W) Check for updates

Received: 20 February 2023 Revised: 22 November 2023 Accepted: 11 January 2024

DOI: 10.1002/mana.202300085

MATHEMATISCHE
REVIEW ARTICLE NACHRICHTEN

Arithmeticity of the Kontsevich-Zorich monodromies of
certain families of square-tiled surfaces II

Manuel Kany' | Carlos Matheus?

'Department of Mathematics and

Computer Science, Saarland University, Abstract
Saarbriicken, Germany In this note, we extend the scope of our previous work joint with Bonnafoux,
*Centre de Mathématiques Laurent Kattler, Nifio, Sedano-Mendoza, Valdez, and Weitze-Schmithiisen by showing

Schwartz, CNRS (UMR 7640), Ecole

. . the arithmeticity of the Kontsevich-Zorich monodromies of infinite families of
Polytechnique, Palaiseau, France

square-tiled surfaces of genera four, five, and six.

Correspondence

Manuel Kany, Department of KEYWORDS

Mathematics and Computer Science, Kontsevich-Zorich monodromy, square-tiled surfaces, Teichmiiller dynamics
Saarland University, 66123 Saarbriicken,

Germany.

Email: kany@math.uni-sb.de

Funding information
Deutsche Forschungsgemeinschaft,
Grant/Award Number: 286237555-TRR 195

1 | INTRODUCTION

Square-tiled surfaces (or origamis) are translation surfaces obtained from finite branched covers of the flat torus R?/Z?
which are unramified away from the origin. The SL(2, R)-orbits of square-tiled surfaces are closed subsets of the moduli
spaces of translation surfaces called arithmetic Teichmiiller curves. The first cohomology groups of the Riemann surfaces
of genus g > 2 in an arithmetic Teichmiiller curve form a variation of Hodge structures whose monodromy group is natu-
rally isomorphic to a subgroup of SL(2, Z) X Sp(2g — 2, Z). The projection of the monodromy group in the second factor
of SL(2,Z) x Sp(2g — 2, Z) is called the Kontsevich-Zorich monodromy of the square-tiled surface and, partly inspired
by a question of Sarnak, one can try to decide if the Kontsevich-Zorich monodromy of a “typical” square-tiled surface is
arithmetic or thin.!

Moller noticed that any square-tiled surface of genus two has an arithmetic Kontsevich-Zorich monodromy (cf.
Appendix B of [1]). Moreover, in our previous work [1] joint with Bonnafoux, Kattler, Nifio, Sedano-Mendoza, Valdez,
and Weitze-Schmithiisen, we showed that many square-tiled surfaces in the minimal stratum of the moduli space of
translation surfaces of genus three have an arithmetic Kontsevich-Zorich monodromy.

In this paper, we extend these results to certain families of square-tiled surfaces of genera four, five, and six. We hereby
use methods which are very similar to the methods used for genus three origamis in [1], but we have to enrich our toolbox
by more advanced concepts from the Galois theory to find Galois pinching elements in the Kontsevich-Zorich monodromy
for growing genera.
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Theorem 1.0.1. Let H(2g — 2) be the minimal stratum of the moduli space of translation surfaces of genus g. For each g €
{4, 5, 6}, there are infinitely many square-tiled surfaces in H(2g — 2) whose Kontsevich-Zorich monodromies are arithmetic.

Remark 1.0.2. As it turns out, we shall deduce this statement from the more precise results in Theorems 3.2.2, 4.3.2, and
5.3.2.

The remainder of this note concerns the proof of Theorem 1.0.1. More concretely, we organize this note as follows: in
Section 2, we recall some Zariski-denseness and arithmeticity criteria used in [1] together with a discussion of the Galois
groups of reciprocal polynomials based on a result of Jackson [5] about the subgroups of the hyperoctahedral groups;
afterward, we complete the paper by showing the validity of Theorem 1.0.1in H(6), H(8), and H(10) (resp.) in Sections 3-5

(resp.).

Remark 1.0.3. In what follows, we shall assume some familiarity with the basic theory of square-tiled surfaces explained
in [1, Section 2] (for instance).

We close this short introduction with the following question: is it true that the Kontsevich-Zorich monodromy of a
typical® square-tiled surface is arithmetic?

2 | PRELIMINARIES
2.1 | Square-tiled surfaces and their Kontsevich-Zorich monodromies

Recall that a square-tiled surface or origami is a translation surface @ = (M, w), where the Riemann surface M comes
from a finite branched cover 77 : M — R?/Z? which is unramified away from 0 € R?/Z?, and the Abelian differential w
is 7*(dx + idy). The group Aff(©) of affine homeomorphisms of an origami © respects the natural splitting

H,(M,Q) = H{'(0,0) ® H"(0,0), (21.1)

where

H(0,0) = {y € H,(M,Q) : /co =0}
Y

and H it((D, Q) is the symplectic orthogonal of H;O)(O, Q) with respect to the usual intersection form on H;(M, Q). The
decomposition in Equation (2.1.1) is for origamis defined over Z. In this setting, the Kontsevich-Zorich monodromy of

an origami O is the subgroup I of Sp <H ;0)((9, Z)) ~ Sp(2g — 2, Z) generated by the actions of the elements of Aff(©9) on
H(0,2).
The Zariski-denseness of the Kontsevich-Zorich monodromy I of an origami © of genus g can be checked in many

contexts using the actions on homology of Dehn twists associated with cylinder decompositions in rational directions.
More precisely, suppose that:

(a) we can combine such Dehn twists to produce a Galois pinching element A € Sp (H 50)((9, Z)), that is, a symplectic
matrix whose characteristic polynomial is irreducible over Z, splits over R, and possesses the largest possible Galois

group among reciprocal polynomials of degree 2g — 2, the hyperoctahedral group;
(b) some Dehn twist induces a non-trivial unipotent element

Be Sp(Hgo’(o, Z)>

such that (B — Id) (Hio)(O, R)) is not a Lagrangian subspace of H 50)((9, R).
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Then, T is Zariski-dense in Sp <H io)((D, R)) thanks to [8, Theorem 9.10] and [7, Proposition 4.3].
Furthermore, if @ is an origami whose Kontsevich-Zorich monodromy I' is Zariski-dense in Sp <H io)(O, R)), then

Singh-Venkataramana [9] showed that I is arithmetic (i.e., it has finite index in Sp (H go)(O, Z))) provided that it contains
three unipotent matrices T,,, n = 1, 2, 3, with

(T, — 1d)(H§°)((9, Z)) = Zw,

such that W = Qw; & Qw, @ Quws; is not an isotropic subspace and the group (T, |y : n = 1,2, 3) contains a non-trivial
element of the unipotent radical of Sp(W).

The Zariski-denseness and arithmeticity criteria above were used in [1] to establish the abundance of arithmetic
Kontsevich-Zorich monodromies among origamis in H(4). In order to extend this kind of result to minimal strata H(6),
H(8), and H(10), we shall need the Galois-theoretical facts described in the next two subsections.

2.2 | Galois groups as permutation group
Consider a monic irreducible polynomial P(X) € Z[X] of degree n with set of complex roots S = {1, ...,4,,}. Let Z(P) =
Q(44, ..., 4,) be the splitting field of the polynomial P(X) € Z[X]. We consider the standard embedding of Gal(P) =
Autg(Z(P)) in the permutation group Sym(S) via

Gal(P) — Sym(S), o+ Jlg.
The theorem of Dedekind is a useful tool to study the Galois group of a polynomial P(X) € Z[X] as above:

Theorem 2.2.1 (Dedekind). Let P(X) € Z[X] be monic irreducible of degree n. For every prime number p not dividing the
discriminant of P(X) € Z[X], let the monic irreducible factorization of P(X) € Z[X]| modulo p be

PX)=m(X) - m(X) mod p
with m;(X) pairwise distinct and set d; : = degm;(X), so dy + --- + d, = n. Then, the Galois group Gal(P) of P(X) € Z[X]
viewed as a subgroup of Sym(S) contains an element that permutes the roots S of P(X) with cycle type (d;, ... , d.).
2.3 | Galois groups of polynomials of degree four and five

For a reference of the following, see [6]. We consider in this subsection a monic irreducible polynomial
k—1
QX) =Xx"+ ) b X' € Q[X]

i=0

of degree four or five with set of roots S = {u;, ..., ur} (k = 4 or k = 5).
Let first k = 4. We define the cubic resolvent CRy(Y) € Q[Y] of the polynomial Q(X) as

CRo(Y) = (Y — (12 + papa)) (Y — (i s + pafta)) (Y — (g pg + fopd3).
Direct calculations show
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Furthermore, a computation reveals the equality
Disc(Q(X)) = Disc(CR(Y))

between the discriminant Disc(Q(X)) of Q(X) € Q[X] and the discriminant Disc(CR,) of CR,(Y) € Q[Y]. The five tran-
sitive subgroups of the permutation group S, are the Klein-four group V,, C,, the dihedral group Dy, A4 and S, itself.
The next theorem will help to determine the Galois group of the polynomial Q(X) € Q[X]. A proof can be found in [6,
Theorem 2.2.2].

