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Abstrac t .

Term rewr i t i ng  p rov ides  a s imp le  mechan i sm tha t  can  be  app l i ed  t o  r ea son ing
in  s t ruc tu re s  de f ined  by  equa t ions .  An  equa t ion  i s  conve r t ed  i n to  a d i r ec t ed
rewr i t e  ru l e  by  compar ing  bo th  s ide s  w . r . t .  an  o rde r ing .  Howeve r ,  t he re  ex i s t
equa t ions  which  a r e  incomparab le .  The hand l ing  of such  equa t ions  includes,  for
example ,  pa r t i t i on ing  the  g iven  equa t iona l  t heo ry  i n to  a s e t  R of ru l e s  and  a
se t  E of equa t ions .  An  app rop r i a t e  r educ t ion  r e l a t i on  a l l ows  r educ t ions  modu lo
t he  equa t ions  i n  E. The e f fec t ive  computa t ion  w i th  t h i s  re la t ion  presumes
E- te rmina t ion .  We  wi l l  g ive  an  ove rv i ew  and  a c l a s s i f i ca t i on  o f  t he  we l l -known
methods  gua ran t ee ing  AC- te rmina t ion  based  on  the  r ecu r s ive  pa th  o rde r ing .
Fur the rmore ,  we  wi l l  show tha t  these  t echn iques  [ ca l l ed  a s soc ia t ive  pa th
orde r ings ]  canno t  u se  quas i -o rde r ings  on  ope ra to r s .  Above  a l l ,  t h i s  r epo r t  w i l l
dea l  w i th  some  new o rde r ings  app l i cab l e  t o  AC- theo r i e s .  We  app ly  a s l ight
ex tens ion  [ t he  embedd ing  o f  s t a tu s ]  o f  t he  concep t  o f  t he  a s soc i a t i ve  pa th
orde r ing  of Gnaed ig  and  Lescanne  to  severa l  pa th  and  decompos i t ion  orderings.
Since  these Orde r ings  a r e  s t ronge r  t han  the  r ecu r s ive  pa th  o rde r ing ,  t he
co r r e spond ing  o rde r ings  r e s t r i c t ed  t o  AC—theor i e s  a r e  more  power fu l  t han  t he
as soc i a t i ve  pa th  o rde r ing .  F rom a p r ac t i ca l  po in t  of v i ew  these  new AC-
orde r ings  a r e  more  i n t e r e s t i ng  t han  the  a s soc i a t i ve  pa th  o rde r ing  because  t he
au toma t i c  de t ec t i on  of an  admis s ib l e  p r ecedence  fo r  o r i en t ing  t he  ru l e s  of a
g iven  sys t em i s  much  ea s i e r .
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1 Mot iva t ion

Term rewr i t i ng  sys t ems  ga in  more  and  more  i n  impor t ance  because  t hey  a r e  a
use fu l  mode l  fo r  non -de t e rmin i s t i c  compu ta t i ons :  They  a r e  based  on  d i r ec t ed
equa t ions  w i th  no  exp l i c i t  cont ro l .  Var ious  app l i ca t i ons  i n  many  a r ea s  of computer
sc i ence  and  ma thema t i c s  i nc lud ing  au toma t i c  t heo rem p rov ing  and  p rog ram
ver i f i ca t i on ,  abs t r ac t  da t a  t ype  spec i f i ca t i ons  and  a lgeb ra i c  s imp l i f i ca t i on  have
been  deve loped .

The  bas i c  concep t  of term._rewri . t in .g  sys t ems  [ s ee  fo r  example  [AM89] ‚ [H080] ]
i s  t ha t  of reducing a g iven  t e rm to  an  ea s i e r  one .  An  equa t ion  i s  conve r t ed
in to  a d i r ec t ed  r ewr i t e  ru l e  i n  such  a way  tha t  t he  r i gh t -hand  s ide  of t he  ru l e
i s  ea s i e r  t han  t he  l e f t—hand  s ide .  I n  o rde r  t o  exc lude  i n f in i t e  de r iva t i ons  of
t e rms  a r ewr i t e  sy s t em mus t  t e rmina t e .  Orde r ings  on  t e rms  a r e  ab l e  t o  gua ran t ee
t e rmina t ion .  A survey of t he  mos t  impor t an t  ones  i s  g iven  in  [De-87].

The  bas i c  i dea -o f  u s ing  an  o rde r ing  > i s  t o  ve r i fy  t ha t  t he  r ewr i t e  r e l a t i on  =:>„_R
[ i nduced  by  the  ru l e  sys t em ER] i s  i nc luded  in  >. Such  an  o rde r ing  mus t  be  we l l -
founded  to  avo id  i n f in i t e  de r iva t i ons  of t e rms .  To check  the  i nc lu s ion  '=:>£R c >'
a l l  [ i n f in i t e ly  many]  pos s ib l e  de r iva t i ons  mus t  be  t e s t ed .  I n  o rde r  t o  r e s t r i c t  t h i s
in f in i t e  t e s t  t o  a f i n i t e  one  a r educ t ion  o rde r ing  i s  r equ i r ed .  A r educ t ion  o rde r ing
i s  a we l l—founded  o rde r ing  wh ich  has  t he  r ep l acemen t  p rope r ty  [ a l so  ca l l ed
compa t ib i l i t y  w i th  t he  s t ruc tu re  of t e rms ]  wh ich  ensu re s  t ha t  a va lue  of a t e rm
wi l l  be  dec reased  if any  one  of i t s  sub t e rms  i s  dec reased .  The  no t ion  of r educ t ion
o rde r ings  l eads  t o  t he  fo l l owing  desc r ip t i on  of t e rmina t ion  of r ewr i t e  sy s t ems
[ s ee  [La77l]:

A rewri te  system .‘R te rmina tes  if and  only if there  exists
a reduction ordering > such tha t  c[1]> a[r] for each rule
} _>.‘R r and  for any  ground subs t i tu t ion  0.

The  theo rem above  r evea l s  ano the r  d i l emma  wh ich  i s  known  a s  t he  universa l
quan t i f i ca t i on  on  subs t i t u t i ons  or  the  so -ca l l ed  s t ab i l i t y  w.r.t. subs t i t u t i ons :  s > t
imp l i e s  c[s] > o[t], for a l l  0.

Summar i z ing ,  i t  i s  t o  r emark  tha t  a t e rmina t ion  p roo f  of a t e rm  r ewr i t i ng  sys t em
r equ i r e s  a r educ t ion  o rde r ing  s tab i l i zed  w.r.t. subs t i t u t i ons .  In genera l ,  i t  i s  ve ry
d i f f i cu l t  t o  gua ran t ee  t he  we l l - foundedness  of a r educ t ion  o rde r ing .  Th i s  f ac t





l e ads  t o  t he  bas i c  concep t  of cha rac t e r i z ing  c l a s se s  of o rde r ings  fo r  wh ich  there
i s  no  need  to  p rove  t h i s  cond i t i on .  One  pos s ib l e  so lu t i on  i s  r ep re sen t ed  by  the
c l a s s  of s imp l i f i ca t i on  o rde r ings  wh ich  a r e  a t  l e a s t  r educ t ion  o rde r ings :

An  ordering is a simplification ordering if and  only if i t  ha s
the  replacement property,
t he  subterm property [any term is greater  than  any  of i t s
proper subterms} and
t he  deletion property [deleting subterms reduces the  term].

Simpl i f i ca t ion  o rde r ings  a r e  d i s cus sed  in  de t a i l  i n  [De87]. Well—known
s impl i f i ca t ion  o rde r ings  a r e  t he  r ecu r s ive  pa th  o rde r ings  and  the  Knuth-Bendix
orde r ings .  Unfo r tuna t e ly ,  t he  t e rmina t ion  of an  a rb i t r a ry  t e rm  r ewr i t i ng  sys tem
is an  undecidable  property, even  in the  'one-rule case'  [[DaBBJ].

An add i t i ona l  nega t ive  f ac t  de r ives  f rom the  ex i s t ence  of equa t ions  of wh ich  t he
l e f t -hand  s ide  and  the  r i gh t -hand  s ide  a r e  i ncomparab l e  i n  any  ca se .  Fo r  example .
a r ewr i t i ng  sys t em con ta in ing  the  commuta t iv i t y  ax iom x+y  = y+x  a s  a r u l e  i s
non - t e rmina t ing .  However .  if t he  t e rmina t ion  p rope r ty  i s  no t  s a t i s f i ed ,  t he  s e t
of ax ioms  can  be  sp l i t  i n to  two  pa r t s :  Those  ax ioms  caus ing  non—te rmina t ion  a r e
used  a s  equa t ions  E whi l e  t he  o the r s  a r e  u sed  a s  r ewr i t e  ru l e s  R. The  app rop r i a t e
r educ t ion  r e l a t i on  a l l ows  r educ t ions  modu lo  t he  equa t ions  i n  E. The  e f f ec t i ve
compu ta t i on  w i th  t h i s  r e l a t i on  p re sumes

- a complete unification algorithm for t he  equa t iona l  theory E,

E—termination, i.e. there is no  infinite sequence of terms of t he
_ l _form t ,  —E t1  ==)? t2 -—E t"2 =D? .

The  c las s i ca l  Knuth—Bend ix  comple t i on  p rocedure  has  f i r s t  been  ex t ended  to
r ewr i t i ng  modu lo  equa t ions  by  Lank io rd  and  Ba l l an tyne  [ s ee  [LB77a l ] ,  f o r  example
for t he  ca se  of equa t ions  t ha t  cons i s t  of a s soc i a t i v i t y  and  commuta t iv i ty .  A
different approach by  Huet [[l-IuBOal] deals  wi th  left-linear rewrit ing systems.
The  me thod  by  Pe t e r son  and  S t i cke l  [[13881]] may  be  app l i ed  t o  l i nea r  t heo r i e s
wi th  a f i n i t e  and  comple t e  un i f i ca t i on  a lgo r i t hm.  These  me thods  have  been
un i f i ed  i n  a more  gene ra l  f r amework  by  Jouannaud  and  Ki r chne r  [[JK861].

We  now adap t  t he  gene ra l  r e su l t s  on  t e rmina t ion  f rom the  p rev ious  page  t o  t he
case  of equa t iona l  t e rm  r ewr i t i ng  sys t ems .

An  equa t iona l  t e rm  r ewr i t i ng  sys t em t e rmina t e s  if t he re  i s  an  o rde r ing  > which
con ta in s  t he  r ewr i t e  r e l a t i on  ==>9VE = =E o =>(_R o =E[where  0 deno te s  compos i t i on
of r e l a t i ons ] .  Tes t i ng  t h i s  i nc lu s ion  r equ i r e s  a l l  de r iva t i ons  o f  t he  fo rm 5 ==>WE t





t o  be  checked .  This  r equ i r emen t  can  be  r e f ined :  If > i s  E -compa t ib l e [ [PSBl ] ] ,  t hen
> contains =>9VE if and  only if i t  contains $93 [et. [BP85II]. An ordering > is
E-compa t ib l e  if and  on ly  if

s =5: 5 '  s '
> imp l i e s  >
t =E  t '  t '

If a reduction ordering > i s  E-compatible and  OH] > o[r], for every rule 1 ___—>93 r
and  eve ry  ground subs t i t u t i on  0, then  t he  equa t iona l  t e rm  r ewr i t i ng  sys tem
m/E t e rmina t e s .

Jouannaud  and  Munoz  succeeded  in  weaken ing  the  E -compa t ib i l i t y  for  t h i s
s t a t emen t  [ s ee  [JM841] .  They in t roduced  a p rope r ty  ca l l ed  E—commuta t ion :

s =E s '  s '
> ' impl ies  Elt' >
t t =E t'

Jouannaud and  Mu'ri’oz reduce  t he  E- te rmina t ion  problem to  t he  ordinary
t e rmina t ion  p rob lem,  i n  o rder  t o  app ly  we l l  known  t echn iques  based  on
s imp l i f i ca t i on  o rde r ings .  E - t e rmina t ion  and  t e rmina t ion  of a r ewr i t i ng  r e l a t i on
a re  t he  s ame  if t he  u sed  r ewr i t i ng  r e l a t i on  i s  E—commut ing .  If t h i s  p rope r ty  does
no t  ho ld .  i t  c an  be  ach i eved  by  sys t ema t i ca l l y  add ing  ru l e s  wh ich  a r e  gene ra t ed
by  o r i en t ing  c r i t i c a l  pa i r s  be tween  ru l e s  and  equa t ions .

The  fo l l owing  theorem [ [S t89b l ]  po in t s  ou t  t he  ma in  impor t ance  of E -commuta t ion
fo r  t he  E - t e rmina t ion  p rob lem.  The  theo rem i s  a mod i f i ca t i on  of a r e su l t  con t a ined
in  [ JM84] .

A rewrite system .9? is E—terminating if there exists an
E—commuting simplification ordering > such tha t
6(1) > off] for each rule I—emr  and  for any
ground subs t i tu t ion  6.

Obv ious ly ,  E - t e rmina t ion  s t rong ly  depends  on  the  g iven  unde r ly ing  theo ry  E. Fo r
example ,  E mus t  s a t i s fy  t he  fo l l owing  two cond i t i ons  i n  o rde r  t o  p reven t  i n f in i t e
der iva t ions  [ see  [JM84J]:

- I t  s = t € E, t hen  the  s e t  of va r i ab l e s  of bo th  t e rms  mus t  be  i den t i ca l .
O the rwi se  t he re  w i l l  be  l oops  s ince  we  may  in s t an t i a t e  t he
add i t i ona l  va r i ab l e  by  an  i n s t ance  of a l e f t -hand  s ide  of a r u l e  of
SR. t hen  r ewr i t e  t he  t e rm us ing  the  ru l e  and  thus  a r r i ve  a t  t he
' s t a r t i ng  t e rm '  by  app ly ing  the  ' s t a r t i ng  equa t ion '  tw ice .
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For  example ,

iR :x*1—->x
E:x*0=0
O=E[x* i ]*O—>mx*O=EO

- Fur the rmore ,  E—te rmina t ion  canno t  be  s a t i s f i ed  if t he re  i s  an  equa t ion
of t he  fo rm t =E  x such  tha t  x ha s  more  t han  one  occu r r ence  i n  t .  I n
t h i s  case a left—hand s ide  1 of a r u l e  of m i s  E-equa l  t o  a t e rm  wi th
seve ra l  occu r r ences  of 1. The re fo re .  we  can  r ewr i t e  one  of t he se  and
s t a r t  t he  p roces s  aga in .
Fo r  example ,

9%: „_.‚x —> x
E: >: A x = x
-I-Ix =E "“I—1x A “‘n'—nx “am x A _ l—lx  =E x A [fi—lx  A fifiX]  9m

x- A [x A «fix—] ~=E

In  t h i s  r epo r t  we  a r e  go ing  to  dea l  w i th  a spec i a l  t heo ry  E: assoc ia t ive—
commuta t ive  ax ioms .  An  equa t iona l  t heo ry  E i s  c a l l ed  an  a s soc i a t i ve -commuta t ive
theory  if every  equa t ion  i n  E i s  e i t he r  an  a s soc i a t i ve  o r  commuta t ive  axiom:

f IX . f [Y .ZJ ]

f [ x . Y ]
f [ f [x ,y ] , z ]  : f ESA and
f [y ,x ]  : fEßc .

In  o rde r  t o  desc r ibe  t he  f ac t  t ha t  f i s  bo th  a s soc i a t i ve  and  commuta t ive  we  use
‘f E {SACK An equa t iona l  t e rm  r ewr i t i ng  sys t em [%.E] wi l l  be  an  a s soc ia t ive -
commuta t ive  t e rm  r ewr i t i ng  sys t em if E i s  an  a s soc i a t i ve -commuta t ive  t heo ry .

The re  on ly  ex i s t  a f ew  o rde r ings  fo r  t h i s  k ind  of r ewr i t i ng  sys t ems  inc lud ing
t he  a s soc i a t i ve  pa th  o rde r ings  [ [Gn88] ,  [GL86] ,  [BP85 ] ,  [BP85a l ,  [DHJPBBJ] ,  t he
orderings on special  polynomial interpretations [[BL87a], [BL86],[La79], [5289]]
and  the  a s soc i a t i ve -commuta t ive  Knuth—Bendix o rde r ings  [[St89bl].

Assoc i a t i ve  pa th  o rde r ings  ex t end  the  r ecu r s ive  pa th  o rde r ings  t o  AC-congruence
c l a s se s .  They  a r e  based  on  f l a t t en ing  and  t r ans fo rming  the  t e rms  by  a r ewr i t i ng
sys t em wi th  ru l e s  s imi l a r  t o  t he  d i s t r i bu t iv i t y  [or t he  endomorph i sm]  axioms.
Fur the rmore ,  t he  p recedence  on  the  ope ra to r s  ha s  t o  s a t i s fy  a spec i a l  p rope r ty .

The  po lynomia l  i n t e rp re t a t i on  I f o r  an  a s soc i a t i ve  [ and  commuta t ive ]  ope ra to r
must be  of t he  form I[f][x,y] = axy  + b[x+y] + c such tha t  ac+b-b2 = 0. The
fundamen ta l  d i s advan tage  of po lynomia l  o rde r ings  i s  t he  d i f f i cu l ty  of choos ing
i n t e rp re t a t i ons  fo r  ope ra to r s  such  tha t  a g iven  r ewr i t e  sy s t em t e rmina t e s .





The  a s soc i a t i ve—commuta t ive  Knu th—Bend ix  ' orde r ing  [ACK‚  [S t89b l ]  i s  a
modi f i ca t i on  of t he  we l l -known  Knu th -Bend ix  o rde r ing  of [KB70] .  The
t r ans fo rma t ion  of t e rms  r equ i r ed  by  the  a s soc i a t i ve  pa th  o rde r ings ,  i s  r educed
to  a m in imum.  Moreove r .  t he  a lgo r i t hm of [Ma87]  fo r  f i nd ing  an  adequa t e  we igh t
func t ion  t o  p rove  t he  t e rmina t ion  of a g iven  r ewr i t i ng  sys t em w. r . t .  t he  Knu th -
Bend ix  o rde r ing .  can  be  app l i ed  he re .  Unfo r tuna t e ly .  t he  app l i cab i l i t y  of t he
ACK i s  bounded  by  tha t  of t he  Knu th—Bend ix  o rde r ing .

Here ,  we  supp ly  a concep t  wh ich  ex t ends  t he  a s soc i a t i ve  pa th  o rde r ing  i n  two
ways .  F i r s t  of a l l ,  a p roo f  w i l l  be  g iven  to  j u s t i fy  t he  u se  of s t a tu s  i n  the
de f in i t i on  of t he  a s soc i a t i ve  pa th  o rde r ings .  Fu r the rmore ,  we  have  succeeded
in  app ly ing  the  concep t s  of t he  a s soc i a t i ve  pa th  o rde r ings  t o  o the r  s t ronge r
o rde r ings  i nc lud ing  the  pa th  of sub t e rms  o rde r ing ,  t he  pa th  o rde r ing  of Kapur ,
Narend ran  and  S ivakumar  and  seve ra l  decompos i t i on  o rde r ings .  Thus ,  t h i s  r epo r t
i s  t he  ex t ens ion  o f  [S t89a ]  [ [S t88a l ]  t o  AC- theo r i e s .  Ano the r  advan tage  o f ,  f o r
example ,  t he  AC-decomposi t ion-  o rde r ings i s  tha t  t he  p recedence  can  of ten be
de r ived  f rom the  s t ruc tu re  of t he  r educ t ion  ru l e s  i n  an  eas i e r  way  than  wi th
t he  a s soc i a t i ve  pa th  o rde r ing .

Af t e r  g iv ing  some  ind i spensab le  de f in i t i ons  i n  t he  nex t  chap te r ,  t he  c l a s s i ca l
path  and  decompos i t ion  order ings  [ s ee  [St89a]  o r  [St88al] w i l l  br ief ly  be
p re sen t ed .  In  chap te r  4 ,  we  r ecap i tu l a t e ,  c lass i fy  and  s l i gh t ly  ex t end  [by
i nco rpo ra t i ng  s t a tu s ]  t he  concep t  of t he  r e s t r i c t i on  t o  AC- theo r i e s  con ta ined
i n  [BP85] and  [GL86]. Moreover ,  i t  wi l l  be  shown  tha t  these  t echn iques  cannot
use  quas i—orde r ings  on  t he  s e t  of func t ion  symbo l s .  Subsequen t ly ,  t he  app l i ca t i on
of t h i s  app roach  to  t he  de f in i t i ons  of t he  pa th  and  decompos i t i on  o rde r ings  of
chap te r  3 as  we l l  a s  t he  app r0p r i a t e  l emmas  and  some  examples  w i l l  be  g iven .





