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Abstract

We establish the existence of static doubly periodic patterns (in particular rolls, rectangles and
hexagons) and symmetric defects (‘walls’ between two rotated roll patterns) on the free surface of
a ferrofluid near onset of the Rosensweig instability, assuming a general (nonlinear) magnetisation
law.

To show the existence of static doubly periodic patterns, we formulate the ferrohydrostatic
equations in terms of Dirichlet-Neumann operators for nonlinear elliptic boundary-value problems.
We demonstrate the analyticity of these operators in suitable function spaces and solve the
ferrohydrostatic problem using an analytic version of Crandall-Rabinowitz local bifurcation
theory. Criteria are derived for the bifurcations to be sub-, super- or transcritical with respect to a
dimensionless physical parameter.

To show the existence of symmetric defects, we use a Hamiltonian version of a spatial dynamics
theory for domain walls by Haragus and Iooss [17, 18]. We formulate the ferrohydrodynamic
problem as a spatial Hamiltonian system. A centre-manifold reduction technique converts the
problem for small solutions near onset to an equivalent Hamiltonian system with six degrees of
freedom. We show that the reduced system has a heteroclinic connection between two periodic
solutions corresponding to rotated rolls.

Zusammenfassung

Wir zeigen die Existenz doppelperiodischer statischer Muster (insbesondere Rollen, Rechtecke
und Hexagone) und symmetrischer Defekte (‘Winde’ zwischen zwei rotierten Rollenmustern)
an der freien Oberfliche eines Ferrofluids kurz vor Eintritt der Rosensweig-Instabilitit, wobei
wir ein allgemeines (nichtlineares) Magnetisierungsgesetz verwenden.

Um die Existenz doppelperiodischer statischer Muster zu zeigen, formulieren wir die ferro-
hydrostatischen Gleichungen mit Dirichlet-Neumann-Operatoren fiir nichtlineare elliptische
Randwertprobleme um. Wir weisen die Analytizitét dieser Operatoren in geeigneten Funktionen-
rdaumen nach und 16sen das ferrohydrostatische Problem mithilfe einer analytischen Version der
lokalen Bifurkationstheorie von Crandall und Rabinowitz. Wir leiten Bedingungen dafiir her, dass
die Bifurkation sub-, super- oder transkritisch beziiglich eines dimensionlosen physikalischen
Parameters ist.

Um die Existenz symmetrischer Defekte zu zeigen, nutzen wir eine Hamiltonische Version
einer Theorie von rdaumlicher Dynamik fiir Domédnenwédnde von Haragus und Iooss [17, 18].
Dafiir formulieren wir das ferrohydrodynamische Problem als rdumliches Hamiltonisches System.
Mithilfe einer Zentrumsmannigfaltigkeitreduktion wandeln wir das Problem fiir kleine Losungen
bei Eintritt der Rosensweig Instabilitit zu einem dquivalenten Hamiltonischen System mit sechs
Freiheitsgraden um. Wir zeigen, dass das reduzierte System eine heterokline Verbindung zwischen
zwei periodischen Losungen besitzt, die rotierten Rollen entsprechen.
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Chapter 1

Introduction

1.1 The physical problem

We begin by introducing the physical problem studied in this thesis. Consider two fluids with
undisturbed depth d which are incompressible, inviscid, isotropic and free from internal currents.
The upper fluid has unit relative permeability and lies in the fluid domain

O ={(z,y,2): n(x,2) <y<d},

where gravity acts in the negative y-direction. The lower fluid is a ferrofluid with a general
(nonlinear) magnetisation law and relative permeability ;4 greater than unity (further assumptions
on p are given below) which lies in the fluid domain

Q:={(z,y,2): —d<y<n(z,2)}.

When these fluids are subjected to a vertically directed magnetic field of sufficient strength,
patterns occur at the interface, and we now derive the equations for this phenomenon following
Rosensweig [38, Chapters 3 and 5].

The relations between the magnetic fields H', H and the induction fields B’, B are given by
the identities

1oH = B’ inQ,
po(H + M(/HJ)) =B in Q,

where ji is the vacuum permeability and M is the magnetic intensity of the ferrofluid. We
suppose that
H
M([H|) = m(/H]) =,
H]

where m is a (prescribed) nonnegative function, so that in particular M and H are collinear.

11



12 Pattern formation at a fluid-ferrofiuid interface

The fields obey Maxwell’s equations

divB' = 0 in (Y, (1.1)
curlH =0 in 0, (1.2)

divB =0 in Q, (1.3)
curlH=0 in €. (1.4)

From equations (1.2) and (1.4) it follows that magnetic potential functions ¢', ¢ exist with

—grad ¢’ = H’ in 0,
—grad¢p =H in 2.

Using equations (1.1) and (1.3), one finds that these potentials satisfy the equations

div(grad ¢') =0 in 0,
div(u(|grad ¢|)grad ¢) = 0 in €2,
in which
pls) =1+ —mis);

we assume that o : (0, 00) — R is analytic and satisfies p(1) 4 /1(1) > 0 (so that the linearised
version of the equation for ¢ is elliptic).

At the interface we have the magnetic conditions

H . t,=H-t,, H -t, =H- t,, (1.5)
and
B -n=B-n, (1.6)
where
o (1,7.,0)" ~(0,n., )"
Vi SV
and -
(_77:1:’ 17_772)

V3itni+n
are the tangent and normal vectors to the interface; it follows that

¢/—§b:0 fory:n(l'az)v (17)
¢, — p(|grad ¢|)dn, = 0 fory = n(z, 2). (1.8)

The static ferrohydrodynamic Euler equation, which balances the pressure and the forces
resulting from gravity and magnetism in the fluid, is derived by Rosensweig [38, Section 5.1]
and given by

—grad (p + plgy) =0 in (',
po(M(JHY) - (9,,0.,0,)")H — grad (p* + pgy) = 0 in 2,
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in which ¢ is the acceleration due to gravity, p’ is the pressure in the upper fluid, p* is a composite
of the magnetostrictive and fluid-magnetic pressures and p’, p are the densities of the upper and
lower fluid. The calculation

shows that these equations are equivalent to

—grad (p' + p'gy) = 0 in &,
[H]|
grad Mo/ m(t)dt — (p* + pgy) | =0 in
0
or, after integrating, to
—(' +r'gy) = Cq in €Y', (1.9)
[H]
po [ mit)dt = (" + pgy) = Ci in 0, (1.10)
0
where C{, C are constants.

The ferrohydrodynamic boundary condition, which balances the composite pressure and the
forces resulting from the surface tension and magnetism at the interface (see Figure 1.1), is
derived by Rosensweig [38, Section 5.2] and given by

p o+ O (H) 0 = o 4 20m,
in which o > 0 is the coefficient of surface tension and

Naa(L+12) 4 022 (1 4 772) — 2027270

Ve —
" (1+n2+n2)32

is the mean curvature of the interface.

P Q

Figure 1.1:

Balance of forces in the ferrohydrodynamic boundary condition.
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Using the fact that the ferrofluid is magnetically linear and substituting equations (1.9) and
(1.10) into this boundary condition shows that

|H|
fﬁmmm«m+mﬁ m(t)dt +C+ () — pgn — 20k =0, (L1

where C' = Cf — C.
From equation (1.7) we find that

0= 8:(¢'(z,n(x, 2), 2) = Plx,m(x, 2), 2))
= @ (z,n(, 2), 2) + 1a(, 2) 0y (2, 1(2, 2), 2)
= (@a(, (2, 2), 2) + 1ma (2, 2)y (2, 1(, 2), 2)),
0= 0:(¢(z, (2, 2),2) — d(x,n(x, 2), 2))
= ¢.(x,n(x,2), 2) +1:(x, 2) ¢y (z, (2, 2), 2)
= (0=(z, (2, 2), 2) + 02 (x, 2)py (2, 1(2, ), 2))

and hence obtain the identities

gb; - 92536 = M (¢; - ¢y> for Yy = 77(% 2)7
¢, — ¢, =—n. (925; — <z§y) fory = n(zx, 2).

Substituting these identities into the equation

@ — b, = — Nu( Py — b2) — (P — ¢2) + & — By

shows that
O, — n = /1 +n2+n? (gb;—%) fory = n(z, 2). (1.12)

Using condition (1.5) and the facts that

fory = n(x, 2)

(M(IH]) - n)? = (u(H]) = 1)*(H - n)® in Q,
/ () dt = / ) — o) dt
- /|H tu(t) dt — %yHF in Q2

and

H'-n = p(|H)H-n

at the interface (because of the relations

H =B’ in Y,
pop(|H))H = B in €2

and condition (1.6)), we derive the identity
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— |+ (u(H]) = 1)* (H-n)* = — [H]" + (H - 0)” - 2u(/H]) (H-n)” + p(H])* (H - n)*
= —[H]?+(H -n)’ - 2(H -n)(H-n)+ (H  n)’
= —|H|?+2H -n(H -n—H-n)

at the interface, and from equations (1.8) and (1.12) it follows that
H'-nH -n-H-n)=d¢, (¢, — o)
=&, (VI+ 2 (6, - )
= V14 + 28,0, — pullgrad ¢l)¢yén) for y = n(x, 2),
so that equation (1.11) can be written as
C—(p—p)gn— 20k
o plerad o2 = Al
+ pov/ 1+ 02+ n2(¢,¢), — ullgrad ¢[)dydn) =0 fory = n(z, 2)

with

M(s) = /08 tu(t) dt.

Altogether the mathematical problem is to solve the equations

div(grad¢’) =0 in Y, (1.13)
div(p(|grad ¢|)grad ¢) =0 in (1.14)
with boundary conditions
¢/_¢:O fOfy:??(l’>Z)7 (1.15)
ol — u(|lgrad ¢|)dn, =0 fory = n(z, 2), (1.16)

and
C—(p—p)gn— 20k
1
o lerad o2 = ar(fgrata) )
+ po/1+n2 +n2(d, 9, — p(lgrad ¢[)g,¢n) = 0 fory =n(z,2). (1.17)
The requirement that a uniform magnetic field and flat interface solves the physical problem,
that is

no =0, ¢ = pu(h)hy, Po = hy

is a solution to (1.13)—(1.17), leads us to choose

C = —poM(h) — pop(h) (@ - 1) K.
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Introducing the constant p = p — p’, and the variables

i=n—m, ¢=¢—¢ d=0¢— ¢

one obtains the equations

div(grad¢') = 0 in 0,
div(u(|grad(¢ + hy)|)grad(¢ + hy)) =0 in Q

with boundary conditions

¢ =+ (uh)—=1)hy=0  fory=n(z,z2),
(¢ + pu(h)hy)n — p(lgrad(e + hy) ) (¢ + hy)n =0 fory = n(z,2),

and

#h)

—poM (h) — pop(h) ( 5

>h2 — pgn — 20K
o Slarad(+ ) - M (10 (6 + ) )

+1oy/ 1+ 12 +n2(dy, + p(h)h) (¢ + pu(h)hy)n

—po/ 1+ 02 +n2u(lgrad(e + hy)|)(dy +h)(¢ +hy), =0  fory = n(z,2),

where the tildes have been dropped for notational simplicity. Finally, we specify Neumann

boundary conditions

¢, =0 fory = d,
p(lgrad(¢ + hy)|)(¢y + h) — p(h)h =0 fory = —d.
The next step is to introduce dimensionless variables
..y Hoh? v Hoh 2+ Hoh A
(2,9,2) = Z—(,y, 2), ¢/:% g ¢:%¢7 n=

and functions
i(s) = p(hs),  M(s) = M(hs).
Dropping the hats for notational simplicity, we find that

div(grad ¢’) =0 in ',
div(u(|grad(¢ + y)|)grad(¢ +y)) =0  inQ

with boundary conditions

¢, =0 fory =

p(lgrad(e +y)|)(¢y +1) —pu(1) =0  fory = —

¢ =+ ul)=1)n=0 fory=n

(¢ + p()y)n — p(lgrad(é +y)) (¢ +y)n =0  fory =1

)

==

Y

=

—~~

x’ Z)?

z,z),

(1.18)
(1.19)

(1.20)
(1.21)

(1.22)
(1.23)
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and

~a1(1) = 1) (M = 1) = 2

- <%|grad(¢' + p()y) | — M(|grad(¢ + y)|)>

V102 +02(dy, + p(1)(¢" + p(1)y)n

—VT+ 02+ n2u(lgrad(6 + )by + D(@+y)n =0  fory=n(x,2),  (1.24)
where

pgd o
5 P=E
toh poh*d

v =apf. (1.25)

We use the parameter v as a bifurcation parameter and fix the value [, of 3, noting that
n=20,¢ =0, ¢ =0is asolution to (1.18)—(1.24) for every v € R and that the limit 5y — 0
corresponds to fluids of infinite depth.

1.2 Small-amplitude doubly periodic patterns

G

Figure 1.2:

Experimental observation of static doubly periodic patterns at the fluid-ferrofluid interface: A) rolls;
B) rectangles; C) hexagons (Fachrichtung Physik, Universitit des Saarlandes).

In Chapter 2 we present an existence theory for small amplitude, doubly periodic solutions to
(1.18)—(1.24), that is solutions with

nx+1)=nx), dx+Ly)=d¢xy), ox+Ly) =0o(xy)
forevery 1 € £, where x = (z, z) and .Z is the lattice given by
L ={ml; +nly: m,neZ}

with |1;| = || . We are especially interested in three patterns which are observed in experiments
(Figure 1.2), namely rolls, rectangles and hexagons (see Figure 1.3).

(i) For rolls we seek functions that are independent of the z-direction and choose
1= (22,0), so that the periodic base cell is given by

{x:|x|<g}.
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(ii) For rectangles we choose 1; = (2, 0), 1, = (0, 2%), so that the periodic base cell is given

by
{(x,z) x|, 2] < g}

(iii) For hexagons we choose 1, = 27(1, — =), 1, = 27(0, %), so that we obtain an additional

w

periodic direction I3 =1; +1, = 27 (1, %) and the periodic base cell is given by

x—\/_z‘

{@a k<2, " e va| <271

Notice that each of these patterns exhibits a rotational symmetry: the shape of the free surface is
invariant under a rotation of the (z, z)-plane through respectively (i) 5, (1) % and (iii) 7.

Figure 1.3:

The lattice .Z and periodic base cell for rolls (left), squares (centre) and hexagons (right).

This problem was first studied by Cowley and Rosensweig [8]. Using a linear stability
analysis, they found that, as the strength / of the magnetic field exceeds a critical value h., the
flat surface destabilises and a hexagonal pattern of peaks appears. This phenomenon is known
as the Rosensweig instability. A mathematically rigorous treatment of the problem was given
by Twombly and Thomas [44], who used coordinate transformations to ‘flatten’ the free surface
by transforming the a priori unknown domains €2’ and €2 into fixed strips. Applying Lyapunov-
Schmidt reduction reduces these transformed equations for rotationally symmetric patterns (see
below) to alocally equivalent one-dimensional equation which is solved using the implicit-function
theorem; the result is the existence, for values of h near h., of rolls and rectangles in addition to
the hexagonal pattern. Twombly and Thomas’s work is however flawed by some miscalculations
and mathematical inconsistencies, and is also restricted to linear magnetisation laws. In this
article we present a more systematic approach which is motivated by the corresponding study
of doubly periodic travelling water waves by Craig and Nicholls [10]; we also consider general
nonlinear magnetisation laws.

We work with the dimensionless variables introduced in Section 1.1 above, and ‘flatten’ the
equations using Dirichlet-Neumann formalism. The Dirichlet-Neumann operator GG’ for the upper
fluid domain (given by {n(z, z) <y < %} in dimensionless variables) is defined as follows. Fix

®' = &'(z, 2), solve the linear boundary-value problem

_ 1
¢;z+¢;y+¢;z_0a n<y< Bo? (126)
¢ =P, y =1, (1.27)
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¢, =0, Y=g (1.28)
and define
G0 ®) =1+ + )| = () —md, —n.d)|,_. (129

The Dirichlet-Neumann operator G for the lower fluid domain {—% <y <n(x,z)} is similarly
defined as

G, ®) = (1+ 13 +n2)2 u(|grad (6 + ) )l _,

= pu(lgrad (¢ + y))(by — Nete — 0:02)],_, (1.30)
where ¢ is the solution of the (in general nonlinear) boundary-value problem
div(p(|grad (¢ + y)|)grad (¢ +y)) = 0, — 5 <y<m, (1.31)
¢ =2, y =1, (1.32)
p(lgrad (¢ + y)[)(dy + 1) = p(1), y=—7 (1.33)

The nonlinearity of (1.31)—(1.33) is inherited from that of the magnetisation law M = M (H) (for
a linear magnetisation law the value of y is constant and (1.31), (1.33) are replaced by respectively
Laplace’s equation and a linear Neumann boundary condition).

In Section 2.2 we show that G’ and G are analytic functions of respectively (n, ®') and (7, ®)
in the following sense.

Theorem 1. Suppose that s > 5/2. The formulae
G/(Tla q),) - —(Qsly - nx(ﬁ;; - nz¢;)|y:n)
G(TI, (I)) = (M(|grad(¢ + y)|)(¢y — N Pp — nquz))‘y:na

and

H'(n, @) = ¢;;|y:m H(n,®) = ¢y|y:nv
where ¢ and ¢ are the solutions to the boundary-value problems (1.26)—(1.28)
and (1.31)-(1.33), define mappings G, G : H:.(T) x Hipex>(T) — Hpa*(T) and

per

H' H:H: (T')x H;e_rl/z(F) — Hg;S/Q(F) that are analytic at the origin.

per

Using this Dirichlet-Neumann formalism, we can recast the governing equations as
Q' — &+ (u(l) —1)np =0, (1.34)
G'(n, @) + G(n,®) + p* — u(1) =0 (1.35)

and

v Vi
_fy . _—
! N

45 (4 V) B (g, @)~ [V'P)
()G, @) + G @)+t — (1))
(M = M(1) — p*Hp, %) — H(n, 9)C (0, ) = 0, (136

in which V = (9,,0.)7,
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u*ZumV@V+2G—VM-V®ﬂﬂm¢%+ﬂ+ﬁvm5ﬂmﬁ®”+ﬂuﬁ,
Aﬂ:ﬂ4mv¢ﬁ+2a—Vm-V®ﬂﬂm¢y+u+¢vm%H@xm?+n”ﬁ.
The mathematical problem is thus to solve the equation
G(n, @', ®;7) =0, (1.37)
where G is given explicitly by the left-hand sides of (1.34)—(1.36).

Lemma 2. Suppose that s > 5/2, let " be the parallelogram defined by 1, and 15 (or 1 in the case
of rolls), and define

Xo = H3FV2(T) x HE (T') x HS, (),

per per per

Yo 1= Hi(T) x Hin!(T) x Hi(D),

per per

ngxr):{c:/rg:o}.

The left-hand sides of (1.34)—(1.36) define a mapping G : Xy x R — Y, which is analytic at the
origin.

where

Observe that (1.37) exhibits rotational symmetry: it is invariant under rotations through
respectively 7, 5 and % for rolls, rectangles and hexagons, and one may therefore replace X, and
Y, by their subspaces of functions that are invariant under these rotations (denoted by Xy, and

Yoym)-

In Section 2.4 we discuss the existence of small-amplitude solutions to (1.37) within the
framework of analytic Crandall-Rabinowitz local bifurcation theory (see Buffoni and Toland
[6, Chapter 8]), using +y as a bifurcation parameter. According to that theory values v, of v at which
non-trivial solutions bifurcate from zero (clearly G(0, 0, 0;~) = 0 for all values of 7) necessarily
have the property that the kernel of the linear operator Ly := d;G[0,0,0;v] : Xo — Yo is
non-trivial. We show that ker L is non-trivial if and only if

k K\
v = r(|k|) := (lul(,ul —1)? (p1|k| coth ’ﬁ| + S1|k| coth Slﬁ‘ ’) - 1) k|? (1.38)
0

Bo
for some k € %\ {0}, where ;1 = p(1), ju = (1), Sy = (p1/(p1 + f11))*? and £~ is
the dual lattice to .. The function |k| — r(|k|), which satisfies 7(0) = 0 and r(|k|) — —o0
as |k|] — oo, takes only negative values for Sy > pi(pu; — 1)*/(p1 + 1), while for

Bo < pi(pr — 1)?/(pg + 1) it has a unique maximum w with r(w) > 0 (see Figure 1.4);
we choose vy = r(w) and note the relationships

5, b =17 (h(@) —@h@)) o (“1(“1——”2 1)

20w h(@)? wh(w)

where @ = w/fp and h(®) = py coth® + 5 coth S;@.
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~y,

K|

W K

Figure 1.4:
The graph of the function |k| — r(|k|) for By > p1(p1—1)?/(p1+1) (left)

and By < p1(p1—1)%/(p1+1) (right).

This value (5, 7o) of (5,) corresponds to the Rosensweig instability. The dimension of
ker L is therefore determined by the number of vectors in .Z* with length wj for rolls, rectangles
and hexagons we find that dim ker L is respectively 2, 4 and 6. Because the kernel of L is
multidimensional, one can not use Crandall-Rabinowitz local bifurcation theory directly. To
overcome this problem we replace X and Y{ by Xy, and Yy, thus restricting to solutions that
are invariant under rotations through respectively 7, 5 and % for rolls, rectangles and hexagons.
These restrictions ensure that dim ker Ly = 1 with ker Ly = (vy), where

1
—7 (,ulel tanh S @ coth W + 1)
v = —p1.S7 ! tanh S1@ coth @ (@, 2)
1
and
COS WX (rolls)
e1(x,z) = CcosSwx + coswz (rectangles)
COS WX + CoS % (x + \/gz) + cos % (x — \/§z) (hexagons).

Verifying the remaining conditions in the analytic Crandall-Rabinowitz local bifurcation
theorem yields the following result.

Theorem 3. The point (7, 0) is a local bifurcation point for (2.15), that is there exist € > 0,
open neighbourhoods Wy, of (70,0) in R X Xgym and Vg, of 0 in Xy, and analytic functions
w: (—e,e) = Vagm, 7 1 (—€,6) = Rwith v(0) = 9, w(0) = vg such that G(sw(s);y(s)) =0
forevery s € (—¢,¢). Furthermore

Wegm NN = {(7(s), sw(s)) : 0 < |s| <&},
where

N ={(7,v) € R x (Vaym \ {0}) : G(v;7) = 0} .

In Section 2.5 we examine the bifurcating branches identified in Theorem 3.
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Theorem 4. Branches of small-amplitude doubly periodic solutions to the ferrohydrostatic
problem bifurcate from the trivial solution at v = ~yy. The bifurcation is

(i) transcritical in the case of hexagons,

(ii) super- or subcritical in the case of rolls and rectangles, depending upon the sign of a
coefficient o which is determined by 1 and w/ By. (Explicit formulae for the coefficient -y,
are given in some special cases in Section 2.5.)

Finally, we note that supercritical bifurcation of rolls is associated with (supercritical) bifur-
cation of spatially localised patterns, whose existence has been established by dynamical-systems
arguments by Groves, Lloyd and Stylianou [14]. A simplified version of the material in Chapter
2, which deals only with a linear magnetisation law and Dirichlet-Neumann operators for linear
boundary-value problems, has appeared in a previous thesis (Horn [25]).

1.3 Small-amplitude symmetric corner defects

4

Figure 1.5:

Experimental observation of a static symmetric corner defect at the fluid-ferrofluid interface
(Fachrichtung Physik, Universitit des Saarlandes).

In Chapter 3 we present an existence theory for symmetric corner defects between rolls (see
Figure 1.5). A corner defect is a transition between two periodic (moving or static) wave trains
with different wavenumbers or directions. They have been studied in several different settings,
in particular as solutions of reaction-diffusion equations (see Haragus and Scheel [19, 20, 21],
Sandstede and Scheel [39], and Scheel and Wu [41]) and the Swift-Hohenberg equation (see
Haragus and Scheel [22, 23, 24] and Lloyd and Scheel [31]). Recently Haragus and Iooss
[17, 18] have examined them as patterns in the Bénard-Rayleigh convection problem using spatial
dynamics. In this thesis we consider them as patterns at the fluid-ferrofluid interface and study
them using a Hamiltonian version of the Haragus-Iooss theory.

We seek solutions of (1.18)—(1.24) which are 27”—periodic in the z-direction and formulate
these equations as a spatial Hamiltonian system with the z-coordinate as the time-like variable
(see Groves and Haragus [13] for a comprehensive discussion of this method in the context of
water waves). Our starting point is the observation that (1.18)—(1.24) follow from the variational
principle

5/ L(n7¢,7¢) nzaﬁb;aﬁﬁm) dl‘ = 0

o0
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with Lagrangian

L(n, &', ¢, 1w, &, Ox)
= /027T {/nl u ((Qbi I (6 + 1>2)1/2> dy

1
+ /BO % (6 + 202 + (¢}, + p(1))*) dy
n

batt) (ol ~ o,y ) = (30 +) (B -1) )
~ (50 + o+ (VITETAE-D) b

where the variations are taken with respect to 7, ¢’ and ¢ satisfying
(& = 9], + (u(1) = )n =0.

Here we have scaled the z-coordinate so that 7, ¢, ¢’ are 27-periodic in this variable (and v
appears as a parameter) and introduced a bifurcation parameter ¢ by writing v = 7y + €. The
next step is to use the ‘flattening’ transformation

_y—7 o 1

y= 1+60777 X(:E,y,z)—gb(x,y,z) for —%<y<77’

g: y_n’ X/(xa?jjz)zﬁb/(if,y,z) fOI"I7<y<i
1_5077 Bo

to map the variable domains

{(x’y>z)‘—%<y<ﬁ}v {(:v,y72):n<y<%}

into the rigid domains

{(x,y,z): —i<y<o}, {(:c,y,z): 0<y<i},

0 0

and the free interface {(z,y,2): y=n} to {(z,y,2) : y =0}. In the new coordinates the
variational principle takes the form

5/ L(U7X17X7 TZI7X/$7X;E) dl’ = O’

where the variations are taken with respect to 7, ¥’ and x satisfying

(X =)o+ (u(1) = 1)y =0.

We proceed by carrying out a formal Legendre transformation. Define new variables

SH . 6H SH
p_%u 5_6_X,za €_5Xz7
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solve these equations for p,, X%, x. as functions of n, \’, x, p, ¢, €, and set

2 0 o % /
H (0, s € €) = / / vabdy dz + / / V€ dy dz
0 —[710 0 0

2
+/ npdz —L(n, X', x,p,€.§).
0

In Section 3.1 we confirm rigorously that

0H 0H 0H
e — / = — = — 1.
/’750 5p 9 Xx 65/7 X$ 56 Y ( 39)
oH 0H 0H
= —— ! = —— = —— 14
Pz 5 138 5y € 5x (1.40)

represent Hamilton’s equations for a spatial Hamiltonian formulation of the ferrohydrostatic
problem. Equations (1.39), (1.40) have the disadvantage that they are accompanied by nonlinear
boundary conditions, and we construct a near-identity change of variable which transforms those
conditions into their linearisations. The result is a quasilinear evolutionary equation of the form

uy = Lu+ N (u) (1.41)
with phase space

Xo={ue H,,(0,2m) x H} (X) x Hy () x L2,.(0,2m) x L2 (X) x L2 (%) :

per per per per per

(X" = X)ly=0 + (1 — 1) p = 0},

where u = (0, X', x, ., &, &), ¥ = (0,27) x (0, ,Bio)’ ¥ =(0,2m) x (—%, 0) and the subscript
‘per’ on the standard Sobolev spaces indicates that the functions are 27-periodic in z. The vector
field on the right hand side of (1.41) (whose linear and parameter-dependent nonlinear parts are
denoted by L and N°) maps a neighbourhood of the origin in

per per per per per per

D(L) = {u € H2 (0,27) x H2 (X) x H> (%) x H! (0,27) x H'_(X') x H! () :
(X = 0ly=0 + (11 = 1) =0, 1Sy *xylye 1 =0, Xyl 2 =0,

Bo Bo
(1157 Xy — X3 ly=0 = 0, <% - 5’) T (1 —1)p= 0}

y=

analytically into Xo. (Here pi; = p(1), 11 = (1), 51 = (p1 /(1 + ﬂl))1/2.)Equation(l.41)is re-
versible, that is invariant under the transformation (1, x’, x, p, &, &) (z) — S(n, X', x, p, £, §)(—x),
where the reverser is defined by

5(777 le X5 P 5/7 ’5) = (777 X/7 X5 =P _5/7 _f)

Furthermore it is invariant under the transformation (x’, x) — (x'+¢, x+¢), ¢ € R, the reflection
T : z — —z and the translation R, : 2 — z + a, a € R,

The linear operator L is regular (that is, its spectrum consists entirely of isolated eigenvalues of
finite algebraic multiplicity with no accumulation points). A purely imaginary eigenvalue is with
corresponding eigenvector in the k-th Fourier mode satisfies vy = 7(5), where 62 = s* + k?1/?
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and r is defined in equation (1.38). We choose 3y < 1 (11 —1)?/(p1+1) and vp = r(w) as before
(see the discussion below equation (1.38)). With these choices of 3, and 7, we find that +iw are
mode 0 eigenvalues of L, and an additional pair +is of mode k eigenvalues, which are always
geometrically double, arises whenever vy = 7(v/s? + k2v2) (so that s = wy, := Vw? — k?1?).
By choosing v with 5 < v < =, m € N, we find therefore m additional pairs of eigenvalues
(see Figure 1.6).

o w w w
%1 %1
w2

—w1 —w1
o —w —Ww —Ww

Figure 1.6:

The purely imaginary non-zero eigenvalues of L for v such that v > w (left),
§ < v <w(centre) and § < v < ¢ (right).

We proceed by choosing ¥ < v < w, so that +iw and +iw; are respectively mode 0 and
mode 1 eigenvalues of L. Straightforward calculations show that each of these eigenvalues has
an associated Jordan chain of length 2; we find that

(L—iwlf)fjl =0, (L—lwl_f)ff:fjl, j=1,2,
(L+iw D) ff =0, (L+iwD)f7=fl, j=12
(L—iwl)f; =0, (L—iwl)ff = f;,
(L+iwl)fl=0, (L+iwl)f2=fL

Furthermore 0 is a mode 0 geometrically simple eigenvalue whose algebraic multiplicity is 2;
we find that Lf} = 0, LfZ = f}. (Explicit formulae for the (generalised) eigenvectors are given
in Section 3.3.) We normalise these vectors so that they form a symplectic basis for the centre
subspace of L with respect to the 2-form 2, that is Q(f], f2) = 1,

Qf} f2) = QfL 1)
Q(f ) =Q(f7 )

for j = 1, 2, 3 and the symplectic products of all other combinations are zero. We denote the coordi-

nate_SinthefOla fOQa cee 7f317f327 f117f127 ) f317 fﬂQdireCtionSbqupmala b17 -ee, @3, b37a_17 b17 )
as, by and observe that the actions of the actions of the reverser S, the reflection 7" : z — —z and

the translation (rotation) R, : z — z 4+ a, o € R on this space are given by

L,
-1

S(qo, po, ar, by, as, be, az, bs) = (—qo, po, @1, —bi, @2, —bs, 3, —bs),
T(QOJPO;a1>b17a27b27a37b3) - (QO7p07a27b27a17b17a37b3)7

i i —ia —ia
Ra(q07p0aa17blaa27b2aa37b3) = (q07p07e ap, € bl7e ag, € b27a37b3)'
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Figure 1.7 shows how the eigenvalue configuration changes as -, is varied through r(w):
the Jordan chains associated with the eigenvalues 4-iw and +iw; resolve into pairs of imaginary
eigenvalues for 7y < r(w) and into pairs of complex eigenvalues for 75 > r(w). (Note that (L)
is always symmetric with respect to the real and imaginary axes.)

w @] (@]
2%
2X w1 2% o0 02X
2%
——— ————
2%
2X & —Wwq 2x o0 02x%
2%
—W (@] O
Yo < r(w) Y = r(w) Yo > r(w)

Figure 1.7:
Eigenvalues of L for vy < r(w) (left), 70 = r(w) (centre) and o > r(w) (right); hollow and solid dots denote
eigenvalues with an associated Jordan chain of length 1 and 2 respectively.

In Sections 3.2 and 3.3 we apply Mielke’s centre-manifold reduction theory (see Theorem
33) and show that (1.41) is locally equivalent to the reduced Hamiltonian system

OH* = OH* =
x = 7b7_aba s r — aba_aba ) 1.42
Do o (a,b,a,b,po) do 900 (a,b,a,b,po) ( )
 OH® OH®

Qi ab_ (aa b,ﬁ, Ea pO)a bjz’ = - (a7 b7§7 Ba pO)a .] = L 27 37 (143)

J

oa;
where a = (al, asg, 0,3), b= (bl, bg, bg) and
I:Is(av b7§7 B? pO) = iwl (alb_l - a_lbl + CLQE - a_2b2) + i(x)(afig - a_3b3)

1
+b|* + 5?3 +O(|(¢, 0,2, b)|[(po, a, b)[?).
The reduced system inherits the reversibility, reflection and translation symmetries of (1.41);
in particular H* is invariant unter S, 7" and R,, for all a € ~R. The invariance of (1.41) under
(X', x) = (X' + ¢, x +¢),c € Ris reflected in the fact that H* does not depend upon ¢q (which
is a cyclic variable), so that p, is a conserved quantity. Finally, we note that

{(QO7p07a7b7§75) : a17a27b17b2 - O}

is an invariant subspace for the equations (1.42) and (1.43), solutions in which correspond to
two-dimensional, that is z-independent, solutions of the physical problem.

According to the classical theory, the next step is to lower the dimension of the reduced system
by two by setting py = 0, solving the resulting decoupled system (3.39) for a4, by, ..., as, bs,
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a1, b1, ..., a3, by and recovering qo from (1.42) by quadrature. The lower-order system is typi-
cally studied using a canonical, symmetry preserving change of variables which simplifies its

Hamiltonian H® |p0:0 (a ‘normal-form’ transformation) by transforming it to

iw1 (A1§1 — ZlBl + AQEQ — ZQBQ) + iw(A3§3 — Z:J,Bg)
+[B[* + K°(A,B, A, B) + O(|(A, B)P’|(¢, A, B)[™) (1.44)

for some ny > 2, where K° is a polynomial of order ng + 1 of its arguments and & with
K*(A.B,A,B) = O(|(A,B)’|(c, A, B)|).
Theorem 5. The polynomial K¢ admits a unique representation of the form
Ke(A,B, A B) = p5(My, ..., Mg) +p5(My, ..., Mg)My,
where p is a real polynomial function of its arguments and ¢ with

p;(MhMZa M3, My, Ms, Mg, M7, Mg)
:pj(M3;M4,M17M27M5;M67M87M7)7 J=12,

where
M, = A A, My =i(A By — A1 By),
M3 - A2227 M4 - 1(A2§2 - Z2B2)7
My = AzAs, Mg = i(A3B3 — A3Bs),
M7 = (ABs — A3Bl)<21§3 - ngl),
Mg = (AyBs — A3By)(AyBs — A3By)

In Sections 3.5 and 3.6 we find solutions of the reduced Hamiltonian system

I N
jJI — 8— (A7 B7 A) B;0)7 B]l' - _8_ (A7B7 A7 B? 0)7 j - 172’37 (145)

where A = (A;, Ay, A3), B = (Bj, By, Bs), making assumptions on the coefficients ¢}, c3, ¢1, ¢a,
c3, cq of eMy, e Ms, M7, My Ms, My Ms, M in pS5. We begin by examining the invariant subspace

R = {(A,B,K,E) . Al,AQ,Bl,BQ = 0}

and proving the following theorem by reworking the geometric arguments given by Iooss and
Péroueme [26, §SII1.1 and VI.1] from a functional-analytic perspective.

