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Abst rac t

Automat ic  syn thes is  o f  non- recurs ive  f lowchar t  programs from
t races  o f  observab le  behav iour  i s  inves t iga ted .  Our  p rogram
synthes is  a lgor i thm descr ibed  here  can  be  app l ied  to  se ts  o f
sequences  o f  s to res  y ie ld ing  min ima l  p rograms  be ing  capab le  o f
reproduc ing  these  sequences .  An e f f i c ien t  dec is ion  p rocedure
for  so lvab i l i t y  o f  p rogram synthes is  p rob lems  is  p resented .  An
ex tens ion  o f  PA admi ts  four  d i f f e ren t  t ypes  o f  inpu t  t races .
For  -a l l  four  t ypes  p rogram synthes is  rema ins  NP-comple te  even
under var ious cons t ra in ts .  ‘

KeywordÄ—and Phrases :  au tomat ic  p rogram synthes is ,  example
computa t ion ,  iden t i f i ca t ion  in  the  l im i t ,  NP-comple teness ,
observab le  behav iour ,  s to re  t races ,  p rogram synthes is  p rob lem,
program synthes is  a lgor i thm

1 .  In t roduc t ion

Di f fe ren t  approaches  to  p rogram synthes is  f rom example  compu-
t a t ions  have been inves t iga ted  (c . f . [B i  76 ] , [B ib  78 ] , [Ha  75 ] ,
[JK 81 ] ,  [ 386  7S ] , [Su  77 ] ) .  Here  we a re  in te res ted  in  syn -
thes i z ing  non- recurs ive  f low-char t  p rograms  f rom observab le
changes  a comput ing  dev ice  undergoes  when g iven  some input .  As '
an  ex tens ion  to  [BK 76 ]  where  on ly  ins t ruc t ion  sequences
toge ther  w i th  in fo rmat ion  on  the  executed  tes ts  a re  con—
sidered ,  the  input  to  our  sys tem are  t races  o f  s to re  descr ip—
t ions  w i th  no  ind ica t ion  where  a t es t  m igh t  have  been  ex -
ecu ted .  In  sec t ion  2 we g ive  some example  input  our  a lgor i thm
is  capab le  to  dea l  w i th .

One o f  the  p rob lems  we have  to  cope  w i th  i s  combina tor ia l  ex -
p los ion .  Th is  stems from the  fac t  tha t  th ree  d i f f e ren t  t ypes
of  hypothes is  have  to  be  made fo r  every  s to re  t rans i t ion  in
the  input :

( 1 )  What ins t ruc t ion  I has  caused  the  t rans i t ion?
(2 )  wha t  t es ts  had  been  executed  be fore  I was executed?
(3 )  What o ther  ins t ruc t ions  can  be  merged  w i th  I ( i . e .

wh ich  loops  can  be  cons t ruc ted )?
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Sect ion  % g ives  an overv iew  over  the  methods,  s t ra teg ies  and
heur is t i cs  we use  to  choose  these  hypotheses  appropr ia te ly .

The  syn thes is  a lgor i thm g iven  in  sec t ion  4 has  been  proved  to
be  cor rec t  , l i n ina l  and comple te  in  the  f o l l ow ing  sense:

(1 )  the  syn thes ized  program P '  has  the  same observab le
behav iour  as  g iven  by  the  input ,

( 2 )  the re  i s  no  shor te r  p rogram (w . r . t .  the  number  o f
ass ignments )  w i th  th is  p roper ty ,

(3 )  fo r  every  in f in i te  enumera t ion  o f  a l l  computa t ion
sequences  o f  the  observed  programm P the re  i s  some
f in i te  k ,  such  tha t  a f te r  hav ing  seen  the  f i rs t  k
t races  o f  the  enumera t ion  the  syn thes is  a lgor i thm w i l l
syn thes ize  a program P '  tha t  i s  observab ly  equ iva len t
to  P ;  i . e .  every  P w i l l  be  iden t i f i ed  in  the  l im i t  [Go
67 ] .

Some ex tens ions  o f  the  syn thes is  a lgor i thm a re  ment ioned in
sec t ion  5 .  In  [Be  80 ]  the  prob lem o f  program synthes is  i s
shown to  be NP-comple te ;  in  sec t ion  6 severa l  subcases o f  the
genera l  problem are  g iven  which a re  s t i l l  NP-comple te .

: -  S to rg  t races

Suppose we a re  g iven  a computing dev ice  w i th  four  reg is te rs
r1 ‚  r2 ,  r3 ,  r4  (and no ex t ra  s to rage ) .  Each o f  the  reg is te rs
can ho ld  an in teger .  The conten ts  o f  the  reg is te rs  i s  d is -
p layed  permanent ly  and  can  be  seen  wh i le  the re  i s  no  way to
look  d i rec t l y  a t  the  p rogram the  ca lcu la to r  executes .  The  in -
s t ruc t ion  se t  o f  the  mach ine  i s  g iven  by  (where  _ i , j  e
{1 ‚ . . ‚ 4 } ) :

ass ignments :
IC ( i ) :  r i : =  r i  + 1
DC( i ) :  r i : =  r i  — 1
A( i , j ) :  r i : =  r i  + r j
S ( i , j ) :  r i : =  r i  - r j

t es ts :  ‘
LZ( i ) :  t rue  i f f  r i  $ 0

The program P ( f ig .1 )  can  be  executed  by  th is  machine.  P te r -
minates  fo r  a l l  i npu t -quadrupe ls  over  the  in tegers ;  fo r  r3  in -
i t i a l l y  g rea te r  then  ze ro  i t  computes  a genera l i zed  vers ion  o f
McCar thy 's  91 - func t ion  [Ma  74 ] ,  name ly :

f ( r1 )  = i f  r 1> r2  then  r1 - r3  e lse  f ( f ( r1+r3+1 ) )
which  fo r  r2=100  and  r3=10  becomes iden t ica l  to  the  o r ig ina l
91 - func t ion .  P computes  the  l eas t  f i xpo in t  o f  f (p rov ided
r3>0 ) :

f i x . f  = X r i .  i f  r 1> r2  then  r1 - r3  e lse  r2—r3+1

Every  program node w i th  ins t ruc t ion  I has  a l abe l  l e In such
tha t  ( l , I )  i den t i f i es  exac t ly  one node ;  thus ,  ( 1 ,A (1 ,2 ) )  and
( 2 ,A ( (1 ,2 ) )  a re  the  d is t inc t  ins tances  o f  A (1 ,2 )  in  P ( f ig .1 ) .

