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Abstract

We present a new approach for solving certain infinite sets of first order unification problems
represented by term schemes. Within the framework of second order equational logic solving such
scheme unification problems amounts exactly to solving (variable-) restricted unification problems.
A method known for solving first order restricted unification problems is generalized to the second
order case. Essentially this is achieved by transforming a restricted unification problem into an
unrestricted one, solving the latter and retransforming the solutions obtained. The results on second
order restricted unification are then used to solve the original problem, namely to decide the
solvability of scheme unification problems and - in the positive case - to compute the corresponding
most general unifiers. Finally the results are applied to provide sufficient conditions for a property
of "repeated unifiability” which in turn is crucial for the analysis of divergence of completion
procedures for term rewriting systems. Although the study of divergent completion behaviour was
the starting point for the work presented, the results obtained are not only applicable to divergence
analysis but may be useful for other applications, too.
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1 Introduction

Knuth-Bendix like completion procedures for term rewriting systems provide a very powerful
means for automating equational reasoning. But one of the main drawbacks of such methods up to
now is their potential nontermination (divergence) on certain inputs, i.e. the completion procedure
when given an inital set of equations and a term reduction ordering runs forever producing infinitely
many rewrite rules. Let us give a simple example to illustrate some of the problems encountered in
the analysis of divergent completion behaviour. For A: f(h(u),v) = f(u,h(v)), B,: f(w,a) = w and
Cy: f(w,g(w)) = w completion with input {A, By} and {A, C,} respectively and an appropiate
reduction ordering produces the following infinite sequence of rewrite rules:

A f(h(u),v) = f(u,h(v)) A fth(u),v) - f(u,h(v))

By, f(wa)->w Cy, flw,gw)) »w

B, f(w,h(a)) - h(w) C, f(w,h(gh(w)))) - h(w)

B, f(w,h(h(a))) - h(h(w)) C, f(w,h(h(g(h(h(w)))))) - h(h(w))
B, f(w.,h%(a)) »h"(w) C, fw,h(g(h"(w)))) - h*(w)

..................................................................

The reason for divergence obviously comes from the fact that any left hand side [ of B and C,
respectively is unifiable with the left hand side 1 of A yielding via critical pair construction
L.y = 1. Now, why are all those (infinitely many) 1, indeed unifiable with 17 One might
conjecture that this "repeated unifiablity" of 1 with every L is due to the fact that 1 is unifiable with
any instance of the "term scheme" f(w,X) resp. f(w,Y(w)). In order to give a formal definition of
this kind of unification problems and to provide solutions for them we have to make precise the
notions "term scheme" and "unification of term schemes". This will be done in the framework of
second order equational logic.

In chapter 2 basic notions and definitions for second order term languages are given.
Unification problems as mentioned and solution methods are dealt with in chapter 3. The link
between the theoretical results and and the application to divergence analysis including some
examples are sketched in chapter 4.




2 Second Order Term Languages

The basic definitions, notions and lemmas about second order term languages are essentially taken
from [Hu76] and [SnGa88]. Moreover we assume familiarity with the basic notions and results of
A-calculus (cf.[Hu76]).

Definition 2.1 (second order terms)
For all 120 let 9 be a denumerable set of distinct (function) variables of arity i with ¥, n ‘ijQ)
for i#. The set of all variables is defined as ¥ =¥, Let C with €N ¥ = @ be a finite or
denumerable set of distinct (function) constants together with their respective arity (denoted ar(.. .)).
We use X,Y,Z,... for denoting variables, x,y,z,... for variables of arity 0, f,g,h,... for function
constants and A,B,C,... for denoting variables or constants. The set of restricted second order
terms T= 7{C,7) is the smallest set satisfying

A AevucCGa(A)y=0=A¢ T,and

(i) Ae YU ar(A) >0, t]>lar(A) € T= Aty,otara) € T
Ty={1€TIV(D)= ¥} 1s the subset of first order terms of 7, where the set V(t) of variables of a term t
is defined by V(A(tl,...,tar( A))) = Uit A)V(ti) U ({A}N1). In order to get general second
order terms (i.e. functional objects, too) we complete 7 into 7 by introducing bound variables as
follows. T is the smallest set containing 7T that satisfies the closure property VteZ Vxe Y Ax.teT.
As usual we abbreviate a term of the form Ax,....Ax .tas Ax;...x .t. In fact, as pointed out in
[Hu76], Zmay be regarded as the restriction of the language of extensional normal forms of typed
A-calculus (with one base type) to second order terms. The definition of V(1) is recursively extended
for 4 by defining V(Ax.t) := V(t)\{x}, which describes the set of free variables of t. By V(M)
with M€ Twe mean U V(D). In the following terms are always compared modulo
& -conversion (e.g. renaming of bound variables) which greatly simplifies the presentation.
Furthermore w.l.0.g. we assume that for any term under consideration the set of free variables is
distinct from the set of all bound variables. By n[A] :=Ax,...x ax( A)'A(Xl' K A)) we denote the
extensional normal form of A € YU C (i.e. the normal form of A under the converse of the
n -reduction rule in A-calculus). The top symbol of a term t€ 7 is denoted by top(t).

Definition 2.2 (second order substitutions, cf. [Hu76], [SnGa88])
A (second order) substitution 6 is a finite set of (type respecting) variable assignments, i.e. pairs
(X,t) with t € T'also denoted X«t. It may be considered to be a total function 6:7—< by defining
\6 (X):=n [X], if there is no pair X«t in 6. The domain of a substitution 6 is D(6) :=
\{XE‘V|6(X)$T2 [X]}, the set of introduced variables is I(6) := UXeD(G)I(G ,X), where
(6,X) = V(1) for (Xt) € 6, X € D(6). The application of substitutions to terms yielding again
erms is recursively defined by (denoting the extension also by 6)
@) 6(A(t1,...,taI(A)) = A(6(t1),...,6(tax(A))) for Ae cu V\D(6),
(ii) G(X(tl’“"tar(X)) = @) for X € YN D(s), Xe—lxl...xar(x).te 6 and the substitution



