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Abstract

We consider three-dimensional doubly periodic steady water waves with vorticity, under the action of
gravity and surface tension; in particular we consider so-called Beltrami flows, for which the velocity field
and the vorticity are collinear. We adapt a recent formulation of the corresponding problem for localised
waves which involves a generalisation of the classical Dirichlet—-Neumann operator. We study this operator
in detail, extending some well-known results for the classical Dirichlet-Neumann operator, such as the
Taylor expansion in homogeneous powers of the wave profile, the computation of its differential and the
asymptotic expansion of its associated symbol. A new formulation of the problem as a single equation
for the wave profile is also presented and discussed in a similar vein. As an application of these results
we prove existence of doubly periodic gravity-capillary steady waves and construct approximate doubly
periodic gravity steady waves.
© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

This paper is concerned with three-dimensional doubly periodic steady water waves with
vorticity, under the action of gravity and surface tension. Irrotational water waves have been
studied extensively, both in two and three dimensions (see the survey paper by Haziot et al. [14]
and references therein); fewer results are available for non-zero vorticity, although it may be
significant for modelling the interaction of three-dimensional waves with non-uniform currents.
We restrict ourselves to Beltrami fields, in which the velocity field # and the vorticity curlu are
collinear, so that curlu = au; more precisely, we consider the so-called strong Beltrami fields,
for which the proportionality factor « is a constant (this case appears to be the most relevant,
since Enciso and Peralta-Salas [10] proved that Beltrami fields with non-constant proportionality
factors are ‘rare’ in a topological sense).

The importance of Beltrami fields in the context of ideal fluids, and more precisely in the
context of stationary Euler flows, was highlighted by Arnold [3] and Arnold and Khesin [4]:
indeed, Arnold’s structure theorem ensures that, under suitable technical assumptions, a smooth
stationary solution to the three-dimensional Euler equation is either integrable or a Beltrami field.
It is thus natural to expect that more complex dynamics (usually associated to turbulent flows in
physical literature) in stationary fluids are related to Beltrami fields (see Monchaux et al. [22]).
The dynamics of Beltrami fields, and in particular the dynamics of the so-called ABC flows,
have been numerically studied by Hénon [15] and Dombre et al. [9]. Such studies lead to the
conjecture that Beltrami fields should exhibit chaotic dynamics together with a positive measure
set of invariant tori, much like the restriction to an energy level of a typical mechanical system
with two degrees of freedom; recently Enciso, Peralta-Salas and Romaniega [11] proved that
with probability one a random Beltrami field in R exhibits chaotic regions that coexist with
invariant tori of complicated topology.

There has recently been some interest in variational formulations of the three-dimensional
steady water-wave problem with relative velocities given by Beltrami fields. We mention a recent
variational formulation by Lokharu and Wahlén [20] for doubly periodic waves which is valid
under general assumptions on the wave profile (including for example the case of overhanging
wave profiles). More recently, Groves and Horn [12] gave another variational formulation for
localised waves (solitary waves) under the more classical assumption that the free surface is
given by the graph of an unknown function n depending only on the horizontal directions. Their
formulation, which can be considered as a generalisation of an alternative variational framework
for three-dimensional irrotational water waves by Benjamin [5, §6.6], is not only more explicit,
but it allows one to recover the classical Zakharov—Craig—Sulem formulation of steady water
waves in the irrotational case o« = 0. Moreover, this formulation leads naturally to the definition
of a generalised Dirichlet—-Neumann operator H () which reduces to the classical Dirichlet—
Neumann operator in the irrotational case.

In this paper we perform an analytical study of the generalised Dirichlet—-Neumann operator
(whose definition is subtly different in the present context of doubly periodic waves) and of a
related operator appearing in a new single equation formulation of the problem, extending some
well-known results for the classical Dirichlet—-Neumann operator, such as the Taylor expansion in
homogeneous powers of the profile n by Craig and Sulem [8], the computation of its differential
by Lannes [18, §3.3], and the asymptotic expansion of its associated symbol (see Alazard and
Métivier [2, §2.4]).

As an application of the above results, we prove the existence of doubly periodic gravity-
capillary waves by Lyapunov—Schmidt reduction, recovering a result recently given by Lokharu,
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Seth and Wahlén [19]. We also show how the reduction can be formally carried out in the absence
of surface tension and thus compute approximate doubly periodic gravity waves in the form of
formal power series. The failure of the Lyapunov—Schmidt reduction for gravity waves is due
to the presence of small divisors when attempting to invert the relevant linear operator. This
problem has been overcome for irrotational waves by Iooss and Plotnikov [16,17] using Nash-
Moser theorys; its treatment for Beltrami flows is deferred to a future article.

1.1. The hydrodynamic problem

We consider an incompressible inviscid fluid occupying a three-dimensional domain with flat
bottom, under the action of gravity and surface tension. We study steady water waves, namely a
fluid flow in which the velocity field and the free-surface profile are stationary with respect to a
uniformly translating frame. In this moving frame, the fluid domain can be parametrized by

Dy ={(x",2) eR* xR: —h <z<nx"))},

so that the free surface is given by the graph of an unknown function : R? — (—h, 00), and
h > 0 is the depth of the fluid. We consider a so-called strong Beltrami flow, in which the velocity
field u: D—,, — R3 and the vorticity curlu are collinear, that is curl u = ou for some constant «.
The equations describing the flow are given by

divu =0 in D), (1.1
curlu = au in Dy, (1.2)
u-e3=0 atz=—h, (1.3)
u-n=0 atz =n, (1.4)

I 5 Nx Ny 1,
—|ul|” + — B - — B P — _ tz=n, 1.5
2| I+ gn ((1+|V17|2)1/2)x <(1~|—|V77|2)1/2 y 2|c| = (15)

where Vi := (1y, r;y)T, g is the acceleration due to gravity, 8 is the coefficient of surface tension,
¢ :=(c1, 2)7 is the wave velocity, e3 := (0,0, 1)7 and

1

n:=———N, N = (—ny, — ,,IT
1+|V77|2 (—nx My )

denotes the outward unit normal vector. We discuss doubly periodic solutions to (1.1)—(1.5), that
is solutions which satisfy

n@' +0) =),  uE@'+r2)=u@,2)
for every A € A, where A is the lattice given by
A={A=miA1 +maky: m,my eZ}

for two linearly independent vectors A1, A,. The functions 1 and u are therefore defined on the
periodic domains R?/A and (with a slight abuse of notation) Dy/A.
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A ‘trivial solution’ of (1.1)—(1.5) is given by (0, u*), where u* is the two-parameter family of
laminar flows

w =ciuV +cu®, ¢, €R,
uV = (cos(az), —sin(az),0)7,
u® = (sin(az), cos(az), 0)7 .
We consider solutions (7, ) of (1.1)—(1.5) which are small perturbations of (0, u*); setting v =

u — u* and representing the velocity field v by a solenoidal vector potential A, we seek solutions
(n, A) of the equations

divA=0 in Dy, (1.6)

curlcurl A = a curl A in Dy, (L.7)
Axe3=0 atz = —h, (1.8)

A-n=0 atz =n, (1.9)
curlA-n+u*-n=0 atz =n, (1.10)

1 Nx Ny
—curlA2+cur1A~u*+ — <4> — <— =0atz= .
pleurtAl s1=P\arvamiz), P \arvamiz) 1

(1.11)

Note that (1.1)—(1.3) are implied by (1.6)—(1.8), while (1.4), (1.5) are equivalent to (1.10), (1.11);
furthermore u* = curl A*, where

A= LA 4 240
o o

AD = (cos(az) — 1, —sin(az), 0)7,

A® = (sin(az), cos(az) — 1,0)7.

Remark 1.1. In the irrotational case « = 0 we can write curl A = grad ¢ for a scalar potential ¢,
so that (1.6)—(1.11) becomes the classical steady water-wave problem

Ap =0 in Dy,
an(pz() atzz—h,
1
1+ V2,9 =c-Vp atz=n,

L grad P + - (grn )T + g1 — B (777)() -8 (n—>> =0atz =7
2 e A+[Vn»!2 ], (A +(Vn»!2 ),
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1.2. The formulation

Let F = (F}, F», F3)T be a three-dimensional vector field, and denote by Fyn = (Fy, )T its
horizontal component and by F|| = Fy, + F3Vn|,—, the horizontal component of its tangential
part at z = 1. Let f = (f1, f>)7 be a two-dimensional vector field and write f* = (f>, —f1)7.
According to the Hodge—Weyl decomposition for doubly periodic vector fields on R? (see Majda
and Bertozzi [21, Proposition 1.18]) we have

f=y+Vo+Viy, (1.12)
y=(f), @=A"YV.-f), w=a"4V f),

where ( f) denotes the mean value of f over one periodic cell, V := (9, ay)T, vi= 9y, —a)T
and A~ is the two-dimensional periodic Newtonian potential.

Equations (1.6)—(1.11) can be reformulated in terms of n and the mean-value and gradient-
potential parts of (curl A); using the following procedure. Fix y and @, let A be the unique
solution of the boundary-value problem

divA =0 in D,, (1.13)
curlcurl A = a curl A in Dy, (1.14)
Axe;=0 atz = —h, (1.15)
A-n=0 atz =1, (1.16)
(curlA)j=y + Vo —aVIAT (V- A})  atz=n, (1.17)

and define the generalised Dirichlet—Neumann operator by the formula
H(n)(y.®):=curlA-N|.—y =V - Aj. (1.18)
(Note that ¥ = A~1(V+L. (curl A)|) is necessarily given by ¥ = —o A (V. Aﬁ) because

v=—A"NV. curlAﬁ‘) =—A""(curlcurl A - N’Z:n) =—a A" (curlA - N|Z=n)

=—a ATV Ap), (1.19)
in which the vector identity curl F - N |Z:n =V.-F ﬁ has been used.)

Proposition 1.2. Equations (1.10) and (1.11) are equivalent to

Hm)(y,®)+u* - N|,=, =0, (1.20)
1 (Hm)(y, @)+ K)(y, ®)-Vi)?

—|K D)’ —

SIKa (. @) 2(14 V%)

. _ Nx _ oy
+K(ﬁ)(7’q))"h|z=n+g77 :3<(1+|Vn|2)1/2>x ﬂ<(l+|vn|2)l/2>y_0’

(1.21)
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where

Ky, ®) =y +Vd—aVIA~ L Hm) @y, ®)).

This proposition, which is established by an elementary calculation, shows that the mathe-
matical problem reduces to solving (1.20) and (1.21) for n and & (with an arbitrary choice of p);
the velocity field v = curl A is recovered by solving (1.13)—(1.17). The method was first given
in the context of solitary waves (with a slightly different Hodge—Weyl decomposition for spa-
tially extended functions) by Groves and Horn [12]; note however the spurious extra term in the
statement of the equations in that reference.

Remark 1.3.In the irrotational case o = 0 one finds that curl A = grad¢, where ¢ is the
unique harmonic function such that ¢,|,——; = 0 and ¢|,—, = P, so that y = 0 (because
(grad (b)l\ = V(¢|z=n)) and

H(m)(0,P)=Vg Nl =GP,

where G () is the classical Dirichlet-Neumann operator. Furthermore, equations (1.20), (1.21)
reduce to
GmP+c-Vn=0,

(G()® + Vi - V)2
2(1+1Vnl?)

Nx My
Bl —=—) -8 ——2—] =0,
ﬂ<(1+|w|2)5)x ﬂ(<1+lvnlz>”z%>y

so that we recover the Zakharov—Craig—Sulem formulation of the steady water-wave problem
(see Zakharov [27] and Craig and Sulem [8]).

IIvel? — —¢- Vo +gn

We proceed by specialising to y = 0, writing ¢ = ¢o + g, where ¢o = (c19, c20)T is areference
wave velocity to be chosen later, so that

w* = (cio+ pu)u + (c20 + p2)u®,
and reducing equations (1.20), (1.21) to a single equation for n (see Oliveras and Vasan [24]

for a derivation of the corresponding single-equation formulation for irrotational water waves).
Eliminating ® from (1.21) using (1.20), we find that

(—u*-N+T(®)-Vn)?
2(14|Vnl?)

Y S Ry S S R
’3<(1+|Vn|2>1/2>x ﬂ((1+|w|2>1/2>f0’
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where
T(n)=—V (HmO, ) @ N))+a VA~ @ - N)
and the underscore denotes evaluation at 7 = 7.
Remark 1.4. Let Sy be the reflection
Son(x") :=n(=x"),
and T,y be the translation
Tyn(x') =n(x"+v).
The mapping J is equivariant with respect to both Sp and 7}y, that is
J(Tyn, ) =Ty J(n, 1), J(Son, m) = SoJ (n, ).

The operator T'(n) can be defined more rigorously in terms of a boundary-value problem.
Noting that u* - N = V - S§(n)*, where

S(n) :=C_1<cos(ozn)—1>+0_2< sin(a n) >’ (1.22)

o — sin(a n) a \cos(an) —1
we can define

T (n) =M, Sm),

where

M) (y,g) = —(curl B)|,

and B solves the boundary-value problem

curlcurl B = o curl B in Dy, (1.23)
divB =0 in Dy, (1.24)

B xe3;=0 atz =—h, (1.25)
B-n=0 atz=m, (1.26)
V-B=V-g" atz=m, (1.27)
((curl B)|) =p. (1.28)

Any solution to this boundary-value problem satisfies
(curl B)j =y + V& —a VAT (V- B})
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for some & (see equation (1.19)), so that & = H(n)(y, )~y gJ- and
—(curl B)j =~y = V(Hm(y.) 'V -gh) +aVIAT (V. gh).