2 Nota t ion

A term r ewr i t i ng  sys t em fit ove r  a s e t  of t erms  I‘ i s  a f i n i t e  o r  coun tab ly  i n f in i t e
se t  of ru l e s .  e ach  of t he  fo rm 1 "":R r ,  whe re  l and  r a r e  t e rms  in  I‘, such tha t
eve ry  va r i ab l e  t ha t  occu r s  i n  I a l so  occu r s  i n  l .  The  s e t  I‘ of a l l  t e rms  i s
cons t ruc t ed  f rom e l emen t s  of a s e t  3 of ope ra to r s  [o r  func t ion  symbo l s ]  and  some
denumerab ly  i n f in i t e  s e t  QS of va r i ab l e s .  The  s e t  of g round  t e rms  [ t e rms  wi thou t
variables] i s  denoted by  FG . The leading function symbol and the  tuple of the
[d i r ec t ]  a rgumen t s  of a t e rm  t a r e  r e fe r r ed  t o  by  top[ t ]  and  args[ t ] ,  respect ively.
The  s i ze  Itl of a t e rm  t i s  t he  numbero f  opera tors  and  va r i ab les  occur r ing  in t.

A subs t i t u t i on  0 i s  de f ined  a s  an  endomorph i sm on  I‘ w i th  t he  f i n i t e  doma in
{x  Io [x ]  # x}, i .e .  0 s imu l t aneous ly  r ep l aces  a l l  va r i ab l e s  of a t e rm  by  t e rms .  We
use  t he  fo rma l i sm of pos i t i ons  of t e rms  wh ich  a r e  s equences  of non -nega t ive
in t ege r s .  The s e t  of a l l  pos i t i ons  of a t e rm  t i s  c a l l ed  t he  s e t  of occu r rences  and
i t s  abb rev ia t i on  i s  O[t]. Ot[ t ]  i s  t he  s e t  of a l l  t e rmina l  occu r r ences  [occurrences
of l eaves ]  of t .  We  wr i t e  t[u<——-s] t o  deno te  t he  t e rm  tha t  r e su l t s  from t by
rep lac ing  t / u  [ t he  sub te rm of t a t  occurrence  u E O[t]] by  s .

A [pa r t i a l ]  o rde r ing  on  I‘G i s  a t r ans i t i ve  and  i r re f lex ive  b ina ry  re la t ion  >. It is
ca l l ed  we l l - founded  if t he re  a r e  no  i n f in i t e  de scend ing  cha ins .  Mos t  of t he
o rde r ings  on  t e rms  a r e  p recedence  o rde r ings  u s ing  a spec i a l  o rde r ing  on  Opera to rs .
More precisely, a precedence i s  a partially ordered se t  [ 3  , I>] consisting of the
se t  3 of ope ra to r s  and  an  i r r e f l ex ive  and  t r ans i t i ve  b ina ry  r e l a t ion  b defined on
e l emen t s  of 3 .  Obv ious ly ,  a p r ecedence  can  a l so  be  a quas i -o rde r ing .  As  u sua l ,
a quasi-ordered se t  [3  , l_>_] consists of t he  se t  3 and  a transit ive and  reflexive
b ina ry  r e l a t i on  & de f ined  on  e l emen t s  of 3 .  A quas i -o rde r ing  de f ines  an
equivalence relation = as  both 2 and g [2 n fl , and  a partial ordering l> a s  g but
not 3 [Mi].

Note  t ha t  a t erm orde r ing  > i s  u sed  t o  compare  t e rms .  S ince  ope ra to r s  have t erms
as  a rgumen t s  we  de f ine  an  ex t ens ion  of >, c a l l ed  l ex i cog raph ica l l y  g rea t e r  [flex ] ,
on  t up l e s  of t e rms  a s  fo l l ows :

[si,sz,...,sm] Hex  [t1.t2,...,tn]
if e i t he r  m > 0 A n = 0

or  s1 > t1
or s1 - t1 A [32, ,sm] Hex [t2,...,t ].





If t he re  is no orde r  of succession among the terms of such tuples. these structures
are called multisets. Multisets differ from sets by a l lowing  multiple occurrences
of identical elements. The multiset difference is represented by \. The extension
of > on mul t i s e t s  of terms is defined as follows. A multiset S is greater than a
multiset T, denoted by

S » T
iff - S :|: T A

[Vt E T\S][35 € S\T] s > t

i .e. ,  S » T if T can be ob ta ined  from S by replacing one or more terms in S by
any finite number of terms, each of which is smaller [w.r.t. >] t han  one of the

replaced terms.

To combine these two concepts of tuples and multisets. we assign a status III]
to each operator f E {S t ha t  determines the order according to Which the subterms
of f are compared. Formally, a status is a function which maps the set of
operators into the set {mult , left , right}. Thus, a function symbol can have one
of the following three statuses:

mult [the arguments will be compared as multisets].
left [lexicographical comparison from left to right] and
right [the arguments will lexicographically be compared from right

to left].

The result of an  application of the function args to a term t = f[t1,...,tn] depends
on the status of f : If t[f] = mult, then args[t] is the multiset {t1,...,tn} and
otherwise, args[t] leads to the tuple [t1,...,t ]. Obviously, if the precedence is a
quasi-ordering, two equivalent symbols w.r.t. the precedence are supposed to
have the same status. With this requirement ambiguities will be avoided.

In the remaining parts of this report, by writing 5, t and l> we will always
assume that s and t are terms over I‘ and D is a [partial or quasi—] precedence
on the set 3 of operators. Moreover, we synonymously use >orcl with ord to
denote an ordering. The index t[f] of >ord.1:[f] marks the extension of >01ml w.r.t.
the s t a tu s  of the operator f:

[s1 , , sm] >ord,1:[f] [t1 , , tn]

iff t[f] = mult A {51 , , sm} »om1 {t1 , , tn}

or 1:[f] = left A [51 , , sm] >3: [t1 , , tn]

or t[f] = right A [sm , , S1] >32; (tn, , t1]





Permi t t i ng  va r iab les ,  we  have  to  cons ide r  each and  every  one  of t hem as  an
add i t i ona l  cons t an t  symbol  incomparable  [w.r.t .  D] t o  a l l  o the r  ope ra to r s  i n  8.

Al l  of t he  fo l l owing  o rde r ings  un ique ly  de f ine  a congruence  ~ dependen t  on 8
and  1: v i a :

f[sl,...,sm] ~ g[t1,...,tn]
i f f
f = g A rn = n A i ]  1:[f] = mul t  A [311:][Vi] s i  ~ t nfi ]

or  ii]  1:[f] i mul t  A [Vi] s i  ~ t i

Most  of t he  o rde r ings  a r e  based  on  the  p r inc ip l e  of roo t  o rde r ings ,  i .e.  two  t e rms
a re  compared  depend ing  on  the i r  l e ad ing  func t ion  symbo l s .  Th i s  o r  o the r  k inds
of ca se  d i s t i nc t i ons  w i l l  be  r ep re sen t ed  a s  t he  un ion  of cond i t i ons  t ha t  w i l l  be
marked  by  Roman  numera l s  i], ii],  and  so  on .  The l ex i cog raph ica l  pe r fo rmance
of cond i t ions  w i l l  be  ind ica ted  by  hyphens ,  i.e.

s> t  i f f  —s>1 t
— s>2 t

s t ands  fo r  = s > t i f f  3 >1 t o r  [ s  =1 t A s >2  t ] .  He re  t he  equa l i t y  s ign  - i s  t he‘1
congruence  r e l a t i on  i nduced  by  the  quas i -o rde r ing  21 .





3 Pa th  and  decompos i t i on  o rde r ings

Al l  o rde r ings  desc r ibed  in  t h i s  chap te r  a r e  r ecu r s ive ly  de f ined  s imp l i f i ca t i on
o rde r ings  and  con ta ined  in  [S t89a]  :

' Recursive path ordering with status [RPOS]
Thi s  i s  an  ex t ens ion  of De r showi t z '  RPO in t roduced  by  Kamin  and
Lévy [[KLBO], [De82]].

' Recursive decOmposition ordering with status [RDOS]
The o r ig ina l  r ecu r s ive  decompos i t i on  o rde r ing  has  been  f i r s t  de f ined
by  Lescanne .  We  p re sen t  a ve r s ion  [ [S t89a l ]  wh ich  i s  d i f f e r en t  i n
r ega rd  t o  t he  s t a tu s .  I t  i s  an  ex t ens ion  of Lescanne ' s  o rde r ing .

- Path of subterms ordering with status on decomposit ions [PSDS]
The PSDS, based on decompositions, results from the  PSO [path of
sub te rms  o rde r ing ,  [P l78a l ] .  The co r r e spond ing  o rde r ing  w i thou t  s t a tus
[ ca l l ed  PSD in  [S t89a l ]  i s  equ iva l en t  t o  t he  pa th  of sub t e rms  o rde r ing
of P l a i s t ed .  I n  con t r a s t  t o  t he  P50 .  t he  PSD has  t he  advan tage  tha t
i t  can  easily be  extended by  the  principle of s ta tus  [see [St89al].

' Improved recursive decomposition ordering with status [IRDS]
The  improved  r ecu r s ive  decompos i t i on  o rde r ing  has  been  deve loped
by  Rus inowi t ch  [[Ru87l]. He  has  a l so  i nco rpo ra t ed  s t a tu s  in  it.
However ,  we  p re sen t  ano the r  [ s imple r ]  ve r s ion  [of [St89al]  which  is
s imi l a r  t o  i t .  The  power  of t hese  two  o rde r ings  ove r l ap .  Moreover ,
t he  path ordering of Kapur. Narendran and  Sivakumar [[KNSBSJ] is
equ iva l en t  t o  t he  IRDS [[StBQaJ].

The  ma in  po in t  of t h i s  chap te r  i s  a b r i e f  de sc r ip t i on  of a l l  t he se  o rde r ings  w i th
s t a tu s .  Fo r  a be t t e r  unde r s t and ing ,  t he  impor t an t  i deas  of t he se  me thods  of
compar ing  te rms  wi l l  be  demons t ra ted  by  an  example .  Note  t ha t  i t  i s  superf luous
t o  p r e sen t  t he  pa th  of sub t e rms  o rde r ing  of P l a i s t ed  and  the  pa th  o rde r ing  of
Kapur, Narendran and  Sivakumar s ince they a re  equal to  the  PSD[S] and the
IRDS, respectively [see 3.3].

The  o rde r ings  desc r ibed  sa t i s fy  p rope r t i e s  t ha t  qua l i fy  t hem fo r  p rov ing
te rmina t ion  of t e rm  r ewr i t i ng  sys t ems  [ t he  p roo f s  can  be  found  in  [S t88a l ] :

-g -





Simpl i f i ca t i on  o rde r ing :

- s > t impl i e s  f[...,s,...] > f[...‚t,...]‚ for a l l  { E $
[replacement property]

- f[....t,...] > t, for all { € {g
[subterm property]

- f[....t,...] > f[...‚...]‚ for a l l  f E {€ wi th  r[f]=mult
[deletion property]

Wel l - foundedness :

E t1 > t 2  >
[follows directly from the  previous property]

Stab i l i t y  w.r.t .  subs t i t u t i ons :

s > t imp l i e s  c[s]  > o[t], for a l l  g round  subs t i t u t i ons  o

Monotony  w . r . t .  t he  p recedence  l>:

{>1 c >2 imp l i e s  >[I>1] ; >[D2]

Al l  o rde r ings  of t h i s  r epo r t  a r e  p recedence  o rde r ings  deno ted  by  >[p].
where  t he  pa rame te r  p s t ands  fo r  t he  p recedence .  An  o rde r ing  i s  c a l l ed
monotonous  w. r . t  I> if i t  i s  s t r eng thened  by  inc reas ing  the  p recedence .
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3.1 Recursive path ordering

The  compar i son  w. r . t .  t he  r ecu r s ive  pa th  o rde r ing  with  s t a tu s  [RPOS.  fo r  shor t ]
i s  ba sed  on  the  fo l l owing  idea :  A t e rm  i s  dec reased  by  r ep l ac ing  a sub t e rm wi th
any  number  of sma l l e r  t e rms  wh ich  a r e  connec t ed  by  any  s t ruc tu re  of ope ra to r s
sma l l e r  [w . r . t .  D] t han  the  l ead ing  func t ion  symbo l  of t he  r ep l aced  sub te rm.  The
me thod  of compar ing  two  t e rms  depends  on  the  l ead ing  func t ion  symbo l s .  The
re l a t i onsh ip  be tween  the se  ope ra to r s  w . r . t .  D and  the  s t a tu s  r i s  r e spons ib l e  for
dec reas ing  one  o f  t he  [o r  bo th ]  t e rms  in  t he  r ecu r s ive  de f in i t i on  of  t he  RPOS.  If

one  of t he  t e rms  i s  ' emp ty '  [ i .e .  t o t a l l y  dec reased ]  t hen  the  o the r  one  i s  g rea te r .

Def in i t i on  3 .1 .1  [[KLBO] , [De821]

s >RPos  t

iff i] top[s] D top[t] A {s} »RPOS args[t]

i i ]  top[s] = top[ t ]  A t [ top[s]]  = mul t  A args[s] ”RPos  args[t]

iii] top[s] = top[t] A t[top[s]] # mult A {s} ”RPos args[t]
A args[s] >RPOS‚ t [ top [s ] ]  args[t]

iv] args[s] linPos {t}

Lemma 3 -1 -2  [[KLBO], [St88al]

The  RPOS i s  a s imp l i f i ca t i on  o rde r ing ,  mono tonous  w. r . t .  t he  p recedence
and  s t ab l e  w . r . t .  subs t i t u t i ons .

Example  3 .1 .3

We want  t o  p rove  t ha t  t he  d i s t r i bu t ive  l aw  s = x*[y+z] —> [x*y]+[x*z] = t
t e rmina tes .  We  use  t he  t o t a l  p r ecedence  * D + and  the  s t a tu se s  r[+]=t[*]=left.
Since * D + we must show that {s} >>RPOS args[t] = { xay , xakz }. The single
t e rm on the  l e f t  s i de  has  t o  be  g rea t e r  t han  bo th  t e rms  on  the  r i gh t  s i de :
5 i s  g r ea t e r  t han  x ry  because  we  have  t o  r emove  the  l ead ing  func t ion
symbo l s  and  can  show tha t  [x  , y+z] >RPOS‚ le f t  [x  , y]  A {s} >>RPOS {x,y}
because y+z >RPOS y [by using the  subterm property of the  RPOS, 3.1.1 iv]
and  s >RPOS x,  s >RPOS y. s >RPOS x*z i s  p roved  the  s ame  way .
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Remark  3 .1 .4

We wou ld  l i ke  t o  po in t  ou t  t ha t  t he re  ex i s t  two  d i f f e r en t  ve r s ions  of t he
RPOS i n  t he  pub l i ca t i ons :

- a somehow non-de t e rmin i s t i c  one  [ s ee  de f in i t ion  3.1.1]:

top[s ]  D t op [ t ]  A
or top[s] = top[t] A
or  a rgs [ s ]  3131,08 {t}

The  th i rd  a l t e rna t ive  can  be  t e s t ed  i r r e spec t ive  of t he  l ead ing  func t ion
symbols. For example. if top[s] D top[t] t he  first or the  third condition
cou ld  be  checked .  '

- a de t e rmin i s t i c  vers ion :  _

top[s] D top[t] A
or top[s] top[t]
or {top[s} 2 t op [ t ] ]  A aIQS[S] zRPOS it}

Note  t ha t  t he  t h r ee  a l t e rna t ive s  a r e  d i s jo in t .

In  con t r a s t  t o  t he  RPO wi thou t  s t a tu s  whe re  bo th  ve r s ions  a r e  equ iva l en t ,
t he  power s  of t he se  app roaches  w . r . t .  t he  RPOS d i f f e r :  The  non -de t e rmin i s t i c
RPOS i s  a p rope r  ex t ens ion  of t he  de t e rmin i s t i c  one .  Moreove r ,

t he  non—de te rmin i s t i c  RPOS i s  a s imp l i f i ca t i on  o rde r ing .  whe reas

the  de t e rmin i s t i c  RPOS does  no t  have  t he  sub t e rm p rope r ty
s ince  [x*y]*z *Rpos  xary if t[*]=right.

_12_





3 .2  Decompos i t i on  o rde r ings

To de f ine  t he  decompos i t i on  o rde r ings ,  we  need  some  k ind  of fo rma l i sm.

Def in i t i on  3 .2 .1  [Decomposition]

' Pa th -decompos i t i on  of a t e rm:
deci_u[i[t1,...,tn]] = {f[t1,...,tn]} u decu[ti] with decs[t] = {t}

' Decompos i t i on  of a s e t  of t e rms :
dec[{t1,...,tn}] = { decu[ t i ]  l 1 € [Ln], u € Ot[t i ]  }

' Se t  of p rope r  sub t e rms  of a pa th—decompos i t i on  P w.r.t. a t e rm  t :
sub [P  , t ]= {s  €P l [ 3u#e ] t / u=s }

Example  3 .2 .2

Suppose t = [x*y]+[x*z], then decnl t]  = { t , my , x } and dec[{t}] = { dec„[t]‚
dec12[t] , de021[t] , de022[ t ]  }. Moreover,  sub[dec„ [ t ]  , xaky] = {x}.

The  r ecu r s ive  decompos i t i on  o rde r ing  w i th  s t a tu s  [RDOS,  fo r  sho r t ]  ha s  been
deve loped  f rom the  RPO. One  of t he  impor tan t  d i f fe rences  to  t he  RPO i s  t he  fact
t ha t  t he  RDOS s tops  a compar i son  a s  soon  a s  i t  ha s  t o  compare  i ncomparab l e
ope ra to r s .  A t e rm  5 i s  g r ea t e r  t han  a t e rm  t [w . r . t .  t he  RDOS] i i  t he  decompos i t i on
of s i s  g r ea t e r  t han  t he  decompos i t i on  of t .  The  o rde r ing  on  the se  mu l t i s e t s
[»»LD] i s  an  ex tens ion  of t he  bas ic  o rde r ing  on  t e rms  [>LD] to  mu l t i s e t s  of
mul t i s e t s .

De f in i t i on  3 .2 .3 .  [[StBQaJ]

s >RDOS t iff dec[{s}] » »LD dec[{t}]

With decu[s']  3 s >LD t E decv[' t ' ]

iff i] top[s] :> top[t]

ii] top[s] = top[t] A t[top[s]] = mult A
- sub[decu[s ‘ ] , s ]  »LD sub[decv[ t ' ] , t ]
- a rgs [ s ]  ”RDos  a rgs [ t ]

iii] top[s] = top[t] A t[top[s]] # mult  A
{s} ”Roos  args[t] A args[s] >RDOS‚1 : [ t op [ s ] ]  args[t]
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Anothe r  o rde r ing  based  on  decompos i t i ons  r e su l t s  f rom the  pa th  of sub t e rms
orde r ing .  I t  i s  r emarkab le  t ha t  t he  P80  i s  an  ex t r eme ly  r ecu r s ive  o rde r ing  wh ich
t akes  t h r ee  suborde r ings  i n to  accoun t .  The  nex t  de f in i t ion  [w i thou t  s t a tus ]  is

' equ iva l en t  t o  t he  P50  p rov id ing  a much  s imp le r  me thod  of u s ing  decomposi t ions.

Def in i t i on  3 .2 -4 -  [[St89aJ]

s >PSDS t iff dec[{s}] » »LP dec[{t}]

wi th  s >LP  t

iff i] top[s] [> top[t]

i i ]  top[s ]  = top[ t ]  A t [ top[s]]  = mu l t  A
dec[args[s] ]  » »LP dec[args[t]]

i i i ]  top[s] = top[ t ]  A t [ top[s]]  # mul t  A
{s} >>PSDS a rgs [ t ]  A a rgs [ s ]  >PSDS, -c [ top [ s ] ]  args[t]

The  e s sen t i a l  d i f f e r ence  be tween  the  PSDS and  the  improved  r ecu r s ive
decompos i t i on  o rde r ing  w i th  s t a tu s  [ IRDS]  conce rns  t he  way  by  wh ich  a
compar i son  i s  p roces sed .  Whi l e  t he  PSDS works  acco rd ing  to  t he  p r inc ip l e
l b r ead th - i i r s t '  t he  IRDS revea l s  t he  u se  of t he  p r inc ip l e  ‘dep th - f i r s t ' :  If t he
l ead ing  func t ion  symbo l s  of t he  t e rms  to  be  compared  a r e  i den t i ca l .  t he  IRDS
chooses  on ly  one  sub te rm.  On  the  o the r  hand .  t he  PSDS proceeds  by
s imu l t aneous ly  cons ide r ing  t he  decompos i t i on  mu l t i s e t  of a l l  sub t e rms .
Fu r the rmore .  t he  IRDS i s  a p rope r  ex t ens ion  of t he  RDOS,  due  t o  a s l i gh t  change
of t he  s econd  pa r t  [ i i]  of i t s  def in i t ion .

