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Abstract

Termination is a decisive property of term rewriting systems that is often needed. Sim-
plification orderings provide a mechanism for proving this property. The power of such
an ordering depends on the number of examples (occurring in practice) to which it can
successfully be applied.

In addition to a brief introduction to the presented simplification orderings, this report
contains a large collection of term rewriting systems all of which were tested for completion
by our completion environment COMTES. In a lot of cases simplification orderings can be
found that enable the generation of canonical systems. However, a lot of examples exist
for which the problem of completion cannot be solved.




1 Preface

The use of term rewriting systems presumes termination. In [Der87] several different
methods which guarantee this important property are presented. The strength of these
methods, called orderings, should be investigated in practice.

Therefore, we have collected various examples of rewriting systems and will present
them together with some orderings proving their termination. The orderings investigated
in this report are all taken from [Ste88] except for the ordering on polynomial interpre-
tations ([Lan79], [BL87], [SZ90]). Besides the latter, the list of orderings includes the
recursive path ordering with status (RPOS), a new recursive decomposition ordering with
status (IRDS) and the Knuth-Bendix ordering with status (KBOS). The following subsec-
tion contains a brief description of these methods.

We have investigated 155 exmples. They belong to several different classes including
algebraic structures, arithmetic theories, lists and string rewriting systems. We used two
criteria for selecting these rule systems: i) We examined systems which often appear in
the literature. ii) The remaining systems are interesting from a termination point of view,
i.e., the orderings cannot be applied straightforward in order to prove the termination.
More details about the examples examined (in particular, their presentation) will be given
in subsection 1.2.



1.1 Used Orderings

First of all, we briefly introduce the used orderings. For more details on orderings, see for
example [Der87], [BL87], [Ste88] and [SZ90]. [HO80], [JL87], [Klo87], [DJ89] and [AM90]
contain general aspects and formal definitions of term rewriting systems.

A (partial) ordering > on any set M is a transitive and irreflexive binary relation on
M. The application of an ordering > w.r.t. term rewriting requires the well-foundedness
to prevent infinite derivations of terms.

Note that > is used to compare terms. Since operators have terms as arguments we
define an extension of >, called lexicographically greater (>**), on tuples of elements as
follows: '

(ml, Mg, ...y mp) >_le:1: (’n], M2y eny qu)
tf either p>0 AN g=0
or my > Ny '
or mi~ny A (Mg, my) = (R, ..y 1y).

Multisets are treated like sets, that allow multiple occurrences of identical elements. The
extension of > on multisets of elements is defined as follows: A multiset M, is greater
than a multiset M5 over M, denoted by

Ml > mul M?
ff ) Mi#EMe A
i) (Yy € Mg\ My)(3e € M\ M)z > y.

All orderings used in this paper share one essential characteristic: Each operator has a
status that determines the order according to which the direct subterms of f are compared
((KL80]). Formally, the status is a function 7 which maps the set of operators F into the
set {mul,left,right}:

7: F — {mul,left,right}.

Therefore, the status of a function symbol can have one of the following three values: mul
(the arguments will be compared as multisets), left (lexicographical comparison from left
to right) and right (the arguments will be compared lexicographically from right to left).

The index ’7(f) in > ord,r( 5 denotes the extension of the ordering >,,4 W.r.t. the
status of the operator f:

(81, ...,Sm) >'ord,‘r(_f) (tl,...,tn)
iff (f)=mul AN {S1,.s8m} >ordmaul {t1,--stn}
or T(f)y=left A (S1esSm) =5 (t, s ty)
or T(f) =right A (Sm,-y81) =% (tn, .o t1)
All of the following orderings uniquely define a congruence ~ depending on F and
T via f(81,.-58m) ~ g(t1,..., 1) iff f = g and m = n and i) 7(f) = mul and there is
a permutation 7 of the set {1,...,n} such that s; ~ t,(;), for all i € [1,n] or ii) 7(f) #
mul A s; ~ t;, for all ¢ € (1, n]. .



Most of the orderings are based on the principle of root orderings, i.e., the comparison
of two terms depends on their leading function symbols. The presentation of the case
distinctions which result is of the following form: s > t iff i) condition, ii) condition,
... denoting s > t iff condition; or conditions or ... holds. If the conditions of the case
distinctions are marked by hyphens they are to be evaluated ’lexicographically’, e.g., s > ¢
iff— s»1t — s>ptstandsfors>tiff s>y tor(s~;t A s>3t). Here, the symbol
~; denotes the congruence relation induced by the quasi-ordering >;.

When writing s, t and > we will always assume that s and ¢ are terms and >~ is a
precedence on the set F of operators.

Definition 1.1 ([KL80]) Recursive Path Ordering with Status : RPOS!
S >RrpPost <+
1) Head(s) > ’Head(t) A {8} >RPOS,mul .Args(t)
it) Head(s) = Head(t) N T(Head(s)) = mul A Args(s) >RrpoSmul Args(t)
i11) Head(s) = Head(t) N T(Head(s)) # mul A Args(s) > RPOS,(Head(s)) Args(t)
A {s} >RPOSmut Args(t)
iv) Args(s) mrPosmur {t}

To define the improved recursive decomposition ordering with status, we need some kind of
formalism. A path of a term is a sequence of terms starting with the whole term followed
by a path of one of its arguments:

- pathe(D) A if Ais a constant or a variable,
- Pathi.u(f(th '--1tn)) f(tla -"atn);pathu(ti) ifué€ POS*(ti)2
For a path p = [t1;12;...;¢,] we denote the set {t1,...,¢,} of all terms in p by set(p).
This set will also be called path-decomposition and its abbreviation is dec,(t) (and is equal
to set(path,(t))).
The decomposition dec({t1,...,t,}) = {decy(t;) | ¢ € [1,n] , u € Pos*(¢;)} is the
multiset of all path-decompositions of the terms 3, ...,15.

The set of subterms of a path-decomposition P relative to a term t is defined as
sub(P,t)={s€ P|(Qu#e)t|y=s}3

Suppose t= (‘T * y) + (:12 * Z)’ then d6621(t) = {twr * sz}) dec({t}) = {{t3$ * y’z}7{t7
Y,y {t,x* 2,2}, {t,z*2,z}} and sub(decy(t),z) = 0.

Definition 1.2 ([Ste88] , [Ste89b]) Improved Recursive Decomposition Ordering with
Status : IRDS*

s >=1rDst

1The RPOS is based on the recursive path ordering of [Der82].

2where Pos*(1:) is the set of all terminal occurrences of ¢;.

%¢|w denotes the subterm of t at occurrence u.

“The IRDS is based on the recursive decomposition ordering developed by Lescanne (see for example
[Les83]). The power of the IRDS is identical to that of the path ordering with status of [KNS85].



<= dec({s}) > ELmu > ELmu dec({t})
with decy,(s) 3 8’ >gr t' € dec,(t)
<= 1) Head(s") > Head(t')
i1) Head(s') = Head(t') A T(Head(s)) = mul A
- sub(decy(s),s") > EL,mu sub(dec,(t),t")
— dec(Args(s")) > EL,mu>ELmul dec(Args(t"))
i11) Head(s') = Head(t') N 7(Head(s")) # mul A
Args(s’) > IRDS,+(Head(s") Args(t') A {s'} > 1RDSmul Args(t’)

To describe the Knuth-Bendix ordering with status and the polynomial ordering, more
background information and helpful definitions will be presented.

If z is a variable and ¢t is a term we denote the number of occurrences of z in t by
#2(t). We assign a non-negative integer ¢(f) — the weight of f — to each operator and a
positive integer ¢o to each variable such that

p(e) > o if ¢is a constant,
@(f)=0 for one unary operator f at most; f has to be maximal w.r.t. > .

We extend this weight function on operators to terms:
Plf(tsentn)) = () + 2 9(t)-

The weight of an operator f can be considered as a special linear function: z; + ...+ =, +
©(f). A polynomial ordering even allows polynomials as the 'weight’ of operators. For
each n-ary operator f an interpretation [f](z1,...,z,) defines a polynomial with n variables
which satisfies the following conditions:

¢ [f] must have the same arity as f

e the coefficients of [f] must be integers
o (40,0) [f)(oms By} > ([l too) if 35 .

The extension of an interpretation of an operator to a term f(t3, ...,t,) is defined as follows:

[F(t1, oot (@15 s @) = [N oo T ) oo (e (F15 ooer T ))-

Definition 1.3 ([Ste88] , [Ste89b]) Knuth-Bendiz Ordering with Status: KBOS®
s »KkBos i
= (Vz) #o(s) 2 #.(2) A
D 8= (D)
i) - () > e(t)
- Head(s) > Head(t)
- Args(8) > g pos,r(Head(s)) Args(t)

*The KBOS is an extension of the original Knuth-Bendix ordering of [KB70].

e S



Definition 1.4 ([Lan79]) Ordering on Polynomial Interpretations: POL

s>porLt
< [s]O[¢]
where p3¢°
<= (Vz; € M C Nat) p(z1,..-,2n) > q(T1, ..., T5)

Definition 1.5 ([SZ90]) Improved Polynomial Ordering: IPOL
For each constant ¢, [c]() > 2.
s >1pOLt
<= - srport .
- Head(s) > Head(t)
_ .ATQS(S) >.IPOL,T(H€ad(s)) ATgS(t)

Note that, if f is a unary operator interpreted by the identity function (i.e., [f}(z) = z)
there must not exist another operator being greater than f w.r.t. >. Furthermore, >rpor
is a simplification ordering only if the condition ’f(...f(s)) >1por s if [fl(z) = 2’ is
additionally required.