A rigorous treatment of the boundary-value problems (1.13)—(1.17) and (1.23)—(1.28) is given
in Section 2.1 using a traditional weak/strong-solution approach.

1.3. Analytical results for the operators H and M

We write functions f: R?/A — R as Fourier series

1ay =" fe®r,

ke’

where A’ is the dual lattice to A; the Fourier coefficients fk are given by
fo= L / fxe e gy
|€2] J ’

where Q is the parallelogram built with A, A». We write k = (k1 k»)T and work in the Sobolev
spaces

H*(R?/A) = {f e L>(R*/A): || fI? = Z (] + |k|2)s | fel? < oo] , s >0,

keN’

and their subspaces
H (R*/A) :={f € H'[R?): fo=0}

of functions with zero mean, noting that the Hodge—Weyl decomposition (1.12) of a function
f € H*(R?/A)? is given by

R%3y = (fi0, f20)7,

AR/ A s 0=— Y (i—klf it T 2") ik’

keA' |k|2
k#0
o ko fix — k1 for \ ew
H PN R2/A)? 50 =— V2 1k — W1 J2k ) ikex”
k%\:/ k2
k#0

In Section 2.2 we show that the solutions to the boundary-value problems (1.13)—(1.17) and
(1.23)—(1.28) depend analytically upon n and use this result to deduce that the same is true of
H(n) and M (n). We proceed by ‘flattening’ the fluid domain by means of the transformation
X: Do — D, given by

136



M.D. Groves et al. Journal of Differential Equations 413 (2024) 129-189

T v) e (&, v+ o), o', v) =n(xY1+v/h)

which transforms the boundary-value problems for A and B into equivalent problems for
A:=Ao X and B := B o X in the fixed domain Dy (equations (2.16)—(2.20) and (2.21)—(2.26)
respectively). The spatially extended version of the boundary-value problem for A was studied
by Groves and Horn [12, §4] under the following non-resonance condition.

(NR) The restrictions

k| # |l
— k1> ¢ FN, if|k| < |al,

hold foreach k € A’.

Their analysis in the present context leads to the first statement in the following theorem; the
second is deduced from it. Condition (NR) is a blanket hypothesis in Sections 2.3, 2.4, 3 and 4,
which rely upon these theorems.

Theorem 1.5. Suppose that s > 2, and assume that the non-resonance condition (NR) holds.
There exists an open neighbourhood U of the origin in HH'% (]RZ/A) such that

(1) the boundary-value problem (2.16)—(2.20) has a unique solution A= A(r;,y,fb) in
H*(Do/A)? which depends analytically upon n € U, y € R? and ® € A2 (R?/A) (and
linearly upon (y, ®)); ~ ~

(ii) the boundary-value problem (2.21)—(2.26) has a unique solution B = B(n,y,g) in
H*(Doy/A)? which depends analytically upon n € U and g € HS*%(]RZ)2 (and linearly
upon (¥, g)).

The analyticity of H, M and T follows from Theorem 1.5 and the facts that
~1 ~
Hmy.®)=V-4;, M@y, g =—(cul® B, (1.29)
and T (n) = M (n)(0, S(n)), where
curl’ B(x',v) := (curl B) o =(x', v).

Theorem 1.6. Suppose that s > 2, and assume that the non-resonance condition (NR) holds.
There exists an open neighbourhood U of the origin in H”%(Rz/A) such that n — H(n),
n+— M) and n— T () are analytic mappings U — L(R? x I-OIS*%(RZ/A), I-DIS’%(]RZ/A)),
U — L(R? x H=3(R2/A)%, H* 3 (R2/A)2) and U — H®~3 (R2/\)? respectively.

In Section 2.3 we turn to the differentials of H (1) and M (). Applying the operator d —do 97,
where 97 = (1 + 9,0)~19,, to equations (1.29) shows that
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~ 1 ~ ~
dH[nl@Em(y, @)=V -C| + 9, curl’” A- N|y—08n — (curl” A)p - Vén,
dM(n1(8n)(y. &) = —(curl” D)y — 8n(d7 curl” B) — (curl” B)3|,—o V.

where C = (dA — do a7 A)and D = (dB — do a7 B). Careful inspection of the boundary-value
problems for C and D (which are obtained by applying d —do 97 to the boundary-value problems
for A and B) yields the following result. Note the increased regularity requirement due to the
double application of H(n) and M () in the formulae.

Theorem 1.7. Suppose that s > 3.

(i) The differential of the operator H(-): U — L(R? x H5=% (RZ/A), "3 (R%/A)) is given
by

dH[1(6n)(y. @)
= H) (—a (K. ®) = uViy*en), —ad™'V - (K, ®) —uVn)-sn)

—usn + (u8n))

— V- (K (y,®) —uVn)dn),

where

y - Km@.2)-Vo+ Hn)(y. P)
B 1+ |V '

(ii) The differential of the operator M(-): U — L(R2 x H*~3(R2/A)2, H*=3(R2/A)?) is
given by

dM(n]@én)(y, 8)
= M) (M), &) +uVm) 8n), (M. g) +uVn)“sn)

— V(udn) +a(M(n)(y, g) +udn)*sn,

where

_ Vgt —Mm(r.g) Vn

u
14|V

In Section 2.4 we show how to use recursion formulae to compute the terms in the Taylor
expansions

Hm =Y Hi(m, M@=y M;®) (1.30)

j=0 j=0
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of H(n) and M (n) at n = 0 systematically, where H;(n) and M ;(n) are homogeneous of degree
Jj in n (compare with the recursion formulae for the Taylor expansion of the Dirichlet—-Neumann
operator appearing in the irrotational case given by Craig and Sulem [8]). The recursion formulae
are derived by substituting the expansions (1.30) into the expressions for dH[n](n)(y, ®) and
dM{[n]l(n)(y, g) given by Theorem 1.7, and equating terms of equal homogeneity in n. The indi-
vidual terms in the series are computed as functions of Hy and M using the recursion formulae,
and straightforward calculations using Fourier series show that

1
Ho(y.®)=D’t(D)®,  Mo(y.g)=—y+ 55 (a D" +Dc(D)) D-g*,

where
c(k|) = \/mCOt(h\/W), if |k| < |o),
B \/mcoth(h\/w—_az)’ if [k > |o),
tan(hy/a® — k)
e <l
a J—
e(k]) = il
tanh(h /K —a?)
, if |k| > |af,
VIk[? —o?
and

D= D) =-iV,  D=|D|

Explicit formulae for Hy, Hy, H> and My, M|, M» are computed in Section 2.4.
Remark 1.8. This method leads to formulae involving ever more derivatives of 7 in the individual
terms in the formulae for H;(n) and M ;(n); the overall validity of the formulae arises from
subtle cancellations between the terms (see Nicholls and Reitich [23, §2.2] for a discussion of
this phenomenon in the context of the classical Dirichlet—-Neumann operator).
1.4. Pseudodifferential calculus for the operators H and M

In Section 3 we fix n € COO(RZ/A), prove that H(n)(0, -) and M (n)(0, -) are smooth per-
turbations of properly supported pseudodifferential operators, and compute their asymptotic
expansions.

Following Alazard, Burq and Zuily [1], we begin by introducing a localising transform (which

differs from the flattening transform used in Section 2). Choose § > 0 so that the fluid domain
D;, contains the strip

Qs ={(x',2) eR? x R: n(x') —8h <z < n(x’)}
for n € U and define $: Dy — Qs by
S, w) - (), o(x!, w)), o(x’, w) = 8w+ n’).

139



M.D. Groves et al. Journal of Differential Equations 413 (2024) 129-189

This transform converts the equation
—AU =acurlU in Qs
into
—A°U —qcurlfU =0 in Dy,
where
curle U (x', w) = (curlU) o S(x', w), AU = (AU) o £(x', w),
which we write as
LU =0 (1.31)

(the explicit formula for L is given in Section 3.1). We proceed by implementing Treves’s factori-
sation method (Treves [26, Ch. III, §3]) and examining its consequences for solutions of equation
(1.31).

Lemma 1.9. There are properly supported operators M, N € W' (R?/A) such that

(i) L —a(@yl —N)@wl — M) € W°(RZ2/A), where a = (1 +|Vn|*) /82,
(i) the principal symbols MV, NV of M, N take the form M) = m(D13, N = nD15, where
the scalar-valued symbols mD, —n(D e SYR?/A) are strongly elliptic.

Lemma 1.10. Any function Ue H?(Dy/A)? with LU =0in Dy satisfies
8w0=M0+Rooff atw =0,

where the symbol Ry denotes a linear function of its argument whose range lies in C*°(R?/A)3.

Lets>2,d e ﬁ]s’%(Rz/A) and A € H*(Dy/A)? be the function defining H (17)(0, ®) (see
equation (1.29)). The variable

o - 1
A, w) = A, v), wi= E(h%—n)v

satisfies (1.31) and hence
Al = MA|p—0 + Roo® (1.32)
(see Lemma 1.10, noting that A is a linear function of ®), together with
Ay =n AL+ nyA; atw =0, (1.33)
(curlPA)y = Vo —aVEAT (V- A))  atw=0. (1.34)
Eliminating 8w13 using (1.32), we find from (1.33), (1.34) that
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Alp_o=Z® + Roo®, (1.35)

where Z € S°(R2/A) and Z = Op Z. Finally, inserting A|,—o and 9, A |wy—o from (1.32), (1.34)
into

H(m)(0, ®) = AZX + 77yAA3)c - Aly - 77)cAA3y|w:0
shows that
H(m)(0, ) =0pAiy® + Roo®,

where Ay € S'(R?/A). The asymptotic expansions

2~3 20, e~ Y09

Jj=0 Jj=1
can be determined recursively by substituting
Alp_o=Z® + Roo®, Ao = MZ® + Roo®

into (1.33), (1.34). These calculations are performed in Section 3.2 and summarised in the fol-
lowing theorem.

Theorem 1.11. Suppose s > 2, n € C*(R?/A) and ® € Ifl“_l/z(Rz/A). We have that
Hm(y,®)=Hm(y,0+HmO, D),

the first term of which belongs to C*°(R?/A), and

H(1)(0, ®) =0pia® + Roo P,
where Ay € S! (IRZ/A) and Ry ® € COO(RZ/A). The symbol )\, admits the asymptotic expansion

ha ~ 2D 120
in which )»g(j) (x', k) is homogeneous of degree j in k. Moreover
AW =210 k),

k-Vn)(k-V+
2O k) =20, k) Lo eV )

.
where
A0 ) ==/ (L4 [V = (k- V)2,
1+ |Vl . ik- Vi + 2D
(', k) 22D (@2 V) +iVi " mE R = e

are the principal and sub-principal symbols of the classical Dirichlet—Neumann operator.
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The corresponding result for M () is obtained in a similar fashion in Section 3.3.

Theorem 1.12. Suppose s > 2, n € C*°(R?/A) and g € H*~'/2(R?/A)?. We have that

Mm)(y,g)=M)(y,0)+Mn)O,g),

the first term of which belongs to C*®(R?/A)?, and
M®)(0,g) =0Opvag + Rxg,
where vy € SY(R?/A) and Rsog € C*®(R?/A)?%. The symbol vy, admits the asymptotic expansion
v~ o) 0

in which véj )(x’ , k) is homogeneous of degree j in k. Moreover

1 I
) g _ (k-g7) ©) (k) L
Vo (' k)g =k—7—. vy (X, k)g = b k) (k-g7),
where

1 .

n(x' k) = W(k%(—l + 2030, — kikany B +4m3) + 2k, (14 07) + lmm)
2 2 o 2

X (kl Nyy — 2k1k27)xy +k277xx> + W <k2(1 +n;) — klnxny) ,

i .
(') = 5t (Zk%nya +n3) = kikanx 3+ 4n3) + k3ny (= 1+ 207) + m“))

2 2 o 2
X <k1 Nyy — 2k1k217xy + kzﬁxx) + W (—kl(l + 77y) + kznxny) .
1.5. Construction of approximate solutions

In Section 4 we construct approximate solutions of

J(n,p)=0 (1.36)

for B > 0 in the form of power series and moreover prove their convergence for 8 > 0. The
solutions have wave velocity ¢ close to a reference value ¢y chosen such that the following
transversality condition holds; we refer to Lokharu, Seth and Wahlén [19] for a detailed geomet-
rical investigation of this condition (see in particular condition (3.7) and Proposition 3.3 in that
reference).
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(T) The only solutions k € A’ of the dispersion relation

o

p(k, co, B) = [g + B k| — e (co- k) (k- Co)} kIt (lkl) — (co-k)* =0

are k =0, +k, +k;, where k| and k, are the generators of the lattice A’. Furthermore, the
vectors V. p(ky, cg, B) and V, p(k2, co, B) are linearly independent.

We consider J as a locally analytic mapping X f x R? — H*(R?/A) for a sufficiently large
value of s, where

XB HST2(R2/A), ifB >0,
ST HI®?/A), i p=0,

and proceed to investigate the kernel and range of

Jio(n) :==d1J[0,01(n) =T1(n) - co + gn — PAn.