Def in i t i on  13 .2 .5  [[StBQaJ]

s >IRDS' t i i i  dec[{s}] » »EL dec[{t}]

wi th  decu [ s ' ]  3 s >EL t E decv [ t ' ]

iff i ]  t op [ s ]  l> t op [ t ]

i i ]  t op [ s ]  = top [ t ]  A t [ top[s] ]  = mul t  A
- sub[decu[s ' ] . s ]  >>EL sub[decv[ t ' ] , t ]
- dec[args[s ] ]  >> >>EL dec [a rgs [ t ] ]

i i i]  t op [ s ]  = t op [ t ]  A t [ top[s]]  # mul t  A
{s} »IRDS arg_s[t] A a rgs [ s ]  >IRDS. t [ t op [ s ] ]  a rgs [ t ]
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Conc lud ing ,  we  po in t  ou t  t ha t  a l l  o rde r ings  p re sen t ed  can  be  u sed  to  prove  the
t e rmina t ion  of a rb i t r a ry  t e rm  r ewr i t i ng  sys t ems .

Lemma 3 .2 .6  [[St88aJ]

The  RDOS,  PSDS and  the  IRDS a re  s imp l i f i ca t i on  o rde r ings ,  mono tonous
w.r.t. t o  t he  p recedence  and  s t ab l e  w.r.t t o  subs t i t u t i ons .

Vicar ious ly ,  we  wi l l  i l l u s t r a t e  t he  de f in i t i on  of t he  IRDS by  an  example .

Example  ( 3 .2 .7  [see example 3.1.3]

We will prove the  termination of t he  distributive l aw  3 = x*[y+z] —>
[x*y]+[x*z] i: t .  We  use  the  total precedence * > + and  the  s ta tuses  t[+] = the] =
= l e f t .
We have t o  p rove  t ha t  dec[{s}] » >>EL dec[{t}]:

dec[{s}] = { dec1[s] , decs ]  , de022[s]  } and
dec[{t}] = { dec„ [ t ]  , de012[t]  '. de021[t] , deczzh] }.

In acco rdance  w i th  t he  de f in i t ion  of t he  IRDS, for eve ry  decv [ t ]  we  have  to
f ind  a decu [ s ]  which  i s  g r ea t e r  t han  decv [ t ]  w.r.t. »EL. Because  of t he
demand  fo r  s t ab i l i t y  w . r . t .  subs t i t u t i ons  ou r  s ea rch  fo r  decu [ s ]  s t rong ly
depends  on  the  l eaves  s /u  and  UV,  r e spec t ive ly  [ i t  i s  impor t an t  t o  cons ide r
th i s  ru l e  if t / v  i s  a va r i ab l e ,  i .e. s / u  mus t  be  t he  s ame  va r i ab l e ] .  We  can
ve r i fy  ’

i] dec1[s] = {s,x} »EL {t‚x*y‚x} = dec„ [ t ]  iff {s} »EL {Laney}:

- s >EL t
because  top[s]  = * D + = top[ t ]

' S >EL ”Y iff {5} ”IRDS {X'Y} " [x,y+z] >IRDS, l e f t  [X'V]:
Thi s  can  be  ve r i f i ed  s ince  y i s  a p rope r  sub t e rm of y+z, }: and  y a r e
p rope r  sub t e rms  of 5.

i i]  dec1[s] {s,x} »EL {t,x*z,x} = dec21[t],
dec21[s] = {s.y+z,y} »EL {t‚x*Y‚Y} = declzh] and
dec22[s ]  {s.y+z,z} »EL {t,x*z,z} = dec22[t]:
I t  i s  e a sy  t o  show these  s t a t emen t s  w i th  t he  cons ide ra t i ons  of i].
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3 .3  Compar i son

In  t h i s  s ec t i on  we  compare  t he  power  of t he  p re sen t ed  o rde r ings  i n  add i t i on
to  some  we l l -known  pa th  o rde r ings .  Fo r  t he  s ake  of comple t enes s ,  we  inc lude
the  bas i c  o rde r ings  r e s t r i c t ed  t o  mu l t i s e t  s t a tu s .  The power  of an  o rde r ing  i s
r ep re sen t ed  by  the  se t  of comparab le  t e rms .  We  examine  t he  re la t ion  be tween
two  se t s .  There  a r e  t h r ee  pos s ib l e  r e l a t i ons :

' Two o rde r ings  can  be  equ iva l en t  [> = >],
- one  ordering can  be  properly included in the  other [> C >] or
- they  overlap [> u >].

The  o rde r ings  > and  > ove r l ap  if t he re  ex i s t  some  t e rms  such  tha t  s > t A s :| t
and  s '  > t '  A s '  ä t ' .

No te  t ha t  t he  o rde r ings  desc r ibed  r e l a t e  t o  a pa rame te r :  t he  p recedence
[>[p] denotes  the  ordering > with the  precedence p a s  a parameter]. This
pa rame te r  may  be  e i the r  pa r t i a l  or  to ta l .  Obvious ly ,  t he  conven t iona l  notion of
t he  compar i son  of two  o rde r ings  r equ i r e s  t he  o rde r ings  t o  be  compared  w.r.t.
a l l  pos s ib l e  [pa r t i a l ]  p r ecedences .  Th i s  i s  a ve ry  s t rong  cond i t i on .  F rom a
p rac t i ca l  po in t  of v i ew ,  i t  i s  su f f i c i en t  t o  cons ide r  t he  compar i son  of two
orde r ings  w . r . t .  t o t a l  p r ecedences ,  on ly .  The  fo l l owing  p ropos i t i on  subs t an t i a t e s
these  r e f l ec t i ons :

Propos i t i on  3 .3 .1  [[St89a], [St88al]

Le t  >, > be  o rde r ings  wh ich  a r e  mono tonous  w.r . t .  D and  > <; > w.r . t .  t o t a l
p recedences .  Then ,  '

s >[p] t -> [301] s >[q] t.

Note  t ha t  we  cannot deduce as se r t i ons  w . r . t .  pa r t i a l  p r ecedences  f rom the
co r r e spond ing  r e l a t i ons  w. r . t .  t o t a l  p r ecedences .  Bu t ,  t h i s  i s  no t  wha t  we  wan t .
We  a re  on ly  i n t e r e s t ed  i n  gene ra l i z ing  t he  compar i son  of two  o rde r ings  i n  t he
fo l lowing  manne r :  I s  the re  any  o rde r ing  > using any  p recedence  q such  tha t
s >[q] t if s >[p] t whe re  > i s  ano the r  [g iven ]  o rde r ing  based  on  a p recedence
p ? The  t r ad i t i ona l  r eques t  wou ld  con ta in  t he  s ea rch  fo r  a s t ronge r  o rde r ing
> based on  the  same precedence  [p ]  a s  >. Obv ious ly ,  t he  above  p ropos i t i on
gene ra l i ze s  t h i s  r equ i r emen t  s ince  we  cou ld  g ive  some  in fo rma t ion  abou t  t he
compar i son  of o rde r ings  i ndependen t  of t he  p recedence .  In  o rde r  t o  u se  t he
propos i t i on  we  have  to  compare  t he  o rde r ings  w.r.t. t o t a l  p recedences ,  only.
The  r e l a t i ons  c ,  = and  n w. r . t .  t o t a l  p r ecedences  have  t he  fo l l owing  mean ings :
Let p [resp. p '  and  p"]  be  a total precedence, t [resp. t '  and  1"] a status, 5 and
t t e rms .
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- > C > iff s >[p,1:]t “> s >[p‚1:] t A
[ ap l ’ t l ] [E  p “ ‚ t " ]  S >[p l ' t l ]  t A S >[p" ‚ t " ]  t

. > = > iff s >[p.t] t <"-> s >[p.tl t

V tt > iff [3p'.t'][Hp“,t"] s >[p'.1:'] t A s >[p"‚t"] t A
[3p ' , t ' ] [Hp” . t ” ]  S >[p l , t l ]  t A S > [p" ‚1 : " ]  11

The  fo l l owing  lemma r e f l ec t s  t he  compar i son  w . r . t .  t o  t o t a l  p r ecedences .  The
proof of t he  lemma can  be  found  in  [S t88a l  To p re sen t  t he  re la t ions  i n  a s imple
way ,  we use  a k ind  of Hasse  d iagrams .  If > C > t hen  we a r r ange  > above > joining
them wi th  an  a r row.

Lemma 3.3.2 [ [S t89a ] ,  [S t88a] ]

Assuming  a rb i t r a ry .  t e rms  and to t a l  p r ecedences .  Then ,  t he  fo l l owing
re l a t i ons  a r e  va l i d :

IRDS = KNSS

PSDS = RDOS

PSD= PSO RPOS

RPO

wi th  IRD = Improved  r ecu r s ive  decompos i t i on  o rde r ing  [[Ru87J]
IRDS = Improved  r ecu r s ive  decompos i t i on  o rde r ing  w i th  s t a tu s

[ [S t89a ] ]
KNS = Path ordering of Kapur, Narendran and  Sivakumar [[KNSB5J]
KNSS = Pa th  o rde r ing  w i th  s t a tu s  of Kapur ,  Na rend ran  and

Sivakumar  [[KNSBSJ]
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PSD
PSDS ll

PSO
RDO
RDOS =
RPO =
RPOS =

Pa th  o i  sub t e rms  o rde r ing  on  decompos i t i ons  [[St89al]
Path of subterms ordering with status on decompositions
[[St89al]
Pa th  of sub te rms  o rde r ing  [[Pl78al]
Recu r s ive  decompos i t i on  o rde r ing  [[JLRBZl]
Recu r s ive  decompos i t i on  o rde r ing  w i th  s t a tu s  [[St89al]
Recursive path ordering [[De82]]
Recur s ive  pa th  o rde r ing  w i th  s t a tu s  [[KLBOJ]

Thi s  l emma  wi l l  be  of p r ac t i ca l  impor t ance  if we  cons ide r  i t  t oge the r  w i th  t he
propos i t ion  3.3.1: Only  one  [ e i t he r  t he  IRDS or t he  KNSS] of t he  e l even  orderings
co l l ec t ed  i n  t he  d i ag ram i s  needed  to  cove r  t he  un ion  of comparab l e  t e rms  of
a l l  t he  o rde r ings  r e f e r enced  in  l emma  3.3.2. In  o the r  words ,  if t e rms  can  be
o r i en t ed  w i th  any  o rde r ing  of t he  f i gu re  t he re  ex i s t s  a p r ecedence  such  tha t
t he  t e rms  a r e  a l so  comparab l e  i n  t he  s ame  way  wi th  t he  IRDS [= KNSS].
Consequen t ly ,  if you  a r e  imp lemen t ing  a sy s t em where t he  t e rmina t ion  of a
r ewr i t i ng  sys t em mus t  be  gua ran t eed .  on ly  one  of t he  e l even  o rde r ings  w i l l
have  t o  made  ava i l ab l e  fo r  t he  u se r .  The  cause  of i t  i s  t ha t  t he  IRDS [ the  KNSS,
r e spec t ive ly ]  i s  s t ronge r  than  a l l  o the r  pa th  and  decompos i t i on  orderings
i r r e spec t ive  of t he  p recedence .

- 18 . . .





4 An improved  concept. of  t he  APO

Termina t ion  o rde r ings  based  on  t r ans fo rma t ion  t echn iques  have  been  first
proposed  in  [DHJP83].  This  me thod  i s  r a the r  complex and  i t  was  no t  possible  to
l i f t  t he  co r r e spond ing  o rde r ing  t o  t e rms  con ta in ing  va r i ab l e s .

The a s soc i a t i ve  pa th  o rde r ing  [APO. for sho r t ]  of [BP85] i s  s imi la r  t o  this
orde r ing .  Howeve r ,  t he  APO i s  concep tua l ly  s imp le r  s i nce  any  t e rm i s  t r ans fo rmed
in to  a s i ng l e  t e rm  whereas  i n  [DHJP83]  t he  t r ans fo rma t ion  of a t e rm  l eads  t o  a
mu l t i s e t  of t e rms .  The  s t ab i l i t y  w.r.t. subs t i t u t i ons  can  be  gua ran t eed  by
check ing  a f i n i t e  number  of t he  po t en t i a l l y  [ in f in i te ly  many]  g round  subs t i tu t ions .

In  [GL86] ,  Gnaed ig  and  Lescanne  s imp l i fy  t he  APO to  t he  so -ca l l ed  NFLO. The
NFLO gene ra l i ze s  t he  r ecu r s ive  pa th  o rde r ing  and  the  t r ans fo rma t ion  can  be
desc r ibed  by  a r educ t ion  r e l a t i on .  In  con t r a s t  t o  t he  APO,  t h i s  o rde r ing  makes

_a  strong d i f f e rence  between t he  f l a t t en ing  and  the  d i s t r i bu t ing  [applying
d i s t r i bu t iv i t y  ax ioms]  p roces se s .  F i r s t  of a l l ,  d i s t r i bu t iv i t y  ru l e s  map  the  t e rms
to  compare  i n  t he  s ame  c l a s s  modu lo  d i s t r i bu t iv i t y ,  i n  o rde r  t o  i n su re  t he
rep l acemen t  p rope r ty .  Then ,  fo r  s a t i s fy ing  AC-commuta t ion ,  t he se  t e rms  wi l l  be
f lat tened along i t s  AC-operators [to represent the  associativity axioms] and
compared  w. r . t .  the  r ecu r s ive  pa th  o rde r ing  w i thou t  s t a tu s  [ t o  r ep re sen t  t he
commuta t iv i t y  ax ioms] .  Bes ides  t he  s imp l i c i t y ,  Gnaed ig  and  Lescanne  gave  a
proof for t he  un ive r sa l  quan t i f i ca t i on  on  subs t i t u t i ons  based  on  s imple
obse rva t ions  on  t he  subs t i t u t i on  mechan ism.  Obvious ly ,  f rom a p rac t i ca l  point
of  V iew,  t h i s  me thod  i s  more  i n t e r e s t i ng  t han  tha t  o f  Bachma i r  and  P l a i s t ed .
However ,  t he  root  of t he  NFLO i s  t he  APO, and  therefore ,  i n  t he  r ema in ing  par t s
of t h i s  pape r ,  we wi l l  r e f e r  t o  t h i s  o rde r ing  by  a s soc i a t i ve  pa th  o rde r ing .

The  a s soc i a t i ve  pa th  o rde r ing  i s  s imp le  enough  to  a l l ow  imp lemen ta t i ons ,  ye t  i t
i s  app l i cab l e  t o  a va r i e ty  of t heo r i e s .  I t  may  be  u sed  to  p rove  t e rmina t ion  of a
se t  of t e rm  r ewr i t i ng  ru l e s  con ta in ing  a s soc i a t i ve ,  commuta t ive  and  a s soc i a t i ve -
commuta t ive  ope ra to r s .  Fu r the rmore ,  t he  APO cou ld  be  pa r t  of a Knu th -Bend ix
comple t i on  a lgo r i t hm fo r  a s soc i a t ive -commuta t ive  ope ra to r s .  No te  t ha t  i t  i s
imposs ib l e  t o  imp lemen t  a f u l l  Knu th -Bend ix  p rocedure  fo r  a s soc i a t i ve  bu t  no t
commuta t ive  ope ra to r s  s i nce  t he re  ex i s t s  no  f i n i t e  un i f i ca t i on  a lgo r i t hm for
associat ive operators [see [P1831].

The  bas i c  concep t  of bo th  me thods  i s  t ha t  s imp l i f i ca t i on  o rde r ings  have  t o  be
E-commut ing  to  p rov ide  t e rmina t ion  p roo f s  fo r  E - r ewr i t i ng  [ [ JM84] ,  [S t89b l ] :

-19 -





Le t  > be  a s impl i f i ca t ion  o rde r ing  which  i s  E -commut ing  and  s t ab l e  w.r.t.
subs t i t u t i ons :

‘Jt i s  E- terminat ing
if
1> r , i o r a1 . l  l -> rE$R

Instead of E-commutation,  t he  approaches desc r ibed  above  [APO.NFLO] use the
s t ronger  r e s t r i c t i on  of  E -compa t ib i l i t y .

In  th i s  chap te r  we  wi l l  t r y  t o  g ive  a mo t iva t i on  fo r  t he  u se  of Gnaed ig ' s  and
Lescanne ' s  approach .  They  have  p re sen t ed  t he i r  me thod  fo r  AC- theo r i e s ,  only .
F i r s t  of a l l ,  we  wi l l  sp l i t  AC in to  t he  concepts of C— and  A—theories .  I n  p rac t i ce .
t h i s  w i l l  be  an  enhancemen t  of t he  e f f i c i ency  i t  e i t he r  C—theor ies  o r  A- theo r i e s
a re  used .  The reason  i s  tha t  the  cond i t ions  requ i red  of the  RPO a re  not  as str ict
as  t hose  fo r  t he  combined  theo r i e s .

Subsequent ly ,  t he  power  of t he  va r ious  methods  wi l l  be  compared .

Anothe r  ma in  po in t  of t h i s  chap te r  i s  the  i n t roduc t ion  of an  improvemen t  of t he
APO.  The ex t ens ion  we wi l l  dea l  w i th  cons i s t s  of t he  i nco rpo ra t i on  of s t a tu s  to
t he  RFC. I t  w i l l  be  shown tha t  t he  concepts  of t he  APO [based  on  the  RFC]
can be  t r ans fe r r ed  t o  t he  RPOS by  gua ran t ee ing  mu l t i s e t  s t a tu s  of a s soc i a t i ve
and  commuta t ive  opera to r s .

Last bu t  not  least ,  we  will show that  partial [ instead of quasi-] precedences
are  necessa ry  t o  guarantee  the  s t ab i l i t y  w.r.t.  subs t i t u t i ons  of t he  techniques
p resen ted  i n  th i s  chapter .
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4 .1  C—theor i e s

Assume tha t  E contains only commutative axioms such a s  f[x,y] = f[y‚x].
There fo re ,  an  o rde r ing  > i s  needed  wh ich  i s  C-compa t ib l e :

s =C s '  s '
> imp l i e s  >
t =C  t '  t '

It  i s  no t  ve ry  d i f f icul t  t o  de t ec t  t ha t  t he  RPOS i s  C -compa t ib l e  if each
commuta t ive  func t ion  symbo l  has  mu l t i s e t  s t a tu s :

Def in i t i on  4 .1 -1

Le t  [> be  a p r ecedence  and  1: a s t a tu s  func t ion  r equ i r i ng  mu l t i s e t  s t a tu s  of
each  C—opera tor :

S >C 1'.

i f f

S >RPOS t

L e m m a  4 .1 .2

>C i s  a s imp l i f i ca t i on  o rde r ing ,  C-compa t ib l e  and  s t ab l e  w.r.t.. subs t i t u t i ons

Obv ious ly ,  t he  combina t ion  of t he  C-compa t ib i l i t y  w i th  t he  o the r  impor t an t
p rope r t i e s  of t he  RPOS - s imp l i f i ca t i on  o rde r ing  and  s t ab i l i t y  w . r . t .  subs t i t u t i ons
[lemma 3.1.2] — ensures the  applicability in practice.

Example  4 ‚1.23 [Dershowi tz ]

5R: x+0  —>x
xarO  —>O
X*[Y*1]—>[X*Y]*X

E:x+y=y+x
xa leyzya i ex

The 'RPOS gua ran t ee s  t he  t e rmina t ion  if r[*] = 1:[+] = mul t  and  * D +.

-21 . . .