@ = (x6(t)l1<i<ar(X)} and
(i) 6(Ax.t) := Ax.6(t), where the bound variable x is supposed not to be in D(5), which is
implicitely satisfied since we work modulo renaming of bound variables (note that 6(X) =
e [X]) iff X ¢ D(5)).
By SUB:=SUB(Z) we denote the set of all (second order) substitutions, by SUB(Z,) the
subset of all first order substitutions, i.e. substitutions 6 with D(5),I(c) € %),. Equality for
substitutions is defined by 6 =6' iff D(6) = D(6") and VXeD(6): 6(X) = 6'(X). By id we
denote the identity substitution (D(id) = @). The composition of substitutions is defined by
96 = {Xep(6X)IXeD(6),p6(X)#=n[X]} U {X«o(X)XeD(p)\D(5)}. The restriction of a
substitution 6 to a (finite) set V of variables is defined as
6ly := {(X<1)e61XeVND(6)}. Equality of substitutions restricted to a (finite) set of
variables V is defined by 6 =y ¢ iff 6lyy = @y
A substitution 6 is idempotent iff 66 = 6.1t It is a renaming substitution away from
Veviff 1) VXeD®G)6(X) = n[Y]} forsome Y e ¥\WVand 2) V X,Y € D(6):
6(X)=6(Y) = X = Y. Itis a W-renaming for W € 2iff 1"V X e W:
6(X)=n[Y] forsome Ye Yand QY'Y X, Y € W:6(X) = 6(Y) = X = Y. And 6 is
said to be strict iff V X € D(6), 6(X) = kul,...,uar(x).t: {ul,...,uar(x)} c V(). For Me T
we denote the set {Q(1)iteM} by @M).

Definition 2.3 (preorderings on terms and substitutions)

The preordering < on terms is defined by s <t iff 3 6 € SUB: t = 6(s). For s <t we also say

that t is an instance of s or s is more general than t. Analogously (and abusing notation) < for
substitutions is defined by 6 < ¢ iff 3 T € SUB: ¢ =16. We say that 6 is more general than @

on Ve ¥ (written 6 <y @) iff 3 7 € SUB: ¢ =y 16. The preordering <, induces an
equivalence relation =, on SUB via 6 =, ¢ iff 6 <, @ and ¢ <, 6.

Lemma 2.4 (some elementary properties of substitutions, cf. [Hu76])
The following properties hold for all te Z,6,9,9 € SUB, VW ¢ 7.

(1) VXeV:6(X)=0X) & V s€ T:6(s) =¢(s)

(2) V(e W=6(t) =6y

3) D) NV =0=06()=t

@ (o) =p6(1)

(S) @9l =9(ys)

(6) VEW = [6<,0=26<5,0]

(M) 6=y9 = 06 =y0Q.
Proof: see [Hu76].

The next lemma will be useful in subsequent proofs.

—The next lemma will be useful in subsequentproofs.



Lemma 2.5

For all 6, ¢ € SUB we have
(@) Ie)"D(E)=0 = 6 isidempotent.

(b) D@E)ND@) = I(P)NDE)VDE)=3 = 96 =(96)9.
(€) DE)ND(@)=DG)NIP)=D@)N1IE)=0 = 96 =6¢.
(d) D)D) =DE)N1P) =0 = 96 =(P6)IH 9.

Proof: .

(a) Let s with I(s) " D(6) =@ be given. If X ¢ D(6) then we have 6(X) =n[X] implying
6(6(X)) =6 [X]) =6(X) else 6(6(X)) = 6(X) because of I(6) N D(6) = @.

(b) Let 6,9 € SUB satisfy the assumptions. If X € D(6) then ¢(X) =n[X] which implies
(96)(@(X)) = (96)(X). If X e D(9) then X ¢ D(6) implies ¢ (6 (X)) = ¢(X) = ¢(@(X))
since @ is idempotent by (a). Moreover I{9) N D(6) =@ implies ¢(X) = 6(9(X)) yielding
together (96)(X) = 9(6(X)) = 0(X) = (@(X)) = pGPX))) = (P6)P)(X). The case
X ¢ D(6) U D(9) is trivial.

(c) and (d): Again by an easy case analysis for X € V.

Note that the condition I(6) N D(6) = @ is equivalent to idempotency of 6 in the first order case but
is only sufficient in general here (example: 6 = {X<Au.X(a)}).

3 Unification of Term Schemes and Restricted Unification

We now come back to our original problem and make precise the notions of term schemes and
scheme unification. In order to solve scheme unification problems we then generalize the notion of
(variable-) restricted unification (cf. [Sz82], [Bii86]) to the second order case, develop solution
methods for them and finally show that scheme unification problems may be solved as a special
case in this more general framework.

Definition 3.1 (term scheme, scheme unification)

A term scheme is any term s € 7 with its variables partitioned into a set of ordinary first order
variables and a set of (possibly second order) scheme variables. A scheme unification problem
(SUP) is represented by a finite set E of (unordered) pairs of term schemes where the role of any
variable occurring in E is fixed, either as an ordinary variable or as a scheme variable. Thus, we
may denote the SUP by <E/W> where W is the set of ordinary variables of E and W¢ := V(E\W
the set of scheme variables of E. Solving the SUP <E/W > consists in deciding whether every first
order unification problem <y(E)> with y € SUB, D(y) € W¢, I(y) "W =@ is solvable, and if so,
in computing the unifiers (see Def. 3.2) for all these problems.




In order to be able to handle scheme unification problems, we first deal now with so-called
restricted unification problems. Let us start with a generalized definition of (second order)
unification problems following [GaSn88] but forbidding certain variables to be instantiated.

Definition 3.2 (variable-restricted unification)

A (variable-) restricted unification problem (RUP) is a finite set E of (unordered) term
pairs (s,t;) together with a set of variables W € V(E) := Ui(V(si) U V(t)), also denoted by
<E/W> =<s;=t,,...,s =t /W>. A solution or (variable-) restricted unifier of <E/W> is any
substition 6 with D(G) N V(E) € W and 6(s;) =6(t) for i=1,...,n. The set of all solutions of
<E/W> is denoted by U(E/W). Since 6 € U(E/W) iff Glyy € U(E/W) we are in most cases
interested in Uy(E/W) := {6€U(E/W)ID(6)cW], the set of all solutions of U(E/W) with their
domain restricted to the relevant variables. We say <E/W> is solvable iff U(E/W) # @. Two
terms s and t are said to be W-unifiable for W € V(s) U V(1) iff <s=t/W> is solvable.

