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1 | INTRODUCTION

The fundamental problem of combinatorial group theory can be phrased as: “Given a group G pre-
sented as a quotient of a free group, what can be said of quotients of G itself?”. Of main importance
are those quotients produced by universal constructions; prominently the maximal nilpotent
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quotients G/y,,(G), and more generally G/N for N < G obtained from G using the elementary
operations of product, intersection, commutation and power.

An altogether different family of quotients arise from associative algebra. Every group G nat-
urally embeds in its group ringZG, leading to images of G in the quotients ZG /w" by powers of
the augmentation ideal; and more generally G/G n (1 + N) for ideals N <1 ZG obtained from w
using the elementary operations of product, intersection, sum, and scalar multiple. These quo-
tients play a crucial role as the receptacle for numerous topological invariants, such as Milnor’s
link invariants [16, 17, 36].

A key insight of Magnus [39] was that the filtrations y,(G) of G and w” of ZG are deeply
related: defining 6,,(G) := G N (1 + w") = ker(G - ZG /w") the nth dimension subgroup, one
has y,(G) < ,(G), and the dimension problem asks to understand when 6,,(G) = 7,(G). In that
same paper, Magnus showed that if F is a free group then §,,(F) = y,(F) for all n.

It was claimed on numerous occasions [12, 37, 41] that §,,(G) = ¥,,(G) holds for all n and all
groups G. It is relatively easy to prove 6,(G) = 7,,(G) for n < 3, but a counterexample was found
by Rips [51], with 6,(G)/y4(G) = Z/2Z. Nevertheless, the quotient §,,(G)/y,,(G) is always abelian,
and Sjogren bounded its exponent by a function of n only [57]; the following claim even stood in
the literature:

“Theorem” (Gupta [27, section 4; 28, Theorem 2.2]). For all n and all groups G, one has &, (G)* <
Yn(G) < 6,(G).

Our main result is that this cannot hold, and Sjogren’s result alluded to above is essentially
optimal:

Theorem A (See Theorem 1.3). For every abelian group H of bounded exponent and every n large
enough, there exists a group G whose quotient 8,(G)/v,(G) contains H as a subgroup. In particular
p-torsion may appear in §,(G)/y,(G) for all primes p.

Consider, for example, H cyclic. It is known that every finite cyclic group appears as a subgroup
of ns(Sd) for some s, d. For these parameters, we construct a group G, integer n and monomor-
phism torsion(7,(S%)) < 6,(G)/y,(G). We even construct explicitly, for p =2 and p = 3, an
element of order p in §,(G)/y,(G), based on the element of order p in nzp(Sz) discovered by
Serre [55].

Theorem A is thus a converse to Sjogren’s theorem: the best general constraint on the quotients
8,,(G)/v,(G) is precisely that they are abelian of bounded exponent.

Our method is in principle applicable in a broad setting, producing for every K(rz,1) space X
and integer s a group G, an integer n and a homomorphism

torsion (7, (2X)) = 6,(G)/7,(G),

which we expect to be injective under mild finiteness conditions on X. Our main result comes
from the space X = S? v S2.

Homotopy groups of spheres are so fundamental objects that they pervade topology, with appli-
cations ranging from Brouwer’s fixed-point theorem to Rokhlin’s theorem on signatures of spin
4-manifolds. Their nontriviality and finiteness (apart from the 7,,(S") and 7,,,_,(S?"*)) are among
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the most profound results of mathematics. Theorem A shows that they are also tightly linked to
a question in pure algebra.

Cohen, Wu and their coauthors revealed deep links between combinatorial group theory and
homotopy [9-11, 30, 34, 62, 63]. At the heart of our method is a formula by Wu, expressing
homotopy groups of spheres as quotients between two subgroups of a finitely generated free
group. It is based on simplicial sets and corresponding simplicial groups, see May’s fundamental
reference [42].

Topological methods are inherent to the modern study of group theory, as witnessed by
the monumental treatises by Gromov [21], Bridson and Haefliger [4], and Geoghegan [19].
Stallings [58, p. 117], in a program carried out by Sjogren [57], already recognized the value of
homological arguments toward studying dimension quotients.

Nonetheless, Theorem A is the first instance of a classical problem in algebra that is solved using
higher algebraic topology, in effect harnessing the powerful instruments of Steenrod algebra and
spectral sequences, notably the Adams, Curtis, and May spectral sequences.

1.1 | History of the dimension problem

The dimension problem has a long history, starting with Magnus’s investigation of the lower
central series of a free group, and its associated Lie algebra [39]; he showed with Witt that the
dimension property holds for free groups, see [40, 61], attributing the first proof to Griin [22]. For
a small subset of the literature, we refer to [24, 25, 43, 49, 59], and for further historical remarks
to [52]. Remarkably, incorrect proofs of the dimension problem appeared more than once, by
Cohn [12], Losey [37] (Lyndon remarks dryly, in his MathSciNet review, “The main content of
this paper is another incomplete proof that the (integral) dimension subgroups of an arbitrary group
are the terms of its lower central series”), and even Magnus himself [41, Theorem 5.15(i)]!

We note that if one replaces the ring Z by a field, then there is an elegant and ele-
mentary description of the corresponding dimension subgroup, depending only on the field’s
characteristic; see [31, 32].

The dimension problem is quantitatively studied in terms of the quotients §,,(G)/7,(G) called
dimension quotients. Gupta and Kuzmin proved in [23] that they are all abelian, and Sjogren
proved in [57] that they have finite exponent, bounded by a function of n only: there exists a
minimal s(n) € N (at most (n!)") such that 8,,(G)*™ C y,(G) < 6,(G) holds for all groups G.

In that terminology, one has s(1) = s(2) = s(3) = 1, and Rips’s example implies 2 | s(4), which
generalizes to 2 | s(n) for all n > 4. Passi [48] gave s(4) = 2, and Tahara [60] gave s(5) € {2, 6}.

This can be improved in the case of metabelian groups: Gupta proved in [26] that s(n) is a power
of 2. He then claimed that s(n) is a power of 2 for all groups, a proof is published in [28]; and even
that it may be improved to s(n) = 2 for all n > 4, see [27]. However, many parts of his arguments
were never fully understood.

Now our main result, stated above, shows that the function s(n) is unbounded, and its values
cannot even be constrained to a finite collection of primes.

1.2 | Lierings

An variant of the dimension problem may be asked for Lie rings; namely, Lie algebras over Z.
Every Lie ring A embeds in its universal enveloping algebra U(A), which also admits an augmen-
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tation ideal. The dimension subrings are defined analogously by §,,(A) = A N @w", see [2]. Again
§,(A) = y,(A) when n < 3, and there is a Lie ring A with §,(A4)/y,(A) = Z/2. Sjogren’s bound
also holds for Lie rings [56], and many details are simpler in the category of Lie rings.

Even though we are not aware of any direct construction of a group from a Lie ring or vice versa
that preserves dimension quotients, it often happens that a presentation involving only powers
and commutators, which may therefore be interpreted either as group or Lie algebra presentation,
yields isomorphic dimension quotients.

To give a quick taste of dimension quotients in Lie rings, we reproduce first an example due
to Pierre Cartier of a Lie algebra over a commutative ring k not embedding in its universal
envelope [8]: consider k = F,[x,, x;, xz]/(xg, x?, %), and

A = ey, ey, e, | xgey + X1 + X,€, = 0) qua k-Lie algebra.

Then a := xyx;[ey, e;] + xoX,[ey, e5] + x;X,[e;,e,] is nontrivial in A, but in any associative
algebra it maps to (x,e, + x;€; + X,e,)* = 0.

Rips’ example, or rather its Lie algebra variant [2, Theorem 4.7], is of a similar spirit. Ink = Z
one can of course not choose x; nilpotent; but one may choose x; a large power of 2 and impose
relations that guarantee that elements with large 2-valuation are mapped far in the lower central
series: set x; = 22+ and consider

A = (ey,ey,e,y, | 2212, € y, foralli € {0,1,2},

11

X;xpe; £ x;xe; € 222y, +y; forall {i, j, k} = {0,1,2})

with the element a = 3, i< XiX; [e;, e;]. Then the relations imply & € AN (y,(A) - y,(A) + A -
75(A)) C 8,(A), while it is easy to make choices of elements in y, and 2>**y, + y, that yield, by
direct computation, that « has a nontrivial image in the quotient A/y,(A).

It is even possible to write a 3-related Lie algebra, based on [43, Example 2.3], that satisfies (1.1)

and a € §,(A) \ y4(A):
A= (ey,e,e,,2 | 2%ey = [z,e; + 2e,], 2%, = [z, —e, + 4e,], 2%, = [z, —2¢, — 4e;])

with as before o = 2°[e,, e, ] + 2°[e, e,] + 27[e;, €, ].
This Lie algebra presentation may also be interpreted as a group presentation,

G = (e, e,z | € =[z,e]- [z,,]%€]% = [z,¢)]7" - [z,€,]", 5" = [z,69]7% - [2,€,]7%),
in which the element a = [e,, ¢;1*?[e,, €,]%*[e;, e,]'2® belongs to §,(G) \ 74(G).
1.3 | Homotopy groups of the two-sphere: Main statement and sketch
of proof
According to a result of Wu [15, 62], we may express the homotopy groups of spheres 7, ;(S%)
as a quotient of two normal subgroups in a free group. More precisely, write Fy = (X, ..., X |

X -+ Xg = 1) a free group of rank s with one redundant generator, and fori = 0, ..., s let R; denote
the normal closure of x; in F;. We write iterated commutators as left-normed: [x;, X,, ..., x4] =
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[[-+ [x1,X,], ... ], x4], and denote by Z, ; the symmetric group on {0, ..., s}. Then

RyN - NR,
H [Rp(O)a p(s)]

PEZs 11

Tgp1(S%). 1.2)

We can now state more precisely the main step toward our result:

Theorem 1.1'. Given an integer s > 3, there is for all n large enough a group G and a set-wise map
F, — G inducing via (1.2) an injective homomorphism

7TS+1(SZ) < 6n(G)/7/n(G)-
In particular, the exponent of 5,(G)/v,(G) is divisible by that of 7y, (S?).