The above described orderings were applied to prove the termination of rule systems.
The following diagram depicts the comparison of their powers. The power of an ordering is
described by the set of comparable pairs of terms. Thus, we examine the relation between
two such sets. We use a kind of Hasse diagrams to represent these relations, i.e., if »; C>,
then we arrange >, above >; joining them with an arrow:

IRDS IPOL

RPOS POL KBOS

For more details about the comparison of these orderings, see [Ste88], [Ste89b] and
[SZ90].

®Note that [s] and [t] are polynomials. Thus, 21 is an ordering on polynomials (p,q). p(z1,...,zn)
represents the polynomial Z Cry.raZi! ... - Tp* based on n variables. Mat denotes the set of natural

numbers.



1.2 Presentation of the Examples
All examples will be presented in the following way:

ll - T

ln, = 7,

ln+1 - Tnia

IpOL . ...7
IRDS

KBOS

POL

RPOS

The initial system consists of the rules {{ — r; --- I, — r,. Throughout the completion
process new rules, l,4+; — Tpy1 -+ by — Ty, are generated. The canonical system con-
tains all of the presented rules except those marked with ’o’. Appropriate term orderings
are specified by their parameters (such as the precedence, the status function, the weight
function, the polynomial interpretations). Note that each set of orderings is minimal w.r.t.
the power of the orderings, e.g., if there exists an RPOS we do not provide an appropriate
IRDS (since the IRDS is stronger than the RPOS, see subsection 1.1). However, if none
of the two strongest orderings of subsection 1.1 (either IRDS or IPOL) is enumerated the
termination of the corresponding example cannot be proved (with the help of the presented
orderings).

We use z,y,2,u,v,w to represent variables. Function symbols will be denoted by
fr9,h,ha, ko, t,5,k,p, s and a,b,0, ¢,d,d’, e (constant symbols). Some additional function
symbols which occur in the examples require no further elucidation.

The tested examples belong to several domains. The list of these classes consists of al-
gebraic structures (groups, rings, etc.), arithmetic theories (addition, multiplication, etc.),
boolean theories (if-then-else, etc.), lists (append, reverse, flatten, etc.), string rewriting
systems® and other systems (systems that do not fall into one of the five former classes).
Each example is characterized by an abbreviation of the class it belongs to (G: algebraic
structures, A: arihmetical theories, B: Boolean theories, L: lists, S: string rewriting sys-
tems, O: other systems).

For completing the initial rule systems we used our completion environment COMTES
(see [AMS8Y] , [Ste89a]) in which all presented orderings have been integrated. Obviously®,
we did not employ ’special tricks’ such as postponing incomparable pairs, introducing
new operators, etc. More precisely, the generation of an incomparable pair caused the
completion process to break off.

7... represents the parameters of the orderings.

8The structure of string rewriting systems is easier than that of lists since they use unary operators,
only.

®We are only interested in testing the power of the presented orderings.




In the next section we deal with the termination of systems which are already canonical
(sometimes the systems have to be normalized). The third section contains rewriting
systems where at least one non-trivial critical pair has to be generated in order to complete
them. Finally, in the fourth section, we present a lot of systems for which the termination
cannot be guaranteed using the methods described in subsection 1.1. However, all of these
examples are terminating. We know that there exist some other orderings!® with which
the termination property of some of these examples can be proved. However, this report
stands at the end of our research on simplification orderings and represents a beginning of
investigations about orderings that can handle homeomorphic embeddings (in particular
extremely recursive definitions).

1°For example, semantic path orderings of [KL80] and transformation orderings of [BD86] and [BL83].



2 Canonical Systemns

EXAMPLE 2.1 G: Group Theory ([KB70])

1(0) - 0
O+y - Y
z+0 — &z
i(i(z)) —
(z)+ = - 0
z +i(z) - 0
iety) - i)+i)
z+(y+z)  — (a+y)+z
(z+iy))+y — =
(+y)+i(y) — =
KBOS:  ¢(i) = 0, (+) > #(0)
i+
T(+) = right
POL: [+(z,y) = 2zy+y
[i(=) = o?
[0}0) = 2
RPOS: i>+>0
7(+) = right

EXAMPLE 2.2 G: Associativity and Endomorphism ([BL88]) .

(z+y)+= — z+(y+2)
f(z)+ f(y) - flz+y)
f@)+(fy)+2) - flz+y)+=

KBOS: e(f)>0
(+) = left
POL: [+z,y) = zy+z
[fl(z) = 2z
EXAMPLE 2.3 G:[Kir87]
“h(@) - h(-a)
—f(ll?, y) - f(—ya ""l‘)
KBOS: o(=)=0
—>=h,—->f
POL: -l(z) = 2z
[Uz,y) = z2+y+1
ki(e) = z+1




RPOS: ~>h,—>f

EXAMPLE 2.4 G: [Kir87]

flz+0) - f(z)
z+(y+2) = (@+y+2

KBOS: 7(+) = right

POL: (+)(2,9)
[f1(=)
[010)

RPOS: T(+) = right

T+ 2y
T
1

EXAMPLE 2.5 G: Associativity and Distributivity
¢+ (y+2) - (z+y)+=2

z*(y+2) — (z*y)+(z*2)
(+(yx2))+(y*u) = c+(y*(z+w) o

POL: [+)(z,y) = z+2y+1
[)(z,y) = =zy
EXAMPLE 2.6 G: [Mar87]
(z+y)+2 - r+(y+2)
(zxy)+ (zx2) - z*x(y+2)

(z*xy)+((zx2)+u) - (z*x(y+2)+u

KBOS: P(¥) >0

T(+) = left
POL: (+l(z,y) = zy+se
l(z,5) = z+y

EXAMPLE 2.7 G: [Bel86]

f(07y) - Yy

f(z,0) - z

fG(=z),y) — i(z)
f(f(z,y),2) — f(=z, fly,2))
flg(z,9),2) — g(f(z,2), f(y,2))
f(Lg(z,y)) — =

f(2,9(z,9)) — v




POL:  [fiz,y) = syt
9i(z,y) = z+y+1
[((z) = =
[0]0) =1
[1]0) =1
(210 =1
RPOS: f>g
7(f) =left

EXAMPLE 2.8 G:[KNZ86]

a+d — b4a
a+(b+z2) — b+(a+2)
E+y)+z — z+(y+2)
f(a'ay) - a
f(b,y) — b
flety,z) — f(z,2)+ f(y,2)
IPOL: [+)(z,9) = z+y+1
[fl(z,y) = =y
[a]() = 3
[6]0) = 2
T(+) = left
RPOS: a>b, f>+
(+) =left

EXAMPLE 2.9 A:[PF86]
0+y - ¥
s(z)+y — s(z+y)
s(x)+y — z+s(y) o

z+s(y) — s(z+y)

KBOS: + > s

T(+) = left
POL: [+)(z,y) = 3z+2y
[sl(z) = z+1

(0]0)
RPOS: + > 8
(+) = left

10



EXAMPLE 2.10 A: Unary Integer Addition ([Der85])

-0 — 0
z+0 - I
O+y -y
(-1)+1 - 0
S—— - =z
z +(~y) - —((-z)+y)
rtlyts) = a4y
(et +1 = =
POL: [+)(z,y) = z+3y
(-l(z) = z+1
[0]() =1
(110 =1
RPOS: +>—+>0
T(+) = right -
EXAMPLE 2.11 A: Addition and Subtraction
0O+y - Yy
s(zx)+y = s(z+y)
0-y - 0
z—-0 -
s(z)-s(y) — z—y
KBOS: e(s) >0
+ >
POL: (+l(z,y) = 22+y
(l(z,9) = z+y
[s](z) = z+41
[010) =1
RPOS: 4+ >s .

EXAMPLE 2.12 A: [NRS89]

0+y -y

s(e)+y — s(z+y)
pz)+y — p(z+y)

-0 — 0

-s(z) — p(-z)

-p(z) — s(-z)

Oxy - 0

s()xy — (zxy)+y
plz)xy — (zxy)+(-y)

S



IPOL:

RPOS:

[+](=,9)
[+](z,y)
[~1(=)
(pl(z)
(sl(z) T +2
[0]() 1

x>+ >p,+ > 8~ >p,— >3
¥ > — > pP,— > S,x>+>p,+ >S5

r+y
zy+1
z+1
z+ 2

| T | O A T

EXAMPLE 2.13 All:

double(0)

— 0 S

double(s(z)) — s(s(double(z))) <

z+0

z + 5(y)
s(z)+y
double(z)

—
— s(z+y)
— s(z+y)
— T4z

POL:

RPOS:

[+](z,9)
[double)(z)
[s](=)

[0]0)

double = 4+ >~ s

[ T

T N
)
+
—_

EXAMPLE 2.14 A: [Toy86)

double(0)

double(s(x))

hal £(0)
hal £(s(0))

hal f(s(s()))

z-0

s(z) — s(y)

if(0,y,2)
if(s(z), 9,

hal f(double(z))

—- 0
s(s(double(z)))
0

0

s(hal f(z))
z—y

Y

2)

L A A A A A

POL:

RPOS:

r+y
3z

z+4+1
r+y+z

[—](.’L’, y)
[double](z)
[hal f](z)
[if)(z,y,2)
[s)(2) s+1
[0]0) 1

double > s,half > s

a

" The ’inductive theorem’ described by the last rule would lead to divergence if the fifth rule were not

included.
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EXAMPLE 2.15 A:[JSS85]

fo -1
f(s(z)) — g(f(=)) o
9(&) - z+3(2)

f(s(=)) — fl2)+s(f(2))

POL: [+](z,y) = z+y
(fi(z) = 2
[g)(z) = 3z+1
[s](z) = 22
[01() = 2
(110 = 2
RPOS: f>=1Lf=g>+,9>s O