Writing
n(x) =Y e,
keN'
so that
. c(lkD ~ikex!
(Jiomx) =gho+ Y g Pk-eo B)ike ™,
keA'\[0)
we find that

ker(Ji9) = {Aeikl'x/ + Belk2x' | femikix y pe-ikox’. 4 p o C},

siAnce p(lf, ¢o, B) =0 if and only if k = 0, =k, =k,. The operator Jj¢ is formally invertible if
Sf+k, = f+k, = 0 with formal inverse given by

B 1 . |k|?
g1 n— = -
(Jig HH gf0+ keZN c(lkDp(k, co, B)

k0, 1k, +k>

fkeik-x"

For B > 0 we find that p(k, co, B) > |k|> for sufficiently large |k|, so that the above series con-
verges in H*t2(R2/A) for f € H*(R?/A); it follows that Jig: H*T>(R?/A) — H*(R?/A) is
Fredholm with index 0. In contrast p(k, ¢g, 0) is not bounded from below as |k| — o0, so that
the above formula does not define a bounded operator from H*(R?/A) to H**1(R?/A) for any
s. We therefore proceed formally, noting that the procedure is rigorously valid for g > 0.

To apply the Lyapunov—Schmidt reduction to equation (1.36) we write n = 11 + 12, where

N = Aeik]-x' + Beikz-x’ +Ae—ik1-x’ + Be—ik2~x’
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and np € ker(Jlo)J-. Noting that Sp and T,/ act on the coordinates (A, B, A, B) as
So(A.B,A,B)=(A,B,A,B),  Ty(A, B, A, B)= (A" Bek2?' Ae 1V pe-ika)

and that the reduced equation remains equivariant under these symmetries, we show that (1.36)
is locally equivalent to

Ag1(|A1%, |BI*, p) =0,
Bgr(|A1%, |BI*, p) =0,

where g1, g> are real-valued locally analytic functions which vanish at the origin. The following
result is obtained from the analytic implicit-function theorem and the transversality condition

(7).

Proposition 1.13. There exist ¢ > 0 and analytic functions w;: Be(0,R?) — R, i = 1,2 such
that 11;(0,0) =0 and (|A|%, |B|%, w1 (|A1%, |BI?), n2(JA|%, | B|?)) is the unique local solution of
gi(AP IB2, w)=0,i=1,2.

Our main result now follows by substituting g = w(A%, |BI?) into n = n1 + n2(n1, ).

Theorem 1.14. Suppose that > 0. There exist ¢ > 0, a neighbourhood V of the origin in
X’f x R? and analytic functions [t1, 2 : B (0, R%) - R and n: Bg (0, CcH — Xf such that

{n.w) € XP X R*: J(n, ) =0, n#0}NV
={(n(A, B, A, B), n(|A]*, |B"): (A, B, A, B) € B,(0,C")};
furthermore p(0,0) = 0 and
n(x') = Aek1¥ 4 pelka¥’ | fe—iki¥' | e~k 4 0(|(A, B, A, B)?).
The terms in the expansions

n=Aek1¥ 4 peikax’ 4 fe—ikix' 4 pe-ikyx’ Z niju A’ B A¥B!
itk 2

and

pi= Y il AIB,i=1,2,
Jtk=1

can be determined recursively by substituting these expressions into (1.36) and equating mono-
mials in (A, B, A, l_?). Note that the series can be computed to any order for 8 > 0 but their
convergence has been established only for 8 > 0. The coefficients ;i fori + j +k+£ =2 and
M1, jk» M2, jk Tor j +k =1 are computed in Section 4.
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2. The operators H (n) and M (n)

In this section we study the operators H (1) and M (1) defined by
H(m(y, @) :=V'AHL, M) (y, g) = —(curl B)|, (2.1)

where A and B are the solutions to the boundary-value problems

curlcurl A = o curl A in Dy, 2.2)

divA=0 in D), (2.3)

Axe3s=0 atz = —h, 24

A-n=0 atz =n, 2.5)

(curlA)y=y + VO —aV-AT (V- A})  atz=n (2.6)
and

curlcurl B =« curl B in D), 2.7

divB=0 in Dy, 2.8)

B xe;=0 atz = —h, 2.9)

B-n=0 atz =n, (2.10)

V-B=V-g, (2.11)

((curl B))) = p. (2.12)

2.1. Weak and strong solutions

We first suppose that 7 is a fixed function in W>*°(R?/A) with infy > —h and present
a traditional weak/strong-solution approach to the boundary-value problems (2.2)—(2.6) and
(2.7)-(2.12), working with the standard spaces Z(D,/ A)? and PD(Dy/ A)3 of periodic test func-
tions, the Sobolev spaces L2(D,7 /A)3 and H'! (Dy/ A)3, and the closed subspace

X, ={FeH"(D,/A)*: F xe3],——, =0, F -n|,—, =0}
of HY(D,/A)3.
Definition 2.1.

(i) A weak solution of (2.2)-(2.6) is a function A € & such that

n
//(curlA-curlC—acurlA-C—i—divA divC)—a/VA*‘(v.Aﬁ).c”
Q —h Q

= [t +viarc @.13)
Q
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for all C € &), while a strong solution has the additional regularity requirement that A €

H?(Dy,/A)?, is solenoidal and satisfies (2.2) in L?(D,/A)? and (2.6) in H?(R2/A)2.
(i1) A weak solution of (2.7)—(2.12) is a function B € &, which satisfies (2.11) and

n
//(curlB~curlD—acurlB~D+diVB divD)=/(yL+aVA—1(v.g¢)).D” (2.14)
h Q

Q —
forall D e X,(]), where
X):={FeX,:V-Fj=0),

while a strong solution has the additional regularity requirement that B lies in H*(D,/A)?,
is solenoidal, satisfies (2.12) and satisfies (2.7) in L%(D,/A)>.

The existence of weak and strong solutions is established in Lemmata 2.5 and 2.6 below,
whose proofs rely upon the following technical results (see Groves and Horn [12, §4(b)]).

Proposition 2.2.

(i) The space X coincides with

{(F e L*(D;/A)*: curl F € L>(D,/A)*, div F € L*(D,/A),
F xe3|,—_, =0, F -n|,—, =0}

. 1., . .
| div F||2 )2 is equivalent to its usual

and the function F — (|| cur1F||i L2(Dy /1)
n

norm.
(i) The spaces

Z(DW/A)S + |

{(FeL*(D,/N)*: curl FeL*(D,/A)?, divFeL*(D,/A),

F x e3.—_n e H2(R*/A), F - N|,_, € H2(R2/A)},
{(FeL?>(D,/N)*: curl FeL*(D,/A)?, divFeL*(D,/A),

F x e3l.—_p e HZ(R2/A), FeHZ (R2/A)?),
{(FeL?>(D,/A)*: curl FeL*(D,/A)?, divFeL*(D,/A),

F-e3).—_pncHI(R%/A), F-N|,—,e H2(R%/A)},
{(FeL?>(D,;/A)*: curl FeL*(D,/A)*, divFeL*(D,/A),

F.e3l—_pe H?(R?/A), Fi- e H? (R?/A)?)

coincide with H'(Dy/A)>.
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(iii) The space

{(F e L*(D,/A)*: curl F e H' (D, /A)?, divF € H'(D,/A),
F xe3|;=—n=0, F -n|;=, =0}

coincides with {F € H*(Dy/A)*: F x e3|,—=_;, =0, F -n|,—, =0}.
Proposition 2.3.

(1) It follows from the formula

n
//(F-curlG—curlF-G)=/Fﬁ-GH,

Q —h Q
where
F e 2(D,/N)?, Ge H (D;/A)?, G|, =0,

that the mapping F +— F ﬁ‘ defined on (D, / A)3 extends to a continuous linear map-
ping {F € L2(D,7/A)3: curl F € LZ(DU/A)3} — H’%(RZ/A)z, where the former space
. . . 2 2 i
is equipped with the norm F +— (||F||L2(DU/A)3 =+ || curl F||L2(D,7/A)3)2'

(ii) It follows from the formula

U]
//curlF~gradgb=/curlF0N¢|Z:n,
Q —h Q

where

F € 2(Dy/A), ¢ € H'(Dy/A). Pl =0,
that the mapping F + curl F - N|,—, defined on @(D,7/A)3 extends to a continuous lin-
ear mapping {F € L2(D,7)3: divF € LZ(D,])} — H’%(Rz)z, where the former space is

. . 2 . 2 1
equipped with the norm F +— (||F||L2(D”)3 + || div F”LZ(D,,))Z'
Proposition 2.4. The boundary-value problem

Ap=F in Dy,
8n¢:f atz:nv
¢=0 atz=—h

has a unique solution ¢ € H2(D,7/A)f0r each F € L2(D,]/A) and f € H> (Sy/N).
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Lemma 2.5.

(1) For all sufficiently small values of |a| the boundary-value problem (2.2)—(2.6) admits a
unique weak solution for each y € R? and ® € H2(R2 /). The weak solution is solenoidal
and satisfies (2.2) in the sense of distributions and (2.6) in H=? (R2/ A)2.

(i) For all sufficiently small values of || the boundary-value problem (2.7)—(2.12) admits a

unique weak solution for each y € R? and g € H? (R?/A)?%. The weak solution is solenoidal
and satisfies (2.7) in the sense of distributions.

Proof.

(i) The estimates

n
//curlA-C S NAN a1,/ a3 1C I a1 (DAY
Q <n

/VA”(vAﬁ) - Cy| S 140l Cyllo S 1ALe=p I 1 11C 1=l
Q

SHAl a1 D,/ ap 1€ a1 (D, /Ay

and Proposition 2.2(i) imply that for sufficiently small values of || the left-hand side of
(2.13) is a continuous, coercive, bilinear form X, x &}, — R, while the estimate

/(yL +VER) -y S Uy I+ IVERI_DIClmylly S AP [+ IRUDICH 1, /a7
Q

shows that its right-hand side is a continuous, bilinear form (R? x H? (R2/A)) x X, — R.
The existence of a unique solution A € &), now follows from the Lax-Milgram lemma.

Let ¢4 € Hz(Dn/A) be the unique function satisfying A¢y = divA in D, with
boundary conditions 8,P4ly=y = 0, ¢p4l;=—n = O (see Proposition 2.4). It follows that
C =grad¢4 € A}, and hence

|

(because C|| = V(¢4l;=y), which is orthogonal to yL and V1 ®). Since

\:

(— acurl A - gradg4 + (div A)2) - a/VA_l(V . AILI) “V(pal=y) =0
Q

=
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n
/ curlA.grmi(pA:/cuﬂA.N¢A|z:n=/V.Aﬁ¢A|Z:,7

Q —h Q Q

/VA (V- A - V(Pal=)

Q

(see Proposition 2.3(ii)), one concludes that div A = 0.
Choosing C € Z(Dy/ A)3, one finds that A solves (2.2) in the sense of distributions and

hence that curlcurl A € L>(D;)’. It follows that (curl A)j- € H~ 3(R%)2 (Proposition 2.3(i))
and

//(curlcurlA acurl A)- c+/ ((curlA)H —yt _vie_evATl(V.4 )) )=
Q —h Q

One concludes that (2.6) holds in H -3 (RZ/A)2.

(i) Let F € Hl(D,,/A)3 be a function such that Fy = g and F x e3|,—_; =0, and let
PF € Hz(Dn/A) be the unique function satisfying A¢r = divF in D, with bound-
ary conditions 0,¢Fl;—y = F - n, ¢fl,=—p = 0 (see Proposition 24) It follows that
G =F —grad¢F satisfies divG =0, G - n|;—; =0 and V - G” =V . gt because

V. (gradqbp)” =V . -V(¢rl,= ,,) = 0. We accordingly seek C € XO such that

]
//(curlC-curlD—acurlC~D+diVC div D)
Q —h

n
—//(curlG -curl D —acurl G - D) + /(yL +aVA (V. GL)) -Dy (2.15)
Q —h

forall D € X,?, so that B = C + G is a weak solution of (2.7)-(2.12).

For sufficiently small values of |«| the left-hand side of (2.15) is a continuous, coer-
cive, bilinear form X,? X X,? — R, while the right-hand side is a continuous, bilinear form
(R x &) x X — R. The existence of a unique function C € X, satisfying (2.15) for all
D e X,? now follows from the Lax-Milgram lemma, and the corresponding weak solution
B to (2.7)—(2.12) is unique since the difference between two weak solutions satisfies (2.15)
withy =0and g=0forall D X,(’) and is therefore zero.

Let ¢p € H 2(D,, /A) be the unique function satisfying A¢p = divB in D, with
boundary conditions 9,¢p|;—, = 0, ¢Bl,=—n = 0 (see Proposition 2.4). Substituting
D = grad¢p € X into (2.14), we find that

n

// —acurl B - grad¢p + (divB) )_oz/VA l(V B ) V(éBl:=p),
Q

—h
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and since

1
—//curlB-gradq&B:—/V~BJ||‘¢B|z=n=/VA_1(V'BJ||')'V(¢B|z=n),
Q ~n Q

- Q

one concludes that div B = 0.
Finally, taking D € @(D,,/A)3 in (2.14), we find that B satisfies (2.7) in the sense of
distributions. O

Lemma 2.6.