1

Theorem 6. Suppose that ¢} > 0 and ¢, < 0 and set § = 2. Equations (3.59), (3.60) admit
a family {Z%e} of reversible periodic solutions smoothly parametrised by 6 € (—dy,dy), 0 €
(—0o, o) for some 8y, 8y > 0. The solution Z5 has period 27 | (w + 1'% 60) and satisfies

1

1
2 . 11/2
Z%G(x) -5 < C3 ) ((1)> el(w+c3 / 80)x + O<52)

—204

uniformly over v € R as § — 0.
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Xy

Figure 1.8:
Rolls perpendicular to the directions z (left), 1 = sin(¢)z + cos(¥)z (centre)
and x5 = — sin(¥)x + cos(¥)z (right).

Tracing back the various changes of variables, we find that the above solutions correspond to
solutions of the ‘flattened’ physical problem of the form

U ikt 2 1/2 1 0

Y | =26 (3T°CJ> e,cos(w+ecy 00)x+ k72 [ 1| qlx)+ O(5?)
—2¢4

X 1

which depend on the single horizontal variable x. (Explicit formulae for the constant «,, and
vector e, are given in Chapter 3.) These solutions are rolls perpendicular to the z-direction
(see Figure 1.8). Because the physical problem is rotationally invariant, replacing = by x; in the
above formula generates rolls perpendicular to an arbitrary direction x;. In particular, writing
z1 = sin(¥)z + cos(¥)z and noting that

2

1_ 1 _ 2
K€l = Ky, C3, KoCs = K, C1

(see Section 3.7), we obtain the rotated rolls

Ny 1,.—-1\ 3 o
¥, | =25 (ﬂ) e cos ((w +¢§"50) (sin(0) + cos(1)2))

X9 —2a
L (0
+ K72 | 1] go(sin(d)z + cos(¥)2) + O(6?),
1

which are periodic in 2 with wavenumber (w + ¢4"?60)sin(9) and in z with wavenumber
(w4 L7 66) cos(1) (see Figure 1.8).

Defining ¢, 8; so that

(w+ céméﬁ) sin(v) = wy + 0}1/2561,
(w+ c§1/2(59) cos(1)

v,

we can write the rotated rolls as



Small-amplitude symmetric corner defects 29

UL =1\ 2
Xy | =26 (&) e,, Cos ((wl + Ci1/2(591)(]} + uz))

X0 —2a
. (0
+ k72 [ 1] go(sin(?)x + cos(9)2) + O(6?).
1
We can repeat this procedure with o = — sin(¥)x + cos(1)z to obtain a second family of rolls

which are rotated in the opposite direction (see Figure 1.8). Reapplying the changes of variables
and the centre-manifold reduction leads to the following existence result.

1
Lemma 7. Suppose that ¢} > 0 and ¢; < 0 and set 6 = 2. Equations (3.53)—(3.58) admit
families {Z57}, {de} of reversible periodic solutions smoothly parametrised by § € (—dy, do)

and 6 € (—0y,60). The solutions Z’ and Z(Zf have period 27 | (wy + ¢}'*66) and satisfy

5,0 ¢ 2 (! ' 11259
72y (x) =6 (—20 ) 0 | ellrter 90z 1 0(52),
! 0
= (0
1 2 . 11/2
Zy) (@) = 5 (—2) L] et 00+ 0(5%)
0

uniformly over x € R as 6 — 0. (Obviously de = TZ‘;’G.)

Finally, we construct a heteroclinic solution to equations (1.45) which connects a periodic
solution Z‘;’,G with a periodic solution Zgo. We use the method of Haragus and Iooss [17, 18],
giving full details for completeness since their work defers to several other sources.

1
Introducing scaled variables & = (cje)2x and

Clg 2 iwix - .
Aj(x) = (—;Cl) e“1rC(z), j=12,

1
1 2

1€ ) eiwxcg(:i,>’

Ay(z) = (

—201

we write equations (1.45) as

Clzz
H(Cvcl’acxﬂmxa 5) = CQQCZ _Hl(c) _HQ(C7Cm7xa 5) - 07 (146)
C3ra:

in which C = (C4, C3, C3), the hats have been dropped for notational simplicity,
(=14 |C1|? + di|Cs]? + do|C5|*) Oy

H1(C) = [ (=1 +di|Ci]* + |Co* + da|C3]*) Oy
(ds + do(|C1 [ + | Ca|?) + da|C5)?) Cs

Y
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and

|H2(C,Cx,$,5) (

| =0 |(C’C$)|)’
|0cH2(C, C,, z,0)| = O

4]
J), |0c, H2(C,C,,z,0)| = O(0)

as (C,C,,d) — 0, uniformly over = € R. Note that the formulae

5,0 —iwz)(ct s 6,0 T
P (x) = o7t/ 0z (m)

1

—iwx 011/2 6,0 T
Q¥(a) e gy ()
51

define (quasiperiodic) solutions to (1.46). The following result was proved by van der Berg [45,
Theorem 5].

Lemma 8. There exists a smooth real solution C* = (C}, C3,0) to the equation

Clx:c
CQxx - Hl (C)
C3zm

such that
(i) lim, .., C* = (1,0,0) and lim,_, ., C* = (0,1,0),
(ii) Ci(x),C5(x) > 0 forall x € R,
(iii) Ct(z) = C3(—x) forall x € R.

Defining
H(0,6)(z) := %C*(x) 4+ x(z)(P* () — (1,0,0)") + x(—z)(Q*(x) — (0,1,0)e?),

where y : R — [0, 1] is a smooth function with

(z) 1, x> M,
€Tr) =
X 0, z<m

for some positive constants m < M, and substituting the Ansatz
C=H(#,))+V
into (1.46), we obtain the equation
G(V,0,6) =0.

Lemma 9. Define

LoR) ={f : |lflly < oo}, IIfI; = /_Oo cosh?(nz)|f (z)[*dz,
H(R) = {f : f, fo, fow € LY(R)}
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with norm
A3, = NI+ Ll + ] fael

and

X, = {c € (L2(R))° : C(x) = Co(—x), Cs(x) = Cy(—x) for x € R} ,
Yy =4N (Hg(R))G-

For each sufficiently small n > 0 there exists an open neighbourhood Vg of the origin in Y,
such that the function G : Vg x (=bp,0y) x (=09, 00) — &, is well defined and continuously
differentiable.

Our final theorem is obtained using the implicit-function theorem (which necessitates a
detailed study of the linear operator d; G0, 0, 0]).

Theorem 10. Let .
Co C3 C3
dy = — dy = — ds = —=
1 261 ) 2 261 ) 3 C%
and suppose that d; € (1,4 + +/13) and dy > —ds. There exist 6y > 0, open neighbourhoods
V, W of respectively the origin in JV, x R and X, x R x R and a continuously differentiable

mapping (V,0) : (—dg, ) — V with (V(0),60(0)) = (0,0) such that
* G(V(6),0(0),0) =0forall 6 € (—dyp,dp),
e (V,0)=(V(0),0(5)) whenever (V,0,0) € W satisfies G(V,0,0) = 0.

Furthermore, the solution
Cs =H(0(5),9) + V(9)

to the system (1.46) is a reversible heteroclinic solution connecting P*%®) with Q**©), that is
Cs — P70 = (™)

as xr — oo and

C6 o Q(S,@((S) — O(enaz)

as r — —oQ.

Altogether we have established the following result.

Theorem 11. Suppose that By < py(pn — 1)*/(p1 + 1), 0 = r(w), v = 70 + 6% and the
normal-form coefficients c}, c}, c1, ca, c3, ¢4 satisfy the conditions stated in Theorem 6, Lemma
7 and Theorem 10. (Explicit formulae for these coefficients are given in some special cases in
Chapter 3.) For each sufficiently small value of 6 equations (1.18)—(1.24) admit roll patterns Ri
and R° together with an angle 05 such that RS, R’ are perpendicular to the directions making
angles + (g — 195) with the x-direction. The rolls meet in a corner defect and the entire pattern
is symmetric with respect to the x-direction.
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Chapter 2

Doubly periodic patterns

2.1 Dirichlet-Neumann formalism

In this chapter we present an existence theory for small amplitude, doubly periodic solutions to
(1.18)—(1.24), that is solutions with

nx+1)=nx), dx+lLy)=d¢xy), ox+Ly) =0okxy)
for every 1 € . (with a slight abuse of notation), where x = (z, z) and .Z is the lattice given by
L ={ml+nly: m,neZ}

with || = |15 . Choose k;, ko with k; - 1; = 27d;; for i, j = 1,2 and define the dual lattice £’
to .Z by

L ={mk; +nky: m,n € Z},

so that our periodic functions can be written as

U(X) - Z nkeik‘x’ ¢/(X7y) = Z gb;(y)eik'x’ ¢<X7 y) - Z ¢k(y)eik'x,

ke g* ke ¥+ ke g

where n , =17,,¢' =¢ ¢, = ¢, andk = (k;, ky). We are especially interested in three
periodic patterns, namely rectangles, hexagons and rolls.

(i) For rectangles we choose 1; = (2%,0) and 1, = (0, 2%), so that the dual lattice £* is
generated by k; = (w,0) and ky = (0, w) and the periodic base cell is given by

{@2):1al, 12l < 2}

(see Figure 2.1). Furthermore, equations (1.18)—(1.24) are invariant under rotations through
7 in the (z, z)-plane.

33
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2m

w

L o
W
Figure 2.1:

The lattice £ and periodic base cell for rectangles.

w

(i) For hexagons we choose 1; = 27(1, %) and 1, = 27(0, ), so that we obtain an additional

(iii)

periodic direction I3 = 1; +1, = 27(1, \/Lg) The dual lattice .* is generated by k; = (w, 0)

and ko = w(3, ‘/73) and the periodic base cell is given by

2 4 4
{(x,z) x| < —W, ’x—\/gz’ <" and ‘x+\/§z‘ < —W}
w w w

(see Figure 2.2). Furthermore, equations (1.18)—(1.24) are invariant under rotations through
% in the (z, z)-plane.

47

Vi

Figure 2.2:

The lattice £ and periodic base cell for hexagons.

Forrolls we seek functions that are independent of the z-direction and we choose 1 = ( 2;”, 0),
so that the dual lattice .Z’* is generated by k = (w, 0) and the periodic base cell is given by

(robi<?)

(see Figure 2.3). Furthermore, the z-independent versions of equations (1.18)—(1.24) are
invariant under the reflection x — —x (which corresponds to a rotation through 7 in the
(x, z)-plane).

Figure 2.3:

The lattice £ and periodic base cell for rolls.



Dirichlet-Neumann formalism 35

The mathematical problem is to solve Laplace’s equation (1.18) and the equation (1.19) with
boundary conditions (1.20)—(1.24) for periodic functions 7, ¢’ and ¢ in the domains I', 2. and
Qper, Where

Qe = (2,9, 2) : (z,2) €T}INQ,
Qper :={(2,y,2) : (x,2) e} NQ

and I" is the parallelogram defined by 1; and 1, (or by 1 in the case of rolls).

Our formulation of the ferrohydrodynamic problem has the disadvantage that it is posed
in the a priori unknown domains €2 .. and €,.;. We overcome this difficulty using Dirichlet-
Neumann formalism. The Dirichlet-Neumann operator G' for the upper fluid domain given by
{n(z,2) <y< Bio} is defined as follows. Fix & = ®(z, z), solve the boundary-value problem

div(p(|grad(¢ + y)|)grad(¢ + y)) =0 in Qper, 2.1
o—d=0 fory = n, 2.2)
u(lgrad(¢ +y)|) (¢, +1) — p(1) =0 fory = — 4 (2.3)

and define

G(n, @) = 1+ +n2(p(|grad(¢ + y)l) én)],._,
= (1|grad(¢ + y))(Sy — bz — 1:02))|,_,: (2.4)

note that a solution ¢ to (2.1)—(2.3) and hence the operator GG depend nonlinearly upon ®.

I
per

G'(n,9) = =/ T+n2+ 020,

The Dirichlet-Neumann operator for the domain €2/ is defined as

= _<¢; - 77:17925; - nz(b;)‘y:na (2.5)
where ¢’ is the solution to the boundary-value problem
div(grad¢') =0 in Q. (2.6)
¢ —d =0 fory =, (2.7)
¢, =0 for y = %; (2.8)

here a solution ¢’ to (2.6)—(2.8) and hence the operator G’ depend linearly upon ®. It is also
convenient to introduce auxiliary operators H' and H given by

H/(% (I)/) = ¢;’y=n7 H(na (I)) = ¢y|y:na (29)
where ¢’ and ¢ are the solutions to the boundary-value problems (2.6)—(2.8) and (2.1)—(2.3).
Using this Dirichlet-Neumann formalism, we can write (1.18)—(1.24) as

' — &+ (u(1) —1)n =0, (2.10)
G'(n, @)+ G(n,®) + p* — p(1) =0 2.11)
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and

Vi
—7U+V'(—W>
45 (4 V) B (n, @)~ [V'P)
(

— ()G (1, @) + G(n, @) + p* — p(1))
(

+ (M* = M(1) - i*H(n, @) — H(n, )G, ®)) = 0, (2.12)

in which V = (8,,9.,)7,

i = n((ITOF +2(1 = V- VO)H (1, ) + (1+ (Vo) (. 0)* + 1)),

M = M((IVO +2(1 = Vi - VO)H(n, @) + (1 + Vo) H(n, ®)* + 1))

We study equations (2.10)—(2.12) in the standard Sobolev spaces

{c—Zce :c_kzc—k,ncnrm}

ke~

with norm

117 =M (14 k)" 6]

ke

and their subspaces

Hgor {C € H per ) : CO = 0}

consisting of functions with zero mean (the value of the normalisation constant C'(I") is 27 /w
for rolls, 4(m /w)? for squares and 8/v/3(/w)? for hexagons). We also use the Sobolev spaces
H’ (X)) defined for r € Ny by

per

ngr {u € Lper( ) : HUHT < OO} )
where
2
lully = > [oroeoyul;,
0<ar +az+a3<r

and for r ¢ Ny by interpolation in the sense of Lions and Magenes [29, Volume 1, Chapter 1,
Section 9.1]. In Section 2.2 below we establish the following theorem.

Theorem 12. Suppose that s > 5/2. Formulae (2.5), (2.4) and (2.9) define mappings G,
G H3 (D) x Hyer*(D) — Hye”*(D) and H', H : H2,,(T) x Hyer' () — Hper'*(T) which
are analytic at the origin.

Here we use the following definition of analyticity (see Buffoni and Toland [6, Definition
4.3.1]).
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Definition 13. Let X and Y be Banach spaces, V be a non-empty, open subset of X and L¥(X|Y)
be the space of bounded, k-linear symmetric operators X* — 'Y with norm

lml]| := inf {c m (L, < el FII forall f e X} .

A function F .V — Y is analytic at a point x, € V if there exist real numbers 6,7 > 0 and a
sequence {my,} , where my, € LF(X,Y) for k € Ny, with the properties that

F(z) = ka({x — xo}(k))

for x € Bs(xg) and
sup el < oo.
k>0

The function is analytic in V' if it is analytic at each point xq € V.

Remark 14. Any function F' : V' — Y which is analytic at a point 2y € V" also defines an analytic
function in an open neighbourhood of z( in V, so that by choosing V' smaller if necessary, we
may assume that F' is analytic in V.

Using the fact that ng_r?’/ ?(T") is a Banach algebra for s > 5/2, we find that the left-hand
sides of equations (2.10)—(2.12) define an analytic function G : Vg x R — Y, where V5 is an
open neighbourhood of the origin in X chosen small enough that (, ®) € V and (n, ®') € V’
for each (1, @', @) € V5. Here

X = H:HV2() x H3 () x HE,.(T),

per per per

and

Y, = H?

per

(T) x H: M) x H3/*(T) (2.13)

per per

(the calculation
/F(G’(n, ')+ G(n, ®) + p* — p(1)) de dz
=— /F V31t +n2((¢" + n(1)y)n — u(lerad(é + y)[)(¢ + y)n) dz dz
= / div(grad ¢') dz dz dy — /F V1+ 024+ n2(p(1)y), dedz

per

s [ divia(lgrad(s + ) Perad(s + ) ded=dy
Q

per

+ [ VIFEF R usrad o+ D@+ ), dods
=0
explains the choice of functions with zero mean in the second component of the target space Y{).
Finally, we replace X by
Xo = HEV(T) x H2,(T) x HE(T), (2.14)

per per per
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so that the kernel of the linear operator d2G|[0, 0, 0; 7| does not contain any constant terms for any
v € R (see Section 2.4). The formulation of the mathematical problem is thus to solve

G(n, @, ®;7) =0 (2.15)

for (n, ®',®) € Vpand v € R, where Vj := Vg N X,.

2.2 Analyticity

In this section we prove Theorem 12, beginning with the operators G and H. We study the
boundary-value problem (2.1)—(2.3) by transforming it to an equivalent problem in a fixed
domain (cf. Nicholls and Reitich [37] and Twombly and Thomas [44]). The change of variable

y—n
1+ Bon’

transforms the variable domain €2, into the rigid domain

Y= {(x,y,z) (x,2) ey e (—%,O)}

and the boundary-value problem (2.1)—(2.3) into

u(z,g,z) = ¢(z,y,2) for — 4+ <y<n

Y=

div(u!(grad(u +y) — F(n,u))) =0 inX, (2.16)
u—>d=0 fory =0, (2.17)
pi(grad(u +y) — F(n,u) - (0,1,0)" = p(1) =0 for y = —3-, (2.18)
where
F(nvu) = (Fl(nau)aF3(777U),F2(77»U))T, (219)
Fi(n,u) = —Ponug + (1 + Boy)nauy, (2.20)
F2(77a U) = —fBonu. + (1 + Bﬂy)nzuw (2.21)
. Bonuy _ (1 + 503/)2 2 2
F3(777 u) - 1+ 5077 + (1 + Bﬂy)(nxux + nzuz) 1+ BO” (7735 + nz)uy (2-22)

and

1
M=M(L+%n@me%Hmmx&Bmm»U+mﬂﬂF>, (2.23)

and we have again dropped the tildes for notational simplicity.

Recall that H:_'(Y) is a Banach algebra for s > 5/2, that the trace map u + u|,—o defines

per
a continuous operator H3_ (¥) — Hi'! *(T') for s > 1/2, and that compositions of analytic
functions and continuous linear functions are analytic. Combining these facts, we find that the
left-hand sides of equations (2.16)—(2.18) define an analytic function

H Vi — HEA(Z) x HVAT) x HEL3(T)

per per per
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fors > 5/2, where V3 is an open neighbourhood of the origin in [, (3) x H3,(I") X HS;I/Q (I).
We now consider the equation
H(u,n, @) =0 (2.24)

and prove the following theorem.
Theorem 15. Suppose that s > 5/2. There exist open neighbourhoods V' of the origin in
Hs (T) x H§;1/2(I’) and U of the origin in HS, (X) such that equation (2.24), and hence

per per

the boundary-value problem (2.16)—(2.18), has a unique solution u = u(n, ®) in U for each
(n,®) € V, that is

Furthermore, u(n, ®) depends analytically upon n and ®.

We begin by considering the boundary-value problem

m (u,, +u. +S%u,) = in 3, (2.25)
p1 Sy %u = ¢ for y = 0, (2.26)
1Sy %, = € fory = —% (2.27)

for (1, ¢, &) € HiZ2(X) x HE&UQ(F) X HSQS/Z(F), where

per

1/2
H1 = M(1)7 f = ﬂ(l)’ S = ( = ) :

1+ 4
Writing
w(xa y) = Z ¢k(y)eik'x, C(X) = Z gkeik'x, f(X) — Z fkeik-x7
keZ* ke s ke .+

we find that the solution to (2.25)—(2.27) is given by the explicit formula

0
u(x,y) =) (/ G99 (9) dg + Gyly, 0)¢, +G(y,—%)£k> e, (228)
“Fo

kez*

where the Green’s function G is given by

r -1 i U
Sicosh By SiKI(L+ foy)simh Siklg 1 o s
p k| cosh By 'Sy k| .
G(y.9) =
-1 ~\ o
Sycosh fo Sikl(1+ foi)sinh Silkly 1 5oy <,
\ p1 k| cosh By 'Sy k| ’
for k # 0 and
S? ~
=g, -5 <y<y<o,
M1
G(y,9) =
S? -
H1

fork = 0.
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Proposition 16. The estimates

0 0
[ wpcwalast [ KHGu DS,

"~ Bo Bo
0 0

[ G alast [ kGl
“Bo "~ Bo

hold for allk € £* \ {0} .

Proof. The estimates follow from the calculations

0 0
m [ RPIGE DAy = [ PG5 dy

Bo ~Bo
1 cosh 85 151 |k|(1 + Bo7)
cosh 3519 k]|

S 17
0 0
i [ PG DI = [ KPIG.5)ldy
~Po “PBo
S 17
0 N (1 — 2cosh B, ' S1k|(1 + Bog)) sinh By 91 k|7
i [ KIG (v.5) dy = e 15 I

Bo
_ 2cosh 55 Sulkl(1 + o) sinh B Kl
- cosh 3,151 K|
. _sinh By 1S1|Kk|(1 4 2B7) — sinh 8515 |Kk|
- cosh 3,19 k]|
< 2sinh 3,15 K|
~ cosh ;9 |K|
<2,

0 R R (_
i [ KIG(w.5)] 45 =

Bo

1 + 2 cosh 3,151 |k|Boy) sinh 85151 [k|(y + Bo)
cosh 3,151 K|

- 2 cosh 3 ' S1|k|Boy sinh By S1 k| (y + Bo
= cosh 3515, K|
_ sinh By S1[k|(1 + 260y) + sinh fy " S|
- cosh 3,151 K|

2sinh 3,15 |K|
~ cosh 3,51 K|
<9

fork € £*\ {0}. O

Lemma 17. Suppose that s > 2. The boundary-value problem (2.25)—(2.27) has a unique solution
u € H?_(X) which depends continuously on (1, ,€) € H522(X) x Hier () x Hier*(T).

per per
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Proof. We show that
Jully, S11Yll,_o + ”C||s—1/2 + H§||s—3/2
for s € R with s > 2 by examining the formula (2.28).
For oy, ag, a3 € Ny and k € Z* \ {0} we have that

kit kg2 STe k|8 {Cosh By LShk|(1 + ﬁoy)}
cosh 3515, [k| | sinh By Sik|(1+ Boy) J |

‘ (8;11 2 8;3 (G;3(y,0) eik-X)) ‘ _

Using the estimates

1 _ 1
cosh? ;1S |k| ~ sinh® ;S |k|’

k|2 1 sinh28;'S |k 1/2
sinh 60 Sllk’ 250 451‘1{’

and |k, |ko| < |k|, we find that

2

k 2(a1+as+tas) 0
K N

a1 Qo Qa3 . ik-x 2<
020202 (G (y, 0) )| < cost? 15,k )

Bo
S (1 + ’k‘Q)(oq—l-ag—‘rozg—l/Q)

{cosh By tSh k(1 + 501/)}
sinh 3,191 [k|(1 + Boy)

and in a similar fashion

2 (a1+a2+a373/2)
~ % < (1+ k[ -

. 2
8310;2833(G(y’ 1 )e1k~x) .

Note that

| #rcwpnma- [ Sk a

_ 1
Bo Bo

m

£ 3 Sk (0Em,),

j=1

/_01 "Gy, g (9) dy = /O (S |Kk[)>m (Gy(y,g)¢k> djj

_ 1

£ 30 SRR (G )
j=1

form € Ngand k € Z* \ {0} and that

/ LS s (o)

kez* Y "By | j=1

k20
<X [ s e ()

kez*” 7By j=1
kA0

2
dy

2

dy
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m

€3 (o052l + 2o

J=
S M1l

and

3 / dy < 012,

keéf* 50

ZSQ (S1[k]) 23 2(82m 2j+1wk>

7j=1

form € Npandk € Z*\ {0}.

Using the above estimates and Proposition 16, one finds that

>

kef*
_ Z / 5«2 S |k| 4m 2

keéf*

51|k|)2mG(y §), dg| dy

2

0
| RGP G ) 45 dy
"~ Bo

0
< Z/ 525 K|y 4/1| 7 [ 16 ] dgdy

ke.L* Bo “ Bo

k0
2
/ —[klly— Iy dj

Z / 5«2 S |k| 4m—2
/30

kef*
< 2/ S2(Su k)™ [y, | dy

ke.L*
k£0

g [

and in a similar fashion that

> [

kej*

N

dy

2
/ (S (G, 7)) | dy S 19131

The above estimates yield
2

Z/ 0y (Gly. D () g ™| < ],

ke,f*
0

for m € N and using the identity

0
/ 0005 (Gl 1) (1)) g = ke ks [ 356l 9 3) g
B “Bo
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one finds by an analogous calculation that

2

/ 0 00 Gy, V6 () ™) | S 112, o
ke.L*
k£0 0
for ay, o, ag € Nj. Altogether we have established that
2

)3 / Gy, D@ dj | S w2,

ke ™

k#0 s

for s € N with s > 2 and for s € R the result follows by interpolation.

For k = 0 we have that

(o= [ Glu0)u(@) i + Gy 0, +Glu. — )6

Bo

_ S </ Jthe(y )dy+/y Yo (9) Ay + (o + &y >

M1 -5

and obtain the estimate

Z | (0w, o < Il + 1SN + €2,

2 2 2
Sl + 1€ -1 2 + 11€M5 -3/

forn € N withn > 2.

Altogether we have established that

lulle S M10ll—g + 11€H 12 + €2

for s € N with s > 2 and for s € R the result follows by interpolation; that is u € H? .(X) for

per

(,¢,€) € H52(2) x Hyer (1) x Hia*(D). O

per

Theorem 15 follows from the analytic implicit-function theorem (see Buffoni and Toland [6,
Theorem 4.5.4]) using the facts that 74(0,0,0) = 0 and

TR (um +u, + Sf2uyy)
dyH[0,0,0](u) = Uly=o

SiZU _ 1
H107 y’y——%

is an isomorphism H?_.(X) = H322(2) x Hie/*(T') x Hie'*(T) for s > 2 (see Lemma 17).

per per

In keeping with the notation in Theorem 15, we now introduce the rigorous definition of the
Dirichlet-Neumann operator G its analyticity is a direct consequence of Theorem 15.
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Definition 18. For each s > 5/2 the Dirichlet-Neumann operator for the boundary-value
problem (2.1)—(2.3) is the analytic operator G : V — HS&S/ 2(F) defined by

)

y=0

t Uy Uy 2 2
(7, ®) — (u (1 o (Nots + Msus) + T 60 @On(nx + m)))

where u is the solution to (2.16)—(2.18) in U.

For the discussion of the ferrohydrodynamic problem it is necessary to compute the term
®yly=n, where ¢ solves the boundary-value problem (2.1)—(2.3), for which we have no explicit
formula in terms of G, and ®. To overcome this difficulty we introduce the auxiliary operator
H given by

H(n,®) = ¢,[,_,

which is rigorously defined as follows.

Definition 19. Suppose that s > 5/2. The analytic operator H : V — H;gf’/ *(T) is defined by

Hn®) = (1 f%oﬁ)

where u is the solution to (2.16)—(2.18) in U.

y=0

Next we discuss the Dirichlet-Neumann operator G’ for the domain 2/ and note that <;5’y‘

o . per y=n
is given by the explicit formula

(—G/(TL (I)/> + 7793(1); + nzq);)
L+n;+n2

/ J—
¢y|y=n o

We proceed as above by transforming the boundary-value problem (2.6)—(2.8) to an equivalent
problem in a fixed domain. The change of variable

y—n / ~ / 1
) u\r,y,z :¢ x,z,Y), fOI'T]<y<—

transforms the variable domain €2, into the rigid domain

Y = {(:c,y,z> H(z,2) €Ly € (0%)}

and the boundary-value problem (2.6)—(2.8) into

Y=

div(gradu' — F'(n,u')) =0 inY, (2.29)
u—d =0 fory =0, (2.30)
u; =0 fory = %, (2.31)

where
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F'(n,u') = (F(n,u'), Fy(n,u'), Fy(n,u))", (2.32)
Fi(n,u') = Bonug, + (1 = Boy)mauy,
Fy(n,u") = Bonu’, + (1 = Boy)n.uy,
o ul 1 - 2
Fifn,u') = 0 (L= po)
1 — Bon 1—Bon

and we have again dropped the tildes for notational simplicity. We find that the
left-hand sides of equations  (2.29)—(2.31) define an analytic  function

H' 2 Vip — HZA(Y) x Hae () x Hie*(T') for s > 5/2, where Vi is an open neighbour-

per

hood of the origin in H3, (¥') x HS (') x H;grl/ *(T"). Considering the equation

per per

(2 + n?)u,

+ (1= Poy) (e, + m2u?) — v

H (', n, @) =0, (2.33)
we obtain the following result in an analogous way to Theorem 15.

Theorem 20. Suppose that s > 5/2. There exist open neighbourhoods V' of the origin in
Hp. () x Hia2(T) and U’ of the origin in H;..(X') such that equation (2.33), and hence

the boundary-value problem (2.29)—(2.31), has a unique solution v' = u'(n, ®") in U’ for each
(n, @) € V', that is

{(,n,®) e U x V' :H'(u,n,®) =0} ={((n,®),n®):(n,®)eV'}.

Furthermore, u'(n, ®') depends analytically upon n and 9.

Next we introduce rigorous definitions of the Dirichlet-Neumann operator GG and the operator
H'.
Definition 21. For each s > 5/2 the Dirichlet-Neumann operator for the boundary-value
problem (2.6)—(2.8) is the analytic operator G' : V' — HS;?’/ 2(F) defined by

/ !/

Uu Uu
') — — Y —(n, / 3 / Y 2 2
(n, @) (1 o (1t + 11:10) + 77— ﬁon(n"’” + 1)

where v is the solution to (2.29)—(2.31) in U'.

Y

y=0

Remark 22. We note that G’ depends linearly upon &’ and so can be extended to an analytic
operator V' X Hie ) — His ?(T") (which is linear in its second argument), where V. is an
open neighbourhood of the origin in H?_(I"). The formula

per
N (= G (n, @)

therefore defines an analytic operator V; — L(HSZ*(T), Hyx*(T)).

Definition 23. Suppose that s > 5/2. The analytic operator H' : V' — HS;?’/ 2(F) is defined by

(=G'(n, @) + 1, P, 4 1.P’)
L+n2+n?

_< Uy )
~ \1- 5o

where u' is the solution to (2.29)—(2.31) in U’.

H'(n,®') =

y=0
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2.3 Taylor-series representation

To compute the Taylor-series representations of v and G we begin with the function
v (H:H(Y))? — H: M) defined by

v(T) = p(|T +(0,1,0)"]).

Observing that v is analytic at the origin, we write its Taylor series as

o0

=> V{1V (2.34)

Jj=0

where 17 € LI((H: N (X)), HEH(X)) is given by

per per
z/j(Tl,...,Tj):Fdj v[O|(Ty,...,Tj)
and may be computed explicitly from g (note in particular that ° = pu;). The functions

ut € LM(H?(T) x Hie'*(T), H:,.(2)) (with u® = 0) in the corresponding series

per per

o) => u"({(n,@)}™) (2.35)

may be computed recursively by substituting the Ansatz (2.34), (2.35) into equations
(2.16)—(2.18). Consistently abbreviating m™ ({(n, ®)}™) to m" for notational simplicity, one
finds after a lengthy but straightforward calculation that

div(L grad u') = 0, div(L grad v — F™) = 0, —5 <y <0,
ul—(I)ZO, unzo’ y: ,
uy=0,  (Lgrad u" = F")-(0,1,0)" =0, y=-%
for n > 2, where
1 0 0
L=1[0 S 0],
0 0 1

Man = M1 <<F1n7FZ?7F2n)T Iul Z( 5077) j<07170>T>

251

=T (grad 0 — (L )T

7=0

— R"(0,1,0)" ZRJ grad v — (F)"7 Fp9 )Ty

and

= —fonuy " 4 (14 509)7%:”2_17 = —Bonul '+ (1+ ﬂoy)nzuz_l,
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50772 —Bon) wy ™ 4 (14 Boy) (e + mul ™)

l\’)

n—

— (L4 Boy)*(m + 772) (—Bon)’ u

<.
Il
=)

n

P (0RO, R S T
=0 2<j<n,
h1+...+hj:n

The Taylor-series representations of G and H are thus given by

=Y G}y, Hne) =Y H.({(n,®)}"),

where

G, = ;L1["+ZV1(Tj)["_j+ZRj]”_j , H, :Z( Bon)’u )

§=0 §=0 =0 =0 y=0

and

V]

n—

1" =3 (=Bom) ™ + 3 (=Bon)’ (n +m)uy ™ = (g™ e,

Jj=0

.
Il
o

For later use we record the formulae

— 1|
Gl - /’l’luy y:07

2
Ga =11 (Z (=Bon) uy ™ — (nau}, + mUi)) + i (uy)”

J=0

Y

y=0

3
G = i (z (B 3+ (12 4 72— (i + W@)) b L () + ()l

J=0

Y

2
+ i (2 > (=Bon) uy ™ = (el + m@))u; + 3 (uy)?

Jj=0

y=0

where ji; = ji(1), and

3
; Hs = Z (—Bon)’ uy
=0

2
1
Hl - uy|y:0’ Z 6077
7=0
for the first few terms in these series.

The functions u™ € L"(H?,.(T) x Hier*(T), H2,,(X)) (with «® = 0) in the Taylor series

per per

-3 ()
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are computed recursively by substituting this Ansatz into equations (2.29)—(2.31); one finds that

div(grad ) = 0, div(grad u™ — (F", F5", F;")1) = 0, 0<y< %,
—®' =0, u™ =0, y =0,
u, =0, u,' =0, y:%

for n > 2, where
Flln — nu/n 1 (1 _BOy)nx m— 17 F2/n — nu/n 1 (1 —ﬁoy)ﬁz m— 17

n—1

Fy" == Bon > (Bon) g™ + (1= Boy) (™" + noull ™)
=0

[\

n—

= (1= Boy)*(nz +n2) D (Bom)uy =7

<.
Il
o

The Taylor-series representations of G’ and H' are given by

=D G({m.@)}"),  H'(n )= ZH’ {(n, @)}

with
n—1 n—3
G, = (Bom)’ u (Bom)” (2 + n2)uy = + (pould ™" + )|
Jj=0 Jj=0 y=0
n—1
6077 ’
Jj=0 y=0
and in particular we find that
1
G= =]y Gh= = 3 (B w4 (el )|
Jj=0 y=0
2 .
Gy == (Bon) w™ — (2 + )y, + (neri + nzul?)
=0 =0
and
1 2
H{ U’;} 0’ Z 6077 ) HQ/{ - Z (5077)j U“/y3 I
3=0 y=0 3=0 y=0

2.4 Existence theory

Next we introduce the Crandall-Rabinowitz theorem (cf. Buffoni and Toland [6, Theorem 8.3.1]),
an application of which yields a local bifurcation point of the equation

G(n, @', ®;7) =0, (2.36)
where the components of G : 1 x R — Y|, are given by the left-hand sides of (2.10)—(2.12).
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Theorem 24 (Crandall-Rabinowitz theorem). Let X and Y be Banach spaces, V' be an open
neighbourhood of the origin in X and F : V x R — Y be an analytic function with F (v; \) = 0
forall A\ € R. Suppose also that

(i) L:=d,F[0; o] : X — Y is a Fredholm operator of index zero,
(ii) ker L = (vg) for some vy € X,

(iii) the transversality condition P(d1daF[0; Ao](vo; 1)) # 0 holds, where P : Y — Y is a
projection with Im L = ker P.

