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Abstract

Order ings  on  po lynomia l  in te rpre ta t ions  of ope ra to r s  r ep re sen t  a power fu l
technique f0r proving the  te rmina t ion  of rewr i te  sys tems .  We  d i scuss  mos t  of
t he  we l l -known  f ea tu re s  conce rn ing  th i s  me thod  inc lud ing  heu r i s t i c s  fo r  t he
gene ra t i on  of adequa t e  i n t e rp re t a t i ons  o r i en t ing  a g iven  sys t em,  s t r a t eg i e s  for
dec id ing  the  pos i t i venes s  of a po lynomia l ,  r e s t r i c t ed  i n t e rp re t a t i ons  to  guaran tee
E- t e rmina t ion  and  some  improvemen t s  [ such  a s  t he  Ca r t e s i an  p roduc t  of
po lynomia l s ] .  Th i s  r epo r t  i s  a de t a i l ed  source  of examples  t ha t  i l l u s t r a t e  t he
unce r t a in t i e s  of po lynomia l  o rder ings .  Fu r the rmore .  we  deve lop  new aspec t s
invo lv ing  two  approaches  t ha t  a r e  su i t ab l e  t o  s imp le  imp lemen ta t i ons .  a f ew
sugges t i ons  fo r  p roduc ing  adequa t e  i n t e rp re t a t i ons  [e .g . ,  a t e chn ique  for
au toma t i ca l l y  gene ra t ing  l i nea r  po lynomia l s ] .  some  new o rde r ings  hand l ing
unde r ly ing  theo r i e s ,  a new improved  ve r s ion  of po lynomia l  o rde r ings  [based  on
the  Knu th—Bend ix  o rde r ing  w i th  s t a tu s ]  a s  we l l  a s  a de t a i l ed  compar i son  of t he
var ious  approaches  toge the r  w i th  pa th  and  decompos i t ion  o rde r ings .  Thus ,  t he
repor t  i n  hand  i s  a k ind of vade-mecum of most  of the  known a s  we l l  a s  new
r e su l t s  conce rned  wi th  po lynomia l  o rde r ings .
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Vade-mecum of Po lynomia l  Orde r ings  1

1 In t roduc t ion  and  No ta t i on

Polynomia l  o rde r ings  r ep re sen t  an  app roach  fo r  p rov ing  the  t e rmina t ion  of t e rm
rewr i t i ng  sys t ems .  Dea l ing  w i th  so—called t e rmina t ion  o rde r ings  p re sumes  a
f ami l i a r i t y  w i th  t he  bas i c  concep t s  of t e rm  r ewr i t i ng  sys t ems  a s  we l l  a s  t he
spec i a l  no t a t i on  u sed  on  th i s  sub jec t .  I n  t he  fo l l owing  pages  we  g ive  a brief
summary  of wha t  t e rm r ewr i t i ng  sys t ems  a r e  and  in t roduce  t he  no t a t i ons  t ha t
a r e  e s sen t i a l  fo r  t he  r ema inde r  of t h i s  pape r .

1.1 Mot iva t ion  .......................................................................................... _. .......................................................... 2

1.2 No ta t i on  ........... 4
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1 .1  Mot iva t ion

Term rewr i t i ng  sys tems  p rov ide  a power fu l  tool  for  express ing  non -de t e rmin i s t i c
compu ta t ions  and  a s  a r e su l t  t hey  have  been  wide ly  u sed  in  fo rmula -man ipu la t ion
and  theorem—prov ing  sys t ems .  Moreove r .  t he re  ex i s t s  t he  po t en t i a l  fo r  t he i r
app l i ca t i on  i n  many  o the r  a r ea s  of compute r  s c i ence  and  mathemat ic s  such  a s
abs t r ac t  da ta  type  spec i f i ca t ions  and  p rogram ve r i f i ca t i on .

As  programs they  have  a ve ry  s imp le  syn t ax  and  the i r  s eman t i c  i s  ba sed  on
equa l i t i e s  t ha t  a r e  u sed  a s  r educ t ion  ru l e s  w i th  no  exp l i c i t  con t ro l .  Fo r  t h i s  i t
i s  e s sen t i a l  t ha t  t e rm  r ewr i t i ng  sys t ems  have  two  ma in  p rope r t i e s :  con f luence
and  t e rmina t ion .  A non-con f luen t  t e rm  r ewr i t i ng  sys t em may  somet imes  be
t r ans fo rmed  in to  a con f luen t  one  u s ing  the  Knu th -Bend ix  comple t i on  p rocedure
[ [KB7OJ] .  Howeve r ,  t e rmina t ion  i s  t he  c ruc i a l  po in t  i n  t he  r ea l i za t i on  of  t h i s
a lgo r i t hm wh ich  t e s t s  t he  l oca l  con f luence  and  r equ i r e s  t e rmina t ion  fo r  i n f e r r i ng
the  t o t a l  con f luence .

There  ex i s t  va r ious  methods  for  p rov ing  t e rmina t ion  of r ewr i t e  sys t ems .  Mos t  of
them have  i n  common the  ma in  i dea  of embedd ing  the  r educ t ion  r e l a t i on  =>ER
[ i nduced  by  the  ru l e  sys t em SR] i n to  a we l l - founded  o rde r ing  > .  To check  the
i nc lu s ion  ':':R c >' a l l  i n f in i t e ly  pos s ib l e  de r iva t i ons  mus t  be  t e s t ed .  The key
idea  i s  t o  r e s t r i c t  t h i s  i n f in i t e  t e s t  t o  a f i n i t e  one  by  r equ i r i ng  > t o  be  a
r educ t ion  o rde r ing .  Th i s  means  t ha t ,  i n  add i t i on  t o  t he  we l l - foundedness ,  >
mus t  have  t he  r ep l acemen t  p rope r ty  [ a l so  ca l l ed  compa t ib i l i t y  w i th  t he  s t ruc tu re
of terms] and the  stability by instantiations.

One way  of cons t ruc t ing  r educ t ion  o rde r ings  was  p roposed  by  the  au tho r s
[Knu th  and  Bendix]  of the  comple t ion  p rocedure  [[KB7OJ] and  so  a r e  ca l led
Knuth -Bend ix  o rde r ings .  They jo ined  two  gene ra l  p r inc ip l e s  each  of wh ich
has  been  ex t ended  in  t he  fo l l owing  yea r s .  F i r s t l y ,  t he  i dea  of g iv ing  an  o rde r ing
on  the  s e t  of func t ion  symbo l s  and  compar ing  t e rms  by  compar ing  the  func t ion
symbo l s  t hey  a r e  composed  of, l ed  t o  t he  so -ca l l ed  pa th  o rde r ings  t ha t  r ea l i ze
a more  syn t ac t i ca l  compar i son  of t e rms .

The second  componen t  of Knu th -  Bend ix  o rde r ings  i s  a mapp ing  of t he  func t ion
symbo l s  t o  t he  na tu ra l s  [ a  so -ca l l ed  we igh t  func t ion  o r  t e rmina t ion  func t ion ]
tha t  i s  ex t endab le  t o  t e rms  by  add ing  the  we igh t s  of t he  func t ion  symbo l s
they  con ta in .  By  mod i fy ing  th i s  t e rmina t ion  func t ion  such  tha t  t he  image  of t he
se t  of func t ion  symbo l s  i s  a subse t  of a l l  po lynomia l s  ove r  t he  r ea l s ,  one
virtually gets the  polynomial orderings [[La79]]. Contrary to path orderings
[ and  Knu th -Bend ix  order ings]  polynomial  o rde r ings  a r e  no t  ba sed  on  p recedence
orde r ings  ove r  t he  func t ion  symbo l s .
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The object  of t h i s  pape r  i s  t o  g ive  a su rvey  of bo th  we l l -known  and  new fac t s
connec ted  w i th  p rov ing  t e rmina t ion  u s ing  po lynomia l  o rde r ings .  I n  t he  nex t
chap te r  we_ in t roduce  a gene ra l  de f in i t i on  of po lynomia l  o rde r ings .  Fo l lowing
th is  t heo re t i ca l  r e su l t  we  show how to  ge t  ea s i l y  imp lemen tab l e .  r e s t r i c t ed
vers ions  of t h i s  de f in i t i on  t ha t  un i fy  a l l  imp lemen ta t i ons  known  to  u s .  Seve ra l
wel l -known heu r i s t i c s  fo r  f i nd ing  we l l - su i t ed  i n t e rp re t a t i ons  fo r  ce r t a in  func t ion
symbols a re  collected in chapter 3 [[Be86], [BL87J]. Moreover, we present some
new heu r i s t i c s  a s  wel l  a s  a t e s t  f o r  t he  complex i ty  t ha t  po lynomia l s ,
i n t e rp re t ing  a ce r t a in  func t ion  symbo l ,  mus t  have .  F ina l ly ,  we  desc r ibe  an
a lgo r i t hm based  on  the  S imp lex  method  fo r  f i nd ing  an  i n t e rp re t a t i on  to  a g iven
ru le  sys t em p rov ided  th i s  sy s t em can  be  o r i en t ed  u s ing  l i nea r  po lynomia l s .

The  use  of po lynomia l  o rde r ings  a s  r educ t ion  o rde r ings  i n  t he  comple t i on
procedure  r equ i r e s  me thods  of p rov ing  the  pos i t i venes s  of po lynomia l s .  I n
chap te r  4 two Of these  wel l -known methods  a r e  i l lu s t r a t ed  [[BL87]. [R088]].
Chapter 5 dea l s  w i th  polynomial  o rde r ings  tha t  a r e  su i t ab l e  t o  prove  the
t e rmina t ion  of t e rm  r ewr i t i ng  sys t ems  based  on  unde r ly ing  equa t iona l
t heo r i e s .  I n  add i t i on  t o  we l l -known  o rde r ings  [ [BeBBI] ,  some  new ones  a r e
presen ted  he re .

Taking a pa t t e rn  by  t he  Knu th—Bend ix  o rde r ings  wi th  s t a tu s  i t  i s  poss ib l e  to
ex tend  a po lynomia l  o rde r ing  by  in t roduc ing  a p r ecedence  o rde r ing  on  the  s e t
of func t ion  symbo l s .  Th i s  new app roach  ca l l ed  improved  po lynomia l  o rde r ing
[and some other well-known ones, [La79]] is  introduced in chapter 6. Finally.
a conc lus ive  compar i son  of t he  va r ious  k inds  of po lynomia l  o rde r ings  p re sen t ed .
i nc lud ing  pa th  and  decompos i t i on  o rde r ings ,  a s  we l l  a s  t he  Knuth—Bendix
o rde r ing  w i l l  be  g iven .
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1 .2  No ta t i on

Here  we  b r i e f ly  r ecap i tu l a t e  t he  mos t  e s sen t i a l  no t ions .  u sed  i n  connec t ion  wi th
t e rm r ewr i t i ng  sys t ems .  t ha t  a r e  found  in  t h i s  pape r .  The  r eade r  can  f i nd  a more
de t a i l ed  p re sen t a t i on  i n  [AMBQ], [H080] or  [ JL87] .

Le t  8 be  a s e t  of func t ion  symbo l s  pos se s s ing  f i xed  a r i t y  and  & some
denumerab le  i n f in i t e  s e t  of va r i ab l e s ,  t hen  I‘ deno te s  t he  s e t  of a l l  t e rms  ove r  {3
and  £ whereas  I‘G i s  t he  s e t  of a l l  g round  t e rms  ove r  3. The s e t  of a l l  va r i ab l e s
of a te rm t wi l l  be  denoted  by  V[t]. The l ead ing  func t ion  symbol  and  the  t up l e
of the  [d i rec t ]  a rguments  of a term t a re  refer red  t o  by  top[ t ]  and  args[t].
r e spec t ive ly .  The empty  t e rm wi l l  be  deno ted  by  x .

A subs t i t u t i on  0 i s  de f ined  a s  an  endomorph i sm on  I‘ w i th  t he  f i n i t e  doma in
{x  I c [x ]  i: x}  . i .e. 0 s imu l t aneous ly  r ep l aces  a l l  va r i ab l e s  of a t e rm  by  t e rms .
We  use  the  fo rma l i sm of pos i t i ons  of t e rms  wh ich  a r e  s equences  of non—nega t ive
in t ege r s .  The  empty  s equence  i s  deno ted  by  €. The  s e t  of a l l  pos i t i ons  of a t e rm
t i s  ca l l ed  t he  s e t  of occur rences  and  i t s  abb rev i a t i on  i s  O[t]. We  wr i t e  t[u<-s]
t o  deno te  t he  t e rm  tha t  r e su l t s  f rom t by  r ep l ac ing  t / u  [ t he  sub te rm of t a t
occurrence  u € O[t]] by  s.

A t e rm rewr i t ing  sys tem (TRS, for shor t ]  SR over  1" i s  a f i n i t e  or  countab ly
i n f in i t e  s e t  o f  ru l e s  each  o f  t he  fo rm 1 "99% r .  whe re  1 and  r a r e  t e rms  in  I‘ such
t ha t  eve ry  va r i ab l e  t ha t  occu r s  i n  r a l so  occu r s  i n  l.

The  b ina ry  r e l a t i on  gene ra t ed  by  a TRS ER on  I‘ i s  named  =“ The  t r ans i t i ve
c losu re  of =>m i s  deno ted  by  %s“ whe reas  t he  t r ans i t i ve  and  r e f l ex ive  c losu re
of =>m is denoted by 53.

A binary relation > on a set  SR is said to be  well-founded if there are  no
infinite descending chains of the  form m1 > 1112 >_ with mi E SR. Analogous
wi th  SR, a TRS SR i s  well—founded if t he re  ex i s t s  no  s equence  [ca l l ed  der iva t ion]
t o  =>ER t1 =>“ t 2  23% t ha t  i s  i n f in i t e ly  descend ing .

A pa r t i a l  o rde r ing  i s  a t r ans i t i ve  and  i r r e f l ex ive  b ina ry  r e l a t i on .  A pa r t i a l
o rde r ing  [> on  3 i s  c a l l ed  a p r ecedence  and  a pa r t i a l  o rde r ing  on  1" i s  c a l l ed  a
t e rm order ing.  '

An example  fo r  a pa r t i a l  o rde r ing  on  t e rms  i s  t he  i r r e f l ex ive  pa r t  :1 of t he
so -ca l l ed  homeomorph ic  embedd ing  r e l a t i on  : t ha t  i s  de f ined  by

s = {[s1‚...‚sm] : g[t1 ..... t n ]  = t iff [1] f = g and  s i  :1 t i  for a l l  i E {1 . . . . , n}

or [2] s i  : t for a t  l e a s t  one  i € {1 . . . . . n}

We wi l l  u se  t h i s  s imp l i f i ed  ve r s ion  of : s ince  we  a r e  on ly  f aced  wi th  func t ion
symbo l s  hav ing  f i xed  a r i t y ,  he re .  The  ma in  po in t  of t he  homeomorph ic  embedd ing
relation is the fact that  a partial ordering > is  well-founded if i t  contains 3 [[De821].



1.2 No ta t iOn  5

On the  o the r  hand .  we have  t ha t  each  now- te rmina t ing  [ i . e .  non -we l l - founded ]
par t ia l  o rder ing  i s  s e l f - embedd ing  [[De821]. That  means  tha t  each  inf ini te
descend ing  cha in  t1 > t 2  > con ta in s  t1.t j  w i th  i < ] and  tj : t i .

As  p rev ious ly  no t ed ,  a r educ t ion  o rde r ing  > i s  a we l l - founded  and  s t ab l e  [by
i n s t an t i a t i ons ]  pa r t i a l  o rde r ing  t ha t  i s  compa t ib l e  w i th  t he  s t ruc tu re  of t e rms
[ i t  ha s  t he  rep lacement  p rope r ty ] .  Tha t  means ,  t1 > t 2  imp l i e s  t[u<—-t1] > t[u<—t21
for any  t,t1,t26 I‘ and  u E O[t]. In o the r  words .  dec reas ing  a sub te rm decreases
any  supe r t e rm con ta in ing  i t .

One  spec i a l  c l a s s  of r educ t ion  o rde r ings  i s  t ha t  of t he  s imp l i f i ca t i on  o rde r ings
[[DeBZJ]. The key idea of the  concept of simplification orderings is to guarantee
t he  we l l - foundedness  of an  o rde r ing  > by  r equ i r i ng  t he  so -ca l l ed  sub t e rm
proper ty  [wh ich  i n  turn  ensures  t ha t  :1 i s  con ta ined  in  >]. An  order ing  > on t e rms
i s  s a id  to  have  t he  sub t e rm p rope r ty  if fo r  eve ry  t e rm t and  for  eve ry  func t ion
symbo l  f ,  f[...,t,...] > t ho lds .  S ince  eve ry  s imp l i f i ca t i on  o rde r ing  i s  we l l - founded ,
every  s impl i f ica t ion  order ing i s  a r educ t ion  order ing .

The  ma in  advan tage  of  i n t roduc ing  s imp l i f i ca t i on  o rde r ings  i s  t ha t  t he  t e s t  f o r
t he  sub t e rm p rope r ty  p rov ides  a ve ry  handy  c r i t e r i on  fo r  t he  t e s t  of
we l l - foundedness .
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2 An Approach t o  Po lynomia l
Orde r ings

In  t h i s  chap te r  we inves t i ga t e  whe the r  t he  image  of a po lynomia l  i n t e rp re t a t i on
mus t  be  a we l l - founded  subse t  of [R o r  t he  i n t e rp re t i ng  po lynomia l s  mus t  have
a k ind  of sub t e rm p rope r ty  i nduc ing  the  co r r e spond ing  o rde r ing  t o  be  a
s imp l i f i ca t i on  o rde r ing .  We  in t roduce  a f o rma l  de f in i t i on  of po lynomia l  o rde r ings
wh ich  enab le s  u s  t o  s t a t e  whe the r  a po lynomia l  i s  app rop r i a t e  a s  an  i n t e rp re t a t i on
for  a f unc t ion  symbo l .

In  add i t i on  t o  t h i s  [ t heo re t i ca l ]  r e su l t  we  p ropose  a more  r e s t r i c t i ve  ve r s ion
of po lynomia l  o rde r ings  t ha t  gene ra l i ze s  t hose  g iven  in  [De87]  [La79] .  [BL87].
[Be86] .  [Pa89]  [Ze89] and  [MN70]. I t  p rov ides  a s imp le  t echn ique  fo r  imp lemen t ing
po lynomia l  o rde r ings .

2.1

2.2

2 .3

2.4

2.5

Def in i t i ons  ......................................................................................................................... ........................... 7

Po lynomia l  Orde r ings  on  Ground  Te rms  ..................................................._ ........................ 8

Po lynomia l  Orde r ings  on  Var i ab l e  Te rms  ........................................................................ 15

Examples  ....................................................................... .............. .............. 18

Discus s ion  .................................................................................................................................................... 23
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2 .1  Def in i t i ons

Let r1....,rn € N° [= IN u {0}] and c E IR. A monomial in IRr1 of degree r = r1 + + rn
i s  a func t ion  m : IRn —> IR wi th  (&. . . . . a  —> cxfixäz XII“. A po lynomia l  of

degree  I ove r  IRn i s  a sum of monomia l s  of degree  l e s s  than  or  equa l  to  r with
at  l e a s t  one  monomial  hav ing  degree  I .  This  means  that  a po lynomia l  p of degree
I i s  o f  the  form

p : [Rn —> IR
p[x„ . . . ‚ xn ]  = z c:‚1___‚nx;'1 x,? with r1+...+rns r.

r1 . . . . .  rE lNn O

Thus. m[X.Y,Z] = 5X2YZ4 is a monomial in IR:3 of degree 7 and p[X.Y,Z] =
SXZZ2 + Y - 4X4Y is  a polynomial in IR3 of degree 5.

A polynomia l  p w i l l  have  s tr i c t  ar i ty  n if there  occur  n var iab le s  in  p tha t  differ
by  pairs .

The se t  of all  polynomials p : IRn -> IR wi th  coefficients c i  € IR i s  deno ted  by
%OIHR]. A polynomial p : IRn —> [R whose n variables are all instantiated by real
numbers i s  ca l led  a ground polynomial or constant polynomial. For example.
3 are 152 as 22 + [ - l )  - 4 * 1.54 * [-1] i s  the  ground polynomial one  obtains by
substituting the  variables [X,Y,Z] of the  previous polynomial by  [1.5 , —1 . 2].

Since  every  ground  po lynomia l  i s  equa l  to  a r ea l  number  we wi l l  ident i fy  the
se t  of ground  po lynomia l s  w i th  IR. The se t  of var iab le s  over  IR tha t  occur  in
polynomials of ‘DDEIIRJ is  named QS. To distinguish variables over PG and variables
over IR we use  cap i ta l  l e t t er s  for e l ements  of %.

It i s  apparent that the  relations between ‘DDIIIRL IR and 93 are s imilar  to  the
relat ions be tween  I‘. to and  £.
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2 .2  Po lynomia l  Orde r ing -a  on  G r o u n d  Terms

Po lynomia l  o rde r ings  have  been  s tud i ed  by  Manna /Ness  [ [MN7OJ],  Lankfo rd
[[La75]. [La791], Dershowi tz  [[De83], [De87l] and  Ben  Che r i f a /Lescanne  [[Be86].
[BL85]‚ [BL86],  [BL87J]. Manna /Ness ,  Lankfo rd  and  Ben  Che r i f a /Lescanne  p roposed
a me thod  wh ich  maps  t he  s e t  of t e rms  to  a we l l - founded  se t  by  a t t ach ing
mono tonous  func t ions  t o  ope ra to r s .  De r showi t z ’ s  t e chn ique  u se s  an  a rb i t r a ry
o rde red  s e t  by  r equ i r i ng  t he  mono tonous  func t ions  t o  pos se s s  a k ind  of sub t e rm
prope r ty  [[De791]. I n  t h i s  chap te r  we  p re sen t  an  app roach  s imi l a r  t o  t ha t  of
Der showi t z .  The ma in  d i f f e r ence  t o  h i s  t e chn ique  i s  t he  f ac t  t ha t  we  use  a
weake r  ve r s ion  of t he  sub t e rm p rope r ty  by  a l l owing  iden t i t y  func t ions  a s
in t e rp re t a t i ons .

In  o rde r  t o  ge t  an  o rde r ing  > on  g round  t e rms ,  we  map  these  t e rms  to  [R by  a
so -ca l l ed  po lynomia l  i n t e rp re t a t i on  [...]. On IR we  have  t he  na tu ra l  o rde r ing  >.

Def in i t i on  2.2.1

A polynomialinterpretation for ground terms [...]: 3 —> ‘DDIIfl-‘tl maps each
n-a ry  func t ion  symbo l  f E 8 t o  a po lynomia l  p E ‘))olÜR] wi th  s t r i c t  a r i t y  n .
Each polynomial  in te rpre ta t ion  [...] for ground te rms  can be  ex tended  to
[...] : PC —> IR by  [f[t1,...,tn]] = [f][[t1]  ..... [ tn ] ]  de f in ing  an  order ing  >POL on
PG by

s >P0Lt iff [s ]  > [ t ]

where  > i s  t he  u sua l  o rde r ing  on  IR. On FG the re  i s  an  equ iva l ence
re l a t i on  =Por. de f ined  by  s =POL t iff [ s ]  = [ t ] .  I

As  usua l ,  5 2POL t means  3 >I_.,0L t o r  s =POL t .

Note  t ha t  t he  t r ans fe r  of t he  t o t a l  o rde r ing  > on  IR to  FG as  by  de f in ing  s >P0Lt
iff [ s ]  > [ t ]  i s  no t  total .  Let. for example ,  [...] be  de f ined  a s  [ a ] [ ]=2 .  [ f ] [x .y]=xy
and [g][x.y] =x+y. Then, we have [g[a.a]] = 4 = [f[a.a]]. Thus. g[a,a] and  f[a,a] are
incomparable w.r.t. >POL. '

We wi l l  deno te  t he  s e t  of po lynomia l s  t ha t  a r e  a t t ached  to  any  i E 3 by  a
polynomial  i n t e rp re t a t i on  [...] by [8]. Note tha t  [8]  i s  a p roper  and  f in i te  [ s ince
3 i s  f i n i t e ]  subse t  of ‘))olüR]. Accord ing  to  [8 ] ,  [I‘G] i s  t he  s e t  of rea l  number s
t ha t  a r e  t he  image  of any  g round  t e rm unde r  [...].

Since  we  a r e  i n t e r e s t ed  i n  r educ t ion  o rde r ings  on  t e rms  we  need  to  check  the
compa t ib i l i t y  w i th  t he  s t ruc tu re  of t e rms  of ”’por. on  t he  one  hand  and  the
we l l - foundedness  on  t he  o the r  hand .  Le t  u s  f i r s t  d i s cus s  t he  compa t ib i l i t y .  The
use  of po lynomia l s  de f in ing  o rde r ings  on  g round  t e rms  r equ i r e s  t he  mono tony
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of t he  i n t e rp re t i ng  po lynomia l s  t o  gua ran t ee  t he  compa t ib i l i t y  of t he
co r r e spond ing  o rde r ing  >POL. From ana lys i s  we  know tha t  a f unc t ion ,  and
espec i a l l y  a po lynomia l .  i s  mono tonous  if a l l  i t s  f i r s t  de r iva t i ve s  a r e  pos i t i ve .
This means  tha t  the  f i rs t  de r iva t ive  dp[X1,...,Xn]/dXi for each  var iab le  X1
[1 s i s n] occurring in p is  positive for each instantiation of the  X1 to real-
numbers .  However ,  do  we r ea l l y  need  the  monotony ove r  t he  who le  i n t e rva l  IR ?
The fo l lowing  example  p rov ides  an  answer  t o  t h i s  i s sue .

Example  2.2.2

Let [0 ] [ ]  = 2
[SJIXI = X2
[+][x.v] = XZY - X

This in te rpre ta t ion  def ines  an  o rder ing  >?OL on To tha t  i s  compat ib le  wi th
t he  s t ruc tu re  o f  t e rms ,  a l t hough .  XZY - X i s  no t  mono tonous  s ince  t he
first derivative for X a t  point [x ,v ]  = [0.5, 0.5]. d[X2Y - X]/dX = 2XY - 1 = -o.5,
i s  nega t ive .
This  i s  de r ived  from the  fac t  t ha t  [ t ]  z 2 for a l l  t e rms  t € FO. XZY - X
i s  monotonous  for  a l l  i n s t an t i a t i ons  of X and  Y by  r ea l  number s  g rea te r
than or equal to  2 since the  partial derivatives of X2Y - X [ZXY-l and X2]
are  pos i t i ve  if X ,Y  z 2 .  .

By ana lyz ing  these  f ac t s  we  can weaken  the  r eques t  fo r  t he  monotony  of t he
in te rp re t ing  po lynomia l s  i n  t he  fo l l owing  way :  Each  po lynomia l  ha s  to  be
monotonous  on ly  fo r  i n s t an t i a t i ons  which  map  the  va r i ab l e s  t o  r ea l  number s
conta ined  in  [PC].

In example  2.2.2, [FG] i s  {2,4,6‚14‚16‚.„}. We have  to  guaran tee  t ha t ;  for example .
XZY - X a t  [4.4] is greater than XZY - X a t  [4,2]. But we  do not have to prove
that  i t  is  greater a t  [4.4] than a t  [4.3] since 3 El [FG]. This property is called
monotony w.r.t. [FG]. The fo l lowing lemma shows that  th i s  c r i te r ion  i s  both
neces sa ry  a s  we l l  a s  su f f i c i en t .  '

L e m m a  2 . 2 . 3

Le t  [...] be  a po lynomia l  i n t e rp re t a t i on  fo r  g round  t e rms .
Then,  t he  co r re spond ing  o rde r ing  >Por. on  FG. i s  compa t ib l e  wi th  t he
s t ruc tu re  of t e rms  if and  on ly  if e ach  polynomial  p € [8 ]  i s  monotonous
w.r . t .  [FG]. " I
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The  most d i f f i cu l t  p rob l em a r i s ing  f rom th i s  l emma  i s  t ha t  of dec id ing  whe the r
a ce r t a in  polynomial  i s  monotonous  w.r.t. [TG]. It i s  t he  who le  s e t  [8]  of
polynomials  a t t ached  by  [...] t o  the  s e t  of func t ion  symbo l s  8 t ha t  we  have  to
t ake  i n to  accoun t .  Pa r t i cu l a r ly ,  t he  va lues  a t t ached  to  t he  cons t an t s  have  a
s ign i f i can t  i n f luence  on  ou r  dec i s ion .

More  p rec i s e ly ,  we f i r s t  have  t o  de f ine  [...] by  cons t i t u t i ng  t he  po lynomia l s  of
each  func t ion  symbol .  Secondly,  t he  f ixat ion of [FG] wi l l  de sc r ibe  t he  s e t  of
r ea l s  t ha t  cou ld  be  t he  image  of any  g round  t e rm.  F ina l ly ,  we  have  t o  ve r i fy
t ha t  e ach  polynomial  i n  [8]  i s  monotonous  w.r.t. [FG].

Comput ing  [I‘G] as  we l l  a s  p rov ing  a polynomial  t o  be  mono tonous  on  a subse t
of [R can  be  r a the r  t ed ious .  Moreove r .  s i nce  t h i s  p rob l em gene ra l l y  i nvokes
p rov ing  a po lynomia l  w i th  doma in  D C [R i s  g r ea t e r  t han  0 ,  i t  i s  i n  gene ra l
undecidable [for more details about this point, see  chapter 4].

In  summary .  i t  c an  be  s t a t ed  t ha t  t he  c r i t e r i on  g iven  in  l emma  2.2.3 for  t he
compa t ib i l i t y  of >POL i s  no t  pa r t i cu l a r ly  use fu l  and  so  we  need  to  deve lop  a
more  app rop r i a t e  check .

As  a r e su l t  we  wi l l  r e s t r i c t  t he  s e t  of po t en t i a l l y  i n t e rp re t i ng  po lynomia l s  f rom
‘DDIURl to %ollll—f]. the  set  of polynomials that  have positive real coefficients.
Thi s  r e s t r i c t i on  gua ran t ee s  t ha t  each  g round  t e rm i s  mapped  to  a r ea l  number
grea t e r  t han  zero [ s ee  l emma 2.2.4]. So. [FG] is  impl ic i t ly  compu ted  to  be  a
subse t  of IR” when  choos ing  the  i n t e rp re t i ng  po lynomia l s .

Lemma 2 .2 .4  [[ZeBQJ]

Le t  [...] be  a po lynomia l  i n t e rp re t a t i on  fo r  g round  t e rms  tha t  a t t aches  a
s t r i c t  n -a ry  polynomial  p E ‘DoIUR‘l t o  each  n -a ry  func t ion  symbol  f E 8.

.Then .

[ t ]  > O fo r  a l l  t e rms  t E FG. I

From this fact and since each polynomial p E ‘Do[[IR*] will. be  monotonous if we
res t r ic t  i t s  doma in  t o  IR“, t he  fo l lowing l emma  holds.

Lemma 2 .2 .5  [[2689]]

Le t  [...] be  a po lynomia l  i n t e rp re t a t i on  fo r  g round  t e rms  tha t  a t t aches  a
strict n-ary polynomial p E £130“l to each n-ary function symbol f € 8.
Then.  t he  co r r e spond ing  o rde r ing  >POL i s  a pa r t i a l  o rde r ing  on  I‘G be ing
compa t ib l e  w i th  t he  s t ruc tu re  of t e rms .  I
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Example  2.2.6

Let [OI ]  = 2
[SJIXJ = X2
[+][x.Y] = XZY

As a r e su l t  of l emma  2.2.4, [t] > O for all t E FG. Therefore, the

corresponding ordering >POL is a pa r t i a l  ordering on I‘G be ing  compa t ib l e
with the s t ruc ture  of terms. .

Note  t ha t  the requirement of the coefficients being positive is a significant
restriction. However, a less restrictive characterization for monotonous inter-
pretations would be too complex and intractable for unfamiliar users.

Let us now consider the termination property. Our approach is similar to that
of guaranteeing the compatibility. Firstly, we will describe the set of polynomials
in question for a noetherian polynomial ordering on terms that is compatible.
This means that we have to give sufficient and necessary constraints for these
polynomials. Analogous with the compatibility, this most general criterion is
quite unhandy. Therefore, we will give a characterization of a class of
polynomials leading to reduction orderings that is of great importance for
practical application since the user is able to determine directly whether a
polynomial belongs to this class. The decisions in this connection are based on
the following theorem.

T h e o r e m  2.2.7 [[De821]

Any total monotonous ordering > on FG ove r  a finite set 8 of f i xed -a r i t y
function symbols is well-founded if and only if it possesses the subterm
property. .

Since  we cons ide r  he re  monotonous orderings on I‘G over finite sets 8 of
f ixed—arity function symbols, this theorem is of significant importance for our
analysis of polynomial orderings. The reason why we were unable to directly
make use of theorem 2.2.7 is that polynomial orderings. as noted previously,
are not total On PG. Thus, we have to adapt it to our necessities.

Suppose there exists a polynomial p € [8] such that t1>-p[...,t1,...] for any ti.
Since p is monotonous w.r.t. [TO] [to guarantee the compatibility of >POL] it holds
that p[...,ti,...] > p[...‚p[...,ti,...],...] > and so >POL is not well-founded. Thus. we
have to exclude so-called diminishing polynomials. In detail, we will only need
the property of being non-diminishing on [PG].
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D e f i n i t i o n  2 .2 .8

A polynomial p[X1‚„.‚Xn] is non-d imin i sh ing  on D C IR if for all i E {1....,n}

and for all ti E D it holds  t ha t  p[...,ti,...] 2 ti. -

T h e o r e m  2 .2 .9

Let [...] be a po lynomia l  interpretation for ground terms.
Then. the corresponding ordering >90]; on I‘G is compa t ib l e  with the
structure of terms and well-founded if and only if each polynomial
p E [8] is monotonous and non-diminishing on [FG]. .

As done  be fo re  when discussing the compatibility we cannot decide if a
polynomial leads to a well-founded ordering >POL by just looking at this
certain polynomial. Again. it is the whole set [3] we have to take into account
and even more this decision depends on the values attached to the constants
since the smallest value interpreting a constant is the lower bound of [FG] [if

the polynomials are monotonous and non—diminishing].

Defining a well—founded polynomial ordering that is compatible with the
structure of terms consists of three steps:

[1] Fixing the polynomials to be attached to each function symbol,
[2] Computing [FG] and
[3] Verifying that all polynomials p E [8] are monotonous and non-diminishing

on [I‘ ].G

It should be noted that there does not exist a characterization of the set of
polynomials leading to well-founded and compatible polynomial orderings that
is more general than that given in theorem 2.2.9.

Unfortunately, this characterization is not entirely convenient for computer
implementation. However, we will now show that it is easy to deduce a more
restrictive as well as feasible characterization from this theorem.

L e m m a  2.2.10

Let wanna“) be the set of all polynomials p : IRn ...; [R of any arity n E INO
t ha t  have  coefficients of [1.00]. Let [...] be a polynomial interpretation for
ground terms that attaches to each n—ary function symbol _f E 8 a strict
n—ary polynomial p E ‘Do[[lR21].
Then ,  the corresponding ordering >POL is well—founded and compatible
with the structure of terms. I
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The proof  i s  s t r a igh t fo rward  u t i l i z ing  theo rem 2.2.9. Note  t ha t  t he  r e s t r i c t i on  t o
‘DOIURZU can . ea s i l y  be  weakened  by  add ing  some  add i t i ona l  cons t r a in t s  a s
shown in  the  fo l l owing  l emma.

Lemma 2 .2 .11

Let  [...] be  a po lynomia l  in te rpre ta t ion  for ground te rms  tha t  a t t aches

[1] a va lue  C E [R to  each constant  func t ion  symbol  0 € & such t ha t
C 2 1

[2] a strict  n-ary polynomial p to each n-ary [n > 0] function symbol
f E 3 such tha t

p[X1,...,Xn] = z c x"1 xrflnr
r1 ‚ . . . , rn€No  r l  n 1

such that for each  1 [ l s i s  n ]  r30  
C t r -u rn  z 1

r l ,  "u rn  6N0

Then ,  t he  co r r e spond ing  o rde r ing  >POL on  I‘G i s  a r educ t ion  o rde r ing .  -

The condi t ion  [2] requi res  tha t  the  sum of the  coeff ic ients  of those  monomials
con ta in ing  Xi [w i th  an  exponent  g rea te r  than  0 ]  has  t o  be  g rea te r  than  or equa l
tol  for each variable X1. For example. the polynomial p[X.Y] = 05s + 0.5XY2
fu l f i l s  t h i s  cond i t i on .

The proof  i s  a l so  s t r a igh t fo rward  w i th  t heo rem 2.2.9. Since  a l l  po lynomia l s  of
‘»olllR‘Ü] fu l f i l  the  cond i t i ons  above .  t h i s  l emma i s  a s t r i c t  gene ra l i za t i on  of
l emma 2.2.10.

Note  tha t ,  fo l l owing  l emma  2.2.11, on ly  t he  coe f f i c i en t s  of po lynomia l s  hav ing  an
a r i t y  g rea t e r  t han  O can  po t en t i a l l y  be  l e s s  t han  1.

In  summary ,  for a de f in i t i on  of a r educ t ion  o rde r ing  on  po lynomia l  i n t e rp re t a t ions
i t  i s  no t  neces sa ry

[1] t o  res t r ic t  t he  domain  of t he  polynomia ls  t o  IN or ano the r  wel l - founded
subse t  of [R o r

[2] t o  r e s t r i c t  t he  subse t  of R, t he  coeff ic ients  be long  to, t o  IN or
[3] to require the  subterm property of the polynomials.

We on ly  have  to  gua ran t ee  t ha t  t he  po lynomia l s  a r e

monotonous w.r.t. [PG] and
non-d imin i sh ing  on  [FG]



2 An Approach  to  Polynomial  Order ings  14

whereby  the  s imi l a r i t y  of t he  sub t e rm p rope r ty  and  the  p rope r ty  ' non -
d imin i sh ing '  i s  obv ious .  I n  fact ,  each  po lynomia l  o rde r ing  hav ing  the  sub t e rm
prope r ty  i s  de f ined  by  non -d imin i sh ing  po lynomia l s  bu t  t he  conve r se  does  no t
ho ld .

Theorem 2.2.9 and  even  l emmata  2.2.10 and  2.2.11 gene ra l i ze  a l l  ve r s ions  of de f in ing
po lynomia l  o rde r ings  we  know [[La79],  [Be86], [BL87],  [Ze89], [Pa89] ,  [De87].
[MN7OJ].
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2 .3  Po lynomia l  Orde r ings  on  Var i ab l e
Terms“

Work ing  wi th  t he  comple t i on  p rocedure  r equ i r e s  r educ t ion  o rde r ings  on  t e rms
con ta in ing  va r i ab l e s .  I n  t h i s  sec t ion  we g ive  a f o rma l  de f in i t i on  of po lynomia l
o rde r ings  on  va r i ab l e  t e rms .

To l i f t  po lynomia l  o rde r ings  t o  va r i ab l e  t e rms  we mus t  ex t end  de f in i t i on  2.2.]
in  such  a way  tha t  i t  maps  va r i ab l e  t e rms  to  va r i ab l e  po lynomia l s .

Def in i t i on  2 .3 .1

A polynomial interpretation for variable terms [...] : 8 —> ‘]30[[IR]
32 -—> QS

maps each n-ary function symbol f E 8 to a polynomial p E ‘Do[[|R]
of s t r i c t  a r i t y  n and  each  va r i ab l e  x E £ ove r  t e rms  to  a va r i ab l e  X E %
ove r  IR.
This mapping  can be  ex tended  to  [...] : I‘ —-> ‘DoHRJ by  def in ing
[f[t1,....tn]] = [f][[t1],...,[tn]]. .

We now show that  i t  i s  pos s ib l e  t o  ex t end  the  o rde r ings  p re sen t ed  i n  s ec t i on
2.2 t o  va r i ab l e  t e rms  by  us ing  po lynomia l  i n t e rp re t a t i ons  fo r  va r i ab l e  t e rms
ins t ead  of po lynomia l  i n t e rp re t a t i ons  fo r  g round  t e rms .  As  a r e su l t  we  have  t o
d i s t i ngu i sh  two  k inds  of g round  subs t i t u t i ons :  g round  subs t i t u t i ons  on  t e rms
l ike  0.1. : & —> PG and  g round  subs t i t u t i ons  on  po lynomia l s  l i ke  °P  : 93 ——-> IR. Ground
subs t i t u t i ons  on  po lynomia l s  s imp ly  map  va r i ab l e s  ove r  IR to  r ea l  number s .

F i r s t l y .  we  de f ine  an  o rde r ing  on  va r i ab l e  po lynomia l s  depend ing  on  the
unde r ly ing  po lynomia l  i n t e rp re t a t ion .