Theorem 2.3.1. Let Z(CRy) be the splitting field of the cubic resolvent CRy(Y) € Q[Y] fromaboveandletm = [Z(CRy) : Q]
be the degree of the field extension over the rational numbers. Then, we have for the Galois group Gal(Q) < S, of the irreducible
polynomial Q(X) € Q[X] from above:

Sy ifm=6
A i =3
Gal(Q) =4 gom
D4OVC4 lf‘m=2
Vy fm=1

Remark 2.3.2. Since the cubic resolvent CR,(Y) € Q(Y) of Q(X) € Q[X] is a degree three polynomial it is sufficient for
the splitting field Z(CR) to be a degree six field extension over the rational numbers, that CRy(Y) € Q(Y) is irreducible
and that the discriminant Disc(CR) = Disc(Q) of CR(Y) respectively Q(X) is not a square of a rational number.

Now, let k = 5. The Weber sextic resolvent SWR(Y) € Q[Y] defined as in Definition 2.3.2 of [6] helps to determine the
Galois group of the quintic polynomial Q(X) € Q[X] as we will explain in the following theorem and remark (see [6,
Theorem 2.3.3] for a proof of the theorem):

Theorem 2.3.3. The Galois group Gal(Q) < Ss of the irreducible monic polynomial Q(X) € Q[X] is solvable if and only if
the sextic Weber resolvent SWR,(Y) € Q[Y] has a root in the rational numbers Q.

Remark 2.3.4. The only transitive subgroups of S5 are Cs, the dihedral group Ds, F5,, As and S5 itself. Hence, the only
transitive subgroups that are non-solvable are A5 and Ss. Thus, it is easy to ensure that Gal(Q) = S5 with the help of the
previous theorem and the fact that Gal(Q) < A; if and only if the discriminant Disc(Q) is a square of a rational number.

2.4 | Galois group of certain reciprocal polynomials

Consider from now on an irreducible monic polynomial

PX) =) ¢ X' € Z[X]
i=0

of degree n = 2k withc,, =cy =1landc; =c,_; fori =1,...,k.

The Galois group of such a P(X) € Z[X] can be naturally seen as a subgroup of the hyperoctahedral group G, as we
will see in Section 2.4.1. But first we want to explain the hyperoctahedral group as we want to use it in this text.

For k > 1, we define the hyperoctahedral group as the semidirect product G, = le‘ X S, where S is the permutation
group on a set with k elements. The group Sj acts on Z’z‘ by (€, ..., €k) = (€7(1)s - » €x(k)) (€; € {£1}) and the multiplication
on the hyperoctahedral group Gy is defined by

(6,7) - (E,%) = (F71(e) - &, To?). (2.4.1)

Compare Section 2 in [5].
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2.41 | Description of the Galois group

Let again P(X) as in the beginning of the section. Since P(X) € Z[X] is reciprocal and its splitting field is of zero charac-
teristic and hence perfect, the polynomial P(X) has n = 2k distinct roots which come in pairs {4;, /11._1} forie{l,..,k}
Denote by Z(P) the splitting field of the polynomial P(X) € Z[X] and by Gal(P) = Autg(Z(P)) the Galois group of
P(X) € Z[X]. An automorphism o € Gal(P) necessarily permutes the k pairs of roots {4;, /Il._l} of P(X) € Z[X] and this
leads to a group homomorphism

¢ :Gal(P) — S, o+ 1,

where we set 7,(i) = j if o({4;, /1;1}) ={4, /1]._1} (i,j €1{1,...,k}). The kernel N of ¢ is given by the automorphisms o €
Gal(P) such that o({4;, /ll._l}) = {A;, /ll._l} for every i € {1, ..., k}. Hence, we can identify N with a subgroup of le‘ via the
following homomorphism:

l :N—>Z'2‘, or— e’ :(ei’,...,elf),

where e’ = 1ifo(4;) = 4; and €] = —1ifo(1;) = /li‘l. Since N is the kernel of ¢, it is normal and together with the map ¢,
we can represent Gal(P) = N X Im(¢) as a subgroup of the hyperoctahedral group Gy = Z’z‘ X Si. The whole situation is
visualized in the following commutative diagram:

N ‘ Gal(P) ¢ Sk

|, ]

lec GkZZISNSk — Sk

. . . . . L Ik Tk
Here, i}, : Z’Z‘ — Gy isthe inclusion map and 7, : G, — Sy is the projection map, what makes of course lec — Gy —

S\ a split exact sequence.

2.4.2 | Action of the hyperoctahedral group on the splitting field

In the following, we also want to consider the action of the hyperoctahedral group G, on the splitting field Z(P) of P(X) €
Z[X] that fits together with the action of Gal(P) from above. Hence, we define the action of G, on Z(P) via a permutation
of the roots {A;, /11.‘1 | i =1,...,k}in the following way: for € = (¢y, ..., ) € {(£1,...,£1)},everyt € Sy andi = 1,..., k we
define

(€1). 4 =1y, and (0.4 =2 (242

Lemma 2.4.1. The equalities in Equation (2.4.2) indeed define an action of the group Gy on the set of roots {1;, /11._1 |i=
1,..,k}

Proof. We have to show the compatibility with the multiplication on G defined in Equation (2.4.1). Let § € {1} and
i €{1,..,k}. For (¢, 1), (€, T) € Gy, we have

S - 5§ (8-&)-ex - - -
(e, r).<(€, T)./l?) = (e, T)./lf(l_e) = /Ifo:(i)e O = (577 1) - &, for)./lf,

what ends the proof since (¢,7) - (&, %) = (£71(¢) - &, tof) by the definition of the product on Gj. O

In our subsequent discussion, we shall need to describe the Galois groups Gal(P) such that the map ¢ : Gal(P) — S; is
onto. The next proposition will help us with that.
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Proposition 2.4.2. Letk > 2 and P(X) € Z[X] be an irreducible reciprocal polynomial of degree 2k with ¢(Gal(P)) = Sy.
Then, Gal(P) is isomorphic to one of the following subgroups of G;, = ZIZ‘ X Sk:

Either Gal(P) ~ Sy, Gal(P) ~ Gy or Gal(P) is isomorphic to one of the following three subgroups Hy. 1, Hy ,, Hy 3 < Gy,
where

k
Hk,l = {((el""’ek)’f) I Hei = 1},
i=1
k
Hy, = {((51,---,€k), 7) | sign(t) Hei = 1},
i=1

and Hys :={(+1,..,41), (-1,..,=1)} X S.

Proof. For k = 2, this is an easy exercise since the only possible subgroups of G, = Z§ X S, which surject onto S, and
which are not the full group, are groups of order four. In this case

H,; =Hy3 = ( (41,475 451, (A4, A7)0, 45D ) = vy
and
Hy, = ((LA;'A710) ) = Cy.

For k = 3,4 and all k > 5, the result follows as in Proposition 4 in [5] since A3 is a simple group as well as all A; with
k > 5 and the only non-trivial normal subgroup of A, is the Klein four-group V, which has index three in A,. O

Together with the fundamental theorem of the Galois theory, we will use the next lemma to ensure that the Galois group
of certain reciprocal polynomials P(X) € Z[X] equals the whole hyperoctahedral group, that is, Gal(P) = G.

Lemma 2.4.3. Let the hyperoctahedral group G, = Z’z‘ X Sy act on the splitting field Z(P) = Q({4;, /1;1 li=1,..,k}) of
the polynomial P(X) € Z[X] as explained in Section 2.4.2. Consider the two subgroups Hy 1 and Hy , of Gy defined in
Proposition 2.4.2. Then:

(i) The expression 8y ; 1= Hl. </Il- — ’11'_1) is invariant under the action of Hy 1 but not Gy.

(i) The expression 8y, :=[1,_; (li +ATT -2 - /1].‘1> I, (Ai - ’11'_1) is invariant under the action of Hy. , but not Gy.

Proof. For every 7 € S and every i € {1, ..., k}, we have

((F1 e, 10,0 (= A7) = Ay — A7

This shows that ) ; € Z(P) is invariant under the action of Sj.
Now consider (g, id).(4; — /ll._l) fore = (¢, ...,€) € le‘ andi € {1, ..., k}. We have
(e,id).(4; — Ai‘l) =1 - /1i‘1 =¢ 4 —/li_l) if =1,
(e,id).(4; — /ll._l) = /1;1 =@ — /11._1) if g =—1.
Furthermore, (¢,id).(4; + 4;") = 2; + A, ! forevery € € Z’;.