4 .2  A—theor i e s

In  o rde r  t o  r e s t r i c t  t he  RPOS so  t ha t  i t  c an  p rove  t he  A- t e rmina t ion  of term
r ewr i t i ng  sys t ems  we  wi l l  pu r sue  t he  fo l l owing  s t r a t egy :

' Es tab l i sh ing  exactly one  r ep re sen t a t i ve  of each  A-equ iva l ence  c l a s s
' Reducing each t e rm  to  t he  r ep re sen t a t i ve  of i t s  A-equ iva l ence  c l a s s
' Compar ing  the  r ep re sen t a t i ve s  w. r . t .  t he  RPOS

An o rde r ing  cons t ruc t ed  by  the se  ru l e s  i s  A-compa t ib l e  s ince
rep[ t ' ]  = r ep [ t ]  >RPQS rep[s ]  = rep[s'] imp l i e s  rep[ t ' ]  >RPOS rep[s']‚ where
t '  =A t A s =A s '  and  r ep  deno te s  t he  r ep re sen t a t i ve  of a t e rm .

Obvious ly ,  t he  ma in  p rob lem of t he  above  me thod  i s  t he  def ini t ion of t he
rep re sen t a t i ve s .  Usual ly ,  t e rms  wi th  A-opera tors  are descr ibed  by  f la t tened
t e rms  hav ing  no  nes t ed  occu r r ences  of i den t i ca l  a s soc i a t i ve  ope ra to r s ,  e .g .
+[+[1‚+[2‚+[1‚3]]]‚2] = +[1‚2‚1‚3‚2]. This representation requires t he  operators to have
va r i ab l e  a r i t y ,  i .e.  a s soc i a t i ve  func t ion  symbo l s  may  posse s s  any  pos i t i ve
number  [> 1] of a rgumen t s .  whe reas  non—associative ope ra to r s  have  a f ixed ar i ty .

Def in i t i on  4.2.1 [Varyadic terms]

Le t  118,23] be  an  a lgeb ra  of t e rms  and  ot' t he  a r i t y  func t ion  on  8. The
va ryad ic  te rm a lgeb ra  l"*[{§,93] i s  t he  a lgeb ra  of t e rms ,  where  t he
A—operators have  a variable ar i ty at: 8 —> 2'N [ the  s e t  of all subsets of IN]
such  tha t

oc[f] = {oc'[f]} if f E {SA
oc[f] = [N \ {0,1} o the rwise

I

Based  on  th i s  backg round .  t he  f l a t t en ing  ope ra t i on  _ i s  de f ined  a s  fo l l ows :

Def in i t i on  4 -2 .2  [ [BP85a ] ]

Let  be  t = f[t1,...,tn] a t e rm .  Then

t i f  t i s  a cons t an t  o r  a va r i ab l e
t = f[t1,...,tn] if f E 8A

t '  o the rwi se
wi th  t '  r e su l t s  f rom t by  r ep l ac ing  t].l by  t: if t op [ t i ]  1: f, and
replacing t i  by s1,...,s if t; = {[sl‚...,srn m]-
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Note  t ha t  t he  fla t t ened  fo rm of a t e rm ex i s t s  and  i s  un ique .  Some  he lp fu l
a s se r t i ons  abou t  t he  f l a t t en ing  opera to r  w i l l  be  enumera t ed  i n  t he  fo l l owing
l emma:  I

Lemma 4 .2 .3  [[Ze89]]

Let be  s, t € I‘*[{§,Q§]. o a substitution and  > a simplification ordering:

t op [ t1= top [ t ]

=T. fil
l

_

GIT] = c i t ]

{T} » {TIME} if t = f[t1,...,tn]

In  o rde r  t o  compare  t e rms  [w . r . t .  t he  RPOS]  wi th  ope ra to r s  hav ing  va r i ab l e  a r i t y ,
we  do  no t  need  to  change  the  de f in i t i on  o f  t he  RPOS.  Howeve r .  t he  de l e t i on
proper ty  [ i[...,t,...] > f[‘...,...] ] must  be  sa t i s f i ed  t o  p re se rve  the  p rope r ty  of be ing
a s imp l i f i ca t i on  o rde r ing .  The  r ecu r s ive  pa th  o rde r ing  w i thou t  s t a tu s  does  have
the  deletion property [see [De82]]. Unfortunately, the  recursive path  ordering
wi th  s t a tu s  does  not  p rese rve  th i s  cha rac t e r i s t i c .  Consider  a s imp le  example :
Let be  t[f] = left. s = f[x‚x‚y] and t = i[x,y]. Due to  the  deletion property, 5 must
be  greater  than t, bu t  the  comparison of the  tuples [x,x,y] and  [x,y] requires
t he  o r i en t a t i on  of x = y which  i s  imposs ib l e .

Thus ,  i n  o rde r  t o  gua ran t ee  t he  p rope r ty  of a s imp l i f i ca t i on  o rde r ing ,  t he  s t a tu s
func t ion  of t he  RPOS mus t  s a t i s fy  t he  mu l t i s e t  s t a tu s  of each  va ryad ic  func t ion
symbo l .  Consequen t ly ,  each  A-ope ra to r  ha s  t o  have  mu l t i s e t  s t a tu s .

Now, an  A-compatible  ordering could be  defined a s  s >A t iff s >RPOS T.
Unfor tuna t e ly ,___>A does  no t  have  t he  r ep l acemen t  p rope r ty :  Le t  be  f € 8A and
f Dg. Then,  f[a b ]  >RPOS g[a—.—b]  bu t  f[f[a, b], c ] :  f[a‚ b.  c ]  (RPOS f[g[a‚ b]  c]. Requi r ing
the  A——operators to  be  minimal w.r.t. the  precedence -— [Vi € BAHHg E $]  f bg  -
t he  o rde r ing  >A can  be  u sed  fo r  p rov ing  the  A—te rmina t ion .
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Def in i t i on  4 .2 .4 . -

Le t  D be  a p r ecedence  such t ha t  e ach  A-opera to r  i s  m in ima l .  Fur the rmore ,
1: i s  a s t a tu s  func t ion  r equ i r i ng  mu l t i s e t  s t a tu s  of each  A-ope ra to r :

Lemma 4 . 2 . 5

>A i s  a s impl i f i ca t ion  o rde r ing  wh ich  i s  A-compa t ib l e  and  s t ab l e  w.r.t.
subs t i t u t i ons .

The fo l l owing  lemma he lps  t o  p rove  t he  above  one :

Lemma 4 . 2 . 6

Le t  D be  a p recedence  such  tha t  e ach  A—opera to r  i s  m in ima l  and  t i s  a
s t a tu s  func t ion  r equ i r i ng  mu l t i s e t  s t a tu s  of each  A-ope ra to r :

s “> S >RPos t>RPOS 1‘

Due  to  l emma  4.2.5 and  the  t heo rem on page  20 ,  {A can  be  u sed  to  p rove  t he
A- te rmina t ion  of  t e rm  r ewr i t i ng  sys t ems .  Howeve r ,  t he  r e s t r i c t i on  of  t he
precedence  [ each  A-ope ra to r  mus t  be  min ima l ]  i s  ve ry  s t rong :

Example  4.2.‘7

Le tbe  ER: [x+y]*z—>[x*z ]+ [y*z ]
f i x}  HIV]  -> f i x  * v]

E: [x+y]+z=x+[y+z ]
[xa l ey ]aez :xa l e [ya l ez ]

The ru l e  sys t em requ i res  as D + [f irs t  ru le]  and  * D f [ second  rule], i.e. t he
A-ope ra to r  * i s  on ly  sub—min ima l .  There fo re ,  we a r e  no t  ab l e  t o  p rove  t he
E- te rmina t ion  of SR wi th  t he  he lp  of Ä.
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4 .3  Assoc i a t i ve  d i s t r i bu t iv i t y

In  o rde r  t o  pe rmi t  sub -min ima l  [w . r . t .  D] A-ope ra to r s ,  t he  precedence mus t  s a t i s fy
the  fo l l owing  cond i t i on :

D e f i n i 1:. i o n 4 - 3 .1 [Assoc ia t ive  pa i r  cond i t ion ,  [BP85II]

A precedence  D has  t he  a s soc i a t i ve  pa i r  cond i t i on  if and  on ly  if [Vf 6 8A]
° f i s  m in ima l  o r
° [3g  € 8A]  f i s  m in ima l  w.r.t. {§\{g}.

Graph ica l  exp lana t ion :

Th is  cond i t i on  r equ i r e s  t ha t  e ach  A-ope ra to r  mus t  be  e i t he r  min ima l  o r  sub-
min ima l  w.r. t .  t he  p recedence .  The  sma l l e r  e l emen t  of a sub—min ima l  A-ope ra to r
must  also be  an  A—operator. However, a s  we  know [example on page 23], the
replacement property of >A is  not fulfilled: If * D +, x*[y+z] >A [x*y]+[x*z] but
u*[x*[y+z]] <A u*[[x*y]+[x*z]]. Note  t ha t  t he  t e rm  u*[x*[y+z]] [wh ich  shou ld  be
greater] has  t o  be  f l a t t ened  caus ing  a r educ t ion  w. r . t .  t he  r ecu r s ive  pa th  o rde r ing .
On the  o the r  s i de ,  u*[[x*y]+[x*z]] [ t he  sma l l e r  t e rm]  i s  le f t  unchanged .  The t r ick
cons i s t s  of r educ ing  u*[[x*y]+[x*z]], too. I.e., we  wi l l  fo rce  t he  r ep lacemen t
p rope r ty  u s ing  t he  i n tu i t i ve  i dea  t ha t  t he  sma l l e r  t e rm has  on ly  t o  be  r educed
when  the  b igge r  one  i s  r educed  by  f l a t t en ing .

Def in i t i on  4 .3 .2  [D i s t r i bu t iv i t y  ope ra t ion .  [GL861]

Le t  D be  a p r ecedence  s a t i s fy ing  f D g where  f and  g a r e  a s soc i a t i ve
ope ra to r s .  The  d i s t r i bu t iv i t y  ope ra t i on  8 : 1" —> I" r ewr i t e s  a t e rm  to  an
i r r educ ib l e  fo rm wi th  t he  sys tem desc r ibed  by  the  two  ru l e s

D: f i x .g ly .21 ]  -> g[f[x.y].f[>c.z}]
f [g [x .Y] . z}  —> giflx.z}.f[y.21]
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Obvious ly ,  f o r  each  pa i r  f , g  of AC-ope ra to r s  w i th  f [> g such  a ru l e  sys t em D
can  be  found. Note  t ha t  fo r  each t e rm  the re  ex i s t s  an  i r r educ ib l e  fo rm s ince
th i s  sy s t em t e rmina t e s  u s ing  t he  r ecu r s ive  pa th  o rde r ing  w i th  f {> g [due t o
the  a s soc i a t i ve  pa i r  cond i t i on ] .  Bu t  t h i s  no rma l fo rm i s  no t  un ique  because  t he
sys t em i s  no t  con f luen t  a t  a l l .  Though,  two  norma l fo rms  of a t e rm  a re  AC-
equivalent  [[GLBBJ]. This property i s  sufficient because the  flattening operation
maps  two  A-equ iva l en t  t e rms  to  t e rms  be ing  syn tac t i ca l l y  equa l ,  i.e. AC—
equ iva l en t  t e rms  wi l l  r e su l t  i n  C-equ iva l en t  t e rms .  Thus,  t he  f l a t t ened
S-normalforms of two t e rms  a r e  C—equivalent. Due  to  t he  C-compa t ib i l i t y  of
t he  RPOS i t  i s  pos s ib l e  t o  de f ine  an  A-compa t ib l e  o rde r ing :

Def in i t i on  4 .3 .3

Le t  [> be  a p r ecedence  s a t i s fy ing  the  a s soc i a t i ve  pa i r  cond i t i on  and  1:
r equ i r e s  mu l t i s e t  s t a tu s  of each  A-ope ra to r :

s im t iff - 8[s] >RPOS %TF]
- s==>D/A t

The compar i son  of two  t e rms  w.r.t. >AD requ i r e s  both t e rms  to  be  r educed  to
normalforms [applying the  rules of D], first and  then a comparison of the  flattened
norma l fo rms  w . r . t .  t he  r ecu r s ive  pa th  o rde r ing  w i th  s t a tu s .
The  p rob lem of p rov ing  the  t e rmina t ion  of a r u l e  cons i s t i ng  of D-equ iva l en t
t e rms  [ t he i r  no rma l fo rms  a r e  syn t ac t i ca l l y  equa l ]  i s  so lved  by  check ing  whe the r
equivalent te rms a re  D-equivalent  [ s  äD/A t wi th  ==>D/A = =Ao =>D° =A].

Note  t ha t  t he  a s soc i a t i ve  pa i r  cond i t i on  gua ran t ee s  t ha t  t he  t r ans fo rma t ion  of
d i s t r i bu t ing  and  f l a t t en ing  i s  we l l -de f ined  and  tha t  >AD i s  i n  fact  a s impl i f ica t ion
orde r ing .

Lemma 4 .3 .4

3D i s  a s imp l i f i ca t i on  o rde r ing  wh ich  i s  A-compa t ib l e  and  s t ab l e  w. r . t .
subs t i t u t i ons .

Example  4 .3 .5  [Example 4.2.7 continued]

Le tbe  ER: [x+y]*z  —> [x*z ]+ [y*z ]
E: [ x+y ]+z  = x+[y+z ]

[x*y ]*z  : x*[y*z ]
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With t he  he lp  of SAD t he  E-termination of ER can be proved since 8[[x+y]*z]
= [x*z]+[y*z] = 8[[x*z]+[y*z]] and [x-+y]*z %D/A [x*z]+[y*z].

Remark  4 .3 -6  [[BP85J]

In  [BP85]  a more  gene ra l  me thod  than  >AD i s  p r e sen t ed .  If two  t e rms  have
t he  same f lat tened S-normalforms [i.e. EE] =RPOS m]  they could be still
compared  us ing  some  r educ t ion  o rde r ing  > tha t  i s  A—compatible and
wel l—founded  on  eve ry  s e t  [ t ]  = {s I @ = W}. Such an  o rde r ing  i s  c a l l ed
admis s ib l e  fo r  t he  t r ans fo rma t ion  5. Fo r  example ,  compar ing  t e rms  by  the
inve r se  of t he i r  s i ze s  i s  an  admis s ib l e  o rde r ing  fo r  t he  t r ans fo rma t ion  u sed
he re .  More  p rec i se ly ,  > can  be  de f ined  a s  s > t i i i  Isl < ltl and  no  var iable
appea r s  more  o f t en  in_ s t han  i n t .
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4 .4  Assoc i a t i ve  endomorph i sm

The  gene ra l i za t i on  >AD of ”A p re sen t ed  i n  s ec t i on  4 .3  admi t s  precedences

where  an  A-ope ra to r  i s  greater t han  ano the r  A—opera to r .  Howeve r .  t he  ru l e
f[x]*f[y] —> f[x*y] [see example  4.2.7 on  page 24] cannot be  o r i en t ed  w i th  t he
he lp  of >AD because t he  A-ope ra to r  * mus t  be  g rea t e r  t han  f wh ich  i s  no t
as soc i a t i ve .

A so lu t i on  fo r  t h i s  p rob l em cons i s t s  of app ly ing  the  bas i c  concep t  of t he  fo rmer
sec t ion ' s  app roach :  In s t ead  of u s ing  d i s t r i bu t iv i t y  ax ioms  we  t ake  ru l e s  s imi l a r
to  t he  endomorph i sm fo r  p r e—reduc ing  t e rms .  In  o rde r  t o  exac t ly  de f ine  t h i s
me thod ,  t he  s e t  of admis s ib l e  p r ecedences  mus t  be  e s t ab l i shed  f i r s t .

De f in i t i on  4 .4 .1  [S imp le  pa i r  cond i t i on ,  [Ze89]  and  [GLBBI]

A precedence  D has  t he  s imp le  pa i r  cond i t i on  if and  on ly  if [Vf E 3A]
- f i s  m in ima l  o r
' [El unary g E 3] f is  minimal w.r.t. $\{g}.

Graph ica l  exp lana t ion :

‚ {MA

Thi s  cond i t i on  r equ i r e s  t ha t  each A—opera tor  mus t  be  e i t he r  min ima l  o r  sub-
min ima l  w . r . t .  t he  p recedence .  In  con t r a s t  w i th  t he  a s soc i a t i ve  pa i r  cond i t i on
[de f in i t i on  4.3.1 on  page  25]  t he  sma l l e r  e l emen t  of a sub -min ima l  A-ope ra to r
mus t  be  a una ry  func t ion  symbo l .  To gua ran t ee  t he  r ep l acemen t  p rope r ty ,  t he
t e rms  to  be  compared  mus t  be  r educed  in  t he  fo l l owing  way .

D e f i n i t. i o n 4 . 4 . 2 [Endomorphism operation, [GLBGI]

Le t  [> be  a p r ecedence  s a t i s fy ing  f D g where  f i s  an  a s soc i a t i ve  ope ra to r
and  g i s  a una ry  func t ion  symbo l .  The  endomorph i sm ope ra t i on  e : 1" —> I‘
r ewr i t e s  a t e rm  to  an  i r r educ ib l e  fo rm wi th  t he  sys t em desc r ibed  by  the
two  ru l e s
E:  f [g [x} .Y]  —> g[f[x.Y]]

f [X .Q[Y] ]  -> g[f[x.y]]
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As  fo r  t he  app roach  of 4 .3 ,  fo r  each  pa i r  f , g  w i th  f l>  g t he re  i s  such a ru l e
sys tem E. Note tha t  th is  rule system [E] i s  confluent and terminating using
t he  r ecu r s ive  pa th  o rde r ing  w i th  f [> g .  The  no rma l fo rm of a t e rm  t i s  deno ted
by  e[t] .  I t  can  be  p roved  tha t  two t e rms  a r e  AE-equ iva l en t  if and  on ly  if t he i r
f l a t t ened  s -no rma l fo rms  a r e  syn t ac t i ca l l y  equa l :  s =AE t iff Ers—l = EG,—} Based  on
t h i s  fac t ,  ano ther  A-compat ib le  o rder ing  [ s ee  [GL861] can be  def ined .
Ana logous  w i th  >AD. t he  compar i son  of two  t e rms  w . r . t .  >AE requ i r e s  bo th  terms
to  be  reduced to  normalforms [applying the  rules of E] and the  flattened
norma l fo rms  to  be  compared  w. r . t .  t he  r ecu r s ive  pa th  o rde r ing  w i th  s t a tu s .  If t he
no rma l fo rms  a r e  equ iva l en t  w. r . t .  t he  RPOS, t he  t e s t  whe the r  one  t e rm can  be
derived from the  other one  [w.r.t. %E/A] will be  performed.

Def in i t i on  4 .4 .3

Let  » be  a p recedence  sa t i s fy ing  the  s imp le  pair  cond i t ion ,  t r equi res
mul t i s e t  s t a tu s  of each  A—operator :

s >AE t iff - as! >RPOS e[_t]'
— s=>E/At

L e m m a  4 .4 .4

1E  i s  a s imp l i f i ca t i on  o rde r ing  wh ich  i s  A-compa t ib l e  and  s t ab l e  w.r . t .
subs t i t u t i ons .

E X a m p 1 e 4 . 4 . 5 [Example 4.2.7 continued]

Le t  be  9%: f[x] * f [y ]  + f [x*y ]
E: [x*y ]*z  = x*[y*z ]

Wi th  t he  he lp  of >AE the  t e rmina t ion  of m can be  proved because s[f[x]*f[y]]
: f[f[xarry]] >RPOS {[xaey] = s[f[x*y]] by  us ing  the  sub te rm p rope r ty  of t he
RPOS.
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4 .5  AC- theo r i e s

This section dea l s  With the  extensions [ to  C-theories] of the  orderings presented .
i n  s ec t i ons  4.2 ,  4 .3  and  4 .4 .  Thus ,  we  .w i l l  now demons t r a t e  t he  con ten t s  of
[GL86] ex tended  by  the  i nco rpo ra t i on  of s t a tu s  t o  t he  r ecu r s ive  pa th  o rde r ing .

