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Abstract

The subject of this thesis lies at the intersection of free probability, Hurwitz theory and
topological recursion. It is based on the following collaborations:

(BCGF* 23] Higher order free probability vs. topological recursion: We derive functional
relations for moment and cumulant generating series in higher order free probability.
This solves an open problem posed about 15 years ago. We extend the combinatorics of
higher order freeness and propose a new extension of free probability theory. Our results
led also to new insights in topological recursion.

JHOIL22] Quantum curves and monotone Hurwitz numbers: We introduce monotone and
strictly monotone Hurwitz numbers over an arbitrary base curve and derive a differential
equation for their partition function, and we study the semiclassical limit of the quantum
curve. Surprisingly, we recover the spectral curve for the Mobius function of higher order
free probability. The latter emphasizes the relation between the two subjects and led to
the breakthrough in [BCGET23].






Abstrakt

Das Thema dieser Arbeit ist in den Gebieten der freien Wahrscheinlichkeitstheorie, Hur-
witz Theorie und topologischer Rekursion angesiedelt. Sie basiert auf den folgenden
Kollaborationen:

[BCGFT 23] Freie Wahrscheinlichkeit in hoherer Ordnung und topologische Rekursion:
Wir leiten funktionale Relationen fiir Momenten und Kumulanten erzeugende Funk-
tionen in der freien Wahrscheinlichkeitstheorie in héheren Ordnung her. Dies 16st ein
seit ca. 15 Jahren offenes Problem. Wir formulieren eine Erweiterung der freien Un-
abhingigkeit und ihrer Kombinatorik. Unsere Resultate fiihren zu neuen Erkenntnissen
in der topologischen Rekursion.

[HvIL22] Quantenkurven und monotone Hurwitz-Zahlen: Wir fiihren Hurwitz Zahlen
iiber Kurven von hoherem Geschlecht ein und leiten eine Differentialgleichung fiir ihre
Partitionsfunktionen her und bestimmen den semiclassical limit der Quantenkurve. Uber-
raschenderweise finden wir eine spektrale Kurve fiir die M6bius Funktion der freien Wahr-
scheinlichkeit in héherer Ordnung. Dieses Resultat bekréftigt den Zusammenhang der
Gebiete und fiihrte zu den Untersuchungen in [BCGF™23].
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Introduction

This thesis summarizes results obtained by the author within the scope of the two
projects

i) Random matrices and Hurwitz numbers,
ii) Topological recursion and free probability.

Those projects constitute the projects Al4 of the SFB-TRR 195 “Symbolic tools in
mathematics and their applications”, project i) during the first and ii) during the second
funding period. The subject of this thesis sits at the intersection of the areas free
probability, Hurwitz theory and topological recursion. We start by providing background
on each topic and afterward explain the results of the author.

Free probability

Free probability was introduced by D. V. Voiculescu in the ’80s with the intention to
tackle the famous isomorphism problem of the free group factors [Voi85)]. It constitutes a
noncommutative analogue of classical probability theory and thus allows a probabilistic
study of noncommuting random variables. A main feature in classical probability is the
notion of independence, and free probability admits an analogue called free independence.
Despite that free independence is quite different from the classical notion, the theories
show a lot of similarities.

Since then, free probability gained traction from various other fields such as math-
ematical physics and combinatorics. It even found interest in applied sciences such as
the study of wireless networks. Most notable is the relation to random matrices discov-
ered by Voiculescu in [Voi91]. He showed that if Xy = (X](\}), . 7X](\?))) are unitarily
invariant random matrices in a general position, then the limit of the joint moments

()" (x)) = i e ((x4) " (x))]

can be computed from the limits of the moments of individual matrices E[tr(X](\Z,))]. This
computation rule is precisely the notion of free independence in free probability theory.

A noncommutative probability space (A, ) consists of a unital algebra A over C and
a unital linear functional ¢: A — C. By Voiculescu’s discoveries, we may think of the
algebra as the limit of the random matrix ensemble and the functional to be the limit
of Eotry. The notion of freeness is defined as follows. Let (A, ¢) be a noncommutative
probability space and A;, Ay C A unital subalgebras. We say A; and Ay are freely
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independent or simply free, if whenever we take n € N and elements aq,...,a, € A; and
al,...,a, € Ay with ¢(a;) =0 =¢(a}) for i =1,...,n, then we have

o(ard) ...apal,) = 0.

Loosely speaking, the expectation of an alternating product of centered elements van-
ishes. The notion for the case of more than two algebras is defined similarly, i.e. the
expectation of a product of centered elements vanishes if elements have only neighbours
from different algebras. Thus, freeness allows for an effective computation of the dis-
tribution of, for example, the sum or the product of two random variables which are
free from each other. In the case where the random variables admit a distribution given
by probability measures p, v, this corresponds to the free additive convolution p H v
([Voi86]) and free multiplicative convolution pX v ([Voi87]). These are analogues of the
convolution p * v in classical probability theory.

The main results of this thesis are formulas that generalize the relation between
Voiculescu’s R-transform and the Cauchy transform [Voi86]. Consider a probability
distribution p of a random variable, then its Cauchy transform is the analytic function

G,:Ct—C, Gu(z)—/Rd'u(t)

z—t
If p is compactly supported, it admits an expansion at oo:

o0

Gulz) =" % My, = /Rt”du(t). (0.0.1)

n=0

Note that the coefficients are precisely the moments of the probability measure p, i.e.
G, is a generating function of the moments of x. Then Voiculescu introduced the R-
transform, it is determined by the R-transform formula

=z (0.0.2)

He proved the important fact that the R-transform linearizes the free additive convolu-
tion

Rumv(2) = Ru(2) + Ru(2).

Thus it does not only provide an effective tool to compute the distribution of the sum
of two free random variables, it is also the noncommutative analogue of the logarithm
of the Fourier-transform which linearizes p * v.

In 1994 R. Speicher discovered that many of Voiculescu’s results can be recovered from
a purely combinatorial standpoint [Spe94]. Speicher introduced the moment-cumulant
formalism for free probability via multiplicative functions on the lattice of noncrossing
partitions. First, note the combinatorial flavour of freeness by considering the following
example. Let {a1, a2} be free from {a},a)}. Then they satisfy the following relation:



p(arayazas) = p(araz)p(ay)e(as) + (a1)plaz)p(alas) — (ar)plaz)p(al)p(as).

A I

a; ay ay d a; a) ay d a; ay ay d

Example of the free computation rule.

Note that on the right-hand side there is no term of the form ¢(ajaz)p(a)al), since
the corresponding partition = ] has a crossing. Speicher put free probability theory
in the framework of the incidence algebra formalism of Rota and developed a theory
of cumulants in analogy to the classical case. One can interpret the functional ¢ as
a multiplicative function on the lattice of noncrossing partitions and define the free
cumulants k, via convolution with the Mobius function of the lattice. The relations of
this convolution can be written down explicitly:

p(a1) = r1(a1)
v(ara) = ka(a, az) + k1(a1)kr1(az)
v(arazas) = k3(a1,az,a3) + ke(a1, az)k1(as) + ka(ar, as)ki(az) (0.0.3)
+ Ko(ag, az)k1(ar) + k1(ar1)ki(az)k1(as)

The formulas in (0.0.3)) actually express ¢(ay ...a,) as sums over noncrossing partitions
on n points. E.g., for n = 3, the terms on the right-hand side of (0.0.3]) correspond to

M+t T+t rme

One of the main features of k,: A" — C is the fact that they capture the notion
of freeness particularly well. If two subalgebras A;, As are free, then k,(ai,...,an)
vanishes if not all a; come from the same algebra. This fact remains true for more than
two algebras free from each other. The latter is called the vanishing of mized cumulants.
Another important discovery is that the combinatorial moment-cumulant relations are
equivalent to Voiculescu’s R-transform formulas. Let a € A be a noncommutative
random variable. If we define the formal power series

G =+ 2 R = 143wl e

z) =~ s x) = kn(a,...,a)z" ",
n=1 n=1

then the relations (0.0.3)) are equivalent to

R(G(x —— =u.
() + a3
Note, that by this observation, Speicher gave Voiculescu’s R-transform the meaning
of a generating function similar to (0.0.1). Further, note that the vanishing of mixed
cumulants correspond to the fact that the R-transform linearizes the free convolution.
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Higher order free probability

In a series of papers [MS06, MSS07, [CMSS07], B. Collins, J. Mingo, P. Sniady and R.
Speicher extended free probability to second and higher order free probability theory.
Their goal was to study more refined questions in random matrix theory. For exam-
ple, second order free probability describes the fluctuations of the eigenvalues around
their limit. The information regarding the fluctuations is described by the asymptotic
behaviour of the covariances

cov(Tr(X ), Tr(X}3)), (0.0.4)

where Tr is the unnormalized trace. They add an abstract framework to the random
matrix perspective, extending the theory of Voiculescu. For example, they introduce a
free moment-cumulant formalism and a notion of freeness, which captures the limiting
behaviour of the quantities . This extended theory is called second order free
probability. More generally, they introduce n-th order contributions by the asymptotic
behaviour of

K (Te(X3), .., Te(X70)),

where k,, are classical cumulants. Thus, the notion of a higher order noncommutative
probability space (A, ) consists of a unital algebra A and a family ¢ = (p,)52; of
functions ¢,: A" — C, these correspond to the limits of the higher order classical
cumulants of traces.

Similarly to the work [Spe94], Collins, Mingo, Sniady and Speicher develop a combi-
natorial formalism by multiplicative functions. The functions are not just defined on the
set of noncrossing partitions, but on more complicated objects called partitioned per-
mutations. As the name indicates, the latter are tuples (V, ), consisting of a partition
V and a permutation 7w € S(d) such that the cycles of 7 are partitioned by V.

1

5 e 2

4 3
Visualization of the partitioned permutation ({{1,4},{2,3,5}},(1,4)(2,3)(5)).
Despite not being a lattice, the set of partitioned permutations admits a theory of

multiplicative functions similar to the noncrossing partitions. This setting is indeed
a generalization of [Spe94] and recovers the first order theory. The higher order free



cumulants are functions
Brppon s AT XA X o A™ — CL
We can state the moment-cumulant relations explicitly:

p1,1[a1; a3) = @a(ai,az) = k1,1(a1;a2) + Ka(ai, az)
pa1la1, az; as] = pa(aias, az) = ko 1(a1, az;az) + ki(ar)k1,1(az, az) + k1(az)k1,1(a1, as)

+ ri(a1)k2(az, az) + ki(az)ka(ar, a3) + 2k3(a1, az, ag)

Similar to first order, the right-hand side can be seen to be a sum over certain planar
diagrams. In order n, they are given by connecting n circles with each other. Unlike
in first order, the diagrams have two different kinds of possible connections: One cor-
responding to the partition part and one corresponding to the permutation part of a
partitioned permutation.

Graphical representation of k11 (left) and ko (right).

One of the main results of [CMSS07] is an analogue of the functional relation for the

generating functions between second order moments and cumulants. For a € A, we
define

1
§ : § : 7"1 1 L2 1
xla x? mkl,kg r2 9 .’131, .’EQ K/’I‘l,’l‘g 2
r1,r2=1 T1,72=
where
— T1 T2 — .
mT’l,T’Q _802(0/ 7a )7 and K/7"1,7"2 —K/rhr2(a7-..,a,a7...,a)7
T1 T2

then it holds
1 ) _ 1
(G(z1) — G(22))2 ) (21— 22)?

Although the combinatorial description for higher order free cumulants is well-developed,
the authors of [CMSS07] have not been able to find analogous functional relations beyond

G(.%'l,xg) = G/(xl)G/(iL'Q) <R(G({B1), G(.’BQ)) +
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n = 2. The reason is that the proof of such relations relies on a tedious case by case
analysis of combinatorial diagrams, and their complexity increases with the number of
circles. Still, a theory of higher order freeness is developed in [CMSSQT7], it is defined
by the vanishing of mixed higher cumulants. Further, it is proven that this new notion
of free independence is sensible: Elements in C & 14C are free from everything and
freeness does not depend on the choice of generators.

The main results of [BCGFT23| presented in this thesis are the derivation of the
missing functional relations for n > 3 and a non-planar extension of higher order free
probability theory of [CMSS07].

Relating the combinatorics of higher order free probability with monotone Hurwitz
numbers was crucial for the success of [BCGFT23].

Monotone Hurwitz Numbers

Hurwitz numbers have been studied first by A. Hurwitz [Hur0I]. They count the number
of ramified coverings of the Riemann sphere CP'. Hurwitz already discovered that the
covers can be described by factorizations in the symmetric group. A ramified genus g
cover of degree d with ramification point over co and only simple ramification points
elsewhere is given by a factorization

T1...700 = id

in the symmetric group S(d). The 7; are transpositions for ¢ = 1,...,r and describe the
simple ramification points where two sheets meet. The number r = 2g—2+n+4d is given
by the Riemann-Hurwitz formula. On the other hand, the cycle type of o determines the
ramification at infinity, i.e. how the d sheets meet above co. The past two decades have
seen numerous discoveries linking Hurwitz numbers to diverse disciplines in mathematics,
including operator theory, integrable systems, random matrix models, tropical geometry,
and many more.

P1 p2 P3 P4 oo
cpt

Schematic illustration of a ramified cover of degree 4:
Over oo three sheets meet, which is not a simple ramification;
Over p1, p2, p3, P4 two sheets meet, these are simple ramification points.



For this thesis the most important type of Hurwitz numbers are the monotone Hurwitz
numbers, which count factorizations such that the 7; satisfy an additional monotonicity
condition. These types of Hurwitz numbers have been discovered as coefficients in the
expansion of the Harish-Chandra-Itzykson-Zuber-Integral integral by I. P. Goulden, M.
Guay-Paquet and J. Novak [GGPN13, (GGPNI14]. They are also related to the Wein-
garten function of [Col03], which was used to motivate the introduction of higher order
free cumulants in [CMSS07, Theorem 4.4]. This relation has been rediscovered by G.
Borot and E. Garcia-Failde in the study of matrix models for ordinary and fully simple
maps [BGF20] in the context of topological recursion.

In general, Hurwitz numbers are an active research topic in topological recursion.
Many kinds of Hurwitz numbers satisfy the topological recursion [BEMSII [DLN12]
DDM17, BKW23|. Within the scope of the first project “Random matrices and Hur-
witz numbers” of the SFB TRR-195 the author studied generalizations of monotone
Hurwitz numbers and their relation to topological recursion and free probability lead-
ing to the publication [HvIL22]. There the authors noticed that the Mobius function
of higher order free probability is given by alternating monotone Hurwitz numbers and
satisfy topological recursion. During this time G. Borot, S. Charbonnier, N. Do and
E. Garcia-Failde [BCDGF19] proved that the generating functions of ordinary and fully
simple maps are related via monotone Hurwitz numbers. These new insights drew the
attention of the author of this thesis more towards the study of the connection between
the moment-cumulant formalism in free probability and the x — y duality in topological
recursion.

Topological recursion

The Chekhov-Eynard-Oratin (CEO) topological recursion is a recursive procedure that
produces meromorphic n-forms wg, on a Riemann surface. The input data (X, z,y, B)
consists of

i) a Riemann surface ¥,
ii) meromorphic functions z,y: ¥ — C with prescribed pole behaviour.
iii) a bi-differential B on ¥ x ¥ with prescribed pole behaviour.

From this input data, one defines the initial values wp1 = ydx and wpo = B, then
the topological recursion computes wy, by recursion on —x = 2g — 2 +n. We do not
state the explicit formula here, but let us note that it can be schematically represented
by topological surfaces. The differential form wy, is represented by a surface of genus
g and n boundaries. It is computed by terms represented by smaller negative Euler
characteristic —y and by gluing pairs of pants to the latter.



Introduction

Schematic representation of topological recursion.

This formula was first discovered in random matrix theory [CEO06] and later for-
mulated as an independent theory [EOQ7|. Surprisingly, the same recursive formula
has been discovered to compute different invariants from various areas in mathemat-
ics and mathematical physics. Some examples are Hurwitz numbers [BMO7, BEMS11],
Gromov-Witten invariants [EO15] and knot invariants [BE15, DBPSS17]. Furthermore,
the invariants wg,, satisfy a lot of nice properties [Eynl6]. The most interesting one
for us is called symplectic invariance. Two spectral curves (X, z,y, B), (i, z,7, E) are
called symplectically equivalent if there is a map (x,y) — (Z,y) compatible with the ini-
tial data, such that do A dy = dz A dy. In this case, it is expected that the invariants of
both curves are related to each other. The most interesting transformation has been the
so-called = — y swap that interchanges the roles of z and y, that is 7 = y and y = x (see
[EO13]). This transformation has been intensely studied by G. Borot and E. Garcia-
Failde [BGF20]. They discovered a combinatorial example of the x — y duality that
allowed for deeper insights into this mysterious transformation. More precisely, they
discovered that the z —y transformation of the spectral curve of ordinary maps computes
another type of maps, called fully simple maps. In addition, they found a remarkable
relation between the generating functions of ordinary and fully simple maps. Let us de-
note by Wi (z) and X;(w) the generating series of ordinary and fully simple discs and by
Wo(x1,x2) and Xo(wq,ws) the generating series of ordinary and fully simple cylinders.
Then

Wi(Xi(z)) ==

and

Wo(z1, 22) = W' (x1)W (22) (Xz(W(m),W(xz)) + W —1W(m2))2) e —1552)2’

These are exactly the relations of Voiculescu and Speicher and of Collins, Mingo, Sniady,
Speicher in free probability. These developments motivated the author to shift his focus
from “Random matrices and Hurwitz numbers”, towards the connection of free proba-
bility to topological recursion. The goal of the project “Topological recursion and free
probability” within the SFB TRR-195 was to establish a concrete connection of the
moment-cumulant formalism of free probability and the z — y duality of topological re-
cursion. This was achieved in collaboration with researchers from topological recursion
in the main publication [BCGE™23).



Outline of the main results

Free probability and topological recursion

Chapter [2|is the main part of this thesis, and explains the derivation of the higher order
functional relations between the moment and cumulant generating functions. This solves
an open problem posed in [CMSS07]. The chapter is based on the results of the author
of this thesis and his coauthors in [BCGFT23|.

We start the chapter by explaining higher order freeness and its origin in [CMSS07]. In
particular, we explain the combinatorics of partitioned permutations and the theory of
multiplicative functions on the set of partitioned permutations. We conclude Section
with a discussion of the proof of [CMSS07] for the second order functional relations.
Afterward, in Section we explain the obstacles of deriving the functional relations
beyond second order. In Section we explain the extension of the original theory to
a higher genus. This idea for this first step is based on discussions between J. Mingo
and the author of this thesis, during a stay in Montreal within the scope of the program
“New Developments in Free Probability and Applications” at CRM. The idea was to
add higher genus contributions to the framework of [CMSS07], by allowing non-planar
contributions into the combinatorics of partitioned permutations. The key point here is
to remove the planarity condition in the product of partitioned permutations. However,
in this setting, it is important to keep track of the non-planar contributions when dealing
with multiplicative functions. This is done by extending the range of the functions from C
to C[A]. The formal parameter & controls the higher genus contributions. This extended
theory still evolves alongside the first order theory of [Spe94]. In particular, we can
define extended cumulant functions via convolution, these also take values in C[A] now.
At the same time, the author studied certain Hurwitz numbers within the scope of the
publication [HvIL22]. During this project, he realized that the values of the extended
Mobius function agree with signed monotone Hurwitz numbers, this fact is discussed in
Section This link put even more emphasis on the connection of free probability
and topological recursion.

Meanwhile, Borot and Garcia-Failde studied ordinary and fully simple maps to explore
the = — y duality in topological recursion. They discovered that their generating series
satisfy the same functional relations as the moments and cumulants in second order free
probability [BGF20]. Then in [BCDGF19| it has been discovered that the generating
series of ordinary and fully simple maps with prescribed boundary conditions are related
via monotone Hurwitz numbers,

Map(\) = Z H<(X\, p)FSMap(p). (0.0.5)
BE[A]

These observations together with the results of [HvIL22] lead the author of this thesis
to prove that an analogue of (0.0.5)) in the extended higher order free probability setting
is equivalent to the higher genus moment-cumulant relations. A discussion during the

workshop “Noncommutative geometry meets topological recursion” in Miinster regarding
this result was the starting point of the collaboration [BCGFT23|. We call (0.0.5) the
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master relation and show that it can be reformulated in multiple ways. We discuss
its avatars in Section In particular, it has a nice description in the Fock space
formalism of Bychkov, Dunin-Barkowski, Kazarian and Shadrin in the earlier papers
[BDBKS22, BDBKS23]. S. Shadrin is part of the collaboration [BCGFT23| bringing
this expertise to the project. Concretely, the master relation can be formulated as an
operator equation for partition functions in the bosonic Fock space, involving an operator
D which is related to Hurwitz numbers. We discuss the relation between multiplicative
functions on the set of partitioned permutations and partition functions in the bosonic
Fock space in Section The following theorem is a refined and extended version of
the original results of the author.

Theorem (Theorem [2.5.2] [BCGE*23)).
Consider two topological partltlon functions Z¥, Z* (or equivalently multiplicative func-
tions @, k) and d € N. The following four properties are equivalent:

1

PN) =222 g HS(N\, v) Z"(v) holds for any A F d;

ii) ¢ = (5 ® k holds between functions on PS(d);

i) Z
i)
iil) Z%(v) = 2, > \g HS (v, A)Z#(A) holds for any v F d;
iv) kK = pup ® ¢ holds between functions on PS(d).

Besides, the property Z¥ = DZ" is equivalent to any of these conditions simultaneously
for all d > 0.

This is one key element in the derivation of the functional relations of higher order
free probability and in understanding the relation between topological recursion and free
probability.

Let us now state the functional relations that answer the problem posed in [CMSS0T]
about 15 years ago.

Theorem (Theorem [2.4.1).

Let ¢,k: PS — C be multiplicative functions on PS with values in C, satisfying the
moment-cumulant relations ¢ = (*x. Then under the change of variables x; = w;/C(w;)
and for n > 3, we have:

Mn(:cl,...,xn): Z Z H(_)';/Z(wz) H C#[(w]).

$1,5n 20 TEG (s +1) i=1 1eZ(T)

The formula expresses the moment generating function M (z1,...,z,) as a sum over
bicoloured labelled trees Gy ,, with prescribed valencies. The coloured vertices correspond
to operator weights that are applied to the cumulant generating functions C(x1, ..., k)
with £ < n. We explain the formula in detail and provide examples in Section
It is also important to note that this formula only includes genus zero, and therefore
solves the problem posed in [CMSS07]. Actually, it is a special case of a more general

10



formula including higher genus contributions. Thus, we do not only solve the problem
posed by Collins, Mingo, Sniady and Speicher, but also the extension of the problem in
higher genus. The latter is discussed in Section too. The relations are derived via
techniques developed in [BDBKS22| and the calculations we present in Section are
merely rewriting the proof of [BDBKS23|. The derivation of the formula in Theoremm
is split into three parts. First, we prove Theorem in Section 2.5.1] From there
we proceed to present the techniques of [BDBKS22, BDBKS23] to obtain the general
formula including higher genus in Section 2.5.2l We conclude by extracting the genus
zero part of the general formula to obtain Equation in Section m

In analogy to [CMSS07], the new extended functional relation and the extended mul-
tiplication for partitioned permutations can be used to introduce a more general version
of free probability theory. We call it surfaced free probability; it is inspired by [CMSS07,
Appendix 9]. The combinatorial framework is given by surfaced permutations, these are
partitioned permutations endowed with a genus. All the notions of [CMSS07] can be
extended. Naturally, the introduction of new cumulants comes with a notion of freeness
via vanishing of mixed free cumulants. We call the latter (g, n)-freeness and show that
this definition is reasonable:

e In Section we show that constants are free from everything and that the
notion does not depend on the choice of generators, i.e. freeness of sets carries
over to the algebras generated by the sets.

e In Section we prove (0o, 00)-asymptotic freeness of two independent ensembles
of random matrices, one of which is unitarily invariant.

e Our (0, 1)-freeness recovers Voiculescu’s free independence and (0, 0o)-freeness re-
covers freeness of all orders; furthermore, if we allow half integer genus, surprisingly
(3, 1)-freeness retrieves the notion of infinitesimal freeness of [FN10] and [BS12].
The latter is discussed in Section

Finally, we reformulate our main formula in the language of differentials and propose
that these relations explain the conjectured relation between the invariants of two z —y
symplectically equivalent spectral curves. This is formulated in Conjecture in
Section

Conjecture (Conjecture [2.7.2).

Let C be a compact Riemann surface, x, w are meromorphic functions on C such that dx
and dw do not have common zeroes, and B is a fundamental bidifferential of the second
kind. We call wy,, the differentials obtained from the topological recursion with the
spectral curve (C,z,w, B), and w;n the ones associated to the spectral curve (C,w, z, B),
and define wp2 = cNu(Y’ o = B. Then, these differentials will satisfy for all 2g —2+mn >0
the functional relations of Theorem (after they are converted to relations between
meromorphic differentials on C).

The latter sheds light on the previously not fully understood x—y duality in topological
recursion. In the meantime, the conjecture has been proven in [ABDB™22| by S. Shadrin

11



Introduction

and coauthors.

Monotone Hurwitz numbers and topological recursion

The second part of the thesis, Chapter |3], summarizes the results of the author while
working on the project “Random matrices and Hurwitz numbers” of the SFB TRR-195.
Although presented as the last chapter of this thesis, it is chronologically prior to the
results of Chapter|[2l In this first phase, the author studied the relation between Hurwitz
numbers and topological recursion. The monotone Hurwitz numbers are deeply related
to random matrix theory. In particular, they have been introduced in the study of the
HCIZ-integral [GGPN13| (GGPNT4]. See also [Nov20, Nov22]. On the other hand, many
types of Hurwitz numbers satisfy topological recursion. Thus, they are particularly
interesting when studying the connection of free probability and topological recursion.
The results of this chapter are based on the publication [HvIL22|. We derive a quantum
curve for a newly introduced type of Hurwitz numbers: A partition function is a formal

power series in infinitely many variables p1, ps2, p3, ... given by
h29—2+n 0
Z = exp <Z T Z Fgpiteepin Py -+ ‘pun>‘
9>0 T pespn=1
n>1

Typically the Fy ,, .. ., are chosen to be invariants from combinatorics or enumerative
geometry, for instance Hurwitz numbers. Then a quantum curve is a differential equation
for the principle specialization W(x,h) of a partition function. The latter is defined by
replacing the variables p; by '. Quantum curves are closely related to the topological
recursion. For example, the simple Hurwitz numbers satisfy topological recursion with
the spectral curve (see [EMSI1I])

y—ze! =0
and a quantum curve of the Hurwitz numbers is given by
(5 — %)W (w, h) = 0

where X = z- is a multiplication operator and y = —h% a differential operator. Thus, for-
mally replacing the noncommuting operators by commuting variables z, y, one recovers
the initial data of topological recursion. This procedure is sometimes called dequanti-
zation. Vice versa, replacing x,y by X,y is sometimes called a quantization. Of course,
by the noncommutativity of the operators, there is no unique way to quantize a spectral
curve.

In the same spirit, a quantum curve for Hurwitz numbers over a higher base curve
was computed in [LMS13]. These numbers count ramified covers of a Riemann surface
with genus h > 1 instead of CP!. Inspired by their results, we introduced and studied
monotone versions of the numbers of [LMS13] in [HvIL22]. The main results are the
computation of the following two families of quantum curves.

12



Theorem (Theorem [3.3.5).
The partition function Z;* of the monotone base h Hurwitz numbers, resp. its principle

specialization \I/,? (z,h), satisfies the differential equation
(52 49 + (525 (2, h) = 0,

o fo 0
where X = z- and y = —hy..

Theorem (Theorem [3.3.6)).

The partition function Z;~ of the strictly monotone base h Hurwitz numbers, resp. its
principle specialization \I/,f(x, h), satisfies the differential equation

[y + (1 = %9)(5%)*" W5 (2, h) = 0,

S S 0
where X = - and y = —hy_.

In particular, for h = 0, we recover the quantum curves of [DDMI17] and [DMI4];
this is discussed in Section Motivated by the quantum curve — spectral curve corre-
spondence, we tried to run topological recursion on the curves obtained by replacing the
operators in Theorem and Theorem [3.3.6] by commuting variables. Surprisingly,
it turned out that topological recursion on the spectral curve obtained for Ao = 1 in

Theorem [3.3.6]
y(1+yz? —y*2®) =0

computes signed simple monotone Hurwitz numbers instead of elliptic (h = 1) strictly
monotone Hurwitz numbers. This observation indicates a combinatorial relation between
those two quantities. More importantly, the signed simple Hurwitz numbers satisfy
topological recursion and agree with the values of the Mdbius function for partitioned
permutations of higher genus. This new relation of free probability to the theory of topo-
logical recursion and partition functions motivated the author of this thesis to further
explorations, ultimately leading to the breakthrough in [BCGET23].

13






1 Preliminaries

1.1 Free probability and random matrices

In this chapter, we give an introduction to free probability. We will loosely follow the
literature of [NS06], [MS17] and the lecture notes [Spel9).

Free probability is the study of noncommutative random variables and their distribu-
tion. These notions are noncommutative analogues of the objects in classical probability
theory, that is, classical random variables in a classical probability space and their distri-
bution. As the name indicates, the noncommutative random variables in free probability
do not need to commute with each other, thus their probabilistic behaviour is not cap-
tured by the classical theory. The central concept of independence in the classical setting
has a noncommutative analogue called free independence in free probability. We start
this section by introducing these main features of free probability and discuss some
examples in Section [[.1.1]

A particularly important quantity for this thesis are the free cumulants. These pose
noncommutative versions of the classical cumulants in classical probability theory and
add a combinatorial flavour to the probabilistic theory. Whereas the classical cumulants
are defined via partitions, in free probability the free cumulants relate to moments via
noncrossing partitions. We introduce the moment-cumulant formalism of free probability
in Section [L.I.2l

Since free probability was originally introduced to study the isomorphism problem of
the free group factors in operator theory [Voi85|, operator algebras constitute a natural
example for noncommutative probability spaces. More pertinent for this thesis is free
probability in the context of random matrices. It was discovered by Voiculescu ([Voi9l])
that the asymptotic behaviour of random matrices is also described by the freeness rule
coming from the free group factor problem. We will discuss this matter in Section [I.1.3]

Finally, we introduce an extension of Voiculescu’s free probability, called infinitesimal
freeness. It was introduced by Belinschi and Shlyakhtenko in an analytic framework with
the intention to complement the theory of Type B freeness of [BGNO03]. In 2010 Février
and Nica gave a combinatorial description of infinitesimal freeness. We introduce this
combinatorial approach in Section [I.1.4]

1.1.1 Free Probability Theory

In this section, we introduce the foundations of free probability. We start by defining
noncommutative probability spaces.

15



1 Preliminaries

Definition 1.1.1.

i)

ii)

iii)

iv)

A noncommutative probability space (A, @) consists of a unital complex algebra A
and a unital linear functional ¢: A — C. We call the elements a € A noncommu-
tative random variables.

A noncommutative probability space (A, ¢) is called a x-probability space if A is a
x-algebra and ¢ is positive, i.e.

p(aa®) >0, forall a € A.

Further, a positive linear functional ¢ is called a state.

A noncommutative probability space (A, ¢) is called a C*-probability space if A is
a C*-algebra and ¢ a state.

Let B(H) be the bounded linear operators on a Hilbert space H. A noncommuta-
tive probability space (A, ¢) is called a W*-probability space if A C B(H) is a von
Neumann algebra and ¢ is a state with the properties of being

e normal: ¢ is continuous with respect to the weak operator topology on B(H),
o faithful: p(aa*) = 0 implies a = 0 for all x € A.
We call ¢ normal faithful state.

A W*-probability space (A, p) is called a tracial W*-probability space, if ¢ is a
trace, i.e.

p(ab) = p(ba), for all a,b € A.

Let us consider the following examples of noncommutative probability spaces.

Example.

i)

ii)

16

Let (€2, F,P) be a classical probability space. We set A = L*°(,P) to be the
bounded measurable functions f: Q@ — C and

o(f) = Elf] = /Q f(2)dP(z),

then (A, ¢) is a W*-probability space.

Let N € N be a natural number and denote by My (C) the complex N x N matrices.
We define the normalized trace by

N
1
tr(A4) = & > Ay, forall A€ My(C),
=1

then (My(C),tr) is a C*-probability space.



1.1 Free probability and random matrices

iii) We can combine the two examples above and define a C*-probability space
(A, @) = (Mn(C) ® L=(Q, P), tr QE).
Definition 1.1.2.
Let (A, ¢) be a noncommutative probability space.
i) Let a1,...,a, € A be noncommutative random variables, we define their joint
distribution to be the set
Nal,...,an = {@(p(al, cee >an)): p S C<£L’1,IL’2, ey xn>}7

where C(x1,x9,...,2,) is the unital free algebra over C generated by variables
T1,...,Tn, it is called the ring of noncommutative polynomials.

ii) An element a € A is called centered if
p(a) = 0.

Remark 1.1.3.

We can interpret the joint distribution fiq, ... 4, of ai,...,ay, as a function fig,, . 4, via

n n

Hay..an - Clz1,...,xn) = C, plx1,...,20) = @(p(ai,...,ay)).

Due to linearity, the functional is determined by the values of fz,, . ~on monomials

o(ai, ... a),
where k € N,iq,...i, € {1,...,n}.

Note that the latter is a purely combinatorial description of the joint distribution
of several noncommutative random variables. In some cases, there is more (analytic)
structure, consider the following definition.

Definition 1.1.4.
Let (A, ¢) be a x-probability space and a* = a € A be a self-adjoint element. If there
exists a probability measure p on R such that

pla) = [ tanto)
R
we say a admits an analytic distribution p.

Example.
e A self-adjoint element S € A in a *-probability space (A, ) is called a semicircular

random variable of variance o > 0 if

0 if k& is odd
Sk — 5
P(57) {a%cn if k= 2n,

17



1 Preliminaries

where

1 2n
C, =
n+1\n
are the Catalan numbers. Note that a semicircular random variable admits an
analytic distribution since

2 a
o(S*) = a2/ zFv/a? — 22dz,
7T —a

where a = 24/0.

o If Ay € My(C) is a hermitian matrix in the noncommutative probability space
(My(C),tr), then

where

is the sum of point measures at the N, not necessarily distinct, eigenvalues \; of

Apn with mass %

The noncommutative analogue of independence of random variables in classical prob-
ability theory is the notion of freeness, given in the following definition.

Definition 1.1.5.
Let (A, @) be a noncommutative probability space.

i) Let (A;)icr be a family of unital subalgebras of A. Then (A;);cr are called freely
independent or just free, if for any k € N

ela ...ar) =0,

whenever a; € A, are centered random variables, and the indices j; € I satisfy

NFJ2F o F Je-1 F ke

ii) Let (S;)ier be a family of subsets of A. Then (S;);er are called freely independent
or just free if the unital algebras (Alge(14,S5;))icr generated by the S; are freely
independent.

iii) Let (a;)ier be a family of noncommutative random variables in A. Then (a;);er
are freely independent or just free if ({a;});er are freely independent.

18



1.1 Free probability and random matrices

Remark 1.1.6.
It is important to note that freeness provides a rule to compute mixed moments of free
random variables, let us consider the following examples.

Example.
Let a,b € A be free fgom each other in a noncommutative probability space (A, ), then
a=a—p(a)lyg and b =b— p(b)l4 are centered and free from each other and we have

0 = p(ab) = p(ab) — p(a)p(b)
thus ¢(ab) = p(a)e(b). Another example is given by
0= p(arbas) = p(arbas) = p(a1az)p(b),

if {a1, a2} is free from {b}. Let us consider a last example, we have

p(arbrazbe) = p(ara2)p(b1)p(b2) + (a1)p(az)e(bibz) — W(al)w(@)s@(bl)w(bz(% |
1.1.1

where we assumed {a1,as} to be free from {by,b2}. Note the combinatorial flavour of
the terms on the right-hand side of (L.1.1)),

a1b1a2boy a1b1a2boy a1b1a2by

L,I IL, [

) )

where the blocks indicate how the terms are collected in the expectations. Note that the
term @(ajas)p(b1b2) does not appear since it would correspond to the crossing partition

a1bya2by

We will discuss the combinatorics of free probability theory in the next subsection.

Remark 1.1.7.
The notion of freeness is not really compatible with commutativity, as it can be shown
that if commuting variables are free from each other one of them must be a constant.

1.1.2 Combinatorics of free probability and free cumulants

In the previous section, we have seen that the rule for computing mixed moments of
free random variables has a combinatorial flavour. We want to give an introduction to
the combinatorics of (first order) free probability of [Spe94]. We start by recalling some
notation.
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1 Preliminaries

Notation 1.1.8.
Let d € N be an integer.

i) We denote the set {1,...,d} of the first d natural numbers by [d].
ii) Let d € N, then ¥V = {Bj,..., B,} is called a partition of [d] if

o 1 <r<d,

e ) #£B;Cldfori=1,...,r,

e BiNBj=0fori,j=1,...,r withi# j, and

o U1 Bi=[d].
We call B;, i =1,...,r, the blocks of V. We denote the set of all partitions of [d]
by P(d).

iii) Let V = {By,...,B,} € P(d) be a partition of [d], then we denote by #V = r its
number of blocks. Further, we define its colength by |V| =d — #V.

iv) We say a partition V € P(d) has a crossing, if there are distinct blocks By, Bo of
V and elements i1,79 € By and ji,j2 € By such that 1 <41 < 1 < i9 < jo < d.
We denote the set of partitions without crossings by NC(d) C P(d) and call it the
set of noncrossing partitions on [d].

v) Given two set partitions V, W € P(d), we write V < W if for every block, B € V,
there is a block B’ € W such that B C B’.

Remark 1.1.9.

The notion of a partition of a set in Notation should not be confused with the
partition of an integer in Notation [1.2.1] Usually it is clear from the context which
partition we mean. Additionally, we use very distinctive notation throughout this thesis:

i) Set partitions are usually denoted by calligraphic letters V € P(d).

ii) Integer partitions are usually denoted by lower case Greek letters A F d (see Nota-

tion [[2.1).

The introduction of < on N'C(d) makes it into a lattice:

Proposition 1.1.10.
Let d € N.

i) For any V,W € NC(d) there is a unique smallest element w.r.t. <, denoted by
YV VW, with the defining property

VW VVW.

We call V VW the join of V and W.
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1.1 Free probability and random matrices

ii) For any V, W € NC(d) there is a unique largest element w.r.t. <, denoted by
YV AW, with the defining property

VAWV, W.
We call YV AW the meet of ¥V and W.

Consequently, NC(d) is a lattice.

In the reminder of the section we present the key points of the incidence algebra
formalism of Rota et al. tailored to the poset NC(d); see [DRS72].

Proposition 1.1.11.
Consider the partially ordered set N'C(d).

i) We define
NC(d)P ={(V,W) e NC(d) x NC(d): V < W}.
Moreover for functions f,g: NC(d)®) — C, we define their convolution by

frg:NC(@® = C, frgW W)= > fV.UGUW).
v<u<w

ii) Let f: N(d) = C,g: NC(d)® — C be functions, then we define their convolution
by

f*g: NC() —C, fxgV, W)= Zf

v<w

Proposition 1.1.12.
i) We define the delta and zeta function, 6,¢: NC(d)® — C, by ¢ =1 and

1 ifv=w,

0 otherwise.

aum&:{

ii) There is a function p: N'C(d)?) — C such that
pxC=Cxp=20,

it is called the Mdbius function of the lattice NC(d).

Proposition 1.1.13 (Mobius inversion).
Let f,g: NC(d) — C be functions, then we have the equivalence

f=g9gx( < g=[f*pu,

it is called the Moébius inversion.
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1 Preliminaries

This language was used by Speicher to define the free cumulants in [Spe94].

Proposition 1.1.14 ([Spe9%4)).
Let (A, ¢) be a noncommutative probability space. We define for any n € N a multilinear
functional

on: A" = C, (a1,...,an) =~ p(ar-az---ap)
and extend these to a family of multilinear functionals (vy)yeprc(a) by
(a1,...,aq) — py(ay,...,aq) = H <p#3<a7;: = B>,
Bey

where (a; : i € B) denotes the product of the a; with ¢ € B in increasing order. Then
we can define a family of functionals (ky)yenc(a) on A? by

(a1,...,aq) = ky(ai,...,aq) = Z oular, ... aq)uU,V).
U<y

We call the collection of ky for all d € N the free cumulants. The free cumulants are
linear in its entries and determine the moments via Mobius inversion, i.e.

p=rx*(.

More precisely, on each level d € N we have

oy(ay,...,aq) = Z kylat, ... aq)C(U,V)
u<y

= Z Hu(al, oo ,ad).

u<y

(1.1.2)

Example.

Consider a semicircular random variable of variance 1. Recall that its moments are given
by the Catalan numbers. These count the number of noncrossing pairings on N Ca(2k),
we have

e =C= Y. ]t

VeNCay(2k) BEV
Comparing with (1.1.2)) for V = 155 we obtain
Iin(S, PN ,S) = 571,2.

Now we are ready to state freeness in terms of the cumulants.
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1.1 Free probability and random matrices

Theorem 1.1.15 ([Spe94]).
Let (A, ) be a noncommutative probability space and (A;);c; be a family of unital
subalgebras of A. Then the following two statements are equivalent.

i) The family (A;)ies is freely independent in (A, ¢).

ii) All mixed free cumulants vanish, that is for every d > 2, i: [d] — I and a; € Ay
for j =1,...,d we have k(ay,...,aq) = 0if 7 is not constant, i.e. there are at least
two different ji, jo € [d] with i(j1) # i(j2).

An efficient way to deal with the distribution of a single element is to consider its
generating series of moments or resp. cumulants. Thus, let us introduce the following
objects.