The point (Ao, 0) is a local bifurcation point, that is there exist ¢ > 0, an open neighbourhood
W of (X\,0) in R x X and analytic functions w : (—e,e) — V, XA : (—¢,¢) — R with
A(0) = Ao, w(0) = vg such that F(sw(s); A(s)) = 0 for every s € (—¢, ). Furthermore

W NN ={(A(s),sw(s)):0<|s| <e},
where

N ={(\v)eRx (V\{0}): Flv;\) = 0}.

The first step is to determine the maximal positive value ~y, of the parameter  for which the
kernel of the linear operator L, := d2G|0,0,0;70] : Xo — Yo, which is given by the explicit
formula

U ' — P+ (1 — 1)y
LO (I)/ = Gll (777 q),) + :LLGI (777 q)) + /llHl (777 (I)) (237)
o Naa + N2z — Yo — (G (n, @) + Gi(n, @) + fuH1(n, P))
with
G/ q)/ _ k h |k’q)/ ik-x G P) = S k h Sl|k|q) ik-x
1 (7, )—Z’ | tan B 1(7, )—MZ 1|k| tan By
ke.Z 0 ke 0
and G (n, ®) = pu1 Hy(n, ®), is non-trivial. Writing v € X as
v(x) = Y v,e*x (2.38)
ke
withv, = (n,, 9 ,®, )" and v_, = ¥V, we find that
Lov =Y Lo([k|)v,e™>, (2.39)
ke
where
i — 1 1 ~1
| 1 Si|k|
0 k| tanh — ST k| tanh ——
Lo(|k|) = k| tan o 1Sy |k tan )
k Stk
—|k[? — 70 —p1|k|tanh‘5—’ — 1187 k| tanh 1k
0 0
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for k # 0 and

(where we have identified the subspace {(n,, ®/,®,)" : ! = 0} of R? with R?).

From this observation it follows that ker L is non-trivial if

k Stk
det Lo([k|) = p1 (1 — 1)*S7|k[? tanh — ] tanh — — 1K
Bo Bo
k S|k
— (Ik|* + 7o) <,u1|k| tanh u + Si k| tanh 1 |) =0,
BO 60
that is
_ - 2 K| 150 2
Yo = r(|k[) == [ p (g — 1) pea| K| cothﬁ— + S1|k| coth — 1] K|
0 0

for some k # 0. The function |k| — r(|k|), which satisfies 7(0) = 0 and r(|k|) — —00
as |k| — oo, takes only negative values for By > (s — 1)%/(p 1 1), while for
Bo < pi(pr — 1)?/(py + 1) it has a unique maximum w with r(w) > (see Figure 2.4);
we choose vy = r(w) and note the relationships

ol = 1)? (@) - oh(@) _ (= 1)° 2
Bo = % ( >, %_(T(d))_l)w’

where @ = w/fp and h(®) = py coth® + 5 coth S;@.
v v

~y,

K|

W K

Figure 2.4:
The graph of the function |k| — r(|k|) for By > 1 (p1—1)?/(p1+1) (left)

and By < g1 (p1—1)?/ (1 +1) (righ).

Noting that ker Ly(w) = (v}, where

1
1 (MS;I tanh S1@0 coth@ + 1)

= M1 —
¥ — 51_1 tanh S0 coth @ ’ (2.40)

1
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we find that
ker Ly = ({vsin(k - x),vcos(k - x) : k € Z* with |k| = w})
(see Figure 2.5).

(i) For rolls the dual lattice .£* is generated by k = (w, 0), so that |k|, | — k| = w and hence
dimker Ly = 2.

(ii) For squares the dual lattice .#* is generated by k; = (w,0) and ky = (0,w), so that
k1|, | — k1], |k2|, | — ka| = w and hence dim ker L = 4.

(iii) For hexagons the dual lattice .#* is generated by k; = (w, 0) and ks = w(3, ‘/75), so that

|k1|, | —k1|, |k2|, | —k2|, |k3|, | —k3| = w,wherekg = kg—kl, andhencedimkerLo = 0.

ko
k3 ko
k| = w k| =w k| ="w
-k k -k ki -k, kq
—ko —ks
—ko
Figure 2.5:

The vectors generated by .£* with length w in the case of rolls (left), squares (centre) and hexagons (right).

Define the projection P, : Xy — Xy, Yy — Yy by

o ik-x
Py = E vee T,

kez*
k|=w

where v is given by formula (2.38), so that
Xo =X, ® X, Yo=Y,0Y;
with
X,=PJ[X], X.=(-P)X) Y.=RlY, Y.=(-PR)Y]

Using (2.39), one finds that Im Lo| ,  C Y, and Im L
is a Fredholm operator of index zero in two steps.

| C Y;and we prove that Lo : Xo — Y

Lemma 25. The mapping L is an isomorphism X, — Y;.

Proof. The mapping Lg|,. is formally invertible on Y; with

x.

L' 06, 0)" = > 7 Lo(fk]) ™ (x,, UL, 0,) e, (2.41)
ke L™,
|k|#w
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where
_1 Silk| [ (ur — 1)|K| tanhM 1 1
,u151 ’k‘ tanhﬂ— 50
Lo(Ae)™ =~ Zo(IkD o+ KB —Gu—1) —(u - 1)
0 0 0
k| 0 1 1 000
k| tanh —
+ H—BO 0 0 o |- etkE g
det Lo(|k]) det Lo(|k|)
Yo+ K> pa(pn —1) py—1 010
for k € Z* with |k| > w and
Xo _761\110
Lo o | = 0
\Ijo —Xo — (Nl - 1)’70_1\110

Denoting the right-hand side of equation (2.41) by (1, ®, ®)* and using the estimates

k|

k| tanh
_ Si|k| | | Bo -
Sl k| tanh < [kltanh L PO <2

for |k| > w, one finds that

2
2 ) (’k‘ta“h%o’) K :
2s+1
012000 S (el + 1T D2+ 3 [k (|k|tanh—|xk|+|w;|+|wk|)

2
o (det Lo([k])) Bo
k.0
Sl 4 10,24+ S (K2 (K21 + WL + |9, )
ke L™,
|k|#w,0

2 2 2
S+ Ty + T s o
similar calculations yield
2 2 2 2 2 2 2 2
1715 S Iy + I oy + 1 ls e, RIS S Il + 19 sy + s 2 -
We conclude that L, L.y, — X, exists and is continuous. ]

Proposition 26. The operator Ly : Xy — Yy is a Fredholm operator of index zero.

Proof. A straightforward calculation shows that v & Im Lg(w) (so thatker (Lo(w))? = ker Lo(w))
and hence
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Y, = @ ((Im Lo(w) & ker Lo(w)) sin(k - x) @ (Im Lo(w) @ ker Lo(w)) cos(k - x))

kez*,
|k|=w

=1Im L @ ker L.

x.

Using this decomposition and Lemma 25, we find that

Yo =Y. @Y, = (Im L[ @ker Lo) & Im Lo|, = Im Lo @ ker Lo,

x.
It follows that Im L is closed and codim Im L, = dim ker L, so that Ly : Xy — Y} is a Fredholm
operator of index zero. ]

Because the kernel of L, is multidimensional, we can not use Theorem 24 directly. To
overcome this problem, we recall that G (and hence L) is invariant under certain rotations (see
below) and seek solutions to (2.36) in X that have this rotational symmetry, denoting the relevant
subspaces of H, ('), H",.(T"), X and Yy by HZ (T'), HZ, ('), Xym and Yy, so that

per per sym sym

Xom = HP(0) % Hyp (D) X Hy (D), Yo = Hiy (D) x Hiyd (1) x Hy (D)

sym sym sym sym sym sym

for s > 5/2. Note that X, and Yy, are invariant under P, so that according to the above
analysis Lo : Xqym — Ysym 1s a Fredholm operator of index zero with one-dimensional kernel
and

Ysym = Im Ly @ ker L.

(1) For rectangles we work with the subspace

Hipn () = {C € Hp (1) : C(2,2) = (2, —x)}

of functions which are invariant under rotations through 7 /2. Functions ¢ € H[  (I") admit
the unique trigonometric series representation
o0
C=C5+ Z (C’f; (cos nwx + cos nwz)
n=1
+ A5, (cosnw(z + z) + cos nw(z — 2))
n—1
+ (A%m (cos(nwz + mwz) + cos(mwz — nwz))
m=1

+ AS,,, (cos(mwz 4 nwz) + cos(nwx — mwz)) )) ,

where C§, CS, A5, ,, € R for n,m € N; the norm

e +Z(1+nw C 4 (14 202 AL,

—_

+ (1+ (n® +m®) w?)* (A3, + Aﬁfn))

1

3
[

is equivalent to the norm ||-||,. for this space.
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(i) For hexagons we work with the subspace

Honl0) = ¢ € 130 Clo) = (5 (0 v32) 5 (VBo s 2) )}

of functions which are invariant under rotations through 7 /3. Functions ¢ € H/, (') admit

the unlque tI'lgOIlOl’l’lCtI‘lC series representatlon

(= CC —irZCC (cosnwx—l—cosg (x—l— \/§z> + cos gw <x— \@2))

sym (

+ Z A (cos nV3wz + cos gw <3x + \/§z> + cos gw <3x — \/§z)>

+i <A27m<cos (nwx—l—%w (x—l—\/gz»
—l—cos(mw:r;—l— w(x—fz))
—|—cos<§w(x+\/_z>——w(:c \/52)))
—|—A§n’n<cos(mwx—|— w(x—l—\/_z))

+ cos (nwx—i— Ew (x— \/_z>>

oo (G (o+8) - 3o (5= 52)) ) )

where C§, C$, A5, ,, € R for n,m € N; the norm

n—1

IR, o= CE +Z(1+nw © 4 (14 302 AL,

n—1
+> (1 + (0 +nm+m?) W) (AT, + Affn))

m=1
is equivalent to the norm ||-||. for this space.

(ii1) For rolls we consider functions that are independent of the z-coordinate and lie in the
subspace

Hipo(T) = {C € Hpo(T) : ((2) = ((—2)}

of functions which are invariant under rotations through 7. Functions ¢ €
the unique trigonometric series representation

I') admit

sym(

oo
= Z CS cos nwr,
n=0
where C¢ € R for n € Np; the norm
- 2
2
161y = D (1 + n°w?)°C

n=0

is equivalent to the norm ||-||,. for this space.



Existence theory 55

(Note that Cg =0for( e ﬁsrym(l“) in the above notation.) These restrictions ensure that
dimker Ly = 1 with ker Ly = (vy), where vy = ve;(x, z) with

COS WX (rolls)
e1(x,z) = CoSwT + coswz (rectangles)
COS WX + Cos % (x + \/gz) -+ cos % (x — \/gz) (hexagons).

The projection P : Yy — Ygym onto ker Ly along Im Ly is given by

PO,V 0)" = C (X Vs Piony) ' - VIVer(z, 2), (2.42)
where
Yo + w?
) =1
v = Yo +w _ ~ ~ >
m (Sl ! coth Slw + coth W)
1

tanh S @ ( coth @ + 57 coth Slcb)
tanh @ (ul coth@w + 57 coth SI(D)

C* = pwSy* tanh S10 — p3 St

(v* € R3 solves the equation Ly(w)"v* = 0and C* = (v - v¥)7h).

Lemma 27. The transversality condition P(d;d2G[0, 0, 0;v0](voe; 1)) # 0 is satisfied.

Proof. Tt follows from the calculation d;d»G|0,0,0;v]((n, @', ®)T;1) = (0,0,—n)" and the
formula (2.42) for P that

*

P(dyd2G][0,0,0; 7] (vo; 1)) = T n—18

tanh S10(p; coth@ 4 S; coth S1@)v ey (z, 2).
O]

The facts established above confirm that the hypotheses of Theorem 24 are satisfied, an
application of which yields the following result.

Theorem 28. The point (7, 0) is a local bifurcation point for (2.15), that is there exist £ > 0,
open neighbourhoods Wy, of (70,0) in R X Xy and Vg of 0 in Xy, and analytic functions
w: (—e,) = Vegm, 7 & (—€,6) = Rwith v(0) = o, w(0) = vg such that G(sw(s);y(s)) =0
forevery s € (—¢,¢). Furthermore

Weym NN = {(7(s), sw(s)) : 0 <|s| <e},

where

N =A{(r,v) € R x (Voym \ {0}) : G(v;7) = 0} .
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2.5 The bifurcating solution branches

In this section we examine the bifurcating solution branches identified in Theorem 28 by applying
the following supplement to the Crandall-Rabinowitz theorem.

Theorem 29. Suppose that the hypotheses of Theorem 24 hold. In the notation of that theorem,
let ) : X — X be a projection with Im() = ker L and the Taylor series of the functions
w: (—e,e) =V, X\:(—¢,¢e) — R be given by

where M\, \o, ... € Rand wy,ws, ... € ker Q).

(i) The coefficient A\, satisfies the equation

P <%d§}—[0; Ao](vo,vo)> + A P(d1da F10; AoJ(vo; 1)) = 0

and the bifurcation is transcritical if Ay is non-zero (see Figure 2.6).
Aol\w /‘Ao A(s)

Figure 2.6:
Transcritical Crandall-Rabinowitz bifurcation for A; < 0 (left) and A\; > 0 (right).

(ii) Suppose that \, is zero. The coefficient )\ satisfies the equation
P (d?ﬂo; Ao (vo, w1) + %di’f[o; o] (vo, vo, vo)> + Ao P (d1da F[0; Ao (vg; 1)) = 0,
where wy € ker () solves the equation
A1 F10: Do (r) = — 3310 Ao (e, o)

The bifurcation is supercritical for Ao > 0 and subcritical for Ay < 0 (see Figure 2.7).

S S

Ao A(s) Ao A(s)

Figure 2.7:
Crandall-Rabinowitz bifurcation for A\; = 0, A2 > 0 (supercritical, left) and A\; = 0, A2 < 0 (subcritical,right).
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To apply this theorem we write the Taylor series of the analytic functions w : (—¢,¢) — Viym,
v : (—e,¢) — R given in Theorem 28 as

() =r+sn+sn+..., w(s) = vy + swy + ...
with 71,72, ... € Rand wy, ws, ... € ker (I — P) and introduce the operators
1 1

One finds that L, (v) = (0,0, —n)" and

Qo(v,v)
0

GYy+ Go + (uHs + 5 (ju H} + fu|V®|?)

3 (GP= VP + (1 — fu) H + m| VO[> = 2G Hy — ju H} — ju|VO[?)
—MlG’g — Gy — ,lllHQ

OO(U7 v, U)

G+ Gs + [ Hs + jis HyHy + 5 (jin — fu) [VOPPHy — iu V- VO Hy + §ji H}

— Gl — G — juHs — jinHiHy — 5 (jin — fun) [VO|*Hy + u V- VO Hy — ¢ji, H}
+G(Gy — V- V) — Hi(Gy + 1V - V) + (1 — fun) Hi Hy + 3 (j1n — fin) H}
_G1H2 + Tlﬁﬁzz + 7]2779090 - 277x77z77xz - §|V77\277

where v = (n, ®, ®)" and i, = ji(1). Theorem 29 shows that
[Qo(vo, vo)]; - v*

[L1vol; - v,

7=

where
[C]l = C(w,O) - /Cel
r
(with componentwise extension), and

[2Q0(vo, w1) 4 Co(vy, vo, v0)]; - V*
[Livo], - v*

Y2 = —

for vy = 0, where wy € ker (I — P) solves the equation

Low, = _QO(UO> Uo)-

A straightforward calculation shows (Qy(vg,vy) can be written as a sum in which each
summand is a constant vector multiplied by either e? or |Ve; |2. For hexagons we find that v,
generally does not vanish, while for rolls

1 1 1 1
[eﬂl = [5 + §COS 2w1‘:| ) = 07 [|V€1|2]1 — |:§ - 5 COS 2w17:| ) = O,
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and for rectangles

1 1
ei], = {5 + cosw(z + 2) + cosw(x — z) + é(cos 2wx + cos 2wz) 1 =0,

1
[[Vei?], = [1 — §(COS 2wxr + cos2wz)| =0,
1

so that in both cases vy, = 0.
For rectangles the solution to the equation

—Lowy = Q(’an Uo)

0
= B\/il + B\/i,S + D\/§ eﬁ(a:, Z)
Ay = (mByzi+ Bss + Dys)
0
+ 3271 + Bgﬁ + D2 62(37, Z)
Ay — (fuB21 + By s + Do)

0
0

1
+3 )
2| w2 <qu, (1 — tanh? ) pacs <1 — tanh? Slw))
Bo Bo

T _
where (¢, cor, co)" = Vo,

e3(x,2) = cosw(x + z) + cosw(z — 2), e, 2) = cos 2wz + cos 2wz,

and

A —w(c <1+tanh2 ) c (1+tanh25 ))
2T\ Bo e Bo

2w
By1 = —cocpw? (1 tanhﬁ— tanh E)
Siw 25
By s = H1C<1>an2 (1 tan hL tanh 1w>

Bo Bo
02 52(*‘}2 Slw Slw
Dy = 2217 (j2 i1 + 3p1 /11 ) tanh® —— tanh ——,
2= (43 + pufin + 3pajun) tan o W

Ap= % ( <tanh2 50) — p1Ch <tanh2 6;:))

\/_cu>

B, = —cgrepw? [ 1— V2 tanh - % tanh

0 0
S 25
B\/i,s = M1C<I>an2 1 — v2tanh 6100 tanh \/_ﬁ 1w) ,
0 0

0

2 S2w? . _ . . 251w Siw
D 5= B it Sl <2M1M1 + 4pnfin + (2pfin — 447) cosh 51 >(1 — tanh? 51

81 0

)
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\/5510.)

+ (M% — pijly — Hlﬂl)
h2 Slw
Bo Siw
X 4 + /2 tanh
o \/_Slw /80
Bo
is given by
(up — 1) ( (Dys+ Bag) V2 V2w tanh \/B_
0
2
_ ulBﬂﬁl\/ﬁSf w tanh \/_Slw>
0
+ <M1\/§Sllw tanh \/ZSlw + /2w tanh V2w
0 0
_ 2
wy = C p (pn — 1)2 B\/g’lx/isl_lw tanh \/_Slw
\/_Sw
_ul(ul—l)A\[\/_S wtanh 01 _b\/§
2
(jy — 1) (B\/i,s + D s5) V2w tanh V2
0
V2w
+ (,ul - 1)Aﬁ\/§wtanhﬁ — b\/ﬁ
2w
(11 — 1) ((D2 + Byg) 2wtanh =2
0
2
— MlBQ712Sf1w tanh Slw)
250 3
+ ([L1251_1w tanh + 2w tanh —) Ao
0 Bo
2
+Co | g (g — 1)2 By12S; 'w tanh LZM
0
2
— 1 (g — 1) A22S1_1w tanh 51w — by
Bo
2 2w
(1 — 1) (Ba,s + D3) 2w tanh —
0
+ (g — 1) Ap2w tanh — — b
50
Slw

(@ (1w ) -t
—— (& [1=tanh® =) — ;2 | 1 — tanh?
29 \ * By) 1t

where

+))

)

Ap

eys(t, 2)

es(x, 2)

pr—1
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\/§ \/§S1W

2 tanh —— tanh
ﬁ

C= _( (70 + w?) (wtanh = + 1, 7 'w tanh 1 0 b
Bo 0 Siw

tanh — tanh —

Bo Bo

2 \/_ \/_Slw -
_(70+2w)<\/_wtan 5, 5 )) ,

2w 2
4tanh5 tanh —— 51w

Cy = —( (70 + w?) (w tanh % + 1 Sy 'w tanh Slw) 0 bo
0 0

Slw
tanh — tanh —
Bo Bo

2 28
— (”yo + 4w2) <2w tanh = + 111257 'wtanh lw) ) ,
Bo Bo

by = (2w* 4+ 1) (Bya1 + Byas +D.a)
b2 = (4w2 + "}/0) (B2,1 + BZS + DQ) .

For rolls the solution to the equation

—Low; = Q(vo, vo)
0
= By1+ Bys+ Do ez, 2)
Ay — (1 B2y + By s + Do)
0
0

1
+ —
S )
ol <cé, (1 — tanh? i) — cs (1 — tanh? M))
Bo Bo

where ey (z, 2) = cos 2wz, is given by

(b — 1) <(D2 + By g) 2w tanh E

— /LlBQ 125 w tanh

QSlw)

0

+ (uﬂSflw tanh 25w + 2w tanh —) A,
Bo Bo
2510.}
0

2
— g1 (1 — 1) A28, 'wtanh 1
0

wy = Cy | py (1 — 1) By, 257 'wtanh ez, 2)

— by

(,ul — 1) (BQ S + D2> 2w tanh 6_
0

2w
+ (1 — 1) A2w tanh B by
0

w? Siw 1
- — ( (1 — tanh® — ) — [1Ch (1 — tanh? —~ >) 0
470 Bo Bo gy —1
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Using the above calculations, we can determine the nature of the local bifurcation at v = y.
For hexagons we have that v, # 0 in general, so that the bifurcation is transcritical, while for
rectangles and rolls it is sub- or supercritical depending upon the sign of v,, which we now
determine for small values of y; noting that the limit 3, — 0 corresponds to fluids of infinite
depth. Recall that w, vy, £y satisfy the equation

Yo = fﬁo(w>’

where

pap — 1)° B
518

18 coth 2 + S1scoth —
Bo 0

fao(s) = ga(s)s*  gan(s) = 1

and w is the unique maximum of the mapping f3,, and note that fz, converges pointwise to
fo : [0, 00) given by

ol =12,
Jols) = w1 + S i

as By — 0. From the fact that 7, w satisfy the equations

fYO:fO(w)v Ozf(/](CU),

where the prime denotes differentiation with respect to s, it follows that

o — 1) (= 1)*\
©T 2(p1 + 51) +oll), 0= (Q(Hl + 51) ) +oll)

as By — 0. Attempting to compute explicit general expressions for 7, leads to unwieldy formulae
(it appears more appropriate to calculate them numerically for a specific choice of p, that is a
specific magnetisation law). Here we confine ourselves to stating the values of the coefficients
for two particular special cases.

(i) Constant relative permeability i (corresponding to a linear magnetisation law): We find
that

-1 4w? +
=~ (— (800 10250 a2 <17 ) 0 - )
2

b= 1 (2004 )01 - ) - S0+ 27))
“w2u(1 gy (u+1)2wt1(8( 3 w? 3 ))

— -+t
1 n—1 ot w?) 2 1l2

for rolls and

-1 2w? +
o = —p - uCos | ( 8(p+ De? 22T 92 — 1% ) (1 — V2tit )
,u—f— 1 t\/§

- (- a1 - VEtyg) ) )
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4 2
w? W+
123

— nCy ( <8(/¢ +1)
+w(p—1)* (2(1 +£3)(1 = taty) — i(l + t§)2>)

— 4(p® — 1)2w3> (1 — tyts)?

wlp+1)2 Sw?

— t — 9+ 281t +4V 24t
2= 1) i O V2
2 -1 3

W (g ) (1—t2)2
270(p + 1)

for rectangles, where t; = tanh @, t\/5 = tanh v/2@, ty = tanh 20, @ = w/ Py and

1 t -1
C =~ (Vo422 — —2w2) ,
V2 \/5('&2 _ 1)&1 < ( 70) tl Yo
—1
CQ = ; 2(’}/0 + w2)t—2 — Y — 40.)2
2(p? — Nw t

The sign of v, clearly depends upon 1 and w (see Figure 2.8).

12

10

Figure 2.8:
The sign of the coefficient 5 as a function of ;1 and w for a linear magnetisation law for rolls (left) and rectangles
(right). The shaded and white areas show the regions in which the bifurcation is respectively super- and subcritical.

(ii) Small values of [y (corresponding to deep fluids): Abbreviating (1), (1), ji(1), fi(1) to
respectively pu1, ft1, fi1, fi;, one finds that

Y2 = (t(2u?ﬁ1 +2uffufiy — 203y — 2pfunfiy — Bpdig 4+ S g 4 42u3jin + 49T jin — 8pfin
+29p1 i3 jin — 10pFjin + 15 fanjin + 3idjin + 8papd + 1647 a7 + 8 jad — 160167 — 87
+ 168 fin + 3203 fua fin + 1603 3 fin + 30uF fua jin + 5pdjiT + 10p 3 fin — 1643 jin — 4641 fu1jin
(p1 —1)7p3
5126 (i1 + fi1)
+ (£(9615 + 636,301 + 11290} + 85033 + 2170 ef — 512017 — 17200 — 1810033

— 5y jif — 103 )

— 74003 i} — 50p1 i} + 961 + 22041 pF + 73T f — 14 if — Tint)
+ 8847 + 4401 i1 + 880uTff + 8803 if + 440t i} + 88pF 1] —256u] — 92818 1y —1312p7 i
— 864pt i1} — 2248 i} — 80uF — 4163 11 — 614p1 1] — 42063 — 1020711 +25643 +672u1

(1 —1)%p

— 8ut + 46043 17 +104p3 1} — 20#1#‘{+72ﬂ1u?+194u%ﬂ?+84y1ﬂ?+10ﬂ%)?
1024¢5(p1 + fu1)

+o(1)
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as 5y — 0 for rolls and

72 = (#((42V2=60) iy fir — (42V2=60)p i n + (42 —289) a1 i3 +(4461V2~6190)ji1 i
+(3413V2—4766) i1 11 f13 — (429v/2—558) jig 1 f11 4 (168v2—240) 15 +(168v/2—240) 113 1
+(336V/2—480)p1 12 + (1870v/2—2580)ji1 3 4 (82v2—172)ji1 2 —(1333v/2— 1886) i1 fi?
+(42V2—60) i fiy — (T3 —289)F i — (168V/2—240) i} — (168v/2—240) 11 1
—(336v'2—480)ui ] — (42v2—60)uijiy )

+(976V2—1376)ptjin 4 (1952v2—2752) 11 3 jin 4+ (976V/2—1376) 2 2 i1 + (4452 —622) 12 ji2
+(366v/2—468) 2 11 ji1 — (1414v/2—2020) 1 i3 fin — (445v/2—622) 1 ji2 — (9767/2—1376) 3 jiy

o 2. (1 —=1)"p3
—(1342v2—1844 +(1414v/2—2020) 22
( Jpafarjin +( ¥ 1#1) 512010 7v/2)1 (u1 1 fon)

+ <t((3300\/§73288)ﬂ1;¢f +(5745vV2—T110) 3 17 +(2410v2—3260) 1 i}
+(6084v/2—6168) 15 11 + (73772 —6406) 12 — (3190v/2—7300) 15 i3
—(6799v/2—10298) p2 1% — (58696V/2 —79024) 3 11 — (61154v/2 —81804) 1 i3
—(11604v/2—14456) 112 (i3 +(11550v/2—16500) 1 it + (672v/2—448) u§
—(17408v/2—23552) 13 — (2351v2—3322) 1} +(672v/2—448) 1)

+(2344v/2—-3056) 13 115 +(11720v/2—15280) ] 11 + (23440v/2—30560) S 22
+(23440v/2—30560) 15 13 + (1172072 —15280) s i — (363842 —49344) 1 i

—(60832v/2—82880) 1} 17 — (473282 —64832) } 113 — (1417672 —19520) 3 i}

+(4344+/2—6608) 11 115 — (478v/2—628) 2 12 — (4860v/2—T016) 11 15 +(2344+/2—3056) 15

—(8704v2—11776) ] — (15392v/2—21440) ud 11 — (184222 —25348) u} fi?

—(8196v2—10904) 13 (13 +(2410v/2—3644) 2 1} 4 (27680v/2 —37568) ut i1

+(33644V/2—46344) 113 13 +(18088+/2—25328) 2 13 — (3700v/2 —5176) 1 i

—(4016v2-5664) 1§ +(8704v/2—11776) 3 +(1850v/2—2588) i}

4 (1 = )8
+(1672\/§—2608)u1) om0 e i o(1)

as By — 0 for rectangles, where ¢t = /1 (i1 + f11) + 1. (Note that

_ Nl(ul - 1)2 0<1)

_ s — 1)
2(p1 + 51)

i+ 517 +o(1)

Yo

as By — 0.)

We note in particular that for constant o (corresponding to a linear magnetisation law),
rolls bifurcate subcritically for y < p! and supercritically for y > 1!, while rectangles
bifurcate subcritically for y < p2 and supercritically for ;1 > p?, where

u1:§+§\/5 M2:115+160\/§+8\/184+11\/§'
c1r 117 ¢ 141 + 128v/2
The same values were obtained by Silber and Knobloch [42] in a discussion of normal forms

for this bifurcation problem and confirmed by Lloyd, Gollwitzer, Rehberg and Richter [30]
as part of a wider numerical and experimental investigation.

Figure 2.9 shows the sign of -, for the Langevin magnetisation law
M 1
pu(s) =14+ — (coth(fys) — —) (2.43)
s VS

in the limit 5, — 0, where M and Yy are respectively the magnetic saturation and initial
susceptibility of the ferrofluid and v = 3y /M.
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Figure 2.9:
The sign of the coefficient 7, as a function of M and -y for the Langevin magnetisation law (2.43) for rolls (left) and
rectangles (right) in a ferrofluid of great depth. The shaded and white areas show the regions in which the
bifurcation is respectively super- and subcritical.



Chapter 3

Symmetric corner defects

3.1 Spatial Hamiltonian formalism

In this chapter we present an existence theory for symmetric corner defects using a Hamiltonian
version of a spatial dynamics theory for domain walls by Haragus and Iooss [17, 18]. To this
end we formulate the ferrohydrodynamic problem as a spatial Hamiltonian system in which the
horizontal spatial xz-coordinate plays the role of time and (y, z) are the space-like coordinates
(see Groves, Lloyd and Stylianou [14] for the corresponding formulation of the two-dimensional
problem).

We seek solutions of (1.18)—(1.24) which are 277r—periodic in the z-direction. It is convenient
to to use the change of variable

n(r,2) =n(2), ¢,y 2)=¢(x,y,2), oy,72)=dy,z2),

where Z = vz, so that these functions are 27-periodic in z. Dropping the tildes for notational
simplicity, we arrive at the equations

2 .
P + Py + V¢, =0 in €, (3.1)
1 (Gag + Gyy + V222) + Wede + i (dy + 1) + 1750, =0 inQ (3.2)
with boundary conditions
_ _ 1
gb; =0 fory = 4, (3.3)
p(gy+1) —p(l)=0 fory=—5, G4
¢ =+ (1) -1)n=0  fory=n(r,z2), (3.5)
O, + (1) = 0oy — V0.0, — i (dy + 1 — 0oy — VP10.0.) =0 fory =n(z,2)  (3.6)

and

65
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—M(1) — p(1 )(M(;) 1) —m

(;¢&+<¢+u(»-+u¢) Aﬁ)

— Wy + 1)(¢y + 1 — nohy — V°0202)

(8, + (D)6, + p(1) — 0o, — v7n.6)
2 Uz - B
+< 1+%+V%) +V<VTI%:7%92_O fory =n(2),  G7)

where

pr= (64 0,4 10240260 7) L M= M (024 0+ 1P 42627

Starting with a variational principle for the hydrodynamic problem, we perform a formal
Legendre transform and show that solutions to the resulting Hamilton system lead to solutions of
(3.1)—(3.7). We observe that equations (3.1)—(3.7) follow from the formal variational principle

6/ L1, &' 6,10, 8, 62) i = 0

o0

with Lagrangian

L(U, ¢/7 ¢a Nz Qﬁm ¢x)

- /02” {/_"1 M ((@bi + 0702 + (6 + 1)2)1/2> dy

Bo
+ / L 8 R 0 )

wl1) (8, = o],y ) = (w0 (M5 1) )
(L s rETER ) La

where the variations are taken with respect to 77, ¢’ and ¢ satisfying

(@ = 9)|,_o+ (u(1) =1)n=0.

The next step is to use the ‘flattening’ transformation

_y—7 o 1

y= 1+60777 X(l‘,y,z) —qb(x,y,z) for ~ B <y <mn,

j=——" X (z,9,2) = ¢'(z,y,2) forn <y < L
1_6077 Bo

to map the variable domains

{(x,y,z):—%<y<n}’ {(x,y,2)1n<y<%}
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into the rigid domains

{(x,y,z):—i<y<0}, {(x,y,z):0<y<i},

Bo Bo

the free interface {(z,y,2) : y =n} to {(z,y, 2) : y = 0} and transform L into

L(n, X', X s Xo» Xao)

SRt

1/2\ ..
M (((Xm — Kinaxy)? + 07 (. — Kimaxy)” + (Koxy + 1)) ) Ky'dy

1
%1
+/0ﬁ0 5 (06 = Kimxg)” + 02 (= Kinax) "+ (B3, + (1)) (53) ™ dy

2

#(0) (o =¥y ) = (340 (2= 1))

— <%n2 + (V1+n24+v2n?— 1)> dz

(with a slight abuse of notation), where

1-— 1 1
Ki — /Boy’ 2: , Ké:
1 — Bon 1+ Bon 1 — Bom

and the variations are taken with respect to 7, x” and y satisfying

_ 1+ Boy
1+ Bon’

1

(' = X)|,o + (1) = )n =0

We exploit this variational principle by deriving a canonical Hamiltonian formulation of

(3.1)—(3.7) by means of the Legendre transform. We introduce the variables

5L 7790 /0 ]L ( K )K K—l d
p=—=— - 1t (e — Kinexy) K1 Ky 'y, dy
e NTE@E R S ’ ’
7 _
- / (4, = Kinox') KL(K3) X, dy
and
oL 2 2 2\ -1
£= S F(xa — Kanaxy, v° (x> — Kinaxy)” + (Kaoxy +1)7) K5
5L -
¢ = Ve (X, — Kinax,) (K3)™"
with

f(s,t) = u(vVs?+t)s.

(3.8)

(3.9

(3.10)

Noting that f(0,1) = 0,0, f(0,1) = u(1) > 0, we obtain the following result from the inverse-

function theorem.
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Proposition 30. There exist open neighbourhoods Vi, V3 of the origin and V5 of unity in R
such that f(-,t) : Vi — Vi is a bijection for each t € V. Furthermore f : Vi X Vo — V3 and
=t Vi x Vo — V) are analytic.