Def in i t i on  4 .5 .1

Le t  1: be  a s t a tu s  func t ion  such  tha t  e ach  C—operator  and  each  A-ope ra to r
has  mu l t i s e t  s t a tu s .

a ]

e ]

Le t  » be  a precedence  such t ha t  each A-opera to r  i s  min imal :

Le t  [> be  a precedence  s a t i s fy ing  the  s imp le  pa i r  cond i t i on :

S>ACEt

iff

' £[s] >1=u=os Em
+

— s =>E/AC t

Guaran tee ing  the  C-compa t ib i l i t y  of t he  A-compa t ib l e  o rde r ings  p re sen t ed  i n
the  fo rmer  s ec t i ons ,  we  on ly  have  to  r equ i r e  mu l t i s e t  s t a tu s  of commuta t ive
ope ra to r s .  Thus ,  t he  un ion  of t he  app roach  fo r  C- theo r i e s  w i th  each  me thod  fo r
A- theo r i e s  mus t  be  cons ide red .  No te  t ha t  t he  o rde r ings  >ACD and  >ACE can  be
used without t he  second alternative [s —"——-> t]. but  in this case, i t  i s  not possible
t o  o r i en t  t he  D-  o r  t he  E - ru l e s .
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Lemma 4 .5 .2

>AC, ’ÄCD and  >ACE a re  s imp l i f i ca t i on  o rde r ings  wh ich  a r e  AC-compa t ib l e
and  s t ab l e  w . r . t .  subs t i t u t i ons .

In  add i t i on  t o  t he  a s se r t i ons  o f  [GL86] ,  we  can  p rove  t ha t  >ACD [>ACE] wi thou t

t he  second  cond i t ion  [ s  -—*——> t ]  i s  AGD-compat ib le  [ACE-compat ib le ] .

L e m m a  4 .5 .3

The order ing  s > t i i i  8[s] >RPOS 8[t] i s  AGD-compa t ib l e .
The o rde r ing  s > t i i i  s[s] >RPOS s[t] i s  ACE-compa t ib l e .

Example  4 .5 .4  Assoc ia t ive-commuta t ive  r i ngs  w i th  un i t  [[BP85]]

m z x + 0  -—> x

i [x]  —> 'c*x
x + [ c * x ]  —> 0
1+c  —> 0

ca rc  —>l
X*ly+21  -> [X*y]+[><*z}
xaleO —>
xae l  -> x

E: [ x+y ]+z=x+ [y+z ]
x+y  =y+x

[xaky ]aez=xak[ya l ez ]
xa l sy  =ya | ex

The  c l a s s i ca l  conve rgen t  equa t iona l  r ewr i t i ng  sys t em fo r  a s soc i a t i ve -
commuta t ive  r i ngs  w i th  un i t  con t a in s  t he  ru l e s  x*i[y] —> i[x*y] and
i[x+y] —> i[x]+i[y]. Therefore.  t he  t e rmina t ion  canno t  be  p roved  wi th  the
he lp  of an  o rde r ing  p re sen t ed  i n  t h i s  s ec t i on  s ince  * .  mus t  be  g rea t e r
[w.r.t. D] than  i and  i grea t e r  than  +: * D i. D +. Bachma i r  and  Pla is ted
i n t roduce  a d i f f e r en t  sy s t em (8 fo r  t he  s ame  s t ruc ture .  The idea  i s  t o  u se
a new constant  c which represents i[1]. Applying AC-completion to  @ the
ru l e  sys t em above  wi l l  be  ob t a ined .  The  t e rmina t ion  of t h i s  equa t iona l
r ewr i t i ng  sys t em can  be  p roved  wi th  t he  he lp  of >ACD co r r e spond ing  to
the  p recedence  i 'D  * D +, i D c D O. c D 1 and  the  s t a tu s  func t ion
1:[+] = 1:[*] = mult.

. . 31 -





R e m a r k  4 .5 .5  [[Gn881]

In  [Gn88]  t he  cond i t i ons  unde r  wh ich  t he  o rde r ings  of th i s  sec t i on  can  be
to t a l  a r e  i nves t i ga t ed .
Assuming  to t a l  p recedence ,  1CD [>ACE] i s  to t a l  on I‘[{§]/ACD [I‘Igl/ACE]
where  I‘[8]/ACD [THQ/ACE] i s  t he  algebra 11$] quo t i en t ed  by  AC—axioms
and the  dis t r ibut ivi ty  [endomorphism] axiom.
Fur the rmore .  Gnaed ig  found  ou t  t ha t  t he re  ex i s t s  no  AC-commut ing  to t a l
o rde r ing  on  IHS]. However ,  t he  p rob lem i s  no t  ye t  so lved  fo r  a t o t a l
orde r ing  on  1"[;§]/AC.

Al l  o rde r ings  p re sen t ed  i n  t h i s  chap te r  a r e  based  on  a p r ecedence  l>. Th i s
o rde r ing  on  the  ope ra to r s  i s  no t  c l ea r ly  de f ined  anywhere .  No te  t ha t  i t  cou ld
be  a pa r t i a l  o rde r ing  a s  we l l  a s  a quas i -  o rde r ing  Assuming  quas i -  p r ecedences
we  wi l l  Cons ide r  t he  fo l l oWing  example .

Example  4 .5 .5

9%: f a l se  v x —-> t rue  A x

E: [v ]vz  = Xv[yvz ]
v = v

[XAY]AZ = XA[YAZ]
XAY = YAX

[>_: V_ '_"_A
f a l s e  [> t rue

I t  i s  obv ious  t ha t  t he  ru l e  of 9% can  be  o r i en t ed  i n  t he  des i r ed  d i r ec t i on .
Howeve r  t h i s  o r i en t a t i on  i s  no t  s t ab l e  w. . . r t  subs t i t u t i ons :  Le t  be

={x  <— fa l s e  v false}. Then.  o[false v x ] :  f a l s e  v [ fa l se  v false] >} t r ue  A
[ fa lse  v fa l se ]  = o[ t rue  A x]. > i s  any  of t he  o rde r ings  of l emma  4.5.7.

This  example  i nduces  t ha t  quas i -p recedences  on  AC-ope ra to r s  a r e  p roh ib i t ed  i n
o rde r  t o  gua ran t ee  t he  s t ab i l i t y  w.r . t .  subs t i t u t i ons .

Lemma 4 .5 .7

im >AD‚ >AE‚ >AC' >ACD and  >ACE a re  no t  s t ab l e  w . r . t .  subs t i t u t i ons  if t he
precedence on the  A[C]-operators is a quasi-ordering.

I t  i s  obv ious  t ha t  quas i -o rde r ings  on  non  AC-ope ra to r s  can  s t i l l  be  u sed .
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4 .6  Compar i son

Like  i n  s ec t i on  3.3 we  wi l l  now compare  t he  power  of t he  o rde r ings  p re sen t ed
in  t h i s  chap te r .  No te  t ha t  we  wi l l  on ly  examine  t he  r e l a t i on  be tween  [no t  t he
ca rd ina l i t y  o f ]  two  se t s  of comparab l e  t e rms .  The  fo l l owing  l emma  desc r ibes
the  compar i son  w . r . t .  t o t a l  p r ecedences  [we  ob t a in  t he  s ame  r e su l t s  if pa r t i a l
orde r ings  a r e  used] .

Lemma 4 .6 .1

Assuming  a rb i t r a ry  t e rms  and  to t a l  p r ecedences  [ t ha t  a r e  admis s ib l e
r e l a t ed  t o  t he  co r r e spond ing  order ings] ,  t he  fo l lowing  r e l a t ions  [cf. page  17]

/\/\

A d i f fe rence  be tween  the  o rde r ings  p re sen t ed  he re  and  those  i n  o the r  paper s
pub l i shed  i s  t he  add i t i ona l  s t a tu s .  I t  i s  obv ious  t ha t  t he  o rde r ings  w i thou t
s t a tu s  a r e  i nc luded  in  t he  co r r e spond ing  o rde r ings  w i th  s t a tu s .  The  fo l l owing
example  h in t s  t o  t h i s  f ac t  [ s ee  a l so  example  6.18 on  page 45] :
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E x a m p l e  4 . 6 - 2  [Padawi t z ]

ER: X * 0 _—> O
xr s iy ]  —>IX*y]+x
1 —> SID]

f ac [0 ]  —a» 1
fac[s[x]]  ——> s[x] * fac[x]
floop[0,y] —> y
floop[s[x],y] —> floop[x,s[x] * Y]

E: [x+y]+z=x+[y+z ]
x + y : y + )(

[x*y ]*z=x*[y*z ]
)( ale y : y are x

D:  f acDaKD+

f ac l>1 l>s I>0
f l oopbae
t[floop] left

f l oop  i s  an  i t e r a t i ve  program fo r  t he  f ac to r i a l  f unc t ion .  I t s  f i r s t  a rgumen t
i s  t he  a rgumen t  of f ac ,  wh i l e  t he  s econd  a rgumen t  s e rves  a s  an  accumula to r
for the  result  of fac: floop[x,y] = y * fac[x].
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5 Pa th  and  decompos i t i on  o rde r ings
modu lo  AC

This  chap te r  dea l s  w i th  t he  app l i ca t ion  of t he  concep t s  u sed  in  chap te r  4 to
the  decompos i t ion  o rde r ings  of chap te r  3. We  wi l l  b r i e f ly  reca l l  t hose  approaches :

- >C represen t s  t he  RPOS wi th  mul t i se t  s t a tu s  of C-ope ra to r s

- >A requ i r e s  f l a t t en ing  the  t e rms  and  A-ope ra to r s  t o  be  min ima l  w.r . t .  [>

- >AD transforms t e rms  in to  the i r  f l a t t ened  D—normalforrns by  sa t i s fy ing
t he  a s soc i a t i ve  pa i r  cond i t i on

- >AE is  similiar t o  >AD except  for using E-normaliorms instead of
D-normal fo rms  and  the  s imp le  i n s t ead  of t he  a s soc i a t i ve  pa i r  cond i t i on

- >AC i s  t he  un ion  of >A and  >C

- >ACD inco rpo ra t e s  mu l t i s e t  s t a tu s  of C—opera to r s  t o  ”AD

- >ACE extends  >AE by  requ i r ing  mu l t i s e t  s t a tu s  of C-opera to r s

Note  t ha t  an  e s sen t i a l  p r econd i t i on  mus t  be  gua ran t eed  to  u se  any  of t he
o rde r ings  above :  each  A—opera to r  [C-ope ra to r ]  mus t  have  mu l t i s e t  s t a tu s .  Ano the r
f ac t  t he  p re sen t ed  o rde r ings  have  i n  common  i s  t ha t  t hey  a r e  based  on  the
r ecu r s ive  pa th  o rde r ing  w i th  s t a tus .  Our  goa l  cons i s t s  of ex t end ing  each  s t r a t egy
by  mak ing  the  bas i c  o rde r ing  s t ronge r .  More  p rec i s e ly ,  t he  r ecu r s ive  pa th  o rde r ing
wi th  s t a tu s  w i l l  be  r ep l aced  by  a more  power fu l  o rde r ing .  In  chap te r  3. t he
h i e r a r chy  w. r . t .  t he  po t ency  of some  we l l -known  pa th  and  decompos i t i on  o rde r ings
i s  g iven .  The  th r ee  decompos i t i on  o rde r ings  RDOS,  PSDS and  IRDS cove r  t he
b igges t  pa r t  of t he  d i ag ram.  The re fo re .  we  checked  whe the r  t hey  a r e  app l i cab l e
to  t he  me thods  of t he  fo rmer  chap te r .  I t  t u rned  ou t  t ha t  t he re  a r e  no  more
re s t r i c t i ons  [ excep t  t hose  fo r  t he  RPOS] needed .  We  once  more  wou ld  l i ke  t o
po in t  ou t  t ha t  quas i -p recedences  on  AC-opera to r s  a r e  forb idden .

For  a c l ea r - cu t  r ep re sen t a t i on  of t he  o rde r ings  we choose  t he i r  pa rame te r s  i n
the  fo l l owing  way:
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Def in i t i on  5 .1

Let be > € {>A'>C'>AC '>AD'>AE'>ACD'>ACE} and
“ € {>RDOS ' >PSDS . >IRDS}

two  k inds  of orderings.
Then,  >[>] deno te s  t he  me thod  of > whe re  >RPOS i s  r ep l aced  by  >.

Fo r  example ,  s >ACE>IRDSJ t iff s >IRDS T by  gua ran t ee ing  tha t  e ach  A-ope ra to r
i s  min ima l  w . r . t .  [> and  each A—/C—operator  ha s  mu l t i s e t  s t a tu s .

The  following t heo rem re f l ec t s  t he  co r r ec tnes s  of t he  p romis ing  man ipu la t i on  of
the  AC—compa t ib l e  o rde r ings  based  on  the  r ecu r s ive  pa th  o rde r ing  w i th  s t a tu s .
The  p roo f  can  be  found  in  t he  append ix .

Theorem 5 .2

Let be * €{>1=u::>c:)s ' >PSDS ' >inns}-

- >Cf>l are simplification orderings, C-compatible and stable w.r.t.
subs t i t u t i ons .

- agb] .  >ADE>J and  >AEE>J a re  s imp l i f i ca t i on  o rde r ings .  A—compa t ib l e  and
s t ab l e  w . r . t .  subs t i t u t i ons .

- >AC[>]‚ >ACDE>J and  >ACEE>J a re  s imp l i f i ca t i on  o rde r ings .  AC—compa t ib l e
and  s t ab l e  w . r . t .  subs t i t u t i ons .

We  wi l l  now demons t r a t e  t he  p rac t i ca l  app l i cab i l i t y  of t he  p re sen t ed  o rde r ings
by  v i ca r ious ly  p rov ing  the  t e rmina t ion  of an  AC—rewr i t i ng  sys t em wi th
’AcD’IRDs] [ tha t  cannot be done with  t he  help of the  APO].

Example  5 .3

Assuming  we  have  t he  two  boo lean  cons t ruc to r s  ff [false]  and  -« [not].
Fur the rmore ,  t he re  i s  a comple t e  de f in i t i on  of t he  boo lean  ope ra to r  A [and].
i n  add i t i on  t o  t he  ru le  «x  —> x.  Then,  t he  fo l lowing  sys t em i s  a comple t e
def in i t ion  of t he  boo lean  imp l i ca t ion  [D].

fn  —> «ff
Xf  — > — = x

“XD“Y -> YDIXAYJ
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Cons ide r  A t o  be  a s soc i a t i ve  and  commuta t ive .  Then ,  t he  AC-o rde r ing  on
t he  improved  r ecu r s ive  decompos i t i on  o rde r ing  >ACE>IRDSII i s  ab l e  t o  prove
t he  t e rmina t ion  u s ing  the  p recedence  3 [> —‚ [> A. '
Note  t ha t  t he  l a s t  r u l e  cannot be  o r i en t ed  i n  t h i s  way  by  the  a s soc i a t i ve
pa th  o rde r ing .

The  theo rem 5 .2  gua ran t ee s  t he  co r r ec tnes s  o f  merg ing  the  concep t s  o f  t he
va r ious  ve r s ions  of t he  a s soc i a t i ve  pa th  o rde r ings  w i th  t he  r ecu r s ive  de - I
compos i t i on  o rde r ings  RDOS, PSDS and  IRDS. In  o rde r  t o  comple t e  t h i s  s t udy  we
would  l i ke  t o  po in t  ou t  t ha t  i t  i s  pos s ib l e  t o  app ly  t h i s  me thod  to  a l l  o the r
pa th  and  decompos i t i on  o rde r ings  of chap te r  3 .  This  r e su l t s  f rom the  KNSS
be ing  equ iva l en t  t o  t he  IRDS.  and  the  r ema in ing  o rde r ings  [no t  t r ea t ed ]  be ing
simple versions [without s ta tus]  of t he  RDOS, PSDS and IRDS, respectively.

Summar i z ing .  i t  i s  t o  r emark  tha t  t he  s t r a t egy  of t he  APO as  we l l  a s  t he
spec i a l i zed  [ t o  A-  o r  C- theo r i e s ,  only] and  improved  one  [ t o  t he  RFC wi th
s t a tu s ]  can  be  app l i ed  t o  t he  pa th  and  decompos i t i on  o rde r ings .  p r e sen t ed  i n
chap te r  3. The  power  of t he  A—, C-  and  AC-orde r ings  i s  i nduced  by  the  power
of t he  c l a s s i ca l  pa th  and  decompos i t i on  o rde r ings  [ s ee  l emma  3.3.2 on  page  17]
and  by  the  power  o f  t he  co r r e spond ing  E- t e rmina t ion  me thods  [ s ee  l emma  4.6.1
on page 33]. Thus, ’ÄCDbIRDs] and  ÄCEDIRDSJ are  the  most powerful techniques
presen t ed  i n  t h i s  repor t .  Note  t ha t  i t  i s  e a s i e r  t o  cons t ruc t  a p r ecedence  for a
g iven  ru l e  sys t em wi th  t he  he lp  of a decompos i t i on  o rde r ing  t han  wi th  t he
recursive pa th  ordering [see [Ch84l].
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6 A digest  of  examples

This  chap te r  dea l s  w i th  t he  power  a s  we l l  a s  t he  l im i t s  of t he  p rac t i ca l
app l i cab i l i t y  of t he  o rde r ings  presented. We co l l ec t ed  some  examples  of r ewr i t e
sys t ems  [ER] t oge the r  w i th  unde r ly ing  theor i e s  [E]. If t he re  ex i s t s  an  assoc ia t ive
pa th  o rde r ing  [w i th  s t a tu s ]  t he  appropr i a t e  p recedence  i s  g iven  [D]. The version
-[>A , >c , >Ac , >AD , >AE , >ACD or >ACE] of the  APO which  should be used is
de te rmined  by  the  p recedence  and  the  equa t iona l  t heo ry .

For  r ep re sen t ing  t he  r ewr i t i ng  sys t ems  we  use  x ,  y ,  z and  u a s  va r i ab l e s .  Func t ion
symbo l s  w i l l  be  deno ted  by h ,k  [b ina ry  func t ion  symbols ] .  f ,  i , j .  L ,  T [unary
ope ra to r s ]  and  e [ cons t an t  symbo l ] .  We  a l so  employ  spec i a l  ope ra to r s  t o  po in t  t o
ce r t a in  mode l s .  These  symbo l s  t oge the r  w i th  t he i r  mean ings  w i l l  be  l i s t ed  be low:

* multiplication on natural numbers [IN]

+ add i t i on  on  N

- una ry  sub t r ac t i on  on  [N

/ d iv i s ion  on  IN

sq  squa re  func t ion  on  [N

exp  exponen t i a l  func t ion  : exp[x ]  = ex

b b inomia l  func t ion

0 .1  t he  na tu ra l  numbers 0 and  1, r e spec t ive ly

5 succes so r  : s[x]  = x + 1

v boo lean  o r

A boolean and

&) exc lus ive  o r

boo lean  imp l i ca t i on

E boo lean  equ iva l ence

—‘ boo lean  no t

f a l s e  boo lean  f a l s e

t r ue  boo lean  t rue

To enhance  r eadab i l i t y  we  wi l l  o f t en  u se  i n f ix  no t a t i on .
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E x a m p l e  6 - 1  [[HuBOaJ]

X

X

1
fix} * fly]
[x * z} + [v * 2]

ER: X+O.
x * 1

{[0]
f [x+Y]

[x+y]*z $$
$$
l

‚
|
.

[y+z}
+ x

[3H2]
X

E: [ x+y ]+z
x + y

[X*y]*z
X * y

l
l

~
<
>
<
~
<
>
<

a
r
e
a
l
:

D: f D ä fi D s ‘

O b l

E x a m p l e  6.2 Abe l i an  group t heo ry

SR: '1: + 0 --> x

x + i [x]  —-> 0
i [0]  —> 0
i[i[x}] —> x
ilx + V] ->

ll >4 +
&
?

+ 5
3
.
.

E: [ x + y ] + z' x+y

|!

"< '
I
'

>:

D: i l >0 l>+

E x a m p l e  6.3 [[PF86]]

ER: s[x] + y + x + s[y]
s[x] + y —> s[x + y]
0 + y —> 0

EZ x + y =  y + x

The first rule cannot be oriented since it is not E—termina t ing :  s[0]+0
=>£R O+s[0] =E s[0]+0. For a comple t e  de f in i t i on  of +, it is sufficient to
use the second and the last rule. A termination proof of t he se  two ru l e s
is based on the precedence + [> s and the orderings including the
transformation with endomorphism [>ACE].
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Exa  mp1  e 6 .4  Exponential function [[JM84J]

9'1: X+0  —>X
xek l  —>x

[x+y]*z -—> [X*21+[y*21
X*[Y*Z]  -> [X*Y]+[X*Z]
exp[0] —>1
eXPix  + v] —> eXPlx ]  * exp iy ]

E :  [x+v]+z=x+[y+z}
x+y  = y + x

[xa l ey ]akz=xa le [ya l ez ]
xa ley  = y a | s x

" :  epae1>+

O|>1
I

Example  6 .5  Boo lean  a lgeb ra

SR: xe i a l s e  —->x

x®x  +fa l s e
x A f a l s e  -—> fa l s e
XAtrue  —>X
XAX —>x
[xey ]Az—>[x / \ z ]®[y / \ z ]

E:  [XAy]Az=XA[y / \ z ]

XAY =YAX
[xey ]@z=x®[y®z]
xey  =y©x

The E—termination of t he  ru l e  sys t em ER canno t  be  p roved  wi th  t he
he lp  of any  o rde r ing  p re sen t ed  s ince  t he  s econd  ru l e  r equ i r e s  e (> fa l s e
which does  not satisfy the  associative [or t he  simple] pair condition.