Notation 1.1.16.
We denote by C%#20 the set of functions Z>g — C. For f,g € C#20 we define the
operations

f+9:Z>0—=C, nw~ f(n)+g(n),

f-9:Z50—C, n— Zf(k)g(n— k).
k=0

Then (C%20,+,.) is a commutative ring with zero element f = 0 and multiplicative
identity
1 ifn=0,

1 Z>9g—C, n—
J: 220 {O otherwise.

We denote this ring by C[z] and call it the ring of formal power series in the indeter-
minate x. An element f € C%>0 will be denoted by

n=0

A family (a)nen of complex number uniquely determines a function a € C#0 via
a(n) = a,. We call the corresponding element

a= Zan:c" € Clx]
n=0

a generating series for the family (ay)nen and use the notation [2"]a = a(n) = a,. For

details, see [Art10].

Remark 1.1.17.

Later in this thesis, we will encounter power series in more than one variable. These can
be constructed inductively by the procedure in Notation [1.1.16| and we will adopt the
notations from the case of a single variable. We refer to [Sam23] for more details.
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Definition 1.1.18.
Let (A, ¢) be a noncommutative probability space and a € A. Then we define the
moment generating series

My(z) =14 p(a")a",
and the cumulant generating series
[e.e]
Colz) =1+ Zmr(a, coa)zt.
r=1

Remark 1.1.19.
i) Sometimes we omit the subscript in M, (z) resp. Cq(x) if it is clear what element
we are talking about.

ii) It is also conventional to abbreviate
Kr(a,...,a) =Ky, @(a") =m;.

Finally, let us state the manifestation of the moment-cumulant relations in terms of the
generating functions M (x) and C(x), called the (moment-cumulant) functional relations.
These first order relations go back to [Spe94] and recover the relations of [Voi86] in a
purely combinatorial language.

Theorem 1.1.20 (First order functional relations).
Let a € A be a noncommutative random variable in a noncommutative probability space
(A, ), then the following statements are equivalent:

i) We have m = ( * k as functions on NC(d) on every level of d, that is
mg = Z Ky
VENC(d)

for every d € N.

ii) We have

iii) The generating functions of m% and k% satisfy the functional relation

Co(xMy(z)) = My(z).
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1.1 Free probability and random matrices

iv) The generating functions of m? and k¢ satisfy the functional relation

Ma(%@) = Cyu(2).

Example.
For a semicircular variable S of variance 1 we already know that rz;s; = 0p2 and thus

Cs(z) =14 22
By the functional relations we obtain
1+ 2°Mg(x)* = Mg().
Solving for Mg(z) yields

1+ V1 — 422

The asymptotic behaviour as  — 0 shows that we must take the minus sign.

Remark 1.1.21.
Let a € A be a noncommutative random variable in a noncommutative probability space
(A, ). We define the Cauchy- and R-transform by

Ga(x) = lMa<l> and Rg(x) = M,

x x x
respectively. Then the relations of Theorem are equivalent to

1
Go(z)

=xT.

Ga<72a(x) - %) =z and Ra(Gq()) +

Further let b € A be a noncommutative random variable free from a. Then the vanishing
of mixed cumulants implies

Rasb(x) = Ra(x) + Rp(x).
Thus, Speicher recovered the analytic results of Voiculescu in [Voi86] in purely combi-

natorial terms.

The functional relations between the generating series of moments and cumulants
in higher order constitute an integral part of this thesis, see Chapter Prior to the
collaboration of the author with G. Borot, E. Garcia-Failde, S. Charbonnier and S.
Shadrin, these functional relations were unknown in order higher than 2.
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1.1.3 Limiting eigenvalue distributions

Voiculescu discovered that the limiting behaviour of the eigenvalue distribution of ran-
dom matrices [Voi91] is captured by the notion of free independence in free probability.
We give a short overview on the random matrix perspective of free probability. This sec-
tion serves as a motivation for later concepts in Chapter [2l For a detailed introduction
to random matrix theory see [Spe20].

Notation 1.1.22.

i)

ii)

iii)

iv)

26

We denote by My (C) the unital algebra of N x N matrices with coefficients in C
and by In the identity matrix in My (C).

We denote by Try the trace
N
TI‘NZ MN(C) — C, A= (Aij)gjzl —> ZA“
i=1

and by try the normalized trace try = % Try. Sometimes we omit the subscript
N.

Let A= (An)nen and B = (By)nen be N x N random matrices.

e A and B are called independent if for each N € N all entries of Ay are
independent from all entries of By.

e A is called unitarily invariant, if for each N € N the joint distribution of
the entries does not change if we conjugate the random matrix A with an
arbitrary unitary N x N matrix.

Let (2, F,P) be a classical probability space and X a random variable. Then we
define the expectation E[X] of X by

E[X] = /QXdP.

Furthermore, if X, Xy are two random variables such that E[|X|], E[|X2|] < oo,
we define their covariance by

COV(X, Y) = E[(Xl — E[Xl])(XQ — E[XQ])]

In classical probability, there is a notion of classical cumulants. These are usually
defined via the classical moment generating function, but they can also be de-
fined combinatorially: let (£, F,P) be a classical probability space and X7, ..., X,
be random variables with finite moments. Then we define the joint classical n-
cumulant k, of X1,...,X, by

kn(X1,. . Xn) = Y #V-DIDFVHT] E[HXZ-].

VeP(n) Bey i€B



1.1 Free probability and random matrices

Equivalently, we have

E[Xy...Xa) = Y ][ kes(Xiti€B).

VEP(n) BEV
See [Shil6] for more details on cumulants in classical probability.
Example 1.1.23.
We have ki (X) = E[X] and
ko (X1, X2) = E[X1Xs] — E[X1]E[X2] = cov(X1, X2)
Furthermore, if we consider the noncommutative probability space (L>°, E), then we have
ki(X) =r1(X), ko(X1,X2)=ra(X1,X2) and ks(X1, Xo, X3) = k3(X1, Xo, X3),

since P(1) = NC(1), P(2) = NC(2) and P(3) = NC(3). Moreover, for n > 4 we

have a proper inclusion NC(n) & P(n) and hence the corresponding classical and free
cumulants are distinct.

Definition 1.1.24.
Let A = (An)nen be a sequence of N x N random matrices. The sequence (Ayx)nen
has a (first order) limiting eigenvalue distribution if

lim Eftr(A%y)] =: ¢
N—o0
exists for all r € N and
A}i_r)noo kn[tr(A}'\l,), o tr(Ay)] =0

for any n > 2 and r1,...,7, € N, where k,, are classical cumulants.

As an example, let us state Wigner’s famous semicircular law for the GUE.

Definition 1.1.25.
The Gaussian unitary ensemble (GUE) (An)nen is the collection of N x N random
matrices Ay = f(AN)ZJ , where

. . .« . . N _ N . .
i) Ay is self-adjoint, i.e. Aij = Aji forall ¢, =1,... N,
ii) {A;;:i>j} are independent, and
iii) Aj;; is a standard Gaussian random variable, which is complex for i # j and real

for ¢ = j.

Theorem 1.1.26 (Wigner’s semicircle law for GUE).
The GUE has a limiting eigenvalue distribution given by the semicircular law. We have

hm E[tr AT = / mdx_{ ' if r = 2n for some n € N,

0 otherwise.
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1 Preliminaries

Finally, we explain the appearance of freeness in random matrix theory.

Definition 1.1.27.
Let A= (An)nen, B = (Bn)nen be sequences of random matrices having (first order)
limiting distributions. A and B are called asymptotically free if

lim E[tr ((A}"\} - INgofl)(Bf\} — INSDﬁ) (A?(; - INSDI:L)(BJS\? — IJ\[@i))] =0,

N—oo

for all n € N and all r,s1...7,,8, € N.

Theorem 1.1.28 ([Voi9l]).

Let A= (An)nen, B = (Bn)nen be independent sequences of random matrices having
(first order) limiting distributions, one of them being unitarily invariant. Then, A and
B are asymptotically free.

1.1.4 Infinitesimal freeness

In Section we have discussed the combinatorial description of free probability in
terms of noncrossing partitions. The noncrossing partition have an analogue called type
B noncrossing partitions [Rei97]. In [BGNO3|, Biane et al. used these partitions to define
free independence of type B. Broadly speaking, they replaced the noncrossing partitions
by their type B analogue and developed a corresponding cumulant formalism. Later in
[BS12], Belinschi and Shlyakhtenko studied the analytic side of type B free probabil-
ity. In this context, they introduced the notion of infinitesimal laws, which are loosely
speaking the derivative of the distribution functional (law) 7z defined in Remark
Thus, in infinitesimal freeness, the random variables are described by their distribution
7 and additionally by its derivative 7’. In [FN10], Février and Nica developed a com-
binatorial theory tailored to the analytic framework of [BS12], it is called infinitesimal
free probability. We discuss the key points of [EN10] in this section.

Definition 1.1.29.
i) An infinitesimal noncommutative probability space (INCPS) (A, ¢, ¢') consists of a
noncommutative probability space (A, ) and a linear functional ¢’: A — C with

¢'(1.4)=0.

ii) Let (A, ¢,¢") be an INCPS and (A;);cr be a family of unital subalgebras. Then
(Aj)ier are called infinitesimally free, if for any k € N

olar...ax) = 0,
k
O'(ay...ap) = Z olay ...a;i_1¢'(ai)ait1 - .. ag),
i=1

whenever a; € Aj, are centered random variables, j; € I and the indices satisfy

NFJeF o F k1 F Tk
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1.1 Free probability and random matrices

Similarly to the theory of Speicher [Spe94] we want to consider ¢ and ¢’ as functions
on NC(d). But recall that ¢’ should be thought of as the derivative of ¢, hence we need
to introduce a Leibniz rule when dealing with multiplicative functions.

Definition 1.1.30.
Let (A, ¢, ¢") be an INCPS. We define for any d € N multilinear functionals

0q: AL = C, (a1,...,aq) — o(a1-as...ag),
o AY = C, o (ay,...,a9) — (a1 az. .. ag)
and extend them to a family of d-linear functionals (¢y)yenc(a) and (¥))venca) by

(@1, ,0a) = @vl(ars... aq) = [] punlai i€ B,
Bey

(a1,...,a0) = Py(ar, ..., aq) = [ Pyplai:ic B).
Bey

Furthermore, for any d € N and V € NC(d) we define

dpy: AL = C,  (a1,...,aq) — dp(a, ..., aq) = Z dep(at,...,aq),
Bey
where

Opp = @%&B(ai: i€ B) H puv(ai:ieV).

Vey
V£B

Example 1.1.31.
Consider V = {{1,4,6},{2,3},{5}} =] — | | |, then

8(,0]}((11 S a6) = 8g0{17476}(a1 c a6) + 8@{273}(611 e a6) + 8@{5}(a1 e a6)
= ¢'(arasa¢)p(azaz)p(as) + ¢(arasas) ¢’ (azaz)p(as)
+ p(arasa6)p(azaz) ¢’ (as).

Now, we are ready to define the infinitesimal free cumulants.

Definition 1.1.32.
Let (A, ¢, ¢’) be an INCPS. We define the infinitesimal free cumulants by the equations

¢ (ay...aq) = Z Oky(ai,...,aq), (1.1.3)
VENC(d)

equivalently

Hl(alv"wad) = Z /’L(V7 1d)a§0]}(a1,...,ad).
VENC(d)
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Example 1.1.33.
We have

¢y (a1) = Ky (a1)
and for d = 2

py(araz) = Ky(ar, ag) + ki(a1)r1(az) + k1(a1)w](az).

Remark 1.1.34.
Another way of viewing the moment-cumulant relation for infinitesimal freeness is to
think of the sum

Sol(alu-ad) = Z aRV(ala"wad)
VeNC(d)

as the sum over all noncommutative partitions with one special block, which corresponds
to /. This idea is similar to our higher genus development in Section

We also have the following analogue of the vanishing of mixed cumulants.

Theorem 1.1.35.
Let (A, ¢,¢") be an INCPS and (A;);cr be a family of unital subalgebras of A. Then
the following statements are equivalent:

i) The family (A;);er is infinitesimally free in (A, ¢, ¢).
ii) All mixed free and infinitesimal free cumulants vanish, that is for every d > 2,
i:[d] — I and aj € Ay(;) for i = 1,...,d we have
K'(ai,...,aq) = k(ay,...,aq) =0
if 7 is not constant, i.e. there are at least two different j1, jo € [d] with i(j1) # i(j2)-

Moreover, we can express the moment-cumulant formula in terms of generating series.

Proposition 1.1.36.
Let (A, ) be a noncommutative probability space and a € A. Recall the generating
series

o oo
My(x) =1+ Z p(a")z" and Cyx) =1+ Z kr(a,...,a)x".
r=1 r=1
Further we define
o0 o0
M) (z) = l—l—Zgo/(aT)azT and C/(x) = 1+Zn;(a,...,a)xT.
r=1 r=1
Then we have the functional relation

MéL(ij)) - Ca(%glfxf
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1.2 Fock spaces and the boson-fermion correspondence

Remark 1.1.37.
A concise way to write this equation is in terms of differentials: if we put w = ﬁ, we
h )

ave

1.2 Fock spaces and the boson-fermion correspondence

In this subsection, we will give a brief introduction to the boson-fermion correspondence
and recall some results of the theory of symmetric functions. The first part is a short
exposition of basic results covered in [Macl5|, see also [Sav22] for an introduction. Fur-
thermore, see [Kac90] and [KRR13] for a classical Lie algebraic perspective and [MJD00]
for an introduction from the viewpoint of integrable hierarchies.

The boson-fermion correspondence expresses the representation of the Heisenberg al-
gebra on the bosonic Fock space in terms of the fermionic Fock space and vice versa the
representation of the Clifford algebra on the fermionic Fock space in terms of the bosonic
picture. These actions can also be expressed in terms of the projective representation of

g[oo = {(Aivj)i,jez—i-%: Ai,j € C, dK > 0: Ai,j =0 for all ’Z —j| > K},

i.e. the Lie algebra of infinite matrices having a finite number of nonzero diagonals.
This correspondence allows us to deal with (difficult) equations involving differential
operators in terms of matrices. It is the main tool in Section to obtain the higher
order relations for free probability.

1.2.1 Symmetric functions

Essentially, the bosonic Fock space is the ring of symmetric functions. Thus, before
we discuss the boson-fermion correspondence, let us recall some theory of symmetric
functions. For a complete introduction, see [Mac98| and [Sav22].

Notation 1.2.1.

i) We denote the symmetric group acting on d elements by S(d). By convention, we
define S(0) = {0}.

ii) Let m € S(d) be a permutation. We denote by #m the number of its cycles and
define the colength of m € S(d) by |r| =d — #m.

iii) Let d € N. We call A = (Aq, ..., A\r) partition of d if
o 1 <r<d,
e ;> Ny fori=1,...,r—1, and
.« S Ni—d
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1 Preliminaries

In this case, we write A - d and call £(A) = r the length of \. By convention, we
define ) to be the only partition of 0.

iv) If r = (r1,...,7¢) is a sequence of positive integers, we denote by A(r) this sequence
written in decreasing order. Furthermore, we define a permutation by

Vv = (L ccoyr)(m+ 1,0 m ) (r e+ 1 ).

In particular we may use the notation vy when A is a partition of a nonnegative
integer.

v) Conversely, if o is a permutation, we denote by (o) the sequence of lengths of the
cycles of o, in weakly decreasing order.

vi) Given A - d, let C, C S(d) be the conjugacy class of ~,, that is, the set of
permutations o € S[d] such that A(c) = A, and

LTI
Z\N = —_—= )\i mj()\)!, (1.2.1)
#Ox i3 i>1

where m;(\) is the number of occurrences of j in the sequence .

vii) The irreducible representations of the symmetric group S(d) can be parameterized
by partitions A - d. If A d is a partition, we denote the corresponding character
by x and its value on w € C}, by xx(x). Note that x) is constant on the conjugacy
classes of S(d). See [Sav22, Chapter 6] for details on representation theory and
characters of finite groups.

Definition 1.2.2.

Let n € N, we denote by A, the ring of polynomials in n indeterminates x1,...,Zn,,
which are invariant under the action of the symmetric group S(n) on the indices of the
xz;, © =1,...,n. More precisely,

A, = Clzy,... ,xn]s(").
The ring of symmetric functions is the inverse limit

A= 1lim A,
%
neN

in the category of graded C algebras, where projections of the limit are given by
o A = Ny p(21,.. o 2) = p(21,...,20,0,...,0)

for m > n.
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1.2 Fock spaces and the boson-fermion correspondence

Remark 1.2.3.
The algebra A can also be obtained by the following construction. Denote by A the
symmetric polynomials of homogeneous degree k in n variables, that is

AE = (Clzr, ..., 2],
We can take the inverse limits w.r.t. the projections from the definition before and write

A* = lim AF.
%
neN
One can show that
A=EpA*.
keN

From this construction it is clear that A consists of infinite sums of monomials with
bounded degree.

Example.
For n, k € N we have

n
pk(wl, .. ,J}n) = Zl’f S AI;’;,
i=1

which means in the limit A we have an element that restricts to these elements. It is
given by

)

k

br = ina
=1

which clearly is a sum of monomials of degree k. We will encounter more examples in
the following.

Let us list the following important symmetric polynomials and functions.

Definition 1.2.4.
Let k£ € N, then we define the following symmetric polynomials.

i) We define the elementary symmetric polynomials ey(z1, ..., z,) € AF by
Tiy - Ty, ifk < n,
ex(T1, ..., @) = { 1S <-<ip<n

0 otherwise.

The elementary symmetric functions ey, € A are given by

ep = g Ty - Ty

1<41 <ig-+-<ip <o

33



1 Preliminaries

ii) We define the complete homogeneous symmetric polynomials hy(x1,...,x,) € AE
by

hi(z1,...,oy) = Z Tiy ... T,

1<i1 << <n

The complete homogeneous symmetric functions hy € A are given by

1<41 <tg-+- <1 <00

iii) We define the power sum symmetric polynomials py(z1,...,z,) € AF by

n
pk’(xla"' 7':Un) = fo
=1

The power sum symmetric functions pr, € A are given by
o
P = Z xf
i=1

By convention, we set hg = ey = 1.

Let us recall the following lemma, describing the generating series of the elementary
and complete homogeneous polynomials.

Lemma 1.2.5.
We have
oo n
Zek(ml, )t = H(l + txy),
k=0 i=1
and
> 1
DU INCIE S A |
k=0 i=1 (1 +t2n)

All of these functions form a basis of A in the following sense.

Theorem 1.2.6.
Let A be a partition, and gi any of the families of functions in Definition We
define

XN = 9GA1 - Iy

then {gx: A\ d, d > 0} is a linear basis of A. In particular

A =Clg1,92,93-.-].
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1.2 Fock spaces and the boson-fermion correspondence

Remark 1.2.7.
Theorem for g = e is sometimes called the Fundamental theorem of symmetric
functions.

There is another important basis, which is given by the Schur functions.

Definition 1.2.8.
We define the elementary Schur functions by the generating function

0 0 p
k _ Pi i

E SE2 —exp<é iz).

k=0 i=1

For any partition A we define the Schur function associated to \ by

sy = det ((SAi+j—i)1Si,j§£(>‘))

S\ Shp—1 s SN -1
Sha—1 Shg s S (V) -2
= det . .
Shey—eny SAepy—LN)+1 - SXen)

Since the Schur functions are elements of A, they can be projected onto A,. The image
in A, is called Schur polynomials.

Theorem 1.2.9.
The Schur functions {sy: A d, d > 0} form a basis of A.

Proposition 1.2.10.
Let d € N, A\, u - d partitions, and we denote

5 = 1 if A=p,
b= 0 otherwise.
Let
(Puspr) = 202,

where z) is defined in (1.2.1]). This induces an inner product on A, called the Hall inner
product. Moreover, the Schur functions are orthonormal w.r.t. the Hall inner product,
that is

<S/'“ S)\> = 5)‘7/>L

Lemma 1.2.11.
We have the following formulas for the change of basis between the power sum basis and
the Schur basis of A

pu= Y xalwsy and sy= Y XAZ(H)

ARl pHATH
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where x(p) are the irreducible characters of the symmetric group.

1.2.2 Bosonic Fock space

Actually, we have already defined the bosonic Fock space, namely by the ring of sym-
metric functions A. We now want to put more emphasis on the operators End(A). In
particular, we want to study certain Lie algebra representations on the bosonic and
fermionic Fock space. These play a key role in the boson-fermion correspondence.

Definition 1.2.12.
We denote the bosonic Fock space by

B = lgnc[pla 7pk] = C[p17p27p37"']7
keN

it contains the special element |) := 1 € C called the vacuum and admits a linear form
(|: # — C that extracts the constant term of an element by evaluating at p; = 0 for all
1 € N. It is called the covacuum.

Definition 1.2.13.

A complex Lie algebra (g, |-, -]) consists of a complex vector space g together with a Lie
bracket [-,-]: g x g — g, where
i) [-,] is bilinear,

ii) [z,z] =0 for all z € g, and
iii) [-, -] satisfies the Jacobi identity
[.CC, [yv Z]] + [Z, [$7y]] + [ya [27 'CE]] = 0.

Remark 1.2.14.
For Lie algebras over C, property ii) is equivalent to [z,y] = —[y, z] for all z,y € g, hence
it is sometimes called skew symmetry.

Example.
Let V' be a complex vector space and denote by End(V) the complex vector space of
linear maps V' — V. Then

[f,9]: End(V)) X End(V) = End(V), (f,9) = [f,9] = fog—gof

defines a Lie bracket on End(V) and thus makes it into a Lie algebra. In fact, every
associative complex algebra A can be made into a Lie algebra by defining the Lie bracket
to be the commutator

[a,b] == ab — ba,
for all a,b € A.
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Definition 1.2.15.
Let (g, [-,-]g), (b, [, ]y) be complex Lie algebras.

i) A Lie algebra morphism ®: g — b is C-linear map such that

®([x,ylg) = [®(z), B(y)]y
for all x,y € g.

ii) Let V be a complex vector space. A representation of g on V is a Lie algebra
morphism

®: g — End(V).

A particularly important set of operators is described by the action of Heisenberg
algebra on 4.

Definition 1.2.16.
The (oscillator) Heisenberg algebra H is the complex unital Lie algebra generated by
{an: n € Z} with relations

[ly,a,] =0, VneZ,

lan, am] = 0m,—n, Vm,n e Z.

Lemma 1.2.17.
The Heisenberg algebra H has a representation on the bosonic Fock space % via

nop, ifn >0,
1y —idp, ap,+— J, = P—n if n <0,
0 if n=20.

This settles the most important notions on the bosonic side of the boson-fermion
correspondence, we proceed by explaining the fermionic side.
1.2.3 Fermionic Fock space
In this section, we introduce the fermionic Fock space via the so-called semi-infinite

wedge formalism. Let us denote by Z + % ={z+ %: z € Z} the set of half integers.

Definition 1.2.18.
Let V' be an infinite dimensional complex vector space with basis {v,: n € Z + %} In
other words,

V= @ C’Uz‘.

i€Z+3
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The fermionic Fock space or semi-infinite wedge space
F=N'Vv
is the complex vector space spanned by
V=i A Uiy AUy ... (1.2.2)

such that there exists k € N and K > 1 such that iy, = c¢c—k + % for all £k > K. The
integer c is called the charge of v.

Remark 1.2.19.
i) The fermionic Fock space originates in physics and is motivated by Dirac’s electron
sea, see [KRR13].

ii) By the properties of the exterior product, we will always assume that the i; are
strictly descending, i.e. i1 > 4o > i3... at cost of changing the sign. Moreover, it
is clear that any v in ((1.2.2)) such that two indices agree, ij, = i;,, will vanish.

iii) The charge yields a decomposition of the space

7= 7,

ceZ
where .Z(©) is the space spanned by elements of charge c.

iv) We can define an inner product on .# by declaring the elements ¢ in (1.2.2) and
under the convention ii) to be orthogonal.

Definition 1.2.20.
Let A d € N be a partition, then we define

v\ = U)q—% AN 2))\2_% AR ’UAZ()\)_2Z(/\2)+1 A 7)_22(/\2)+3 A\ U_2e(/\2)+5 ceey

furthermore we call the element

the vacuum.

The vy have charge 0 and span the charge zero sector .#©) of .Z.

Proposition 1.2.21.
The set {vy: A d, Vd € N} is a linear basis of Z(© i.e.

32(0) = @@CU)\.

kEN Ak
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Remark 1.2.22.
More generally, for ¢ € Z\ {0} and A I d one can define

(0 _
vy = v)\l_%_,_c A U)\Q—%+C VANERIWAN CN _2@@2)+1+c AU _ 2@(A2)+3 . ANv_ 2e(§)+5

o N he
which then form a basis of .Z(9).
Definition 1.2.23.
For any i € Z + % we define the creation operators
Vv F — F, Vip N Uiy N Vig N - = 03 AUy AUy NUjg AL

and annihilation operators

Vi F — F,

—D)F o, Avig Ao Avi ., AL, if 3k e Nt =14,
Uiy AVig AVig A+ ( ) i1 2 k-1 Tht1 . k
otherwise.

Both are elements of End(F).

Lemma 1.2.24.
i) The operators v;, ¥} satisfy

Yithj + b =0, i + il =0, i) + by = 04

The unital algebra generated by these operators is called the infinite rank Clifford
algebra, we denote it by C.

ii) The operators 1; increase the charge while 1} decrease it, that is

;| FO] = gt wﬂy(C)] — gle1)

iii) The operators ; and ¢} are adjoint w.r.t. the natural inner product on .%.
The following operators are a central object in the boson-fermion correspondence.

Definition 1.2.25.
We define the operators

Ar= D7 -t

keZ+3

where : : denotes the ordered product defined by

. J Wiy i >0,
PPy {w;wi if j < 0.
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Remark 1.2.26.

i) By elementary calculations, one can see that the A, are well-defined and contained

in End(.%#). In particular, they preserve the charge, i.e.
Ay|ze € End(Z ()

for any ¢ € Z. But also note that A, are not elements in the Clifford algebra
representation.

ii) The operators A, have a nice combinatorial description in terms of Maya diagrams

and Young diagrams, see for example [RZ16].

As mentioned, the operators A, are not contained in the Clifford algebra, but we

introduce the following algebra to overcome this problem.

Definition 1.2.27.
We define the following Lie algebra of infinite matrices,

gl = {(Ai:j)i,jez—l-%: Ai,j eC,dK > 0: Ai,j = Ofor all |Z —]| > K},

where the Lie bracket is given by the matrix commutator. Note that matrix units

. 1
Bij = (Okij)piez+ly ©IE€Z+ 5.

are contained in gA[oo and that the elements

L, = Z Ek—r,k

kez+1

span a commutative subalgebra algebra of 3[00.

Remark 1.2.28.
There is a natural action of matrix algebras on the wedge space via

A(Uil N Viyg NVjg -+ - = (A'Uil) NVig N Vjg -+ 05 N (AUZ'Q) NUjg -+ ... (123)

but by the possible infinite diagonals of elements in g?[oo we may run into problems.
Consider

T = Z /\k;Ek,k S Q/]\[OO
keZ+3

for A\ € C, then

40

T(v@):< > Ak>v@.
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1.2 Fock spaces and the boson-fermion correspondence

Depending on the choice of A\ the sum may not converge. This issue can be fixed by
declaring

b (Eii —Idzo)(v) ifi=j,
" Ei,j(v) if i 7& j7

where the right-hand side is given by the action defined in . Unfortunately, this
assignment does not define a Lie algebra representation, since the Lie bracket is not
compatible in the sense of Definition[I.2.15 Still, we can make sense of this assignment in
terms of a projective representation [KRR13]. Equivalently, the latter can be described
by a representation of a central extension of gl_, that is a representation of the Lie
algebra

with bracket

[A+z¢,B+we]~ =AB—-BA+«a(A,B)- ¢

ol
for all A+ z¢, B+ wc € 5[00. Here, a is given by extending
1 ifk=jl=tandi<0,j>1,

a(Eij,By) =< -1 ifk=jl=iand j <0,i>1,

0 otherwise.

For more details see [KRR13].

Proposition 1.2.29.
As elements in End(.#Z©), we have

EA‘Z'J‘ = 1,[111[); and [A/r = Ar.

Remark 1.2.30.

Similarly, the algebra 5[00 can be represented on .%(9); we are mainly interested in .% ().

1.2.4 Boson-fermion correspondence

We are now ready to state boson-fermion correspondence. The latter consists of two
parts, sometimes called the bosonization and fermionization. The first part carries the
Heisenberg structure to the bosonic Fock space % . Vice versa, the second part deploys
the Clifford algebra on 4. For a detailed exposition tailored to the theory of integrable
systems see [MJD00] and for a discussion from the point of view of symmetric functions
see [Sav22, Chapter 5.
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Theorem 1.2.31 (Bosonization).
The map

o9 F© 5 B, vg\c) = S\

is an isometric isomorphism and for any r # 0 the diagrams

70 L 2

¢ai #(©)
B2
commute. In particular, the map
H — End(Z9), J.— A,

induces a representation of the Heisenberg algebra H on .Z (9.

Note that every subspace of charge ¢ is isomorphic to a copy of the bosonic Fock
space. These isomorphisms can be collected by introducing a dummy, which captures
the charge.

Corollary 1.2.32.
We have an isomorphism

d: F = @ﬂ’(c) — %[q_l,q] = A, vg\c) > q°s).
ceZ

For the second part of the boson-fermion correspondence, we need to introduce the
generating functions of the annihilation and creation operators.

Definition 1.2.33.
We define the generating series

U(z) = Z :L‘_k_%wk and U*(z) = Z :L'_k_%%’;.
keZ+3 keZ+3

Then we have the following second part of the boson-fermion correspondence, some-
times called fermionization.

Theorem 1.2.34 (Fermionization).
Under the map ©: End(.#) — End(%4,) induced by @, the generating functions ¥, U*
have the following form:

Az) == O((x)) = Tqexp ( -y m;nmJ_m> exp ( 3 f:Jm>

m>0 m>0
= Tqexp < - Z x_m]:;n> exp < Z xm8m>,
m>0 m>0
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and
A(e) = 00 = Tq e (200 e (= 700,
m>0 m m>0 m
=Tq exp(Zw m)exp( Zx 8m>,
m>0 m>0

where T is the map that replaces ¢ — = '¢. More precisely, if we denote

1

ar = [T 2 A@), af = [T A @),
then the map
C — End(%,), vi—ai, ¢ —a; VieZ
is a representation of C on & and for every r € Z the diagram

Ur /7

F—=F

P l‘b
r/a

a

B, 5

[}

commutes.

The most important consequence for us is the representation of the following gener-
ating series of operators.

Proposition 1.2.35.
Under the boson-fermion correspondence we have

> aly kEkl—

kl€Z+3

()W (y )

<
w\»—n N|=

r—y

(SIS

Furthermore, under the transformation z = zez, y = ze~ 2 and with the notation

z z
ez —e 2

we have

exp <2m>0 ug(iu)z‘iJ_i> exp (ZM ug(z’u)ziJi>

us(u)

S Y el Dh, -

meZ  keZ+4

(1.2.4)
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Remark 1.2.36.

Typically, we will deal with partition functions throughout Chapter [2| (see Section .
These are elements in C[p1, p2, ps3, - .. ], that is, power series in infinitely many variables.
We will abuse notation and write 8 = C[p1, p2, ps, ... ]. We further extend the bosonic
Fock space by the formal parameter h,

B =% 2 Q((h)).

Note as a C((h))-module, %), admits a Schauder basis given by the Schur polynomials
sx. The operators defined in this section still apply entrywise, and we will use the result
of the boson-fermion correspondence for the charge 0 sector.

1.3 Monotone Hurwitz numbers

Hurwitz numbers originates in enumerative geometry, counting ramified morphisms be-
tween Riemann surfaces. For a fixed compact Riemann surface S of genus h, Hurwitz
numbers count holomorphic maps 7 : S — S (up to isomorphism), where S’ is a compact
Riemann surface of genus g, such that

e 7 has ramification profile p!, ..., u™ over n arbitrary, but fixed points on S, and
e cach map is weighted by m.

Hurwitz used the monodromy representations for the holomorphic maps (see [Hur91l
Hur01]) to count these morphisms via factorizations in the symmetric group. We want
to summarize the most important facts needed for this thesis.

Definition 1.3.1.
Let g,h > 0 be non-negative integers, d a positive integer and p = (u',..., u") a tuple
of partitions of d. Let

n
29 —2=d-(2h—2)+ > _ (|4!] - L)),
j=1
we call a collection (o71,...,0p,a1,p1,...,ap, B) of permutations in S(d) a factorization

of type (h,g,d, ) if the following conditions are satisfied:
(H1) Aoy) = ', ie. 0 € O

(H2) o100 = [o1, B1] - - - [, Bpl;

If additionally we have

(H3) (o1,...,0n,a1,01,...,ap,Br) acts transitively on the set {1,2,...,d},
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1.3 Monotone Hurwitz numbers

we call the factorization connected. Denote by F(h,g,d, u) and F°(h,g,d, p) the set of
factorizations of type (h, g, d, ) and the set of connected factorizations of type (h, g, d, i),
respectively. The Hurwitz numbers and connected Hurwitz numbers are defined by

n 1 : (o] n 1 (¢]
Hyg(', -, 1) = | F(h, g,d )| vespectively  Hy (..., u") = —|F°(h, g,d, p)]-

Let us state some special cases of these numbers.

Definition 1.3.2.
i) Consider u = (u!,T,...,T), where T = (2,1,...,1) is the partition corresponding
to transpositions. Then we call

Hyg(u') = Hyg(p', T, ..., T)

simple base h Hurwitz numbers. Note, the number r = n — 1 of transpositions is
given by

r=2g—2+ L) —d2h—1).
For h = 0, that is a base curve of genus 0, we obtain the simple Hurwitz numbers.

ii) If we take = (u', u%,T...,T) and h = 0, we obtain the double Hurwitz numbers.

In this thesis, we are particularly interested in (strictly) monotone versions of Hur-
witz numbers. The monotone version of simple Hurwitz numbers has been introduced by
Goulden, Guay-Paquet and Novak, see [GGPN13] and[GGPN14]. They appear naturally
in the study of the genus expansion of the Harish-Chandra-Itzykson-Zuber-integral and
are given by imposing a monotonicity condition on factorizations that involve transposi-

tions. More precisely, we say a collection of transpositions 71 = (s1,t1),...,7n = (Sn,tn)
with s; < t; for all ¢ = 1,...,n, satisfies the monotonicity condition or call them mono-
tone if

(Ml) t; Sti+1 fOI"lel,...,’l“*l,
we call them strictly monotone if
(M2) t; <tjpq fori=1,...,r—1.

If we have a factorization involving a (strictly) monotone product of transpositions, we
say it is a (strictly) monotone factorization. Now we are ready to introduce the (strictly)
monotone versions of Hurwitz numbers.

Definition 1.3.3.
Let A, v F d be integer partitions and r > 0.

i) The monotone double Hurwitz number H=(A,v) is 4 times the number of tuples
(a,71,...,7r, ) of permutations in S(d) such that:
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e ae(Cyand p ey

e 71,...,7, satisfies (M1), that is 71, ..., 7, is a monotone sequence of transpo-
sitions; and

e qxoTio0---07.0f3 =Iid.

If the factorization additionally satisfies the connectedness condition (H3), we
call the number connected monotone double Hurwitz number and denote it by
HY=(\,v).

ii) The (connected) strictly monotone Hurwitz number (Hy'<(\,v)) HS(\ v) is de-
fined analogously by replacing condition (M1) with (M2).

We also introduce the generating series

d—1
H<()‘7V) = Zhrﬂf()\,y) € Q[h] )

r=0 (1.3.1)
H=(\v) = (=h)" H7(\,v) € Q[A].

r>0

Remark 1.3.4.
i) Similarly as in the nonmonotonic case, we can define a genus g > 0 via the
Riemann-Hurwitz formula

r=29—2+L\) +L(v).

This justifies the notation H9(\,v), which is sometimes encountered in the litera-
ture.

ii) In the literature, sometimes the monotone Hurwitz numbers are referred to as
weakly monotone Hurwitz numbers to emphasize the distinction from the strictly
monotone Hurwitz numbers.

iii) The strictly monotone Hurwitz numbers are also called Grothendieck dessins d’en-
fant Hurwitz numbers according to their relation to dessins d’enfants, see [ALS106]

and Proposition [1.3.11]

iv) The special case A = (1), or equivalently o = e € S(d), in Definition is called
simple (strictly) monotone Hurwitz number and denoted by H=(v) (H<(v)).

Definition 1.3.5 ([HvIL22]).
Let A F d be partitions and r, h, g > 0 such that

r=2g9—2—d(2h—1)+£L(\).

i) The monotone simple base h Hurwitz number Hgéh()\) is 4 times the number of
tuples (71,...,7r,, 1,51, ..., ap, Br) of permutations in S(d) such that:
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1.3 Monotone Hurwitz numbers

o g€y

e 71,...,7 satisfies M1, that is 7y,..., 7. is a monotone sequence of transposi-
tions; and

e orpo---om0f=[ag,Bi]...|an, Bl

If the factorization additionally satisfies the connectedness condition (H3), we call
the number connected monotone simple base h Hurwitz number and denote it by

0,<
Hg:h_ (A).

ii) The (connected) strictly monotone Hurwitz number (H;,f()\)) H;h()\, v) is defined
analogously by replacing condition (M1) with (M2).

The Hurwitz numbers are in a close relationship to the symmetric functions of Sec-
tion via the group algebra C[S(d)].

Definition 1.3.6.
Let G be a finite group. Then we define the group algebra of G over C to be the free
vector space generated by basis vectors (vg)geq:

C[G] == spanc({vg: g € G}) = @ Cuy.
geG
For convenience, we identify v, = g and denote elements of C[G] by
Z ag 9,
geG

where a4 € C for every g € G. The algebra structure is induced by the group operation
Vg *Vp = Vg, Vg,hE€G

and extended bilinearly to the vector space C[G].

We are particularly interested in the group algebra C[S(d)] for d € N. An important
class of elements in the group algebra of the symmetric group are the so called Jucys—
Murphy elements.

Definition 1.3.7.
The Jucys—Murphy elements Ji, are the elements in C[S(d)]| defined by

k—1
Je =) (i,k), for2<k<d
=1

It is a classical result [Juc74l [Mur81] that the evaluation of symmetric polynomials in
the Jucys—Murphy elements are contained in the center of the group algebra Z(C[S(d)]).
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In particular, if we recall the elementary symmetric and complete symmetric polynomials
from Definition we have

ex(Jay o Ja) = > ... i, € Z(C[S(d)))
2<i << <d
and
hi(Jay . Ja) = > Ty .. Ji, € Z(C[S(A)]).
2<i1 << <d

By definition we have the following relation to the (strictly) monotone Hurwitz numbers.

Proposition 1.3.8.
We have

HS(\v) = % i) CrCy (T -, )
and
HE(\v) = % fid] CyCy (o, )
where the operation [id] stands for the extraction of the coefficient of the identical per-

mutation e in the group algebra, and C), is the conjugacy class of permutations of cycle
type A seen as the element

> o eC[Sd)).

oeCy

Lemma 1.3.9.
For any d € N and A\, v I d, we have:

Z Z)\H<()‘7 p) ’ ZPHS(pv V) = 5/\,11
pHd

and
Z ZAHS()H 10) : ZPH<(p7 V) = 5/\,1/~
pHd

We give the proof of this classical result, since it is used in one of the main steps of
proving the higher order moment-cumulant relations in Theorem [2.5.2

Proof. Using Proposition we rewrite the generating series of (strictly) monotone
Hurwitz numbers from Definition [I.3.3]and use Lemma for the generating functions
of the elementary and homogeneous symmetric polynomials, we find

1

H<(\v) = g

d
[id] CACy [T (1 + i)

k=2 (1.3.2)
1

1
HE(\v) = = - [id] C\Cp————— .
d! [T (1 + hJy)
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1.3 Monotone Hurwitz numbers

In general, if B is in the center of C[S(d)], we have

B B
C — ) Cx ’

Z) Zy

1 .
a [id] CA\CyB = [C)]

where we recall 2, = #d—c!VA. We use this relation to compute for any A\, v d:

2

d
- lid] [ +na)-C !

e [0 (1 + hJy)

z .
- j)'\ ' [ld]< Z H<(A,p) 2,Cp - H=(p, V)%’QJ')
' p,p'd

=> mH (A, p) - 2,H(p,v).
pHd

ZX .
(5,\,,, = E . [ld] C,\C,, =

The second relation is proved similarly. O

Definition 1.3.10 (JALS16]).
Let d >0 and A\, v+ d.

i) The disconnected free single Hurwitz number H,'«()\,I/) is = times the number of
triples (a, 0, 8) of permutations of [d] such that
e ae(Cyand pBeCy
e 0 € S(d) has colength r, equivalently #0 = d — r; and
e cvooof=id.
In other words, in the group algebra we have
1

H1|"()‘7V) = d! :

id] C\C, c,. 1.3.3
P
pkd
Yp)=d—r

If we require the additional condition
e {«, 3,0} generates a transitive subgroup of S(d),
we call the resulting number the connected free single Hurwitz number and denote

it by Hr"o()\, V).

ii) The free group Hurwitz number Hl'()\, v) is % times the weighted count of tuples
(a,01,...,0,0) from k = 1,...,r of permutations of [d] such that

e ac(Cyand e’y
e 0; € S(d), with ), |o;| = r equivalently > #o0 = dk — r; and

e qogio---o00,0f3=id,
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where the weight is (—1)"**. In other words, in the group algebra we have

r k
1
| N F _ 1\k+r
Hr(Aay)_d! [ld] C/\Cl/’; 1( 1) , Ep y 1—[101
= 1y-+5Pk =
5> 6{pi)=dk—r

If we require the additional condition
o {a, 3,0} generates a transitive subgroup of S(d)),

we call the resulting number the connected free group Hurwitz number and denote
it by HTH’O()\, v).