Choosing W=V(E) we get the ordinary unification problem (UP) <E/V(E)> for (second order)

terms, simply denoted <E>. Intuitively W describes the set of variables substitution is restricted to
whereas WC := V(E)\W contains the protected variables where substitution is not allowed.
Second order unification is in general undecidable as shown in [Go81]}, but of course the set of
unifiers for a given problem is recursively enumerable. Next we give some basic definitions that are
important for finite descriptions of unifier sets. These definitions are a straightforward
generalization for RUP's of the ones given in [SnGa88] for ordinary UP's.

Definition 3.3 (complete/minimal set of unifiers, most general unifier)
Given a RUP <E/W>, a set S of substitutions and a finite set of additional "protected” variables V
with VN W =@, we say that
S is a complete set of unifiers (csu) for <E/W> away from V iff
) VoeeS:DG)eWand I() N (D(c) U V)=0,
(i) S € U(E/W), and
i) Voe UE/W)3ceS: 6 Sy @
S is a complete minimal set of unifiers (cmsu) for <E/W> away from V iff additionally
Gv) Ve6,6'eS,6#6" 6 iV(E)6' holds.
6 is a most general unifier (mgu) of <E/W> away from V iff {6} is a csu of <E/W> away
from V.

The set V of "protected” variables may be used to separate new variables which are introduced by
a csu of a given problem from the variables of the context where the problem was extracted from.
Indeed, in contrast to first order unification, it is in general necessary for higher order unification to
introduce new (free) variables in order to describe csu's. When V is not significant we drop it.

For any solvable RUP <E/W> a csu clearly exists but may not be finite. Mgu's do not always



exist for unifiable second order terms as well as cmsu's for unifiable third order terms whereas the
existence of cmsu's for unifiable second order terms has been conjectured but not yet been proved.

If a cmsu exists it is unique up to an isomorphism (see [Hu76}).
Condition (i) for csu's above is of technical nature only. This 1s shown by the following

Lemma 3.4 (cf. [GaSn88])
Let a RUP <E/W>, peSUB and a set V of "protected” variables with V. N W€ = @ be given. If
@ € U(E/W) then there exists 6 € SUB such that

(i) D(s)ec W and I(6) N (D(6) U V)=0,

(i) o€ U(E/W) and

(iil) & =y @-
Proof: (analogous to the proof of Lemma 4.4 in [SnGa88])
If 6 := @ly, satisfies condition (i) we are done. Otherwise, if I(Q)\W® = {X,,....X } then let
{Y,,....Y ]} be a set of new variables disjoint from the variables in V, {X;,.... X} and V(E) with
corresponding type. Now define the renaming substitutions 9, := {X#m[Y ]l1<i<n}, 9, :=
{Yn[X,] | 1<isn}. With 6 := (glcp)IV(E) we have D(G) €¢ W, I(6) N D(6)=0 and
I)YNV = @ since VN W¢ = @. Thus conditions (i) and (ii) of Def.3.3 are satisfied for 6
and we have @ <y(py 6- Now 2,0, =V(E)UI(9) id and 6 = (@9 )IV(E) imply
P =y@oie) (92(219)) = (Q221)8 =y 2,6 and thus 6 <y, @. Therefore we have
6 Sy@g ¢ and ¢ SyE) ©-

u

This lemma shows that w.l.o.g. we can restrict ourselves to idempotent unifiers 6 with
I(6) N D(6) = @ when regarding csu's for a given RUP <E/W>. The following monotonicity
lemma is straightforward from the definition of solution sets.

Lemma 3.5
For any set E of equations and sets W, W' of variables with W€ W' ¢ V(E) the inclusion
U(E/W) € U(E/W") holds.

Proof: Obvious.

Definition 3.6 (solved form)

A RUP <E/W> is in solved form iff for all s=t in E the term s is of the form N [X] with
XeWe Yand X does not occur anywhere else in E. For any RUP <E/W> in solved form we
define 6 := {X«tIn[X]=teE} and conversely for ¢ €SUB let E, be defined by
E = (n[X]=t | (X«t)e6 ).

The relevance of solved forms is explained by



Lemma 3.7

If <E/W> is a RUP in solved form then the substitution 6 is a mgu for <E/W > away from V

for any V& 9 with VA V(E) = @.
Proof: (analogous to the proof of lemma 4.5 in [SnGa88])
By definition of & condition (i) and (ii) of Def. 3.3 are satisfied, since D(6g) € W,
Ieg) N D) = B,I6g) N V = (VENDGE) N Ve VE) n V= @ and
VniXj=teE 6m[X])) = 65(X) =t =6g(t). Now, if ¢ € U(E/W) (w.l.o.g. ¢ is assumed to
be idempotent with D(@) N I(¢) = @) then we have (N [X]) = ¢X) = @ X)) = () =
PGE(X)) for any X e D(6g) with X=t € E and 9(X) = 9 [X]) = p(6(X)) otherwise.
Thus 65 < ¢ and of course also 6 Sve 9

[

We will show now that an RUP <E/W> may be transformed into an ordinary (unrestricted) UP
<E'> such that the solutions of <E/W> can be obtained from the solutions of <E'> by an inverse
transformation. The transformation function involved interprets the forbidden variables in W€ as
distinct new constants of corresponding arity. To be precise, for W¢ = { Xyse .,Xn} let C, be a new
constant with ar(X,) = ar(C,) for every i, 1<i<n. Defining ¢* := Cu {C|l1<i<n}, V¥ := AW,
the set of transformed terms becomes T* := TC*,7*) and T* := T C*.V*) respectively. The
transformation function &: Z—>7* is defined by homomorphic extension of &: V— T*,
(X)) :=n [C] for X, € W° and ®(X) := n[X] else. It may also be extended to substitutions that
leave the variables of W° unchanged: With SUB*(Z] := {6eSUB(2) | D(6)N"W*°=0} we get
$¢: SUB*(Z)—SUB(T¥) defined by d¢(6) := {X«P(6(X))IXeD(6)} = @G)ID(G)‘ It is easily
verified that ®, ®¢ are bijections with &1, &1 defined by @-1(Au,,...u Aty,...1) =
Aug,ou A@(),. @1 L) with A':=X, if A=C, and A':= A else, and ®¢'(6%) =
{X«d-1(6*(X))IXeD(G*)} (note that -1 is not a substitution!). Moreover we have the following
simple properties :

Lemma 3.8

For all 6, 6,,6, € SUB*(7), 6%, 6,*%,6,*€ SUB(Z*).t€ 7 and t* € 7* it holds:
(@) P6(1)=246)@®)
(b) & l(6*(t*) = b4 (E*)(@1(t%)
(©) P4(6,6,)=P,6,)85,)
(d) Cbs'l(sz*el*) = @S'l(ez*)tbs'l(el*).