Using Proposition 30, we find from (3.8)—(3.10) that

V1t vy
Ne = —W7
VW2

and we define the Hamiltonian function by

2 0 2 %
HuXoe €= [ [ e [ Mgy
0 —% 0 0
27
+ / NP dZ - L (777 XIJ X5 P £/7£>
0

° Ky 2 tr—1 6710 L e 2 /

= - MK dy+ — (&7 = x7) Ky dy
—L ml 0 2

0

1
Bo V2 2 _
—/ — (b = Kinaxg)” (K3) ™ dy + p(1) <X\y0 - xb_;)
0

2
’72 2.2 2 M(1)2
+ M(1)n+ 5n + 1+ 221 - W2 — 5+l

Xp = K58 + Kina X, Xo = f 7K€) + Kinaxy

where

puh = (f7H (202 O — Kinaxy)® + (Kaxy + 1))
2 (s~ Kamex)* + (o + 1)),

M = M ((F71 (6,0 (x= = Kinaxy)* + (Kaxy + 1)%)?
+17 (e = Kamxy)” + (Koxy + 1)2)1/2) )

0 1
Bo
W=-p- / Ki&x, dy — / Ki&'x, dy.
_ 1 0
Bo

Hamilton’s equations are given explicitly by

0H 1 2n?
we
/ 2,2
U 6_H — K’g’—i—K’MW / (3.12)
Xz 5X/ 2 1 m Xy7
1 2,2
_OH Keg | VI (3.13)

Xx—a——m + K T2 Xy

and
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oH
Pz = ——F—
on
Bo
= [ i) (= Kin) ), d
% (B
—/O (30 (v (X2 + (K1m2x,)7) + (€2 = x5) K?)) dy
0
+ Bo/ (Mt (v (s = Eanexy) Kinaxy — (Kaxy + 1) Kayy)) dy
~Bo
0 ) V=2
+/ V(WK (s — Kamaxy) Xy), dy + 02 (—mn>
“Bo +v U
JIT o / 0
| ——2) g K’K”’d—/ KK dy | — M(1) —
60 m ( 0 1 25 Xy ) 76710 1 QSXy Yy ( ) m
1+ v2n?
—(u(1) = 1) <—K§X§, + TWQWK%I + 2\, — Kﬁ%x;)nz) , (3.14)
y=0
gl__(s_H__Kl / +(2KI(K/>—1(/_KI /) )
x 5X, - 2ny v 1 2 Xz 1772’Xy 7]2 y
_ V1+n:
v ((K3) 7 () — Kimexg)), + Vi i (K18, (3.15)
13 ——5—H—( TP KK (s — Kaimaxy) n: — Koxy — 1))
x = 5X = \H 189 Xz 1M2Xy) Nz 2 Xy y
/14 1v2n?
2 (K (v iE
V(T KS (x: — Kinexy)) . + N W (K.£), (3.16)
with boundary conditions
! _ 1
X, = fory = 4 (3.17)
piKoxy +pt = p(1) =0 fory = —4, (3.18)
and
X' —x+ (u(1) = 1)n =0, (3.19)
it (7 (x= — Kamaxy) e — Kaxy) — (= p(1))
V142
Kol /15022
1 ¢! z ! o
fory = 0.

We note that the equations (3.11)—(3.21) are reversible, that is invariant under the transforma-
tion (7, X', x, p, &, &) (x) — S(n, X', x, p, &, §)(—x), where the reverser is defined by

3(77, X/7 X5 P; 6/7 5) = (777 X/7 X5 =P _6,7 _6)
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Furthermore we note that these equations are invariant under the transformation
(X', x) —= (X' + ¢, x+¢),c € R, the reflection T : z — —z and the translation R, : z — z + «,
a e R.

Now we discuss the rigorous mathematics. First we recall the differential-geometric definitions
of a Hamiltonian system.

Definition 31. A Hamiltonian system consists of a triple (M,Q, H), where M is a manifold,
Q:TM xTM — R is a closed, weakly nondegenerate bilinear form (the symplectic 2—form)
and the Hamiltonian H : N — R is a smooth function on a manifold domain N of M (that
is, a manifold N which is smoothly embedded in M and has the property that T'N |n is densely

embedded in T M ‘n for each n € N). Its Hamiltonian vector field v;, with domain D(vy) C N
is defined as follows. The point n € N belongs to D(vy) with vy ‘n =weTM ‘n if and only if

Q|n(w,v) = d’;’-[‘n(v)

for all tangent vectors v € T M ‘n (by construction d’H|n e T*N ‘n admits a unique extension
dH‘n eT*M |n ). Hamilton’s equations for (M, 2, H) are the differential equations
u, = vy(u) = UH‘U

which determine the trajectories u € C*(R, M) N C(R, N) of its Hamiltonian vector field.

To apply this definition to the Hamiltonian system derived above we define

X, ={ue H:EN0,27) x HIEN(S) x HEH(X) x HE(0,27) x H . .(Y) x H. () :

per per per per per per

(X" = X)ly=0 + (u(1) = 1) n = 0}

for t € Ny, where u = (1, X, X, p, &', €), ¥’ = (0,27) x (0, ﬂio),E = (0,27) x (—%,0) and the

subscript ‘per’ on the standard Sobolev spaces indicates that the functions are 27-periodic in z.
Let M = Xy and N be a neighbourhood of the origin in X; such that

‘77| < %7 |W’ < 17 KQXy(?/) + 1 € ‘/27 KQf € ‘/3

forall z € Randy € [—/Bio, 0]. We observe that H : N — R is an analytic function and N is a
manifold domain of M. The formula

2 27 1
B
Quy, up) = / (mps — pim) dz + / / (& — Exh) dydz
0 0 0

27 0
+/ / (x1&2 — &ixe) dydz
0 _1
Bo

defines a closed, weakly nondegenerate bilinear form 7'M x T'M — R, so that the triple
(M, 2, H) is a Hamiltonian system.

Lemma 32. Consider the Hamiltonian system (M, §), H). The corresponding Hamiltonian vector
field vy : D(vy) — M is defined by the right-hand sides of equations (3.11)—(3.16), where
D(vy) := {u € N : B(u) = 0} and the analytic function B : N — (Hp2(0,27))* is defined
by the left-hand sides of the boundary conditions (3.17), (3.18), (3.20), (3.21).
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Proof. A direct calculation shows that
dH| (i)

:/0 { ﬁ1<K§5+—Vl1t_W%WK’ ’>§dy
of
s

K 1+ vn? .
( 26 | 7 WK1Xy>§dy

uf 1— W2

E\H Tb‘,_.

(Kéxgy + 17 (s — Kinax,,) (K3) ™),

«/1+ 22
—* (X, — Kin:x,) (K3) "' Kin.) — Gl VoV (k) ) dy

Yy WQ
0
"‘/ ) ( (,UTKgl ((KZXy -+ 1) Ky — 12 (Xz — KanXy> Klnz))y

V1402
2 ( fge—1 _ "2
v (K (= Kaexy)), — Tz W (Eag) )

W1 ’
- (/ (=) ﬂodey—/ | MBody
0 %
0
- / v (WK (x= — Kinaxy) Kixy), dy

0
- / :U’T (V2 (Xz - Klany) BOKlany - (KQXy + 1) ﬂOK2Xy) dy

Bi
+ [ (@ (VX2 = VA (Kin:x,)?) — v* (X2 = Kinaxy) (K5) 7' Kix,) > dy

9
0
VI—W?
+MQ)+ - | ——=n-
\/1 i)
1+ v2n? 0
NRVER TN ( / KIKLEN, dy — / Ky Kby dy)
1—W?2 —L
0

+(p(1) = 1) (V (X, — Kin:=x,) n- — KX, % 2§)>

1+ vin? Kof — K'eY — 2 (v — K , K
+ 1— W2 W(K2¢ 28) —v (Xz 1Usz)77z+ 2Xy

+ 1t (VP (xe — Komaxy) s — (Kaxy + 1)) + M(U) X{yzo

JI1+ 72
) +#Wﬁ} dz

+ (i (Kaxy +1) — u(1)) X y—i KixyX'
0

Y=3, 1—-W?2

~

forn = (n,x',x,p, &, &) and & = (9, X', X, p, €, é), where we have integrated by parts and we
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used the facts that

1) ) 5
%K2 = —foK3, %Kl = —[o K1 K>, %Kg b= B,
SRy = ok S Ky = oK, (k) = -
(577 2 — F0Lro 517 1 — Fofr1frg, 577 2 - 0
and
] = X, — (u(1) = 1)

Note that dH| € T*N ‘n =~ X, admits a unique extension d H |n e T*M |n ~ X, which

depends analytically upon n € N. Recall that the pointn € N belongs to D(vy) with vy }n = 17|n
if and only if
Qv

a) =dH| (a)

n?
forall u € TM | . Using this criterion and the above calculation we obtain equations

(3.11)—(3.20). The ‘condition (X" = X)|y=0 + (u(1) = 1)n = 0 in the definition of M forces
one to impose the compatibility condition (3.21) so that v |n maps /N into M. [l

3.2 Centre-manifold reduction

Next we introduce a parametrised, Hamiltonian version of a reduction principle for quasilinear
evolutionary equations presented by Mielke [34, Theorem 4.1] (see Mielke [33, Theorem 4.1]
and Buffoni, Groves and Toland [4, Theorem 4.1]). Using this result we reduce the problem
for small solutions to equations (3.11)—(3.21) to an equivalent Hamiltonian system with finitely
many degrees of freedom.

Theorem 33. Consider the differential equation
= Lu~+ N(u;\), (3.22)

which represents Hamilton’s equations for the reversible Hamiltonian system
(M, Q* H*). Here u belongs to a Hilbert space X, X\ € R! is a parameter and
L :DL) C X — X is a densely defined, closed linear operator. Regarding D(L) as a
Hilbert space equipped with the graph norm, suppose that 0 is an equilibrium point of (3.22)
when A\ = 0 and that

(HI) The part of the spectrum o (L) of L which lies on the imaginary axis of a finite number of
eigenvalues of finite multiplicity and is separated from the rest of o(L) in the sense of Kato,
so that X admits the decomposition X = X; & X, where X, = P(X), Xy = (I —P)(X)
and P is the spectral projection corresponding the purely imaginary part of o(L).

(H2) The operator Lo = L|x, satisfies the estimate

_ 1
) 1HX2—>X2 S 1+ ||

£y —isI . seR



Centre-manifold reduction 73

(H3) There exist a natural number k and neighbourhoods A C R! of 0 and U C D(L) of 0 such
that N is (k + 1) times continuously differentiable on U x A, its derivatives are bounded
and uniformly continuous on U x A and N'(0;0) = 0,d;N[0;0] = 0.

Under these hypotheses there exist neighbourhoods A C A of 0 and Uy C UN Xy, Uy C U N Xy
of 0 and a reduction function r : Uy x A — U, with the following properties. The reduction
function r is k times continuously differentiable on Uy x A and r(0;0) = 0, d;7[0; 0] = 0. The
graph M* = {ug +r(up; \) € X108 Xy s uy € Ul} is a Hamiltonian centre manifold for (3.22),
so that

(i) M is a locally invariant manifold of (3.22): trough every point in ]\:4 A there passes a
unique solution of (3.22) that remains on M> as long as it remains in Uy x Us.

(ii) Every small bounded solution u(x), x € R of (3.22) that satisfies (u1(x), ua(z)) € Uy x Uy
lies completely in M.

(iii) Every solution uy : (x1,23) — Ul of the reduced equation
Uy = Lug + PN (ug + r(up; A); A) (3.23)

generates a solution

of the full equation (3.22).

(iv) M*isa symplectic submanifold of M and the flow determined by the Hamiltonian system
(M A Q)‘, 7:[)‘), where the tilde denotes restriction to M A coincides with the flow on M
determined by (M, Q> H?*). The reduced equation (3.23) is reversible and represents
Hamilton’s equations for (]\;[A, Q’\, 7:[’\)

We introduce the parameter € by setting v = 7o + ¢ and denote the Hamiltonian / with this
parameter choice by H¢, so that 3y, v, are fixed values of the dimensionless variables 3 and
(to be selected later) and ¢ plays the role of a bifurcation parameter. We consider the equation

Uy = vye(u), (3.24)

but cannot use Theorem 33 directly due to the nonlinearity of the boundary conditions in the
definition of the domain D(vy-) of the Hamiltonian vector field. To overcome this difficulty
we use a change of variable @ = G(u) which transforms the nonlinear boundary conditions
in D(vg-) into their linearisations Bji = 0, where B) = dB[0], u = (0, X/, x,p,&,&)T and
U= (777 Tla T, Ps Cla C)T

Define analytic functions Fy, F, Fy, F, : N — R by

(u(1) + (L) Fi(u) = (1 + o) (W (xs — Kotax) s + —lefiw” ng)

— (Kaxy — p(L)xy) — (uf = (u(1) + fu(1)xy)),
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V142
F{(u) = (1 = Boy) (V2 (X; - Kénzxg) n-+ WWK££/>

(Ké — Xy)»
F2(u) - K2£ V l+v nz
i~y e

Fitu) = R3¢ - € + LUEW (1 + (D) — 1) + (u(1) = D,

so that the boundary conditions (3.17), (3.18), (3.20), (3.21) can be written as

and

X;/ = F{(u) fory =

ﬁ%
(1(1) + f(1)xy = (1) + A1) Fi(u)

fory = —4,

Xy — (1) + 2(1))xy = (F1(u) = (u(1) + (1)) Fr(u)) =0,

L BW
w(l) ' p(l) (& + Fy(u) — (u(1) = 1)p) =0

for y = 0. We use the change of variable

T:X—i_wy? T,:X/+¢;> C:£+FQ<U>,</:§/—|—F2/(U),

where ¢ € H}(X)," € H3,.(X') solve the boundary-value problems

—(Vyy + V*2) = Fi(u) in 3, —(¥y,, + v ) = F)(u) in Y,
=0 for y = 0, ' =0 for y = 0,
_ __1 r_ _ 1
v=0 fory = —4-, P =0 fory = 4.

The formula G with G(u) = @ defines an analytic, near identity mapping N — X;. Its

derivative is given by

dG[u](@) = (7, X' + Py  + Oy, 5, € + dF3[u](0), € + dFo[u] (@),

~ ~

where @ = (7, ', X, 5, &', €) and o € H3(Z), ¢’ € H3(X') solve the boundary-value problems

and

—(yy + 20..) = AR [u)(d)  in %,
=0 for y = 0,
) — 1
=0 fory = —4,
— (W, +*L) = dF[u)(@)  inY,
=0 fory = 0,
. .
Y =0 fory = B
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(1+ Boy) )
A n.dptuli

(14 Boy)
(1) + A1)

(1+ Boy) m £ _ S61)
= ()WW(KQ£ )

( 2

dF[ul(d) =

) (FLTVQ ()& - KQTIZXZ] + BOKganyﬁ - KQﬁsz - K?”zXAy) 77z)

_l’_
w N TE R ek
B K2Xy - ﬁoszyn —p()xy  dpl[u)(@) — (L)X,
(1) + (1) p(1) + A1)

dF{[u] (@) = (1 = Boy)v? (le + (X, — Kan:x,,) m)

— (1= Boy)? ((BoKfnzx;ﬁ + Ky x, + Kémi;)) -
1 + Vzng 1 & 12 & A

(= o) st W (I + SR E€'D)

VAW K€, T

(1- Boy) 25”” n T KA W ) ()

\/1 + 221 -W2 /1T W2
(ﬁOKngn + KéXy - Xy)7

) =y (B2

—-1/2
+ % (x2 — Kinaxy)” + (Kaxy, + 1)2)

X2 (V2 (Xe — K1in.Xy) (X + K1 Kon.xyn — K. xy — K1m.Xy)
Kaéd — BoK3E2i
(') K32
() 2K3¢% + 12 (X2 — Kinoxy)” + (Kaxy +1)%)
+ (Kaxy + 1) (Kaxy — BoK3xy0) )7
(1) = p' ((f 8,07 (X — Kamaxy)® + (Kaxy + 1))
+12 (s — Kimaxy)” + (Kaxy + 1)2)1/2) ,

_|_
pt +

1/2

0 A~
W@ =~ [ (~hoikaui+ Kby + Ki6,) d

Bo
- [ (Kisgegn + Kiéng + Kie,) dn

Noting that d 3 [u], dF[u] € £(X;) extend to mappings (ﬁru], d/Fl’[\u] € L(X,) which depend
analytically upon u € NN, we obtain the following result by the inverse-function theorem.
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Lemma 34.

(i) There exists an open neighbourhood N of the origin in X, such that G : N — N is a
diffeomorphism.

(ii) For each u € N the operator dG|u] € L(X1) extends to an isomorphism dG [u] : Xo — Xo.
The operators dGu], dG[u]™* € L(Xy) depend analytically upon u € N.

Using the calculations

(1(1) + A1)y = (u(1) + (1)) (xy + Pyy)
= (u(1) + (1)) (xy — (Fr(w) + v°¢.2)),
Ty = Xy — (F(uw) +v*¢,),
we find that
(u(1) + f(1)7y = (u(1) + £(1) (xy — Fi(u)), fory = —4,
T;:X;—F{(u), foryzﬁ—l0
and
7, — (1) + (1) 7y = x;, — Fi(w) — (u(1) + (1)) (xy — Fi(u))
L o _ _ i FQ(”) (¢! / uw) — .
L (€ ) = 1) = o+ — (€ Faw) — (1) — 1)

for y = 0 because ©,, = 0ony = —%,0 and ¢, =0ony =0, BL It follows that B(u) = 0 if
and only if Byu = 0.
The diffeomorphism G transforms (3.24) into the equation
fly = vg- (1) = Li + N°(@1) (3.25)
with D(vs.) == {i € N : Byit = 0}, and vz. : N — M is the analytic vector field defined by
v (1) = dG[G (@) (v= (G~ (1)),
(@

and L is the linearisation of v ;. ate = 0, while N° (1) = }1 -(@) — Lu. Equation (3.25) represents
Hamilton’s equations for the Hamiltonian system (M, 2, H¢), where

Q| (6,1) = QGG (@)](9), dG[G (@) ()

for v, w € TM|, = X, and He (@) = He(G™'(@)) for & € N. We henceforth drop the tildes for
notational simplicity and apply Theorem 33 to equation (3.25); note that (H3) is satisfied for any
k € N since v - is analytic.

Now we turn to the spectral hypotheses on L : D(L) C Xy, — X, which is given by the
explicit formula

i 7

7! i

p YN + VN + (N(l) o 1 y|y =0
¢ —(V37r, + o)

C —H1 (V27—zz + Sl_ Tyy)
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and
D(L) :={u € X; : Blu = 0},

where

Writing u € X; as

u(y, z) = Z u, e

kEZ

with u, = (n,,7,(y), 7.(¥), p,, €, (), ¢, (y)) ", we find that

1 ikz ]- ikz
In= 7= Lue™  Bu= =3 Buue',

keZ kEZ
where
g; M1S172Tky
Sk T
Lou, = m By, = o
kY _(70 + k2y2)77k + (Nl — 1)T;y ‘yzO ’ 16Uy M151 27'ky — T;y
2.2 ¢
kw;—ﬂiy?y i~ G (= 1)p,
p (K*v2r, — S Thyy)

We note that L, = L_, for k € N and that the norms of the Sobolev spaces H/ (%), H}..(X'),
H’..(0,27) can be written as

per
lol = 32 > U+ K105 wlla 1 o),

0<a1+a2<t k€Z

D DD Y b Y

0<ai+as<t keZ

117 =" (1+£)"|¢]*

kEZ

First we discuss the eigenvalues of L. We consider the equations (L, — A\ )u, = 0 for A € C,
that is

¢, — A1 =0,
¢, — AT, =0,

— (o +E V) + (= D7 |y = Ao, =0,
kJQVQT; -7 =X =0,
(KT, — S7%71, ) — X, =0,

kyy

so that
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(0® —v0)m, + (11 — 1)7,;, |y:0 =0,

/ /
o’ +17 =0,

H1 (Usz + Sl_QTkyy) =0

with boundary conditions By,uy, = 0, where 02 = \? — k%12

* For values of A\ and k£ with o # 0 satisfying

1
Yo = — (Ml(ﬂl —1)? <M1O cot % + Sio cot %) - 1) o? (3.26)

the kernel of (L, — AI) is spanned by (1,, 7/, 7,, —An,, A7/, A7, )T with

. O Sio n 1 . Sio o
sin — cos — + — sin —— cos —
b Bo Si Bo Bo
77k - 1 1)
M1 —
T,:—&Sin&COSU< —i>
k Si Bo Bo)’

.o g ( N 1 )
T, = sin — cos Syo — .
C T G,
e For values of \ and k with o = 0 the kernel of (L, — A\I) is spanned by (0,1, 1,0, \, sy \) L.

* The kernel of (L, — AI) is trivial for all other values of A and k.

Next we consider the operator L — is/ with s € R in more detail, noting that 0 = +ic, where
0% = s? 4+ k*v?, and give the solution u to the resolvent equation (L — is)u = u* with u* € M,
where ¢ € R is non-zero and does not satisfy (3.26) for any k. Writing u* € M as

1 .
w2) = —= Y ure®

2

with u* = (n*, 7% (y), (), p%, ¢ (v), C* (y)) T we write the resolvent equation

kY k Pk

(L — isT)uy, = uy,

as
—p, —ism, =07, (3.27)
¢ —ist =1", (3.28)
G, — pisT, = 17, (3.29)
—(y0 + K*H)n, + (1 — 1)71;1 }y:o —isp, = p’, (3.30)
kv — T —is( = (3.31)

p (K%, — 51_2Tkyy) —is¢, = (" (3.32)

R
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with boundary conditions Bj,u = 0. Under the assumption that (3.26) is not satisfied, the solutions

to these equations are given by the explicit formulae

1 * : *
n, = ) (1 (pn — 1)A — pr +1isn’)

(02 4+

T (y) = an G'(y,9) (¢ (9) +is7(9)) df — G’ (y,0)A,

)= [ 6w (A2 +isr) a7 + 6004
"= T

* Yo + k? *
(r1(pn = DA = p) — T

cfﬁwml“dm@@wwwﬂ@ww—m@@mA
¢ ()

M1

0
G = u172+u115/  G(:9) ( +isr:(§)) dy +ispG(y, 0)A4,
)

where the Green’s functions G, G’ are given by

1
S cosh S0 (y + ﬁ_> cosh S107y ]
S 7 . 5 <y<§<y,
& sinh —— Fo
) o
G(y,9) =
1
Sicosh S1o (gj + 5_> cosh Sioy ]
- . = <§<y<0,
~ . 510' Bo
0 sinh —
\ 0
( 1
cosh o <y — —) cosh oy ]
BO& 3 0 S g S Yy S R
0 sinh — Po
0
G'(y,9) =
1
cosh o (g — 5_) cosh oy 1
>z . 0<y<g< o
o sinh — Po
\ 50

and

A=C, (pZ —isn; + (0 = 52)/0 c(0.9) (C;(ﬂ)

+is7'*g]> dy
-4 pr—1 \ @

pr—1

_ (,70 _ 6’2) /Oﬁo G’(O,g> (C,/f(g) 4 iST:(ﬂ)) dgj)

with

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)
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0 S0 S0 5\ !
smh—coshL—i— & h—acosh—

BO BO 1 _ BO 50

Co= | (= 1) = (3 + ) S5
(111 — 1)G sinh N sinh —

0 0

The convergence of the Fourier series \/%7 > kez w7 is discussed below.

We now estimate the Green’s functions G and G'.

Lemma 35. The estimates

0 ) 0 . . % / ) % o o
/ |G(y,y)|dy+/ |G(y,y)|dy+/ !G(y7y)|dy+/ G'(y,9)|dg S 672,
_ 1 _ 1 0 0

Bo Bo

0 ) 0 ) ) ﬁi / ) % , ) ) o
/ IGy(y,y)!dy+/ !Gy(y,y)!dw/ ' IGy(y,y)\dy+/ G (y,9)|dg S o7
_ 1 1 0 0

Bo “Bo
1

0 Bo
/1 |G<o,g>|2dz7+/ G0 dg £ 57,
L 0
Bo

1
0 iy
B o
/1\Gy(y,0)\2dy+/ Gy, 0))P dy S 57
0

Bo
hold for all G 2 1.

Proof. The estimates for G’ follow from the calculations
Bo g
[T el - .
0 o

1 cosh 52 —coshao <ﬁ_ — 2y)
0 |-

/ Gy (y, §)] dg = . :

0

o smh —

o

IN
=
S

S

JRCCORE —5 u
0

IA
i
(e}

N
|
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1 sinh — 20 20

[Fiworay - —H b
0

- . o
& sinh? —
Bo

20
sinh il

B
sinh? ~
Bo

| /\

S

Q| —

for & 2 1. The estimates for GG are obtained in a similar fashion. []

In the estimates below it is helpful to move the derivatives of G, G’ to another function by
integrating by parts. For this purpose we use the formulae

[, cwaar= [, moisa

ﬁo
" V(Y0 f(9)dg = / Hi(y,9)f(9)dy
0
and
0 0
[ cwar@i= [, Bwasma
“Bo “Bo
1 1
B N o~ B - o~ o~
[*ewnrma= [* Bunm
0 0
where
.
S1sinh S0 ( 5 ) sinh Syoy ]
0 .
S 5 ) _E S Yy S Yy S 07
& sinh 222
Bo
H(y,7) = 1
1
Sy sinh Sy (yj + 5—) sinh Syoy )
0 .
S F2 ) _% S y S y S Oa
& sinh 2~
\ BD
4
sinh & (y — —) sinh oy
B O<i<y<
o ) SYSY S Ev
o sinh —
Bo
H'(y,5) =
1
sinh & (gj — —) sinh oy ]
605. ) O S Yy S g S 5
o sinh — Fo
\ 0
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1
cosh S16 (y + 5_> sinh S0y ]
57 . <ys§<o,
52 sinh —2— Bo
) o
F(y,y) =
1
sinh 515' (y] + ﬂ_> cosh Sl&y 1
e ., ——<§<y<o,
~o S1o Bo
02 sinh —
\ 50
( 1
cosh o <y — —) sinh oy ]
BO& ’ 0 S g S ) S o
62 sinh — Po
Bo
F'(y,7) =
1
sinh & (gj — 5—) cosh oy ]
> ,  0<y<y<—.
02 sinh — Bo
\ 0
The following result is proved in the same way as Lemma 35.
Lemma 36. The estimates
0 ~ 0 ~ ~ LTIO / ~ Bo / ~ ~ ~—2
Hy, @)l dy, + [ [H(y,5)|dj + |H' (y,9)| dy + |H'(y,9)|dg S 677,
~Bo ~Bo 0 0
0 - 0 N[ 1 Bo oy o Bo i\ 1 3
[F(y,9)| dy + [F(y,9)| dg + [F'(y,9)| dy + |F'(y, 9)|dg S 077,
_ 1 _ 1 0 0
Bo Bo

0 1
- ~ Po - ~ e
| roprdas [Tir0pra s
- L 0

Bo
hold forall 6 2 1.

Lemma 37. The estimates
1

g =D lx $1

(L —isD) ™[ xpox0 S

hold for all sufficiently large values of |s|.

Proof. We use the formulae for solutions to (Lj — isI)u; = uj derived above. We begin by
estimating the constant A (given in equation (3.37)). Integrating by parts, we find that

w0~ [ #Ccoanma=2" [, FO.0500

Bo Bo

and by Lemma 36 that
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1
- Bo - - .
S G’ (/0 ‘F(()’?/)‘Qdy) HTk@HL?(fB—IO,O)

7 2|7, 2 1 0
Bo

N | =

(0) - / 52G(0,5)7(5) dg

2/\

We estimate

/ 16(0,9) (¢*(@) + 157 @) | dg

0
Bo
5/°
0

3
<572 (I 0.2y + 187 202 )

and find in a similar fashion that
0 3
1G(0,7) (¢X@) +is7 () 1dg S 772 (I 220y + 18T 22 gy ) -
1 Bo

"~ PBo
Using the fact that

1
2

\G’(O,g>\2dg> (6 cx0.) + 5117 20.1)

7,(0) — 77(0)

Nk = [ — 1 )
we write
0 ~ * (7 0 ~\ k(5
AC :p:+70/ G(0,9) <Ck(y) +is¢}€*(g)) dg+52/ G(0,9) ¢ (9) 4
— m =1\ m A
5 G'(0 ~ ~ %G,O>~ 1% ([~
— % / ( 31) (G (9) +ism*(9) dg) — &° / ( y)Ck () dy
o M1 o M—1
is N o [°
(mo-7 [ copr@a
H1 — -
15 Ix ~ % ! ~ Ix ~
H1 — 0
Using the calculation
|l
Sio 0

— 1) sinh — smh —
(111 )o 5o 5o

- . 515' . o - ( 0 Sl [25% S o o )
— 1)26 sinh — sinh — — (62 + smh — cosh — + — sinh —— cosh —
iy = 156 sinh "5 sinh 7= (5% +70) { sinh mcosh 5 = g sinh Za= cosh

0 0
_ (a — 1o
- S M1 ) -
02 + coth — + == coth — | — —1)26
( %) ( %o S, B p (i )
<1
~ o

for sufficiently large ¢ and noting that % < 1, we conclude that
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1 1 1

141 5671020 + 0 B oo,y + 8 B ) + 021 Dm0
1 1 1

+o 2||T:HL2(—%,O)+O- QHT:;HLQ(O,%)—FO_ 2HT,;||L2(_%,0)-

Next we estimate the components of u, beginning with 7. Equation (3.33) together with the
estimate for A yields

é *
Il 672016 20, 2) +67 ZHT lz20.2) + 6~ 2H< [Fya—mys
+5 2HT 220y +0 20+ 6 nrl.

We consider [s||n, |, |s||k||n,| and ]k\2|77k| to obtain estimates for |s|||n]|,, |s||[7:]l, and ||7.-]|,-
From the above estimate for |7, | we find that

] S 16 220,y + 172 zo, ) + 167 2o 2.0
7 e+ Lo+ 1),
[Ell sl ) S N6 2,2y + RIS 22, L) + 16 L2 £ o)
IR 2 10 + o]+ 1T
] S 16 20,2 + IR 20,2y + 1G22 0
R 2 2 o) + Lo + 1R[]
and conclude that

1
7llo + lIn=llo < EIIU*HXO, 1nllo + lIn=lly + ==l < Nl xo-

Using equation (3.35), we find in an analogous way to the above estimates for 7 that

1
lollo < HHU*HXO’ lollo + llpzllo < 1wl xo-

From Lemma 35 it follows that

0 0
/_i / : G(C:—i—,uliSTk*) dy

Bo I” " Bo

2 0 0 0
@</1/\m@/ GIIC + risT |2 dj dy
i

/ / |Gl dy |¢ + pisT|* dg
/ 1 («c:\ +1sP | P) a5
Bo

and using the formula for 7, given in equation (3.34), the estimate for A and Lemma 35, we find
that

Qz

S
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“ HLQ(—— S 0'74HC/*HL2 0, 1 ) + Uﬁ2HT’*HB(0 1 ) + ‘774HC HL2(_f 0)

+ 57 %||7; HLz oto 4\pkl2+0’4llf’*HL20 1>+0’4HT z2— 2 05
ﬁo ﬁo
which shows that

1
Illo +lI7=1ls < HHU*HXO’ I7llo 4 [I7=llo + 172210 < Nl llxo-

Integrating by parts, we find that

Bo Bo
so that
0 0 2 k’2 ) 82 0 )
[ rw- [ cowprou wsh [ mwrws L[ mora
" bBo " bBo " bBo " bBo

Using the formula for ¢, given in equation (3.36) and noting that

¢ (@)
H1

= p T +,u113/ G(y,y )< +is7(y )) dy +isuG(y,0)A

2

=m<ﬂ—¥/0@m*rm@+ﬂm/ 6w 45 4 isimGly, 0)A

- 231
2
sT—s/ Gy, )7 (7) dj DCE) G| + 111Gy, 0)AP
we find that
3 _ . . _
ICullz2- Loy S 210l +0 HIE N 22, iyto k|| lz20,1) + IS 22 )
+ 5 R oo >+<f‘1HT/*||Lzo 1>+0‘1HT 22— ﬁO,O),
so that
<1y S 5 |HU*me 1<l + 1¢:Mlo S Nl lx-

Next we estimate the derivatives of 7/, 7, (’ and ¢ with respect to . We note that

/_G vy (C(N) +5’TZ(@)) dj + Gy (y,0)A,

0 * (7
Gy (¥) = a7} () +ulis/1 Gy(y. 9) (Cku(l) +isT*(y )) dj + misG,(y, 0)A.
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A straightforward calculation shows that

/01 2dy:/o /0 isH (y, §)77, (y)d?JQdy

/O i5G, (9, 9)77 (7) 43

1 1
Bo Bo Bo Bo
0 2
~—4 ~ ~
SO /JST@(?J)‘ dg,
~ Bo
0 2
~_92 x [~ ~
So /_L 7'@(3/) dy.
0

The above calculation yields
17, lz2 (- 20) S 5_%|p*| + 6N a0, 1) + 6 R 20, 1) + 6 IGH 2
+ 6 kI e - Loy + 67 I 2, 1>+0‘1||T 22— 0)-
16, 22— £ 0) S 5‘%|p |+ ||C’*||Lzo Ly TR 20,2 + 16 22— 1 0)
+ ‘MHT:HL?(fB—O,O) + HT,i:HL?(O,%) + HT:y||L2(foo,o)

and hence

1
Iyllo S HHU*HXO, I7yllo +lmyzlle S Mellxos NGulle S lullxo-

Finally, we note that

n) - [ 65 dg =5 ( [ ream @+ [ P @

Bo Bo Y
and hence
0 0 2 1 /0
[ mw- [ sewam@a) s [ ok
“ Ao ] ~ Bo
From equations (3.29) and (3.32) we obtain
—(6%1, + Sy %7, ):i+187'
v H1
and find that
SI_QTkyy =5%r, — % — isT”

M1
which shows that

I7yylle S llellxo-

The remaining estimates

1
171l + 172l + 1Mo + NIy lls S ﬂHu*me

1
_%70)

)

7'Ml + Wzl + N2 llo + 1<l + 1160 + Nyl + N7yally + 1€ 1 + g llo S 1wl xo-

are derived in an analogous way.
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Lemma 37 shows in particular that +is € p(L) for sufficiently large values of |s| and that
the resolvent estimate (H2) is satisfied. Since X, is compactly embedded in X, we conclude that
(L —isI)™': Xy — X is continuous and (L —isI)~! : Xy — X is compact for sufficiently
large values of |s|. It follows that L is a regular operator, that is its spectrum consists entirely of
isolated eigenvalues of finite multiplicity with no accumulation points (see Kato [28, Theorem
I11.6.29]). Moreover o (L) N iR is a finite set, so that (H1) is satisfied.

3.3 The reduced Hamiltonian system

In this section we choose appropriate coordinates for the reduced Hamiltonian system. We
keep the notation of Theorem 33 and note that the space X, admits the decomposition
Xo = Xo1 ® Xo2, where Xo; = P(Xy), Xo2 = (I — P)(Xp) and P is the spectral pro-
jection corresponding the purely imaginary part of o(L). The centre manifold Me is equipped
with the single coordinate chart Ul C Xp, and coordinate map 7 : Me — Ul defined by
7 (uy) = uy + 7(up; €). (We choose k large enough so that the reduction function r and hence
the reduced Hamiltonian is sufficiently smooth for all subsequent calculations.) It is however more
convenient to use an alternative map for calculations. According to a parameter-dependent version
of Darboux’s theorem (e.g. see Buffoni and Groves [3, Theorem 4]) there exists a near-identity
change of variable

Uy = 121 + D(ftl;&)
which transforms €2¢ into Q, where
Q(v, w) = Qo (v, w) = Q(v, w).

We define the function 7 : U; x A — Uy x Uy with U} = PG_l(Ul X U2) (which in general has
components in Xy ; and X ») by the formula

Gy +7(y;6) = G (U + D(ty; €) + r(ay + D(ay;€);€))

where 7(0;0) = 0, d;7[0; 0] = 0, and equip M¢ with the coordinate map 7 : M — U, given by
7Y @y) = 4y + 7(ty; €), so that
He (i) = HE (0 + 7(tn; ),
QE’% (U, ’LU) = Q(Uv U))

To find a suitable basis for X ; we determine the purely imaginary eigenvalues and corre-
sponding (generalised) eigenvectors of L. Substituting A\ = is with s € R into equation (3.26)
yields the equation

~ \-1
v =7(0) = | —1)? (m& coth — 4 S, coth &) 182
BO 50

for 62 = s + k?v?%. The function ¢ — r(d), which satisfies (0) = 0 and r(5) — —oo as
G — oo, takes only negative values for Sy > (s — 1)?/(uys + 1), while for



88 Pattern formation at a fluid-ferrofiuid interface

Bo < pi(pr — 1)?/(pg + 1) it has a unique maximum w with r(w) > 0 (see Figure 3.1);
we choose By < 11 (g1 — 1)?/(u1 + 1) and g = r(w), and note the relationships

(=12 (h(@) - 0h(@) _ (=17 e
bo=""5 ( h(@)? ) %_( wh(®) 1) ’

where @ = w/fy and h(®) = py coth® + S coth S;@.

g

Figure 3.1:
The graph of the function & + 7() for Bg > 1 (1 —1)%/ (1 +1) (left)
and By < p1(p1—1)%/(pu1+1) (right).