We know sgn(7) = (—=1)™® for every element T € S), with inv(r) € N, is the number of elements (i, j) € {1, ..., k} X
{1,...,k}with i < j but (i) > 7(j) and thus

(+1, .., +1),7). <H(/1i A7 25— ’1]_1))

i<j

— sgn(7) (H(/li + A2 /1;1)).

i<j
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Putting this together with the arguments from above, we conclude for every (e, 7) € G = ZIZ‘ X S, where e = (€1, ...,€) €
{(£1, ..., £k

k k
(€7). 81 = (1’[ ei> 81 and (,7).0;, = sgn(r) (H ei) B2

i=1 i=1
This proves (i) and (ii). O
Remark 2.4.4. For a reciprocal monic polynomial P(X) € Z[X] of degree n = 2k with set of roots {4;, /11._1 li=1,..,k}cC
we can always find a polynomial Q(Y) € Z[Y] such that 1/X* - P(X) = Q(X + 1/X + 2). The polynomial Q(Y) € Z[Y]
has distinct roots y; (i = 1, ..., k) such that without loss of generality u; = 4; + /11._1 +2foralli=1,...,k. We write in the
following A ; := 5]% jand Ay, 1= 5,% , for the squares of the expressions §; ; and 6y, from Lemma 2.4.3. We have

(i) Agr =62, = [T, (G — A7) = [T sl — 4) = QM) Q(4)
and

2 2
i) Acp =67, = (Toyui — 1) (I =A7H) = Disc(Q) A

This shows Ay 1, Ay, € Q and delivers an easy way how to write Ay ; and Ay, in terms of coefficients of Q(Y) € Q[Y].

2.5 | Realroots of cubic, quartic, and quintic polynomials
2.5.1 | Realroots for cubic polynomials

For a cubic polynomial Q(X) € R[X] with discriminant Disc(Q) # 0, it is well known that the number of real roots can
be read from the discriminant as follows. If

Disc(Q) > 0, then Q(X) has three real roots,
(2.5.1)
Disc(Q) < 0, then Q(X) has one real root and two non-real roots.

2.5.2 | Realroots for quartic polynomials
We have a slightly more complicated statement of this form for quartic polynomials as well, so let
QX)=X*+aX +bX?’+cX +deR[X]
be a real monic polynomial of degree four. By substituting X = Y — a/4, we get the depressed quartic polynomial
DQY)=Y*+4+qY?+rY +s € R[Y], (2.5.2)
with coefficients

q=b-3/8)a?, r=c—-(1/2)a(b-(1/4)a*) and

s=d—(3/256)a* +(1/16)a’b — (1/4)ac.

For a quartic polynomial in the depressed form as in Equation (2.5.2), there is an easy criterion whether the polynomial
has four real roots or no real roots (see [3]). We want to state the result and denote by Disc(DQ) the discriminant of the
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polynomial in Equation (2.5.2) and by F(DQ) the expression F(DQ) := g — 4s. If we have

Disc(DQ) > 0, g <0, then Equation (2.5.2) has no real roots,
Disc(DQ) > 0, F(DQ) <0, then Equation (2.5.2) has no real roots, (2.5.3)

Disc(DQ) > 0, g < 0, F(DQ) < 0, then Equation (2.5.2) has four real roots.

2.5.3 | Real roots for quintic polynomials

We want to end this section with a criterion from [10] with which we can find out whether a quintic polynomial in R[X]
has simple real roots. Let

QX)) =X’ +aX*+bX3+cX?*+dX +eeR[X]
By substituting X =Y — a/5 we get a depressed polynomial
DQY)=Y>+pY3+qY?+rY +seR[X]. (2.5.4)
With the help of the following four discriminants, we can find out whether DQ(Y) has simple real roots. We define

F{(DQ) = —p,
Fy(DQ) =40rp—12p* —45¢>,
Fy(DQ)=12p*r—4p*q>+117prq* —88r* p> —40q p*s
+125ps? —27g¢*—300qrs + 16073,
F,(DQ) = —1600q sr3 — 3750 p s> q 4+ 2000 p s* r> — 4 p* g* r? (2.5.5)
+16 p3q>s—900r s p? +825q¢*> p*>s*> + 144 pg* r3
+2250q%rs* + 16 p*r3 + 108 p°> s> — 128 r* p?> — 27 ¢*r?
+108¢° s + 256 1> + 31255* — 72 p*rsq +560r? p?sq

—630prg’s.

In [10], they classified the number of real roots and their multiplicity of a depressed quintic polynomial as in Equa-
tion (2.5.4) using six discriminants among which are the four discriminants from Equation (2.5.5). We only state for us the
relevant case, namely if the four discriminants F;(DQ), F,(DQ), F;(DQ), and F4(DQ) are positive then the polynomial
DQ(Y) in Equation (2.5.4) has five simple real roots.

3 | GENUSFOUR STAIRS

We found our infinite families of origamis with arithmetic Kontsevich-Zorich monodromies among “stairs origamis” as
shown in Figures 1, 2, and Figure 6. We used the cylinder decomposition in certain directions to construct elements in the
Kontsevich-Zorich monodromies of the mentioned origamis from above. Hereby, we started analyzing small cases of the
“stairs prototypes” and then tried to extend them by adding a number of squares satisfying adequate arithmetic conditions
to keep the same features of the cylinder decomposition. Also, we think that this kind of “uniform” approach based on a
few directions could be generalized once SL(2, Z)-orbits of origamis are classified.
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FIGURE 1 The origami O,

3.1 | Dehn twists in genus four

Let N > 4 and M = 4 + 2m with m > 0. We consider the origami (9§3)M associated with the pair of permutations h,v €
Sym({1,...,N + M + 2}), where

h=01,2,3..,NIN+1,N+2,N+3)(N +4,N + 5NN +6)...(M)

v=(, N+1, N+4, N+6,..,N+M)2, N+2, N+5)3, N+3)
(4)...(N).

see Figure 1.
The Kontsevich-Zorich monodromy of (91(3)1\4 was studied in Section 5 in [1] via the analysis of Dehn twists in several
rational directions. You can find all the details how we constructed the following matrices in Section 5 of the article [1]

and so we will omit this part.

(4)

For the purpose of finding a Galois pinching element in Sp (Hio)(ON e

Z)), we consider the horizontal and vertical

directions which lead to Dehn twists acting on an appropriate basis of H go)(0(4) Q) via the matrices

N,M>
1 00 0 3N 3N
01 0 2N 2N 2N
M© 0 01 —6 —12 —6(M-1)
B 7lo 0 0 1 0 0 ’
000 O 1 0
000 O O 1
1 0 0 0 00
0 1 0 0 00
MO — 0 0 1 0 00
v 0 -3M -3M 1 0 0
—-2M -2M -2M 0 1 0
6 12 6N-1) 0 0 1
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Furthermore, in [1, Section 5.3] the authors showed that the directions (1,1), (1,—1) and (1, 2) provide Dehn twists
acting on a non-isotropic three dimensional subspace W C H io)(0(4) Q) via the matrices

N,M’
1 a 0 1 0
Dslwy =0 1 0], Dylw=|—a 1 0| and
00 1 0 0 1
2
241 22 o
a a
2
Dylw=| 22 2%4+1 0
a a
b < 1
a a

with respect to an appropriate basis, where a =22 —4N —4M,b = 6 + 3m and ¢ = 12 — 3N + 9m. If we choose ¢ = 0 or
equivalently N = 3m + 4, then the group generated by Ds |y, D, |w, D, |w contains a non-trivial element of the unipotent

radical of the symplectic group on W, namely (D )(|W)—2b2 o(D, |W)a2 is represented by

S = O
= o O

3.2 | Zariski density and arithmeticity for a genus four family

At this point, we are ready to establish the arithmeticity of the Kontsevich-Zorich monodromy of (953)1\/1 for many choices
of N, M. More precisely, consider the matrix

AN, M) =M MY e RO,
The characteristical polynomial of A4(N, M) is a reciprocal, sextic polynomial
PX) = yaX) =X+, X° + e, X* + a: X3 + a, X2 + a; X + 1 € Z[X]
and the coefficients a;, a,, a; € R are given by

a; = 312m? + 650 m + 238,
a, = 22032 m* + 98280 m> + 146568 m? + 84520 m + 15743,
as = 279936 mb + 2099520 m> + 6161184 m* + 8927280 m?

+ 6611328 m? + 2317980 m + 299812.
We have 1/X3 - P(X) = Q(X + 1/X + 2) for the cubic polynomial
QY)=Y3+(a; —6)Y?>+(—4a; +a, +9)Y + 2a; —2a, + a; — 2. (3.2.1)
For m = 1 modulo 13, the polynomials P(X) and Q(Y') can be written by irreducible factors modulo 13 as

P(X)=x°+4X°+10X*+6X%+10X?+4X + 1 modulo 13 and

Q(Y) = X3+ 11X? 43X + 5 modulo 13.
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In the following, we will assume m = 1 modulo 13 and thus the polynomials P(X) and Q(Y) are irreducible over the
rational numbers Q.