(1) Suppose that y € R2 and @ € H% (Rz/A). Any weak solution A of (2.2)—(2.6) is in fact a
strong solution.

(ii) Suppose that y € R? and g € H> (R?/A)?. Any weak solution B of (2.7)—(2.12) is in fact a
strong solution.

Proof.

(i) Recall that curlcurl A € L2(D,7 /A)3 and

(curl A) =yt + Vi@ +aVATI(V - A7)

holds in H _%(RZ/A)Z; hence (curlA)ﬁ- e H %(]RZ/A)2 (because the right-hand side

of this equation belongs to H? (]RZ/A)Z). Since 0 = divcurlA € Lz(Dn/A) and
curl A - e3|,—_, = 0 it follows that curl A € H' (D,7/A)3 (Proposition 2.2(ii)), and further-
more curlA € HY(D,/A)?, 0=divA € H'(D,/A) with A x e3].—_;, =0, A -n|,—, =0
imply that A € H?(D,/ A)* (Proposition 2.2(iii)). Finally note that (2.2) holds in L>(D,/A)?
because it holds in the sense of distributions and A € H 2(D77 /A)3.

(i) Clearly 0 =divcurl B € LZ(D,,/A) and curlcurl B € LZ(D,,/A)3 because (2.7) is satisfied
in the sense of distributions and curl B € L2(D,] /A)3; furthermore

culB-N|,—,=V-B=V-g'e H7(R%/A), curl B - e3].—_; =0,

so that curl B € Hl(D,,/A)3 by Proposition 2.2(ii). Next note that curl B Hl(Dn/A)3,
0=divB € H'(D,/A) with B x e3|,—_; =0, B - n|,—, = 0 implies that B € H*(D,/A)*
by Proposition 2.2(iii), and (2.7) holds in LZ(D,7 / A)3 because it holds in the sense of distri-
butions and B € H>(D,/A)?. Finally

n
f/(curlcurlB—acurlB)-D+/((cur13)ﬁ—yL—aVA—‘(v.Bﬁ)).D”:o
Q —h Q

=0

for all D € X,?, which implies that (curlB)ﬁ- =plivio+ aVA’l(V . BJ”-) for some
® e H2(R?/A) and in particular that (2.12) holds. O
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Remark 2.7. Suppose that B € H 2(D / A)3 satisfies (2.7)—(2.12). The orthogonal gradient part
of (curl B) is equal to —« VA~V B )

Corollary 2.8. The formulae (2.1) define linear operators H(n): R? x H% (RZ/A) — H% (RZ/A)
and M(n): R? x H3>(R2/A)2 — H2(R2/A)2.

2.2. Analyticity

In this section we show that improved regularity of 1, ® and g leads to improved regularity
of the solution to the boundary-value problems (2.2)—(2.6) and (2.7)—(2.12) and use this result to
deduce that H () and M (1) depend analytically upon n (see Theorem 2.11(i) below for a precise
statement). We proceed by transforming (2.2)—(2.6) and (2.7)—(2.12) into equivalent boundary-
value problems in the fixed domain Dy by means of the following flattening transformation.
Define X: Dy — D, by

S, v) - (x, v+ o)), ox',v):=nxA+v/h),

andfor f: D, - Rand F: D, — R3 write f = f o %, F = F o ¥ and use the notation

grad’ f(x', v) == (grad f) o T(x", v),
div® f(x',v) = (div f) o T(x', v),
curl’ F(x',v) == (curl F) o ©(x’, v),
A% f(x',v) = (A f) o Z(x',v)

and more generally

) dy0 ad
07 =y — — g 9=y — —20 g, 9T =
1+ 9,0 ) 1+ 9,0 1+ 9,0

Remark 2.9. The flattened versions of the operators curl, div, grad and A applied to F(x,y,v)=
F(x,y,z)and to f(x,y,v) = f(x,y,z) are given explicitly by

curl® F =curl F — n%(—auﬁz, dF1,0)"

_htv

+h(’7y8vF%_77xavF3 Nx Oy 2_’7)8 Fl)

- -~ h+v ~ ~ n -
dive F =divF — —— 0y F1 +ny 0y Fr) — ——0, F3,
n+h(nx vI'] T 1y Oy 2) 7+ h v '3
o7 r h+U ~ 7 T n T
grad® f =gradf — —— My 0w f, 0y 0y f,0)" — ——(0,0,3, )",
n+th n+h

oF_NF_ MV
AT =Af 2 o D) - —(nxx+ny)>af
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h+v

(n + h)?
P42k, -

(n+h)?

+2

- h 2 .
((1)? +<ny>2>avf+(n+i2) ()% + (1) )32 f

Equations (2.2)—(2.6) are equivalent to the flattened boundary-value problem

curl® curl® A —acurl® A =0

divc A=0
Axe3=0
A-N=0

in Dy,
in Dy,
atv = —nh,

atv =0,

(curl® A)” =y+V<I>—oeVlA_1(V-AT) atv =0,

in terms of which

H(y. ®) =V - Ay,

while equations (2.7)—(2.12) are equivalent to the flattened boundary-value problem

curl® curl’° B —acurl® B=0

divc B=0
Bxe3;=0
B-N=0

~J_ J_
V'B”=V'g )

((curl” B))) =y

in terms of which

M) (y, g) = —(curl’ B);

in Dy,
in Dy,
atv=—h,

atv =0,

(2.16)
(2.17)
(2.18)
(2.19)

(2.20)

(2.21)
(2.22)
(2.23)
(2.24)

(2.25)
(2.26)

note that the orthogonal gradient part of (curl® B)| is equal to —a V-A~H(V . BT) for any

solution B € H2(Dy/A)? of (2.21)~(2.25). The spatially extended version of the first of the
above boundary-value problems was studied by Groves and Horn [12, §4], whose analysis in

particular leads to the following result in the present context.

Theorem 2.10. Suppose that s > 2, and assume that the non-resonance condition (NR) holds.

There exists an open neighbourhood U of the origin in H s+3 (R?/A) such that the boundary-
value problem (2.16)—(2.20) has a unique solution A A(n y,®) in H® (DO/A)3 which de-

pends analytically upon n € U, y € R* and ® e A2 2(R%/A) (and linearly upon (y, ®)).

The corresponding result for the boundary-value problem (2.21)—(2.26), together with the

analyticity of the operators H and M, is now readily deduced.
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Theorem 2.11. Suppose that s > 2, and assume that the non-resonance condition (NR) holds.
There exists an open neighbourhood U of the origin in H® +3 (R%/A) such that

() n— H(n) and n— M(n) are analytic mappings U—> L(R? x HS1 (R2/A), H53 (R%/A))
and U — L(R? x HS"1 (R%/A)?, H“_%(RZ/A)Z) respectively; 5 5

(ii) the boundary-value problem (2.21)—~(2.26) has a unique solution B = B(n,y,g) in
H’(Do/A)? which depends analytically upon n € U and g € H‘Y_%(]Rz)2 (and linearly
upon (¥, g)).

Proof. The analyticity of H(-): U — L(R? x H*~2(R2/A), H*~3 (R?/A)) follows from The-
orem 2.10 and equation (2.1), and it follows that the formula

Y\ _ Yy
V(”)(cb) = (H(n)(y,ob))

defines an analytic function V: U — L(R? x I-ols’%(]Rz/A), R2 x ﬁs’%(Rz/A)). A straight-

forward calculation shows that
Y\ _ Y
Vo) <<1>) - <D2t(D)> ’

and V(0) € L(R? x I-OIS’%(RZ/A), R2 x H*~3 (R?/A)) is an isomorphism because

i k|
m 2— = 1.
lk|—oo |k|=E(|k])

One concludes that V (n) € L(R? x I-OIS_%(Rz/A), R2 x I-OIS_%(RZ/A)) is an isomorphism for

each 7 € U and that V ()~ € L(R? x H*~3(R2/A), R2 x H*~2(R2/A)) also depends analyt-
ically upon n € U. Clearly

(I
Vo= (i)

for some analytic function W: U — L(R? x HS3 (RZ/A), I-OIS’%(Rz/A)).
Observe that B(1, ¥, g) == A(n, y, ®) with ® = Wa()(y, V- g1) depends analytically upon
n, y and g, and solves (2.21)—(2.26) since by construction
V. gt=Hmy.®©)=V-A@.y.®) =V-B(.y. 0.

The uniqueness of this solution follows by noting that any other solution B(n,y.g) is equal to
A(n,y, @) with ® = A~V . (curl® B), so that

Ha)(y. @)=V -A@.y. @) =V-B.y. &)=V g
that is ® = W,(n)(y, V - g1). Finally, the analyticity of M follows from the calculation
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M@)(y.g) =—(curl” B(n,y, )
= —(curl® A, y, ®))|
=—y—Vd+aViA~TI(V.gh

with ® = Wa(n)(y,V-g1). O
Remark 2.12. It follows from the proof of Theorem 2.11 that

H(©0)(y, ®) = D*t(D) @,

M(O)(y,g)z—y—v< V-gL)Jrale—l <V-gJ‘>

1

D2c(D)
|

= v+ 55 (aDl +Dc(D)) D-gt.

We conclude this section by recording the following flattened version of Proposition 2.4,
which is established by the methods used by Groves and Horn [12, §4(c)].

Proposition 2.13. Suppose that s > 2. There exists an open neighbourhood U of the origin in
HSTV2(R?/A) such that the boundary-value problem
A°@=F  inDy,
grad’u-N=f atv=0,
=0 atv=—h

has a unique solution ¢ € H*(Do/A) which depends analytically uponn € U, F € H*~2(Do/A)
and f € H™3 (R?/A) (and linearly upon F and f).

2.3. Differentials

In this section we derive useful formulae for the differentials dH[n](6n)(y, ®) and
dM([n](8n)(y, g), where n € U, y € R?, & € H 3/2(R?/A) and g € H*~'/2(R2/A)?, so that
A, BeH’ (Doy/A)? (in the notation of Section 2.2), working under the stronger condition s > 3
and again assuming the non-resonance condition (NR). Recall the identity

d@? f)=2d7(df —dod? f)+dad?d? f, (2.27)

where d, can be replaced by d, or 9, and d can be any linearisation operator (see Castro and
Lannes [6, Eq. (3.41)]); the quantity d f — do 9y f is called Alinhac’s good unknown.

We proceed by finding a boundary-value problem for C := (dA — dod] A) e H=1(Dy/N)3,
where d = d, obselrving that H(): U — L(R? x HS=3 (RZ/A), I-OIS’%(RZ/A)) and
A: U — L(R? x H*"2(R*/A, H*(Dy/A)3) are analytic. Applying (2.27) with d = d,, to

H(y. ®) =V - Ay,
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and to equations (2.16)—(2.20), we find that

dH[n]n)(y, ®) =V - éﬁ + 89 curl® A - N|y—o8n — (curl® A)y, - Vén

where
curl® curl’ C —acurl® C =0 in Dy,
divo C =0 in Dy,
C‘xe3=0 atv=—h,
C-N=Vén-Ay—6nd°A-N  atv=0,
and

(curl” €)j = —8ndg (curl® A)y — 8397 (curl” A)3|y—Vn

— (curl” A)3],=0Vén —aVEAT (V- €} = V- ((curl” A)p)dn).