EXAMPLE 2.16 A:[Toy86]

f(0) - 0

f(s(z)) — g(z,s(z))

9(0,y) -y

g(s(a:),y) - g(x’y+'s($)) <
z+0 —

s+sy) — s(z+y)

g(s(z),y) — g(z,s(y+=z))

POL: [+](z,9) = =+2y
[fi(z) = 2*
(gl(z,y) = 2*+y
[sl(z) = z+2
[010) = 2
RPOS: fg>+>s
7(g) = left o

EXAMPLE 2.17 A:Sum of Natural Numbers

sum(0) - 0
sum(s(z)) — sum(z)+ s(x)
sum1(0) - 0
suml(s(z)) — s(suml(z)+ (z + z))
POL [Hey) = s+y
Sle) = a+2
[sum](z) = «?
[suml](z) = =2?
[0]0) = 2
RPOS: sum = +,suml > +,suml = s

S S



EXAMPLE 2.18 Al
sum(0) - 0
sum(s(z)) — s(z)+ sum(z)
z+0 -
z+sy) - s(z+y)

IPOL: +Nz,y) = z+vy
ble) = z+1
[sum](z) = 22
(010 = 1
+ >3
RPOS: sum >+ > s O

EXAMPLE 2.19 A: Square Numbers ([HL89])

sqr(0) - 0

sqr(s(z)) —  sqr(z) + s(double(z)) o
double(0) - 0

double(s(z)) — s(s(double(z)))

z+4+0 -

z+s(y) - slety)

sqr(s(z)) — s(sqr(z) + double(z))

POL: [+](z,y) = z+2y
[double](z) = 3z
[s](z) = z+3
[sqr](z) = z?
[0]0) = 2
RPOS: sqr > + > s,sqr > double > s a

EXAMPLE 2.20 A: Sum of Square Numbers
sum(0) — 0
sum(s(z)) — sqr(s(z))+sum(z) o
sqr(z) — T*z

sum(s(z)) — (s(z)*s(z)) + sum(z)

POL: [+)(z,y) = z+y
(*l(z,y) = z+y
[s](z) = z+2
[sqr]l(z) = 2¢+1
[sum](z) = =z?
[0)0) = 2
RPOS: sum > +,sum > sQr > * O

2The following exponential functions can also guarantee the termination of the system: [+](z,y) =
z + 2y, [s](z) = z + 2, [sum](z) = 2%, [0])() = 2.

14



EXAMPLE 2.21 A: Binomial Coefficients
bin(z,0) — s(0)
bin(0, s(y)) - 0
bin(s(z),s(y)) — bin(z,s(y)) + bin(z,y)

POL: (+(z,9) = z+y
ben](z,y) = zy+=z
[s)(=) = 2z
(010) = 2
RPOS: bin > s,bin > + O

EXAMPLE 2.22 A: Arithmetical Theory!3

ezp(z,0)  — s(0) ‘

exp(a,s(y) — = *cap(z,y)

0xy - 0

s(z)*y — y+(z*y)

0—-vy — 0

z—0 — z

s(z)—s(y) — z-y

RPOS: exp > * > +,exp > s )

EXAMPLE 2.23 A: Factorial Function!? ([Pad89])

fac(0) - 1 ©
fac(s(z)) —  s(z) * fac(z)
floop(0,y)  — y

floop(s(z),y) — floop(z,s(z)*y)

z*0 - 0

z * s(y) - (zxy)+z

z+4+0 -

z + s(y) - s(z+y)

1 — 8(0)

fac(0) — s(0)

RPOS: floop > x> + > s, fac>*,fac>1>0,1>s
T( floop) = left O

EXAMPLE 2.24 A: Fibonacci Function
fib(0) - 0

fib(s(0))  — s(0)

Fib(s(s(2)) — fib(s(z)) + fib(z)

¥*The system can be oriented by the exponential functions [+)(z,y) = z + v, [¥](z, %) = zy, [-](z,¥) =
z +y, [exp](z,y) = 27, [8](z) = 2z, [0)() = 2.

*There exist exponential interpretations of the operators with which the rules of the system can be
oriented except for the fourth rule.

I | S



POL:  [H@y) = o4y
(fibl(z) = z4+1
[s](z) = 2z
[0}) = 2
RPOS: fib > + O
EXAMPLE 2.25 A: Fibonacci Function!® ([Toy86])
Fib(0) =0
fib(s(0))  — s(0)
fib(s(s(z))) — fib(s(z)) + fib(=)
z+0 - '
z+s(y) — s(z+y)
RPOS: fib>+ > a
EXAMPLE 2.26 A: Fibonacci Function!® ([Toy86])
f(0) — 5(0)
f(s(0))  — $(0)
f(s(s(z))) — p(h(g(2))) o
9(0) —  <s(0),s(0)>
g9(s(z)) - h(g(z)) o
h(z) - <p(z) + q(z),p(z)>
p<z,y>) — =z
o<z,y>) — y
z+0 . -
z+s(y) - s(z+y)
f(s(s(z))) — p(g(2))+ q(9(2))
g(s(z)) = <plg(z)) + q(9(2)), p(g(z))>
RPOS: frg-h>+>8h><>,h>p,h>gq 0

*The system can be oriented by the exponential functions [+](z,y) = z+2y, [fib)(z) = 2%, [s](z) = z+2,

[0]Q =1.

'8The system can be oriented by the following exponential functions: [+](z,y) = z+y, [<>](z,y) = z+v,

[£1(z) = 2%, [g)(x) = 2°, [h](=) = 42 + 1, [p}(=) = =, [q}{x) = =, [s)(=) = = +3, [0)() = 1.
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EXAMPLE 2.27 A: Fibonacci Function!? ([Red89])

fib(0) - 0

fib(s(0)) —  s(0)

fib(s(s(0))) — s(0) °
fib(s(s(2))) — sp(9(2))

9(0) — <s(0),0>

o(s(0) - <s(0),s(0)> o
9(s(z)) —  np(g())
sp(<zyy>) — x4y

mp(<z,y>) — <z+3,0>

z+0 -

z + s(y) — s(z+y)

RPOS: fib>=g>mnp><>>+>s5,9> 5, . 0

EXAMPLE 2.28 A: [Les83)
dfib(s(s(z)),y) — dfid(s(z), dfib(z,y))

POL: [dfidl(z,y) = z+y
=) = 22
RPOS: T(dfib) = left o

EXAMPLE 2.29 A: Prime Numbers ([BM79)])

prime(0) —  false
prime(s(0)) —  false
prime(s(s(@)))  — primel(s(s(z)), (z))
primel(z,0) —  false
primel(z, s(0)) —  true
primel(z,s(s(y))) — (~divp(s(s(y)),z)) A primel(z,s(y))
divp(z,y) — rem(z,y)=0
POL: A(z,y) = z+y
[=1(z, ) = z+y
[-](=) =
[divpl(2,y) = z+y+3
[prime](z) = g3
[primel(z,y) = azy?
[reml(z,y) = z+y
[s](z) = 2z
[0]0) = 2
falsel) = 2

17The system can be oriented by the exponential functions [+](z,y) = z + 2y, [<>](z,%) = =z + 9,
[fl(z) = 2%, [g](z) = 27 + L, [np](z) = 22 + 1, [s](z) = = + 2, [sp](2) = 22, [0]() = 1.
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RPOS: prime > primel > false,primel > true,primel > divp > rem,
primel > A,primel > -, divp > =,divp > 0

O
EXAMPLE 2.30 B: Boolean Ring ([Hsi85])
il — T dilrue
zDy — (¢Ay)®(zDtrue)
eVy — (zAy)@(z0y)
t=y — & (ydtrue)
POL: Al z,y) = z+y
VI(z,9) = 2z+2y+1
[=l(=,9) = z+y+2
[Dl(z,y) = 2z+y+2
[@](z,y) = z+y
Fle) = o+2
[truel() = 1
RPOS: > @,0 - true, D> @, D> A, D> true,V - @,V > A, => @, =>true
EXAMPLE 2.31 B:[Pue8]]
—-irue —  false
- false —  true
odd(0) —  false
odd(s(z)) — -odd(z)
z40 - I
z+s(y) — s(z+y)
s(z)+y - s(z+y)
KBOS:  ¢(s) > p(=) > ¢(false), p(~) > pltrue)
+ >3
POL: [+l(z,y) = 3z+2y
F) = s+l
[odd](z) = z+1
(fz) = o+2
[0]10) =1
[falsel() = 1
[true]() = 1
RPOS: odd > - > false,—~ > true,+ > s -
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EXAMPLE 2.32 B: [Mus80]

oz — if(z, false,true)
TAY — if(z,y, false)
zVy — if(z,true,y)
rDy — if(z,y,true)
T=cC —  true o
=y — if(z,y,y) o
if(true,z,y) — =
if(false,2,4) — v
if(z,z,if(z, false,true)) — true
=y — if(z,y,1f(y, false,true))
POL: Al(z,y) = z4y+2
M(zy) = o+y+?
=l(zy) = z2+29+3
Dlzy) = z+y+2
Fll2) = o+3
[ifl(z,y,2) = z+ty+=
[falsel) = 1
[true]() = 1 v
RPOS: A= if,A > false,V > if,V > true,D> if,D > true,=> - > if,~ > false,
- > true 0

EXAMPLE 2.33 B: Disjunctive Normal Form!®

TVzT — I
TAx - z
b S V4 4 : —_ T

~(zAy) - (-z)V(~y)
~(2Vy) — (-z)A(-y)

KBOS: w(-)=0

A > V,a - A

POL: Al(z,9) = z+y
Vi(z,9) = z+y
[Fl(z) = <?