We note that for s = 3 this result produces a variant of Rips’s example [51], “explaining” the
2-torsion in 8,(G)/7,(G) as that of 7,(S?); see Subsection 9.1.

An analogous result holds in the realm of Lie algebras. There, starting with a free Lie ring
Ly = (Xp, ., Xg | Xy + -+ + X, = 0), define analogously ideals I; = (x;)%s; then

]0 n -
~ E!, (1.3)
T =D

P(S) i>1
PEZ 11

the sth column of the lower central series spectral sequence for S2. Our result, for Lie algebras,
states:

Theorem 1.2'. Given an integer s > 3, there is for all n large enough a Lie ring A and a linear map
L, — A inducing via (1.3) an injective homomorphism

DEl, = 5./,

i>1

In particular, the exponent of 6,(A)/v,(A) is divisible by all primes appearing in the order of

@l?l Eil’s'

The spectral sequence Ejj’s converges to 7, 1(S?), so for s = 2p — 1 there is an order-p term
a, €EE ! L1, that survives as the Serre element in 7 +1(8%). We are able to write it explicitly in
terms of a shuffle product.

In fact, the groups G and Lie algebras A appearing in Theorems 1.1’, 1.2’ can be written quite
concretely. In a group or Lie algebra presentation, we introduce the following notation: ford € N,
when we write a generator x(¢) of degree d we mean a list of generators x, ..., X;; when x
appears in a relator, it is a shorthand for the left-normed iterated commutator x := [x, ..., x4]
of the generators xi, ..., x;. Thus, “(xgz),y(” | [x;,¥])” is shorthand for “(xlyl,xl,z,yl,yz,y3 |
[[x1.1>%1 2], [¥1, Y2, ¥311)". The following results, which precise Theorems 1.1" and 1.2’, will,
respectively, be proven in Sections 5 and 4.
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Theorem 1.1. Given an integer s > 3, there are integers e, cy, ... ,¢g and n = ¢y + -+ + ¢, such that,
in the group

— xO’---:xyy(()CO)a---syECS), Xg = Xy = l’xie i =yif0ri=0""’s’
(Vw)we<x0,,,,,xs> rf: =wforallw € (x,y, ..., X,)

2
themap t: w(xy,...,x.) € F, > w(xy,...,x.)° inducesvia (1.2) an injective homomorphism
P 0 s N 0 S ) P

Z : 7TS+1(S2) < én(G)/yn(G)
The c; must only satisfy some linear inequalities, and every n large enough may be obtained.

Note that only a finite number of roots r,, of group elements are required, though it seems
messy to specify exactly which ones.

Theorem 1.2. Given an integer s > 3, there are integers e, ¢y, ... ,¢; and n = ¢y + -+ + ¢, such that,
in the Lie ring

A = (x, ...,xs,y(()c"), ,ygcs) | Xp+ -+ x, =0,€ix; =y, fori =0,...,5)

the linear map t : w(x, ..., x;) € Ly — e"w(xy, ..., X;) € A induces via (1.3) an injective homomor-
phism

i @PE!,  5,(A)/7,(A).

The c; must only satisfy some linear inequalities, and every n large enough may be obtained.

The constants e and ¢; are somewhat explicit, based on the exponent of 77, ;(S?) and the con-
nectivity of certain simplicial groups. We have determined tighter values for p =2 and p = 3,
see Section 9.

Here is a sketch of the proof in the group case; the Lie algebra case is essentially the same, and
slightly simpler. The first claim follows from the fact that G is a free product with amalgamation.
The second claim splits in three parts: «([] ,[Ro(g), - s Ro(s)]) < 7,(G), which follows from standard
commutator calculus; (R, N --- N R,) < 6,(G), which boils down to two ingredients: the Hurewicz
homomorphism, see Proposition 3.1, connecting the group and associative algebra universes, and
the presence of roots r,, of elements w € (x,, ..., x,) in G; and the last part, ;.1 (,,(G)) N\ Ry N --- N
R < T1o[Rp(0): =+ Ros)]

For this last part, we first invoke Curtis’ connectedness theorem [13], from which there is
an integer k such that y;(F)) "Ry N -+ N Ry < [[5[Ry(0)s -+ » Ryl It therefore suffices to prove
Ty, (G)NRyN - NR, < [1[Ro0s -+ s Ros) 17ic(F)-

We then use the particular form of the presentation of G: consider an element of F, identified
with its image in G, and write it in terms of commutators g = [z;, ..., z;] with each z; € {x,, ..., X,},
for some j < k. This element g seemingly defines an element of ¥ ;(G), but in G it may be rewrit-
ten, in the presence of sufficiently high powers of e, into a commutator of higher weight by
replacing some X; by the corresponding y;. If the ¢; are chosen such that ¢, > k and ¢;/¢c;_; > k
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for all i, then in order for g to belong to y,(G) either each x; must have been replaced at least
once by a y;, so the commutator had to belong to some [Rp(o), ,RP(S)], or a larger power of e is
required, and therefore the original term in F; itself was a power of e. In this manner we obtain
g€ Hp [Rp(O)’ ’Rp(s)]F:yk(Fs)-

In effect, we use two filtrations on G, by the lower central series and by powers of e. Only the
substitution x, ~ y, increases much the degree in the first filtration; but it consumes a high degree
in the second. All the other substitutions x; ~ y; for i < s involve a trade-off between how much
they increase either degree, and each one requires the previous one. Finally, the substitutions
X; ~ v; or y; w w; decrease the first degree too much to be of any use in attaining y,(G).

We derive in Theorem 8.1 an expression for the p-torsion of 7T2p(52), first at the level of Lie
algebras, namely on the first page of the Curtis spectral sequence, and deduce in Proposition 8.2
some properties of its representation @, as an element of the free group F,, ;. We make use
of an explicit form for p = 2 and p = 3 to obtain smaller examples, in particular for p = 2 we
obtain straightforward constructions, for arbitrary n > 4, of Lie algebras in which §,,/y,, contains
2-torsion, and for p = 3 we obtain a Lie algebra and a group in which &, /y, contains 3-torsion.
These examples have also been checked using computer algebra software.

1.4 | Wedges of spheres

An analogous statement to (1.2) holds for wedges of two-spheres, and even more generally for
suspensions of spaces with contractible universal cover. We restrict ourselves here to the space
S? v 52, which is sufficient to prove Theorem A.

Consider the group F, = F, * F,, and identify the generators of its factors as x;jfori=0,..,s

and j € {1,2};setR; = (xi,l,xl-,z)‘?s, Then

Ryn--NR
0_ S~ (8% v S?). (1.4)
I [Rp)s - Rogs)]

PEZ 11

Analogously to Theorem 1.1, we have

Theorem 1.3. Given an integer s > 3, there are integers e, cy, ... ,¢; and n = ¢y + -+ + ¢, such that,
in the group

X0,15 X0,25 =+ X5,15 X525 X1t Xs1 = Xgp 0 Xgp = 1,
— (co)  (co) (cs) (cs) e _ : :
GC=1{ Vo1 :Yos sVt Vs |*ij =y jfori=0,..,si€{1,2},
(r, ) , ) ) o .
W/WE(X( 1,X0 25++-X5,15X5,2) o = wfora we <x0,1»x0,2’ ’xs,19xs,2>

n2
themap t: w(x; ;) € Fy x Fg > w(x; ;)° inducesvia (1.4) an injective homomorphism
1 torsion(7rs+1(S2 \% SZ)) S 5,(G)/y,(G).
Note that only a finite number of roots r, of group elements are required, though it seems messy

to specify exactly which ones. Note also that the group constructed in Theorem 1.3 is, apart from
the adjunction of roots r,,,, the free product of two copies of the group constructed in Theorem 1.1.
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There is a Lie algebra analogue to Theorem 1.3, which we do not state because it does not seem
to have any applications. In particular, we do not know whether there exists a Lie algebra such
that one of its dimension quotients contains Z/ p?Z-torsion for some prime p. Indeed the torsion
in the first page of the spectral sequence converging to 7, (S? v S?) has only prime orders. There
seems to be a fundamental difference, here, between groups and Lie algebras.

2 | DIMENSION QUOTIENTS

We recall in this section some classical facts about dimension quotients, and their Lie algebra
equivalents:

Proposition 2.1 [23, 57]. For arbitrary group G or Lie algebra A, the quotient §,(G)/y,(G),
respectively, 6,(A)/v,(A), is abelian of bounded exponent.