Lemma 2 .3 .2  [[ZeBQJ]

Let  [...] be  a polynomial in te rpre ta t ion  of va r iab le  te rms and  r.q E ‘DoHlRl.
By de f in ing

r >? q iff oP[r] > cP[q] for a l l  g round  subs t i t u t i ons  °P  on
polynomia ls  w i th  cPIX] E [PG] for
each  va r i ab l e  X

we ge t  an  o rde r ing  >? on  [I‘] <; sIMHIR] t ha t  i s  s t ab l e  by  ins t an t i a t ions  op
which  guaran tee  cP[X] E [FG]  for a l l  X E 93. .
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We wi l l  call  subs t i tu t ions  op tha t  guaran tee  oP[X] E [_I‘G] for a l l  X E %
[FG]-subs t i tu t ions .

No te  that  th i s  de f in i t i on  of an  o rde r ing  on  va r i ab l e  po lynomia l s  t akes  i n to
accoun t  tha t  the re  i s  no  need  to  compare  a l l  g round  subs t i t u t i ons  of t he
po lynomia l s .  Fo r  example .  if [...] maps a l l  ground t erms  t t o  r ea l  numbers
g rea t e r  t han  2, i t  w i l l  no t  be  neces sa ry  t o  gua ran t ee  t he  s t ab i l i t y  of >P aga ins t
t he  ground subs t i tu t ion  op : X + -2 .

Now we  a re  ab l e  t o  ex t end  the  o rde r ing  on  g round  t e rms  de f ined  in  t heo rem
2.2.9 t o  va r i ab l e  t e rms .  '

Theorem 2.8.3

Let  [...] be  a po lynomia l  i n t e rp re t a t i on  for  va r i ab l e  t e rms  tha t  maps  8
to  moHIR].
The o rde r ing  de f ined  by

s >P0Lt m [s] >? [t]
i s  a reduc t ion  ordering on  I‘ t ha t  i s  s t ab l e  by  i n s t an t i a t i ons  if and  on ly
if each  polynomial  p E [8] i s  monotonous  and  non-d imin i sh ing  on  [FG]. -

Comparing two terms s . t  reduces  to  the  compar ison  of two polynomials  [ s ] ‚ [ t ] '
tha t  a r e  monotonous  and  non-d imin i sh ing  on  [FG] and  th i s  i n  t u rn  r educes  t o
compar ing  a l l  [ I 'G]-subst i tu t ions  oP[[s]], oP[[t]].

Thus ,  if we wan t  t o  o r i en t  a cer ta in  se t  of ru l e s  by  u s ing  a po lynomia l  o rde r ing
we  have  t o  pe r fo rm the  fo l l owing  s t eps :

[1] Fixing the  polynomials to be attached to each function symbol,
[2] Computing [PG].
[3] Verifying that all polynomials p E [3]  are monotonous w.r.t. [PG],
[4] Verifying tha t  a l l  polynomials  p E [8]  a r e  non—diminishing on  [PG] and
[5] Proving tha t  oP[[l]] > oP[[r]] for each  ru l e  1 —> r and  each  [I‘GJ-substi tution

op.

In  t he  fo l l owing  l emma we p re sen t  a r e s t r i c t ed  ve r s ion  of t heo rem 2.3.3 t ha t
can more readily be applied (cf. section 2.2].

Lemma 2 .3 .4

Let  [...] be  a po lynomia l  i n t e rp re t a t i on  fo r  va r i ab l e  t e rms  tha t  maps  8 t o
‘DolURzil.
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The o rde r ing  de f ined  by

s >130L t i i i  [ 5 ]  >? [ t ]

i s  a r educ t ion  o rde r ing  on  1" t ha t  ~-is s t ab l e  by  i n s t an t i a t i ons .  .

'By  using t h i s  l emma a g iven  ru l e  sys t em can  be  o r i en t ed  by  mere ly

[l] finding appropriate. polynomials and
[2] p rov ing  tha t  cp[[l]] > oP[[r]] for each  ru le  l--> r and  each  [Ra-subst i tu t ion

op .

The second  s t ep  i nd i ca t e s  t ha t  t he  p rob lem of quan t i fy ing  ove r  a l l  g round
subs t i t u t i ons  on  te rms  i s  r educed  to  t he  p rob lem of quan t i fy ing  ove r  ce r t a in
g round  subs t i t u t i ons  on  po lynomia l s .

Note  t ha t  t h i s  de f in i t i on  of  po lynomia l  o rde r ings  r evea l s  t he  c lo se  connec t ion
be tween  the  i n t e rp re t a t i on  of cons t an t  func t ion  symbo l s  on  t he  one  s ide  and  the
t e s t  of comparab i l i t y  of two  t erms ,  by  in se r t i ng  r ea l  number s  s t a r t i ng  a t  a
ce r ta in  po in t  S [here:  S=l]. on  t he  o the r  s ide.  This s t a r t i ng  po in t  S has  t o  be  t he
smal les t  rea l  number  t ha t  i s  a t t ached  by  [...] t o  a cons t an t  of 8.

The  r eade r  shou ld  r ecogn ize  t ha t  we a r e  on ly  i n t e r e s t ed  i n  t he  sma l l e s t  va lue
of [FG] and  tha t  we  wi sh  t o  t e s t  t he  comparab i l i t y  of two  po lynomia l s  by
compar ing  a l l  R21- subs t i t u t i ons  i n s t ead  of a l l  [ I ‘GJ—subst i tu t ions ,  a l t hough
[To] C IR“. Since  t he  me thods  of compar ing  po lynomia l s  a r e  based  on  ana ly t i ca l
a rgumen t s  t h i s  d i f f e rence  does  no t  ma t t e r .  Th i s  even  ho lds  fo r  [To] C N. Fo r
more  de t a i l s  abou t  how to  compare  two  po lynomia l s .  s ee  chap te r  4 .
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2 .4  Examples

In  o rde r  t o  i l l u s t r a t e  t he  power  a s  we l l  a s  t he  d i f f i cu l ty  encoun te red  i n  the
hand l ing  of po lynomia l  o rde r ings  we wi l l  demons t ra te  seve ra l  examples .

The  po lynomia l  o rde r ing  a s  p re sen ted  i n  th i s  chap te r  i s  imp lemen ted  a s  pa r t  of
the  COMTES-sys t em [[AMSBQ], [S t89c] .  [Pa89] ,  [AGGMSB7J] .  COMTES i s  an
ex tended  Knu th -Bend ix  comple t ion  p rocedure  and  can  be  v i ewed  a s  a pa rame t r i c
sys t em tha t  i s  pa r t i cu l a r ly  su i t ed  for  e f f i c i ency  expe r imen t s .  Bes ides  d i f f e r en t
r educ t ion  s t r a t eg i e s  and  c r i t i c a l  pa i r  c r i t e r i a ,  t he  pa rame te r s  a l so  i nc lude
var ious  te rminat ion  methods .

The fo l l owing  examples  have  been  t e s t ed  by  COMTES. Each  of t hem con ta in s  an
i n i t i a l  spec i f i ca t i on  9% and  an  i n t e rp re t a t i on  [ i f  pos s ib l e ]  wh ich  causes  t he
t e rmina t ion  of ER. Moreove r ,  t he  i n t e rp re t a t i on  i s  su f f i c i en t  fo r  comple t i ng  ER and
thus  i t  compu te s  a c anon ica l  sy s t em [ tha t  i s  no t  exp l i c i t l y  g iven  he re ] .

Le t  u s  no te  t ha t  i n  the  r emain ing  pa r t  of t h i s  r epor t .  we  no  longe r  d i f f e r en t i a t e
be tween  cap i t a l  l e t t e r s  for  deno t ing  va r i ab l e s  of po lynomia l s  and  sma l l  l e t t e r s
for r ep re sen t ing  va r i ab l e s  of t e rms .  Henceforth, we will only use lower cases.

Example  2 .4 .1  Loops

9%: x * [x\y]
[x/yl  * v
l i e  x
x * l

[ u l ]  = 1
[\][x.y] = x y
[/][x.v] = x + Y
[*][X.Y] = x Y

ti
ll

xx
x~

<

+

...

Example  2 .4 -2

SR: [xarylarz ->
l sx  ->
i [ x ]*x  -> l
x /y  —>

[ I l l ]  = 2
[*][x.y]
[i][x}
[ / ] [x .y ]

II 
II

XN
M

N ‘< + X

"

N X "<
.' N + N + H
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Example  2 .4 .3  Assoc i a t i v i t y  and  endomorph i sm

m; ' :[:[X,y].z] —> f[x,f[y,z]]
f [g [X I .g [Y ] ]  —> g[ f [x .v l l

f [9 [X] . f [g [Y] . z} ]  -> f [g [ f [x .v ] ] . z}

[f][x.y] = x y + x

[g][x} = x+1

Example  2 .4 .4 -

an: f[0] —> 1
f[s[x}] —> g[f[><]]
ab:] —> x+s{x}

[0 ] [ ]  = 2
[1][l = 2
[f][x} = x2
[SIX] = 2x
[g][x} = 3x +1
[+][x.v] = x + y

Example  2 .4 .5  [[Mu80]]

ER: if[true‚x‚y] —> x
i f [ fa l se ‚x‚y]  -—> y
not[x]  —-> i f [x , f a l s e , t rue ]
and[x,y]  —> if[x,y.false]
or [x ,y ]  —-> i f [x . t rue .y ]
imp ly [x .y ]  —-> i f [x ,y , t rue ]
equiv[x,y] -> if[x‚y.n0t[Y]]
equ iv [x ‚x ]  —-> t rue

[ t rue][]  = 1
[false][] = 1
[ i f ] [x ‚y ‚z ]  = x + y + z
[not][x} = x + 3
[and][x,y]  = x + y + 2
[o r ] [x .y ]  = x + y + 2
[imply][x,y] = x + y + 2
[equiv][x‚y] = x + 2y + 4
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Example  2.4.6

9%: if[ true,  x ,  y]  —> x
if[false.  x ,  y]  —> y
i f l x .  Y. y] ' -—>
i f [ i f [x ,y . z ] , u ,v ]  -—> i f [x , i f [y ,u ,v ] , i f [ z ,u ,v1 ]

[true][]  = 1
[false][] = 1
[ i f ] [x ,y , z ]  = xy + xz + x ' .

Example  2 .4 .7  [[Ch89]]

9%: f[f[x‚ y]‚z] —> f[x‚ f[y‚ z]]

“er?” "> V for all j € [1.n],n >. 2
f[x,1j[x]] —> e .J

[ f ] [x ,y ]  = 2xy + x
[e j ] [ ]  = 2 j € [1 ,n ]
[ i 1 ] [x ]  : X2 . -

[ij][x] = 5x2 + l j € [2 .n ]  .

Example  2.4.8 [[Ma87J]

9%: [x*y ]+[x*z ]  —>x*[y+z ]
[ x+y ]+z  . — > x + [ y + z ]

[X*y]+[[X*Z]+U]—>[X*[y+z}]+u

[+][X.Y] = xy + x
[*][xy] = x + y

Note tha t  t he  sys t em ER canno t  be  o r ien ted  i n  t he  des i r ed  way wi th
t he  he lp  of t he  r ecu r s ive  pa th  o rde r ing .  . .

Example  2 .4 .9  Fla t t en ing

{R: nil o y —> y
[xy]  ° z -> x . [y  ° 2]

f lat ten[nil]  —> ni l .ni l
f la t ten[x .y]  -> f la t ten[x]  o f la t ten[y]
macflatten[nil,y] -> nil.y
macf la t ten[x .y ,  z] —> macf la t t en[x ,  mac f l a t t en [y .  2]]
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[nil][ ]
[.][X.. Y]
[°  ][x. Y]
[ f l a t t en] [x]
[macflatten][x. y]

II N

2x
2x

3x

Example  2 . 4 . 1 0

SR: { [whi te ,  r ed ]  —>
f[b lue .  red]  %
f(blue ,  wh i t e ]  ->

4x

Dutch na t iona l .  f l ag  [[De87l]

f ( red.  wh i t e ]
{ [ r ed .  b lue ]
f [wh i t e .  b lue ]

[white][] = 2
[redJÜ = 1
[blue][] = 3
[f][x.v] = 2X + y

Example  2.4.11 [[KüQOJ]

5R: p[0] —> 0
pISIXll _? X
s[x]  > O —> t rue
0 > y —> fa l s e
s [Xl  > SEY] —> X > Y
0 = 0 —-> t rue
0 = s[y]  —> fa lse
s[x] = 0 —> fa lse
SIX] = Sly ]  -> X = Y
i f [ t r ue .x ,y ]  —> x
if[false,x.y] -> y
s[x] > y —> i f [y  = 0 , t rue ‚x  > p[y]]
x > s[y] —> if[x = 0,false.p[x]  > y]

[p][X] = X + 1
[SJIX] = 2X + 4
[>][X.v] = X}! + 1
[=][x.v] = X + V
[ i f ] [x ‚y ‚z ]  = x + y + z
[0 ] [ ]  = 1
[ t rue][]  = 1
[false][] = 1

This  ru l e  sys t em cannot be  o r i en t ed
ordering.

21

wi th  t he  he lp  of any  pa th
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Example  2.4.12

ER: x* [y+z ]
[ x+y ] *z
l x+y1+z
0+ l
1+[O+z]
1+[2+z ]
1+2

i$
ii$

$$

[X*Y]+[X*2]
[X*21+[y*21
x + [ v + z }

1+0
0+ [1+z ]
2+ [1+z ]
2_+ [a+1 ]

22

Note  t ha t  t he re"  i s  no  po lynomia l  ordering which  can  gua ran t ee  t he
t e rmina t ion  of SR (cf. 6.4].
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2 .6  D i s c u s s i o n

In th i s  chap te r  we  have  ana lyzed  some  p rope r t i e s  of po lynomia l  o rde r ings .
Motivated by the  lack of a [general] formal definition for polynomial orderings
we have  a t t emp ted  to  un i fy  t he  ex i s t i ng  app roaches  by  de t e rmin ing  the
neces sa ry  c r i t e r i a  fo r  po lynomia l  o rde r ings  t o  be  r educ t ion  o rde r ings .
Consequen t ly ,  t he  two  t r ad i t i ona l  ways  of de f in ing  po lynomia l  o rde r ings ,  by
re s t r i c t i ng  t he  doma in  of t he  po lynomia l s  t o  [N o r  r equ i r i ng  t he  sub t e rm p r0pe r ty .
have  t u rned  ou t  t o  be  Spec i a l  c a se s  of t he  one  desc r ibed  he re .

Bes ides  t h i s  t heo re t i ca l  r e su l t  we  have  shown  tha t  i t  i s  ve ry  ea sy  t o  deduce  a
more  r e s t r i c t i ve .  bu t ,  s imu l t aneous ly  f ea s ib l e  cha rac t e r i za t i on  f rom th i s  de f in i t i on .
We  have  p roposed  an  ex t ended  ve r s ion  of t he  po lynomia l  o rde r ings  desc r ibed
in  [Be86]  and  [BL87]  t ha t  a l l ows  po lynomia l s  t o  r ange  ove r  IR“. In s t ead  of
posse s s ing  t he  sub t e rm p rope r ty  t hose  po lynomia l s  have  t o  be  non -d imin i sh ing .

An  in t e r e s t i ng  r e su l t  i s  t ha t .  a l t hough  we  have  a gene ra l  cha rac t e r i za t i on  of a l l
po t en t i a l  i n t e rp re t a t i ons  we  have  no t  found  a way  to  ex t end  the  ex i s t i ng
ve r s ions  by ,  fo r  example .  a l l owing  nega t ive  coe f f i c i en t s  w i thou t  s imu l t aneous ly
compl i ca t i ng  t he  t e s t  f o r  su i t ab i l i t y  of a po lynomia l .  Thus ,  f rom a p r ac t i ca l
po in t  of v i ew  we  be l i eve  t ha t  l emma  2.2.10 shou ld  fo rm the  bas i s  for  fu tu re
s tud i e s  of po lynomia l  o rde r ings .
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3 How to  Choose t he  In t e rp re t a t i ons

One of t he  ma in  p rob lems  concerning po lynomia l  o rde r ings  i s  t o  choose  t he
r igh t  i n t e rp re t a t i on  for  a g iven  r ewr i t e  sy s t em.  I t  i s  ve ry  d i f f i cu l t  t o  deve lop
t echn iques  fo r  so lv ing  th i s  p rob l em.  In  t h i s  chap te r  we  p re sen t  some  Wel l -known
heur i s t i cs  of [Be86] and  severa l  new ones.  Also, an  a lgo r i t hm for choosing
approp r i a t e  l i nea r  po lynomia l s  i s  g iven .  Th i s  me thod  i s  ba sed  on  the  S imp lex
a lgo r i t hm wh ich  wi l l  be  exp la ined  in  3.4.

Note t ha t  a l l  r e su l t s  p resen ted  in  th i s  chap te r  refer t o  polynomial  in te rp re ta t ions
tha t  a t t ach  coe f f i c i en t s ,  t aken  f rom the  s e t  of na tu ra l  number s ,  t o  po lynomia l s .

3.1 Some  Wel l -known  Heur i s t i c s  ...................................................................................................... 25

3.2 Seve ra l  new Heur i s t i c s  ..................................................................................................................... 28

3.3 A Me thod  for  L inea r  Po lynomia l s  ............................................................................................ 37

3.4 The  S imp lex  Algo r i t hm .................................................................................................................... 47

3.5 D i scus s ion  ..................................................................................................................“................................. 54
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3 .1  Some  Wel l—known  Heur i s t i c s

In th i s  s ec t i on .  we  g ive  some  sugges t i ons  fo r  f i nd ing  an  app rop r i a t e  i n t e rp re t a t i on
which p roves  t he  t e rmina t ion  of a g iven  r ewr i t e  sy s t em.  These  k inds  of heur is t ics
a re  desc r ibed  in  [Be86] .  Dur ing  expe r imen t s  t he  ma in  me thod  used  the re  was
by ”trial  and  error” and  for t h i s  t he  he lp  of t he  REVE-sys tem was  essent ia l .  The
po lynomia l  o rde r ings  a r e  imp lemen ted  a s  s imp l i f i ca t i on  o rde r ings  and  the i r
coe f f i c i en t s  a r e  na tu ra l  number s  [wh ich  a r e  g rea t e r  t han  0 ] .  I n  o rde r  t o  i l l u s t r a t e
t he  sugges t i ons  we  wi l l  app ly  them to  an  example  [3.1.8] a t  t he  end  of t h i s
sec t i on .

Sugges t i on  3.31.1

Cons ide r  t he  ru le s  of  t he  fo rm

t —> t / u

where  u E O[t]\{s}.
Any  in te rp re ta t ion  of t he  func t ion  symbols  gua ran t ee s  t he  te rmina t ion  of
such  a ru l e  s ince  t he  po lynomia l  o rde r ing  has  t he  sub t e rm p rope r ty .  .

Sugges t i on  3 .1 .2

Assuming  the re  i s  an  opera to r  which  occurs  i n  on ly  one  [a few.  resp.]
rule[s].
These  k inds  of func t ion  symbo l s  canno t  endange r  t he  t e rmina t ion  of t he
whole  sys t em.  There fo re ,  a s imp le  i n t e rp re t a t i on  su f f i ce s .  u

Sugges t i on  3 .1 .3
The  in t e rp re t a t i on  of each  cons t an t  symbo l  w i l l  be  2:

We“ E 8] [c][l = 2. -

This p roposa l  i s  based  on  a me thod  fo r  compar ing  two  po lynomia l s  [ s ee
section 4.2]. The assignment will improve the  technique.

Sugges t i on  3 .1 .4

Or i en t ing  an  a s soc i a t i v i t y  l aw  l i ke

f [ f [x .y l . z ]  = f i x . f - [y . z} l
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t he re  a r e  two  d i f f e r en t  i n t e rp re t a t i ons  of f:

f [ f [x ,y] .z]  -> f [x , f [y ,z] ]  _
if [f][x.y] = axy + x or [f][x.y] = bx1 + Y
The  bas i c  i dea  i s  t o  g ive  more  "we igh t "  t o  t he  f irst  a rgumen t .

f [X . f [y .21 ]  -> f [ f [x .y ] . 21  _
if [ f ] [x .y ]  = axy  + y or [ f ] [x .y ]  = x + by1

such  tha t  a i s  an  a rb i t r a ry  i n t ege r  and  b > 1 v i > 1. n

I t  i s  no t ewor thy  tha t  t he  po lynomia l s  i n t e rp re t i ng  t he  ope ra to r  f of t he  l a s t
sugges t i on  cou ld  be  gene ra l i zed  by  add ing  any  cons t an t .

Sugges t i on  3.1.5

For  a l l  r u l e s

f[t1,...,tn] —> t

de f in ing  an  ope ra to r  f whe re  t does  no t  con ta in  any  occu r r ence  of i, l e t  u s
use  t he  fo l l owing  in t e rp re t a t i on :  '

[f][x1‚...‚xn] = [ t ]  + 1

Note  t ha t  t cou ld  r educe  t he  s e t  of va r i ab l e s  of f[t1 ..... t n ] .  To p re se rve  t he
monotony of f, we  have  t o  add  the  miss ing  va r iab les  t o  [ f ] :
[f][x1‚...‚xn] = [ t ]  + 1 + ?: xi. .

Sugges t i on  3.1.6

Cons ide r  t he  c l a s s  of ru l e s

i[g[t1] . t z ]  —> giftt1.t2]].

To gua ran t ee  t he  t e rmina t ion  of such  ru l e s  u se

[ i ] [x ,y ]  = xy  and  [g] [x]  = x + a

such t ha t  a i s  an  a rb i t r a ry  i n t ege r .  No te  t ha t  t h i s  sugges t i on  depends  on  the
r equ i r emen t  t ha t  t he  va lue  of t he  i n t e rp re t a t i on  of a va r i ab l e  o r  a cons t an t
symbol  i s  a t  l e a s t  2 [ s ee  3.1.3]. _ n
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Sugges t i on  3 .1 .7

The  ru l e  sys t em con ta in s  a r u l e  de f in ing  a homeomorph i sm:

g[f [ t1 . . . . . tn] ]  —-> f [g[t ‚ ] . .„ .g[tn]] .

If we  t ake

[f][x1,....xn] = ?x i  and [g]['x] = x.M

[j i s  an  a rb i t r a ry  pos i t i ve  i n t ege r ]  t he  t e rmina t ion  of such  ru l e s  w i l l  be
gua ran t eed .  -

Example  3.1.8

In  o rde r  t o  i l l u s t r a t e  t he  power  of t he  sugges t i ons .  we  wi l l  app ly  t hem to
the  fo l l owing  p ragma t i c  ru l e  sys t em:

x + O ——> x [R1]
0 + v —> V [R2]
] ale y —> y [R3]
)( als ] --> X [R4]

fix} * f l y ]  -> f l x  * y] [R5]
[x rv l r z  @ X*[Y*Z]  [R6]
—[x + v] -> {-x} + { -y ]  [R7]
g lx  * Y-Y] —> h lx  * Vac] [R8]
h[1,y] _; y [R9]

[R1] - [R4] and  [R9] a r e  t e rmina t ing  due  t o  t he  sugges t i on  3.1.1 , [R5] due  t o
3.1.2, [R6] due  t o  3.1.4, [R8] due  t o  3.1.5 and  [R7] due  t o  3.1.7. These
cons ide ra t i ons  l ead  t o  t he  fo l l owing  in t e rp re t a t i ons :

[0][] = 2
[Ill] = 2
[£] l  = x + 1
[-][x} = x2
[+][x.yl = x+Y+1
[*][X‚Y] = xy + x
[g ] [x ,y ]  = 2x  + y +1
[h ] [x .y ]  = x+y  +1  |
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3 .2  Severa l  new Heur i s t i c s

We have  in tegra ted  the  po lynomia l  o rde r ings  i n  ou r  comple t i on  sys tem COMTES
[ s ee  [AMSBQ] .  [S t89c ] ,  [PaBQ] .  [AGGMSB7J] .  A s e r i e s  o f  abou t  300  expe r imen t s
has  been  conduc ted  t o  ga in  more  i n s igh t  i n to  the  cho ice  o f  i n t e rp re t a t i ons  [ s ee
[SKQOJ]. A p re l imina ry  summary  of the  main  r e su l t s  i s  g iven  in  t he  fo l l owing
t ab l e :

%

Tota l  number  of ru l e  sys t ems  t e s t ed  303  100

Canon ica l  ru l e  sys t ems  gene ra t ed  - 225  74

Comple t ion  p roces ses  d ive rge  [ the  t e rmina t ion  can  be  28  9
gua ran t eed  wi th  a po lynomia l  o rde r ing ]

Comple t ion  p roces ses  s top  w i th  f a i l u r e ,  bu t  t he  i n i t i a l  20  7
ru l e  sys t ems  a r e  o r i en t ab l e  w i th  a po lynomia l  o rde r ing

Ru le  sys t ems  wh ich  canno t  u se fu l ly  be  or i en t ed  w.r . t .  30  10
any  po lynomia l  o rde r ing

The t ab l e  i nd i ca t e s  t ha t  t he  po lynomia l  o rde r ings  p rov ide  a power fu l  t e chn ique
for p rov ing  t e rmina t ion  of t e rm r ewr i t i ng  sys t ems  [ s ince  t h r ee  qua r t e r s  of t he
303  examples  a r e  o r i en t ab l e ] .  Howeve r ,  we  canno t  i n f e r  heu r i s t i c s  fo r  gene ra t i ng
adequa t e  i n t e rp re t a t i ons  f rom these  s t a t i s t i c s .  The re fo re ,  we  sha l l  r e f i ne  t h i s
d i ag ram by  sp l i t t i ng  t he  examples  i n to  va r ious  c l a s se s  and  p rov ide  some
asse r t i ons  abou t  t he  i n t e rp re t a t i ons  we  wi l l  need  to  u se .  The  nex t  de f in i t i on
wi l l  c l a s s i fy  t he  pos s ib l e  i n t e rp re t a t i ons :

Def in i t i on  3.2.1

Let p[x1,...,xn] be  any  polynomial  over  Rn, a i ‚ c  € lR.

p[x1....,xn] i s  l inear

n .

iff p[x1,...,xn] = i2_21aixi + c
e .g . :  5x1  + 3x4  + x5

p[x1,...,xn] i s  super—linear

. n

lff p[x1 ..... xn]  = i2:21

e .g . :  x1 + x3  + 1
a ix i  + c such  tha t  a i  E { 0 .1 }
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- p[x1.....xn] is separate

iff each  monomial of p[x1,...,xn] consis ts  of one  var iable ,  on ly
. a 2e.g. .  2x1 + 3x2  + x:3

- p[x1,...,xn] is mixed

29

i i i  p [x1 . . . . , xn ]  conta ins  a t  l eas t  one  monomia l  wh ich  i s  based  on  more
than  one  var iab le

e.g.: x12 + x1x3l3 + 2

The fo l l owing .  t ab l e  l i s t s  d i f f e r en t  in terpre ta t ions  employed  for the  or i en ta t ion
c las se s  of

in terpre ta t ions .  e .g .  if a sy s t em can  e i ther  be  or i en ted  wi th  the  he lp  of a separate
of the  examples .  We  made  grea t  e f for t s  to  deve lop  min imal

or a l inear  in terpre ta t ion  we  wi l l  pre fer  the  l inear  one .

Total number of rule systems oriented

Rule  sys t ems  or i en ted  us ing  super - l inear  in terpre ta t ions

Rule  sys t ems  or iented  us ing  l inear  but  no t  super—linear
in terpre ta t ions

Rule  sys tems  or iented  us ing  separate  but  no t  l inear
interpretations '

Rule  sys t ems  or ien ted  us ing  mixed  in terpre ta t ions

273

89

104

16

64

100

' 33

38

23

The  t e s t ed  examples  be long  to  s evera l  domains .  The  l i s t  of these  c la s se s  w i l l
be  g iven  inc lud ing  typ ica l  representa t ives  and  appropr ia te  in terpre ta t ions .

o A lgebra ic  s t ruc tures :  Groups ,  R ings ,  e t c .

Example  3 .2 .2  Taussky  group

x*[y*z ] -> [x*y]*z
1*]  —>1
x* i [x ]  —> 1
9[X*Y-Y] + f iX*y .x}

My]  —> Y
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[* ] [my]
[ f ] [x .v]
[g][x.y]
[i][x}
[1][]

. Boolean  theo r i e s :
s t ruc tu re s .

Example

X

X

X

“X

[+]lx. V]
[*][x. v]
[D][x. y]
[V][X.Y]
[s l im Y]
[*1l
[1][]

m
<

u
<

<

$$
$ i

'<

30

2xy+y
x+y
2xy2+y2+x+1
x2

2 I

This  c l a s s  i s  c lose ly  connec ted  wi th  tha t  of a lgeb ra i c

:3. 2 . 3 Boolean  r i ng

[X*y]+[x+1]
[X*y]+[x+y]
x+[y+1]

x+ l

x+y
x+y  ‘
2 x+y+2
2x+2y+ l
x+y+2
x+2
] I

Arithmetic theories: Addition.”Multiplication, etc.

Example

x + 0

x + s [Y]

double[0]
doubleIslxl l
02

[SIXJI2

[+][x. v]
[SNK]
[double][x]
[ 2 ][x}
[01!]

:3 . 2 . 4- Squa re  number

x
SIX + y}
0

s[s[double[x]]]
O
x2  + s[double[x]]

i i
$ i

$$
"

X +2y

+3

I I
u

u
u

N
N

O
O

N
N

X

I
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. Lis t s :  =Append ,  Reverse ,  F la t t en ,  e tc .

Example  3 .2 .5  Iterative version of the  reverse function [[HOBOJ] '

n i l  o y —> y
[xv ]  ° z -> My ° z}

rev[nil]  —> n i l
r ev [x .y ]  -> rev[y]  o [x .n i l ]

- r ev i t e r [n i l . '  Y] “> Y
rev i te r [x  . y .  z] -> r ev i t e r [y ,  x . z]
[X ° ‘v ] ° z  —>X°[y<=z}
rev[x]  o y -> r ev i t e r [x ‚y ]
rev[x]  —> rev i t e r [x ,  ni l]

[ .][x.y] = xy  + y +1
[°][x.Y] = xy  + x
[reVJIX] = 2x2
[reviter][x,y]  = xy + x
[n i l l l l  "' 2 I

. St r ing  r ewr i t i ng  sys t ems :  A Thue  sys t em it over  a se t  of s t r i ngs  2* i s  a
f i n i t e  s e t  of ru l e s .  each of t he  fo rm 1 -> r, whe re  l and  r a r e  words  i n  2*.
2* i s  t he  mono id  f r ee ly  gene ra t ed  by  a f i n i t e  a lphabe t  2 unde r  t he  ope ra t ion
of conca tena t ion .  ‘A c lo se  r e l a t i on  be tween  t e rm r ewr i t i ng  and  Thue sys tems
wi l l  ex i s t  if monad ic  t e rms  a r e  u sed  on ly .  A monad ic  t e rm  on ly  con ta in s
una ry  func t ion  symbo l s  and  e i t he r  a cons t an t  o r  a va r i ab l e .  The  subse t  of
the  monad ic  t e rms  wi thou t  cons t an t s  can  unequ ivoca l ly  be  t r ans fo rmed  in to
s t r ings  and  v i ce  versa .

Example  3 .2 .6  F ibonacc i  g roup  wi th  f ive  e l emen t s

c —> ab
d --> be
e -> cd
de  —> a
ea —-> b

[811l = x +1
[b ] [x ]  = 2x +_ 4
[c ] [x]  = 2x + 6
[dJIX] = 4x + 17
[eJIX] 8X+41  I
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. Other  systems: Sys tems  tha t  a re  no t  pa r t  of t he  f i ve  fo rmer  c l a s ses .

Example  3 .2 .7

QIXJ'] —> h lx .y ]

ht f lx } .y l  --> f [g [x .v ] ]

[fllx] = x + 2
[g][x.vl  = 2x + Y +1
[h][x.v] = 2x+y  I

The nex t  d i ag ram p re sen t s  a r e f inemen t  of t he  s t a t i s t i c s  on  t he  number  of
o r i en t ab l e  examples  based  on  the  g iven  c l a s se s .

D iag ram 3 .2 .8  Eva lua t ion  of t he  t e s t ed  examples

©®®®©®®O©®
Algebra i c  s t ruc tu re s

Boolean  theo r i e s  28  43  64  21 O 15  46  17  12  25

Ar i thme t i c  t heo r i e s  69  65  73  4 O 23  21 51 13  15

L i s t s  36 72  81 8 8 3 20  46  3 31

St r ing  r ewr i t e  sy s t ems  30  53  83  7 3 O 43  57  0 O

Othe r  sys t ems  80  58  76  11 5 8 54  34  4 8

All numbers [excep t  those  of t he  first column]  of t he  above  d i ag ram represen t
t he  pe rcen t ages  w.r . t .  t he  f i r s t  co lumn .  The  enc i r c l ed  quan t i t i e s  have  t he
fo l lowing  mean ings :

@ Tota l  number  of ru l e  sys t ems  t e s t ed

@ In i t i a l  r u l e  systems a re  con f luen t

@ Canon ica l  ru l e  systems generated

Comple t ion  p roces se s  d ive rge  [ t he  t e rmina t ion  can  be  gua ran t eed  wi th
a polynomial  order ing]
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Comple t ion  p roces se s  s top  w i th  f a i l u r e  bu t  t he  i n i t i a l  r u l e  sys tems
a re  o r i en t ab l e  w i th  a po lynomia l  o rde r ing

Ru le  sys t ems  wh ich  canno t  u se fu l ly  be  o r i en t ed  w.r . t .  any  po lynomia l
o rde r ing

@
@

The  fo l l owing  ca t ego r i e s  r e l a t e  t he  d i f f e r en t  i n t e rp re t a t i ons  t o  t he  c l a s se s  of
or i en t ab l e  ru l e  sys t ems .

Ru le  sys t ems  o r i en t ed  u s ing  supe r - l i nea r  i n t e rp re t a t i ons

Ru le  sys t ems  o r i en t ed  u s ing  l i nea r  bu t  no t  supe r - l i nea r  i n t e rp re t a t i ons

Ru le  sys t ems  o r i en t ed  u s ing  s epa ra t e  bu t  no t  l i nea r  i n t e rp re t a t i ons

®
©

°®

Rule  systems or i en t ed  u s ing  mixed  in t e rp re t a t i ons  -

The mos t  impor t an t  r e su l t s  of t h i s  d i ag ram can  be  summar i zed  a s  fo l lows :

- In  con t r a s t  t o  t he  o the r  c l a s se s .  on ly  a sma l l  quan t i t y  of i n i t i a l  sys tems  in
the  c l a s s  of a lgeb ra i c  s t ruc tu re s  i s  d i r ec t l y  con f luen t .  Moreove r ,  t he  number
of mixed  in te rpre ta t ions  needed  i s  r e la t ive ly  b ig  [nea r ly  60%].

. |
1'

- The p roof s  of t he  t e rmina t ion  of t he  examples  on  l i s t s  and  s t r i ngs  can;
o f t en  be  succes s fu l  conduc ted  by  us ing  po lynomia l  o rde r ings .  Howeve r ,  while”:
l i s t s  r equ i r e  more  t han  30% of mixed  in t e rp re t a t i ons ,  t he  s t r i ng  rewri t ing:
systems can  be  o r i en ted  w i th  t he  he lp  of l i nea r  i n t e rp re t a t i ons .  on ly  ['a"
poss ib l e  exp lana t ion  i s  t ha t  t he  s t r i ng  sys t ems  posse s s  an  ea s i e r  s t ruc tu re ] .

For  t he  o r i en t a t i on  of  examples  be long ing  to  a r i t hme t i c  t heo r i e s  mixed- '
i n t e rp re t a t i ons  do no t  s eem to  be  needed  ve ry  o f t en .  Unfo r tuna t e ly ,  this
does  no t  ag ree  w i th  r ea l i t y  s ince  on ly  t h r ee  qua r t e r s  of t he  ru l e  sys tems
be long ing  to  a r i t hme t i c  t heo r i e s  a r e  o r i en t ab l e .

I t  i s  s i gn i f i can t  t ha t  t h r ee  qua r t e r s  o f  t he  gene ra l  sy s t ems  [ ' o the r  sys t ems ' ]
can  be  o r ien ted .  Fur thermore ,  t h i s  o r ien ta t ion  has  been  ca r r ied  ou t  using
a lmos t  l i nea r  i n t e rp re t a t i ons .  on ly .  I t  cou ld  be  a l ucky  chance .  -'

Based  on  the  expe r i ence  w i th  t he  examples  s eve ra l  new heu r i s t i c s  have  been .
deve loped  fo r  t he  cho ice  of u se fu l  i n t e rp re t a t i ons .
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Sugges t i on  3.2.9 Ar i thme t i c  t heo r i e s

In  o rde r  t o  p rove  t he  t e rmina t ion  of a r i t hme t i c  spec i f i ca t i ons  i t  i s  p ro f i t ab l e
if t he  complex i ty  h i e r a rchy  of t he  i n t e rp re t a t i ons  r e f l ec t s  t he  complex i ty
h ie ra rchy  of t he  co r r e spond ing  func t ion  symbo l s  [o f  3.2.4]. .

For example. [+][x,y] = xy + x, [*][x‚y] = xzy + xy2‚ [exp][x,y] = [x + y]4 is
based  on  sugges t i on  3.2.9.

The  fo l l owing  sugges t ion  p rov ides  a t e s t  f o r  dec id ing  whe the r  a m ixed
in t e rp re t a t ion  i s  necessa ry  fo r  o r i en t a t i on .

Sugges t i on  3.2.10 Mixed  in t e rp re t a t i ons

Le t  1 = f[s1....,slm] —> g[ t1 . . . . . t n ]  = r be  a ru l e  such  tha t  m > 1‚n  >. 1. The re  ex i s t s

no  separa te  in te rpre ta t ion  [ f ]  such tha t  1 2POL r if

[Elsi] V[si] „jpmwsfl = e
A [Elu E O[r]] r / u  = f[sl',...,s' ] A si' :J s i

m

A V[r[u . i  <- l ] ]  n V[Si ]  $ @ I

The  f i r s t  cond i t i on  requ i res  tha t  t he  va r i ab l e s  of s i  do  no t  occur  e l s ewhere  i n  l.
The  l a s t  r equ i r emen t  means  t ha t  a t  l ea s t  one  va r i ab l e  of V[s1] occurs  i n  r
ou t s ide  of 5'1- We now demons t r a t e  t he  u se  of  t h i s  t e s t  w i th  t he  he lp  of an

example .  -

Example  3.2.11 Binomia l  coe f f i c i en t s

The fo l l owing  ru l e  sys t em rep re sen t s  a comple t e  spec i f i ca t i on  of t he
b inomia l  coe f f i c i en t s :

b[0 .8 [y ] ]  -> 0
b[x.0] —> s[0_]
b[S [>c ] .s [y ] ]  —> b l x .5 [ y ] ]  + b [ x . y ]

There  ex i s t s  no  s epa ra t e  i n t e rp re t a t i on  of b wh ich  o r i en t s  t he  l a s t  r u l e .  Le t

b l s lx} .5 [y ] l  . r = b[X.S[Y]] + b lx .v ]

S ly ]

b lx .5 [y ] ]

1
s i

r / u

Note  t ha t  a l l  cond i t i ons  of 3.2.10 a re  va l i d :  y does  no t  occu r  e l s ewhere  i n  l .
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si = s[y] : s[y] = s i  and V[b[x,)t]+b[x,y]] n V[s[y]] = {y}. Therefore. we need a
mixed  in t e rp re t a t i on  of b t o  p rove  t he  t e rmina t ion  of t he  sys t em:

[b ] [x .y ]  = xy  + x
[+][x.v] = x + y
[SNK] = 2x
[OH] = 2 I

Approx ima te ly  20% of t he  273  sys t ems  o r i en t ab l e  w.r . t .  po lynomia l  o rde r ings
requ i r e  mixed  in t e rp re t a t i ons .  The  c r i t e r i on  above  can  be  app l i ed  t o  nea r ly
50% of t he se  ca se s  a s ,  f o r  example .  t o  t he  d i s t r i bu t iv i t y  ax iom.

Dur ing  expe r imen ta t i on  t he  combina t ion  of t he  d i s t r i bu t iv i t y  and  the  a s soc i a t i v i t y
p roved  to  be  p rob lema t i c .  The fo l l owing  sugges t i on  can  some t imes  dec ide  t he
t e rmina t ion  of a sy s t em con ta in ing  the se  two  ru l e s .