(Equation (2.31) can be rewritten as
C-N=V-(Apsn)
because div® A|y—g=0 implies that
A -Nly=o=—V-Ap.)
Using the relation
—(37 curl A) = —V(curl A)3]y—0 — a(curl® A)i:
we can rewrite equation (2.32) as
(curl® é')ﬁ‘ = —V((curl” A)3],—0dn) — a(curl” A)éy
—aVEATIV € +aVEATIVE (curl® A)isy)
= —a((curl® A)i-8n) —aVATIV . ((curl® A)i-8n)

— V((curl® A)3lu=odn) —aVEAT'V - C

(2.28)
(2.29)
(2.30)
(2.31)

(2.32)

and writing C=C+ grad’ ¢, where ¢ € H*(Dy) is the unique solution of the boundary-value

problem

A°@p=0 in Dy,
grad® ¢ - N =V - (Apdn) atv =0,
=0 atv=—h
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(see Proposition 2.13), one finds that

dH[n(n)(y, ®) =V - C]ﬁ 409 curl” A - N|y—o8n — (curl® A)y, - Vi,

where
curl® curl® ¢’ — o curl® ¢’ =0 in Dy,
dive ¢’ = in Do,
~/><e3:0 atv=—nh,
¢ N=0 atv=0,
and

(curl® 6’)# = —a((curl” A)i-én) —aVATIV - ((curl® A)i-8n)
— V((curl® A)3lo—odn) —a VATV C}
It follows that
dH[nl(én)(y, @)
— H(®) (—a((curl” A)Lsn), —a A1V - ((curl® A)lsn)
— (curl” A)31u=081 + (curl” A)3],=3))
— V- ((curl” A)pdn),

and we obtain our final theorem by setting u := (curl” ;1)3 lv=0-

Theorem 2.14. Suppose that s > 3 and that the non-resonance condition (NR) holds. The differ-
ential of the operator H(-): U — L(R? x H-1 (RZ/A), H5—3 (R?/A)) is given by

dH [1(6n)(y . @)
= H() (—a (KD (y, &) —uVn) o),
—a ATV (KO, @) — uVn)-sn) — un + (us) )

—V-(Kmy,®) —uVn)én),

where

K (y,®) - Vn+H)(y, @
Ky, ®)=y+Ve—aVA 'Hop(@. @), u= i i+|nv:|2 @, ®)

The corresponding result for M () is obtained in a similar fashion.
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Theorem 2.15. Suppose that s > 3 and that the non-resonance condition (NR) holds. The differ-
ential of the operator M(-): U — L(R?* x H"1 (R%/A)?, HS3 (R?/A)?) is given by
dM([n](én(y. &)
= M) (MO, &)+ 5n), M), &) +uV) o)
— V(ubn) +a(M@)(y. g) +usn)*sn.
where

_ Vgt —Mm(».8) Vn

1+|Vn|?
2.4. Taylor expansions
The terms in the expansion
o
H(n) = Hi(n), (2.33)
k=0

where Hy(n) is homogeneous of degree k in 7, can be calculated recursively from the equation
dH[nl(m(y, ®) = H(n)( —a (Km)(y, ®) —u V),

—a ATV (K. @) —u Vi)t —un+ <un>)
—V-(Km(y,®)—uVn)n),
(see Theorem 2.14), and the explicit formula
Ho(y, ®) = D*t(D) ®
(see Remark 2.12); these results hold under the non-resonance condition (NR). (Note that we

suppress the argument in the n-independent terms in Taylor series of this kind).
Expanding

Ky, ®) =Y Ky, ®,  umy, ®) =Y u(y,®), (2.34)
k=0 k=0
we find that
Ko(y,®) =y +V® —a VI A T Hy(y, @),
Mo(}’» q)) = HO(}’» (I))’
and
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Ky, ®) =—a VAT H()(y, @),
(=DM vk Ho(y, @)

+ ) (Kia(y. @) - Vi + H(n)(y, ®) (=1)7|Vy|*/, if k €2N,
ur(m(y, ®)= i+2j=k

Y. Ky, ®)- Vo + Hi(m(y, ®) (=D/|Vn*,  ifk ¢2N,
i+2j=k

for k > 1, and inserting the expansions (2.33) and (2.34) into the formula for dH[n](n) yields
> kHi(n)(y, ®)

k>0

=" Hi) (o (Ko(y, @) - n), —a A7V - (Ko(y, ®)40) = Ho(y. @) + (Ho(y, @)
k>0

k
+Y > Hk_j(m(— o (K ;. ®) —uj (). ®) V)" n),

k>1j=1
—a ATV (K, @) — i1 () (p, ®)V) " n)
—u;(my, P+ Uy, <I>)n>)

-V (Ko(y. ®)n) — ZV (K (y. @) — ur—1 () (¥, ®) V) 1),
k>1

so that
Hi(m(y. )
= Ho< — o (Ko(y. ®)"n), —a A™'V - Ko(y, ®)"n — Ho(y, ®)n + (Ho(y. d>)n>)
— V- (Ko(y, ®)n),
and
H()(y. )

1
= {Hk1<n) (—o (Kotr, @)t —a A7V - (Ko(y, ®)n) = Ho(y, ®)n + (Ho(y, D))

+ZH (n)( (Ki-1- (. @) — we—a— j() (¥ @) Vi) 1),

—a ATV (Kio1—j ) . @) — ko () (v, )V) " 1)
—up—1—j (MY, PIn + (ug—1—; MY, @'7))
=V (K1 (y, ®) — ur—2(m)(y, ®) V) n) }
for k > 2.
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In particular, we find that

Hy(y, ®) = Hy®,

Hi()(y, ®) =—a H)A™'V - Ko(y, )" — Ho(n Ho®) — V - (Ko(y, ®)n) ,

where Hy = D*t(D) and Ko(y, ®) =y + V& —a VEA~! Hyd, and that

Hym)(y, ®)
1
= {Hl () (— (Ko(y, @)1 1), — A7V - [ Koy, @) 0] = nHo® + (1 Ho®) )
+ Ho< —a ATV (K1) (y, @) — Ho®V)' n) —ui (D (y, <I>)n>
— V- ((Ki(n)(y, ®) — Hy® V) n)}

:%{— a H)A™'V . <K0< —a(Ko(y, ®)"n), —a A7V (KO(’” d))L")

1L
— 1 Ho® + (n Ho<1>>> n)
+a Ho (1 HoA™'V - (Ko(y, ®)*1)) + Ho(n Ho(y Ho®))
-V (Ko (o (Kor, @) i), —a A7V - Koy, ®)'n) = Holy, @) n)
- aHoAflv-(n(—aVLAfl(—aHOA”V Koy, )ty
€L

— Ho(nHo®)—V-(Ko(y, ®)1)) —Ho®V) )

— Ho (1 Ko(r. @) - Vi —an HoA™'V - (Ko(y, ®)*1)

— 1 Ho( Ho®) =V - (Ko(y, ®)n))

+V- ((av+a™ (—a HoA™'V - Ko(y, @) — Hol Ho®) = V - (Ko(y, &) )

1 Ho® vn) n) }

Remark 2.16. For o = 0 we recover the formulae for the classical Dirichlet—-Neumann operator,
in particular
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Hy(y, ®) = Hp®,
Hi(m(y,®) =—Ho(n Hy®) -V -(n VD),

1 1
Ha(n)(y, ®) = Ho(n Ho(n Ho®)) + 5 Ho(n* A®) + 5 A(n* Hy®),
where Hy = D tanh(h D).

Similarly, the terms in the expansion

M) =) Mi(n), (2.35)
k=0

where M (n) is homogeneous of degree k in 7, can be calculated recursively from the equation

dM () (v, g) = M(n) (a (M) (y, ) +uVn)* n), (M) (y, g) +uVn)* n)
~V@un +a (Mm)(y,g)+uVpty

(see Theorem 2.15) and the explicit formula

1
Mo(y.§) ==y + 5 (aDL+Dc(D)) D.gt

(see Remark 2.12).

Expanding
uy.g) =y u(m. g, (2.36)
k=0
we find that
uo(y.8)=V-g-
and
D2V (Vg = >0 (M. g) - Vi) (1) |Val¥, ifke2N,
i+2j=k—1
ur(my. g = o
- > (M. 8) -V (=D |Vy¥, if k ¢ 2N,

i+2j=k—1
for k > 1, and inserting the expansions (2.35) and (2.36) into the formula for dM[n](n) yields
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> kM) (. g)

k=0

=" M) (o (Mo(y. )*n). Mo(y. )" n)
k>0

k
+)° ZMk_j(n)(a (M. 8) +uj1()(¥.g) V)" ).

k>1 j=1
(M) (p, &) +uj 1y, g) Vn)" n)

=Y V@, em +a Moy, @) n+a Y (M), g +ur 1)y, &) Vi n,
k>0 k>1

so that
Mi(n)(y,g) = Mo<a (Mo(y,2)n), Mo(y, g)* n> —VV-ghn +aMyy.g) ",

and

M (m(y.g)

1
== { M1 0n) (o (Mo (v, ) Mo(v. ")

k—2
+ZM,-(n><a (Mi—1- ;). &) + k2 (). &) V)" ),
j=0

(Mi—1—j(n(¥. &) +Mk—2—j(77)(}’vg)vn)l 77)
—V k1 (D@, ) +a (Mi—1(0)(¥, &) + uk—2(n)(y, &) Vipt ?7}-

In particular, we find that

M>(n)(y, g)
1
= E{Mo («(Mote(Mor. &) n), Mo &))" 1), Mo(@(Mo(y. ) 1), Mo(y. )" 1)
1 1 +
+ VOV - (Mo(y. gm) + Mo («(Mo(y, 8 1), Mo(y. )*n)
L
+ Mo (a<nMo (Mo &) n). Mo, &) n) = nV-(V - ghom)
—aMo(y, &)n* +1(V - gL)an>,
€L
Mo (a(Mo(y. &) n), Mo(y.©)*n) = nV-(V - g1)m)

—aMo(y, g)n* +n(V - gLW%)
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+VMo(y,g) - Vn)
€L
+anMo («(Mo(y. &) n). Mo(y. £ n)

—anVE((V-ghn) —a*Mo(y, g)n* +an(V - giwLn}.

Finally, the terms in the Taylor expansion
o
T()=) Ti().
k=0

where Ty(n) is homogeneous of degree k in 5, can be computed from the formula
T(n) =M(n)(0,S(n)) using the expansion of M (n) derived above and the corresponding ex-

pansion

S =) Sk

k=1
of S(n), where

k=1 k

DY Te ifkeon,
k!

Sk(n) = J—
k=1 O /A .
(=12 0 ¢, ifkg2N.

k
Clearly To=0, Tk (n) = Y M_;(n)(0, S;(n)) for k > 1, and because
j=1

2
o o
S1(m) = ne™, Sz(n)=—5n2c, S3(n)=—€n3cL,

and

My0,g)=Lg,
Mi(1)(0,8)=—a (nL>) + Li(n(L2g)) —nLg —Vn V- gt

1
M2 (0, 8) = 7 {2aL1 ((nL1g)n) + 2a*(nL1g)n + 2L1(nLa(nL2g))
—nL(nL2g) + ViV - (nL1g) — Li(n*(Lg)")

+V(iLig - V) +an(La(nL2g) - n(Le)*)

—of (2(nL1 ) +2L201L29) - n(Lg)L)n>}’
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where

|
Lg= 7 ((a2 — D*)D —ac(D) Di) D.gt,

Lig= <o¢DL +Dc(D)> D gt
=3 ,
1
Log= =5 <—a D+ DLc(D)) D.gt,
we find in particular that

T 1(n) = Mo(0. 51 ()

=Li(neh),
T2(n) = M1()(0, So(n)) + Mo(n)(0, S1 (1))

=—3aLi(n*¢) + Li(nLa(ne™)) —n Lne™) + Vn V - (ne) — a(n La(ne ™)),
T3(n) = Ma()(0, S1 () + M1 (n)(0, S2(n)) + Mo(0, S3(1))

1
= 5{2aL1 ((nL1(met))n) + 20> (L1(neH))n +2L1 (nLa(nLa(n ¢™)))
—nL(nLy(ne)) + VoV - (Li(et)) — Ly (n*(L(net)™h)
+V (L1t - V) +an(LaLa(e) = n(L e )*)

—of (2¢ L1 ey +2La(rLa( b)) — n(L(ncL))L)ﬂ}

a2

2

2
o o o o

(nLa(n* 0)) = 5 LiLa(r* €) + 1L () + 5 ViV - ()" — = Li(n’e™).
3. Description of H (n) and M () as pseudodifferential operators
3.1. Flattening and factorisation

Choose n € C®°(R2/A). In this section we prove that H(n) and M (n) are smooth pertur-
bations of properly supported pseudodifferential operators and compute their asymptotic expan-
sions, working under the non-resonance condition (NR). We begin by introducing a flattening

transform (which differs from that used in Section 2). Choose § > 0 so that the fluid domain D,
contains the strip

Qs ={x",2) eR>*xR: n(x') —8h <z < nx)}
for n € U and define $: Dy — Qs by
@ w) e (o, w)), o, w) =8sw+nx’).
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For f: Dy — Rand F: D,,—>]R3 we write f:foﬁ), F = F o 3 and use the notation

grad® f (x', w) := (grad f) o £(x', w),
dive f(x', w) = (div ) o (x’, w),
curl? F(x', w) :== (curl F)o $(x', w),

ACf = (A f)oS(x,w)
and more generally

axn ayn a
af::ax—%aw, a§:=ay—Taw, agj:?“’.

Remark 3.1. The flattened versions of the operators curl, div and A applied to F(x, y,w) =
F(x,y,z)and to f(x,y,w)= f(x,y,z) are given explicitly by

curl® F = (8 Fy — 98 F, —0% F5 4 89 Fy, 08 F> — 8 F1)T
~ 1 ~ ~ ~ ~
= curl ' — <1y 0w F3, =nx 0 Py, 0 0 Fr =11y dwFD)T

1 A N
- (5 - 1) (0w F2, =00 F1,0)7,
dive F = 8§ﬁ1 + 8§ﬁ2 + 8s)ﬁ3
~ ~ 1 ~ ~ a
=01+ 8yF2 + E (_nx o F1 — My 0w F2 + 8wF3) ,
—ACf = =@ - @D f — @9 f
s 27 5 . 2z 1 5
=—af+ 5 (mad, f4n 0l f) = (5 —1)onf
1 ;Lo 2y42 7
The flattening transform converts the equation
—AF =acurl F in Qs
into
—A°F —qcurle F =0 in Dy,

which is equivalent to the system

LF =0, 3.1)
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where L = alai + L0y + Lo with

b Va_c -5 5y
L= ag b'z—c s ) Lo =
§ny  —§me b-V-—c
and
14 |Vnl? 2V
= , b=——,
52 )

0 ady
A —ady
o0y A

Lemma 3.2. There are properly supported operators M, N € W' (R?/A) such that

() L —a(@yI —N)(@unI — M) e W"°[R?/A),

(ii) the principal symbols MV, NU of M, N take the form MV = m(D15, NU = nD1;3, where
the scalar-valued symbols mD, —nM e SY(R?/A) are strongly elliptic.