RPOS: AxV,n > A

EXAMPLE 2.34 B:If-then-else

if(true,z,y) — z
if(false,z,y) -y
if(2,9,9) -y
if(if(z,y,2),u,v) — if(z,if(y,u,v),if(z,u,v))

'8The orientation of the two last rules in reverse order implies divergence.
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POL: [ifl(z,y, 2)
[false]()
[truel()

RPOS: T(if) = left

zy+zz+4+z
1
1

EXAMPLE 2.35 B: Implication ([Ste89c])

z A false —  false
zA(~false) — =z
- - Zz
false Dy — -=false
x D false — -z
(m2)>(~y) — yd(zAy)
POL: A(z,y) = z+y
Dl(z,y) = 22+2y
[Hlz) = 2
[falsel() = 1
IRDS: D> > A

EXAMPLE 2.36 B: Implication

(mz) Dy — zVy
(mz)>(yVvz) — yd(zvz) o

zD(yvz) — yVv(zDd=2)

KBOS: (=) +¢(3) > p(V), (=) > 0

o>V
POL: M(z,9) = z+y
Dl(z,y) = z+2y
[-)(z) = 3z
IRDS: DV

EXAMPLE 2.37 B: Ternary A-Operator ([Ste88])

and(~-z,y,7z) — and(y,z A Z,T)

POL: [and)(z,y,2) = z+y+=z
[N(z,9) = z+y
[-)(z) = 2

IRDS: ~ A
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EXAMPLE 2.38 L: Functional List Append!® ({[DP88])
niloy — ¥
x o nil -

(zy)oz  — z(yo2)
(zoy)oz — :lj'o(yoz)

KBOS: o>.
(o) =left
POL: [o)(z,y) 2z 4y
[1(z,9) = z+y
[nal]() = 1
RPOS: o> .
T(o) = left . o

EXAMPLE 2.39 L: List ([Ait85])

rev(nil) — il

rev(z.y) — rev(y)o (z.nil)
car(z.y) — =

cdr(z.y) — y

null(nil) — true

null(z.y) — false

niloy — ¥y

(z.y)oz — z.(yoz)

POL: [e){z,y) = =zy
[Nz,y) = zy+y+1
[carl(z) = =
[edri(z) = =
[nulll(z) = z4+1
[rev](z) = 2?
[nal]() = 2
(false]) = 2
[truel() = 2
RPOS: rev > o > .,rev > ntl, null > true,null > false O

EXAMPLE 2.40 L: Member ([HO82])

true Vy — true

T Vitrue — true

false V false —  false

mem(z, nil) —  false

mem(z, set(y)) - zT=y
mem(z,union(y,z)) — mem(z,y)V mem(z,z)

197 sing the KBOS with T{0) = left and . > o, the completion process diverges. The completion also
diverges if we use the KBOS with r(0) = right.
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POL: VI(z,v) = z+y
[=](=,y) = z+y
[mem](z,y) = azy
[set}(z) = z42
[union](z,y) = z+y+1
[nal]() = 2
[false]() =1
[true]() =1
RPOS: mem > false,mem > =, mem > V

EXAMPLE 2.41 L: Finite Sequences of Natural Numbers ([KM87])

||nal| — 0 ]
llg(z, )l = s({l=[)
f(z,nil) - g(nil,z)
f(z,9(y,2)) - g(f(z,9),2)
rem(nil,y) —  nil
rem(g(z,y),0)  — g(z,y)
rem(g(z,y),8(z)) — rem(z,z)

KBOS:  o(f) > v(g) > ¢(s), p(nil) > ¢(0)

frg
POL: [l = e
[Flzy) = z+2
lg(z,9) = z+y
[rem](z,y) = z+y
[s](z) =z
[010) = 1
[nal]() = 2
RPOS: — |l[[ > 0,1l > s, f > g

EXAMPLE 2.42 L: Flattening and Reverse Operation

flatten(nil) —  nil

flatten(unit(z)) —  flatten(x)

flatten(z o y) —  flatten(z) o flatten(y)
flatten(unit(z)oy) — flatten(z)o flatten(y) o
flatten(flatten(z)) — flatten(z)

rev(nil) —  nil

rev(unit(z)) - unit(z)

rev(z o y) —  rev(y) o rev(z)
rev(rev(z)) -z

z o nil - z

niloy - Y

(xoy)oz — zo(yoz)
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KBOS: o(unit) > 0, ¢(flatten) = o(rev) =0
rev ~ flatten > 020

7(0) = left
POL: [o)(z,y) = 3zy+ 22
[flatten)(z) = 2?
[rev](z) = z?
[unit)(z) = z+1
pill) = 2
RPOS: flatten > o,rev > o
7(0) = left O
EXAMPLE 2.43 L:[Nar89)
merge(nil,y) -y
merge(z,nil) — =z
merge(z.y,u.v) — if(z < u,z.merge(y,u.v),u.merge(z.y,v))
niloy —~ oy
(z.y)oz — z.(yo2)
if(true,z,y) -
if(false,z,y) — ¥
POL: [o](z,¥) = ay
[(z,y) = 42y
[<)(z,3) = z+y
(ifl(z,y,2) = zty+=z
[merge](z,y) = 2%y
(mil)() = 2
[falsel() =1
[true]() =1
RPQS: merge > i1f, merge > <, merge > .,0 > . O

EXAMPLE 2.44 L:[MS86]

del(a(y2) = f(v=3,2,92)
f(true,z,y,z) — del(y.z)
f(false,z,y,2) — z.del(y.2)

nil = nal —  true

(z.y) = nal — false

nil = (y.z) —  false

(z.9) = (u.v) ~ (z=u)A(y=v)

?Using a quasi-ordering on the operators, we may admit more than one unary operator with weight
zero (see [Ste88]).
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POL: [/\](.’L‘, y) = x+vy
[=](=,y) = zy
[(=,9) = z+y
[del](z) = g2
[f](:z:,y,z,u) = z4+y+ 22+ 2zu+ u?
[nil]() = 2
[false]() = 92
truel) = 2 -

EXAMPLE 2.45 L:[Narg89|
admit(z, nil) — nil
admit(z,u.v.w.z) — cond(sum(z,u,v) = w,w.v.w.admit(carry(z,u,v),z))
cond(true,y) -y : :

POL: =)z, y) = z4y
[](m,y) = Ty
[admit](z,y) = zy°
[carry](z,y,2) = z4+y+=
[cond](z,y) = z+y
[sum](w, y,Z) = z+4+y+=z
[nil]() = 2
[true]() = 2
RPOS: admit = cond, admit > sum,admit > =, admit > . = carry
T(admit) = right O
EXAMPLE 2.46 S:
aa — bb
bba — abb
KBOS: w(a) > ¢(b)
b>a
POL: [al(z) = 2z+1
bl(z) = 2z a
EXAMPLE 2.47 S: [HP86]2
ab — ba
ac — A
KBOS: a>b
POL: [a](z) = 22
b](z) = z+1
[c](z) = =

“1The process diverges if the first rule is oriented in reverse order. Note that A denotes the empty word.
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RPOS: a>b

EXAMPLE 2.48 S:[HP86)?

d — eu

du — ¢ ©

cu — b o

ve — A

bu — ae o

¢ — euu

b - euuu

ge — euuuu

KBOS:  o(e) = ¢(u) = 1,p(a) = 5,4(b) = p(c) = ¢(d) = 6

POL: [e(z) = z+1
Bl(z) = z+1
[cl(z) = z+1
[d(z) = z+1
[el(z) = =
[ul(z) = =
vj(z) = z+1

RPOS: crbrar-ex>d>u

EXAMPLE 2.49 S: Monoid

acd — ¢

ubdd — b

vaa — uv

vac — ubd

ve — b

wae — uw

wac — ubd

we — b

KBOS:  9(b) = (d) = p(u) = p(w) = 1,p(a) = p(v) = 2, 0(c) = 3

POL: [e](z) = z+1
[bl(z) = =
e) = =
[die) = o+1
[u(z) = =
[ol(z) = =z+1
[w(z) = z+1

l 22The original system of [HP86] is parameterized, such that @n418n-1 — A, €185 — Go@n_1, GiGn — ai_1
for all i=n—1,...,2(n > 3). The termination of this general system can be proved with the help of the
following polynomial ordering: [a:](z) =z +1foralli=0,...,n~2,n+1and [a:](z) =z fori=n -1, n.