Example  6 .6  Disjunctive normalform [[De82]]

SR: —mx -—> x
fl [x  v y]  —> ___.x A ---y
fi [x  A y]  —-> -:--x v fi-my

X A X —> X

X v x _) X
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E:  [ xAy lAz=XA[yAz ]
XAY =YAX

[v ]vz=xV[yvz ]
v =yvx

Note  t ha t  t he re  does  no t  ex i s t  an  AC-pa th  o r  decomposition ordering
which gua ran t ee s  t he  t e rmina t ion  of 9% modulo E s ince  even  the
c l a s s i ca l  t e rmina t ion  of SR canno t  be  shown  wi th  any  pa th  o r
decompos i t i on  o rde r ing .  However ,  t he  a s soc i a t i ve -commuta t ive  Knu th -
Bend ix  o rde r ing  i s  ab l e  t o  p rove  t he  E—termination [ s ee  [St89bJ].

Obvious ly ,  t he  sys t em con ta in ing  the  ru l e s

""-tx —> X

{x A y]  —9 —=x v fly

-[x v V] -> fix A "Y
xA[yvz ]  a [xAy]v , [ . xAz]
[v lAz  -—> [ X A Z ] V [ Y A Z ]

i s  t e rmina t ing  modu lo  t he  theo ry  where  A and  v a re  a s soc i a t i ve -
commuta t ive  [if -: > A [> v].

Example  6 .7  Unary integer addition [Dershowitz]

m: x + 0 —-> x

0 * Y _) Y
-O  _? 0

-[[-x} + y] -> x + I-Y]
—-x —> x
[—1] +1  ——> 0
- [x  +1]  +1  —-> —x

E: [ x+y ]+z=x+ [y+z ]

D: - [> +

1 [> 0

I

Example  6 .8  Group  theo ry

an: [x/x]/[[Y/Y]/Y] —> y
[X /Yl / [Z /Y]  -—> x / z
x /x  —> 1
1/3: "> i [X]

x / i [y ]  -> )( ale y
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E: [x*y ]*z=x*[y*z ]
)( als y = y as x

D: / [>1
/ l>1

/ [> *

E x a m p l e  6 .9  Group  theory  [[KB7OJ]

SR: 1*  y -—> y

e * Y "> Y
i [x]  * x -> l
J'Ix} * x -—> e

E: [x*y ]*z=x*[y*z ]

D: i [> 1

1 D e

Example  6 .10  Square  func t ion

SR: sq[0] —> 0
' sq IS IXJJ  -> s[[sq[x} + X] + x}

x + O —> x

x + SIY]  -9 SIX + Y]

E: [x+y]+z=x+[y+z ]
x + y = y + x

D:  sq  [> + D S

E x a m p l e  6 .11

KR: X*[y+z}  -> [X*y]+[><*z}
[u+IX*y]]+[X*z} -> u+[X*[y+z} ]

E: [x+y]+z=x+[y+z ]
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The second ru l e  of 9% canno t  be  o r i en t ed  w i th  t he  he lp  of any  pa th  o r
decompos i t i on  o rde r ing  [wi th  t[+]=mult]. However ,  the  o rde r ing  on
po lynomia l  i n t e rp re t a t i ons  r e s t r i c t ed  t o  A- theo r i e s  su f f i ce s  u s ing  t he
fo l l owing  in t e rp re t a t i ons :  I[*][x‚y] = xy  and  I[+][x,y] = x + y + 1.

Example  6 -12  Mi lne r ' s  t heo ry  of nonde t e rmin i s t i c  mach ines
[ [HuBObJ ]

ER: x + x ~> x
x + O —> x

T[x] + x —-> T[x]
T[x  + Y] + T[Y]  -> f + TM]

LIX + T[y] ]  -> LIX + y} + L[y]
Tl-x + y] + x -—> The + y]
TITIXH —> T lX ]

L[T[x]] "> L[X]

E: [ x+y ]+z=x+ [y+z ]
)( + y = y + x

D: L D + D T

I

Example  6 -13  Arithmetic theories [[Hu80bl]

SR: 0 + y —> y
0 * V ——> O
s [x ]  + y —> s [x  * Y]
S [ x } * y  +[X*V]+y
X * [ y + z }  + [X*y]+[><*z}

E: [ x+y ]+z=x+ [y+z ]
X -l- y = y + x

[x*y ]*z=x*[y*z ]
x * y = y * x

I t  i s  imposs ib l e  t o  gua ran t ee  t he  E - t e rmina t ion  of SR wi th  one  of t he
p re sen t ed  me thods  s ince  we  have  t o  r equ i r e  t ha t  + [> 3 [ t h i rd  ru l e ]  i s
va l id  toge ther  w i th  * [> + [ last  rule].  A combina t ion  of t he  a s soc i a t i ve
and  the  s imp le  pa i r  cond i t i on  [ and  the re fo re  a f u s ion  of a and  8] cou ld
he lp .
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E x a m p l e  6.14- Taussky group

SR: 1 * 1 --> 1
x * i [x]  —> 1
h[x*y‚y ]—>k[x*y‚x ]
k[1 .v l  —> V

E: [x*y ]*z=x*[y*z ]

E x a m p l e  6 . 1 5  Boolean  ring

mz-flx  -—>x®t rue
x3y—->[xAy]®[x®t rue ]
v — > [ x ‚ \ y ] ® [ x ® y ]
x s y  —> x<+)[y® true]

E: [XAy]AZ  XA[yAZ]
K A Y  =YAX

v J v ©

m
<

<
U
U
U

.
l

V
V
V
V
V
V
V

&)

E x a m p l e  6 .16  Addi t i on  on integers modulo 2

{R: s[s[0]] -—> O
x + O —> x
x + x —> O

E: [ x+y ]+z  x + [ y + z ]
x + y  = y + x

- 44 . .





With  the  help  of t he  in t e rp re t a t ions  I[+][x,y] = x + y + 2, I[O][] = 1 and
I[s][x] = x + 1, the  sys t em SR i s  E—terminating. However ,  t he re  i s  no  pa th
or  decompos i t i on  o rde r ing  s a t i s fy ing  the  des i r ed  p rope r ty  s ince  t he
as soc i a t i ve -commuta t ive  + mus t  be  greater t han  t he  cons t an t  symbo l  0 .

E x a m p 1 e 6 . 1  '7 B inomia l  coe f f i c i en t s

SR: x + 0 —> x

x + s ly ]  —> s ix  + y]
b[0 .S [Y] ]  —> 0
b[x‚0] -> S[0]

b lS [XLS[y ] ]  -> b[x ‚S [y ] ]  + b lx .Y]

E: [x+y]+z=x+[y+z ]
x + y = y + x

D:  b l>+bs

Example  6 .18  [ Jan tke  & Thomas]

SR: X + 0 —> X

x + Sly ]  -> SIX + V]
f[g[f[x}]] —> f [h [5 [0 ] .x} ]

f[g[h[x.Y].Y]] ‘—> f [h [8 [x} .y l ]

f [h [>c .h [y .21 ] ]  —> f[h[x + 37.21]

E:  [x+y]+z  = x+IY+21

x + y : y + x

D:  gDhl>+ I>S
g l>0
1 : [h ]= r igh t

Example  6.19 Vector spaces  [[P1831]

In  [P183] a so lu t ion  of t he  p rob lem of hand l ing  more  than  two  re la ted
as soc i a t i ve -commuta t ive  ope ra to r s  i s  g iven .  Fo r  example ,  vec to r  spaces
have  two  add i t i on  and  two  mul t i p l i ca t i on  ope ra t i ons :  s ca l a r  add i t i on
[ s - add] ,  vec to r  add i t i on  [v—add], scalar—scalar mu l t i p l i ca t i on  [s—mult] and
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sca la r -vec to r  mu l t i p l i ca t i on  [v -mul t ] .  I t  i s  obv ious  t ha t  r i ngs  sa t i s fy  t he
as soc i a t i ve  pa i r  cond i t i on  [mu l t  [> add]. But ,  using vec to r  spaces .  bo th
s - add  and  v -add  mus t  be  cons ide red  l e s s  t han  v -mul t  s i nce  for
example  [2  + 3]X —> 2x  + 3x  and  2[X + Y] —> 2X + 2Y [where  X and  Y
a re  vec tors ] .  P l a i s t ed  iden t i f i e s  s - add  and  v—add wh ich  causes  t he
as soc i a t i ve  pa i r  cond i t i on  t o  be  s a t i s f i ed .  No te  t ha t  t h i s  t e chn ique  i s
no t  s t ab l e  w . r . t .  subs t i t u t i ons ,  i n  gene ra l  [ l emma  4.5.7 on  page  32] .

Howeve r ,  i t  cou ld  be  pos s ib l e  t o  ex t end  the  a s soc i a t i ve  pa i r  cond i t i on
by  a l l owing  l i nea r  s equences  [w . r . t .  D] o f  more  t han  two  a s soc i a t i ve -
commuta t ive  ope ra to r s .  I n  t ha t  c a se  a h i e r a r chy  [ i nduced  by  »] of
d i s t r i bu t iv i t y  ax ioms  mus t  p robab ly  be  app l i ed  t o  t he  t e rms  to  be
compared .
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7 Conc lus ion

This pape r  i n t roduces  s eve ra l  c l a s se s  of t e rmina t ion  o rde r ings  for assoc ia t ive
and  [o r ]  commuta t ive  t e rm  r ewr i t i ng  sys t ems .  These  o rde r ings  ex t end  the  well—

known  a s soc i a t i ve  pa th  o rde r ings  [ s ee  fo r  example  [BP85] ,  [GLBSJ] by  u s ing  a
stronger [ than the  RFC] underlying ordering. More precisely, we  apply the  basic
f ea tu re s  of t he  a s soc i a t i ve  pa th  o rde r ing  [APO] t o  a va r i e ty  of pa th  and
decompos i t i on  o rde r ings .  The  ma in  i deas  of t he  APO as  we l l  a s  t hose  of t he  new
orde r ings  p re sen t ed  a r e  t he  fo l lowing  ones :

Apply ing  d i s t r i bu t iv i t y  [o r  endomorph i sm.  r e sp . ]  ax ioms to  t he  t e rms  to
be  compared  by  r equ i r i ng  t he  a s soc i a t i ve  ( s imp le ,  r e sp . ]  pa i r  cond i t i on
and  then  “
Fla t t en ing  the  t r ans fo rmed  t e rms  and
Compar ing  the  f l a t t ened  t e rms  w."r.t. a c l a s s i ca l  t e rm  o rde r ing .

In  t he  ca se  of t he  APO,  t he  unde r ly ing  t e rm o rde r ing  i s  r ep re sen t ed  by  the
recu r s ive  pa th  o rde r ing .  We  succeeded  in  enhanc ing  the  APO by  subs t i t u t i ng
seve ra l  pa th  and  decompos i t i on  o rde r ings  fo r  t he  RFC.  I t  i s  pos s ib l e  t o  u se

t he  pa th  of sub t e rms  o rde r ing  of P l a i s t ed  [[Pl78al],
t he  pa th  o rde r ing  of Kapur ,  Na rend ran  and  S ivakumar  [[KNSB5l],
t he  r ecu r s ive  decompos i t i on  o rde r ing  of Jouannaud ,  Lescanne  and
Rein ig  [[JLR82J] or
t he  improved  r ecu r s ive  decompos i t i on  o rde r ing  of Rus inowi t ch  [ [Ru87l ,
[S t89a ] ]

i n s t ead  of t he  r ecu r s ive  pa th  o rde r ing  of De r showi t z  [[De821].

Addi t iona l ly ,  two  d i f f e r en t  k inds  of ex t ens ions  of t he  a s soc i a t i ve  pa th  order ing
were  p re sen t ed :

APO fo r  e i t he r  A- theo r i e s  or  C—theor ies ,  on ly .  The  r e s t r i c t i on  t o  on ly  one
of t he  two  theo r i e s  r e su l t s  i n  weaken ing  the  p recond i t i ons  t he
p recedence  mus t  s a t i s fy .  A l so ,  t he  d i s t r i bu t ing  ope ra t i on  i s  no  l onge r
r e spons ib l e  fo r  t he  compar i son .  F rom a p r ac t i ca l  po in t  of v i ew ,  t he se
re s t r i c t i ons  cou ld  be  a f ac i l i t a t i on .

Us ing  the  r ecu r s ive  pa th  o rde r ing  w i th  s t a tu s  i n s t ead  of t he  RPO wi l l
i nc rea se  t he  app l i cab i l i t y  i n  p rac t i ce .  The  demand  fo r  mu l t i s e t  s t a tu s  of
a s soc i a t i ve  o r  commuta t ive  func t ion  symbo l s  i s  no t  t oo  r e s t r i c t i ve .
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I t  must  be  r emarked  tha t  t he se  two  improvemen t s  demons t r a t ed  fo r  t he  APO.
can  a l so  be  app l i ed  t o  a l l  o the r  pa th  and  decompos i t i on  o rde r ings  men t ioned
above .

Anothe r  supp lemen t  t o  the  pape r s  of Bachmai r ,  P l a i s t ed  and  Gnaed ig .  Lescanne
i s  t he  f ac t  t ha t  t he  APO inc lud ing  d i s t r i bu t ion  of t e rms  [ app ly ing  endomorph i sm,
respectively] is  AGD-compatible [ACE-compatible, respectively]. Furthermore,
we were  ab l e  t o  show that  quas i -o rde r ings  on  AC-opera to r s  canno t  be  used
s ince  t hey  in ju re  t he  s t ab i l i t y  w . r . t .  subs t i t u t i ons .  Conc lud ing ,  i t  i s  t o  r emark
tha t  we  have  a l so  succeeded  in  p rov ing  the  sub t e rm p rope r ty  of a l l  t he  o rde r ings
presen ted  [ i nc lud ing  the  d i f fe ren t  ve r s ions  of t he  APO].

There on ly  ex i s t  a f ew  o ther  o rde r ings  p rov ing  AC- te rmina t ion :  t he  polynomial
orde r ings  on  r e s t r i c t ed  i n t e rp re t a t i ons  of ope ra to r s  [ [BL87a l ]  and  the  a s soc i a t i ve -
commuta t ive  Knuth-Bendix  o rde r ings  [[St89bil] .  Compar ing them.  t he  fo l l owing
re l a t i ons  can  be  de t ec t ed :  ’

The  AC-orde r ings  based  on  pa th  and  decompos i t i on  o rde r ings

a re  more powerful than the  APO [see example 5.3 on page 36].

ove r l ap  w i th  the  po lynomia l  o rde r ings  on  r e s t r i c t ed  i n t e rp re t a t i ons
of ope ra to r s :

[ -x  3 y]  v z >130L ~[-y A az ]  v ): and
XD[Yf ]  >pa th  [X3y]vX
With A, v € gAC

ove r l ap  w i th  the  a s soc i a t i ve—commuta t ive  Knu th -Bend ix  o rde r ings
[ s ee  example  above]

Note  tha t  t he  APO over laps  w i th  t he  POL and  the  ACK, and  the  POL over laps
wi th  t he  ACK [ see  [StBQbJ].

The  gene ra l i za t i on  of t he  p re sen t ed  app roach  fo r  equa t iona l  t heo r i e s  o the r  t han
as soc i a t i ve  and  commuta t ive  ones  a s  we l l  a s  a new me thod  fo r  AC- t e rmina t ion
which  l i f t s  a t o t a l  o rde r  on  t he  AC-equ iva l ence  c l a s se s  t o  gene ra l  c l a s se s  w i l l
be  pa r t  of fu tu re  p l ans .
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Append ix : Proof s

Lemma 4 .1 .2  >c i s  C -compa t ib l e .

Proof : We have  to  show t ha t  s =c s '  >RPOS t '  :0 t imp l i e s  s > t .  It i sRPOS

su f f i c i en t  t o  p rove  tha t  s =c s '  >RPOS t '  impl ies  s >RPOS t '  a s  wel l  a s
I

s >RPOS
t l =c t imp l i e s  s '  >RPOS t .  We  wi l l  p rove  t he  f i r s t  as se r t i on

by  induction on ls'l + It'l:

i ]  top[s ' ]  I> top[ t ' ]  A { s ' }  »RPOS a rgs [ t ' ]

W 5 >RPOS

top[s] l> top[t']
since top[s] = top[s']

{s}  »RPOS args[t']
by  induc t ion  hypothes is

t l

by  def in i t ion  of the  RPOS

ii] top[s'] = top[t'] A 1:[top[s']] = mult  A args[s'] >>RPOS args[t']

W

W

i i i]  top[s ' ]

a rgs [s ]  >>RPOS args[t']
since [ihr] si' =C sum and by induction hypothesis

s >macs t '  _
s ince  top[s]  = top[s ' ]  and  by  de f in i t ion  of t he  RPOS

= top[ t ' ]  A t [ top[s ' ] ]  = le f t  A {s'} »RPOS args[t']
A args[s'] $3503 args[t ']

W

W

{s} »RPOS args[t ' ]
s ince  s :o s '  and  by  induc t ion  hypo thes i s

a rgs [s ]  $6303 a rgs [ t ' ]
since t0p[s] = top[s'] & {SC , si' =c si and  by
i nduc t ion  hyp thes i s

S >RPOS “
by definition of the RPOS
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i v ] args[s"] aRPos {t'}

t l
“"” [ 351 ' ]  51l 21=u=>os

_ I55: _RPOS "'
_ |

“> [395] 31 _RPOS t
s ince  sj “c s i  and  =c ; ___—RPOS

!

“"" s >RPOS “
s ince  t he  RPOS has  t he  subterm prope r ty

l Is i  >mac’s t
_ I

s ince  s '  =C_s

“"" sj >RPOS t '

by  induc t ion  hypo thes i s

W t ls >RPOS
by  de f in i t i on  of t he  RPOS

Lemma 4 . 2 . 5  >A i s  a s impl i f ica t ion  o rde r ing  wh ich  i s  A-compa t ib le

Proof : i ]

ii]

iii]

and  s t ab l e  w. r . t .  subs t i t u t i ons .

% i s  a pa r t i a l  o rde r ing  on  ITS] s ince  t he  RPOS i s  a par t i a l  o rder ing
on I'*[3]

>A i s  A—compatible:

t l

[Lemma 4.2.3]
s '=A_s>A t=A t '  «»

' ___ l " _Slnce  f _A r W I' -

IS >A
?

>Ä has  t he  r ep l acemen t  p rope r ty :

S>At

"‘" s >RPOS "
by  de f in i t i on  of Ä

«» f[...,s,...] >RPOS f[....t,...]
s ince  t he  RPOS has  t he  r ep l acemen t  p rope r ty

w f[...,s,...] >RPOS f[...,t,...]
wi th  t he  he lp  of l emma  4.2.6
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i v ]

v i ]

«» f[...‚s‚...] >RPOS f[....t....]
with the help of lemma 4.2.3 [i = E]

m» f[...,s,...] >A f[...,t....]
by  de f in i t i on  of Ä

>A has  t he  sub t e rm p rope r ty :

f[...,t‚...] >RPOS t
by  the  sub t e rm p rope r ty  of t he  RPOS

w f[....t....] >RPOS I
wi th  t he  he lp  of l emma  4.2 .6

w f[...,t,...] Ä t
by  de f in i t i on  of ’Ä

>A has  t he  de l e t i on  p rope r ty :
f[...,t,...] in f[...,...] if f i s  a va ryad ic  func t ion  symbol :  This  i s  val id
s ince  t he  RFC wi thou t  s t a tu s  has  t he  de l e t i on  p rope r ty  and  each
va ryad ic  ope ra to r  [ a s soc i a t i ve  func t ion  symbo l ]  ha s  mu l t i s e t  s t a tu s

> i s  s t ab l e  w . r . t  subs t i t u t i ons :A

S >Ä t

“> s >RPOS t
by  de f in i t i on  of >A

W [Va] OG] >Rpos am

by  the  s t ab i l i t y  of t he  RPOS

W [Va] OG]  >Rpos Off]

wi th  t he  he lp  of l emma  4.2.6

w [V0] d i s}  >RPOS a l t ]  _____ _
wi th  t he  he lp  of l emma 4.2.3 [o[t] = o[t]]

w [Vo] o[s] 3A o[t]
by  de f in i t i on  of Ä
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Lemma 4 .2 .6  Let D be a precedence such t ha t  each A-operator is
min ima l  and t is a s t a tu s  function requiring multiset
status of each A-operator:

s >RPOS " “> s > R P O S t

Proof: We will  prove this statement by induction on Isl + ltl. Let be
3 = f[sI,...,sm] and t = g[t1,...,tn]. We have to consider the following five
cases:

i]

ii]

i i i]

f [>

f D

f = g

M}

g " g ä ß A

% = f[_s_;‚.„‚$] , _t = gfiäwzl
since f.g € 8A

{s} »RPOS .{,t1,...,t_n._}
since {5} »RPOS {t1,...,tn} and by using the induction
hypothesis

s >1=u='c>s “
by definition of the RPOS

g A gE 'gA

;: Hang] . a: qm....‚z‘gl
such that t: = gli—E,...‚äj or t_i =—J'.