Sugges t i on  3 .2 .12  D i s t r i bu t iv i t y  ax ioms

Let *‚+ E 8 , c be  a cons t an t  symbo l  and
SRD: x*[y+z ]—>[x*y]+[x*z ]

[x+y]*z  * [X*z}+[y*2]

' The te rmina t ion  of MD can  be  p roved  wi th  the  he lp  of

[+][x'y] : x + Y- I - l

[*][x.y] = xy

[c][] 2 2

- Thesys t em

SRDo{x+[y+z ]—9[x+y]+z}

t e rmina t e s  if

[4 - ] [x ’y ]  = x + 2y  +1

[*][x,y] = xy
[o][] z 2

- The ru l e  sys t em

mDu{[x ry ]*z+xr [y*z}}

can  be  o r i en t ed  u s ing  the  fo l l owing  in t e rp re t a t i ons :
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[+][x.y] = x + y + 2
[slimy] = xv  + x
[e][] z 3

- In  o rde r  t o  ach i eve  t he  t e rmina t ion  of

SRDuHx+v l+z  —>x+[y+z}
[x  * y ]  * z —a» x * [y  * z ]}

we use  t he  i n t e rp re t a t i ons

[+][x.v] 2x+Y+4
[*][x.y] = xy + x
[C] [ ]  2 5 I

Finally, we  deal with a large and wide-spread area: group theory. As mentioned
previously  [ s ee  3.2.8]. t h i s  c lass  ma in ly  requ i res  mixed  in t e rp re t a t ions  wh ich
a re  cons ide rab ly  ha rde r  t o  ob t a in .

Sugges t i on  3 .2 .13  Group  theo ry

Le t  * . i . e  E 8. Fu r the rmore .  l e t  E be  a s e t  of g roup  ax ioms  inc lud ing

[x  * y]  * z and
ihr] * i lX] .

x * [y  * z ]
i l x  * v]

An approp r i a t e  and  r e l a t i ve ly  s imp le  i n t e rp re t a t i on  fo r  o r i en t ing  E i s  t he
fo l l owing  one :

[* l ixy]  = 2xy  + x [or 2xy .+  Y]
DMX] = x2
[ e ] [ ]  = 2

Note  t ha t  no  sys t em spec i fy ing  a g roup  can  be  o r i en t ed  u s ing  s epa ra t e
in t e rp re t a t i ons .  on ly .  .
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3 .3  A Me thod  fo r  L inea r  Po lynomia l s

In  t he  l a s t  two  sec t i ons  we  have  p re sen t ed  s eve ra l  sugges t i ons  fo r  choos ing
the  i n t e rp re t a t i ons  of func t ion  symbo l s .  The  d i s advan tage  of t he se  t echn iques
i s  t ha t

- t hey  a r e  ve ry  vague  and  incomple t e  and
- i t  i s  ha rd  t o  combine  t hem.

i .e .  an  au toma t i c  me thod  wou ld  be  i ne f f i c i en t  s i nce  it mus t  be  ab l e  t o  back—
track .

To pa r t i a l l y  ove rcome  these  p rob lems  we  have  deve loped  a p rocedure  t ha t
mechan ica l l y  gene ra t e s  i n t e rp re t a t i ons  of Ope ra to r s  such  tha t  a g iven  ru l e  sys t em
te rmina t e s .  Th i s  t e chn ique  i s  r e s t r i c t ed  t o  spec i a l  po lynomia l s ,  i .e. t he  fo l l owing
procedure  can  on ly  hand le  l inea r  in te rp re ta t ions .  This res t r i c t ion  i s  de r ived  from
t he  f ac t  t ha t  i t  i s  ve ry  d i f f i cu l t  t o  check  whe the r  a gene ra l  po lynomia l  i s
grea t e r  t han  O [ c f .  chap te r  4 ] .  S ince  71% of t he  i n t e rp re t a t i ons  u sed  fo r  t he
examples  a r e  l i nea r  [ s ee  s ec t i on  3.2] we  cons ider  i t  t o  be  a va l id  restr ict ion.

Example  3 .3 .1

Let s = f[g[g[x]] ,y]  and  t = f[g[x],f[x_.y]] be  two  te rms .  Fur thermore .  l e t

[ f ] [x ,y ]  = ax  + by  + c and  [g] [x]  = dx  + e

be  two  c l a s se s  of l i nea r  i n t e rp re t a t i ons  fo r  f and  g ,  r e spec t ive ly .  Then .

[ s ]=ad2x+by+ade+ae+c ,
[ t ]  [ ad+ab]x+b2y+ae+bc+c .

Thus, p rov ing  s >POLt r equ i re s  t he  proof of [ s ]  >? [ t ] .  .

L e m m a  3 .3 .2

11 n
Le t  a = 12:21a1x1 + a0  and  b = 12:11 b ix i  + bo  be  l i nea r  po lynomia l s  w i th

[Vi E [1,n]] ai‚bil 2 0.  Then.

a >? b
if [Vi € [O ,n ] ]  a i  zb .  |1
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Example  3 .3 .3  [Example 3.3.1 continued]

[ s ]2p [ t ]
if adzzad+ab

A bäb2
A ade+ae+c2ae+bc+c

Note  t ha t  we  have  t o  compare  sums of p roduc t s .  There  i s  a r e l a t i ve ly  s imp le
algor i thm,  t he  so-ca l led  Simplex  me thod  [ s ee  3.4]. for dec id ing  whe the r  a
sys t em of l i nea r  i nequa l i t i e s  ha s  a so lu t i on .  Unfo r tuna t e ly ,  we  do  no t  have
l inea r  i nequa l i t i e s .  i n  gene ra l .  Consequen t ly .  we  sha l l  p r e sen t  a me thod  for
t r ans fo rming  such  an  exp re s s ion  [ a  sum of p roduc t s ]  i n to  a l i nea r  po lynomia l .  I

Given  an  i nequa l i t y  of t he  fo rm used  in  l emma  3.3.2. i t s  t r ans fo rma t ion  to  a
l i nea r  i nequa l i t y  i s  ba sed  on  the  fo l l owing  ideas :

- approx ima t ing  each  s ide  of t he  i nequa l i t y  to  a p roduc t  and  then
- app ly ing  a l oga r i t hmic  func t ion  t o  t he se  p roduc t s .  '

The  fo l l owing  l emmata  p rov ide  the  t heo re t i ca l  f r amework  for  t he  p rocedure .

Lemma 3 .3 .4

n n

H ai  z 2 a1
i=1 i=1

if [Vi E [1 ,n]]  a1 2 2 .

L e m m a  3 .3 .5

n

n- l ' I a i  2 Za i
i=  i=1

if [Vi€[1,n]] a i z l  .

u-
i

Lemma 3 .3 .6

1n _
a i  2 [Ha i ]n'J‘

“ M
:!

i l

if [v1€[1,n]] a . 201

This  i nequa l i t y  i s  c a l l ed  t he  a r i t hme t i c -mean-geome t r i c -mean  inequa l i t y  for
n number s .  I
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The combina t ion  of t he se  t h r ee  l emmata  l eads  t o  t he  me thod  of t r ans fo rming
an  inequa l i t y  [of l emma 3.3.2] in to  an  i nequa l i t y  of on ly  two  produc t s :

Lemma 3 .3 .7

Le t  a1  2 1 and  b i  2 1. Then,

n 3'91:
i §1a12  i=1 i

' ' nn  mn  [ven  ]] b221f 1] n -il_:_l1 a1  2 i1;I1bi A 1 ‚m  i

n

or  ii]  nn ' i I _ I a i  2 mn-I I  b?’

Example  3 .3 .8  [Example 3.3.3 continued]

We have to verify that  ad2  2 ad  + ab  . b 2 b2
ade+ae+c2ae+bc+c :

i] ad2 2 ad + ab  will be  transformed into
ad2 2 azbd A ad22  A ab22

or ad2 2 2a2bd

ii] b 2 b2 will be  transformed into
b 2 b2  A b2  2 2

"or b 2 b2

i i i ]  ade  + ae  + c 2 ae  + bc  + c w i l l  be  t r ans fo rmed  in to
27a2cde2  2 a3b3c5e3 A ae  2 2 A be  2 2 A c 2 2

or 27a2cde2 2 27a3b3c6e3

Remarks  3 .3 .9

and

- The inequa l i t y  o f  t he  f i r s t  t r ans fo rma t ion  [1] o f  t he  example  above  cou ld  be
weakened  by  d iv id ing  i t  by  i t s  g r ea t e s t  common  f ac to r :

ad22ad+ab  w d22d+b  «» d22bd  A
or d222bd

- If n = m = 1, t he  f irst  poss ib i l i t y  [ i ]  of l emma  3.3.7 of t r ans fo rming  an
inequality is more restricted than the  second one [cf. ii] of example 3.3.8]:

i ]  al 2 b1 A b1 2 2
or i i ]  a1 2 b1

There fo re ,  if t he re  i s  on ly  one  p roduc t  on bo th  s ide s  of t he  i nequa l i t y ,
we  do  no t  need  any  t ransformat ion .
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The  inequa l i t y  of t he  t h i rd  t r ans fo rma t ion  [ i i i ]  of t he  example  above
cou ld  be  weakened  by  sub t r ac t i ng  t he  g rea t e s t  common  pa r t :

ade+ae+c2ae+bc+c  w ade2bc  .

Nota t ion  3 . 3 . 1 0

The t rans format ion  acco rd ing  to  lemma 3.3.7 of an  i nequa l i t y  t o  an  i nequa l i t y
where  bo th  s ide s  con ta in  on ly  one  p roduc t  w i l l  be  deno ted  by  ' r ed ' :
red[2:ai 2 2b.] .  .

In order  t o  u se  the  S implex  method .  we have  t o  map  red[2a1 2 Zbi ]  in to  a
l i nea r  i nequa l i t y .  Fo r  t h i s  pu rpose  we  exp lo i t  a spec i a l  p rope r ty  of l oga r i t hmic
func t ions :

log[l lai]  = 2. log[a1].

Fur the rmore ,  l og  i s  mono tonous  if a i  2 1. No te  t ha t ,  f o r  gua ran t ee ing  the
monotony  of t he  po lynomia l  o rde r ings  on  l i nea r  i n t e rp re t a t i ons ,  a l l  coe f f i c i en t s
mus t  be  g rea te r  t han  o r  equa l  t o  1. Therefore .  t he  cond i t i on  a i  2 1 i s  a lways
fu l f i l l ed .

For e l imina t ing  exponents  we ut i l ize  t he  l aw  log[un]  = n-log[u].  Accord ing  to
l emma 3.3.7 i t  i s  conven ien t  t o  app ly  the  b ina ry  l oga r i t hm Ib s ince  i nequa l i t i e s
of t he  form a i  2 2 can t hen  be  t ransformed in to  lb[ai] 2 1.

Lemma 3 .3 .11

:1
5

IIa 2 bi i i=1 i
_ n m
uf i §1 lb [a i ]  z i §11b[b i ]  .

'!

Nota t ion  3 . 3 . 1 2

The  t r ans fo rma t ion  due  t o  l emma  3.3.11 of an  i nequa l i t y  of two  p roduc t s  i n to
a l inear  inequa l i ty  i s  deno ted  by  'lin':  l in(IIai  2 I'Ibi]. |

With  the  he lp  of t he  t r ans fo rma t ion  func t ions  red and  lin we  a r e  ab l e  t o  r educe
an  inequa l i t y  [ r e l a t i ve  t o  l i nea r  i n t e rp re t a t i ons ]  t o  a l i nea r  i nequa l i t y .  The re fo re .
t he  t e s t  whe the r  a t e rm  s i s  g r ea t e r  " than  a t e rm  t [w. r . t .  po lynomia l
o rde r ings ]  p roduces  a s e t  of l i nea r  i nequa l i t i e s .  Fo r  dec id ing  whe the r  such  a s e t
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has a so lut ion  the  Simplex  method can  be  app l i ed .  If the  se t  of i nequa l i t i e s  has
a so lu t i on  and  we a r e  no t  on ly  i n t e r e s t ed  i n  a so lu t ion .  we  have  t o  r eve r se
the  e f f ec t  of t he  logar i thmic  t r ans fo rma t ion  by  app ly ing  l i n ' 1  t o  t he  r e su l t :

] = [22  lbIai] 2 22  lblbill11n"[2 lb[ai] z z lb[bi]
l b I a i ]  l b [b1 ] ]=[ l ' 12  2H2

=[ I l a i z l l b i ] .

Algor i t hm 3 .3 .13

We presen t  an  a lgo r i t hm to  de te rmine  whe the r  a f i n i t e  s e t  of r ewr i t e  ru l e s
93 = {11 —-> I1 I i € [1 ,nJ}  can  be  ordered  by  a polynomia l  o rde r ing  on  l i nea r
interpretat ions on funct ion symbols .
The a lgo r i t hm i s  p r e sen t ed  by us ing  in fe rence  ru l e s  of t he  form

A
cond

B

which means tha t  B is  va l id  if A and  cond a r e  t rue .

[1] Transforming the  ru les  [SR] into inequal i t ies  [I]

mut t -n}  ‚ I

9% , Iu  {[l] > [x]}

This step wi l l  be  executed  un t i l  9% i s  empty .  i .e.  1 con ta ins  a l l  inequa l i t i e s .
This  t r ans fo rma t ion  mus t  combine  t he  coe f f i c i en t s  o f  common  va r i ab l e s .

[2 ]  Sp l i t t i ng  the  i nequa l i t i e s  w. r . t .  t he  coe f f i c i en t s  of common va r i ab le s  [cf .
lemma 3.3.2]

n n

I u {Er  a ix i  + a0  > 12:21 b ix i  + bo}

I u {ai  >- h i  | i E {O....‚j—l‚j+l‚...‚n}} u {aj > bj}

[3] Simpli fying the  inequal i t ies  [cf. remarks  3.3.9]

Iu lx+2a i2x+2b i}

I u {2a i  z Zbi}
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I u {Ex-a1  2 Zx-b i}

I u {2a1  2 Zbi}

I u {a 2 0}

I

42

[4] El iminat ing the  add i t ion  [of, l emma  3.3.7 and  no ta t ion  3.3.10]

Iu{a2b}

I u {redIa 2 b]}
if a or  b con ta in  +

[5] Reducing a produc t  t o  a l inear  polynomial  [cf. l emma 3.3.11 and
notat ion 3.3.12]

1 u {a 2 b}

I u {lin[a 2 b]}

[6] Renaming the  logar i thm func t ions

I u {Zailb[x1] z Ebilb[y1]}

I u {Eaixi '  2 Ebiy i ' }

[7] Applying the Simplex method

I

I I

[8] Revers ing t he  logar i thm mapp ing

I u {E 31 i  2 Zbiyi '}

I u {Irz'i‘i-xi z nzbi-yi}

if a and  b do  no t  con ta in  +

if a1  and  b i  a r e  cons t an t s

if I '  i s  t he  ou tpu t  of t he
app l i ca t i on  of t he  S imp lex
a lgo r i t hm to  t he  s e t  I o f  l i nea r
i nequa l i t i e s

if a1 .b i  a r e  cons t an t s  and  I
con ta in s  t he  so lu t ion  [provided
t he  S imp lex  me thod  has  found
one] .

In  o rde r  t o  improve  the  e f f i c i ency  of t h i s  a lgo r i t hm we  app ly  t he  c r i t e r i on  of
section 3.2 [of 3.2.10] to the rules of the rule system. That way. systems which
r equ i r e  mixed  in t e rp re t a t i ons  can  be  exc luded  s t r a igh t  away .
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Examples  3 .3 .1  4.-

i ] We would  l i ke  t o  guarantee  the  t e rmina t ion  of t he  ru l e  [ example  3.3.1]

f lg igbd l  . y] -> f l g lx}  . f i x .  vl]:

Let [ i ] [x .y ]  = ax  + by + c and  [g] [x]  = dx + e.

[1 ] I={ad2x+by+ade+ae+c  > [ ad+ab]x+b2y+ae+bc+c}

[2 ] !={ad22ad+ab .b2b2 . ade+ae+c  2 ae+bc+c}

[3 ] l={d22d+b ,12b . ade2bc}

[411={d22bd .b22 ,d22 , i2b . ade2bc}

Producing th i s  se t  of i nequa l i t i e s  we t r i ed  t he  f i r s t  a l t e rna t ive  of
l emma  3.3.7. But  t h i s  s e t  does  no t  have  any  so lu t i on  s ince  t he  subse t
{b  2 2 , l 2 b} i s  unso lvab le .  Thus .  we  use  t he  s econd  t r ans fo rmat ion
of lemma 3.3.7:

{d222bd .12b ,  ade2bc}I—
l

ll

{21b[d ]  2 1 + lb[b]  + lb[d]  , o 2 l b lb ]  .
lb[a]  + lb[d]  + lb[e]  2 lb[b]  + INCH

[5] u—
c

ll

Note  tha t  if t he re  i s  any  inequa l i t y  l i ke  x s 1. then  t he  va lue  of x
has  to  be  s e t  t o  1 s i nce  t he  p recond i t i on  r equ i r e s  x 2 1. for  a l l  x .
Fur the rmore ,  subs t i tu t e  a l l  occur rences  o i  x by  l .

[6 ] !={2d '21+b '+d ' . 02b ' , a '+d '+e ' 2b '+c ' }

[7] A possible solution of this  se t  of linear inequalities is the  following
one:

b '=0 ,d '= i . a '=c '=e '=0

Note that the last inequality [a' + d '  + e '  2 . b '  + c'] is the  proper
inequa l i ty  which  i s  needed [ci.  [2] of a lgo r i thm 3.3.13].

[ a ]b=2°=1 ,d=21=2 ,a=c=e=2°=1

These ass ignments  genera te  t he  in te rpre ta t ions  fo r  i and  g i n  the
following way: [f][x.y] = x + y + 1 , [g][x] = 2x + 1. With the  help
of these interpretations, f[g[g[x]],y] >POL i[g[x],f[X.Y]] since
[flglglx]].yl] = 4x + y + 4 > 3x + y + 3 = [flglxl.f[x.y]]].
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i i ]  We  wou ld  l i ke  t o  p rove  t he  t e rmina t ion  of t he  F ibonacc i  func t ion :

f i b [0 ]  -> O
fib[s[0]] —> s[0]
fib[s[s[x]]] —-> fib[s[x]] + fib[x]

Let be  [O][] = a , [ s ] [x ]  = bx + c . [f ib][x] = dx  + e and
[+][X.y] = px + qy + r . .

[1] I { ad+e>a ,abd+cd+e>ab+c ‚bzdx+bcd+cd+e>

[bdp+dq]x+cdp+ep+eq+r}

{ ad+e>a ‚abd+cd+e>ab+c ‚bzdzbdp+dq .

bcd+cd+e2cdp+ep+eq+r}
[2] l

{ad+e>a , abd+cd+e>ab+c .bzs+q .
bcd+cd+e2cdp+ep+eq+r}

[3] I

{4ade > a2  , 27abcd2e > 8a3b3c3 , b2 z 2bpq  .
27bc2d2e 2 64c3d3e6p5q3r3}

[4] I

{2  + lb[a] + 1b[d] + lb[e] > 21b[a] . lb[27] + lb[a] + lb[b] + lb[c] +
21b[d] + lbIe] > 3 + 3lb[a] + 31b[b] + 31b[c] , 21b[b] 2 1 + lb[b] +
lb[p] + lb[q] , lb[27] + lb[b] + 21b[c] + 21b[d] + lb[e] 2 6 +31b[c] +
31b[d] + 61b[e] + 61b[p] + 31b[q] + 31b[r]}

[5] | _
. ||

{2+a '+d '+e '>2a ' ‚ lb [27 ]+a '+b '+c '+2d '+e '>

3+3a '+3b '+3c ' , 2b ' 2 l+b '+p '+q ' .
l b [27 ]+b '+2c '+2d '+e ' 26+3c '+3d '+6e '+6p '+3q '+3 r ' }

H II[6]

[7] The s e t  of inequa l i t i es  of [6] i s  unsolvable .  Therefore. t h i s  me thod
canno t  p rove  t he  t e rmina t ion  of t he  F ibonacc i  func t ion .  In

Theorem 8 .8 .15

The  a lgo r i t hm.  3.3.13 a lways  t e rmina t e s .  If i t  does  no t  f a i l  ER can  be  o rde red
by  a polynomial  order ing  [u s ing  on ly  l inear  polynomials] .  .

The power  of t he  p re sen ted  me thod  s t rongly  depends  on  t ransformat ion  [4], i.e.
on  l emma  3.3.7. Th i s  l emma  app rox ima te s  each  s ide  of an  i nequa l i t y  t o  a p roduc t
such  tha t  t he  fo l l owing  r e l a t i ons  ho ld :  F ind  a = l 'Ici and  b = I 'Idi w i th

Za .2a2b22b1 .
1

Accord ing ly .  t he  be t t e r  t he  app rox ima t ions  a r e  t he  more  power fu l  t he  a lgo r i t hm
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wi l l  be .

Note  tha t  i t  i s  poss ib l e  t o  s impl i fy  t he  i nequa l i t i e s  gene ra t ed  by  s t ep  [4 ]  w i th
t he  ru l e s  of s t ep  [3]. Therefore. we  can  merge  s t ep  [3] and  s t ep  [4].

Anothe r  improvement i s  the  ex tens ion  of t ransformat ion  [3] wh ich  i s  used  t o
s imp l i fy  an  i nequa l i t y .  The  fo l l owing  ru l e s  can  i n  some  case s  avo id  t he  a lgo r i t hm
t o  s t op  unsuccess fu l ly :

n
Iu{Ha iS1}

i=1

l u l a i=1  l i € [ l , n ]}

I U {a i  = 1}
. ___.— if I '  r e su l t s  f rom I by  subs t i t u t i ng  a1 by  l

I '  U {a i  = 1}

I u {E a i  2 Zbi}
- if [3m1.,1r-2][Vi][30] audi ]  = b.,„zm-c

I

By way  of i l l u s t r a t i on .  t he  l a s t  r u l e  r emoves  for  example  a l c1  + azc2  z a1 + a2
f rom the  s e t  of i nequa l i t i e s  s i nce  i t  a lways  ho lds .

The  th r ee  t r ans fo rma t ions  above  ex t end  the  p re sen t ed  me thod .  Fu r the rmore .
_ t he re  i s  ano the r  s imp l i f i ca t i on  ru l e  wh ich  some t imes  improves  t he  t echn ique :

if [Bf € 8‚n  > O] [f][x1,...,xn] = Ziaixi + ao
I u {ao  = 0}

With  the  he lp  of t h i s  cond i t i on .  t he  t r ans fo rma t ion  r ed  of l emma  3.3.7 can  be
desc r ibed  more  p rec i s e ly .  Cons ide r  fo r  example  t he  F ibonacc i  func t ion  of 3.3.14 ii]:

{ad+e ->a , abd+cd+e>ab+c .bzdzbdp+dq .

bcd+cd+e2cdp+ep+eq+r}
[2] I

[311 = {d>1 ,d> l .b22bp+q .c=0 . e=0 . r=0}

[411  = {d> l ,d> l , b222bpq}

[511 = { lb [d ]>0 , lb [d ]>0 .21b [b ]21+ lb [b ]+ lb [p ]+ lb [q ]}
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[6 ] I  = {d '>0 ,d '>0 ,2b '21+b '+p '+q ' }

[7] A feas ible  solut ion of I i s  t he  fol lowing one:

b '=1 .d '=1 ‚p '=0 ,q '=0

[8] a=1‚b=2‚c=0‚d=2 ,e=0‚p=1 ,q=1andr=0  wh ich l ead to
the  in te rpre ta t ions  [O][]  = 1 , [s][x]  = 2x  , [ i ib][x]  = 2x  . [+][x‚y] = x + V
which  p rove  t he  t e rmina t ion  of t he  t h r ee  ru l e s  de sc r ib ing  the  F ibonacc i
func t ion .
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3 .4  The  S imp lex  Algo r i t hm

In 3.3 an  a lgo r i t hm has  been  p re sen t ed  wh ich  compu te s  app rop r i a t e  l i nea r
po lynomia l s  for  gua ran t ee ing  the  t e rmina t ion  of ru l e  sys t ems  for  wh ich  l i nea r
in t e rp re t a t i ons  su f f i ce .  An  impor t an t  pa r t  of t h i s  a lgo r i t hm cons i s t s  of so lv ing
l inea r  i nequa l i t i e s .  I n  t he  p re sen t  sec t ion  we  g ive  an  i n fo rma l  desc r ip t i on  of a
spec i a l  ve r s ion  of t he  we l l -known  S implex  me thod  to  so lve  t h i s  p rob l em.

In 1947, Dantz ig  f i r s t  p roposed  the  S imp lex  me thod  whe reby  a l i nea r  fo rm cou ld
be minimized [or maximized] subject to  linear equalities [or inequalities] that
a re  some t imes  ca l l ed  cons t r a in t s .  Such  p rob lems  have  come  to  be  known
as  'L inea r  P rog ramming ' .  The  fo l l owing  app roach  i s  t aken  f rom [Th79] .  [Ch83]
and  [Mi76]  and  the  r eade r  i s  r e f e r r ed  t o  t he se  r e f e r ences  fo r  a more  de t a i l ed
descr ipt ion.

The S imp lex  me thod  can hand le  t he  fo l l owing  p rob lem:

n

Minimize  _Z c.x.1=1 1 1
n

Subject to 1%! an):" S b1 [1 = 1,...,m]
x. 2 0 [j = 1.....n]J

For  s imp l i c i t y  of expos i t i on  we  sha l l  r e s t r i c t  ou r se lves  t o  t he  fo rm above .  I t  i s
no t  d i f f i cu l t  t o  t r ans fo rm a more  gene ra l  f o rm [ in  wh ich  equa t ions  of t he  fo rm
Zaijx‘1 = b i  a s  we l l  a s  i nequa l i t i e s  l i ke  Elaljxj 2 b].L a r e  pos s ib l e ]  i n to  t he  one  u sed
here .

- To t r ans fo rm th i s  p rob l em in to  an  equ iva l en t  fo rm in  wh ich  t he  i nequa l i t i e s  a r e
r ep l aced  by  equa l i t i e s ,  m so -ca l l ed  s l ack  va r i ab l e s  a . . . . , xn+m a re  i n t roduced
as  d i s t i nc t  f rom the  n so -ca l l ed  dec i s ion  va r i ab l e s  i n  wh ich  t he  p rob lem i s
de f ined :

n

Minimize  z = Z c ix i1:1
11

Subject to j §1a i jx j  + xn+1 = bi [i = “I.....m]

xj 2 0 [j = 1,...‚n+m]

In a l inea r  programming problem.  t he  l inear  func t ion  2 t o  be  opt imized  i s  ca l led
t he  ob jec t ive  func t ion .  Any  po in t  [x1....,xn] w i th  non—nega t ive  coo rd ina t e s  t ha t
s a t i s f i e s  t he  sys t em of cons t r a in t s  i s  c a l l ed  a f ea s ib l e  so lu t i on  t o  t he  p rob lem.
Thus .  ou r  ba s i c  p rob lem i s  t o  de t e rmine .  f rom among  the  s e t  of a l l  f ea s ib l e
so lu t i ons .  a po in t  t ha t  min imizes  t he  ob j ec t i ve  func t ion .  The  S imp lex  me thod
can  dec ide  whe the r  a p rob lem has ,  i n  f ac t ,  any  f ea s ib l e  so lu t i on  and  in  add i t i on
whether  t he  objec t ive  func t ion  ac tua l ly  a s sumes  a min imum value .  Note,  however .
tha t  t he  p rob lem appea r ing  i n  t he  a lgo r i t hm of s ec t i on  3.3 cons i s t s  of f i nd ing
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any  so lu t i on  of a sy s t em of l i nea r  equa l i t i e s ,  i .e. we  sha l l  on ly  s tudy

n .

[*] Z 8 i1  + Kn+1 = Di [1 = 1,...‚m]i=1
So lv ing  such  systems i s  no  more  d i f f i cu l t  t han  so lv ing  l i nea r  p rog ramming
problems: to  f ind a solut ion of [*], or to  es tab l i sh  i t s  non-ex i s t ence .  we  only
need

Minimize  z = x0
„ n

Subject to l§1 auxj  + i-c.mi — x0 = bi [i = 1....‚m]

x02  0

Fig. 1

The bas i c  s t ep  of t he  S imp lex  me thod  i s  de r ived  f rom the  f ami l i a r  p ivo t  ope ra t i on  - '
used  to  so lve  l i nea r  equa t ions .  The p ivo t  ope ra t i on  cons i s t s  of r ep l ac ing  a sy s t em
of equa t ions  w i th  an  equ iva l en t  sy s t em in  wh ich  a s e l ec t ed  va r i ab l e  i s
e l imina t ed  f rom a l l  bu t  one  of t he  equa t ions .

Def in i t i on  3 .4 .1  P ivo t ing

11
Le t  ja aij  + xmk — xo  = bk  be  t he  k—th equa l i t y  of f i gu re  1. We  choose

any  xp  [p  € [ l ,n ] ]  and  r ewr i t e  i t  i n  t e rms  of m i.e.

n
xp  : [bk _ j=12.:j¢pakixj " xml: " x0]/ak1c>

Subs t i t u t i ng  xp  in  t he  o the r  equa t ions  a new equa t ion  s e t  i s  ob t a ined .  Th i s
ope ra t i on  r ep re sen t s  a change  of s t a t e  and  wi l l  be  deno ted  by  p ivo t [p ,k ] .  -

I t  i s  e a sy  t o  show tha t  t he  so lu t i on  s e t  of t he  sys t em of equa t ions  r e su l t i ng
f rom the  p ivo t  ope ra t i on  i s  i den t i ca l  t o  t he  so lu t i on  s e t  of t he  o r ig ina l  sy s t em.
In  gene ra l ,  r epea t ed  u se  of p ivo t ing  can  l ead  t o  a sy s t em of equa t ions  whose
solution set  is obvious. Such a system [called canonical form] consists of n
equa t ions  w i th  n unknowns where each va r i ab l e  appea r s  i n  one  and  on ly  one
equa t ion .  and  in  t ha t  equa t ion  has  coe f f i c i en t  one .  Howeve r .  i n  a t t emp t ing  to
pu t  t he  cons t r a in t  sy s t em in to  canon ica l  fo rm,  an  a rb i t r a ry  s e l ec t i on  of dec i s ion
va r i ab l e s  cou ld  ea s i l y  l ead  t o  a sy s t em wi th  some  nega t ive  cons t an t  t e rms
and  thus  t o  an  a s soc i a t ed  so lu t i on  t ha t  i s  no t  even  f ea s ib l e .  The re fo re .  for
so lv ing  the  p rob lem of 3.3, i t  i s  no t  su f f i c i en t  t o  u se  on ly  p ivo t  ope ra t i ons
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[like in Gaussian elimination] in some way. The Simplex method cleverly applies
a conven ien t  p ivo t  ope ra t i on  a t  t he  r i gh t  t ime .

Wha t  mus t  be  deve loped  i s  a t e chn ique  fo r  de t e rmin ing  an  i n i t i a l  f ea s ib l e
so lu t i on  fo r  an  a rb i t r a ry  sys t em of equa t ions .  The bas i c  i dea  beh ind  the  me thod
used  to  so lve  t h i s  p rob l em i s  s imp le .  We  in t roduce  a su f f i c i en t  number  of
va r i ab l e s .  c a l l ed  a r t i f i c i a l  va r i ab l e s ,  t o  pu t  t he  sys t em of cons t r a in t s  i n to
canon ica l  form wi th  t he se  va r i ab l e s  a s  t he  dec i s ion  var iables .  Then.  we  app ly
the  S imp lex  me thod  to  a new objec t ive  func t ion  de f ined  in  such  a way  tha t  i t s
min imum va lue  co r r e sponds  t o  a f ea s ib l e  so lu t i on  of t he  o r ig ina l  p rob l em.

Def in i t i on  8 .4 .2  In t roduc ing  a r t i f i c i a l  va r i ab l e s

The  t r ans fo rma t ion  of t he  sys t em [ see  f i gu re  1]

n _ _
1321 aux j  + xmi  - xo  - b i  [1 - 1.....m]

x0  = z

in to  the  sys tem conta in ing  the  ar t i f ic ia l  var iab les  xn+m+l,....xn+2m

n _ u

J§1aiixi * xmi  "' x0  * xn+m+i  " b i  [ '  ' l,...,m]

m n ] r2151

-1§1 [ j§1  ai i  " xn+i xo ' W _ i=1 bi
Fig. 2

wi l l  be  deno ted  by  canonical transformation. -

No te  t ha t  t he  sys t em of cons t r a in t s  of f i gu re  2 i s  c anon ica l  w i th  t he  a r t i f i c i a l
var iab les  as  dec i s ion  var iab les .  The new objec t ive  func t ion  _w = xmrm1 + + xn,’2m
i s  t r ans fo rmed  in to  canon ica l  fo rm by  sub t r ac t i ng  each  equa t ion  of t he  sys t em
of  cons t r a in t s  f rom w = x + + xn+m+1  n+2m'

If t he  p ivo t  ope ra t i ons  d i c t a t ed  by  the  p rob lem of min imiz ing  w a re
s imu l t aneous ly  pe r fo rmed  on  the  equa t ion  2 which  de f ines  t he  o r ig ina l  ob jec t ive
func t ion ,  t h i s  func t ion  w i l l  be  exp re s sed  i n  each  s t ep  i n  t e rms  of va r i ab l e s
wh ich  a r e  no  dec i s ion  va r i ab l e s .  Thus ,  if an  i n i t i a l  ba s i c  f ea s ib l e  so lu t i on  i s
found  fo r  w .  t he  S imp lex  me thod  can  be  i n i t i a t ed  immed ia t e ly  on  2.
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We now p re sen t  t he  s t eps  of t he  S imp lex  a lgo r i t hm,  s t a r t i ng  w i th  a p rob l em
in  canon ica l  fo rm:  -

Minimize  cm+1xm+1  + + cnxn  - z
Subjec t  t o  }:1 + a lm+1xm+1  + + amx1n ' b1

x2 " a2m‘+1xm+1 * “ aznxn : b2

xm + amm+1xm+1  + + amnxn  : bm

Algor i t hm 3 .4 .3  S imp lex  a lgo r i t hm

s top  <— false
repeat

if [Vj € [m+l.n]] _‚c 2 0
then s top  <— true success ]
else if [3j € [m+l,n]][Vi E [1,ml] cj < o A aij s o

then s top <— true [failure]
else pivot[  p .  k]

wi th  p <— co lumn  wi th  t he  sma l l e s t  nega t ive  cJ
k such  tha t  bk / akp  = min{b1 /a ip  I an:, > 0}

until  s t op  I

Note  tha t  p cou ld  be  any  co lumn  wi th  a nega t ive  cj t e rm .  The sma l l e s t  cj can
reduce  t he  t o t a l  number  of s t eps  neces sa ry  t o  comple t e  t he  p rob lem.  Fu r the rmore .
if t he  min imum of bi /a i lD i s  a t t a ined  in  s eve ra l  rows ,  a s imp le  ru l e  [ such  a s
choos ing  tha t  row  wi th  t he  sma l l e s t  i ndex ]  can  be  u sed  to  de t e rmine  t he
p ivo t ing  row.

The  S imp lex  me thod  p re sen t ed  i n  3 .4 .3  i s  co r r ec t  and  t e rmina t e s .  The re  a r e  some
spec i f i c  compl i ca t i ons  wh i l e  app ly ing  th i s  p rocedure .  Fo r  compac tness  we  wou ld
l ike  t o  r e fe r  t o  l i t e r a tu re  for  a de t a i l ed  desc r ip t i on  of t he se  p rob lems .

Un t i l  now we have  p re sen t ed  t he  va r ious  dev i ce s  needed  fo r  so lv ing  the  p rob lem
of f i nd ing  a so lu t i on  of a sy s t em of l i nea r  equa t ions .  Be fo re  app ly ing  the se
me thods  t o  an  example  we  wi l l  cons t ruc t  an  a lgo r i t hm f rom them tha t  can
so lve  ou r  p rob lem of s ec t i on  3.3.

Algor i t hm 3 .4 .4

11
Input: j §1a i  s b. _ [i = 1,...‚m]jxj n
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1L Introducing slack variables [figure l]

n .E1 aux j  + xmi  - x0  = bi  [1 = I.....m]

il, Canonica l  t ransformat ion  [Defini t ion  3.4.2]

n

12:1 aux j  xm11 xo + xn+m+i  = bi [1 = 1....‚m]

rn rn n _

1E1 bi _ 1§1[j§1 a i jx j  ' xml x0] " W

& Apply ing  the  S implex  me thod  fo r  genera t ing
a bas ic  feas ib le  so lu t ion  [Algor i thm 3.4.3]

Output: Values for x1.....xn tha t  solve the  input problem
or  Fa i lu re  -

Note  t ha t  i n  a lgo r i t hm 3.4.4 ,  we  re jec t  t he  o r ig ina l  ob jec t ive  func t ion  2 = x0 .
This  func t ion ' s  on ly  u se  i s  t o  j u s t i fy  t he  employment  of t he  S implex  me thod  for
so lv ing  sys tems  of l i nea r  i nequa l i t i e s .  on ly .  I t  i s  i r r e l evan t  fo r  p roduc ing  a ba s i c
so lu t i on  of our  p rob lem.

The fo l l owing  example  i s  i n t ended  to  demons t r a t e  t he  e s sen t i a l  s t eps  of t he
a lgo r i t hm above .  I t  i s  a s l i gh t  mod i f i ca t i on  of  an  example  con ta ined  in  [Th79] .

Example  3 .4 .5

We  a re  i n t e r e s t ed  i n  a so lu t i on  fo r  t he  fo l l owing  sys t em of l i nea r  i nequa l i t i e s :

x1 - 2x2  - 3x3  - 2x4  z 3
x1 - x2 + 2x3 + x4 s 11

Adding  s l ack  va r i ab l e s

-xo*x1-2x2-3x3-2x4-x5  =3
~x°+x1-x2  +2x3+x4  +x6  1‘]

In t roduc ing  a r t i f i c i a l  va r i ab l e s
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-xo~~x1-2x2-3x3-2 :~<4—x,5  +x7  = 3
- x o + x 1 - x 2  + 2 x 3 + x 4  +x6  + x 8 =  11

x7  + x8  = w

Canon ica l  t r ans fo rma t ion

' Xo+x1 '2X2 '3X3 '2X4 'X5  +X7 = 3

-x0 '«x1 -x2  +2x3+x4  +x6  +x8=11

2 x o - 2 x 1 + 3 x 2 + x 3  +x4  ' «xö -x ‘5  w-14

Simplex  me thod :  x1 = 3 + xo  + 2x2  + 3x3  + 2x4  + x5  - x7

- x o + x 1 - 2 x 2 — 3 x 3 - 2 x 4 - x 5  +x7  = 3
x 2 + 5 x 3 + 3 x 4 + x 5 + x 6 — x 7 + x 8 = 8

— x 2 - 5 x 3 - 3 x 4 — x 5 - x 6 + 2 x 7  -w -8

- . __8. _1_  _9 .  _1_  __1_. 1_ __LS1mplex  me thod .  x3  - 5 5x2  5x4  5x5  Exs  + 5x7  6x8

1. _ 2 _2_ 2 .. 29.x0  " X1 X2  X4  ‘X5  * 5x6  * 5x7  * Xe ' 5
1 _1_ .. .L l - 8_ x 2 +  x3  +"_x4  + XS + x6  5X7  * x8  _ ‘3—

x7  + x8  = w

Now,  l e t  t he  s l ack  va r i ab l e s  a s  we l l  a s  t he  a r t i f i c i a l  va r i ab l e s  be  o f  va lue  ze ro .
This  imp l i e s  t he  fo l l owing  equa l i t i e s :

Z _ 1 - 1%

1 a - &
gx2+x3+5x4-  5

The  ea s i e s t  so lu t i on  i s  x1 = %.  x2  = 0 .  x3  = % and  x4  = 0 .  Ano the r  one

cons is t s  of t he  vec to r  [19 .8 .0 .0 ] .  -

At  each  s t ep  of t he  S imp lex  me thod  i t  i s  su f f i c i en t  t o  know on ly  t he  coe f f i c i en t s
of t he  va r i ab l e s  i n  t he  sys t em of equa t ions .  I n  pa r t i cu l a r ,  fo r  compu ta t i on  by
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hand  ' o r  s imp le  compu te r  imp lemen ta t i ons  i t  is f avourab l e  t o  r eco rd  t h i s
in fo rma t ion ,  on ly .  A r ep re sen t a t i on  known  a s  Cont rac ted  Tableau o r  Tucker—
dr'agram i s  of t he  fo l l owing  fo rm:

x1 x2  xn

a“ a12  am b1

. . . Tab leau

ami  amz  amn  bm

c1 c2 cn  c

The f i r s t  m rows  co r r e spond  to  t he  sys t em of cons t r a in t s  w i th  t he  cons t an t  t e rms
g iven  in  t he  l a s t  co lumn .  The  l a s t  r ow  co r r e sponds  t o  t he  equa t ion  de f in ing  the
ob jec t ive  func t ion  w i th  t he  cons t an t  t e rm  [on  the  r i gh t -hand  s ide  of t ha t
equa t ion ]  i n  t he  l a s t  co lumn .  The  2 t e rm  of t he  ob j ec t i ve  func t ion  i s  supp re s sed
f rom the  t ab l eau  a s  i t  r ema ins  f i xed  th roughou t  t he  S imp lex  me thod .