Proof:

(a) Follows from Lemma 2.5 (b), which is applicable because of D(@) " D() = @, I(®) =@ =
I(?) " (D(6) U D(®)).

(b) Lete* e SUB(T*), t* € 7* be given. Since ® and ® are bijections it suffices to show for t*
= ®(t) that 8@ L6 *(@ (1) = CIJ(CPS'l(G *)(d-1($(1)))) which is equivalent to 6*(P(t) =




cID(CI)S‘1(6 *)(t)). Using (a) and again Lemma 2.5 (b) we get @(@S‘l((s*)(t)) =
B (@1 E*)N@ M) =6*(@ ).

() Let 6,,6,¢ SUB*(D), t*€ T* with t* = ®(t) be given. Then using (a) we get
(B56,6 D) = @5(6,6 N@P1) =P((6,6,)(1) =P(6,6,1) =B6)E6,1)) =
(6)@ 56 )@W)) = (@56,)P(6))(*).

(d) Follows easily from (c).

With D(E) = {®(s)=P(1)Is=tcE} the connection between the solution sets of the RUP <E/W> and
the transformed (unrestricted) UP <®(E)> is captured by

Lemma 3.9 (correspondence between solution sets)

The properties of substitutions to be a (most general) solution and of solution sets to be complete

(and minimal) are preserved under the transformation @, i.e. for alle € SUB*(7), Q € SUB*(%)

the following properties hold:

(@) 6 eUE/W) & ®,6)eU@E))

(b) Qisacsufor <E/W> < ®(Q)is acsu for <b(E)>

(¢) Qisacmsufor <E/W> e @(Q)isacmsu for < (E)>
(d) 6 isamgu for <E/W> & ©4(6) is a mgu for <@ (E)>.

Proof:

(a) Leto € U(E/W) be given. Then, forall t =t'¢ E, 6(t) = 6(t) implies (5(t)) = (5(t")) which
is equivalent to @4(6)(@ (1)) = D4(6)(P(1)) yielding $4(6) € U@ (E)). Conversely, for 6* €
U(®(E)) we have for all ®(t ) = ®(t') € ®(E) that 6*(@ (1 )) =6*(@(t")) implying -1 (c*(®(t)))
= ®-1(6*(@ (1)) which is equivalent to 4 1G*)(@ 1@ 1)) = P 6*)(@1@(1))). Thus we
get &Y 6*) € UE/W).

(b)y Let Qe SUB*(Z) be a csu for <E/W>,6* € U@(E)). For6 := @s‘l((s*) € UE/W) we know
that there exists y € Q, T € SUB*(Z) with Ty =g, 6 which implies g(1y) =y $4(6) =
6*. Using Lemma 3.8 (¢) we get @ 4(T)P (y) =y 6* with P4(y) € @4(Q). The inverse
direction is analogous.

(c) follows from the property @, Sy P2 © dy(0,) S P5(9,) (94,9, € SUB*(D) and

(d) is aconsequence of (b).

|

In the following we are mainly interested in RUP's, where only the forbidden variables may be of

second order. In this case the transformed problem clearly is a first order one. Solving an

unrestricted UP <E> withE€ 22, V(E) € Y, over T'is essentially the same as solving it over Ty

i.c. as an ordinary first order UP over first order terms. This is obvious considering the following

solution preserving and terminating set | of transformation rules for such UP's over 7 where the

symbol FAIL is to denote unsolvability (cf. [GaSn87], [GaSn88], [MaMo82]):
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(1) Deletion of trivial pairs
{s=s}UE —» E
{2) Term decomposition
{ fspsee00s) =1f(ty,..,t ) JUE — {5,=t11<i<n } UE
(3) Variable elimination
{x=t}UE — {x=t}us(E), if xe V(E), x¢ V(1), 6 = {x¢t}
(4) Clash
{ f(s)5...08) = glty,...ot)) J WE - FAIL, iffzg
(5) Occur check
{(x=t} UE — FAI, ifx#t,xe V(@)

Using the rules (1)-(3) any solvable UP <E> can be transformed into an equivalent UP <E'> which
is in solved form and thus describes an mgu for <E'> as well as for <E> (see [GaSn87]). Rules (4)
and (5) are needed to detect unsolvability. The rule system K may be looked upon as an abstract
formulation of a big class of unification algorithms since it is terminating but does not fix the control
structure for rule application (note that in the above presentation there is an additional source of
nondeterminism because pairs s=t are considered as unordered multisets). Moreover it provides a
very useful computational proof technique as we will see later on.
Using Lemma 3.9 (d) we can deduce that any RUP <E/W>, E € 22, with W € 9 is either

unsolvable or possesses a mgu (which is unique up to Syg-tquivalence) and may be computed by
any of the well-known algorithms for first order unification (see figure).

<E/W> ~-oeeeee ? -------- > <P(E)>
| l
I | first order unification
[ ¢-1 |

B LE') <-m-mommeemmeeen E'in solved form

& }(6p) mgu for 6. mgu for

<@YEYW> and <E/W> <E'> and <®(E)>

The explicit translation steps using @, ! may be avoided by freezing the forbidden variables from
W€ within the first order unification process.

We have seen that, if an RUP <E/W> with W ¢ 1 is solvable, then it has an mgu which 1s
unique (up to EV(E)-equivalence). It is possible that <E> is solvable, but not <E/W>. The next
result shows that if <E/W> with V(E) € ¥, is solvable the resulting mgu is also most general for the
unrestricted UP <E > whereas this property cannot be generalized to arbitrary second order RUP's.
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Lemma 3.10
Let <E/W>, E € 2 be given.
(a) I V(E)< %, and 6 is a mgu for <E/W > then 6 is also a mgu for <E>.
(b) If V(E)¢ 9, and S is a csu for <E/W> then S is not necessarily a csu for <E>.

