a)ijE
Ki = —> Ki :Ei
T+A oF — f;

For the choice of exponents we observe

1+a)ii>l+f3,' = %>(r,-

which follows from o; < 1/2.
We obtain for fixed 1 < i < n and for ¢ > 0O sufficiently small (note that the ball B is
divided into two parts w.r.t. the function 9;u)

Z/ Fi@pT %= (10,u) T (10;u ™2 d
J#

<CZZ/ (1 £5@w) 0% =1 (1a;uDT P ()02 dx

j# £

<ZZ|: f F(|8M|)l+w’ nzkdx
j# £
1+()i 1+wii

©;—1)
+c(8)/ (1+ f;@u)“ #ir ﬂ(|8ju|)dx:|. (5.5)

By (2.4) we have on B for |9;u| sufficiently large T(3;ul)% /> < cf:(3:u), hence by the
definition of coli

822/ N(ED nz"dx<c(n—1>e/ [i@uoT Y (0 dx + ¢
j# £
(5.6)

and, as usual, the integral on the right-hand side can be absorbed in (5.4).
We will finally show with the help of an iteration procedure that forevery 1 <i <n

I+o;

ZZ/ (1+ £7(3; u))“’ o (|djul)dx < c, (5.7)

j#E
which completes the proof of Theorem 2.1 since we have by (5.4), (5.5) and (5.6) for every
1<i<n
| raor o ax
B

l+u)l-i

©;—1)
<c[1+ZZ/ (1+ £;9; u))” *f’z ﬂ(|3ju|)dxj|. (5.8)

J#E

In order to establish (5.7) let us suppose that (5.2) is true with a real number T > 0.
Then we may apply Proposition 5.1 and (5.3) implies in the case g; > 2 (1 —0 j) (recall
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+
fj ~ T4’

147 T 14B8;
—(1=0) - —(1-0))3 ToE
i i (0ul) < c(1+ f@ju) “i "
I-Hul-i

1=
=c(l+ fi@Qu) “ .
Thus we obtain

+
i i—1) .
(14 £j@w) AT (aul) < e(1+ £;0)T D5 qojul). (5.9)

+

I+w 1+o;

We note that (5.9) is formulated uniformly w.r.t. the index j and the symbol =+ is just
related to o;u.

In the case ﬁj <2 (1 — 9]-) we have

(1+ fj@ju)) < cT'0(0ul),

hence

1+wl?ﬁ lJra)ii

Fog LD
(1+ ;@) T PP (Bjul) < ¢

and (5.9) holds for any 7 > 0.

Inequality (5.9) is the main tool for the iteration procedure leading to the claim (5.7).

The strategy is the following: we start with i = 1 and use (5.2) with an appropriate real
number y; which gives (5.9) fori = 1 and 2 < j < n. In this first step T = 0 is chosen such
that we have a priori integrability on the right-hand side.

Fori =2and3 < j < n the same is done in the next step. We note that for j = 1 we may
benefit from the integrability obtained before with i = 1, i.e. we may choose an appropriate
T > 0in (5.2).

The iteration is done with the case i = n.

Step 3 - proof of Theorem 1.1, (i). Let us start with the easiest case i) of Theorem 1.1,
ieen=2,0=0,i=1,2.

On account of 8; = 0 we may choose o arbitrarily small and (5.2) forg, > 2and 7 =0
becomes with p; > 1

1 q
14y = —p < — (5.10)

2 g, — 2
We note that (5.10) is satisfied with some p; > 1 if we have
Gy <2, +2,

which corresponds to our assumption (1.14).
This implies by (5.8) and (5.9)

/ A@WT T (duhn* dr <c.
B

As a consequence, in the second step we consider (5.2) with

4,
G2

T<p <2
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This leads to the condition (p2 > 1)

%<1+y2 =: %p2<%;1+_'0;. (5.11)
This condition is satisfied for an appropriate p; if we suppose that
g1 < g2+ p]+2
with p; satisfying (5.10). This proves Theorem 1.1 i).
Step 4 - iteration and proofs of the theorems.
We first note that we have (5.2) with
Yi +oi = Bi
for B; sufficiently close to —1/2 if
q; <2+1)gq,(1-0))+2(1 -0;)(1 =2+ 1)0).
and for o; > 6; sufficiently close to 8; we are led to
q; <2+1)q,(01—-0;)+2(1-6;)(1—-2+71)6). (5.12)

i=1
Again with g; sufficiently close to —1/2 (here fori = 1) and choosing o; > 6; sufficiently
close to 0; (i = 1), (5.2) is valid with the choice T = 0 if we have (recall (5.12))

a; <(1—9,-)[2(gi—29,-)+2] forall 2<j<n, (5.13)
i.e. in the particular case i = 1 under consideration
g, <(-6)[2(q,-20)+2] forall 2<j=n,

and this is just assumption (2.5) fori = 1.
From (5.2) we deduce (5.9) fori = 1, ¢ = 0, and (5.7) follows from (5.9) fori = 1 and
for all 2 < j < n with the choice t = 0

]+w?: ®—1) l+w?:
ZZ/ (14 f5@0) P10 e (9ju]) dx
A E VBT
< c/ (1+ f;Qjuw)dx <c, (5.14)
B

Returning to (5.8) we insert (5.14) which yields (wl.o.g. 1 +y1 =14+ 81 —01 > § —6;
for some § > 1/2)

/ A@T O (dun™ dx < ¢ (5.15)
B
for some § > 1/2

l<i<n.