There  a r e  two  o the r  fo rms  of  t ab l eau  r ep re sen t a t i ons  known  a s  Extended
tableau and  Tucker-Beale form The  r eade r  i s  r e f e r r ed  t o  [Mi76]  fo r  a fo rma l
desc r ip t i on  of t he se  d i ag rams  and  to  o the r  pub l i ca t i ons  i n  t he  f i e ld  of l i nea r
p rog ramming  fo r  more  de t a i l s  abou t  t he  S imp lex  a lgo r i t hm.
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3 .5  D i s c u s s i o n

This  chap te r  dea l t  w i th  s t r a t eg i e s  for  t he  gene ra t i on  of app rop r i a t e
in t e rp re t a t i ons  wh ich  gua ran t ee  the  t e rmina t ion  of a g iven  ru l e  sys t em.

First  of all, we  p re sen ted  some heuristics by  Ben Cherifa [[BeBBJ] inc lud ing
sugges t i ons  fo r  o r i en t ing  a s soc i a t i ve  l aws .  ru l e s  t ha t  de f ine  ope ra to r s
[f[t1,...,tn] —> t such  tha t  t does  no t  con ta in  f] and  homeomorphism rules.

Sec t ion  3 .2  con ta in s  some  new sugges t i ons  abou t  a r i t hme t i c  t heo r i e s ,
d i s t r i bu t iv i t y  ax ioms  and  g roup  theo r i e s .  Fu r the rmore ,  we  p re sen t ed  a c r i t e r i on
by  wh ich  the  neces s i t y "  of mixed  in t e rp re t a t i ons  can  some t imes  be  de t ec t ed .  A l l
t he se  i n s igh t s  have  been  ga ined  f rom an  ana lys i s  of abou t  300  examples .
De ta i l ed  s t a t i s t i c s  on  t he se  examples  can  a l so  be  found  in  t h i s  s ec t i on .

A pa r t i a l  improvemen t  of t he  heu r i s t i c s  p r e sen t ed  i n  t he  s ec t i ons  3.1 and  3.2 i s
con ta ined  in  3.3. I t  i s  a p rocedure  t ha t  mechan ica l l y  gene ra t e s  i n t e rp re t a t i ons
of ope ra to r s .  This  t e chn ique  i s  r e s t r i c t ed  t o  l i nea r  i n t e rp re t a t i ons  [no t e  t ha t
nea r ly  t h r ee  qua r t e r s  of t he  i n t e rp re t a t i ons  u sed  to  o r i en t  t he  300  examples
have  a l i nea r  fo rm] .  The  bas i c  i deas  of t he  a lgo r i t hm a re  t he  fo l l owing  ones :

- t r ans fo rming  the  ru l e s  i n to  i nequa l i t i e s  by  u s ing  i n t e rp re t a t i ons  w i th
va r i ab l e s  a s  coe f f i c i en t s

- approx ima t ing  each  s ide  of t he  i nequa l i t i e s  t o  a p roduc t

- app ly ing  a l oga r i t hm func t ion  t o  t he se  p roduc t s  [no t e  t ha t  we  now have
l inear  inequal i t ies ]

- us ing  the  S imp lex  me thod  [ s ee  s ec t i on  3 .4 ]  fo r  so lv ing  the se  l i nea r
i nequa l i t i e s

No te  t ha t  t he  a lgo r i t hm of s ec t i on  3 .3  canno t  d i r ec t l y  be  t r ans fo rmed  to  gene ra l
i n t e rp re t a t i ons  s ince  i t  i s  ve ry  d i f f i cu l t  t o  gene ra l i ze  l emma  3.3.2. We  be l i eve
tha t  i t  i s  pos s ib l e  t o  ex t end  th i s  t e chn ique  t o  s epa ra t e  i n t e rp re t a t i ons .
Fu r the rmore .  t h i s  me thod  can  be  improved  by  inco rpo ra t i ng  t he  heu r i s t i c s  of
sec t i ons  3.] and  3.2.
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4 How to  Check t he  Pos i t i venes s  o f
Po lynomia l s  '

The use  of po lynomia l  o rde r ings  r educes  t he  p roof  of t e rmina t ion  of r ewr i t e
sys tems  to  app rop r i a t e  i n t e rp re t a t i ons  o r i en t ing  t he  g iven  sys t em on  the  one
hand  and  to  whe the r  a g iven  po lynomia l  i s  g r ea t e r  t han  ano the r  one  on  the
o the r  hand .

In  t he  las t  chap te r  we  d i s cus sed  heu r i s t i c s  and  an  a lgo r i t hm fo r  f i nd ing
approp r i a t e  po lynomia l s  ba sed  on  a g iven  se t  of ru l e s .

The bas i s  of t h i s  chap te r  i s  t he  p re sen t a t i on  of two  we l l -known  p rocedure s
[[BL87], [R0881] for dec id ing  the  pos i t i veness  of polynomials .  This i s  equ iva l en t
t o  dec ide  whe ther  one  of two  g iven  po lynomia l s  i s  g r ea t e r  t han  t he  o the r .

4.1 The Prob lem .......................................................................................................................................... 56

4 .2  Compar ing  Po lynomia l s  by  Compar ing  Monomia l s  ................................................ 57

4 .3  Compar ing  Po lynomia l s  by  Compar ing  S igns  ............................................................ 62

4 .4  Discuss ion  ............................................................................................................................................... 67
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4 .1  The  P rob lem

The proof  of a g iven  po lynomia l  i n  n va r i ab l e s  being pos i t i ve  ove r  r ea l  number s
i s  genera l ly  dec idab le  even  though  in  exponen t i a l  t ime  [[Ta51]. [0075]]. However.
if we  r e s t r i c t  t he  doma in  of t he  po lynomia l  t o  a p rope r  subse t  of IR, such as  IN,
the  p rob lem i s  gene ra l l y  undec idab le  [[Da731]. Neve r the l e s s ,  s i nce  we  a r e
in te res ted  i n  whether  a polynomial  ha s  a root i n  [FG] i t  i s  t o  be  expec ted  tha t
a dec i s ion  p rocedure ,  t o  ou r  p rob lem.  w i l l  no t  be  found .

In s t ead  of t r y ing  to  so lve  i nequa l i t i e s  i t  wou ld  be  more  conven ien t  t o  s ea rch
for  app rop r i a t e  a lgo r i t hms  tha t  check  the  p rope r t i e s  wh ich  i n su re  t he  wan ted
inequalities. This can be done in various ways, a s  will be  shown.

Let u s  first  look a t  [FG]. Since we a re  pr imar i ly  conce rned  wi th  t heo rem 2.3.4,
[FG] i s  a proper  subse t  of R21. Our f irst  s impl i f ica t ion wi l l  be  t o  t e s t  t he
pos i t i venes s  of a po lynomia l  on [R21 i n s t ead  of [FG]. I t  shou ld  be  no t ed  t ha t  t h i s
r equ i r emen t  i s  su f f i c i en t  a lbe i t  unneces sa ry .

In the following pages we  propose two different algorithms [see [BL87]. [R088]]
t o  perform th i s  task .  Both of t he se  t echn iques  or iginal ly  . p re sume  [8]  t o  be  a
subse t  of ‘Do[[lN], t he  s e t  of polynomials  hav ing  coeff ic ients  of [N, although t hey
can  a l so  be  u sed  fo r  p rov ing  the  pos i t i venes s  of po lynomia l s  ove r  IR“.

The  compu ta t i ons  a s soc i a t ed  w i th  t he  f i r s t  me thod  of Ben  Che r i f a  and  Lescanne
u t i l i z e  an  e l emen ta ry  and  bas i c  p r inc ip l e  t o  dev i se  a s imp le  and  e f f i c i en t
implementa t ion  [[BL87J].

The  second  more  power fu l  me thod  of Rouye r  u t i l i z e s  a more  ana ly t i ca l  p rocedure
which  i s  ba sed  on  the  theorem of S tu rm [El-”£0881, [Du601].
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4 .2  C o m p a r i n g  Po lynomia l s  by  C o m p a r i n g
Monomia l s

The fo l lowing method i s  t ha t  p roposed  by  Ben Cherifa and  Lescanne  [[BL87J].
The ma in  i dea  i s  t o  p rove  p > O by  f i nd ing  po lynomia l s  p0‚p1‚...,pn such t ha t
p : po  2 p1 2 2 pn  > 0 .  The  pos i t i venes s  of pn  i s  supposed  to  be  checked  by
a bas i c  p r inc ip l e  l i ke  ' a l l  coe f f i c i en t s  a r e  pos i t i ve" .

To i l l u s t r a t e  how th i s  method  works  l e t  u s  have  a l ook  a t  t he  fo l l owing  example .

Example  4 .2 .1

Suppose  we  have  t o  p rove  t ha t  a t e rm  s i s  g r ea t e r  t han  a t e rm  t w.r . t .  a
polynomia l  i n t e rp re t a t ion  [...] such  tha t

[s ]
[ t ]

xzy2 + 4y2 + 21ucy2 and
x2y2+y2+xy+2y+x .

If we  want  t o  o r i en t  t he  equa t ion  3 = t t o  s —> t .  we  need  to  check  the
pos i t i venes s  of t he  po lynomia l

p=[s ] - [ t ]=x2y2+4y2+2xy2-x2 r2 -y2 -xv -2y -x
3y2+2xy? -xy -2y—x

This  can  be  done  by  f i nd ing  fo r  each  monomia l  m1 of p hav ing  a nega t ive
coefficient. a monomial m2 whose value is  greater than or equal to the
abso lu t e  va lue  of m1 fo r  a l l  i n s t an t i a t i ons  of x and  y .  If m2  has  t h i s
p rope r ty  [m2  2 lm1| fo r  a l l  i n s t an t i a t i ons  of x and  y ]  i t  i s  s a id  to  bound
ml .  C lea r ly ‚  a monomia l  m1 can  be  bounded  on ly  by  a monomia l  1112
con ta in ing  each  va r i ab l e  occur r ing  i n  m1 i n  a t  l e a s t  t he  s ame  power  a s  i n
ml .
S ince  we  cons ide r  po lynomia l s  ove r  ER”, 3y2  bounds  -2y .  Now the re  a r e
—xy and -x  left to be  bounded by 2xy2. If we split 2xy2 into xy2 + . xy2

we see  that  the  first xy2 bounds -xy  and the  second one bounds -—x.

In  summary .  we have

p=[s ] - [ t ]  = x 2 y 2 + 4 y 2 + 2 x y 2 — x 2 v 2 - v 2 - x y — 2 y - x
= 3y2+2xy2—xy-2y-x
> 2xy2 - xy - x since 3y2 > | -2y|
= xy2+xy2-xy—x
2 xy2 - x since xy2 2 I-xyl
2 0 s ince  xy2  2 l - x l

Note that  the  strict  inequality p > O only holds since 3y2 > l-2yl. If we
had [5] = xzy2 + 3y2 + 2xy2 and, therefore, p = 2y2 + 2xy2 - xy - 2y - x
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we  could  no t  p rove  t he  pos i t i veness  of p i n  t he  same  manne r  s ince  for
x=y=lwehave [ s ]=6=[ t ] .  .

This  l a s t  remark prov ides  a convenien t  s t a r t i ng  po in t  for  t he  p re sen t a t i on  of t he
a lgo r i t hm.

Whereas  i n  the  s econd  chap te r  we  gave  a de f in i t i on  of po lynomia l  o rde r ings
by  r e s t r i c t i ng  the  se t  of i n t e rp re t a t ions  a s  l i t t l e  a s  pos s ib l e ,  we now wish  t o
work  in  the  oppos i t e  d i r ec t i on  by  r equ i r i ng  any  cons t an t  c t o  be  mapped  to  a
r ea l  number  C 2 2 by  eve ry  po lynomia l  i n t e rp re t a t i on  [...]. Th i s  imp l i e s ,  we  exc lude
in te rpre ta t ions  [...] with' [ c ]  < 2 for any  cons t an t  c.

The reason  for  t h i s  appa ren t  r equ i r emen t  i s  r ead i ly  unde r s tood .  S ince  a l l
polynomials  a r e  non-diminishing,  i t  fol lows tha t  [ t ]  2 2 for each  t E I‘ and  thus,
for each monomial m = cr1 rnxf1 . . .x f ‚n  it holds that 01.1"MIX?"KIRK;n 2

. f l  f i “  rn  2 22 c‚1___‚nx‚ ...Xi ...Xn . Fo r  example ,  x 2 2x  > x and  x y 2 2xy  > xy .

I t  shou ld  be  no t ed  t ha t ,  by  i nc reas ing  the  l ower  bound  fo r  t he  i n t e rp re t a t i on
of cons tan t s ,  t h i s  method  becomes  more  powerful ,  a l t hough  th i s  needs  to  be
pos tponed .

The re  a r e  two  ma in  p rob lems  encoun te red .  F i r s t l y ,  we  have  t o  ‘ choose  a pa i r  of
monomia l s ,  one  hav ing  a pos i t i ve  and  the  o the r  one  con ta in ing  a nega t ive
coe f f i c i en t .  Second ly ,  we  mus t  s e t  t he  nega t ive  one  aga ins t  t he  pos i t i ve  one .
S ince  t he se  two  p rocedures ,  named  CHOOSE and  CHANGE.  a r e  t he  e s sen t i a l
po in t s  of t he  p rob lem.  we  wi l l  d i s cus s  t hem in  de t a i l  a f t e r  t he  p re sen t a t i on  of
the  who le  a lgo r i t hm.

We  a s sume  tha t  t he  po lynomia l  can  be  r ep re sen t ed  a s  a s e t  of monomia l s  each
rea l i zed  a s  a t up l e  [cel___en‚e1‚.„,en] where  t he  ei‘s  stand for  t he  exponen t s  of
t he  va r i ab l e s  x1  and  cm."en  fo r  t he  coe f f i c i en t  of t he  monomia l .

Algor i t hm 4 .2 .2  [[BL87J]

POSITIVE = proc [P  : polynomial]  returns [ s t r ing]
while  t he re  ex i s t s  a nega t ive  coe f f i c i en t  do

if t he re  ex i s t  ce l . . . en  > 0 and  cflmf'n < O
wi th  e i  2 f i  f o r  a l l  1 € {1 . . . . . n}

then  CHOOSE[Ce1 .„en 'C i lmfn ]

CHANGE[°e1 . . . en  ' °f1...fn
e lse  return [ "no  answer” ]

end
return ["positive"]
and I
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As  no ted  i n  the  example  t he  ma in  i dea  of t he  p rocedure  POSITIVE i s  t o  consider
a monomia l  w i th  a nega t ive  coe f f i c i en t ,  s ay  m ,  and  to  t ry  t o  f i nd  a monomia l
wi th  a pos i t i ve  coe f f i c i en t .  s ay  m ' ,  wh ich  bounds i t .  When  such a monomia l
m'  i s  found  we d iv ide  i t  i n to  two  pa r t s  In; and  rn'2 w i th  m; + m'2 s m'  such
that m; bounds m.

Thus ,  t o  p rove  t he  pos i t i venes s  of t he  who le  po lynomia l  p we  can  r ep l ace  t he
monomia l s  m and  m '  by  m'2 ge t t i ng  p '  and  p rove  t he  pos i t i venes s  of p ' .  Fo r
example .  we  p rove  2xy  — xy  - x t o  be  pos i t i ve  by  t r ans fo rming  2xy  to  xy  + xy .
r ep l ac ing  2xy  and  -xy  by  xy  and  p rov ing  xy  — x t o  be  pos i t i ve .

We  now p ropose  t he  func t ion  CHANGE.  As  men t ioned  p rev ious ly  t he  r ea l i za t i on
of CHANGE depends  heav i ly  on  t he  l ower  bound  for  t he  i n t e rp re t a t i on  of t he
cons t an t s .  I n  t he  fo l l owing .  we  t ake  fo r  g r an t ed  t ha t  t he  cons t an t s  w i l l  be
in t e rp re t ed  by  r ea l  number s  g rea t e r  t han  o r  equa l  t o  2 ( c f .  sugges t i on  3.1.3].

a s  coe f f i c i en t  bounds  a monomia l  m 'Thus ,  a monomia l  m hav ing  Gamer!
_2e1—f1 _____2e:n—fn >cons i s t i ng  of t he  coe f f i c i en t  Cf‘ l . . . f n  exac t ly  if Gehen ‚ cn . . . n -

If m does  no t  bound  m ' ,  t h i s  number  can  be  added  to  cflmin  to  min imize  t he
nega t ive  coe f f i c i en t . .S ince  we  can  desc r ibe  each  monomia l  by  i t s  coe f f i c i en t
CHANGE cou ld  be  de f ined  a s  fo l l ows :

CHANGE = proc>‘[c‚_‚„___‚=m‚crflmm : monomial]
" .  Cel . . . en  > l c f l . . . fn  .2f1—el____„2fn—en|
then °e1...en :: Col . . . en  + Gunman—e1  + + fn -en

c f i . . . f n  =:  0
“” c f l . . . f n  ‘: Gr imm * °e1...en'zei_fl " + en‘fn

Col . . . en  .1: 0
end

Le t  u s  now cons ide r  t he  func t ion  CHOOSE.  G iven  a po lynomia l  cons i s t i ng  of a
se t  of pos i t i ve  and  a s e t  of nega t ive  monomia l s .  CHOOSE rea l i ze s  a heu r i s t i c  for
f i nd ing  an  app rop r i a t e  pos i t i ve  monomia l  fo r  each  nega t ive  monomia l .  Th i s
means  tha t .  fo r  example .  t o  a t t ach  t he  pos i t i ve  monomia l  x2  i n s t ead  of 2x2y  to
the  nega t ive  monomia l  -x  of p = 2x2y  + x2  + l - x - 2y .  If we  use  2x2y  we
canno t  prove  t he  pos i t i veness  of p .  Whereas ,  choos ing  x2  l eads  t o  2x2y  + l — 2y
t ha t  can  r ead i ly  be  p roved  to  be  g rea t e r  t han  1. Th i s  cho ice  e s t ab l i shes  t he
pos i t i venes s  of p .

Th i s  example  shows  tha t  t he  succes s  of t he  a lgo r i t hm heav i ly  depends  on  the
rea l i za t i on  of CHOOSE.  S ince  i n  [BL87 ]  t he  on ly  r emark  on  the  imp lemen ta t i on
of CHOOSE i s  no t  pa r t i cu la r ly  usefu l ,  we  wi l l  d i s cus s  an  ex t ended  version
proposed  in  [Pa89] .
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CHOOSE f irst  s ea rches  for a nega t ive  monomial  t ha t  can  be  bounded  by  just
one  of t he  pos i t i ve  monomia l s .  If so .  t he se  two monomia l s  a r e  t aken .  O the rwi se .
CHOOSE searches  for  a pos i t i ve  monomia l  t ha t  covers  one  nega t ive  monomia l .
If bo th  cond i t ions  do  no t  ho ld  any  pa i r  of a nega t ive  and  a pos i t i ve  monomia l
wi l l  be  taken  if t he  pos i t i ve  one  con ta ins  each  va r i ab l e  occu r r ing  i n  t he  nega t ive
one  in .  a t  l e a s t ,  t he  s ame  power .

CHOOSE = pro<:'[c°1m¢n.cflmin : monomial]
ii  [there exists cgimgn < 0 and °h1...hn is  the  only positive

monomial  with h i  2 g i  for a l l  i E {1 ‚ . . . ‚n} ]

or
[there exists ctn > 0 and cg ] . . . gn  is the only negative
monomial  wi th  h i  2 gi  for a l l  i E {1 . . . . . n} ]

or _
[ the re  ex i s t s  cm".hn > 0 and  cg ' l . . . gn  < O
With  h i  2 g i  fo r  a l l  i € {1 , . . . , n } ]

then Colman  ’: °h1...hn
°f1...fn ‘: cgl...gn

end

Example  4.2.3 [[PaBQJ]

Le tp=x3yz+uz+4x2u+z-xz -xu—Zu—xz .
CHOOSE wi l l  r e tu rn  the  pa i r s  [—xu.4x2u] s ince  no  o the r  posi t ive
monomia l  can  bound  -xu .

7m) p1 = x3y2+uz+§x2u+z—x2-2u-xz

For the  same reason we  get  the pair [—xz.x3yz]

7 7-> p2 = Exayz  +uz+—x2u  + z - -x22 -2u

uz  cannot  cover  any  nega t ive  monomia l  excep t  -2u

„„ . 23  12  2> p3-  8xyz~~2xu+z-x

Nei the r  t he  f i r s t  no r  t he  second  cond i t i on  ho lds .  so  the  f i r s t  pos s ib l e
monomial [gxayz] is chosen to bound -x2

7 233
m)  pn=zxyz+3x u+z  I
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The two f irs t  cond i t ions  checked  in  CHOOSE gua ran tee  t ha t  t he  most  app rop r i a t e
pa i r  of monomia ls  i s  chosen  if one  of t he  cond i t i ons  ho lds .  Th i s  means t ha t ,  if
t he  a lgo r i t hm fa i l s  because  of a 'w rong '  cho ice  t h i s  wrong  cho ice  mus t  be  made
a t  ano the r  po in t .  Expe r imen t s  showed  tha t  i n  p r ac t i ce  nea r ly  eve ry  t ime  one  of
the  two  f i r s t  cond i t i ons  ho ld .

F ina l ly ,  we p ropose  t ha t  i t  shou ld  be  qu i t e  s imp le  t o  ex t end  th i s  a lgo r i t hm in
such  a way tha t  i t  au tomat ica l ly  computes  the  lower  bound  of [FG] w.r.t. a
g iven  in t e rp re t a t i on  and  uses  t h i s  va lue  i n s t ead  of 2 i n  t he  p rocedure  CHANGE.
This  wou ld  enab le  a use r  t o  measu re  t he  i n f luence  of t h i s  va lue  on the  r e su l t s
of t he  a lgo r i t hm.
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4.3 C o m p a r i n g  Po lynomia l s  b y  C o m p a r i n g
S i g n s

The basic concept of this method  of Rouyer [see [R0883] for proving a po lynomia l
to be positive over a real interval is the fact that a polynomial p[x], w.r.t. one
variable x, has the root xo with multiplicity one if, and only if. it changes its
sign at x0. This fact, for example. can be used to determine whether a linear
polynomial equals zero in the interval [a,b]. This wou ld  be true if the sign of
p[a] is not equal to that of p[b]. '

Since

[V k-fold root x0 of p[x]] p[xo] = p‘[xo] = = pk'1[xo] = O

[for which the exponent It describes the k-fold derivative of p] this idea can
be extended and applied to the case‘of higher degree polynomials.

Starting with the polynomial to be analyzed one can build a so-called Sturm
sequence of polynomials [po‚p1‚.„‚pn] by

po = p[Xl
p1 : p ' [x ]
p“2 = -—[pi mod pm] i z 0

where  p1 mod p1+1 represents the rest when dividing pi by pm. In the following
theorem the idea mentioned above is formalized.

T h e o r e m  4 .3 .1

Let a,b € [R with a < b.
Np[a] [Np[b]‚ resp.] denotes the number of sign changes in the Sturm
sequence po[x] ..... pn[x] for x = a [x = b, resp.].

Then, the number  of real  roots in [ a ,b ]  is Np[a] - Np[b]. .

If, for example, piIa] > O for all i E {1 . . . . , n }  and pi[b] < O for all i E {1.....n}, then
the number of real roots in [a,b] will be O - O = 0.

Since the calculation of a Sturm sequence in the above manner is costly [because

of the Euclidian division] it is a significant step to explore a procedure for
calculating Sturm sequences starting with p and p' that does not need any
division [see [DuBOJ]. The polynomials pi computed by this method only differ
to those computed using the first method by a positive factor and therefore
could be used in connection with theorem 4.3.1.
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In  t he  fo l l owing  we  desc r ibe  t he  app l i ca t i on  of t h i s  me thod  to  ou r  p rob lem of
prov ing  a po lynomia l  p[x]  t o  be  pos i t ive  on  a rea l  i n t e rva l  [ s ee  [R0881].

_ n n-i  _ . _ “'1 n—i-lLet po[x] = p[x] - a ix  and p1[x] - p [x] - 1:20 bix .

Fi r s t l y .  we  wi l l  r ecord  t he  coe f f i c i en t s  of po  and  p1 i n  a t ab l e :

Then ,  we  ca l cu l a t e  a t h i rd  and  a fou r th  l i ne  i n  t he  fo l lowing  manne r :

[Vi E [0,n-1l] ci == boam - aobm

[Vi E [0,n—21] d i  == Cobm - bocM

The  d i ' s  a r e  t he  coe f f i c i en t s  of t he  po lynomia l  p2  we  sea rched  for .  Us ing  p1 and
p2.  a s  po  and  p1 be fo re .  we  aga in  compu te  a l i ne  of c i ' s  and  a l i ne  of dl's
which  wi l l  r ep re sen t  p3. Th i s  p rocedure  w i l l  con t inue  un t i l  one  l i ne  cons i s t s
on ly  of zeros .

Example  4 .3 .2  [[R088J]

Let po[x] = x3  - 2x2 + x + 1
p1[x] = 3x2 - 4x + 1

1 po  1 -2  1 1
2 p1 3 —4 l
3 —2 2 3
4 p2  2 —1l

' 5 25  2
6 p3  —279

We ge t  p2[x] = 2x — 11
p3[x] = -279

Note  t ha t  fo r  compu t ing  l i ne  f i ve  we  use  l i ne  two  and  l i ne  fou r .  I

To ge t  t he  number  of rea l  roots  of p[x] t ha t  a r e  g rea t e r  t han  one.  we will
record  t he  s igns  of p1[1] and  pi[+oo] for i = 0.1.2.3:
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1 oo

O + +

1 O +
2 - +

3 - -

Np 1 1

Since  Np[l] - Np[+oo] = l - l = 0 and  p[oo] > 0 i t  i s  p roved  tha t  p[x] > 0 for x 2 1.

Unt i l  now we were  engaged  in  p rov ing  the  pos i t i venes s  of a po lynomia l  i n  one
va r i ab l e .  I s  i t  pos s ib l e  t o  t r ans fe r  t h i s  p rocedure  t o  po lynomia l s  i n  n va r i ab l e s  ?
We wi l l  p roceed  in  a way  s imi l a r  t o  t ha t  when  de f in ing  pa r t i a l  de r iva t i ve s  of
func t ions .

G iven  a po lynomia l  p[x1,....xn] i n  n va r i ab l e s  we t r ea t  xz. . . . ,xn a s  cons t an t s  and
ge t  a polynomial  p[x1] i n  one  var iable .  For example .  l e t  p [x ,y ]  = x2  + y2  - 2xy  + 1.
Then, p[x,y] = p[x] = l ' x2  + [-2y]-x + [y2 + 1] such tha t  1, -2y. y2 + 1 are the
coefficients  of p[x]. Thus, proving  p [x ,y ]  t o  be  pos i t ive  i s  r educed  to  prove
p[x] t o  be  posit ive.

Now we  have  t he  fac t  t ha t  p[x] = >: a ixn ' i  > 0 for a l l  X E [l.oo[ if, and  on ly  if.
p[oo] > O and  p[x] does  not  equa l  t o  zero i n  [l,oo[. The f i rs t  of t he se  two
cond i t i ons  can  r ead i ly  be  checked .  The  s econd  one  i s  an  app l i ca t i on  of wha t
we have  i n t roduced  be fo re .  Le t  u s  cons ide r  t he  fo l l owing  example .

Example  4 .3 .3  [[R088]]

x2+y2-2xy+ l .
p[X] = 1-x2  + [-2y]-x + [v2 + 1]

Let p [x ,  y]
Then. p [x ,  y]

Proving  p[x] to  be  pos i t ive  over  [1‚oo[ requ i res  p[oo] t o  be  pos i t ive  and
p[x] t o  be  no t  equa l  t o  zero i n  [1,oo[.
S ince  p[oo] > O, i t  i s  left  t o  show tha t  p[x] i s  no t  zero i n  [1,oo[. This could
be  done  by  bu i ld ing  a S tu rm sequence  a s  de sc r ibed  p rev ious ly :

po  1 -2y  y2  + 1
131 2 —2y

p2  ' 4
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This d iag ram imp l i e s  t he  s ign  va r i a t i on  t ab l e

1 +00

o sgty’2 + 2 -2y] +
1 sg [2  - ZV] +
2 .. _

NP 9 1

To. ge t  an  answer  t o  t he  ques t i on  for  t he  s ign  of p [ l ]  we  have  t o  app ly  aga in
our method to  y2 + 2 - 2y and to  2 - 2y. Clearly. we are  hoping to find
sg [y2  + 2 - 2y] = + or sg [2  - 2y] = - [o the rwi se  t he  t echn ique  i s  unsuccessful] .
In tha t  case  Np[1] wou ld  be  1 and ,  therefore,  we  wou ld  have  proved p[x,y] to
be  pos i t i ve .

[a] qoly] = VZ ".' 2 - 2}! qo _ 1 -2 2
q‚[v] = 2v  - 2 q1 2 -2

-2 4
-4

1 co

O + +

1 o +
2 _ ..

Nq 1 1

Thus, y2 + 2 —- 23; has no sign change in [1.oo[. Since qo[co] > O we have
sg[y2 + 2 - 2y] = +. "

[b] ro[y] = —2y + 2 r0 —2 2
r1[y] = -2  r1 -2

-4
:r2 0

1 oo

0 _ _
1 _ _
2 0 0



4 How to  Check  t he  Pos i t i venes s  of Po lynomia l s  66

Since  -2y  + 2 has  no  sign change i n  [1.00[ and  Io[oo] < 0 we have
sg[-2y + 2] = - .

We  could  now comple te  t he  above sign var ia t ion  t ab l e  for p[x]:

1 oo

O + +

] — +

2 _ ..

Np 1 1

It i s  Np[1] - Np[oo] = 0 and  therefore  p[x] i s  no t  zero i n  [l,oo[. In addi t ion,
p[oo] > 0 which  causes  t he  pos i t iveness  of p [x ,y ] .  In

Simi l a r  t o  t he  me thod  p roposed  in  4 .2  i t  i s  pos s ib l e  t o  ex t end  th i s  me thod  by
a t t ach ing  a dummy va lue  i n s t ead  of r ea l  va lues  t o  t he  cons t an t s .  Th i s  means
t ha t  t he  a lgo r i t hm cou ld  t e s t  if t he  g iven  ru l e  sys t em cou ld  be  o r i en t ed  by
increas ing  the  lower  bound  of [FG].

Probab ly  t h i s  cou ld  l ead  t o  i n t e r e s t i ng  i n fo rma t ion  abou t  t he  dependence  of
the  compar i son  of po lynomia l s  on  t he  va lues  a t t ached  to  t he  cons t an t s  wh i l e
l e av ing  the  r ema in ing  in t e rp re t a t i on  unchanged . ‘



4 How to  Check  t he  Pos i t i venes s  of Po lynomia l s  67

4 .4  D i s c u s s i o n

In  th i s  chap te r  we  have  desc r ibed  two  we l l -known  p rocedure s  [[BL87l,  [R0881]
for p rov ing  the  pos i t i venes s  of a polynomial .  They bo th  or iginal ly  p re sume  [8 ]
to be  a subset  of ‘DolflNl but  they can also be used for proving the  positiveness
of po lynomia l s  ove r  [R==21 .

The  f i r s t  t e chn ique  i s  ba sed  on  the  i dea  of f i nd ing  a po lynomia l  t ha t  i s  sma l l e r
than the  given one but  simultaneously positive [[BL871].

The  second  one  makes  u se  of  s eve ra l  f undamen ta l  ana ly t i ca l  t heo rems  [ERoBB].
[DuSOJ]. I t  appea r s  t o  be  more  power fu l  bu t  s i nce  we  have  no t  imp lemen ted
this method in our COMTES-system. we cannot yet verify this opinion by
expe r imen t s .

Bo th  t echn iques  have  i n  common a r emarkab le  dependence  on  the  sma l l e s t
va lue  i n t e rp re t i ng  a cons t an t .  And  bo th  t echn iques  w i l l  ga in '  more  power  by
increasing the  lower bound of [FG]. We think that  an  analysis of this
dependency  and  e spec i a l l y  an  i nves t i ga t i on  a s  t o  whe the r  a g iven  po lynomia l
orde r ing  cou ld  be  s t r eng thened  by  man ipu la t i ng  [ inc reas ing]  t he  coefficients
cou ld  l ead  t o  more  power fu l  me thods  fo r  p rov ing  the  pos i t i venes s  of po lynomia l s
a s  we l l  as new heu r i s t i c s  for  f i nd ing  app rop r i a t e  i n t e rp re t a t i ons .
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5 Po lynomia l  Orde r ings
Modu lo  Theo r i e s

The use of t e rm r ewr i t i ng  systems based on an  add i t i ona l  unde r ly ing  theo ry  E

presumes  a spec i a l  t e rmina t ion  p rope r ty .  He re ,  we cons ide r  va r ious  t heo r i e s  and
de f ine  app rop r i a t e  po lynomia l  o rde r ings  t ha t  c an  be  used  to  p rove  E - t e rmina t ion .
Some of t he se  o rde r ings  a r e  wel l -known [[Be86l], bu t  we a l so  p re sen t  some new
ones .

5.1

5.2

5.3

5.4

5.5

5.5

5.7

5.8

5.9

5.10

5.11

5.12
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5 .1  E—Termina t ion

The  bas i c  concep t  of t e rm  r ewr i t i ng  sys t ems  i s  t o  conve r t  an  equa t ion  i n to  a
d i r ec t ed  r ewr i t e  ru l e  by  compar ing  bo th  s ide s  w.r . t .  an  o rde r ing .  Howeve r .  t he re
ex i s t  equa t ions  wh ich  a r e  i ncomparab l e  i n  any  ca se .  Fo r  example .  a r ewr i t i ng
sys t em con ta in ing  the  commuta t iv i ty  ax iom x+y = y+x a s  a ru le  is
non- t e rmina t ing .  If t he  t e rmina t ion  p rope r ty  i s  no t  s a t i s f i ed ,  t he  s e t  of ax ioms
can  be  sp l i t  i n to  two  pa r t s :  The ax ioms  caus ing  non—te rmina t ion  a r e  u sed  a s
equa t ions  E whi l e  t he  o the r s  a r e  u sed  a s  r ewr i t e  ru l e s  ER. An  app rop r i a t e
r educ t ion  r e l a t i on  a l l ows  r educ t ions  modu lo  t he  equa t ions  i n  E. The  e f f ec t i ve
computa t ion  w i th  t h i s  r e l a t i on  p re sumes

a comple t e  un i f i ca t i on  a lgo r i t hm fo r  t he  equa t iona l  t heo ry  E and
the  E - t e rmina t ion ,  i .e.  t he re  i s  no  i n f in i t e  s equence  of t e rms  of t he
fo rm t1 =E t1' =>m t2  =E t".2 =>m .

Seve ra l  me thods  ex t end ing  the  c l a s s i ca l  Knu th -Bend ix  comple t i on  p rocedure
have  been  deve loped .  Some of them a re  desc r ibed  in  [P381], [J083] and
[JK86].

Since  th i s  pape r  ma in ly  dea l s  w i th  t e rmina t ion  we  adap t  t he  gene ra l  r e su l t s  on
t e rmina t ion  t o  t he  ca se  of equa t iona l  t e rm  r ewr i t i ng  sys t ems  [ s ee .  for  example ,
[BP85] ,  [De87l [Hu80b] ,  [ JM84] .  [LB77a] ,  [ LB77b ]  and  [LB77c l ] .

An  equa t iona l  t e rm  r ewr i t i ng  sys t em t e rmina t e s  if t he re  i s  an  o rde r ing  > which
. con ta in s  t he  r ewr i t e  r e l a t i on  San/E = =E '=”m - =E. The t e s t  of t h i s  i nc lu s ion

requ i r e s  a l l  de r iva t i ons  of t he  form s :5s t t o  be  checked .  Th i s  r equ i r emen t
can  be  r e f ined :

Lemma 5.1.1 [[81385]]

If > i s  E -compa t ib l e ,  t hen

> con ta ins  =>m/E iff > con ta in s  $$$ ' .

Def in i t i on  5 . 1 . 2

An o rde r ing  > i s  E -compa t ib l e

iff

s =E s '  s '
“> imp l i e s  >
t =15: t '  t '  I
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If a reduc t ion  ordering > i s  E—compatible and  all] > c[r] for every ru l e  l +“ r
and  every  subs t i t u t i on  0, t hen  t he  equa t iona l  t e rm  r ewr i t i ng  sys t em Eli/E
t e rmina tes  [ s ee  [BP85]].

Obvious ly .  E—termina t ion  s t rong ly  depends  on  the  g iven  unde r ly ing  theo ry  E.
For  example ,  E mus t  s a t i s fy  t he  fo l l owing  two cond i t i ons  i n  o rde r  t o  p reven t
inf ini te  de r iva t ions  [ s ee  [JM84II]:

- If s = t € E. t hen  the  s e t  of va r i ab l e s  of bo th  t e rms  mus t  be  i den t i ca l .
O the rwi se ,  t he re  w i l l  be  l oops  s ince  we may  in s t an t i a t e  t he  add i t i ona l
va r i ab l e  by  an  i n s t ance  of a l e f t -hand  s ide  of a r u l e  of SR. By  r ewr i t i ng
the  t e rm  wi th  t he  ru l e  and  by  then  app ly ing  the  ' s t a r t i ng  equa t ion '  tw ice .
t he  t e rm wi l l  be  de r ived  f rom i tself .
For  example .

ER: X * l “ä X
E: X * 0 = 0
0=E[x*1]*0=>mx*0=E0

- Fur the rmore ,  E - t e rmina t ion  canno t  be  s a t i s f i ed  if t he re  i s  an  equa t ion
of t he  fo rm t =E x such  tha t  x ha s  more  t han  one  occu r r ence  i n  t .  I n
t h i s  case  a l e f t -hand  s ide  1 of a ru l e  of ER i s  E-equa l  t o  a t e rm  wi th
seve ra l  occu r r ences  of  1. The re fo re .  we  can  r ewr i t e  one  of  t he se  and  s t a r t
t he  p roces s  aga in .
For  example .

ER: «x  —9 x
E:  x A x = x
s-wx =E fl—rx A -:-x =>£R x A wax  =E x A [fix  A —'-1x] fem

x A [x  A fix]  =E

Hence ,  t he  u se  of  an  o rde r ing  > fo r  r ewr i t i ng  sys t ems  modu lo  a t heo ry  E
presumes  t he  E -compa t ib i l i t y  of >. There  ex i s t  on ly  a f ew  o rde r ings  wh ich  have
th i s  p rope r ty .  Mos t  of t hem a re  on ly  compa t ib l e  w.r . t .  a s soc i a t i ve  and
commuta t ive  [AC, for shor t ]  theories.

For  example .  a s soc i a t i ve  pa th  o rde r ings  [ s ee  [Gn88] ,  [GLBS], [BP85]  and  [DHJP831]
ex t end  the  r ecu r s ive  pa th  o rde r ings  t o  AC-congruence  c l a s se s .  They  a r e  based
on  f l a t t en ing  and  t r ans fo rming  the  t e rms  by  a r ewr i t i ng  sys t em wi th  ru l e s  s imi l a r
t o  t he  d i s t r i bu t iv i t y  ax ioms .  Fu r the rmore ,  t he  p recedence  on  the  ope ra to r s  ha s  t o
sa t i s fy  a p rope r ty  ca l l ed  a s soc i a t i ve  pa i r  cond i t i on .  A d i s advan tage  of t he
as soc i a t i ve  pa th  o rde r ing  i s  i t s  i ne f f i c i ency  wh ich  r e su l t s  f rom the  demand  tha t
two  t e rms  mus t  be  p re -p roces sed  [ f l a t t ened  and  t r ans fo rmed  - w.r. t .  t he
d i s t r i bu t iv i t y  ax ioms]  be fo re  t hey  a r e  compared .  [S t89d ]  and  [StQOb] con ta in  an
app l i ca t i on  of an  ex t ens ion  [ t he  embedd ing  of s t a tu s ]  of t he  a s soc i a t i ve  pa th
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orde r ings  to  severa l  pa th  and  decompos i t i on  o rde r ings .  S ince  t he se  o rde r ings  a r e
s t ronge r  t han  the  r ecu r s ive  pa th  o rde r ing ,  t he  co r r e spond ing  o rde r ings  r e s t r i c t ed
to  AC—theor ies  a r e  more  power fu l  t han  t he  a s soc i a t i ve  pa th  o rde r ing .