As in Section 2.4, we will identify the Galois group Gal(P) of the reciprocal degree 6 polynomial P(X) € Z[X] with a
subgroup of the hyperoctahedral group G; as well as with a subgroup of the permutation group Sy (see Section 2.2). The
discriminant Disc(Q) of the polynomial Q(Y) € Z[Y] has an irreducible factorization in terms of m as

8
Disc(Q) = ¢ <z c; mi>(m +2)(Bm+4)3,
i=0

with coefficients

co = 186624, cg = 1778112, c¢; = 7832160,
s = 14307444, c¢s = 13909500, ¢, = 8133701,
¢y = 2980770, ¢, = 676093, ¢, = 87020,

co = 4900.

By Siegel’s theorem on integral points of algebraic curves (see, e.g., [4]), we have that the discriminant of Q(Y') is a square
of a rational number only for finitely many choices of m. This implies that Gal(Q) = S5 for all but finitely many m € N
with m = 1 modulo 13. Furthermore, Gal(P), the Galois-group of P(X) € Z[X], is a subgroup of the hyperoctahedral group
G; = Z; X S5 such that Gal(P) projects surjectively onto S;.

The only non-trivial subgroups of G5 = Z; X S3 which project surjectively onto S; are the groups Hs 1, H3,, and Hs 3
defined in Lemma 2.4.2.

Next, we want to factorize the expressions Az = 53’1 and A3, = 5;2 from Lemma 2.4.3 in terms of m. We get

6
Ay, = 5;1 - c7<z ¢ mi)(z m+1)@m + 1)(m + 2)*°(3m + 4)?
i=0

with coefficients

¢, = 165888, c, = 8748, c5=65610, c, = 191160,

c3 = 272835, ¢, =197463, ¢ = 67195, ¢y = 8400.

and Az, = 5;2 = Az - Disc(Q).

By applying Siegel’s theorem again, we see that the expressions d; ; and J; , are not rational numbers for all but finitely
many m € N with m = 1 modulo 13. In particular, the Galois group Gal(P) of P(X) is not contained in the subgroups Hj ;
or Hj , of the hyperoctahedral group G; by the fundamental theorem of the Galois theory and Lemma 2.4.3.

Furthermore, if we have m = 1 modulo 11, the discriminant Disc(P) of P(X) € Z[X] is not divisible by 11 since Disc(P) =
9 modulo 11 and the polynomial P(X) € Z[X] can be written by irreducible factors as

P(X)=(X?4+10X 4+ 1)(X*+2X?+8X%+2X + 1) modulo 11.

If we view Gal(P) as a subgroup of Sym({4;, /11._1 | i =1,2,3}), then Dedekind’s theorem (cf. Section 2.2) says that Gal(P)
contains a permutation of type (2,4) for m = 1 modulo 11. The groups S; and H; 3 < G3 on the other hand contain only
non-trivial permutations of cycle type (6), (3, 3), (2,2, 2), or (1,1,2,2) (see Appendix A). Hence, Gal(P) is not contained in
one of the groups S;, or Hs ; of G3 for m = 1 modulo 11.

In summary, we showed the main part of the following proposition:

Proposition 3.2.1. For all but finitely many choices of m € N such that m = 1 modulo p, where p € {11, 13}, we have that
A4(N,M) = M;O) - M € R is q Galois pinching matrix.
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Proof. The discriminant Disc(Q(Y")) of the cubic polynomial Q(Y) € Z[Y] from Equation (3.2.1) converges to infinity for
growing m. This shows that Q(Y) has three distinct real roots for m = 1 modulo 13 big enough. Furthermore for m big
enough all the coefficients of the polynomial Q(Y") are positive and hence by Decarte’s rule of signs the three roots u;, u,,
and u3 of Q(Y) are negative. Furthermore

pi=A+2A7+2 fori=1,23,

for the six roots {4;, /1;1 |i=1,2,3}of P(X). With /1;1 = /l_i/ |4;], we conclude for the imaginary part Im(y;) of y; for every
i=1,2,3:

0 = Im(y;) = Im(4;)(1 - 1/14;])
This shows |4;| = 1 or Im(4;) = 0 for every i = 1,2, 3. Assume that Im(4;) # 0 for some j € {1,2, 3}. Then, |4,| = 1 and
0 > Re(u;) = Re(4; + 47" +2) = Re(4;) + Re(4)) + 2.

This would imply Re(4;) < —1 a contradiction to |4;| = 1.

This shows that all roots of P(X) are real for m = 1 modulo 13 big enough. Together with the calculations on Gal(P)
from this section we conclude that A,(N, M) € R®* is a Galois pinching matrix for every natural number m big enough
such that m = 1 modulo p, where p € {11, 13}. O

From this statement, it is not hard to show that:
Theorem 3.2.2. The Kontsevich-Zorich monodromies of the genus four origamis OS)M € H(6)withM =2m+4and N =
3m + 4 are finite index subgroups of the symplectic group Sp (H 50)((953)]\4, Z)) for all but perhaps finitely many m € N such
that m = 1 modulo p, where p € {11, 13}.

Proof. One can check that the matrix B # Id associated with an appropriate Dehn twist in the direction (1,1) is a unipotent
matrix such that the image (B — Id)(R®) is one-dimensional and hence not a Lagrangian subspace (cf. the relevant matrix
B is called Mgo) in Section 5.1 of [1]). Since the matrix A4(N, M) is Galois pinching for all but finitely many choices of
m € N with m = 1 modulo p, where p € {11, 13} as in Proposition 3.2.1. The desired result follows now from Singh-
Venkataramana’s arithmeticity criterion (cf. Section 2.1). O

4 | GENUS FIVE STAIRS

For N,M € N with M = 6 + 4m (m € N), we consider the origami OS)M that is given by the following horizontal and

vertical permutation h,v € Sym({1,2,...,N + M + 5}):

h=0,..,N(N+1,..,N+ 4N +5,...,N+7)

(N+8N+9)(N +10)..(N+M+5)

v=(Q,N+1,N+5N+8,N +10,..,N+M+5)

(2,N +2,N +6,N +9)(3,N + 3,N + 7)(4, N + 4)(5) ... (N).

The five waist curves oy, ..., 04, o) of the maximal horizontal cylinders together with the waist curves ¢, ..., {5, {3 of the

@) of the origami OF)  see Figure 2. With

. . . . (5)
maximal vertical cylinders form a basis B of the absolute homology H; ((9 N

N,M>
respect to the basis B the symplectic intersection form Q on Hl(O(S)

N @) has a matrix representation MQ = (Q(oy,¢;); ;
given by
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FIGURE 2 Origami (91(3?M with horizontal waist curves oy, 0,, 05, 04, oy and vertical waist curves ¢;,¢5, 5, {4, S
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If we compare the length of the waist curves of the five maximal horizontal and vertical cylinders of ©OF . we see that

N,M’
BO ={Z,, 5,, 3, Iy, Z1, Zs, Z3, Z}

is a basis of the non-tautological part H §0)(0§\?)M’ Q), where

Zl :=O'2—20'1, 22 ::(73—30'1, 23:20'4—40'1, ZN:=O'N—NO'1,

Zy:=8-281, Zy:=83-38, Z3:=§,—-48, Zy :={y—-M{.

If we restrict the intersection form Q to the subspace H go)(OS)M, Q) of the absolute homology then it can be represented

by the following matrix MQ© = (Q|H 50)(21-, Z;));,; with respect to the basis B© from above:

0 0 0 0 0 0 1 -1
0 0 0 0 0o 1 1 )

0 0 0 0 1 1 1 -3
oo |0 0 O 0 -1 -2 -3 1-N-M
1o o -1 1 0 0 0 0
0 -1 -1 2 0 0 0 0
-1 -1 -1 3 0 0 0 0
1 2 3 M+N-1 0 0 0 0
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FIGURE 3 Cylinder decomposition in direction (1,2) and direction (1, —2) of the origami OS)M. Here, y, is the waist curve of the blue

cylinder in the direction (1,2) and «; is the waist curve of the blue cylinder in the direction (1, —2).

4.1 | Dehn twists in genus five

Before we start with our calculations for the origami OES)M, we want to explain what we mean by length or combinatorial
length of a curve in an origami.

Remark 4.1.1. For an origami 7 : © - R?/Z? andacurvey : [0,1] — O, we mean by (combinatorial) length the number
of t € (0,1] such that z(y(t)) = 7(y(0)).