Proof. Because

L —a(@yl — N)@wl — M) = (L +a(M 4 N))dy + (Lo —aNM)

we set
N=—-a'Li—-M
and seek M with
Lo+ LiM+aM?*=0

by constructing a symbol M € S'(R?/A) such that

—|k|? 0 aiks ib-k—c -5
0 —k|> —aik; | + g ib-k—c
—aiky  aiky  —|k|? Sy —$ 71

+a Y o aPMDY DM~ 0

1
2
aeNg

and

M~ S MO,

Jj=l1

where M) € §7(R?/A).

We proceed by computing the terms in the asymptotic expansion of M inductively.
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e Obviously
— k|’ I3 +1ib - kMDD + au(D)? =0,
so that
MY = smD15,

where

ik - Vn+ 10

1+ vpZ )»“)(x’,k) = \/(1 +|Vn?) k|2 = (k- Vi)2.

nDx’, k) =

Note that A1 is the leading order symbol of the classical Dirichlet-Neumann operator.
e The subprincipal symbol of M is found from the equation

0 0 ik 0 1 n

: o )

o 0 0 —ik | — C]I3—|—E -1 0 —ny M
—iky ki O —ny M 0

+ib - kM@ + amOM®  auOu©

+ b - V)MV —iad, MD oMV —iad, MV M =0,
which yields
0 0 0
M? = sm©@15 + s},
where

1
0@ (', k) = —— (v - @mPvn) +ivan D Vm<‘)) ,

22
. . 0 m® —iky + m(l)ny
MO (&' k) = o0 —m® 0 ik — My,
iky — m(l)ny —iky +mBp, 0
e Suppose that M) has been calculated for j = 1,0, ... — jo for some jo > 0. The term

M=~ can be found from the equation
(2a8m(]) +ib- k)M(*jO*]) — 1\7[(*1'0)’

where M(—/0) ¢ §(=J0)(R2/A) is given by
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0 1 Ny

~ . o . .
M(_]O)(x/,k)z CI[3+E —1 0 —ny M(—J())_b,VM(—Jo)
—Ny Nx 0
] qo (—Jj1) po o (—Jj2) Al q (1) o o (D)
—a Y aopemCDN DPMER) —a Y aropm® DY DY
J1,72=0 lee|=jo+2
lee|+j1+72=Jo
—a Y apMD DM —a Y oM@ DY DSPMD,
lee|=jo+1 loe|=jo+1
so that
Mo — 0 o
22 ’

The construction is completed by noting that there exists a symbol M € S'(R?/A) such that
M ~ Z M)
Jj=1

(see Shubin [25, §3.3]).
Defining M = OpM and N by equation (3.2), we find that M, N € W!I(R2/A). The terms in

the asymptotic expansion
N ~ Z N

J=1

of N are readily computed using (3.2); in particular we find that
N = Sn(l)ﬂ3, n(l)(x/, k)= .

Finally, note that

82 M Sk
- k| > k)

RemV(x’, k) = —RenV (x', k) =
moe B n ) = TR 2 T max (ViR ~

for sufficiently large |k|, so that m"), —n» are strongly elliptic. O

Theorem 3.5 below gives information on the Neumann boundary data of a solution to (3.1).
It is proved using Lemmata 3.3 and 3.4 below, the former of which is an existence result for an
abstract heat equation (see Treves [26, Ch. III §1] for a more general theory).

Lemma 3.3. Suppose that T > 0, T is a full rank lattice in R"~ and A € ¥ (R"~!/T") for some
m € N is a properly supported pseudodifferential operator whose principal symbol A" takes
the form A" = a1, where the scalar-valued symbol a™ e §™(R"~1/T) is strongly elliptic.

There is a properly supported pseudodifferential operator P € WO ([Ty, To + T]; R*~1/I)
which satisfies

P+ AP € U=®([Ty, Ty + T1; R"!/I),
P|t:To =1
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In particular, any solution of the initial-value problem

U+ AU =F, telTy, To+TI,
fflz:TO =0,,

where F € C®([Ty, Ty + T1;C®@R"/TY) and Uy € COR"1/T)", belongs to
C>®([To, To + T1; CX R /T)™).

Lemma 3.4. Suppose that T > 0, T is a full rank lattice in R"~" and P is a linear differential
operator of order m in the variables (z,t) € R" of the form

P=Laf"+ ) Aa@)d"

lot|<m
o, <m—1

where a € Njj, 0% = Ay, Bgl”:ll ;" fmd the coefficients of the matrix Aq(z) are functions of
z of class C°(R"~1/T). Any solution U € H" ' (R*~! /T’ x (T, Ty + T))" of PU =0 lies in
Cx®((To, To + T 7' ®R"'/T)").

Proof. Suppose that PU=0.A straightforward argument using Fubini’s theorem shows that U
lies in H™ 1((To, To + T); L*(R"~!/T')"), and the next step is to show inductively that U in
fact lies in H™ 14k (T, Ty + T); H=*™(R"~1/T")") for every k € Ny.

To this end let £; € Ng, £, € Z and a € C®°(R"~!/I'), and observe that the mappings
w > d;w and w > 9;;w induce continuous linear operators H! ((Ty, To+T); H2(R"~!/T)) —
HO W (To, Ty + T); H2R"YTI)  and  H((To,To + T); H?R"/T) —
HY(Ty, Ty + T); H2~1(R"~1/T")) respectively, while the mapping w — aw induces a con-
tinuous linear operator H% ((Ty, To + T); H2(R"™1/T")) — HY ((Ty, To + T); H2(R"1/T)).
It follows that the formula

QU=- > Ag@)*U
loe|<m
ap<m—1

defines a continuous linear operator H™ 'tX((Ty, Ty + T); H*" R 1/I)") —
H*(Ty, Ty + T); H=*+Dm@R*=1/T)") for each k € N.

Returning to the induction, let k € Np and suppose that U belongs to
H" " (Ty, Ty + T); H*"(R"=1/T)") satisfies PU = 0, so that 9"U = QU in
2'(Ty, Ty + T); H-*+Dm@®r=1/ry") The above  argument 1mphes that
3"U € H*((Ty, To + T); H~*=D™(R"=1/T')"), and since

l} c Hm_1+k((T(), TO+T), H—kM(Rn—l/F)n) g Hm_1+k((T0, T()+T), H—(k—i—l)m(Rn—l/l—x)n)’
we conclude that U € H™* ((Ty, To + T); H=*+Dm(@Rn=1,1yn),
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Finally, choose £ € N with £ > m — 2 and set k = £ — m + 2, so that

Ue B (To. To + T); H- MR /m)")
C C'([Ty, To + T1; H-Em+2m@Rn=1 )
C C'([To, To + T1; 2'R"™1 /)™M,

However this result holds for arbitrarily large ¢ € N, so that U belongs to
C®((To, To+ T 7' R"™/D)"). O

Theorem 3.5. Any function Ue H?*(Dy/A)? with LU =0in Dy satisfies
wU=MU+RU  atw=0,
where the symbol R denotes a linear function of its argument whose range lies in C*®°(R?/A)3.

Proof. The equation

LU =0 (3.3)

is equivalent to the coupled equations
(Ol — MU =0, (3.4)
(Ol — N)U| = =R U (3.5)

(the smoothing operator in equation (3.5) in fact lies in W~™°°(R?/A)).

By elliptic regularity theory U € C°°(D0/A)3 = C®((—h,0); C®(R?/A)%), and it
follows from equation (3.4) that U, € C*®((—h, 0); COO(RZ/A) ); in particular
U 1, € C*®(R?/A)3. Furthermore, applying Lemma 3.4 to (3.3) shows that

w=—1
U e C®([—h,0]; 2'(R?/A)%), so that Ry U e C®(—h ,0; COO(RZ/A) ). Applying Lemma
3.3 to equation (3.5) for w € [— 1h 0], we thus find that U; € C®([— h 0]; C®(R?/A)%).
Finally, equation (3.4) shows that

awIAJ:MIA]+lAJl atw=20
because U 1 is a linear function of U. o

3.2. The operator H (n)

Lets >2, ® e ﬁs’%(Rz/A) and A € H*(Dgy/A)? be the unique solution of the boundary-
value problem (2.16)—(2.20) with y = 0. The variable

A - 1
Ax',w) =AW, v), W= E(h—i—n)v
satisfies
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LA=0 in Dy,
and
A-N=0 atw =0,
~ Al
(curlfA) =V —aVAT (V-4))  atw=0,
which can be written explicitly as
neAi+nyAy— A3 =0 atw =0, (3.6)
o Ny A 1 A A N 1 A 1 A
Azy — ?31”143 - gawA2 + x| Ay — A1y — gnxawAZ + gnyawA]
+ aA_l(Any + nyyAAva + nyAA3xy - Alyy - rlxyAASy - nxA3yy) =P, atw =0, (3.7)
A Ny .~ 1. 4 " A 1 " 1 N
— Az + ?awA3 + gawA] +ny Aoy — Aly - g’?xawAZ + gnyawAl
+ OlA_l(_AAZxx - nyAASX - 77y£3xx + Alxy + WxxAASy + nxAA3xy) = ch atw =0. (3.8
Substituting
Az =niAi +1yA; (3.9)
(see equation (3.6)) and
O Aly=0 = MA|yy=) + Roo ® (3.10)

(see Lemma 3.5, noting that A is a linear function of ®) into equations (3.7), (3.8), we find that

Al|w_0> (q)x>
pl2 = + Ry, (3.11)
<A2|w:0 P, x

where P € W!(R2/A) is a properly supported pseudodifferential operator with principal symbol

0 —(1+|VyPm® +ik - Vy
W 1y —
P (x’k)_<(1+|vn|2)m<1>—ik.vn 0 :

Observe that P() is invertible for |k| # 0, so that P is elliptic and hence admits a parametrix
Q € U (R?/A) such that PQ — I € W~°(R?/A) (see Grubb [13, Theorem 7.18]). We thus

find from equation (3.11) that
AAl |w:0) D,
. =0 + Roo @,
(A2|w=0 (Dy >
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and appending (3.9) to this equation yields
Alw=0=Z® + R ®, (3.12)

where z € S’(R?/A) and Z = Op 2.
We have that

Hm(y,®)= Hm(y,0 +H®)(O, D),
e
e C®(R?/A)

and in the new coordinates
H@)(0, @) = Ay, +nyAs, — Ay — neAsy|, . (3.13)
Inserting A |y—o and dy A |w—o from (3.10), (3.12) into this formula shows that
H(m)(0,®) =0pig® + Roo®,

where Ay € S'(R?/A). The asymptotic expansions

2~ 320, g~ 300

Jj=0 Jj=1
can be determined recursively by substituting
Alp—o = Z® + Rop®, dwAlweo =MZ® + Roo®
into (3.6)—(3.8).

3.2.1. Principal symbol
Equating the order O terms in (3.6) and order 1 terms in (3.7), (3.8) yields the equations

120 41,280 =20 =0, (3.14)

(iky — nym(l))zgo) + (—mm +ikiny — nﬁm(l))zgo) + (—ikony + nxnym(l))zgo) =ik,
(3.15)

. 0 . 0 . 0 .
(—ik1 + ™) z8” + @D —ikany + n?mM) 2 + Gkiny — nenyn)zY = iks.
(3.16)

Substituting for Zg()) from (3.14) into (3.15), one finds that

. 0 0 . 0 . 0 _ .
(ika — 0y (1 27 41,27 + (=D ik 7 — 20 28 (—ikan 4 ey m) 2O = iky,
so that
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(— V(1 4+ |Vy?) + ik - Vi) 23 = iky

— ;M

and hence

ik

© s gy ki
Zn (x", k) = Ok

Similarly, substituting for Zgo) from (3.14) into (3.16) yields

(0) ’ _ 1k2
Zl (x 7k) - )\'(1)7
and it follows from (3.14) that
: 1
O, gy ik-VTn)
Zy (x', k) = YO

Equating terms of order 1 in equation (3.13), we find that

WD k) =ik 28 + nyiki 2 — ko2 — n4iky 2

=itk- vz +ik 2 —ikpz”

1
=y U Vo) + 1K)
=0y
=0,

the principal symbol of the generalised Dirichlet—-Neumann operator is thus the same as the
principal symbol of the classical Dirichlet-Neumann operator.

3.2.2. Sub-principal symbol
Equating the order —1 terms in (3.6) and the order O terms in (3.7), (3.8) yields the equations

—1 —1 —1

. -1 . ~1 . —1
(iky — ym™M) 25+ (—a® + ik e — 225 + (—ikony + nenyn™)z Y = —F) — aFs,
(3.18)

. —1 . -1 . -1
(—iky +nem ™)z + @D —ikany + 2Dz + (kny — nenym™) 25 = —F) — aFy,
(3.19)

where
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Fi(x', k) =0y 20 + 1,28 + vz . vy
+ 1,z OV, + z<°)vn}) + 1+ V) vz] - ivem®
— (1412 m
P k) = =12 — 2y — V- vz
— @OV, + 20V + (1 41V V22T i ®

+ A +1Vn?Hz0m©

Rk = 5 (042 + o2
_”]%« —nx(k-Vn )) 7O (k1+7l k- )> (0))’
Fa(x', ko) = (nxn)Z(°)+(1+ny)z(°>)

— s (ot e 7)) 27 4 (k14 0, ) 27).

