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Abstrac t

This paper  gives algebraic definitions of  var ious  t ypes  of  nes ted
var iab le - l ength  “co l l ec t ions“  o f  e l ements .  u sab le  a s  data  s t ruc tures .
F ir s t  o f  a l l .  however ,  the  paper  i n t roduces  cons t ruc to r  a lgebras
through  an  integer sequences  da ta  type .  I t  then  begins with the
fundamenta l  CONS a lgebra  o f  N- tup les  and  a va r i an t  with “negat ive"
e lements .  comp lemen t i ng  i t  and  subsequent  homogeneous algebras by
he te rogeneous  ones .  For  such  l i s t  a lgebras .  the  paper  pos tu l a t e s  ax ioms
embodying the  three  “bas i c  preper t i e s“  [Commutat iv i ty ‚  Idempotence .
Assoc ia t iv i ty ] .  and  uses  these  to  de f ine  the  remaining seven  "bas i c
co l l ec t ions"  [ s t r ings ‚  communes.  acommunes,  bags, abags, se t s .  heaps] .
Proceed ing  to  ”non—basic  co l l ec t ions" ,  i t  then  introduces "adsorpt ion"
prope r t i e s  [”complementary"  to  abso rp t ion ] .  which  are  characteristic
for  graphs.  and postu la tes  them as  axioms in  a lgebras  o f  ord ina ry
graphs and o f  d i r ec t ed  r ecu r s ive  l abe lnode  hypergraphs  [DRLHs].
F ina l ly .  i t  def ines  the  proper ty  o f  "S imi lpo tence"  [ 'weaker '  than
Idempotence ]  and pos tu l a tes  i t  f or  DRLHs with contac t  1abe lnodes ,  a s
app l i ed  in  knowledge  representa t ion .
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1 INTRODUCTION

The t e rm  "co l l ec t ion  da ta”  in  the  t i t l e  re f er s  to  var iab le—length
compound da ta  cha rac t e r i zed  so l e ly  by  the  way they  combine the i r
arb i t rary—type  e l ements  [bags ,  for  example ,  d i s regard  e l ement  order ] .
i . e .  co l l ec t ions  are  no t  pres truc tured  by  an  under ly ing  " f i e ld  pa t t ern"
[as  typ ica l  for  r eco rds  and  arrays ] .  The  o ther  technical t erm.
“cons t ruc to r  a lgebras“ .  shou ld  be  understood as  ' a lgebras  whose
ope ra t i ons  are  data  cons t ruc to r s  ra ther  t han  cons t ruc to r s  toge ther  with
se l ec tors  and /or  pred ica te s" .  S ince  the  l a t t er  concept  may be  l e s s
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obvious. let us first di scuss  the mot iva t ion  for using [ such]  a lgebras

as data  types .

As starting point we take the well—known “types are not sets“

(Morris 1973) argument. paraphrasing it positively as ”types are more
than  sets“. That is. we are ask ing  what the “minimum extension" of sets
might be for making them a use fu l  t ype  concept .  The answer  t o  be

exp lo red  he re  can be summar i zed  informally by the following ”equa t ion“ :

DATA TYPE = SET OF CONSTRUCTOR NESTINGS + SYSTEM OF EQUALITY AXIOMS

in; 21 ggnsLLugtgr nestings; The se t s  which we keep as a base component
are regarded 'constructively" in two senses: First. they are

coextensive with r ecu r s ive ly  enumerable formal languages. norma l ly  even

with context-free ones. Second. they contain nestings of data
const ructors  ove r  a subset of a tomic  data  items.

£1112m_2£ eguality axigmg; The minimum set extension yielding a useful
data type is ob ta ined  by pos tu l a t i ng  a sys tem of equality ax ioms  for

identifying equ iva len t  elements [mainly cons truc tor  nes t i ngs l  o f  the

base set.

As an in troductory  semi-numeric data type example. let us consider
[non-empty] integer sequences consisting of a rb i t r a r i l y  many
arbitrary—digit in tegers .  [A l though number s  do not be long  to the
symbolic co l l ec t i on  data  types focussed in this paper. their
familiarity facilitates the cha rac t e r i za t i on  of cons t ruc to r  a lgebras . )
Such in teger  sequences  can be written as formal express ions  in which

sign applications are used not only for indicating positiveness or
negativeness, but also for embracing non-digit integers [with
parentheses]. so as to mark them off from neighbouring integers. In
fact, these in teger  sequences are “more than" the set [context—free
language] generated by SMF grammar ru le s  like the following
[ t e rmina l s  are quotedl:

intseq = in teger  | integer intseq
integer ::= digit | posint | negint
posint = “+” digit | ”+” "(" digseq ")”
negint = “—” digit | '—" “(” digseq “)”
digseq = digit | digit digseq
digit = "O" | ... | '9“