With the above choices of 3, and ~, we find that +iw are mode 0 eigenvalues of L, and an
additional pair £is of mode k eigenvalues, which are always geometrically double, arises whenever
Yo = r(Vs? + k??) (so that s = wy := Vw? — k*?). By choosing v with =5 < v < £,

m € N, we find therefore m additional pairs of elgenvalues (see Figure 3.2).

We proceed by choosing ¥ < v < w, so that +iw and +iw; are respectively mode 0 and
mode 1 eigenvalues of L. Straightforward calculations show that each of these eigenvalues has
an associated Jordan chain of length 2; we find that (Lo — iw)e, 1 = 0, (Lo — iw)ey2 = €u1,
(L1 — iwl)ewl,l = O, (L1 — iwl)ewhg = €u,1 and (LO -+ 1w)ﬁ = 0, (LO + 1&))% = m,
(Ll -+ 1w1)m = O, (L1 —+ 1w1)m = m, where

smh — cosh Sl—w + — sinh S— cosh —
o Bo 1 0 o
p1—1
S 1
S sinh 21w coshw (y — —)
S1 Bo Bo

w 1
sinh — cosh S1w (y + —)
Bo Bo
€s5,1 = S
sinh cos hﬂ+— h—cosh—
Bo Bo 51 Bo Bo

p1—1

—is

1
—1s£ sinh S— coshw (y — —)
S1 Bo Bo

w 1
ipg s sinh — cosh Sjw (y + —)
Bo Bo
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and

€s5,2 =

S

. SH1

[iaty

Siw Y
+ SH1

wpo

851 (
22y
w

0 0
5 (1 i %) sinh % sinh 21

+ i) si
Bo

Bo Bo

1
—ii cosh ad cosh S1w (y + —)
w

52

. w Slw
i——— | (#1 + 1) cosh — cosh
wpBo (1 — 1) (( )

1
- —) sinh Siw sinh w (y - i)
Bo Bo

1
cosh Sl—w coshw (y — —)
Bo Bo

1 0

Bo

1
nh el sinh Sqw (y + —)
Bo

Bo

w Siw
———— | (1 + 1) cosh — cosh ——
wPBo(p — 1) (( )

. w
sinh — cosh

0

+ S1
Siw

Bo

Bo Bo g
(1 + %) sinh d sinh 21w
Sl g BO 50
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Figure 3.2:

The purely imaginary non-zero eigenvalues of L for v such that v > w (left),
5 <v <w(centre) and § < v < F (right).

Furthermore 0 is a mode 0 geometrically simple eigenvalue whose algebraic multiplicity is
2; we find that
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€1 =

OO O == O
_ o O O O

H1

where Le; = 0, Ley = e;. Figure 3.3 shows how the eigenvalue configuration changes as vy is
varied through r(w): the Jordan chains associated with the eigenvalues +iw and +iw; resolve
into pairs of imaginary eigenvalues for 7y < r(w) and into pairs of complex eigenvalues for
v > 1(w). (Note that o (L) is always symmetric with respect to the real and imaginary axes.)

W @] O
2%
2X w1 2x o0 02X
2%
—_———— —_—————
2%
2X & —w1q 2% o0 02X
2%
—Ww (@] O
Yo < 7(w) Yo = 1(w) Yo > r(w)

Figure 3.3:
Eigenvalues of L for vy < r(w) (left), 70 = r(w) (centre) and v > r(w) (right); hollow and solid dots denote
eigenvalues with an associated Jordan chain of length 1 and 2 respectively.

We use a basis for X ; with respect to which €2 is the canonical symplectic 2-form (a
symplectic basis). We choose f3, f&,..., fa, fa, fL, f2,. .., f, f2 with

L1 , 1
fO =k 2¢€1, .fO =K 26,
1 1 :
_= . _= 1K, .
1 _ ~ 2 iz 2 ~79 w1 iz
fl = Ruw, eo.J1,le 5 fl = Ruw; €w1,2 5~ euJ1,l e,
2K,
1 1 :
_= . _= 1K, .
1 _ ~ 2 —iz 2~ w1 —iz
f2 = Ruwi €w,1€ f2 = Ruwy €ui,2 — 5= Cwl € T,
2R,
1 1
-5 -5 ik
1 _ =2 2 _ ~72 w
f3 = Rw"€u1, fg = Rw €w,2 ~——€uw.1
2K,

such that Q(fL, f2) = 1,

L
—1

Qf1 ) = Q(fL 1)
Q(f2, ) = Q(f2, 1)

for j = 1,2, 3 and the symplectic products of all other combinations are zero (note that 2 acts
bilinearly on pairs of complex vectors). The real constants k£ and k4 are given by
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_TEC Co@igtes do, Po, a1, bla s, A3, b37a_1a b17 ey G, b3 in the f(}v fgv s 7f?}a f??a
fi, f3, ..., f4, f2 directions are canonical coordinates for the reduced Hamiltonian system and the
actions of the reverser S, the reflection T : z — —z and the translation (rotation) R, : z — 2+«
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a € R on this space are given by

S(C]o,po, ai, b17 az, b2a as, b3) = (_(107170751» _517627 _527637 _Ed)a
T(QOapOaal)b17a2762aa3)b3) = (q07p07a27b27a1ab17a37b3)7

i i —ia —ia
Ra(QOaPOaalabhaQab%a37b3):(QOapme ai, e by, e %ag, e b27a37b3)-

The reduced system inherits the reversibility, reflection and translation symmetries of
(3.11)—(3.21); in particular He is invariant under S, T and R, for all « € R. Furthermore,
equations (3.11)—(3.21) are invariant under the transformation (\’, x) — (X’ + ¢, x +¢),c € R,
that is these equations and He not depend upon ¢y (which is a cyclic variable), so that p, is a
conserved quantity. We write the reduced Hamiltonian system as

OH® _ OH® _
z — 7b7_7b7 ) r — 7b7_aba ’ 3.38
Po o0 (a,b,a,b,p) qo e (a,b,a,b,p) (3.38)
OH® _ OH:® _
Qi = — (a7 b757 b7p0)7 b] E— (a7 b757 b7p0)7 j - ]-7 27 37 (339)

where a = (aq, as, as), b = (by, by, b3) and
ﬁs(a’ b,a, b, py) = iwi(ar1by — @iby + asby — azbs) + iw(azbs — @3bs)

1
+ [b* + 5p5 + O(I(e, po, a, ) (po, 2, ) ).

Note that
{(907]907 a, b757 B) -Gy, ag, bl; b2 = O}

is an invariant subspace for the equations (3.38) and (3.39), solutions in which correspond to
two-dimensional, that is z-independent, solutions of the physical problem.

According to the classical theory, the next step is to lower the dimension of the reduced system
by two by setting py = 0, solving the resulting decoupled system (3.39) for a4, b1, ..., as, bs,
a7, b1, ..., s, bs and recovering o from (3.38) by quadrature. The lower-order system is typically
studied using a canonical change of variables which simplifies its Hamiltonian H €|p0:0 (a
‘normal-form’ transformation) by transforming it to

iw1 (A1§1 — ZlBl + AQFQ — ZQBQ) + iw(A3§3 — Zng)
+ B> + K5(A,B,A,B) + O(|(A,B)*|(c, A, B)|™) (3.40)

for some ny > 2, where K< is a polynomial of order ny + 1 of its arguments and ¢ with
K*(A,B,A,B) = O(|(A,B)P|(, A, B))).

In the present context it is convenient to use a normal-form transformation before lowering the
order of the system since it can be ‘absorbed’ into the changes of variable. The following result
(see Groves and Nilsson [16, Theorem 4.4]) shows that this procedure is possible.

Theorem 38. There exists a near-identity, parameter-dependent canonical change of variables
(a,b,a, b, qy,po) — (A, B, A, B, Qq, ) for (3.38), (3.39) with the properties that Qq is cyclic,
Py = po and the lower-order Hamiltonian system
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oHe S OH* _
jz = OB; (A,B,A,B,0), Bj, = — —(A,B,A,B,0), J=12,3,
J

0A;

adopts its usual normal form, that is HE(A B,A,B,0)is given by (3.40). (Here, with a slight
abuse of notation, we denote the transformed Hamiltonian by H °(A,B,A,B,PR).)

Proof. We write q = (a,a),p = (b, b) and consider the six-degree of freedom Hamiltonian
system
OH* OH®
U = o b= j=1,2,3, 3.41

in which py and ¢ are parameters. The standard theory asserts the existence of a canonical change
of variables

Q = q+ hi(q,p, p), P = p +h3(q,p,po)
with
hj(qapap0) = (!(€,po,q,p)H(q, p)|)7 ] = 172a

which converts (3.41) into its parameter-dependent normal form. Note that

MELM, = Jy,
where
A= (Qa Qo) _ (I+04hi  Gphi
T \p, P, Oghs I+ 09ph5 )" ’

and the operators Oy = (0q,, Ouy, Oy, Oar, Oazs Oaz)» Op = (O, O

=, 055 057, Oby , Oy, Ob,) are applied
elementwise; this condition may be written as

(I + (0ghi)") (I + 8,h3) — (9qh5) Oph] =1, (3.42)
(I + (0gh3)")dgh5 — (9gh3)™ (I + dgh3) = 0, (3.43)
(0ph)T (I + 0ph3) — (I + (9ph5)T)0,h5 = 0. (3.44)

We seek a change of variable for (3.38), (3.39) of the form

Q = q+hi(q,p,po), P = p +h3(q,p,po), Qo = qo + h3(q, P, po), Py = po,
where
Q= (Al,Az,A?,,Zl,ZQ,A_:a)T, P= (§1,§2,F3, By, By, BS)T;
the function
h3(a, p,po) = (I(¢,p0. 9, P)ll(a, P))
is subject to the requirement that

My JoMy = Jo, (3.45)
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where

Qq Qp Qy Qyp I+0qhi  Jphi 0 Oy hj

My = Py Py Py Py _ Oqhs I'+0ph; 0 Ophj
QOq QOp QOqo QOpo aOlhza's aph§ 1 ap0h§ ’
Poq Pop FPoge  Fopo 0 0 0 1
0O I 0 0
-7 0 0 0

L= o0 0 1
0O 0 -1 0

and equation (3.45) may be written as (3.42)—(3.44) which are automatically satisfied, and

(0poh3) " (I + Ogh]) — (9p,h7) T Oghs = dghs, (3.46)
(3p0h§)Taphi - (apohi)T(I + Oph3) = Ophs. (3.47)

We can solve equation (3.46) for h§ if and only if A3 is conservative, that is

0y 0qhs = (04 0qh3)" (3.48)
and equation (3.47) is solvable for A5 if and only if

05 Ophs = (05 Ophs) " (3.49)
The compatibility condition that (3.46), (3.47) can be simultaneously solved for A5 is

05 0ghs = (05 0ph3)". (3.50)

Using that
0p (8" M) = 05 (g.c1(M)] ... |g-c3(M))
((G5e")ea(M) + @ges (M) )g] ... | (958" )es(M) + (9 es(M)")g)
— (@peMea(M)|. .. |(GpgM)es(M)) + (O (M) g .| (O es(a))g)
— (' g™)M + <8gc1(M)T] . \agcg(M)T) I®g)
= (0p8) M + (Gpvec M) (I ® g),
0q (8" M) = (048)" M + (0q vec M)' (I ® g),

where M € C*<3, ¢;(M) denotes the j-th column vector of M = M(q,p,po) and
g = g(q, p, po) is a three-dimensional vector, we find that

0p 0qh5 = (0p0p,h3) " (I + Oghi) + (3p vec ghi) " (I © Jpoh)

- (apgpoh@Taqhg — (8p vec 9gh5) " (I © dy,hi),
Qfaphi = (aqapoh;:)Taphi + (Og vec aphi)TU ® Opyh3)

- (aq@pohi)T(I + Oph3) — (Og vec 0ph‘§)T([ ® Opyhi)

Observing that
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(O vecpf) (I @ g) = ((agcl( £))g|. - |(05es(@pF) )
— (03 @) M)g| .- |22 (D) ")

= ( aqkapzfy gj))
=1 k,1=1,2,3

= [(0p vec 04f)" (I @ g)]*

for all three-dimensional vectors f = f(q, p, po), g = g(q, p, o), we find that equation (3.50) is
satisfied if and only if

(Op0pyh3)" (I + 0ghi) + (I + (Fph3)")a0p, hi — (Fp0p,h7)" ghs — (Oph) " 0gdp b3 = 0,
which holds since it is the transpose of the derivative of equation (3.42) with respect to py.

In a similar fashion to the above we have that

(Oq vec aqf)T(I ® g) = [(Oq vec aqf)T([ ® g)]T7
(Op vec apf)T(I ®g) = [(Op vec 8pf)T(I ® g)]T

for all three-dimensional vectors f = f(q, p, po), g = g(q, p, po) and equations (3.48), (3.49) are
satisfied if and only if

(OqOph3) " (I + Oghi) + (0gh3) " OgOphi — (I + (0ghi)" )0qOp b5 — (qOp,hi) " Oghl = 0,
(Op0peh?) " (1 + Oph3) + (9phi) " 00,05 — (I + (0ph3)" )0y hi — (Fp0p,h3) " Ophi = 0.

These equations hold since they are the derivative of equations (3.43) and (3.44) with respect to
Po respectively. ]

Applying Theorem 38, we find that, after a canonical change of variables,
H°(A,B,A,B,p) = iw1 (A By — A1 By + A3By — AyBy) + iw(A3 B3 — A3Bs)
1B+ Spf+ Hy(A BB, )
with

ﬁ§1<A’ B7K7 E7p0) = I:INF(A7 BaK7E7p0a 6) + -[:Ir(Aa B,K, Evp()v 5)
+O(‘(A,B,p0)|2’(6,A,B,p0)|no>;

here Hyr is a polynomial function of its arguments which satisfies
Hxr(A,B,A B, p.¢) = O(|(A,B)P|(c, A, B, po))
and
Hyr(A,B,A B,0,¢) = K°(A,B,A,B),
while ]:Ir(A, B, A, B, po, e) is an affine function of its first four arguments which satisfies

H.(A,B,A,B,p,c) = O(|(A, B, po)lpoll(e, po))-



96 Pattern formation at a fluid-ferrofiuid interface

3.4 Normal-form theory

In this section we discuss the normal form for the lower-order Hamiltonian system

OH* _ _
+=-——(a,b,a,b,0), b,=———>(a,b,a,b,0), i =1,2,3. 3.51
e = (a,b,a,b,0) ; Rl (a,b,a,b,0) j (3.51)

We write the linear part of equations (3.51) as
z, = Lz,
where
z = (a1,by,...,as,as,ag,by,. .., as,b3)"

and
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The following result was proved by Elphick [12].

Proposition 39. Let ng > 2. There exists a near-identity, canonical change of variables (a,b) —
(A, B) which transforms the Hamiltonian to

iw1 (A1§1 - ZlBl + AQEQ - ZQBQ) + iW(AgE:; - X3B3)
+ B> + K*(A,B,A,B) + O(|(A,B)*|(, A, B)|™),

where the complexification of K¢ lies in ker L1+, and Ly : C[Z) — C|Z] is defined by
(Lr-p)(2Z) = L*2.Vp(Z),
where the coefficients of the polynomials in the complex polynomial rings depend upon ¢ and the

gradient is taken with respectto Z = (A1, By, ..., A3, B3, Ay, By, ..., As, B3)T.

We proceed by characterising ker £ - using the following three results given by Murdock
[35, Lemma 3.4.8], Malonza [32, Lemma 4, Theorem 9] and Billera, Cushman and Sanders [1,
Section 4] respectively.
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Proposition 40. Letr S be defined by
S =idiag(wy,wr, w1, wr, w,w, —wy, —wi, —Wy, —Wi, —W, —W)

and N =L — S.

(i) The kernel of L : C[Z] — C[Z] is given by
ker L1+ = ker Ly« Nker Lg-,
where Ly : C[Z] — C[Z] is defined by
(Larp)(Z) = M"Z.Vp(Z)
for M € C12412
(ii) The kernel of Ly~ : C[Z] — C[Z] is given by

ker L+ = C[I1, oo de, Jigy oo Jies Joss oy Joss Jaa, - I3, Jus, Jass J56]>

where

]1 - Zla IZ = Ala
J12 - lel - A1§17
J15 = leS - A3§17
J24 = AIEQ - ZQBla
J34 = A2§2 - Z2327
J45 = z233 - A3§27

I3 = Ay, I = A,
Jiz = A1 By — A3 By,
Jig = A\ B3 — A3By,
Jos = A1 B3 — A3By,
J3s = AgBs — A3 By,
Jig = Ay B3 — A3Bs,

I5 = As, Ig = A3,
Jiy = A1 By — A3 By,
Joz = A1 By — Ay By,
Jog = A1Bs — A3By,
Jss = Ay By — A3Bs,
Jss = AsBs — A3Bs.

(iti) Suppose that “* ¢ Q. The kernel of Ls~ : C[Z] — C[Z] is given by

ker Lg- :C[Pn,---,P14,P21,-~~7P24,P31,~--7P34,P41,---,P447P55,P56,P657P66]7
where
Py = AlA_la Py = AlA_z, Pi3 = AlE; Py = AlEa
Py = A2A_17 Py = AQA_Qa Py = A2F1a Pyy = Ay Do,
Py = B A, P3y = By A, P33 = B, By, P34 = B, By,
Py = BQA_la Py = BQA_z, Pz = BZFM Py = B2F27
P55 = A3A_3, Psg = A3F3, Pes = BSA_?n Pse = B3F3a

Corollary 41. The kernel of L1~ : C|Z] — C[Z] is given by

where

Ll = Alzlu
Ly = AjAy + A Ay,

kerﬁL* = C[Ll, ..

L2 - 1(A1§1 - ZlBl),

. 7L18}7

L4 — 1(A122 - ZlAQ),
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Ls = A1 By — B1Ay + A1By — A, By,

Le =i(A1By — BiAy — A1 By + A2 By),

Lz = Ay A, Ls = i(A3By — A3 By),

Ly = A5As, Lip = i(A3B3 — A3Bs),

L1y = AjA3(A1By — A3By) 4+ A1 A3(A1 B — A3 By),

Lip = (A1Bs — A3By)(A1 B3 — A3By),

Lis = AyA3(A1 By — A3B1) + Ay A5(A1 By — A3 By),

Ly = i(AsA3(A1Bs — A3By) — Ay A3(A1 B — A3By)),

Lis = (A1By — A3By)(A3Bs — A3By) + (A1Bs — A3B1) (A By — A3By),
Lis = i((A1Bs — A3B1)(AsBs — A3Bs) — (A1Bs — A3B1) (A2 Bs — A3By)),
Li7 = AyA3(A3 By — A3Bs) 4+ Ay A3(As By — A3Bs),

Lis = (AyBs — A3By)(AyBs — A3By).

Proof. From Proposition 40 (ii) and (iii) and a straightforward calculation it follows that

ker/jN* ﬂkerﬁg* = (C[Kl, . .,K15,Q1, . .,Qgﬁ],

where

Ky = 1115, Ky = 1113, K3 = 1415, Ky = I3y,
K5 = Jya, Ke = Ji3, K7 = Joy, Ky = Ja4,

Ky = 1514, Ko = I213J14, K1y = 131314, Ky = 1111 J23,
K3 = I114J23, Ky = 1414J23, K5 = JiaJo3,

Q1 = Is1, Q2 = Js,

Q3 = I I5Js, Q4 = I315J5, Qs = I115Js, Qs = 14155,
Q7 = 111536, Qs = 11536, Qg = L1154, Q1o = I315J46,

Furthermore, the relations

show that K, ..

Q1 = Il J15,
Q15 = I116J35,
Q19 = Jas5J16,
Q23 = J15J36,

Ky = K1 K7 + K3K,
K9 = K1 K¢ — KoK,

Q12 = I316J15,
Q16 = 141635,
Q20 = J35J16,
Q21 = Ja5J36,

K15 = K6K7 - K5K8

., K15 are polynomial functions of K1, ..

K = Ko K7 + Ky K,
K3 = K3K¢ — K4 K5,

Q13 = I11J5s,
Qi7 = IplgJss,
Q21 = Ji5J2,
Q25 = JosJus,

Qra = I416Jos,
Q18 = 131645,
Q22 = Ju5J26,
Q26 = J35J46-

K = Ky Kg + Ky K,

., K. Using the relations

Qs = Q3 — K50y, Qs = Q14 + K3Q2, Q7 = Qs — KsQq,
Qs = Qo + KO, Qo = Qua + K3Q2 — K7Q1,  Qu = Q3 — K1Qo,
Q12 = Q4 — K2Q, Q3 = Q3 — K5Q1 — K1Qs, Q15 = Q7 — K2Qs,

Q16 = Q1o + KsQ1 — K4Q)2,

Q17 = Q14 - K?Qb

QlS = QlO - K4Q27
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Q20 = Q23 — KsQo, Q21 = Qo + K502, Q24 = Q26 — KzQo,
Q25 = Qa2 + K702,

we find that Qs, ..., Qg, Q11, Q12, @13, Q15, - . ., Q18, Q20, @21, P24, Q25 are polynomial func-
tions of K1,..., K3, Q1,...,Q4, Qi0, Q14, Q19, Q22, Q23, Q2.

Finally, we introduce the quantities

L, =Ky, Ly = —iK5, Ly = K5+ Ko, Ly =i(K; — Ks),
Ly = K¢ + K, L¢ = i(Kg — K7), L, = K4, Ls =iKjg.

Ly =Qy, Lip =1Q2, Ly = Q3+ Q1s, Lis = Q1o,

Liz = Q4+ Qua, Ly =1(Q4 — Qua), Lis = Qa3 + Qao,

Lig =1(Q2s — Q22), Lir = Q10+ Qus, Lig = Qs,

and observe that

kerﬁN* N kerﬁs* = C[Kl, . 7K15, Qh ey Q26]
= C[Kb v 7K87 Qla s 7Q47 Q107 Q147 Q19a Q22a Q237 QQG]
— C[Ll, ce ,ng].

]

We now examine the subset S of C[Ly, . .., Lg] consisting of polynomials which are invariant
under the reverser

S(A17317 AQ; B27 A37 B3a A17 B17 A27 BQ7 A37 B3)
= (Zly _Elyz% _§27Z37 _§37 A17 _Bla A27 _327 A37 _B3)

and rotation

Ra(AbBl) A27 327 A37 B37 A17 Bl7 A27 BQ; A?n B3)
= (eiaAla eiaBly e—iOéA27 e_ia327 A3a B37 e_iazh e_iagla eiOéZ27 eia§27 Z?)a E?))
for all « € R.

Lemma 42. One has that
S:C[Ml,...,Mg]

where

My = A4y, M, =i(A1By — A1 By),

Ms = Ay A, My =i(A3By — A3 By),

M; = AsAs, Mg =i(A3B3 — A3Bs),

M; = (A1Bs — A3By)(A1 B3 — A3B,),

Mg = (AyBs — A3By)(AyBs — A3By),

My = A1A3(A1By — A3B1) A2 A3(A: B3 — A3 B)
+ Ay A3(A1 By — A3B1) A3 A3 (A Bs — A3Bs)
+ A1 A3(A B3 — A3B1) Ay A3(AyBs — A3By)
+ A1 A3(A By — A3By) Ay A3(AsBs — A3By).
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Proof. Observe that
R,L, = A1 Ay, RoLy =i(A B, — A\ B)),
RoLs = A1 Axe®™ + A Age ™, RoLy = i(A; Aye®™ — A} Aye™8),
RoLs = (A1 By — B1Ay)e ™ 2 + (A By — Ay B)e*?,
RoLg = i((A1 By — B1Ay)e ™8 — (A By + Ay By)e*?),
RoL; = Ay Ay, R,Lg =i(A3By — AyBy),
R,Lg = A3As, RoLyy = i(AsBs — A3Bs),
RoLy = A1 As(A1Bs — A3B) + AjA3(A By — A3B),
RaLIQ - (AlB3 - ASBI)<ﬁ1§3 - ZSEI)7
RoLys = AyA3(A1Bs — A3By)e 2% + Ay A3(A By — A3By)e?™,
RoLyy = i(AsA3(A By — A3By)e 2 — AyAs(A By — A3By)e®®),
RoLys = (A1 By — A3B1)(AyBs — A3By)e 2 4 (A1 By — A3B))(AyBs — A3By)e”,
RoLig = i((A1Bs — A3B))(AyBs — A3By)e ™ — (A1 Bs — A3By)(AyBs — A3By)e®®),
RoLy; = AyAs(AyBs — A3By) + AyAg(AyBs — A3By),
RoLig = (AyBs — A3By)(AyBs — A3Bs).

This calculation shows that any element of C[L4, ..., Lis] which depends upon L3, Ly, Ls,
Lg, L3, L14, L15 or Ly is not invariant under R, for all o € R.

Computing the action of S on Ly, Lo, L7, ..., L9, L17, L3 shows that
SL, = A Ay, SLy =i(AB; — A1 By),
SL; = AyAs, SLg = i(A3By — AyBy),
SLy = A3As, SLip =i(A3B3 — A3Bs),
SLiy = —(A1A3(A1Bs — A3By) + A1 A3(A1B; — A3 By)),
SLiy = (A1 By — A3B1)(A1B; — A3B)),
SLi7 = —(AsA3(AsBs — A3By) + Ay A3(As By — A3By)),
SLis = (AsBs — A3B5)(A3B3 — A3Bs),
so that Ly, Lo, L7, ..., Lyg, L12, L1g are reversible while L;; and L,; are antireversible. Any
reversible polynomial function of Ly, Loy, L7, ..., Lis, L17, L1g therefore depends upon L;; and

Ly7 only through the combinations L?, L2, and L1, L7. Furthermore, the combinations L?, and
L2 can be eliminated using the relations

L3 = —L2L% + 2L LyLoLig — L3L2 + 4L, Lo L5,
L3, = —L3L% + 2L7LsLgL1g — LiL3 + 4L7 Lo Ls.

The result now follows by defining

M, = Ly, My = Lo, M;s = L, M, = Lg, M5 = Ly, Mg = Lo,
M7 = Lo, Mg = Lus, My = L1 Ly7.
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Theorem 43. The polynomial K¢ admits a unique representation of the form
Ke(A,B, A, B) = p5(My, ..., Mg) + p5(My, ..., Mg) My,
where p is a real polynomial function of its arguments and & with

p;(MbMQa M37 M47 M57 M67 M77 MS)
= p5§(Ms, My, My, My, My, Mg, Mg, M), j=1,2. (3.52)

Proof. We use the result that the ideal [ of relations between the polynomials M, ..., My in
C[Z] is given by
JN C[ml, . ,mg],

where J =< My —my, ..., My — mg >C C[Z, my,...,my|; furthermore, if G is a Grobner
basis for J, then G N C[my, ..., mo| is a Grobner basis for I (see Sturmfels and White [43]).
Using this method we obtain the Grobner basis

2 2 92 2 2 2 2
{mg — (—mimg + 2mimamsme — mamz + dmimsme)(—mizmg + 2msmymsme)

2 92 29 29
— (=mimg + 2mymamsmg — mams + dmymsme)(—mims + 4m3m5m8)}

for I, and therefore
C[My, ..., My|/I = C[M, ..., Mg] & C[M,,..., Mg]M,,

(see Sturmfels and White [43]).

The final result is obtained by observing that K€ and Mj, . .., My are real, so that
K® € R[M, ..., Mg)/T = R[My, ..., Mg] @ R[M, ..., Mg] My,

where the coefficients of the polynomials in the real polynomial rings depend upon ¢. Equation
(3.52) follows from the fact that /K¢ is invariant under the reflection

= (Ag, By, Ay, By, A3, BsAy, By, Ay, By, Az, B3),
so that
TM, =M, TMy=M,,;, TMs;=M;, TMs=Ms, TM;=DMs, TDMy= M.
[]

Remark 44. Note that K¢ is invariant under the second rotation

~ J— J— _ — — —

Ra(AlthA%BQaA&BSaAlaBlaA27327A3aB3)
— (eiwlaAh eiwlozB17 eiwlaA% eiwlaB2’ eiwaA37 eiwa337

e_lwlaAl, e_lwlaBl, e_lwlaAQ, e_lwlaBg, e—lwaA:s’ e—lwaBS)

for all o € R.
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Finally, we introduce the concrete notation

KYA,B, A B) = c (M, 4+ Ms) + i (My + My) + ciMs + ¢ Mg,
KY(A,B,A,B) = ¢, (M} + M2) 4 coM; Ms 4 csMs(M, + Ms) + c, M?
+ ¢5(My My + MsM,y) + c6(M; + M)
+ 7 (M My + MyMs) 4+ cs Mo M,
+ coMs(Mjy + My) + c10Me (Mo + My)
+ c11 Mo(My + M3) + c1oMs Mg + c13 Mg
+ c1a (M7 + Mg — Mg(My + My)),

where all constants are real and we denote the part of K¢ which is homogeneous of order j
incandnin (A,B, A, B) by ¢/K/(A,B, A, B). The cubic approximation to the lower-order
reduced system is
Ay = iw Ay + By + (e05,K; + 05, K3) + Ra, (A, B, A, B;e)
iw1 Ay + By +iA1(c3e + es My + 2c6 My + crMs + cs My + coMs + c10Mg)
+ c14A3(A3B; — A1Bs) + R4, (A, B, A B;e), (3.53)
By, = iwi By — (04, K3 + 04, KY) + Rp, (A, B, A, B;e)
= iw1 By + 1B (cye + cs My + 2c6 My + c7 Mz + cg My + coMs + c10Ms)
— A1 (21 My + s Mo + co M3 + cg My + csMs + 10 M)
+ c14B3(AsB; — A1 B3) + Rp, (A, B, A, B;¢), (3.54)
Agy = w1 Ay + By + (€05, K, + 05,KY) + Ra,(A, B, A, B;e)
= w1 Ay + By + 1A (che + er My + cs Mo + c5 My + 2c6 My + coMs + c10Mg)
+ c14A3(A3By — AsB3) + R, (A, B, A, B;¢), (3.55)
By, = iw1 By — (04, K3 + 04,K3) + Rp,(A, B, A, B;¢)
= iwy By 4+ 1Ba(cye + ¢y My + cs My + c5s M + 2c6 My + coMs + c10Ms)
— Ao(caMy + ce My + 2¢1 M3 + c5 My + csMs + c10Ms)
+ c1uBs(A3By — AyBs) + Rp, (A, B, A, B;¢), (3.56)
Age = iwA3 + By + (e05,K; + 05,K7) + Rag(A, B, A, B; )
= iwAz + Bs + 143 (cie + c11 (M + Ms) + c1o(Ma + My) + c12Ms + 2¢13Ms)
—c1u(A1(A3By — A1Bs) + Ay(AsBy — A3Bs)) + Ra, (A, B, A, B;e),  (3.57)
Bs, = iwB; — (04, K3 + 04,K3) + Rp,(A, B, A, B;¢)
= iwBs + iwBs (c}lg + c11(My + M) + c10( Mo + My) + c1oMs + 2013]\/[6)
— As (c},’g + c3(My + M3) + co(Ms + My) 4 2¢4 My + 612M6)
— c14(B1(A3B1 — A1 B3) + By(A3By — AyB3)) + Rp, (A, B, A, B;¢g),  (3.58)

where

and
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diR4,[A,B, A B;¢] = O(|(e, A, B)[|(A, B)[]?),
leBj [Aa Bv Kv Ea 8] = O(l({;‘, A7 B)||(A7 B)|2)
as (A, B,e) — 0.
Note that we can write
RAI(A,B,K,E; 5)
Rp, (A, B,A B;¢)
R o RAQ(A7B,K,E; 5)
R(A,B,A B;¢) := RBQ(A,B,E, E? )
Ra,(A,B,A, B;¢)
RBS(A,B,K, E, E)

as
R(A,B,A,B;s) = RY(A,B,A B;s) + R?(A,B,A B;e),

where RW is a polynomial function of its arguments arising from derivatives of K¢, so that
RY(R,(A,B,A,B);c) = R.RYV(A,B,A B;¢)
for all « € R, while
R®(A,B,A,Bi) = O(|(A,B)||(s, A, B)|™),
& RP[A,B, A, B;e] = O(|(s, A, B)|™)

as (A,B,e) — 0. We may assume that R® and all its derivatives up to any sufficiently high
order exist and are bounded, uniformly continuous functions of Z € B),(0) and € € (—¢&q, &)
for sufficiently small M > 0 and ¢y > 0 (see the comments at the beginning of Section 3.3).
Functions of this kind are referred to as smooth functions in Sections 3.5 and 3.6 below.

3.5 Existence of periodic solutions

We begin by proving the existence of a family of periodic solutions to equations (3.53)—(3.58) in
the invariant subspace

R:= {(A7B7K7§) : A17A27Bl>BQ = O}

These solutions satisfy the equations

Az =143 (w + cie + c1oMs + 2013]\/[6) + B3 + Ra,(As, Bs, A3, Bs;¢), (3.59)
ng = 133 (w -+ C}lg -+ 012M5 -+ 2013M6) — A3 (Cé&“ + 2C4M5 + C]_QMG)
+ Rp,(As, Bs, A3, B; e). (3.60)

Note that (3.59), (3.60) is reversible with reverser

S(As, Bs, A3, Bs) = (A3, —Bs, A3, —Bs).

Our main result is the following theorem.
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1
Theorem 45. Suppose that ¢} > 0 and ¢4 < 0 and set § = 2. Equations (3.59), (3.60)
admit a family { Z}S%’e} of reversible periodic solutions smoothly parametrised by § € (—0dg, do),
0 € (=60, 60). The solution Z5 has period 27 | (w + ct"*50) and satisfies

1
1 2 . 11/2
Z%H(ZL‘) -5 ( C3 ) <(1)) el(w+c3 / 00)x + 0(52)

—264

uniformly over v € R as § — 0.

We prove this theorem using a functional-analytic version of the geometric arguments given
by Iooss and Péroueme [26, §SI11.1 and VI.1]. The first step is to introduce scaled variables

aw = (L) A Bl - B

which convert equations (3.59), (3.60) into

/Nl3x = iwjlg +5Bg+52ég3</~13,33,‘473,é_3; (S), (361)
By = iwBs + 6(—1+ | A3[?) Ay + 6° R, (A3, Bs, Ay, Bs; ), (3.62)
1

where § = (cie)2 and

RAg (A?H 337 "2137 B37 5) = 572RA3<A3a B?))A_Sa FB? 5)7

RB3 ("437 33714737 B_?n 6) = 672R33 (A37 B37 A_37 Ea 6)‘

N |+

Dropping the tildes, we define F, Rp : By (0) x (=dg,8) — R*, where 6y = (clgg)2, in
complex coordinates by

iwAs 4+ 0B3 Ra,(As, Bs, A3, Bs; 0)
iwBs + 0(—1 + |A3]?) A3 Rp,(As, Bs, A3, Bs; )
F(Z;6) = - , Rp(Z;0) = S
—1&)143 + 533 RA3(A3,Bg,A3,Bg;5)
_IWE_'_(S(_l + |A3‘2>A_3 RBg(A3aB37A_37§37 5)

and write the system (3.61), (3.62) as
Z, = F(Z;9) + pRp(Z;0), (3.63)
in which Z = (A3, Bs, A3, B3) and p = 02 is considered as an independent parameter.