The “bounded exponent” statement is due to Sjogren. In his notation, let b,, denote the least
common multiple of {1, ..., m}, and define integers a{ and c,, recursively by

k n—1
afl =1, ag,, = Half“_k”bn_k, ¢, =[]qf
i=1 k=1
Then for any group G we have §,,(G)“» C y,,(G). By [56], the same result holds in Lie algebras: for
any Lie algebra A we have ¢, 5,(A) C y,(A).
Gupta and Kuzmin prove even that the quotient §,(G)/y,,,(G) is abelian; following [43] the
same result is easily seen to hold in Lie algebras. We reproduce the argument, in the Lie algebra
case, because of its simplicity:

Proof (that 6,(A)/v,.1(A) is abelian). Let A be nilpotent of class n; we are to show that §,(A)
is abelian. Let M be maximal abelian normal in A; so M is an A-module via adjunction. For any
m € M, x € §,(A) we have [m, x] € y;,,1(M), so §,(A) centralizes M. Now as M is maximal it is
self-centralizing, so §,,(A) < M and therefore is abelian. O

3 | HOMOTOPY GROUPS OF SPHERES

We describe in this section the group-theoretic and Lie-algebra-theoretic formulations of homo-
topy groups of spheres. They will be essential in the proofs of Theorems 1.2 and 1.1. We use “n” in
this section for what is written “s” in the rest of the text, to avoid confusion with the degeneracies

s; in simplicial objects.

3.1 | Groups

Fix an integer n > 1 and let F = (x,, ..., X,, | X, :*- X,, = 1) be a free group of rank n. Consider its
normal subgroups

Ri = <xi>F fori = 0,...,n.
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Note that F is the fundamental group of a 2-sphere with n + 1 punctures, and R; contains the
conjugacy class of a loop around the ith puncture; the operation of filling-in the ith puncture
induces the map F — F/R; on fundamental groups.

Denote by Z,,; the symmetric group on {0, ...,n}, and define the symmetric commutator
product of the above subgroups by

[Ry, .-, R, )5 = H [Rp(o)’---’Rp(n)]‘

PEZ 11

Here and below the iterated commutators are assumed to be left-normalized, namely,
[Ry,R;,R,] = [[Ry, R, ], R,], and so on.

We view the circle S' as a simplicial set. Milnor’s F construction produces a group complex,
having in degree n a free group on the degree-n objects of S! subject to a single relation (sp(x) =1)
and the same boundaries and degeneracies as S'. According to a formula due to Jie Wu [15, 62],
considered in the standard basis of Milnor’s F[S']-construction, homotopy groups of the sphere
S? can be presented in the following way:

RO n-- an

7,.1(S?) ~ .
n+l [Ro, ... R, 15

Consider now fori = 0, ..., n theideals r; := (x; — 1)Z[F] in the free group ring Z[F], and their
symmetric product

(Tg, s Ty 1= Z To(0) " To(n)>

PEZVH—]

which is also an ideal in Z[F].

Proposition 3.1. Forn > 3wehaveR, N - NR, < FN (1 + (¢, ..., t,,)5) When considered in Z[F].

ToN-+-NE,
(XgsensTp)s
of the simplicial abelian group Z[F[S']], and the map F — Z[F] given by f — f — 1 induces the
following commutative diagram

Proof. 1t is shown in [44] that the quotient can be viewed as the nth homotopy group

Ryn---NR, . ToN--Ney,
4
[Ro, - Ryls (T e Ty

7Tn+1(S2) = ﬂn(QSZ) S Hn(QSZ)-

The lower map is the nth Hurewicz homomorphism for the loop space QS2. As all homotopy
groups 7, (QS?) are finite for n > 3, but all homology groups H, (QS?) are infinite cyclic (H,(QS?)
is the tensor algebra generated by the homology of S' in dimension one [3]), we conclude that,
for n > 3, the map in the above diagram is zero. O

85US0 | SUOWILLOD 3AIEa1D) 3|cedt|dde 8Ly g pauienob 82 s3ole VO esn 4O Sa|n1 104 AXIq1T8UIIUO AB]IAN UO (SUOIPUOD-PUR-SWB)LI0D" A3 1M AR 1 pu1|UO//SA1Y) SUORIPUOD PUe SWR L 84} 89S *[£202/20/S0] UO Aiqi8UIUO AB]IM 'Sepue|fees S9a 1els AN AQ TOEZT 0do}/ZTTT'OT/I0p/L0D" 4| 1M AReq]1[eu U0"D0SUFeLUPUO|// Sty WO papeo|umod ‘g ‘€202 ‘vZy8es.T



GROUP AND LIE ALGEBRA FILTRATIONS AND HOMOTOPY GROUPS OF SPHERES 831

3.2 | Lie algebras

One obtains an analogous picture in the case of Lie algebras over Z. The homotopy groups of the
simplicial Lie algebra

= D7 FIS'D/rin FIS'D

are equal to the direct sum of terms in rows of the E'-term of the Curtis spectral sequence
EL =7, (n(FIS D /111 (FIS'D) = 7)41(5?).

The mod-p-lower central series spectral sequence is well-studied, see, for example, the founda-
tional paper [7]. The integral case that we consider here has similar properties, see [6, 33]. Here
we will only need elementary properties of this spectral sequence.

Observe that the E!'-page of the above spectral sequence consists of derived functors L j in the
sense of Dold-Puppe, applied to Lie functors: if " denotes the ith Lie functor in the category of
abelian groups, then

7 (i (FIS'D /7 (FIS'D) = 1,22, 1).

Recall the definition of derived functors. Let B be an abelian group, and let F be an endofunctor
on the category of abelian groups. For every i,n > 0 the derived functors of F in the sense of
Dold-Puppe [14] are defined by

[I‘iF(B’ n) = ﬂl(FKP*[n])7

where P, — B is a projective resolution of B, and K is the Dold-Kan transform, inverse to the
Moore normalization functor from simplicial abelian groups to chain complexes. We denote by
LF(B, n) the object FK(P,[n]) in the homotopy category of simplicial abelian groups determined
by FK(P,[n]), so that L;F(B, n) = m;(LF(B, n)).

Consider a free Lie algebra L over Z with generators X, ..., x,, and relation xy, + - + x, = 0,
and the Lie ideals

= (x;)l fori=0,..,n.

Define their symmetric product by

[IO""’I}'I]Z = Z [Ip(o)"“’lp(l’l)]‘
PEZp11
The same arguments as in the group case imply the Lie analog of Wu’s formula:

—[I slALIY PeE, =PL.£@.
0s

el i1 i1
In fact, but we shall not need this, each term El.ln may be singled out by filtering L via its lower
central series: one has
([IO’ ,In]z N yl(L)) + (IO Nn--N In N 7i+1(L)) Ln
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Consider the universal enveloping algebra U(L), the correspondingideals i; := x;U(L) in U(L),
and their symmetric product:

(gportds = D0 o)ty

PEZ 11

Proposition 3.2. Forn > 3,wehavel, N --- NI, < LN (iy, ..., 1,,)x when considered in the universal
enveloping algebra.

Proof. Similarly to the group case, the natural map L — U(L) induces

Iyn---n1I, L NNty

[Los o> Tlz " (g ees s

PE!, —— H,(ULIS'D).

i>1

By [53], the El.lj-terms of the lower central series spectral sequence for S? are finite for all j > 3,

while the universal enveloping simplicial algebra U(L[S']) has infinite cyclic homology groups in
all dimensions. It follows that the map is 0. O

4 | PROOF OF THEOREM 1.2

We begin with the proof of Theorem 1.2 on Lie algebras, as it is slightly simpler, while conceptu-
ally similar, to the corresponding statement for groups. Let an integer s > 3 be fixed throughout
this section.

First claim: ¢ exists and is injective

The assignment w(x, ..., X;) = e"w(x,, ..., X;) naturally defines a linear map t: Ly — A, as LJ’s
only relator holds in A. Furthermore, A is an iterated amalgamated free product, to wit start
with (x;(0 <i<s)|x,+ -+ x; = 0) and repeatedly amalgamate, for i =0, ..., s, with (y; ;(1 <
Jj <7 +¢;))along al-dimensional subalgebra, so ¢ is injective by the normal form of amalgamated
free products, see [5, Theorem 4.4.2].

Second claim: «([I,, ..., I,]5) < 7,(A)
Recall n = deg(y,) + -+ + deg(y,). Then

(o, -, Iip) < €"[(x0)™, s ()5 = [(0x0), oo, (€% x,) ]

= [<yO>A’ e <ys>A]2 < [)/CO(A), s ycS(A)]Z < Yn(A)'
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Third claim: (I, N+~ N 1,) < 6,(A)

(Iyn - nIy) =1L N (i, ..., t;)s) by Proposition 3.2
AN (x)"D, ., (x VM) = A ((eDx)VA, .., (e x, )V Ay

= AN ()", ., ()Y D)y < AN (@, ..., @)y < 8,(A).

It follows that ¢ induces a map t: (I, N - NI)/[Iy,....I]s = 6,(A)/7,(A), which is a
homomorphism because its domain (and range) are abelian.

Fourth claim:  is injective

It is time to specify more precisely the admissible parameters in the construction of A. The param-
eter e is the exponent of €p, Ells or any multiple thereof. By the Curtis connectivity theorem [13],
or more precisely its variant for Lie algebras, there is an integer k such that y, (F,) NIy N - NI <
[Lo, - I ] let us quickly sketch the argument. For any connected free simplicial group F, consider
the associated Lie algebra L(F) = @); L'(F,,). Now y,,(L(F)) = @, L'(F,)- By Curtis’ theorem,
L{(F,,) is log, i-connected, namely 7, L!(F,,) = 0 for all s < log, i. Therefore, fixing s, we get
i) NIyn - NI < [I, ..., I ]y for all k > 25. We apply this to F = F[S!] and its Lie algebra
L[S'].

We may choose the parameters c, ..., ¢, arbitrarily so long as ¢y > k and ¢; > kc;_; for alli =
1, ..., s. To fix matters, let us choose ¢; = kitl.