Proof:

(a) Leto be a mgu for <E/W> obtained by transformation of <®(E)> into solved form <E'> using
(rules (1)-(3) of) & <P(E)> -—>£° <E'>,6 = @5'1(6E.). Any step E, =6 E, using rule (i),
1<i<3, in this derivation may be translated into a step @'I(El) =) @'1(E2). Fori = 1,2 thisis
obvious. For the variable elimination rule

{x=t*} UE* —3) {x=t*}U6*E*), ifxe V(E*),x¢ V({*),6* = {xet*}
we have
@-1(x) =x ¢ V@1(t¥) € V(t*), xe V@ IE*)
implying
(x=811%)) VIEY - (x=810% ) U6@1E)
with 6 := {x< ®-1(t*)}. Using 6 = ®1(6*), t* = (1) and Lemma 3.8 (b) we get
6(@1(E*)) =P U6*)(@E*) = 21 (6*(E¥))
and thus
dl((x=t¥ J UE*) —@) Pl {x=t*} UG*E*))
as desired. From «®(E)> —¢" <E"> and < 7@ (E))> —g <&"(E)> we finally deduce that
«®-1(E")> is also in solved form yielding the mgu $,(6) =6 for the unrestricted UP <E>
(note that this result could also be proved without the rule system R using only reasoning about
first order substitutions and renamings).
(b) Consider the following counterexample: For E: X(y) = X(a), X € ¥}. It may easily be verified
that {6,,6,} with 6, = {y«a}, 6, = {X«Au.z} is a csu for <E> such that 6, and 6, are
incomparable w.r.t. <y . For W = {y}, W°= {X}, 6, is a mgu for <E/W>. For W =

{X}, W°={y}, 6, is again a mgu for <E/W>, but neither {6,} nor {6,} is a csu for the
unrestricted UP <E>.

|
If the RUP <E/W> withEc 2, Wg 1, is solvable, say with mgu 6, then the instantiated problem

<Y(E)/W> is solvable, too, for every substitution y that leaves the variables from W untouched and
does not introduce any such variable. Moreover, in the case of a strict y the resulting mgu may be
computed from 6 and y without explicitely unifying again. This is detailed by

Theorem 3.11 (solutions for instantiated RUP's)
Let <E/W> with E€ 92, W € V(E), W € %, be a solvable RUP and 6 be a mgu for it
(w.lo.g. letI(6) € V(E)). Assume further that y is a substitution with D(y) € V(E\W, I(y) N

W =@. Then (uIG)lD(G) is a solution for the RUP <y (E)/W> which is most general for strict y.

lProof: Let <E/W>, 6 and y satisfy the assumptions. By —,,, V € 9/ we denote the reduction

elation defined by the transformation system X, where the variables from V are frozen, i.e.
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considered as distinct new constants. Analogously =@V denotes one (R,V)-step using rule (i),
1<i<3. W.l.o.g. we assume further that the mgu 6 for <E/W> has been constructed by
transformation of <E/W> into solved form E'using &; E ")x.P* E,P:=VENW,6 =6 We
will show now that for strict y this derivation can be translated into a derivation y(E) — 'R.Q* Y(E")
with Q := V(y(E)\W. The conditions D(y) € V(E\W and I(y) N W = @ imply then that <y (E")> is
in solved form, too. Thus, Gy@E) = (WG)'D(G) is a mgu for <y(E)/W> as required. So, let us
consider an arbitrary step E; —,p E, within the derivation E —,p E'. Translation will yield
y(E,) _)xQ+ y(E,) according to the following cases.
() {s=s}UE, —>q).p E; obviously implies { y(s) =y(s) } L Y(E) 10 Yy(E,).
@) { £(sp-008) =f(ty,..01 ) J UE; —a)p {s;=1!1<isn } VE;:
If f is not among the frozen variables from P = V(E)\W interpreted as new constants then we
have y( { f(s;,....,s)) = f(t;,....t) } UE;) 2.0 y({ s, =t1<i<n } UE, ). Otherwise
Y (£(sys-..55)) = W(f(ty,...,t ) can be simplified using —~>zq bY repeated application of
decomposition (2) and deletion of trivial problems (1) until only the pairs y(s,) = y(t,), 1<i<n
are left. Note that the s;, t; do not disappear because y is strict. Thus we get
Y({ £(S5...08,) =1(t;,...,t ) } VE;) _)X,Q+ y({s;=t11<i<n } UE;).
(3) {x=t}UE, —a)p {x=t}UQE,) withxe V(E NP, x ¢ V(1), p = {x<t}:
From the fact that no new variables are introduced by rule application and the assumptions
about W and y we deduce x € VE N S VEN =W, xe VWEDNQ, x = Y(x) ¢ V().
This implies y({x =t} UE)) —3)0 y({x =tH U e'(y(E))) withx € VIy(E,)N\Q, x ¢
V), @' = {x<y()}. Since @'(W(E,)) = (WO)p(W(E ) = Y(Q(E,)) using Lemma 2.5
(d) we can conclude y({x=t} VE)) —3.0 y({x =t} U Q(E,)) as desired.
Note that (y 6)|D(6) € U(y(E)/W) also holds for every (not necessarily strict) y with
D(y) € VENW, I(y) "W = @ because of Lemma 2.5 (d).
|
The strictness assumption for y in the above proof is necessary to ensure that the solution (y6)lp 4,
of <y (E)/W> is most general (cf. case (2) in the proof). Take for example E: f(u,X(u)) = f(v,X(a)),
W = {u,v} and ¢y = {Xe<Azw}. Here 6 := {u~a,vea } is a mgu for <E/W> but
(Y6)Ips) =6 € UQW(E)/W) is not most general. Indeed we get Y(E): f(u,w) = f(v,w), which has
asmgu T := {uev) such that T <6,ie. T <6,but6 ¢ 1.
Theorem 3.11 essentially provides a characterization of a whole class of RUP's as described by

Corollary 3.12
ForEc B, Wec V(E),W¢ v, the RUP <E/W> is solvable iff <y (E)/W > is solvable for every
y with D(y) € VENW and I(y) " W = @, and if so, for any such y which is strict the mgu
for <y(E)/W > may be computed from the mgu for <E/W> as described in Theorem 3.11.
Proof: The only-if-direction is provided by theorem 3.11 and for the if-direction we simply choose
the identitiy substitution for y.