Proposition 1.3.11 ([ALSI6]).
We have

HI(\v)=H-(\v) and HI(\v)=H=(\v).

Remark 1.3.12.

The latter result can be proved using either techniques from symmetric functions and
its avatar C[S(d)] (JALS16]), or by the elementary observation that every permutation
admits a unique factorization into strictly monotone transpositions [BCDGF19]. We give
a proof of the monotone case via the Mébious function and its recursion in Section [2.2.1]

1.4 Topological recursion

Topological recursion is a recursive procedure that computes a family of symmetric
multidifferentials (wgn)g>0,n>1. Given the information of a spectral curve encoding the
information of the initial values wp1 and wp 2, it computes wy, from wgy ;v recursively
on the Euler characteristic —x(g,n) = 2g — 2 + n. It originates in random matrix
theory, where it computes the topological expansion of correlators of matrix integrals,
see e.g. [Eyn05, [CEO06, [CE06]. Later, it has been detached from random matrix
theory and formalized in [EOQ7]. Surprisingly, the same recursion formula for different
initial data has been found to produce many other quantities from different subjects
such as enumerative geometry, Gromov-Witten theory, integrable systems, and knot
theory. In recent developments the original formulation of topological recursion has been
generalized to find even more applications, e.g. via blobbed topological recursion [Borl5l,
BS17] by G. Borot and S. Shadrin or via Quantum Airy structures by M. Kontsevich
and Y. Soibelman [KS17, [ABCO17|, see also [Borl7] for an introductory course. We
however will only briefly discuss the original Checkov-Eynard-Oratin formulation, for an
overview we refer to [Eynl4], for a lecture series to [Oral7] and for a full exposition to
the textbook [Eynl6]. We start by defining the initial data, the spectral curve.
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1.4 Topological recursion

Definition 1.4.1.
A spectral curve (X, x,y, B) consists of

i)
i)

iii)

a Riemann surface 3, not necessarily connected or compact;

two function z,y: ¢ — C such that dz is a meromorphic 1-form having finitely
many zeros that are simple. We call these points ramification points of x. Further,
we require dy to not vanish at the ramification points of x; and

a symmetric meromorphic 2-form B: ¥ x ¥ — C with a double pole on the diagonal
and no further singularities. That is

dz1dzg

o)~ G —ap

+ f(zlv 22)

where f is holomorphic.

Remark 1.4.2.

i)

i)

iii)

The functions x, y in the definition of a spectral curve encode the 1-form wg; = ydx
and B encodes the initial 2-form wp2 = B. Thus, sometimes the spectral curve is
equivalently defined by the data (2, z,wo,1,wo2).

In this thesis we are mostly interested in the case when X is rational, that is X
is isomorphic to the Riemann sphere, ¥ = CP!. Then it is known that (under
some normalization assumption) the properties of B in Definition determine
B uniquely, and

dz1dzy

B(Zl, ZQ) = m

This 2-form is often called the Bergman kernel. Moreover, x(z),y(z) are rational
functions and hence they satisfy an algebraic equation

E(z,y) =0,
which motivates the name spectral curve.

Since dz has only simple zeros p, x is two-to-one in a neighbourhood of p and
there is an involution o, interchanging the sheets locally above p. We illustrate
the situation in the following figure.
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1 Preliminaries

z(z) X

Local involution (teal) in a neighbourhood of branch point p (red)
mapping z — z = op(2).

Definition 1.4.3 (Topological recursion).

Given a spectral curve (X, z,y, B) we denote wp; = ydz, wgpp = B. For g > 0,n > 1
with —x = 2g —2+4n > 0, we define the symmetric differential forms wg, on X" by the
recursion

Won(21,. .y 2n) = B_e)ls) K,(z, 21) <wgl7n+1(z, op(2),22,...,2n)
o
dz(p)=0
(1.4.1)

stable

+ Z Wy, 411 (25 21, )Was #15 (Up(z)7212)>

g1+g92=9
Liula=[zn]

where we denote [z,] = {z1,...,2,} and “stable” means we exclude the cases (g;,1;) =
(0,0), that is the cases where either of the factors in the sum is equal to wp ;. Furthermore

f;p(z) wo2(21,°)
2(wo,1(2) — wo,1(0p(2)))

Ky(z1,2) =

is called the recursion kernel.

The following picture demonstrates the structure of the recursion formula. The idea
is that wy , is understood as a genus g surface with n boundaries and can be obtained
by gluing a pair of pants (the recursion kernel K) to a (possibly disconnected) surface
with —x(¢’,n’) < —x(g,n) in (1.4.1). Hence, the name topological recursion.
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1.4 Topological recursion

Schematic representation of topological recursion.
Let us list some properties of topological recursion.

Theorem 1.4.4 ([EO07]).
The correlators wy 5, of the topological recursion have the following properties.

i) Symmetry: The wgy(21,...,2,) are symmetric in its variables ZiE

ii) Pole behaviour: If 2g —2+4mn > 0, then wy, is meromorphic in each variable, with
poles only at the ramification points of degree at most 6g — 6 + 2n + 2 and with
vanishing residue.

iii) Homogenity: For A # 0 and 2g — 2+ n > 0, under interchanging y with Ay in the
spectral curve, the wy , turn into )\2_29+”w97n

iv) Dilaton equation: For 2g — 2 4+ n > 0, we have

Z E{_e>s Wy nt1 (215320, 2)P(2) = (29 — 2+ n)wgn(21, ..., 2n),
peEX P
dz(p)=0
where ® is such that d® = wy; = ydz.
Finally, let us list and discuss some examples.
Example 1.4.5.

e TR for ordinary maps/Formal 1-matriz model: Consider the formal 1-matrix in-
tegral [Eynl6]

= fe (- TG - 2 miam) o

-N
= / exp (t Tr V(M))dM
formal

for formal variables ¢,t1,t3,t4...tq, N. It is formally defined via interchanging the
expansion of the exponential and the integration. It is considered as a formal series.
Note that in general such an expression does not converge, again see [Eynl6] for a

'Note that in (T.4.1)) 21 seems to play a special role.
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o4

rigorous discussion. But it turns out that Z is a generating series of maps without
boundaries and bounded degree of internal faces,

NAXE) e
Z = ) g
2 <t> ER iy v ek

= closed maps

where n; is the number of i-gons of = and v(Z) the number of vertices. Then the
topological recursion , with initial data

S =CP', z(z)=a-+ ’y(% + z), y(2)dz(z) = wor(2) = Wor (2(2))dz(2),

where «,y are some formal parameters depending on ti,...,t, and
dzleQ
B(z1,29) = —m—
( 1 2) (Z1 — 22)2a

computes the generating series of maps of genus g with n boundaries. More pre-
cisely

Won(21s--y2n) = Wyn(z(21),...,2(2z,))da(21) ... dz(zn)

dx(zl)dx(ZQ) V(2 (21))dz(21)
o002 () — a(z))? 0! 2
where
@ | el
Wg,n(-rlw'-? Ztv Z ﬁ
E€Mg,n(v) Ty
and where

i) Mg (v) is the set of maps of genus g having n boundaries and v vertices and
internal faces of degree less than d,

ii) 1;(E) is the length of the i-th boundary for i = 1,...,n, and

iii) n;(Z) is the number of internal (unmarked) faces of degree ¢ for i =1,...,d.

Gaussian matriz model: We present some calculations in a case where the spectral
curve is very simple. Consider the functions

x(z) =z+ >
(z)—}(l— )__1 e (1.4.2)
HE=o\G T3 ’
and
ledZQ
B(z1, 22) (21 — 22)2



1.4 Topological recursion

then this initial data corresponds to the case V(z) = %’xQ above, but we omit
the formal variables t,t2. We compute some genus zero invariants of the Gaussian
random matrix model. These are known to count planar pairings. Recall that

ramification points are given by the zeroes of

dz(z) = 2/(2)dz = (1 - %)dz,

i.e., by p = £1. Moreover, the (global) involution is given by z + 1 for both
ramification points. We compute

and

ledZQ
w072(21, 2'2) = m

Thus the recursion kernel is given by

. B fg LL)(],Q(Zlv )
+1(21,2) = 2(wo,1(z) — wo,1 (L))

o # dz1 5 1
‘[ 1 — 22 P ay (e (Dl

Then by the recursion formula ([1.4.1)) we have

stable
wo,3(21, 22, 23) = ZngKp(ZhZ)( > wgl,#h(%Zh)wgg,#fz(ffp(Z),212)>-

p==+1 g1+g2=g
I UIQZ[Z"]

Recall, that the stable sum forbids wp ; as a factor in the sum. Thus, the only
terms in the sum are given by Iy = {z;}, Is = [22] \ Iz for i = 2,3 and we obtain

1 1 le
wo 3(21, 22, 23) = Res —
( pz;;l z=p (2’1 -z 21— i) 4y(2)(1 — 2?)dL

1 1
X w0,2(2,22)w0,2<;,23)+w0,2(2,2‘3)w0,2 ;,Zz .
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We compute the residues

R. 1 1 dzl |: dZdZledZ;; 4 dZdedlegJ, :|
€S
i\ s -2 oz -1 ) y(x)(1-22)dl [z — 2)2(2 = 23)% " (2 — 22)2(L — 20)?

1.
-1 d= dzdzodzs dzdzodzs
= Res o1 7t 1 2
s\ 2(21 — 2)(21 — 1) 4y( )L (2= 22)%(5 —23)* (2= 23)%(; — 21)
no pole at £1 Slml;ie:i‘firoes no poles at +1
—dz;dzadzs > [ 1 1 ] dz
= + Res ——
<4z<zl S T S A [ S T e P e Y ) | e = 1)
and
dz 1
RS = v
Moreover
< —d21d22d23 ) |: 1 i 1 :|
de(m —2)(m1 = 1)/ Lz — 20 —=)?  (2—2)* (2 — =) | _,
_ dz1dzodzs 1 . 1
Az F (21 F1) [(F1 = 22)2(F1 — 23)2  (F1 — 23)2(F£1 — 29)2
14 1
and finally
3 3
(0) _ 1 1 _ 1 1

Let us verify that these invariants are generating series for Catalan numbers.
We extract the coefficients by taking residues. In first order we have a shift by
V/(mz(z)) = @ and thus

mif) =~ Res ((a(2)%0”(2) — 5V"(a(2))da(2))

Z2—00
1 x(z
i+ )70+ S
21
) 1 1
S
k=0

21
1 21
= Reg—2 <k>22(kl)z(1 — 2%
z—02
k
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where C] = l%(zll) is the [-Catalan number. A similar computation shows that

moy+1 vanishes. Let us compute the coefficients of the second order,

0 - _

m211,2l2 - Zl7%@_5}@1’(21)%1x(22)2l2w0’2(21722)
1\2 1\2 dz1d
—  Res <Z2+7> 2(21_’_7) 1 21 2’22
21,2200 zZ9 21 (2:1 — 22)
2l
1202 2l1 2(5—11) 1 1
= Res <z —|——> )V ) S — =
204 [e'e) n\ 2
1\22 1 21 i
= Res <22+—> 2—2 ( ,1>zf(] l1)<z<22> >
e 20 Ao N n=0 \1
2l © n k n—
1\221 21 _
e (e ) SR ()R () (2)
21,2200 z9 Zl =0 ] =0 k=0 21 21
2[1 o0 n
1 21 _ z
- Res a5 Y (M)A e (2)
1,22 Z2 Zl j:[) ] =0 Zl
L2 1 oooh (20 iy .
= _Zg{jgo(zz + 5) zlgSOZQZl Z ( > Z(n+ 1)(2221)
j=0 n=0
1\ 20 2l oo 9, o hjin
=R () R S0 (0w g
j=0n=

Now as we take the residue z; — 0, we take only the coefficient of z; 1 ie. for
every 0 < j < 2[; we have

2l —j)+n=-1 <= n=2(j—-4L)—1.

Since n > 0 we find that j > [;. We continue the calculation

1\ 20 i NE-NYOTH o l—j4n
_Z2R§§o<z2 + 2—2) Zﬁig%z Z ( j )(n + 1)z2 Zq
]:

= — Res (2’2 + i)?lz illz 211 (20 _ l1)>z2(j_l1)_1
Z9 ] 2

Z2—00 ]

o7



1 Preliminaries

2[2 2l 2ll 2[
=—2R3z2< a5 (7 )eu-wise
2 ot J
2l2 2ll
2 2 —j
= ResZ( lz) S <l‘1><2<j—z1>>z§”1 o
zg—)ooz ) Vi
2y 2y
B 202\ (201 . 2(ly +lo—j—k)—1
e > > () () eu-n)
k=0 j=Il+1

Again we compute the residue,
2hh+la—k—j)—1=-1 < L1+la—k=3].
Without loss of generality, we put I; > l» and find that
Lh+1<j=h+L—-k<2) <= Ib- <k<Ilp-1,
where Iy — I < k is redundant since we have £ > 0 anyway. Finally, we have

(0) 2 & 212 211 2(ly +la—j—k)—1
Moy 20 =Z5§§,OZ > (2(4 — 1))

k=0 j=Il+1

- ;ZO 9 [P COR)!

which can be seen to be equal to two times

o _ 2l (2 =1 (21
ol =, L la ’

the number of annular noncrossing partitions. They agree with the number of
annular pairings on 2l1, 2ls points, see [MNO04, Corollary 6.8, Remark 6.9]. Finally,
(0)(

let us compute the coefficients of ws
the TR. Recall that

20, 21, 22), the first quantity computed by

d1/1
o =(aa(2)L, =
and
3 3
wo,3(21, 22, 23) = g zz+1 2y };[1 L 1)2

Thus we compute
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1.4 Topological recursion

o _ l I I3, (0)
ml1,l2,l3 - z1,z522m$(21) 137(2’2) Q‘T(Z?)) 3w3 (217 22, 23)

1 3 x(zi)li 3 a:(zi)li
=3 [HR%O( “he - ke +1>2}’

hence for j = 41 and a circle I' with radius » > 1 we compute by partial integration

Res w(z)) -1 (% )
z=00(z2474)2 2w Jr (2 +7)?
( (2+2) ]”l o f (i+z)“<l—;2>dz)
271'1, Z + 1"(0 T (Z + ])
=0, F is closed
-1 _
S (2 + )
_ 1 —12—J
= ARG
-1 .
-1 _
= —[ Res <l >zl_1_2m (Z 2j>
Z—00 m z
m=0
-1 I 1 —
_ - —2—2m __ .
e (1))

1
-1
m
0

- —l[lz_i <l ;11>(_5l—2—2m,—1) —j lzi <l ;n1>(—51—3—2m,—1)]-

m=0 m=0
The nonzero contribution of the Kronecker delta are
1—1 l—2

l—2—2m:—1<:>m:? and l—3—2m:—1<:>m:T,

so the first term only contributes if [ is odd and the second only if [ is even. Hence,
we find

Res

z(2)! l(2qq) ifl=2¢+1
B ™

G-l ifl=2g
_ z(zqq)_1 ?fl =2¢+1
l(qq_l) if | = 2q

. -1
= =] C.

Thus we find
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_ l1+l2+13—-3
Myl ls = [<_1) preTE e — 1:|

o Cllclzclg l1+lo+13—2
— bl | yhtletls 1
: [( ) ﬂ

Cl1 ClyClg l1+lo+1
- _ —1)atltls 4 g
. [( ity ]

and in particular

o0 — 1\, (20— 1\ (2031
Mot 21,21 = 4| 11 L1 l2 I 1 I3 I 1
= 4Cl1,l27l3.

This is the number of noncrossing pairings on three circles with 21y, 213, 2l3 points.

e Simple Hurwitz numbers: ¥ = CPY, z(2) = In(2)—2, y(2) = z, B(z1,22) = (3121(232’
then
n
Won(21,. .., 2n) = Z Hy(pi, ..\ pin) H e E) A (z;).
Lp)=n i=1
See [EMSTI, [BEMSTI].
e Monotone Hurwitz numbers: ¥ = CP!, x(z) = Z;—Ql, y(z) = —z and B(z1,22) =
dzid
(Zfiz’gg, then
o n
Wg,n(zb cee Zn) = Z Huzxfl_ldwz
H1yeeymp=11i=1
See [DN18§].
e Bousquet-Mélou—Schaeffer numbers. Y = CPY x(z) = (sz)m, y(z) = Ao
B(z1,22) = (jfiizﬁz, then
oo n
wWyn(21s...,2n) = Z bg(,ulj...,,un)HdXi’“
$1 et =1 i=1

where X = 1 see [BDBS20]. Note also that the Bousquet-Mélou-Schaeffer num-

T

bers are related to higher order free probability [CMSS07, Notation 5.17].

Let us finish with a note on symplectic invariance.

2Technically, these numbers do not satisfy the CEO topological recursion defined in Definition
but the Bouchard-Eynard formulation of [BE13].
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1.4 Topological recursion

Definition 1.4.6.
i) Let (X,z,y, B) be a spectral curve, g > 2 and ® be a primitive of wp 1, that is
d® = wo 1, then the symplectic invam’antﬂ Fy are defined by

1
= 2g _ 2 pEE ng(wgyl(z)q)(z))
da(p)=0

Fg =wg0

ii) Two spectral curves (X, z,y, B), (X, T, y, B) are said to be symplectically invariant
if the symplectic form is preserved, that is

dz A dy| = |dZ A dF].

It was known for a while [EOQ7] that the symplectic transforms
i) (z,y) — (z,y + R(x)), where R is a rational function,

i) (z,y) = (gjjg, (cx 4 d)?y), where ad — bc = 1,

preserve the F,. The z — y swap,
=y, y=u,

has turned out to be the most interesting case, see [EO13]. The first combinatorial ac-
cessible example of this x —y swap has been introduced by G. Borot and E. Garcia-Failde
[BGF20] and since then has been heavily studied [BCDGF19, BCGF21, BDBKS23|. In
particular, we conjectured in [BCGFT23] that the higher order higher genus functional
relations for moments and cumulants describe the relations between wy , and Wy, where
Wg,n are the invariants computed from the spectral curve after the x — y swap; see
Conjecture Indeed, the conjecture has been answered positively in [ABDB™22].

3There are also invariants Fo and Ji, however their definitions are more involved see [EO07, [Eyn16].
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2 Higher order and surfaced free probability

This chapter is an exposition of recent developments in higher order free and surfaced free
probability. We explain our results of the paper [BCGE™23|, which solve the problem
of finding the functional relations between higher order Cauchy and R-transform.

Higher order free probability was introduced in the series of papers [MNO04], [MS06]
and [MSS07]. The second order theory is motivated by the study of fluctuations in
random matrices. These quantities can be described by covariances of traces of powers
of the random matrix. Furthermore, in examples, it has been discovered that their limits
show a similar behaviour as the limiting eigenvalue distribution in Voiculescu’s first order
free probability theory; [MNO4, [MS06]. In particular, it turns out that joint covariances
of traces of several matrices in a general position can be computed by the knowledge
of the covariances of traces of the individual ones. This fact justifies the name second
order freeness. Thus, we start this chapter by explaining second order free probability,
and afterward continue explaining the motivation of higher order free probability from
random matrix theory.

In first order free probability, an efficient tool to deal with joint distributions of free
random variables is the R transform; the generating series of cumulants. For instance, to
compute the distribution of the sum a + b of two free random variables, it is particularly
well-suited. Thus, the authors of [CMSS07] introduce a combinatorial framework of
higher order free cumulants via so-called partitioned permutations. Despite the fact that
partitioned permutations do not form a lattice, the theory of multiplicative functions
evolves in parallel to the incidence algebra formalism of the noncrossing partitions. We
explain this combinatorial setting in Section In particular, we state the second
order functional relations discovered in [CMSS07]. In fact, the second order theory with
most of its features is easily expanded to a more general n-th order theory. However, the
functional relations for the moment-cumulant formalism beyond second order could not
be derived by Collins, Mingo, Sniady and Speicher. We explain the obstacles in their
approach in Section [2.1.4]

The main result of this thesis is the derivation of the missing functional relations in
higher order free probability. Thus, the main task in this chapter is to explain our paper
[BCGET23]. We start by introducing an extension of the setting of [CMSS07] to a higher
genus in Section This is necessary to relate multiplicative functions to so-called par-
tition functions in the Fock space in Section Furthermore, the extension allows us
to relate the Mdbius function to monotone Hurwitz numbers in Section In fact,
the latter observation was discovered while working on the paper [HvIL22], which will
be discussed in Chapter [3] At a first glance, the new functional relations are very com-
plicated formulas. But they are actually combinatorial equations involving a sum over
certain bicoloured trees, and thus become more accessible when explained graphically.
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2 Higher order and surfaced free probability

We present and explain some examples of the formula in Section Afterward, we want
to address the proof of our main results, which splits into three major steps. These three
steps are explained in the three subsections of Section At this point, the relation of
multiplicative functions and partition functions in the Fock space is explained, but we
are lacking a reformulation of the moment-cumulant convolution formulas in terms of
the Fock space language. Hence, the first step is to reformulate the relations in terms
of an operator equation. Then, the second step is to manipulate the operators in the
Fock space, using the techniques of [BDBKS22, BDBKS23]. This establishes extended
functional relations in all genera, and we conclude by extracting the genus zero sector
to derive the functional relations in higher order free probability and thus answer the
question of J[CMSS07].

Naturally, our extension of the moment-cumulant formalism to higher genus comes
with a notion of freeness by the vanishing of mixed cumulants. We explain this new
extension of free probability in Section we call it surfaced free probability; following
ICMSS07, Appendix 9]. In order to show that this definition is sensible, we prove
important properties of freeness, for instance that freeness is independent of the choice
of generators of an algebra. Furthermore, we recover many known instances of freeness,
such as Voiculescu’s first order free probability, freeness of all order of Collins, Mingo,
Sniady and Speicher and surprisingly also the notion of infinitesimal freeness of Février
and Nica.

Finally, in Section we explain how our results relate to the theory of topological
recursion. In particular, we propose that our newly discovered relations in higher order
and higher genus can be reformulated in the language of differential forms and then
describe the = — y duality in topological recursion. We conclude this chapter with
further questions regarding the connection of free probability with topological recursion.

We want to emphasize that we changed the notation from [BCGF'23] to
present the results from a perspective catered towards free probability and
to align it with the rest of the notation.

2.1 Introduction and prior work

In this section, we recall some key results of higher order free probability. Mostly, we
will omit the proofs, they can be found in [MS06], [MSS07| and [CMSS07].

The motivation for higher order free probability was to capture a more refined be-
haviour of the eigenvalue distribution, namely the fluctuation around the limiting dis-
tribution. Our starting point is the observation that the fluctuation of the moments

tr(Aly) — A}gnoo Eftr Ay]

of a random matrix A = (An)nen are often asymptotically Gaussian of order %, and
the information is captured in the quantity

ko (Tr(Al), Tr(Ay)),
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2.1 Introduction and prior work

where ko is a classical cumulant; see Notation Mingo and Speicher studied
the limiting behaviour of these classical cumulants of traces in the case of Whishard
matrices. Their study of these examples led them to the following definition of a second
order limiting distribution; cf. Definition

Definition 2.1.1.
Let A = (An)nen be a sequence of N x N random matrices. The sequence (Ax)neN
has a second order limiting distribution if

o= lim dafir(43)] and gf = T ko(Tr(AR), TH(AR)
exists for all r,71,79 € N and

lim kn[Tr(AR), ..., Tr(Ay)] =0

N—oo
for any n > 3 and r1,...,7, € N.

Furthermore, they discovered that the limiting second order distribution of Whishart
matrices can be described by annular diagrams.

Example of an annular diagram.

Inspired by first order freeness, the question arose whether there is a notion of second
order freeness, i.e. a way of computing the limiting mixed second order moments of ma-
trices Ay, By provided we know the second order limiting distribution of the individual
matrices Ay and By. Using the combinatorial description in terms of annular diagrams,
they proposed the following notion of asymptotic second order freeness.

Definition 2.1.2 ([MNO04], [CMSS07]).
Let A = (An)nen, B = (Bn)nen be random matrices having a second order limiting
distribution. We say Ay and By are asymptotically free if

lim ko(Tr(Ay) — @ﬁ,Tr(BR?) —B)y=0 forallr,r €N

N—oo
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2 Higher order and surfaced free probability

and
i ma(Te(€s, (An)S, (Br) .- s, (Bw)), Tr(Qs, (An)$25, (BN) - - . Q5,,(Bn)))
A A A B B B
= 5m7n Z H(wrj+i+Fj - (p"‘j-ﬁ»i(ij)((’DSj-&-i‘i‘gj - 305]-+1-‘:0§j)7
=1 j=1

where we denote Q,(Ay) = Tr(AY) — ¢ (Q,(By) analogously) for all m,n € N and
71,815 5Tn,Sn € N, 71,81, ..., Tm, Sm € N.

This motivates the following abstract definition of a second order noncommutative
probability space and second order freeness. In the following definition, @2 plays the
role of the limit of ky(-,-) in Definition

Definition 2.1.3 ([MSS07], [CMSS07)).
i) A second order noncommutative probability space (A, @, p2) consists of the data
of a tracial noncommutative probability space (A, ), endowed with a symmetric
bilinear function

(pg:.AX.A—)C

that is tracial in both arguments, and it holds that

902(170’) = 902(@7 1) =0,
for all a € A.

ii) Let (A, ¢, p2) be a second order noncommutative probability space. We say that
the subalgebras A, ..., As C A are free of second order if

wa(a,b) =0,

where a and b are centered and belong to different algebras A;,,A;,. Furthermore,
any centered cyclically alternating tuples (a1,...,an), (b1,...,bn) satisfy

n

wa(ar, ..., an;bi, ..., bm) = 0mn Z w(a1bi4i) - - - o(anbnyi),
i=1

where the indices are understood modulo n.

Similar to the first order case, the freeness rule yields a formula for computing mixed
second order moments from individual ones, but in an inefficient way. Recall that in
first order, Speicher developed the free moment-cumulant formalism to overcome this
problem. In [CMSS07] the authors extend the first order moment-cumulant formal-
ism to second and higher orders. Using the second order machinery, they derive the
following second order analogue of Voiculescu’s asymptotic freeness in first order; see

Theorem [[L1.28
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2.1 Introduction and prior work

Theorem 2.1.4 ([MSS07)).

Let A = (An)nen, B = (By)nen be independent random matrices having a second
order limiting distribution, with at least one of them being unitarily invariant. Then A
and B are asymptotically free of second order in the sense of Definition [2.1.2

Furthermore, they derive analogues of the R-transform formula in second order. We
state their main results here in advance, without giving the precise definition of the
second order free cumulants.

Theorem 2.1.5 (J[CMSS07]).

Let (A, ¢, p2) be a second order noncommutative probability space and a € A. We
denote ¢y = p(a"), @i, = pa2(a”,a’) and let ki, Ky  be the first and second order
cumulants, then we denote

e.) (0.)
x) =1+ g Kix', M(z) =1+ E i
i=1 =1
and
1 12 11,12
$1,$2 E KVZI Z2.CIJ1 Ty, 1‘1,1'2 E @1171233‘1 Ty -
i1,02=1 11,i2=1

Then the generating series satisfy the functional relation in second order

M (@1, 2) = C(z1 M (21), CU2M($2))8II($1M($1)) Ox, (2 M (22))

M(x1) M (z2)
D, (1 M (1)), (2 M (1)) 1
”( (w1 M(z1) — 22 M(@2)2 (a1 —x2>2>‘

It also turns out that the second order cumulants capture freeness in an easier way
than the moments from Definition by wvanishing of mized second order cumulants.
This implies the additivity of the free cumulants

Theorem 2.1.6 (J[CMSS07]).
Let (A, ¢, p2) be a second order noncommutative probability space and a,b € A be
noncommutative random variables, which are free of second order. Then

,{;L—Fb +b

_.a b a a b
=K, +r, and kK Kys 1 Ky

where the k are the limiting free cumulants.
Remark 2.1.7.

Theorem [2.1.5] can be formulated in terms of the Cauchy- and R-transforms. With

Remark [[.1.21] and

11
TR C(x1,x
G(z1,22) = (IL‘11£L‘2 1) and R(z1,z2) = (SU111‘2 2)
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2 Higher order and surfaced free probability

we have (J[CMSS07, Corollary 6.4]):

1 1

G(x1, 2 :Glile/l’Q <RG$1,G332 -+ >— .

(11,22) = G (20) (2) (R(G(1), Oe2) + (o= g ) ~ Gz

More generally, they introduce higher order noncommutative probability spaces. These

are spaces equipped with even more functionals ¢,, n € N, and are motivated by limits
of higher order classical cumulants of traces:

ki (Te(A™), ... Tr(A™)).

The higher order free moment-cumulant formalism is then described by combinatorial
objects called partitioned permutations. We explain the theory of multiplicative functions
on the set of partitioned permutations in Section and the motivation from random
matrices in the following section.

2.1.1 Motivation from random matrices

Although the main result of [CMSS07] only proves functional relations for the moment
and cumulant generating series for second order (and reproves the R-transform formula
of Voiculescu for first order (Theorem [1.1.20), they introduce the moment-cumulant
formalism for all orders. As in the previous section, we have seen that the second order
moments are motivated by the limits of second classical cumulant of traces of a random
matrix A = (An)nen. The natural extension is to take limits of the n-th classical
cumulants of traces

Jim_ N2k, (Tr(AR), ..., Te(AW)), n,7r1,...,m €N, (2.1.1)
where the convergence order is motivated by computations for Gaussian and Wishart en-
sembles. Given random matrices Ay, ..., A4, d € N, the joint higher order moments can
be encoded using permutations in the symmetric group. Consider a cycle decomposition
of a permutation 7 =¢; ...¢, € S(d) and set

Ale = A Aiy - A,

for a cycle of length r € N and ¢ = (41, .., 1), where i1, ...4, € [d] are pairwise distinct.
We define

o(m)[A1, ..., Ad] = on(Aley, -y Ale,) = kn(Tr(Aley), ..., Tr(A4]e,)).

A posteriori we can see from Theorem that we need to deal with products of
different orders, thus it necessitates to develop a theory that can capture all levels £ < n
if we want to speak of freeness of order n. We will deal with these products by the
notion of partitioned permutations. Before we continue our motivation, we introduce
some notation.
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2.1 Introduction and prior work

Notation 2.1.8.
i) Let d € N, then we denote 14 = {{1,...,d}} € P(d).

ii) Given a permutation o € S(d), we denote by 0, € PS(d) the partition given by
the orbits of 0. Sometimes we omit the index o for convenience.

Given a permutation 7 € S(d), we introduce a partition V € P(d) that partitions the
cycles of m. More concretely, we require w(B) C B for all B € V. In other words, the
moved points of each cycle of 7w are contained in exactly one block of V. In this case, we
have 0, <V and often write m < V. Let us illustrate this idea by the following example.

Example 2.1.9.
Consider 7 = (123)(4)(56)(789), then

7 < {{1,2,3,4},{5,6},{7,8,9}} but = £ {{1,2},{3,4,5,6,7,8,9}},

since the cycle (123) does not leave the blocks invariant in the last example.

Then we can patch higher order moments together via

eV, m)[A1,..., Ad = [] e(m)slAs, ..., Adls] (2.1.2)
Bey
for any m <V, where Ay, ..., A4|p means we take only indices that are contained in the

block B. Let us illustrate this procedure again by an example.

Example 2.1.10.
Take m <V from the last example, i.e.

(123)(4)(56)(789) < {{1,2,3,4},{5,6},{7,8,9}},
then

(,O(V, 7T)[A1, NN ,Ag] = 902(A1A2A3, A4)<,0(A5A6)QD(A7A8A9)
= ]{Q(Tr(AlAzAg), TI"(A4))]€1(TI‘(A5A6))]{71 (TI“(A7A8A9))

Remark 2.1.11.

Let 7 < V with # € S(d) and V # 14, then one may think of o(V,7)[A1,..., A4
as a disconnected higher order moment. On the other hand, if V = 14, we think of
oV, m)[A1, ..., A4 as connected moments. This interpretation will become more evident
in Section 2.5

The latter discussion motivates the definition of the main combinatorial tool in higher
order free probability, the notion of partitioned permutations.
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2 Higher order and surfaced free probability

Definition 2.1.12.

A partitioned permutation of d elements is a pair (V, ), where V € P(d) and 7 € S(d),
such that 0, < V. We denote by PS(d) the set of partitioned permutations of d elements
and write PS = (J 5, PS(d).

Before we continue, let us give some visualisation of this definition in the following
example.

Example 2.1.13.

One may visualize the partitioned permutation (V,7), with V = {{1,4},{2,3,5}} and
m = (14)(23)(5), by the following diagrams. The cycles of 7 are contained in the blocks
of V, we are indeed partitioning the cycles of the permutation.

1 1

S.i o2 5 e 2

4 %3 4 3
V= {{1,4},{2,3,5}} = (14)(23)(5)

L 1
5 o(% 2 5 e 2
4 3 4 3
YV, ) V,7)

In the last picture we want to emphasize the disconnectedness of the quantity ¢(V, 7).

Also, cf. Example [2.1.22]

By calculations in the unitary group, more precisely by the so-called Weingarten
calculus (see [Col03]), the authors of [CMSSQ07] obtain the following theorem, which
defines the asymptotic free cumulants of higher order.

Theorem 2.1.14 (J[CMSS07]).

i) Let n € N and 47 = (AY)nen, ..., An = (AY)nen be random matrices, then we
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2.1 Introduction and prior work

define correlation moments| by
on (A1, ... Ap) = kn(Tr(AY), ..., Tr(A)))

and their extension to partitioned permutations (V,7) € PS as in (2.1.2]). The
corresponding cumulant functions are defined by

NV, )AL, ... A = Z oW, 0)[A, ..., An]Cé\;va(mr*l),
W,0)ePS(n)

(2.1.3)

where

Covwylon™) = Y MsbU,V)WgU,or ")
UeP(n)
V>U>0-VW
is the relative cumulant of the Weingarten function. If the AY = (Az(?)fyjzl for
k =1,...,n are unitarily invariant and n < N, then
KLy, T)[A1, ..., An] = kn(Ag}iw(l), - ,Agggﬁ(n)),
for distinct 41, ..., %y,.

ii) Let A; = (AM)nen,---, An = (AY)nen be unitarily invariant random matrices
and By = (BY)nen, - -+, Bn = (BY)nen independent from Ay, ..., Ag. Then

NUANABL. AB= Y WA W,0)B], (214)
V,m),(W,0)ePS(n)
VWW=U ,y=mo

where we abbreviate A = Ay,..., A, and B = By,...,B,.

Remark 2.1.15.
Instead of (2.1.3) one can write the defining equations implicitly as
NUNAL A=Y sNAL LAY, mNFT (2.1.5)

V,m)ePS(n)
Vwyr~l=U

Recall from Equation (2.1.1) that we assume the leading order of the correlation
moments to be N>~". Then we can deduce the convergence order for the cumulant
functions.

Note despite being defined via classical cumulants, these quantities play the role of moments in this
theory.

71



2 Higher order and surfaced free probability

Theorem 2.1.16.
Let Ay = (AM)nen, .-, Ag = (AéV)NeN be random matrices such that the limits

lim N" 2k, (p (AN, ... AD), . pa(AY, ..., AT))

N—o00
exist for all n € N and all choices of polynomials p1,...,p, € C(z1,...,24) in d non-
commuting variables. Then we say Aj,..., Ag have a (joint) limiting distribution and

we have that for the cumulants of (2.1.3) the limits

lim N2V N (Y )AL, A

N—oo

exist for any (V,m) € PS(d).

Remark 2.1.17.
If Ay = (AY)nens .-, Ag = (AY)nen have a joint limiting distribution, then ¢ (V, )
is of order N2#V—#m,

Therefore, we find for the leading order the equation in Equation ([2.1.4])
Iyl = 2[U| = (=] = 2[V]) + (|| = 2[WI),
where Y =V VYV and v = 7o.

Remark 2.1.18.

Let us also mention here that the results of [CMSS07] were rediscovered and connected
to recent developments. Theorem was rediscovered in [BGF20] and formulated
in terms of (strictly) monotone Hurwitz numbers. Moreover, they discovered that com-
binatorial maps and a special variant, fully simple maps, satisfy the relations of Theo-
rem These developments started the interest in connecting free probability theory
to the theory of topological recursion and started the collaboration [BCGE™23].

2.1.2 Multiplicative functions on PS

In the last section, we have seen that the higher order limiting distributions admit a
description in terms of so-called partitions permutations. Furthermore, the leading order
can be expressed in terms of the involved partitioned permutations. These observations
motivate the following combinatorial framework for higher order free probability.

Definition 2.1.19.
Let d > 1 be an natural number.

i) Let (V,m) € PS(d) be a partitioned permutation, then we define its colength by

|V, m)] = 2[V] = [x].
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2.1 Introduction and prior work

ii) Let (V, ), W, o) € PS(d) be partitioned permutations. We define their product
by

(uwyoygﬁzgvvwvm)ﬁKVWN+WNJN:KVvavm

otherwise.

We will usually omit - and just write (V, 7)(W, o) for the product of two partitioned
permutations.

Remark 2.1.20.
The product of partitioned permutations is associative and for d > 1 not commutative.

Lemma 2.1.21.
i) The multiplication of partitioned permutation is associative and (O, e) is the neu-
tral element, where e € S(n) is the identical permutation.

ii) The colength of a partitioned permutation (V, ) is a nonnegative integer, and it

holds
(0, )| =[],
(V™) =D [(1gs, 78], (2.1.6)
Bev

where we have made a choice of bijections [#B] — B to consider (1yp,q,) €
PS(#B), but its colength appearing on the right-hand side is independent of
these choices.

iii) We have a triangle inequality
YV W, o) < |(V,7)] + (W, o),
more precisely there is an integer g > 0 such that

|(VVW, )| = |(V,m)|+ |(W,0)] — 2g. (2.1.7)

Let us discuss some examples to clarify the definition of partitioned permutations and
provide some graphical interpretation.

Example 2.1.22.
The condition in Definition [2.1.19|should be interpreted as a planarity condition, consider
m1 = (14)(235), m2 = (15)(2)(34), (0, V Or,, m1m2) = (15, (123)(45)). Then we have

|(07T177T1)’ = ’771| =5-2=3,
[(Ory, m2)| = [m2| =5 -3 =2,
(15, (123) (45))] = 2(5— 1) — (5 2) = 5.
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2 Higher order and surfaced free probability

Thus the condition in Definition [2.1.19|is satisfied, and the product is indeed defined to
be nonzero. Let us visualize this situation with the following diagram.

[T fof -y

Planar product of partitioned permutations.

On the other hand, we may consider the case
(15,71)(0ry,m2) =0
since
[(X5, )| + |(Oxy, m2)| =5+ 2 =7>5=[(15, (123)(45))].

This case should be considered as non-planar and visualized as follows.

(57 fof -

Non-planar product of partitioned permutations.

Since in both examples the partition of the product is 14, one should interpret them
as connected objects and the value ¢(15, (123)(45)) as a connected moment.

Remark 2.1.23.

The authors of [CMSS07] did not consider non-planar products, since they vanish in the
limit in the random matrix case. Therefore, they are not part of classical (higher order)
free probability theory. Allowing such products was the key for realizing the connec-
tion between the Fock space language of [BDBKS22, BDBKS23] and free probability.
Their machinery provided a solution for the problem of finding higher order functional
relations. We will discuss the more general framework in the Section

With this framework of partitioned permutations, we can rephrase the leading order

part of Equation ([2.1.4):

(U, 7)[A1B1, ..., AnBy] = > £V, m)[Alp(W, 0)[B],

V,my(W,o)=U,Y)
V,m),W,o)ePS(n)
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where we left out the superscript to indicate that we deal with the leading order terms.
Despite the fact that the partitioned permutations do not form a lattice, the theory of
multiplicative functions can be developed surprisingly in parallel to the first order. We
continue by explaining the theory of [CMSS07].

Definition 2.1.24.
Let d € N, f,g: PS(d) — C be functions and (V,7), (W, o), (U,~) € PS(d).

i) We say the function f is multiplicative if

fw,m) =[] fQss 7ls)

BeV

and values f(14,7) only depend on the conjugacy class of m € S(d).

ii) We define the convolution of f,g to be the function defined by

FrgU )= >, fVm)gW,0).

V) W,o)=U,)
Comparing the leading order in Equation we find that
H#y — 24U = #1 — 24V — n 4+ #yr L
Writing o = y7~! and subtracting n we obtain
(U] =1V, ™) +1(05,0)].
Thus in the limit reads

oU,)[A1,..., A = > k(V,7)[AL,..., Ay (2.1.8)
(V,Tr)(00-70')=(u,’y)

and motivates the following definitions.

Definition 2.1.25.
We define the following functions.

i) We define the delta-function 6: PS — C by

5(%%):{1 if (U,m) = (0c,e),

0 otherwise.

ii) We define the zeta-function (: PS — C by

1 ifUd =0,

0 otherwise.

C(ua 77) = {

75



2 Higher order and surfaced free probability

Lemma 2.1.26.

i) The delta function is the neutral element w.r.t. the convolution of Definition[2.1.24

Sxf=fro=F,
for any function f: PS — C.

ii) The zeta-function is invertible w.r.t. to the convolution of Definition [2.1.24] We
denote its inverse by pu: PS — C and call it the Mdbius-function on PS. Formally,

wxC=C*p=0.