A s to re  t race  ($1 , . . . , sn>  o f  p rogram P and  input  s to re  5 i s
obta ined  by p ro toco l l ing  the  observab le  behav io r  o f  P when
l ook ing  a t  the  s to re :  51  i s  equa l  to  s ,  and  each  t ime  an
ass ignment  i s  made to  the  s to re  5 ;  the  resu l t ing  s to re  i s



1 ,  START

1 ,8 (4 ‚4 )

f L———\ t
1 ,  LZ (3 )

1 ,8 (1 ‚2 )

f L———\ ' t
1 ,  LZ (1 )

1‚A(1‚2) ‘ ' 2 ‚A (1 ‚2 )

f t '
\ 1, LZ(4) \ 1‚A(1‚3)

1, oc<4> z‚s<1‚3) > 1, 1c<1)

1,3(1,3) _ d, IC(4)

1, STOP

f ig .  1 :  p rogram P



g iven  by  s ; . , .

Example :

The s to re  t race  o f  P and s ; ‘=  (1 ,1 ,1 ,1 )  i s :
S,  = <(1 ,1 ‚1 ,1 ) , ( 1 ,1 ,1 ‚O ) , ( 0 ‚1 ‚1 ,0 ) , ( 1 ,1 ,1 ‚O ) ‚ ( 2 ‚1 ‚1 ,0 ) ‚

( 3 ,1 ,1 ‚O ) ‚ ( 3 ,1 ‚1 ‚1 ) , ( 2 ,1 ,1 ‚1 ) , ( 3 ,1 ‚1 ‚1 ) ‚ ( 3 ,1 ,1 ‚O ) ,
( 2 ,1 ‚1 ,0 ) , ( 1 ,1 ,1 ,0 ) , ( 2 ‚1 ‚1 ,0 ) , ( 1 ,1 ,1 ‚O )>

For  P and  s2 = (2,1‚2,1)‚ s ,  = ( 2 ,1 ‚O ‚1 ) ‚  s .  = (—3‚-3‚4,2)‚
and  s ,  = ( 4 ,2 ,2 ,2 )  we have :

S;  ' < (2 ‚1 ‚2 ' 1 ) '  ( 2 ;1 ;2 ‚0 ) ‚  ( 1 ,1 ,2 ,0 ) ,  ( 2 ,1 ,210 ) ,  ( 0 ,1 ‚2 ‚0 )>

S,  ' <(2,1,0,1),(2,1,0‚O)

S.  = <(—3‚-3,4‚2),(-3‚-3‚4‚O),(O,-3,4,0),(—3,-3‚4,0),
(1,-3‚4‚O)‚ (2,—3‚4‚O)‚(2‚-3‚4‚1)‚(S,—3,4,1),
(2,-3,4‚1)‚(2,-3‚4,0), (-2,—3,4‚O),(1,-3,4,0),
(-2‚—3‚4,0)‚(-6‚-3‚4,0)>

S,  ' <(4,2‚2‚2),(4,2,2,0),(2,2,2‚O),(4,2‚2‚O)‚(2,2,2,0)>

Such a se t  o f  t races  w i l l  be  ca l l ed  a program synthes is
prob le l  o r  psp  fo r  shor t .

3 .  P rogram synthes is  f rom s to re  t races

The  program synthes is  a lgor i thm we w i l l  deve lop  i s  d iv ided
in to  two  phases :  a s ta t i c  and  a dynamic  phase .  Dur ing  the
s ta t i c  phase  some k ind  o f  p reprosess ing  i s  done  y ie ld ing  a
norma l  fo rm fo r  p rogram synthes is  p rob lems  wh ich  w i l l  be
ca l l ed  IH -graph .  No backup  w i l l  be  nessecar ry  dur ing  th is
phase  wh i le  dur ing  the  dynamic  search  in  the  second  phase
backups  w i l l  be  poss ib le .

3 .1 .  Phase  1 :  § ta t i c  p repocess ing

The  s ta t i c  phase  can  be  seen  as  be ing  dev ided  in to  four  suc -
cess ive  s teps .  A l though  in  an  ac tua l  imp lementa t ion  these
s teps  a re  in te rw ined  they  w i l l  be  descr ibed  sepera te ly .

3 .1 .1 .  S tep  1 :  Compute  mat r ix  representg t ion

The  f i rs t  s tep  towards  a hypothes is  wh ich  ins t ruc t ion  I has
caused  a par t i cu la r  s to re  t rans i t ion  i s  to  compute  the  se t  o f
a l l  i ns t ruc t ions  tha t  a re  capab le  o f  do ing  so .  For  s to re  t race
8 ;  the  sequence  M I ;  g ives  th is  in fo rmat ion ,  name ly :
"1; , ;  = { I  € assignments I I ( s ; ‚ ; )  = s ; ‚ ; . ‚ } .  Since  we con-
s ider  comple te  and  te rmina t ing  t races ,  M I ;  s ta r ts  w i th  {START}
and  ends  w i th  {STOP} .