B A
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We now come back to our original problem of solving scheme unification problems (SUP's, see
Def. 3.1), i.e. to decide for given <E/W> with W € V(E), W € ¥, whether all first order
(unrestricted) UP's <y/(E)> with D(y) € V(EANW N 9 and I(y) "' W = @ are solvable, and if so, to
compute the corresponding mgu's. The following result shows how to do that. Essentially it is a
stronger version of corollary 3.12 stating that under slightly stronger preconditions concerning the
underlying signature the "if-direction” remains true, when y is restricted to first order substitutions

(i.e., I¥) € .

Theorem 3.13 (solving scheme unification problems)

Let Ec Y%L, We V(E), We Y, be given. Assume further that the underlying signature
contains at least one function constant of arity > 1 and another one of arity = 2. Then the RUP
<E/W> is solvable iff the SUP <E/W> is solvable, i.e. <y(E)> is solvable for every y with
D(y) € VENW, I(y) "W = @ and I(y) € ¥, and if so, for any such y which is strict the
mgu for <y (E)> may be computed from the mgu 6 for <E/W> as (\,UG)ID(G).

Proof: The interesting if-direction is again proved by considering ®R-derivations to construct

mgu's. Assume <E/W> is unsolvable but <y (E)> is solvable for every y with D(y) & V(E)\W,

I(y) N W = @ and I(y) € ¥,. Using the same notations as in the proof of Theorem 3.11 we

construct from a derivation E Szp* E —gp FAIL with P := V(E)\W another derivation

Y(E) _>K,Q* y(E) =20 FAIL for some strict ¢ with DQy) € V(ENW, I¢y) " W = @ and

I(y) € 7, contradicting the assumption that <y(E)> is solvable for every such y. Obviously the

last step of the first derivation must be an application of clash (4) or occur ckeck (5) rule. Thus we

have the following two cases:

(A E — &P* E' = (4),p FAIL with E' = { f(s,...,8,)) = g(t;,...,t )} U E", f=g:

Now, depending on whether f,g € C, we choose any strict y with D(y) € VENW, Iy) "W =0

and I(y) € %, and construct a derivation y(E) — 'R,Q* Y(E) — .0 FAIL with y(E') =

{£0p(sy),. .0 (s ) = g (ty),...w(t N} WY(E), f£g Q= V(WENW as in theorem 3.11

Again we have four subcases:

(i) Forf,ge Cwe can choose any such y.

(i) Forfe C g¢ C g afrozen variable corresponding to X € Q, we choose a strict y with y(X)
= kul,...,uax(x).t, f#top(t) € C.

(iii)) The case g€ ¢ f¢ Cis symmetric to (ii).

(iv) Forf¢ C g¢ C fand g corresponding to frozen variables X € Q and Y € Q respectively , we
choose a strict y with y(X) = kul,...,uar(x).s, YY) = kul,...,uar(Y).t, top(s) # top(t),
top(s),top(t) € C.

Note that for the cases (ii)-(iv) the assumption that there exist at least one function constant of arity

= 1 and another one of arity > 2 is essential for constructing a strict y with the required properties.

(b) E - p* E' — 4),p FAIL withE'={x=t} UE, x2t x € V() :

In this case any strict y with D(y) € VEENW, I(y) " W = @ and I(y) € ¥, is sufficient to construct

a derivation y(E) _)R,Q* y(E") =0 FAIL, since x #t, x € V(t) implies x # y(t), x € V(y(1)) for
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strict .

In order to illustrate this result we consider the second example of the introduction. Here we have
the SUP <E/W>, E := {f(h(u),v)=f(w,Y(w))}, W := {u,v,w} with only one (unary) scheme
variable, namely Y. Solving this problem with the techniques described amounts to solving the
RUP <E/W> which yields a mgu 6 :={w<h(u),v«Y(h(u))}. Now, take for instance the strict
substitution Y := {YeAx.f(y,h(x))}. Then (wG)ID(e) = {weh(u),vef(y,h(h(u)))} is a mgu for
<Y(E)> = <f(h(u),v)=£(w f(y.h(w)))>.
The preconditions concerning the signature in the above theorem are really necessary in general
for the validity of the "if-direction”. Consider the following counterexamples:
(a) C contains only function constants of arity 0 or 1:
For E: X(X(v,w),X(w,v)) = X(u,u), W := {u}, the RUP <E/W> is unsolvable, because we
have {®(E)} ——>KP* {u=X,w),v=w} 4 p FAIL. But for every y with D(y) € V(ENW,
I) MW =0, I(y) € 9, the UP <y(E)> is solvable. For y(X) = Ayz.t we know that t cannot
contain both y and z because of the restricted signature. By an easy case analysis for t we can
prove now that <y(E)> is always solvable. For example, if y € V(t), then y is the only variable
occurring in t (moreover it occurs only once). Thus, with the notation t = t[y] we get
Y (E): tfthy(v)]] = t[u], which, transformed into solved form, yields E": u = tfy(v)].
(b) C contains one function constant f of arity greater or equal 2 and all others
have arity 0:
For X with ar(X) = ar(f) and E: X(X(y,...,¥),....X(y,....,¥)) =
X(f(zl,...,zar(f)),...,f(zl,...,zar(f))), W=y, zl,...,zar(f)} one may prove by case analysis
analogous to (a) that the RUP <E/W> again is unsolvable but for every y with the
corresponding conditions <y(E)> is solvable.