Definition 2.1.27.
Let ¢, k: PS — C be functions. We say ¢, k satisfy the (higher order) moment-cumulant
relations if

©=K*(,

or equivalently
K= Q%[

2.1.3 Proof of Theorem [2.1.5|

The derivation of the second order functional relations in [CMSS07] relies on investigating
the combinatorics of partitioned permutations. By Definition [2.1.27] the second order
moment-cumulant relations are given by

‘p(lda '77‘177‘2) =R* C(ldu 77“1,1“2)
= > K(V, )W, 0)

v,m) (an):(ldﬁrl ,ro )

= Z k(V, ),

(V,W)(OU,U):(1d77r1,r2)

where n = r1 +ro. Thus, in order to understand the right-hand side, we must investigate
the possible factorizations

(V77r)(007‘7) = (1da')/r1,r2)- (2.1.9)

The following classes of partitioned permutations are particularly important when char-

acterizing the solutions of (2.1.9).
Definition 2.1.28.

Let d,r1,72 € N such that d = 7 + r2 and 7y := 7, »,. We define the following sets of
(partitioned) permutations.
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2.1 Introduction and prior work

i) The set of (14,7r,,r,)—noncrossing partitioned permutations

PSNC(TLTQ) = {(V,ﬂ') € PS(d) |(V,7T)| + ‘(071'—17771-71’7)‘ = d}

ii) The set

Snc(ri,m2) = {m € Sq: |7| + |V rom | = d and (7,4, 1) is transitive}.

Recalling that the product of partitioned permutations must satisfy
|V, )+ W, o) = [U, )],

a careful case-by-case analysis of (U,v) = (14, Y, r,) in [CMSS07] yields the following
result.

Proposition 2.1.29.
For r1,79 € N, the solutions of the equation

(Lritra Vo) = (V1) - (W, 0)
are exactly of the following forms:
i) we have
(Lri4rs Yrire) = (O, ) - (wal«/,nl,mﬂr_l’}’n,m%
where m € Sno(r1,72);
ii) we have
(Lrira, Vo) = (Vo) - (Oﬂ_l’yrlyr2’7r71fyr1,1”2)7

where m = 7 X my € NC(r1) X NC(r3) and #V + 1 = #m, where V contains a
block that consists of the moved points of two cycles, one of w1 and one of 7o;

iii) we have
(1T1+7’2a'7r177’2) = (Oﬂv 77) : (Waﬂil%’hm)v

where 771y, », = 01 X 02 € NC(r1) x NC(r2) and #W+1 = #0, where V contains
a block that consists of the moved points of two cycles, one of o1 and one of 9.

Later, we want to discuss the difficulties of [CMSS07] of deriving functional relations
for the higher order moment-cumulant formalism in n > 3. Thus, we sketch the proof
of Proposition [2.1.29
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2 Higher order and surfaced free probability

Sketch of the proof. First note that
|V, )|+ WV, 0)[ = |(VVW,70)]|
can be rewritten as
(VI =I[xl) + (Wl =lol) + (VI + W= VVW]) = 110, = [yrr| = 1. (2.1.10)

Since every term in brackets on the left-hand side must be positive, we have the following
possibilities

) V=, Wl=lal, VI+W[=[VVW +1;

i) V=[x +1, Wl=lal, V[+W[=[VVW]

ii) (V| =|x|, W|=|o|+1, [V|+W]=VVW|
Each of these cases corresponds to one of the claimed factorizations. ]

Remark 2.1.30.
i) The factorizations of the cycle (1,7,) = (V,7)(W, o) can be identified with the

noncrossing partitions and hence recover the theory of Speicher; [Spe94].
ii) The assertion of Proposition [2.1.29| can be formulated as

PSnc(ri,re) = Sne(ri,re) U Tne(ri, r2),

where Tyc(r1,72) consists of the partitioned permutations (V,m) described in

Proposition [2.1.29 part ii).

iii) One can easily adapt the definitions and the proof of Proposition [2.1.29|to obtain
a result for arbitrary v, . ., where n,r1,...,r, € N. We will discuss this matter

in Section 2.1.4]

Example 2.1.31.
Let us also give a visual interpretation of the result above. As mentioned above, for one
cycle we obtain the combinatorics of the classical results of [Spe94].

Elements of NC(r).
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The diagram corresponds to the formula

Pr = 90(17‘7'71") = Z C(Oﬂﬁﬂ-)’{'(oﬂ_l'y) = Z R

TeNC(r) weNC(r)

In second order case, we need to study the following diagrams.

Elements of Syc(r1,72).

Elements of Tyc(r1,72): 71 X 72 connected by a partition V.

These diagrams correspond to the moment-cumulant formula

Prire = @(17‘14*7’2777'1,7‘2) = Z '%(Oﬂ‘aﬂ-) + Z K‘(Vvﬂ-l X 71—2)‘

ﬂESNc(ThTQ) 7T1X7TQENC(T1)XNC(T‘2)
V connects two cycles

We conclude this section by sketching the proof of the second order functional relations

of [CMSS07].

Sketch of the proof of Theorem [2.1.5. Recall that we are interested in functional rela-
tions between the generating functions

oo oo
C(z) = 1—1—2&?:&, M(zx) = 1—|—Zgo$xi
i=1 =1

and
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2 Higher order and surfaced free probability

1,12 — i1 ,.12
C(z1,x2) g K in 1 T M(z1,29) = E O i T TS

i1,02=1 i1,i2=1

Thus the strategy is to multiply the equation

Prira = 90(17“1—#1”2”77‘1,7“2) = Z E(OW’ 7T) + Z ”(Vaﬂ-l X 772)

7T€3Nc(7‘1,7‘2) 7r1><7r2€NC(T1)><NC(7‘2)
V connects two cycles

(2.1.11)

by powers of formal variables x}', z5? and summing over ri,rg > 1. But to recover the
base levels k, r, and &, from the summands in each of the sums of (2.1.11)), we must
unwind the multiplicative structure of (05, 7) and k(V, 71 X m2). A term in the second
sum must be of the form

Rsy,s0Ray - -+ ,‘Qasl Rpy - .- lﬁ:bsz,

where a1 + -+ + a5, +s1 =71 and by + -+ + bs, + s2 = 2. It is easy to see that this
kind of terms will yield the expression

Oy (1 M (21)) Oy (22 M (72))
M (z1) M (z2)

C(x1 M (x1), xoM (2))

when multiplying 7', z5* and summing over r1,72 > 1. The leftover term is the sum
over T € Syc(ri,72), which can be reduced in two steps. First we can rearrange the
terms in a way that we only sum over 7 that have only through-cycles, that is, every
cycle of 7 contains elements of {1,...,71} as well as elements from {ri+1,...,r1 +7r2}.
The set of all © that only have through cycles is denoted by Sk o (r1,72). This idea can
be formulated by introducing a new multiplicative function via

Kr = Kr,
'%7'177'2 = %(1T1+r277r1,r2) = Z 5(077777)’

neSUL (r1,r2)

which leads to

> K(Ogm) = > RV, 7). (2.1.12)

T€SNc(T1,72) 1 X2 ENC(r1) X NC(r2)
V connects two cycles

Let us give a small example to clarify the idea of (2.1.12)). Consider the partitioned per-

mutation (V,m) = ({{1,2,4,5}{3}{6}}, (12)(45)(3)(6)) in NC(3) x NC(3), understood
as permutations of the sets {1,2,3} and {4,5,6}.
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(V,7), dashed lines represent the block
connection of V.

Then on the right-hand side of (2.1.12)) we have the terms

RV, m) = R(La, (12)(45))%(11, (3))r(11, (6))
= (r(0,(1245)) + £(0, (1254)) + (0, (14)(25))
+ (0, (15)(24)))r(1, (3)) (1, (6))
= (0, (1245)(3)(6)) + (0, (1254)(3)(6)) + #(0, (15)(24)(3)(6))
+£(0, (14)(25)(3)(6))-

Roughly speaking we replace the one block connection of an element in Tyc(r1,72) by
all possible through-cycles.

Putting a 4-cycle in the block. Putting two pairings in the block.

We continue with the proof. Assume we have m € Sy¢(r1,72) with a through-cycle
c of length s = a + b, where a is the number of points of ¢ in {1,...,7r;} and b the
number of points of ¢ in {r1+1,...,71+72}. Then, for the non-through cycles, there are
only finitely many possibilities left. These are characterized by a choice of noncrossing
permutations 7y,...,m; € NC(r1 —a) and 01 ...05 € NC(ry —b), with @ < a, b<b,on
the remaining points with the restriction that they cannot cross the through cycles. Let
us illustrate that by the following diagram.
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2 Higher order and surfaced free probability

Blue: possible non crossing configuration of cycles on just one of the circles.
Yellow: through cycle connection.

Thus, one gets (similar to the first case) a contribution
Fsy sobay - - - Kag, Kby - - - Kby,
which will correspond to a term
C(x1 M (1), 2o M (3))

and we are left with analyzing the function

E 71 7“2
.7}1,.7}2 /@'n,mazl .

71,72

By a counting argument for the elements in Sf{}lc(rl, r9), we have

/2},,41’,,42 =T2 E § E T1Rai1+by - - - Ra,+b,

r>1 ai,...,ar>1 b1,...,br>1
a1+-+ar=r1 by+---+br=r2

and we obtain the formula

C(x1, 22) = 12205, 8y, log (9510(962) - xZC(zl))

Ty — T2

Putting everything together yields the theorem. O

2.1.4 Functional relations beyond n = 2

In this section, we want to briefly review the problems in order bigger than two. Recall
that the first step towards deriving the functional relation in [CMSS07] for order two
was investigating the possible factorizations (2.1.9). For the case n = 3, the equation is
given by

(V7 71') (07” 7r) - (1T1+7‘2+7“3 ) 77“1,7“2,7“3)'

We denote the obvious generalizations of the sets PSyc(ri,r2) and Syco(ri,r2) by
PSnc(ri,...,r,) and Sye(ry, . .., ) which are defined by replacing vy, 7, by ¥r,.. ., i
Definition As already noted in [CMSS07], Proposition can be generalized
to arbitrary n. Let us discuss n = 3.
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Proposition 2.1.32.
Let r1,72,73 € N and denote d = 71 + 72+ 73, ¥ = ¥p, ro,r;- LThe solutions of the equation

(lda’)/) = (V’ 7T) ’ (Wv U)

are exactly of the following forms.

i)

i)

iii)

iv)

‘We have

(1g,7) = (0,7) - (0,7 1),
where m € Syo(r1,72,73).

We have

(1d7'7) = (Vv 7T) ' (0771—71'7)7

where either

a) m € NC(r1) x NC(ra) x NC(r3), |V| = |r| + 2 and V connects three cycles
¢ € NC(ri),1=1,2,30f w

or

b) m € Snc(ri,rj) x NC(rg), |V| = |n| + 1 and V connects two cycles ¢; €
Snc(riyri), e2 € NC(ry) of .

We have
(1a,7) = (0,7) - (W, 7719),
a) ™ € NC(r1) x NC(r2) x NC(r3), [W| = |7~ 154| + 2 and W connects three
cycles ¢; € NC(r;), i =1,2,3 of 71y
or
a) m € Sno(ri,rj) x NCr), W| = |77 19| + 1 and W connects two cycles
c1 € SN0<7‘Z',T’]‘), Ccy € NC(T’k) of Wfl’y.
We have

(1da7) = (Vv 7T) : (Wvﬂ_17)a

where m € NC(r1) x NC(r2) x NC(r3), |V| = || + 1 and V connects two cycles
ci € NC(r;),¢c; € NC(r;) of m and [W| = |r71v| + 1 and W connects two cycles
c¢i € NC(ri),cj € NC(rj) of 1.

Remark 2.1.33.
Note that the case iv) in Proposition [2.1.32|does not contribute anything to the moment-
cumulant equation, since the zeta function yields zero, ((V,7) =0, if V # 0.
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We discuss the diagrammatic interpretation of Proposition [2.1.32| with the following
examples.

Example 2.1.34.

e Case ii) a): the following kind of diagrams give a true third order (cumulant)
contribution to the moment-cumulant formula. They have a partition connection
of order three.

TS 3,.2
Contribution: Ko 2 1K3K5K7.

e Case ii) b) involves the following kind of diagrams, giving second and first order
(cumulant) contributions to the formula. They only have a partition connection of
order two.

Contribution: /%22%4/‘%3/-6%/61.
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e The case i) is the most complicated, since the first order connections are coming
from the permutation. The following two examples have cycle connections to all
three orbits of vy, ry rs-

OQ OMXC

Two cycles connecting three orbits (cir- One cycle connecting three orbits, but
cles). touching the upper one twice.

Note that in the right picture the outermost cycle connecting all three circles
forbids connections between the bottom two circles (such would disturb the pla-
narity), where on the configuration on the left there is no such restriction. But
there might also be permutations that do not involve cycles permuting points of
all three orbits of v at all.

(DA

Example with no cycles that connect all three circles.

Now the cases ii) (or iii)) a) and b) in Proposition [2.1.32] can be dealt with similarly as
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in the case n = 2. If they give a true third order contributions, then we have summands
of type

Ks1 50,535k -« Kk, M, 81,852,853, k1,...,kp €N
which sums to
Cs(x1 M (1), v2 M (22), 23M (23))

in the functional relation (see. Example [2.4.3]), where C is the generating series of third
order cumulants. On the other hand in case ii) a) and b) there are factorizations that
combine a second order with first order terms, which will contribute as a summand

(sz(xz) — .CCkM(.CEk))Q

Co(xiM (2i), ;M (z5)) +

and
Cg(sz(wz), xJM(xJ))CQ(sz(xZ), ka(xk))

As already stated in [CMSS07], it turns out that the hardest part is to mimic the proof
for the contributions of elements in Syc(r1, 72, 72). Still, one can reduce the discussion
to Sja\}lc(’r'l,Tg,?”:;), elements consisting of only through cycles. But the analysis of the
latter becomes a tedious case by case analysis, which can be seen from part iii) of the
last example.

Let us finish by a final remark on the situation beyond n = 3 and combinatorial
approaches towards reproving our formula in [BCGFT23].

Remark 2.1.35.
i) For n = 3 it is still doable to study the elements in Sj’{}lc(n, ro,r3) and the author

is confident that his computations recover the formula for n = 3, but this will
not be not part of the thesis and is still a work in progress. For n > 3 it is still
necessary to unwrap the conceptional simplifications of the term corresponding to
Sj’{}lc(rl, ...,ry) and it seems out of reach to do the case by case analysis without
the latter.

ii) Let us also emphasize that recently there has been a fruitful combinatorial approach
by L. Lionni [Lio22] using hypermaps to study the moment-cumulant relations. In
particular, there is also a proof for n = 3 and a reformulation for general n that
reduces the proof to understanding terms from so called non-separable hypermaps.
The latter, from the point of view of partitioned permutations, correspond to

understanding S&%- (rq, ..., ).

2.2 Extension to higher genus

In this section, we will present a generalization of the theory of [CMSSQ0T7]. The idea is
to include more information of the distribution of noncommutative random variables,
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inspired from sub-leading orders in random matrix theory. In this way, the connection to
the notion of topological partition functions in the bosonic Fock space is more apparent.
This connection will then be discussed in the next section, Section Recall from the
random matrix case or (2.1.5)), that the authors of [CMSS07] were only interested
in the leading order terms, i.e. the terms
lim NN @ 4)[Ay ..., Al
N—oo

But ™) (U, 7)[A1, ..., Ay] typically admits an expansion in N, called genus expansion.
Thus, to capture the subleading orders of N, we will extend the notion of multiplicative
functions of f: PS — C by allowing

f: PS — C[A]

for some formal parameter h. The idea behind this is to model the random matrix
behaviour in subleading orders, i.e. to enforce a genus expansion on the abstract level

Priyern — 90(1d77T1,---,7“n) = Z(p[g}(ldv77“17---77"n)h|(1d7%1 """ Tn)‘+297 (2'2‘1)
920

"{/7’17---77"71 = K(1d77717---77'n) = Z K/[g](ld7/77’17---77"n)h‘(1d7'yrl 7777 Tn)|+2g? (222)
920

where d € N, v € S(d). Additionally, we must allow the product of two partitioned

permutations to generate a higher genus (cf. Theorem [2.1.14]ii) and Lemma [2.1.21]iii)).
Thus, the following definitions extend Definition and Definition [2.1.25

Definition 2.2.1.
Let (U,~), (V, ), (W, o) € PS(d) be partitioned permutations and fi, fo: PS(d) — C[h]

two functions.

i) We define the extended multiplication ® of partitioned permutations to be

V,m) o W,0) = (VVW,r0).
ii) The extended convolution of two functions is

(hr® f)U,y) = > AW,7) (W, 0). (2.2.3)

(V’W)Q(W’O—):(uﬁ/)

Definition 2.2.2.
We define the following extensions.
i) The extended zeta function (n: PS — C[h] is
mTl ity = o,

0 otherwise.

Ch(va 7T) = {
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ii) The extended Mobius function py: PS — C[h] is uniquely determined by

ph ® Cp = Cp ® pp = 9,

where § is the delta function of Definition 2.1.25] but understood as a function
PS — C[A].

Lemma 2.2.3.
The Mobius function py exists.

Proof. For the existence of py, we view functions PS — C[h] (and their ® convolution)
as elements of power series over the group ring C[PS(d)|[h] (with product induced by
®). In particular, we have

- ¥ o)

meS(d

Its constant term, i.e. the coefficient of A° is exactly (0., e), since the only permutation
with zero colength is the identity. Since (O, e) is the unit for ®, (3 is invertible as a
power series in C[PS(d)][h]. We denote its inverse by . O

Definition 2.2.4.
A function f: PS — Cl[A] is called multiplicative if for any d € N and m € S(d), the value
f(14,7) depends only on the conjugacy class of 7, and for any (V,7) € PS we have

m) =[] fss.mp).

BeB

Lemma 2.2.5.
i) The convolution of two multiplicative functions is again multiplicative.

ii) The zeta function and the Mdbius function are multiplicative.

Proof.
i) Let (V,m)(W,0) = U,7), i.e. VVIW = U and v = 7o, then we have VW <
U. Thus, the blocks of V, W must be contained in the blocks of ¢/. By the
multiplicativity of f,g we get

fW,m)g H f(Vomly) H g(W,olw)

vey wew
=11 II rvo=lv) TT oW, alw).
veuvcUu wcU

The blocks U € U must satisfy

~(Uv)v( U w)=s v,

vey wew
vcu wcU
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i)

If we would have Sy(U)VTy(U) < 1y then either there is at least one point i € U
which is not contained in any of the V’s and W’s in the union. But there must be
blocks V', W' containing i and V', W’ ¢ U and by definition there must be a block
U’ of U containing both. Then U’ must contain 7 and as the blocks of & must be
disjoint it agrees with U, which is a contradiction. Moreover, we know that 7 and
o decompose respecting the blocks of V resp. W, such that m = [, 7|y with
7|y pairwise disjoint, similarly for o. Thus, we have 7|y = HVGV’VCU Tly =7s,,
oly = o|n, @) and since o(U) = U we must have 7|y = 7oly = 7lyoly =
7|sy,0| 7y, (7). Thus, we have shown that

(Sv(U), 7l s, @) (TwU), oln, ) = (U 7[vr)

and vice versa every factorization for a restriction to a block,

Url) = V(U), m0)(Wo(U), 00),

gives rise to a factorization (U,7y) = (V,m)(W,0) via V = {Vp(U): U € U} and
7 = [ [yey 7l and similarly for (W, o). Thus,

fegUy = > fV,mgW,0)

U )=V,m)(W,0)

= > IT II rvimlv) I 9Woolw)

U )=V, W,0) UeU VCU WcuU

_ Z H FSV(U), mls,(U)g(Tw(U)), o1y, 1))

U=V, m)(W,0) UelUU

=11 > F(Vo, 70)g(Wo, a0)

velu (Vo,m0)(Wo,00)=Uv)

=[] feg@A).

veud
The fact that the value only depends on the conjugacy class is clear by

Y =70 < 7'7177’ =1 nrr ot
and the fact that f,g are multiplicative, i.e. their value only depends on the
conjugacy class of the argument.

It is easy to see that the zeta function is multiplicative: let (W, 7) be a partitioned
permutation with 7 = ¢1...¢, € S(d), where ¢; ... ¢, is the cycle decomposition of
7 into cycles of length s1,...,s, € N. If V # 0, then, {(V,7) = 0 and since there
is a block B containing at least two cycles of m, ((B,7|g) = 0. On the other hand
if V = 0,, then

C(Oﬂaﬂ-) _ h|7r\ _ hd—#ﬂ' _ hsl-‘r"'-‘rsr—T — |Cl‘+ Fler| — Hh|01| — H C 1Ba7T|B
Be0,
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2 Higher order and surfaced free probability

Now recall hat py, is the inverse of ¢ in C[PS(d)][h] w.r.t. ®. These relations can
be written down explicitly: we write g, r, = p(1a,71,...,7) if ri+---+r, =d,
then we have

I=m

0= huz + p1,1

0= pg + p(02, (1)(2)) + hp 1
0=p11,1+ 3huoy + 252 113

In general we have

0= )
(07?)7‘—)(])70'):(1%7?“1 ,,,,, ?“n)
= Hry,.rn T hh‘:u(vﬂ U)'
(Oﬁfw)(vvg):(ldﬁ/rl 77777 Tn)
(0,m)#(0c€)

If we expand these equations multiplicatively, they determine the values p,, .. r,
uniquely. Thus we may define a function M: PS — C[Ah] by these relations on
(14, 9r,...rn) and on (V,m) by multiplicativity:

MW, x) =[] M(1p,7|5).
Bey
Then we have

¢coMW,m) =[] ¢® Mg lp)
Bev

= [[ s(1.7l5)

Bey
=0V, m),

where we used ii) in the first equality and the defining relations of M in the second
equality. Thus M is the convolution inverse and must agree with p. In particular
1 is multiplicative.

O]

Moreover, as in the genus 0 case, the convolution of two multiplicative functions is
commutative:

Lemma 2.2.6.
Let f,g: PS — C[h] be two multiplicative functions. Then

fi® fo= fo® f1.
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2.2 Extension to higher genus

Proof. Let (V,m),(W,0),(U,7v) € PS be partitioned permutations, such that (V,7) ®
W,o) = (U,7). Thend = VVW and moo = ~. This can also be written &/ = WVV and
o~ or™! = ~71. The support of cycles of a permutation and its inverse are the same:
0, = 0,1, etc. Therefore, (V, 77 1), W, o~ 1), U,y 1) are still partitioned permutations
and (W,o Y o (V,771) = (U,~!). Since 7 and 7! are conjugated, a multiplicative
function takes the same values on (V,7) and on (V,7~!). Then, relabelling (V, ) into
(W,o71) and (W, o) into (V,771) in equation (2.2.3) shows that f ® g = g ® f. O

Definition 2.2.7.
Let ¢, k: PS — C[h] be functions. We say ¢ and k satisfy the extended or all genera
cumulant relations if

C=C®K

or equivalently
K= [p ® Q.
Lemma 2.2.8.
Let ¢, k: PS — C[h] be two multiplicative functions with
eV, ) = WYV, 1) + oAV and k(V, 1) = BV ko (V, 7) + o(RIV)

for any (V,7) € PS. Then ¢y, kg define multiplicative functions g, ko: PS — C and
the relation ¢ = (; ® k implies g = ( * ko in the sense of [CMSS07].

Proof. Let d > 0 and (U,~) € PS(d) then by definition we have

eU,v) = ® kU, )
= > (Y, m)R(W, o)

(Vvﬂ') (W,O’):(U,’y)

= Z A (W, o)

(071' vﬂ-) (an):(uﬂ/)

Hence, if we take the AU coefficient, we obtain

poU,7) = (A > ATe(W, 0)
(O, m)(W,0)=(U,7)
ST WY o+ 0v.0) )

(071' 77‘—) (an):(uﬂ/)

= Z koW, o)
(07,m)(W,0)=(U7)
7]+ (W,0) |=I(U )]

= (* I{(u,’y),
since |(U, 7)| = [(0x, m)(W,0)| < || + (W, 0)]. O
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2 Higher order and surfaced free probability

2.2.1 Hurwitz numbers and the Maobius function

There is a close relationship between the Mobius function and (monotone) Hurwitz
numbers. This is not surprising, since the M6bius function originates in the calculations
for unitary random matrices (c.f. Theorem using Weingarten calculus. More
precisely, the Mobius function is given by the cumulants of the Weingarten function, see
I[GGPNI14]. Also, there is a nice exposition of a more general case for random tensors
in [CGL23]. In this section, we want to study the relationship of free probability to
Hurwitz numbers from the viewpoint of partitioned permutations. This will be important
in Chapter |3 which is based on the collaboration of the author and his coauthors in
[HvIL22]. Furthermore, the connection of the zeta and Mobius function to (strictly
monotone) Hurwitz numbers and their generating function is one key ingredient for the
proof of our main result in [BCGF'23].

Lemma 2.2.9.
It holds that

p(V,m) =6V, m) + > (1) > plot |+ +ow|
k=1 (Oo‘l ,Ul)...(O(;€7O'k):(V,7r)

for any (V,7) € PS.

Proof. Let d > 1 and recall the geometric expansion in C[PS(d)][A], then we have
== G-

o0

=0+ (D¢ -0

:5+§:(—1)k< > C(W,U)(W,U)Y

(W,0)ePS(d),m#e

:5+i(—1)’“< > h“'(oﬂ,w)y

k=1 (0r,m)EPS(d),m#e
- 5+Z(_1)k Z h‘01|+..‘+|gk|(001’01)"'(Odkvak)
k=1 (051,01)+(05,,0%)EPS(d)
O'i75€
=5+ > (WV.mD (-DF > plonlt okl
V,m)ePS(d) k=1 (061,01)+(00, ,0%)=(V,T)
oiFe
Thus, taking the coefficient for fixed (V, ), we obtain
p(V,m) = [V, m)ln=6(V,m) + > (-1 > plorttlon,
k=1 (2 7<71)~~~(0[;£,Uk):(VJr)
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2.2 Extension to higher genus

O]

This formula enables us to identify u as the generating function of a weighted version
of the free group Hurwitz numbers of Definition [1.3.10

Corollary 2.2.10.
The function p is the generating function of alternating simple monotone free group

Hurwitz numbers, i.e. let u = (n1,...,n;) - d be a partition, then
o0
,“(lda 'Ym,..-,m) = Z hkC}U (nl? cees nl)v
r=0
where

Ch(na, o) = (~DF 2, (1. 1), (01, ).
Proof. If we take d > 1 and (V, ) = (14,Vn,,....n,) € PS(d) in Lemma we find
M(1d77n1,...,nl) = Z(_l)k Z ]‘7:|0-1|+"'+|0—k|‘

k=1 (0‘7170—1)"'(00k70k):(1d7"/n1 ..... nl)
oiFe

For any fixed value r = |o1| + - - - + |oj| we have
k<lo+-+|owf =

so only finitely many values of k, namely k = 1,...,r, contribute to the coefficient of i".
Thus, we may sum over 7 instead. We have

(g Yy omy) = 3BT (=1)F > 1,

r=1 k=1 (001 701)"'(00k10k):(1d77n1 ,,,,, "l)
oiFe, 01|+ +log|=r

where the last sum counts factorizations of vy, . »,, i.e. of a fixed permutation of given
cycle type (ni,...,n;) (w.l.o.g. nj+1 > n;), such that

o |o1|+ -+ |ok| = r or equivalently #o1 + - -+ + #op, = dk — r, and
e 0,,V---VO0,, = 14 or in other words, {01, ...,0%, Yn,,..n, } 1S & transitive subgroup

of S(d).
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2 Higher order and surfaced free probability

Hence, we continue

1LYy o) = DB S(—1)F > !

r=1 k=1 (061,01)+(00,,0%)=(1a,Vnq,...,n;)
oiFe, o1+ +og|=r
T

(S)
_ Zhr(_l)r (_l)k—i-r Z 1
r=1 k=1 (001 ’Ul)"'(oakﬂk):(]—dv’}’nl ,,,,, nl)

oiFe,|o1|++log|=r

<3

0
_ Zhr(_l)r (_1)k+r
r=1 k=1 (00'1 ,01)"'(00k70k):(1d77n1 ..... "l)
oiFe,|o1|++log|=r

=Y W (=1 zH (1, 0), (n, ).
r=1

The extra factor z, takes into account that in the definition of H o(X, 1) we count
factorizations of an arbitrary element in the conjugacy class C),; here we only consider
one fixed element, namely 7., . . . Furthermore, we need to compensate the factor %
in the definition of the Hurwitz numbers. O

Of course, from the last lemma together with Proposition we could conclude
that p enumerates monotone Hurwitz numbers. We prefer to prove this fact by a cut-
and-join equation, obtained by ideas from [CMSS07]. More precisely, we will extend
their Theorem 5.22.

Lemma 2.2.11.
Let v € S(d) be such that it does not fix 1. Then we have

—uUy) = hu(Vm) =) > hu(V, ),

(0777—)(‘}?7‘—):(“77) p=1 (O(I,p) ,(l,p))(v,ﬂ'):(u,'}/)
=(1,p)€S(d))

i.e. we can express pu recursively by factoring a transposition that maps 1 to some
2<p<d.

Proof. The proof uses the same technique as in [CMSS07], we reproduce the main steps
here. Recall that by Lemma [2.2.9

pV,m) =0V, m) + Z(—l)’f Z plorl ol
k=1 (N ’0—1)"'(026,0@:(\/,70

i.e. the value of u depends on factorizations of length k& with a sign. The formula we
want to prove is merely the realization of some cancellations within this sum. Therefore,
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2.2 Extension to higher genus

we denote by Sy, the set of factorizations of (U, ) of length k and we define the following
subsets of S

q is the minimal p such that
5t = { Oriom0) . (Orim) = Uo) .

mp(1) # 1 and m, is a transposition

In J[CMSS07] it was shown that

U St Sk \ | SEy =S, (2.2.4)

q>2 q>1

i.e. there is a bijection between the factorizations where there is minimal ¢ > 1 such
that m, = (1, p) is a transposition and the set of length k — 1 factorization which contain
no m; of the latter form, i.e. there is no minimal ¢ such that 7; interchanges 1 with some
2 < p < d. Since the sign in is determined by the length of the factorization, we
only need to see that the A contribution cancels. But this is also clear from the explicit
bijection in [CMSS07], we have

(Om,’iﬁ), R (Owk,ﬂ'k) S Sg — (0771,7T1), ey (quilﬁq,ﬂq_ﬂrq), ey (Oﬁk,ﬂk) € Sk.

Since by definition of the set SZ, mg—1 fixes 1, and 7, is a transposition not fixing 1, m,
joins two cycles of m,_1, i.e. we have

|Tg—17q| = |Tg—1] + 1 = |mg—1] + |mq,

Finally, this gives the following equation

wl,v) = i(—l)k Z gl

k=1 (07\'1 771—1)"'(07\'}@77”6):(2’{17)
T Fe
oo
- Z(_l)k Z Z pltlmal |
k=2 p=2(0,(1,p))(0r, 77T2);(0wk77rk):(uv’7)
_ _Z hZ(_l)k—l Z h|7r2|+~~~+|7rk\
p22(0,(1,p))(V,m)=Uyy) k=2 (OTFQ 7772)"'(07% k)=(V,m)

7Ti756

=-> B (V, 7).

p=2(0,(1,p))(V,m)=(U7)

Remark 2.2.12.
Note that in the proof, it was crucial to assume that v does not fix 1. Otherwise, the sets
SZ, could have been empty. But we can fix that problem and extend it to cases where ~
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2 Higher order and surfaced free probability

fixes 1. Assume we have a v € S(d) that fixes 1 and is not the identity. Assume it does
not fix j € [d] and denote 7 = (1, 7). If we denote U, the partition where we apply 7 to
blocks of Y. Then by the multiplicativity

wUz, my7) = plU, 7).
and since 7~ 'y7 does not fix 1 but j we can apply the lemma to it instead.

The only case left yet, is the case of v = e € S(d). But still, we can prove the following.

Lemma 2.2.13.
It holds

d
p(lae) =) > hu(V, )

k=2 (07'7 )( T :( 7176)
=(1,p)€S(d))

Proof. Given a factorization (O, ,71) - (Ox,,7r) = (14, ) we must have
Or, V- VO, =1g,

thus there must be ¢ = 1,..., k such that 7; moves 1. Hence, we can follow the proof of

Lemma [2.2.11] i.e. use the bijection ([2.2.4)). O

With these results at hand, we have the following recursion.

Theorem 2.2.14.
Let ny,...,nx e Ny d=mny3 +---+nk, N={2,...,k} and

Yoty = (Looosn)(ni+1,..0,n1 +ng) ... (d—nk+1,...,d).
Furthermore, for I C N, we define M(I) = ,.;n;. Then it holds that

k
_H(ld"}/nh...,nk) = hznju(lda’Ynl—s—nj,ng,.‘.,ﬁj,...,nk)
=2
> hu(la Yagngm) 0D 1(Larnas Vo) A1)+ 15,0);
a+B=n1 IUJ=N

where for I U J = N and a+ 8 = nq, and for « > g (for > « analogously)

%471:(1,...,04)1_[(711—|—---+nl_1+1,...,n1+---+nl)
lel

and

vo0=(a+1,. . om) [+ +ma+1, . m+ ).
leJ

and } denotes the fact that we omit the index j.
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2.2 Extension to higher genus

Proof. Before we start, let us introduce the notation
Tt = (L, osn)(ni+ 1,000 ,n1+ng) ... (d—np+1,...,d)
=iC1...Ck.

The proof is similar to a standard cut-and-join analysis. By Lemma [2.2.11] we have

n

— (g, Ynr,mp) = Z hu(V, ).

p=2 (OTvT)(VJr):(lda'Ynl ..... nk)
7=(1,p)ESn

This means we have to investigate the factorizations (0,,7)(V,7) = (14, Vni,....n,) With
7 = (1,p). We have the following cases.

e First assume that V = 1; and we have 77 = vy, n, =: 7, Le. T = TV .. np-
Then there are two possibilities, either p > n; in which case 7 joins two cycles of
v or 2 < p < mnq,ie 7 cuts the first cycle into two cycles of 7. In the first case
there must be j = 2,...,k such that
44 +1<p<ng+---+n; =nl,

Then

k
T = (17""n17p7p+1a"'an(])a-"ap_ 1)Hcla
=2
I#j
i.e. by conjugation invariance we get a contribution
hu(1d777> = hu(lda7n1+nj,n2,...,ﬁj,...,nk)'

Moreover we get n; such contributions since there are n; possibilities for
nU=b 41 <p<nl,

This gives the first summand
k

h E njﬂ(ldv’Yn1+nj,n2,...,ﬁj,...,nk)-
Jj=2

If 1 < p < ny then we have

m

T’y:(1,...,p—1)(p,...,n1)Hcl

=2
and if we put a =p—1,8=n; —p— 1 we get a contribution
:U’(lda Tf)/) = :U’(]-da ’Ya,ﬂ,ng,...,nk)-

Since all 1 < p < ny give such contribution we get all possibilities for a + 8 = nq,
i.e. the sum

Z hﬂ(lda ’Ya,ﬁ,ng,...,nk)'
a+5:k1
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2 Higher order and surfaced free probability

e If V £ 1, then V can at most have 2 blocks, since 7 can only connect 2 blocks in
0, VYV =1y Thus, we may write V = {Vi, Va}. Moreover, in this case 7 must be
a cut for the cycles of v in m = 7+: if not, then 7 must be of the form

k
7'7:(1,...,n1,p,p—|—1,...,n(j),...,p—1)Hcl

hence the first cycle of 7 either respects Vi or Vo. Then 7 must respect the same
block. This implies 0, VV =V # 1,4. Thus, 7 cuts the first cycle of 7:

—_——
a b

k
7r:(1,...,a)(a—i—l,...,a—i—,@)Hcl,
=2

and the cycles a and b must respect different blocks (otherwise we would again
end up with 0, V'V # 1), let us assume a respects V;. Let I be the set of indices
J =2,...,k such that the j-th cycles c; of v respects V; and let J the set of indices
that correspond to cycles that respect Vo. Then u factorizes as

uvem) = (W I e Ju(va(a+ 1ot )T )
jel jeJ

and by conjugacy invariance we have

B> uarrysas Yo )(Lar(ry+8: V8.0)-
IJ=N

Taking all possible cuts for ¢; into consideration, we get the desired sum

Z h Z (L ar(n)+ar Yo, 1)L s () 485 V8,7 )-
a+pB=n; IUJ=N

O]

As already mentioned, we discuss topological recursion for these numbers in Chapter 3]
thus it is natural to write the generating functions in terms of a tuple (g,n) of positive
integers. First, we have the following observation.

Lemma 2.2.15.
We have

(U, ~) = U Z“ 9 (1, )R

920
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2.2 Extension to higher genus

Proof. Recall the geometric series expansion of pu:

M(ua 7) = 6(2/{; ")/) + Z(—l)k Z h|7r1\+...+‘ﬂ—k‘.
k=1 (Ory ,m)---(o,;wfrk):(uﬁ)

Then for any factorization (Or,,71)---(0x,,m) = (U,7) we have by the triangle in-
equality

|+ k] = (O, m) [+ - 4 [(Ony, )| > (U, 7)),

i.e. the lowest order of & we can get is indeed Al The part about the exponent
being even up to AU follows from the fact that for a factorization

|V, m) + [, 0)| = [(VV W, 7o)

is even. We prove this by induction on the number k of factors of 7. We already know
the case kK = 2. So given the factorization above into 71,..., 7, then

|7T2| 4+ |7rk| — |(()ﬂ_2 \/...\/Oﬂ_k,ﬂ'Q...'n‘k)’ = 2q;
by induction hypothesis and by the case k = 2 we have
1] 4 [0y VooV Oy o - )| — [(V, )| = 290
Putting things together, we find
il 4 w2l 4 -+ fmk] = [(V, )] = 2(g1 + 92)-

This finally proves that we can write p as claimed. O

Theorem 2.2.16.
Let d € N and A = (n1,...,n;) F d a partition. Then the values pg 1 == (14, VYn,,....n;.)
are given by the alternating simple monotone Hurwitz numbers via

Ig,e(A) = (_1)d+kzuH§k(N)-

Proof. We insert the expansion of Lemma [2.2.15]in the recursion of Theorem and
get

A )Y (L 3y =

920
k
Bl (La ¥y g g ity )| ZZnjﬂ[g](1d>'7n1+nj,n2,...7ﬁj,...,nk)th
7=2 ¢>0
+h Z Bl (Laa,s,ng,..m)l Z 19 (1,4, Vo8 JI
a+pB=n1 9>0
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2 Higher order and surfaced free probability

+h }: 2: muMUHmmJMEZquhwm+m7mﬂh@

a+pf=n1 ILJ=N g>0
w Bl Aae(n+8:78.0) Zu[g](lM(J)Jrﬁ’ ’YB,J)th
920
Now note that
|(La, Yng,mi)| = 2(d = 1) = (d—k)=d -2 +k
|(La, Yy 4nge )| = 2(d = 1) = (d = (K = 1)) = |[(La, Yy, omp )| — 1
|(La,Ya,8,mi) = 2(d — 1) = (d = (K + 1)) = |[(La, Yy,omp )| + 1

and

|71 Ya, D+ (L1800 = (M) +a—1)) = (M) + o — ([I[+ 1))
+ QM) +B8-1)) = (M) +B—(|J]+1))
=MI)+MJ)+a+ B8+ +|J]—
d k—1
= |(La, Ya,ooi)| — 1.

So dividing by Al(tamin)l we get

k
D i g =0 0 (L sy i )R

9>0 920 j=2

_,_Z Z [l (14, Yo Bing..m )d2(g*1)

920 a+L=n1

+ Z Z Z Z [91] I)tas Yoy i [92](1M(J)+,3"YB,J)h2(gl+g2)

9>0 g1+92=9 a+p=n; IUJ=N

By taking the coefficient of 729 we find

k
M[g](lda’}/nl,.‘.,nk> = Znju[g]<1d7’Ynl—&-nj,ng,...,ﬁj,...,nk)
7j=2
+ Z 9= 1] lda’Ya,,BnQ, ) )

a+B=n1

n Z Z Z l91](1,, ()t Ya, I)M[QQ}(IM(J)HB,WB,J)-

a+B=n1 g1+g2=9g IUJ=

which is exactly the recursion formula for alternating monotone Hurwitz numbers (see
[HvIL22] or Chapter [3]). Thus, since the recursion and the initial value determine the
numbers uniquely, both Hurwitz numbers and values of the Mobius function must agree.

O
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2.3 Topological partition functions vs multiplicative functions

Remark 2.2.17.

i) Technically, we reproved Proposition|1.3.11] There are several possibilities to prove
this fact, in particular using elementary combinatorics in S(d), which is of course
the main ingredient here as well.

ii) Furthermore, we see that the M&bius inversion on partitioned permutations is
merely an avatar of Lemma [1.3.9

2.3 Topological partition functions vs multiplicative functions

The combinatorial proof of the functional relations could not be extended to n > 3
yet. The derivation for these higher order functional relations in [BCGF™23| uses a
reformulation of the moment-cumulant formalism into the language of operators on
the (bosonic) Fock space. In this framework, we can use the toolbox [BDBKS22| to
answer this problem which was posed in [CMSS07]. More precisely, the information of
an extended multiplicative function can be encoded in a so-called partition function.
These partition functions are generating series in infinitely many variables and can be
manipulated by operators on the Fock space.
Recall the definition of the bosonic Fock space

B =Clp1,p2--.1, %n=Clp1,p2--.](h)-

Let us note, that for an element F' € % (resp. %) with no constant term, e’ € By, is
well-defined. Moreover, if A = (A1,...,Ay)) I d is a partition, we define

p)\ = p)\l T p)\e(/\)

If o € S(d) is a permutation, we write [p,] I for the coefficient of py,) in F, with the
convention that py = 1. Further, we denote [py] F' = (|F'. Recall the definition

2(N)
Z)\ = H /\i Hmjo\)!,
i=1 j>1

where m; () is the number of occurrences of j in .