Example :  For  s to re  t races  S1 and  s ,  we ge t :

DC(4), IC (1L
HI ,  = ( {START} ,  8 (4 ,  2 ) ,  WC(1) , A(1,1), , S(1 ,1h  , {STOP}>

5 (4 ,  4 )  8 (1 ,  2 ) }  A (1 ‚2 )  S(1 ‚3 )
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3 (4 ,2 ) ,  A (1 ,1 ) ,
HI, = <{START}, s<4‚3n , s(1‚2)}_‚ A(1‚2)‚ , s<1‚z» , (srop}>

S(4 ,4 )  $ (1 ‚3 )  A (1 ‚3 )  S (1 ‚3 )

Look ing  a t  H I .  i ndependen t l y  f r om o the r  t r aces  g i ves  us
IH I . ( i ,O ) I  O. . . .  |M I . ( i ‚ n ; ) |  d i f ferent  poss ib i l i t i e s  t o  choose
exac t l y  one  i ns t ruc t i on  f r om each  se t ;  f o r  bo th  H I ,  and  H I ,
above  we ge t  3020302  = 36  poss ib i l i t i e s ,  y i e l d i ng  36036  = 1296
comb ina t i ons  f o r  t hese  two  t r aces  a l one .

The  second  ma t r i x  wh i ch  i s  compu ted  i n  t h i s  s t ep  i s  t he  ma t r i x
o f  t es t s ,  MT .  MT ; ,3  g i ves  t he  se t  o f  a l l  t es t s  wh i ch  cou ld
have  been  execu ted . success fu l l y  ( y i e l d i ng  t r uo  ) be fo re
I e H I ; „ . 1  was  app l i ed :

HT; ,5 ' (T  e t es t t  ' T(85 ‚ ; g ‚ 3 ) '  t rue}

gxamp le :  Fo r  t r aces  s ,  and  S ,  we ge t :

HT, = < { } . {L2 (4 ) } ‚ (L2 (4 ) } ‚ {L2 (4 ) } ‚ {L2 (1 ) ‚ tn ) }>
MT, = < { } , {LZ (4 ) } ‚ (LZ (4 ) ) ‚ {LZ (4 ) } ‚ {LZ (4 ) }>

3 .1 .2=  S tep  2 :  Compu te  l eve l  g raph  rep resen ta t i on

S ince  eve ry  p rog ram has  exac t l y  one  START-node  eve ry  s to re
t race  o r i g i na tes  f r om a sequence  o f  i ns t r uc t i ons  beg inn ing
w i t h  START.  S ince  MT , , . =MT , , . ,  t he  f i r s t  ass ignmen t  node  i n
the  two  respec t i ve  i ns t r uc t i on  sequences  mus t  be  i den t i ca l  as
we l l  because  on l y  t es t s  can  i n t r oduce  a b ranch  ( i . e .  an  i f -
t hen -e l se  cons t ruc t )  and  t he re  i s  no  t es t  wh i ch  d i s t i ngu i shes
t he  respec t i ve  s to res ,  name ly  s „1  and  s „ , .

I n  gene ra l ,  t h i s  obse rva t i on  l eads  t o  a pa r t i t i on  o f  eve ry  r ow
o f  M I  i nduced  by  t he  f o l l ow ing  equ i va lence  re l a t i on  =e=  on  t he
index -pa i r s  o f  M I :

( i 1 , j )  =e=  ( i , , j )  i f f  V l € {o , . . . , j - 1 } .  MT . ( i 1 , l ) =MT . ( i , , l )

Fo l l ow ing  t he  above  a rgumen ta t i on  MI ;„ ‚  and  HI ;„ ;  can  be
merged  i f  ( i 1 , j )  =e=  ( i „ j ) ;  on ly  ins t ruc t ions  I bo th  i n
MI ;1„  and  MI ;„ ;  may be  se lec ted  as  a hypo thes i s  and  on l y  t he
same I f o r  bo th  a t  a t ime .

Examp le :  Fo r  M I ,  and  H Is  above we have
(2 , j )  =e=  (5 , j )  f o r  j = 0 ,1 ,2 ,3 ,4 .  Thus ,  me rg ing  MIz and
MIs  y i e l ds :

{STOP}>

<{START}, sc4‚zg ‚ { s t1 ‚ z ) } ‚  A(1‚1L ‚ (s<1‚3) ) ‚
S(4‚4) A(1‚2)

{STOP}>
Now we  a re  l e f t  w i t h  on l y  2 0 2 = 4 poss ib i l i t i e s  t o  choose
exac t l y  one  i ns t ruc t i on  f r om each  se t  f o r  bo th  M I ,  and  M1 , .

I n  gene ra l  t he  re l a t i on  =e=  i nduces  t he  l eve l  g raph  rep resen -
ta t i on  LGR o f  M I  and  MT .  The  nodes  o f  LGR a re  o f  t he  f o rm
K= [ l ‚ ( i „ . . . ‚ i „ } ]  where  l i s  t he  l eve l  and  { i „ . . . ‚ i „ }  the  i n -
dex  se t  o f  K .  K rep resen ts  t he  merg ing  o f
MI . ( i 1 , l ) ‚ . . . ‚M I . ( i „ ‚ l )  and  i s  l abe l l ed  w i t h  t he  i n te r sec t i on
o f  a l l  t hese  se t s ;  a l l  nodes  o f  l eve l  l t oge the r  r ep resen t
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co lumn  l of  mat r i x  M I .  The  edges  o f  LGR a re  l abe l l ed  wi th  the
respec t ive  HT-en t r i es  de f in ing  the  par t i t ion ing .

The  comple te  l eve l  g raph  representa t ion  fo r  the  above  f i ve
s tore  t races  S ; , . . . ,S ,  i s  g iven  in  f ig .2 .