Suppose that we have (5.13) (again compare (2.5)) in the sense

§j<(1—9j)[2(gi—29i)+2] for i+l<j<n. (5.16)
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With the same argument leading to (5.14) we have foralli +1 < j <n

]+wii ©—1) l+a)ii
ZZfi (14 f;0w)% # T i (9jul) dx < c. (5.17)
Bi

j>i £
Moreover, we suppose that by iteration we have (5.15) for 1 < j < i, i.e. by decreasing

radii in this finite iteration, if necessary, we have w.l.o.g.

/ 1@~ (|dulydx <c, 1<j<i, (5.18)
B

for some § > 1/2.
Then we return to (5.2) with the choice T = (1 —26;)/(1 — ;). For g; sufficiently close
to —1/2 and o; sufficiently close to 8; we are lead to the condition (recall (5.12))

_ 1 —26;
7 <(-0)[e+o(q-20)+2]. =" (5.19)
—Yj
1 < j <i,and (5.19) is just the assumption (2.6).
With (5.2) we again have (5.9), now with T = (1 —26;)/(1 — 6;), hence
I+t I+oF
T_'ﬂ_ ©j=D oz
ZZ/i(lﬂij(aju))wi ir o T(|9ul) dx
j<i = VB
< CZ/ (1+ f3@;w)M~% (j3jul)dx < c, (5.20)
j<i B
where the last estimate follows from (5.18) for some 6 > 1/2.
With (5.17) and (5.20) one has
H»w[i ©-1) |+wl.i
T Ui
ZZ/i (1+ f;@uw) AT PP (j9ul) dx < c, (5.21)
j# o+ 7B
which exactly as in the case i = 1 shows for some sufficiently small § > 1/2
f [i@uwT* = (™ dx < e, (5.22)
B

hence with (5.22) we proceed one step in the iteration of (5.19). This completes the proof of
Theorem 2.1. o

Funding Open Access funding enabled and organized by Projekt DEAL.

Data availability No additional data are involved.

Declarations

Conflict ofinterest On behalf of all authors, the corresponding author states that there is no conflict of interest.

@ Springer



576 M. Bildhauer, M. Fuchs

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Giaquinta, M.: Growth conditions and regularity, a counterexample. Manuscripta Math. 59(2), 245-248
(1987)

2. Marcellini, P.: Regularity of minimizers of integrals of the calculus of variations with nonstandard growth
conditions. Arch. Ration. Mech. Anal. 3, 267-284 (1989)

3. Marcellini, P.: Everywhere regularity for a class of elliptic systems without growth conditions. Ann.
Scuola Norm. Sup. Pisa CI. Sci. (4) 23(11), 1-5 (1996)

4. Acerbi, E., Fusco, N.: Partial regularity under anisotropic (p, q) growth conditions. J. Differ. Equ. 107(1),
46-67 (1994)

5. Fusco, N., Sbordone, C.: Some remarks on the regularity of minima of anisotropic integrals. Comm.
Partial Differ. Equ. 18(1-2), 153-167 (1993)

6. Beck, L., Mingione, G.: Lipschitz bounds and nonuniform ellipticity. Comm. Pure Appl. Math. LXXIII,
944-1034 (2020)

7. Fusco, N., Sbordone, C.: Local boundedness of minimizers in a limit case. Manus. Math. 69(1), 19-25
(1990)

8. Bildhauer, M., Fuchs, M., Zhong, X.: A regularity theory for scalar local minimizers of splitting-type
variational integrals. Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 6(3), 385-404 (2007)

9. Breit, D.: A note on splitting-type variational problems with subquadratic growth. Arch. Math. (Basel)
94(5), 467-476 (2010)

10. Dacorogna, B.: Introduction to the Calculus of Variations, 3rd edn. Imperial College Press, London (2015)

11. Bildhauer, M. Convex., variational problems. Linear, nearly linear and anisotropic growth conditions,
volume 1818 of Lecture Notes in Mathematics, p. 2003. Springer, Berlin (1818)

12. Massari, U., Miranda, M.: Minimal surfaces of codimension one. North-Holland Mathematics Studies,
vol. 91. North-Holland Publishing Co., Amsterdam (1984)

13. Bildhauer, M., Fuchs, M.: Splitting type variational problems with linear growth conditions. J. Math. Sci.
(N.Y.) 250(2), 45-58 (2020). (Problems in mathematical analysis. No. 105)

14. Bildhauer, M., Fuchs, M.: On the global regularity for minimizers of variational integrals: splitting-type
problems in 2D and extensions to the general anisotropic setting. J. Elliptic Parabol. Equ. 8(2), 853-884
(2022)

15. Choe, H.J.: Interior behaviour of minimizers for certain functionals with nonstandard growth. Nonlinear
Anal. 19(10), 933-945 (1992)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://creativecommons.org/licenses/by/4.0/

	Splitting-type variational problems with asymmetrical growth conditions
	Abstract
	1 Introduction
	2 Precise assumptions on f
	3 Some remarks on regularization
	4 General inequalities
	5 Iteration
	References