Substituting for z§ " from (3.17) into (3.18)~(3.19), we obtain

(s gy F2taFy ( i) _ Fit+aF;
Zl (x ) k) - )\,(1) ) ( k) - A.(l)
and hence

20V k) = — V't (1 4 aF3, By +aFg)T

A(l)

Equating terms of order 1 in equation (3.13), we find that

2O k) = 0,25 +iki 25D+ y0,28 +ikinyzy

0) =D ( 1)

—0yZ," —ikoZ; "’ — nxayzg ) — ikomy 25

0 0 0 0
= 0,23 —8,2” +1,8,2 — 0,2y
ik +iny (k - V4n) —iky + iny (k- V)

2D ! (D
[ikl Finy(k-VEin)  —iky+ing (k- Vip) }
o F 4

5 (D 3T 5 (D

(k- Vi) (k- V)

—20 4 g ’
k|

where

1+ |Vn)?

©) (47 -
AV k) = X0

(v @D V) +iva D Vm(1)>
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is the sub-principal symbol of the classical Dirichlet—-Neumann operator (see Alazard, Burq and
Zuily [1, Eq. 3.11)]).

3.3. The operator M (n)

Lets>2,g¢€ H"3 (R?/A)? and Be H*(Dgy/A)? be the unique solution of the boundary-
value problem (2.21)—(2.26) with y = 0. The variable

N - 1
B(x',w) =B, v), w::E(h—i—n)v

satisfies
LB=0 inDy,
and
dive B=0 atw =0, (3.20)
B-N=0 atw =0, (3.21)
V-B=V.g' atw=0, (3.22)
((curl® B)) =0. (3.23)

(equation (3.20) actually holds in Dy). The boundary conditions (3.20)—(3.22) can be written
more explicitly as

~ ~ 1 ~ ~ ~
le+32y+ g(_anlw _nyB2w+B3w):0 atw =0, (3.24)
neBy +1yBy — By =0 atw =0, (3.25)
(B> + B3ny)x — (B1 + Bany)y = g2x — 81y atw =0. (3.26)
Substituting
By =nyBy +nyB> (3.27)

(see equation (3.25)) and

3w Blw=o = MB|y—0 + Rog (3.28)

(see Lemma 3.5, noting that B is a linear function of g) into equations (3.24), (3.26), we find
that

él|w:0) < 0 )
P - = + R g, 3.29
(B2|w—0 82x — &8ly i ( )

where P € W!(R2/A) is a properly supported pseudodifferential operator with principal symbol
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Dyt 7y iky iky
PV(xLk)=1. . . . .
S (mxnykl —i(l+ndke i(1 402k — inunyke

Observe that P(l)(x’,k) is invertible for |k| £ 0, so that P is elliptic and hence admits a
parametrix Q € W~I(R2/A) such that PQ — [ € W~°(R%/A). We thus find from equation

(3.29) that
é1|w:0> ( 0 )
-~ = + R g,
<32|w=0 ¢ 82x — 8ly o8

and appending (3.27) to this equation yields

Bly—o=Zg+ Reog. (3.30)

where Z € S(R?/A) and Z =Op 2.
We have that

Mm(y,g)= Mm(y.00 +Mn)(O,g),
| —;
€ C®(R?/A)?
and in the new coordinates

Bou

Bs, 1 - 1
M(n)(&g)z—( 2 )Jr—B3wVLn+—(_B1
w

— (Bay — B1,)V
_BSx s s ) (2x ly) n

1 ~ -
+§(77x Boy — 1y Biw) Vn (3.31)

w=0
Inserting B |w=0 and 9w B |w=0 from (3.28), (3.30) into this formula shows that
M()(0,8) =O0pvag + Rog,

where v, € S'(R?/A). The asymptotic expansions

2~Y 20, e~ Y

J=0 J=1
can be determined recursively by substituting
Blu—o=Zg+Rxg,  duBlu—o=MZg+ Rcg
into (3.24)—(3.26).
Remark 3.6. The asymptotic expansion of vy can also be determined from the formula
MO, ) =—=V(HmO.) ' (V-g") +a VA~ (V.g")
and the asymptotic expansion of the symbol A, of H (1)(0, -).
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3.3.1. Principal symbol
Equating terms of order 1 in equations (3.24), (3.26) and order O in equation (3.25) yields
. 0 | - 0 0 0 0
ik; Zil) + 1k22é1) — Ny m(l)Z(“) — Ny m(l)Zgl) + m(l)Zgl) =0,
. 0) , - 0 0 0 0
ik 2\) + k28 — 0, mP2) — ), m 28 + Mz =0,
0) 0) O _ 0

NxZyy +0yZy —Z3; =0,
0 0 0
neZyy +ny25) — 2% =0,
il 280 — ko2 + ik - Vi) zl) = —iks,
k128 — ka2 + ik - VEn)zS) =ik,
whose unique solution is
k2 kik
O s oy K5 ©) s gy kika
2y (k)= o.0y2” Zy, (¢, k) = .02
2
O s gy kika O K
Zy (. k)= (D)2’ Zy (¥, k)= (D)2’
L L
O s gy ka(k-V—n) ©, o Kkitk-V—n)
Z3] (x ’ k) - ()\.(l))z ’ Z32 (x ’ k) - ()\,(1))2

Equating terms of order 1 in equation (3.31), we find that

. (0) (0)
(1) ot —ika (25, g1 + Z3; &2) (1) 1,0 ©) i
v (x kg=1 . +m' (237 81+ 23, 82)V
o ( )8 ( lkl(zgol)g1 Zgg)gz) ( 318 328 ) n

0 0
n) (250 61+ 25 ¢2)
—m (Zgl)gl + Z<12)82)

. 0 0 . 0 0
— ik @e1 + 28 82) — ke (201 + 27 820 | V1
0 0 0 0
+ [nxm(” (25781 + 2% 82) — nym ™D (z{7 g1 + Zﬁz)gz)]Vn-

The first component of v(gl) g can be rewritten as

0 0 . 0 0
a1+ 29 g2 + (=i + 1+ n)m) @8 g1+ 2 2)

. 0 0
+ (—ika + nynD) (23 g1 + 287 g2)

1 (ika — nyn) (2

. 0 . 0 . 0
= matike = nym ™2 + (=i + (1 + D)2 + (ikz + mm )28 | 1

. 0 . 0 . 0
+ [k = mym )2 + (=ikin + (1 -+ nDm )28 + (—iks +nym )2 | 22
kika k?
=" 5ms! + OLE

k1

1
=W(k~g ),
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and in the same way we find that the second component of vél)(x’ Jk)gis — (k -g™1); altogether

A(l)
we obtain

ol
k(kg)

v (kg =k

3.3.2. Sub-principal symbol
Equating terms of order 0 in equations (3.24), (3.26) and order —1 in equation (3.25) yields

ik 237V 4 ka2 Y 4 koG =0,
: (=D 7 (=D —
ik1Z),  +ikoZ,, ' +kiG2=0,

1 -1 1

Zgl )—”xz§1 )+’7yZ§ ),
1 -1 1

Zgz )—”xziz )""lyzgz ),

(—iky +itk - VEpn 2V + Gk + itk - Vi) 28 Y + ka3 =0,
(—iky +itk - VI 25" + Gky +ilk - Vi) 25, +ki1Ga =0,

where
2(k - V(D) i i
) — _ _ 1
GI B = = — Gy [k Vi) — ki Vien - V) |+
2(k - vEia )y i io
Py — . _ . _
G2 ) === s+ gz [V Vno) ki (Vi V| -
G, k) = s [2(1 + 0o AUk + 201+ 0Dy Ak — 20,y (02 Pk + 9,0 V)
+ - AWDpy — —~ A Dk
(nynxx nxnxy) 2 (n)rnxy nxnyy) 1]
1
Ga(x', k) = W[_2(1 + 1 =32V =201 + n2)9,A Dy

+ 21y 0 AV + 3,0 Vky)

- (flynxx - nxnxy))h(l)kZ + (nynxy - nxnyy))\(l)kl],
whose unique solution is

7 k) = (k1 + G- VEmny) — ko)

(x“))2
ik kG
2\, (' k) = (m))z ((’\(1))2 ~hlk =GV n)nx)> l(kl(lz));’
. ik1k2G
25V k) = (;(1)1)2 ((’\(1))2 — ki + (k- VLn)ny)) * 1()%)23
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ik

(=D
2y (x' k)= W

(k2 = e VEmnoes +kiGa)
1 -1 _1

Z_g,l )(x/,k)=77xZ(“ )+77yZ§1 )7
—1 —1 —1

Zgz )(x’,k)=nxz(12 )+’7yZ(22 g

Inserting these formulae into the zeroth order part of (3.31), we find after a lengthy but
straightforward computation that

WO kg = (“("/’ " ) k- g™,

o (x', k)
where
i .
H(x' k)= W(k%(—l + 2000 — kikany 3417 + 2k3ne (1 +11) + lkm(”)
x (B — 2Kikoney + Ko ) + o (k203 = kineny)
Lyy Xy 27xx ()»(1))2 X Xty )
i .
Q' k) = 3o (Zk%ny(l +12) — kikane 3 +4n3) + K3ny(—1 +2n3) + 1k2)»(1>>

o
X (k%nyy - 2k1k277xy + k%’%cx) + W <—k1 1+ 7)5) + k277x77y) .

4. Approximate solutions

In this section we construct approximate solutions of

J(n, 1n)=0 4.1

for 8 > 0 in the form of power series and moreover prove their convergence for 8 > 0; the
solutions have wave velocity ¢ close to a reference value ¢y chosen such that the transversality
condition (T) holds. Assuming that the non-resonance condition (NR) also holds, we consider J

as a locally analytic mapping X f x R? — H*(R?/A) for a sufficiently large value of s, where

Xﬁ =

N

HST2(R2/A), ifB >0,
HSTL(R?/A), if p=0.

Our strategy is to perform a Lyapunov—Schmidt reduction, and we therefore proceed to investi-
gate the kernel and range of

Jio(m) :=d1J[0,0](n) =T1(n) - co + gn — BAN.

Write

2@ = 3 e

ke
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so that

k o
oW x) =gio+ ) %%%LﬂhCmﬂmw**.

keA'\{0}
The equation Jjon = 0 is equivalent to

pk,co, B)k =0

for k € A"\ {0}, which by assumption has non-trivial solutions if and only if k = +k;, +k»; it
follows that

ker(Jig) = {Aeik"x/ + Bek2¥' 4 femikix' | pe-ikax’. 4 p C}.

We next consider the range of Jyg. Let

F&) =3 fue* e HU®R?/A).

ke’

The equation Jign = f is equivalent to

gno = fo

and
c(lkl) A 2
2 p(k, co, BNk = fk 4.2)

for k € A’ \ {0}. Obviously

. LA

1o = — fo, (4.3)

8

while for k £ +k1, £k, equation (4.2) has the unique solution

~ k|2
~ c(kDo(k, co, B)

A

M fr, (4.4)

and for k = £k, =k, it is solvable if and only if fikl = fikz = 0. For 8 > 0 we find that
ok, co, B) = |k|? for sufficiently large |k|, so that the series

~ 1 . /
> ke,
keA’
ktik) ko
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where 7 is given by (4.3), (4.4), converges in H“+2(R2/A). It follows that
Jio: HP2(R%/A) — H*(R?/A) is Fredholm with index 0, where

ran(Jio) = {f € H'R*/A): fuk, = fix, =0)
and Jpo': ran(Jyp) — H°t2(R?/A) is given by (4.3), (4.4). In contrast p(k, co,0) is not
bounded from below as |k| — oo, so that (4.3), (4.4) does not define a bounded operator from
HS(R?/A) to H*T1(R?/A) for any 5. We therefore proceed formally, noting that the procedure
is rigorously valid for g > 0.

To apply the Lyapunov—Schmidt reduction let IT be the orthogonal projection of H*(R?/A)
onto ker(J1p) with respect to the L?(R%/A) inner product (-, -). Write n = 1 + 12, where

m :Aeikl‘x/ +Beik2~x/ _’_Aefikyx/ _i_éefikzux‘/’
and ny € ker(Jlo)L = - H)Xf, and decompose (4.1) as

T (1 +n2, ) =0, 4.5)
(I =IDJ (1 +m2, p) =0. (4.6)
The linearisation of (I — IT)J at 0 is
(I —TJio: I —MXP = (I — M H*(R?/A).
For B > 0 this operator is an isomorphism (see above) and we can solve (4.6) to determine 77 as

a locally analytic function of n; and u; substituting 2 = n2(n1, ) into (4.5) yields the reduced
equation

I (e + m2(n1, w), w) =0. 4.7)

Note that 7o = O(|(n1, ®)||n1|) and the left-hand side of equation (4.7) is also O(|(n1, w)||n1])
because I1J19(n1 + n2(n1, #)) = 0. For B = 0 we can only formally solve (4.6) for 1, as a
function of n; and .