3 .1 .3 .  S tep  3 :  Redgce  l eve l  g raph  representa t ion

I f  a node K i n  LGR is  l abe l l ed  w i th  the empty se t ,  no ins t ruc -
t ion  hypothes is  i s  ava i l ab le  fo r  K and the  node may be de le ted
f rom LGR. Fur thermore ,  a l l  hypotheses  necessar i l y  l ead ing  to  K
may be  de le ted  as  we l l .  Th is  p rocess  cou ld  even tua l l y  cause
the  who le  g raph  to  van ish  ind ica t ing  tha t  the re  i s  no  p rogram
capab le  o f  reproduc ing  the  g iven  t races  (see  s tep  4 be low) .
when dea l ing  w i th  s to re  t races ,  LGR w i l l  a lways  be  a t ree
where  i t  su f f i ces  to  check  tha t  no  node  i s  l abe l l ed  w i th  the
empty se t .  I n  [Be  80 ]  program synthes is  from o ther  types  o f
t races  i s  inves t iga ted  where  the  LGR may no t  be  a t ree  and
where  the  reduc t ion  and  the  de le t ion  p rocess  i s  more  com-
p l i ca ted .

A second  reduc t ion  s tep  min imizes  the  index  se ts  o f  the  nodes .
Whenever  two  ind izes  j and  j '  a lways  appear  toge ther  in  the
index  se ts ,  one  o f  them is  redundant  and  may be  de le ted .

Example :  S tep  3 l eaves  the  above  l eve l  g raph  representa t ion
( f ig .  2 )  unchanged .  I f  the re  was another  s to re  t race
s .=< (z ,3 ,o ,2 ) , ( 2 ,3 ,0 ,0 )> ,  ind i zes  3 o r  6 wou ld  be redundant
because  MT .=<{LZ(3 ) } , {LZ (3 ) ,LZ (4 ) }>=MT, .  However ,  the i r
redundancy  appears  on ly  in  the  l eve l  g raph  representa t ion :
MI ,=<{START} , {S (4 ,1 ) ,S (4 ,4 ) } , {STOP}>  wou ld  cause  node  [1 , {3 } ]
to  be l abe l l ed  w i th  {S (4 ‚4 ) } ‚  thus  l eav ing  on ly  one poss ib le
i ns t ruc t ion  hypothes is  fo r  tha t  node .

3 .1 .4 .  §gep  4 :  App ly  rea l in i l i t y  t es t

A t  th is  s tage ,  i t  i s  easy  to  dec ide  whether  the  syn thes is
process  can  be  comple ted  success fu l l y  o r  no t .

Theorem: LGR is  empty i f f  the re  i s  no P e PROGRAMS w i th  an
observab le  behav iour  as  g iven  by  the  input  t races  [Be  80 ] .

Thus ,  the  dynamic  phase  o f  the  syn thes is  a lgor i thm w i l l  on ly
be  en te red  i f  i t  i s  ga ran teed  to  succeed .  In  the  fo l low ing ,  we
wi l l  the re fo re  cons ider  on ly  rea l i zab le  se ts  o f  t races .

The  ou tpu t  o f  the  p reprocess ing  phase  descr ibes  a l l  r e levan t
i ns t ruc t ion  hypotheses  tha t  have  to  be  cons idered  in  the
second  phase .  Thus ,  the  ou tpu t  g raph  is  ca l l ed  ins t ruc t ion
hypothes is  graph ( IH—graph ) o f  the  g iven  psp .
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o‚{1‚2‚3‚4‚s} {START}
{LZ (3 ) }  { }  {L2 (1 ) ‚LZ (2 ) }

{oc<4)‚ f {S(4‚2)‚
1 ‚ {3 )  s<4 ‚2 ) ‚  1 ‚ {1 ‚2 ‚s }  s<4 ‚4 ) }  z ‚ ( 4 }  {3 (4 ‚4 )

s<4 ‚4 ) }  *
F A c

{s t1 ,1 ) ,
2 , {3 }  {STOP} 2 , {1 ,2 ,5 )  {s<1 ,2 ) }  2 , {4 }  s t1 ,2 ) )

/ \  C( IC (1 ) ‚  ' {A (1 ‚1 ) ,
3 ‚ {1 )  A (1 ‚2 ) ‚  ' 3 ‚ {2 ‚5 }  A (1 ,2 ) }  3 , {4 }  (A (1 ,2 ) )

A (1 ,3 ) }
A A c

{ IC (1 ) ‚A (1 ‚2 ) ‚
4 ‚ {1 }  A(1 ‚3 ) ‚  ‘ 4 , ( 2 ,5 )  (S (1 ‚3 ) }  4 ‚ {4 }  {A (1 ‚3 ) }

A (1 ,4 ) }
A B / \  D

{ IC (1 ) ‚  , { IC (1 ) ‚
s ‚ {1 }  A (1 ‚2 ) ‚  5 ‚ {2 }  {STOP} 5 ‚ {5 )  {STOP} 5 ‚ (4 }  A (1 ‚1 ) }

A (1 ‚3 ) )  .
A o

' ( IC (4 ) ‚
6 . (1 }  A (4 ‚2 ) ‚  6 ‚ {4 }  { IC (4 ) }

A(4 ,3 ) }
{ }  E

{DC(1 ) ‚S (1 ‚2 ) ‚
7 ‚ {1 }  s<1 ,3 ) , s<1 ,4 ) }  7 , ( 4 }  {A (1 ,2 ) }

{ }  E
( IC (1 ) ‚A (1 ‚2 ) ‚

a ‚ ( 1 }  A (1 ‚3> ‚A (1 ‚4 ) }  8 ‚ {4 }  {A (1 ‚2 ) }

{ }  E
(oc t4> ,s<4 ,2 ) ,  {DC(4 ) ‚

9 , {1 }  S (4 ‚3 ) ‚S (4 ‚4 )  9 , (4}  3 (4 ,4 ) }

A . D
(DC(1 ) ,S (1 ,2 ) ,

1o ‚ {1 }  s t1 ,3> }  1o ‚ {4 }  {s<1 ,3 ) )