Now, we can start with our calculations. Recall that M = 6 + 4m. In this case, the cylinder decompositions of @g\‘?M in
the directions (1,2), (1, —2), and (1,4) have the following structure (Figure 3 and 4).
In the direction (1,2), we find a waist curve y; of length 3 + 2m and a waist curve y, of length 8 + N + 2m. Thus,

:=@8+N+2m)y; —(3+2m)y, € Hgo) (OS?M, VA ) and this direction yields a transvection

D, :vr— 0+ (@8 +N+2m)Qy,v) 71 + B+ 2m) Qy,, V) ¥,

14

For later reference, let us observe that:

Q(1,01) =-1, Qy1,02)=-1, Qy;,03) =-1,
Q(y1,04) = -1, Qy1,0n) = -1,
Q1,1 =0, Q71,$2)=0, Q1,{3) =0,

Qy,¢) =1, Qy,{m)=2+2m
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FIGURE 4 Origami (DS)M with cylinder decomposition in the direction (1,4). Here, y; is the waist curve of the blue cylinder.

and
Qy2,01) = -1, Qy3,0,) =-3, Qy;,03) =-5,
Q(YZ’ 04) =-7, ‘Q(YZ’ UN) =1-2N,
Q(J/2, gl) = 17 Q(J/Z’ §2) = 2’ Q(Y2’§3) = 37
Q(y2.$4) =3, Q2¢m) =4+2m
We can write I' € H ;0)((91\,, > Z) as a linear combination of elements of B in the following way:
+MZ +MZy+MZy;—(N+5)Zy
Furthermore, we calculate
Dy(£) =%, +T, Dy(3,) =3, +2I,
Dy(23) = 23 + 3F, D;/(EN) = ZN + (N - 1)F,
(4.1.1)
Dy(Zl) = Zl’ Dy(ZZ) = ZZ’

D,(Z3) =Z3+T, D,(Zy)=Zy+ 2+2m).

In the direction (1, —2), we have a waist curve a; of length 2 and a waist curve «, of length 9 + N + 4m. This yields a
transvection

D, :v+— v+ 9+ N+4m)Q(a;,v)a; +2Q(ay, V) a,.
Again, for later reference, we note that:

Q(O(I’O-l) = 0: Q(alsGZ) = 1: Q(a1,0'3) = 1’
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QUay,04) =1, Qay,on) =1,
Qa1,$1) =0, Qa1,$) =0, Qx,$3)=0,
QUa,$) =1, o, $p) =1,
and
Qay,01) =2, Qory,05) =3, Qoy,03) =5,
Qay,04) =7, QUa,,on)=2N—1,
Qa1 =1, QA $) =2, Qap,$3) =3,
QUay, §4) =3, Qog, ) =5+ 4m,

N,M’

We can write A = (9+ N +4M)a; — 2, € H go) ((9(5) Z ) as a linear combination of elements of B() as

A=—+N+4m)S, + 25, + 253+ 25y — 42, —4Z, + (T+ N +4m) Z3 — 4 Zy,.

We calculate
Da(Zl) = Zl + A, DOC(ZZ) = 22 + A,
Do(Z3) = Z3+ A, D (Zy) = Zy + A4,
(4.1.2)
Dy (Zy) = Z1,D,(Z,) = Z,,

Da(Zg) = Z3 + A,Da(ZM) = ZM + A

This leads to a matrix representation Méo) of D, on Hio)((ﬂgi)M, Q) with respect to the basis B(). It can be seen in
Appendix B.
Finally, in the direction (1,4), we find a waist curve y; of length 1 + N + m and a waist curve y, of length 10 + 3m. The

transvection associated with this direction is:
Dy i vr— v+ (10+3m) Q(x1,v) x1 + (1 + N+ m)Q(x3,v) x»

Also, let us remark that:

Q(x1,01) =-1, Q(x1,02) =-2, Q(x1,03) = —4,
Q(x1,04) = =6, Q(x1,08) = —6—4N —4),
(413)
Q¢ =1, Qx,%H) =1 Q(x,$) =1,
Qx1,$0) =1, Q(1,{pm) =2+m,
as well as
Q(x2,01) = =3, Qx2,02) =6, Q(x2,03)=-8,
Q(x2,04) = =10, Q(x,,05) = —10,
(41.4)
Q(x2:$1) =0, Q(x2.$2)=1, Q(x2.$3) =2,
Q(x2,$4) =3, Q(x2,{m) =4+ 3m.
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FIGURE 5 Origami OS)M with cylinder decomposition in the vertical and horizontal directions.

Wecanwrite X =(B3m+10) y; —(N+m+1)y, €H io) ((DS)M, Z> as a linear combination of elements of B as

X= (N+m+DEZ+(N+m+1DZ+(N+m+1)Z;3 — (3m + 10)Zy

+(Q2N—-4m—18)Z, + 2N —4m —18)Z, + BN = 7) Z3 + 3N = 7) Z,,.

We calculate for the image of B under D,:

D,(Z) =%, D,(%)=%,-X,
D, (£3) = 3 —2X,D,(Ey) = Zy — (3N — 10)X,
D,(Z,) =7, -X,D,(Z,) = Z, - 2X,

For the cylinder decompositions of the origami (9§5)M in the horizontal, resp. vertical direction, we get in both cases

(4.1.5)

five maximal cylinders with moduli 1/(M —4), 2/ 1, 3/1,4/1, N/1 for the horizontal direction and moduli 1/(N —
4), 2/1, 3/1,4/1, M /1 for the vertical direction (see Figure 5a,b). We get two Dehn twists which act on H io) (OS)M, @)

by the following mapping rules:

Dy : wr— w+12(M — 4)N Q(oy,w)g; + 6N Q(g,, w) 0,

+4N Q(o3,w) o3 + 3N Q(o4, w) o4 + 12 Q(oN, W) oy,

D, : wr— w4+ 12(N —4)M Q, w) ¢ + 6M Q& w) ¢,

+4M Q($3, w) {5 + 3N Q4 w) §4 + 12 Q(pp, w) Cipy-
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It is now easy to calculate representation matrices M ;0) and M, l()o) for the action of the horizontal and vertical twist on

Hio) (OS,)M’ @) with respect to the basis B©:

1000 O 0 6N 6N
01 00 0 4N 4N 4N
0 01 0 3N 3N 3N 3N
MO _[0 00 1 —12 24 36 12-12M
" loooo 1 o0 o0 0
0000 O 1 0 0
0000 0 0 1 0
0000 O 0 O 1
and
1 0 0 0 0 000
0 1 0 0 0 000
0 0 1 0 0 000
MO = 0 0 0 1 0 000
0 0 —-6M  —6M 1 000
0 —-4M —-4M —-4M 0 1 0 0
-3M -3M -3M  -3M 0 0 1 0
12 24 36 —12+12N 0 0 0 1
4.2 | Finding a family of candidates in genus five

If we compare the length of waist curves obtained by cylinder decompositions in the previous subsection, we can find the

following elements of the non-tautological part H go) <(9S)M, Z):

X=0CBm+10)y;—-(N+m+1)y,
=(N+m+1D)Z;+(N+m+1)Z%,
+(N+m+1)Z; —(Bm+10)Zy
+(2N —4m —18)Z, + 2N —4m — 18) Z,

+(BN =7)Z; + BN =7) Zy,

A=0O+N+4M)a; — 2,
=—(9+N+4m)Z +23, +23; + 23y

I'=8+N+2m)y; — (3+2m)y,
=—(N+2m+8)Z;+(2m+3)Z, +2m+3)Z; + 2m+3)Zy

+M Z, + MZ, + MZy — (N + 5) Zy,.
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We consider the subspace W = Spang({X, A, I'}) of H io) (0§S)M,

the restrictions of the Dehn twists D, , D, and D, to W by the following three matrices (compare Equations (4.1.1), (4.1.2),
and (4.1.5)):

Q) . With respect to the basis {X, A, I'}, we can represent

1 b a 1 0 0 1 0 0
0 1 0}, -b 1 c|, 0 1 0],
0 0 1 0O 0 1 —-a —c 1

where a = —5N —3Nm +5m+5, b= —9N + 21 and ¢ = —2N + 8m + 2. The element ¢ := —cX +aA—-bT e W is
invariant under (D, )|y, (Dg)|w respectively (D, )|y . The two waist curves y;, ¥, are linear independent in H 1((953’)M, Q)
and the same holds for the waist curves a;, a, and y;, x,. From the definition of the transvections D,, D, and D, and
the fact that the element e is invariant under them, we can directly see Q(e, w) = 0 for all w € W. With respect to the new
basis {X, A, e} of W we have the following matrix representations for (D, )|y, (D)l and (D,)|y:

a @
1 b O 1 0 b b
2
0 1 o0}, -b 1 0}, _%_54_10
0 0 1 0 0 1
a <
b b

whereby b = —9N + 21 # Oforall N € N. If we now choose ¢ = 0 or equivalent N = 1 + 4m one can easily see thata,b # 0
for all N, m € N and the subgroup of Spo(W) generated by (D, )lw, (Dg)lw, and (D, )|y contains a non-trivial element
of the unipotent radical.