{Q} »RPOS @...F}
s ince  [Vi € [I,n]] s >RPOS ti [ti >RPOS tip-Jim] and by
induction hypothesis

A fE-‘SA

; = “anus; , I: mug]
since f ( {ßA

args[s] >RPOS, t [fl  args[t] [A {E} »RPOS args[t]]
since args[s] >RPOS,t[f] args[t] [A {s} >>RPOS args[t]]
and by induction hypthesis

s >RPOS t
by definition of the RPOS
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i v ] f=g

W t[f] = mul t
since f E 3A

Le t  be  511 >RPOS t ] .

W s

top[s i ]  at f A top[ t j ]  # f

"“"" Si  >RPOS t]

by  induc t ion  hypo thes i s

top[s.i.] #- f A T]. = f[£7‚...‚?';]

w {S i}  >>RPQ$ {ti,...,ti3}_
-------b_ecause s1 :Fjfio_s tj [ by  i nduc t ion  hypo thes i s ]  and
{tj} »RPOS {ti,...‚ti3} [by the  subterm property of the
RPOS]

E; = f[E‚...,s_l'D'] ‚\ top[tj] * f

”"" 51 >RPOS l"j

by  induc t ion  hypo thes i s

«» {s—;‚...‚ä} >>]RPOS {F}
s ince  fi [ f  & top[tj]]  and  by  def in i t ion  of t he  RPOS

;i = f[sl'‚„.‚73_';] A tj = f[ti.....t:q]

""" Si  >RPos  t'j

by  induc t ion  hypo thes i s

W {Siva} »RPOS {@ ..... ig}
by  de f in i t i on  of t he  RPOS

_g]

[31 E[1‚m]] si Zapos  t
since {51....,sm} 3R1=>os {t} [by definition of the RPOS]
and  by  induc t ion  hypo thes i s

top[si] GE {SA

311q t _
s ince  s = f[....si....]
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- top[s i ]  € {SA A top[s i ]  # f:-

analogous wi th  t he  p rev ious  ca se

- gg . :  flgl„„g; ]  f“ f E 8!;

w {E}....,§;'} ZRPos  {t}
s ince  [355] s} >RPOS t [ by  def in i t ion  of t he  RPOS]
and  by  induc t ion  hypo thes i s

W s >RPOS t
by  de f in i t i on  of t he  RPOS

L emma 4 ‚3 .4 . -  >AD i s  a s impl i f i ca t ion  o rde r ing  wh ich  i s  A-compa t ib l e

Proof : i ]

i i ]

and  s tab le  w.r . t  subs t i t u t i ons .

>AD is a partial ordering on 113] since the RPOS and %D/A are.
pa r t i a l  o rde r ings .

>AD i s  A-compa t ib l e :
We have  to  p rove  t ha t  s '  =A s >AD t =A t '  imp l i e s  s '  >AD t ' .

Note  t ha t

w 8[s] =A 8[t]
[ s ee  [BP851]

w 51?) = $1
wi th  t he  he lp  of l emma  4.2.3

“"" fl_:_.E)_>RPOS @ @ __ _
or 8[s] = 8[t] A 8[s'] = 8[s] gab/A 3[t] = 8[t']
by  us ing  the  p recond i t i on  and  the  de f in i t i on  of >AD

W Eis—Ti >RPOS Su. ]

or 8[s'] = aw] A am %,A %]
s ince  t he  RPOS i s  compa t ib l e  w i th  =

w s I  >AD t '

by  de f in i t i on  of >AD
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iii]

i v ]

V]

vi ]

>AD has  t he  rep lacement  p rope r ty :
analogous wi th  t he  p roo f  of t he  s ame  f ac t  w . r . t .  the  RPO wi thou t
s t a tu s  [see [GLSGJ] s ince any  associative operator has  multiset
s ta  tUS

>AD has  the  sub t e rm p rope r ty :

Note  t ha t  - >AD i s  s t ronge r  t han  >A:
s >A t w s- >AD t
This  f ac t  can ea s i l y  be  p roved  by  an  ana lys i s  o f
t he  de f in i t ions  of >A and >AD [see l emma  4.6.1].

- 3 has  t he  sub t e rm p rope r ty :
see l emma 4.2 .5

Therefore ,  f[....t,...] >A t imp l i e s  f[....t....] >AD t

>AD has  t he  de le t ion  p roper ty :
f[...,t,...] >AD f[.......] if f i s  a va ryad ic  ope ra to r :  This i s  va l id  s ince
t he  RFC wi thou t  s t a tu s  has  t he  de l e t i on  proper ty  and  each
varyadic  [associative] operator has multiset  s ta tus .

>AD i s  s t ab l e  w . r . t .  subs t i t u t i ons :
ana logous  w i th  the proof  conta ined in  [GL‘86]

L. emma  4 -4 -  . 4  >AE i s  a s imp l i f i ca t i on  o rde r ing  which  i s  A—cornpat ib le

Proof : i ]

i i ]

. and  s t ab l e  w . r . t .  subs t i t u t i ons .

>AE i s  a pa r t i a l  o rde r ing  on  IHS—] since t he  RPOS and  $34k are
pa r t i a l  o rde r ings .

>AE i s  A-compa t ib l e :
We have  to  prove  t ha t  sI =A s. ”AE t =A t '  imp l i e s  s '  35: t ' .

Note  t ha t

W ES] = 3“ ]
[ s ee  [Ze89]]

W 2m”: £I['S]+::Rpos fl : «?“—']

or a l s}  = a l t ]  A 2[S'] = SIS] glg/A s[t] =“ s[t"]‘
by  us ing  the  p recond i t i on  and  the  de f in i t i on  of im:
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i i i ]

i v ]

V]

vi ]

“"" EW] >RPOS SW]
or e[s'] = a[t'] ‘A as]  ="=>E‚As[v]
s ince  t he  RPOS i s  compa t ib l e  w i th  =

w sl >AE tl
by  de f in i t i on  of ÄE

>AE has  t he  r ep l acemen t  p rope r ty :
ana logous  w i th  t he  p roo f  of t he  s ame  f ac t  w. r . t .  t he  RPO wi thou t
s ta tus  [ see  [Gn881] since any  associative function symbol has
mul t i s e t  s t a tu s

>AE has  t he  sub t e rm p rope r ty :

Note t ha t  >AE is s t ronge r  than a :
s Ä t W s >AE t
This  f ac t  c an  ea s i l y  be  p roved  by  an  ana lys i s  of
t he  de f in i t ions  of >A and  >ÄE [ see  l emma 4.6.1].

. >A has  t he  subterm prope r ty :
s ee  l emma  4 .2 .5

1'.Therefore,  f[...,t,...] >}; t imp l i e s  f[...,t,...] >ÄE

>ÄE has  t he  de l e t i on  p rope r ty :
f[...,t,...] >AE f[...,...] if f i s  a va ryad ic  func t ion  symbol :  This  i s  val id
s ince  t he  RPO wi thou t  s t a tu s  has  t he  de l e t i on  p rope r ty  and  each
va ryad ic  [ a s soc ia t ive ]  ope ra to r  ha s  mu l t i s e t  s t a tu s .

>AE i s  s t ab l e  w . r . t .  subs t i t u t i ons :
ana logous  w i th  t he  p roo f  con ta ined  in  [Gn88]

L e m m a  4 .5 .2  >AC , >ACD and  >ACE a re  s imp l i f i ca t i on  o rde r ings

Prooh

which  a r e  AC-compa t ib l e  and  s t ab l e  w.r . t .
subs t i t u t i ons .

The  r e f e r ences  t o  t he  p roo f s  of t he se  a s se r t i ons  based  on  the  RPO wi thou t
s t a tu s  a r e  g iven  in  [GL86]. Together wi th  t he  l emmata  4 .2 .5 ,  4 .3 .4  and  4 .4 .4
t he  co r r e spond ing  p rope r t i e s  abou t  t he  RPOS a re  va l i d .

-64 -





Lemma 4 .5 .23  -- >A'CD* i s  AGD-compa t ib l e ,

Prooh i ]

i i ]

>ACE“" i s  ACE-compa t ib l e .

3 '  =ACD S >ACD* t =ACD t '  W 5 '  >ACD* ‘1':

The  two  imp l i ca t i ons

5 '  =Acr> 5 >ACD’“ t W 5 '  >ACD* "
and S >ACD* "- =ACD t '  W 3 >ACD* t '

su f f i ce  t o  p rove  t he  a s se r t i on .  S ince  t he  s econd  one  i s  symmet r i ca l
t o  t he  f i r s t  one  [ t he  p roo f s  a r e  ve ry  s imi l a r ]  we  wi l l  on ly  show
t he  l a t t e r .

5 >Acr>*" t

W 8[s] >RPOS 8[t]
by  de f in i t i on  of >ACD*

“"" 8[S'] >RPOS 8[t]
s ince  8[s'] =(: 8[s] [because  3 =D t «» 8[s] =AC 8[t]
[ [GL86]] and  s =A t iff s = t [ l emma 4.2.3]] and  the  RPOS
i s  C -compa t ib l e

W 3 '  >ACD* t
by  def in i t ion  of >ACD*

5 '  =ACE S >ACE* "- =ACE t '  W 5 '  >ACE* t ' i

The  two  imp l i ca t i ons

3 '  =ACE S >ACE* t W 5 '  >ACE’“ t
and S >ACE* " =ACE t '  W S >ACE* t '

a re  su f f i c i en t  fo r  p rov ing  the  a s se r t i on .  S ince  t he  s econd  one  i s
symmet r i ca l  t o  t he  f i r s t  one  [ t he  p roo f s  a r e  ve ry  s imi l a r ]  we  wi l l
on ly  show the  f i r s t  one .

S >ACE* t

W ds ]  >RPOS Sm
by  def in i t ion  of >ACE’“

W dsl] >RPOS 5“ ]

s ince  s[s'] =(: s[s] [because  5 =ACE t «» gig-] =c It],
s ee  [Gn88]] and  the  RPOS i s  C -compa t ib l e
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|
”° 3 >ACE’“ ‘

by  de f in i t i on  of >ACE*

Lemma 4.5.7 >A'>AD'>AE'>ÄC'ÄCD and  ÄCE a re  not  s t ab l e  w.r.t.

Prooh

subs t i tu t ions  if the  p recedence  on  the  A[C]-operators
i s  a quas i -o rde r ing .

The  p roo f  of t h i s  l emma  i s  pe r fo rmed  by  g iv ing  a coun te r - example :
s ee  example  4 .5 .6  on  page  32 .
Moreove r .  i t  i s  e a sy  [by  s tudy ing  the  co r r e spond ing  p roof s ]  t o  show
t ha t  the  res t r i c t ion  "no  quas i -o rde r ing  on  AC-opera tors"  i s  sufficient
fo r  gua ran t ee ing  the  s t ab i l i t y  w . r . t .  subs t i t u t i ons .  No te  t ha t  t he  o the r
[non AC-l function symbols can  be  quasi—ordered.

Lemma 4 .6 .1  Let [> be  a partial [total] precedence. Then,

Prooh

i i ]

iii]

i v ]

>i ] >c C AC
ü] >A C >AC ' >A C >AD ' >A C >AE
iii] >AC C >ACD . >AD C >ACD
iv] >AC C >ACE ' >AE C >ACE

I t  i s  obv ious  t ha t  >AC. = >0 if t he re  a r e  no  a s soc i a t i ve  func t ion
symbo l s  [ f l a t t en ing  i s  r edundan t ] .  The  p rope r  i nc lu s ion  i s
guaranteed by example  6.1 [page 39].

The  de f in i t i ons  of >A , >AD and  >AE a re  equ iva l en t  if a l l  a s soc i a t i ve
ope ra to r s  a r e  min ima l  w . r . t .  t he  p recedence .  The  p rope r  i nc lu s ion
i s  satisfied by the  examples  4.3.5 [page 26] and  4.4.5 [page 29],
r e spec t ive ly .

No te  t ha t  >AC = >ACD if t he  a s soc i a t i ve -commuta t ive  ope ra to r s  a r e
min ima l  w . r . t .  [> [ s ince  d i s t r i bu t ing  can  be  neg l ec t ed ] .  Fu r the rmore ,
>AD = >ACD if t he re  a r e  no  commuta t ive  ope ra to r s .  The  p rope r
inc lu s ion  i s  gua ran t eed  by  example  4 .4 .5  [page  29] .

ana logous  wi th  i i i]  by  subs t i t u t i ng  E for D [ and  wi th  t he  he lp  of
example 6.10 on page 42].
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T h e o r e m  5.2. Let  be  >-E{'>IRIZ)OS">1'-’SDS' >IRDS}'

- >CE>J are  s impl i f ica t ion  orderings,  C—compatible and
s t ab l e  w. r . t .  subs t i t u t i ons .

- >AE>J , >AD[>] and  >AE[>] a r e  s imp l i f i ca t i on  o rde r ings ,
A-compa t ib l e  and  s t ab l e  w . r . t .  subs t i t u t i ons .

>AC[>] ‚>ACD[>] and  >ACE[>] a r e  s imp l i f i ca t i on
orde r ings ,  AC—compa t ib l e  and  s t ab l e  w.r. t .
subs t i t u t i ons .

P roo f :  The complex i ty  of t he  a s se r t i ons  r equ i r e s  t he  t heo rem [and  the  proof]
to  be  pa r t i t i oned  in to  t he  l emmata  5.2.1 — 5.2.5.

L e m m a  5 .2 .1  Le t  be  > E {>RDOS , >PSDS , >IRDS}'
>C[>] a re  s imp l i f i ca t i on  o rde r ings ,  C -compa t ib l e  and
s t ab l e  w . r . t .  subs t i t u t i ons .

Proof: i ]  >C[>] a r e  pa r t i a l  o rde r ings  s ince  t he  RDOS, t he  PSDS and  the
IRDS a re  pa r t i a l  o rde r ings  [[St88aJ] and  because  of t he  definit ion
of > .c

ii] >C[>] are  C—compatible:

Note  tha t  t he  fo l lowing  f ac t  i s  va l i d :

Le t  be  s =c t , dec[{s}] = {decu1[s], . . . ,decum[s]} and
dec[{t}] = {dec [ t ]  , decvn[t]}.

m)  m = ]]

s ince  s =C t [ e spec i a l l y ‚  t he  s e t s  of l e aves  of bo th  t e rms
are  iden t i ca l ]

M.) [an] [_Vi E [l,n]] decui[s] = =C decvnmlt] [*]
with {s1,...,sm} =C { t1 , . . . , t un}  iff [am] [Vi E [l,m]]
Si  =c t ' r c ' [ i ]

This  i s  obv ious  [by  cons t ruc t ing  1: such  tha t  s / u i  and
t /vnm a re  the  same  symbols  [ leaves] .

M.) [Vj] [Vs11 E decuj[s]] [Hk] [Eltl E decvkm]  S-  =(;- H1
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i v ]

We have  to  p rove  t ha t

s '  =C ' s  >C[>] t =(: t '  -> s ‘  >C[>] t '

Le t  be  dec[{s '}]  = {S i 'm 'sz ln }  , dec[{s} ]  = {S l ‚ . . . ‚Sm}  .
dec[{t} ]  = {T1,...,Tn} and  dec[{t'}] = {T;‚.„‚T'n}.
With  [*] t he  fo l lowing  ho lds  [w.l.o.g. l e t  be  11: t he  ident i ty] :
[Vi E [1.ml] S'i = =0 Si and  [Vi €[1,n]]  T'i = ==C T.

1

rw> S'i = =„E Si and  T'i = =* Ti
wi th  * € {LD,LP ,EL}
because commuta t ive  ope ra to r s  have  mu l t i s e t  s t a tu s
and  by  de f in i t i on  of *

-> dec[{s'} ==  ==A dec[{s}] A dec[{t}] ==  ===A dec[{t'}]
wi th  A EW’i’RDOSI, PSDSyIRDS}
by definition oi dec[{s'}] , dec[{s}] , dec[{t}] and dec[{t'}],
r e spec t ive ly

-> dec[{s'}] >> >>A dec[{t'}]
s ince  dec[isl] >> >>A dec[{t}] by precondition

-> s '  > t '
by  de f in i t i on  of >

fw> s '  >C[>] t '
s i nce  every  commuta t ive  ope ra to r  ha s  mu l t i s e t  s t a tu s

>C[>l have  t he  r ep l acemen t  p rope r ty :
Th i s  i s  va l i d  s ince  t he  RDOS,  t he  PSDS and  the  IRDS have  t h i s
cha rac t e r i s t i c  [ s ee  [St88al]

>C[>] have  the  sub t e rm p roper ty :
ana logous  w i th  iii]

>C[>] have  t he  de l e t i on  p rope r ty :

No te  t ha t  > have  th i s  p rope r ty :

f[...‚t,...] >RP.OS i[...,...] if i i s  a varyadic operator
[ s ee  lemma 4.2.5 vl]

~v> f[...,t,...] > f(...,...] if i i s  a varyadic operator
s ince  >RPOS C > [see l emma 3.3.2 and  [St88al]

Thi s  f ac t  d i r ec t l y  imp l i e s  t he  a s se r t i on .
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v i ] >C[>] a re  s t ab l e  W.r.t.  subs t i t u t i ons :
analogous with iii]

Lemma 5 .2 .2  Le t  be  > € {>>RDos , >PSDS , >IRDS}'

Proof : i ]

ii]

i i i ]

>A{>J are  s impl i f ica t ion  order ings ,  A-compat ib le  and
s t ab l e  w.r . t .  subs t i t u t i ons .

>A[>] are  partial orderings on Hs] s ince  > a re  partial orderings on
I‘*[{§] [see proof of lemma 5.2.1]

>AE>J a re  A-compa t ib l e :
s '  ==As  =ÄE>II t =A t '  fw> s '  1D]  t '
since r ==A r' «w> E=r' [lemma 4.2.3]

>A[>] have  the  rep lacement  p rope r ty :
We mus t  prove tha t  s >Am t ~v> f[...,s,...] am f[...‚t‚.._.].
This  i s  equ iva len t  t o

Let be dec[{f}] = {R1.....R }.
rn __

U Vi  U iL=Jl {f[. . . ‚1' ,„.]} U Ri

-> dec[{i[....r....]}] = if top[r] i f  v f&ßA
m — ..

U Vi u iL_J1 {i[...,r....]} u [Ri\{r}] o therwise

by  de f in i t i on  of dec

Note  tha t  [Vj] [Eli] S >>.,E T. for a l l  * € {LD LP,  EL} [S. and  Tj ar_e
cons t ruc ted  f rom s and  t l i ke  R. f rom r]. This  i s  va l id  s ince  € > t.
We have  to  cons ide r  fou r  cases:

- top[s ]  # f , topfi]  # f :

dec[{i[...,s ..].}] >> >>ale dec[{f[... ,...]}]
by  the  above  construct iont  and  s ince  i[...,s....] >,“ f[...,t‚ ...]
[because  i t  i s  reduced  to  the  compar ison of t he  d i r ec t  a rguments ]

- top[s] # f , top[t] = f E 8A:
We have  to  show tha t

31 u {f[. . . ,s‚. . .]} >>‚„ {f[...‚t‚.„]} u [Tj\{'£}]

This  i s  va l id  s ince  T.\{t} c Tj and  f[...‚s‚...] >55 f[....t....]
(cf. previous  case]
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i v ]

V]

vi ]

- top[s ]  = f € & , top[ t ]  # f :
We have  to  p rove  t ha t

{i[...,s,...]} u [si\{é}] >>... {i[...,t,...]} u rj

This i s  t rue  because f[...,s‚...]— >>‚.e E [since top[s] = f], i.e.
é can be  replaced by f[...‚s‚...]