As (s injective, we are to prove t 1 (y,,(A) NIy N - NI < [, ..., I]5. We note that I; N eL; =
el; foralli,soIyn--NnIgneL, =e(,N - NI). By the choice of k and e, it therefore suffices to
prove

Ty, NIy N NI < [T, oo, Ils + eLg + y, (Ly).

Consider the free graded Lie algebra M = (x, ..., X, g, ..., ¥s), in which y; has degree c;: it
admits a natural surjection 7 : M » A. Given v € (X, ..., X;) < M, consider the collection of
expressions in 7~ !(7(v)) that are obtained by replacing, in an expression of v, some terms x;
by the corresponding y;, adjusting appropriately the power of e. We call v in x-form, and the cor-
responding expressions obtained by replacing some x; by y; are called in xy-form. We also denote
by p the natural map e"(x, ..., x,) C M » Lg; we have top = 7.

Let us consider w € Iy N --- N I, and assume (w) € y,,(A). We shall write w = wy + w; + w,,
with wy € [I,, ..., I{]s and w, € eL; and w, € y,(L,). Now by assumption ((w) may be written as
an element U € M, all of whose terms have degree at least n; we express this in two steps: first,
((w) gives rise to an x-form v € M by application of the relation x;, + --- + x, = 0; and then v gives
rise to an xy-form U of v by application of the other relations, namely, replacement of x; by y; with
absorption of e in the coefficient. Indeed it follows from the form of A as an amalgamated free
product that the xy-form 0 may be obtained from w first by selecting an appropriate x-form using
the relation x,, + - + x, = 0, and then converting it to U; thus there is a natural bijection between
the summands of v and 0.

As M is graded and free, we may write U in a standard basis of free Lie algebras, such as a
selection of left-normed commutators. Let us consider in turn all summands of U, a typical one
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being of the form 6= [z, ..., 2,] with all z; € {x;, ..., X, Yp, .-, ¥s}; let 6 be the corresponding
monomial in v.

If ¢ > k, we put p(6) in w,. We may therefore from now on suppose # < k. On the other hand,
say fori =0,...,s tl’iat n; of the zj’s are the generator y;, and that n, of the zj’s are in {x;, ..., X,};
then the weight of 0 is

Ne +1gCy + -+ +ncg = n=cy+ - +ci. 41)

Combining 0 < n; < k for all i with ¢; > kc;_; and ¢, > k, we see by unicity of the base-k
representation of an integer that either n, = --- = ng = 1 or nycy + -+ + nyc, > n.

In the former case, each of the y,, ...,y in ] may be replaced by the corresponding x,, ..., X
to produce a monomial 6 in v with coefficient multiplied by e%**%; and then this summand
belongs to «([1, ... , I;]5). Add p(6) to w.

In the latter case, replace again all y; in 8 by the corresponding x; to produce the monomial 8
in v with coefficient multiplied by e"o%* "¢ Remembering that its coefficient is divisible by
e"1, add p(8) to w;.

We have in this manner expressed w in the required form w, + w; + w,, concluding the proof
that is injective.

5 | PROOF OF THEOREM 1.1

The proof of Theorem 1.1 follows closely that of the previous section; the main difference is that the
connection between a group and its group ring is not quite at tight as that between an algebra and
its universal enveloping algebra. We remedy this issue by adding roots of elements of (x,, ..., Xx,).
Note that only finitely many elements need a root, but we added all for simplicity of the argument.

Let an integer s > 3 be fixed throughout this section. We begin by specifying more precisely the
admissible parameters in the construction of G. The parameter e is the exponent of 7, ;(S?), or
any multiple thereof. By [13], there is an integer k such that y; (F,) N Ry N - N Ry < [Ry, ..., Rg]s.-
We then choose ¢y, ... , ¢, as before subject to ¢y, ¢;/c;_; > k, for example, ¢; = ki*1.

First claim: ¢ exists and is injective

The assignment w(x,, ..., X;) = Ww(X, ..., X,)° naturally defines a map ¢: F; — G, as F,’s only
relator holds in G. Furthermore, G is an iterated amalgamated free product, to wit start with
(Xgs s Xg | Xg -+ X = 1) and repeatedly amalgamate, fori = 0, ..., s, with (y; ;(1 < j < ¢;)) alonga
cyclic subgroup. Then amalgamate, for w € (x, ..., X, ), with (r,,) along a cyclic subgroup. By the
standard normal form theorem for free products with amalgamation (see [38, Theorem IV.2.6]),
the map ¢ is injective.

Second claim: (([R,, ..., R]s) < 7,(G)

The Lie algebra identities e[x, y] = [ex, y] = [x, ey] do not quite hold in groups, but in the pres-
ence of sufficient roots a close analogue exists. For g in a group H we denote by g'! the normal
closure of (¢g) in H, and by [ g, (c)h] the iterated commutator [g, k, ..., h] with ¢ copies of “h”:
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Lemma 5.1. Let H be a group, let c, e be integers, and assume there are elements g € y,,(H) and
h,v € Hwith v* = h. Then for all d € N we have

9,71 € [, hI* g, (c + DI, (5.1)

g, h]** € [9,h' 1 [g, (c + Dol . (52)
Proof. 1t suffices to prove the statement for d = 1, as it may be applied repeatedly to [g, hei],
respectively, [g, h]¢, fori = 1,...,d. We thus restrict ourselves to d = 1.

The claims are proven by induction on c, the case ¢ = 0 being covered by the first line below.
For (5.1), write v; = v¢" and note

[9.h =g, h] - [, h)" - [g, R"" € [g, hI[g, h, B
and [g, h, h] = g, h,v¢] € [g,h,v,]%[g, b, (c)v] by induction
<[g,hI*""[g,(c + o]
as [g, h, (c)v] € [g, (c + 1v]". For (5.2), note
[g,h]¢ € [g,h°] - [g,h, h]" as before;
and [g, h, h] = [g,h,v5] € [g, b, 0,1 [g, h, (c)v]” by (5.1)
< [g,vy, h]*® g, (c + Dv]* as v;, h commute
< lg,v1, k1 g, (c + 1)v]¥ by induction
< Lg, k1 g, (c + Dol ™. O

Now as in the Lie ring case we have, recalling n = deg(y,) + --- + deg(y,),

n? ney neg
([Ros s Rylg) < ([xG, e, x015) = [x87°C, .., x¢C5 - ¥,(G) by (5.2)

= [y(?, ’ysc]Z . }/n(G) < [yCO(G)’ ’yCS(G)]Z . yn(G) < yn(G)

Third claim: (R, NN R,) < J,(R)
Recall that in any group H, if m is an integer and h € H then

hm—lz(h—1+1)m—1:2<T>(h—1)iem(h—1)+(h—1)ZZH.

i>1

We extend this identity, in the presence of roots, as follows:

Lemma 5.2. Let H be a group, let c, e be integers, and assume H contains elements h, v with v = h.
Then for all d € N we have

he —1eelth—1)ZH + (v - 1) 7H, (5.3)

edh—1) e —1)ZH + (v — 1)1 7H. (5.4)
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Proof. By applying repeatedly the lemma with (hei, vei) fori =0,...,d — 1, itis enough to consider
d=1.

For (5.3), we proceed by induction on ¢, noting that the case ¢ = 0 follows from the first line.
Setting v; = et

h-1=h-1+1¥-1= z <?>(h—1)iEe(h—1)+(h—1)ZZH

1<i<e
=e(h—1)+(h—1)(v; —1DZH
<e(h—1)+ (h—1)(e(v; —1) + (v — 1)°ZH) by induction
<e(h—1)zZH + (v-1)*'zH

asv — 1dividesv; — 1and h — 1 and commutes with them. For (5.4), we also proceed by induction
onc:

eth—1)=(h*-1)- Z <f>(h— 1) e (h®—1)+(h—1)°ZH

2<i<e
=(h* -1+ (h— DS — 1)ZH
< (h° =1+ (h—1)(e(v; — 1) + (v — 1)°)ZH by (5.3)
< =D+eth—1D; =D+ (- 1)+ zH

< (h® = 1)ZH + (v — 1)°*1ZH by induction. 0
We are now ready to prove ((Ry N --- N Ry) < §,(G). We have

(RyN - NRy)—1=1F;Nn(A+(xy,.., 1)) — 1 by Proposition 3.1
<+ ((xg = 170, .., (x, = 1YZO) )" —1
< e ((xg = 1)%9, .. (x, — 1)29); + @" by (5.3)
= ((e"0(xy — 1))%9, ..., (" (x, — 1))2C)s + w"

= ((x¢ = 1)%C, L (xC

= (<y0 - 1>ZG’ e <ys - 1>ZG)Z + "

—1))%%); + w" by (5.4)

< (@, .., %)y +w" =o'

It follows that ¢ induces a map t: (RyN - NR,)/[Ry, ..., Rs]s = 8,(G)/y,(G), which is a
homomorphism because its domain (and range) are abelian.
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Fourth claim: ¢ is injective

The argument is essentially the same as in the Lie algebra case, so we only indicate the differences.
We are to prove

T @u(@ NRy N+ NRY) < [Ry, ..., Ryls - FE - 7, (F).

We again start with w € Ry N -+ N Ry and assume «(w) € y,(G), and write it as w = wy - wy - W,
with wy € [Ry, ..., Ri]y and w; € F¢ and w, € y,(F). Again we write (w) as U in the free group
with generators X, ..., X5, Yo, --- » V5, and let v be the corresponding x-form of 0. These elements are
written as left-normed commutators, more precisely as left-normed commutators of generators if
their length is < k, and as arbitrary commutators of length > k. As before, those commutators of
length > k are gathered in w,. For each of the remaining ones in U, again the number of genera-
tors y; in them is denoted by n;, and the number of other generators is denoted by n_,; and (4.1)
still holds.