A c
{oc<1 ) ,5 (1 ,2 ) ,

11 , {1 }  S (1 ‚3 ) }  11 , (4 }  ( s t1 ,2 ) }

A D
{ IC (1 ) ‚A (1 ‚1 ) ‚

12 , {1 }  A (1 ,2 ) ,A (1 ,3 ) )  12 , {4 }  {A (1 ,2 ) }

A c
' {oc<1 ) ,5 (1 ,2 ) ,

13 , (1 }  5 (1 ,3 ) }  13 ‚ {4 }  {S (1 ‚3 ) }

A c

14 ‚ (1 }  {STOP} 14 ‚ {4 }  (STOP)

f ig .  2 :  IH—graph  G ( se ts  A — F as  in  f ig .  4 )
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3 -2 :  Phase  2 :  Dynamic  search ing

3 ,2 .1  Assignment approx imat ions

The major  t ask  o f  the  second phase i s  to  genera te  an ass ign -
ment  approx imat ion  o f  the  f ina l  p rogram.  An ass ignment  ap -
prox imat ion  AP o f  a p rogram P is  a se t  o f  t r ip les  (v , ,m ,v , ) ,
where the  v ;= ( l i , I ; )  a re  the  assignment nodes o f  P and m is  a
se t  o f  t es ts  each  o f  wh ich  l i es  on  a pa th  v ia  a t rue  - branch
f rom v1  to  v , .  2 ‘

Example: Assignment approx imat ion  o f  P ( f ig .  1 )  i s  g iven  in
f ig .  3 i n  i t s  s t ra igh t fo rward  g raph  representa t ion ,  where ,
e .g . ,  ( [1 ,3 (1 ,2 )J , {L2(1 ) ) .E2 ,A(1 ,2 ) ] )  i s  wri t ten as

{LZ (1 ) }
[ 1 ,S (1 ,2 ) ]  ——————————— > [ 2 ,A (1 ‚2 ) ]  .

I n  o rder  to  cons t ruc t  f rom IH -graph  6 an  ass ignment  approx i -
mat ion ,  two  d i f f e ren t  t ypes  o f  hypothes is  have  to  be  se t  up
for  each  node  K in  G:

1 .  se lec t  an  ins t ruc t ion  hypothes is  a (K )
2 .  se lec t  a l abe l  hypothes is  u (K )

Le t  UG(a ,u )  be  the  se t  o f  a l l  t r ip les  (v ; ,m ,v , )  such tha t
v ;= [u (K ; ) , a (K ; ) ] ,  where  the  K ;  a re  the  nodes  o f  6 and  there  i s
an edge from K1 to  Kz marked w i th  m.

Example: ( c . f .  f i g .  2)  For K1=E11, {1} ] ,  K ,= [12 ‚ (1 } ] ‚  we can
choose a (K1 )=S(1 ,2 ) ,  a (K , )=A(1 ,2 ) ,  w i th  u (K1 )=u (K , )=1 ,  so tha t
UG(a ,u )  con ta ins  the  t r ip le  ( [ 1 ,8 (1 ,2 ) ] , {LZ (4 ) ) , {1 ,A (1 ,2 ) ] ) .

UG(a ,u )  has  the  program proper ty  i f f  fo r  a l l  t r ip les  we have
un ique  t rans i t ions  f rom one  node  to  the  o ther  in  the  fo l low ing
sense :  fo r  every  t r ip le  t= (v1 ,m,v , ) ,  t ' = (v1 ' ,m ' , v . ' ) ,  i f
v1=v1 '  and  m=m' then  t and  t '  a re  iden t ica l ,  i . e .  v ,=v ‚ '  . as

wel l .

Theorem: [Be  80 ]
( 1 )  UG(a ‚u )  i s  an  ass ignment  approx imat ion  o f  some program
P '  i f f  UG has  the  program proper ty .
( 2 )  I f  UG(a ,u )  has  the  p rogram proper ty ,  i t  can  be  t rans—
formed e f fec t i ve ly  in to  a program P '  tha t  reproduces  a l l
s tore  t races  o f  the  g iven  syn thes is  p rob lem.  Moreover ,  th is
t rans format ion  does  no t  in t roduce  any  add i t iona l  ass ignment
nodes .  .
( 3 )  I f  the re  i s  a program tha t  reproduces  a l l  g iven  s to re
t races  and  where  the  number  o f  ass ignment  nodes  i s  m in ima l ,
then  there  ex is ts  ins t ruc t ion  and  labe l  hypotheses  a ,u  fo r
the  IH—graph  such  tha t  UG(a ,u )  has  the  same number  o f
ass ignment  nodes  and  UG(a ,u )  has  the  p rogram proper ty .

Th is  theorem jus t i f i es  the  fo l low ing  s t ra tegy :  f i r s t ,  f ind
some hypotheses  a ,u  such  tha t  UG(a ,u )  has  the  p rogram proper ty
and  the  number  o f  nodes  in  UG(a ,u )  i s  m in ima l ,  in  a second
s tep  t rans form UG(a ,u )  in to  a p rogram.

Example :  For  every  IH -graph  6 the re  a re  t r i v ia l  hyp theses  a ,u
such  tha t  UG(a ,u )  has  the  p rogram proper ty :  t ake  any  o f  the
poss ib le  ins t ruc t ions  fo r  a and  choose  u i n  such  a way  tha t  no
two  d is t inc t  nodes  o f  G wi l l  be  merged  (except  fo r  STOP-nodes
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1 ,  START

1 ,8 (4 ‚4 )

{ }  {LZ (3 ) }

1,sk1,2)

{)  ; {L2(1)}

1,A(1‚2) 2‚A(1‚2)

{ }  (L2 (4 ) }

1,A(1,3)

1 ,  DC(4) z,s11‚3) 1 ,  1c<1)

1,s<1‚3) 1 ,  IC(4)

I
1 ,  STOP

f ig .  3 :  Ass ignment  approx imat ion  o f  P
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where the  l abe l  hypothes is  w i l l  a lways  be  1 ) .  However,  UG(a ,u )
wi l l  then  be  pu re l y  sequent ia l ,  and  the  number  o f  ass ignment
nodes  wi l l  be  la rge .  There fo re ,  we have  to  merge  as  many nodes
of  G as  poss ib le ,  o r  in  O ther  words ,  we want  to  cons t ruc t
loops ,  .