A new c las s  of o rde r ings  compa t ib l e  w i th  AC has  been  in t roduced  in  [S t89b]
and  [S tQOa] .  I t  i s  ba sed  on  the  Knu th -Bend ix  o rde r ing  w i th  s t a tu s  [KBOS.  s ee

[StBQaJ]. A modi f i ca t i on  of t h i s  o rde r ing  [ ca l l ed  a s soc i a t i ve -commuta t ive
Knuth -Bend ix  o rde r ing ,  ACK] causes  i t s  AC-commuta t ion  [wh ich  i s  weake r
t han  t he  AC-compa t ib i l i t y ] .  a p rope r ty  i n t roduced  by  Jouannaud  and  Munoz
[[JM841]. The most important aspects  of this  ordering are  i] Multiset s tatus is
as s igned  to  each  commuta t ive  func t ion  symbo l .  i i ]  The  we igh t  of each as soc i a t i ve
ope ra to r  wh ich  has  t o  be  min ima l  w.r . t .  t he  p recedence  i s  z e ro  and  i i i ]  The
te rms  on ly  have  t o  be  pa r t l y  f l a t t ened  to  be  compared .  A major  advan tage  of
th i s  t e chn ique  i s  t he  pos s ib i l i t y  of app ly ing  the  a lgo r i t hm of [Ma87]  t o  f i nd  a
use fu l  we igh t  func t ion  fo r  p rov ing  the  t e rmina t ion  of a g iven  r ewr i t e  sy s t em.
The  power  of t he  o rde r ing  i s  nea r ly  t he  s ame  a s  t ha t  of t he  Knu th -Bend ix
o rde r ing  w i th  s t a tu s .
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5 .2  P rov ing  E-Te rmina t ion  Us ing  Po ly—
nomia l  Orde r ings

I t  i s  we l l -known  tha t  po lynomia l  o rde r ings  can  a l so  be  r e s t r i c t ed  t o  AC- theo r i e s
[see [Bess], [BL87], [BL861]. In order to guarantee the  AC-compatibility the
i n t e rp re t a t i ons  of AC-ope ra to r s  mus t  be  of a spec i a l  f o rm.  The  fo l l owing  l emma
gene ra l i ze s  t h i s  concep t :

Lemma 5 .2 .1

>130L i s  E -compa t ib l e  if
[Vs , t € l " ]  s=E t  w s =P0Lt  .

This  p rope r ty  a l l ows  the  hand l ing  of many  d i f f e r en t  t heo r i e s .  apa r t  f rom AC.
Ben Cherifa [[Be86]] tes t s  a few theor ies  for t he i r  compat ib i l i ty .  This chap te r
dea l s  w i th  t he  ex tens ion  of he r  ca t a logue  [ inc lud ing  a l l  r e su l t s  of [Be86]]. In
t he  r e s t  of t h i s  chap te r  we  p re sen t  t he  cond i t i ons  for  t he  i n t e rp re t a t i ons  of
E-ope ra to r s  unde r  wh ich  t he  i nduced  po lynomia l  o rde r ing  i s  E -compa t ib l e .  Fo r
s imp l i c i t y ,  we  use  abb rev i a t i ons  for  t he  t heo r i e s :

Def in i t i on  5 .2 .2

Le t  f , g ,1  € 8.

Associa t iv i ty  : Al f ]  iff f[x.f[y.z]] = f[f[x.y],z]
Commuta t iv i ty  : C[f] iff f[x,y] = f[y.x]
Left Commuta t iv i ty  : CL[f] iff f[f[x,y].z] = f[f[x,z],y]
Right Commuta t iv i ty  : CRM] iii f[x.f[y,z]] = f[y.f[x.z]]
Left Dis t r ibut iv i ty  : DL[f.g] iff f[g[x,y],z] = g[f[x.z].f[y.z]]
Right  Dis t r ibut iv i ty  : DR[f,g] iff ffx,g[y,z]] = g[f[x.y],f[x,z]]
Endomorphism : E[f.g] iff f[g[x.y]] = g[f[x],f[y]]
Idempotency  : I[f] iff f[x‚x] = x
Minus  : l ]  ' iff f[f[x]] = x
Permutativity : P[f] iff f[x1....,xn] = f[x„[„‚...‚x„[n]]
Transi t ivi ty  . : T[f‚g] iff f[g[x.y],g[y.z]] = f[g[x,y],g[x.z]]
Left Unipotency  : UL[f,l] iff f[1‚x] = x
Righ t  Un ipo tency  : URÜJ]  iff f[x‚1] = x I

These  t heo r i e s  we re  adOpted  f rom [8189]. Combina t ions  of t he se  t heo r i e s  a r e
g iven  in  5.12. Fur the rmore .  a s se r t i ons  abou t  spec i a l  t heo r i e s  l i ke  spec i a l  g roups ,
rings.  e t c .  a r e  con ta ined  in  5.13. ' '
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5 .3  Assoc i a t i v i t y

Lemma 5 .3 .1  [[BL87J]

AH] if [ f ] [x ,y ]  = a lxy  + a2[x  + y]  + a3
and  a1a3 + a2  = ag

Special cases: - [ f ] [x .y ]  = axy  [if a2  = a3
fo r  a rb i t r a ry  va lues  of a

- [ f ] [x .y ]=x+y+c  [if a1=0
fo r  a rb i t r a ry  va lues  of 0

Example  5 .3 .2  [[KSBSJ]

iR: [x/XI/lty/yl/Y] a )!
[x /y l / [ z /y ]  —> x/z
x /x  ——> 1
1/): -—> i[x]
X/ i [Y]  —-> x it- y

E: [x*y ]*z  = x*[y*z ]

I: m t ]  = 1
MIX] = X2
[/][x.v] = nz + x + v2 +1
[*Jlxwl = 2xy  + X + V

73
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5 .4  Commuta t iv i t y

There  a r e  t h r ee  k inds  of  commuta t iv i t y  ax ioms ,  t he  [ c l a s s i ca l ]  commuta t iv i t y .
t he  l e f t  and  the  r i gh t  commuta t iv i t y .

Lemma 5 .4 .1

C[f] if [f][x,y] = 2 a i jx iy j1- ]

." [v1,j] aij = aji .

Special cases: - [f][x,y] = anxn yn + + alxy + ao
fo r  a rb i t r a ry  va lues  of a

- [f][><.y] = a - [x  + vl“
fo r  a rb i t r a ry  va lues  of a and  n

n , . . . ‚ ao  and  n

Lemma 5 .4 .2

There  i s  no  i n t e rp re t a t i on  of f such  tha t

C[f] A [f[f[x.y],z]>P0Lf[x,f[y,z]] v f[x,f[y,z]]>P0Lf[f[x,y].z]] -

Due  to  t he  l emma .  i t  i s  imposs ib l e  t o  gua ran t ee  t he  t e rmina t ion  of a sy s t em
con ta in ing  the  a s soc i a t i v i t y  l aw  modu lo  C w.r . t .  a po lynomia l  o rde r ing .  In
gene ra l ,  t he  combina t ion  of an  a s soc i a t i v i t y  ru l e  and  the  commuta t iv i t y  equa t ion
i s  no t  a l l owed  s ince  i t  l e ads  t o  t he  fo l l owing  in f in i t e  de r iva t i on  [ s ee  [AVBQJ]:
f[f[x,y],z] =c f[z.f[x,y]] > f[f[z,x],y] =c i[y,f[x,z]] > f[f[y,x],z] ”c f[f[x.y].z]. Therefore,
t he  unde r ly ing  theo ry  of t he  nex t  example  cons i s t s  of bo th  commuta t iv i t y  a s
we l l  a s  a s soc i a t i v i t y  s ince  an  abe l i an  g roup  posse s se s  bo th  p rope r t i e s .

Example  5 .4 .3  [Abelian group]

SR: x+0  —>X
x+[ -x ]  -+ O

E: x+y  =y+x
[x+y]+z :x+[y+z ]

I: [o][] =2
[—][X] =X2
[+][x . y] xy+x+y  .
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L e m m a  5 .4 .4

CLIf] if [ i ][x.y]  = §a ix j  yi + [l-j]-x
A j E {0 .1}

or  [ f ] [x ,y ]  = [x  + l]-i§1aiyi + aox  + ao  - l .

Special cases: - [f][x.y] = an  xy“  + + a1xy + aox
fo r  a rb i t r a ry  va lues  of an.. . . ,ao and  n

' [ f ] [ x .y ]  = anyn  + + a ly  +_ x .
fo r  a rb i t r a ry  va lues  of an,...‚a1 and  n

Example  5 .4 .5  [see Example 5.4.3]

ER: x+0  —>x
x+[--x] .—->O
[ x + y ] + z — > x + [ y + 2 ]

E:  [ x + y ] + z =  [X+Z]*Y

1: [0H]  ‘-'- 2
[-Jix} = x2
[+][X.Y] = xy  + x

Note  t ha t  t he  i n t e rp re t a t i ons  fo r  t he  l e f t  commuta t iv i t y  o r i en t  t he
as soc i a t i v i t y  on ly  i n  one  d i r ec t i on .  ' .

L e m m a  5 .4 .6

calf] if [f][x.vl = % a ix iv j  +“ [l-jl'y
A j E {0,1}

or [ i ][x,y]  = [y + 1]°iä21aixi + a°y+ ao  — 1 In

Special cases: - [f][x,y] = an  xny  + + 31 xy + aoy
for  a rb i t r a ry  va lues  of an,. . .‚a° and  n

- [f][x,y] = anxn + + a lx  + y
fo r  a rb i t r a ry  va lues  of an  ..... a1 and  n
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Example  5 . 4 . 7

m: X'+ 0

x +'[-XI
x + [y + z]

E: x+[y+z ]

I: [OJÜ
[-][x]
[+][x ; y]

Lemma 5 .4 .8

cm A c

CH] A CRÜ]

CL“)  A CRÜ]

cm A c A

[see Example 5.4.5]

— > x

- > 0
—>[x+y]+z

: y + [x + z]

2
x2

XY * Y

if [f][x,y] =
and b = c = O v

v [a =

if C(f] A CLH]

if cm A CLl f ]

CRM] if CH] A CLH]

76

axy+b[x+y]+c
[ a=0  A b=1]

b A c = b - 1 ]
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5 .5  D i s t r i bu t iv i t y

Lemma 5 .5 .1

DLIf.g] if [f][x.y] = ?aixy‘ .  [g][x.yl = b‚x  + bzy

Special cases:

Example

or [f][x,y] = alxy + a2[x + y] + a:3 . [g][x.y] = x + y + b3
A 83  = b3[a ‚b3 - 1] . az  = a iba  I

- [f][x.v] = xv  . [g][x.y] = b[x  + V]
for  a rb i t ra ry  values  of b

- [f][x.y] = ax{y  + l] . [g][x.y] = b[x  + y]
fo r  a rb i t r a ry  va lues  of a and  b

- [ f ] [x .v l  = xy+a lx+y l  . [g][x.yl=x+v+1
for  arb i t rary  va lues  of a

5 . 5 .  2 [Boolean a lgebra ]

x+0  ->x
x+x  —>O
xaßo  - ->O
x* l  —>x
x * x . — > x

l x+y l*z  = [X*21+[y*21

[OJÜ =1
mt ]  =1
[+ ] [x .y l=x+y
[fi lmy]  = xy+x '  .

L e m m a  5 .5 .3

DRIf .  9] if [f][x.v] = ; a ix iv  . [g][x.y] = b‚x  + hair

or [f][x.y] = a ixy  + az l x  + y] + es  . [g][x.y] =?- x * Y * b3

A a3 = b3[a1b3 - 1] . a2 = alba .
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Special cases: - [f][x.y] = xy , [g][x‚y] = b[x + y]
fo r  a rb i t r a ry  va lues  of b

- [f][x.Yl = a l  + 1] , [slimy] = b lx  + Y]
fo r  a rb i t r a ry  va lues  of a and  b

. [f][x.y] = xy + ab: + y] . [g][x.yl = x + V +1
fo r  a rb i t r a ry  va lues  of a

Ana logous  w i th  t he  l e f t  and  r i gh t  commuta t iv i t y ,  t he  fo l l owing  ax ioms  canno t
be  combined :

f[f[x.y].21 —-> : f (x . f [y .21 ]  A DRILQJ

and  f [x . f [y ,z] ]  -> f [ f [x ,y] .z]  A DL[i,g].  respec t ive ly .

Example  5 .5 .4 -

SR: The  same  ru l e  sys t em as  i n  example  5.5.2

E:  X * [ Y * Z ] = [ X * Y ] * [ X * Z ]

I: The  same  in t e rp re t a t i ons  a s  i n  example  5.5.2 excep t
[*][X.Y] = X? + Y- '

L e m m a  5 .5 .5

DLl f .g ]  A DRILQJ  if [f][x.y] axy  . [g]lx.yl = bx + CY

or [ f ] [x ‚y]  axy  + b[x  + y]  + c
[g][x.y]  x+  y +d
A c=d[ad - l ]  . b=ad

The  fo l l owing  combina t ions  of t heo r i e s  a r e  no t  a l l owed .  i.e. t he re
ex i s t s  no  po lynomia l  o rde r ing  wh ich  induces  t he  equa l i t y  of both s ide s
of t he  ax ioms :  .

DL“  ' g]  " D R [ g  . f ]

DL[f.g] A Dn. f ]

Bai t s ]  A DRIQJI  - -
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5 .6  Endomorph i sm

Lemma 5 .6 .1

Elr.g] if [f][x]=x . [g][x.y]=j§: a jkx jyk

or [f][x] = a1x + a2 , [g][x.y] = bix + bzy + b3

or [1]l = a1}:i . [g][x.Y] = b1x jyk

A a rk"  = 12):"1

Special cases: - BMX] = ax . [QJIXJ] = bx * CV

fo r  a rb i t r a ry  va lues  of a . b  and  c
[f][x] = x , [g][x.y] = ax + by  + 0
for arbitrary values of a , b  and  c
[f][x} = ax + b[a  -1 ]  . [g][><.y] = x + y + b
fo r  a rb i t r a ry  va lues  of a and  b

DIX] = x1 . [g][x.Y] = vk
fo r  a rb i t r a ry  va lues  of i . j  and  k

In  some  in s t ances  a s l i gh t ly  d i f f e r en t  endomorph i sm ax iom occu r s :
f [g[x ,y] ]  = g[f[y],f[x]] where  t he  a rgumen t s  of g have  been  exchanged .  If the
i n t e rp re t a t i ons  of t he  fo l l owing  l emma  a re  g iven ,  bo th  s ide s  of t he  ax iom
became  iden t i ca l :

Lemma 5 -6 .2

[f[g[x.vll] = [g[f[v].f[x}]] if [f][x} = x . [g][x.Y] 3&8ii
A [Vj.k] aJk = ak]. '

or [HEX] = a lx  + a2  . [é][x.yl = b l tx  * Y] + b2

„ b2[a1 - 1] = a2[2b1 - 1]
or [f][x} = ala-:1 , [g][x.Y] = 131ij

A a?“ = bii'"l '
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Special  cases:

Example
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- [f][x] = ax  .. [g][x.y] = b lx  + y]
for  a rb i t r a ry  va lues  of a and  b

- [HEX] = x . [g][x.vl  = a ix  + y] + b
for  a rb i t r a ry  va lues  of a and  b

- [ f ] [x ]=ax+b[a -1 ]  . [g ] [x .y ]=x+y+b
fo r  a rb i t r a ry  va lues  of a and  b

- [i][x] = xi . [g][x.V] = x jy j

fo r  a rb i t r a ry  va lues  of 1 and  j

5 . 5 .3  [Group theory]

0 + y —-> y

x + O —> - x
'[—x] + x —> 0
x + [-x] —> 0
[-x] + [x + y] —> v
x + [H:] + y] -> y
-0  —> o
"X  "> X

- [x  + Y] = ["Y] + [-x}
[x+v l+z=x+[y+21

[0][]  = 2
[ ' ] [X] = 2):
MIX. y] = x + v -
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5 .7  Idempo tency

Note  t ha t  t he  i dempo tency  ax iom f [x ,x ]  = x can  neve r  be  pa r t  of an  unde r ly ing
theory since i t  could result in infinite chains [see section 5.1].

L e m m a  5.7.1 [[Be86]]

There  i s  no  i n t e rp re t a t i on  of f such t ha t  I[f ]  i s  va l i d .  .
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5 .8  Minus

Lemma 5 .8 .1

M[f] if [f][x] = x |

Example  5 .8 .2  [Add i t i on  on  in t ege r s  modu lo  _2]

ER: x + 0 .  —> x
0 * Y _) Y
x+x—->O

E: s[s[x]] = x

I: [0][  ] = 1
[BMX] = x
[+][x. v] = x + y -

As  s t a t ed  i n  [$189], t he  real  minus  theory  i s  a combina t ion  of M[f] and  a k ind
of endomorph i sm ax iom [et. l emma  5.6.2] s ince  t hey  o f t en  appea r  t oge the r  [ s ee
for example groups].

Lemma 5.8.3

MU] A [f[g[x.y]]] = [g[f[vl.f[x}]]
if [f][x] = x . [ g ] [x .y ]  = iE j a i j x iy j  and  [Vi,j] a i j  = aji  .

Note t ha t  if we  t ake  t he  usua l  endomorph i sm ax iom f[g[x .y]]  = g[f[x].f[y]]
i n s t ead  of t he  one  above .  i t  w i l l  make  no  d i f f e r ence  wha t  t ype  of i n t e rp re t a t i on
of t he  ope ra to r  9 i s  used.
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5 .9  Pe rmuta t i v i t y

Lemma 5 .9 .1  [[BeBSJ]
. i 1P[i] If [f][x1‚...,xn] = Z a i1 - - - i n '  x11 - - xmn

A 311 .4 , ,  = a ‘n : [ i 1 ] . . . 1c [ in ]  I

Special cases: ' [f][x1,...‚xn] = an .  xl“...xg + + al—xl...xn + ao
fo r  a rb i t r a ry  va lues  of an.. . . ,ao and  n

[f][x1‚....xn] = a-[x1 + + xn]i
fo r  a rb i t r a ry  va lues  of a and  i

Exa 'mp le  5.9.2 [Or-exclusive]

iR: v [x .x ,y ]  —> x
v ly .x .v ]  -> v
l . v . v ]  -9 v

E: v [x ,y , z ]  = v[y , z ,x ]

I: [v][x,y.z]  = x+y+z  .
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5 .10  Trans i t i v i t y

The  ope ra to r  f of t he  t r ans i t i v i t y  ax iom

f l g lx .v ] . g [y . z} ]  = f l g lx .v ] . g [x . z} ]

i s  mos t ly  i n t e rp re t ed  a s  t he  boo lean  func t ion  and :

g[x.v] A sly/.2] = shay] A Q[X.Z]-

Fur the rmore ,  a va lue  for  t he  ope ra to r  g cou ld  be  any  o rde r ing  > s ince  i t

posses se s  t he  t r ans i t i v i t y  p rope r ty :

[x>y]  A [y>z ]  «» x>z .

Lemma 5 .10 .1  [[BeBBJ]

There  a r e  no  i n t e rp re t a t i ons  of  f and  9 such  tha t  T[f ,g ]  i s  va l i d .  I '
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5 .11  Unipotency

There  are  two k inds  of un ipotency  ax ioms :  the  l e f t  and  the  r i gh t  unipotency .

Lemma 5 .11 .1

ULIMJ  if [f][x.y]=xiy . [1][)=1 .

L e m m a  5 .11 .2

UR[f.1] if [r][x,y]=xyi . [1 ] [ ]=1 .

Example  5 .11  . 3  Merg ing  operator

9%: merge[x-y,u-v] -->\_x-merge[y.u-v]

E: merge[x ,ni l )  = x

I: [n i l ] [ ]  = 1
[merge][x.v] = XY

: x + y I[-][x. v]

The combinat ion  of both un ipo tency  ax ioms  wi l l  dras t i ca l ly  re s t r i c t  the  c la s s
of in terpre ta t ions  of the  opera tor  f:

Lemma 5 .11 .4

UL[I,1] „ can.” if [f][x‚y1-xy . [1][]=1 .
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5 .12  Combina t ions  o f  Theo r i e s

We  have  i nd i ca t ed  r e s t r i c t i ons  i n  t he  i n t e rp re t a t i ons  of t he  func t ion  symbo l s
tha t  be long  to  spec i a l  t heo r i e s .  Th i s  s ec t i on  dea l s  w i th  t he  enumera t ion  of t he
in t e rp re t a t i ons  of t hose  func t ion  symbo l s  wh ich  a r e  s imu l t aneous ly  con ta ined
in  more  t han  one  t heo ry .  F i r s t  of a l l ,  t he  combina t ions  of two  d i f f e r en t  t heo r i e s
wi l l  be  cons ide red .

Lemma 5 .12 .1

AH]  A

C[f] if Ati]

CLU] if cm A CLIf]

Special cases: - [f][x.y] = xy + x + y
- [f][x.y] = xy

— [f][x.y] = x + y

CR[f] if Alf] A CL[f]

Dtg] if [filmy] = axy  , [g][x.vl = bx + CY

or [f][x,y] = axy+  b[x+y] + c . [g][x .y]  = x + y + d
A c=d[ad -—1] ‚b=ad

DnJ]  if [f][x.yl = x + y + a . [gllxy] _: bxy  + C[x+y]  + d
A d=a[ab -1 ]  . c=ab

Ms] A DLl f s ]  if [f][x.v] = axy  + b lxw]  + c . [g][x.y] = x-+  v + d
A c=d[ad -1 ]  , b=ad

DR[f.g] if AH] A DL[f.g]

DRIgJJ  if [f][x‚y] = x + y . [g][x.y] = Za ix ‘y

or AH] A DL[g‚f]

AIQ]ADR[f .Q]  if A l f ]  A AM] A DLÜQ]

E[g‚f] if [f][x,y] = axy  + b[x+y] + c . [ g ] [ x ]  = x
A ac  + b = b2



5.12 Combina t ions  of Theor ie s

or [f][x,y]  = x + y + a .

Spec i a l  cases:

- UL[f,1] if

- UR[f,1] if

Lemma 5 . 1 2 . 2

A c = a[b — 1]

or [f][x.yl = aXY . [g][x} = bxi
A b = a H

- [f][x.y] = x + V . [g][x} = ax
- [f][x.Yl = axy . [g][x} = ax2

UL[f,1] A URIf.1]

UL[f,1] A URHJ] .

C[f] A

- DL[f,g] if Am A DLIf,g]

- DLIQJJ  *. if [f][x.y) = a [x+y]  . [g][x.v] = Zbixv‘

or Au] A DL[g.f]

- C[g ]  A DLIf.g] if [f][x.yl = axy [g][x.vl = b[x+Y]

or AU] A AIQ] A DLIf.g]

- DR[f,g] ' if A[f] A 0mg)
- DR[g,f] if C[f] A DL[g.f]

- C[g ]  A DRILQJ  if l] A Clg ]  A 0111.9]

- E[g.fl if mm] = 2ajk xjyk . [91t = x
A [Vj,k] ajk = ak]

of [f][x.V] = a [x+y]  + b . [g][x} = cx + d

or

87

MHK] = bx + c

A b[c - 1] = d[2a -1]

[f][x.Y] = axiyi . [g][x} = bxkA bz i—1 : ak - l
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Spec ia l  cases :

- UL[f,1] if

- UR[f,l] if

Lemma 5.12.3

CLU] A

- DL[f,g] if

- DL[g,i] if

' CL [g ]  A D L H - g ]  “

- DR[f.g] if

- DR[g‚f] ii

' CL[Q]  A DRÜvg]  “

- E[g.i] i i

01'

01’

01‘

01°

01'

0 H

O H

- [f][x.y] = a lxwl  . [g][x} = bx
- [fifxor] = M y  . [g][x} = ax2

Ul] A UR[f,l]

UL[f,l] A UR[f,l] .

[f][x.vl = glaixyi . [g][x.y] = bx + 03!

[f][x.y] = axv  + a lx  + y] + a - 1.[g][x.y] = W)!”

[f][x.v] = x + av  . [g][x.y] = Zbixy‘

[filmy] = gleixy‘ . [g][x.yl = x + by

[illxy] = axv  + a lx  + y] + a — 1.[g][x.vl = x+y+1

A[i] A DL[i,g]

[f][x.Y] = x + ay  . [g][x.v] = um

Am ‚\ DL[g.f]

[f][x.Y] = axy  . [g][x.yl = x + by
AH]  A Atg ]  A D,__[f.g]

[filmy] = Za ix jv i  + [1 - jlx . [g][x} = x
A j € {0 ,1}

[f][x.y]‘ = [miliglaiy‘ + aox  + a5  - 1 . [g][x} = x

[f][x.vl = x + av  + b . [g][x} = cx  + d
A b[c - 1] = ad

[filmy] = axy i  . [g][x} = bxk
A b i  = ak"1
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Spec i a l  c a se s :

- ULIf.1]

- UR[f,1]

' DL“’  9]

' DL[g‚ f ]

" CR[g ]  A D L H r g ]

' D R H -  g]

' DR[g , f ]

- CR[Q] A DRILQI

- E[g . f ]

if

fH
.

fH
-

if

01'

01'

Of

01'

OI

01'

01'

0 H
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- [f][x.y] = x + av  . [g] [x]  = bx
- [f][x.y] = axy . [g][x] = ax2

uLm]

UR[i,1]

[f][x.V] =

[f][x.y] =

[f][x.Y] =
A[f] A

[f][x.y] =

[f][x.v] =

[f][x.yl =

[f][x.y] =

[f][x.Y] =

A[f] A

[f][x.yl =

A UR[f ,1 ]

axy  . [g]lx.Y] = bx * CY
axv  + a [x  + y] + a -1.[g][x.y] = x+y+1

ax  + y . [Q][X.Y] = Zbixy‘
Dn. f l

axv  . [g][x.v] = bx + y
axy + a[x + y] + a -1 , [g ] [x ,y ]  = x+y+1

Za ix iv  . [g][x.y] = bx + cv

axy  + a[x + y] + a -1‚[g][x‚y] = x+y+1

ax + y . [g][x.y] = Ebix iv

DLigJ ]

Zaix iy  . [g ] [x .y ]  = bx  * Y

[f][x.v] = axy  + a [x  + v] +_ a — 1 .  [g][x.y] = x+v+1

[f][x.y] = Za i ' x iy j  + [1 - jly
A j E {0 .1}

[f][x‚y] = [3741131 air-<i + aoy  + ao  - 1 . [g][x} = x

[f][x.vl = ax  + V + b . [g][x} = cx  + d
A b[C  - 1]  = ad
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or [i][x,y] = ax‘y , [g][x] = bxk
A bi = ak-1

Special cases: - [f][x‚y] = ax  + V . [g][x] = bx
— [f][x.y] = axy  . [g][x} = ax2

ULHJ]  if ULUJ]

unm] if UL[£.1] A uRtm] .

In  t he  r ema in ing  pa r t  of th i s  sec t i on  we  use  & if t he  given ax ioms  canno t
represen t  an  unde r ly ing  theory [ s ince  the  polynomial  o rde r ing  fails].

Lemma 5 .12 .5

DLIf,g] A
Et l  if [f][x.vl = Za ixy i  . [gllxy] = bx + cy  . [h][x] = x

or Ef][xäsir]==a1}fr ' [9 ] [x .v l  = bx + cy  . [h][x] = dx]k '

or [f][x.vl = axy  + b lx  + y] + c . [g][x.y] = x + y + d .
[h ] [x ]=x  A c=d[ad -1 ] .b=ad

EIh .g ]  if [f][x.y] = E am!i . [g][x.y] = bx + Cy . [h][x} = dx

or [f][x.y] = axv  + b lx  + v] + c . [g][x.v] = x + Y + d .
[h][x]=px+q A c=d[ad -1 ] ,b=ad ‚d [p—1]=q

UL[f,l] if ULIM] A UR[f.l] A [g][x,y] = ax + by

UL[Q.1] &

UR[f‚1] if UR[f.l] A [g][x,y] = ax + by
UnJ]  é -

Lemma 5 .12 .6

DR[f ,g ]  A

E[h‚f] if [f][x‚y] = Zaix iy  . [ g ] [ x ‚ y ]  = bx  + cy  . [h] [x]  = x
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or [f][x,y] = ax iy  , [g] [x ,y]  = bx  + cy  . [h] [x]  = dxk
A c11 = ak-1

or [flirty] = axv  + b lx  + y] + c , [g][x‚vl = x + V + d .
[h][x]=x A c=d[ad -1 ] ‚b=ad

E[h‚g] if [f][x‚y] = Za ix iy  , [g] [x .y]  = bx  + cy  . [h] [x]  = dx

X*Y*d ,
ad .d [p—1]=q

or [flirty] = axv  + b lx  + y] + c . [g][x.y]
[h][x]=px+q A c=d [ad -1 ] . b

UL[f,1] if 011l A [slimy] = ax + by

ULt]  &
UR[f‚1] if UL[f,1] A UR[f,l] A [g][x,y] = ax + by

UR[g,1] é I

Lemma 5 .12 .7

E[f,g] A

M[i] if [f][x} = x . [g][x.vl = Z ajk vk
UL[g.1] if UL[g,1] A [f][x] = xk

UR[g,l] if UR[g.1] A [f][x] = xk _ _ .

For  compac tnes s ,  t he  combina t ions  of t h r ee  d i f f e r en t  t heo r i e s  a r e  p re sen t ed  i n
a compressed  way ,  i.e. an  a lgor i thm [a s  in fe rence  rules]  i s  g iven  to  compute
t he  i n t e rp re t a t i ons .  This  a lgo r i t hm i s  ba sed  on  a l l  l emmata  of t h i s  chap te r .  The
re su l t s  of t he se  l emmata  w i l l  be  u sed  a s  ru l e s  [ ax ioms]  2i , e .g .

—- AH] A C[f] if AH] wi l l  be  t ransformed in to  AH] A C[f] -—> AH]
- CL[f] A DL[g,f] if [f][x.y] = x + ay  . [g][x‚y] = 22b1xy1 will be

t r ans fo rmed  in to  CLIf] A DL[g,f] + [f][x,y] = x + ay  A [g][x .y]  = Zbixyi .

For  compu t ing  the r e s t r i c t ed  i n t e rp re t a t i ons  of a l l  combina t ions  of t h r ee
theo r i e s ,  t he  r e su l t s  of t he  fo l lowing  l emma  have  t o  be  added  to  t he  ax ioms  ?!.
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Lemma 5 . 1 2 . 8

- A[f] A CL[f] A E[g.f] if [ f ] [x ‚y ]  : axy  + b[x  „ y]  + c ,
[g][x}_= x and [b = c = o] v
[a  = b . c = b - 1]

or [ f ] [ x ‚y ]=x+y+a
[g][x]=bx+c A c=a[b-1]

or [f][x‚y] = axy , [g][x] = bx1
A- b = am

Special  cases:  - [f][x.y] = x + y . [g ] [ x ]  = ax
— [f][x.y] = axy  , [g][x} = ax2

' A[f] " DLÜQ]  A EÜLQ] i f  [HH-LV] = axy  ,
[g][x.Y] = bx + Cy . [h][x] = dflx

or [ f ] [x ,y ]=axy+b[x+y]+c  .
[g][x.v]=x+y+d.
[h ] [x ]=px+q  A c=d[ad-1].
b=ad  . d[p—1]=q

- A l f ]  A DLIf.g] A EIhJ ]  if [f][x.v] = axv  . [g][x.v] = bx + 0v

[h] [x]  = dx i  A d = a1-1

or [f][x‚y] = axy  + b lx  + y] + c ,
[g][x.y] = X + y + d . [h][x] = x
A c=d[ad—1] ‚b=ad

- AH]  A AIQ]  A DLIf.g] A E[h.g] if [f][x.YJ = axy  + b lx  + y] + c .
[g][x.yl = x + Y + d
[h][x] = px + q A c = d[ad - 1].
b=ad  , d[p -1 ]=q

- A[f] A DL[f‚g] A UL[f‚1] if [f][x.y] = xy  , [g ] [x ,y ]  = ax  + by .
mt]  = 1

- A[f] A DL[f.g] A UR[f,1] if Am A DL[f.g] A UL[f,1]

- At i ]  A DLIQJJ  A ULn] if [f][x.yl = x+y  . [g][x‚yl = xy  .
[1][] = 1

. Alf] A DL[g.f] A UR[g‚1] if [f][x‚y] = x+y . [g][x.yl = xy‘  .
_ [1][]=1
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- Alf ]

- A[f]

- C[f]

- C(f]

- C[f]

- CH]

- C[f]

- C[f]

> DR[g,f] A E[h,f]

En] A

D119 .”  A

C[g ]

DL[g ‚ f ]  A

DL[g , f ]  A

DR[g‚f] A

Gig ] A

Mlg]

E[h,f]

mag] A 12mg]

UL[9‘.1]

URIQJI

E[h.f]

Dang] A Elh.g]

”
.

U"
!

01'

01'

Ol’

Ol’
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[f][x.v] = m y .  [g][x.y] = Zaixiy .
[h][x} = bx

[ f ] [x .y )=x+y+a  .
[g][x.yl=bxy+c[x+y]+d.
[h][x]=px+q Ad=a[ab -1 ] ,
c=ab  , a[p-1]=q

[f][x.yl = axy + M): + y] + c .
[g][x]=x A a c + b = b 2

[f][x.y] = alx + y] .
[g][X.Y] = Zbixyi . [h][X] = cx

[fJIX.y]=x+'y+a .
[g ] [x .y l=bxy+0[x+yl+d .
[ h ] [ x ] = p x + q = a [ a b — 1 ] .
c=ab . a[p-1]=q

[f][x.y] = axv .  [g][x.y] = b[x+y].
[h][x} = cx

[fl l x ‚ y ]=x+y+a  .
[g][x.yl=bxy+c[x+y]+d.
[h][x]=px+qA d=a[ab -1 ] ‚
c = a b  . a [p -1 ]=q

[f][x.v] = a[x + V]. [g][x.Yl = X Y .
[ I I ]  = 1

[ f ] [x .y ]  = a [ x  + y ]  ,

[g][x‚y] = xyi , [1][] = 1

UJIXJ] = .afx + y] .
[g][x.v] = Zb‚x*y , [h][x] = cx

[ f ] [ x .y ]=x+y+a ‚
[g][x.y] =bxv+c lx+y l+d .
[h ] [x ]=px+qA d=a[ab -1 ] .

c=ab  . a [p -1 ]=q

[fi lm]  = axy . [g][x.y] = b[x+y ] .

[h][x} = cx
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or

- ll A Fig.!) A Mfg ]  if

- CL[f] A CL[g] A Cal f ]  A if
C R [ g ]  A DLÜvg]

or

- CLH]  A CL[g] A Can] A if
C n [ g ]  " DR[ f .g ]

- tf] A DL[g,f] A E[h,f] if

or

- CL[f] A CLfg] DLIf,g] A E[h,g] if>

or

- tf] A DL[g,f] A UL[g‚1]' if

- CLH] A DL[g.f] A UR[g,1] if

' CLU]  A DR[g ‚ f ]  A E[h‚ f ]  if

or
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[f][x,y] =axy +b[x + y] + c  .
[g]{X.y]=x+y+d.
[h][x}=px+q A c = d f a d - 1 ] .
b = a d  , d[p-1]=q

[fl l Y ]  : Zajkxj  yk . [QHXI : X
A [Vj.k] ajk = 3k)

[f][x‚y] = axy , ‘[g][X.Y] = X * Y

[f][x,y]  = axy + a[x + y] + a - l .
[g][x.y] = x + V + 1

CLH]  " CL[g ]  A Cal f ]  A CRIQ]

A DL[f‚g]

[f][X.y] = x + ay .
'[g][x.yl = Eb‚xyi . [h][x] = cx

[ f ] [x .y ]=x+y+a .
[g][x.yl=bxv+CIx+y]+d.
[ h ] [ x ]=px+qA  d = a [ a b - 1 ] .

c=ab . a [p -1 ]=q

[f][>c.y] = Eaixyi .
[g][x.yl = x + b y  . [h][x] = cx

[f][x.v] = a x y  + alx + Y] + a - 1 .
[g][x.y] = x + V + 1
[h][x} = px + p -1

[f][x.yl = x + av . [g][x.y] = x y .
[1][] = 1

[f][x.y] = x + a v  . [g][x.yl = xy‘ .
[HI]  = 1

[f][x.y] = x + ay .
[g][x.v] = Zbix iy  . [h][x} = cx

[ f ] [X . y ]=x+y+a .
[9][X.Y]=bxy+c[x+y]+d.
[h ] [X]=px+q=a[ab -1 ] ,
c=ab . a[p-1]=q



5.12 Combina t ions  of Theor i e s

' C L ! ”

" CLU]

' can]

' CRÜ]

' C R H ]

' c a n ]

' C R “ )

' CRH]

> CLIQJ

Elg.f]

A DR[ f ,g ]  A E[h.g]

_A Mlg]

DL[g‚f] A E[h‚f]

CRIQI
A DLUrg]  A E[h ‚g ]

DL[g ‚ f ]  A UL[g‚1 ]

D L [ g - fl  A U n t g v ”

DR[g‚f] _A E[h,f]

Cn] A DLIf,g] A E[h.g]

01’

or

01'

01'

01'
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[f][x.Y] = a x v .  [g][x.yl = x + by.
[h][x} = cx

[f][x.yl = axy + blx + v] + c .
[g][x.y]=x+y+d .
[h ] [x ]=px+q  A c=d[ad -1 ] ,
b = a d . d [ p - 1 ] = q

[f][x‚y] = z bixjyi + [l-j]x ,
[g][x} = x A ] E {0 .1}

[f][x.v] = Ix+lli§1ai¥i + aox +
ao -1 . [g][x} = x

[f][x.y] = ax + y .
[g][x.yl = Ebixy‘ . [h][x] = cx

[ f ] [x .y ]=x+y+a .
[g][x.y]=bxy+c{x+y]+d.
[h][x}=px+qA d=a[ab -1 ] .

c = a b  , a[p-1]=q

[f][x.y] = axy . [g][x.y] = bx + y .

[hJIXI = cx

[f][x,y] = axy + a[x + y] + a - 1 ,
[g][x.yl = x + y +1 .
[MIX] = bx + b - 1

[f][x‚y] = ax + y . [g][x.y] = xy ,
[HI] = 1

mm] = ax + y . [g][x.v] = xvi .
[1][] = 1 _

[f][x‚y] = a x  + y .
[g][x.y) = Ebix iy  . [h][x] = cx

[f][x.y]=x+y+a.
[g][x.yl=bxy+0[x+y]+d.
[h][x} = px + 01 A d = a [ab  -1] .
c = a b  . q=a [p -1 ]

[f][x.yl = axy . [g][x.v] = bx+ y.
[h][>c] = cx
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CRH]  A CR[Q]

can] A Etgdl A Mtg]

DL[f,g] A E[h.g] A M[h]

DR[f,g] A E[h,g] A MIh]

Algor i t hm 5 . 1 2 . 9

A Dang] A Elh.g]

if

if

if

OI'

OI

CI

01'

01'

This a lgo r i t hm compu te s  t he  r e s t r i c t i ons  fo r
concern ing  spec ia l  theor ies  [combina t ions  of
The  inpu t  da ta  a r e

the  spec i f i ca t i on  of t he  t heo r i e s .  e .g .  A[f]  A
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[f][x‚y] = axy  + a[x  + y] + a — l ,
[g l lxy]  = x + y +1 .

[h][x} = px + p -1

[f][x.y] = Ea ix iy  .
[g][x.y] = bx +y , [h][x] = cx

[f][x.y] = axy  + a[x  + y]  + a - 1 .
[QJÜ‘LY] = x + y +1 .
[h][X] = bx + b -1

[f][x.y] = Zaixiyj + [1—j]y ,
[g][x] = x A j'6{o.1}

[f][>c.y] = [yfllglaixi + aoY *
ao -1.[g][=<1= x

[f][x.y] = JEa ixy i  .
[gllxy] = bx + cy . [h][x] = x

[ f ] [X .Y]  = axy  + b[x  + y]  + c .
[g][x.y] = x + y + d . [h][x] = x
A c=d[ad - l ] ‚b=ad

[f][x,y] = Zaixiy , I
[g][x .y]  = bx  + cy , [h][x]  = x

[f][x‚y] = axy  + b[x + y]  + c .
[Q] [X .Y]=X+y+d .  [h ] [x ]=x
A c=d[ad—1] ‚b=ad  I

t he  i n t e rp re t a t i ons  of ope ra to r s
up  to  t h r ee  different  theories].

CH] and
the  ax ioms  of a l l  l emmata  con ta ined  in  t h i s  chap te r .  deno ted  by  3L

The inference  ru les  {of} a lgo r i thm 3.3.13] a r e  g iven  a s  follows:
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[l] Removing dup l i ca tes

i€I '
if j e r

g/€\1 1/€\J ' if /\ Yi —-> r E QI A
16
[3mm 6 I] 0l  = Yum

o[r ]  A /\ Xi  , QI
i € J

where  c i s  a subs t i t u t i on  on  func t ion  symbols ,  eg .  0 = {i <— 9} and
' xv  A [1][) =1] = [[g][x.y] = xv  A [Ill] = 1]. -0 [U [ f . 1 ] ]  = UIQJI  . 0[ [ f ] [x .v l  -

Example  5 .12 .10

An  app l i ca t i on  of t he  a lgo r i t hm to  t he  t heo ry

Alf ]  A Afg]  A CLfg]  A DR[9.f]

could  produce  the  fo l lowing  s teps :

[CnlADnJll A tAmAAtgn . u
. [AIQI A DLIQJD A [Alf] A Mg]! . 21

s ince  2! contains  the  ru le  CL“) A DR[f ,g]  —> AU] A DL[f.g]  [ l emma 5.12.3]
and  there  i s  a o [= {f <— g , g <— f}‚ renaming  the  opera tors ]  and  a 11: [= id]
such that o[CL[g] A DRIg,f]]  = [CLlf] A DR[f‚g]].