Ifall n; > 1, then we get a term in wy, while if some n; = 0 then (4.1) is strict, and we consider
the equation coming from the exponents. Now the other generators are either x; or their roots r, ;
let us write n, = n/_+ n”/ with n/_ the number of generators in {x,, ..., x;}. Then, in converting
a term into its x-form, the exponent gets multiplied by

2

eo(nco)+-+ny(nc)—ngn) — on(ngco+-+nse—ny) < Hn ,

as all ¢; are divisible by k and n// < k. Therefore, we again get a term in w,.

6 | PROOF OF THEOREM 1.3

We begin by an analogue of Proposition 3.1. Dropping the “overlines” from our notation, consider
the group

Fyg = (X1, X020 2 X515 X5 2 | X0+ X510 = Xg 2+ X0 = 1 =)
and its normal subgroups R; = (x; 1, x; ,)"s fori = 0, ..., s. Consider also the ideal r; = (R; — 1)ZF.

Proposition 6.1. Fors > 2, we have

F.n(A+(xy,...,t,)s)
[Ro, .. ’RS]Z '

torsion(7y,1(S* Vv §%)) =

oN Nty
(tO""?tS)E
simplicial abelian group Z[F[S* v S]], and the map F; — Z[F,] given by f — f — 1 induces the
following commutative diagram

Proof. Following [44], the quotient can be viewed as the sth homotopy group of the

Ryn:---NR; . ToN--Nrg
4
[Ro, ... s Rls (T, e Ty)y

T (S?V 8% = m (Q(S? v §%)) —— H,(Q(S? v §2)).
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The lower map is the sth Hurewicz homomorphism for the loop space Q(S? v 52). By [3], the lower
right term is the degree-s part of the free associative algebra on two generators (the homology
of S v S1). The homotopy group 7,,,(S* v S?) is the sum of its torsion and torsion-free part,
and the torsion-free part is the degree-s part of the free Lie algebra on two generators (also the
homology of S v S'). The lower map, on the torsion-free part, is the natural inclusion of the free
Lie algebra into the free associative algebra, so the kernel of the lower map coincides with the
torsion subgroup of 7, (S* v S?). O

Combining Serre’s finiteness theorem and Hilton’s theorem [29], the torsion of 7, ,(S? v S?)
is finite, and in particular has bounded exponent e. We may also apply Curtis’s theorem: there is
an integer k such that y, (F,) "Ry N - N Ry = 1. The proof of Theorem 1.3 then proceeds exactly
as that of Theorem 1.1, with Proposition 6.1 used as a replacement of Proposition 3.1.

7 | PROOF OF THEOREM A

Let H be an abelian group of bounded exponent. We begin by recalling Priifer’s “first” theo-
rem [50]: every abelian group of bounded exponent is a direct product of cyclic groups. Now
clearly

5n<H Ga> = Han(Ga)’ yn<H Goc) = HYn(Goc)»

so it suffices to prove Theorem A for cyclic H.
We recall next Hilton’s theorem [29]:

g1 (S v S8?) = @ 31 (S ® Ly(Z7).
d

Therefore, in particular every 7, ;(S%) is a direct summand of 7z ;(S? Vv S2).

We finally recall Gray’s theorem [20], proving that the exponent bound of Cohen-Moore-
Neisendorfer is optimal: arbitrary cyclic groups appear as subgroups of some 7, ;(S%).

It follows that for every cyclic group H there is an integer s such that 7, ,(S? v S?) contains a
copy of H. We then conclude by Theorem 1.3.

8 | THE SERRE ELEMENT IN n'zp(Sz)

Let p be a prime. In this subsection, we describe explicitly a copy of Z/p in 7r2p(S2) due to
Serre [55], by computing its (pre)image a,, in the E'-term of the lower central spectral sequence
associated to F[S!]. There is a single (Z/p)-term in dimension 2p — 1 of the spectral sequence

Iyn--nI,,_
p-torsion 2wl sz_lzzl’(z, 1)=2/p,
Los - opals

and a,, will be a generator of this subgroup.
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Theorem 8.1. Let x; fori = 0,...,2p — 2 be free generators of a free Lie algebra, and consider the
following element

ap = > (=DP[Xo(0)s X2p-21s [Xp(1) X2p-2]s [Xp(20s Xp(3) ]+ [Xo(2p-a)s Xp2p-3)11;
PEZ,, 5 a 2P -shuffle
p(1)<p(3)<-+<p(2p—5)

the sum is taken over all permutations (0(0),...,0(2p—3)) € Zyp—o satisfying p(0) <
p(),...,p(2p —4) < p(2p —3) as well as p(1) < p(3) < --- < p(2p — 5). Then a, represents a
generator of the p-torsion in [sz_l,,sﬂp(z, 1).

Proof. Consider the free abelian simplicial group K(Z, 2): it has a single generator ¢ in degree
2, and its other generators may be chosen to be all iterated degeneracies of o. We will use the
dual notation for generators: for k > 2 the free abelian group K(Z, 2), is generated by ordered
sequences of two elements

~

(il 12) 1= Sp_q Siz vee S/l\] vee SO(O-)
with 0 < i; < i, < k. For example, K(Z, 2); has generators
(01) 1= 54538,(0), (02) 1= 54538,(0), (03) :=545,8,(0), (04) := 535,8,(0),
(12) 1= 548350(0), (13) := 545,80(0), (14) 1= 5;8,8,(0), (23) := 845150(0),
(24) 1= 535:80(0), (34) 1= 5,5:5,(0).

For n > 1, define the functor J" as the metabelianization of the nth Lie functor .#". For a group
A, there is a natural epimorphism

ZLP(A) » JP(A)

with kernel generated by Lie brackets of the form [[*, ], [*, *]]. The elements of JP can also be
written as linear combinations of Lie brackets, namely as elements of the Lie functor .#?, but
there is additional rule that holds in J? but not hold in .#? in general:

lay, ay, ... a,] = [ay, ay,a0(3), e s Q]

for arbitrary a; and permutation (o(3), ..., p(p)) of {3, ..., p}. For p = 3, the functors .#> and J>
are equal.
For n > 1, denote by S" the nth symmetric power functor

S™ : Abelian groups — Abelian groups.
For a free abelian group A, there is a natural short exact sequence [53, Proposition 3.2]
0—-J"A) - S" (A ®A— S"(A) - 0, (8.1)
where the left-hand map is given by

[by,....b,] = bybs b, ® by — b,b; -+ b, ® b, for b; € A. (8.2)
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Applying the functors J? < SP~! ® id » SP to the simplicial abelian group K(Z,2n), and
taking the homotopy groups, we get the long exact sequence

Topn (SPTIK(Z,20) @ K(Z,21)) — 1y, SP(Z,2n) — Ly, 1TP(Z,20) —
—Tpn—1 (SPT'K(Z,2n) ® K(Z,2n)).
It follows from [14, p. 307] that the above sequence has the following form:

Topn (SPTIK(Z,2n) @ K(Z,2n)) — Lyp,SP(Z,2n) — Lyp,1JP(Z,20)

z d N4 » Z/p.

By [53, Proposition 4.7], the natural epimorphism .#? - JP gives a natural isomorphism of
derived functors

Lopn-1-2F(Z,2n) > Lopn—1JP(Z,2n) = 7/ p.

Let us first find a simplicial generator of L, ,SP(Z, 2). For this, we observe that the inclusion of the
symmetric power into the tensor power SP & ®P induces an isomorphism of derived functors

L,pSP(Z,2) = 1,,®P(Z,2).

A simplicial generator of L,,®P(Z,2) can be given by the Eilenberg-Zilber shuffle-product
theorem. Using interchangeably the notation p(i) and p;, this is the element

(=1 p1) ® (P2 3) ® -+ ® (P22 P2p—1)-
PEZ,, a 2P-shuffle

It follows immediately from the definition of 2P-shuffles that the symmetric group X ,, acting by
permutation on blocks {2i, 2i + 1} of size 2, acts on 2P-shuffles. A generator of L, ,SP(Z, 2) can be
chosen by keeping only a single element per X -orbit, and replacing tensor products by symmetric
products:

B = 2 (=1)(pg p1) - (P2 3) *** (P2p—2 P2p—1)-
PEZ,, a 2P-shuffle
p(1)<p(3)<-<p(2p-1)
The conditions imply p(2p — 1) = 2p — 1. For example, for p = 3 we get the element
01)(23)45)—(01D24)(B5)+(01)(3B4)(25) —(02)(34)(15)—(02)(13)(45)
+(03)(24)(15)—(03)(14)(25)+ (12)(03)(45)—(23)(04)(15) —(12)(04)(35)
+(12)(34)(05)—(13)(24)(05)+ (23)(14)(05) + (02)(14)(35) + (13)(04)(25).