Definition 2.3.1.
A topological partition function is an element of By, of the form Z = e, where

F= < > h29—2+"Fg,n> € By,

9€Z>0
neN

and Fy,, € B has no constant term, i.e. (|F'=0.
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2 Higher order and surfaced free probability

Recall that our motivation was to collect higher genus terms for matrix models ([2.2.1)

and thus a multiplicative function ¢ € PS — C[A] is determined by a collection of
(]

numbers o5, ., arranged in a generating function ¢(1,, 4..rs Vry,....rn) i A. Having
again (2.2.1)) and Lemma in mind, we assume that p(U,~) = o(AU). We have

(L, Vryyra) = attn? Z w[g](lda 'le,‘..,rn)hQQ = nf Z (P[g](lda '77'1,...,rn)hn+2g_27
920 9>0
where d = ry + - - - + r,,. Naturally we would like to define
F(p = Z h_dsp(lTlJr'“‘Frn"lew--ﬂ"n)prl o Pros

TlyeesTn>1

but since multiplicative functions are invariant w.r.t. conjugation we need to introduce
a symmetry factor so that we do not count the same information multiple times. Given

lengths rq, ..., r,, we have n! ways to label the cycles of a permutation and 1 - - - r,, ways
for the elements respecting the cyclic order. Then
w0 _ —d 90(17"1+~"+7"n777’17..~,7“n) . _ —d 22
Fe= Y h P Pro s Dra = Y0 %0(1a, ) o (2.3.1)
14y >1 d>1
MFd
This defines a topological partition function Z% = e and we can write
Z=1+> niz(n2. (2.3.2)
Z\
d>1
A-=d

The relation between the coefficients Z(A) and the multiplicative function is

ZA) = D oV ) (2.3.3)

VeP(d)
0,<V

Note, the 1 in may be absorbed by allowing the empty partition in the sum while
setting Z(0) = 1.

Vice versa, consider a topological partition function Z = e
unique multiplicative function fz: PS — C[k] such that

_ p
F= E h de,h(lda'Y/\)i- (2.3.4)
2\
a>1
Aed

In other words, for (V,v) € PS(d) we have

fZ,h(Va’Y) = h? H [p'Y\B]Z'Y\BF
Bey

VY, B
— plWI Z K22 Bev 9(B) H [p7|B]Z'Y|BFg(V)7Z("/|B) (2.3.5)
g: V=N BeVy

— plVI Z h2ZBevg(B)fg](V,’}/).
g: V=N

F we can associate the
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2.3 Topological partition functions vs multiplicative functions

Here in the second and the third formula, the sum runs over all possible assignments
of non-negative integers g(B) to B € V. In the way described above, the multiplicative
function completely determines the partition function and vice versa.

Remark 2.3.2.

These definitions involve conventions regarding powers of i and prefactors z) as ex-
plained above. These are motivated by the following guiding principles from analytic
combinatorics. Partition functions are commonly used to encode and manipulate gen-
erating function of quantities counting algebraic and topological objects and structures,
e.g. Hurwitz numbers or maps, see e.g. [KL15], [BDBKS23|. Particularly, the power
of & in topological partition functions behaves like the Euler characteristic, the latter
being additive under disjoint union. This is compatible with an interpretation of F' as
a generating series of connected objects, while Z = e!” generates disconnected objects.
Thus, we want the contribution of type (g,n), of genus g with n cycles, to appear in
F with R%972t". Again, for the multiplicative function the power of & is dictated by
and Lemma we want ¢(V,v) to have leading order RV In particular,
due to |(14,7\)] = d — 2+ £(X) and (2.3.5), the (g, n)-part contributes to ¢(14,7x) with
R29-2+L(N)+d Ty respect the principle, we canceled the A% in to define F in (2.3.4)).

Now recall from Section [I.2] that the Heisenberg algebra acts on the Fock space via

the operators

nop, ifn >0,
1y —idpg, ap—J,= p_n ifn <0,
0 ifn=0.

We collect them in two generating series

J(z) = Zkak and J(z) = kaJk.

k>0 keZ

Thus, given a topological partition function (or equivalently multiplicative function)
Z = e, we may describe it as an operator on the Fock space via

h29—2+n n J,r.
F= Z o Z Fir,irm H . - (2.3.6)
n>1 T1yeeeyTn >0 i=1 v
920
and hence
Z =expF|).

The main result relevant for higher order free probability is a functional relation between
the generating series of higher order moments and cumulants of fixed order, rather than
organized in a topological partition function. Thus, we have the following definition.
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2 Higher order and surfaced free probability

Definition 2.3.3.
Let Z = ef' be a partition function. We define the n-point functions by

Gu(@r, o a) = h 0+ > Y R Rl (2.3.7)

g>071,...,mn>0

and the shifted n-point functions by
~ T1T2
Gn(z1,...,2n) = Gp(x1,...,2p) + 0p2 ——.

If we want to emphasize that the n-point function depends on a multiplicative function
p: PS — C[h], i.e. F,,, is given by (2.3.1), we denote it by G¥.

Remark 2.3.4.
By definition, the n-point functions admit a genus expansion

Gn=> W92 "Gy (21,... 2n),
920
én = Z h29*2+négvn(x17 ceey Tp).

920

We can also express these quantities in terms of Fock space operators, more precisely in
terms of vacuum expectation values. Therefore, let us introduce the following inclusion-
exclusion formulas.

Lemma 2.3.5.
There is a linear map (| - |): GL(%)) — C[h] given by

A= (|A]) = [1JAD).

We call it vacuum expectation value. Moreover, we can define the connected vacuum
expectation value (| - |)°: GL(%) — C[h] by the relations

(AL Anefl) = Y H<‘HA1~6F‘>O, (2.3.8)

ZeP(n)IeT  iel

(AL Ay -efe = S0 (—)# iz - )] <‘ HAieFD (2.3.9)

ZeP(n) IeT i€l

or equivalently

(AL A €)= By o 0, I (et hneF) ) (2.3.10)

t1=0,...,tn,=0

Proof. Note that the first two statements in Lemma [2.3.5] are equivalent by Mobius
inversion on the lattice P(n). Thus, we prove their equivalence to (2.3.10). We start by
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2.3 Topological partition functions vs multiplicative functions

proving that

L& k—1)! bl
atl N -atn 1n<|et1A1 _ ..et”A"B|> _ ZZ(_l)k—l ((k — l) |:<et1A1 .. .etnAnB|> _ 1]

=1 k=l )'

> TT[(ITu e evoe)
ZeP(n) JET icJ

471

(2.3.11)

for any B independent of ¢1,...,%,. For n = 1 we have by expanding the logarithm

= (1)t :
00 m(leBl) =0, Y- ) (e -1

k=1

00 k—1
=SS0 etteh -1 o (et

k=1

Now for any n > 1 we have by induction hypothesis for B’ = et»4nB,

6t1...8t ln(‘ t1A1” enAnBD
n—1 oo k‘ 1)' el
t1A tnAn
=2 > (-1 (& — )!{“6””'6 B>—1}
=1 k=l
I:(Hati) (JehrAr. -~et”A"B]>]
ZeP(n—1)JET - Nied
#I !
= k—(l+1
=1 k= l+1 ( + 1)!
Oy, (|e"AL ... elnAnB)) Z [H (Hati><’et1A1_HetnAnBD]
ZeP(n—1) ~J€L “ied
#T=I
n—1 oo 1) el
2.2 (-1 It [<Ietl“1 - eAnB) — 1]
=1 k=l —1)!
S {n<n>}
ZeP(n—1) JET “Nied
#Z l

Now in the first sum Z; = Z U {{n}} € P(n) with #Z; = [ + 1 and in the second we
apply the product rule and extend one of the blocks of Z by the element n and hence
also get a sum over Zy € P(n) having n not as a singleton and #Zy = [. Thus, for the
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2 Higher order and surfaced free probability

first term with shifting the index

n—1 oo b (1)
_ kE—1)!
_1)k 1(— [( et1A1 . et"A"B _ 1]
lz:;k:zl;rl( (k= (+1) | Y
Or, (€A1 -t AnBl) {Hati}<reflA1...etnAnB|>
ZeP(n—1) “i€Z
#1=I
— (k — 1)! k1
=Y D (D)t [(e’“A1 .- elnAnBl) — 1]
1=2 k=l (k= 1)!

> [H ati] (ehAr ... glnhng))

IU{{?’L}}ZIlé'P(n) i€l
#I=I-1

and for the second one

n—1 oo k—1
k- 1)
1 k‘—l( tlAl.,‘ tnAnB -1
33 g (e e
> o[ TL(TLon et o)
ZeP(n—1) JeT Mied
H#TI=I
n—1 oo k—1
(k=1
=SS g e et 1
=1 k=l :

> [H(H%ywmmm%m}

ZeP(n), #I=l JET “ied
n is not a singleton
Besides the terms [ = n in the first equation and the [ = 1 term in the second we can
combine both sums since they complement each other and find precisely the desired
formula. Further, we have for B = ef

(Jeh A e AneF ) om0 = 1

and
t1A tnAn F = t F
-
Ay, alkqel Lecethnel|) = 0y, ..6% Z ﬁ(‘All...AZne )
1 m=0 1:e..Tp!
o) oY) trj trj—l
1 1 F
= > > I 5II (r._l)!(]A?...Ag"e ).
rj=0, j#is rj=1, j=is j#is ) j=is ~ 7
Jj=L..,n j=l..n
s=1,...,k s=1,..,k
Thus
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2.3 Topological partition functions vs multiplicative functions

and
T T
Ory, - - O, (| Ao etnhnef]) = (JA;L A RER)).
t1=0,...,tp,=0
The latter together with (2.3.11)) yields the equivalence of (2.3.8)) and (2.3.10)). O

Then we have the following description of the n-point function in terms of the Fock
space operators.

Lemma 2.3.6.
It holds

Gn(x1,...,2pn) = hilénjl + <‘ HJ(,’EZ) ef

G,y wa) = 0+ (| T Iwi) - €

Proof. By Leibniz rule

OO = 3 T (TT00F)e"

ZeP(n)Jel “ied

and we write Fo;p, |, = Fgy if J = {j1,---, 51}, then by (2.3.6)
W I = TT 11 (ZHQQ—H#JFQ;J).
ZeP(n) JEL *g=>0

By inclusion-exclusion we have

(e o I €0 =D R Fp s
9>0

which proves the first equation. For the second equation, we use the ideas of the proof
of [BDBKS22] and give a more detailed exposition. We denote

x) + Z:r_kJ_k = Jy(z)+J_(x)

k>0

and note that by the Leibniz rule we have

Jp(@i)d= ()P = Jo(ai) Y piP
k>0

— <ij"“J+(a:i)pk)P+ <Zx;kpk>J+(wi)P

k>0 k>0
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2 Higher order and surfaced free probability

=> k<x’> kP + I (2i)d4 (z) P

Lj
k>0
$i$j
= P —\4i A P)
(@ —1,)? + J(x)d g (x5)

for any P € %j. In other words

k
Jo(z;),J_(z;)] = E klZ22) = 2%
B (i), - () (l’) (zi — z4)?
Note that (|J_(z;)P = 0 for any P. Thus, if we write

(@) zn)em]) = (|(Jx (1) + I (1)) ... (S (@n) + I (2n) )"} (2.3.12)

the strategy for the proof is to use the commutation relation to bring all the J_ to the

left, then these will vanish but may create a term (m‘fpizjv)Q. Let us illustrate this step in
i

a small example, we compute
(o (1) + - (21)) (U4 (22) + I (22)) (I (w3) + J—(23)),
we find

I (@1) o (22) I (23) + J (w1) I (w2) I (23) + I (@1) ) (22) I (23)

2.3.13
+J4(z1)d_(x2)J_(x3) + terms starting with J_(z1). ( )
The terms starting with J_ will vanish in (2.3.12)). For the others we expand
o
S (eI (w2) I (w3) = Je(w)d (o) (w2) + =<5 ) (1)
(22 — 3)
— __nts T213
= J_(z3)J4 (1) (22) + (1 — x3)2J+($2) t =232 Ji (1)
1
Jion))-(a2)) s w) = @) (@) (23) + g ) ()
1 — T2)
Tr1x
i (w1)d - (w2) ) (3) = I (w2)d4 (1)) (23) + —— ) (x3),
(w1 — x2)

thus only the first three terms in (2.3.13)) contribute when we apply (| ---eF|). We get

3

([ TT0 + 3 @ef]) = ) L) a @ + =2 (1 m)el)
=1
ToT3 F 19 E
+ MQJMM)G ) + m<“+($3)€ )-
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2.3 Topological partition functions vs multiplicative functions

In the next step we can rewrite the formula with the inclusion-exclusion formula and
collect terms, we continue

<\HJ+ w) + @[y = 30 TTIT[ 0l + g aae)

Tep(3) JeT ied (1
+ T2T3 XT1T2
(xg — x3)? (x1 — x2)?

3
= ([ (21)d4 (w2) 4. (23)e" ) + H(U+($i)6F|>°

+ (U (@)e" (4 (@2) I+ (23)e" ) + (U (@2)e" ) (U (w1) - (23)e"])°
|

+ (e )em ) (o (@)e ) + s (B (wa)ef )

e (@) + s (s e
3

= (s (o) (02 (wa)eT)° + [T+ (i)eR)

i=1

e (1o () + 200 )

(z2 — x3)

([+(z1)e"]) + ([ 9+ (a3)ef))

122

(| (2)e])° <<|J+<x1>J+<x3>eF|>° + “)

(1 — x3)

+ (M (z3)el ) <<IJ+(931)J+(562)6F|>° + fm22>

(z1 — z2)

= % T (UITo+eflr + 500 )

ZeP(3) JeL ieJ

where we define

B = (wfjj§)2 if #J =2 and J = {i, j},
0 if #J # 2.

Moreover, we used
(| T4 (@i)e" ) = (| T4 (zi)el])°.
By the inclusion-exclusion principle, we must have
12
(i) + - !><!J ) e
<‘H () + I (=) H +(z4)e + J,z(xl_m)?
= Gj(.%'l, ... ,.Z‘j) + 5j72

for j = 1,2,3. Now we do the computation for all n, the same argument yields the
assertion. Since (] kills every J_(x;), every contribution is characterized by k, the number
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2 Higher order and surfaced free probability

of J_(x;) in the product. These will get permuted past every J(z;), j < i, left in the
product. After finitely many steps we arrive at a product that has terms (m;p:iig;:;;)?’
s=1,...,k and a product of n—2k terms J; (x;.), 7 = 1,...,n—2k. If k > | 5| we have
more J_ in a product than J; and hence we will be left with a product having J_(z;,)
and no Jy(x;,). These will vanish when taking the vacuum expectation. Thus at the
bottom line, every contribution is characterized by a set of indices I with cardinality

n — 2k and sets {is, js}, s =1,..., k. Thus, we get
L3]

<\ﬁ<J+<xi>+J<xi>>eF\>: > H el | ECOE)
=1

k= |_,|_|S Hisrjsy=[n] 5= 1 JEK

0|3

(2.3.14)
By inclusion-exclusion we can expand the £ = 0 term

L5]
(e (@1) - da ()]} = > <\ [T+ (e

=0 [n]=KL{is,js: s=1,....k} JEP(K jeJ

Z < HJ+($¢)€ ‘>

IE,P({il’jl:mvis»js}) el

[5]
= 3 (| TT 9+ aef])

k=0 [n]=KU{is,js: s=1,....k}  jEK

Z <‘ HJ+($1')€F‘>07

]EP({ilvjlv'"viShjS}) iel

0[3

i

where P({i1,j1,...,1s,js}) denotes the set of partitions of the set {i1, ji,...,s,js}. Now
in the second factor there must be I that consists only of pairs Ule{is, Js}, which we
can combine with the term in (2.3.14]) and get the desired

<]f[1J+ z)+-@)e [y = > H(<\HJ+(%)@F)>O+B(J)>.

JEP(n) I€T jel

Finally by inclusion-exclusion the connected objects must be given by

<‘ﬁ (g (zy) + - )> <’HJ+ zi)e F’>o + 02, B(x1, x2)

:Gn(xla"'7$n>+52n

= Gp(x1,...,20). O

2.4 Functional relations for n > 2, statement and examples

In this section we want to discuss the main result, the functional relations between
higher order moment and cumulant generating series, and delay its proof to the next
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2.4 Functional relations for n > 2, statement and examples

section. We mainly focus on the structure of the formula and give examples. Consider
two multiplicative functions ¢, k: PS — C, then we define

— S1 S
My(x1,...,2p) = E Dor,sn @] - X

S1.,5n 21
— S1 S
Cn(z1,...,2pn) = E Kop,sn®l o Ty,
S1yeesSn 1

where we usually just write M(x;) and C(z1) for the n = 1 case. Then the following
theorem gives the functional relations in higher order free probability that solve the
problem posed in [CMSS07].

Theorem 2.4.1.

Let ¢, k: PS — C be multiplicative functions on PS with values in C satisfying the
moment-cumulant relations ¢ = (k. Then under the change of variables x; = w;/C(w;)
and for n > 3, we have:

n !/
My(z1,..an) = Y S 05w [ Carlwr), (2.4.1)
1400y >0 TEgoyn(I“l’l) =1 IEZ(T)

where:

e Gon(r+ 1) is the set of bicoloured trees with white vertices labeled from 1 to n
having valency r1 + 1,...,7, + 1, and without univalent black vertices.

e The weight 6?1 (w;) of the i-th white vertex is a differential operator acting on the
variable w;,

O (w) = 3 (P (w)wdy)™ P (w) - [v"] (ay +2 (2.4.2)

r
) g

where Pf(w;) = 8%  Note, the expression in (2.4.2) only involves C/(w;).

dlnx;

e Z(T) is the set of black vertices, identified with the subset of white vertices they
connect to.

e []' means that every occurrence of Cy(w;, w;) should be replaced with Ca(w;, w;)+
w; W4
e For a given monomial in the z;, ¢ = 1,...,n, only finitely many terms of the
right-hand side contribute.

Example 2.4.2.

i) First we want to discuss the set Go ,(r + 1) and its elements. The following is an
element of Gy 7(r + 1), with r = (0,1,0,1,0,1,0).
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2 Higher order and surfaced free probability

An element of Gy 7(r 4+ 1) with r = (0,1,0,1,0,1,0).

On the other hand, the following graphs are not elements of Gy ,,(s + 1) for any n

and r.

No black vertices of va-
lency < 2 allowed. Trees do not admit cycles.

ii) Let us illustrate how the black vertex weight is applied for the admissible tree in
i). Every factor in the expression

/

Cyr(wr)
I€Z(T)

corresponds to a black vertex of the graph:

The highlighted vertex above corresponds to a factor

04(w1a Wy, W5, UJG)-
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2.4 Functional relations for n > 2, statement and examples

When we have a black vertex with valency two

we need an additional correction term

Wo2We
Co(we,we) = (Cz(wz,w6) + (102—1116)2)
If we proceed with every black vertex we find the weight
!/
Cur(wr) = Cy(wr, ws, ws, we)Ca (w2, we)Ca(wa, wr)Ca(ws, wy).
1€Z(T)

iii) For the last part of the formula, let us have a closer look at the operators 6?
associated to the white vertices. We present the formulas for » = 0,1. We have

& )_Z dlnw 5 mdlny[m] P 0 )
0\ = dlnz ") dinz" Yoy

m>0 y=C1(w)
mdl
_ Z <dlnww8w> dlnw[vm] 1
0 dlnzx nr y=C1 (w)
_dhnw Edﬂ B 1 B 1
dlnz  wdz C1(w)(% -~ Ci(w)z! (w)’
and
- dlnw "dInw v\
Of(w) = ( w@w> — "™ <8 + ) -1
! mzzo dlnzx dlnx Yy y=C1 (w)
_ Z (dlnwwaw> dlnw[vm]g.1
=0 dlnz dlnz Yo ly=cy(w)
_ (dnw dlnw 1 w i 1
~ \dmz"") dna Cr(w)  Cr(w)z' (w) Ow Cy(w)2a! (w)”

Example 2.4.3.
Let us discuss the case n = 3 in Theorem The formula is the following:

Mg(:(}l,.%'g,.%'g): Z Z O,’fl(wz) H C#](w[).

r1,r2,r3€EN T€g0’3(1‘+1) IGI(T)
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2 Higher order and surfaced free probability

The only trees that contribute are the following two.

= (07070) r= (1a0a0)7(071a0)7(0703 1)

e The first one has only one black vertex of valency three, which corresponds to
C3(wy,we,ws). All white vertices have valency 1, which means only Og(w;), for
i =1,2,3, will be applied to Cs(w1,ws, ws).

e The diagram on the right reflects three contributions, that depend on the choice
of the label for the vertex a. In any case it consists of two black vertices, they give
a contribution C(wg,wy) and C(wa, w,). The white vertices b, ¢ have valency one
and thus will give the operators Og(wy), Op(w.). The vertex a has valency two and
thus will correspond to an operator Oy (wg).

We take the formulas of Example [2.4.2]iii), then all together this yields

C3(w1, wa, w3)

[T Ca(wi)a (w;)

+ w1 0 C2(w1,w2)
[17_, C1(w;)a’ (w;) Owr CQ(wl)x

Ms(z1,29,23) =

2 (w1, w3)
(w1)

4 w9 8 Cg(wl, wg) (’wg, wg)
[T Cr(wi)a (wy) dw G (wa)a (we)
w3 (9 Cg(wl, w3) (U)Q, wg)

T, Cr(wn)a(wn) Ows CR(wg)a(ws)

S

In fact, Theorem [2.4.1]is merely a special case of a more general functional relation for
the higher genus theory explained in Section [2.2] and Section Indeed, we proved in
[BCGFT23] a more general functional relation for all genera. In the following, we want
to discuss this formula as well. First, the set of trees in Theorem must be replaced
by a more general set of graphs.

Definition 2.4.4.
Let n € N, then we denote by G2 the set of possibly disconnected bicoloured graphs

i) having n labeled white vertices with labels 1,... n;
ii) having black vertices of valency v > 2; and

iii) such that edges only connect vertices of different colours.
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2.4 Functional relations for n > 2, statement and examples

If, in addition, we require
iv) the graph is connected,
then we denote the set by G,.

Remark 2.4.5.

We want to think of the black vertices as hyper-edges, that is, multisets containing the
information of which white vertices are adjacent to it. More precisely, a multiset in [n]
is a function f: [n] — N and we say that i belongs to the multiset with multiplicity f(7)
if f(i) > 0. We denote by Z(I") the set of hyper-edges of a graph I' € G*. Moreover, we
define the cardinality of the multiset by #f = >_,c,; f(¢). If I is a multiset in [n], we
write I C [n].

We want to understand the automorphisms of the graphs G, in the following way.

Definition 2.4.6.

Let T' € G, be a graph. We define the automorphism group Aut(I') of T to be the set
of permutations, permuting the edges without changing the structure of the graph or
labeling of the vertices.

Let us give some examples for the definitions.

Example 2.4.7.
Compared to G, we now allow multiple edges and in particular cycles within the graph.
Consider the following two graphs.

o s

#Aut =2 #Aut =12

In the first one we can interchange the edges adjacent to the yellow vertices. We
understand this type of automorphisms as automorphisms of the hyper-edges. In the
second graph we can permute the yellow edges, which we understand as an automorphism
of multiple edges.

The functional relations for all genera are given by the following theorem.
Theorem 2.4.8.

Let Z¥,Z" be two topological partition functions and G§ ., Gy, the generating series
appearing in the topological expansion of their n-point functions, cf. Remark
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2 Higher order and surfaced free probability

Suppose that ¢ = (3 ® k. Then, under the substitution

w; d1In w;
T; = W, Pr(w;) = dlnz,’ (2.4.3)
we have
Go (1) = G§ 1 (w1),
GOSD’Q(xl,xg) = P"(w1)P"(w2) <GS72(w1,w2) + (wlwl"UZQ)2> B (wlxix;)y (2.4.4)

and for 2g —2+n > 0:

— K 2 2+n NE (o). K
G;j’yn(:cl,...,xn) = 0n1 A5 (71 )+ [R79™ Z #Aut )130 (w;) H c(ur, wr).

regn, IeZ(T)
(2.4.5)
Here
e the i-th white vertex weight is
O%(wi) = > (P (w;)widu,)" P*(w;)
m>0
Vi\T" §(hvi0y) )
o Oy + —) exp | v Iny —v;In ’
- ;)( ’ y) p( chay) T ) o (246)
o exp (s (huwiO, ) (G (wi) — h™1) — u; (G 4 (wi) — 1))
hu; s(huy)
e the black vertex or hyper-edge weight is
2 . .
; iW; Oy B (w;, w; f#I=2 I1(i)=2
¢ (g, wp) = (huzg(huzwﬁwz)) GQEwZ,wl) if # ' and 1(7) ' 247)
[Licr huis(uiw; 0w, )G (wr)  otherwise;
e the correction term appearing for n = 1 is:
hwdy)
A (z) = [h%9 w0y M ex <v(1n —wvln )‘
5 =1 }mzw< "(w)wdy) " e (v pEtiny —vlny )|
P (w)wdy G 1 (w).
(2.4.8)

Remark 2.4.9.

i) Equation (2.4.5) remains valid for (¢g,n) = (0,2), provided the left-hand side is
replaced with Go2(z1,x2). This recovers the second equation in ([2.1.5)).
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2.5 Proof of the main result

ii) Equation (2.4.5) remains also valid for (g,n) = (0,1), provided we extend the
summation over m to m > —1 in the definition of Afj(z) and identify

(P”(w)w@w) 71P”(w)w8wG871 (w)

with Gf;(w). This is the only contribution (the sum over graphs does not con-
tribute, as it contains only nonnegative powers of i). This recovers the first equa-

tion in (2.4.4).

Example 2.4.10.

Recall the graph with multiple edges from Example The upper vertex amounts
to a factor G4(wi,ws,ws, w3) and the lower one to G4(wi,ws, ws,ws). Note that the
introduction of possible multiple edges can cause problems in the n = 2 contributions:
The following kind of black vertices connect a white vertex to itself, generating a loop.

Contribution Ga(wq, wq)

This vertex would give an ill-defined expression in the second summand of
~ wiwj

Co(wi, wj) = Co(w;, wy) + (w; —w; )2

since we would have ¢ = j. This problem is dealt with by the correction in ([2.4.7)).

Finally, let us emphasize the dependencies and connection to existing results.

Remark 2.4.11.

Theorem is based on [BDBKS23, Theorem 4.14 and Remark 4.15]. Our main
achievement in [BCGFEFT23| is establishing the connection between free probability and
the framework of [BDBKS22, BDBKS23] and use this to solve the fundamental open
problem in the theory of higher order free probability ([CMSSQT7]).

2.5 Proof of the main result

In this section, we want to present a step-by-step proof for the functional relations
between the moment and cumulant generating series, i.e. of Theorem [2.4.§ and in
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2 Higher order and surfaced free probability

particular Theorem In the following we will explain roughly the route of the proof
and in the upcoming subsection we give detailed proofs of every step.

The proof heavily relies on techniques developed in a series of papers by B. Bychkov,
P. Dunin-Barkowski, M. Kazarian and S. Shadrin [BDBKS22], [BDBKS23]. The latter
techniques involve manipulations of operators in the Fock space %;. We reviewed the
description of the generating functions of moments and cumulants in the Section [2.3]
but we are still missing the reformulation of the moment-cumulant relations ¢ = ( ® &
in terms of the Fock space language. It turns out it can be described by the following
operator.

Definition 2.5.1.
We define a linear operator D € End(%};) by the formula

Dsy= [ (14h( —i)sa, (2.5.1)
(4,9)EX
where
(1,7) €A <= i </l(A) and j <\

and sy are the Schur functions from Definition Note that D has a logarithm, and
InDJ|) =0 as well as (|InD = 0.

Then the equivalent description of the moment-cumulant relations and the first main
step towards the proof of the main result Theoremm (or more precisely to the general
result Theorem , are given by the following theorem from our paper [BCGEF'23].
We will discuss it in detail in Section R.5.11

Theorem 2.5.2.
Consider two topological partition functions Z¥, Z" (or equivalently multiplicative func-
tions ¢, k) and d € N. The following four properties are equivalent:

) ZP(N) = 22> g HS (N, v)Z%(v) holds for any A F d;

) ¢ = (; ® k holds as functions on PS(d);

iil) Z5(v) = 20> \g HS (v, A)Z#(X) holds for any v F d;
)

Besides, the property Z¥ = DZ" is equivalent to any of these conditions simultaneously
for all d > 0.

For the second step, recall that by Lemma [2.3.6] we may express the n-point functions
by the vacuum expectation value
>O

Gt yn) = 001 + (| T 3(i) - e
=1
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2.5 Proof of the main result

then by Theorem we have ef¢|) = Z%¥ = DZ* = Def"|). Consequently, we may
write

G (z1,...,xp) = R 16,1 +

)

{
T}

{

<

" (2.5.2)
=h 10,1 + H <Dlj(:cl)D) e >O

=1
= ﬁ_15n71 + ‘ﬁJ(sz) e >°’

=1

where we used (|D = (|. Note that we have expressed the n-point functions of ¢ in terms
of the cumulants k, i.e. used the moment-cumulant relations. Thus, the goal is to better
understand the right-hand side, in particular the operators J. The proof proceeds in
using the following formula for the J operators.

Proposition 2.5.3 ([BDBKS22|).
With the definition

J(z) =D J(2)D =Y D Da" =Y Jpak,
keZ kezZ

we have

Ji = Z exp <Zk:ln <1+ﬁ(i+j—k— ;)))Ez—k,z

i€Z+1 Jj=1

= Z H <1+ﬁ<i+j—k—%))ﬁi7k,i

iez+1 =1

in gA[OO and in terms of differential operators in End(%},), we can write

) kho), 1
Jp =) 0Oyexp (ki((hay)) In(1+ Z/))‘ O[Wku ]W

r>0 v=
- exp < Z hug(huw@w)me_m> exp ( Z hug(huw@w)mem>,
m>0 m>0
(2.5.3)
where ¢(u) = e%_uei%
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2 Higher order and surfaced free probability

Remark 2.5.4.
When we use more than one copy of J(z) and write J(z;) (eg. in (2.5.2) it is understood
that every copy carries its own variables u;, w;, that is

) kiho), o
(i) Z Zal XP< (9, ))1 (1+y)>’ 70[wfuz]m

ki€Z  1>0 =
- exp ( Z huig(huiwiawi)J_mwi_m> exp ( Z huig(huiwi(?wi)melm).
m>0 m>0

We will present the proof of Proposition of [BDBKS22] in Section After
the proposition is established, we use the commutation relations for the operators J,
to commute J_,, to the left and J,, to the right in . Then by the fact that
(J=m = 0 = J|), for m € N, we will obtain an expression having no J operator
contributions and the first combinatorial formula for GY,.

Lemma 2.5.5 (Key combinatorial identity).

Let n € N, T' € G, I a hyper-edge of I' and i € [n]. Moreover, we define the i-th white
vertex operator by

() =3 b [wl] > o) ex ( haa))l(w))\

y=0
hez =0 . (2.5.4)
- €XD (hui S(hujw;Ow, ) (G (w;) — h ))
hais (hug)
and the hyper-edge weight by
huis (huiw;Ow, )) 2G5 (wi, w;)  if #I = 2 and I(i) = 2,
" (ur,wy) = (Puis (huiwid, ) 2£w wi) i # ] and I(i) (2.5.5)
[Lics Puis(hujw;0w, )G r(wr)  otherwise.

Then the relation Z¥ = DZ" is equivalent to
~ 1 - 1 K
V>0,  Gfx1,...,xp) = ; Py H Ur(zi) [ <"(urwr),  (2.5.6)

where the first product is taken from left to right with ¢ increasing.

The second to last step is to derive Theorem [2.4.8] from the key combinatorial identity.
The proof proceeds in three steps, which were suggested by M. Kazarian in an unpub-
lished manuscript (see [Kazl9], [Kaz20]). An analogous exposition can be found in our
paper [BCGFT23]. We will discuss the three steps in detail in Section m Finally,
the last subject is to extract the genus zero sector in Theorem [2.4.8| in order to get

Theorem 2.4.11
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2.5 Proof of the main result

2.5.1 Facets of the moment-cumulant relations

The subject of this section is to discuss the different manifestations of the moment-
cumulant relations in Definition More precisely, we want to discuss the equiva-
lences of Theorem We start by computing small examples and then proceed to
give the proof of Theorem [2.5.2]

Example 2.5.6.
Let us compute some moment-cumulant relations for multiplicative functions ¢, k. Recall
that we have to solve

p(U,7) = G® kU, )= > G (0r, m)R(V, o) = > ATV, 0).

(Oﬂvﬂ)Q(Vva):(u”Y) (O‘K’ﬂ-)Q(Vvo'):(u77)

We have the following factorizations for d = 1, 2.

U.7) | (Or,7) | (Vo) | (0, m)s(V,0)
(11,6) ‘ (11,6) ‘ (11,6) ‘ K1

Factorizations for d = 1.

U,7) (O, ) (V,0) ¢(0, Mk, 0)
(12, (12)) (12,(12)) (12,6) hFLLl
(12,(12) | ({{1},{2}},¢) hri
({{1}7{2}}76) (127(12)) K2
(12, €) ({{1}.{2}},¢) (12,€) K11
(12, (12)) (1, (12))) hiia
{1}, {2}}e) | ({{1}:{2}}e) | ({{1},{2}},€) K1

Factorizations for d = 2.

In terms of equations we get
p1=p(Le) = r(l,e) = 1,
ind=1 and in d = 2 we have
2 = (12, (12)) = K(12, (12)) + his(12,€) + he({{1}, {2}},€) = k2 + A(r11 + K7)
and

P11+ 9t = U e) = hr(ly,(12) + k(1) + £({{1},{2}},€) = hra + K11 + K7

U>e
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2 Higher order and surfaced free probability

Now let us compare the results with the equations from the master relation. Recall that
we can encode the functions @, x as functions in the Fock space by

h2g—2+n
Z‘P = exp <Z Z n‘ Z go[g](]_zzl:1 ,U«i7’yM17"'7M")>
n=>1g20 By i 20 (2.5.7)
P < DID B Ile PR )h29_2+l(u)> '
d>1 g>0 ptd

We want to compute the master relation i) of Theorem First we need the strictly
monotone Hurwitz numbers which are involved. In d = 1 we have H((1),(1)) = k1
and for d = 2 we have the following table.

B | HE((2):(2) | B (2): (1L, D) | HE((L,1):(2) | B ((1,1));(1,1))
0 3 0 0 3
1 0 3 3 0

k> 1 0 0 0 0

Strictly monotone Hurwitz numbers in Ss.

Furthermore, we have for z) (see (|1.2.1))) the following values:
m=b A=z =2

We obtain in the trivial d = 1 case
p1 = (11, (1)) = Z9((1)) = 21y (H=((1), (1))Z"((1))) = Z"((1)) = £(11, (1)) = r1.
For d = 2 we use the definition of Z¥(\) associated to the multiplicative functions
o and k and obtain
p(12,(12)) = Z%((2)) = 22y (H=((2), (2))27((2)) + H=((2), (1,1))2"((1,1)))
= k(1a, (12)) 4 hr(12, (1)(2)) + hx(11, (1))

and

(12, (1)(2)) + (11, (1))* = Z#((1,1))
= 2(1,1) (H=((1, 1), (2))Z27((2)) + H=((1, 1), (1, 1)) 2%((1,1)))
= hr(12, (12)) + (12, (1)(2)) + w(11, (1))
We see that the relations agree with the equations we computed by ¢ = (5 ® k. Now for
the final equivalence, we want to see that these can be reformulated in the Fock space

language. Let us also do some examples for small d. Assume we have two partition
functions Z¥ and Z* induced by two multiplicative functions ¢ and x and that we have

Z¥ =DZ".
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2.5 Proof of the main result

We will now compute both sides of the equation above and see that this will give precisely
the master relation involving the Hurwitz numbers. Since we already have seen that the
master relation is equivalent to the moment-cumulant formula, we then will have verified
(for small d) that the moment-cumulant formula can be written as an operator in the
Fock space. Recall that the operator D is a diagonal operator in the basis (sy)x, given
by

DS)\ = H (1 + h(] — i))S)\
(4,5)eX

Thus we will change the basis from the power sum basis (p,), to the Schur basis (s)x
in order to compute both sides of Z¥ = DZ*. For the d = 1, i.e. the u = (1) term of

(2.5.7), we have
Z?((1))p1 = [p1]Z"p1 = [p1]Z" 51,

since p; = s1. Hence, the operator equation reads

z2((Wpr =[] @ +nG =) Z5(W)pr = Z2°((1))p1,
(i,7)€(1)

=1

ie. Z¥(1) = Z"(1), which agrees with the previous computations. We continue with
d = 2, for changing basis (see Lemma [1.2.11)) we need the following character values:

Ne | (2) ] (L)
2 [ 1 1
(L1 | -1 1

Values of the characters x(u).

Thus, by the transformation formula we have

1 1, 1 1,
S(2) = §P(2) + 517(1)7 5(1,1) = _ip(Q) + 513(1)7
D(2) = 5(2) — 5(1,1)s pa) = P%l) = 5(2) T 5(1,1)
and hence
Z5((2))p) + Z™((1,1)pfy
=Z"((2))(s2) —sa,n)) + Z2°((1,1))(s(2) + 5(1,1)))
= (Z2"((2)) + (( 1))s) + (=2%((2)) + Z27((1,1)))s(1,1)-

Applying the operator D to Z* and comparing the coefficients in Z¥ = DZ* yields the
equations

Z27(2) +27((1,1))) = 1+ h)(2"((2)) + 27((1, 1))
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2 Higher order and surfaced free probability

and

—27((2)) + 27((1,1)) = (1 = A)(=2"((2)) + Z"((1, 1)),
which we can solve for Z¥((2)) and Z¥((1,1)). We find

Z27((2)) = %(1 +R)(Z27((2) + Z27((1,1))) = (1 = m)(=2"((2)) + 27((1, 1))
= Z"((2)) +hz™((1,1))

and

Z7((1L1) = %(1 +1)(27((2)) + 27((1, 1)) + (1 = h)(=2"((2)) + 2"((1, 1))
=hZ"((2))+ Z"((1,1)).

These are exactly the relations obtained by the master relation for d = 2.

Now that we have seen the equivalences in small examples we want to prove the
statement in general.

Proof of Theorem[2.5.3.

e First we prove ii) <= 1i). Let A - d be a partition of d. Let us assume that ¢ and
k satisfy the moment-cumulant relations ¢ = (; ® . Then by (2.3.3]), we have

72#0) = 3 (G e r)Vin)

VeP(d)
0,<V

= > > A (W, o)

VeP(d) (0,m1)OW,0)=(V,7x)

0,<V
= > Z AW, o)
m,0€S(d) WeP(d

TOT ="YX\ 00<W

Yy y z)r«wm),

vhd meS(d) o€C, \WeP(d
TOoT="\ 0,<W

where we collected all o = 7! o v, belonging to the same conjugacy class C,.
By multiplicativity of x, the sum inside the brackets only depends on the cycle
structure of 0. In particular, substituting o with -, does not change the sum, and
by comparing with we recognise the value of Z%(v). This yields

=> 3 Aty Z”@):ZZH@)(WESZ h”').

vd meS(d) oeCy vHd (d),0eCy
TOO ="y )\ TOO="Y)\
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2.5 Proof of the main result

The last constraint can be rewritten as fy/\_l om oo = id. By comparison with
Definition [1.3.10} we recognise the free single Hurwitz numbers,

d—1
N =2 Z%) (Z R HL(A, V)).
vkd r=0

Here, r is the colength of 7w, and the factor z), = #diclx is explained as follows.

The numerator compensates the % in the definition of Hurwitz numbers. The
denominator comes from the fact that in the definition of free single Hurwitz
numbers, we let the leftmost permutation be any element of the conjugacy class
C\, so we overcount by a factor of #C. By Proposition and by comparison
with the definition of the generating series of strictly monotone Hurwitz numbers
in Definition [1.3.3] we get the identity

Z9(N) =22y H”(\v)Z5(v).
vd
That is, it holds i), and since all the steps are equivalences we actually have i)
— ii).

e The equivalence ii) = iv) is clear since u; and ( are inverses w.r.t. the extended
convolution.

e The implication i) = iii) is obtained by multiplying i) by z,H=(v, ), summing
over A - d and using the first line of Lemma [1.3.9] while the converse direction is
obtained likewise using the second line of Lemma [1.3.9

This finishes the proof of all equivalences between 1), ii), iii), iv). Let us finally prove
the equivalence between i) for all d > 0 and Z¥ = DZ". We write

z%=D Z Z(LPM]ZH)P

d>1 p-d

and changing the basis yields

22 =D > (pZ)xaW)sa =D > (PdZ29)xalw) [ (=00 —))sa

d>1 p,abd d>1 p,akd (1,j)€a

We apply the Hall inner product with pg and find

pBaZ(p Z Z pu ZH H (1—n(y _i))Xa(/'L)<p,3>3a>

dz1 pat-d (1,5)€a
= 3" (2 TT (=G~ )xaln)xa(5)
pak-d (i,5)Ecx
—25 " sl z®) [ (1 A — iy Xl Xald)
p.ot-d (i.j)ea Zu 2B
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2 Higher order and surfaced free probability

:Zﬁzzu([pu Z H 1—nh J_Z) M)Xa(ﬁ)

~B
pd alk-d (i,j)ea

= 23 Z 2u([pp) Z7)H = (1, B)
pHd

=25 > (pus ZF)H= (1, B).
ukd

By this calculation we know that Z¥ = DZ" is equivalent to the master relation for the
quantities

<p,un > - Z,U«[p,u] ) <pM’ > - Z#[p#]
Comparing with (2.3.2) and ([2.3.3)) yields the desired result. O

2.5.2 Using the Fock space formalism

Now that we have proven that the moment-cumulant relation can be equivalently for-
mulated as an operator equation of partition functions in the Fock space, we want to
explain the main tools from [BDBKS22, BDBKS23] and prove our main result. Note
that the moment-cumulant relation or more precisely the corresponding operator D is a
special case of an operator equation

Zl = Dq/)Z2

in [BDBKS22, BDBKS23|. In our case we consider ¢ = In(1 4+ y). We will not bother
with the most general choice of D (resp. 1) as we are mainly concerned with the higher
order free probability application. The more general case has similar results, but it does
not describe the moment-cumulant relation in free probability.