I

3 .2 .2  gons t ruc t inq  b ranche§_§nd  loop;

The  se lec t ion  o f  ins t ruc t ion  and  labe l  hypotheses  de te rmine
the  b ranches  and  loops  o f  the  syn thes ized  p rogram.  Bas ica l l y ,
the  hypotheses  a re  chosen  in  the  fo l low ing  way :

( i )  S ta r t  w i th  the  s ing le  node K a t  l eve l  0 and se t
(u (K ) ,a (K ) ) := ( I ,START)

( i i )  As long  as  there  a re  some nodes  unv is i ted ,  do  the
fo l low ing :  —
For  a l l  nodes (K1 , . . . ,Kn )  - ca l l ed  the  new f ron t ie r  -
which are  d i rec t  descendants o f  the nodes considered
i n  the  p rev ious  s tep  choose  a (K i )  and  u (K ; )  such  tha t
UG(a ,u )  s t i l l  has  the  p rogram proper ty  and  tha t  the
number  o f  d i f f e ren t  nodes  in  UG(a ,u )  i s  m in ima l .  When
necessary ,  go  back  to  the  p rev ious  f ron t ie r  and  change
some hypothes is  u (K )  and /pr  a (K ) .

Th is  p rocess  w i l l  be  exp la ined  on  the  IH -graph  G ( f ig .  2 ) .
1 .  S ta r t i ng  wi th  K= [O ‚ {1 ‚2 ‚3 ‚4 ‚5 } } } ] ‚  (u (K ) ‚a (K ) )  i s  se t  ”to

( I ,START) ;  c . f .  f i g  4 .1 .
2 .  The  new f ron t ie r  i s  (K , ,K , ,K , )  I

( [ 1 {3 } ] , [ 1 {1 ,2 ,5 } ] , [ 1 , {4 } ] ) .  ‚A l l  K;  a re  merged by se t t ing
(u (K; ) , a (K ; ) )  = ( 1 ,8 (4 ,4 ) ) ,  i =1 ‚ 2 ‚ 3  ( f ig  4 .2 ) .

3 .  The  new [ f ron t ie r  i s  (K1 ,K , ,K , )  =
( [ 2 , {3 } ] , [ 2 , {1 ,2 ,5 } ] , [ 2 , {4 } ] ) .  For  K ;  the re  i s  on ly  one
poss ib le  hypothes is ,  name ly  u (K ) ,a (K )= ( I ,STOP) .  Ka and  K ,
cannot  be  merged  w i th  any  p rev ious  nodes ;  they  a re  merged
toge ther  by  se t t ing  (u (K ; ) , a (K ; ) )= (1 ,S (1 ,2 ) ) ,  i =1 ,2  ( f ig .
4 .3 ) .

4 .  None of  the nodes (K1 ,K , ,K , )= ( [3 , {1 } ] , [ 3 , {2 ,5 } ] . [ 3 , {4 } ] )
can  be  merged  w i th  any  p rev ious  ones ;  i t  i s  poss ib le ,  how-
ever ,  to  merge  a l l  th ree  w i th  (u (K ; ) ‚ a (K ; ) )= (1 ‚A (1 ‚2 ) ) ,
i =1 ‚ 2 ‚ 3  ( f ig .  4 .4 )  ~

5 .  The  new f ron t ie r  poses  a p rob lem:  s ince  [3 , {1 } ]  and
[ 3 , { 2 ‚ 5 } ]  were merged in  s tep  4 ,  the i r  d i rec t  descendants
[ 4 , { 1 } ]  and [ 4 , { 2 ‚ 5 } ]  mus t  be merged as  we l l  because (a )
the  cor respond ing  edges  in  G are  bo th  marked  w i th  the  same
se t  o f  t es ts ,  {LZ (4 ) } ; *  and  (b )  we requ i re  UG(a ,u )  to  have
the  p rogram proper ty .  However ,  the re  i s  no  ins t ruc t ion
hypothes is  fo r  bo th  [4 , {1 } ]  and  [4 , {2 ,5 } ] ,  so  no  merge  o f
the  two  nodes  i s  poss ib le .  Thus ,  a back -up  to  s tep  4 i s
necessary  l ead ing  to  d ismerge [ 3 , { 13 } ]  and [3 , {2 ,5 } ]  which
wi l l  cause  the  inser t ion  o f  a t es t  a f te r  ( 1 ,8 (1 ,2 ) )  ( f ig .
4 .5 ) .

6 .  Suppose  the  f ron t ie r  has  a l ready  been  pushed  to  (K1 ,K , )  =
( [ 7 ‚ { 1 } ] ‚ [ 7 ‚ { 4 } ] )  where  UG(a ,u )  i s  as  in  f ig .  4 .6 .  I t  i s
poss ib le  to  merge  bo th  K ;  and  K :  w i th  an  a l ready  ex is t ing
node  in  UG(a ,u )  by  se t t ing  (u (K ; ) , a (K ; ) )= (1 ,S (1 ,2 ) ) ,  i =1 ,2 ,
thus  l ead ing  to  the  cons t ruc t ion  o f  the  loop  ind ica ted  in
f ig .  4 .6  by  the  do t ted  l ines .

§ .2 .3  T rans forming  ass iqnment  approx imat ions  in to  p rograms

Let  a ,u  be  the  hypotheses  fo r  G ( f ig .2 )  tha t  y ie ld  UG(a ,u )  as
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( 1 )  ( 2 )  ( 3 )
1 ,  START 1 ,  START 1 ,  START

{LZ (3 ) } )  ( } )  . . .