25




RPOS: V> u,v>bv>=-dw>uw>bw>d

EXAMPLE 2.50 S:

ab — bba

POL: [al(z) = 3=z
Bie) = 241

RPOS: a>b

EXAMPLE 2.51 O: Ackermann Function

ack(0,y) ~ s(y)
ack(s(z),0) — ack(z, s(0))
ack(s(z),s(y)) — ack(z,ack(s(z),y))

RPOS: ack » s
T(ack) = left

EXAMPLE 2.52 0:[Thig4]

f(=,0,0) - s(z)

f(0,y,0) - s(y)

£(0,0,2) - 5(2)

f(s(0),9,2) = f(0,3(y),5(2))
f(s(2),s(y),0) - f(z,y,3(0))
f(s(z),0,5(2)) - f(=,5(0),2)

£(0, 5(0), s(0)) - s(s(0))
f(s(x),s(y)’s(z)) g f(xay’f(s(x),s(y),z))
f(0,5(s(y)),s(0))  —  f(0,y,5(0))
f(0,8(0),5(s(2)))  — £(0,5(0),2)
f(0,5(s(y)),5(s(2))) — f(0,y, f(0,s(s(y)),s(2)))

RPOS: frs
(f) = left

EXAMPLE 2.53 0:[BDS86]

flz,y) - g(=,9)
g(h(z),y) — h(f(z,y)) o

g(h(z),y) — h(g(z,y))

KBOS:  o(f) = ¢(9)
f>g>h

26



POL: [flz,y) = 2z2+y+1

[o}(z,y) = 22+y

[rl(z) = =z+2 =
EXAMPLE 2.54 0:[Gra88]®
f(z,a) - =z

f(m,g(y)) - f(g(z),y)

KBOS: T(f) = right

POL:  [fl(e,) = a+2y
[9](z) = =z+1
(a]() = 1

RPOS: f>g
7(f) = right a

EXAMPLE 2.55 0:[Grag8]?

f(z,9(z)) — =
fz,h(y)) — f(h(z),y)

KBOS: (f) = right

PO [f(zy) = 342
oi(z) = =
[A)(z) = z+1

RPOS: f>h
7(f) = right a

EXAMPLE 2.56 0:[You88]

fla,z) — g(a,z) ¢
gla,z) — f(b,z)

fla,z) - f(b,2)

KBOS:  ¢(f) = ¢(g9), p(a) > ¢(b)

f>g
POL: fli(z,y) = 22+
gl(z,y) = 2+y
le]() = 3
[6() =1 O

EXAMPLE 2.57 0:[RJ81]
fg(h(z,y)), f(a,a)) — f(h(z,2),9(f(y,a)))

231f the last rule is oriented from right to left, the completion process will diverge.
24The orientation of the second rule in reverse order implies divergence.
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POL: [fl(z,y) = 24y
gl(z) = 2z
(Al(z,y) = z+y+1

[a]()
RPOS: f>g>h
(f) = left

EXAMPLE 2.58 0:[Mid8s]
flz,y) — =

g(a) —  h{a,b,a)

i(z) - f(z,z) o

hz,z,y) — g(z)

i(z) — =z

POL: [fl(z,y) = z+y
[9]() = a?
[h)(z,y,2) = z+y°+=
[z](z) = 2r+1
[a]() = 3
(610 =1

EXAMPLE 2.59 0:[Lév86]
fle(z),y,y) — 9(f(z,2,y))

m2+y+z
z+1

POL: iz, y,2)
[9)(z)
RPOS: f=g

EXAMPLE 2.60 O:
fg(f(a),h(a, f(a)))) — f(h(g(f(a),a),9(f(a), f(a))))

POL: [fl(z) = 3z
[9)(z,y) = =y
(Al(z,9) = z+y+1
[al() = 2
RPOS: g>h
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EXAMPLE 2.61 O:[Lan89

f(i(z,9),9)

f(xv hl(y> Z))

g(hz(z, Y, hl(za u)))

h2($7 ](y7 hl(za U)), hl(z{u))

9(f(z,k(y)))

h2(0a z, hl(y’ Z))
hZ(s(x)’y7h1(27u))
ha(s(2), y, hi(s(2), )

R

i(f(z, h(y))) y
i(ha(s(z), ¥, ha(z, 2))) z

k(h(z)) h1(0, z)
k(h(z,v)) h1(s(z),y)

KBOS:  ¢(h) = ¢(h1) = p(h2) = ¢(s) = ¢(0) = 1,¢(g9) = p(k) = 2,0(f) = 3,(j) = 4

POL: (flz,y) = z+y+2
[9l(=) = z+1
[A](=) = z+1
[hal(z,y) = z+y _
[h2](xay’z) = $+y+2
[é)(x) =z
[11(z,y) = T+y+2
[k](z) = z+1
[s]() = o
[010) =1 .
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3 Systems to Complete

EXAMPLE 3.1 G:[Les84]

1*xy - ¥

(z)*z - 1

(zxy)*z — zx(yx*2z)
z/y - zxi(y)
Tx1 — z

z(l) — 1

z * i(z) - 1

iz *y) — i(y)*i(z)
i(@)r(ary) - y
z*(i(z)*y) — v

KBOS:  ¢() = ¢(i) = 0,¢(/) = ¢(1) =1

T(x) = left
POL: #](z,y)
[/)(z,9)
[£](2) z?
[110) 2
RPOS: [ >=i= %01
(%) = left

2cy+
2zy? +z + 1

(T I

EXAMPLE 3.2 G:[BL8S]

@) - e
[@)+ @) ~ Sty o
C+y)+z - z++2)

f@y+y — fl=z+ ()

POL: [+l(z,y) = 3z+y
[flz) = =z+1
RPOS: +>=f
(+) = left

EXAMPLE 3.3 G: Group ([KS83])

(/=)/((y/)]y) — ¥ o
(z/9)/(2/y) - z/z o
z/z - 1 o
1/y — i(y) o
2/i(y) ~ sy o
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(1) - 1

ory) - i)ria)

i(z)*xz - 1

T *1i(z) - 1

z*1 -

I+y - Y

(zxy)*z — z*(y*2)

z*(iz)*xy) — ¥

i(z)*(z*xy) — v

z/y — zxi(y)

KBOS:  (*) = ¢(/) = ¢(i) = 0,p(1) = 1
[ > %1 %
(%) = left

POL: [*|(z,y) = 2zy+=z '
(z,y) = 22y’ +2+1
[i(z) = o?
(1) = 2

RPOS: [>=i>*>1
T(x) = left

EXAMPLE 3.4 G: Group ([KB70])

(zxy)xz — z*(yx2)

1xy - Y

g(z) — f(z)*z

g(z)xy  — ¥y o

fR)x(z+y) — y

fW*y -y

f(f(z))xy — =zxy

e (f(z)*xy) — ¥

flexy)xz  — fly)*(f(z)*2)

POL: *[(z,y) = 22+y
(fl(z) = 2z
[g)(z) = 5z+1
110 =1

RPOS: g f > =
(%) = left

EXAMPLE 3.5 G: Central Groupoid ([KB70])

(zxy)x(yxz) — vy o
(z*2)*z —  f(z) o
T*(z*x2) — g(z) o
g(z)*y — &y
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f(f(=) - f(2)

f(g(z)) — g(z)

9(g(2)) - g(=z)

9(f(z)) - f(z)

f(@)+z - f(z)

f(z)*g(z) — =

z* f(y) — Ty

flz*xy) - g(2)

z+xg(z) — g(z)

gzxy) - f(y)

zx(yxz) — z+*g(y)

(zxy)xz — fly)*z

KBOS:  o(x) = ¢(f) = ¢(g) = 1
* g

POL: [*)(z,y) T4y
[f1(z) z+1

() = z+1
RPOS: * > fox>g

EXAMPLE 3.6 G: Taussky Group ([KB70])
cx(y+z) — (z*y)*z

11 — 1 o

T *i(z) - 1

g(@*xy,y) — flzry,z) o

fLy) -y

z*1 -

1=* v - Y

i(i(z)) —

i(axy) - iy)rile)
i(z)*2 - 1

9(z,y) - f(z,z*i(y))
(gxy)*i(y) — =
(zxi(y))*y — =z

POL: [*](z,y) = 2zy+y
[fUz,y) = z+y
[9](z,9) = z+y*+22y*+1
[i}(z) = a?
[110 = 2
RPOS: gri>=+>1,g> f» %
(%) = right
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EXAMPLE 3.7 G:[Saks4]

(z+9)+z = z+(y+2)

040 — 0 )

z+(—x) — 0

f(0,y,2) — y

g(z+9,9) — flz+y,z,y) o

-0 - 0

— -z -

—(z +y) - (-y)+(-=)

z+0 - T

0+y -y

(—z)+ =z —- 0

(—2)+(z+y) — ¥

e+ ((-z)+y) — ¥

9(z,y) = flz, e+ (-y),y) .

POL: [+lz,y) = 2zy+=c
(-1(=) = a?
(fi(z,y,2) = z+y+2z
oz, y) = 2zy®+22+y+1
[010) = 2

RPOS: g-—>+>0,9g~f
(+) = left

EXAMPLE 3.8 G: Quasigroup ([Hul80b])

zx(z\y) — y o
\(zxy) — y ©
(z*y))y — z o
(z/y)*y - z o
zx(yxz) — ¥
z\y — Y*zT
y/z — TxY

(z*xy)*z — y

KBOS:  ¢(x)=p(\)=¢(/)=1

\ =%, />

POL: [+l(z,y) = z+y
Ny = s+y+1
/i(z,9) = z+y+1

RPOS: \ =%,/ >+
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EXAMPLE 3.9 G:[Chr89)%

f(f(=9),2) = f(2,f(y,2))

Fak,y) - ¥ fork=1,..,12
f(z,i(z)) — a
f(zyik(z)) — ax

ix(z)

i1(ak)

i1(i1(2))
il(f(za y))

J(z, f(ia(x), v))
(=), f(z,9))
f(i1(z), a1)

KBOS:

fork=2,...,12 o

fG(z), ak) fork=2,.,12
ay fork=1,..12

f(xa al)

f(ir(y), ia())

Y

y
i1(z)

o(f) = (i) =0

plag) =1 fork=1,..,12
p(ig) =2 fork=2,.,12
11 > aq

T(f) = left

[f)(z,y)
[i](2)
[ix](2)
[ax]()
1:2 - 'i]
ig > tx =11 > f > ax fork=1,..,12

T(f) =left a

A

POL: 22y + =

:1:2
522 + 1 fork=2,...,12

2 fork=1,..12

nmn n

RPOS:

EXAMPLE 3.10 G: Cancellation Law ([KB70])

fl,zxy) — y

gz*xy,y) — =z

zx*x1 — I

lxy — ¥

f(Ly) — y

flz,2) — 1

g9(z,1) — =z

g(z,z) — 1

KBOS:  o(x) = w(f) =p(g)=¥(1)=1

POL: [)(z,9) = z+y
[fi(z,y) = a+y
9)(z,y) = z+y
(110 =1

#Using the KBOS, the canonical system is supplemented by i1 (41(¢1(2))) — i1(z) and the equation
11(31(2)) = f(z, a1) is oriented in reverse order.
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RPOS: f>=1g>1