Atgl A DnJ]  A An] A AIgJ . ar
Am A A[g] A DL[g,i] . it

because of applying the  inference rule [1] which removes one of the  two A[g]'s.

Am A A[g] A DLIg.f] , ar
[f][x‚y] = x+y+d A [g ] [x ‚y ]  = axy  + b[x+y]+c A c = d[ad-—l] A b = ad .  2!
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s ince  the  ru l e  Al f ]  A A[g] A DL[f,g] —> [[f][x.y] = x+y+d A [g ] [x ‚y ]  = axy  +
b[x+y]+c A c = d[ad-1] A b = ad ]  of lemma 5.12.1 can be  app l ied  to
Al f ]  A A[g] A DLIg, i ]  a f te r  subs t i tu t ing  f and  g .  .

Lemma 5 . 1 2 . 1 1

The a lgo r i t hm 5.12.9 a lways  t e rmina tes .  I t  p rov ides  r e s t r i c t i ons  for
in t e rp re t a t ions  tha t  have  to  be  met  by  combina t ions  of up  t o  th ree  d i f f e ren t
t heo r i e s .  .

Obvious ly .  i n  o rder  t o  u se  t he  a lgo r i t hm for  combina t ions  of more  t han  th ree
theories  we have  to extend 21 by  lemmata  s imi lar  to  lemma 5.12.8.
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5 .13  S p e c i a l  Theor i e s

Finally.  some theor ies  which f r equen t ly  occur  i n  p rac t i ce  wi l l  be  examined .  We
dea l  w i th  va r i ab l e - r educ ing  equa t ions .  sub t e rm-min imiz ing  equa t ions .  some
k inds  of if—then—else equa l i t y  and  spec i a l  a lgeb ra i c  s t ruc tu re s  i nc lud ing  abe l i an
g roups ,  quas i -g roups  and  r i ngs .

Def in i t i on  5 .13 -1  Var i ab l e - r educ ing  ax ioms

An  equa t ion  s = t i s  c a l l ed  va r i ab l e—reduc ing
iff V[s] c V[t] v V[t] c V[s] .

Thus ,  an  equa t ion  i s  c a l l ed  va r i ab l e - r educ ing  if t he  s e t  of va r i ab l e s  of one
s ide  i s  properly i nc luded  in  t ha t  of t he  o the r  s i de .  Fo r  example .  x /x  = l i s
va r i ab l e - r educ ing .  '

Lemma 5 ‚13 .2

There a re  no  i n t e rp re t a t i ons  of func t ion  symbo l s  such  tha t  bo th  s ide s  of a
va r i ab l e - r educ ing  equa t ion  a r e  equ iva l en t  w. r . t .  a po lynomia l  o rde r ing .  I

A more  gene ra l  r e su l t  i n  r ega rd  t o  a rb i t r a ry  E - t e rmina t ion  i s  t he  f ac t  t ha t  t he
se t  of va r i ab l e s  of bo th  s ide s  of t he  ax ioms  mus t  be  i den t i ca l  [ s ee  5.1].

We now cons ide r  ax ioms  where  one  s ide  i s  a spec i a l  sub t e rm of t he  o the r  one .

Def in i t i  on  5 .1  23 .3  Sub te rm-min imiz ing  ax ioms

An  equa t ion  3 = t i s  c a l l ed  sub t e rm—min imiz ing
iff - t i s  a p rope r  sub t e rm of s and

- s con t a in s  a t  l e a s t  one  func t ion  symbo l  w i th  more  t han  one
a rgumen t  ou t s ide  t I

For example ,  [~x] + O = -x  i s  subterm—minimizing whereas  - [ - [x  + x]] = x + x
i s  no t .  ‘

Lemma 5 .13 -4 -

There  a r e  no  i n t e rp re t a t i ons  of func t ion  symbo l s  such  tha t  bo th  s ide s  of a
sub te rm-min imiz ing  equa t ion  a r e  equ iva l en t  w. r . t .  a po lynomia l  o rde r ing .  I
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The more  genera l  asse r t ion  abou t  sub te rms  [ s  = t whe re  t i s  a sub t e rm of s ]  i s
not  t r ue  s ince  t he  use  of t he  i den t i t y  a s  an  i n t e rp re t a t i on  of una ry  func t ion
symbols would imply the equivalence [e.g., [-[-[x + x]]] = [x  + x]  if [ - f ]  = x].

A r ange  of  app l i ca t i ons  fo r  t he  two  gene ra l  cond i t i ons  above  [5 .13 .2  and  5 .13.4]

can  be  found  in  r ega rd  t o  va r ious  ax iomiza t ions  of t he  i f - t hen -e l s e  cons t ruc t .
The usua l  spec i f i ca t ion  of th is  ope ra to r  cons i s t s  of t he  two  s imp le  ru l e s
i f [ t r ue .x .y ]  -> x .  i f [ f a l s e ,x ,y ]  —> y.

Lemma 5 .13 .5

There  a r e  no  in t e rp re t a t i ons  of t he  func t ion  symbo l  if such  tha t  bo th  s ide s
of each  of t he  fo l lowing  equa t ions  a r e  equ iva l en t  w.r . t .  po lynomia l  o rde r ings :

i f l x .  any] = Y
i i [x ,  x ,  false] = x
if[x . t r ue ,  x ]  = x
i f [x . i f [x ,y , z ] , z ]  = i f [x .y , z ]
i f [x ,y , i f [x ,y , z ] ]  = i f [x ,y , z ]  -

The ax ioms  of t he  l a s t  l emma demons t r a t e  t he  d i f f i cu l ty  of u s ing  t heo rems  abou t
i f—then-e lse  a s  unde r ly ing  theo r i e s .  Common to  a l l  t he se  ax ioms  i s  t he  f ac t  t ha t
one  s ide  con ta ins  one  more  if—operator t han  t he  o the r  s i de .  An .  i f - t hen -e l s e
ax iom wi l l  be  more  su i t ab l e  for  an  unde r ly ing  theo ry  if t he  number  of
occur rences  of t he  i f -ope ra to r  i s  equa l  for  bo th  s ide s  [ s ee  t he  nex t  two  l emmata ] .

Lemma 5 .13 .6

[ i i [ i f [x .y , z ] , u .v ] ]  = [ i i [ x , i f [y ,u .v ] . i f [ z .u ,v ] ] ]

if

[ i f ] [x ,y , z ]  = a1xy + azxz  + aax  + a4y  + asz  + a6
A - a1 , a2>0  A a3=a4=a5=a6=0

or  - a3 ,a4 ‚a5 ‚a6  > 0 A

a3  = a4  * a5
a l a s  = a2a4
a l a6  = a4[a4 + a5 -  1] I

Note  tha t  t he re  i s  no  s epa ra t e  i n t e rp re t a t i on  which induces  t he  equ iva l ence  of
the  two  t e rms  of l emma  5.13.6. Spec i a l  ca ses  of t he  admis s ib l e  i n t e rp re t a t i ons
a re  for example .  ax fy  + 2] and  [x  + 1][y + z + 2] — 1.
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Lemma 5 .13 .7

[if{x‚if[y.z‚u]‚if[y.V.w}]] = [if[Y.if[X.2.V].if[><.u.w}]]

if

[ i f ] [x ,y , z ]  = ? [a ix iy  + bixiz]  + c ly  .

For example. x[ay + bz] is a special case of the  interpretations of lemma 5.13.7.
Ana logous  w i th  l emma  5.13.6. t he re  ex i s t s  no  s epa ra t e  i n t e rp re t a t i on  caus ing
t he  equ iva l ence  o f  bo th  t e rms  ( c f .  sugges t i on  3 .2 .10] .  The  un ion  o f  bo th
i f - t hen -e l se  ax ioms  [5.13.6 and  5.13.7] can  be  used  a s  an  unde r ly ing  theory  if
t he  i n t e rp re t a t i on  of t he  if—operator ha s  the  form x [ay  + bz].

We conc lude  t h i s  chap te r  by  examin ing  the  po t en t i a l  of some  a lgeb ra i c
s t ruc tu re s  of be ing  unde r ly ing  theo r i e s  w.r . t .  po lynomia l  o rde r ings .  The  t e s t
inc ludes  boolean  r i ngs ,  quas i -g roups  and  abe l i an  g roups .

Def in i t i on  5 .13 .8  Abe l i an  g roup

The fo l l owing  sys t em spec i f i e s  an  abe l i an  g roup :

ERAG: x + 0 = x
[x+v]+z  = x+ [y+z}

x + y : y + x

i[o] = o
i[i[x]] = x
i [ x  + y] = im  + 11):]

x + i[x] = 0 I

Due  to  l emma  5.13.2, t he  va r i ab l e - r educ ing  ax iom o f  t he  ex i s t ence  of  i nve r se
elements [x + i[x] = O] cannot be  used as  a part of an  underlying theory. If
t h i s  ax iom is  e l imina t ed  f rom RAG, the  fo l l owing  in t e rp re t a t ions  w i l l  su f f i ce :

Lemma 5 .13 .9  -

Both  s ides  of  t he  ax ioms  be long ing  to  ERAGVx + i [ x ]  = O} a re  equ iva l en t
w.r . t .  the  po lynomia l  o rder ing  based  on  the  i n t e rp re t a t i ons

[+][x.v] = XY

[HR] = x
[ 0 ] ”  = 1 I
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Now.  we s tudy  the  theo ry  of quas i -g roups  based  on  the  t h r ee  b ina ry  opera to r s
* ‚ \  and  / . The  sys t em oi  t he  fo l l owing  l emma  r ep re sen t s  a c anon ica l
specification of this theory [see [I-Iu80al].

Lemma 5 .13 .10  Quas i -g roup

There a r e  no  in te rp re ta t ions  of func t ion  symbo l s  such  tha t  bo th  s ide s  of t he
ax ioms  of a quas i -g roup  -

>“: * [ l  —> Y
[x/y]  * Y -> X
x \  [x  * y] —> y
[x  * Yl/Y "> x
[X/Y]\X -> y
x / [Y\x}  -> Y

are equivalent w.r.t. a polynomial ordering. |

Note  t ha t  a r i ng  i s  an  abe l i an  g roup  toge the r  w i th  a mu l t i p l i ca t i ve  ope ra t i on  *
such tha t  t he  e l emen t s  pos se s s  an  add i t i ona l  s emig roup  s t ruc tu re  [ a s soc i a t i v i t y
l aw  o i  *] .  Moreover ,  t he  mu l t i p l i ca t i on  i s  d i s t r i bu t ive  w . r . t .  t he  add i t i on .  Thus .
t he  se t  of ope ra to r s  cons i s t s  of t h r ee  e l emen t s :  +, una ry  - and  * .

Def in i t i on  5 .13 .11  Ring

ma: mAG

u {x* [y*z ] : [x*y ]afiz
X * [ Y * Z ] = [ X * Y ] + [ X * 2 ]

[X"’Y]*Z =[X*Z]+[y* -Z]}

spec i f i e s  a r i ng .  .

I t  i s  imposs ib l e  t o  cons ide r  ERR a s  an  unde r ly ing  theo ry  if po lynomia l  o rde r ings
a re  u sed  s ince  t he  d i s t r i bu t iv i t y  ax ioms  r equ i r e  a s epa ra t e  i n t e rp re t a t i on  of +
[cf. l emma 5.5.5] which  is  a cont rad ic t ion  t o  t he  cho ice  [+][x,y] = xy  due  t o  SiAG
[see  l emma 5.13.9]. Obviously.  a more  spec ia l  r i ng  -— t he  boolean r ing  ‘.RBR -
canno t  be  an  unde r ly ing  theo ry .  e i t he r .  F ina l ly .  we  wi l l  i nves t i ga t e  t he  ax ioms
tha t  have  t o  be  e l imina t ed  i n  man if i t  i s  u sed  a s  an  unde r ly ing  theo ry .

Def in i t i on  5 .13 .12  Boo lean  r i ng

The  theo ry  of a boo lean  r i ng  con ta in s  t he  fo l l owing  ax ioms :
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man:  ma

U {Xaky  :ya i ex
x+x  = x
xa rx  =x
x+[><*y]  = x
x * [ x + y ] = x
x+[Y*Zl=[x+Y]*[x+21

[x*y ]+z=[x+z . ]* [y+z ]
i [X*Y]  = i [X]* i [Y]
i [X*Y]  = i [ x ]+  i [v ]

x* i [x ]  =1}  .

The ax ioms  tha t  a r e  e i t he r  va r i ab l e—reduc ing  or  sub t e rm-min imiz ing  can
immed ia t e ly  be  exc luded  [ s ee  l emmata  5 .13.2  and  5 .13 .4] .  These  ax ioms  a r e :  t he
i dempotency  [x  + x = x and  x * x = x], t he  adso rp t ion  [x  + [x  * y]  = x and
x * [x  + y]  = x]  and  the  complemen t  [x  + i[x] = O and  x * i[x] = l]. The ax ioms
abou t  t he  d i s t r i bu t iv i t y  DL[+,*] A DR[+‚*] A DL[*‚+] A DR[*‚+] a re  t he  most
difficult to handle. Due to lemma 5.5.5, either DL[+‚*] A DR[+.*] must be part of
t he  unde r ly ing  theo ry  and  the  r ema inde r  mus t  be  o r i en t ed .  o r  v i ce  ve r sa .
Howeve r .  bo th  pos s ib i l i t i e s  a r e  no t  r ea l i zab l e .  Thus ,  a l l  d i s t r i bu t iv i t y  ax ioms
have  to  be  pa r t  of t he  r educ ing  sys t em.  Unfo r tuna t e ly ,  t he se  equa t ions  canno t
be  o r i en t ed  i n  t he  u sua l  d i r ec t i on  w i th  any  po lynomia l  o rde r ing  [ t he  proof of
th i s  s t a t emen t  i s  ba sed  on  sugges t i on  3.2.10 wh ich  i nduces  t he  i n t e rp re t a t i ons
of + and  * t o  be  mixed  po lynomia l s ] .  This  l e ads  t o  t he  fo l l owing  l emma .

Lemma 5 .13 .13

I t  w i l l  be  imposs ib l e  t o  u se  any  pa r t  of t he  boo lean  r i ng  (BER as  an
unde r ly ing  theo ry  [ and  the  r ema in ing  par t  a s  reduc t ion  rules], if t he
t e rmina t ion  i s  t o  be  p roved  by  a po lynomia l  o rde r ing .  -

Based  on the  a s se r t i on  above ,  i t  i s  a l so  h0pe l e s s  t o  o r i en t  a l l  ax ioms  of {KER in
the  u sua l  way  w.r . t .  a po lynomia l  o rde r ing .
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5 .14  Discuss ion

Term rewr i t ing  sys tems  us ing  under ly ing  theor i e s  are  very  bene f i c ia l .  In  order

to  use  such  sys tems  e f fec t ive ly  they  mus t  be  t erminat ing  w.r.t. the  under ly ing
theory .  This  spec ia l  t erminat ion  proper ty  can  be  guaranteed  by  po lynomia l
order ings  based  on  re s t r i c t ed  po lynomia l s  wh ich  imply  the  equa l i ty  [w.r.t. the
polynomial ordering) of equal [w.r.t. the  theory] terms.

The present  chapter  d i scussed  var ious  theor i e s  inc lud ing  as soc ia t iv i ty .
a s soc ia t iv i ty  and  commutat iv i ty ,  a s soc ia t iv i ty  and  commutat iv i ty  and
di s t r ibut iv i ty ,  idempotency .  permuta t iv i ty  a s  we l l  a s  t rans i t i v i ty .  The
appropr ia te  po lynomia l s  for these  theor i e s  are  presented  in  [Be86] .

Moreover, some other theories such as left commutativity [f[f[x. y] ,z]  =_ f[f[x, z],y]],
right commutativity [ f [x , f [y ,z] ]  = f[y,f[x,z]]],  left and right distributivity,
endomorphism. minus theory [f[f[x]] = x A f [g[x ,y]]  = g[i[y],f[x]]] and left and
r ight  un ipotency  were  presented .

Sect ion  5.12 l i s t ed  spec ia l  c lasses  of po lynomia l s  that  are  use fu l  for the
combinat ions  of the  theor i e s  descr ibed  in  former sec t ions .

Final ly ,  some  more  spec i f i c  theor i e s  wereexamined .  Among o thers .  we  proved
that  there  are  no  in terpre ta t ions  of opera tors  such  tha t  the  s ides  of a
var iab le -reduc ing  equat ion  as  we l l  a s  a subterm-min imiz ing  [a  spec ia l  subterm
proper ty ]  equat ion  are  equ iva len t  w.r.t. a po lynomia l  order ing .  We  app l i ed  these
as ser t ions  to  i f - then-e l s e  ax ioms  and  a lgebra ic  s t ruc tures  and po in ted  out  tha t
a l o t  of those  equat ions  are  unsu i tab le  a s  under ly ing  theor ie s .

Conc lus ive ly ,  we  would  l ike  to  remark  tha t  many  of the  re s t r i c t ed  c lasses  of
po lynomia l s  presented  are  comple te  ones ,  i.e. the  if—assertion of the  l emmata
can  be  rep laced  by  if—and-only-if.  For compactnes s .  we  have  sk ipped  the
corresponding  proofs.  '
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6 An Improved  Po lynomia l  Ordering

Po lynomia l  o rde r ings  p rov ide  a power fu l  t e chn ique  fo r  p rov ing  the  t e rmina t ion
as  we l l  a s  t he  E - t e rmina t ion  of r ewr i t e  sy s t ems .  Na tu ra l l y .  t he re  ex i s t  equa t ions
wh ich  canno t  be  o r i en t ed  w i th  t he i r  he lp .  I n  t h i s  chap te r  we  p re sen t  and
br ing  fo rward  a rgumen t s  t ha t  suppor t  an  ex t ens ion  of t he  po lynomia l  o rde r ings
deve loped  by  Lankford [[La793]. It i s  ba sed  on  the  app roach  of t he  Knuth-Bendix
orde r ing  by  us ing  an  add i t i ona l  o rde r ing  on  the  func t ion  symbo l s .  We  wi l l
improve  th i s  o rde r ing  by  inco rpo ra t i ng  a s t a tu s  func t ion .

6.1 Mot iva t ion  ........................................................................................................................................... 106

6.2 Polynomial  Order ing  wi th  S t a tu s  ...................................................................................... 109

6.3 Examples  ............................................................................................................................................... 111

6 .4  D i scus s ion  ............................................................................................................................................. 117
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6 .1  Mot iva t ion

Fi r s t  of a l l  we  po in t  ou t  t he  l im i t s  of t he  po lynomia l  o rde r ings .  Le t  u s  have  a
look  a t  two  bas i c  examples ,  fo r  wh ich  i t  i s  no t  d i f f i cu l t  t o  deduce  app rop r i a t e
in t e rp re t a t i ons .

1] The ax iomat i c  defini t ion of the  add i t ion  on  na tu ra l  number s

x+0  ->x

X+SIY1 —> S[x+Y]

i s  t e rmina t ing  s ince  t he  fo l l owing  in t e rp re t a t i ons  o r i en t  t he  ru l e s  i n  t he
des i r ed  way :

[+][x.y] = x + 2v .  [s][x] = x +1 . [OH] = 2

ii] The t e rmina t ion  of t he  fol lowing def ini t ion of t he  mul t ip l ica t ion  on  na tura l
number s

xa rO  ->O
x*s [y ]  —> x+[X*Y]

can  be  gua ran t eed  by  us ing  the  po lynomia l  i n t e rp re t a t i ons

[*][x.y] = xy . [+][x.y] = x + y . [s][x} = 2x +1 . [0][ _] = 2

Note  t ha t  t he  s econd  example  i s  no t  a comple t e  de f in i t i on  of * s ince  + i s  no t
defined.  Therefore. we  have  t o  combine  1] and  ii]:

Example  6 -1 .1

The  ax ioma t i c  de f in i t i on  of t he  mu l t i p l i ca t i on

x ‘a IO  —>O
X * S [ Y ]  ——> x+[><*v]

x+0  —>x
x+s [y ] -—>s[x+y]

canno t  be  o r i en t ed  w i th  t he  he lp  of any  po lynomia l  o rde r ing .  Fo r  t he  s imp le
reason tha t  [ s ]  mus t  be  of t he  form x + c t o  or ien t  t he  l a s t  ru l e  and  i t  has
t o  have  t he  fo rm ax  + c w i th  a > 1 fo r  gua ran t ee ing  the  t e rmina t ion  of
the  s econd  ru l e .  .
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In  t he  h i s to ry  of po lynomia l  o rde r ings  t he re  have  a l r eady  been  two  ex t ens ions .
The f i r s t  one  conce rns  t he  c l a s se s  of func t ions  u sed  a s  i n t e rp re t a t i ons .  Fo r
example ,  i t  i s  pos s ib l e  t o  i nc lude  exponen t i a l  f unc t ions  wh i l e  p r e se rv ing  the
main  cond i t i ons  [ s ee  chap te r  2].  Wi th  t h i s  app roach ,  i t  i s  pos s ib l e  t o  o r i en t  t he
ru l e s  of example  6.1.1:

Let  . [ * ] [x ‚y ]  : 2XY
[+][x.y] = x + 2?

[SJIXI = x + 1
[011 = 2

Then ,
x as o > 0 since 22" >? 2
x * s[y] > x + [x  * y] since 2’W-2x >P2xV-2 + x
x+0  >x  s ince  x+4>Px
x+s[y]>s[x+y] s ince  x+2y+2>Px+2y+1

The second  improvement  of t he  o r ig ina l  po lynomia l  o rde r ing  i s  based  on  the
concept  of the  conca tena t ion  of we l l - founded  order ings .  In  [De83] a conven ien t
se t  of ba s i c  ru l e s  i s  p rov ided  by  which  we l l - founded  o rde r ings  can  be
cons t ruc t ed .  One  of t he se  p r inc ip l e s  imp l i e s  t ha t  a l ex i cog raph ic  o rde r ing  of
f ixed - l eng th  t up l e s  i s  we l l - founded  if t he  o rde r ings  on  t he  components are. In
other  words ,  t he  l ex i cog raph ic  conca t ena t ion  of we l l - founded  o rde r ings  >1.....>n,

s> t  iff  t

ll
__

_v

or s  1 t  s
01' 5 :11 :  A S 21 ' .  A S>3 t

OIS?1 t  A. . . / \  s=n-1 t  A S>nt

i s  we l l - founded  i t s e l f .  In  t he  r ema in ing  pa r t  of t h i s  chap te r  we  use  t he  fo l l owing
compressed  represen ta t ion  of t he  de f in i t i on  above :

@s> t  i f f  - s>  t
s>2 t

The  concep t  of t he  conca t ena t ion  of o rde r ings  has  been  app l i ed  t o  t he  po lynomia l
o rde r ing  i n  such  a way  tha t  seve ra l  d i f f e ren t  po lynomia l  o rde r ings  a r e
conca t ena t ed ,  i .e.  >„...,>n a r e  po lynomia l  o rde r ings  w i th  d i s t i nc t  i n t e rp re t a t i ons .
Th i s  t echn ique  i s  ca l l ed  po lynomia l  o rde r ing  w i th  i n t e rp re t a t i ons  by  a Ca r t e s i an
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product of polynomials [see for example [BL87J]. Note tha t  with_this approach
we a re  a l so  ab l e  t o  gua ran t ee  t he  t e rmina t ion  of t he  ru l e  sys t em of
example  6.1.1: -

Let >1 = >POL using t he  in t e rp re t a t ions  [* ] [x .y ]  = xy  . [+][x .y]  = x + y .
[s ] [x]  x + 2 and  [O][ ] = 2.
Let  >2 = >PC,L wi th  [* ] [x ,y ]  = xy  , [+] [x .y]  = xy  , [s ] [x]  = x + 2 and
[O][ ] = 2 a s  polynomial interpretations.
Then ,

xa rO  >10
_X*5[y] >, X*[X*Y]

x+0  >1x
x+s [y ]  =15[x+y]  A x+s[y] >2 s [x+y]

The  nex t  s ec t i on  dea l s  w i th  ano the r  improvemen t  of t he  po lynomia l  o rde r ing
which  i s  a l so  based  on  the  t echn ique  of conca t ena t ing  we l l - founded  o rde r ings .
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6 .2  Po lynomia l  O r d e r i n g  wi th  S t a tu s

In  o rde r  t o  de f ine  ano the r  ex t ens ion  of t he  po lynomia l  o rde r ing  we  need  an
appropr ia te  formal i sm ou t l ined  be low.

Note  t ha t  a t e rm o rde r ing  > i s  u sed  t o  compare  t e rms .  S ince  ope ra to r s  have
t e rms  a s  a rguments  we def ine  an  ex tens ion  of >, ca l l ed  lexicographica l ly
grea te r  N°"). on tuples  of te rms  a s  follows:

[51,s2,...,sm] >l°x [t1‚t2‚..., n]

if e i t he r  In > 0 A n = O
or  931 > t1

or 51 = t1 A [52,...,sm] >1ex [t2,...,tn]

If t he re  i s  no  o rde r  of succes s ion  among  the  t e rms  of such  tup l e s  t hen  the
structures are  ca l led  mul t i se t s .  Mul t i se t s  differ f rom se t s  by  a l l owing  mul t ip le
occurrences of i den t i ca l  e l emen t s .  The mu l t i s e t  d i f fe rence  i s  r ep resen ted  by  \ .
The extens ion  of > on  mul t i se t s  of te rms  i s  def ined  a s  follows. A mul t i se t  S i s
g rea t e r  than  a mu l t i s e t  T, deno ted  by

S >> T
i f f  ' S i T A

- [V t  E T\S] [Els  € S\T] s > t

i.e. S » T if T can be  obta ined from S by  rep lac ing  one or  more  terms in  S by
any  f i n i t e  number  o f  t e rms .  each  o f  wh ich  i s  sma l l e r  [w . r . t .  >] t han  one  of  t he
r ep laced  te rms .

To combine these two  concepts of tuples and multisets, we  assign a s tatus t[f]
t o  each  ope ra to r  f € {S tha t  de t e rmines  t he  o rde r  acco rd ing  to  wh ich  t he
sub te rms  of f a r e  compared .  Fo rma l ly ,  a s t a tu s  i s  a f unc t ion  wh ich  maps  t he
se t  of ope ra to r s  i n to  t he  s e t  {mul t  , l e f t  , r igh t} .  Thus,  ' a  function symbo l  can
have  one  of t he  fo l l owing  th r ee  va lues  for  i t s  s t a tu s :

- mul t  [ t he  a rgumen t s  w i l l  be  compared  a s  mu l t i s e t s ] ,
- left [lexicographical comparison from left to right] and
- r igh t  [ the  a rguments  wi l l  l ex icograph ica l ly  be  compared  from r igh t  t o  left].

The  r e su l t  o f  an  app l i ca t i on  of  t he  func t ion  a rgs  (o f .  s ec t i on  1 .2 ]  t o  a t e rm
t = f[t1,...,tn] depends  on  the  s t a tu s  of f :  If t[f] = mul t ,  t hen  a rgs [ t ]  i s  t he  mul t i se t
{t1,...,tn}. Otherwise, the  tuple [t1,...,tn] can be obtained from args[t].

With  the  he lp  of t he  concep t  of l ex i cog raph ic  conca t ena t ion  of o rde r ings
[ see  6.1] we a r e  ab l e  t o  de f ine  an  improved  o rde r ing  on  po lynomia l  i n t e rp re t a t i ons
as  fo l lows :
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Def in i t i on  6 .2 .1  [based  on  [La79]]

Le t  [...] be  a polynomial  i n t e rp re t a t i on  for va r i ab l e  t e rms  tha t  maps  8 t o
‘DollllRfll. Further, let  [> be a precedence on 3. If f is a unary operator
in te rpre ted  a s  the  iden t i ty  func t ion  [i.e. [f][x] = x], t he re  mus t  no t  ex is t
ano the r  ope ra to r  be ing  g rea t e r  w.r . t .  D.

The improved  po lynomia l  o rde r ing  ’iPOL on  t e rms  3 and  t i s  de f ined  a s

t iff - s >P0Lt
— top[s] [> top[t]
- args[s]  >IPOL. -c [ top [ s ] ]  a rgs [ t ]  -

>
S IPOL

The index r[top[s]] of >IROL. t [ t op [ s ] ]  marks the extension of >IPOL w.r.t. the status
of the  opera tor  top[s]  =: f :,

[sl‚...‚sm] >IPOL‚t [ f ]  [ t 1"" ' tn ]

iff 1:[f] = mul t  A {31.....sm} >>m0L {t1....,t
or t[f] = left A [s1,....sm] %g’éL [t]....,t
or t[f] = right A [sm,...,s1] %g’éL [tn,...,

The  equ iva l ence  of two  t e rms  i s  de f ined  a s  s =1P0L t iff s =POL t A
top[s] = top[ t ]  A args[s]  "_1POL‚tttop[s]] args[t].

The idea  of th i s  orde r ing  goes back t o  Lankfo rd .  H i s  improvemen t  of t he  o r ig ina l
po lynomia l  o rde r ing  i s  a s imp le  ve r s ion  of >IPOL t ha t  a s s igns  l e f t - t o - r i gh t  s t a tu s
to  a l l  ope ra to r s .  I t  i s  i n f luenced  by  the  o r ig ina l  Knu th -Bend ix  o rde r ing  [ s ee
chap te r  7]. I n s t ead  of u s ing  r e s t r i c t ed  func t ions  a s  i n t e rp re t a t i ons ,  howeve r .
gene ra l  po lynomia l s  a r e  pe rmi t t ed .

The  fo l l owing  theo rem summar i ze s  t he  impor t an t  p rope r t i e s  of t h i s  new o rde r ing .

Theorem 6 .2 .2

The improved  po lynomia l  o rde r ing  >IPOL i s  a s imp l i f i ca t i on  o rde r ing  on
F and  i t  i s  s t ab l e  by  i n s t an t i a t i ons .  -

Note t ha t  >„‚C‚L i s  a s impl i f ica t ion  o rde r ing  on ly  if the  cond i t ion  ”f[x] >IPOL x
if [f][x] = x" i s  add i t iona l ly  r equ i r ed  i n  def in i t ion  6.2.1 [ ana logous  w i th  the
Knuth-Bendix ordering].
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6 .3  Examples

We conc lude  th i s  chap te r  by  demons t r a t i ng  t he  p rac t i ca l  app l i cab i l i t y  of t he
improved  po lynomia l  o rde r ing  a s  we l l  a s  of t he  po lynomia l  o rde r ing  ex t ended
to  exponen t i a l  f unc t ions .  F i r s t  of a l l ,  some  examples  a r e  g iven  wh ich  a r e  r ead i ly
ob ta ined  wi th  >IPOL bu t  no t  w i th  t he  he lp  of t he  o r ig ina l  po lynomia l  o rde r ing .

Example  6 .3 .1  Div i s ion

{R: x /  x —> 1
x / i  -—> >:
i [ x /  y] -> y /  x
[x /y ] / z  .? x / [ z / i [y ] ]

The in t e rp re t a t ion  for >IPOL gua ran t ee ing  the  t e rmina t ion  of 3% could  be
of t he  fo rm

[ / ] [x .v ]  = x + y
[i][x} = x
“ ] [  ] = 2
i [> / , 1 : [ / ]  = l e f t

The o r i en t a t i on  of t he  f i r s t  and  the  s econd  equa t ion  i s  obv ious .  Bo th  s ides
of t he  t h i rd  ru l e  a r e  i den t i ca l  w.r . t .  >1“:L and  the  t op  l eve l  symbo l  of t he
l e f t -hand  s ide  i s  g r ea t e r  t han  t ha t  of t he  r i gh t—hand  s ide  [ i  D / ] .  The
in t e rp re t a t i ons  of t he  t e rms  of t he  l a s t  r u l e  a r e  i den t i ca l .  t oo .  Fu r the rmore .
t he  l ead ing  ope ra to r s  a r e  t he  same  w. r . t .  t he  p recedence .  Th i s  i s  why  we
have to compare the  first arguments [due to  the  s ta tus  of / ] ,  i.e.
x /y  >IPOL x s ince  x /y  >PQL x .  |

Example  6 .3 .2  Summat ion

The  fo l l owing  ru l e  sys t em de f ines  t he  summat ion  func t ion  on  na tu ra l

numbers .  i.e. f[n] = ä) i.

SR: HO] _? 0
f lS lXJJ  —> SIX] + f i x}

1-: + 0 _ —> x
x + s ly ]  -> SIX + V]



6.3  Examples  ' . 112

By  using >IPOL and  the  i n t e rp re t a t i ons

[f][x} = x2
[+][x.y] = x + y
[SIX] = x + 1
[0 ] [ ]  = 2
+ [> S

t he  t e rmina t ion  of SR can  be  gua ran t eed .  The on ly  c ruc i a l  r u l e  i s  t he  l a s t
one  [ t he  o the r  ones  can  a l r eady  be  o r i en t ed  u s ing  >POL]:
x+s [y ]=POLs[x+_y]  A +I>s. .

Example  6 .3 .3  [[KNZBBJ]

SR: b + a _) a + b
[x+y)+z  —> x+ lv+2]

b+[a+z ]—>a+[b+z ]
i [ a ,x ]  —> a
i [b ,x ]  —> b
f i x  + v.2] % f i x .21+f ly . z}

The  t e rmina t ion  of ER can  be  gua ran t eed  w . r . t .  >IPOI. based  on  the
i n t e rp re t a t i ons

[+][X.y] = x + y
[f][x.y] = XV

[bit] -- 3
[a][]  = 2
f D + , 1:[+] = l e f t  I

Example  6 .3 .4 -  Addi t i on  8: Mul t i p l i ca t i on

The def ini t ion oi. t he  mul t ip l i ca t ion  opera to r  on  na tu ra l  number s  [ s ee
example 6.1.1]

SR: X*0  --> 0

X*S[Y]—> x + [ X * Y ]

x+0  —> x
x+s{Y] ->  S lx+v l

can  be  o r i en t ed  w.r . t .  >IPDL us ing  the  fo l l owing  po lynomia l  i n t e rp re t a t i ons :

[*][xy] = xy

[+][x.y] = x + y
[S][X] = x + 1
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u N[0][ ]
s t ep - tb s  I

These  examples  demons t r a t e  t ha t  >IPQL i s  a p rope r  improvemen t  of >POL' i.e. t he
se t  of a l l  r u l e  sy s t ems  wh ich  can  be  o r i en t ed  w.r . t .  >POL i s  p rope r ly  i nc luded
in  t he  co r r e spond ing  se t  of >IPOL' In  add i t i on .  t he  improved  po lynomia l  o rde r ing
i s  a l so  more  r ead i ly  ob ta ined  than the  or ig inal  one .  The fol lowing example
i l l u s t r a t e s  t h i s  a s se r t i on .

Example  6 .3 .6  Reve r se  ope ra t i on  on  l i s t s

ER: ni l  o y -9 y
[X-v] ° 2 --> X-[Y ° 2]

rev[nil]  —> ni l  '
r ev [x .y ]  —> rev[y]  o [x .n i l ]
rev[ revH _> x

The  o r ig ina l  po lynomia l  o rde r ing  o r i en t  3%. bu t  i t  i s  d i f f i cu l t  t o  f i nd
appropr i a t e  in te rp re ta t ions :  [ o ] [x .y ]  = xy,  [ . ] [x ‚y ]  = xy  + y + 1_
[ rev] [x ]  = )(2 and  [n i l ] [ ]  = 2. On  the  cont ra ry ,  i t  i s  re la t ive ly  s imp le  to
deduce  t he  fo l l owing  in t e rp re t a t i ons  fo r  >IP0L‘

[o][x.v] = x + V
[ . ] [XJT  = x + y
[ rev] [x]  = x2
[nil][]  = 2
o p _ .

Le t  u s  cons ide r  some ru l e  sys t ems  wh ich  cannot be  o r i en t ed  w.r . t .  >POL‘ By
us ing  more  complex  func t ions  t han  po lynomia l s  t he i r  t e rmina t ion  can  be  p roved .
Obv ious ly .  i t  i s  pos s ib l e  t o  ex t end  >IPOL by  r ep l ac ing  po lynomia l s  by  o the r
func t ions .  '

Example  6 .23 .6  Summat ion  [ s ee  5.3.2]

SR: f [0 ]  —> 0
f [8 [X] ]  + SIX] + f i x}

x + 0 -—> x

x + sw}  —> s + v]

The fo l l owing  in t e rp re t a t i ons  su f f i ce  to  p rove  t he  t e rmina t ion  of SR:
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[+][x.Y] = x + 2Y
mm = 2x
[S][x} = x + 2
[0][] = 2

Note tha t  SR can  a l so  be  o r ien ted  w i th  t he  he lp  of >IPOL (cf. 6.3.2]. .

Example  6.3.7 Disjunct ive  normal  form [[De83]]

The ru l e  sys t em

SR: -'[x A y]  —-> „x  v _.y

-«[x v y] —> -x A «y
XAIYV'Z]  —> [ xAy ] v [ xAz ]

deno t ing  t he  compu ta t i on  of d i s junc t ive  no rma l  fo rms  r equ i r e s  a more
complex  in t e rp re t a t i on  than  a po lynomia l  one :

[A][x.y] = xy

[v][x.y] = x + y +1
[-‘JIXI = 2x -

The fo l lowing  examples  desc r ibe  func t ions  wh ich  va lues  i nc rea se  qu i cke r  t han
po lynomia l s .  I n tu i t i ve ly .  t he  i nc rea se  of t he  va lues  of t he  i n t e rp re t a t i ons  u sed
to  p rove  t he  t e rmina t ion  has  t o  co r r e spond  to  t ha t  of t he  func t ions .

Example  6.3.8 Exponen t i a l  f unc t ion

9%: x°  _) SIO]

XSÜ’ ]  
_) X * xy

O * y -> 0
S[X]*Y -> Y*[X*Y]

An approp r i a t e  i n t e rp re t a t i on  i s  of t he  fo rm

[ exp ] [x ‚  y ]  = 2xy
[*JEx. y] = XY

[+][X. y] = X + Y
[SJIXJ = 2x
[0H]  = 2 - I
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Example  6.3.9 Fac to r i a l  f unc t ion

ER: HO] —> s[0]
f ISIXJJ  -> SIX] * fix]
x as o —> o
x*s ty l%[x*y]+x
:( + 0 —> O
x + sw}  -9 SIX + V]

We choose  t he  i n t e rp re t a t i ons

[*][X-Y] = XY
[+][x.y] = x + 2y
[f][x} = 2°"2

[s][x} = x + 3
[ 0 ] “  = 2 l

Example  5 -3 .10  F ibonacc i  func t ion

The  ru l e  sys t em

ER: f[0] @ s[0]
f [5 [0 ] ]  -> 5(0 ]

f IS ISIXIJ I  —> f ( sbd l  + f i x ]

x + 0 —-> x

x + Sly ]  4* s lx  + Y]

spec i fy ing  the  we l l -known  F ibonacc i  func t ion  i s  t e rmina t ing  s ince  t he
o rde r ing  on  the  fo l l owing  in t e rp re t a t i ons  can  o r i en t  i t s  r u l e s  i n  t he  des i red
way :

[+ ] - [X 'Y]  : x + 2y

[flat] = 2"M

[s][x_] = x + 2
[ 0 ] ”  = 1- _ I

We were  ab l e  t o  p rove  the  t e rmina t ion  of some  examples  u s ing .  a gene ra l i zed
po lynomia l  o rde r ing  by  app ly ing  exponen t i a l  f unc t ions .  The  l a s t  example  [6.3.11]
of t h i s  s ec t ion  i l lus t ra tes  t he  l imi t s  of t h i s  t echn ique .  Note t ha t  the  division
spec i f i ca t i on  o f  6.3.1 canno t  be  o r i en t ed  u s ing  exponen t i a l  f unc t ions .  e i t he r .
However ,  i t s  terminat ion can be  p roved  wi th  t he  he lp  of >IPOL‘
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Example  6.3.11 Ackermann  func t ion

It i s  known t ha t  the  spec i f i ca t ion  of the  Ackermann func t ion  t erminates .
Unfor tunate ly ,  we  are  no t  ab le  to  prove  th i s  property  w i th  anyr of the
techn iques  presented  in  th i s  paper .

in: A[o‚y] —> S ly ]

A[s-[x]‚0] —>- A[x‚s[0]]
Aislx} . SM] —> Aix .  AIsix] . 3711

Note  tha t  the  recurs ive  pa th .  order ing  wi th  s ta tus  [ s ee  s ec t ion  7.1] can
orient 9% [if i t  i s  based on A D s. r[A] = left]. n
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6 .4  D i s c u s s i o n

In  t h i s  chap te r .  we  have  p re sen t ed  a po lynomia l  o rde r ing  based  on  the
l ex i cog raph ic  conca t ena t ion  of we l l—founded  o rde r ings .  More  p rec i s e ly .  t he
new ordering >IPOL [based on an  approach of Lankford. [La79]] is defined as
t he  conca t ena t ion  of t he  o r ig ina l  po lynomia l  o rde r ing  >POL. a p r ecedence  and
the  compar i son  of t he  a rgumen t s  w. r . t .  t he  r ecu r s ive  de f in i t i on  of t he  who le
o rde r ing  wh ich  add i t i ona l ly  cons ide r s  a s t a tu s  func t ion  [ s ee  [S t89a l ] .  Th i s  new
orde r ing  i s  a s imp l i f i ca t i on  o rde r ing  pos se s s ing  t he  sub t e rm p rope r ty  p rov ided
the  po lynomia l s  t ha t  a r e  u sed  to  i n t e rp re t  t he  func t ion  symbo l s  a r e  s imp l i fy ing .
In  pa r t i cu l a r .  i t  i s  no t  a l l owed  to  u se  i den t i t y  func t ions  a s  i n t e rp re t a t i ons  of
una ry  ope ra to r s  wh ich  a r e  no t  max ima l  w.r . t .  t he  p recedence  [c f .  Knu th -Bend ix
ordering] ,  eg .  wi th  [g] [x]  = x A f [> 9 we  cou ld  o r i en t  t he  ru le  f[x] --> g[f[x]] which
does  no t  t e rmina t e  i n  any  case .  A l l  o the r  i n t e rp re t a t i ons  a r e  s imp l i fy ing  s ince
we  use  t he  de f in i t i on  of chap te r  2.