{LZ (1 ) ,LZ (2 ) }

1 ,5 (4 ,4 )  1 ,5 (4 ,4 )

A,C  F

1 ,5 (1 ,2 )  1 ,  STOP

( 4 )  ( 6 )
1 ,  START 1 ,  START

1 ,8 (4 ,4 )  1 ,3 (4 ,4 )

A ,C  F A,C  F

v ;
1 ,8 (1 ‚2 )  1 ,  STOP : 1 ,3 (1 ,2 )

Apßpc  : B 'c  A

1 ,A (1 ,2 )  : 1

' 2 ,A (1 ,2 )  1 ,A (1 ,2 )

A,C  A

( 5 )  : 1 ,A (1 ,3 )  1 ,581 ,3 )
1, START ~

A,D  A ,B

1 ,  IC (1 )
1 ,5 (4 ‚4 )

A‚D  ‘

A,C  F 1 ,  STOP
1 ,  IC(4 )

: - { } IE
1 ,8 (1 ,2 )  1 ,  STOP . . . . . . .

B,C  A

where :
A = {L2 (4 ) }

Z ,A(1 ,2 )  1 ,A (1 ,2 )  B = (LZ (1 ) ,LZ (4 ) }
C = {LZ (1 ) ,LZ (Z ) ,LZ (4 ) }
D = {LZ (2 ) ‚LZ (4 ) }
E = {L2 (2 ) }
F = (LZ (3 ) ‚LZ (4 )

f in .  4 :  cnns i ruc i ion  o f  b ranches  and  Lamps
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i n  f ig .5 .  In  order  to  t rans form UG(a ,u )  in to  a p rogram any
mul t i p l e  outgo ing  edges  f rom ass ignment  nodes  have  to  be
e l im ina ted .  For  each node K we look  a t  the  ou tgo ing  edges .  I f
the re  a re  two ,  we have  to  inser t  a t ex t  d is t ingu ish ing  the  two
edges ,  i f  the re  a re  more  than  two ,  we have  to  in t roduce  a
number o f  t es ts  d is t ingu ish ing  a l l  o f  them. S ince  UG(a ,u )  has
the  p rogram proper ty  we  a re  garan teed  to  f ind  such  tes ts .  In
f ig .  5 the re  a re  th ree  nodes  w i th  ou t -gegree  2 .  For  (1 ,5 (4 ,4 ) )
the  on ly  d is t ingu ish ing  tes t  i s  LZ (3 ) ;  the  resu l t  o f  inser t ing
th is  tes t  i s  shown in  f ig .  6 .  S imi la r l y ,  t es ts  LZ (1 )  a f te r
( 1 ,8 (1 ,2 ) )  and  LZ (4 )  a f te r  ( 1 ,A (1 ,2 ) )  have  to  be  inser ted  the
resu l t  o f  wh ich  i s  iden t ica l  to  P ( f ig .  1 ) .

4 .  The  p rogram synthes is  a lgor i thm PA

Hi th  the  above  de f in i t ions ,  PA works  as  fo l lows:
1 .  M:={se t  o f  s to re  t races}  g iven  as  input .
2 .  G :=  ins t ruc t ion  hypothes is  g raph  computed  f rom M.
3 .  I f  G i s  empty ,  p r in t  "no  p rogram ex is ts  tha t  reproduces  the

input  t races"  and  s top .
4 .  L :=  min ima l  number  o f  ass ignment  nodes  tha t  a re  needed  a t

l eas t  fo r  any  success fu l  hypotheses  a ,u .
5 .  T ry  to  f ind  hypotheses  a ,u  such  tha t  UG(a ,u )  has  a t  most  L

nodes .
6 .  I f  no  success fu l  hypotheses  were  found  increment  L by  1 and

go  back  to  5 .
7 .  T rans form UG(a ,u )  in to  a p rogram P ,  p r in t  P and  s top .

PA is  garan teed  to  te rmina te  s ince  fo r  non—empty G there  a re
a lways  t r i v ia l  hypotheses  a ,u  (c . f .  example  in  sec t ion  3 .2 .1 ) .

One o f  the  c ruC ia l  po in ts  in  PA is  the  se lec t ion  o f  hypotheses
a ,u  in  s tep  4 wh ich  i s  done  in  a f ash ion  ske tched  in  sec t ion
3 .2 .2 .  However ,  now the  va lue  L p lays  a cen t ra l  ro le :  a t  any
t ime ,  on ly  hypotheses  induc ing  UG(A ,u )  to  have  L o r  f ewer
ass ignments  a re  o f  in te res t .

4 .1  D is t ingu ishab i l i t y

A power fu l  method  to  reduce  the  number  o f  re levan t  hypotheses
in  advance  i s  based  on  the  d is t ingu ishab i l i t y  o f  nodes  in  the
IH—graph. K and K '  a re  d is t ingu ishab le  (K t K ' )  i f f  they  can
never  be  merged  in  UG(a ,u ) .  * can  be  computed  as  fo l lows:
K #„ K '  i f f  the re  i s  no ins t ruc t ion  hypothes is  fo r  bo th  K

and  K '
K * ; ‚ 1  K '  i f f  K # ;  K '  o r  the re  ex is ts  edges (K ‚K1 ) ‚ (K ' ‚K1 ' )  in

G both  marked  w i th  the  same se t  o f  t es ts  and  K1 # ;
Kl '

# i s  equ iva len t  to  the  f i rs t  i ;  such  tha t  i ;  = # ; .1  .

Example :  For  6 ( f ig .  2 )  we have :
[ 5 ‚ ( ‘ l } ]  t .  [ 6 ‚ {1 } ] ‚  [ 4 . {1 } ] *1  [5 .01 ) ] ,  [ 3 . ( 1 } ] t .  [ 4 ‚ {1 } ] ‚
[ 3 , {1 } ]$1  [3 ‚ {2 ‚5 } ]