Lemma 2.5.7. R
The operator D belongs to the Lie group of gl and we have

= exp < > wipEy k>
kEZ-f—*
where wy, is determined by w1 —w;,_1 = In(1 — kh).
2 2

Proof. Consider an operator

W = Z wkEk,k S gA[OO,

kezZ+3
then it acts on the fermions via
£(\)
Z wkEk LUN = <Zw)\ w—i—i—é)U)\ = W)V).- (2.5.8)

keZ-i-*
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In other words w) is an eigenvalue of W with eigenvector vy. Let us write
=w, 1 — W, _1
wk k;‘+5 k— 3 ?
then we may rearrange the telescopic sum

Wxi—i+3 — Wit

S Wyl TWy L Wy LWy gyl Wy g L Wy L T W

=0 =0
= (W1 —wig )+ (wy e —wy 1)
A
=) W1 w1
i=1
A
=D Vi
=1

Thus we have

IIONEDY

wy = Zzwj—i = Z Vi

i=1 j=1 (i,5)EX
Hence the exponential of W has the eigenvalues

exp < Z @/)ji),

(3,5)eX
and for the choice ¢ = In(1+ (j — i)h) we find
exp ( Z In(1+ (5 — i)h))w\ = H (14 (5 —1i)h).
(4,9)€EX (3,9)EX

Under the boson-fermion correspondence the eigenvectors in %, are the Schur polyno-
mials with the same eigenvalue, i.e. the operator we defined agrees with D. O

We proceed by proving the representation of J in Proposition
Proof of Proposition|2.5.3. First observe that for £ = 0 we have
Z Ej’js A= 0
j€Z+1

by (2.5.8]), with wy = 0 for all k. Thus Jy and hence Jy annihilates the whole space By,.
Let us write

W= > wEj,
JEZ+3
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2 Higher order and surfaced free probability

then for k £ 0 we have

D~1J.D = exp(—W)J; exp(W)

|
= n!
by the Campbell identity (see [Hall5|]), where [(W)",Ji] is a shorthand notation for
the n-times application of the commutator [W, [W, ..., [W,J;]]]. Using the commutation
relations for the E; j, we compute

Wk == > wjlEjy, ikl
i,jEZ+3%
= — Z Wik B + wi(—Ei_i;)
i€Z+3
= > (wi—wi—g)Ei_pg,
i€Z+1

and inductively

(W)™, Ji] = [=W, [=W, .., [=W, Ji]]]
- Z Wiy -+ - Wiy, [Ejl»jlﬂ [Ejzyjz’ R {Ejmjm Jell]

]177]»@62"!‘%
S
= Z (Wi — wi—g)" Ei—g -
i€Z+1

Thus we have

D~1J,D = i [(—V\Q'",Jk]
n=0 ’

_ i T (w; —T:fi—k)nﬁi_k’i

n=0iez+1

= Z exp(wi _wi—k)Ei—k,i-
i€Z+3

Recall the trick in the last proof of expanding via a telescoping sum, and

ln(l—kh(m—%)) = Wy, — Wy—1 for m€Z+%.
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2.5 Proof of the main result

Then we obtain

k-1
> exp(w; —wij)Eipi = Y exp <sz‘—j - wi—j—1>Ei—k,i
=0

i€Z+1 i€Z+1
k—1
s exp@ln(m(@_]_2)))@i_,€,i
i€Z+3 j=0
k-1
> H(Hn(z_j_f))a_m
z€Z+%370

Finally, a change of indices yields the first formula in Proposition Now let us
rewrite the product in the following way

[T (i -4-5) =TT (oG -5) - 5)

j=1 7j=1

ST 1-5Y)

We expand the expression using Taylor’s formula at y = 0 and obtain

[1 (4051 5)

Jj=1

y=(i—%)

:ia;jli[l(1+h(y+j—1—k;1))

= 0k(y)

r=0

y=0
On the other hand we have

i k-1
only) =TT (1+n(y+i-1-=))
j=1
:exp<zk:1n<1+h<y+j—l—k;1>>

k
= exp <ehk§lay Z 1% 1n(1 + y))

J=1

Now we use

k k k
$ _— s .
Y § :xz lyk 7
Tr—1y =
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h(i—1)

forx=e 9 y =1 and obtain

hk=1p, ‘ h(i—1)d, pistg €M —1
exp (e 2 ]Z;e In(l14+y) | =exp|e" 2 T In(1+y)
kho,
- pk=lg €777
= exp (6 R 7 In(1 + y))
hZLo —hZ0o
ez — e "2 %u
=ex In(1 +
p< T5, .70, ( y)>
s(hkdy) )
=exp |k In(1 + .
’ ( stra) MY
Together with (1.2.4]), we obtain the desired result. O

Remark 2.5.8.
The computations in the proof of Proposition [2.5.3| are exactly the computations as in
[BDBKS22| in Proposition 3.1 and Lemma 4.6, here for the case

i k—1
Px(y) :jl;ll <1+h<y—|—j— ?)>

More precisely, Proposition [2.5.3is merely a special case of the latter two results for our
choice of ¢p. We presented the proof here for a self-contained reading and because of
the importance of understanding the techniques.

Together with Lemma [2.3.6, Proposition is our starting point in [BCGF™23| for
proving Theorem [2.4.8, The next step is to use (2.5.3) and the commutation relations
for the operators J, that is

[Jr; JS] = Tér,—s
and the immediate consequence for the generating series
> > - 21\’ 122
r —s| _ ; _
[;erl,;J_st ] = ZZ;(@) ~ i — )
We commute the J,. with » < 0 to the left and the ones where r > 0 to the right.

Then, the latter will be killed by (| or by |) respectively. This will result in the key
combinatorial identity, an expression for the n-point functions as a sum over the graphs.

Lemma 2.5.9 (Key combinatorial identity).
Let n € N, T € G,,, I a hyper-edge of I' and i € [n]. Moreover, we define the i-th white
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vertex operator by

0%(a) = Sk ) 32 0y exp (K 1 4 )

keZ r>0
] exp (hu; s(huwidw, ) (G (w;) — h™Y))
1 hais(hug)

y=0

(2.5.9)

and the hyper-edge weight by

2 . )
. ;O ) ) GE (w; , w; fH#HI =2 I(7) =2
< (ug, w;) {(huzg(huzwﬁwl)) 2£wz,wz) if # and I(7) , (2.5.10)

[ Lier Puis(uiw; 0w, )G (wr)  otherwise.

Then relation Z¥ = DZ" is equivalent to
~ 1 n

where the first product is taken from left to right with ¢ increasing.

Remark 2.5.10.
Recall that we have added an additional term for the 2-point function
~ T1T2
G =G —_— .
2(71,2) = Ga(1,22) + (01— 20)?

Thus a hyper-edge of cardinality two connecting the same vertex to itself would yield
an ill-defined expression G(w;, w;). To prevent this, we have introduced a correction in

[2.5.10).

Proof of Lemma[2.5.9. Let Z¥ = DZ". We start by recalling the formula for the n-
point function in terms of the operators in the Fock space. More precisely, we will start
by considering a disconnected expression (cf. Lemma [2.3.5),

G (21, ..., an) = (|3(21) ... I(zn) exp(F)), (2.5.12)

where J(x1) are the generating series of the Ji. Furthermore, from Proposition we
have the expression

N <(khdy) m_ 1
i = ;an exp (k g(hayy) In(1 + y)) ’yzo[wku ]W

- exp < Z hug(ﬁuw@w)J_mwm> exp < Z hug(huwaw)mem).

m>0 m>0

We focus on the terms

o0 o
exp (Z aiJ_mw;m) exp (Z aimeZm)
i=1 i=1

131



2 Higher order and surfaced free probability

As stated earlier, our goal is to get the J_,, annihilated by (| and the J,,, annihilated by
[), i.e. we need to commute the J_,, to the left and J,, to the right. We will use the
following commutation relation

exp ( i ame) exp ( i bmJ,m)
m=1 m=1
= exp (mz::l mambm) exp <mz::1 bmJ,m> exp (mZ::l ame).

It is a special case of the Baker-Campbell-Hausdorff identity and can also be proven by
direct computation (see [BDBKS22, Proposition 2.3]). Thus, the product

<) Hexp < S s (huiwid,) ime> exp ( 3 huig(huiwiﬁwi)w;nJm> ‘>

m>0 m>0

(2.5.13)

becomes

H exp < Z huig(huiwiawi)hujg(ﬁujwjawj)m(Zji'> >
j

1<i<j<n m>0
Wi W5
= H exp (huig(huiwiﬁwi)huﬁ(hujwjawj)M), (2.5.14)
1<i<j<n v J
= H exp(aiajB(wi,wj)),
1<i<j<n

where we used

ald) = hais (Frugw; Oy, )w;™

m

and

pl) — i (M w; O, Jw; ™

m

in (2.5.13)). Thus, we have
é‘p(l‘l, .. :Un)
c(ki0,) )
= x; 18” In(1+y)
5 Hetoon (55

k1,....,kn€Zi=1
140y >0

<)Hexp<zb m)ﬁexp(%: >exp P

m>0 =1

- % Ietaen(SEuam)| |, T oo (s

-0
ki, kin€Z i=1 Y

H exp (ociosz(wiwj))

1<i<j<n
1, ,rn>0

(| Hexp < 3 af Jm> exp(F™)

m>0
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2.5 Proof of the main result

where in the second equation we used the fact that (| annihilates all the J_,,, and thus
leaves only the constant term 1 of the exponential. For the equation, we recall that
the exponential of the generating series of J,,, operators for positive values m act as a
translation operator on any f = f(p1,p2,...) € By, that is

€xp ( Z Oéme>f = €xp ( Z ammam>f(plpp27 .. )
m=1

m=1

= f(p1 + a1, p2 + 2a2,p3 + 3as, .. . ).

Thus we have

0
n l
) h29 244 J—s-
— < [[exp < afﬁ)Jm) exp <Z Y Fris . ‘>
i=1 m>0 0>1 51500,50>0 j=1 7
920
n l
) h29—2+L Ds.
= < Hexp < agfl)Jm) exp <Z i Z Fooi st H 8—]
i=1 m>0 >1 ) $1,000380>0 j=1 77
920
h2g—2+£ . Ds;
(o (T S A T2+ 30)
>1 S14...,8¢>0 j=1
920
K29—2+¢ ¢ noo
oo (N Y A ()
0>1 ’ 5150005800 j=1 i=1
g>0
B29—2+L ¢ i)
— exp (Z S m 6 (2.5.15)
>1 i1,ey0y=1581,...,8¢>0 7j=1
920

First we want to treat the £ = 2 case since we need to match it with terms in (2.5.14)
(in this case Gy differs from G2), the other terms are more or less in the right form, we
will treat them afterward. When i1 # io, then

(L NN Fdd)

g>0 i1,52€[n] s1,52>0
11712

e (TR Y% F el

920 1<i1<i2<n s1,52>0

= exp (Z 729 Z Z est 50 P S (M, Wiy Oy, )W) huizg(huhwizﬁw@)wf;>

g=>0 1<i1<i2<n s1,52>0
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2 Higher order and surfaced free probability

_ X . 29 s 52
= €Xp < Z Qiy Qi Z h Z 9751,82 Wi, >

1<i1<ig<n g=>0 81,52>0
K
= exp ( E iy iy G5 (wil,wi2)>, (2.5.16)
1<i1<ig<n

where the 7 71 climinated the symmetry to obtain G%(w;,,w;; ). Recall the factor from

(2.5.14),
H exp (aiosz(wi,w] = exp ( Z a0 B wz,w])>
1<i<j<n 1<i<j<n
we can combine it with (2.5.16) to get a term
exp ( Z i, iy (G (Wi, wiy) + B(wil,wil))> = exp < Z ailaiQGg(wil,wiz))
1<i1<i2<n 1<i1<2<n
Now if 47 = i9 we have a term
1 2 1 2~
exp (2 Z O‘ing(wmwu)) = €xXp (2 Z ai1Gg(wi17wi1)>'
1<i1<n 1<i1<n

For ¢ > 3 we have similarly terms of the form
h29 2+¢ n

¢
exp<z Z Z g,sl, s rllagj)>

920 01,9 =151,...,5¢>0

—exp< 3 (H%)Gé ww>)

(SIRTES |

Thus expanding the exponential function

1< ~
exXp <2 Z O‘zzl Gg(wiuwh) + Z ailaiQGg(wilﬂwiZ)

i1=1 11 <i2

Yy (Ha,J)Gé (i),

23 ir,eie=1

we get products of the type c®(ur,wr), i.e. every factor containing é’g(wil, CeWi,)
can be described by a multi-edge connection of white vertices i; j = 1,...,n (possibly
multiple times), and every product of such terms is the contribution of a graph in G,,.
Note that the factor % deals with multiplicity or more precisely the automorphisms of
the multisets; see e.g. the £ = 2 case we treated explicitly. The factor from expanding
the exponential will deal with the automorphisms of the multi-edges. The only thing
left is obtaining the claimed form of the operators U*. The terms

St S g (KE w1 )|t

kezZ r>0
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2.5 Proof of the main result

are immediate from the representation of the J operators in Proposition and the
numerator in (2.5.9)) is explained by the ¢ =1 case of (2.5.15)). We have

n
exp (S Sy sty ) = e (3 o (@) -7,
g>0 i1=151>0 i1=1
where the extra ™! term is due to the term we added in , the definition of the
n-point functions. Note that in the previous computations the graphs we obtain do not
need to be connected, i.e. we obtain a sum over graphs in G for . Thus, applying
the inclusion-exclusion principle, we obtain the desired expression for Gf; (x1, ..., z,). O

Remark 2.5.11.

In [BCGF*23] Lemmal2.5.9)is cited to be a special case of [BDBKS23, Lemma 2.1] when
the quantities are translated carefully. With the proof given here, we aim to fill in more
detail from [BDBKS22| Section 3] and [BDBKS23| Section 2] for this special case in
order to highlight the method of commuting the operators in the Fock space.

In order to match the expression of the key combinatorial identity to the assertion in
Theorem [2.4.8] we proceed in three steps, which were suggested by M. Kazarian in an
unpublished manuscript (see [Kaz19],[Kaz20]). An analogous exposition can be found
in our paper [BCGEF™23|.

We have the following three results, the second being merely a simple observation.
First, we have the following lemma.

Lemma 2.5.12 (step one).
Let ®(y), ¥(u) and Y (w) be three formal power series and Y (w) = O(w), then

S(09)(0) - [ exp(uy (w)¥(w) = S (@)Y (w) - [w] ¥u).  (25.17)

r>0 r>0

Proof. We have

S (@) 0) (e explu () ¥() = 3 (35 8) (0)[u'] S Y@zuiwu)

r>0 >0 i

=3 > @

r>0 1=0

- ZZ(@;@@)Y%")’ w0 (w)

r>0 =0

= >3 ) Y(;")z ()

r>0 i=0

s=0 r, z>0
rfi:s
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2 Higher order and surfaced free probability

= > S0 e )
5=0 i>0 ’

= > (0;0)(Y (w))[u’]¥(u),
s=0

where we used that every pair (s, ) determines r uniquely in the second to last equation
and Taylor expansion in the last one. O

Lemma 2.5.13 (step two).
Let Q(z) be a polynomial. Then

[V (20:) ) Qo)a* =) Qk)a".
Jj=0 k=0 k=0
Proof. We have
00 00 deg Q ‘ '
>_Qk)zt =3 ( L71Q(v) - k)a:'f
k=0 k=0 7=0
oo deg
=3 > WIQw) - Ka
k=0 j=0
oo deg@
=3 > WIQ(v) - (20,) a"
k=0 j=0
deg Q

= > (0[] > Qv)a*.

§=0 k=0

The formula is still valid if we replace deg @ by oo, since then [v/]Q(v) will yield zero
for terms j > deg Q). O

For the third and last step, we will use the Lagrange inversion formula. Particularly,
we will use [Ges16, Theorem 2.1.1] without a proof and only state the special case we
need (equation (2.1.5) in op. cit.).

Proposition 2.5.14 (Lagrange inversion formula).

Let R(t) be a formal power series independent of . Then there is a unique power series
f(x) such that f(x) = zR(f(z)), and for any Laurent series ¢ independent of z and any
integer n € N we have

e —2) R

1= /R
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2.5 Proof of the main result

Remark 2.5.15.
We note that we may see z as a function in f via

@) = aR(f(a) = 2= gl = alf) = 5
and hence
4 . R -JR() LT
V=R T R
Consequently we may write
dlnf zdf =z R(f) 1

dlnz  fdz f1_7f R’((]Jf)) 1—f R’((JJ:))

where we used % = E'

Proof of Theorem [2.4.8 First we will prove the formula for n > 2, since in the case
n = 1 the graphs in the sum contain an element without a hyper-edge. For n > 2 the
connectedness assures the existence of hyper-edges. We start from Lemma[2.5.9) and use
the last three lemmas step by step.

i) Recall the definition of U (z;) from (2.5.9),

U (i) = > af - [wf] ) o) ex <

)\ o
kez >0 v=

e ]exp(huzc(huzwﬁwl)(G1(wz) )
i hugs(huy;)

Then the second factor has a contribution of the form
exp(hui(GF (wi) — h™1)) = exp(ui(G y (wi) — 1) + wh* Gy (wi) +...),

when we expand ¢(z) = 1 + 326721 + ... and take the constant coefficient. The
consequence is that, with rising order of 2%, the operator [wF] takes more and
more coefficients of G, (w;) into the formula. The contribution in each of z; and
I is finite, but in the equation for the generating series Gf, (21, ..., T,), as we sum
over the all orders, we get an infinite contribution. Thus, we use Lemma to
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2 Higher order and surfaced free probability

get rid of these contributions. If we set Y (w) = (Gf;(w) — 1) then we may write

én(iﬁl, ceey xn)

¥ k r ha ) r K
=TIt 1l Y g (10 ) )| _O[ui] explun (G () — 1)

i=1kez >0 v=

exp(hus (huiwidu, ) (G (w;) — K1) = ui (G 4 (wi) — U.r,’wf

hugs(hu;) F%g:n Iel;[ A

‘ r khoy) >
= X e In(1

ZHU;% TZ; < (hoy) (1+y) ‘ngl(wi)—l

o exp(huis (ugw;Ow, ) (G (wi) — h) — wi(GF 4 (wi) — UI,wz

[ui] hugs (hug ) Z H #Aut

reGn 1eZ(r

ii) In order to use Lemma [2.5.13] we need to get a polynomial dependence in k in the
factor

s(khoy) )
orexp | k In(1 + ,
v P < g(hﬁy) ( y) ‘y:GSyl(wi)l

it has a term exp(kIn(1 + y)) in the expansion of ¢. We compute

s(khoy) >
o e k In(1 +
Y Xp( (ha ) ( y) ‘y Go 1 (wi)—1

= O exp (kgg((khhaiy)) ln(y)> ‘yGSl(Wi) (2.5.18)
- (Ggyl(wi))k(exp(—kln(y)) 7 exp (kgg((’“h%) ln(y)>) ‘y:GS’l(M

We claim

exp(— I In(y))d] exp <ki((’“h%) ln(y)> —(0,+7) e <k<<§((’“h’2y)) - 1) ln(y)).

(2.5.19)

For » = 0 the assertion is true, and for any r > 0 we have by induction

) e (451

= (8y + l;) exp(—kln(y»a;il exXp (kgc((kh%iy)) ln(y)>

ok . §(khoy)
=~ exp(=kIn(y))9; ™ exp (k <(hdy) ln(y)>
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2.5 Proof of the main result

+ exp(—k1In(y))d, exp (kg(khay) 111(?/))

(hdy)
. s(khdy)
+§exp(_k1n(y))3y ke <(hd,) ln(y)>
<(kho,

— exp(—k1In(y))d} exp <k §(h8y)) 1n(y)>.

We continue using the formula,

s(khoy) >
or k In(1 +
yeXp( <) " Y ‘y—%(wi)—l

— gyl(wi))k(ay + I;)Texp (k(gffhfzy)) - 1) 1n(y)> ‘y=GS,1 o’

where the right-hand side has a polynomial dependence in k at each order of .
Thus, we can apply Lemma [2.5.13} we have

G (ml,...,xn)
= HZ 2i0a, )’ [v'] Zx Z 0,1(wi))k
=1 5=0 kez r>0

el o).

] exp(fiuis (huiwidu, ) (G5 (wi) — B1) — ui(Gf | (wi) — 1))

‘ huis (hug)
> I S wI
I'eGn I€Z(T #Aut

iii) In the last step we remove G(w;)* by Lagrange inversion, i.e. by Proposition [2.5.14
and Remark [2.5.15, with f = w;, R = G§,z; = % Then we have

dln(wi) Qb(wz)
k ) — ky_ ¥w\%) — k K k
o) e 1 00) = b0 = OG-
’LGN ( )
Hence
dIn(w;) dIn(w;)
Fop () — Ky k N ‘
Z T; GOl wl) w(wl) Z Ty [.’IJZ] dln(xz) w(wl) dln(m’l) w(w’b>
keZ kez
for any . With the notation P"(w;) = 311?1((2)) and the observation
dw; o dw; B Adln(wi)
xzaml =Ti—— dl‘l awl - szT%awl = w; dln(ml) awiy
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2 Higher order and surfaced free probability

we obtain the desired

én(xl,...,xn) = Z #Ait(F)HéH(wl) H C”(ul,w[)

for n > 2.
Now for n = 1, there is a graph I'y with no hyper-edges, thus there is a summand with

H c"(ur,wy) = 1.

IeZ(To)

Hence, when we apply the operator gs (w), the result and in particular the factor
exp(hus (huwdy, ) (G5 (w) — h™Y)) 1 s(Auwdy,) (G5 (w) — A1)
hug (hu)  hug(hu) s(hu)

will have a pole. To remove this pole, and proceed similar to the first step for n > 2, we
write

+ ...

G¥(x) = G¥ () —h " (2.5.20)
I "o (khdy) |
- I;Z ;8 ( (hdy) ! (1+y)>‘y=0
Gi(w) = ") exp(u(Gg,(w) — 1))

] [exp(huq(huw@w)(
hug (hu) uh

exp(u(G§ {(w) —
+ ok [k o ex ( 72))1n(1+y>>‘_[u’“] p((‘);h() D),

kez >0 y=0
(2.5.21)

Then we can apply Lemma [2.5.12] m to the term in (2.5.21]), we obtain

St Y gpes (K m ) )|

kezZ r>0

] [exp(hug(huw@w)(G'f(w) —nh))  exp(u(Gh,(w) — 1))]

y=0

hug (hu) B uh

=S ok Wb S oy ex ( haa))1(1+)>) ]

—0
kez >0 Y

exp(hus(huwdy ) (GF (w) — B~ — (u(GE (w) — 1
exp(u(Gal(w)_l))[ p(us () (G (w) = 1) — (u(G () >>>_1]

hug (hu) uh
:Zxk Zar ( haa))l (1+ )>)y—G01( )_1[ur]

kezZ r>0

[expmug(huwaw)(c;'f(w) —h7Y) = (u(Gh,(w) - 1)) 1 ]

hus (hu) uh |’
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2.5 Proof of the main result

Since the second sum runs over r > 0, the term # does not contribute. Next we apply
Lemma 2.5.13 and obtain

o0

G¥(x) = Z T[] Ziﬁ Z G (w))*

7=0 keZ r>0

(6y + %)Texp <v< (g)hhaa)) )m( )> )y=G5~,1(w>

r][exp(hM(ﬁuwﬁ w) (G (w) — 771 — u( 8,1(7»0)—1))]

[ hug (hu)

and finally Lagrange inversion, Proposition [2.5.14] yields

o

G (x) = ;)(xa L) [v ]flllj‘l: (ay + %)Texp <v<<g((”:a‘zy)) _ 1>ln(y)> ‘yGS,l(w)
'] [exp(hug(huwaw)(G’f(w) —h7Y) —u(Gg (w) — 1))}
hug (hu)

i (wP™(w)9 Y [o) P () (9, + %)Texp @(?g’:a%)) - 1>ln(y)> )y s o
'] [GXP(ﬁM(ﬁuwaw)(G’f(w) — ) —u(GE, (w) — 1))}
hus (hu) ’

This is exactly the term we get from the graph with no hyper-edges. We still need to
match the correction term Af in Theorem We repeat the calculations from our
paper [BCGF 23|, which are originally from [BDBKS22| Section 6.2]. We have

exp (u(GE, (w) —
S ek 3 e (KA 14 )| a2 O D)

E>1 >0 y=0

_[Fd ki, k . s(khoy) exp (u(Gf y (w) — 1))
_/odxdmkglx [w ];@lexp (k‘ <(D)) 1n(1+y)>‘y0[u ] hu

T N S o e (S0 e (w6 () ~ 1)
_/O , ;kx [w]rzz()@ye p(k; <(7D),) 1 (1—|—y)>‘y:0[ ] -

_[fda ki ok . s(khdy) , exp (u(Gf , (w) — 1))
_/0 kaZIw [w ]rzzoc‘)yexp (k <D, ln(l—i—y))‘y_o[u JwOy, . )

We have for the derivative

exp (u(G§ 1 (w) — exp (u (G§ 1 (w) —
[ur]waw p( ( (7]1,;( ) 1)) :[ur] p( ( 07,11( ) 1))w8wG871(w)

and thus we can apply Lemma [2.5.12| to obtain

/ dxz Ny o ex < kh&)ln(1+y)>‘ g, S (u(Gf 1 (w) — 1))
)

dy) y=0 hu
k>1 r>0
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2 Higher order and surfaced free probability

da (khd,) w0y G, (w)
7 1 T B
/ Z ! Z Oy ( s(hoy) ny) ‘y=Ga1(w> ]

h
k>1 r>0

/ dx < s(khoy) > WOy G 1 (W)
- 2o Iny ] —
<(hdy) y=Gg, 1 (w) h

k>1

where in the last equality we used that we have no contribution from [u"] for r > 0 in

the right most factor. We use the tricks (2.5.18) and (2.5.19) to apply Lemma [2.5.13
we obtain

OwGl
/ dz Zm (k: §(khoy) lny> ‘ w 6.1 (w)
>1 g(hay) y=G§ 1 (w) h
dx ¢(khd,) w0y G 1 (W)
x (G} Fexp <k< £ _ 1) lny> _—
/ % () <(hdy) ’y=Ga1<w> h
dx s(vhoy)
(20,)7 [v7] (G ke (U( ¥ _ 1) In )
/ Zw o ka a(w) exp (v < 55 v _ i
wawGo,l( w)
—

We can apply Lagrange inversion, Proposition [2.5.14] and get

/ dexa [07] > 2Fwk](Gh  (w))F exp (v(<(vh8y)_1> lny>‘y G5 ()

E>1 s(hoy)

wawGOJ( w)
h

L[ dr S~ o v <(vhd,)
= = —_ VAPYY) y) . .
h/o - jzo(m&c) [v!] exp <v< (i) 1> lny) ‘y:ngl(w)P (w)wdy G 1 (w)

1 (% de & - s(vhoy)
= — _ § VAPSY) vy, K K
N h/ T 4 (#02)" "] exp <U( s(hoy) 1> 8 y) ‘yGE”,l(w)P (w)wdu G5, (w)
h/ —P“ w)w0y G 1 (w).

For the first summand we integrate against one of the outer derivatives z0,

}11/01‘ %w i(:ﬂ@m)j[vﬂ exp <v<g§((vhh£/y)) - 1) 1Hy> ‘yzcg’l(w)Pﬁ(w)wang’l(w)

1 g(vh@ ) G
_ § Jj—1 Yy, K K
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2.5 Proof of the main result

and the j = 0 term together with P*(w)wd,, = 20, yields

K K 1 K
i | P wwou6 i w) = £(GE.w) - .

In conclusion, for 2g — 2 +n > 0 taking the coefficient [A2972"], we obtain the assertion
of Theorem The special cases (0,1) and (0,2) are the known cases [Voi86, [Spe94]
and [CMSSO07] respectively. O

Remark 2.5.16.
The special cases (0,1) and (0,2) can also be obtained by the techniques in the proof of
Theorem see [BCGET23| section 4.2].

2.5.3 Extracting the genus zero sector

Finally, we will be extracting the genus zero sector of Theorem for n > 3. This
solves the problem of finding higher order functional relations for the moment-cumulant
formalism posed in [CMSS07].

Proof of Theorem[2.7.1]. Let us recall the expression of Theorem [2.4.8) and specialise it
to genus 0. We have for n > 3

® [R2972+1] i
Gin(@1, ... an) = ng:n #Aut( )H (w; ]Elgr c"(ur,wr).
Thus, for g = 0, we obtain
© n— 2 SNE (s, K
G (1, 2p) = [R ng #Aut( )1;[0 (wi) H c*(ur, wr).

The leading order in & of the terms on the right hand side can be read from

(g, wy) = K22 ( I1 ui>é87#1(w1) +O(R2HY

el
and
O (w) = 3 (PHw)wd, )™ - o™ S (ay + %)’&‘y:m [ (uh)~L + O(h°)
m>0 r>0 0,1
— h—lZon . r+1 —I—O(ho)

r>0

where, in the last line, 6’,? is defined in Theorem . Thus, for a graph I'" € G,, the

minimal degree on the right-hand side is given by

—n+ Y (241 -2).

IeZ(I)
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2 Higher order and surfaced free probability

This number attains its minimal value n—2 when I' is a tree. Hence, the only contribution
to the genus 0 part of G is given by the latter. Furthermore, trees have no non-trivial
automorphisms. The variable u; only appears from the hyper-edge contributions, and
its power is the valency of the i-th white vertex. Therefore, the extraction of powers of
u; prescribed by the operators at the vertices restricts the sum to the set Gy, (r + 1) of
trees where the i-th white vertex has valency r; +1. We obtain in genus 0 and for n > 3

Ghnlor, )= > [[O05(w) > 11 GbsrCwr). (2.5.22)

1y >0 =1 TE€Go n(r+1) IEL(T)

With the classical notation of genus zero free probability, that is Gﬁn = M, and G, =
C,, as well as the correction for n = 2, we find precisely Theorem [2.4.1] O

2.6 Surfaced free probability

In this section, we extend higher order free probability to so-called surfaced free probabil-
ity. Concretely, we will extend the results of [CMSS0T7, Section 7] to our setting of higher
genus. We start this section by recalling higher order free probability of [CMSS07]. After-
ward, we introduce an extension of the partitioned permutation, which we call surfaced
permutations and show that their theory of multiplicative functions evolves in parallel
to partitioned permutations. The extended combinatorial theory allows for a new notion
of freeness, we call it (g, n)-freeness. Furthermore, we show that it is a sensible notion
by proving important properties: (g, n)-freeness does not depend on generators and con-
stants are free from everything. Moreover, we recover Voiculescu’s free independence as
well as freeness of all order of [CMSS07]. Surprisingly, we can also recover infinitesimal
freeness (cf. Section by allowing half integer genus. We conclude this section by
extending the asymptotic result of Theorem

2.6.1 Higher order free probability

Recall from Definition that a second order noncommutative probability space
consists of the data (A, p1,p2), where A is a unital algebra, and ¢; is a unital linear
functional and @2 a symmetric bilinear form that is tracial in its arguments and vanishes
on 14-C x A. Motivated by the random matrix calculations presented in Section [2.1.1]
Collins, Mingo, Sniady and Speicher extended the notion of a noncommutative proba-
bility space and the moment-cumulant formalism to higher orders. Despite not deriving
the higher order functional relations, they already introduced and studied the so-called
freeness of all orders.

Definition 2.6.1.
i) A higher order noncommutative probability space (HOPS) is the data (A, ) con-

sisting of a unital associative (maybe non-commutative) algebra A over C and a
family ¢ = (¢n)n>1 of tracial n-linear forms such that

p1(1) =1 and ¢,(1,a9,...,a,) =0,
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2.6 Surfaced free probability

for alln > 2 and ao,...,a, € A.

ii) Let a € A be a noncommutative random variable in a HOPS (A, ). Then the
higher order distribution of a is given by

Ha O = {onla™, .. ™) in > Ly, €N,

iii) Let aq,...,as € A be noncommutative random variables in a HOPS (A, ¢). Then
the higher order joint distribution of ai,...,as is given by

Mgl(,)...,ae = {gpn(afll,...,a;’:): n>1,i1,...,0, € [f],71,...,7n € N}

By the discussions from prior sections, we can encode the higher order distribution of
a single element via a multiplicative function ¢: PS — C given by

O(Lryctrns Yrivrn) = @n(a™,...,a™),n € N,ry, ..., € N. (2.6.1)

Then Theorem [2.4.1] gives the functional relations between the moment and cumulant
generating functions

— T1 T
My(21,...,2p) = E o L R

P15y Tn>1

and

— 1 T
Crn(x1,...,2n) = E TN A A

71y Tn 21

In free probability, we want to study the central notion of freeness, and it only appears
if we look at joint distributions of several variables. Thus, we need to make sense of
the joint distribution in terms of multiplicative functions. This was already done in
[CMSS0T7] and we briefly explain the set-up.

Definition 2.6.2.
Let A be an algebra.

i) We define the set of A-decorated partitioned permutations by

PS(A) = | PS(d) x A”.

d>1

If f: PS(A) — C, then we denote the value of f on an element ((V,7),a1,...aq) €
PS(d) x A? by

f(V,?T)[al,... ,ad].
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2 Higher order and surfaced free probability

ii) Let f: PS — C and g: PS(A) — C be two functions, d > 1, and (U,~) € PS(d).
We define the convolution of f and g by f * g: PS(A) — C, where

(f*g)(u77)[a1>"‘7ad] = Z f(V,ﬂ)(g(W,a)[al,...,ad]).

(V,TI')'(W,O’)Z(Z/{,’}/)

iii) Let f: PS(A) — C be a function, we call f multiplicative if the following two
properties hold:

a) We have
f(ld’T—l o0 OT)[CLl, . .,ad] = f(ld,a)[a.r(l), . 7a‘r(d)]
for any d > 1,7m,0 € S(d) and ay,...,aq € A.

b) We have

f(-A) a) [a’lv s 7an] = H f(l#A7 a|A)[(ai)i€A]7

AcA

where bijections [#A] — A have been chosen to make sense of the right-hand
side, which is independent of this choice due to the first condition.

The latter is used to put higher order moments into the framework of multiplicative
functions, in particular it lets us define higher order cumulants via convolution.

Definition 2.6.3.
Let (A, ¢) be a HOPS.

i) We define the moment function to be the multiplicative function ¢: PS(A) — C

given by
>\1 )\2 An
e(La, a1, aq] = on < [Ta [Tars 11 aA1+-~~+An1+j>
j=1  j=1 j=1

for any d € N and any partition A F d.

ii) We define the cumulant function to be the multiplicative function x: PS(A) — C
given by

K= % .
Moreover, we define the higher order cumulants by
Brpprn (@15 -y an) = K(1g, Yry )01, - - - G4

for any n,71,...,rp€Nandd=r1 + -+ 1.
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2.6 Surfaced free probability

Remark 2.6.4.
Note, with these definitions, we may write

My (z1,...,2,) = Z pla™, ... a2t o

and

Cn(x1,...,mp) = Z Brgpon (@ o ya)z]t oo

as we already mentioned.

Let us recall the main features of higher order free probability of [CMSS07] without a
proof. We will later generalize these to higher genus and obtain them as special case.

Definition 2.6.5.

Let (X;);er be a family of subsets of A. We call (&;);er free of all orders if we have the
following vanishing of mixed cumulants: For all d > 2 and all a; € Xy (1 < k < d)
such that i(p) # i(q) for some 1 < p,q < d we have

k(1g,m)(a,...,aq) =0

for all 7 € S(d).

Remark 2.6.6.

Since the combinatorics of partitioned permutations is yet to be fully understood it is
not clear how to express higher order freeness in terms of the moments, so we have to
rely on the vanishing of mixed cumulants. Recall that first order freeness was developed
in terms of moments and only later [Spe94] introduced free cumulants and showed that
the vanishing of mixed cumulants is equivalent to freeness. In theory, the vanishing of
mixed cumulants should explain how the formula for the moments looks like, but up to
this day it is still not tangible.

Proposition 2.6.7 (JCMSS07)).
Let (A, @) be a HOPS. Then 14 is free of all orders from every set X C A, that is

Krpyrn(Las a2, ... yaq) =0

for any d > 2 and r1,...,r, withd =7r1 +---+r, and any as,...,aq € A.

Theorem 2.6.8 (J[CMSS07)).
Let (A, ¢) be a HOPS and &3, X, C A. We denote X;" = &; U {1}. The following

statements are equivalent:

i) A1 and X, are free of all orders.

147



2 Higher order and surfaced free probability

ii) X" and X5 are free of all orders.

iii) For any d € N, (U,7) € PS(d),a1,...,aq € X; and any by,...,bg € X, , we have

o(U,7)]arby, . .., aqbg] = > k(V,m)[as,. .., adeW,0)b,. .., b4
(V,W)(W,O‘):(u,’y)

iv) For any d € N, any (U,7) € PS(d), a1,...,aq € X;” and by,...,bs € X', we have

K(U,y)[ar1bi, ..., agbg] = Z k(V,m)|a1,...,aqk(W,0)[b1,...,bg.
VY, m)W,o)=U,v)

Theorem 2.6.9 ([CMSS07]).
Let (X;)icr be a family of subsets of A, and A; the unital subalgebra generated by A;.
The freeness of all orders of (&X;);cs is equivalent to the freeness of all orders of (A4;);e;r.

2.6.2 Surfaced permutations

In this section, we will introduce the combinatorial framework for surfaced free prob-
ability. The objects in this theory are called surfaced permutations, motivated by the
appendix [CMSS07]. In principle, surfaced permutations are only partitioned permuta-
tions with the additional data of a genus on each of its blocks. In order to develop a
moment-cumulant formalism using these objects, we need to make this new information
compatible with the multiplicative structure. The motivation for these objects comes
from the extension in Section where the multiplicative functions have values in C[A].
The idea is that rather than storing the information of a function in a generating series,
we distinguish every coefficient [hl(V™I+29]f(V, 1) by a value on surfaced permutation
with the prescribed genus. With this new point of view, we are able to introduce the
notion of (g, n)-freeness and study its properties and applications.

Definition 2.6.10.
i) A surfaced permutation of [d] is a triple (V,m, g) where (V,7) € PS(d) and g: V —
N is a function. We denote by PS(d) the set of surfaced permutations of [d], and
set PS := [J >, PS(d).

ii) The colength of (A, a, g) € PS(d) is defined by

(A a,9)] = [(A, @) + D 29(A),
AcA

Definition 2.6.11.
Let (V,m,g), (W, o,h) € PS be surfaced permutations.

i) We define the extended product of (V, =, g),(W, o, h) € PS(d) by

(V77T7g) ®PS (W7O-) h’) = (V\/ W77TOU7 k)?
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2.6 Surfaced free probability

in which the genus function on a block B € ¥V V W is given by

(Vs8> 91B)| + [(Wiss alB, hls)| — |(VV W[p, 7o a|p)]

k(B) = 5

(2.6.2)

Here, if D = {Dy,...,D;} € P(d) and B C [d], the notation D|c stands for
{D1NB,...,D;N B} from which one removes the elements which are empty sets.

ii) We define the (planar) product of (V,m,g), (W, o,h) € PS(d) by

WV, 7,9) - W, 0,h) = {(V\/vaak) if |(V,m)[+|W,0)] = |(VVW,na)],

otherwise,

where k is defined by ([2.6.2]).

iii) Let f,g: PS(d) — C be functions. Then we define the convolution of f and g by
f ®ps g: PS(d) — C,

(f ®ps g)<u777 k) = Z f(V,ﬂ,g) g(W707 h) . (263)
(Vvﬂ-vg)QPS(anvh):(u7'yvk)

Similarly we define the planar convolution where we replace ® by - in (2.6.3)).

iv) We call a function f: PS — C multiplicative if the values of f only depend on the
conjugacy classes, that is

f(1d77rag) = f(]'da T_lﬂTvg © 7_)

for any d € N and 7 € S(d) and we have

fV,m,9) = ] fQs,7s,9l8).

Bey

Remark 2.6.12.
Let us propose another interpretation of the genus (2.6.2): let (V,7,g), (W,0,h) be
surfaced permutations. If we expand the colength we have

]C(B): |(V|Ba7T|B)’ + |(W|B7O-‘B)| - |(VVW|Ba7TOU)|B| + ZQ(C)+ Zh(o)

2
CeV Cew
CCB CcCB

(2.6.4)

Then the last two sums give the genera of the blocks of V and W that contribute towards
B € VvV W. Furthermore, having in mind, the first term is the genus that gets
generated by a possible non-planar multiplication. This non-planar contribution only
allows integer values. We will explain this idea in Example
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2 Higher order and surfaced free probability

Remark 2.6.13.

The reason for introducing the planar product on PS is that we later obtain the theory
of [CMSS07] as the special case of planar functions on PS together with the planar
product. More importantly, we will discuss the relation to infinitesimal freeness, there
is is important the genus is only created via the partitions and not via a non-planar
product.

Example 2.6.14.
We can reconsider Example [2.1.22; consider the two permutations m; = (14)(235),
w2 = (15)(2)(34) and the product of partitioned permutations

(15,71)(0ry, m2) = (15,71, (123)(45)).