Now we lift the element from SPK(Z, 2),, to (SP71K(Z,2) ® K(Z, 2)),p in a standard way:

B = Z (=1)(pg p1) =+ (P2p—4 P2p—3) ® (P2p_2 P2p—1)-
PEZ,, a 2P-shuffle
p(1)<p(3)<-<p(2p-1)

85US0 | SUOWILLOD 3AIEa1D) 3|cedt|dde 8Ly g pauienob 82 s3ole VO esn 4O Sa|n1 104 AXIq1T8UIIUO AB]IAN UO (SUOIPUOD-PUR-SWB)LI0D" A3 1M AR 1 pu1|UO//SA1Y) SUORIPUOD PUe SWR L 84} 89S *[£202/20/S0] UO Aiqi8UIUO AB]IM 'Sepue|fees S9a 1els AN AQ TOEZT 0do}/ZTTT'OT/I0p/L0D" 4| 1M AReq]1[eu U0"D0SUFeLUPUO|// Sty WO papeo|umod ‘g ‘€202 ‘vZy8es.T



GROUP AND LIE ALGEBRA FILTRATIONS AND HOMOTOPY GROUPS OF SPHERES 841

Observe that we have

(i 1,) ifi, < j,
(,—1i,—1) ifj<i

with the understanding that (ii) = 0, that we use the same notation (i, i,) for elements of vary-
ing degree, and that d(0i,) = 0 and d;(i; i,) = 0 if deg(i; i) = j = i, — 1. Thus, for example,
dy(04) = d5(04) = 0 and d,(04) = d,(04) = d;(04) = d,(04) = (03) while dy(23) = d,(23) =
d,(23) = (12) and d;(23) = 0and d,(23) = d5(23) = (23).

Clearly, do(B) = d,,_,(B) = 0.1f j < 2p — 2, then we express § as a sum over all possible values
of r := p(2p — 2) (remembering p(2p — 1) = 2p — 1) and obtain

2p—2

4B = Y (1 (dj(-)®(r2p =D+ () ®d;(r2p—1).

r=0

Now the sum in (---) is a symmetric product similar to 3, but with p — 1 instead of p factors, so
(---) is exact. The second terms telescope, so we get d j(ﬁ) = Owhen j < 2p — 2. However, (3 is not
acycle in SP~1(7,2) ® K(Z,2), because dzp_z(,@) is not zero: we compute

dypa(B) = z (=1)(pg p1) -+ (P2p—4 P2p-3) ® (P2p—2 2P — 2).
PEZ,), a 2P-shuffle
p(1)<--<p(2p—3)=2p—2>p(2p-2)

We use the long exact sequence associated with (8.1) to obtain a cycle in JP(Z,2),,_;. The
ascending 2P-shuffles (0(0),...,p(2p — 1)) appearing in the sum can in fact be viewed as
2P~1-shuffles (0(0), p(1), ..., p(2p — 6), p(2p — 5), p(2p — 4), p(2p — 2)) or (p(0), p(1), ..., P(2p —
6),p(2p — 5),p(2p — 2), p(2p — 4)), depending on whether p(2p — 2) < p(2p — 4) or not, and in
all cases completed by the values (2p — 2,2p — 1). Furthermore, these two shuffles come with
opposite signs, and can be combined, via (8.2), into

Z (=DP[(p2p—32P = 2),(P2p-4 2P = 2), (g P1); -+ » (P2p—g P2p—5)]- (83)
PEZ,,_5 a 2P -shuffle
p(1)<-+-<p(2p-5)

We now consider the simplicial map K(Z,2) — £?K(Z,1), givenby o — [s,(c”), s;(c")], where ¢’

is the generator of K(Z, 1),; it is a homotopy equivalence of complexes. The abelian group K(Z, 1),
is k-dimensional, with generators

X .= Sk ees S‘: cen SO(U/)

1

for all 0<i<k, and we have (i;i,) — [x;,x;,] under this homotopy equivalence. Thus,
£*(Z,2),p_, is a free Lie algebra on 2p — 1 generators. There is an induced map

LPK(Z,2) » LPoL?K(Z,1) » L*PK(Z,1),
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which also is a homotopy equivalence of complexes. The image of the element (8.3) is

Z (DP[Xa@p-3)s X2p-2)s [Xpp—a) X2p-2]s [Xp(0)s Xp())s s [Xo(2p-6)s Xp(2p—3)I]-

PEZ,,_; a 2P -shuffle
p(1)<-+-<p(2p=>5)

Up to sign and renumbering, this is exactly our element «,,. O

Note that we considered, in the beginning of this section, a free Lie algebra of rank 2p — 1 with
2p generators x,, ..., X,_; subject to the relation Y x; = 0. Any choice of 2p — 1 out of these 2p
generators yields a free Lie algebra on 2p — 1 generators, and an expression «,,. The point being
made is that every such expression involves one of the generators (here x,,_,) twice, and omits
another (here x,,_;).

We summarize the properties of the element «,, that will be useful to us as follows.

Proposition 8.2. For every prime p there is an element @, in the free group (xo,..., X, |
Xg +* Xpp_1 = 1) with the properties:

p—1E (X, s tpp1)y)
g & [Ry, .- ,Rzp_1]z;
* ap €[Ry, -, Ryp s

QU QU Rl

Furthermore, &p —-1e([rg, 1], [rzp_z,rzp_l])z, namely in the sum of all p-fold associative
products of brackets of t; in any of the (2p)! orderings.

Proof. The first claim follows from Proposition 3.1, as a,, represents an element of ﬂzp(Sz). The
second claim holds because this element is nontrivial in 7, D (S2). The third claim holds because
it has order p in 7r2p(S 2). The last claim follows from general facts: 1;.#"(Z, 1) = 0 for odd n, and
L,L*(Z,1) = ,.L"(Z,2). O

The same statement holds for Lie algebras; we omit the proof.

Proposition 8.3. For every prime p there is an element a,, in the free Lie algebra (x, ..., X5, |
Xo+ -+ + X;,_; = 0) with the properties:

. C(p S (on ’IZp—l)E;
*ap 3 [I(), 9I2p—1]2;
. pCCp (S [I(), aI2p—1]2‘

Furthermore, o, € ([Ry, Ry, ..., [Ryp_2, Ryp_1Ds-

Example 8.4. Here is an explicit generator of 7,(S?) = Z/2. If we consider p = 2 in Theorem 8.1,
we have only one [2]-shuffle and the element «, is [[x,, x,], [x;, X,]]. Reintroducing x; = —x, —
X; — X,, we can easily check that a, € (Iy,I;,1,,I3)s:

ay = [[x0, %51, [x1, %,]]
= [x2’ x3] . [x()a xl] + [xl’xZ] . [xO’ x3] - [xo’ xz] ’ [xl,X3]- (84)

Applying to it the Dynkin idempotent u - v — %[u, v] gives then 2a, € [Iy,1;,1,,1;]s.
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It is only slightly harder to write a generator of 7,(S?) in the language of groups. We may lift
a, to @, € F, the free group (X, X, X5, X3 | X *** X3), as

a, = [[xg, x2], [x0x1, x,]],

since then the Hall-Witt identities give @, = [[x, x,], [x] Lx, )% 1] = [[xg, X, ], [xg, X5 171 [%1, X511
= [[xg, X521, [%1, %511 - [[x0, X5], [[xo,xz],xfz]] SO @, € RyN - NR;. We have thus produced a
nontrivial cycle @, € (Ry N R; N R, N R3)/[Ry, R, Ry, R3]s.

Example 8.5. Here is a generator of the 3-torsion in 71'6(52). For p = 3, we have six [2,2]-shuffles
in Theorem 8.1:

(0,1,2,3) with sign =1, (0,2,1, 3) with sign = —1,
(0,3,1,2) with sign = 1 (2,3,0,1) with sign = 1,
(1, 3,0,2) with sign = —1, (1,2,0,3) with sign = 1.
The element o5 representing 3-torsion in 774(S?) is
as =[x, %41, [0, X4 1, [0, %311 = [0, X4, [, X415 [X1, %3]
+ [[x0, X415 [x3, X4, [x1, X, 11+ [[x1, X4, [, X415 [X0, X311
=[xy, x41, [x3, X415 [X0, X211+ [[X5, X415 [x3, %41, [X0, X111

It may be expressed as a sum of 30 associative products of the form +[x,, x| - [x., x4] - [x., xr]
with {a, b, c,d, e, f} ={0,1,2,3,4,5}.

Again it is possible (but now with considerably more effort) to lift @, to a generator of 774(S?) in
terms of free groups. We return to the notation of simplicial free groups: we consider the free group
F =2y, ..., 24) and normal subgroups R, = (z,)", R; = (z,z;)" fori € {1,...,4}and Rs = (z,)".
In other words, we set z; := X, --- X;. Here is a lift of a5 to F that defines a simplicial cycle, that is,
which lies in the intersection Ry N -+ N Rs: it is the product of the following fourteen elements

& =[[20,24]. [22, 2], [21, 23] 205 - [[21, 24), (25, 241, (20, 25117 %]
21, 24), 22, 231, [20, 2411205171 - (120, 241, [25, 23], [21, 2] 7074
- [[23, 241, [20, 24], [21923][22’24]] - [[23, 241, [21, 24], [ZO’Z3][ZZ’Z4]]_1
2223 121, 24], [20, 2a155] - (25, 23], [20, 2], [21, 241251