When p = 0 this equation has the family
Z°%0(x) = S(wrs0): X0
of reversible periodic solutions with period 27 /(w + 00) for 0 € (—6y, 6y), 6y < 1, where

Sa(AZSa Bs, 23, E3) = (eiaA:s, eiaBg, e_iazs, e_ia§3)>
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(1 _ 92)1/2
i0(1 — 62)1/2
Xy = (g _ 92)2/2

—i0(1 — 6%)1/2

We show that the periodic solutions persist for small positive values of p using the following
characterisation of reversible periodic solutions (see Iooss and Péroueme [26, p. 76]).

Proposition 46. A solution of an autonomous reversible system is periodic and reversible if and
only if there exist two different fixed points on this solution with respect to the reversibility.

Linearising (3.63) with respect to Z at Z = Z%%% and p = 0 yields the equation

LYY =0,
where
d
Eg = a - le[XQ,é]
Noting that
£gs(w+59)xs7r/2X0 = O>
L5 (w4602 Xf = —05 (w60)2Sr/2X0,
L3S wr50):s = £MS (w6025
where
dX
:x;=:7ﬂ§, Ao = V2 — 60
and
(1—0%) (g — 2i0) (1 —6%)(N\g + 2i0)
&= (1 —60%)(Ng — 2i0)(Ng + 10) e = —(1 = 6%)(Ng + 2i0)(Ng — 10)
0 (1 —6%)(\g + 2i0) ’ 0 (1 —6%)(\g — 2i0) ’
(1 —62)(\g + 2i0)(Ng — i0) —(1 = 0% (Mg — 2i0)(Ng + 10)
we find that

{S(r50y2Sr/2X0, Surs0ye(Xy + 0257 /0X0), €% Si50)0Es s €M S(wors0)ay |

is a fundamental solution set for this equation. This calculation shows that Z>% intersects the
hyperplanes

S ={Xg+uXp+v(& +&)+w(& —&) uv,weR},
So = {SxXg + 'S Xy +0'Sx (& +& ) +w'S (& — &) w0V, w € R}

transversally at the respective points Z%%°(0) = X, (here (u,v,w) = (0,0,0)) and
7290 (1 /(w + 60)) = S Xy (here (v, 0", w') = (0,0, 0)) since
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{SW/QXH ) Xlea 63— + 59_7 53_ - 50_}7
N——
= (w+460)7'227°(0)
{SnSr/2Xe, SxXp, Sx (& +85) . 5x (& — &) }
N——
= (w+00)"1 2" (w/(w + 00))

are bases for R* (see Figure 3.4).

Note that Z*0 intersects the symmetric section FixS at the points Z*%°(0) and
7290 (1 /(w + 660)). It is therefore a reversible 27 /(w -+ 66)-periodic solution to (3.63) for
p = 0. Our strategy is to construct a solution Z%%7 to (3.63) with initial data

Z(0) =Xg+uXp+v (& +&)+w( —&) e

for small |(u, v, w, 4,0, p)|, so that Z(0) is close to Z>*°(0) = X, and show that this solution
intersects Y at a point Z%%° (1*) close to Z%%° (1/w) = S, X, (where z* is close to 7/w); see

U,U,W

Figure 3.4. We then select u, v, w so that Z3%# (0) and Z3%# (2*) lie in Fix S, which implies
that Zz’%ﬁu is a reversible periodic solution of (3.63).

0,0,0
Zo,o,o

_______ 7,0:0.p

U,U,W

Figure 3.4:
The solution Z%,%:#, lies in a tubular neighbourhood of Zy’y with radius

v, W

O(lp]) + O(|d]|(u, v, w)|) and intersects 1 N Fix S and ¥3 N Fix S.

0,0,0

The first step is to show that the initial-value problem for Z can be solved for z in a sufficiently
long interval.

Lemma 47. Let & > 0. The initial-value problem

Z(0) = Zo

has a unique solution Z € C|0, ] for all (8, p) in a neighbourhood of the origin in R* and Z in
a neighbourhood of X in R*. The solution and all its derivatives depend continuously upon 6, p
and Zy uniformly over [0, Z].
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Proof. Let
C= sup |F(Z;0)|

ZEB]M (0)

and introduce the norm

IZ]| = sup e *“*|Z(x)],
z€[0,2]

which is equivalent to the usual norm on C([0, Z]; R*). Note further that W = C/([0, Z]; Bas(0))
is an open neighbourhood of the origin in C'([0, Z]; R?).

Define F : W x R x (=6, 0) x (—po, po) — C([0, 2]; R*) by
F(Z,Z0,5,p) =7 — (ZO + /I (F(Z(t);0) + pRp(Z(t);9)) dt) :

The zeros of F are the solutions of

Z, = F(Z;0)+ pRp(Z;9),

Z(0) = Zy.
Furthermore,
F(SueXo,X0,0,0) =0,
d1 F[SwaXo0, Xo,0,0[(Y) =Y — G(Y),
where

a(v) - | P8, X0: 01 (Y (1)),

The estimate

(@Y)(a)le ™ < Cee [y
0

1
=S (=) |y

shows that ||G|| < 1 and hence that
d1 F[S,: X0, X0,0,0] =T -G

is an isomorphism. Using the implicit-function theorem, we obtain a solution Z € C|0, z] which
is a smooth function of Z, ¢ and p for |Zq — Xy|, 0 and p sufficiently small. ]

Corollary 48. The initial-value problem

Z, = F(Z;0) + pRp(Z;9),
Z(0) =Xg +uXp+ov (& +&) +w (& — &)

has a unique solution Z3%% € C|0,2n/w| for all (u,v,w,d,0,p) in a neighbourhood of the
origin in R®. This solution and all its derivatives depend upon (u,v,w, 5,0, p) uniformly over
0, 27 /w]; in particular

|Z350 () = Z355, (@) = Olpl),  1Z355 (@) = Zggio(2)] = O] (u, v, w)))

U0, W U,V,W U,V,W

uniformly over x € [0, 27 /w].
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Remark 49. Note the explicit formulae
ZS%% = S(w+66)2 X0,
dZyo (1, v, w) = uS(urs02(Xf + 5252/2Xg) + vS(wrsn (€77€ + 67707 )

+ WS(wrsoye (€797ES — e77E) S50y X
and

Z000 = SueXo 4+ uSue Xy + 0800 (& + &) T wSew (& — &) -

u,V,W

We henceforth consider parameter values u € (—uq,ug), v € (—vg, Vo), W € (—wp, wp),
d € (—0d9,00), 0 € (—bo,60), p € (—po, po), replacing ug, vy, wo, dg by, po by smaller numbers
whenever necessary in the following arguments. (In particular we take 52 < pg, so that our results
are valid for p = §2.)

Proposition 50. There exists a smooth function z* = x*(u,v,w,d,0,p) such that
2500 (x%) € 3y and
T
* 0,0,0) = )
2 (u,0,10,8,6,0) = —— =+ O(18|(u, v, )],

where O(|6|"|(u, v, w)|") denotes a smooth function of u, v, w,d, 8 which is O(|6|™|(u, v, w)|")
and whose first derivatives with respect to u, v and w are O(|0|™|(u, v, w)|" ™).

Proof. Recall that

{S:Sx/2Xg, SxXp, Se(&f + &), S8 — &)}

is abasis for R*. Let {Z9, Z5, Z5, 79} be the dual basis (whose elements are by the inverse-function
theorem smooth functions of # in a neighbourhood of the origin) and define

F(z,u,0,w,8,0,p) = (Z35 () — S:Xo, Z7),

UV,W

so that F is a smooth function of z (in a neighbourhood of 7/w) and u,v,w,d, 6, p. (The
dependence on 1z is readily analysed by noting that Z2%* solves (3.63).) Since

F (f,o,o,o,o, o,o) _0,
w
T T
NF (—, 0,0,0,0, o,o) - <8;,,,z07070 (-) ,z0>
1 w 0,0,0 w 1
= W<Sﬂ-/QSﬂ—X0, Z(1)>
o w’

the existence of x* follows by the implicit-function theorem. The estimate for
z*(u,v,w,d,0,0) follows from the facts that

™ ™

$*<0707 0757670) = mv x*(u,v,w,O,H,O) = av

so that in particular z*(u,v,w,0,6,0) = 2*(0,0,0,0,6,0) (and 0;2*(u,v,w,0,6,0) = 0,
j=1,2,3). 0
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Remark 51. Note that

|z*(u, v, w, 9,0, p) — x*(u,v,w,0,6,0)| = O(|p]|).

Observe that

SX, = X, SX! =X,
SEG+&)=(G+&%). SEG-&)=-(-&)-
It follows that
200 (0) = Xo +uXy +v (& + &) € %,

and we now choose u, v such that

Zi’f’z;fg(az*(u, v,0,0,0,p))

= 5. Xy + v (u,v,9,0, p)S: X}
+ ' (u,v, 9,0, p)Sy ({; + 59_) +w'(u,v, 8,60, p)S; (f; — fa_) €Y.

Lemma 52. The equation
w' (u,v,9,0,6%) =0

admits a smooth solution v = v(u, 0, 0) which satisfies v(0,0,6) = 0.

Proof. First we derive a (semi-)explicit formula for w'(u, v, d, 0, p). It follows from Remark 49
in particular that

0,0,0 _ r70,0,0 0,0,0
Zu,v,w - ZO,O,O + dz[070,0] (U, v, U})

(and dZEf;}Ow] = dZ([)dedOO]), so that

230 (%) = S(urs0)eXo + uS(wrs0ye (X + 62587 /2Xe) + S (wrsoye (€707 + e 7))
+ ws(w-i-éb’):c (ed)\ez&;— - e—ékgwge—) + O(16][(w, v, w)|2)7

and hence from

T
w + 06

r*(u,v,w,d,0,0) = + O(|6]|(w, v, w)])

that

, o
= uS, (XG + msw/zxa)

) TONg TN + -
v sinh (w+59) -+ w cosh <w+(59)> Sr (59 —59)

+
+ O(10]|(u, v, w)|?). (3.64)
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Finally, using Corollary 48 and Remark 51 and setting w = 0, we find that
Z200 (2% (u,,0,6,0, p)) — S Xg

u,v,0
om

s, (Xg n msﬂ/zxe))
TON _
: ) Sy (5; +&, )

w + 660
+ vsinh ( oo ) S, (fj —&)
+ O(lpl) + O(J8]](u, v)]?),

+ v cosh (

w + 00

where the right-hand side has no component in the S X-direction.

We thus find that

7T5)\9
w + 00

w'(u,v, 4,0, p) = vsinh ( ) +O(lp|) + O8] (u, v, w)|?)

= T804 O(I5Plol) + Ol + 001w v, w)P).
Define
W (u,v,6,0) = 0w (u, v, 5,0, 6)
= T 4 O3l + O8]) + O], v, w)]).
Since

A
w//((),(),(),o) = ()’ 8210"(0,0,0,0) — D 7§ 0
w

the result follows from the implicit-function theorem (evidently v(0, 0, §) = 0 by inspection). [J

We have thus established the existence of a family {Ziifj 5.0) o} of periodic solutions described

by d, 6 and their initial values. Note however that different values of (u, §) can lead to the same
initial value. The next result shows that ambiguity can be removed by setting u = 0.

Proposition 53. The mapping

(6,0) = Xg+uXy+v (& +&) +w (& —&) |

u=0,w=0

is a smooth injection R? — R* with smooth inverse.

Proof. Changing to real coordinates z, zo, Y1, Y2 given by A3 = x; + ize and B3 = y; + iy,
one finds that

(1 =032 4 2)(1 — 0?)v
0
0 ,
O(1 — %)% —2X040(1 — 0%)v

Xo+v (& +&) =
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and the determinant of the Jacobian of the mapping
0. ( (- 02172 4+ 20(1 — 6?)v
v 0(1 — 6%)12 —2)00(1 — %)
at the origin is 21/2. This mapping is therefore a local diffeomorphism R? — R2. [

. . . 2 . . .
Finally, we reparametrise the family {Zg’i’(éo 5.) o) of periodic solutions.

Proposition 54. The formula (5,0) — (3,0), where

2T 2 (0,(0,6,6),0,5,0, 6%,
w + 00

defines a local diffeomorphism R? — R2.

Pi"OOf: Define f : (—Uo,?]o) X (—50,50) X (—90,90) — Rby

R o T
f(v,6,0) = 5 <x (0,v(0,6,0),0,0,0,6%) w—l—é@)
so that
i 21 — wa(v(O, 9,0),0,0) —wdbf(v(0,6,0),9,0)
2T+ wd f(v(0,6,0),6,0) + 520 f(v(0,6,0),4,0) )
It follows that
o0 w?
—=1——|05f(v(0,0,0),0,0) + 9, f(v(0,0,0),0,0)05v(0, 0, 0)
o0 2m N—— N—_——

—0 =0
=1

because f(v,d,0) = O(|v|) and 93v(0,0,0) = 0.

The result now follows by the inverse-function theorem. ]

Define

5650 r76,0,62
7" = Zo,u(o,a,e),ov

so that Z%9 is periodic with period 27 (w + 55)

Proposition 55. The estimate

Z6,9~ _ (é) ei(w+5§)x + O((S)

holds uniformly over x € R.
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Proof. Let
C= sup |F(Z;0)|

ZEB]M (0)

and introduce the norm ~
1Z|| = sup e >P/|Z(7),
#€[0,27]

which is equivalent to the usual norm on C([0, 27]; R*). Note further that W = C/([0, 27]; By(0))
is an open neighbourhood of the origin in C'([0, 27]; R*).

Introducing the scaled variable & = (w + 66)z converts (3.63) into
(w+ 00)Zz = F(Z;6) + pRp(Z; 6). (3.65)
Define F : W x R x (=0, 80) X (—po, po) — C([0, 27]; R*) by

F(Z. 70,6, p) = (w + 60)(Z — Zy) — / (F(Z(t):5) + pRe(Z(2): 5)) dt.

The zeros of F are the solutions of (3.65) with initial data

Z(0) = Zy. (3.66)
Furthermore,
F(S:Xo,X0,0,0) =0,
d1 F[55X0, Xo,0,0[(Y) =wY — G(Y),
where

Gg(Y) = /0JE di F'[S:Xo; 0] (Y (¢))dt.

The estimate

|(gY)(x)|e—2C§;/w < Ce—QCa”c/w/ eQCt/wdt“YH

0
=2 (=) Y|

shows that ||G|| < % and hence that
dlf[55X0, Xo, 0, 0] =wl — g

is an isomorphism. Using the implicit-function theorem, we obtain a solution Z € C'[0, 27| of
(3.65), (3.66) which is a smooth function of Zg, § and 0 for |Zy — X[, ¢ and 6 sufficiently small.
In particular ) i
|2°%() = 2°(7)| = O(|4])

——

- Son
uniformly over & € [0,2n] and hence all & € R (since both functions are 27-periodic) and
8 € (—by, 6y) because

lim  Z2%9(0) = X,
(6,0)—(0,0)

(the solutions to the initial-value problem are unique).

The result now follows by returning to the unscaled variable x. ]
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Finally, the periodic solutions fo in Theorem 45 are obtained by applying the scaling

2
AB = LA& BS = 6—337

(—2¢,)3 (—2¢,)2

N =

and setting dy = (c3e0)2.

X1

Figure 3.5:
Rolls perpendicular to the directions z (left), 1 = sin(d)z + cos(¥})z (centre)
and zo = — sin(¢¥)z + cos(?)z (right).

Tracing back the various changes of variables, we find that the above solutions correspond to
solutions of the ‘flattened’ physical problem of the form

U ikt 2 1/2 1 0
X :2(5( Cal > e,cos(w+cy 00+ r72 [ 1| qlx)+ O(5),

Y —2C4 1
where
. w 5160 M1 Slw w
sinh — cosh — + — sinh —— cosh —
Bo Bo S1 Bo Bo
p—1
— 1
Cw i sinh Sl—w coshw ( — —) ’
Sy Bo Bo
inh = cosh S < +1)
sinh — cos w —
8 “VT B

0

which depend on the single horizontal variable x. These solutions are rolls perpendicular to the
x-direction (see Figure 3.5). Because the physical problem is rotationally invariant, replacing x
by z; in the above formula generates rolls perpendicular to an arbitrary direction x;. In particular,
writing x1 = sin()z + cos(¥)z and noting that

1 2

1_ _ 2
KwCl = K, C3, K,C1 = Ky C1

(see Section 3.7), we obtain the rotated rolls
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Ui 1,.—1\ 3 o
Xy | =26 (Clﬁwl ) €,, COS <(w +c} ! 00) (sin(¥)z + Cos(ﬁ)z))

~

Yo —201
. {0
+ k72 [ 1] go(sin(?)z + cos(9)z) + O(5?),
1

which are periodic in 2 with wavenumber (w + ¢4"?60)sin(9) and in z with wavenumber
(w + ¢4'"*60) cos(¥) (see Figure 3.5).

Defining ¢, 0; so that
(w+ c§1/259) sin(¥) = wy + 0%1/2591,
(w+ c§1/250) cos(¥) = v,

we can write the rotated rolls as

Mo 1,.—1\ 3
Xy | =26 (CIKJ“ ) €,, COS ((w1 + cimé&l)(m’ + uz))
0
1 | go(sin(9)z + cos(9)z) + O(5?).
1
We can repeat this procedure with xo = — sin(J)x + cos(¢)z to obtain a second family of rolls

which are rotated in the opposite direction (see Figure 3.5). Reapplying the changes of variables
and the centre-manifold reduction leads to the following existence result.

1
Lemma 56. Suppose that ¢} > 0 and ¢; < 0 and set § = 2. Equations (3.53)—~(3.58) admit
families {Z57}, {de} of reversible periodic solutions smoothly parametrised by 6 € (—dy, do)

and 6 € (—0y, 60). The solutions Z’ and Z%e have period 27 | (wy + ¢}'*60) and satisfy

—_

1

2 . 11/2
zzﬁ%x)—(s( G ) 0 | om0 4 0(5%),

1
1\ 2
Z5,9 — 5 Cl
o) =0 (=
uniformly over v € Ras § — 0.
Remark 57. Obviously Z} = TZ}.

ei(w1+c%1/269)w + 0(52)

o = O O

3.6 Existence of heteroclinic solutions

3.6.1 Formulation

In this section we construct a heteroclinic solution to equations (3.53)—(3.58) which connects a
periodic solution Z‘;f with a periodic solution Z‘éf. We use the method given by Haragus and
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Iooss [17, Section 7], Haragus and Scheel [23, Section 4] and Haragus and Iooss [18, Section 4].
The first step is to formulate (3.53)—(3.58) as an second-order system.

We write (3.53)—(3.58) as

,B;e), (3.67)

A, =B+P5(A B A B)+RYA,B,
B) +RY(A,B, A, B;e), (3.68)

B, = P3(A,B, K
where

A, = (0, —w)A, B, = (0, — iw)B, w = diag(wy, wr,w),
P5(A,B,A B) = 05K°(A,B, A, B), P5(A,B, A, B) = —9;K°(A,B, A, B)

and

Ry (A, B, A B;e), Ry (A, B, A B;c) = O(|(A, B)||(z, A, B)|™),
4 RY[A, B, A, B:¢],d,RY[A, B, A, B; <] = O(|(c, A, B)|"™)

as (A, B,e) — 0. Note that
R.P5(A,B,A B) = P5(R.,(A,B,AB)), R,P3(A B,A B)=P;R.(A B, A B))

for all € R (see Remark 44 for the definition of Ra). All equations are partnered with their
complex conjugates and subject to the corresponding reality conditions.

The next step is to recast equations (3.67) and (3.68) as a single second-order equation.
Writing

B=A,+D,
we find from equation (3.67) that
D+P,(A A, +DAA,+D)+RY(A A, +D A A, +D:c)=0, (3.69)

and we solve this equation for D = D°(A, A,, A, A,) in two stages. First we consider the
equation

D, +P3(A,A, +D;,A A, +D;) =0.
Using the implicit-function theorem we solve this equation for D; = D5(A, A, A, A,), where
D(A, A, A, Ay)
dD: [A, Ay, A, Ay
D5(Ra(A, Ay, A AL))

O(I( Au)Pl(e, AL AL))),
Au)ll(e, A, AL))),
R DE(A A, A A,).

Next we seek a solution to (3.69) of the form D = D5(A, A, A, A,) + Dy, so that

D, + P53 (A, A, + Dj + D,

A, + D5 +Dy)
—~P5 (A A, +D5,A A, +

A
A, +D%)+RY(A A, +D: + Dy, A A, + Di + Dyie) =0,
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where the arguments of Df have been omitted for notational simplicity. A second application of
the implicit-function theorem yields Dy = D§(A, A, A, A,) which satisfies

D3(A, Ay, A Ay) = O(|(A, Au)l|(s, A, A)™),
dD; [A, Ay, A, A, = O(/(e, A, A)[™).

Substituting
B=A,+Dj+Dj

into equation (3.68), where the arguments of D], D5 have again been omitted for notational
simplicity, shows that

(0, — iw)?A = —(9, — iw)(DS +D5) + P(A, Ay, A, A,) + R(A, AL, A AL e), (3.70)
in which
PE(A, A, A A,) =P5(A, A, + D5, A A, +Df),
(A,A,, A A, e)=P3(A A, +D; + D5, A A, + D5 + Dj)
_P%(A7AN+D17A7A_QJ+D_§)
+RY(A A, +D;+D;A A, +D; +Dj;¢).

It follows that

(0, — iw)?’A = —0,D5A,, — 0,D5(0, — iw)?A — 3sD5A, — 0,D5(0, + iw)*A
— OD5A,, — 0,D5(0, — iw)?A — 9sD5A,, — 0,D5(0, + iw)*A
— iwd DA — iwd, DA, + iwdsD5A + iwd, DA, + iwD§
+P(A, AL, A A, +R(A AL, A A e),

where 9;Df is an abbreviation for the matrix d;D;[A, A, A, A,] and we have used the calcula-
tion

A,
o A A (Ru(Aw, (0, — w)*A, Ay, (9, + w)? )
— dD[A, A, A, A, (Aw, (9, — w)?A, Ay, (9, + iw)2A>
= 0,DSA, + %D} (0, — iw)?A + 3D]A,, + 0,D5(9, + iw)*A.

Finally, write (3.70) and its complex conjugate as
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I+ 3,D5 4+ 0,D5  0,D5 + 0,D5 (0 — w)*A
0,D5 +0,D5 I+ 0,D5 + 9,D5) \ (0, + iw)*A
—~0 DA, — %;DjA, — 0 D5A,, — 3;D5A, — wd D5A — iwd,D3A,,
+iwds DA + iwdsD5A, + iwD5 + P5(A, AL, A A,) + R(A AL, A AL €)
—81D§Aw — 83D§Aw — 81D§Aw — 83D‘§Aw —+ 1w81D§A -+ lwangAw
—iwdsD5A — iwd;D5A,, — iwD5 + Ps(A, A, A, A,) + R(A,A,, A A, ¢)

and note that the matrix on the left-hand side of this equation is invertible by the inverse-function

theorem. Its inverse is a perturbation of the identity which depends smoothly upon A, A, A, A,;
the perturbation is

O(|Aull(z, A, Au)]) + O(I(e, A, A)[™)
and is invariant under R, for all & € R. The final step 1s to premultiply (3.70) and its complex
1

conjugate by this inverse matrix and introduce the scaled variables & = (cje)2x and

1
1 2 )
Aj(@:(qg) rCy(2),  j=1,2,

—2C1

Ay(z) = ( e )%ewcg(:ﬁ).

—201

We find, after replacing z by x for notational simplicity, that

Craw = (=1 + |C1] + di| Co? + do|C5*)Cy + BV (C, C, C,, Cs, 5 0)
1/2 — N
por IR L (GO R, ey (CC0), GBI
Ca = (— 1+dlycl|2+102|2+d2|0\) +n$(C,C, C,,C,; ),
T et/ ) (R, 2(C. C), R, 4112, (Cs, ©)10), (3.72)
Cize = (ds + do(|C1|? + | Co[?) + da|C5[*)C5 + 1SV (C, C, C,, Cy; 0)
. 1/2 ~ =
+ ewe/(q 5>h§2)(R/ /2 (C C), R 1/25)(Cz,Cx);5)> (3.73)
where
1
Co Cs3 C3 C4 1
1 2017 2 2017 3 0%7 4 017 £2

and hg-l) is analytic with
n(C,C, C,, Cys8) = O(|0]|(C, o)),
while h§-2) is a smooth function with
h§'2) (Rx/(cymé)(c’ a)’ Rx/(C}l/Q(S)(Cxa C_z)v 5) = O(|5|n0_2|(cv C.)l)

for ny > 4. Note that the actions of the reverser S and the reflection 7" : 2 — —z on the space
(C1, Cy, C3) are given by

5(01702703) = (61762763)7 T<01702>C3) = <C2701703)'
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For notational simplicity we write equations (3.71)—(3.73) as

Cla:ac
H(C,C,,Cps,,0) := | Copw | — H1(C) — Ho(C,C,,x,0) =0, (3.74)
03961

in which

(=14 |C1? + di|Ca|* + da|C3|*) Cy
Hi(C) = | (=14 di|C1]* + |Co)* + do|C5]%)Cy |,
(ds + do(|C1]? + |Ca|?) + dy|C3)?)C3

and the components of Hs(C, C,, x,d) are defined by the final terms in equations (3.71)—(3.73).
Note that

[H2(C, Cs, 2,0)| = O(](C, Cy))

as (C,C,,0) — 0, uniformly over = € R. We can write equation (3.74) as
F(C;0) := | Copy | — F(C59) =0, (3.75)

where
F:(C;6) = Hi(C) + H2(C, Cy, 2, 0)

defines a continuously differentiable function Vz x (—dg, dg) — (Cpo(R))®) with
IF:(C; )]l = O CID)

as (C,d) — 0 for some open neighbourhood Vi of the origin in (C. ,(R))®. Note that 7 maps
functions with the symmetry

Cl(.fll) = CQ(—LU>, Cg(ﬂf) = Cg(-.il?)

for all z € R to functions with same symmetry. Our next result follows by defining P*?, Q%? by

—iwiz 511/2 6,0 x
P(w(x) =e /(e 6)ZP <C11/25> )

1

35,0 _ —iwz 011/26 6,0 T
Q (l’)—e 1/(1 )ZQ (m>

1

and using Lemma 56.

1
Lemma 58. Suppose that ¢} > 0 and ¢; < 0 and set 6 = £2. Equation (3.75) admits families
{P2} {Q%%} of solutions smoothly parametrised by § € (—dy,dg) and 0 € (—0y,0,) with the
following properties.

(i) The functions
e—l@acP(Sﬂ(l,)’ e_la””Q‘s’e(x)

are periodic with wavenumber
w1

11/2
;o

+0.
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(ii) The functions P> Q%9 satisfy
SPY(=2) =P*(z),  SQY(-2) = Q"(x)
forall z € R.
(iii) The functions P*? Q% satisfy
e TP (1) = (1,0,0) + O(6),
e "Q*(z) = (0,1,0) + O(6)
uniformly over x € R as (4,0) — (0,0).

3.6.2 Preparatory results

In this section we record some basic results for Fredholm operators and for the asymptotic
behaviour of solutions to linear ordinary differential equations which are used in the theory
below.

We begin with the function spaces

LyR) ={f : [|flly <o}, lIfIl5 22/ cosh’ ()| f(z)[*dz,

L2, = {f  flln <00} IR, = [ coh (o)l o) P

[e.9]

and

= {f 2 fs fas Jee € L%(R)}: Hzn(R) = {f 2 f fas Jee € L2_n<R>}

with norms

115 = A+ 1Fally + 1 faallhs IAIB = = AN+ el 2+ 1] foal 2
Proposition 59. The mapping

(Wg)(f) = ([, 9)o

9)
defines an isometric isomorphism ¥ : L* (R) — (LZ(R))* for n > 0, so that

(Ly(R))" = L2, (R).

The following results yield a method for computing the index of a Fredholm operator
L2(R) — L2(R) by transforming it to an equivalent operator L*(R) — L*(R) (see Neubauer
[36, Corollary 5.3]).

Proposition 60. Suppose that X,Y,Z are Banach spaces, Fyx : D(Fyx) C X — Y,
FZ : D(FZ) C Y — Z are Fredholm operators with indices ind(FY),ind(FZ). The op-
erator

FZ=FEFY . DF4)CX =27

is Fredholm with index
ind(F%) = ind(Fy) + ind(FZ).
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Proposition 61. Suppose that X,Y are Banach spaces, BY : X — Y, B :' Y — X are
isomorphisms. An operator F3 : D(Fx) C X — X is Fredholm with index i if and only if the
operator

FY =BYFEBS :DF)CY Y
is Fredholm with index i, where D(Fy ) = B [D(Fx )]

Proof. Noting that By : X — Y,By : Y — X are Fredholm with index 0 it follows from
Proposition 60 that the composition Fy : D(Fy) C Y — Y is Fredholm with index

ind(FY) = ind(BYF3) + ind(Bsy)
= ind(BY) + ind(Fy)
= ind(Fy).

Corollary 62. Define isomorphisms I : L*(R) — LZ(R), 73 : L3(R) — L*(R) by

U

L) = cosh(nz)’

ZJ(U) = cosh(nz)U.

An operator M" : D(M") C L2(R) — L2(R) is Fredholm with index i if and only if
M = LIM'T) - D(M®) C L*(R) — L*(R)
is Fredholm with index i, where D(M°) = Z)[D(M")].
Using Proposition 59 we identify the dual space (L;(R))* with L?  (R). The adjoint operator
Kr:D(K*) € L?,(R) = L? (R) of K : D(K) C L2(R) — L;(R) satisfies
(KC, D)y = (C,K*D)g

for all C' € D(K) and D € D(K*) by identification. We recall the following results by Kato [28,
Theorem IV.5.13, Corollary 5.14] in the present context.

Lemma 63. Suppose that K* : D(K*) C L, (R) — L?, (R) is the adjoint to the closed operator
K:D(K) C L(R) — L2(R) and set

(kerK*), = {C € L%(R) :(C,D)o=0forall D € kerK*} .

We have that
Im K = (ker K*)s.

Lemma 64. Suppose that X,Y are Banach spaces and F* : D(F*) C X* — X* is the adjoint
to the closed operator F : D(F) C X — X exists. The operator F is Fredholm if and only if
F* is Fredholm, and in this case we have that

dim ker 7 = codim Im F*, dim ker F* = codim Im F,

so that
ind(F) = —ind(F").
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We study the Fredholm properties of an operator L?(R) — L2 (R) by transforming it to an
equivalent operator L*(R) — L?*(R) (see Corollary 62) and applying the following results of
Kapitula and Promislow [27, Definition 2.2.5, Theorem 2.2.6 (Weyl essential spectrum theorem),
Theorem 3.1.11, Lemma 3.1.7]. These results establish the Fredholm properties of an operator
L*(R) — L*(R) by studying its associated exponentially asymptotic operator.

Definition 65. Suppose that X is a Banach space. The operator L : D(L) C X — X isa
relatively compact perturbation of L if

(Lo—L)(Lo— A1 X = X
is compact for some \ € p(ﬁo).

Theorem 66 (Weyl essential spectrum theorem). Ler £L : D(L) € X — X and
Ly : D(Ly) € X — X be closed linear operators in a Banach space X, A € C, and sup-
pose that L is a relatively compact perturbation of Lg. The operator L — Al is Fredholm if and
only if Lo — M is Fredholm and in this case

ind(£ — M) = ind(Lo — AI).
Theorem 67. Let £ : H*(R) C L*(R) — L?(R) be given by
Lp = uap + 'V (2)00p + ' ()p,

where a'®) a(V) are smooth, real-valued functions. Suppose that L is exponentially asymptotic,

that is, there exists an r > 0 and constants af), asrl), a(_o), aV such that

lim a®(z) — af’| = 0, lim oo (z) — ol = 0.
xr—r+00 r—+o00

The closed operator L is a relatively compact perturbation of its exponentially asymptotic
operator L., which is piecewise defined by

Lemma 68. Fix \ € Candfor L., : H*(R)C L?*(R)— L*(R) write the equation (Lo—\ )p= f
with

[ Opep + al0up +aPp, x>0,
> OpaP + a(,l)(‘?xp + a(,o)p, x <0

as
P, = Au(\)P +F,
where P = (p, 0,p), F = (0, f) and
AN, >0, ( 0 1 >
Asc(N) = AL(\) = .
») {A()\), r <0, HV=o 0 o)

Suppose that the matrices AL (\) have no zero eigenvalue.

The operator L., — M is Fredholm with index
ind(Loo — AI) =n’(A) +n2(X) — 2,

where n’_(\) is the dimension of the stable subspace of AL ().
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Finally, we give some results for the asymptotic behaviour of solutions to equations of the
form

U, =AU+ R, (2)U, (3.76)
U,=A U+ R _(2)U, (3.77)
where A, A_ are constant, real m X m matrices and R, : [0,00) — R"™™

R_ : (—00,0] — R™ ™ are continuous matrix-valued functions (see Coddington and Levinson
[7, § 3.8]).

Lemma 69.

(i) Suppose that O is not an eigenvalue of A and A is diagonalisable, the negative eigenvalues
of Ay are given by —\; > —)\y > ... > —\, with corresponding eigenvectors sy, . .
and

S

/ 1Ry (2)]] dz < oo,
0

Any nontrivial solution of (3.76) on [a, c0) for a > 0 sufficiently large with U(z) — 0 as
T — 00 satisfies

U(z) = ajsj(x)e_)‘jr + o(e™M")

for some j € {1,2,... ,p} and constant a; # 0 as x — oo.

(i) Suppose that 0 is not an eigenvalue of A_ and A_ is diagonalisable, the positive eigenvalues
of A_ are given by A\ < \y < ... < )\, with corresponding eigenvectors uy, . .., u, and

/ [|R_(x)|| dz < 0.

—00

Any nontrivial solution of (3.77) on (—o0, —a| for a > 0 sufficiently large with U (z) — 0
as r — —oo satisfies

U(z) = Bju;(z)e™” +o(e?)
for some j € {1,2,...,p} and constant B; # 0 as x — —oc.

Lemma 70.

(i) Suppose that A is an m x m Jordan block with zero eigenvalue and

/ 2" | Ry (7)|| dz < oo.
1

No non-trivial solution to equation (3.76) satisfies U(z) — 0 as © — oc.

(ii) Suppose that A_ is an m x m Jordan block with zero eigenvalue and

1
/ 2R (2)]] de < oo.

o0

No non-trivial solution to equation (3.77) satisfies U(x) — 0 as © — —oc.
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3.6.3 An approximate heteroclinic solution

In this section we study the equations

Claz = (=1 + |C1|* + di|Cy|? + do|Cs|H) Oy, (3.78)
Coze = (=1 + di|C1]? + |Ca]® + da|C5|*) Oy, (3.79)
Cia = (d3 + da(|C1|* + |Cof?) + du|C5]*) Cs, (3.80)

noting that they admit the invariant subspace {(C1, Cs, 0)}. The following result by van der Berg
[45, Theorem 5] identifies a heteroclinic solution in this subspace.

Lemma 71. There exists a smooth real solution C* = (C},C3,0) to equations (3.78)—(3.80)
such that

(i) lim,_e C* = (1,0,0) and lim,_, .. C* = (0,1,0),
(ii) Ci(x),C5(x) > 0 forall x € R,
(iii) Ct(z) = C3(—x) forall v € R,

(iv) we have the estimates

* * * * : 2
Crx)*+ C5(x)* < 1, Ci(xz) + C3(x) > min {1, m}

forall x € R,
(v) we have the identity
- " 1, ., . . X
Cr()? + Gy (x)? = 5(01 () + C5(x)* = 1)* + (d1 — 1)CF (2)*C5 ()

forall x € R.