4.3 | Zariski density and arithmeticity for a genus five family

In this subsection, we fix M = 6 +4m and N =1+ 4m (m € N). The characteristic polynomial of the matrix A :=
As(N,M) := M;lo) - M € R®S is given by a reciprocal polynomial

8
P(X) = xa(X) = ) ;X' € Z[X]
i=0

with ap = ag = 1 and a; = ag_; fori = 1,..,4.
We have 1/X* - P(X) = Q(X + 1/X + 2) for the quartic polynomial

3
QY)=Y*+ ) b Y€ Z[Y] (4.3.0)
i=0

with coefficients

b3=a1—8, b2=az—6a1+20,

b1=a3—4a2+9a1—16, b0=a4—2a3+2a2—2a1+2.

Let now wy, My, M3, 44 € C be the roots of the polynomial Q(Y) € Z[Y]. and CR(Y) € Q[Y] its cubic resolvent (cf.
Section 2.3).

For m = 1 modulo 31, the polynomials P(X) € Z[X] and Q(Y) € Z[Y] are irreducible modulo 31 and hence irreducible
over the rational numbers Q. Furthermore, the cubic resolvent CR,(Y) € Z[Y] is irreducible modulo 11 if m = 1 modulo
11 and in this case also irreducible over the rational numbers. The discriminant Disc(Q) of the polynomial Q(Y) can be
written by irreducible factors in terms of m as

Disc(Q) =c- f(m)-2m+3)°-(4m +1)°
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for a positive integer ¢ and a monic polynomial f(m) of degree 12. With Siegel’s theorem of integral points, we conclude
that Disc(Q) can only be a square of a rational number for finitely many m € N. This implies that the Galois group Gal(Q) of
Q(Y) can be identified with the full symmetric group Sym({u, ..., t4}) for all but perhaps finitely many m € Nwithm = 1
modulo p € {11, 31}. In these cases, the Galois group Gal(P) < Z‘z‘ X S, of our reciprocal polynomial P(X) = char4(X)
projects surjectively on S, and hence Gal(P) can be identified with S, with one of the groups Hy; (i = 1,2, 3) or with the
full hyperoctahedral group G, = Z‘z‘ X Sy.

We can write Ay ; = 52,1 from Lemma 2.4.3 by irreducible factors in terms of m as

Agp=c-gm)-Cm+1)dm—-3)2m+3)3@m+1)>

for an integer ¢ and a monic polynomial g(m) of degree 8. Furthermore, A, , = Disc(Q) - A4 ;.

Siegel’s theorem on integral points implies again that §,; and J, , are rational numbers only for finitely many m € N.
Since H, 3 is a subgroup of H, 1, the fundamental theorem of Galois theory together with Lemma 2.4.3 shows that Gal(P) #
H,;fori=1,2,3.

We showed the hardest part of the following proposition:

Proposition 4.3.1. The matrix A = As(N, M) € R¥8 is Galois pinching for all but finitely many m € Nwith m = 1 modulo
p, where p € {11, 31}.

Proof. The only thing that is left to show, is that for m € N as in the statement and big enough, the matrix As(N, M) has
only real eigenvalues. For this reason, we analyze the roots of the polynomial Q(Y) € Z from Equation (4.3.1) with the
help of Equation (2.5.3) in Section 2.5. First, we bring Q(Y") in the depresses form DQ(¢) by substitutingt = Y — bs /4. If we
determined the roots of the depressed form DQ(t), we can determine them directly for Q(Y) as well. By a boring but not to
complicated analysis of the expressions Disc(DQ), F(DQ) and q for DQ(Y) as in Equation (2.5.3) (or by using a computer
algebra system), we see that

Disc(DQ) >0, F(MDQ)<0 and g<0

for m big enough.

Hence in that case all the roots of DQ(t) and thus all the roots of Q(Y) are real. As in the proof of Proposition 3.2.1
we conclude that As(N, M) has only real eigenvalues for m € N with m = 1 modulo p, where p € {11, 31} and m big
enough. O

Since Bs(N,M) := Méo) is a unipotent matrix such that the image (Bs(N, M) —Id)(R®) is not a Lagrangian sub-

space, the matrices A5(N, M) and Bs(N, M) generate a Zariski-dense subgroup of Sp <H io)((ﬂg\?)M, Z)) for all m € N as

in Proposition 4.3.1. Together with the theorem of Singh-Venkataramana and the result in Section 4.2, we conclude:

Theorem 4.3.2. The genus five origamis OES)M € H(B)with N =1+ 4m and M = 6 + 4 m have Kontsevich-Zorich mon-

odromies with finite index in Sp (H?)(O](\?)M’ Z)) for all but finitely many m € N such that m = 1 modulo p, where p €
{11, 31}

5 | GENUS SIX STAIRS

For N,M € N with M = 6 + 4m (m € N), we consider the origami OS)M that is given by the following horizontal and
vertical permutation h,v € Sym({1, 2, ...,N + M + 9}):

h=Q1,.,N)(N+1,..,N+ 5NN +6,...,N+9)
(N +10,N +11,N + 12)

(N+13,N+14)((N +15)..(N+ M +9)
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FIGURE 6 Origami (91(3>M with horizontal waist curves o4, 05, 03, 04, 05, 0y and vertical waist curves ¢;,¢5, {5, ¢4, $s, S

v=(Q,N+1,N+6,N+10,N +13,N+15,...,. N+ M +9)
2,N+2,N+7,N+11,N +14)(3,N +3,N + 8,N + 12)

(4,N + 4,N + 12)(5,N + 5)(6) ... (N).

The six waist curves gy, ..., 05, oy of the maximal horizontal cylinders together with the waist curves ¢, ..., {5, ¢ of the

maximal vertical cylinders form again a basis of the absolute homology H; ((9(6)

N Z) of the origami (953) see Figure 6.

M

It is easy to see that BO = {Zi, Zn» Zi, Zyy | 1 =1,...,4} is a basis of the non-tautological part H io) ((953?M, @), where

Zi 2=Ul-+1—(i+1)01f0ri=1,...,4, ZN:=O'N—N01,

Zi:=§i+1—(i+1)§1f0ri=1,...,4, ZM:§M_M§1

We can represent the restriction of the intersection form Q to the non-tautological part H io) ((9(6) Q) of the absolute

N,M>
homology by the following matrix with respect to the basis B from above:

0 0 0 O 0 o 0 O 1 -1
0 0 0 O 0 0 0 1 1 -2
0 0 0 0 0 0 1 1 1 -3
0 0 0 O 0 1 1 1 1 —4
0 0 0 0 0 -1 -2 -3 -4 1-N-M
0 0 0o -1 1 o 0 o0 ©0 0
0 0o -1 -1 2 o 0 o0 ©0 0
o -1 -1 -1 3 o o0 o0 ©0 0
-1 -1 -1 -1 4 o 0 o0 ©0 0
1 2 3 4 M+N-1 0 O O O 0
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S A

M =6+ 4m A

oo\

FIGURE 7 Origami (95\??M with cylinder decomposition in direction (1, —2). Here, y; is the waist curve of the blue cylinder.
5.1 | Dehn twists in genus six

In the direction (1, —2), there are two (Figure 7) maximal cylinders with one waist curve y; of combinatorial length 4 and
one waist curve y, of combinatorial length N + 4m + 11. We count intersection points of y; and y, with the elements of
B© and get

Q(y1,01) =0, Qy1,02) =1, Qy,03) =1,

Q(y190-4) = 2’ Q(}Il’ O-S) = 2’ Q(J/l’O'N) = 2:

Q(r1,$1) = 0,Q(r1,$2) = 0,Q(y1,83) = 1,

Q(1,$4) = 1L, Q>r1,¢5) = 1,Q(r1,6m) = 1,

Q(y2,01) = 2,Qy2,0,) = 3,Qy2,03) =5,

Qy2,04) = 6,Uy2,05) =8, Qyz,0n) =2(N—1),

Q12,61 =1L, QA»r2.$2) = 2,r,,63) = 2,

Q(2,84) = 3,9r2,¢5) =4, Q(2,{m) =5+ 4m.

Wecanwrite := (N +4m+11)y; —4y, € H io) (Oﬁ)M, z ) as a linear combination of elements of B in the following
way:

—8Z1+(N+4m+7)Z, —8Z3+ (N +4m+7)Z, — 8Zy,.

The Dehn twist along the waist curves y; and y, acts on H io) (01(\?1\4’

@) via the mapping

D, :vr— v+ (N+4m+11)Q(y,,0) y; +4Q(y2,0) 75

14
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FIGURE 8 Origami O(A?)M with cylinder decomposition in directions (1,4) and (1, —4). Here, &, and «, are the waist curves of the blue

cylinders.

and for the images of the elements in B’ under D, we get

D,(Z) =% 4T, D,(Z)=3%+4T, D,(Z;)=3;+2T,
D},(Z4) = 24 + 2F, Dy(EN) = ZN + ZF,
D]/(Zl) = Zl’ D]/(ZZ) = 22 + F, D;,(Z?,) = 23 +T

D,(Zy) = Z4+T, D,(Zy)=2Zy +T.