EXAMPLE 3.11 A:[BBKS87]

p(0) — 0 o
p(s(z)) -z o
z+0 -

s(z+p(y)) — =+y o

p(z) — =@
s(z) — =

KBOS:  ¢(+) = ¢(p) = ¢(s) = ¢(0) = 1

POL: [+l(z,y) = z+y
pl(z) = z+1
[s](z) = z+41
[0]() =1

RPOS: empty >

EXAMPLE 3.12 A: Division ([Dic87)])
z/z - 1

z/1 -

i(zfy) — y/z

(z/v)]z — =/(z/iy))

’I:(l) — 1
1/y — i(y)
i(i(z)) -
z/(y/i(z)) - i(y)
W(z)/(y/z) - i(y)
z/(y/(i(z)/2)) — i(z)]y
i(z)/(y/(z/2)) — i(2)]y
KBOS:  ¢(/)=¢(i)=0,¢(1) =1
i>/
(/) = left
EXAMPLE 3.13 A: [Zeh89]
(e+y)+z — z+(y+2)
z+4+0 —
(z*xy)xz — zx*(y=*2)
z*1 — T
ezp(0) - 1
exp(z+y) — exp(z)*exp(y)

t+(0+y) — z+y
cx(lxy) — zTxy
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KBOS:  ¢(ezp) = 0,0(+) = ¢(x) = ¢(0) = (1) = 1
exp > x,exp > 1
T(+) = 7(x) = left

POL: (+l(z,y) = 3z+y
[*l(z,y) = 2z+4+y
[ezp](z) = 2=z
[0]() =1
(110 =1

RPOS: exp > *,exp >~ 1
7(+) = 1(x) = left

EXAMPLE 3.14 A:[KNZ36]

s(s(z)) —

f(0,y) -y

f(s(z),y) - s(f(z,9))
f(f(9(2,9),0),0) — g(z,9) o
g(O’y) - Y

9(s(z),y) - f(9(=,9),0)
h(0) — 5(0)

f(f(,0),0) — =

KBOS:  &(f) =0,9(9) = ¢(0) = 1,p(s) = 2,p(h) = 3

f>s

POL: [fl(z,y) = zy+z
gl(z,y) = zy+=
hl(z) = 2c+2
[s](z) = 2z+1
[010) = 1

RPOS: g>f>s,9g>=0h>s

EXAMPLE 3.15 A: Integers With Equality (Boolean Algebra) ([Com86])

ps(@) - o

T=z —  true
s(z)==z —  false <
r = s(z) — false o
s(z)y=s(y) - z=y o
z = p(z) —  false
)=z —  false
p(2)=py) — e=y

z=s(y) — plz)=y
s(zy=y — z=p(y)

KBOS: (=) = ¢(p) = o(false) = p(true) = 1,¢(s) =2
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POL: =l(z,y) = «+vy
[pl(z) = z+1
=) = w42
[false]) = 1
[true]() = 1

EXAMPLE 3.16 A: [Bur68§]

car(z.y) -

cdr(z.y) - ¥

car(z).cdr(z) — =

atom(z.y) —  false o

atom(z) — false

KBOS: ¢(.) = p(atom) = ¢(car) = p(cdr) = ¢(false) =1

POL: [I(z,y) = T4y
l[atom](z) = z+1
[car)(z) = =
[edri(z) = =
falsel) = 1

RPOS: atom > false

EXAMPLE 3.17 B:
(zAyY)V(zAYy) - (&Vz)Ay
zAz -
zVze —

(zAy)Vy — (zVy)Ay
zV({yAnz) — (Vy Az

KBOS: @A) = (V) =1
VA

POL: N(z,y) = z+y+1
Mz, y) = 2¢+2y

EXAMPLE 3.18 L: Reverse ([Kiic87))

niloy - vy

(z.y)oz — z.(yo2)
rev(nil) — nil

rev(z.y) —  rev(y)o (z.nil)
rev(rev(z)) — =z

rev(z o (y.nil)) — y.rev(z)
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POL:  [ol(z,9) = ay
[N(2,5) = zy+y+1
[revl(z) = 22

RPOS: Tev > o > . > nil a

EXAMPLE 3.19 L:[HO80]

niloy -y

(z.y)o z — z.(yo2)

(xoy)oz — zo(yoz)
reviter(nil,y) — vy

reviter(z.y,z) — reviter(y,z.2)
rev(nil) — nil ' o
rev(z.y) — rev(y)o(z.nil) o
rev(z)oy — reviter(z,y) o
rev(z) —  reviter(z, nil)

reviter(z,y)oz — reviter(z,yo z)

POL: [o](z,y) = zy+z
[I(,9) = zy+y+1
[rev](z) = 222
[reviterl(z,y) = zy+=
[nil]() = 2
RPOS: rev = o = reviter > . > nil
7(0) = T(reviter) = left o

EXAMPLE 3.20 L: [Mus80]

r=2 —  true

nil = end(y, z) — false

end(z,y) = nil —  false

end(z,y) = end(u,v) — (y=v)A(z=u)
f(z,nil) — end(nil,z)
flayend(y,2)) - end(f(z,),2)
nil.y - ¥

end(z,y).z - z.f(y,2)
null(nil) — true
null(end(z,y)) — false

true A lrue — true

KBOS:  (A) = 0,¢(=) = () = plend) = p(f) = p(null) = p(nil) = ¢(false) =
p(true) =1
r(.) = left
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POL: Al(z,y) = =zy

(=l(z,y) = =y

ey = 2%

lend](z,y) = zy+1

[fl(z,y) = 2ay

[nulll(z) = z+4+1

[nal]() = 2

[false) = 2

[true]() = 2
RPOS: > f>end,=> false,= > true,null > false,null > true

r(.) =left
EXAMPLE 3.21 L: Finite Sequences of Natural Numbers ([KM87])
f(z,nil) —  g(nil,z) °
f(z,9(y,2)) - g(f(=,9),2) °
9(9(z,9),9) - 9(z,y) o
g(cdr(g(z,y)),y) — cdr(g(z,y)) °
z o nil — T
z 0 g(3,2) ~ g(@oy,2) o
cdr(nil) —  nil
cdr(g(nil,y)) —  nil o
edr(g(9(z,9),2)) — g(edr(g(z,9)),2) o

f(z,nil) — nil
g(z,y) — =

KBOS:  ¢(o) = ¢ledr) = o(f) = ¢(g) = p(nil) = 1
f>g,0>g,edr>g

POL: ol(z,y) = z+2y
[edri(z) = 2z
[f(zy) = z+2y
l9)(z,9) = =z+y
nil]) = 2

RPOS: fr>g,0>g,cdr>g

EXAMPLE 3.22 S: Fibonacci Group

ae — d o

ba — e o

a — c¢b o

b — dc o

¢c — ed o

a —  eee

b —  eeeeeeeee
¢ —  eeeee

d —  eeee
eeceeeeeeeee — €
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KBOS: ple) =1,p(d) =5,¢(c) = 7,0(b) = 13, p(a) = 21

d>e

POL: [a(z) = 8z +41
bl(z) = 4z +17
[e(z) = 2z+6
[di(z) = 2z+4
[el(z) = 2+1

RPOS: a>b-cr-d>e

EXAMPLE 3.23 S: [HP86]

bd — A
da — e
ec — a
ce — a
be — a
ca — ac
ea — ae
ba — ac

KBOS:  ¢(a) = ¢(b) = p(c) = ¢(d) = p(e) = 1
e~ab>cr-a

POL: [a(z) = z+1
[b)(z) = 22
[ef(z) = 22
[d(z) = 2¢
[e]l(z) = 2=z

RPOS: d>e>a,b>c>a

EXAMPLE 3.24 S:[Sat88]

aba — ba o

c - a o
c — b o
c — b
a — b
bbb — bb

KBOS:  p(a) = ¢(b) = ¢(c)

c>ax>b
POL: [al(z) = 3=z
bl(z) = 2z
[c](z) = 5z

b

RPOS: c-a>
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EXAMPLE 3.25 S:[Mar86]

abaab — a

aaab — abaa

KBOS: (a) = ¢(b)

a>b
POL: [a](z) = 2=z
bi(a) = o+1
RPOS: a>b

EXAMPLE 3.26 S: [Mar86]

ac — cbb o

ba — acc o

¢ch — baa o

wa — A o

vh — A 0

we — A o
a —  cceebeecee
u —  be
v — ccceebeeeee
w —  cceece
bb — cccheeecee
beb —  cche
beeb — ccececheeece
beeeb —  cbeece
beceed —  ccechee
beeceeb —  ce
beecceeh —  ceceebece
cecccee — A

KBOS:  ¢(c) = 1,¢(b) = 10, ¢(a) = 20, p(u) = ¢(v) = p(w) = 21
v>=a>cb>c

POL: [el(z) = 1lz+11
' Bl(z) = 5z+5
le) = a+1
[ul(z) = 13z+ 13
[v}(z) = 13z +13
[w](z) = 132+ 13
RPOS: a>b>cu>av>a,w>a
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EXAMPLE 3.27 S: [Mar86]2¢

a — ccchbee o
beb —  cche o
beeh — ccceecbeecee o
beech —  cbeece o
bbeeeh —  ceeebee o
becceeb —  ce o
beeeceeb —  ceceebeee o
cceeeee — A o
a — A

b — A

c = A

KBOS: p(e) =1,¢(b) = 10,¢ta) =16

b>c
POL: [@](z) = 2z+8
Bl(z) = 2z
[c](z) = =+1
RPOS: a>b>c g

EXAMPLE 3.28 S: [Mar86]?7

bu — ab o
ar — A o
aw — ca
cv — be o
bv — A <
cw — A
ua — A o
vb — A o
we — A
u —  wbcab
v —  wbe
aba — b
abb —  bba
abca — wuwbe
ac —  wa
bbcab — ccabe
beb — ¢
bee —  cch
bw —  wwbe

26Using the given orderings, the completion produces only 39 rules and 8 critical pairs while the ordering
on the polynomial interpretations [a](z) = z + 1, [b](z) = 23z + 23 and [¢](z) = 11z + 11 leads to 530 rules
and 1006 critical pairs (before generating the canonical system above).