Let us conclude this chapter with some historical remarks. The idea of freezing certain variables in
unification problems, i.e. considering them as distinct new constants, has already been used in the
pioneering work of Huet ((Hu76)) in order to compute complete independent sets of preunifiers for
semi-unification problems in typed A-calculus. From a logical point of view restricted unification
problems may be represented by formulae of the form

M VxIdy:s;=t;, A ... A5 =0,
where the variables of the s, t. are partitioned into the disjunct variable sets x andy . Solving (*)
as a restricted unification problem amounts to looking for values for the existentially quantified
variables y that make the formulae valid, whereas the universally quantified variables have to be left
untouched (cf. [Bii86l, [Co88]). Within this logical framework it becomes obvious that considering
the universally quantified variables as distinct new constants essentially is an application of the
"Theorem on Constants” (cf. [Sh73]). This fundamental result, roughly spoken, states that
universally quantified variables in logical formulae may be equivalently replaced by distinct new
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constants. In our context we do not only have the equivalence between (*) and
(%) y: () =P(t) A ... A B(s)=D(t),
i.e. equivalence concerning solvability, but also the correspondence between solutions as follows:
6solves Vxdy: A, s =t
VA a006)=6()
A, n 26()) =2(G(1)
AL L B6)P(s)) =Py(6)(@(L)) (using lemma 2.5 (d))
L B(s) = B(t).

.....

A A A

.....

4. Applications to Divergence of Completion

The previous results are applied now to provide a method for establishing the solvability of an
infinite sequence of UP's (constructed recursively) and for computing the corresponding mgu's.
Essentially this is achieved by identifying all these UP's as special instances of a certain SUP,
which is known to be solvable. For a better understanding of the following theorem which is a little
bit technical because of its generality, we will first explain the scenario it is aimed for and the
notations used. We are interested in repeated critical pair constructions where one of the rules
involved is always fixed. In this rule A with variable set W, the terms s and t are (sub)terms of the
left and right hand side respectively. If for a second rule B 1) - r, the left hand side 1; (or a
subterm of it) may be represented as (M), i.e. as a certain instance of a term scheme M with
scheme variable set W,,, then theorem 4.1 states sufficient conditions for a property of repeated
unifiability, i.e. for repeatedly constructing critical pairs starting from A and B,

Theorem 4.1 (a criterion for repeated unifiability)
Letste T,Me 7 be given with V(s) U V(D s W, € 1, VIM) == W,, u W, c W, c ¥ W, ¢
Vo Wy NW, = @ and W := V(s) U W,,. Assume further that the RUP <s=M/W> is solvable, say
with mgu 6, such that I(6) € V(s) U V(M) and 6(t) = 11(6(1)) =y (M) where

(1) 71 is a renaming substitution for V(G()\W,, away from W,,, and

(i) y is a strict substitution with D(y) € Wy, and Ig) N (W, U W ) e W, .
Then for every strict y, satisfying P(y,) with

P(T):=[D(1) € Wy, A V@M)€ 1 A (DN (W, UW,UI) € Wy, ]
the UP <s=y(M)> is solvable with mgu (IyOG)ID(G) such that (qJOG)ID(G)(t) =y,(M) for some strict
y, again satisfying P(y, ).
Proof: Let s, t, M, W, Wy, Wy, Wy,, 6, 11 and y satisfy the assumptions and let y, be any
strict substitution satisfying P(y ). Since the RUP <s=M/W> is solvable with mgu &, Theorem
3.13 implies that the UP <s=1y4(M)> is solvable with mgu (I;IOG)ID(G). From V(t) " D(y,) = @ we
get (I;IOG)ID(G)(t) = (Y,8)(1). And from 6(t) = (M6)(1) = y(M) and P(y,) we deduce (y6)(1) =
(WT16)(1) = (Yy)(M). Choosing y," :=y,y now, we are almost done, because the strictness of
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¥, and the properties D(y,") € W,,, V(y;'(M)) € ¥, and I(y) N (W, LU W,) € W,, are
inherited from the corresponding properties of y and y. In order to establish I(y,) N I(y) € W,,
we have to replace the (first order) variables from (I(y,") N I(y)\W,, by new ones, say with the
renaming substitution 1, thus yielding (wOG)ID(G)(t) =y,'(M) = (MW ey (M) = (YT pw)M) =
(y (o Olp)lD(w))(M). For w, =y, OW)ID(w) all required conditions are satisfied now, as it can be
easily verified.

=

Note that for given s, t and M in the above theorem the existence of 71 and y with the required
properties is decidable because second order matching is decidable (cf. [Hu76]).

Before concluding let us give an idea of how to apply the above criterion to divergence
analysis. A more detailed and extended investigation of divergence phenomena of completion
procedures is the subject of a forthcoming paper (|Gr88]).

We will take up again the examples of the introduction to illustrate the methodology. In the
first example completion with input A: f(h(u),v) = f(u,h(v)) and B: f(w,a) = w runs forever
producing an infinite sequence of rules B_: f(w,h®(a)) ~» h™(w). Using the notations of theorem 4.1
and choosing

M:= f(w,X), s = f(h(u),v), t = f(u,h(v)),
W, =V() =V(1), Wy, = {w}, W, = {X}, W, :=V(M) and W := {u,v,w}

we get
6 = mgu(s=M/W) = {w« h(u),veX}.
This yields
6(t) = f(u,h(X)) = (M6)(1) =yM)
with

7 = {uew}, ¥ ={X<h(X)}.
Furthermore we have

1, =y M) with g, := {Xa}
and, using theorem 4.1,

6, = mgu(s=y,(M)) = (qfOG)lD(G) = {we h(u),v<a}
yielding the critical pair
(6(1):84(Te))s Bo(t) = £(u,h(a)), 6(ry) = h(w).
Renaming with 71 and orientation leads to B;: 1,-r; with
I, = f(w,h(@)) = (116,)(t) = (M6 Iy, (D) = (YWey M) =y, (M), Yy =Yy = {X<h(a)}
and
r,=h(w) = (M6 ,)(ry) = (ﬂ60)|V(r0)(ro)-

Renaming again in order to establish I(y,) N I(y) € W,, is not necessary for the next step, i.e. a
new application of theorem 4.1 using y, instead of ;. Indeed, since there are no new variables
introduced here in the unification process, we can easily verify by induction that B_ has the general
form
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with
Yoy = (Xea) {XehX)} = {Xea} (Xeh™(X)} = {X<h"(a)}
and
M6 9)lyoy = ({uew} {we h(u),vea} Yl )" = {we h(wW)it = {we hi(w)}
yielding

B, : (X<h™@)} f(w,X) » {weh(w)} w.