There  a l so  ex i s t s  ano the r  s imi l a r  ex t ens ion  of t he  o r ig ina l  po lynomia l  o rde r ing
which  i s  known a s  t he  Ca r t e s i an  p roduc t  of po lynomia l s .  No te  t ha t  example
6.3.1 [ t he  d iv i s ion  of na tu ra l  numbers ]  canno t  be  o r i en ted  w.r.t. t h i s  ordering.
However .  >IPOL i s  ab l e  t o  p rove  i t s  t e rmina t ion .  On the  con t ra ry .  t he  example
2.4.12 cannot  be  or ien ted  w.r.t. >IPOL whereas  i t  i s  poss ib le  w i th  t he  he lp  of
the  Car tes ian  product  of po lynomia ls  [u s ing  >1 = >POL based  on  [* ] [x .y ]  = xy.
[+][X.Y] = 2x + Y + 1 .  [OH] = 9. [1H] = 8, [2][]  = 2. [a] [ ]  = 2 and >2 = >POL based
on [+][X.y] = xy + x, [0][] = 2 .  [fill  = 3]-

Note  tha t  >Ipc>L can  be  fu r the r  ex t ended  by  us ing  func t ions  wh ich  complex i t i e s
a re  h ighe r  t han  those  of po lynomia l s .  We  a re  of t he  Op in ion  tha t  t h i s  combina t ion
i s  i n t r i n s i ca l l y  more  power fu l  t han  a l l  o the r  known ve r s ions  of po lynomia l
order ings  [ s ee  6.3.6 - 6.3.10].

Dur ing  the  computa t ion  of a l o t  of examples  [ s ee  [SKQOJ] we  had  the  i n t e r e s t i ng
expe r i ence  t ha t  t he  improved  po lynomia l  o rde r ing  p roved  "to be  ea s i e r  t o  hand le
than  the  o r ig ina l  one  s ince  i t  i s  r e l a t i ve ly  ea sy  t o  make  two  equ iva l en t  [w.r . t .
a t heo ry ]  te rms  equ iva l en t  w . r . t  =POL by  us ing  the  s eman t i c s  [if known]  of t he
opera to r s .  Fo r  example .  cons ide r  t he  de f in i t i on  of t he  add i t i on  on  na tu ra l
numbers: x + s[y] —> s[x + y]. The semantic interpretations [+][x,y] = x + y and
[s ] [x]  = x + 1 l ead  to the  equa l i ty  of the  po lynomia ls  [x  + y + 1]. Add ing  + [> s
t o  t he  p recedence  t he  t e rmina t ion  of t he  ru l e  i s  p roved .

I t  i s  obv ious  t ha t  t he re  ex i s t s  a c lo se  r e l a t i onsh ip  be tween  >IPOL and  the
po lynomia l  o rde r ing  modu lo  t heo r i e s  [ s ee  chap te r  5]  s i nce  t he  equ iva l ence  w.r . t .
=Por. is part of >Ipc>L [see above]. Therefore, the  results obtained for polynomial
orde r ings  t ha t  a r e  compa t ib l e  w. r . t .  unde r ly ing  theo r i e s  can  he lp  t o  f i nd  an
appropr i a t e  >IPOL' This  i s  one  more  r ea son  for  t he  improved  po lynomia l  o rde r ing
be ing  more  t r ac t ab l e  t han  the  o r ig ina l  po lynomia l  o rde r ing .
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7 Compar i son  wi th  O the r  Orde r ings

From a t heo re t i ca l  po in t  of v i ew  po lynomia l  o rde r ings  p rov ide  a power fu l
t echn ique  fo r  p rov ing  the  t e rmina t ion  of t e rm  r ewr i t i ng  sys t ems .  To i l l u s t r a t e
the i r  power  we  r e l a t e  t hem to  o the r  o rde r ings .  I n  t h i s  chap te r .  we  compare
va r ious  k inds  of po lynomia l  o rde r ings  w i th  pa th  and  decompos i t i on  o rde r ings  a s
we l l  a s  w i th  t he  Knu th -Bend ix  o rde r ing .  Fu r the rmore ,  a compar i son  of po lynomia l
o rde r ings  r e s t r i c t ed  t o  unde r ly ing  AC- theo r i e s  w i th  o the r  AC-o rde r ings  i s
enc lOsed .

7.1 Def in i t i ons  of Orde r ings  ................................................................................................................. 119

7.2 Compar i son  .............................................................................. 123
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7 .1  Def in i t i ons  o f  Orde r ings

Chap te r  6 contains  a compar i son  of t he  var ious  ve r s ions  of polynomial  orderings.
In  t he  p re sen t  chap te r  we  ex t end  th i s  compar i son  by  inc lud ing  o the r  c l a s se s
of o rde r ings :  t he  pa th  and  decompos i t i on  o rde r ings  and  the  Knu th -Bend ix
orde r ing .

The  c l a s s  of pa th  and  decompos i t i on  o rde r ings  i s  ve ry  ex t ens ive .  Fo r  compac tnes s ,
we wi l l  on ly  g ive  a r ough  desc r ip t i on  of  t he i r  e s sen t i a l  cha rac t e r i s t i c s .  Pa th
orde r ings  compare  two  t e rms  by  compar ing  a l l  t he i r  pa th s  w.r . t .  a mu l t i s e t
o rde r ing .  A pa th  of a t e rm  i s  a s equence  of t e rms  s t a r t i ng  w i th  t he  who le  t e rm
fo l lowed  by  a pa th  of one  of i t s  a rgumen t s .  The  mos t  we l l -known  pa th  o rde r ings
are the  path of subterms ordering of Plaisted [[Pl7BJ] and the  path ordering of
Kapur .  Narendran  and  S ivakumar  [[KNS851]. Decomposi t ion  o rde r ings  a r e  s imilar
t o  pa th  o rde r ings .  They  d i f f e r  f rom pa th  o rde r ings  by  compar ing  decompos i t i ons
in s t ead  of pa th s .  Howeve r ,  decompos i t i ons  a r e  pa th s  fo r  wh ich  t he  o rde r  of
succes s ion  on  t e rms  i s  i r r e l evan t .  Thus .  a decompos i t i on  r ep re sen t s  a s e t  [ i n s t ead
of a s equence ]  of t e rms .  The  f i r s t  decompos i t i on  o rde r ing  i s  c a l l ed  r ecu r s ive
decompos i t i on  o rde r ing  and  has  been  deve loped  by  Lescanne .  Jouannaud  and
Re in ig  [ s ee  fo r  example  [ JLR82] ] .  Fo r  more  i n fo rma t ion  on  decompos i t i on  o rde r ings
as  we l l  a s  pa th  o rde r ings  and  the i r  compar i son ,  s ee  [De-87] and  [S t89a l

A common  o r ig in  of a l l  pa th  and  decompos i t i on  o rde r ings  i s  t he  w ide - sp read
r ecu r s ive  pa th  o rde r ing  by  Der showi t z  ( c f .  [De821] .  We have  chosen  th i s  t e chn ique
as  a r ep re sen t a t i ve  fo r  t he  pa th  and  decompos i t i on  o rde r ings  s ince  i t  combines
the  f ea tu re s  of t he  o rde r ings  of a l l  t he se  c l a s se s .  The fo l l owing  de f in i t i on  i s  t he
one  of Kamin  and  Lévy  who  ex t ended  the  o r ig ina l  r ecu r s ive  pa th  o rde r ing  by

_ incorporating a s ta tus  function [see [KLBOJ].

Def in i t i on  7 .1 .1  [[KLBOJ, [D6823]

Le t  [> be  a p r ecedence  on  g .  The  r ecu r s ive  pa th  o rde r ing  w i th  s t a tu s
>RPOS on  t e rms  5 and  t i s  de f ined  a s

s >1=c1=‘<:>s t
iff i]  top[s] [> top[ t ]  A {s}  >>1:„:.(._.‚S args[t]

i i ]  top[s] top[ t ]  A t[top[s]] = mul t  A args[s]  »RPOS args[t]
i i i]  top[s]  top[ t ]  A t[top[s]] t mu l t  A {s} »RPOS args[ t ]

A args[s]  >RPos ‚ - c [ top [ s ] ]  args[ t ]
i v ]  a rgs[s ]  >—>RPOS { t}  .

The  me thod  of compar ing  two  t e rms  w.r . t .  t he  r ecu r s ive  pa th  o rde r ing
with. s ta tus  [RPOS] depends on the  leading function symbols. The relationship
be tween  these  two  ope ra to r s  w.r . t .  t he  p recedence  [> i s  r e spons ib l e  for  dec reas ing
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one  [or bo th]  of the  terms in  the  recurs ive  def in i t ion  of the  RPOS. If one  of t he
t e rms  i s  ' emp ty '  [ i .e .  t o t a l l y  dec reased ]  then  the  o the r  one  i s  g r ea t e r .

Example  7.1.2 Ring

The  ru l e  sys t em

ER: x+0  —> x
x+ i [x ]  —> 0 .
[x+y]+z  -> x+[y+z}

i [x+y] ‘  —> i ( y ]+ i [XI

X * [ y + z }  —> [X*y]+[}<*21
[x+y]*z --> [X*z}+[y*21

which  can  be  comple ted  t o  a spec i f ica t ion  of a r i ng  i s  t e rmina t ing  s ince
the  r ecu r s ive  pa th  o rde r ing  based  on  the  p recedence

it D i D + D O

and  on  the  s t a tu s  func t ion

1:[*] = t[+] = lef t

or i en t s  t he  ru l e s  of {R in  t he  des i r ed  d i r ec t i on .  No te  t ha t  SR canno t  be
o r i en t ed  w i th  t he  he lp  of any  po lynomia l  o rde r ing .  n

Anothe r  we l l -known  o rde r ing  [wh ich  i s  of h i s to r i ca l  impor t ance ]  i s  t he  one  of
Knuth  and  Bendix  [ s ee  [KB7OJ]. We  wi l l  p r e sen t  an  improvemen t  of the i r
t e chn ique  wh ich  pe rmi t s  t he  u se  of a s t a tu s  func t ion  [ s ee  [S t89a l ] .  L ike  t he
o r ig ina l  Knu th -Bend ix  o rde r ing ,  t he  Knu th -Bend ix  o rde r ing  w i th  s t a tu s  [KBOS,
for short] assigns natural [or possibly real] numbers to the  function symbols and
t hen  t o  t e rms  [ ca l l ed  we igh t  o f  a t e rm]  by  add ing  the  number s  o f  t he  ope ra to r s
t hey  con ta in .  Two t e rms  a r e  compared  by  compar ing  the i r  we igh t s .  If t he i r
we igh t s  a r e  equa l  t he  sub t e rms  a r e  l ex i cog raph ica l l y  co l l a t ed .  I n  o rde r  t o  de f ine
th i s  t e chn ique  we  need  some  he lp fu l  deno ta t i ons .

If x i s  a va r i ab l e  and  t i s  a t e rm  we  deno te  t he  number  of occu r r ences  of  x i n
t by  ux[t].  We  a s s ign  a non -nega t ive  i n t ege r  <p[f] - t he  we igh t  of f - t o  each
ope ra to r  i n  {S and  a pos i t i ve  i n t ege r  (p0 t o  each  va r i ab l e  such  tha t

qo[c] 2 CPD if c i s  a cons t an t  and
<p[f] > 0 if f has  one  a rgumen t .

Fur thermore .  t he  we igh t  of a te rm i s  de f ined  a s  cp[t] = cp[f] + Zephi] if t = f[t1.....tn].
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Def in i t i on  7.1.3 [ [KB70]‚  [St89a1]

Le t  [> be a precendence  and  cp a weight  funct ion  [ a s  desc r ibed  above] .  The
Knuth -Bend ix  o rde r ing  >KBOS wi th  s t a tu s  on  t e rms  s and  t i s  de f ined  a s

s >I<BOS t
iff [Vx E £] nx[s] 2 nx[t] A

- cPhil > cpl t ]

— top[s]  » top[ t ]
- args[s] >KBOS‚1 : [ top [s ] ]  args[t] .

This  o rde r ing  i s  c lo se ly  r e l a t ed  t o  t he  improved  po lynomia l  o rde r ing  [ s ee
def in i t ion  6.2.1] s i nce  i t  ha s  t he  same  s t ruc tu re .  The d i f ference  be tween  the
Knuth -Bend ix  o rde r ing  w i th  s t a tu s  and  >n=,OL i s  t he  f ac t  t ha t  t he  Knu th -Bend ix
orde r ing  u se s  on ly  supe r - l i nea r  i n t e rp re t a t i ons .

Lemma 7 .1 .4

Le t  >IPOL be  based  on  supe r - l i nea r  i n t e rp re t a t i ons ,  on ly .  Then .

S >KBOS t 1”  s >IPOL ‘ "

The r equ i r emen t  of supe r - l i nea r  i n t e rp re t a t i ons  i nduces  t he  so—called va r i ab l e
cond i t i on  o f  t he  Knu th -Bend ix  o rde r ing  [w i th  s t a tu s ] :  The  mu l t i s e t  o f  va r i ab l e s
of t he  r i gh t—hand  s ide  of a r u l e  mus t  be  con ta ined  in  t ha t  of t he  left—hand s ide .
This“ cond i t i on  gua ran t ee s  t he  s t ab i l i t y  w.r . t .  i n s t an t i a t i ons .  Howeve r .  i t  i s  a
ve ry  s t rong  r e s t r i c t i on .  No te  tha t ,  fo r  example ,  t he  d i s t r i bu t iv i t y  l aw  cannot  be

' or i en t ed  i n  t he  u sua l  d i r ec t i on .

Remark  7 .1 .5

Ana logous  w i th  po lynomia l  o rde r ings  t he  we igh t  of an  ope ra to r  may
somet imes  be  ze ro  [ t h i s  a s s ignmen t  co r r e sponds  t o  the i den t i t y  po lynomia l ] .
No te  t ha t  t he  we igh t  mus t  be  g rea t e r  t han  ze ro  if t he  ope ra to r  r ep re sen t s
a cons t an t - symbo l .
Ano the r  excep t ion  r equ i r e s  t ha t  a una ry  opera tor  w i th  we igh t  ze ro  mus t
be  a max imum w.r.t. t he  p recedence  [cf. def in i t ion  6.2.1]. .

Example  7 .1 .6

Let iR: f I f IXH + g[g[x}]
g lg t f l xm —-> f [g[g[><l]]
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The  Knu th -Bend ix  o rde r ing  based  on  the  we igh t  func t ion

2
l

@[f]
tplg]

[which  cor responds  t o  t he  supe r - l i nea r  i n t e rp re t a t i ons  [f][x] = x + 2.
[g] [x]  = x + 1] can  o r ien t  ER if t he  p recedence  con ta in s  t he  re la t ion  g [> i.
Note tha t  t he  t e rmina t ion  of SR i s  a l so  gua ran teed  wi th  t he  he lp  of t he
or ig inal  polynomial  o rder ing  u s ing  [ i ] [x]  = 2x  + 1. [g ] [x]  = 2x. It i s  obvious
t ha t  9% canno t  be  o r i en t ed  w.r . t .  any  r ecu r s ive  pa th  o rde r ing  [ i n  pa r t i cu l a r ,
t h i s  i s  no t  pos s ib l e  w i th  any  pa th  o r  decompos i t i on  o rde r ing ,  e i t he r ] .  I
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7 .2  Compar i son

In  t h i s  sec t ion  we compare  t he  power  of t he  fo l l owing  o rde r ings :

H which s t ands  fo r  any  t echn ique  be long ing  to  t he  c l a s s  of
pa th  and  decompos i t ion  o rde r ings  [e.g. >RPOS]

>PAT

>I<_:Bos

' >POL

fiPOL

- >EXP which  r ep re sen t s  t he  me thod  of u s ing  exponen t i a l  f unc t ions
as  i n t e rp re t a t i ons  i n  add i t i on  t o  po lynomia l s

Note  t ha t  t he se  o rde r ings  r e l a t e  t o  t h r ee  pa rame te r s :  t he  i n t e rp re t a t i on .  t he
precedence and  the  s ta tus  function. Therefore, we  use >[i ,p, t]  to denote the
orde r ing  > wh ich  i s  ba sed  on  the  i n t e rp re t a t i on  i, t he  p recedence  p and  the
s t a tu s  1:.

The  power  of an  o rde r ing  i s  r ep re sen t ed  by  the  s e t  of comparab l e  t e rms .  We
wi l l  examine  t he  r e l a t i on  be tween  two  se t s .  The  fo l l owing  th r ee  r e l a t i ons  w i l l
be  examined .

Def in i t i on  "7 .2 .1

Le t  > and  > be  two  o rde r ings .  Fu r the r ,  l e t  i . i ' . i “  be  i n t e rp re t a t i ons .  p .p ‘ . p“
precedences  and  ‘E.‘E',t” s t a tu s  func t ions .

Two  o rde r ings  a r e  equ iva l en t :

> = > iff I s  >[ i , p , r ]  t <-> .s >[i‚p‚t] t

- One  o rde r ing  i s  p rope r ly  i nc luded  in  t he  o the r  one :

> C > iff [Eli'‚p'‚t']s >[ i ‚p ‚ t ]  t W s >[ i ' ,p ' ‚ t ' ]  t
A [31 ' ‚ p ' . t ' ] [fl i " . p " ‚ ‘ c ” ]  S >[ i ' ‚ p ' , ‘ c ' ]  t A S> [ i " . p " ‚ t ” ]  T.

- Two o rde r ings  ove r l ap  w i th  each  o the r :

> _n > iff [ 3 i ' , p ' , t ' ] [fl i “ , p " . r ” ]  s >[i ' .p*,t ' ]  t A s >[ i" ,p" , t" ] t
A [31 ' ‚p ' ‚ ‘ t ' ] [ :fl i “ ,p” , ‘ t “ ]  S >[ i l ’p l ’ t l ]  t A s> [ i ” .p" .1 : ” ] t
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The  fo l l owing  l emma  r e f l ec t s  t he  r e su l t s  ob t a ined  by  the  compar i son  of t he
o rde r ings  desc r ibed  in  t h i s  r epo r t .  To  p re sen t  t he  re la t ions  i n  a s imp le  way ,  we
use  a k ind  o f  Hasse  d i ag rams .  If > C >, t hen  we  a r r ange  > above  > j o in ing  them
wi th  an  a r row.

Lemma 7 .2 .2

>PA TH EXP >IPOL

POL >KBOS

Note that  i t  is possible to combine >EXP and >IPOL [denoted by >rPou]  by only
us ing  >IPOL based  on  po lynomia l s  and  exponen t i a l  f unc t ions .  Th i s  wou ld  change
l emma  7.2.2 such  tha t  on ly  t he  two  o rde r ings  >PATH and  >IPOU i n s t ead  of a l l
t h r ee  mus t  be  cons ide red  s ince  they  a re  more  power fu l  t han  a l l  t he  o the r
o rde r ings  of t he  d i ag ram.  Fu r the rmore .  i n  s ec t i on  6.1 we  have  i l l u s t r a t ed  ano the r
improvemen t  of t he  o r ig ina l  po lynomia l  o rde r ing :  t he  Ca r t e s i an  p roduc t  of
po lynomia l s .  I t  i s  obv ious  t ha t  >11=>ou can  be  fu r the r  ex t ended  by  app ly ing  th i s
gene ra l  t e chn ique  of l ex i cog raph ic  conca t ena t ion  of o rde r ings  t o  >IPOL*' I t
s t ands  to  r ea son  tha t  t he  r e su l t i ng  o rde r ing  i s  more  power fu l  t han  t he  o r ig ina l
Car tes ian  p roduc t  of polynomials .

Chap te r  5 dea l s  w i th  spec i a l  po lynomia l  o rde r ings  wh ich  can  be  used  to  p rove
the  t e rmina t ion  of r ewr i t e  sy s t ems  based  on  unde r ly ing  theo r i e s .  Howeve r .  t he re
a re  o the r  o rde r ings  t ha t  a r e  a l so  compa t ib l e  w i th  a pa r t i cu l a r  t heo ry :  t he
as soc i a t i ve -commuta t ive  t heo ry .  The  s e t  of t hose  o rde r ings  con ta in s  t he
associative path ordering hpo  [see for example [GLBGJ]. t he  path and
decompos i t i on  o rde r ings  for  AC- theo r i e s  [ [S t89d ]  and  [StQObJ] and  the  a s soc i a t i ve -
commuta t ive  Knu th -Bend ix  o rde r ing  infer: [ [S t89b ]  and  [S tQOaJ ] .  The  fo l l owing
lemma describes the  comparison of these orderings [we  use >Apo as a
r ep re sen t a t i ve  fo r  t he  pa th  and  decompos i t i on  o rde r ings  modu lo  AC—theories]
inc lud ing  the  o r ig ina l  po lynomia l  o rde r ing  on  AC- theo r i e s  [deno ted  by  >Acp. see
section 5.3].

Lemma 7 .2 .3

The o rde r ings  >APO, >Ac1< and  >ACP ove r l ap  w i th  each  o ther .  u
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8 Conc lus ion

This  chap te r  con ta in s  a r e sumé  of t he  en t i r e  r epo r t .  The  known  and  the  new
resu l t s  a r e  spec i f i ed  sepa ra te ly .
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Termina t ion  i s  a subs t an t i a l  p rope r ty  of o rd ina ry  t e rm r ewr i t i ng  sys t ems  a s
we l l  a s  of t e rm  r ewr i t i ng  sys t ems  wi th  unde r ly ing  theo r i e s .  The  r epo r t  i n  hand
g ives  a de t a i l ed  accoun t  on  a we l l -known  t echn ique  p rov ing  th i s  cha rac t e r i s t i c :
t he  o rde r ing  on  po lynomia l  i n t e rp re t a t i ons .  Th i s  t e chn ique  i s  a combina t ion  of
the  approaches of Knuth and Bendix [Knuth-Bendix ordering, [K870]] and of
Manna  and  Ness  [ a  me thod  fo r  gua ran t ee ing  the  t e rmina t ion  o f  Markov- l i ke
a lgo r i t hms .  [MN7OJ]. I t  gene ra l i ze s  bo th  me thods  and  was  deve loped  by  Lankfo rd
[[La75], [La76] and  [La791]. Polynomial  o rde r ings  a r e  based  on  the  idea  of
as s ign ing  po lynomia l s  t o  func t ion  symbo l s  i n  o rde r  t o  de f ine  a mapp ing  f rom
te rms  to  po lynomia l s .  Two t e rms  a r e  compared  by  compar ing  the i r  co r r e spond ing
po lynomia l s .  As  a r e su l t ,  t he  fo l l owing  p rob lems  a r e  t o  be  encoun te red :

- Procedure s  fo r  gene ra t i ng  adequa t e  i n t e rp re t a t i ons  fo r  ope ra to r s
- Methods  for  dec id ing  whe the r  a po lynomia l  i s  g r ea t e r  t han  ze ro

I t  shou ld  be  no t i ced  t ha t  t he  s econd  p rob lem i s  undec idab le  fo r  po lynomia l s
over  IN [[Da731].

We have  dea l t  w i th  we l l -known  in  add i t i on  t o  new t echn iques  fo r  so lv ing
these  t a sks .  Fu r the rmore ,  we  have  d i s cus sed  some  known  mod i f i ca t i ons  of t he
o r ig ina l  po lynomia l  o rde r ing .  We  d id  ou r  bes t  endeavour s  t o  i l l u s t r a t e  t he
exp lana t ions  by  va r ious  examples .

The  fo l l owing  we l l—known  f ac t s  have  been  p re sen t ed :

- We have  dea l t  w i th  s t r a t eg i e s  fo r  t he  gene ra t i on  of adequa t e  i n t e rp re t a t i ons
wh ich  gua ran t ee  t he  t e rmina t ion  of a g iven  ru l e  sys t em.  Some  heu r i s t i c s
of Ben  Che r i f a  [[Be861] have been  cons ide red  i nc lud ing  suggestions for
orienting associativity laws and homeomorphism rules [see 3.1].

Suf f i c i en t  so lu t i ons  for  t he  p rob lem of dec id ing  whe the r  a po lynomia l  i s
g rea t e r  t han  ze ro  a r e  d i s cus sed  in  chap te r  4 .  Ben  Che r i f a  and  Lescanne
deve loped  a p rocedure  for  imp lemen t ing  t he  t heo re t i ca l  i deas  of [La'79] and
[H080] .  S t a r t i ng  f rom the  i n i t i a l  p rob l em p02  0 ,  t hey  bu i ld  a s equence  of
inequa l i t i e s  such  tha t  po 2 p1 2 2 pn  > 0 .  The  pos i t i venes s  of pn  i s
supposed  to  be  checked  by  a ba s i c  p r inc ip l e  l i ke  I a l l  coe f f i c i en t s  a r e
pos i t i ve ' .  A t  each s t ep  t hey  se t  off a monomia l  w i th  a nega t ive  coe f f i c i en t
aga ins t  a conven ien t  pos i t i ve  monomia l .  A more  power fu l  app roach  i s  t ha t
of Rouye r  [[R0881]. The  mo t iva t i on  i s  t ha t  a po lynomia l  wh ich  does  no t  have
any  roo t  w.r . t .  an  i n t e rva l  [ a .oo ]  i s  pos i t i ve  w.r . t .  [ a , oo ]  if t he  l ead ing
coefficient is positive. With the  help of the  Sturm sequence [see [Du60]]‚ it
i s  pos s ib l e  t o  compu te  t he  number  of roo t s  w. r . t .  [a .oo].

The use  of r ewr i t i ng  sys t ems  wh ich  a re  based  on  an  unde r ly ing  theo ry  E
presumes  E - t e rmina t ion .  If t he  po lynomia l  o rde r ing  i s  E—compat ib le
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[ s  =E t w [ s ]  =POL [ t l ]  i t  i s  su i t ed  for  proving t h i s  p rope r ty .  I n  o rde r  t o
fu l f i l  t he  compa t ib i l i t y .  t he  c l a s se s  of po lynomia l s  mus t  be  r e s t r i c t ed .  In
[Be86] ,  t he se  r e s t r i c t i ons  a r e  f i xed  fo r  t he  ca se  t ha t  E i s  a s soc i a t i ve -
commuta t ive -d i s t r i bu t ive .  pe rmuta t i ve ,  t r ans i t i ve  o r  i dempo ten t  [ s ee
chapter  5].

- An examina t ion  of d i f f e r en t  ex t ens ions  of t he  o r ig ina l  po lynomia l  o rde r ing
i s  d i s cus sed  in  chap te r  6 .  One  pos s ib l e  improvemen t  conce rns  t he  func t ions
used  a s  i n t e rp re t a t i ons .  Fo r  example .  i t  i s  a ccep t ab l e  t o  i nc lude  exponen t i a l
funct ions  whi l e  observing the ma in  condi t ions .  Fur thermore .  t he  concept  of
l ex i cog raph ic  conca t ena t ion  of o rde r ings  can  be  app l i ed  t o  t he  po lynomia l
o rde r ing  i n  such  a way  tha t  s eve ra l  d i f f e r en t  po lynomia l  o rde r ings  [based  on
d i f f e r en t  i n t e rp re t a t i ons ]  a r e  conca t ena t ed .  Th i s  t e chn ique  i s  c a l l ed  t he
Car t e s i an  p roduc t  of po lynomia l s .  A t h i rd  improvemen t  of a po lynomia l
o rde r ing  which  i s  s imi l a r  t o  t he  l a s t  po in t  i nvo lves  t he  conca t ena t ion  of t he
o r ig ina l  po lynomia l  o rde r ing .  a p recedence  and  the  compar i son  of t he
a rguments  [ i n  l ex i cog raph ica l  o rde r ]  w. r . t .  t he  r ecu r s ive  de f in i t i on  of t he
ent i re  order ing [ see  [La791].

In  add i t i on  to  t he  d i s cus s ion  of t he  above  a spec t s  of po lynomia l  o rde r ings ,  we
have  ob t a ined  some  new re su l t s :

- From a p rac t i ca l  po in t  of v i ew  i t  i s  i n t e r e s t i ng  t o  s imp l i fy  t he  po lynomia l s
used  a s  i n t e rp re t a t ions  such  tha t  i t  w i l l  be  ea s i e r  t o  check  whether  a
polynomial  i s  grea ter  than  zero. Our  imp lemen ta t ion  i s  based  on  the  idea
of u s ing  on ly  po lynomia l s  wh ich  a re  monotonous  and  non -d imin i sh ing  [ s ee
chapter 2].

- A se r i e s  of. 300  exper imen t s  ha s  been  conduc ted  to  be t t e r  he lp  u s  i n  ou r
choice of the  interpretations [cf. [SKQOJ]. This examination leads to new
heur i s t i c s  abou t  a r i t hme t i c  t heo r i e s .  d i s t r i bu t iv i t y -  ax ioms  and  g roup
t heor i e s  [ s ee  chap te r  3]. A cr i te r ion  t ha t  c an  some t imes  de t ec t  t he  necess i ty
of mixed  in t e rp re t a t i ons  i s  a l so  ava i l ab l e .  The  t e rmina t ion  p roo f s  of many  of
the  examples  checked  on ly  need  l i nea r  i n t e rp re t a t i ons .  The re fo re .  we have
developed an  a lgor i thm tha t  au toma t i ca l l y  genera tes  l inea r  in te rpre ta t ions
for  a g iven  ru l e  sys tem.  The  cons t i t u t ive  concep t  i s  t he  t r ans fo rma t ion  of
inequa l i t i e s  of nea r ly  general  po lynomia l s  i n to  i nequa l i t i e s  of l i nea r
po lynomia l s  by  an  approx ima t ion .  An  app l i ca t i on  of t he  known  S implex
method [see 3.4] eventually computes a solution of this  system of linear
i nequa l i t i e s .

- The f i e ld  of po lynomia l  o rde r ings  fo r  unde r ly ing  theo r i e s  ha s  been  ex t ended
by  spec i fy ing  res t r ic ted  in terpre ta t ions  for spec ia l  commuta t iv i ty .
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d i s t r i bu t iv i t y .  endomorph i sm,  minus  and  un ipo tency .  Moreove r .  spec i a l
t heo r i e s  l i ke  abe l i an  g roups ,  quas i—groups ,  boolean r i ngs  and  i f—then-e l se
ax ioms  have  been  t r ea t ed  [ s ee  chap te r  5].

Chap te r  6 dea l s  w i th  an  improvemen t  of t he  ex t ended  po lynomia l  o rde r ing
of Lankfo rd  [ s ee  above ] .  We  have  i nco rpo ra t ed  a s t a tu s  func t ion  a s  was
poss ib le  w i th  t he  Knu th -Bend ix  o rde r ing  [ s ee  [St89al].

- A conc lus ive  compar i son  of t he  va r ious  k inds  of po lynomia l  o rde r ings
p re sen t ed  i nc lud ing  pa th  and  decompos i t i on  o rde r ings  a s  we l l  a s  t he
Knuth-Bendix ordering polishes our report [see chapter 7]. One of the  most
i n t e r e s t i ng  r e su l t s  of t h i s  con f ron t a t i on  conce rns  t he  f ac t  t ha t  t he  pa th  and
decompos i t i on  o rde r ings  ove r l ap  w i th  a l l  c l a s se s  of po lynomia l  o rde r ings .

As  we  have  men t ioned .  po lynomia l  o rde r ings  a r e  a powerful  t oo l  fo r  p rov ing
t he  [E—] t e rmina t ion  o f  r ewr i t e  sy s t ems .  They  enab le  t he  i n t eg ra t i on  o f  t he
seman t i c s  of t he  u sedope ra to r s  i n to  t he  t e rmina t ion  p roo f .  No tab ly ,  a t e rm‘
rewr i t i ng  sys t em whose  t e rmina t ion  has  been  p roven  by  o rde r ings  based  on
po lynomia l  i n t e rp re t a t i ons  can  even  have  de r iva t i ons  of doub le  exponen t i a l
l eng th  [o f  [La88] ,  [HL89] and  [HoQOJ]. A nega t ive  a spec t  a r e  t he  d i f f i cu l t i e s  we
usua l ly  f aces  i n  p rac t i ca l  app l i ca t i ons  and  wh ich  make  pa th  and  decompos i t i on
o rde r ings  appea r  a l o t  more  advan tageous .  Thus .  t he  min imiza t ion  of t h i s
de f i c i ency  shou ld  be  pa r t  of fu tu re  p l ans .
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Append ix :  P roo f s

This  supp lemen t  con ta in s  t he  p roofs  of t he  mos t  impor t an t  l emmata  appea r ing
in  chap te r s  2, 3, 5 ,  6 and  7.
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P r o o f s  of  c h a p t e r  2

Lemma 2 . 2 . 3

Prooh

Let  [...] be  a polynomia l  i n t e rp re t a t i on  for g round  te rms .
Then ,  t he  co r r e spond ing  o rde r ing  >POL on  FG i s  compa t ib l e  w i th  t he
s t ruc tu re  of t e rms  if and  on ly  if e ach  po lynomia l  p E [8 ]  i s  mono tonous
w.r.t. [PG].

[1] First of al l ,  we  wi l l  show tha t  t he  compa t ib i l i t y  of >POL guaran tees
tha t  p € [3] is  monotonous w.r.t. [FG]. We have to prove that

[f][....[s],...] > [f][.. . ,[t], .„] whenever  [ s ]  > [ t ] :

[s] > [t] w s >POL_t__
by  de f rn r t ron  of >130L

w f[...,s....] >190L f[...,t,...]
by  compa t ib i l i t y  of >130L

w [f][...,[s],...] > [f][...,[t],...]
by  de f in i t i on  of >POL

[ i i ]  Now, l e t  each  p € [8 ]  be  monotonous  w.r.t. [I‘G].

s >POL t -~> [s] > [t]
by  de f in i t i on  of >POL

Mr» [f][...‚[s]‚...] > [f][...,[t]....]
by  p recond i t i on

m» f[...,s,...] >POL f[...,t....]
by  de f in i t i on  of >93L .

Theorem 2 -2 .9

Proof :

Let  [...] be  a polynomial  in te rpre ta t ion  for g round  terms.
Then.  t he  co r r e spond ing  o rde r ing  >POL on  FG i s  compa t ib l e  w i th  t he
structure of terms and well-founded if and only if each polynomial p E [8]
i s  mono tonous  and  non -d imin i sh ing  on  [FG].

Accord ing  to  l emma  2.2.3 t he  we l l - foundedness  of >POL wi l l  be
equivalent to all p € [8] being non—diminishing on [PG] if the  monotony
on [FG] of a l l  p E [8]  i s  p resumed .
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l .

I < - l :

Suppose there exists an  f E {S such tha t  [ t i ]  > [f][....[ti],...] for
any  i .  S ince  a l l  p ' s  a r e  mono tonous  w. r . t .  [PG]. i t  fo l lows  tha t

[f][„.‚[ti]‚.„] > [f][„.‚[f][„.‚[ti],.„],.„] >
Thus, t i  >POL f[...,ti,...] >POL i s  an  in f in i te ly  descend ing  cha in
i n  PO. The re fo re .  >POL i s  no t  we l l—founded .

Suppose  >POL i s  no t  we l l - founded .  Then ,  >POL i s  s e l f - embedd ing  '
by  the  t r ee  t heo rem of Kruska l .  S imi l a r  t o  t he  p roof  of t he
embedd ing  l emma in  [De82], we  wi l l  show by  induc t ion  on  Isl + ltl
that  s : t implies s 2POL t for all  ground terms 5 = f[s‚.....sm] and
t = g[t1,...,tn], if all p E [3] a re  non-diminishing on [FG].

[i] 1 :9  ‚\ $i : ti for all i E[1,n]

w 51290L  ti for i E[1‚n]
by  induc t ion  hypo thes i s

w s = f[s1....,s 12POL f[t1,.. . , tn] = t
u s ing  t he  mono tony  of [ f ]  E [8] on [PG]

[ii] 51 : t for a t  l e a s t  one  i E [Ln]

"‘" s i  2For. t
by  induc t ion  hypo thes i s

w [si]  2 [t]
by  de f in i t i on  of >POL

an» [f][„.‚[si]‚.„] 2 [t]
s ince  [ f ]  i s  non-d imin i sh ing

«» f[....si‚...] ZPOL t
by  de f in i t i on  of >POL

Now we  can  show t ha t  >POL i s  no t  s e l f - embedd ing .  Suppose  >POL
t o  be  s e l f - embedd ing .  Then .  t he re  ex i s t  t ,  t '  s uch  tha t  t >130L t '
and  t '  :) t .  S ince  : C zPOL and  by  de f in i t i on  of >1;OL we  ge t

[t] > [t'] and [t'] z [t] f
There fo re ,  >1„c‚L i s  no t  s e l f - embedd ing  and  noe the r i an .  -
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Lemma 2 . 2 . 1 0

Prooh

Let  ‘Do[[lR21] be  t he  s e t  of a l l  po lynomia ls  p : IR“ —> R of any  a r i t y  n E [No
tha t  have  coeff ic ients  of [1.00]. Le t  [...] be  a polynomial  in te rp re ta t ion  for
ground  t e rms  tha t  a t t aches  t o  each  n—ary func t ion  symbo l  f E 8 a s t r i c t
n—ary polynomial p E ‘130[[|R21].
Then ,  t he  co r r e spond ing  o rde r ing  >POL i s  we l l - founded  and  compa t ib l e
wi th  t he  s t ruc tu re  of t e rms .

The  p roof  i s  s t r a igh t fo rward  u s ing  theo rem 2.2.9. -

Lemma 2.2.11

Prooh

Le t  [...] be  a po lynomia l  i n t e rp re t a t i on  for  g round  t e rms  tha t  a t t aches

[l] a va lue  C E IR to  each  cons t an t  func t ion  symbo l  c E % such tha t
C z 1

[2] a s t r i c t  n - a ry  polynomial  p t o  each  n -a ry  [n>  0 ]  func t ion  symbol
f E {S such  tha t

_ ' “ rn
p[X1,...,Xn] - r1....§nElNo °r1...rnX1 ...Xn

such  tha t  fo r  each  i [1 s i S n]  E c z l
r i>o  r ] . . . r n

r1 . . . . . r n€ lN°

Then ,  t he  co r r e spond ing  o rde r ing  >?OL on  I'G i s  a r educ t ion  o rde r ing .

The p roof  i s  s t r a igh t fo rward  u s ing  theo rem 2.2.9. .

Theorem 2 .3 .3

Prooh

Let  [...] be  a polynomial  i n t e rp re t a t i on  for va r i ab l e  t e rms  tha t  maps  3
to ‘Do[[[R].
The  o rde r ing  de f ined  by

s >p0L t m [s] >? [t]
i s  a r educ t ion  o rde r ing  on  I‘ t ha t  i s  s t ab l e  by  i n s t an t i a t i ons  if and  on ly
if e ach  polynomial  p E [8]  i s  monotonous  and  non -d imin i sh ing  on  [PG].

' -> '  : The in t e rp re t i ng  po lynomia l s  a r e  ea s i l y  p roved  to  be  mono tonous
and  non—diminishing on  [FG] by  cont rad ic t ion .
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' < - ' :  >POL i s  i r re l lexive .  t r ans i t i ve  and  s t ab l e  by  i n s t an t i a t i ons  if >?
has  t he se  p rope r t i e s .  The  mono tony  and  the  we l l—foundedness  of
>PDL a re  va l i d  s ince  t hey  ho ld  on  FG and  >POL i s  s t ab l e  by
ins t an t i a t i ons .  .

L e m m a  2.3.4-

Let [...] be  a polynomial  in te rp re ta t ion  for va r i ab l e  t e rms  tha t  maps  3
t o  ‘bolflRz‘l
The  o rde r ing  de f ined  by

s >POL t iff [ s ]  >? [ t ]

i s  a r educ t ion  o rde r ing  on  I' t ha t  i s  s t ab l e  by  i n s t an t i a t i ons .