We proceed to solve equation (4.7), which can be written as

(T +m, ), p),ef¥y=0  i=1,2,
because J is real-valued. We write these equations as

fi(A, B, A, B, p) =0,
f2(A,B, A, B, p) =0,

and note that
fi(A,B, A, B,p) = O(|(A, B, p)||(A, B))).
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Recall that J is equivariant Wi_th respect to the symmetries Sp and Ty (see Remark 1.4), which
act on the coordinates (A, B, A, B) as

So(A,B,A,B)=(A,B,A,B),  Ty(A,B, A B)=(ac¥1, Bk Ae7i1v pe-ikav),
so that the reduced equation remains equivariant under these symmetries, that is

fl(Aeikm/’ Beik2~v” Ae—ikl‘v/’ Be—ikg‘v/’u) :eikl‘v/fl(A’ B.A, B, p),

fz(Aeikl'”/, Beikﬂ” Ae—ik]-v” Be_ikz'",,u) =eik2'”,f2(A, B, A, I§, w,
fi(A,B,A, B, p) = fi(A, B, A, B, p),
f(A,B,A,B,n)= fr(A, B, A, B, ).

It follows that

fi(A, B, A, B, p) = Ag1(|AI%, | B>, w), (4.8)
(A, B, A, B, n) = Bgx(|AI%, |BI%, ), 4.9)

where g1, g2 are real-valued locally analytic functions which vanish at the origin.
Solutions to equations (4.8), (4.9) with A # 0, B =0, such that

21(JA1%,0,p) =0,

lead to solutions of (4.1) of the form n = n; + n2(n1, ) with n; = Aelk1¥ 4 Ae=ikix' o that
n depends on the single variable X := kj - x’". Such waves are often called 2%—dimensional waves
since they only depend upon one horizontal variable x. Similarly, solutions to (4.8), (4.9) with
A =0, B #0 give rise to 2%—dimensional waves depending on the single horizontal variable
k> - x’. We refer to Lokharu, Seth and Wahlén [20, Section 1.2.2] for a more detailed discussion
on 2%—dimensional waves. Fully three-dimensional waves are found by assuming that A # 0 and
B # 0, in which case (4.8), (4.9) are equivalent to

1A%, |1BI>, 1) =0, (4.10)

2(A%, |1BIA, 1) =0. 4.11)
Proposition 4.1. There exist ¢ > 0 and analytic functions j;: Bg(0,R?) — R, i = 1,2 such
that 1;(0,0) = 0 and (|A%,|BI?, w1 (I1AI?, | B1), w2 (|AI, | B|?)) is the unique local solution of
(4.10), (4.11).

Proof. Write equations (4.10), (4.11) as

aipr +azpa + O((AR B+ (AR B2, wIH) =0, (4.12)
bip1 +bapa + O((AR, 1B+ (1A%, |BI*, w15 =0, (4.13)
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where

. / . , . r ’
ap = (Jyelkr® elkrxy by = (Jyekr® elkrxy

R o
ay = (Jipe*1¥, e*1 ), by = (Jppelk2 ™ elk2xy

and Ji1 = 9, d1 J[0, ]l p=0, J12 = 94, d1 J [0, p]lg=0. A short calculation shows that

9 2 ot i B] R o i
k, , — J 1k~x’ ik-x , k, i — J 1k~x’ ik-x ,
—aClP( o, B) C(|k|)< 1€ e ) —362,0( o, B) c(|k|)( 12€ er)
and hence
c(lky]) 0 c(ky) 0
= - k ) ) ) b - P k ) ) )
2 861,0( 1,0, B) T aCI,O( 2, €0, B)
c(ky) 9 c(ky)
= —p(ky, co, B), by = —p(k2, co, B).
a e aczp( 1, €0, B) 2 TE a62,0( 2, €0, B)

Equations (4.12), (4.13) can be locally solved for 111, ;2 as functions of |A 12, |B|? by the implicit
function theorem provided that

ay ap
det(b1 b2> 0.

The above formulae show that this condition holds if and only if V, p(k1, cg, 8) and V, p(k2, co,
B) are linearly independent. O

Our main result now follows by substituting g = w(A%, |BI?) into n = n1 + n2(n1, ).

Theorem 4.2. Suppose that > 0. There exist ¢ > 0, a neighbourhood V of the origin in X f X
R2 and analytic functions w1, w2 Be(0, R?) — R and n: B.(0, C*) — Xf such that

(. m) € XP xR*: J(n, p) =0, n#0}NV
={((A, B, A, B), u(|AI>. |B*)): (A, B, A, B) € B,(0,C*")};
furthermore p(0,0) = 0 and
n(x') = Ae*1¥ + Belka ¥ Ae7 X Bemikx' 4 0(|(4, B, A, B)P).
Remarks 4.3.

(i) Elements of the solution set {(n(A, B, A, B), w(|A|*, |B|*): (A, B, A, B) € B.(0,C%))}
with A=0or B=0 are 2%—dimensional waves (see above).
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(ii) Elements of the solution set {(n(A, B, A, B), n(|A|%,|B|*)): (A, B, A, B) € B.(0,C*)}
with A, B € R are waves which are invariant under the reflection So. Note that it is pos-
sible to restrict to such solutions before performing the Lyapunov—Schmidt reduction; this
approach was taken by Craig and Nicholls [7] in a similar study of irrotational travelling

waves.
The terms in the series
M ! M 4 - s / -_ M ! . PR— -
n =Aelk1~x _I_Be1k2»x +Ae—1k1-x +Be—1k2-x + Z UijklAlB'/AkBl
i+ jtkH>2

and

pi= Y wiplAB,i=12,
Jj+k=1

can be determined recursively by substituting these expressions into (4.1) and equating mono-
mials in (A, B, A, B). Note that the series can be computed to any order for 8 > 0 but their
convergence has been established only for g > 0.

o We find that

n2,2(m) = Z n2.ijtA' B/ AKB!
i j k=2

satisfies the equation
Jionz2 =—Jo(m1, M),

where Jyg := %d%J[O, 0], so that
Jo(n1,n1) = A2 D@1 &¥15) 4+ 2AB Do (@1, &%) 4 2] AP g (1 e

+ 2AE Jzo(eikl-xl’ e—ikz-x/) + BZJZO(eikz-x” eikax’)
+2AB (e k1Y gikax'y
+ 2|B|2120(eik2'x/’ efier,) + AZJZO(efik]ux/, e*ikl'x/)
+2AB Jyy(e K1Y g—ikax'y
+ B2J20(e—ik2>x/’ e—ikz-x/).

For £, k with k # —£ we find that

ey
J2()(elk.x , ell-x )

1 1
= |:5T1o(k) ~T10(8) + E(k -co)( - co) + To,2(k, €) - co+ %(Tm(k) + Ti0(4)) - C({|

=:p20,2(k, £)

: ’
% el(k-i-e)-x i
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while

T 1 1
N CAR LS 5 T100) > = (k- €0)* + To0.1 (k) - co + aTro (k) - €.

=:p20,1(k)

where

CO-k
Tioth) = — (k' + k(D) T
ok + 0" + (k+ Ok +2)

4 ook
x |:a(k—Hl) cco+alk-£h) (C&P - %)

1
T0,2(k, ) = m (

+ (k40 ( T c(lepe + < |k|2 c(|k|)k>:|

k
20k|2

2 2 L 2 2 L
+ (@ = 1ePye - ac(ie)e >2|e|2 (@ = kPk = ac(kni*) 5

1 1
— k(o) = S4(cq - k),
Ta0,1(k) = e (ak — c([k|)k™).

The solution of the equation

Jlofei(l-l-k)‘x/ — P20,2(k7 ()ei(l+k)~x/’ k 75 _e’
is
ke + 22
= p20,2(k, £),
f c(lk+€)pk+ 4L, co, B)
= a0,.2¢, k)

while the solution of
Jiof =p20,1(k)
is simply

1
f=—p20,1 k).
8
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Altogether we find that

Diky-x' __
12,2000 = —d20,2(k1, ke ™™, 12,0020 = 712,2000-

ik +kp)-x’

n2,1100 = —2a20,2(k1, k2)e 12,0011 = 72,1100

2
12,1010 = —§p20,1(k1),

(k) —ko)-x” _
12,1001 = —2a20.2(k1, —ko)e!®17F)x" 12,0110 = 72,1001 »

dikyx! _
12,0200 = —q20,2 (k2, k2)e”™ ™, 12,0002 = 772,0200+

2
12,0101 = ——p20.1(k2).
8
e Expanding (4.10), (4.11) further as

aip + axper + as|lA”* +aal B> + O((JA1%, |BI*, w)*) =0,
b1ty +bapa + b3l Al + ba| B> + O((IA1%, |BI*, w)I*) =0,

we find that
azby — arbs asby — arby
(A% |BI?) = ————=Z AP — —=————|B* + O((IAI>, IB)*),
arby — brax arbr —brax
arbs — azbq arby — asb
12(JAP |B?) = ————"—|A]> — ———— B> + O(I(AI*, IBP)|).

ayby — biaz airby — biaz

The coefficients a3, a4, b3, by are given by
az = <2120(eik' * 12.1010) + 202067 F¥ 12 2000) 4 3J30(e1 | 1 emikIxy eik 'x/>
4
= _EPZO,I (k)p20,2(k1,0) — 2a20,2(k1, k1)p20,2(—k1, 2k1) + 3p30,1 k1),
as = <2J20(eik‘ ' m2.0101) + 2020€* % 02, 1001) 4+ 20202 . 1100)
n 6J3O(eik..x” eikz-x” e—ikQ-x’)’ eik|~x’>
4
= _EPZO,I (k2)p20,2(k1,0) —4qo0,2(k1, —k2)p20,2(k2, k1 — k2)
—4a00,2(k1, k2)p20,2(—k2, ki + k2) + 6p30,2(k1, k2),
by = <2J20(eik2'x/, 12.1010) + 2420 ¥ m2.0110) + 220 ¥ 1 1100)
+6J3O(eik2»x/’ eikl-x” e—ikl-x’)’ eikz-x/>
4
= _EPZO,I(kl)PZO,Z(kZ» 0) — 4q20,2(—k1, k2)p20,2(k1, ko — k1)
—4apoa(ki, k2)p2o2(—ki, k1 + ko) + 6p30,2(ka, k1),
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H . ’ 1 . !/ H . / H . ’ 3 . / H . /
by = <2120(elk2 ¥ ma0101) 4+ 2020( 2T g 0000) + 330(eF2 ek ek w gika >

4
= _§P20,1(k2)P20,2(k2» 0) — 2q20,2(k2, k2)p20,2(—k2, 2k2) + 3p30,1(k2),

where J3g = %d?J[O, 0].
One finds that

o o
Jao(elk el etk xty — ph | (kyelh* k#0,

T3 el e7x"y — oo o (k, £)e* Y k+#—¢,
where
2 1
p30,1(k) = §T10(k) - Too,1(k) + §T1o(k) - Ta0,2(k, k)

1 1
— ~a(eo - k)(cy - k) — 3 (o) (Tiok) - ko)

3
2
- O%Tlo(k) ~co+ % (263 - To0,1(k) + ¢ - T20,2(k, k)) + T30,1(k) - co — §|k|4,
T30,1(k) = — rl(k) |k|2 c(lkhc (2|k|)——"2(2k) |k|2 C(Ikl) —k(CO'k)C(IkI)
i‘l(k)(a k| ) |k|2 3r2(k) e
L€ 1€ ¢y -
—" (2k) |k|2 (|k|)+—r2(k) |k|2 —i‘l(k) K2 c(lkl)
a cy -k co-k
—r2(2k) T + k1(Co k) + 2 r1(k) e
and
1
p3o2(k, &) = 3 (T10(k) - T20,1(k) + T10(£) - T20,2(k, —£) + T10(£) - T202(k, £))

- %(co-excé -0)

1 o? a, |
- g(co &) (T1o(k) - £) — 3 (T10(k) - €0 + 2T10(£) - €o) + E(CO - T20,1(£)

+ ¢ - T20,.20k, —&) + €5 - Ta0,2(k, £)) + T30.2(k, £) - €o
B (2,0 2
— < (Per + 26 2).
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T30.2(k, ) = (k)— (k—12) k¢ (k, )
, — r ritk—8)| — -r3(k,
30,2 1 |k|2 1 |k—€|2 3

k+¢
+r1(k+£)|:m m(k,i)])

1 k—
“pne “[|k o

k+¢

1
rg(k,l)j| — Erz(k-i—l)[m

2tk 0|
1 1 -4 co-k
_58[8'”("’“}"”(")|k|2 [ £ “mW}

o Lco-4
+ k|:k rl(E) |€|2:| rg( ) |€|2
k

6

L
12<r1(k “L[uc—uz -ra(k, e)]+rz(e)L

-4 (,'0~k
kJ_
g Tr2® |k|2)

o k+¢ 1 -k co- 4
—(rik+0* ryk, £ kLS ot
+12<r1( +9) [Ik-i-flz r3(k, )]+|k|2 2(k) |k|2 +ra(f) Iflz)
a (k—l) k40
“rik ) pul 0L —
6r1()|k|2 < 1k ) k— (2 ri(k +) TEYIE )
o co-(k—1) co-(k+0)
+€r2(k—€)w - 2(k+£)w
az -4
——ri
1‘1( )= I€|2 ,
with
ri(k) = ak* + kc(|k)),
ra(k) = k(e® — |k|*) — ak™c(|k]),
Co~(
k, L k H——.
rale, ) =ri(k) 22 |k|2 +ri(f) e
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