For  two  d is t ingu ishab le  nodes  K ,K '  PA w i l l  never  se t  up  iden -
t i ca l  hypotheses  a and  u fo r  bo th  K ,K ' .  Thus ,  PA w i l l  ac tua l l y
avo id  the  unsuccess fu l  merg ing  o f  [ 3 , {1 } ]  and  [ 3 {2 ‚ 5 } ]  tha t
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f ig .  5 :  Ass ignment  approx imat ion  UG(a ,u )

1 .S<1 .1 )  1 ,  STOP

£i24_2= cons t ruc t i on  of  a t es t  node

1, START
{LZ(3)}‚{}‚(LZ(1)‚L2(2)}

1,s<4,4)
A‚C (LZ(3)‚LZ(4)}

?
1,$(1,2)

{)‚A‚D‚E B‚c

!

1‚A(1,2) 2‚A(1‚2)
(} ‚E V A‚c A‚C

1‚A(1‚3)
' A,D

1, DC(4) 2,5(1,3) 1, IC(1)
‘ A‚D ‘ A,B‚C A‚D

1,5(1,3) 1, 1c(4)
A‚c  {}‚E

[
1, STOP

(A - F as  in  f i g . 4 )



; 14 _

was t r i ed  in  sec t ion  3 .2 .2  ( 4 ) ;  we mere ly  used  th is  merg ing  as
an  examp le  t o  i l l u s t r a te  the  back -up  p rocess .

4 .2  Lower  bounds  on  hypotheses

Another  search  reduc ing  method  is  to  compute  a lower  bound
Lmin on the  number o f  nodes tha t  w i l l  be  needed fo r  success fu l
hypotheses .  Thus ,  in  s tep  4 of  PA L i s  se t  to  the  maximum
number o f  pa i rw ise  d is t ingu ishab le  nodes .  Fur thermore ,  when
look ing  fo r  the  hypotheses fo r  the  new f ron t ie r ,  i t  i s  use fu l '
to  know a lower  bound Lmin ( I )  o f  how many ins tances  o f  each
par t i cu la r  assignment I w i l l  be  needed .  Lmin ( I )  i s  se t  to  the
maximum number o f  pa i rw ise  d is t ingu ishab le  nodes fo r  which the
on ly  ins t ruc t ion  hypothes is  i s  I .

Example :  For  G ( f ig .  2 )  we have :
Lmin ( I )  = 1 fo r  I = S(1 ‚2 ) ‚S (4 ‚4 ) ‚A (1 ‚3 ) ‚ IC (4 ) .
Lmin (S (1 ‚3 ) )  = 2 because [ 10 , {4 } ]  #1 [13 , {4 } ] .  and
Lmin (A(1 ,2 ) )  = 2 because  [3 , {4 } ]  * ;  [ 12 , {4 } ] .
Lmin = 9 since e .g .  [ 3 , {1 } ] ‚  [ 4 , {1 } ] ‚  [ 5 , {1 } ] ‚  [ 12 , {1 } ] ‚ -
[ 2 ‚ {1 ‚2 ‚5 } ] ‚  [ 10 ‚ {4 } ] ‚  [ 13 (4 } ] ‚  [ 6 ‚ {1 } ] ‚  [ 1 ‚ {1 ‚2 ‚5 } ]  a re  a l l
pa i rw ise  d is t ingu ishab le .

The  example  shows tha t  Lmin  may be  g rea te r  than  the  sum over
a l l  Lmin ( I ) .

The  fa i lu re  avo id ing  techn iques  tha t  use  the  # - r e l a t i on  and
the  Lmin—va lues  bear  some resemblence  to  the  concept  o f
f a i lu re  memory in  [BBP 75 ] .  Howeve r ,  the  a lgor i thm descr ibed
the re  works  on  a sequence  o f  ins t ruc t ions ,  wh i le  PA works  on  a
se t  o f  t races  in  para l l e l  w i th  an  add i t iona l  hypothes is  d imen-
s ion  s ince  PA 's  i npu t  cons is ts  o f  s to re  t races .

§ .  Ex tens ions  of  PA

PA has  been  des igned  t o  dea l  wi th  a number  o f  d i f f e ren t  t ypes
of  t races .  I t  i s  app l i cab le  (1 )  to  s to re  t races  as  descr ibed
above ,  ( 2 )  to  s to re  t races  where  the  new s to re  i s  g iven  a f te r
each  ass ignment  and  each  tex t  execut ion ,  ( 3 )  to  ins t ruc t ion
sequences  where  on ly  the  ass ignments  a re  g iven  and  (4 )  to  in -
s t ruc t ion  sequences  where  bo th  ass ignments  and  tes ts  a re
g iven .  For  a l l  four  t ypes ,  PA is  cor rec t ,  m in ima l  and  comple te
(c . f .  sec t ion  1 ) .

6 .  NP—comple teness  o f  p rogram svntheg js  f rom t r age ;

For  a l l  f ou r  t ypes  o f  t races  p rogram synthes is  i s  NP—comple te ,
even  under  severa l  cons t ra in ts .  For  ins tance ,  i f  the  ins t ruc -
t ion  se t  o f  the  observed  mach ine  conta ins  on ly  f i ve  ass ign -
ments  and  one  tes t ,  the  dec is ion  p rob lem whether  fo r  a se t  o f
t races  M and  a k €1N there  ex is ts  a p rogram o f  l eng th  k tha t
reproduces  a l l  t races  in  M ,  i s  NP—comple te  even  i f  M conta ins
on ly  one  s ing le  t race  [Be  80 ] .  I t  i s  i n t e res t i ng  t o  no te  t ha t
f r om th is  NP-comple teness  po in t  o f  v iew  program synthes is  bo th
f rom ins t ruc t ion  and  s to re  t races  has  the  same  complex i ty .
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