The next step is to study the asymptotic behaviour of the functions C}, C and derive a useful
estimate (see Haragus and Iooss [17, Lemma 7.1]).

Lemma 72. For every d, > 1 we have that

CH(x) = aneV? ™% 4 o(eVi—17), Ci(z) =1 — ameV® + o(eV?),
Cr () = Vdy — LlaeVh™17 4 p(eVh—1), C () = —V 2006V + o(eV?)

as xr — —oo and

CT(.@) =1- 5*18_\/555 + O(G_ﬁx), C’;(aj) — 5*26—\/@7—151: + O(e—\/cmx)’
Cal@) = V2Bae™™ +o(e™™),  Cya) = —V/di = 1 V01 4 o(e VETH)

as x — oo in which o1, By are positive and o9, [, are nonnegative constants.
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Proof. Observe that the equation

U,=A.U+R.U,

in which
01 0 0 0 1 00
12 0 0 0 _|ldi—=1 0 0 0
A= 00 0 1} A 0 00 1)
0 0 dg—1 0 0 020
0 0 0 0
R. — S(Cl* —-1)+ (C’f — 1)2 + d1C’52 0 0 0
T 0 0 0 0l
0 0 d101*2 + 02*2 —d; 0
0 0 0 0
R - dlC§2 + 01*2 —d; 0 0 0
- 0 0 0 01’
0 0 3(02* — 1) + (C’; — 1)2 + dlCl*2 0
is solved by U, = (Cli7 8w01i, CQi, 8360&) with
Cl-i-(aj) = CT('f) - 17 CQ+(I) = O;(l’)7
Ci-(z) = C(z), Cy(z) = C3(z) — 1.

Noting that the eigenvalues of A are ++/2, ++/d; — 1 and that

0 0
[ @l <o [ ip-@lldr <o
0 oo

we obtain the advertised result from Lemma 69 together with Lemma 71 (iv).

Lemma 73. Suppose that 1 < d; < 4 + \/13. The inequality
3CH(2)* + d1C3(2)* =1 >0

holds for all x € R.

Proof. Suppose that g < dy <4+ +/13. It follows from the estimates in Lemma 71 (iv) that

S(JI*(x)2 + dng(xf —1=3 ((Jl*(x)2 + %Cg(x)2> -1
> B e CH(x))? -1
> T (Cil) + G5 (@) -

— +1
3 +
3d1 * * 2
> _
> (@) + Cyla))? —1
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. { 3d, 12d, } .
min —
- dy +3 (dy +3)(1+ dy)

> 3d, 12d, 1
min —
- di + 3 d3 +4d; + 3

. [2dy—3 8dy —d3—3
> min ,
di +3 7 d}+4d; +3

> 0.

Now suppose that 1 < d; < % Define the function f;, : R — R by
fa, () = 3C} (z)* + d,Cj(x)* — 1
and note that (dy, z) — f4, (x) depends smoothly upon d; and . Suppose that the closed set
N :={(d,z) € (1,3] xR : fy,(z) <0}
is non-empty and define

dj := max{d; : (di,z) € N for some x € R} <

N

(note that the set in this equation is compact).

Suppose there exists ' € R such that fu: (z') < 0. Noting that f,, (') depends continuously
upon d; and f4,(«') > 0 for all d; with $ < d; < 4 + /13, we conclude that there exists

dl € (d, 2] such that f di(ﬂ) = 0. Hence we have (d!, ') € N with d} > d}, which contradicts

the definition of df. It follows that fg:(x) > O for all # € R and there exists 2* € R with
faz(v*) = 0. We note that z* € R is a global minimum of fy:, so that

fae) =0, fa) =0, fh(*) 20,

We proceed by computing f;. (z*) and deriving the contradiction fg (x*) < 0. Writing
U=Ci")’, V=0, X=CLE), V=05
for notational simplicity, we find from
fd; (%) = fclif (%) =0
that
3U+dyV =1, WX =d*VY
and from Lemma 71 (v) that
X+Y:%(U+V—1)2+(d’;—1)UV.

Lemma 71 (iv) shows that 0 < U < 1, and U = 1 leads to the contradiction fg:(z*) = 2 # 0,
while U = 0 leads to the contradiction fg:(2*) = dj —1# 0;hence 0 < U < 1.
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We can write V, X, Y as functions of U by

<
I
| —

(1-30),

U+V -1+ (d— 1)UV -Y
(

1—3U)((di2 — 9)U2 + 6(1 — d)U — (df — 1))
di(3(d} — 3)U — dy)
WU+ V =12+ (d; — 1)UV
A2V 49U
L 9U((5dg? — 99U +6(1 — d)U — (df — 1)?)
T2 d2(3(ds — 3)U — d) ’

l\:>|>—t[\:>|>—tg,

Yy —

and compute

"

i (2") = 6(CY(a*)” + CF (2") Y (x%)) + 2d1(C5 (27)* + C3 (") G5 (a))
=6(X+U(-1+U+dV))+2d (Y + V(-1 + U +V))
18(dy — 1)(dy? — 9)UP + (12d5(9 — dy?) — 27(dy? + 3))U?
B di(dy — 3(d} — 3)U)
2d5(dy? + 6dy — 9)U + (df — 1)(d} — 3)
di(dy —3(di = 3)U)

<0
since 0 < U < 1. []
Linearising equations (3.78)—(3.80) at C = C* yields the equation
KC =0,
where
. Klg 0

K= ( 0 ICg) (3.81)

and

o (O _ (Cuae = (14208 + diC3*)Cy = CF2CL — diC1C5(Co + Co)
2\, Coze — (=14 d1CF? + 2052 Cy — C32C, — dy CFCH(Cy + )
K3 (C3) = Capw — (ds + do(CF* + C5?))Cs.

We study K as an operator D(K) C &, — &, n > 0, where D(K)

= Y, and the (real) function
spaces are

X, = {CE (L2(R))° : Cy(x) = C(—x), Cy(x) = Cy(— )forxe]R}

and

Yy =&, N (Hi(R))ﬁ-
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In particular we examine its Fredholm properties and following the steps in Haragus and Iooss
[17, Section 7], Haragus and Scheel [23, Section 4] and Haragus and looss [18, Section 4].

Introducing the real and imaginary parts of C, C, C's as new variables

1 _ 1 — )
Up=35(C+C),  Vi=35(C=C) =123

transforms /C into

M,

M=110
0

0 0
M; 0 |,
0 M;

in which

are given by

. r T T . i i i . 3 3 3
M VECX =X, MY CX o X, My P Cad X
Uee — (=14 3072 + di O3\ U, — 2d,C2C5Us
Usuw — (=1 + dyC22 + 3C32)Us — 2d,CFC3U, )

() = (=
(Vm E(l + O+ dyCy )Vl)
—

Vi
Mi (%) Vage — (=14 d1CF* 4+ C32)V5

)
M Us\ _ (Usaw — (ds + dy(CF? + C52))Us
N2 Vage — (d3 + dao(CT* + C52)) Vs
The function spaces are

Xy = {(U1,U) € (LL(R))? : Uy(z) = Us(—x) for z € R},
X, ={(Vi,Va) € (L2(R))* : Vi(z) = —Va(—a) for z € R},
X2 = {(Us,V3) € (LL(R))? : Us(x) = Us(—x), V3(x) = —V3(—2) for = € R},

with
Vo= XN R, V= X0 (HAR)L Y= A00 (HAR)

We examine the Fredholm properties of the operators M, M;, M3 separately (see Haragus and
Iooss [17, Lemma 7.3], Haragus and Scheel [23, Lemma 4.1] and Haragus and Iooss [18, Lemma
4.1]).

Lemma 74. The operator M, : y; C X; — X; is Fredholm with index 0.

Proof. We write

M, = A, + R,

g (O 0 o _ (3CE+ACE -3 24,CiCy
+= - ’ T 2010 AP 302 —dy)
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4 (O (di=1) 0 B _ (302 + A0 — dy 2d,CC
- 0 Ops )’ - 2d,C+C d,CP2 43052 — 3

and the entries of R, are o(e¥ min{v2,v =117 a5 ¢ — +o00. To discuss its Fredholm properties
we define
My :=TIMI) : V5 C X5 — X
and write
My = AL + RY + RY,
where
AL+ RY = TJALTY.

The new operators are given by the explicit formulae

D, —2 0 R 0
r0 __ + r0 __ +
A+—< 0 D+—(d1—1))’ R+—(o R+)’
D_—(dy—1) 0 R- 0
0 __ 0 __
ar= (P L0 ) = (T 7))
and
2 21
Dy = (0, F 1), Ry = £2n(1 F tanhnr)d, — —5—.
cosh” nx

We choose 7 < min{v/2,/d; — 1} and note that
ArO — "4‘1:8’ x 2 O’
> AV <0
is the asymptotic operator associated to M,y by Theorem 67 because the coefficients of the

differential operators R4 are O(e¥"*) as v — F00.

Because U; (z) = Uy(—x) for all z € R it is sufficient to consider the scalar operator
e {A‘f, >0,
> A= <0
with
A} =D, -2, A®=D_ — (dy - 1).
We rewrite the equation A% U; = f as
U,=A,U+F,
where U = (Uy,0,U;), F = (0, f) and

A = Ay, x>0,
A, <0

0 1 0 1
A+:<2—n2 277)’ A_:<d1—1—772 —27))’

Because A, has simple eigenvalues —n 4+ 2 and A_ has simple eigenvalues —n + v/d; — 1, we
find from Lemma 68 that A% is Fredholm with index 0. It follows that M, is Fredholm with
index 0 (Theorem 66) and that M, is Fredholm with index 0 (Corollary 62). O

with
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Next we show that the kernel of M, is trivial in three steps.

Lemma 75. Each solution (Uy,Us) € (H2(R))? 10

Ulee = (—1 4+ 3CF + d1C3*)U, + 2d,CFC3Us, (3.82)
Usew = (=14 d1CF? 4+ 3C3%)Us + 2d,C;C3 U, (3.83)
satisfies
Ur(z) = ageV 71" 4 o(e¥®17), Us(x) = azeY™ + ofe¥?),
Upe(x) = \/dy — layeVi—17 4 o(eVdhi17), Usa(2) = V2006V + 0(e¥??),
Uea(7) = (d — D)V 4 o(eVh1o), Useo () = 2aneV?" + o(eV?)
as x — —oo and
Uy(z) = Bre V2 + o(eV?), Uy(z) = foe VOIE | p(e™ VOl
Ure(2) = V26167V 4 o(e V), Use() = \/dy — 156 VETI 4 (e~ VAi—To),
Usea() = 28167V + o(e™V27), Usao(x) = (dy — 1)Bae™ VI 4 o(e™ VB 1)

as r — oo for some vectors
(651 51 2
<a2) : (62> € R*\ {0}.

Proof. We rewrite equations (3.82), (3.83) as the system

Ups = W, (3.84)
Wi = (=14 3072 + dyC3H) Uy + 2d,CFCLU, (3.85)
Uyy = W, (3.86)
Way = (=14 diCF? + 303Uz + 2d,CFC3 Uy, (3.87)

which can be written as the equation
U,=A4.U+ R, U,

where U = (Uy, Wy, Uy, Ws),

01 0 0 0 0 0 0

4. — 20 0 0 R, — 3022 +diC32 -3 0 2d,C+C3 0
+ 00 0 1]’ + 0 0 0 0]’
00 di—1 0 2d,C+C3 0 diC?2+3C2—d; 0

0 100 0 0 0 0

4 d—1 00 0 R — 302 +d,C3? —dy 0 2d,C+C3 0
- 0 00 1]’ - 0 0 0 0
0 0 20 2d,CFC 0 diC?+3C32 -3 0

and the coefficients of Ry are o(e¥™n{VZVE—T}r) a5 5 5 400,
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The eigenvalues of the matrices A are ++/d; — 1, ++/2. From Lemma 69 it follows that the
asymptotic behaviour of solutions Uy, Wy, Us, W5 to (3.84)—(3.87) is given by

Ui(z) = ane¥™ 1 4 o(e¥™ 1), Us(z) = ase¥™ + ofe¥™),
Wi(z) = \/dy — layeVh=1 4 p(eVh~1), Wy(z) = \/50(26\[30 + o(eY?)
as r — —oo and
Ur(z) = Bre~ V2 + (e V), Up(x) = Boe V717 4 o(e™VD7IT),
Wi(w) = V28107 + o(e™V?), Walz) = \/di — 1Bze VE1 4 p(e=VEi—To),

as x — oo for some real constants o, g, B1, 8. Using this result and Lemma 72, we find from
equations (3.85), (3.87) that

Wi, = (=1 +3C? + d,C3*) Uy + 2d,CC5U,
= (dy — DU, + (3C* + d1C3* — dy) Uy + 2d,CC3U,
= (di = 1)(ene’ ™71 1+ o(e¥ ™))

+ (3@3162mx + o(e2Vh—1e)
i (1= 20,56¥% + 0(eV%)) = dy ) (a1 4 o(e¥ R

+ 2d; (01 €YD 4 o(eVETI)) (1 — eV + 0(eV2)) (aneY? + o(eV?"))
= (dl — 1)0(18 di—lz + 0(8 d1—1z>

Wy = 20426\/im + o(eﬁ”)

9

as x — —oo and by similar calculations that
Wlx(l') = 2616_\/§$ + o(e_ﬂm), W2$(ZE'> = (d1 — 1)526_ di—1z + O(e_ dl_lx)
as x — oo. The advertised result follows from the fact that W, = U, Wy = U»,. [l

Lemma 76. The kernel of M, : (H2(R))* C (L2(R))* — (L;(R))? is at most one-dimensional.

Proof. Suppose that dim ker M, > 2, so that equations (3.82), (3.83) have two linear independent
solutions UM, U®). According to Lemma 75 there exist constants o'’ o/ such that

U (2) = af eVB1 4 ofeVB71e), Uy () = ay’e¥™ + o(e¥™),
Ul(i)(x) = /d; — 1Oé§j)e\/d1—la: + O(GVHm)7 UQ(])(I) _ \/_a(j)eﬁr + O( \/im)7
Ul(izt(x) — (dl o 1)agj)e\/d1flm + O(emm)’ Uéix(x) — 204(]) V2 T O( \[x)

as © — —oo, and U(j( ) U(j)(x) — 0 as z — oo. By replacing UW and U with lin-
ear combinations if necessary, we may assume that al =0, 7& 0ifd, —1 > 2or
7é 0, af) = 0if dy — 1 < 2. We treat the former case; the other case is handled similarly.
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Using Lemma 72 we find that Ul(l) satisfies

Us — (dy — 1)U
= (307 + d,C3? — d)UY + 2d,CrC3USY
= (302, T 4 o(V AT 4 dy (1 2,00 + (V) — dy)o(eV T 1)
+ 201 (01T + 0(eVATI) (1 — 00V + 0(e¥?))(af V2 + o(e¥?))

— 2d10¢*104§1)e(v h-T+vV2)r g o(e dl’Hﬁ)x)

as £ — —oo and conclude that

(1)

1
UM () = aeVATHD o Wa=THD) 2d1 00

’ (\/d1—1+\/§)2—<d1—1)

as r — —oQ.

Since a,; > 0 and hence aagl) > 0 the functions Ul(l), Uél) have the same sign for x < —m,

for some m; > 0. We consider the case that both are positive; the other case is treated in a similar
fashion. The calculations

Ul(l)(l‘ . h) . Ul(l)(l‘) _ ae(\/d171+\/§)(:rfh) + O(e(\/d171+\/§)(th)
_ (ae<\/ﬁ+ﬂ)x n 0<e<\ﬁdrl+\/§)x))

Y

— (VITT+V2)e <0<e—(m+ﬁ>h) —a(l— e—(mwi)h))

Y

<0

U (@ = 1) = U (@) = e/ (o(e™V2") — af (1 — e~V))
<0

as x — —oo show that both functions Ul(l), U2(1) are monotone increasing for x < —ms for some
mg > 0. Let m = max{m, ms}.

Because Ug(l) — 0 for x+ — +o00 and UQ(I) is positive and monotone increasing for x < —m,
it has at least one local maximum 2* € R such that UQ(D (x) > 0 for all z < x* and of course

U@ =0, U,

2xx

(z*) <0.

Using the inequality 2d; C5(2*)C3(z*) > 0, Lemma 71 (ii) and Lemma 73, we find from equation
(3.83) that
ea(17) = (=1 + i Ci (27)? + 3C5 (57) U3 (a7
< —(=1+d 0 (2*)? + 3C5 (*)) U (2*)
= —(~1+d,C3(—2*)* + 3C; (—a*))US" (a*)
<0

2d,CH (a*)C () UM (%) = ULY

and hence that U\ (2*) < 0.
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Since Ul(l)(x*) < 0 and Ul(l)(x) > ( for all z < —m it follows that Ul(l) has at least one local
maximum x** < z* with

U @) >0, UG @) =0 Uy

lxx

(z7*) < 0.
Equation (3.82) shows that
2d,CF (z7)Cy (z™) UM (a7) = ULL (2™) — (=1 + 3072 (a*) + d1 C3* (™)) UL (27) < 0

and hence Uz(l)(a:**) < 0, which contradicts Uz(l)(:c) > 0 for z < x*. O

Lemma 77. The kernel of the Fredholm operator M, : Y, C X} — X is trivial.

Proof. Differentiating

C;ﬂ}%
C*

2xx

= (=1 +CP+d,C3)Cr,
(—1+d,C? + C3ACs

with respect to x we find that

(C3a)aw = (=1 + 1O + 3C57)C3, + 2d: C1C3CY,
Lemma 76 shows that (C7,, C3,) is the only non-trivial solution to equations (3.82), (3.83). How-
ever (C},,C3,) does mnot lie in ) because Ci,(r) = —C3,(—x). The kernel of
M, Y; C A7 — & is therefore trivial. O

Now we turn to the operator M;.

Lemma 78. The operator M; : y}, - 2\,’}, — X; is Fredholm with index —1 and the kernel of its
adjoint M : Y', C X', — X', is spanned by (C}, —C3).

Proof. We write

M= A +RL,
where
Ai o amm 0 ’R,i B Ci@ + dlcéa —1 0
R UV o 0 O+ O —dy)
A = Oz — <d1 - 1) 0 R — Cf2 + d1C2*2 —d; 0
T 0 Opz )’ - 0 d10f2 + 052 1

and the entries of R\, are o(eF™n{V2VE—T}2) a5 1 — 400, We choose 7 < min{y/2, \/d; — 1}
and argue as in the proof of Lemma 74 (note the symmetry V;(z) = —V(—x)); it is sufficient to
consider the operator A% : L*(R) — L*(R) with

Ais — Al—is-v 1:201
* As. 1 <0,
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where
A5 =D,, AS=D_—(d—1), Di=(0,Fn)>
We rewrite the equation A U; = f as
U, =A.U+F,

where U = (Uy,0.U;), F = (0, f) and

AOOZ{A+, .TZO,
A, =<0

with

0 1 0 1
A+_<—n2 277)’ A‘_<d1—1—n2 —2?7)'

Because A, has the geometrically simple, algebraically double eigenvalue 1 and A_ has simple
eigenvalues —n + /d; — 1, we find from Lemma 68 that A" is Fredholm with index —1. It
follows that M; is Fredholm with index —1 (Corollary 62, Theorem 66).

We show that the kernel of M, is trivial by examining the kernel of the scalar operator
Oue + O + d1C3* = 1: HA(R) C L2(R) — L2(R).

Writing the equation (9., + Ct? + d,C3? — 1)Uy = 0 as

*2 *x2
U - (8 é)U+ (8 Ci +d602 1) U, U= (h,0.0h)

and noting that it has no nontrivial solution satisfying U = 0 as x — oo by Lemma 70, we find
that the kernel of M, is trivial.

Next we note that M; is an X}-self-adjoint operator. From the facts that M; is Fredholm with
index —1 and its kernel is trivial we find that the kernel of M is one dimensional by Lemma 64.
According to Lemma 71 the functions V; = C7F, V5 = C3 solve the equations

Viee = (=14 C2 + d,C3H)VA,

and C7(z) = C3(—x). The above equations are decoupled, so that the kernel of M is spanned

by (Cf, —C3) € VL. 0

Finally, we examine the operator M.

Lemma 79. The operator M3 : :)Jf]’ C Xg — X;;’ is Fredholm with index 0 for dy > —ds, and
the set of values of dy > —ds for which it is not invertible is countable.
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Proof. Arguing as in Lemmata 74 and 78, we find that M3 is Fredholm with index O for
dy > —dz and is invertible if and only if M3 [d,] is invertible, where the scalar operator
ME[t] - H}(R) € L} (R) — LZ(R) is given by

ME] = Oy — (d3 + t(CT? + C32)), t > —ds.

Suppose that the kernel of the self-adjoint operator M [t*] : H?(R) C L*(R) — L*(R)
is non-trivial for a value t* > —d3 and let {{}, ..., &+ } be an orthonormal basis for the (finite-
dimensional) kernel of M?33[t*]. The analysis of Kato [28, Chapter VII.3.2] yields the following
result. For sufficiently small d there exist at most n eigenvalues A (d), ..., A\, () of M3 [t* + 4]

with corresponding eigenvectors &;(9), . . ., &,(d); the functions \;, {; depend analytically upon
0 and satisfy

A (0) = O(9), £ (0) =& +0(0),
asd — 0andj = 1,...,n. The eigenvalues of M [t*+§] are the eigenvalues of the n x n-matrix

M (0) representing the action of M3 [t* + §] on the basis {£(0), ..., &,()}. Using the fact that
M3 [t* + §] is self-adjoint and the series representations

ME + 0] = ME[H] + M6 + O(6%), M, = %Miz[t] =—(CP*+C3%)
we find that
M(8)i; = (ME[E" +0]6:(0), (0))o,
so that
M(8§) = My6I + O(5°)
as 0 — 0, where [ is the n x n-identity matrix.

The estimates in Lemma 71 yield

o 1/ 2 ?
_<Cl2 + 022) < —5 (mln{l, le}) < 0,

so that 0 is not an eigenvalue of M (4) for sufficiently small values of §, that is M3 [t* + §] is
invertible for sufficiently small values of d. It follows that the set of values ¢ > —d3 for which the
operator M3 [¢] is not invertible has no accumulation point. U

Altogether we have established the following theorem.

Theorem 80. For d, € (1,4 + v/13), do > —d3 and each sufficiently small n > 0 the operator
K:Y, CX, = &, is Fredholm with index —1. The kernel of K is trivial and the kernel of its
adjoint is spanned by (iCT, —iC3,0).
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3.6.4 Construction of the heteroclinic solution

Finally, we construct a solution to equation (3.75) which approaches P%?(z) as x — oo and
Q%Y(x) as x — —oo following the steps of Scheel and Wu [41, Theorem 2], Haragus and Scheel
[23, Theorem 2] and Haragus and looss [17, Theorem 2]. Defining

H(,6)(x) = ¢*"C*(x) + x(2)(P*(x) — (1,0,0)e") + x(~2)(Q"’(x) — (0,1,0)e™),
where x : R — [0, 1] is a smooth function with

1, x> M,

x(x) = { 0. z<m
for some positive constants m < M, and substituting the Ansatz
C=H(,))+V
with V € ), into (3.75), we obtain the equation
G(Vv,0,6) =0,

in which
G(V,0,0) = F(H(0,0) + V;0).

Lemma 81. For each sufficiently small n > 0 there exists an open neighbourhood Vg of the
origin in Y, such that the function G : Vg x (=0, 0y) x (—0do,d0) — X, is well defined and
continuously differentiable.

Proof. Since ), is continuously embedded in (C} ,(R))® we can choose Vg such that
V + H(0,0) € Ve forall V € Vg, 0 € (—0y,0y), 6 € (—o,dp). Denote the norm of
L((CL,(R))S, (Cpu(R))®) by [|-||. Using the estimates
G(V.0,0)(z)|
= [F(H(,0)(x) + V(2);9)]
= |F(P*(x) + € (C*(x) — (1,0,0)) + V(x);0) — F(P**(2); )|
< [0 (77(C* (@) = (1,0,0)) + V(2)]

+ sup [|di F(C; ] (Iew’”(C*(w) = (1,0,0)) + V()]

eVr
+ 10.(77(C* () = (1,0,0)) + V(@))])
S (€ () = (1,0,0) + [CL(2)] + [CF, (z)]
+ |V (@)| + Vo (2)] 4+ [Vae ()|
for x > M and
G(V,0,0)(x)] S (C*(2) = (0,1,0))| + [CL(2)] + |C, ()]
+ V(@) + [Va(@)] + [Vas(2)]
for x < —M together with Lemma 72, we find that
G(V,0,0)(x) = o(e™)
as x — Fo0; that is G(V, 6y, do) € (L2 (R))° for (V, 6, d0) € Vg x (=00, 60) X (—o, o).
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Note that

IG(V1+V,01,01)(x) — G(V1,01,01)(x) — dy F[H(01,61) + Vi;01](V(2))]
— |.F( (‘91,(51) +V1 +V 51)( ) .F( (01,51) +V1,51)( )
—dy F[H(01,01) + V1;61](V(2))]

/1 (dlfr[H(Qh 01) + Vi +tV;01](V(z)) — di A [H(61,61) + Vi 51](V($))>dt‘

< /1Hd1]-“r[H(91,51) + Vi +tV;d]
. i Fo[H(01,01) + Vi; ][IV (2)] + [Va(z)|)dt
for all x € R and hence
IG(Vi+V,01,61) = G(V1,01,61) — i F[H(61,01) + Vi;01](V)]| o,

1
S / ||d1fr[H(01, 51) + V1 + tV, 51] - dl]-"r[H(Ql, 51) + Vl, (51]” dt ||V||yn .
0

The above estimate shows that d,G[-] : Vg x (=60, 00) x (=00, d0) — L(Iy, (L2(R))®) exists
and is given by

dlg[Vl, 61, 51](V) = dl]:[H(Ql, 61) =+ Vl, (51](V) (388)
Furthermore

|d1G[V1,01,6:](V(2)) — d1G[Va, 02, 6] (V(2))]
= |d1 F[H(61,61) + V1;01](V(2)) — &1 F [H(62, 62) + Va3 0] (V(2))|
< Hdlfr[H(eh 51) + Vi 51] - d1]:r[H(92, 52) + Va; 52]” ’(|V(37)| + |VI<I>D|

for all z € R and hence

[d1G[V1,01,01](V) = d1G[V2, 02, 05](V)]| ,
< | di A [H (01, 61) 4+ Vi;61] — diF [H(62, 02) + Vai 6] |V,

forall V € Y, \ {0}. This calculation shows that

[4GIV 1, 61,81] — 4GV, b5, )l s v,
< || dy Fe[H(by, 1) + Vi;61] — di Fi[H(62, 62) + Va; 02]]] -

Since (H;(R))® is continuously embedded in (Cj, ,(RR))®, it follows from the above inequality
that d;G|-] is uniformly continuous.

Similar arguments show that

d2G[V1,01,01](0) = Ay F[H(0y, 61) + V1;01](d1HIO1, 01](0)), (3.89)
d3g[V1, 91, (51](5) = dl]:[H(ﬁl, (51) + Vl, 51](d2H[91, (51](5))
+ do F[H(01,01) + Vi 61](6) (3.90)

and that these derivatives are uniformly continuous. Note that
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— dyH,[Cy, Cra, 7, 6,](C) — dyHa[C1, Cua, 7, 61](Ca),
Ay F[C1;61)(8) = —dyHs[Cy, Cua, 2, 61](6),

and these formulae are understood pointwise in formulae (3.88)—(3.90) and the calculations used
to derive them. By construction G maps functions with the symmetry

Ci(z) = Co(—x), Cy(z) = C3(—x)

for all x € R to functions with the same symmetry. ]

Theorem 82. Suppose that d; € (1,4 + v/13) and dy > —ds. There exist 5y > 0, open
neighbourhoods V, W of respectively the origin in J,, x R and X,, x R x R and a continuously
differentiable mapping (V,0) : (—do, d9) — V with (V(0),6(0)) = (0,0) such that

* G(V(6),0(0),6) =0forall 6 € (—dy,dp),
* (V,0) = (V(0),0(5)) whenever (V,0,0) € W satisfies G(V,0,0) = 0.

Furthermore, the solution
Cs; = H(0(),0) + V(9)

to the system (3.71)—(3.73) is a reversible heteroclinic solution connecting P>*©) with Q%90
that is
Cs — P20 = g(e™)

as x — oo and

C(S . Q5,9(5) _ O(enaz)

as r — —oo.
Proof. We note that G(0,0,0) = F(C*;0) = 0, d;G[0,0,0] = K, where K : ), — &, is
defined by equation (3.81) and d>G[0,0,0] : R — X, is given by

d2G[0,0,0)(0) = 0K (ixCr, —izC3,0) = 0(2CY, —2iCY,0), 6 € R.

Since ker K* = ((iC7, —iC3,0)) (see Lemma 80) and

(d2G[0,0,0(0), (iC}, —iC3, 0)) 5, = 26 / (C22— C2)de =40, 0 €R,

—00

we find from Lemma 63 that
d2G[0,0,0](0) ¢ (kerK*)o = ImK
for 6 £ 0. It follows from the fact that X is Fredholm with index —1 (see Theorem 80) and

X, =ImK & (d,G[0,0,0](1)).

Since the kernel of K is trivial (see Theorem 80), the mapping

4,G[0,0,0] =K : Y, — ImK
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is an isomorphism, and writing
d(172)g[0, 0, O] : yn X R — Xn
as
d(1,2)g[07 07 O] <V7 9) =KV + ng[Ou 07 0] (0>7

we find that d(; 2)G[0, 0, 0] is an isomorphism. The advertised result follows from the implicit-
function theorem. [

3.7 Calculation of the normal-form coefficients

We have found periodic solutions under the assumption that ¢} > 0, ¢; < 0 and ¢} > 0, ¢y < 0
(see Section 3.5) and constructed a heteroclinic solution to to equations (3.53)—(3.58) which
connects the solutions P%?) as 2 — oo and Q*?(®) as 2 — —oo under the assumption that the

coefficients )
Co C3 C3
di = —, dy = — dz = —

201

C 2c;’ i
satisfy dy € (1,4++/13), dy > —ds (see Section 3.6 and Theorem 82). In this section we present
an algorithm due to Groves and Nilsson [16, Appendix] for computing c%, cé, 1, Co, C3, C4. First
we introduce notation for the terms in the reduced Hamiltonian up to fourth order. We write

HY(A,B,A,B,py) = c}(M; + Ms) + ck(My + My) + ¢t M; + ci Mg

3
+ c5p5 + Do Z(Céﬂ‘AJ +C54; + c3y By + Ty i By),
j=1

ﬁg(A7 B7K7 Ea pO) = DPo (kl(Ml + M3) + k3(M2 + M4) + k2M5 + k4M6)

3
+ Po <k5p(2) +p0 > (ks Ay + Ky Ay + ks By + E8+j§j)) :
j=1

HY(A,B,A B, py) = i (M + M2) + co My Ms + csMs (M, + Ms) + ¢4 M?

+ c5(My My + MsMy) + cg(M3 + M3)

+ c7 (M My + My Ms) 4+ cs My M,

+ co M5 (M + My) + c1oMe(Ma + My)

+ c11 Mg (M + M3) + c1oMs Mg + c13M¢

+ cra (M7 + Mg — Mg(My + My))

+ pg (kaa(My + M) + kis(Ms + My) + kiaMs + ki M)

3
+ 0 <k16p§ + Po Z(k16+jAj + k61 A, + Koy, Bj + E19+j§j)) ;

j=1
where ¢’ ]:IﬂL(u) denotes the part of F/° which is homogeneous of order j in € and n in u and
M, = AjA;, My =i(AB, — A By),
Mz = Ay Ay, My = i(AyBy — Ay By),
My = A3As, Mg = i(A3B3 — A3Bs).
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Next we find expressions for the coefficients in the above formulae that depend on solutions
to certain boundary-value problems which we derive. Every solution u; : (21, x2) — U; of the
reduced equation

U1, = Luy + PN (uy + r(uq;€))
with boundary conditions B(u; + r(uy,€)) = 0 generates a solution
w() = w(2) +1r(ur(z);€) (3.91)

of the full equation (3.22) with boundary conditions B(u; + r(uy;€)) = 0 by Theorem 33 (iii).
Substituting the Ansatz (3.91) into equation (3.22), we find that

Lr(uy(x); ) — dyrlu (2); e](Lua (2)) = P*(ur(x)) + durfu (); ] (P (u (2)))
— N(up(x) + r(us(z);€)), (3.92)
Bir(ui(z);e) = =B (ur(z) + r(ui(2);€)), (3.93)

where By, B, are the linear and nonlinear parts of the boundary-value operator 5 and we have
abbreviated PN¢(uy(z) + r(u1(z);€)) to P?(uy(x)).

We denote the parts of BZ(u), N°(u) which are homogeneous of order j in € and n in u by
gl B]r11 (u),e? N (u), the part of r(uy;e) which is homogeneous of order j in £ and n in u; by
7 (ul, ¢) and note the identity

Q(Lu + N°(u),v) + (By(u) + By (w)o = dH"[u](v),
which implies that

Q(Lw,v) + Bi(w)v = (
Q(N{ (w),v) + By, (w)v = 2Hy (

QN (wy,w2),v) + By o(wy, wa)v = 3H3 (wy, wa, v),
) (

Q(N:?(wl,wg,wg) v) + Bnl3(w1,w2,w3 v = 4H} (wi, wy, w3, v).
We write

uy = qofy + pofe + Aifi + Biff + Aofy + Bofy + Asfs + Bafs
+ AT+ BifE+ Asfl + Bof2 + Ay fl + By f2,
ri(ue) = > el AP BIAY B AR BEAL B, A B A By piy,
j+/ml=n
where

m = (klvllamlanlvk27l27m2an27k37l37m37n37n4)7
|m[ :kl+ll+m1—|—n1+k2+12+m2+n2+k3+l3+m3+n3+n4,

and note that
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3
Ps(A,B,K,E,pO):Z(anHgl[A,B,K,E,pO]f;+aBjH§1[A,B A B.plf!

B <82]g§1[A> Ba K? Ea pO]fJZ + aAjﬁrgﬂ[Aa Ba Ka Ea pO]_2>>
+ Op Hy[A, B, A, B, pol f;.-

The coeflicients
1 1
C1y C3, C1, C2, Cs, Cy
are computed by examining the
2 2 2 2
€A1, €A37 A1|A1‘ ) A1|A2| 9 A1|A3’ ) A3|A3|

components of equations (3.92), (3.93) respectively.

* We start with the € A; component of equations (3.92), (3.93). The coefficient
rl m; = (1,0,0,0,0,0,0,0,0,0,0,0,0)

mi’
is found from

(L —iwnD)ry, =icyfi — e1ff + i fe — N1,
Bﬂ"l =0.

mi

Noting that
QL —iw D)y, f1) = QLrgn, 1) = 112, f)
= 2H3(rjy, 1) = Bu(ri ) 1 — i Q(rfy,, 1)
= QLfL 1) + Bi(fD) i, — 101 Qrg, - f)
=~ Qf T,) — 101, f1)

=0,
iy fi — i ff +esfy = NI(fL), 1) = e = ANT(f )> 11)
=1 — 2H,(f}]

:Cl_2H2l<f17 11)
we find that

Hy (1, fD).

* Examining the € A3 component of equations (3.92), (3.93), we find

rrlm, m, = (0,0,0,0,0,0,0,0,1,0,0,0,0)
from
(L —iwl)ry, =icifs — c3ff + crfg — Ni(fs),

Blrmg = Bil 1 (fs ).