2"The above canonical system is generated w.r.t. the given POL. Using the RPOS, the rule bbcab — ccabe
is redundant, and abc — wwbbcab is included instead of abca — wwbc.
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POL: [a](z) = Tz+7
[Bl(z) = 52+5
[(e) = z+1
[ul(z) = 176z + 224
[vl(z) = 5z+13
[wl(z) = z+2
RPOS: usa>v>b>w>c O

EXAMPLE 3.29 S:

ac —  €a

ad — va

bec — eb

bd — vb

au — bu o

u = cw

dvw — u o
dw — cw
eaw — vbw
vaw — vbw
ebw — vbw

KBOS:  ¢(b) = p(v) = p(w) = 1,¢(a) = 2,¢(e) = 3,¢(c) = 4,¢(d) = 5,p(u) = 7

POL: [a)(z) = z+2
bl(z) = =
[el(z) = z+3
[d(z) = z+4
=) = z+2
[u)(z) = z+5
[b(z) = =+1
[wl(e) = =
RPOS: u>d-crerar>v>brw 0

EXAMPLE 3.30 0%

f(9(z),x) - a °
f(9(=),y) - h(y) °
flg(z), f(y,2)) — Kk(f(9(z),9), f(g(x),2)) o

f(g(z),y) — a
h(z) — a
k(a,a) - a

28Tf the third rule of the initial rule system is normalized to k(a, ¢) — @ the following KBOS can prove
its termination: p(a) = o(f) = ¢(g) = (k) = (k) = 1.
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POL: [f]((l‘, y) = Tty
gl(z) = =z+1
(Al(z) = =z+1
[kl(z,y) = 24y
[a]() =1

RPOS: f>h>a

EXAMPLE 3.31 O:
f(a:,h(y)) - .7(1")
f(W(z),y) — §(A(z))
9(f(z,z)) — i(z)

9(i(h(z))) — i(h(z))
KBOS:  «(f) = »(g) = @(h) = (i) = v(j) =1

POL: (fli(z,y) = z+y
gi(z) = z+1
[Bl(z) = =
[(z) = =
[l(z) = =

RPOS: g>i,f>3

LY

EXAMPLE 3.32 O:

flz,z) - z o
flg(z),y) — g(z) o
9(9(=z)) — =

fl@,y) — =

KBOS:  ¢(f) = ¢(9)

POL: [fl(e,y) = z+y
[gi(z) = =+1

RPOS: empty >

EXAMPLE 3.33 O: [Hul803]
flg(z)) — g(z) o

g(a) - a

9(9(z)) — =

flz) - =

KBOS:  o(f) = ¢(g9) = p(a)

POL: [fllz) = z+1
g)(z) = z+1

[2]O) 1

RPOS: empty >
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4 Open Problems

EXAMPLE 4.1 G:[JKS86]
_e+y) = (-0 +(-)
(—2)+(z+y) — ¥
(z+y)+(-y) — =z

Problem: Divergence?® a
EXAMPLE 4.2 G: Commutator ([Mar86))

%l - z

1xy -y

i(z)*z - 1

x *i(z) - 1

zx(y*2z) — (z*y)*z

i(1) - 1

(z*y)*i(y) -

(z*xi(y)) *y -z

i(z +) ~ i(y) i)

k(z,1) - 1

k(z,z) - 1

k(z,y) *k(y, z) - 1

(@) + K ) ra = k((i(@)p) + 2, (i(z) * 2) %)

k(z +i(y),y*i(z)) — 1
Problem: Divergence =]

EXAMPLE 4.3 G:[Pau84]

z+0 — T

(—2)+z — 0

-0 — 0

-—z — I

~(z+y) — (—2)+(-v)
zxl —

zx0 — 0

cx(y+2) — (z*xy)+(zx2)
zx(-y) — —(zxy)

Problem: Divergence®® o

?*The completion process will converge if + is used as an AC-operator and a new operator is introduced.
30Using + as an AC-operator, the completion converges.
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EXAMPLE 4.4 G:[Kir87]

(z*y)+(a*xy) — (z+a)*y
(x*y)*z = z*(y*2)

Problem: Divergence

EXAMPLE 4.5 G: Distributivity ([Der87])

cx(y+2) — (z*xy)+(z*2)
(z+y)*xz — (zx2)+(y*x2)
z*1 - z
1*xy — ¥y

Problem: Divergence & Termination®!

EXAMPLE 4.6 G: Associativity and Distributivity ([Der87])

(z*y)*x2z — z*(y=*2)
(z+y)*= — (z*2)+(y*2)
zx(y+ f(2) — g(z,2)*(y+y)

Problem: Termination

EXAMPLE 4.7 G: [Dic86]

(z)*z — 1
1xy |
z*0 - 0

(z*xy)*x2z — z*x(y*2)

Problem: Termination32

EXAMPLE 4.8 G: Idempotent Semigroup ([Hul80b])
rx(yxz) — (z*xy)xz
T*T -

Problem: Divergence3

EXAMPLE 4.9 G: Ring ([Hul80b])

z+0 - T

z +i(z) — 0

(c+9)+z — o+(y+2)
zx(y+z2) — (zxy)+(zx2)
(z+y)*xz — (z*2)+(y*2)

Problem: Termination & Divergence

$1The AC-completion (4 is AC) leads to a cancnical system.
32The pair £ = 1 will be generated.
33 AC-completion terminates.
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EXAMPLE 4.10 G: A-Modules ([Hul80b])
zx(y*xz) — (tQy)*z

Ly -y

(z+y)*xz — (2%2)®(y*2)

zx(ydz) — (z+xy)d(zx2)
Problem: Termination & Divergence

EXAMPLE 4.11 A: Addition ([JL87])
40 — T
z+s(y) — s(z+y)
0+s(y) — s(y)
s(0+y) — s(y)

Problem: Divergence

EXAMPLE 4.12 A: Addition
0+y - Y
s(z)+0 —  s(z)
s(z) +s(y) — s(s(z)+ (y+0))
Problem: Termination

EXAMPLE 4.13 A: Difference
0~y —- 0
z—90 - I

z—s(y) — if(z> s(y),s(z—p(s(y))),0)
»(0) - 0

p(s(z)) — =
Problem: Termination

EXAMPLE 4.14 A:[NRS89]

ps(z)) — =

s(p(z)) — =

0+y - ¥y

s(z)+y — s(z+vy)
p(z)+y — plz+y)
-0 — 0

-s(z) — p(-=)
—p(a) - s(~a)

0 * Y — 0

s(z)xy — (z*xy)+y
pe)xy — (zxy)+ (-y)

Problem: Divergence34

34The above system is ground confluent.
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EXAMPLE 4.15 A: Addition and Subtraction ([Bac87])

(z-y)+2z — (z+2)-y

(z+y)-y — =
Problem: Divergence a

EXAMPLE 4.16 A:[Zeh89]
f(0) — (0)

£(s(0)) — 5(s(0))
f(s(0)) - s(s(0)) * f(0)
f(z+5(0)) — s(s(0)) * f(z)
flety) - f=)*f(y)

Problem: Divergence _ : O

EXAMPLE 4.17 A: Factorial Function ([KL80])
fac(s(z)) —  fac(p(s(z))) * s(z)

p(s(0)) — 0

p(s(s(=))) — s(p(s(2)))

Problem: Termination a

EXAMPLE 4.18 A: Greatest Common Divisor ([BM79])
gecd(z,0) - T

ged(0,y) -y
ged(s(z),s(y)) — if(z <y,gcd(s(z),y— z),g¢d(z — y,3(y)))

Problem: Termination O

EXAMPLE 4.19 A:[Ste88]
(=2)=(-2) - ((-9)~(~y)) - (@-y)-(z-y)

Problem: Divergence3® o

EXAMPLE 4.20 B: Boolean Ring ([Ait85])

-z — T Ptrue

TVy - (zAy)D(z DY)
zDy — (zAy) D (z @ true)
T Atrue -

z A false — false

Az - T

z® false — «x

Thz —  false

(zoy)rz — (EA2)D(yA2)

3*Note that this rule cannot be oriented with the help of the RPOS. However, it is possible using the
IRDS or a polynomial ordering.
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Problem: Divergence®®

EXAMPLE 4.21 B: Distributive Lattices ([BPW89))

zA(yVz) - (zAy)V(zA2)
zA(YyAyY) - zAy
(zvy)V(yrz) — zVy
zV(zAy) -z
trueVy - true
z V false - =z
Ve - I
ztV(yVvy) - zVy
z Alrue - I
false Ny — false
TA2 — T

37

Problem: Divergence

EXAMPLE 4.22 B: Disjunctive Normal Form ([Der83b])

~(zAy) = (~2)V(-y)
~(zvy) = (~z)A(-y)
zA(yVz) — (zAy)V(zAz)