For the direction (1, 4), there are two (Figure 8) maximal cylinders with waist curve §; of length 2m + 6 and waist curve
6, of length N + 2m + 9. We have

Q(51,O'1) = —2, 9(51,02) = —3, 9(51,0'3) = —4,

0(51, 0'4) = —S, 9(51,0'5) = —5, Q(Sl, UN) = —5,

Q(81,$1) = 0,Q(81,$2) = 0,Q(61,43) = 1,
Q61,8 =1, Q(81,$5) =2,Q(61,$m) =2 +2m,
9(52,0'1) = -2, 9(62,02) = -5, 9(62,03) = -8,

Q(éz, 0'4) = —11, 9(52, 0'5) = —15, 9(52, O'N) = —4N +5,

Q(62,$1) = 1,Q(6,,$2) = 2,Q(8,,$3) = 2,
9(52’ §4) =3, 9(529 gS) =3, 0(52, {M) =4 4+ 2m.
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The element A := (N + 2m + 9)86; — 2m + 6)d, € Hgo) ((9(6)

N M Z) can be written as a linear combination of elements of
BO ag

A=—(N+2m+9)Z,+2Cm+6)Z, —(N+2m+9)Z,
+(2m+6)Z,+(2m+6)Zy
+@8m+24)Z;+(Um—-N+9)Z,+(4m—N +9)Z;

The Dehn twist along the waist curves §; and &, of the maximal cylinders acts on the non-tautological part of the absolute
homology via the mapping

Ds :v+— v+ (N +2m+9)Q(6;,v)5; + Cm + 6) Q(5,,v) ;.

If we evaluate the elements of the basis B of H go) (01(\?)1\/[, @), then we get

Ds(Z)) =Z1+ A, Ds(Z) =Z,+24, Ds(Z3)=Z;+ 34,
Ds(Z4) =Z4+ 54, Ds(En)=Z,+ (2N -5)A,
Ds(Z,) = Zy, Ds(Z,) =2Z,+ A, Ds(Z3) =275+ A,

D5(Z4) = Z4 + 2A, D5(ZM) = ZM + (2 + Zm) A.

We have two maximal cylinders in the direction (1, —4) with waist curve «; of combinatorial length 4 + m and waist
curve «, of combinatorial length N + 3m + 11. We calculate the following intersection points with the elements of the
basis B©):

Qla,o1) =1, Uay,0,) =1, Qag,03) =2,
Q(Cfl, 0'4) = 4, .Q(Ocl,as) = 4, Q(al,O'N) = 4,
Q(al’ gl) = 09 Q(alﬁ §2) = Os Q(“l’{S) = 19
Qa,84) = 1,a1,85) = 1,Q(,{p) =1+ m,
Q(ay, 01) = 3,Q(ety,0,) = 7,Q(ay, 03) = 10,
Qay,04) = 12,Q(ay,05) = 16, Q(cty,0n) = N — 4,
Qa,$1) = 1, Uz, §2) = 2, AUay,$3) = 2,
Qay,84) = 3,Qaz,$5) = 4, Qay, ) = 5+ 3m.
With this information we can write the element A := (N + 3m + 11)at; — (4 + m)a, in the basis BO:;
A= m+4)Z;+(m+4)Z, —(N+3m+11)3%,
+(M+4)Z,+(m+4)Zy
—(4m+16)Z; + 2N +4m+14)Z, + (N — 1) Z;
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The map

D, :v— v+ (N+3m+11)Q(a;,v)a; + (m +4) Q(ay,v) ay
has images

Dy(Z1)=Z1—A, Du(Z)=%,-A Dy (Z3) = Z3,
Da(E4) = £y — A, Dy(Zx) = Zy — (N — D) A,

Dy(Zy)) = Z1,Do(Z,) = Z, + A, Dy (Z3) = Z3 + A,
D(Z) =Zy+A, Dy(Zy)=2Zy +(m+1)A.

In the horizontal direction, we have six maximal cylinders with moduli 1/(M — 5),2/1,3/1,4/1,5/1, and N /1 respec-
tively in the vertical direction there are six maximal cylinders with moduli1/(N — 5),2/1,3/1,4/1,5/1,and N /1. Asin the

sections before we can calculate representation matrices for the action of the associated Dehn twists on H 50) <(9§\?)M, @).
In the horizontal direction, we have

10000 O 0 0 30N 30N
01 000 O 0 20N 20N 20N
001 00 0 15N 15N 15N 15N
0 001 0 12N 12N 12N 12N 12N
YO — 0 000 1 —60 —120 —180 —240 —60(M —1)
h 00000 1 0 0 0 0
00000 O 1 0 0 0
00000 O 0 1 0 0
00 0 O0 O0 o 0 0 1 0
00000 O 0 0 0 1
and in the vertical direction we get
1 0 0 0 0 0 00 00O
0 1 0 0 0 000 0O
0 0 1 0 0 0 00 0O
0 0 0 1 0 00 0 0 O
MO = 0 0 0 0 1 0 000 0'
0 0 0 —-30M -30M 100 00
0 0 —20M -20M -20M 0 1 0 0 O
0 -15M -15M -15M -15M 0 0 1 0 0
-12M -12M -12M -12M -12M 0 0 0 1 0
60 120 180 240 60(N—1) 0 0 0 O 1
5.2 | Finding a family of candidates in genus six

©) ( 9®)
1 ON M

paring the waist curves of the maximal cylinders in directions (1,-2), (1,4), and (1, —4). We wrote them as a linear

Recall that we obtained elements I', A, A of the non-tautological part H Z ) of the absolute homology by com-
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combination of elements of B in the following way:

A= M+, +(M+4)Z, —(N+3m+11)3,
—(4m+16)Z;+ 2N +4m+14)Z, + (N — 1) Z5

—(4m+16)Z, + (N —1)Zy,

+43, +43y

—8Z1+(N+4m+7)Z,—8Z;+(N+4m+7)Z, —8Zy

A=—(N+2m+9Z, +2m+6)Z, — (N +2m+9) %,
+(2m+6)Z,+(2m+6) 2N
+8m+24)Z,+(Am —-N+9)Z, + (4m —N +9)Z,

+(@m—N+9)Z, — (2N +6) Z.

Let W = Spang(A4, I, A} the Q-linear subspace of H io) ((9(6)

N M @) spanned by A, T, and A. The three maps D,, D,, and

Djs are transvections on Hio) <(9§\?)M,

representations with respect to {A, I, A}

@) and if we restrict them to the subspace W, they have the following three matrix

1 b a 1 0 0 1 0 O
0 1 O0f, -b 1 ¢/, 0 1 0},
0 0 1 0 0 1 -a —c 1

whereb =2 —-2N,a=-10N+12m —4mN +42,andc =16m + 24 — 8N.Theelemente :=cA —aTl + b Aisinvari-
ant under the elements (Dy)|w, (D))lw, (Ds)lw € Spa(W) and an element of the nullspace WE. The restrictions of
Dy, Dy, and D5 to the subspace W have the following matrix representations with respect to the basis {A, T e}:

2

o

ac
1 b 0 1 00 c 1t 5 0
0 1 of, -b 1 o, @ a1 )
00 1 0 Lo P e
b b

If we choose ¢ = 0 or N = 3 + 2m, then we can easily find an element of the unipotent radical of Spo(W) in the subgroup
generated by the three transvections (D )|y, (D)), and (Dg)|y -

5.3 | Zariski density and arithmeticity for a genus six family
We consider in this subsection the family of origamis Og\?)M, where M = 6 +4m, N = 3+ 2m, and m € N. As before in
the genus four and five section we try first to determine an infinite family of natural numbers m € N for which the matrix
A=A¢N,M) = M;lo) - M € R19%10 5 Galois pinching. The characteristic polynomial

10

PX) 1= x4(X) = Y a; X' € Z[X]
i=0
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of the matrix A = A¢(N, M) € R1%%!0 js monic reciprocal, that is, a;o = ay = 1 and a; = a,o_; fori = 1, ..., 5. Hence, there
is a cubic polynomial

4
QY)=Y*+ ) b Y €QlY] (5.3.1)

i=0
such that 1/X° - P(X) = Q(X + 1/X + 2). The coefficients of Q(Y) € Q[Y] are
b4=a1—10, b3= a2—8a1+35, b2=a3—6az+2001—50,
b1=a4—4a3+9a2—16a1+25, b0= a5—2a4+2a3—2a2+2a1—2.

Denote the sextic Weber resolvent of Q(Y) € Q[Y]again by SWR(Y) € Q[Y]. For m = 2modulo 89, we have that P(X) =
x4(X) can be written by irreducible factors modulo 89 as

PX)=X"Y+4X°+63X8+33X7 +39X° +71X°

+39X* +33X3 +63X2 +4X + 1 modulo 89.