- top[s ]  = t op [ t ]  = i :
We mus t  show tha t

{i[....s....]} u [si\{ä}] >>... {i[...,t,...]} u [rj\{E}]

Thi s  can  be  p roved  wi th  t he  he lp  of t he  p rev ious  ca se .

>A{>] have t he  sub t e rm proper ty :
' i [ . . . , t , . . . ]  >A t [ s ee  l emma 4.2.5]

. ]

s ince  >A C >Am [ see  l emma 3.3.2]

>Am have  the  de l e t i on  p rope r ty :
f[....t,...] ?. f[...‚...] i i  i i s  a va ryad ic  func t ion  symbol
[ see  l emma  4.2.5]

„...-„> f[...‚t‚.„] 1D]  f[...‚...] if f i s  a va ryad ic  ope ra to r
s ince  >A C >Ä[>] [see l emma 3.3.2]

im  a re  s t ab l e  w . r . t .  subs t i t u t i ons : -

We  mus t  show tha t

s >Ä[>] t m> o[s] >Ä[>] o[t] , for a l l  o

This i s  equivalent  to  [by definition of >Ä]

s > t ‚\,-„> o[s] > o[t] , for a l l  0 .

Note  t ha t  we  have t o  @pare  pa th—decompos i t i ons  of GTE] w i th
path-decompositions of o[s].
Le t  lie decu [ s ]  _= {si , . . . , s '  } and  decv[ t ]  = {t;,...,tl'1} such  tha t
decu [ s ]  >>... d ecv [ t ]  w i th  * € {LD,LP‚EL} .  Fur the rmore ,  l e t  s ;  [ t i ]
be  an  a rgumen t  of sh  [ti'_1].
If s ; , n ' and  tr'1 a r e  cons t an t s  t hen  t he  a s se r t i on  d i r ec t l y  fo l l ows  f rom
t he  fact tha t  decu[s] >>>„E decv[t]. Moreover, i t  is  easy to  prove the
as se r t i on  if sl'1n E % and  th  i s  a cons t an t  [ s i nce  sin i s  no t  needed ] .
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There fo re ,  t he  on ly  crucia l  c a se  i s  t ha t  of sr'n = t '  = x € SB and
: f [___ ‚x ‚„_ ]  >ale g[„_‚x‚.„] =.t1'1-1 [ t he  o ther  cases — 511-1—_i >„e 141-1 '

can  be  r educed  to  t h i s  one]. For  r ea sons  o f  s imp l i c i t y ,  l e t  he

s '  = s '  __1 and  t '  = t I ' 1_1 .We have t o  cons ide r  t he  fo l l owing  two

cases:

a] i = g

“> a l s}  > o_[t_j

s ince  the  va r i ab le  x is  r ep l aced  in  s '  and  t '  by  t he  same
s t ructure  ['w> we have identical subpaths]

B] s

because  associat ive ope ra to r s  a r e  min ima l  w. r . t .  [>

" gégA

-> El?) > Ja
with the  help  of the  considerations of a]

' 968A

m> o[s] > o[t]
since the paths of o[t'] w.r.t. the substitt_1t_eg variable
x a re  proper parts  of the  pa ths  of o[s'] w.r.t. x
[because s '  cannot be  flattened w.r.t. o[x]]

Lemma 5.2.3 >ADE>J a re  s imp l i f i ca t i on  o rde r ings ,  A-compa t ib l e

Prooh i ]

ii]

and  s t ab l e  w . r . t .  subs t i t u t i ons .

DD]  are  pa r t i a l  o rder ings  on  I13] s ince  > and==>D/A a re  par t ia l
orde r ings .

>ADE>J a re  A—compa t ib l e :

We have  to  prove  tha t  s '  =A 5 >139...[>] t =A t '  imp l i e s  s '  >AD[>] t ' .

No te  t ha t  s =A t -> 8s[ ] : 8[t] [ s ee  proof of l emma  4.3.4]

“> EST-;];ß; 8 [ t1=[ t ' ]

or 8[s]=8[ t ]  „ Ss I J=  sTs1=>=>D,AsTt1=s-1
by  us ing  the  p recond i t i on  and  the  de f in i t i on  o f>>AD[>>]

. . 71_





i i i ]

Sls'] > zit—t7]
or 8[s']‘=8[t'] A 8[s'] %D/Astt']
s ince  > a re  compa t ib l e  w i th=

s '  >ADE>J t '
by  de f in i t i on  of >AD[>]

>AD[>] have  the  r ep l acemen t  p rope r ty :

We have  to  p rove  tha t  s >ADC>J t fw> f[...,s‚...] >AD[>] f[...‚t‚...].
I t  i s  obv ious  tha t  t he  r e l a t i on  *=>D/A has  t he  r ep l acemen t  p rope r ty .
There fo re ,  f rom now on .  we  cons ide r  on ly  t he  ca se  whe re  s >AD[>] t
imp l i e s  t ha t  §[_s—] > -8[—t]. In  t h i s  case ,  t he  above r equ i r emen t  i s
equ iva l en t  t o

3T3] > % «~> 8[f[...,s,...]] > 3[f[...,t,...]].

We mus t  cons ide r  two  cases:

or]

ß]

re:;gA

f[... , is] , ...] and
f[... , 8[t] , ...]8[f[...‚ t ,  ...]]

„> S[f[...,s,...]] > 3[f[...,t,...]]
if" [depending on >]
8[s] > 8[t]
by  de f in i t i on  of >

-> assertigr_1_ _
s ince 8[s] > 8[t] [precondition]

fESA:

W.l.o.g. l e t  be  3' = f [ s , r ]  and  t '  = f [ t , r ]  [ no t e  t ha t  t[f] mult].
Fur the rmore ,  f b g and  g E {SA. The case of s '  and  t '  starting
wi th  Q can  be  p roved  s imi l a r  t o  t he  co r r e spond ing  proof  of
>A and  by  us ing  induc t ion  on  Is'l + It'l.
Note  t ha t  r i s  no t  r e l evan t  fo r  t he  p roo f  s ince  i t  occu r s  i n
s '  a s  well  a s  in  t‘. Therefore, independent  of the  leading
func t ion  symbo l s  of r, s and  t ,  i t  occu r s  a t  t he  s ame  l eve l  i n
the  decompos i t i ons  of s '  and  t ' .  Fo r  r ea sons  of s imp l i c i t y .  we
as sume  tha t  r i s  an  "empty"  t e rm  [Mb an  a s soc i a t i ve  opera tor
can a l so  have  on ly  one  a rgumen t  !]. I t  i s  e a sy  t o  p rove  t he
fo l l owing  f ac t s  abou t  decompos i t i ons :
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i v ]

if top[8[s]] = f _ -
t hen  dec[{8[f[s]]}] :_dec[{8[s]}] [as]

if tOPISISD = g [Sis] = 9(81.....sm]]
t hen  dec[{8[f[s]]}] =

U __ {s' „ {g[f[sll‚...‚f[sm]]} | s' e decut'sTsjp
u€Ot[8[s ] ]

We have  to  cons ide r  fou r  subcases:

- t op i®1=f  . toptst—tll =f

“> SHISD > 8[ f [ t ] ]

s ince  [*] i s  va l id

- top[3[S]] = f . top[8[_t]] = g

“> Slfls’ll  > 8[ f [ t ] ]

because  f D 9

' t 0p [@]  = g . tOPIgÜII = f

“> 8[ f [S ] ]  > 8[ f [ t ] ]

s ince  3[f[t]] C 8[f[s]]

. topt's'täl = g = toptsTtn.

“> 8[ f [S ] ]  > 8[ f [ t ] ]

' because i n  each  path—decomposit ion of 8[f[s]] there
ex i s t s  a t e rm Wi th  f as  t he  l ead ing  func t ion  symbol
[m> th i s  t e rm  i s  g r ea t e r  t han  g[i[t1],...,f[tn]]]

>AD[>] have t he  sub t e rm p rope r ty :
No te  t ha t  >AD[>] a re  s t ronge r  t han  >A‘[>l and  >Am have  t he  sub t e rm

proper ty  [ s ee  i v ]  of 4.3.4 and  5.2.2]. Therefore.  f[...,t,...] >Am t
implies f[...,t,...] >ADE>J t.

>AD[>] have  the  de l e t i on  p rope r ty :
f[...‚t,...] >ADE>J f[...,...] if f i s  a va ryad ic  opera tor :  This  i s  valid
s ince  > wi thou t  s t a tu s  possess t he  de l e t i on  p rope r ty  and  each
varyadic [associative] operator has  multiset  status. Now, we  will
show tha t  > wi thou t  s ta tus  have  the  de l e t i on  p rope r ty :

Let  be  dec[{f[...,...]}] = {81....,Sm} wi th  Si  == {f[...‚...]} u Si
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vi ]

ß]

Y]

dec [ { f [ . . . ‚ t , . . . ] } ]  = {T1‚. . . ‚  Tm , Tm+1 , . . . ,Tn}
wi th  Ti  = { f [ . . . ‚ t , . . . ] }  u S;  if  i E [1 ,m]  and  T1 = {f [ . . . , t , . . . ] }  u T;

o the rwi se

by  de f in i t i on  of dec

I t  su f f i ce s  t o  ve r i fy  t ha t

T.  >>;.E S i1

fo r  a l l  i E [ l ,m]  and  fo r  a l l  * E {LD,LP,EL}

We have  to  p rove  t ha t  f[...,t....] >ale f[...,...]
because  o f  t he  de f in i t i on  o f  Ti  and  S i ,  and  s ince  t he  mu l t i s e t
ex tens ion  i s  c lo sed  unde r  d i f fe rence  [ s ee  [St86]]

t '  = f[...,t‚...] >LD f[._.__.__‚...] = s '
iff - sub [decu [ t ' ] , t ' ]  >>LD sub[decu[s ' - ] ,s ' ]

- a rgs [ t ' ]  >>RDOS args [s ' ]

Note tha t  sub[decu[t ' ] , t ' ]  = sub[decu[s'],s'] = S}
[i  depends  on u] and  args[t'] »RDOS args[s']
s ince  a rgs [ s ' ]  C a rgs [ t ' ]

t‘ = f[...,t,...] >LP f[.......] = 5'
iff dec[args[ t ' ] ]  >> >>LP dec[args[s']]

Thi s  i s  va l i d  s ince

dec[args[ t ' ] ]  = {S i , . . . , S ;n , { t}  u T'm+1‚...‚{t} u T'n} 3
{SL ...‚Sl'‚n} = dec[args[s']]

t '  = f[...,t,...] >EL f[...,...] 5'
s ince  - sub [decu [ t ' ] , t ' ]  sub [decu [ s ' ] , s ' ]  [ s ee  cx]]

- dec[args[t']] >> >>EL dec[args[s']] [see [3]]
- and  by  de f in i t i on  of >EL

>ADE>II a re  s t ab l e  w . r . t .  subs t i t u t i ons :
We  have  t o  show tha t

s >AD[>] t rw> o[s] >AD[>] o[t] , for a l l o
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This is  equivalent  t o  [by definition of >AD]

@ > @ -> 8[c[s]] > 8[o[t]] , for all o.

Note t ha t  we  have t o  compare pa th -decompos i t i ons  of 8[o[t]] w i th
pa th -decompos i t i ons  of 3[o[s]].
Let bgecurfiaJ =__{s;‚...,s;m} and decv[8_[t_]] = {t; , . . . , t 'n} such that
decu[8[s]] >>‚„ decv[8[t]] w i th  * € {LD‚LP‚EL} .  Fur the rmore ,  l e t  s ;  [ti]
be  an  a rgumen t  of s;_1 [ti'_1].
If s'm and  til a r e  constants t hen  the a s se r t i on  d i r ec t l y  fo l l ows  f rom
t he  fact tha t  decu[3[s]] >>s decv[8[t]]. Moreover, i t  is easy to  prove
t he  a s se r t i on  if sg“ € Q3 and  tI'.1 i s  a cons t an t  [ s i nce  sI’.n i s  no t
needed}  .
There fo re .  t he  on ly  c ruc i a l  c a se  i s  t ha t  o f  sin = t1'_1 = x E q; and

s;n_1 =_ f[...,x,...] >* g[...‚_x‚.„] = tim—1 [ the  other cases - s'm”i >* tl'.1_1 -
can  be  r educed  to  t h i s  one ] .  For  r ea sons  of s imp l i c i t y ,  l e t  be
s '  = s'm_1 and  t '  = t'n_1. We  have  t o  cons ide r  t he  fo l l owing  two
cases :

at] f = g

rw> t he  subs t i t u t ed  a rgumen t s  of s '  and  t '  w . r . t .  x a re  t he  s ame

m> t he  compar i son  depends  on  the  l ead ing  func t ion  symbo l s
of s;n_2 and  t;1_2

VW> 8[O[S]l > 3[0 [ t ] ]

because  t he  pa th—decompos i t i ons  f rom s '  and  t '  do  no t
change

ß]  n :

- f . g€{§A

-> Sta l s l l  > 8 [0 [ t ] ]

because no  f l a t t en ing  and  d i s t r i bu t ing  of s '  and  t '  i s
needed

' f€8A‚gE«$A

“> 8[c5[s}] > 68[0[t]]

s ince  f [> g
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- f , g  E«8A:

' -— abc] = h[...] with  f 4: h # g:
ana logous  wi th  t he  f i rs t  case  of ß]

- o[x] = f[...]

“> 8[ ° [S ] ]  > 8[O[ t ] ]

s ince  t he  leading func t ion  symbo l  of o[x] can  be
rep l aced  by  top[3[c[s']]] = f which  has  more
a rgumen t s  t han  c[x]

— o[x] = g[r1 , rp ]

m> f[..., x ,  ...] w i l l  be  t r ans fo rmed  in to
g[f[..., r1 , ...] , f[..., rp  , ...]] _

“> 3[0 [S ] ]  > 8[0 [ t ] ]

because  t he  subs t i t u t ed  a rgumen t s  of 8[c[t']] a r e
con ta ined  in  g[f[..., r1 , ...], f[.... r p  . ...]]

Lemma 5 .2 .4 -  >AEE>J a re  s imp l i f i ca t i on  o rde r ings ,  A-compa t ib l e

Prooh 1]

i i]

i i i ]

and  s t ab l e  w . r . t .  subs t i t u t i ons .

>AEE>J a re  pa r t i a l  o rde r ings :
ana logous  w i th  i]  of l emma 5.2.3

>AE[>] a r e  A-compa t ib l e :
ana logous  w i th  i i]  of l emma  4.4.4

>AEE>J have  the  r ep l acemen t  p rope r ty :

We have to show that s ZED]  t «~> f[....s,...] zum f[...,t,...].
It is obvious that the relation &>E/A has the replacement property.
There fo re ,  from_now_on, we  cons ide r  on ly  t he  ca se  whe re  s >AE[>] t
imp l i e s  t ha t  e[s] > s[t]. Then, t he  above r equ i r emen t  i s  equ iva l en t
t o

s[s] > @ „„ s[f[...‚s,...] > s[f[...‚t‚...]].

We mus t  cons ide r  two  cases:
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ct] reggA

«» s[f[...,s,...]] = f[.„@‚„.] and
e[f[... , t ,  ...]] = f[...‚ s[t] , ...]

'W> e[f[„.„...s]] > e[f[...,t,...]]
"iff" [depending on >]

@ > ft]
by  de f in i t i on  of >»

m> as se r t i on

s ince  s[s] > e[t] [ p r econd i t i on ]

fESA :

W.l.o.g. l e t  be  S' = f [ s , r ]  and  t '  = f [ t ‚ r ]  [ no t e  t ha t  12[f] = mult].
Fur the rmore ,  f I> g and  g i s  a una ry  ope ra to r .  The  ca se  t ha t
s '  and  t '  beg in  w i th  g can  be  p roved  s imi l a r  t o  t he
co r r e spond ing  p roo f  of >A and  by  us ing  induc t ion  on
IS'I + It'l.
Note  t ha t  r i s  no t  r e l evan t  for t he  proof [ s ee  5.2.3 iii] [3]].
Therefore,  we  a s sume  tha t  r i s  an  "empty"  t e rm  wh ich  induces
t ha t  an  a s soc i a t i ve  ope ra to r  can  a l so  have  one  a rgumen t ,  on ly .
I t  i s  e a sy  t o  p rove  t he  fo l l owing  f ac t s  abou t  decompos i t i ons
[ r e l a t ed  t o  s]:

if top[e[s]] = f
then dec[{e[f[s]]}] =_dec[{$7]}] [ r ]
if top[s[s]] = 9 MS] = g[h[s‚.....sm]]]
t hen  if h = f __

t hen  dec[{s[f[s]]}] = dec[{s[s]}] [aus]
else  dec[{;[f—[s]—j}] = u Otis—[:3] {S '  U {g[ f [h [31 . - - - - .Sm] ] ]  .

f[h[sl,...,sm]]} | s' e decu['s[—s]]\{;E'jn

We have  to  cons ide r  fou r  subcases :

- t op l sEs l l  =f = t op [ s [ t ] ]

“> s[f[s}] > EUR“
s ince  [*] i s  va l i d
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top[;[—S_]] = f” . "top[@] = g

- 2E] = g[f[t1,...,tn]] '
e[f[s]] > S l im ]

because of [H]

é
- ;(?) = g[h[t1‚...‚tn]] wi th  h $ f

é 8[f [51]  > 8[ f [ t ] ]

s ince  f [> 9 and  t he re  i s  a t e rm  in  5 which  i s
grea ter  t han  h[1:1 , tn]

wma-;)] = g . wma]  = f

_ J.;] g[--f-[31 ., ...‚sifin
rw> s[f[s]] > s[f[t]]

because of [H]

- & = g[h[s1,.. . ,sm]] wi th  h i f
„> s[f[s]] _>_s[f[t]]

since e[s] can be replaced by g[f[h[sl‚...‚sm]]]
which i s  a supe r t e rm

wma—[911= g = toptsTtn

- 'sTs] = g[f[sl‚...,sm]] A El?) = g[f[t1,...,tn]]

“> s[f[s}]  > e[f[t]]

because of [He]

- Is] = g[f[s„.„ ,sm]]  A It] = g[h[t1‚...,tn]] with h :r f

“> SHISH > 8[ f [ t ] ]

s ince  f > 9 and  t he re  ex i s t s  a t e rm  in  s which  i s
grea te r  t han  h[t1 , tn]

- & = g[h[s1,...,sm]] A s[_t] = g[f[t1‚...,tn]]

“> s[f[S]] >_e[_f[t]]
because s[s] can  be  r ep l aced  by  g[f [h[s l , „ . ‚sm]] ]
which  i s  a super term
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.. 2Q = g[h[-sl‚...‚sm]] A 5115 = g[h[t1.m‚tn]]

“> SHISD > E l f l t ] ] _  __
since - deou[s[s]] u {g [ f [h [ s l ‚„ . ‚ sm] ] ] } \ { s [ s ] }

»ale decv[E[_t']]\{s[—tj}

f[h[s1 , sm]] >,„ g[f[h[t1 . . tn]]]

f[h[s1 , sm]] >„E i[h[t1 , tnl]

With  * €{LD‚LP‚EL}

iv] >AE[>] have the  subterm property:
analogous with  iv] of lemma 5.2.3

v] >AE[>] have the deletion property:
ana logous  w i th  v ]  of l emma 5.2.3

vi ]  >AEE>J a re  s t ab l e  w.r.t. subs t i t u t ions :
analogous with the  proof of 5.2.3 vi]

L. emrna  5 . 2 - 5  >AC[>], ’Acnm and  ÄCEÜ] a re  s imp l i f i ca t i on  o rde r ings ,
AC-compa t ib l e  and  s t ab le  w.r.t .  subs t i t u t i ons .

Proof :  The p roof  of t he se  f ac t s  fo l lows  d i rec t ly-  f rom [ i .e . .  c an  be  done  ana logous
with] the  proofs of the  previous [5.2.1 - 5.2.4] lemmata.
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