In the second example of the introduction completion with input A: f(h(u),v) = f(u,h(v)) and C;:
f(w,g(w)) = w diverges producing C_: f(w,h(g(h"(w)))) » h"(w), n20. Choosing s, t, W,, W,,
as above and M := f(w,Y(W)), W,, :={Y}, W, := V(M) = {w,Y} we get 6 := mgu(s=M/W) =
{we h(u),veY(h(u)}. Thus we have 6(t) = f(u,h(Y(h(u)))) = (mM6)(t) = f(w,h(Y(h(w)))) = yM)
with 11 := {uew}, y :={YeAz.h(Y(h(z)))}. Since 1, = y,(M) with y, := {YeAz.g(z)} repeated
application of theorem 4.1 as above results in the general form for C

C,: {YeAzh™(gh(2))} f(w,Y(w)) > {w - h*(w)} w.

Finally, in order to demonstrate the generality of the framework presented, let us give a more
complicated famous example of divergent completion behaviour, namely associativity and
idempotency. Starting from A: f(f(u,v),w) = f(u,f(v,w)) and B, f(x,x) = x completion diverges
producing

A f(fu,v),w) - f(uf(v,w))

B, : f(xx) - x

B, o f(XE(xp,f(x,%0))) = £(x,x() CP(Ae,By)
B, f(xf(x,xp) = £(x.xp) CP(B,,1,A)
By o H(xf(xq f(xguf(x,£(x1,x)))) = £(x,8(x;.%p)) CP(A.e,B))
By ¢ £, E(x,E06, X)) = G,y %) CP(B,,1,A)
B0 BGER, . (X, E(XE(X s - 5T (X 5% ) - D)) = T(XGE(X L E(X5Xp) - -2)) CP(At,B )

B B, T EOGEX e (X %) - D). ) = E(GE(x e -0 f(X X)) CP(B,,1,A)

..........................................................................................................

The notion CP(D,0,E) in the right column indicates that the corresponding rule stems from the
critical pair obtained by superposition of rule D into rule E at position o. Here we have (among
others) two infinite sequences of rules generated and moreover the example is still more complicated
since there are new variables introduced in any generated rule. Identifying the left hand side
ly :=1y == f(x,x) of By=: B as y (M) with

M = f(x,Y(x)), yo == {(Yedy.y)}, W= {u,v,w,x]}, Wy, = {Y},
we can proceed as above and get

6 = mgu(s=M/W) = {x«f(u,v),weY(f(u,v))},
6 (1) = f(u,f(v,Y((u,v))) = (16)(1) = f(x,f(z, Y(f(x,2)))) = y(M)
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with
Y = {YeAy f(z,Y(£(y,2)) }
and
7 = {uex,vez).
This yields
G, = mgu(s=ly = (WOG)ID(G) = {x«f(u,v),wef(u,v)}
with

6o(t) = f(u,f(v,f(u,v))), 641y = f(u,v).
After renaming with M we get
T(64(D) = f(x,£(z,£(x,2))) = y;' (M), y," :=yay,
(G (1)) = (x,2).
Renaming again with 71 := {zex} in order to establish I(y) N I(y)s W,, = {Y} leads to
B,1,-r1y, '
1, = 1(x, f(x.f(x,x))) = Wo(ﬂouf)lp(w)(M) =y, M), y; = ‘:ljo(ﬂ()‘ﬂ)lp(w)
and
1 = f(x,xg) = (ﬂoﬂ‘so)'V(rO)(rO)'
By induction and taking into account reduction of critical pairs to normal forms (here: using (A)) we

cansee that B ,:1 ., - r ., has the general form

1n+1 = 1)Un+1(l\'/l)’ Tl = Tn+1(r0)

n+1:

with
Yo, = {Ye/\y.f(xn,. . .,f(xo,f(y,f(xn,. (X X)) <))
and
1 n+l = {x(_f(x7f(xn’f(xn-l" ° 'f(xl ’XO)' : '))) } .

In an analogous manner we may infer for CP(B,',1,A) the general form B "1 ,/'-1 .,
L= 0M), 1 ;" =0(ry)
with
@ = {Y « Ay £y f(x ... £, £y, (X, 10X X)) )}
and
g = X « XX .. 01X Xg) .. N}

Note that the above considerations do not only explain divergent completion behaviour for
associativity (A) and idempotency (B, but cover a whole class of cases, namely any starting set
{A,B*} of equations, where B* may be represented as y*(f(x,Y(x))) - x for some y* having the
same properties as yf,, e.g. y* := {Ye<Au.f(u,u)}. Moreover in the process of establishing the
repeated possibility of constructing new critical pairs we get as a by-product the formation rule
describing their regularity. This information essentially is represented by the scheme M and the
corresponding (second order) substitution .

A straightforward extension of the ideas presented is to schematize the right hand side of

A seighiforhard exiension of the ess presented s to sehemarize T righy hand sde
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rules too, i.e. to take into account rule schemes like
1(x,Y(x)) » Y(x)
or
f(x,Y(x)) » Z(x)
(in the latter example one has to be careful about the introduction of extra-variables on the right hand
side via scheme instanciation).

The approach may also be used to develop techniques for avoiding divergence of completion
or, alternatively, deduce finite representations of resulting infinite rewrite systems. For instance,
using string notation for unary function symbols, the infinite system of the second example of the
introduction may be represented by

A : f(hu,v) - f(u,hv)
and
Cs : f(w,SgSw) > Sw, S € {h}*.
All these topics as well as a comparison with related work on divergence of completion procedures
(e.g. [Ki85], [Ki87], [HePr86], [He88]) will be treated in [Gr88].

5. Conclusion

We have presented a new approach for solving certain infinite sets of first order unification
problems represented by term schemes. Within the framework of second order equational logic we
have shown how to solve such problems via (variable-) restricted second order unification. For that
purpose a transformational solution technique known for first order restricted unification has been
generalized to the second order case. We conjecture that most of the results obtained can be
extended to general higher order logic, too.

As a first application of the theoretical results it has been demonstrated how to use them for
analyzing divergence phenomena of completion procedures. We think that the approach presented
provides a well-suited and genéral basis for attacking the divergence problem.

| Moreover, it might be interesting to investigate a generalization of the approach to solving
infinite systems of equations modulo an underlying theory.
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