Proof :  The proof  i s  s t r a igh t fo rward  u s ing  theo rem 2.3.3. I:
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Proof s  of  chap te r  3

S u g g e s t i o n  3.2.10

Let  I = f[s1,...,sm] —> g[t1 ..... tn ]  = r be  a ru l e  such tha t  m > 1. n 2 l .
There ex is t s  no  separa te  in te rpre ta t ion  [ f ]  such tha t  l 2POL r if

[331] V[si] „ Ü _ V[sj] = a
j=1,j=l=1

A [Elu € O[r]] r / u  = i[s;....,sl'n] A si' :! s i

A V[r[u.i <— k]]  n V[si] # ®
m

Proof: Assume tha t  [f][x1,...,xm] =51 pi[xi] where pi[xi] is the  polynomial
cons i s t i ng  of xp  only.

m

W [ f [ s l l " ' ! sm] ]  _ jg! pj [ s j ]

Note that  s'i : si which implies that  pi[si'] EPOL pi[si].

w The g rade  of the  var iab les  of Vls i ]  be long ing  to  [ r ]  i s  g rea te r  t han
or  equa l  t o  t ha t  be long ing  to  [1] because  t he  g rade  of t he  var iables
of V[si], be long ing  to  [f[t1,„.,tm]] i s  equa l  t o  t ha t  of pi[ti]  s i nce  [ f ]
i s  sepa ra te .

Note tha t  there i s  any  variable x of Vlsi] occurring in r outside of 31'
[by precondition].

w The grade  of x i n  [ r ]  i s  grea ter  than  tha t  of x i n  [ l ]

“"" “[] ZPOL r] '

Lemma 3 . 3 . 2

n n
Let  a = '21 a ix i  + a0  and  b =_221bixi + b() be  l inear  polynomials  w i th

I :  1 :  .

[Vi € [ l , n ] ]  a i ‚b i  2 0 .  Then,

a 21, b
if [Vi  E [0 .n ] ]  a i  >. b i

P roo f :  ao  + a lx1  + + an) :n  2? be  + b lx1  + + bmxn
i i i
[ao  - be]  + [a1 - b1]x1 + + [ an  - bn]xn  ZF, O

This inequality is valid if [Vi € [0.n]] ai  2 bi -
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Lemma 3 .3 .4 -

n

II a1  2 5181

if [Vi E [ l , n ] ]  3 :2  2

Proof:  We  wi l l  prove  th i s  f ac t  by  means  of con t r ad i c t i on .  Assume  tha t

a l  an  < a1  + + an

8.1 an
Mb 1 < + +

a1  I an  a l  an

1_ 1
w ] < + +

a2  ' an  a l  an—l

Note  t ha t  t he  r i gh t -hand  s ide  of t h i s  i nequa l i t y  i s  no t  g r ea t e r  t han

l
n

[n-1]-2

s ince  a1  >. 2

n
w ] <

[n - l ] -2

“> !
n

because s l f o r  n > 1
[n - l ] -2

[The ca se  n = l i s  obv ious  s ince  a1 2 a1] -

Lemma 3 .3 .5

if [v1 6 [m]] ai 21
Proof:  We  wi l l  p rove  t h i s  l emma  by  induc t ion  on  n .

- The base  case  [n  = l ]  i s  obvious .
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- '  n—>n+1 :

[n~~l]a1 - ar1 - an+1 u :! m
|_}

m 11
1

In
d

+ n)
H

n) D)

2 [a1 + + an)-aml + a1-...-an-an+1
by  using t he  i nduc t ion  hypo thes i s

= a ‘ l '  an+1  + * an .  and  + 8‘1 an .  and

2 a1 + + an  + a1M
s ince  ai-an+1 2 a i  A a1-. . . -an-arm 2 arm
[because  a1 2 1] .

Lemma 3 .3 .6

1 n [ fi 1311‘
EE,  a i  2 i=1 a i
if [Vi € [ l , n ] ]  ai 2 0

Proof: The proof of this lemma can be  found in [BBGI] on page 54. .

Lemma 3 . 3 . 7

Le t  ai 2 1 and  b].l 2 1. Then .

mn

2 a1  2 2 b i
i=1 i=1

' n m
if i ]  n11 l ' l a . 21 ' Ibn  A [V i€ [ l ,m] ]b i22i=1 1 .  i=1 1

n m

or i i ]  nn  II a i  2 mn-l ' l  b?i=1 i=1

Proof :  This  l emma desc r ibes  two  e s t ima t ions  of t he  i nequa l i t y  2= a i  212  bi .  i.e.

we found  a and  b such  tha t  i2:ai 2 a 2 b 2 2r:bi. I t  i s  obv ious  t ha t  a 2 b1- .

imp l i e s  12=1ai 2 2: b i .

'] E M [fi 1% ' Ifi ‘bhfl  ?b1 a 2 n- a .  z . 2 .i=1 .1 i=1 1 i=1 1 i=1 1
with  [ne]= lemma 3..36 and  [H]  = l emma 3.3.4

n |w nn-  H 8 i  i H bn
i=‘l 1- 1

Note  t ha t  i t  mus t  be  gua ran t eed  tha t  [Vi  € [1 .m] ]  b i  2 2
because  i t  i s  a p r econd i t i on  fo r  t he  u se  of [H].
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n [*] n _1_ l m [H]  rn
ii] 2312  n - [ I I a i ]n  2 m-I Ib i  2 2b i

i=1 i=1 i=1 i=1
wi th  [as] = l emma  3.3.6 and  [H]  = l emma 3.3.5

n ! rn
w nn-  H a 2 mn -l 'I  bn

i=1 1 i=1 1

Lemma 3 .3 .11

n m

l'I a1  2 H b1
1: i=1

"ff EH)  ? l l  ]1 i=1ba i  
2 i=1bb i

m

Proof :  II a 2 II bi -  i i=1 1

iff

a1 - . . . - an  2 b1- . . . - bm
iff
lb[a1-...-an] 2 lb[b1-...-bm]
i ff
lb[a1] + + lb[an]  2 lb[b‚] + + lb[bm]
iff
n rn

2 1b  2 2 l b  b -1:1 [ai] i=1 [ 1]

Theorem 3 .3 .15

145

The a lgor i thm 3.3.13 a lways  t e rmina t e s .  If i t  does  no t  fail  9% can  be
ordered by a polynomial ordering [using only linear polynomials].

Proof: It i s  e a sy  t o  s ee  t ha t  t he  t ransformat ion  process  of each  ru le  [[1] - [8]]
t e rmina t e s .  The re fo re .  t he  a lgo r i t hm 3.3.13 t e rmina t e s .
The  co r r ec tnes s  of t he  a lgo r i t hm i s  gua ran t eed  by  l emmata  3.3.2. 3.3.4 -
3.3.7 and  3.3.11.
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P r o o f s  of  chap te r  5

Lemma 5 .2 .1

>PÖL i s  E -compa t ib l e  if
[Vs , t € f ‘ ]  s=E t  W s=POLt

Proof :  We  have  t o  p rove

sl =E s >POL t =E “ ”‘" s '  >ram. t'.

Note  t ha t

s '=Es  A t=E t '  w s '=POLs  A t=POLt '

which  imp l i e s

5‘  =POL s >POL t =POL t “

Thus. t he  a s se r t ion  ho lds  s ince  t. =PQL t '  imp l i e s  [ t ]  = [ t ' ] .  .

L e m m a  5 .4 .1

C[i]
iff
[ f ] [X .Y]  : izj aux lyJ

A [Vi ‚ j ]  a i j  = aj i

Proof: Let be [f][x,y] = Z aijxiyj. Then,
: _ i i» + _ i j + i[f[x.y]] 12220 aux  y i>j§o a i  y j>i220 aijx y]

= i 1 + 1 i + J 1My,  x] ]  i220 aux  y NEO &i  y ?»o aijx y

We have  to  d i s t i ngu i sh  be tween  two cases :

1] an  > 0

W aux iv ‘  E [f[x.v]] A afiy ix i  E [fly.xn

ii] au>0  and  i¢ j

w .auxiyj € [f[x‚y]] A aijy‘ixj E [f[y‚x]]
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Since i :1: j , aijxiyj 4: aijxjyi. Therefore, we have to require a
monomial ajixjy1 for each aijxiyj. .

Lemma 5 .4 .2

Prooh

There  i s  no  i n t e rp re t a t i on  of t such  tha t

Obv ious ,  s i nce  a commuta t ive  i n t e rp re t a t i on  [wh ich  i s  necessary fo r
C[f]] imp l i e s  t he  te rms  f [ i [x .y ] , z ]  and  i [x , i [y , z ] ]  t o  be  equ iva l en t  or
i ncomparab l e .  ' .

L e m m a  5 .4 .4

Prooh

CLlf] if [f][x.‚y] = giaixjy1 + [1 - j]x

iii]

A j €3{0 ‚ l}

or [ f ] [x ,y ]  = [x  + 1] 1§1a iy i  + aox  + a0  - 1

Let [f][x,y] = a0 + aly + + a1);n + x.

«» [ f [ f [x‚y]‚z]]  = ao  + a l z  + + anzn  + ao  + a ly  + + a lyn  + x
[ f [ f [x‚z] ,y] ]  = ao  + a ly  + + any“ + ao  + a lz  + + anzn  + x

w» [f[f[x.y].z}] = [f[f[x.z}.v]]

Let  [1][x.y] = x[ao + a jy  + + anyn]

w [f[f[x‚y]‚z]]  = x[ao + a iy  + + any’nflao + a jz  + + anzn]
[ f [ f [x‚z] ,y] ]  = x[ao + a lz  + + anzn][ao + a ly  + + anyn]

@ [f[f[x.y]‚z}] = [f[f[x.z}.Y]]

x+ao—1Let [i][x.y] = [x + ”1E1 aiyi + ao

w— [f[f[x. Y] . 2] ] . + + — + i +[[x+1]iä_llaiy1 aox  a0  1 1]i;£1aiz
i 2 2 __ _ao[x  + Iliäzliaiy + aox  + ao  ao  + ao  1

x+12a  iZa . z i+ax  az i+a  Zaz i+[ ] i z l  
1y  121 1 ° £1 i 0121  i

2 —-1ox+a
iao[x  + Üéla iy  + a O

N

[f[fIX.21.Y]] . + + - + i +[ [x+1] i§1a i z1  aox  a0  1 fl i g l a iy
i 2 2 _ ..a0[x  + „1%1 a iz  + aox  + a() ao  + a0  1



Append ix :  P roofs

- ' ' i- [x  + 111§1a1211§1  a iy l  + aox  Zlaiy
12

i 2 2 _ao[x  + 1‘] iZzllaiz + aox  + ao  1

-> [fIfIX.Y].z}] = [f[f[X.z}.V]]

Lemma 5 .4 .6

CR[f] if [f][x‚y] = 1Ea ix iy j  + [1 - j]y
A J € {0 ,1}

or [f][x.y] = [y + Ilizzllaixi + aoy + ao - 1

Proof :  Ana logous  w i th  t he  p roo f  of l emma 5.4 .4

Lemma 5 .4 .8

CU] A CLU] if [ f ] [x ,y ]  = axy  + b[x + y]  + 0
and  b = c = 0  v [a

v [ a=b  A c = b - 1 ]

>CH] A CR[f] if CH] CLIf]

cLu] A can] if cm c>

CH] A CL[f] A CRIfJ if cm A CLH]

Proof: i] - Le t  [ f ] [x ,y ]  =axy

«» [f[x.y]] = axv  = ayx  = [f[v.x}]
[f[f[x.y].z}] = a t axy lz  = a[aXZ]Y = '[f[f[x.z}.Y]]

- Let  [ f ] [x ,y ]  = x + y + c

[fish XI]«» [ f [X ,Y] ]=X*Y+C=Y*X+C

0 A

149

i
+ ao  izzlaiy +

b=1]

[ f [ f [x ,y ] , z ] ]=x+y+c+z+c-x+z+c+y+c=
[f'[f[x‚ z} . vl]

- Let [f][x.y] = bxy + b[x + y] + b -1

w[ f [x ,y ] ]=bxy+b[x+y ]+b -1=byx+b[y+x ]+b -1

= [f[y. XI]
[f[f[x,y]‚z]] = b[bxy + b[x + y] + b - 1]z + b[bxy +

b[x+y]+b-1+z]+b-1=b2xyz+b2xz
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+ bzyz + bzz - bz+  bzxy + bzx + bzy
+b2-b+bz+b- l

= b[bxz+b[x+z ] '+b -—1]y+b[bxz+b[x+z ]
+b -1+y ]+b—1=[ f [ f [ x ‚ z ] ‚ y ] ]

i i ]  CU]  A CRU] if CU]  A CLU]:
ana logous  with  1]

i i i ]  CL[ f ]  A CRH]  if  CU]  A CLH] :
ana logous  w i th  i]

i v ]  CU]  A CLH] A CRÜ]
if C[f] A C[f] A CL[f]
[with the  help of m)]

m C[f] A c .

Lemma 5 .5 .1

DLl f .g ]  if [f][x.y] = ?aixy‘ . [g][x.Y] = b1x  + bzv

or [f][x.yl = am + a2[x + y] + a3 . [gum] = x + v-+ ba
' „ aa  = b3[a]b3 - 1] , a2  = a1b3

Proof: i] Let [f][x‚y] = %:aixyi , [g][x,y]  = blx + bzy

«» [f[g[x‚y]‚z]] = i 2a i [b1x  + b2y]zi = §1b1aixz1i + gibzaiyzi

= blziiaixzi + b2 %: a iyzi  = [g[f[x‚z]‚f[y,z]]]

ii] Let [ f ] [x ‚y ]  = a lxy  + a1b3[x + y]  + b3[a1b3 - l ]  , [g ] [x .y ]  = x+y+b3

«» [f[g[x.y]‚z}] = a1[x + y + b3]?- + a lba lx  + V + b3  + 2]  +
+ b3[a1b3 — 1]=a1xz + aiyz + a1b32 + albsx + albay + albä + albaz
+ b3[a1b3 - l ]=a1xz + a1b3[x + z] + b3[a1b3 -1 ]  + a lyz  + a1b3[y+z]+
+ b3 [a1b3  _ 1]  + b3  = [Q[f[X-Z]-f[yaz]]] .

Lemma 5 -5 .3

DRIf.g] if [f][x.y] = iEa i 'x iy  , [g][x.yl = b lx  + bzv

or [ f ] [x ‚y]  = a1xy + a2[x + y]  + a:3 , [ g ] [ x ‚ y ]  = x + y + b3
A a:3 = b3[a1b:3 - l ]  . a2  = a1b3

Proof:  Ana logous  w i th  t he  p roof  of l emma  5.5.1 .
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Lemma 5 .5 .5

Prooh i ]

i i ]

i i i ]

DLl f .g ]  «« DRIf.g] if [filmy] = axy  . [g][x.y] = bx + CY

or [ f ] [x .y ]  = axy  + ad[x + y]  + d[ad  - 1]
[g][x.y] = x + V + d

The  fo l l owing  combina t ions  of t heo r i e s  a r e  no t  a l l owed .  i.e. t he re
ex i s t s  no  po lynomia l  o rde r ing  wh ich  induces  t he  equa l i t y  of bo th
s ides  of t he  ax ioms :

DL“  : g]  " D R [ g  . f ]

DLIf .  g] A DL[9 .  f ]

DR“ . Q]  A DR[Q ' f ]

— Let  [ i ] [x .y ]  = axy  . [g ] [x .y ]  = bx  + cy

w [f[g[x.Y].z}] = a lbx  + 0302 =
baxz + cayz = [g[f[X.Z].f[Y.Z]]]
[f[x.g[v.z}]] = ax tby  + cz}  =

[g[f[x. Y] . f l x .  21]]

\

baxy  + caxz

— Let  [f].[x,y] = axy  + ad lx  + y]  + d[ad  -1 ]  . [g ] [x ,y ]  = x + y + d

«» [f[g[x.vl.z}] = a lx  + V + d lz  + ad[x + Y + d + 21+  d [ad  - 1]

=axz+ayz+adz+adx+ady+ad2+adz+ad2—d
axz  + ad [x  + z] + d[ad  - 1] + ayz  + ad [y  + z] + d[ad  - 1] + d
[glflx . z} , fly . 21]]

DLIf .  g ]  A DR[g , f ] :

The equalities [f[g[x,y],z]] = [g[f[x,z],f[y,z]]]
and [QIX.fiy.z}]] = [f lgixwlglxzn]
imp ly  t he  equa l i t y

[f[g[x. v], 2] ]  = [f[9[f[X. 2]  . V]. g[f[x . 2] . 21]]

[ga ined  by  un i fy ing  g [ i [x . z ] , i [y , z ] ]  and  g [x , i [y . z ] ] ] .
Thus. [f[g[x.XJ.x}] ä [f[g[f[x.X].x}.g[f[x.x}.x}]].
By a r e l a t i ve ly  s imp le  ana lys i s  one  can  p rove  t ha t  t he re  a r e  no
po lynomia l s  i n t e rp re t i ng  f and  9 such  tha t  t he  above  equa l i t y  i s
va l id .

DL[f, g]  A DL[g, f]:

The considerations of i] will lead to the equality
[fIQIX.x}.x}] = [f[g[x.f[x.x}].g[x.f[x.x}]]]



Append ix :  P roof s  152

which  cannot  be  ve r i f i ed  w i th  t he  he lp  of any  po lynomia l  o rde r ing .

iv]  DR[f‚g] A DR[g‚f]:
ana logous  w i th  i i i]  -

Lemma 5 .6 .1

E[i.g] if [£]l = x . [g][x.yl = j’zkajkxjy“
or [f][x] = a lx  + a2  , [ g ] [ x ‚ y ]  = bjx  + bzy  + lo:3

A ' b3[a1 - 1] = a2[b1 + b2  - 1]

or  [ i ] [x]  = a1):i [9][X.Y] = 1313‘i

Mamba-1
Proof: i] Le t  [f][x] = x and  [ g ] [ x , y ]  = Ekajkxjyk

w [f[g[x.v]]] = jgkajkxjv“ = [s[f[x1.f[v]]]

ii] Let  [f][x] = a lx  + a2  and  [g ] [x .y ]  = blx  + b2y  + b3  such  tha t

w [i[g[x.y]]] = a1b1x + a1b2y + a1b3 + a2
[Q[f[X].f[y]]] = a1b1x + albzy + azb1 + azb2 + b3

!

“"” a2  * a iba  = azb i  * a2b2  * ba

<-> a1b3  - b3  azb1  + azb2  - a2

which  i s  equ iva l en t  t o  t he  p recond i t i on

iii] Let [f][x] = alxi and  [g][x.y]  = blxjyk such that aim“! = hf“ .

«» [ f [g[x.y] ] ]  = a lbäx i jy ik

[g t i l f t yH]  = arkbpcijy1k

“"" a1131i :! &?k

<rvu> br ]  -_'- a rk -1

which  r ep re sen t s  t he  p recond i t i on  ‘ .
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Lemma 5 .6 .2

[f[g[x.yll] = [g[flyl.f[>c]]]
if [ f ] [X]  = X . [g][X.Y] =jizllrajkxjyk

A [Vj ‚k ]  ajk = ak}

or [f][x] = alx + a2 , [ g ] [ x ‚ y ]  : b1[x + y] „. b_„_

A b2[a1 - 1] = a2[2b1 - 1]

or [f][x] = a1):i , [g ] [ x ‚ y ]  : blxjyj
2j-1 : 1-1A a1 b1

Proof: Analogous wi th  the proof of l emma 5.6.1 .

Lemma 5.8.1

M[f]
in
[HM = x

Proof: Let [f][x] = axi + such t ha t  i is the greatest exponent. Then.

[fIIIXJl]
[X] = x

. .2
amx1 +

. 2 !w, a i lx i  ‚_ x

@ BMX] "' X I

Lemma 5 .8 .3

Mff] A [f[g[x.y]]] = [g[f[Y1.f[x]]]
if [f][x] = x . [Q][x‚y] = 1% aijxiyj and [W.flaij = aji
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Proof: [f][x] = x [by  using l emma 5.8.1]

«» [f[g[x.y]]] = [g[x.yl] A [g[f[y].f[x}]] = [g[y.x}]

w [9 ]  must be commutative [see lemma 5.4.1]

Lemma 5 .11 .1

uLm]
iff
[f][x.yl = X‘y  .- [1][] = 1

Proof: Let [f][x,y] = „EO anxiyj and [1][] = b. Then,

: 11  =' :[ f [1‚x]]  „22:0 ai jb  x x [x ]

«1» [Vj := 1] aijbi = o

«» [f][X.y] = 3231 a ix iy

«» z aibi
i 2 !

1

Let a i . b , i  EN

-> [31] a1b1=1 A [a]  ajb1=o

wa1=1  A b i=1A a j=0
s ince  b j i o

wa1=1  A b=1
s ince  i>0

W [f][x.y] = x iv

[fi l l  = 1

Lemma 5 .11 .2

UR[f‚1]
iff
[ f ] [x .Y]  = xv i  . [1][l = 1

Proof: Let [f][x,y] = U220 aijxiyj and [1][] = b. Then,

[f(x,1]] = Ugo aijbjxi =! x = [x]

154
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w [V i¢1 ]a i jbi  = 0

W [f][X.Y] = 1221 ajxyl

W Za jb j=1
:21

w [f][x.v] = xyj

[I l l ]  =1
ana logous  w i th  t he  proof  of l emma  5.11.1. .

Lemma 5 .11 .4 -

P rooh

UL[f,l] A "UR[f,1]
if [ f ] [x .y]=xy . [1][]=1

Let [f][x,y]  = xiy = xy1 [due to  lemma 5.11.1 and lemma 5.11.2]

For  compac tnes s .  t he  p roof s  of l emmata  5.12.1 — 5.12.8 abou t  t he  combina t ions  of
unde r ly ing  theo r i e s  a r e  no t  g iven  he re .

Lemma 5 .12 .11

Prooh

The  a lgo r i t hm 5.12.9 a lways  t e rmina t e s .  I t  p rov ides  r e s t r i c t i ons  for
in t e rp re t a t i ons  t ha t  have  t o  be  me t  by  combina t ions  of up  t o  t h r ee
d i f f e r en t  t heo r i e s .

The  p roof  of t he  t e rmina t ion  i s  obv ious  s ince  t he re  a r e  no  cyc l e s  i n  t he
l emmata  of chap te r  5.
The  co r r ec tnes s  of t he  a lgo r i t hm i s  gua ran t eed  by  the  co r r ec tnes s  of t he
l emmata  of chap te r  5. .

L e m m a  5 .13 .2

Prooh

There  a r e  no  i n t e rp re t a t i ons  of func t ion  symbo l s  such  tha t  bo th  s ide s  of
a va r i ab l e - r educ ing  equa t ion  a r e  equ iva l en t  w.r.t. a po lynomia l  o rde r ing .

Let  V[s] = V[t] o {x} , s /u  = f[...] and  s /u i  = x. In order  t o  obta in
[ s ]  = [ t ]  we  have  t o  s e t  t he  coe f f i c i en t  of t he  i - t h  a rgumen t  of [ f ]  t o
ze ro .  This  i s  a con t r ad i c t i on  t o  t he  mono tony  of t he  po lynomia l s .  n
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Lemma 5 . 1 3 . 4

There  a r e  no  in t e rp re t a t ions  of func t ion  symbo l s  such  tha t  bo th  s ide s
of a sub t e rm-min imiz ing  equa t ion  a r e  equ iva l en t  w. r . t .  a po lynomia l
o rde r ing .

Proof: W.l.o.g. l e t  s = f[...,t....].

Assume tha t  there  a re  in te rpre ta t ions  such  tha t  [ s ]  = [ t ] .

w We have  to  s e t  t he  coeff icient  of a t  l eas t  one  a rgument  of [ f ]  t o  zero
s ince  t he  ope ra to r  1 ha s  more  t han  one  a rgumen t  [because  t he
equation is subterm-minimizing].

w con t r ad i c t i on_ to  t he  mono tony  of t he  po lynomia l s  -

Lemma 5 . 1 3 . 5

There  a r e  no  i n t e rp re t a t i ons  of t he  func t ion  symbo l  if such  tha t  bo th
s ides  of each  of t he  fo l l owing  equa t ions  a r e  equ iva l en t  w. r . t .  po lynomia l
o rde r ings :

i f [x .  Y. y] = Y
if[x,  x ,  false]  = x
if[x.  t r ue .  x]  = x
i f [x . i f [x .y , z ] , z ]  = i f [x ,y , z ]
i f [x ,y , i f [x ,y , z ] ]  = i f [x ,y , z ]

Proof :  The f i r s t  equa t ion  i s  va r i ab l e - r educ ing  and  the  o the r  ones  a r e  sub t e rm- .
min imiz ing .  Due  to  l emmata  5.13.2 and  5.13.4 t he  a s se r t i on  ho lds .  .

Lemma 5 . 1 3 . 6

[ i f [ i f [x ,y , z ] , u .v ] ]  = [ i f [x , i f [y ,u ,v ] , i f [ z ,u ,v ] ] ]
if
[if][x,y,z] = alxy + azxz + a3x + a4y  + 352 + a6
A - a1 ‚a2>0  A a3=a4=a5=a6=0

or  - a3 . a4 , a5 , a6>0  A
a3  : a4  ‘ a5

a1a5 : a2a4
a l a5  = a4[a4  + a5  - 1]

Proof: i] Let [ if][x.y,z] = ajxy + azxz.

W [ i f [ i f [x ,y , z ] , u .v ] ]  = a1[a1xy + a2x2]u + a2[a1xy + az lv
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= afxyu  + a1a2xzu + a1a2xyv + aäxzv .: a1x[a1yu + azyv]
+ a2x[a12u + azzv ]  = [ i f [x‚ i f [y‚u‚v] ‚1f [z ,u‚v] ] ]

a a a
i i ]  Let [ i f [x ,y , z ]= [a1y  + 1 52  + a4  + a5]x + a4y  + a5:  + ä[a5+a4-1 ] .

a4
3135aa

15  z+a4+a5]xa4a4  v + a4  * a5]-[[a1y *«» [ i f [ i f [x ,y , z ] ,u ‚v ] ]  = [a lu  +

a a+a4y+asz+a—:- [a5+a4-1 ] ]+a4u+a5v+  2 :3 [aös—a4-1 ]

2a a a- 2 2.5.. 2.92. 2 5- a1 xyu  + a1 a xyv  + a1 a xzu  + a1—2-a xzv  + a1a4xy  + a lasxy
4 4 4

2 2
a5  a5

* a l a sxz  * arg-;xz "” a1a4xu  * a l aöxu  * a l aöxv  * ale—41w * a1a4yu

2

___a5 2 2 2+ 3135VV + a i a szu  + a1a4zv  + a4x  + 2a4a5x  . asx  „ a4y  „„ 84a5y2

a a a
2 2 2 2_§_ __4_ __5

a aa  a

_ f = a1x[[a1u + 1 5V * a4  * 3 l  * 34“  * 35"  ‘ altes ‘ a4 '11 ]1 1aa  aa  a+ 15x[ [a1u+  15v+a4+a5 ]z+a4u+a5v+  4[a5+a4-1 ] ]

a1&5
+ a4x  + a5x  + a4[[a1u + V+ a4  + a5]y + alu  + a5v +

a a a
+ jÄ—[a5 + a4  — 1]] + a5[[a1u + —;—§v+ a4  + a5]z + a4u  + a5v +

1 - 4

„ Lflaö + a4 -11] + iii-[515 + a4 -1] = [if[x,if[y,u‚v]‚if[z‚u.Vll] .
31  81

Lemma 5 . 1 3 . 7

[ i f [x ‚ i f [y ‚z ,u ] ‚ i f [y ‚v ,w] ] ]  = [if[y‚if[x,z‚v]‚if[x‚u,v_v]]]
i f
[ i f][x,y.z]  = §[aixiy  + bixiz] + c1y

Proof: Let [ i f ] [x ,y . z ]  = §Ia ix iy  + bixiz]  + 01y.

w [if[x,if[y,z,u],if[y,v,w]]] = 22i2[aixi§[aiyi]]
*uZiIIaiX‘Zilfbivill + C1Z§Ia ix i l  + ilbixiEIaivill
+ w211[bixizi[biy*]] + clväillbixi] + clzZi[aiy1]
+ ein.?[biyi] + 0122 = [ i f[y. i f[x,z ,v] . i f[x,u.w]]]  _ .
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L e m m a  5 .13 .9

Both  s ides  of t he  ax ioms  be long ing  to  mAG\{x + i[x] = 0} a r e  equ iva l en t
w.r . t .  t he  po lynomia l  o rde r ing  based  on  the  i n t e rp re t a t i ons

[+][x.yl = X)!

[i][x} = x
[0][] = 1

Proof :  Obv ious  _ |

Lemma 5 .13 .10

There  a r e  no  i n t e rp re t a t i ons  of func t ion  symbo l s  such  tha t  bo th  s ide s
of t he  ax ioms  of a quas i -g roup  [ s ee  p. 102] a re  equ iva l en t  w.r.t. a
po lynomia l  o rde r ing .

Proof:  A l l  ax ioms  of a quas i -g roup  a r e  va r i ab l e - r educ ing .

w as se r t i on  s ince  l emma  5.13.2 i s  va l i d  .

Lemma 5 .13 .18

I t  w i l l  be  imposs ib l e  t o  u se  any  pa r t  of t he  boo lean  r i ng  mm as  an
unde r ly ing  theo ry  [ and  the  r ema in ing  pa r t  a s  r educ t ion  ru l e s ] ,  if t he
t e rmina t ion  i s  t o  be  p roved  by  a po lynomia l  o rde r ing .

Proof:  No te  t ha t  9233 i nc ludes

DL[* '* ]  _ DR[+ .* ]  „ DL[* :* ]  and  D R [ * ° * ]

as  ax ioms  o r  ru l e s .

Due  to  l emma  5 .5 .5  t he  fo l l owing  combina t ions  a r e  no t  a l l owed  a s
unde r ly ing  theo r i e s :

Di l "  *]  „ DHH,  +]
DL[¥  , +] A DR[+ _ als]

DL[+_*]  ‚\ DL[* ,+ ]
DR[+’* ]  A DR[*’+]

Therefore‚ e i the r  DL[+,*] A DR[+.*] or DL[*‚+] A DR[*,+] mus t  be
pa r t  of t he  r educ t ion  ru l e  s e t .  ‘Howeve r .  bo th  r equ i r emen t s  a r e
imposs ib l e :
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i ]

i i ]

[X*Y]*Z >POL [X*Z]* [Y*Z]
x+[y*2] >pOL[x+y l* [x+z}
[ [x+y l*z ]  = [ [x*z}+[y*z l ]
[x* [v*21]  = [ [X*y l+ IX*21]

In  o rde r  t o  o r i en t  t he  f irs t  two  ru l e s  we  have  t o  r equ i r e  t ha t  [ * ] [x .y ]
must  be  a mixed  in te rpre ta t ion  and  [+][x‚y] mus t  be  a separa te  one
[due  t o  sugges t i on  3 .2 .10] .  Howeve r ,  t he  o r i en t a t i on  of  t he  l a s t  two
ru les  r equ i res  a mixed  polynomia l  for [+][x,y] and  a s epa ra t e  one
for [* ] [x ,y ]  [due  to  sugges t ion  3.2.10]. This i s  a cont rad ic t ion .

[ [X*v l+z ]  = [ [x+21*[y+z} ]
[x+[y*21]  = [[x+y]*[x+z}]
[x+y l*z  >POL [X*21+[y*z}
X * [ y + 2 1  >POL [X*Y]*[X*Z]

analogous  wi th  i ]  .
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Proof s  of  chap te r  6

Theorem 6 . 2 . 2

Prooh

The improved  po lynomia l  o rder ing  >IPOL i s  a s imp l i f i ca t i on  o rde r ing  on
I‘ and  i t  i s  s t ab l e  by  i n s t an t i a t i ons .

For  be ing  a s imp l i f i ca t i on  o rde r ing  we  have  t o  p rove  the  i r r e f l ex iv i t y ,
t he  t r ans i t i v i t y ,  t he  sub t e rm p rope r ty  and  the  mono tony .

A]

13]

>IPOL i s  i r r e f l ex ive :
We have  to  show that  [Vt E I'] t +IPOL t wh ich  i s  t r ue  s ince  >POL
i s  i r r e f l ex ive .

>IPOL i s  t r ans i t i ve :
We  mus t  p rove  t ha t  r >IPOL's >1”)L t w r >1POL t .
P rov ing  th i s  a s se r t i on  by  induc t ion  we  have  t o  cons ide r  t h r ee
d i s jo in t  cases .

i ]  [r] >? [S] v [S] >? [t]

w [ r ]  >P [ t ]
s ince  >? i s  t r ans i t i ve  and  the  fac t  t ha t  [ s ]  = [ r ]  >], [ t ]
v [ s ]  >? [ r ]  = [ t ]  imp l i e s  [ s ]  >? [ t ]

ii] [ I ]  = [s ]  = [ t ]  A [top[r] [> top[s] v top[s] [> top[t]]

«» [r] = [S] = [t] A t op [ r ]  D t0p[ t ]

because D i s  a pa r t i a l  o rde r ing

i i i ]  [r]  = [s] = [ t ]  A t op [ r ]  = t op [S ]  = t op l t ]

oz] 1:[top[t]] = mult :

Let  r = f[r1,....r s = f[s1,...,s t = f[t1 ..... tn]  n ]  - . n] .

-> { r1 , . . . , r n}  >>IpQL {s l ‚ . . . ‚sn}  »IPOL{t1"" ' t n}

w [Vj][3i] s i  zrpor .  tj A [Vk][3m] rm zxpor. sk

1"m >IPOL s i ch ]  ’IPOL t ]

"" rm  >11301. tj

by  induc t ion  hypo thes i s
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c l

161

rm  >IPOL skü]  =IPOL tj V
rm  =IPOL Skt i ]  >neon t]

imp l i e s  s >IPOL t
s >IPOL r fiPOL t

rm  =IPOL Skü]  =1P0L 1]

w rm  wi l l  be  r emoved  f rom the  mu l t i s e t s

[by definition of »]

ß] t[ top[t]]  = left:

Let  r = f[r1‚.„‚rn] s = f[s1....,sn] , t = f[t1,....tn].

w [31.j] [Vk < i]  [Vm é j] rk  =IPOL sk  A
8m "11:01, tm  " r i  >Epox. s i  " 3] >11901. tj

- i * j

W r i  >n=>0L s i  =IPOL t i  V rj =IPOL sj >11301. tj

W r i  >IPOL t i  V rj >man. tj

' because s =IPOL r >IPOLt  V s >11301. r =IPOL t
imp l i e s  s >IPOLt

W I >rPoLt

s ince  a l l  p r edeces so r s  a r e  equ iva l en t  w . r . t  =IPOL

. i : j

W r i  >IPOL s i  > iPQL t i

W r i>11=>0L  t i

by  induc t ion  hypo thes i s

W r >n=~or_ t
ana logous  w i th  t he  case i # j

7] 1:[top[t]] = right:
ana logous  w i th  ß]

>IPOL has  t he  sub t e rm p rope r ty :
We  have  t o  show tha t W t > t /u .e # u E O[t] IPOL
Thi s  i s  va l i d ,  s i nce  t he  cond i t i on  r e f e r r i ng  t o  una ry  ope ra to r s  i s
required [Note that  [ i [x ] ]  >IPOL [x]  if [f][x] = it must be required.
additionally].
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D]

E]

162

mac,L IS mono tonous ,  1.e. t [ u  %— r ]  >IPOL t [ u  <— 5 ]  if r >IPOL s:

i ]  [r] >? [S]

an.)

i i ]  [ r ]

t [ u  <— r ]  >„_.‚OL t [u  <— s ]
s ince  >P i s  mono tonous

[S]

[ t [u  <- r]] = [ t [u  <— 5]]

t he  t / u ' s  mus t  be  compared  because t he  term s t ruc tu re s
a re  i den t i ca l ,  o the rwi se

t [u  <— r ]  >IPOL t [u  <— s ]
because  r >IPOL s

>IPOL i s  s t ab l e  by  i n s t an t i a t i ons :
We must  show tha t  [Vo , s , t ]  s _>IPOL t «» o[s] >IPOL o[t]. We
will prove this fact by induction on ltl:

i ]  [S] >? [ t ]

""" o[s] >rPor. “[t]
s ince  >? i s  s t ab l e  by  i n s t an t i a t i ons

ii] [ 5 ]  = [ t ]  A top[s]  I> top[ t ]

w [OISJJ 2,: [OItl]
because [8] = [t] w [OISJJ = [CH]]

""" °[S] >IPOL o[t]
because [Vt € 1"] top[ t ]  = top[o[t]]

iii] [5] = [ t ]  A top[s] = top[t]

Let  s = f[sl,....sn] , t = f[t1,...,t

or]

n]'
t[t0p[t]] = mult

w {51... . .sn} >>IPOL {t1. . . . . tn}
by  de f in i t i on  of >IPOL

“" [ l  [31] Si  211=>or_. t]

by  de f in i t i on  of >>
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ß]

T]

163

[ l  [31] a l s i ]  21pm o l t j ]  .
by  induc t ion  hypo thes1s  and  the  f ac t  t ha t

s 3P01. t “> o[s] =IPOL o[t]

{o[si],...,o[sn]} »IPOL {o[t1]....,o[tn]}
by  de f in i t i on  of >IPOL

:1s cm

t I top[t]]  = left

W

an.)

[31] M < Ü 5; =IPOL tj " s i  >IPOL t 1

[ a i ]  [V j  < 1]  G[Sj ]  = IPOL O[ t j ]  A 0[31 ]  >IPOL Chi ]

by  induc t ion  hypo thes i s  ‚and t he  fac t  t ha t

s =‘IPOL t “"" °[S] 51°01. o[t]

o[s] >IPOL o[t]
by  de f in i t i on  of >1“:L

t [ top[t]]  = r ight :
ana logous  w i th  ß]
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Proo f s  o f  chapter  7

Lemma 7 .1 .4

Le t  >IPOL be  based  on  supe r - l i nea r  i n t e rp re t a t i ons ,  on ly .  Then ,

s >r<:raos t i “  s >IPOLt

Proof: Note tha t  t he  weight  of a term t = f[t1,...,tn] i s  de f ined  a s

' <P[t] = cluff] + Ecp l t i l

where  cplf] i s  a non-nega t ive  r ea l  number .

Assume tha t  [f][x.1,...,xm] = }:1 + + xm + cp[f].

@ cplt] = [t]
s ince  cp[t] i s  t he  sum of t he  we igh t s  of a l l  func t ion  symbo l s
appea r ing  i n  t

s>1<1aos t  iff S>11mm t
because all interpretations are  super-linear [which is  the
precondition] and the structures [w.r.t. t he  precedence and the
r ecur s ive  cal l ]  of bo th  order ings  a r e  iden t i ca l .  .

Lemma 7.2.2

>PA  TH EXP ' >11901.

> >POL KBOS

Proof:  We  have  t o  p rove  t he  fo l l owing  r e l a t i ons :

i] >POL C >EXP : Example  6.3.10

ii] >POL C >IPOL : Example  6.3.4

iii] >KBOS C >„„OL : Example 6.3.4
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iv] >191.»TH u >EXP : - >l_.‚A.„_I C >EXP : Example 7.1.6
- >EXP C >PATH : Example  6.3.11

v]  >PATH :: >IPOL - >PATH C >IPOL : Example  7.1.6
. >IPOL C >PATH : Example  6.3.11

vi]  >PATH n >POL : ana logous  w i th  v ]

Vii] >PATH n >1<Bos : ' >PATH C >’r—craos ‘ [“XDY1V2")[YVZ]VX
- >KBOS C >PATH : Example  7.1.2

vii i ]  >EXP t: >”,OL : - >EXP C >„„OL : Example  6.3.1
- >IPOL C >EXP : Example  6.3.10

ix ]  >EXP n >I<BOS : ana logous  w i th  vii i]

x] >POL n >KBOS : - >POL C >KBOS : Example 6.3.1
>KBOS C >POL : Example  2.4.6

Note  tha t  > n > deno te s  t he  fac t  tha t  > and  > a re  ove r l app ing .  .

Lemma 7.2.3

Proof :

The o rde r ings  >Apo. >ACK and  >Acp ove r l ap  w i th  each  other .

We mus t  show the  fo l l owing  r e l a t i ons :

i] >APO :1 Max = ' >Apo C >Acr< = [“X 3. Y] V Z “> “[“Y A "'Z] V X
' >ACKC >APO:XD[YVfa l se ] ' 9 [XDY] \ /x

wi th  A,V a re  a s soc i a t i ve -commuta t ive  ope ra to r s

ii] >Apo !: >ACP : analogous with i]

i i i ]  >ACK tt >ACP : " >ACK C >ACP : dOUblebCl  % X * X

- >ACP C >ACK ; [-X] as x —> x aus [-x]
wi th  + i s  an  a s soc i a t i ve -commuta t ive  opera to r
whereas  * i s  on ly  a s soc i a t i ve  u
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