Problem: Divergence

EXAMPLE 4.23 B:If-then-else

if(true,z,y) -z
if(false,z,y) - ¥y
if(z,9,9) -y
if(z,9,1f(2,9,2)) — if(z,y,2)

Problem: Divergence

EXAMPLE 4.24 L: Reverse

rev(nil) —  nil

rev(z oy) —  revy(z,y) o reve(x,y)
revi(z,nil) — =z

revi(z,yo0z) — revy(y,2)

revg(z,nil) — nil

rev(z,yoz) — rev(zorev(revyy,z)))

Problem: Termination

3¢Using A and @ as AC-operators, the completion process terminates.
37"The AC-completion method will converge, if A and V are used as AC-operators.
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EXAMPLE 4.25 L: Reverse
rev(a) — a
rev(b) - b
rev(zoy) — rev(y)orev(z)
rev(zoz) — rev(z)

Problem: Divergence

EXAMPLE 4.26 L: [Par8§]

rev(nil) —  nil
rev(rev(z)) — =z

rev(zoy) — rev(y)orev(z)
niloy - ¥

z o nil - T

(z.y)oz — z.(yo2)
zo(yoz) — (zoy)oz
make(z) — z.nil

Problem: Divergence

EXAMPLE 4.27 L: List of Integers

int(0,0) —  DO.nil
int(0,s(y))  — 0.int(s(0),s(y))
int(s(z),0) —  nil
int(s(z),s(y)) — intus(int(z,y))
inty;se(nal) - nil

intyig(z.y) —  s(z).intiis(y)

Problem: Termination

EXAMPLE 4.28 1: Finite Sequences of Natural Numbers ([KM87])

f(z, nil) —  g(nil,z)

f(fv,ql(y,Z)) — g(f(z,y),2)

2 0g(y,2) = glzop,2)

null(nil) —  true

null(g(z,y)) —  false

mem(nil, y) —  false

mem(g(z,v), 2) ~ (y=2)V mem(a, 2)
mem(z, maz(z)) —  —null(z)
maz(g(g(nil,z),y))  — maz'(z,y)
maz(g(9(9(z,y),2),u)) — maz'(maz(g(9(z,y),2)),u)

Problem: Divergence
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EXAMPLE 4.29 L: Merging ([Bou83])

merge(z,nil) -
merge(nil,y) -y
merge(zoy,uov) — o merge(y,uov)
merge(zoy,uov) — uomerge(zoy,v)

Problem: Divergence

EXAMPLE 4.30 L: Binary Trees

f(nil) — il
f(nilly) — nil.f(y)
f((z.9).2) — f(z.(y.2))
g(nil) — il
glznil)  — g(z).nil
9(z.(y.2)) — 9((z.y).2)

Problem: Termination

EXAMPLE 4.31 L: Purging ([Wal88])

purge(nil) —  nil

purge(z.y) —  z.purge(remove(z,y))

remove(z,nil) — nil

remove(z,y.z) — if(z =y,remove(z,z),y.remove(z, z))

Problem: Termination

EXAMPLE 4.32 S: [Mar86]

ab — baa
be — cbb
ca — acc
ua — A
vb — A
we — A
ou — A
bv — A
cw — A

Problem: Divergence

EXAMPLE 4.33 S:[KN85]
aba — bab

Problem: Divergence & Termination

- EXAMPLE 4.34 S: [Der87]
ab — bbaa

Problem: Termination
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EXAMPLE 4.35 S:[BL8§]

ab — ach

Problem: Termination

EXAMPLE 4.36 S:[BL8§]
aa — aba

Problem: Termination

EXAMPLE 4.37 S: [HPS6]
aba — ba

Problem: Divergence

EXAMPLE 4.38 O: Associative Ring ([Hul80b])

9(f(z,y),2) — f(z,9(y,2))
g(h(z,y),z) — g(z,f(y,2))
g(z, h(y,2)) — h(g(z,y),2)

Problem: Divergence

EXAMPLE 4.39 0O: [Stess]

zx((-y)*y) — (—(y*y))*z
Problem: Divergence

EXAMPLE 4.40 O: Combinatory Logic ([Klo87])

f(f(f(a,z),9),2) — [f(f(z,2), f(y,2))
f(f(d,2),y) -

fle,y) -y

Problem: Termination

EXAMPLE 4.41 O: Forward Chains ([Der83a))

fla,y) — f(y,9()
g(a) — b
g(b) — b

Problem: Termination

EXAMPLE 4.42 O:

fla,g9(y)) - g(9(y))

flg(z),a) = f(z,9(a))
flg(z),9(v)) — h(g(y),2,9(y))
hg(z),y,2) — f(y,h(z,9,2))
h(a,y, z) - z
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Problem: Termination

EXAMPLE 4.43 0:[TJ89]

r+0 T

z + s(y) — s(z+y)
0+y — Yy

s(z)+y — s(z+y)
z+(y+2) - (z+y)t=
fg(f(=))) —  f(h(s(0),2))
flg(h(z,9))) — f(h(s(z),9))
f(h(z,h(y,2))) — [f(h(z+y,2))

Problem: Divergence

EXAMPLE 4.44 O: [Bac87]

f(r(z)) — f(i(z))
9(i(z)) — g(h(z))
h(a) — b
i(a) - b

Problem: Termination

EXAMPLE 4.45 O: [Baus]

f(z,z) — a
flg(=),y) — f(z,y)

Problem: Divergence

EXAMPLE 4.46 O:[BL88]

fla) — f(b)
9(6) — g(a)
Problem: Termination

EXAMPLE 4.47 0:[Die89]

f(g(i(a,b,b),¢),d) — if(e, f(b.c,d), f(¥'.c,d"))
f(g(h(a,b),c),d) — if(e, f(b.g(h(a,b),c),d), f(c,d"))

Problem: Termination

EXAMPLE 4.48 O: Ternary Boolean Algebra ([Wos89])
f(f(,y,2),u, f(z,9,v)) — f(2,y,f(z,u,0))

f(z,9,9) - ¥
f(=,9,9(v)) -z
f(z,m')y) - X
flg(z),z,y) -y

Problem: Divergence
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EXAMPLE 4.49 O:
@, f(z,u,0)) — f(f(2,9,2),u, f(z,y,v))

Problem: Termination

EXAMPLE 4.50 O: [Toy87]
f(0,1,z) — f(z,z,7)

Problem: Termination

EXAMPLE 4.51 O:[Pla86]

f(a) - 9(h(a))
h(g(2)) —  9(h(f(2)))
k(z,h(z),a) — h(z)
k(f(z),y,2) — fl)

Problem: Termination

EXAMPLE 4.52 O:[Nip89]

s(a)
s(s(z))
s(f(=,9))
s(g(z,y))
f(z,a)
f(a,y)
f(g(2,9),9(u,v))
9(a, a)

Problem: Divergence

a

f(s(y), s(=))
g(s(z), s(y))

L A A

y
9(f(z,u), f(y,v))

EXAMPLE 4.53 O:

f(a) - b

f(e) - d

fg(=,y)) — 9(f(z), ()
f(h(=z,9)) — g(h(y, f(z)),h(z, f(9)))
9(z,z)  — h(ez)

Problem: Divergence

EXAMPLE 4.54 O:
9(f(z,y)) — f(f(9(g9(2)),9(9(¥))), f(g(9(2)), 9(9(¥))))

Problem: Termination

EXAMPLE 4.55 O:
f(z,z) — f(a,b)
b

- C

54



Problem: Termination 0

EXAMPLE 4.56 O:
f(aab) - f(avc)
fle,;d) —  f(b,d)

Problem: Termination o

EXAMPLE 4.57 O:
f(z,y,z) : - g(msyrzaghz)

gltrue,z,y,2) — 2
g(fal'se,m,y,z) - g(f(p(m)vy7z)7f(p(y)az’x)af(p(z)7xay))

2(0)
p(s()) - T
Problem: Termination O

EXAMPLE 4.58 O: Battle of Hydra and Hercules ([DJ89])

f(=z,9(y)) = f(h(z),1(2,y))

i(z,§(0,0)) - g(0)

i(z’j(y’z)) - j(g(y),i(a:,z))

i(h(2),7(5(y,2),0)) — J(i(h(=),5(y,2)),i(=,5(y,2)))

J(g(z),9(y)) - g(i(z,9))

Problem: Termination o

EXAMPLE 4.59 0: Quick-Sort ([Gra90])

gsort(nil) - nil
gsort(z.y) —  gsort(lowers(z,y))o (z.gsort(greaters(z,y)))
lowers(z,nil) — mnil
lowers(z,y.z) — if(y<ez,ylowers(z,z),lowers(z,z))
greaters(z,nil) — nil
greaters(z,y.z) — if(y < x,greaters(z,z),y.greaters(z,z))
Problem: Termination (]

EXAMPLE 4.60 O: Minimum-Sort ([Gra90])

msort(nil) — il

msort(z.y) — min(z,y).msort(del(min(z,y),z.y))
min(z,nil) — =z
min(z,y.2) — if(z < y,min(z,z), min(y, 2))
del(z,nil) — nil
del(z,y.z) — if(z=y,zy.del(z,z))
Problem: Termination o
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EXAMPLE 4.61

bsort(nil)
bsort(z.y)
bubble(nil)
bubble(z.nil)
bubble(z.(y.z))
last(nil)
last(z.nil)
last(z.(y.2))
butlast(nil)
butlast(x.nil)
butlast(z.(y.z))

Problem: Termination

A

O: Bubble-Sort ([Gra90])

nil
last(bubble(z.y)).bsort(butlast(bubble(z.y)))
nil

z.nil

if(z < y,y.bubble(z.2), z.bubble(y.z))

0

z

last(y.z)

nil

nil
z.butlast(y.z)
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