23, 24), 21, 24), [z 251551 - [[23, 24), [20, 24], [21, 2,112 %1] 7

“[[23, 241, [23, 24], [20’21][23’24]]_1 [[21, 241, [23, 24], [Zo’Zz][Zl’Z“]]_l

2o, 241, [23, 241, [21, 2,117074] - [[ 25, 24], [ 23, 24], [ 20, 211172741,

One can directly check that @; defines a simplicial cycle and that modulo the seventh term of the
lower central series it represents exactly the element a;.
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Remark 8.6. We have 774(S?) = Z/3 x Z/4, and it is also possible to give an explicit generator of
the 4-torsion. In the same notation as above, it is

ay =[llz3, 211, [23, 2,11, [[24, 2], [ 24, 2,]1]
“[llz4, 211, (24, 2511 (123, 20 ], [ 23, 2,111
“[ll24: 211 (24, 2211 [[24, 20, [ 24, 25111 [[ 23, 2,1 [ 23, 24 ]1]
-[llz3, 211, (23, 2,11 [[[245 221, [24, 2011, [[ 24, 2] [ 24, 21 111
-[llz3, 2,1, (23, 2111 [[24, 251, [ 24, 20111
-[llz4, 251, (24, 2111 [[23, 251, [ 23, 20111
[llz4, 251, (23, 2011 [124, 251, [ 23, 2,111
“[llz4, 211, (23, 2,11 [[24, 251, [ 23, 20111
24, 221 23, 2111 [[24, 20, [ 23, 2, ] 1]
-[llz4, 201 (23, 2,11, [[24, 21 ], [ 23, 2,111
-[llz4, 251, (23, 2111 [[24, 23], [ 22, 20111
“[Mlz4, 231, (25, 2111 [[24, 251, [ 23, 20111
“[llz4, 231, (25, 2011 [124, 21 1, [ 23, 2,111
“[llz4, 201, (23, 2511 [124, 23], [ 25, 21111
24, 231, [22, 2011 [[24 23] [ 25, 24111

Note that Bii is, up to the symmetric commutator [R,, ..., R5]5, equal to

[[[[zg, 211, [205 2211, [[205 211, [ 205 23111, [[[ 20, 21 1, (20, 2211, [[ 20, 211, [ 20, 241111 (8.5)

Here is a brief explanation of the origin of @,. The elements of the E'-page of the spectral sequence
can be coded by generators of lambda-algebra. Serre elements, which we study, correspond to the
elements 4,. The element &, corresponds to 4,4, of the lambda-algebra. The E’; column of S? has
the following nontrivial terms: Eg = Z /2 (generator 1,4,), Eg =2 /3 (generator 4, for p = 3),
E? ;= Z/2(generator ). The 4-torsion in 774(S?) is glued from two terms in E*: 47 and 1,4;. A
representative of /If is the bracket (8.5), see, for example, [15]. More generally, each 4; corresponds
to an operation on a simplicial group, with 4, corresponding (for p = 2) to a simple bracketing
u - [syu, s;u). Iterating it three times gives (8.5); see [46] for details.

To show that &, represents the 4-torsion, we observe first that it is a cycle, namely that it lies
in Ry N -+ N R, and second we show that, modulo ygyg, it represents the element 4,4, of the
simplicial Lie algebra, given as a sum

[[[z0, 23], [22, 2411 + [[20 24], [225 23 ]] + [[ 23, 24], [20, 22]1s
[[21, 23], [22, 2411 + [[21, 241, [22, 2311 + [[ 235 241, [21, 25]]]

= - [[[23’ Zl]’ [ZS’ 22]]’ [[24’20]’ [Z4’ Zz]]]
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— 24, 2,1, (24, 2,11, [[23 2], [ 23, 2,]1]
+ [[[23, 2,1, [23, 2111 [[24 251, [ 24, 20 ]1]
+ (24, 2,1, (24, 2111, [[23, 2,1, [ 23, 20 ]1]
+ [[[z4, 251, [23, 2011, [[24, 251, [ 23, 2, ]1]
+ [[[24. 211, (23, 2,11, [[24, 251, [ 23, 20 1]
+ [[[24, 2,1, [23, 2111 [[24 2] [ 23, 2, ]1]
+ [[[24, 201, [23, 2,11 [[24 21, [ 23, 2,]1]
+ [[[24, 2,1, [23, 2111 [[24, 231, [ 22, 20 ]1]
+ [[[z4, 231, (25, 2111 [[24, 251, [ 23, 20 1]
+ [[[24. 23], (22, Z01). [[24, 211, [ 23, 2,]1]
+ [[[24. 201, [23, 2,11, [[24, 23], [22, 21 ]1]

+ [[[z4, 231, (22, 2011, [[24, 23], [ 22, 21 111

9 | EXAMPLES

The homotopy classes presented above yielded with relatively little computational effort Lie
algebras and groups with p-torsion in some high-degree dimension quotient. Using more
computational resources, we were able to find p-torsion in lower degree for p =2 and
p=3.

A general simplification (see Propositions 8.2 and 8.3) is that we can start by an element a, of
degree p and not 2p, by writing generators x;; in place of [x;, x;]. Indeed all the computations that
express a, as an symmetrized associative product actually take place in fpiﬂz(zzl’) c % p(ZZP ).
In fact, this amounts to working in Milnor’s simplicial construction F[S?], whose geometric real-
ization is QS3, and in its Lie analog L[S?]. Observe that, for spheres S9 of dimension d > 3, as
well as of Moore spaces, there is a description of homotopy groups as centers of explicitly defined
finitely generated groups [45]. However, these groups are not as easily defined as in the case of
52, when we quotient by the symmetric commutator. This is why we concentrated on S? v S? in
this article.

91 | p=2

The construction given in the proof of Theorem 1.2 has generators X, x;, X, and x; := —x; —
X; — X,. The element w belongs to 8,,(A) \ 714(A). It is possible to be a little bit more econom-
ical, by keeping the nilpotency degrees of the y; more under control: the best we could achieve
is

2 2 2
A= <XO,X1,X2,X3,y(()1),y§ ),yg ),yg) |

Xo + X, + X, + x5 =0, X, = 2%y, 2°x; = 2%y, 2°x, = 2%y,, 23x; = y;)
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and the element w = [[X,, X,], [x;,X,]]. In that Lie algebra, we have w € §,(A) \ y;(4) and
2w € y,(A). This can be checked by hand, or computer using the program lieng by Csaba
Schneider [54], or its improvement anq [1]; see the Appendix.

Rewriting [x;, x;] as x;; allows more simplifications; we may consider general presentations of
the form

2 2 2 2 2 2
A = <x017 x()2’ x037 x127 x13,x23ay(()1),y(()z)’y(()3)7Y§2),Y§3)’yg3) |

Xo1 + Xy + Xo3 = —Xo1 + X153 + X33 = =Xy — X5+ X3 =0,
2aijxij = 2bljylj fOI‘ all l,])

Suppose that the element w is 2"[x,x,,] and we want to show that it belongs to §,(A) \ y4(A).
Using the associative rewriting [X,, X;5] = X23X0; + X12X03 — Xp2X13 from (8.4), we will have w €
8,(A) as soon as A has relations of the form 2"x,,; = 2%3y,, and 2%3x,; = y,; and similarly for
the other generators. The condition w ¢ y,(A) can be checked by a direct calculation, for example,
using ang.

We may also replace the variables x;; by 2bij x;; for well-chosen b;;. This amounts, essentially, to
letting the x;; have degree less than 1. For instance, replacing x;; by 2y, j in the example above
and simplifying somewhat, we get

2 2 2 2 2 2
A = <x015 x()29 xlz,y(()l),)’éz),y(()3),YE2),Y§3),J’§3) |

223‘01 = Yo1» 24x02 = Yo2» 26x12 = Y12
20(=xq; — 2X03) = 2%Y03, 2°(xgy — 4x15) = 2*y13, 2°(xgy + 2X13) = 2°y53)

with @ 1= 2[x,, x1,] € 6,(A) \ 74(4). We have w = 25[xy;, Xp,] + 28[x01, X15] + 27[X005 X12]
modulo y,(A). We may also choose n > 4 and let y,; have degree n — 2 for all j, obtaining in
this manner examples with 2-torsion in §,,(A)/y,,(4).

It is straightforward to convert the example above into a group: it will be

2 2 2 2 2 2
G= <x01’xOZ’x12’y(()1)’y(()z)’y(()g,)sygz)’yi?,)’y;g,) |

4 _ 16 _ 64 _
X01 = Yo1» Xpp = Vo2, X1, = Y125

64,128 _ 64 32,128 _ 16 .32.64 _ .4
Xor Xoa = Vozr X1 Xpa = V130 XgpX15 = Va3)

and the element w = [e,, e;]3*[e,, €,]%*[e;, €,]'2® belongs to §,(G) \ 74(G). Increasing the degree of
the y,; leads, for every n > 4, to a group G with 2-torsion in §,,(G)/,,(G). This is essentially Rips’s
original example (1.1), except that his example contains more relations that make the group finite.
92 | p=3
As in the p = 2 case, we may construct a Lie algebra with generators x;; as follows:

A= (xy T oro<i< j<s,

Xp1 + Xgp + Xg3 + X4 + Xp5 = 0,
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—Xo1 + X1 + X33 + X4 + X5 =0,

—Xo2 — X132 + Xp3 + Xp4 + Xp5 = 0,

—Xg3 = X13 — X33 + X34 + X35 = 0,

—Xos4 — X14 — X4 — X34 + X5 =0,

3t x;; =y for0<i<j<5)
and the element @ =3"([xqy, X4, X531 = [Xo4> X240 X131 + [X045 X345 X151 + [X14, X4, X03] —
[X14> X34, X2 ] + [X245 X34, X1 ]) that belongs to §;5(A) \ ¥15(A).

Again there is substantial flexibility in this example: the degrees of the y;; may be adjusted,
and the last relations may be changed to 3%ix; = 3y, ; for well-chosen q;, ¢;;. The variables

x;; themselves may be replaced by 3bi1xi j for well-chosen b;;. Finally, some extra linear con-
ditions may be imposed on the variables, such as xy, = X;3 = X5 = X5y = X34 = 0. After some
experimentation, we arrived at the following reasonably small example:

A= (eo,el,ez,e3,yl.(2) fori e {0""’3}’3’1‘(;) for0<i<j<3|
9.1
3%, = y;, 3%7Te; + 3127V e; = 32722y, for (i, j) € {(0,1),(0,2),(1,3),(2,3)})

with w = 3°%[e,, e;, €]
Proposition 9.1. For the Lie ring A defined in (9.1) we have w € §,(A) \ y,(A) and 3w € y,(A).