Arguing as above, we find that

Hy(f3, f1).
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The coeflicient

r m; = (2,0,1,0,0,0,0,0,0,0,0,0,0)

ms’

of A;|A;|? in equations (3.92), (3.93) is found from

(L —iwn D)oy, = iesfl = 2e0ff = 3NJ(fL, fl, 1) = 2NJ(FL ) = 2N5 (fL iy,

Blrﬂmg = _3321,3(f117 fllaf_ll) - 2821,2(f_117 7“214) - 232172(]011,7"&5),

where we additionally examine the A2, |A;|? components to find

/r‘E[]47 m4 = (27 07 07 O’ 07 07 07 O’ 07 07 07 07 O)’
r9n57 m5 = (]‘707170707070707070707070)7

from

(L — 2iwn I)rS,, = —NI(fL, 1),
BlTEn4 = _Bgl,Q(flla fll)’

L(rS, — ki f3) = —2NS(f1. ),
By(r%, — ki f3) = 2BY(f1, f1).

Finally, to determine the value of k; we examine the pyA; component of equations (3.92),
(3.93). The coeflicient

7Y m¢ = (1,0,0,0,0,0,0,0,0,0,0,0,1)

mgeg’

is found from

(L —iwnD)rh, =iksfi — ki ff + 2ke fy — 2NS (£, £3),
Blrgng = _2Br011,2(f117 foQ),

which implies that
by = 20Ny (1, £5). f1)
= 6H3(f1, 1. f3).
Altogether we have that
1 = 6H2(f117 fllvf_lla f_ll) + 3H§(T?n4’f_117f_11)
+3Hy (rom, — koS5, fi 1) + 18HS (1 fL f5)*.
The coefficient
7 m; = (1,0,0,0,1,0,1,0,0,0,0,0,0)

mry’

of A;|A5|? in equations (3.92), (3.93) is found from
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(L —iwn Db, =icrfi — cof} = 3NS(fL, f2, 3)
— 2N (f1 Tmg) = 2N5 (f2, 7y
— 2NG(f3, Pouse )
Biry,, = =3B 5(f1, f3. [3)
—2B015(f1Tmg) = 2Baa(f2, 7
- 2Bgl,2(f_217 Tl?nw)a

where we additionally examine the |A4,|2, A; Ay, A; A, components to find

7Y ms = (0,0,0,0,1,0,1,0,0,0,0,0,0),

mg’

T?r]g? mg = (170707070707 17070707 07070)7
r?nw? mjp = (170707071a07 07070507 07070)
from
L1 = k1 3) = =2N3 (/. 13),
Bi(rmg = k1fg) = =2Bu,(f5, f2),
LT?ng - _QNg(f117f_21)7
Birm, = =2Bus(f1, f3),

(L — 2iw1[)r?nw - _2N20(f117f21)7

Birma,, = —2Bhs(f1, f2)-

It is helpful to determine the value of k; in another way by examining the py A component
of equations (3.92), (3.93). The coefficient

TO mp = (070707 0717070707070707071)

miy)’

is found from

(L —iw D)rly, | =iksfy — kifs + 2ke fo — 2NJ(f3, f3),
By, = =2B5(f2, f0),

so that
by = 6HJ(f3, 3, £5) = GH3 (f1. FL. £o).
Altogether we have that

C2 = 12H2<f117f217f_117f_21> + 6H??(r12197f217f_11) + 6Hg(rg1107f_117f_21)
+ 6Hy (g — k1 fd, fis )+ 36H (fi f1, £3)%
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¢ The coefficient

0 m;; = (1,0,0,0,0,0,0,0,1,0,1,0,0)

of A;|As3]? in equations (3.92), (3.93) is found from

(L —iwi D)rly,, = icoft — csff — 3NS(f1, f3. f3)
— 2NG(f}, 7o) = 2N3 (f3, 700,,)
— 2NJ(f. i)
Bird,,, = =3Bus(f1. f1. /)
- 2321,2(f11> T?nw) - 2Bgl7z(f§a T?nu)

- 2321,2 (f_?}7 T?nls ) )
where we additionally examine the | A3|?, A; A3, A; A3 components to find

TO mi3 = <0a0707070a07 070>1a0717070)7

mj3’
r9n147 miy = (1a0707070a0a 070707()’17070)7
quw? mis = (170707070707 07071707 07070)
from
L(ro, = k2fs) = =2N3(f3. f3),
By(rmy; — k2f5) = =2Bu,(f3, f3),
(L —i(wr = w) D)y, = =2N;(f, f3),

Blr?n14 = _2321,2(f11’ f_él)?
(L —i(wr +w) ), = —2N3(f1 f3),
Birm,, = —2Ba,(fi, f3).

Finally, to determine the value of k; we examine the py A3 component of equations (3.92),
(3.93). The coeflicient

7,0 m;e = (070707 0707070707170707071>

mie’

is found from

(L —iw D)rS, = ikafs — kafs + 2ksfo — 2N3(f3, £3).
Bﬂ”?nw = _QBgl,Q(fisla foQ)v

which yields
ko = 6H§(f317f_§’ f(?)
Altogether we have that

63 = 12H2(f11’f§’f_11’f_31> +6Hg(rg1147f317f_11) + 6H§(r?1‘l157f_117f_?})
+ GHy (v, — ko f5. fi, A1) + 36Hy (fy, £, fO) H(Fi fiL £5)-
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* The coefficient
TO m7 = (0707()’ 070707()’0727071’()70)

mi7’

of A3|As3|? in equations (3.92), (3.93) is found from
(L —iwl)rpy,, = ieiafs = 2eaf] = 3NS(f3, f3, f) = 2N3 (f, i) = 2N5 (f3 P
Bﬂ"?n” = _3321,3(f?}7 f?}? f?}) - 2Br?l,2(f317 /r?nlg) - 2321,2(]%7 r?rng)?

where we additionally examine the A2, | A3|* components to find

Tl(']nlgv mig = (07070707070707 07270707 070)7
r?}’]197 mjg = (07070707070a07 071>0a17070)
from
(L= 2iwl)ry,, = =N (fs, f3),
Blr?llls = _321,2(f317 f31)7
Ly = k2f5) = =2N3(f3. f3),
Bi(rm,, — k) = —2Ba15( /5. f3)-
Altogether we have that

co = 6H)(fa, f3, fo, f1) + 3HI (% 1, f1)
+3HY(rO, ko f2, f1 FD) + 18HI(fA, fL, )2,

Finally, we record the formulae

0 1
—/ (1 + Boy)éxy dy — /BO (1 = Boy)&'x, dy
1 0

Bo

Bon€" — (1 = Boy)pxy

_ Bon€
21

fi1
— E&xy — (1 + Boy)pxy
1

1
(0 ) (e 4 1) = B (2002 € = (6) )
2 50 2.2 52 XZ
AL+ oy (XaaXy + XeXe) + S (VX + 75— o5 ) | dy
H 1
— (u1 — 1) (—Bonx, — € + v*Xon:)

—Bon(Xyy — V2Xoo) + (1 = Boy) (200X, + VP022X, — p8,) + Bopt!

. [ EE ) ) .
=201 Xy Xy — " L — 202 Xy X + £ Xy B0M — 1 Xy Xy

1
+ 202 am. Xy (L + Boy) + 11Xy Bon + V2 a2 xy (1 + Boy)
— V21 X220B0 — V2 X2 Xy — PBoE — p&y(1 + Boy)
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. 2 2 2 . 2
e . faxy | vinx; | g
11Xy — P XyBon — f1XyBon + 9 + 9 + 212
0
. 2 2 2 . 2
. . Xy | vix: | g
2 iy Bon — Bon, — fi Bon + Tt LR
B&Q(u) _ MleQ /~L1Xy OTI ) Oan NIXy 077 2 2 2/11%
— Vi Xans + vIXIn: — p§ = p§
1
Bong  §ux Bo
Xy — PXy — NBoE — T (= 1) | (€1 = Boy)) dy
0 1 0
Hn =1 [ (©olt+ o) dy
%o
and
2
Hw) =5,
HO(u) = 0 8B Eiuxy N Bonx;in VA Bomxe
SV A 21 22 2 2
0
/8 2 . 3 ]/2 . 2 . 3
O B VGG TN 20 B ) dy
2 6 2 3
1 2
% [ Bon(x,)? Bon ((£)? +v* (X))
+/ (—Ty—vznzx'z (Boy — 1) x, + ( 5 ) dy
0
BL 0
0
+p (/ (Boy — 1) Ex,dy — (/ . (Boy + 1)€Xydy>> ,
0 —_—
Bo
- [, (B0E_Shg_veing | St i , i
! L\ 2m 4y 443 2413 2 3
L 2Bonaxy  Bemtmxg XX €l vixdin
3 2 4 8,;11 24 8
Xyin  VPImxe o, . VA x; 6y’
s 5 TV xynzxzmﬁoy—f

52)( nit Bo
—2 X Boy + VXX + ——— | dy

1
1

+/%<(—(ﬂoy—1) 22_52 2)( ) 5 2(§)>dy

—%(/ (Foy + >f><ydy> —%( (Boy ~ 1, )
<pﬁon+ ( / (Boy — DEX, y)) ( 5oy+1)£xydy>
+ pBon (/Oﬂo (Boy — 1) é’x;dy> % (202 + )"



146 Pattern formation at a fluid-ferrofiuid interface

which are used in the above calculations, where we use the associated symmetric multilinear
operators. Here u = (0, X', x, p, ’, £) and we have abbreviated 1(1), (1), ji(1) to respectively

iy f, fi.

3.8 Results

Attempting to compute explicit general expressions for the coefficients ci, ci, 1, ¢a, c3, ¢4 leads
to unwieldy formulae, and it appears more appropriate to calculate them for a specific choice of
(4, that is a specific magnetisation law. For a constant relative permeability ;4 (corresponding to a
linear magnetisation law) we find that

plp — 1)2 2 -
cs <1 + ———(¢qtanhq — 1) cosh™ q) ,

Bo(p +1)
cl = <sin(a)2 (1 + gs‘(’p—;ll)j(q tanh ¢ — 1) cosh™ q))l ,

where o = cos™! (£) € (0,%), and

2¢y _ _q4B§ 2 —1)% (=3 — 4cosh(2q) + cosh(4q))(—2 + sech(q)? + 4sech(2q))
(C%)Q 4 (p+1)4 <2qﬂ +1 ,utanh(Zq) Yo — 4(]25(%) cosh(q)? cosh(2q)
_ ¢*B3 sinh(g)”!

(= 16p(p* — 1)* cosh(q)* 4 16p(p — 1)*sech(2q)

+ 6q80(p + 1)3 Sinh(2q))
"Bt (p—1)°

4 (p+1)°

sech(q)”,
Yo o (p+ 1)
2¢; _ _q4ﬁ§ ,LLQ(,LL — 1)6 (=3 — 4cosh(2q) + cosh(4q))(—2 + sech(q)2 + 4sech(2q))
(1) 4 1) (2(]5 1 Mtaﬂh(QQ) Yo — 4q253> cosh(q)? cosh(2q)
q*f3 sinh(g) !

E (= 16p(p* — 1)* cosh(q)* 4 16p(p — 1)*sech(2q)
+ 640 (p + 1)° sinh(2q))
g8 p*(p —1)°
Yo o (p+1)*

4 (p+1

sech(q)",

where ¢ = ;—0 The coeflicients ¢}, ci are evidently both positive, while it is necessary to

determine the signs of the (equal) coefficients ¢4, ¢c; numerically. Figure 3.6 shows the region
of (u, ¢)-parameter space in which ¢4, ¢; < 0.
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Figure 3.6:

The shaded areas show the regions of (u, ¢)-parameter space in which rotated rolls exist.

The remaining coefficients are given by

3133 o -1
(6012)2 =-* 460 %( — 16(p* — 1)% cosh(q)? + 16p(u — 1)*sech(2q) + 6480 (1 + 1)® sinh(2q))
1

_ a8 P —=1)°
% (p+1)?

sech(q)*
+ < — 6 cosh (g)* cosh (2 q) ¢* 82 sinh? (q) (1 + 1)* sin? () cos? ()

+ ((18 cosh? (q) ¢ + sinh(q) (—6q2 — 15) cosh(q) + 2¢% — 15q)

x % sinh? (¢) g cosh(2q) cosh® (q) pu ( — 1)? (1 + 1)°

+ (4q2 cosh? (q) — 4sinh(q) cosh® (q) ¢ — 4 cosh? (¢) ¢* + cosh® (¢) + 2¢ sinh(q) cosh(q) + ¢* — cosh? (q))

X % sinh? (¢) cosh(2q) % (u — 1)6) cos? (a)

+ (( (33 + 4% + p+ 3) (5cosh® (g) — 2cosh” (q))
— (114 = 347 = 31+ 11) cosh® (q) +2 (1 + 1) (1 — 1)2 cosh(q) ) 3sinh(q) ¢*u (1 — 1)’
- (4 (1 + 1)3 sinh(q) cosh® (q) — 12 (1 + 1) sinh(q) cosh® (¢) + 5 (1 + 1)® sinh(q) cosh? (q))
x g sinh(q) ¢*p (1 — 1)
~ > sinh? (q) cosh? (g) (2cosh? () — 1) qu (u — 12 (1 +1)° )ﬁo
~ (4% cosh* (q) ~ 4sinh(q) cosh® (q) g — 4cosh? (g) ¢* + cosh® (q) + 2q sinh(g) cosh(q) + ¢* — cosh? (q) )

x sinh? (q) (u — 1)° p? (2 cosh? (¢q) — 1) 11)
y 263 sinh? (9)
3(2cosh? (q) — 1) (u — 1)

+2 (2680 + KORD + kPR 4 RORD 26D RE kDR 4 KPR + kPR

where

Y = ((qﬁo sin? (o) cosh(2q) 1 (1 — 1)* + 4o sin® (@) cosh® (q) (1 — 1) (u+ 1)

+ 2sinh(q) cosh(q) (44288 sin? (o) +70) (1 + 1) — g cos? (a) u (4 — 1)? )
x tanh(2sin(a) q) (u — 1)

— 4 (4¢° B3 sin® (@) + 7o) sin(a) cosh® (q) p (1 + 1))
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Bog t(2sina) (u— 1)
cosh(@Z (u+ 12

KM = (%qcoshQ (4)sin® () (1 — 1)* — sinh(g) cosh(q) (4”83 sin (@) + %) (n+1) + %qu (n—1)2 )

o 8Boq tanh(2sin(w) ¢) t(2sina) (u — 1)?
cosh(@)2 (1 + 1)

k?) = ((sin2 (@) (n — 1) cosh(2q) — (4 (n+1) cosh? (q) + pu — 1) cos? (o) + 4 (1 + 1) cosh? (q))

)

x cosh(2sin(a) q)
— 4sin(«) sinh(q) cosh(gq) sinh(2sin(«@) q) (1 + 1) )
7*B3p(p—1)
2cosh(q)” (1 + 1)

q°f3 cosh(2sin() q) pu (p — 1)
cosh(q)? (u + 1)

)

kD = (cosh(2q) cos? () + cos? (a) — cosh(2q) )
h§2> = (2 cos(a) cosh? (¢) (4q253 cos? (a) + WO) p(p+1) cosh? (gcos(e))

= (@ 1) cos? (@) (u = 1) oot (@) + (1285 cos* (@) +20) (o + 1) sin(a) cosh(a) — P (1 — 1)?)

x sinh(q cos(a)) cosh(g cos(a)) (n — 1)
— cos(a) cosh? (q) (4% B8 cos? (@) + o) o (1 + 1>)

4qBot(2cosa) (u— 1)
cosh(2q cos(a)) cosh(g)? (p + 1)’

h? = (2 (4653 cos? (a) + o) (12 + 1) sinh(q) cosh(q) — 2 cos? (o) Boug (1 — 1) cosh? (q) — Bopg (1 — 1) )

o qBo tanh(2q cos(a)) t(2 cos a) (1 — 1)
cosh(@)2 (1 + 1)

k?) = ( (-4 (Bu+1) cos? (a) cosh? (q) + 2u — 2) cosh? (g cos(a)) + 2 (3p + 1) cos? (a) cosh? (q)

+ 8 cos() sinh(q) cosh(g) sinh(g cos(ex)) (p + 1) cosh(g cos(a)) — (1 — 1))

pa®83 (w—1)
2cosh(q)® (u+1)*’

232 _
k2 = (2 (n—1)(2 cosh? (g cos(a)) — 1) (2 cos? (a) cosh? (¢) — 1) ) ¢ Bopn=1)

2cosh(q)” (u+ 1)’

and

—1)2
t(s)~! = (u%sqﬁo tanh sq — (s°¢* B3 + VO)) (1 + 1) sinh sq,

and

3233 o h -1
% = _2Bg sin (@) (- 16u(u? — 1)2 cosh(q)? + 16u(p — 1)*sech(2q) + 6¢Bo (1 + 1)3 sinh(2q))
cieq 4 (p+1)3

_ a8 pP e —1)°
% (k+1)?

- ((i (= 1)* (cos® () — 2) (tf + i) psinh(2q) — ((tf + g) cos® (@) + 4112) Bog cosh? (g) (1 + 1)3)

x 12 cosh® (2¢) p (1 — 1)2
—3u2q (cos2 (@) = 2) (u — 1)% cosh* (29)

= (3 cos® (@) -+ 177 cosh(@) + sinh) 0 (s ~ 1)) o cosh(a) (s + ) sinh(20)

sech(q)*

— 3—“2 (0052 () —2) (n— 1)4)

X 96 (11 — 1) gBop cosh® (2q)
+ ((~19280 % (Bo a® (1 + 1) cos? (@) +2 (= 1)? ) ( + 1)° cosh? (q)
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~assin(a) (u— 1)* (¢ + 5 ) foan -+ 1)° cosh® ()
+32 (p — 1)* (30 + (¢° — 3) cos” () Bo ¢° i (1 + 1)* cosh? (q)
+384sinh(q) Bop q° (4 1) (1 — 1)* cosh(q) — 32 (cos2 (@) —2) (p— 1)6)

x sinh(2q)

+ (costtt (@) + (% + 25 ) cos? (@) + 3—2) (1 = 1 g cost® (@) + 1)

768
X cosh(2q)

—192cosh? (q) Boprq® (n+1) (n— 1)* >

A3
X
96 sinh(q) cosh(2q) cosh(q)® (1 + 1)*
+2 (268 + KR + kPR 4+ RO RO 26RO + kR 4 KORY + kDR

where
WO = ((Z (i3 ) o= 1 ((singe) + 2 cos? (@) = § = 22D gy comn ()
+ sinh(q) ((sin(a) >822 +2¢°82 + ’Y?O) cos? () + (—% - ’Y—O> sin(a) — % - 5%) (p + 1) cosh(q)
- <0082 (@) —sin(a) — Z) %qu (n— 1)2)
X /2 + 2sin(a) tanh(\/Q + 2sin(a) q) (r—1)
232
+ (cos4 (o) ,33(]2 + ((*3(1263 — %) sin(ar) — % — 'y()) cos? () + g (1 + sin(e)) (qQ,BS + ’YTE)))
x 2 cosh? (q) p (1 + 1)>
. Safosinh (q) cosh? (g) (u-+ 1)? 1(/2(1F sin(@)))
(= 1)? (2sin(a) + 1)2
h£3) = ( <C054 () + (—3 sin(a) — %) cos? (o) + gsin () + g) %)q cosh? (q) p (u — 1)2

- (4 (a) BRa® + ((73q2/33 — 1Y sin(a) - 2463 - ’Yo) cos? (a) + 5 (1 +sin(a)) (258 + %))

x sinh(q) (1 + 1) cosh(q)

~ ((sin(a) + 2)cos? (@) - § = 25 ) oy - 1>2>

16430 sinh? (q) cosh? (q) (u + 1)* tanh( 2+ 2sin(a) q) t(1/2(1 + sin(w)))
>< I’

(r— 1) (2sin(a) 4+ 1)% /2 + 2sin(a)

k§3) = (( (1 +sin(@)) (1 — 1) cosh(2q) + ((4p + 4) cosh? (q) + p — 1) sin(a) + (4 + 4) cosh? (q) — p + 1)

X cosh( 2 + 2sin(a) q)

- 4sinh(\/2 + 2sin(a) q) /2 + 2sin(a) sinh(q) cosh(q) (u + 1)>

 B04® cosh? (q) sinh (q) pt (p +1)”
d(p—1)°

k£3) = -2 cosh< 2 + 2sin(a) q) (sin(a) cosh(2q) + sin(a) + cosh(2q) — 1)

)

B34q? cosh? (g) sinh* (q) u (1 + 1)*
4(p—1)?

hD = (( (n—1)2%p ((0052 (a) — %) sin(a) — 2 cos? (@) + %) a0 cosh(2q) é

F=Dpp+1) ((cos2 (a) = Z) sin(a) — 2 cos? (@) + %) qfo cosh? (q) %

9¢%B2 70

9¢°68 | 5
1 ?> sin(ar) + (—2(12,3(2) — ?) cos? (o) + a5y a

1 + ?) (1 + 1) cosh(q)

+ sinh(q) ((0052 (a)*B5 —
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(=1 (o @ = ) sin@)) (s = 102 waso )
X /2 — 2sin(a) (p—1) tanh( 2 — 2sin(a) q)

9 9 . 21 9 9
- (((361263 + %O)COSQ (@) — 5(1263 - gvo) sin(a) 4 cos? (@) B82¢% + ( - ?tfﬁg - 'Yo) cos? () + 5(1253 + gvo)

x 2cosh” (q) p (1 + 1)>

1640 sinh? (q) cosh? (q) (1 + 1)2£(1/2(1 — sin(a)))

/2= 2sin(a) (u— 1)% (4cos? (a) + 4sin(a) — 5)
h$4) = < —16(p—1)2p ((cos2 () — %) sin(a) — 2 cos? (o) + Z) qBo cosh(2q)

4610 107 o ( (o @) = § ) sin(e) — 208 (@) + § ) cost® 4)

232
— 128sinh(q) ((0082 () ¢?B2 — % - %) sin(a) + <—2q268 - l;) cos? (o) +

—16 (—i + <0052 (@) — %) Sin(a)) (n—1)? uqﬂo)

gBo sinh* (¢) cosh? (q) tanh<\/2 — 2sin(a) q) t(y/2(1 = sin(a))) (u + 1)3
X
8 (u—1)2 (4cos? (a) + 4sin(a) — 5)

94262 5
qTﬁo + %) (1 + 1) cosh(q)

)

k§4) = (( (=1 +sin(a)) (u — 1) cosh(2q) + ((4p + 4) cosh? (q) + p — 1) sin(a) + (—4p — 4) cosh? (q) + p — 1)
X cosh< 2 — 2sin(a) q)
+ 4sinh( 2 — 2sin(a) q) sinh(q) cosh(q) (u+ 1) /2 — 2 sin(a))

. B34® cosh® (g) sinh® (q) pu (n + 1)°
d(p—1)°

EY = —2 cosh( 2 — 2sin(a) q) < (=1 + sin(«)) cosh(2q) + sin(a) + 1)

)

24 cosh? (q) sinh* (¢) p (p + 1)*
4(p—1)° '

The regions of (1, ¢)-parameter space in which additionally d; € (1,44 +/13) and dy > —d3 are
shown for various values of « in Figure 3.7.
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Figure 3.7:

The shaded areas of (u, ¢)-parameter space in which symmetric corner defects exist.

The solid, dotted and dashed lines delineate the regions in which ¢; < 0,d; € (1,4 + v/13) and do > —ds;
the ‘lower’” and ‘upper’ shaded area in Figure 3.6 are shown on the left and right.

The values of a (from top to bottom) are sin~*(0.1),sin~*(0.15), sin~*(0.2), sin~*(0.28),sin*(0.3),
sin~1(0.35),sin"1(0.36), sin~*(0.4),sin " (0.6),sin~*(0.7), sin~*(0.8).

It is also possible to compute the coefficients for small values of [, (the limit 5, — 0
corresponds to fluids of infinite depth). Recall that w, vy, 5y satisfy the equation

Yo = fﬁo(w>7

where

2

pa(pn — 1) 1

S S1s
scoth — 4+ Siscoth —
i Bo ! Bo

fﬁo(s) = gﬁo(s)s gﬂo(s) =

and w is the unique maximum of the mapping f3,, and note that f3, converges pointwise to

—1)?
:Ml(ﬂl )5—52

fol®) p1 + S

as 5y — 0. Because

Y = fo(w), 0= fé(w)7
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where the prime denotes differentiation with respect to s, it follows that
w=o0+o(1), Yo = 0 + o(1)

as By — 0, where

1/2
M1

p1 +

o — 1)

A Vot e .:.17 g =
2(,“1"‘51) M1 ILL() 1

Abbreviating (1), (1), ji(1), fi(1) to respectively g1, fu1, ji1, [i;, one finds for small values of
Bo (corresponding to deep fluids) that

ey =1+o(1), c} = sin"?(a) + o(1)

S107jiy o® (141181 (p1 + fu)) i}
(= D (1 + p1)® 0 2p1 (p1 — DO (ua + fn)°

(
+ (611%1 + 150147 — 154 — 617 — 4Tp1ju — 17#%)

510'7;11
3p2 (pa — 1) (1 + fun)*

3207 i1
3(p1 + 1)? (w1 — 1)°

+ (Sui‘u?+ (1207 + 83+ 1343 jid + (1843 + 8y + 9143) 17+ (1205 + 245 + 11141 fin + 3pf + 245 + 33u?>

207

X -
3p3 (1 — 1) (1 + fan)*

+ ( (27u3 — 18u1 +9) ff+ (15303 — 503 + 4701 i3 + (291pf — 6203 + 13703) (3 + (20748 + 661 + 8143) fu

S107
33 (1 — 1)° (1 + fn)*

- (783;/%;@ + 330623 13 4+ 479122 ud + 288071 13 + 57615 — 22244 1y — 24523 47 — 580643 13

1665 + 485 + awf)

— 4800711 — 115207 + 1547 + 298713y + 159143 u3 + 192001 43 + 576,@*)

y S108
6 (1 + 1)t (1 — 1)% 3

- (288;1‘;’;1:{’ + 144045 1 4 288073 15 + 288047 S + 14404, 17 + 288uf — 608t S — 246443 u7 — 368043 15
— 2400411 1 — B76p] + 5571t 13 + 278213 3 + 442143t + 2688411 + 57615 — 282t 1 — 220443 142

— 449042143 — 297611t — 5763 + 4547F + 44643 1 + 144503 43 + 124851 p3 + 288;/1*)

o8

X
613 (1 — 1)% (1 + fn)°

+ o(1)

as By — 0, while

c2 510'7}11

2(eD? (= DT (i + )’

4 (f (4 (sin(a) = 1) (4 1) (ir + ) os? (@) — 5 (s + 1) (x + o) sin(@) + (51 +4) (i +11) ) S1 + 1)

o 808 sin(a) ji2
(p1 — 1)8 p1 (a1 + p1)® (4 cos? (a) sin(a) — sin(a) — 1) cos(a)?

= (4000 + )08 @) = 4G -+ ) cos? (@) + (i + ) cos(a) )51 + 1)

808 cos(a) ji2
X
(11 — 1P x (for + 21)° sin(@)? (4cos? (a) — Beos(a) + 1)
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2 (cos* (@) — cos? (@) — 1) S107ji2
(11— 1) i1 (1 + )" sin()? cos(@)”

+ <((2m(u1+ ) (443 + Gpan -+ A)sin(e)+ uf + (24— )yt + (23 = 5jon — 6)paf — (6 + ) — (61— 1) pa+ i)
x 24 (ju1 + 1) cos* (a)
- (%m (4 1) (B3 + S+ 1) sin(a)+ pf + (201 — 4) pi + (7 — 4o — 4) pf
— (4 + %) i+ (—5ﬂ1+ )M1+ 7“1)
X 36 (fu1 + p1) cos® (@)

+6 (uf + (201 — 1) g1 — 1) (fu1 + pa) sin(@) + 643 + (121 — 6) puf + (—642F — 6411) p1 + 12;1%)

8
% 8
3
2 401 | 4 241\ s u3 . 10\ 2 . .
+ M1+ >M1+(T+§>M1+T)bm(a)—?4‘(#1—?)#1‘*‘(—2#1—1)#1—#1
x 12 (11 + p1) cos® (a)
+ ( (—15u1 + (=161 — 35) uf + (743 — 5511 — 20) pf + (—2027 — 34/11) p1 — 22/47) sin(a)
+2uf + (47 — 20u1) 113 + (—3043 + 771 + 9) ud + (3023 + 26/11) p1 + 25;1%)
x cos? (a)
+ (=5 + 1) pf + (—154F + 31 — 1) i3 + (241 + 3u1) g + 14417) sin(e) + (51 + 1)

+ (1545 + 2f1 — 1) pf + (—4F — 61) p1 — 13u%)

X 16 (fu1 + p1) 5'1)

o8 sin(a) ji1

13 (fu1 + p1)® cos? (a) (4 cos? (a) sin(a) — sin(a) — 1) (u1 — 1)°

+ <16u1 (s + 1) (ion + 1) cos (@) = 16 (1 + (i + 3) i + (22 = 1) pa = 1) (i + ) cos* (@)

— 120 (1 + 1) (1 + )% 05 (@) + 16 (1 + (jna + 15) 3 + (22 = 5 ) = B3) (i + pia) cos? (@)
—4 (B4 G+ 3) el (B 3) i+ A1) G+ ) cos(a) + dud + (1in = 4) i + (53 = Tjna) jur — i
+ (16 (i + ) G+ 1) (1 + ) cos® (0) = 20 (d 4+ (22 + 2) o + 22 (jia + pua) cos® (1)

+ (=120 + (=224 — 12) pf + (—184F — 144u1) p1 + 6/i}) cos® (a)
+ (1768 + (27j01 +15) p + (18417 + 22/u1) 1 — 7 cos® (@)
+ (-

3t + (=41 — 5) pf + (=307 — Tpa) p1) cos(a) + 4pa (fun + pa) (=1 + pa + ﬂl))

X S1 (ﬂ1+u1)>

y 1608 cos(a) ji1
(i + p1)” (1 — 1)7 (cos(a) — 1) (cos(@) + 1) (—1 + 2cos(a))? 42
3207 i1
(p1 —1)° (i + m)®

- ((—21u?f + (=111 — 11) i + (245 — 37ju1) p1 — 18)i7) cos* (av)

+ (2148 + (1121 + 11) pf + (=245 + 3741) p1 + 18447) cos® (a)
—8u3 + (=201 + 8) uf + (—44F + 124n1) p1 — 4#%)

o7 S1jin
X = 2 2 - 1 2 5
sin(a) cos(a) (1 + 1) pf (p1 — 1)

- <((6<m+1) (1 + (B 4+ 3) i+ G+ 3) i+ 288 ) o G+ o) sim(@) + ] + (20 — 1) 1§

+ (i3 + 91 — 21) i} + (12433 — 301 — 18) pf + (2023 — 947 — 2711 — 10) i
+ (=80 — 2011 + 1) i + (—1073 + 24) 1 + i)
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x 8 (j11 + p1)? cos® (a)
= (W7 + (@i + 3) 8 + (503 — i +23) uf + (2] — Zid + 35 + &) it
(=203 + 1043 + 31 +12) d + (B3 + 2301 — 1) 1 + (1543 — 24u) 1 — 13
X (fir + 1) sin(a)
+ 20 (2 0 ]+ (A 10 8 ) 4 (— 32— gy + 5#? + 30d) ui
+ (—%ﬂl - %ﬂ% -9+ 5#1 +2248) pi + (‘7#1 - %Ml 643 + + 2#1) It
+ (=28 = T+ 240) 6 + (1963 + 3) a + 243
X 8 (fu + p1) cos* (a)
(W + (@i — §) 8 + (503 = g +3) ud + (26 — 3id + Bja — §) ik
+ (=208 + Tid = R +2) pd + (- B3+ Rin —1) pd + (2243 - 2i) i — )
X (11 + p1) sin(e)
+p3 + (*§+M)u1+(3+ Bif - 2o)pS + (L + B+ 703 - 203) 18
+ (-G +ai+2+ 2u1+Gul)uﬁ(f%u%gﬂwgﬂlflﬂm)ul
+ (=208 - 203 - Bin) pd + (- 5at - 26d) m + % )
X 12 (j11 + p1) cos? ()

P . -2
+ ((u? + 2 = 1) — i) (4 pn)sina) + pd + (=14 252 ) o+ (34 = 3n) pa + “7)

X (31 + p1) (p1 — 1)#1)
X 16
+((3(u1+1)(u‘%+(5‘é1 ) w4 (L
s+ (201 = 3) pd + (6F = 7) pi + (i 201 — ) pd + (347 — 1641 — 3) pf
+ (= 5AT — 4hn) py — ¥ %)

X (fu + p1)” cos® (a)

-2
)i+ (Bt + i) + B ) sin(e)

17,8 ; =
- (( L +<§+2?%)ui’+(55 + 2o+ 33 pt + (B + 248 — Sf + L) pd
. 5\ .2
3(pa+3 )ATHr 1743
+ (—2if + 3#1+6u1)u1+7( 43) — + 1§1>
X sin(a)

+ul + (B — 5) ul 4+ (30F 4+ S — A1) pd + (0 + 1247 — A — 23) ud

+ (A8 + Fat = A — ) pd + (548 — Fid — 60n) uf + (3341 — T5AT) m — %)

3

x 8 (it + ur) cos? (@)
75 [ .
(o + (T35 = 3) i+ (5 = S+ 2808w+ (=5 + i — B2+ 120
y 155 (2 -2 py - 2 ) a3 y 93
+ (-3 + 18303 — T + Bad) pd - G B ag) et + (503 + 2y + B4
X sin(a)
+ul + (—3+ L%{”)u? + (5= 8+ Ba3) w4+ (-5 — Lid + L+ i) wd
1

9\ 2,2
p 35(# +aEp1— 7># o R -4
19 -3 , 151 -2 85 - 5 -4\ 3 1 55 10)PTPT | ad(a1—123)u1 5944
( M1 M1 — 161 Z“l)“l B 16 16

-2
(3 i)t + @i = i+ 3+ (- = i) s — 28 ) sin(e)

1442
5

+(—pn = 2)pd 4+ (=30F — i+ 2) pd + (=243 + Ein)

X 25 (31 4 1) (w1 — 1) ﬂl)
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X 256 (fu1 + 1) Sl>

o8 sin(a)

13 (fu1 + p1)® cos? (a) (4 cos? (a) sin(a) — sin(a) — 1) (u1 — 1)°

+ <(4 (201 + 1) (11 + 1) g (fu1 + p1)* cos” (@)

+ (u + (31 — 10) 1 + (33 — 14 — 14) i + (55 — 4453 — 1941 — 10) 1}
+ (— 43 = 200 + 1) i + (<1043 + 24n) pua + 3
X (fu + p1)? cos® (@)
( + (31 4 12) 1} + (343 + 19411 +30) pf
+ (B3 + 1143 + 4700 +12) pf + (1847 + 1301 + 1) pf + (=345 + 21) p1 + u%)
X (fu1 + p1)? cos® (@)
- (15,& + (6041 — 126) u§ + (90423 — 3211y — 162) pf + (6045 — 28843 — 37841 — 126) uf
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where
a%:2+2sina, a%=2728in04, a%:4fa%,

as By — 0.

The results of this calculation for constant x4 are shown in Figure 3.8.

Figure 3.8:

The shaded areas of (s, a)-parameter space (for constant p and deep fluids) in which symmetric corner defects exist.
The solid, dotted and dashed lines delineate the regions in which ¢; < 0,d; € (1,4 + v/13) and do > —ds5.
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