Furthermore for m = 2 modulo 17 respectively m = 2 modulo 19, we have that Q(Y) respectively SWR((Y) factorizes
as

QY)=Y’+4Y*+Y?+6Y +16modulo17  and

SWRo(Y)=Y®+13Y5+7Y*+3Y*+15Y? +17Y + 16 modulo 19.

Hence, Q(Y) is irreducible modulo 17 and SWR((Y) is irreducible modulo 19. Thus, P(X) € Q[X] is irreducible for m = 2
modulo 89 and we identify its Galois group Gal(P) of P(X) € Z[X] again with a subgroup of the hyperoctahedral group
Gs =73 X Ss.

To ensure that A = A4(N, M) is Galois pinching, we need that Gal(P) projects surjectively onto Ss or equivalent that
Gal(Q) = Ss. With Theorem 2.3.3 and Remark 2.3.4, it suffices to find m € N such that the discriminant Disc(SWR() =
Disc(Q) is not a rational square and that the sextic Weber resolvent SWR((Y) € Q[Y] does not have a rational root. We
have

Disc(Q) = ¢ f(m)(2m + 3)*

for ¢ > 0 and an irreducible polynomial f(m) € Z[m] of degree 16. With Siegel’s theorem of integral points and the
equations above we conclude that Gal(Q) = S; for all but finitely many m € N with m = 2 modulo p € {17, 19}.

Next, we want to restrict m € N further such that Gal(P) # S5 and Gal(P) # Hs; for i = 1,2, 3. For the expressions
Asy =67, and A5, = &2, from Lemma 2.4.3 and Remark 2.4.4, we get

As; =Q(0)Q4) =c-g(m)- (m—1)4m +1)2m +3)® and

As, = Disc(Q) - As q,

where ¢ € Z and g(m) € Z[m] is an irreducible polynomial of degree 10. This shows that Gal(P) # Hs; for i = 1,2 and
almost all m € Nwith m = 2modulo p, where p € {17, 19, 89}. Furthermore, if m = 2 modulo 29 then P(X) can be written
in irreducible factors modulo 29 as

PX) = (X +15)(X +2)(X? 4+ 7X + 7)(X? + X + 25)

(X* + 22X3 4 21X? + 22X + 1) modulo 29.
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Since 29 does not divide the discriminant Disc(P) of P(X) € Q[X] for m = 2 modulo 29, we conclude with the theorem of
Dedekind that in this case Gal(P) contains a permutation of cycle type (4,2,2,1,1). But Hs 3 does not contain a permutation
of this cycle type as we showed in Appendix A.

The discussion from the above almost showed:

Proposition 5.3.1. The matrix Aq(N, M) € R1%10 is Galois pinching for all but perhaps finitely many m € N with m = 2
modulo p, where p € {17, 19, 29, 89}.

Proof. Let m € N such that the quintic polynomial Q(Y) € Q[Y] from Equation (5.3.1) is irreducible. By substituting
t =Y —b,/5, we can bring Q(Y) in the depressed form

DQ(t) =t +pt3+qt’>+rt+s e Q[t].

By an analysis of the four discriminants F;(DQ) (i = 1, 2, 3,4) from Equation (2.5.5), for the polynomial DQ(t) from above,
we can easily see that for all i = 1,2, 3,4 and m big enough the inequality F;(DQ) holds. From [10], we know that in this
case the depressed polynomial DQ(t) and hence Q(Y) has five real roots. Denote the roots of Q(Y) by ; (i = 1,...,5). We
have the equality

’ul:/‘tl+/‘ll_1+2

foralli =1,...,5, where 4; and /11._1 are roots of the reciprocal characteristic polynomial P(X) of A¢(N, M). Furthermore
for m big enough all the coefficients b; (i = 1, ..., 5) of Q(Y)) are positive. With Decarte’s rule of signs, we conclude that in
this situation all the roots y; (i = 1, ..., 5) are negative real numbers. As before in Proposition 3.2.1, we know now that the
roots {4; /1;1 |i=1,..,5}of P(X) are real. Putting this argument together with the arguments we did before for Gal(P),
we see that A¢(N, M) is Galois pinching for m € N big enough such that m = 2 modulo p, where p € {17, 19, 29, 89}. [

Denote by Bg(N, M) = M}(,O) € R!%¥10 the representation matrix with respect to the basis B of the map D, on the

non-tautological H 50) (053)1\4’ IR) from Section 5.1. Then, B¢(N, M) is unipotent and the subspace

(Bs(N, M) — Id)(R')

is one-dimensional and hence not a Lagrangian subspace with respect to Q. Furthermore, A¢(N, M) and B¢(N, M) do
not commute but perhaps for finitely many m € N. Putting this together with the previous proposition about the matrix
Ag(N, M), Proposition 4.3 in [7] and Theorem 9.10 in [8] implies:

Theorem 5.3.2. The genus six origamis O;?)M € H(10) with N = 3 + 2m and M = 6 + 4m have Kontsevich-Zorich mon-

odromies with the finite index in Sp <(H ;0) (Oﬁ)M, Z> > for all but finitely many m € N such that m = 2 modulo p, where
p €{17,19, 29, 89}.
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ENDNOTES

! As it was remarked by Filip, the Kontsevich-Zorich monodromy of a “typical” square-tiled surface of genus g is Zariski dense in Sp(2g — 2, R)
(cf. Theorem 5.4.7 in Filip’s survey [2]). In particular, a “typical” square-tiled surface of genus g has arithmetic Kontsevich-Zorich monodromy
when this group has finite index in Sp(2g — 2, Z).

2In the sense of [2].
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APPENDIX A: CYCLE TYPES
We call ¢ the map that identifies the group Hy ;5 < Gy, from Proposition 2.4.2 with a subgroup of the permutation group
Sym({A;, A1 [i=1,...,k}).
We first consider k = 3 and ¢; : H3; — Sym({/li,/li‘l |i=1,2,3}). We have
93((=1,-1,-1),(123)) =1, 47 ' 4347 2,45 D),
p3((—1,-1,-1),(1,2)) =(4; ;)14 H(A343H),
@3((+1,+1,+1),(123)) =(A4,4,43)(A 14,125 H)

@3((+1,+1,+1), (1, 2)) =(41 )4 A5 H(A)AT.

The element (123) € S; is of cycle type (3) and (12) € S; is of type (2,1). These two cycle types are the only non-trivial
cycle types that can appear in S;. Hence, the calculations from above show that the only non-trivial cycle types that occur
in @3(Hs3) < Sym({4;, 47! | i =1,2,3}) are (6),(3,3),(2,2,2), and (2,2,1,1).

For k = 5, the permutation group S5 has permutations of type (5), (4,1), (3,2), (3,1,1), (2,2,1), (2,1, 1,1), and (1,1,1,1,1). If
we want to determine the cycle types of the elements of Hs 3 as a subgroup of Sym({4;, /1;1 |i=1,...,5}), then because of
symmetry reasons it is sufficient to determine the permutations ¢5((—1, ..., —1),0)) and ¢s((+1, ..., +1),0)), where g € S5
is a represent of a cycle type of S5 as above. We have

@s((—1,...,—1),(12345)) =(, 45 234, 45471 4,451 2,451)
@s((—1, ..., —1),(1234)) =(4;4; ' 234, (25 2447 H(As451)
P5((—=1,...,—1),(123)(45)) =(414; ' 2347 2,45 (244552,
@5((—1,...,—1),(123)) =(1; 251 2347 1,242, )(AsA5H)
Ps((—1, ..., = 1), (12)(34)) =LA DA DA, D(Aads D(AsAs D)
Ps((~1,..., —1),(12)) =4 A, DA AT, DA D).
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We conclude that for the subgroup ¢y (Hy 3) < Sym({4;, /ll._l |i=1,..,5}) only non-trivial permutations of type (10),
(4,4,2), (6,2,2), (2,2,2,2,2) and of type (5,5), (4,4,1,1), (3,3,2,2), (3,3,1,1,1,1), (2,2,2,2,1,1) and (2,2,1,1,1,1,1,1) can occur.

APPENDIX B: REPRESENTATION MATRIX FOR DEHN TWIST
The following matrix is the representation matrix M, fxo) for the restriction of the Dehn twist D, in the direction (1, —2) to

H go) ((9(5) Q) with respect to the basis B() from Section 4.1.

N.M’
—-8—-N-4m -9—-N-4m 0 -9—-N—-4m -9-N—-4m -9-N—-4m 0 —-9—-N-—-4m
2 3 0 2 2 2 0 2
2 2 1 2 2 0 2
2 2 0 3 2 2 0 2
—4 —4 0 -4 -3 —4 0 -4
—4 —4 0 -4 —4 -3 0 -4
7+ N +4m 7+ N+4m O 7+ N+4m 7+ N +4m 7+ N+4m 1 7+ N+4m
—4 —4 0 —4 —4 —4 0 -3
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