In the context of surfaced permutations we have (15,71, g), (Ox,, 72, h), with g =0,h =0
and hence

(15,71,9) ©ps (0ry, m2, h) = (15,71, (123)(45), k),

with
k(].g,) _ 9(15) +h({1, 5}) +h({2}) +h({3,4}) +|(1557T1)| + |(07r27;-2)’ — |(1577717T2)|
_7-=95
T2

i.e. the genus we obtain is indeed coming from taking the product. We recall the picture
for a better understanding:

(57 fof -

Product of surfaced permutations.

On the other hand, we may alter the first example in Example [2.1.22] We consider

(Ony, 71, G)(Ony, w2, h) = (15, (123)(45), h)
by taking §({1,4}) =0, §({2,3,5}) = 1 and h = 0 then
k(15) = §({1»04}) +9({2, ?;, 5})+ h({1;5}) +@h({3;4}) +
(O, m)| + \(07@727@)! — (15, mi72)|
=0

+

=1
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2.6 Surfaced free probability

and the contribution towards the genus of the product is due to the genus we introduced
to (0q,,71) via g. The following diagram visualizes the situation.

[ fof N

Product of surfaced permutations.

Remark 2.6.15.
i) Consider ‘a multiplicative function f: PS — C, then f induces a multiplicative
function f: PS — C[#a] via

fwv,m = > WO, 7, g).

g: V=N

ii) There is a natural injection ¢t: PS — PS, «(V,7) = (V,7,0). A function h: PS —
C can be extended to a function ¢xh on PS, by ¢ h(V,7,0) = h(V,7) and setting
it to be zero outside ¢(PS). Furthermore, if h is multiplicative then ¢.h is also
multiplicative.

Lemma 2.6.16.
Let d € N and (V, 7, g),(W,0,h) € PS(d) be surfaced permutations.

i) If k is given by (2.6.2) then
(YW, mo, k)| = |(V,7,9)[ + WV, 0,R)].

ii) Let f,g: PS — C be functions. Then with the notation from Remark [2.6.15 we
have

f@®psg=f®7.
Thus we may write ® instead ®ps.

Proof. For i) we compute

|(VVW, o, k)| =|(VVW,mo)| + Z k(B)
Bevvw

(2.1.6)
BLD S~ v v Wi, o) + k(B)
Bevyvw

D 29O+ D0 O + |V, ml)| + [(Ws,0lp)]

BevvW CCB CCB
Cey cew
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2 Higher order and surfaced free probability

= (I 0lerlol+a@n) + (1 10¥e.ole)l +1(E) )

Ccey cew
= ‘(Vvﬂ-v.g” + ‘(Wa(j? h)’,

where in the second to last equality we used that every C' € V and C' € W is contained
ina B €VVW and for every (U,7) € PS its colength is additive w.r.t. the blocks of
U. In particular, we have used

(Vs 7le)l = > [(VIe, 7o)l

CccB
Cev

For ii) we use i), we have

FopsgU,y) = > W0 f@ps gUd, 7, k)

k: U—N
= Y g 3 F0, 7, h)g(W, 0, )
k: U—N (V,m,h)Ops(W,0,5)=(U k)
2% > AL, 7 YDl o, 5)
k: U=N (V,m,h)0ps(W,0,5)=(U,v.k)
_ Z Z hl(Vﬂr»th(V’ 7, h) Z h\(WﬂJ)lg(W’ a,7)
(V,m)Ops(W,0)=(U,y) h: U—N j:U=N
=Y Jvmiw.o)
(V,W)@(W,O‘):(u,’y)
=f®g,

where we used that we may sum over all possible j: V — C and h: W — C instead of
all k: VVW — C. O

Definition 2.6.17.
We define the following versions of the delta, zeta and M&bius functions:

= L*67 = L*C

and is the inverse of w.r.t. ®pg; is characterized by

~

= Hn-

Remark 2.6.18.

We say a function f: PS — C is planar if for every d > 1 and (V, 7, g) € PS(d) we
have f(V,m,g) = 0 whenever there is a block B € V with g(B) > 0. Then the planar
functions together with the planar product - and planar convolution * recover the theory
of [CMSSO07].
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2.6 Surfaced free probability

2.6.3 Relation to infinitesimal freeness

We can recover features from Section by allowing the genus functions g in (V,, g)
to take values in %Zzo = {0, %, 1, %, 2...}. We denote these extended surfaced permu-
tations by PS? (d). Note, we can repeat the definitions and results from the last section
and everything works as in the case of PS. The only thing that changes is that the genus
now has possibly positive half integer values. We recover multiplicative functions on PS

from multiplicative functions on PS% similar to recovering functions on PS from PS.

Remark 2.6.19.

We say a function f: PS% — C is even if for every d > 1 and (V, 7, g) € PSZ(d) we have
f(V,m, g) = 0 whenever g(B) ¢ N. Then the even functions together with the extended
product ® and extended convolution ® recover the multiplicative functions on PS.

Recall that in infinitesimal freeness we have two functionals ¢, ¢’. We can encode the
same information in the genus zero part plus the genus % part in our theory of surfaced
permutations.

Definition 2.6.20.

We say that two multiplicative functions fi, fa: PSZ — C agree infinitesimally if their
values coincide on (A, a, g) for any g: A — 3Z> such that 3, ,9(4) < 3. In that
case, we write f1 = fo.

The extraction of leading order in Lemma [2.2.8| can be upgraded to include the first

sub-leading order (encoded in genus 3):

Lemma 2.6.21.
Let ¢1, ¢o: PS3 — C be two multiplicative functions. The relation ¢1 = & ¢ implies
the infinitesimal agreement ¢; &~ * ¢o.

Proof. Same as in Lemma taking into account that the creation of genus occurs
by integer units only (see Remark [2.6.12)). O

Remark 2.6.22.
This has an equivalent presentation via the ring of dual numbers C’' = C[A]/(h?). We
write for ¢ = 1,2

FilA, @) = BAD (6,(A 0, 0) + BfI(A, @) + o(h))
and define multiplicative functions
2fi: PS = C, "fi(A ) = fi(A a,0) + Afl(A ).

Then, the relation f; = & fo between C-valued functions on surfaced permutations
implies the relation ”f; = ¢ x (b f2) between C’-valued functions on partitioned permuta-
tions. Observe that f;(—, —,0) is a multiplicative function on PS, but f/ is not. Instead,
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2 Higher order and surfaced free probability

we have

A Q) =" flaga,oqn) [ fiQpa,qa,0).
AeA AeA
A'ZA

Note the similarity to the definition of d¢ in Definition [I.1.30

With only a little extra work, we can put Theorem [2.4.1]into the context of infinites-
imal freeness. Therefore, let us introduce the following set of trees.

Definition 2.6.23.

Let g()m be the set of bicoloured trees as in Theorem except that they must
contain one special black vertex, whose corresponding hyper-edge I’ may be univalent.
In Gy, (r + 1), we require the i-th vertex to have valency r; + 1.

When we again understand multiplicative functions in the sense of (2.6.1) or tran-
sition to a decorated version PS%(A) of PS%, then we have the following version of
Theorem 2.4.7] for infinitesimal freeness.

Theorem 2.6.24.
Let o, ¢, k,k": PS — C be functions so that

bSO:SO-l-ﬁgO/:PS—)C/, b/{,:/{—f—ﬁ/ﬁ;/:’])S—)C/

are multiplicative. Introduce the n-point functions

n
G(fﬂ"b(xl’ T ,(L‘n) = Z ‘p(lr1+--~+rna77/\(k)) H xzi7
7'17---,""'ﬂ>0 i=1
n (2.6.5)
Gf n(fL‘l; . ,-'En) = Z @/(1T1+"‘+Tn’ 7‘(')\(1()) Hx:z ,
> T1yeeeyTn >0 i=1

and likewise G'f . Suppose that we have "¢ = ¢ % "s. Then, the genus 0 functional

2 b
relations given in Theorem hold, and with the same substitution and notations we
have for any n > 1

GSO

1
PR

(@)= Y [0 > G;#,,(W)Hag#[(w,). (2.6.6)

P n >0 =1 TeG) , (r+1) A1

Proof. First, we put our data into the context of Section Thus, we define multi-
plicative functions ¢, k: PS — C[h] by

Kﬁ(ldv 77) = h‘(ldﬂr)‘ (R(1d7 ﬂ-) + h/{/(ldv 77))7 Ph = Ch® Hﬁ(ldv 7T)‘ (267)

Let G§" and G¥r be the n-point functions corresponding to ¢y and kj, they have an
h expansion of the form in Remark with half-integer g allowed. Now with that
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2.6 Surfaced free probability

notation and assumptions we know that G3," and G satisfy Theorem To prove
the relation, we need to rearrange the formula. First we write

Gir(w) Y PTG (w)+ > BTG (w)

9€Z>0 9EI+Z>0
= Golon 1 (w) + Gy 1 (w).

Then in the definition of the operator O" in we may rewrite the last term:
exp (hug(huiwi@wi)(G’f(wi) —h - ui(G&l(wi) — 1))
hu; <(hu;)
exp (i (huiw;Ou, ) (Gyen 1 (wi) = h1) — ui (G 4 (wi) — 1))
R ¢(huy)
exp (Fuis (huiw;Ow, ) (Ghaq1 (wi))-
The extra factor involving Gg 4 ;(w;) will be incorporated into the weight ¢*(us, wr) by
the following changes. We define the set G/, of bicoloured graphs like in Definition m

but now allowing univalent black vertices and the i-th white vertex weights receive
additionally

" (ug, wi) = huis(huiw;Ow, ) Goaq 1 (wi)

for any univalent black vertex connected to the i-th white vertex. With these changes,
the relation of Theorem holds. When extracting the genus % part of the formula,
only the leading power in h of each of the weights and only the trees in G, in which
exactly one factor of G 1y is picked, will contribute. This is because the series ¢ where
h occurs is even, corresponding to the fact that monotone Hurwitz numbers have integer
genus. By the definition of the n-point function and (2.6.7) and the fact that the zeta
function can only create even genus (cf. proof of Lemma [2.6.21)), foﬁ and thn must
3

agree with the generating series (2.6.5). Thus, we obtain the claimed formulas. ]

We recover the known functional relation in the setting of infinitesimal freeness via
the case n = 1.

Corollary 2.6.25.

We have
w dlnw
G% =P" T =— P* =—. 2.6.8
%,l(x) (U]) %’1(1‘[}) ’ x 871(“]) ) (’U)) dlnz ( )
Equivalently we can express the formula in terms of differentials, we have
dx dw
© _
CLa@ =Gl

Proof. We specialise (2.6.24) to n = 1. The set g(’),l(r + 1) is non-empty only for r = 0
and then contains a single tree, namely the white vertex connected to the special vertex.
We already computed Oy = P*(w) = 4% in Example and we obtain

Gy 1 (X) = PH()G} , (w). 0
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2 Higher order and surfaced free probability

2.6.4 Freeness in higher genus

In this section, we want to introduce a notion of freeness for our extended combinatorial
setting and show that it is a sensible extension of higher order freeness. Since freeness is
defined via vanishing of mixed cumulants, we wish to work with moments and cumulants
in several variables. Therefore, we introduce the set PS(A) or PS2(A) of surfaced
permutations decorated by elements of an associative algebra A (cf. Section . Let
us start by introducing a central notion, the surfaced probability spaces.

Definition 2.6.26.

A (noncommutative) surfaced probability space (SPS) is the data (A, ¢) consisting of a
unital associative algebra 4 over C and a family ¢ = (gog,n g€ %ZZO, n € Z>0) of
symmetric n-linear forms on A that are tracial in its n arguments such that ¢g1(1) =1
and @g,(1,a2,...,a,) =0 for any (g,n) # (0,1) and as, ...,a, € A.

We can put the setting of surfaced probability spaces into the combinatorial framework
of multiplicative functions on the set of surfaced permutations, similar to Definition [2.6.3]

Definition 2.6.27.
Let (A, ¢) be a SPS.

i) We define the moment function to be the multiplicative function ¢: PS%(A) —C
given by

A1 An
QO(].d,’Y)\,g)[al,...,CL gog (1q), <HCLJ7HG’)\1+]7"'7Ha)\1+-"+/\n1+j>
j=1
(2.6.9)
for any d € N and any partition A - d.

ii) We define the cumulant function to be the multiplicative function & : PS? (A)—=C
given by

k= ®,
moreover we define the higher order cumulants by
Bgiryrrn (@15 -y an) = K(1g, Yoo, rms 9) a1, - - -, 4]

fora‘nyn7rlv'--7rn€Nandd:""l‘i‘"'—FT’n.

Remark 2.6.28.

By the extension to higher genus, we added new layers to the moment-cumulant relation.
In order to understand freeness in higher genus, we need to unwind the dependencies.
We overcome this problem by introducing the so-called type of a surfaced permutation.
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2.6 Surfaced free probability

Definition 2.6.29.
Denote Typ = %Zzo X Z-

i) We define a partial orde on Typ = 3750 x Z~ by declaring (g,n) < (¢, n’) when
g<g and g+n<g +n'. We also define

Typ:Typu( U {(g,oo>}) U {(00,00)}

9ESZ>0

on which the partial order relation extends naturally, for instance, if g,¢’ € %Zzo
with ¢ < ¢’ and n € Z+g

(g,m) < (g,00) < (¢',00),  (g,00) < (g'sm).

ii) The type of a surfaced permutation (A, «, g) is (g, n) € Typ where n is the number
of cycles of v and g = >~ 4. 4 9(A).

Lemma 2.6.30.
Let (go,n0) € Typ. The knowledge of ¢, for all (g,n) < (go,no) is equivalent to the
knowledge of kg, .k, for all (g,n) < (go,n0) and k1,...,k, > 0.

Proof. This can be extracted by elementary means from the moment-cumulant relations
Definition ii), but we propose here to read it off from Theorem By mul-
tilinearity, it is enough to prove the claim for the evaluations of ¢, , and kg, .k, on
tuples of the form (a,...,a). The claim clearly holds for (g,n) = (0,1), and for (%, 1)
(see Corollarym Now take a € A and (g,n) € Typ with 2g—2+4n > 0: we consider
expressing the generating functions Gy, in terms of Gy - The summand associ-
ated to a graph I' € G, contains contributions from the hyper edges involving G y for

some gy € Zzo with the exceptlon Go 1, and contributions from the i-th Vertex which
give either a 1 or a product G“ ol with ¢; > 0 and g;, € Z>0 The extraction of

the correct power of & in shOWS that

29—2—1—71—2(—1—1—229”,)-1— D 2Agr =1+ #I).

i=1 IeZ()

In other words:

—1+n_zzgz,p+ > (gr—1+#I). (2.6.10)

i=1 p=1 IeZ(I)

Besides, as I' is connected, we must have ZIGI(F)(—l + #I) > n— 1 and thus

9> ZZgz,er S (2.6.11)

i=1 p=1 IeZ(I)

2This is not a total order. For instance, (1,1) and (0,3) are not comparable. More generally, two
distinct elements (g,n), (¢',n’) having 29 — 2 + n = 2¢g’ — 2 + n’ are not comparable.
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2 Higher order and surfaced free probability

As in the right-hand side of ( m all terms of the sums are nonnegative, we
deduce that only Gg o with ¢ +n/ < g + n and ¢’ < g are involved in the sum over
graphs, that is (¢, n) (9,m). Noticing that the correction term A} in 8) only
involves GZ, | for ¢ < g, we deduce that GY,, is expressed as a functlon of G P with

(g'sn") =< (g,n). O

Example 2.6.31.
We want to express ¢1.1(a?) = ¢1.1, i.e. (g,n) = (1,1) in terms of cumulants. We denote
(12,7) = (12, (1,2)), and for a factorization (0,7, g) ® (V,0,h) of (12,7) we denote

7| +[(V, )| = [(12,7)]
5 :

By (2.6.4) we must have Q < 1. Recall that Q describes the genus coming from taking
the product, but if the factors itself carry a genus it may contribute as well, thus we
obtain the following factorizations:

0=

Q (O, m) (V,0)

0 ({{11 {2t} e) | (12,(12))
(12, (12) ({1}, {2}},e)
1 (12, (12)) (12,¢)

Factorizations of (1g,7).

In the € = 0 cases, we need to assign a genus to the blocks of the factorizations. In
the Q =1 case, we have no choice but to assign 0 to all blocks. Thus we have

2
P1;1 = K132 + 2K1;1K0;1 + K1+ Ko -
27 N

=0 Q=1

Note that we have on the right-hand side the types (1,1),(0,1), (3, 1), (0,2). These are
exactly the types that satisfy (¢g,n) < (1,1).

Typ K
(1,1) | K12, K11
(0, 1) 50;1

T

(27 1) K%;l
(0,2) K0;1,1

Type of the xs.

Definition 2.6.32.

Let (go,n0) € Typ. A family (Xi)ier of subsets of A is called (gg,no)-free if for any
(g,n) = (g0,n0), for any d > 0, any (aq,...,aq) € ngl Xipy and 71, ...,7, > 0 so that
1+ 41y, =d, we have kg, y.(a1,...,aq) = 0 whenever there exists p, ¢ € [d] such

that i(p) # i(q).
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2.6 Surfaced free probability

Remark 2.6.33.

Voiculescu’s freeness is (0, 1)-freeness, the second-order freeness of [MS06] is (0,2)-
freeness, the all-order freeness of [CMSS07] is (0, c0)-freeness. Due to Lemma
along with Remark or looking at the definition of the convolution % on PSZ,
(%, 1)-freeness coincides with the notion of infinitesimal freeness of [FN10]. We note that
it involves only the free cumulants of type (g,n) = (0,1) and (3,1). Besides, the order k
infinitesimal freeness of [Fév12] corresponds to (1,0)-freeness using multiplicative func-
tions valued in the ring R of upper triangular T6plitz matrices of size (k + 1) (instead
of C[h]/(h?), which corresponds to k = 1).

In the following, we show that (g, n)-freeness is a reasonable notion, in particular we
prove analogues of the properties of freeness in higher order; see [CMSS07, Section 7].

Lemma 2.6.34.
Let (A, ¢) be a SPS. Then 14 is (00, 1)-free from any set in A.

Proof. We need to show that
0=rga(1,a2,...,aq) = k(1a, 74, 9)[1, a2, ..., a4

for any d > 1 and any g > 0. Here we abuse notation and write

g = g(ld)7

since ¢ is the constant function on the only block [d] of 14, i.e. we identify it with its
value. For d > 1 and g = 0, and in particular for d = 2, g = 0 the assertion is immediate.
Moreover, £1.1(14) = ¢1,1(14) = 0. Then for any fixed d > 1 and g we have

©(1a,va,9)[1,a2,...,aq) = ®k(14,74,9)[1,a2,...,aq)
= Z k(14,0,h)[1,az,...,aq4]
(0,m,0)0(V,0,h)=(1a,74,9)
= K(1ds Yry,irns 915 @2, - a4

+ Z ﬁ(1d10-7h)[17a27"'7ad]'

(Oﬁvﬂ)Q(vva):(ld:Wd:g)
|(V,o)l<|(La,va)l

We discuss the sum in the second summand. By the definition of the product of surfaced
permutations, particularly (2.6.2)),

_ ‘ﬂ‘ + ’(V, U)| - ‘(1d77T1,-..,rn)’
g=> h(B)+ 5
Bey
= h+ Q.

If @ >0and 1€ By,h(B;) > 0 then all the blocks in the summand on the right-hand
side have genus h(B) < ¢ and in particular h(B;) < g, thus these summands vanish by
induction hypothesis on g. O
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2 Higher order and surfaced free probability

Proposition 2.6.35.

Let (A, ) be a SPS. Then 14 is (00, 0) free from every set X C A, that is
’ig;m,...,rn(l./la ag, ... aad) =0

forany d > 2, g € %Zzo and ry,...,r, withd =71 +---4+r, and any as,...,aq € A. In

particular, 14 is (g,n) free from every set for any choice of g € Z>¢,n € N.

Proof. Let
g=gV)=> g(B).
Bey
We prove the assertion by induction on g. Note, for g = 0 and any d > 2, this is the
result of [CMSS07]. Let d =71 +---+ 1, and g > 0. Then we have
(pg;rh...,rn[lflu az, ... ,Cld] = QO(]-da 77‘17...,7“,1)9)[1%\7 az, ... 7ad]
= ® /i(lda '77‘1,...,7“,“.9)[17 az, . .. ,Cld]

= k(V,0,h)[14,a2,...,aq].
(07,m,0)0(V,0,h)=(1a,Vry ,....rn+9)
(2.6.12)

To simplify the notation of the last summand, let us introduce
PS (d) = {(V,0,h) €PS(r1,...,1): (0,5-1,701,0)® (V,0,h) = (14,7, 9)},

where we abbreviate v = 7, . »,. We continue and denote for the factorizations in
(12.6.12)

_ |7r‘+‘(vva)’_|<1d7%"1 ----- Tn)|
9=y hB)+ 5 (2.6.13)
Bey
= h+ Q. (2.6.14)
Thus
@g;rh...,rn[lflaab-w ,aq] = Z Z k(V,0,h)[14,a2,...,a4]
(V,O’)GPS (T11-~-,Tn) h: VA)%ZEO
g=h+Q
= Z KLy Yro,ns D)1 4, a2, - .., aq]
h: V—=1Z50
g=h+Q

+ ) Y ko h)laas...aq
(V.o)EPS (r1retn) h: VsiZsg
[(V,o)I<|(Xa,Yrq,oorn)l g=h+Q

= k(1 Yr1,rms 9) 15 G2, - .. aq]

+ Z Z k(V,0,h)[14,a0....,a4].
(V,O’)EPS (le---ﬂ"n) h: V—}%ZZO
|Vm)I<I(Xavry,rn)| g=h+Q

160



2.6 Surfaced free probability

The last equality is due to the fact that we have no other choice but h = g for
K(1dsYry,.rns ) DY . We now investigate the remaining sum in the last equality.
We denote the block of V containing 1 by Bj. Then we have the following possibilities
for its genus:

e for g > h(Bp) > 0 the corresponding x will vanish by assumption on g,
e for h(B;1) = 0 the corresponding s will vanish unless #B; = 1 by Propositionm

e for h(B;) = g we proceed as follows:

If h(B1) = g we have by (2.6.13)
g=h+Q = Q=0.

Thus, the only contribution in the sum are those (V, o) that come from planar factor-
izations of (14,7r,...rn»9), that is

_ 7+ Vo) = [y Y|

=Q
0 2

In this case, we have a sum over all planar factorizations that assign g to the block Bj
and zero to all other blocks of V, let us denote the corresponding genus function by g .
Then our sum reduces to

Z k(V,0,91).

(V,0)EPSNC(T1504,7n)

If By # 14 then the term vanishes by a induction on d and we are left with

> KV, 0,91). (2.6.15)

(14,0)EPS(T1,4..05Tn)
Note that then we have
d+#0—-2=1|1q,0)| <|QasVr1,..on)| =d+n—2 <= #o <n.

Thus we have to show by induction on n that x(14,7s,....5,,9) =0, for s +---+ s =d
and [ < n: For I =1,s; = d, we have

80(1d>'7d>g)[17 az, . .. 7ad] = K‘(ldafydag)[l?a% R (Zd]

+ Z Z ﬁ(]}?g’h)[l’ag,...,ad}.

(V,0)€PS (d) h: V%%ZZO
|(V,0)1<|(1a),va)l

Let us denote the block containing 1 by By. By the exact same arguments as before we
arrive at the possibilities:

e #B; =1and h(B;) =0,
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2 Higher order and surfaced free probability

o V =1y, where h(B;) = g.

The latter implies o = 4, which contradicts [(14,0)| < [(14,74)|- More precisely, it is
the case we already took out of the sum. Thus, we are left with the first case. We can
use k0;1(1.4) = 1 and arrive at

©(1a,74,9)[1, a2, ..., aq] = k(14,7a,9)[1, a2, ..., aq]

+ Z Z /{(1},5, h)laz, ..., aq]

(V,6))€PS (d—1) h: V=175,
= k(1a,7a,9)[1, a2, ..., adl
+ ®r(lg-1,74-1)[az, .-, ad]
= (14,74, 9)[1, az, . .., adl
+o(1g-1,74-1,9)[az, - - -, adl,

where the second summand on the right-hand side agrees with the expression on the
left-hand side. Thus,

k14,74, 9)[1,a2,...,aq] = 0.
We need to repeat the steps for [ < n again, we arrive at the situation where
h(B1) =0and #B; =1
or
h(By)=gand V =1, and #0 < [.

The latter case will vanish by the assumption on [ and we obtain, similar as in the [ = 1
case

()0(1617 71”1,...,1”179) [17 az,..., (ld] = K’(]-da ’le,...ﬂ“lag)[l) ag, ... 7ad]

+ Z Z K(D,&,h)[ag,...,ad]

(V,6)EPS (r1—1,r2,..7) h: V—=3Z5q

= Sp(ld—la ’7T1*1,T2...,Tlvg)[a27 cee 7ad]7

which implies &(14,%r,....r»9)[1,01,...,aq] = 0. Note that r; = 1 cannot contribute
since then 71, and o fixed 1 and consequently the same holds true for 7 = yo L.
We would end up with 0, V'V # 14.

Finally, this means vanishes and in our original problem only the case h(B;) =0
with #B; = 1 is left. Once again we find

@g;rl,...,rn [1./47 CLQ, ce 7ad] = K/(]-da /7’!‘1,...,?“71)[1./47 a27 ce ,CLd] + (;0(]-(1—17 77‘1—1,...,7”71)‘

Which implies (14, ¥r,....r. ) (14, @2, ..., aq) = 0. O
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2.6 Surfaced free probability

Lemma 2.6.36. o
Let (A, ) be a SPS and X;, Xy C A, and (go,no) € Typ. We denote X;" = X; U {1}.
The following statements are equivalent:

i) A1 and Xy are (go, no)-free.
ii) X" and X5 are (go,no)-free.

iii) For any positive integer d € Z>¢, any (U,~v,k) € PS(d) of type (g,n) = (g0, n0),
any ai,...,aq € XfL and by,...,bq € X;, we have
QO(Z/{v’% k)[(llbl, cee ,CLdbd] = Z K’(Vuﬂ-ag)[ad]so(wu g, h)[bd]7
V,m,9)o(W,0,h)=(U,,k)

where we abbreviate a; = (a1, ...,aq) and by respectively.

iv) For any positive integer d € Z>¢, any (U,~,k) € PS(d) of type (g,n) = (g0, n0),
any a,...,aq € XfL and by,...,bq € X;, we have

,{(Z/{?’Y? k)[albly"'7adbd] = Z F“’(Vﬂﬂ-ug)[ad],{(w7o-7 h)[bd]
(Vvﬂ—?g)G(an'vh):(uﬂ/’k)
where we abbreviate a; = (a1, ...,aq) and by respectively.

Proof. This is the higher-genus generalisation of Theorem [CMSS07, Theorem 7.9]. Here
we only explain (i) = (iii). The implication (iii) = (iv) comes from extended convo-
lution with the Mobius function and (iv) = (iii) from extended convolution with the
zeta function. The equivalence between (i) and (ii) is an immediate consequence of

Proposition

Let (U,v,k) € PS(d) of type (g,n). We take a second copy [d] of the set [d] and
interleave their elements

We call ¢: [d] — [d] the canonical identification. For a block B = {i1,...,i,} C [d], we
denote by B = {i1,...,i¢} C [d]. We define the surfaced permutation (U, %, k) €
as follows:

e the blocks of I/ are of the form B := B U B where B € U, that is

U={BUB: BeclU};
e the permutation 4 is characterised by ﬁ|[d] =1 o~y and &|[J] =~ o1~ 1, that is

A(k) =k and 4(k) = y(k)

for all k € [d]; and
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2 Higher order and surfaced free probability

e the genus function is inherited via k(C U C) = k(C).

Then we have

QO(Z/{, v, k) [albla cee 7adbd] = SD(Z:{? ’3/7 ]%)[ala bl? <.y Qq, bd]
= > k(V, 0, h)[ay, by, ... ag,bg). (2-6.16)
(07,m,0)0(V,0,h)=(U,7,k)
Assume that (X7, X2) is (go, no)-free. The vanishing of the mixed surfaced free cumulants

up to order (go, np) means that the only terms remaining in the right-hand side of (2.6.16))
come from surfaced permutations (V, o, h) where blocks B € V are included either in [d]

or in [d]. We denote

Vi={B: BeV,Bn[d #0}
Vo={B: BeV,Bnld] =0}
Vo =9 Vo] = (¢ 1(B): B€V,BN[d] =0},

i.e. V) consists of the blocks containing only non-bar entries of V and Vs consists of the
blocks that contain only bar entries, and Vs is the identification of Vs in [d] via L.

Since 0, < V, the permutation o respects this decomposition into [d] and [d] and we
introduce

01 =01=0lg, 062=o0ly oy =1 ody01,

in order to understand the factorization of o in S(d). More precisely, we want to use
the latter to understand the factorizations on the right-hand side of in (2.6.16) in S(d).
Our claim is that

~ ~

(0r,m,0)® (V,0,h) = (U,7, k) (2.6.17)
is equivalent to a factorization

(07,7,0) © V1,01,h1) © V2,09, h2) = (U, 7, k). (2.6.18)

It remains to explain 7, hi, ho and the fact that the equations (2.6.17) and (2.6.18)) are
equivalent. First note that if we have an equation like ([2.6.17]), then with the previous
discussion, it holds that

—1_—1
Y0, 0y 0102 =7
~——

=7

and vice versa any o1, oo determine an element o € PS(2d)

J:GIO(¢OUQOw_1)

and a factorization
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2.6 Surfaced free probability

Thus on the level of permutations we are settled. Furthermore, by [CMSS07] U= VVO0;
is equivalent to i/ = V1 V V2V 0,. Hence also on the level of partitions the equivalence is
clear. In order to make sense of the genus functions, let us observe the following. Since

we have o = 4 in S([d, d]) = S(2d) and o decomposes w.r.t. [d]U[d] we must have that

7 = 4o~' maps [d] to [d]. This implies that if C' UC € U where C' € U is a block of
non-bar elements we have

[Tlcuel = Imlel. (2.6.19)

Let us elaborate. First 0, < U= 0. V'V, that is by restricting 7|~ & we do not break
any cycles of 7, we only lose some. Hence, 7|~ also maps bar to non-bar elements and
vice versa. Then all cycles consist of at least two elements: a bar element and a non-bar
element. If we now erase all bar elements we do not change the number of cycles, hence
(2.6.19). Let us further note, for any k € [d], we have

m =40 (k) = (o7 (k)

since o7 is the part of o that operates on non-bar elements in [d]. Then we apply once

more Yo !

Yo~ (Ao~ (k) = Ao (o7 1 (k))

where we used that only oo operates on bar elements in [d] and afterward that 4 maps
bar elements [ to y(l). In particular, restricting 7 to only non-bar elements yields

ke y (67 o7 ' (R) = y(oy (07 (k) =00y ooy (k) =7,
thus
Tl = |7l

Using the latter and the equations of [QMSSO7, Lemma 7.10] for the colength, we find
by the definition of the genus for C' € U

i(0) = (el Wleolo) = [@ie 3l | 5~

Bev=V,UVy
BcC=CcuC
7lel + 1 Vlgsale) = (Ul Ale)]
= 5 +B; h(B) + Z h(B)
BV %ecvc_z (2.6.20)

_ [7lel+ 1Mo, orlo)| + [(Vale, o2|c)| = |U]e, vlo)]

2
+ ) h(B)+ Y h(B)),
Bev; BeV,
BcC P(B)CC
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2 Higher order and surfaced free probability

where we used that V respects the decomposition into bar and non-bar elements. Thus,
if we define

1
hi: Vi — 5220, hi(B) = h(B),

Bt Vs — %zzo ha(B) = h(v(B)),

we have achieved the implication we wanted. Note that we could reverse the steps,
hence we have an equivalence of factorizations. Finally, this allows us to continue the

computation of (2.6.16) by

Z /{(Vl,O'l,hl)[a]H(VQ,UQ,hQ)[b]
(0-,},7?,0)@0/1,0’1,hl)Q(VQ,UQ,hQ)Z(U,’y,k)

_ 3 > (05,7, 0)8(V1, 1, )

(szzg)Q(VQ»UQ7h2):(u’7’k) (0,7,7?,0)@(\)1,al,hl)z(W,w,g)
X KJ(VQ, g9, h2) b]

= Z w(wawag)[a]ﬁ(]}?va%h2)[b]7
(Wawvg)Q(V27o'27h2):(u’77k)

where we first used the multiplicativity of x and then recognized the convolution with
O

Proposition 2.6.37.

Let (&;)ier be a family of subsets of A, and A; the unital subalgebra generated by A;.
Let (go,m0) € Typ. Then (go,no)-freeness of (X;);er is equivalent (go,ng)-freeness of
(Ai)ier.

Proof of Proposition [2.6.57. By multilinearity, the linear spans of two free sets are free.
The only thing that deserves a check is that freeness of X} and X5 implies freeness of X}
and XaXs. Given Lemma [2.6.36] the proof is identical to [CMSS07, Theorem 7.12]. O

2.6.5 Application in random matrix theory

The formalism of surfaced free cumulants and freeness up to order (go,no) can be di-
rectly applied in random matrix theory, generalising Theorem [1.1.28| of [V0i91] and
Theorem of J[CMSS07].

Definition 2.6.38.
If A is a matrix of size N and A F d a partition of length n, with d < N, we denote

n d
pa(A) =[] Te(AY),  PaA) = ][4 - (2.6.21)

i=1 c=1
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We recall the following result, which comes from Weingarten calculus. An equivalent
formulation can be found in [CMSS07, Theorem 4.4] and [BGEF20), Theorem 8.8].

Theorem 2.6.39 ([CMSS07],[BGF20]).
Let A be a random hermitian matrix of size N, whose law is invariant under unitary
conjugation. Then for any \ - d:

Elpa(A)] =22 ) N H A\ v)|,_y y E[P.(A)],
vkd

E[PA(A)] =22 ) N UH=(\,v)|,_, y Elpu (A)].
vkd

Definition 2.6.40.

Let (An)nen, An € My(C) be a sequence of hermitian random matrices. We say that
it admits a limit distribution up to order (go,ng) if there exists F;‘ o indexed by
(9,n) =< (go,n0) and ky, ..., kn > 0, independent of N, such that for any n € [|go] + no]

and any ki,...,k, > 0, we have for N — oo
E° [Tr(A’;\}), ce Tr(A’]“\?)] = Z N2729—n Fg;?kl,...,kn + o( NZ290=no+no—nly
9E€ESZ>0

9<go+min(0,ng—n)

where E° denotes the cumulant expectation value (cf. ) In this expression, the
order of the o(...) is adjusted to be the next subleading term compared to the sum.
When gg = oo, we ask for the existence of such an asymptotic expansion to an arbitrary
order o(N~K) for all n < ng, and in that case we use the notation

E°[Tr(AR), ..., Tr(AR)] Z N?T27n

9ELZ50

L Fo(NT®). (2.6.22)

177n

From Theorem [2.6.39| it can be observed that (Ay)x has a limit distribution up to
order (go, no), then for any partition A - d of length n < |go] 4+no we have when N — oo

E[PA(An)] = > N272gmn=d by, Fo(NE2e0mnotino=nl=d) (9 6 93)

9€3Z50
9<go+min(0,n0—n)

We obtain the structure of a SPS on the algebra A = C[a] by defining the moments
(,09771(&]“17 . e 70/]677,) = Fﬁkl,...,kn V(g, n) j (gO7 TL())
Combining Theorem [2.6.39|and the expansion ([2.6.23|) with Theorem indicates that

"éékl,...,kn are the free cumulants at order (g,n) =< (go,n0)-

Theorem 2.6.41.
Let (An)n and (By)n be two sequences of ensembles of random matrices of size N, at
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2 Higher order and surfaced free probability

least one of them being unitarily invariant, and such that for each N, Ay is independent
from Bpy. Assume that both ensembles have a limit distribution up to order (gg, no)
(possibly c0), and consider the algebra A = C(a,b) of noncommutative polynomials in
two letters. Then, for any @ € A, Q(An, By) admits a limit distribution up to order
(g9o,m0), so A can be upgraded to a SPS. Besides, the subalgebras Cla] and C[b] are
(g0, no)-free.

Proof. Let (Ax)y and (By)x be as in the theorem. For any k, k' > 0, (A%)y and (B%)
clearly have a limit distribution up to order (go,n¢p). Examining the finite N formula
n [CMSS07, Theorem 4.4, (2)], the products (A’fVB%)N also have a limit distribution
up to order (go,np). Take ¢ € S(d), N > d and a map Q: [d] — {An,Bnx}. Due to
independence of Ax and By, and unitary invariance of the law of one of the matrices
(say An), we have

d
E H(Q(C>)c,a(c)] =E H (AN)C,O'(C)] E [ (BN)C,O'(C)]
c=1 €Q-1(An) c€Q~1(By)
= / dU E (UANUl)c,a(c)] E [ H (BN)C»U(C)]
U(N) c€eQ-1(Ay) ceQ~1(Bn)
= Z </ dU H UCZLUJ_O' >E[ H (AN)ic,jc] E[ H (BN)C,O‘(C)] .
icjeelN] NTUN) - ceq- ceQ1(A) ceQ-1(B)
CEQfl(AN)

(2.6.24)

By Weingarten calculus [Col03] the integral over U(NN) vanishes unless there exist two
permutations a, 3 € S(Q ' (Ay)) such that we have ¢ = jg() and ic = o(a(c)) for all
c € Q71 (Ay). This cannot happen when €2 takes at least once the values Ay and By,
as we can find ¢y € [d] such that Q(co) = Ay, and Q(o(cp)) = By or Qo7 (cp)) =
By. Since the surfaced free cumulants evaluated on (€(c)).cq are extracted from the
asymptotic expansion of when N — oo (recall ), all mixed surfaced free
cumulants between C[a] and C[b] vanish up to order (gg,no) (which from the assumption
is the order up to which the asymptotic expansion exist), i.e. these two algebras are
(g0, no)-free in the surfaced probability space C(a,b). O

Remark 2.6.42.

The combinatorics underlying infinitesimal free cumulants is the truncation keeping the
leading (genus 0) and the first subleading (genus %) of the master relation involving
monotone Hurwitz numbers, whose appearence can be traced back to Weingarten cal-
culus for the unitary group. Typically, for topological expansions in unitarily invariant
random hermitian matrices the genus % order (corresponding to a term of order N~! com-
pared to the leading term) vanishes. An example of a situation where it does not vanish
is the 1-hermitian matrix model with a N-dependent potential of the form Vo + N~1V;.

Although the non-vanishing of the genus % order is typical in the topological expansion
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for orthogonally invariant random symmetric matrices, the observation of Mingo [Min19]
that infinitesimal freeness cannot describe the relations between moments and cumulants
in such models is not a surprise, as they should rather be governed by the Weingarten
calculus for the orthogonal group.

Remark 2.6.43.
The topological partition function associated with (2.6.22)) is in fact the N — oo asymp-
totic series of the formal series in the variables X1, X5, ...

o] = xp (3 L))

k>1

R p ...pn
— exp (Z E°[Tr(A"), ..., Tr(A™)] M)

n>1

- Z‘h:l/N (1+0WN")),

where p, = >, Xf is the k-th power sum. The first equality is Cauchy’s identity, the
second one is the definition of the connected expectation value, and the last one comes

from comparing ([2.6.22)) and Section

2.7 Relation to topological recursion

Recall that many combinatorial and geometric invariants can be computed by topological
recursion. Typically, one recovers the generating series from the TR invariants via

Won(21,. -5 2n) = Z Coykrodn@(20)" . 2(2)dx(21) .. da(2).
K1y kn=1

From our perspective of free probability, the quantities of interest are the moments
Pgir1,...., and the cumulants kg, ., of random variables in a noncommutative proba-
bility space. However, in context of topological recursion we usually are not interested
in this setup. In order to be consistent with the notation, we consider two families of
n-point functions denoted by Gj,, G that are related via the master relation of Theo-
rem But we want to emphasize that despite our notation, Gf;, G* are just formal
power series. First, we introduce a change of variable

u(w) = = wilGS’l(w). (2.7.1)

169



2 Higher order and surfaced free probability

For 2g — 2 +n > 0, we define the differential forms of the n-points functions by

du; _ _
WL, un) = H G ()
-1 i
n
- T o
gik1,...k
kl?"'7k’lL>0 i=1 u
" (2.7.2)
Wy (W1, wy) = H w; Gy (Wi, ... wy)
i=1
n
ki—1
- Z klv sk le dwl’
k1. kn>0 i=1
and their shifted version for (g,n) = (0, 2),
~ dulduQ
Wi (u1,u2) = wio(u1, uz) + (=)
2.7.
ok K dwydws ( 7 3)
wO,Z(wL w2) = w072(w1, w2) + m .

Remark 2.7.1.
Note that the change of variables and the formulas (2.7.2) correspond to the Cauchy-
and R-transform in Remark 2.1.7

The relation Gf ,(w) = Gf ;(u™") can be rephrased as the statement on the functional
inverse

G§i(u™? Gt (w
w(u) = M = u(w) = 70’1( ) , (2.7.4)
u w
again compare to Remark [1.1.21} For (g,n) = (0,2), (2.4.4) becomes
@h o (u1,uz) = &g o (w1, wa), (2.7.5)

which is equivalent to the formula of [CMSS07, Corollary 6.4]. For n > 3 and under the
change of variable (2.7.1]) the operator (2.4.2)) becomes

Or(w) = 3 (o5 om0, +2) 1]

wdu
m>0

and the functional relation in Theorem [2.4.1] becomes

W (U1, up) =
du; = H w; \ it ! " (2.7.6)
Z H (@) Z H wO,#I(w])v
1oy >0 i=1 ’ T€Go,n(r+1) IEL(T)

where []' means that any occurrence of wg 2 (wi, wj) with i # j should be replaced with
&S,Q(wia wj)'
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2.7 Relation to topological recursion

Consider the example of G§,, being the generating series of ordinary maps of genus
g with n boundaries and Gy, enumerating fully simple maps of the same topology. It
is known that, in this case, the wg are computed by the topological recursion [EOQT,
EOQ9] applied to the spectral curve
S¥ = (CPl, u, W, dzldz"’g) ,

(z1—22)

while in [BDBKS23, BCGI21], it was shown that wj,, are computed by the topological
recursion applied to
S* = (cP' w,u, dzdz ).