Proof. Expanding w associatively, we get
w = 3%(epe e, — ege,eq — €165, + eye;ep).
We may rewrite it as

w = —ey(3%, +3'%;)e; —e;(3%, + 3'%;)e,
+ey(3%; +3Mey)e, +e,(3%; + 3Mes)e,

+ (3%, + 3"%¢,)ese; + e,e5(3'%, + 3'%¢,)

— (3", +3"%¢))ese, — eye5(3' e, + 312

er).

Each of the summands belongs to @’(A): they are all products of e, e, and 3'*~'e; + 312~ Je; for

some {i, j, k, £} = {0,1,2, 3}. The binomial term equals 3'~%~2/y;; = 32k+20y), ;» 50 the summand

is the product of 3%¢e;, 3% ¢, and y; j» namely the product of yy, y,, y;;, of respective degrees 2,2,3.
To check that w does not belong to y,(A) but that 3w does, we compute nilpotent quotients of A.

We did the calculation using two different programs: 1ienq by Csaba Schneider and LieRing [35]

for GAP [18] by Willem de Graaf and Serena Cicalo. O

In the next subsection, we give a direct proof that the associated group has 3-torsion in 3, /y-.
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9.3 | A small, finite 3-group G with J,(G) # 7,(G)
We consider the group G given by the presentation (9.1), namely,

G = (eo,el,ez,e3,y§2) fori e {0,...,3},y§;) foro<i<j<3]
(9.2)
e32i _ 312—1' 312—_[ 312—2i—2j

N A 47 for (i, j) € {(0,1),(0,2),(1,3),(2,3)})

with = [e,, e, e,]%

Proposition 9.2. In the group defined by (9.2), we have w € §-(G).

Proof. We will use the following well-known identity, which holds for any element x € G and
d>2:

S (d
xd—-1= Z <k>(x — 1k, (9.3)

k=1

We compute modulo w’(G), and from now on write = to mean equivalence modulo @w’(G). We
get

w—1=3"([ey,e1,¢0] — 1) as [ey, €1, ¢9] € 74(G)
= 3’[e1, exleq (([ez,e1] = 1(eg — 1) — (eg — 1([ez, €] = 1)
=3%e;, e;]e " (€5 ey ((e; — 1(e; — 1) — (e, — 1)(e, — 1))(ep — 1)
—(eg — De; e ((e; — ey — 1) — (e — (e, — 1));
and as 3° is divisible by the product of exponent of e, e;, e, modulo y,(G),
= 3%((ep — De; — (e, — 1) — (g — 1(e, — 1)(e; — 1)
—(e; —D(e; —1)(eg — 1) + (e, — 1)(e; — 1)(eg — 1)).

Let us write f; :=¢; — 1fori € {0, 1, 2, 3}. Then, as in the proof of Proposition 9.1, we have

w—1=3°(fof1f2 = fofaf1 = f1f2fo + F2f1£0)
= — fo3f2+3f)f1 = [13°f, +3°13)f
+ foB°f1 43" )2+ £,3° 1+ 3V )]
+ G fo + 3210 3 f1 + £33 fo + 312 f2)
— " fo+ 3 fDf3f2 = F2f 33" fo + 32 1)

Next, using (9.3) we have

312-i
Jj

3y (312_j>f? . <312_j>f? o

R T G VY GRS R G V GRS

i J i

2 3
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12— 312—i ) 312—i 3
+3 fj+< ) >fj+< 3 >fj+---

+ 3L

312-2i-2j
2

312-2i-2j

=Y 1= 312_2i_2j(yij -D+ < )(yij — 1%+

i . ; e 12—j .

Again using (9.3), the relations el.32 =y, imply 3% f; € w?. Now 3222/ divides (° X ]) /3%, s0
12—j . . . . 12—j 12—j

(¢ ) J)f 7 € 31272172 g, Similarly, 3'2727%/ divides (° X j) and (° . ]) so all terms with a binomial

coéfficient belong to 3'27%~2/w3 4+ w>. The same holds for all terms in the last two rows. We

therefore have
312—jfi " 312—ifj € 312-2-2j 53 | 5

We note 3127272/ = 3%k+27 \whenever {i, j, k, £} = {0,1, 2, 3}. Returning to computations modulo
w’, we consider a typical summand f,(3'27/ f; + 3127/ f ) f » in our decomposition of w — 1. We
write 3127 f, 4 31271 f . = 3127272y 4y with u € w?,v € @ to get

kB2 i+ 312_ifj)ff = [ B u+v)f, = G fuG* f)+ frof s,

where each summand belongs to w”’. O

Proposition 9.3. In the group defined by (9.2), the element w defined above does not belong to y,(G),
but its cube does.

Proof. The proof is computer-assisted. It suffices to exhibit a quotient G of G in which the image
of w does not belong to y7(5) but its cube does, and we shall exhibit a finite 3-group as quotient.

To make the computations more manageable, we replace the generators y; and y;; by generators
Zy, ... » 23, and impose the choices

Yo = [29,21], 1 =29, 23], Y, =129, 23], ¥ =121, 2],
Yoo =1, Yor = [21,23, 23], Y13 = 21,23, 21], Y23 = (21,23, 2]

In this manner, we obtain an 8-generated group (e, ..., €3, Zg, -.. , 23 ). We next impose extra
commutation relations: [e,, z,], [e3, 2,1, [e1, 23], [€5, 23], [€3, 23]

We compute a basis of left-normed commutators of length at most 6 in that group; notice
that w may be expressed as [z, z,, 23, 21, 21, e3]35, and impose extra relations making y, cyclic
and central.

The resulting finite presentation may be fed to the program pq by Eamonn O’Brien [47], to
compute the maximal quotient of 3-class 17. This is a group of order 33°°°, and can (barely) be
loaded in the computer algebra system GAP [18] so as to check (for safety) that the relations of G
hold, and that the element w has a nontrivial image in it.

Finally, the order of the group may be reduced by iteratively quotienting by maximal subgroups
of the center that do not contain w. [l

The resulting group, which is the minimal-order 3-group with nontrivial dimension quotient
that we could obtain, has order 3%%4.
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It may be loaded in any GAP distribution by downloading the ancillary file 3group. gap to the
current directory and running Read ("3group.gap") ; in a GAP session.

APPENDIX: THE PROGRAM ANQ

We have developed a power computer program to explore nilpotent quotients of finitely presented
Lie rings. It is freely available at https://github.com/laurentbartholdi/ang. The first example
in Subsection 9.1 is entered by putting the following in a file:

< x0, x1, x2, x3, omega, omega2, y0; vl; y2; vy3 | X0+xX1+xX2+X3,
x0 = 2"7*y0, 271*x1 = yl, 2™2*x2 = y2, 274*x3 = y3,
omega := [[x0,x2],[x1,x2]], omega2 := 2*omega >

Without going into details: generators are listed, separated by commas (,) or semicolons (;);
the degree of a generator is one more than the number of preceding semicolons. Relations are then
listed after the |. The last two relations are aliases: they define a generator in terms of previously-
listed generators. (Being an alias merely speeds up the program.)

ang supports a variety of rings; in particular, finite rings Z/p" Z in which arithmetic is very fast;
fixed-precision integers (which abort under overflow); and arbitrary-precision integers (which
tend to be quite slow). As for the example above we are interested in 2-torsion, we compile an
executable for p = 2 and n large:

% make ng 1 2 64

The “1” means “Lie algebra,” and p and n are given separated by underscores (_). Replacing
“1” by “g” would compile a group quotient program. If the presentation above was saved in file
twotorsion, we could then invoke

$ ./ng_1l 2 64 -N4 -W9 ./twotorsion | grep omega

omega |—> 256*al49 + 4*al50 + 252%alb52 + 1*alb6 + 2*al57
+ 256*al159 + 1*ale6l

# omega2 |->

+H

This tells us that, in the maximal quotient of the given Lie algebra of nilpotency class 4 and
maximal degree 9, the element w is nontrivial but its double is trivial. Note that the nilpotency
class option “-N4” forces all five-fold iterated commutators to vanish, and also serves as a speedup;
as the generators y1,y2,y3 have degree 2,3,4, respectively, the effective nilpotency class of the
quotient is at most 1 + 2 + 3 + 4 = 10, if each yi is written as an (i + 1)-fold iterated commutator
of degree-1 generators.

We have in this manner verified that w does not belong to y,,, but that 2w does belong to y;,. It
remains to check, by hand, that w belongs to §;, to conclude that indeed the example above has
2-torsion in 8,y /y1o.

Note that the same verification could have been made by computing with coefficients Z/2'3;
but the answer with coefficients Z/2'* would have been inconclusive.

The Lie algebra example (9.1) was also checked using ang, as follows:

make ng 1 3 38

echo '< e0, el, e2, e3, omega, omega3ld; yO0, v1, y2, y3; y00,
y01l, y02, y03, yl2, y13, y23 |

o° oe
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3°0%e0 = y0, 3"2%el = yl, 3'4%e2 = y2, 3%6%e3 = y3,

3"12*el + 3"11*e0 = 3710*y01,

3"12*e2 + 3"10*e0 = 378*y02,

3"11*e3 + 3"9*el = 374*yl3,

3"10*e3 + 379*e2 = 372*%y23,

omega := 379*[e2,el,e0], omega3 := 3*omega >’ | ./ng 1 3 38 -W6 -
N3 | grep omega
# omega |-> 2*a323
# omega3 |->
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