(z1—22)?
Furthermore, G. Borot and E. Garcia-Failde proved that the generating series are related
by the master relation (see [BGF20, BCDGF19]), equivalently they are related by the
moment-cumulant relations. This example motivated us in [BCGFT23] to the conjecture
that Theorem [2.5.2] or rather the functional relations given in Theorem [2.4.8] when
written in terms of differentials, in fact describe the effect of the symplectic exchange
u <> w in topological recursion.

Conjecture 2.7.2.

Let C be a compact Riemann surface and let u,w be meromorphic functions on C such
that du and dw do not have common zeroes. Furthermore, let B be a fundamental
bidifferential of the second kind. We denote by wy , the differentials obtained from the
topological recursion with the spectral curve (C, u, w, B), and by wg , the ones associated
to the spectral curve (C,w,u, B), and define &f, = Wio = B. Then, these differentials
will satisfy the functional relations of Theorem 7 for all 29 — 2 +n > 0 (after they
are converted to relations between meromorphic differentials on C).

The conjecture has in the meantime been proven in [ABDBT22|. Let us state a
particularly important result of JABDB™22| in our language.

Theorem 2.7.3 (JABDB™22]).

Assume that wg,, satisfy topological recursion on the spectral curve (3, u, w, B), where
u,w are meromorphic such that the ramification points p of w, that is zeroes of dw, are
simple and u is regular on p. Then the wy,, given by extending to higher genus
are produced by the spectral curve (3, w, u, B).

Let us conclude with the following remark.

Remark 2.7.4.
i) In terms of free probability Theorem means that given a distribution satisfy-

ing the topological recursion on a spectral curve (X, u,w, B) such that u satisfies
the regularity conditions on the ramification points w, then the cumulants must
satisfy topological recursion on the spectral curve given by (X, w, u, B).

ii) Note that although we have these results at hand, we still do not know how to
phrase the property of satisfying topological recursion in terms of regularity prop-
erties in free probability. A probably related notion of free probability is called
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2 Higher order and surfaced free probability

iii)
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the conjugate variables. Consider a W*-probability space (M, 7); recall that is M
is a von Neumann algebra equipped with a faithful normal tracial state 7. Then
a conjugate variable & for an element X € M is an element ¢ € L?(M, 7) that has
the property that

T(€p(X)) = 7 ® 7(Oxp(X))
for any noncommutative polynomial p € C(X) and where
dx: C(X) — C(X) ® C(X)

denotes the noncommutative derivative. It is given by the extension of

n—1
X7 Z Xk: ® ‘anlfk:7
k=0

where X% = 1)/. In the case where £ = (DV)(X) is the derivative of a polynomial
V(x) evaluated at X, the equation is more or less the first loop equation of a
hermitian 1-matrix model with potential V. Furthermore, Mingo and Speicher
introduced an extension to second order. A second order conjugate variable satisfies

T0.2(€p(X), ¢(X)) = 70,2(701 ® id +1d @701 (OxP(X), ¢(@)) + 70,1 (P(X) (D) (X));

see [MS13]. It also can be easily deduced that the second order equation is equiv-
alent to the second loop equation. Then one may extend these definitions of
conjugate variable by requiring that the higher order and higher genus loop equa-
tions hold. This procedure could lead to an understanding of how the existence of
a more general conjugate variable £ # (DV)(X) might impact the existence of a
spectral curve that computes the moments (and hence cumulants) via topological
recursion. Furthermore, we propose the study of other regularity properties in
regard to topological recursion, e.g. finite free Fisher information and finite free
entropy.

Another still open problem is to understand the joint distribution in terms of the
theory of topological recursion and the Fock space formalism. Also, the search
for a higher order (and higher genus) formula for cumulants of products is closely
related; see [MST09).



3 On quantum curves and topological
recursion for various monotone Hurwitz
numbers

In this chapter, we discuss the results of [HvIL22] regarding quantum curves and topo-
logical recursion. This part is strongly motivated by the works [LMS13] and [DN1§].

Topological recursion is a recursive procedure that computes a family of multidiffer-
entials wg,, from the initial data of a spectral curve (X, z,y, B). A lot of enumerative
problems can be computed from this recursion, in particular various types of Hurwitz
numbers. Typically the challenge is to find the initial data of a spectral curve that
produces these numbers via topological recursion. But, there are techniques that have
proved helpful to overcome this problem.

If ¥ is a connected compact Riemann surface and z,y: ¥ — C meromorphic functions,
then x,y satisfy an algebraic equation P(x,y) over C. Thus, the search for the initial
data can be formulated as a search for the an algebraic curve P. In many cases, such an
equation can be found via the dequantization of a so-called quantum curve. A quantum
curve for an enumerative problem is a differential equation for the specialized partition
function. In terms of Section the specialization is the evaluation ¥ = Z|, _,: in

a formal variable x. Then a quantum curve is a differential equation /IS(?, )P = 0,
involving the operators y = hd, and X = z-. If P is a polynomial in y and X, we can
formally replace y and X by commuting variables y and x and obtain an algebraic equation
P(z,y). In many cases, this procedure yields the spectral curve of the initial enumerative
problem. In recent papers, this strategy has been made rigorous; it is called the quantum
curve — topological recursion correspondence. We start our chapter by explaining this
correspondence informally.

X. Liu, M. Mulase and A. Sorkin introduced Hurwitz numbers over a higher genus
base curve in [LMS13|. These enumerative quantities count ramified coverings of higher
genera Riemann surfaces. In the hope of proving topological recursion, they computed a
quantum curve equation for these Hurwitz numbers and studied its semiclassical limit;
aka its dequantization. In the same spirit, we introduce (strictly) monotone versions of
the numbers of [LMS13] in our paper [HvIL22] and compute quantum curves. When
studying the dequantization of strictly monotone Hurwitz numbers over an elliptic curve,
we discover a spectral curve for monotone simple Hurwitz numbers, enumerated in an
alternating way. These numbers agree with the values of the Mébius function in surfaced
free probability. In the last section we prove topological recursion for the Mobius function
based on the calculations of [DNI§].
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

3.1 Quantum curves and the QC-TR correspondence

We want to motivate the results of [HvIL22] by giving a short informal introduction to
quantum curves and their relation to TR. Let us start from the perspective of Chapter
or more precisely Section The notion of quantum curves connects the theory of
topological recursion with integrable systems. From a perspective of partition functions,
the notion of a quantum curve is derived as follows. Consider a partition function

h2g72+n

o0
Z = exp <Z o Z Fgp,opin P ---pun>’

g>0 T pepn=1
n>1

then we define its principle specializationﬂ by

h2972+n >
U(z,h) =2 _ = exp E _ E Fypn,p gkl
pi=x: i€EN n! i
920 Hlsemspbn=1
n>1

Assume that the F, , can be computed by TR of a spectral curve (X, z,y, B), such that
T,y satist a pglynomial equation P(z,y) = qﬂ Then a quantization of P is a differential
operator P = P(X,y, i) such that

P(x,9,h) = P(%,9) + O(h),

where X = z- is the multiplication operator, y = h% and P(X,y) is the evaluation of the

polynomial P in normal ordering. Then a quantum curve is a quantization P of P that
annihilates the principle specialization, i.e.

PU = 0.

The perspective from the standpoint of topological recursion is a bit more complicated.
Consider a spectral curve (X, z,y, B) such that ¥ = CP!, then x and y satisfy a poly-
nomial equation, furthermore we denote the topological recursion correlators by wg.,.
Then there is a way to define ¥ without the context of partition functions via

wae) = exo (3 / o / "~ GyabuaBlala)el) ).

920
n>1

for a good choice of a basepoint p. For higher genus spectral curves there are also ways
to define ¥ but they involve some correction. We are ready to formulate the QC-TR
correspondence, also called the Gukov-Sulkowski conjecture.

!Sometimes ¥ is called the wave function.
2This setup is usually referred to as rational spectral curve.
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3.2 Stirling numbers

Conjecture 3.1.1 ([GS12]). ~
Let S = (3, z,y, B) be an algebraic spectral curve. Then there exists a quantization P

of the polynomial equation P(z,y) = 0 for z and y that annihilates the wave function
of S.

This conjecture was first proved in a case-by-case manner for various enumerative
problems, e.g. [MS12], [DBMNT™17] and [DNI8]. The first general proof for genus
zero curves was given by V. Bouchard and B. Eynard [BE17] for a large class of genus
zero spectral curves. Recently the conjecture has been proven for all genera spectral
curves with simple ramification behaviour [EGEMO21]. Also there has been an approach
beyond algebraic equations [BKW23]. From this perspective it seems sensible to use a
reversed approach, that is, given an enumerative problem where the spectral curve is
not known, one can try to find a quantum curve and dequantize it to obtain TR. In
that spirit we present the following results on the quantum curve for base h (strictly)
monotone Hurwitz numbers.

3.2 Stirling numbers

Before we start the discussion of the main results, we introduce the Stirling numbers
of the first and second kind. Their relation to Hurwitz numbers and their recursive
structure are the main ingredient for proving the quantum curve equations.

Definition 3.2.1.
For n, k € N, we define Stirling numbers of the first kind by the recurrence relation

] [ -

and Stirling numbers of the second kind by the recurrence relation

8 S0 A P A BT B o RO

We recall a well known fact for the generating series of the Stirling numbers; see e.g.
[Chalq].

Lemma 3.2.2.
The generating functions of Stirling numbers satisfy

n n wn—k n—1 0o n) .k k 1
kzo[k} py :1:[1(17“x) and z;c{k}x :1:[11—7%' (3.2.1)
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

3.3 Quantum curve for (strictly) monotone base i Hurwitz
numbers

Motivated by the successful study of the base h Hurwitz numbers in [LMSI13] and of the
monotone Hurwitz numbers in [GGPN14], we introduce base h Hurwitz numbers with
additional monotonicity conditions. This section is devoted to deriving a quantum curve
for this new enumerative problem.

Recall the connected labeled monotone base h Hurwitz numbers th(,ul, ooy fp) from

Section [L.3

Definition 3.3.1.

We define
<
ngh(ajl,..., Z H W, o) 2tk
H627
and analogously the generating series for the strictly monotone case F;h(xl, ey Tp).

Definition 3.3.2.
We define the specialization of the partition function of the base h monotone Hurwitz
numbers as the formal series in variables x, ki, given by

U = Uy (2, h)
© X p29-2+n

~exp [ZZ LR T ,xﬂ

g—On—l
Z H Mlv "aun)x#]7

:exp[ Z

g=0n=1 HEZ

h2g 2+n

and analogously the partition function ¥y = ;> (x, h) of the base h strictly monotone
Hurwitz numbers.

Remark 3.3.3.
Throughout the rest of the thesis we refer to ¥ as the partition function instead of its
principle specialization for the sake of simplicity.

Proposition 3.3.4.
For the partition functions for the monotone and strictly monotone case, we have

0o 0 1
‘IJE — 14 Z {d +7r }(d!)l—xxdhr—l—d(l—x)

d=1r=0 d—1
00 d—1 1
=1 ) Xz dpd1=x)
ot
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3.3 Quantum curve for (strictly) monotone base h Hurwitz numbers

and

oo d—1
Uy =1+ [ ] (d) 1 xgdpr+di—0)
d=1r=0

00 d—1
=14 (@) Xatm X T — jh),
d=1 j=1

where x = 2 — 2h and the equalities are understood in the sense of formal power series.

Proof. Since

O X p29-2+n

ZZTFQS’}I( ZZ Z H :ulv"',,un)xw

g=0n=1 g=0n=1 HEZY

h2g 2+4n

counts transitive (connected) monotone base h factorizations, we can use the exponential
formula and find the generating series for the not necessarily transitive factorizations

o0
\IJE:1+ZZ Z ﬁ;:}%(pl,...,un)xl“l.

g=0n=1 n! B 5epin=1

h29 2+n

Collecting all factorizations for given d = |u|, we get
K29—2+n o0 .. <
v S S (5 )
g=0n=1 =0 *|u|=d

Recall that the number of transpositions is r = (g, n, |p|) = 29 —2+n — |u|(2h — 1), so
we write

Zzhg 24n X (ZH.< ) _ > iizw\ dj;h(“)hr(xh%l)d

g=0n=1 d=0 *|ul=d g=0n=1d=0
0o 00 00 o<
_ Sy Zt i U0
' )
g=0n=1d=0 G

Since Hgfh(u) is non-zero if » > 0, we can rearrange the series by collecting all possi-

ble g, n for a given r and d. Viewing the partition function \IJ}% as a series in Q[h, xh! ~X],
we find that the coefficient of z@A"T41—%) is precisely the number of monotone base h
factorizations of length r in S(d), i.e.

7; monotone transpositions,

1— <
[xdhr—i_d( ] ];:7# (7_17 cees Try O, 061,,31, .- 'aathh) g, 051761 s ah,ﬁh € Sd7

OT1...Tp = [041,51] [ah,ﬁh]
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

Since the a;, B; run over all elements in S(d) and using [DDMI17, Lemma 17], we obtain

[zdpbH0- X)] = (d?971#{(r1,...,7.) | s monotone transpositions }

()

Finally, we have

d
Ur =1+ Z { e } (d) X gdprHd(=x)
d=17r=0

1r=

>  (d+r—1

_ N1=X dpd(1-x) r
1+ (d)'Xa'h Z{ i }h

d=1 r=0

o) d—1 1
-1 N1=xd{d(1—x)

+;(d) 2R El i

where we used the well-known identity in (3.2.1)).
In the case of the strictly monotone Hurwitz numbers we do a similar calculation and
view U} as an element of Q[A, zh!~X]. We find

[zdpr (= X)] = (d)'"X#{ (71, ..., ) | 7 strictly monotone transpositions }

and in particular [z#h0+d1-X)] U =0 for r > d. These tuples can be expressed by eval-
uating the elementary symmetric polynomials in the Jucys—Murphy elements (defined in
Section . This also yields an enumeration by evaluating the same polynomials in the
number of summands of the i—th Jucys—Murphy element, which yields (see e.g. [KLS16,
Equation (4)])

d
#{(71,...,7) | 7 strictly monotone transpositions } = [d ]
—r

for r < d. Hence we have the assertion

oo d—1
Up=1+)Y_ [d f J (d!)tXgdprHdd=x)
=0

r=0
9] d—1
=14 (@) Xa®n X1 - jh),
d=1 Jj=1
where the last equality follows by (3.2.1]). O
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3.3 Quantum curve for (strictly) monotone base h Hurwitz numbers

Theorem 3.3.5.
The partition function \Iiff satisfies the differential equation

%9% +9 + (5R)*M ¥ =0,

S S 0
where X = z- and y = —hy .

Proof. The recursion formula for the Stirling numbers of the second kind yields

N e R

2h
We multiply this equation by ((g!_)l)!:vdh”d(l*)() and sum over d > 1,r > 0. For reasons

of clarity, we first do the computations term by term before conflating them. For the
term on the left hand side we have

S~ [T =1 (@ iang N [T 1Y e dpredao
Z{ d—1 }(d—l)!m AR L

d=1
r=0

= g;g Z {d tr- 1}(d1)1x$dhr+d(1x)

0 d+r—1 v d _
— | b% r+d(1—x)
To (1—1— E { d_1 }(d) xh )

where we used the fact that the derivative of the constant 1 vanishes. For the first
expression on the right hand side we get

- d+r—21 (@ 4 a0y
Sa-nf"t P i
= i d(d — 1){d e 2}(d!)1_><xdh’”+d(1_><)

9 o0
— :L’2h87 {d z; r—= 2}(d!)lxxth1+d(1X).
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Now, note that for r = 0 we have {g:? = 0. Hence

P2 X (d+r—2
23 Y N1—x,.dpr—1+d(1—x)
xh(%'? { d_1 }(d) x%h
d=1
r=0
2 N (d+r—2
2 N1—x,.d#r—14+d(1—x)
xh@xQ { d1 }(d) x%h
d=1
r=1
2 N (d+r—1
_ 2 N1=x..dxr+d(1—x)
x%ﬂEZ{d_l}u) 2h
d=1
r=0
82
_ 2 <
=X h@‘yh,

where we performed the shift ' = r — 1 in the second equality. For the last term we
obtain

i d+r—2\ (d)* LAprHd(1-x)
i—2 [([d-1)

N L (d AT —2
_ v —x _ \n1-x,.d—1gr+(d—1)(1—x)
(xf)x) zh Z{ d_9 }((d DH) "Xz h
d=1
r=0
B g 2h hl—x 14+ i d+r—1 (d')l_x dhr"rd(l_X)
= x@x T do1 ! T
d=1
r=0
AN 2\ a1 [T
b=0
0\
h< 03033) h

Putting things together and multiplying by % we get

2h
[th(,i — h% + (h((zjw) ]\IJE =0.

Substituting 7 = v and § = _ha% we obtain the claim

252 + 9+ (52)2M 5 = 0. O
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3.4 A mysterious topological recursion

For the strictly monotone Hurwitz number we have a similar result.

Theorem 3.3.6.
The partition function \Il,f satisfies the differential equation

[y + (1 =59)(§%)*"] ) =0,
where X = z- and y = —ha%.

Proof. The proof is in the same spirit as in Theorem but uses the Stirling numbers
of the first kind instead. O

Remark 3.3.7.
Note that for h = 0, we recover the quantum curve for the usual monotone (strictly
monotone) Hurwitz numbers of [DDM17] (resp. [DM14]).

3.4 A mysterious topological recursion

In this section, we consider the quantum curve of the strictly monotone Hurwitz numbers
derived in Theorem We focus on the case with elliptic base curve, i.e. on h = 1.
Computing the semi-classical limit, we obtain the spectral curve

y+ (1 —zy)(ay)? =0, (3.4.1)
which can be parameterized by

zZ — 2 z
o(z) =)= :

~ PR (3.4.2)
Surprisingly, running topological recursion for this input data yields the monotone single
Hurwitz numbers with an additional combinatorial prefactor. More precisely, we obtain
the cumulants of the Weingarten function. This points towards an unknown relationship
between the combinatorics of strictly monotone Hurwitz numbers with elliptic base curve
and monotone Hurwitz numbers with rational base curve.

As already noted in the introduction, topological recursion for monotone single Hur-
witz numbers with rational base curves and a different normalisation was proved in
[DDMI7], however for a different spectral curve and the exclusion of the (0,2)-case. In
our normalisation, the (0, 2)-case still encodes the relevant invariants. It is important to
note that by it can be easily deduced that the symplectic transformation

1
(ZC’ y) = (_77 ny)
x
maps the spectral curve (3.4.1)) (after cancelling y = 0) to the spectral curve

zy? +y+1=0
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

given in [DDMI7]. This has been unnoticed up to now. By [EO07, Theorem 7.1] it
follows that the according symplectic invariants agree, moreover in the proof of their
Theorem 7.1 they note that the W,, must be related by a sigrﬂ However we still
include the proof of TR for the weighted monotone Hurwitz numbers along the lines of
[DDM17] for the sake of completeness.

We begin by defining the correct normalisation of monotone single Hurwitz numbers
for our purpose, which coincide with the cumulants of the Weingarten function. The
latter was motivated by discussions with James Mingo on problems of higher order
freeness in free probability [CMSS07]. In particular using the following normalizations,
the numbers coincide with certain values of the Mébius function on the set of partitioned
permutations, see Section [2:2.1]

Definition 3.4.1.

Let g be a nonnegative integer, d,n be a positive integers and p a partition d of length [.
We denote by myg (1) the number of connected labeled monotone factorizations of a
fixed (but arbitrary) permutation o with ¢(o) = u. Moreover we put

Cy(p) = (=127 Wl () = (= 1)l ()

and denote by Wy (21, ...,2,) the corresponding generating series, i.e.

o0
W (CC T )_ Cg,”l(lu’lv'”alu’n)
g,n lyee-ydn) — E :Bu1+1 ﬂjun+1 .
/'617"'7#71,:1 1 Tn

Remark 3.4.2.
i) The numbers Cy (1) agree with the monotone Hurwitz numbers up to the com-
binatorial factor (—1)" M [TL_, p.

ii) When we drop the connectivity condition in the definition of mg, (1), we obtain
the disconnected analogues of Cy,(1). These numbers are the coefficients of the
asymptotic expansion of the Weingarten function |[GGPN14].

iii) In [GGPNI13] and [DDMI7], the numbers mg (1) are put into a generating series

via
o0
= E p1—1 -1
Mg,n(yla---vyn) - mg,n(ﬂlv-”yﬂn)yl yxn .
Moy in =1
Thus their generating series relates to Wy, (z1,...,zy) via
—1 —1
W o M‘q’n(z,...,ﬂ)
gn(T1,...,Tn) = 5 5 )
xl o .. xn

3The authors of [EOQ7] actually claim that the W, , agree, however we think that it might be a small
error as we have a sign in our particular example.
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3.4 A mysterious topological recursion

Note also that this amounts to a change of variable y; = ;—3 if we phrase things in
the language of differential forms, i.e.
Mgn(yi, ... yn)dyr - - dyn = Wy (21, ..., 2zn)dzy - - - dap,. (3.4.3)

The following is the main theorem of this section, which we prove in Section [3.4.1]

Theorem 3.4.3.
The numbers Cy (1) satisfy topological recursion with the spectral curve given by

(z—1)2 z
x(z) = -, y(z) = m,
i.e. the differentials
- 07 (:ulv"'::u”ﬂ)
Gorlenn e m) = 2L St (e ) ) forlgn) #(02)
M1y pbn =1
G Co2(p1, p2) dxz(z1)dz(22)
wo.2(z1,22) = : dz(z)dz(z2) +
2l 2) = D Sy ) G T
satisfy the recursion
Wgn(21,-- -, 2n) :ZJ—:;{)eile(zl, 2) [wg_17n+1(z, 0(2),22,. .y 2n)
/ (3.4.4)
+ Z Way |11+1(25 21)wgy | 7141(0(2), 27)
g1tg2=9
I0J=N\{1}
on 2g—24n>0,
1 rz
K(1,2) = 2 fo’(z) w(z1,) _ 2(z —1)3dzn o(z) = 1
’ wo,1(2) —woi(o(2))  2(z+1)(21 — 2)(z12 — 1) z
and with the initial data given by
dz1dz
woi(z) =ydr and wpa(z1,22) = B(z1,22) = ﬁ

Remark 3.4.4.
Note that dz(z) = 2151 has the zeroes z = +1 and since y(z) has a pole of order bigger
than 1 at z = 1, the spectral curve (z,y) is irregular in the sense of [DNI8|, section 2.1
item 2(b)]. Hence the invariants wy , agree with the invariants obtained from the local
spectral curve obtained by removing the point z = 1. In particular the residue at z =1
in does not contribute and it suffices to compute the residue at z = —1.
Moreover, we note that while wg o # Wpadx(21)dz(22), we have
Res I(Zl)‘ul .’E(Zg)ug wag(Zl, 22) = 00’2(,11,1, ,ug) (345)

21,22—00

since their difference is holomorphic by definition.
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

The starting point of our proof is the following recursion, which is a direct consequence
of [GGPN13, Theorem 2.1].

Proposition 3.4.5.
Let g be a nonnegative integer, n € N and p = (u1,...,u,) a partition of a positive
integer. Then we have the recursion

~Cym() =D 115 Com1(pn + pjr iy + Y Cotmpr(e, By angay)
Jj=2 a+pB=u1

+ > > Coasn(eun) Corig (B ),

a+f=p1 9g1+92=g
IUJ=N\{1}
where pr = (@i, ..., pi,,) for I = {iy,..., ik}, N = {1,...,n} and the initial value
Coi(1) =1.
The following proposition reformulates the cut-and-join equation of Proposition [3.4.5
as a differential equation for generating series.

Proposition 3.4.6.
It holds that

—ng(.’ﬂl, ceey xn)
Z”: z; 21 Won—1(Xapy) — iWen—1(X(,np\(1y)
= Oz x1 1 — T
+ 21 Wyt nt1(21, Xq1,. . ny) + 21 Z Wy in+1(@1, X)W, 1141 (21, X )
g1+g2=g
IUJ=N\{1}
1
- p(sg,O(sn,h

where X1 = (x;,,...,x;,) for I = {i1,...,ix} C N.

Proof. We multiply the cut-and-join equations from Proposition by the variables
xl_(’“H) e xﬁ(“”H) and sum over 1, fo ... iy > 1. We start by dealing with the first

term on the right hand side. First observe that for fixed 2 < j < n we have

o0

Z H'Cg,nfl(:ul +:uj7:U’N\{/L]-}) B 0 1 Z Cganfl('ul +'U’j’/‘LN\{Nj})
J +1_pi+1 9. 2 —1_p
B1,pi=1 'T/l“ JU?] 81:J 1 p121,p520 x/fl xjj
Cona(v+ 1 invyip,y)
- 8:c Z Z T
i v=0p1+pj=v 2 .7

p1,p52>0
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3.4 A mysterious topological recursion

We note that

1 1
1 - $]f+1 x}’“
;(;Mlx'% T — Ty

prtpj=v "1 ]
and hence we find

Cym-1(v+1, NN\{uJ})

v=0 p1+p;=v J
H1,15>0

s
o x; oo g,nfl(y + lnuN\{uj})(x?% - ﬁ)

833‘j I

v=0 Ty
Further, we can put this in the summation over all 1, ..., u, and we obtain
i 1 Cyn—1(f11 + tj5 N\ {p;})
pn1+1 pn+1
/1‘17"'7Mn:1 mll e xn

iﬁ W, ,n—1(X{1,...,n}\{j}) - CCjWg,n—l(X{l,--.,n}\{l})

al‘j T Tl — Tj

We proceed analogously for the second term and observe that

Z Z g 1n+1 /BauN\{l}) . i Cg—l,n+1(a767NN\{1})
,Uf1+1 xﬂn+1 - ZL'QJFBJFI xﬂn‘i‘l
B1yepin=1 a+B=p1 T P2yt 3=1 1 Trem

=1 Wy—1n+1(x1, X1, 20))-

Finally, for the third term we obtain

o
Z Z Z Cgl,1+‘[|(aa//J)ng,l—l-\ﬂ(ﬁnuJ)
il phntl
Psepn=1a+B=p1 g1+g92=g L

I0J=N\{1}
[o¢]
no Y Z Cyy 1411(s por) > Coy 14118, 1)
= 41
z ¢t it B+l pit1
g1+g2= ,/L,—l Hze[ a,ui=1 Ty HiEJ T;
IUJ:N\{I} i€l ieJ
=T Z W917|I\+1(x17XI)W92,|J\+1(x17XJ)-
g1+g2=g
T0J=N\{1}

Putting everything together yields the desired equation.

O]

In the perspective of CEO topological recursion it is handy to rewrite the cut-and-join

equation in way that Wy ,(x) does not appear on the right hand side.
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

Corollary 3.4.7.
It holds

—(1+2:L‘1W071(331)) Wgyn(l‘l, ce ,xn)

_ Ziﬁflflwg,n—l(X{l,...,n}\{j}) —l’jVVg,n—l(X{1,...,n}\{1})+
5 61’j I Xr1 — iL‘j

/
+ 21 Wyt n1(21, Xpi,ny) + 71 Z W ir1+1(@1, X)W, 1 7141(21, X )

g1+g2=g
I0J=N\{1}

1
- 959,0571,1,

where >’ means that the cases (g1,1) = (0,0) or (go,J) = (0,0) are excluded.

We now compute some special cases of Wy ,,, which require special treatment in the
CEO topological recursion. We have the following result for the first few values of (g, n).

Corollary 3.4.8 (|[GGPN13| Theorem 1.1],[GGPN16, Theorem 6.2]).

We have that
1 /2u—2
Conl = (-1, (),

p\p—1
Coz2(p1, p2) = (_1)“1+N2M <2/‘1 - 1> <2M2 - 1>7
7 u1 + e U1 L2
0013(:“17/127,“*3) = (—1)/"1+#2+H3 18,UJ1< H1 > M2< 2 > M3< 13 )
- 2 M3

A straightforward calculation shows the following lemma.

Lemma 3.4.9.
The following identities hold:

z

Woa(z(z)) = m7

Wo2(z(21), 2(22)) = (22— 1) (22— 1)(1 — 2122)2

Wos(x1,z2,23) =
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3.4 A mysterious topological recursion

The next lemma is a key step towards proving the topological recursion for the num-
bers Cy (i), as determining the difference between the Bergman kernel and the (0, 2)
free energy is important for the input data of the topological recursion.

Lemma 3.4.10.
We have

dz1dz dz1dz dx(z)dz(z
Wo2(w(21), 2(22))dz(21)dw(22) = {a _121;2)2 e i 222)2 - (x(zi)li x((z;)))2

and in particular

Wo(a(21), 2(20))da(z1)de(22) = —B(le, ).

2_
Proof. From the last proposition and z'(z;) = Z"ZQ ! we obtain

i

I SN S S N S
Woe(z(21), z(22)) = (22 —1) (22 -1) (1 —z122)2 /(1) 2/(22) (1 — 2122)?’

from which the first equality follows immediately. For the second one, a straightforward
calculation yields

2.2 ’

241 B 22 +1 2 (11— 2122)%(21 — 29)?
2172

(2(21) — 2(22))? = <

21 22
which yields

1 o' (z1)x (z2) 1 (z1-1)(x3-1) 1

(21— 22)%  (z(21) —2(22))? (21— 22)* (1—-2122)%(z1 —22)? (1—-2122)%

3.4.1 Proof of Theorem 3.4.3

Our proof of Theorem is inspired by the approach in [DDMIT7]. We begin by
considering the case (g,n) = (0,3), which requires an independent discussion.

Lemma 3.4.11.
The multidifferential wq 3 satisfies the recursion in (3.4.4).

Proof. Recall that by Lemma [3.4.9] we have

8
Wo3(xy, 2, 23) =
323231+ )51+ 4)51+ )3
3 9
— H 5
(14 x%-)z

187



3 On quantum curves and topological recursion for various monotone Hurwitz numbers

We find

2
T zi(2)2(1+ 5 45)2

zi(2)
222(z — 1)3
= iz + 1)°

|
o

Wo 3(z1, 22, 23)

<.
Il

I
".:1°°

s
Il
—

2
2 z;

(zi +1)2 (2 +1)(2 — 1)

|
e

@
Il
A

2z 1
(zi + 122/ (2)

Il
:oo

s
I
—

The recursion from topological recursion reads
wo,3(21, 22, 23)

1
= Res K(z1,2) [woz(z, 22) w0,2(;, z3) + wo2(2, 23) w0,2(;, 22)}

o1
_ Res 2(z —1)3dxn [ dzdzy  dides dzdzg  dldz ]
=-12(z + 1)(21 — 2)(z12 = 1)d2z [ (2 — 22)2 (1 — 23)2 (2 — 23)? (2 — 29)2
_ Res —(z—1)3dzn [ dzdz1dzodzs dzdz1dzodzs ]
a=—1z+122(21 — 2)(z12 — 1)dz [ (2 — 22)2(% —23)% (2 —23)%(2 — 2)?)

which is of the form

f(z, 21,22, 23)d

z
(Z T 1) dzle2d23

where f is holomorphic in z around z = —1. Hence we get

8dZ1 d22d23

wo3(21, 22, 23) = f(—1, 21, 22, 23)dz1d22d 23 = (21 +1)%(z2 +1)%(23 4+ 1)%’

which concludes the proof. O

Recall the polynomiality result for monotone Hurwitz numbers.

Theorem 3.4.12 (|[GGPNI16]).
There are symmetric rational functions P, j, such that

n
— 2/,L —
Hg,n(ﬂlw--aﬂn):H( Z>Pg,n(ﬂl’ﬂ27---7/~’/n)-

i=1 N

Moreover, if (g,n) # (0,1),(0,2), then ﬁg,n is a polynomial with rational coefficients of
degree 3g — 3 + n.
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3.4 A mysterious topological recursion

Since Cy,, agrees with H g,» up to the factor (—1)" T[], p;, we immediately get
Cg,n = (_1)TH,U”L< 'Z)Pg,n(/llnu%---,,un)-
i=1 Hi
Thus, for the polynomial

finite

ﬁg,n(:u’lv v nun Z Bg n H M, (346)

with coefficients By, (a), we can write our generating function as

j=n)
=+
e}

ni

pit1
bt S ma 150 (2)(2)

Hi

a=0 =1 p;=1
finite

= Hfa -Tz
a=0

with b Nf:lu”l (2:) (_;)MH' (3.4.7)

A careful analysis of the functions f, will give us the analytic properties of Wy .

Lemma 3.4.13.
Let (g,n) # (0,1),(0,2), then the functions Wy (21, ..., 2,) satisfy

1
Wyn(z1,...,2n) = —Wyn(o(21),22,...,2n) = —ng(z, 29,y 2n).

Moreover they are rational functions in each z; having poles at z; = 1 and at z; = —1.

Proof. Note that the functions f, satisfy the recursion

00 ptl
et (2“> ( ;) - —(,ix fur(2), (3.4.8)
pn=1
fule) = (— -2 o)
and

>
o
Il
(]
=
N\
=T
~
N
~_
=
+
—_
Il
)
w\w

f(:c—l—él)
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

In the variable z we get

and

and hence

Wg,n(zh R2y .y Zn)"‘Wg,n(U(Zl)v 225005 2n) = Bg,n(ﬂ) [fai (2)+ fa, (0(2))] H Ja; (3)

Moreover note that (3.4.8]) reads

o= (5525 ) e

in the variable z. It follows by induction that f, is rational and has a pole of order 1 at
z =1 and a pole of order 2a + 3 of z = —1. O

The last result can be reformulated in terms of the forms wy .

Corollary 3.4.14.
For (g,n) # (0,1),(0,2), the forms wgy n(z1,...,2,) are antisymmetric w.r.t. o, i.e.

1
Won(21,. .., 2n) = —wgn(0(21),22,...,2n) = —Wgn <Z1’ 29, ... ,zn) )

They only have poles at z = +1, where the pole at z = 1 has at most order 1.
Proof. The assertions follow from the Lemma [3.4.13 O
Now we are ready to prove Theorem [3.4.3

Proof of Theorem[3.7.3 The initial data is given by (g,n) = (0,1),(0,2) and the case
of (g,n) = (0,3) was proved in Lemma Thus, in the following we assume that
(9,7) £ (0,1), (0,2), (0,3)

The idea is to add the recursions for Wy, (21, 22,...,2,) and Wy, (0(21), 22, ..., 2n)
and proceed with a careful combinatorial analysis after substituting the identity in

Lemma B.4131
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3.4 A mysterious topological recursion

e First we note that the left hand side yields the following

— (14221 Wo1(21))Wyn(21, 22, ..., 2n) — (L + 201 Wo 1(0(21)) ) Wyn(o(21), 22, ..., 2n)
= —(1+ 20 Wo1(21))Wyn(z1,22, ..., 2n) + (L + 221 Wy 1(0(21))) Wyn(21, 22, .- -, 2n)
= —2x1[Wo1(21) — Wo,1(0(21))[Wyn(21, 22, - -, 2n).

e The first term on the right hand side is

zn: 0y riWon1(Zp,nnig)) — 2 Wom—1(Zpn, np13)
&’Ej I xr1 — (Ej

and its counterpart where z; is replaced by o(z1). First we note that we can rewrite
the derivatives by

0 22 9
or 22-10z
Now we want to focus on the change of z; with o(z1), using x(o(21)) = x(21) we get

terms of the form

2

bl\l

z(z5) ((Zl))Wg,nfl(o-(Zl)vZ{2,...,n}\{j})_ijg,nfl(Z{l,...,n}\{l}).

_] ( ) 1 — X5

9z
102

By our observations the latter is equivalent to

2

Q.

z(zj) —r1Wyn— I(Z{l n}\{j})—ijgm—l(Z{17~--7n}\{1})

z z(z1) T1 — T

o
192

Thus 1 Wyn-1(Zf1,. n3\(j}) cancels in the sum and we end up with the term

Z 20 w(z)? Wen—1(Zp1, . ap1})
: .
z

= J—laz] x(21) 1 — T

e The second term on the right hand side is

] <Wg—l,n+l (Z].u 21522y« 7277,) + Wg—l,n-i—l (O-(Zl)v O-(Zl)v 22y e 7Zn)>

= —2$1Wg71,n+1(21, (T(Zl), 2y e eny Zn).
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

e The third term is

961[ Z Wi t1+1(21, Z0)We, 1 7141(21, Z7)

g1+g92=9
I0J=N\{1}

+ Z Wg1,|1|+1(0<21)7ZI)Wg2,|J|+1<J(Zl)>ZJ)

gi1+92=9g
IuJ=N\{1}

+2 Z (WO,Z(ZD Zj)Wg,nfl(Zla Z{1 ..... n}\{j})
j=2

# Woalo(en),5)Wanor 00, Zasonion) )|
By Lemma and Corollary this yields

—m[ S Wi (e Z0) W i (01, Zo)+

g1+92=9g
IuJ=N\{1}

- B(U(Zl)az])
"2 (i Wana o1 Zo i)

B(z1,zj)
t (o (o))dasy) Vo1 @), Z{l,u-,n}\{j}))] :

As (g,n) # (0,1),(0,2),(0,3) we have (g,n — 1) # (0,1),(0,2). Thus the differentials
Wyn—1dx(z1) - - - dx(z,—1) satisfies Corollary [3.4.14] Therefore, putting things together,
dividing by

1
=221 [Wo1(z(21)) — Woa(z(o(21)))] = —221(wo1(21) — wo,l(U(Zl)))dTCl
and multiplying with dzy ...dz,, we obtain
wWyn(21s---,2n)
_ 1 |:zn: dxldxl Z]2' ix2wg,n—l(227 v ,Zn)
wo’l(zl) — UJo,l(U(Z’l)) = $% Z]2~ —1 aZj J xTr1 — l’j
+wg—1nt1(21,0(21), 22, ..., 2n) + Z Wy, 11141215 Z0)wg, | 5141 (0 (21), Z)
g1+g92=9g
10J=N\{1}

+Zwoz 0(21), 2))wgn—1(21, Z(1,. .\ 5}) T wo,2(21, 2))wgn—1(0(21): Zp1,...np\(i})
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3.4 A mysterious topological recursion

= 1 I:i dzidzy 2]2 ixzwgm_l(z% - ,zn)
wo,1(21) —wo,1(0(21)) p 2 F 1057 s
/
+wg—1nt1(21,0(21), 22, ..., 2n) + Z Way 1141 (21, Z1)wgy 17141 (0 (21), Z5) | -
g1+g92=g
TuJ=N\{1}

The next step is to apply Cauchy’s formula and use the fact that the w, , are rational
forms (in particular in z;) having only poles at £1. We have

Wy (2,22, .., 2n)d21
g\~ <2 s n
Wgn(21,-..,2n) = Res
zZ—21 zZ— 21
le
= Res Wonlz,29,...,2
Stz — 2 g,n( 9 ) ) n)
dZ1 1
= Res w 29 z
z—>:|:12;1—l g,'rL( ) ) ) n)
z
le
= Res ————wgn(z,29,...,2
Z—>:|:121—0’(Z) g,n( 9 9 ) n)a

the second equality is due to the fact that w, , are rational differentials in each z;, hence

the sum over all residue must vanish, i.e.
0 = Res Wgyn(Zy B2y Zn)dZ]_ + Res wgﬂl(za 22y ey Zn)le

zZ—21 zZ—z1 z—tz zZ— 2z

)

where R(isl denotes the sum of the residues at 1 and —1. Thus we get
zZ—r

1 [ dz; dz;

- ]wgm(z,zQ,...,zn)

= R
wg,n(zla 7Z7Z) € Zl — Zl _ O'(Z)

z—>:i:81§
1 z

Now we want to invoke the recursion for the wg, which we established before. We get

wgn(21s.--,%n

faz(z) wo,2(21, ) Z": dzdz ZJ2 ixzwgm_l(z’g, ceey Zn)
x2 z]z—lazjj T —

—|—wg_1,n+1(2,0(2),22,...,zn) + Z wg1,|1|+1(zaZf)wgz,\J|+1(o-(Z)7ZJ) :
9g1+g92=9

I0J=N\{1}
First we need to argue that the residue at z = 1 does not contribute. But this is the
case since
K(z,2) = %f;(z) w(z1,-) _ 2(z — 1)3dz
T Goa() —won(0(2) 20z + Dz - 2)(maz — Dz’
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3 On quantum curves and topological recursion for various monotone Hurwitz numbers

i.e. K has a zero of order 3 at z = 1 which cancels the poles (of order 1) of the differential
Wyn(2,22,...,2,). Hence the last two terms on the right hand side vanish. For the first
one, note that

dedz (2 +1)%dzdz

2 (2 —1)222

has pole of order 2, so the zero of K(z1, z) cancels this as well. Lastly we show that the
first term on the right hand side vanishes if we take the residue at z = —1. But by the
last equation we see that the pole of order 1 of K is removed by the zero of order 2.
Thus we finally arrive at

%f; wo,2 Zl?
Wyn (215, 2n) = Res,,_ iy 01(2) — w01 (0] Wo—1n+1(2,0(2), 22,...,2n)
+ Z wgl,I|+l<zaZl>wg2,|J|+l<J(z)=ZJ):|'
gi1+92=9g
IUJ=N\{1}
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