The problem is that certain express ions  o f  t h i s  formal  l anguage  are
eguiyalent as in teger  sequences. e.g. the i n t ege r s  +0 and —0. 1 and +1.
+(24 )  and +(024). as well es - {007 )  and —(07).  hence also integer
sequences like 1+0 and +1 -0 .  +(24ll—(007) and +(024)+l—(07). as well as
+01+ (24 ) - (007 )  and —0+1+(024 ) - (07 ) .  In general, 1. the zeroes —0 and
+0. 2. "+"-signed and unsigned digits, and 3. integers only d i f fe r ing
in their number of leading zeroes should be ident i f i ed ;  furthermore.
digits signed with and wi thou t  the use of parentheses -- like —(4) and
—4 -- are regarded as indistinguishable. but this will be simply a
parenthesis-omission convent ion app l i ed  implicitly. [If we had
permitted multiple signs. even fur ther  equivalences of this sort would
have arisen.] On the other hand. expressions like +(24 )  and 24 are not
equivalent. the former representing a single two—digit integer and the
l a t t e r  an in teger  sequence both of whose integers are digits.
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A use fu l  integer sequences  data  type  shou ld  have  a “ bu i l t - i n ”

mechan ism f o r  pe r fo rming  t he  r equ i r ed  identifications ove r  t he  se t
genera ted  by  t he  above  g rammar ;  t he  equ i va lence  c lasses  t hus  c rea ted

can  t hen  be viewed as new individuals [ " t he  i n tege r  sequences”) on a
h igher  level o f  abs t r ac t i on .  Now.  a lgebras  prov ide  f o r  exac t l y  this.

Only one o f  their components i s  a se t .  called a " ca r r i e r " .  which may be
f i n i t e l y  generated  from an a lphabe t—l i ke  "genera t ing  se t ” .  much l i ke  a
f o rma l  l anguage ;  ano the r  component  i s  a f am i l y  o f  opera tors  over  t he

ca r r i e r .  wh i ch  a re  used i n  t he  gene ra t i on  o f  an en t i r e  ca r r i e r  f r om i t s
f i n i t e  generating subset .  The essen t i a l  add i t i ona l  component .  however ,
i s  an axiom system [wr i t t en  as a se t  o f  equat ions]  f o r  identifying

elements o r  classes o f  e l emen ts  o f  t he  ca r r i e r .  I n  ou r  examp le .  t o  be
t rea ted  more  technically i n  sec t i on  2 .  t he  ax ioms

1 .  —0 = +0
2 .  +x = x i f  x i s  a d i g i t
3a .  +(Ox) = +(x )
3b. '—(0x )  = - ( x )

wou ld  pe r f o rm  the  above -men t i oned  i den t i f i ca t i ons .  [ I n  t h i s  a lgebra
parentheses a re  merely used  f o r  embracing t he  operands f o r  t he
"+ ” / “—" -ope ra to r s .  i . e .  t hey  can  be  om i t t ed  f rom s i gned  d ig i t s .  so t ha t
t he  r i gh t—hand  s i des  o f  3a . l 3b .  become +x and - x  i f  x i s  a digit.)
Another axiom would es tab l i sh  t he  assoc ia t i v i t y  o f  digit and in teger
j u x tapos i t i on .  and f u r t he r  axioms cou ld  res tr i c t  t he  signing opera t ions
t o  digit sequences.

Obviously. t h i s  i s  no t  an ord ina ry  algebra o f  integer sequences with
arithmetic and /or  s t r i ng—process ing  opera to rs ;  r a the r  i t  i s  a
ggngtxggtgn algebra whose ope ra to r s  a re  [binary] j ux t apos i t i on  and
[una ry ]  "+ " l ”—”—s ign ing .  used  f o r  cons t ruc t i ng  data  e l ements  o f  t ype
integer sequence.  no t  f o r  "calculating“ wi th  i n tege r  sequences.
There fo re  t he  axioms encode  equ i va lences  be tween  t hose  cons t ruc t i ons
r a the r  t han  a r i t hme t i c / s t r i ng—process ing  l aws .  The e f f ec t  o f  t he  axiom
system i s  t ha t  ca r r i e r  e l ements  like +01+ t24 )~ (007 )  and - 0+1+ (024 ) - (07 )
become  i nd i s t i ngu i shab le .  as  des i r ed  f o r  wha t  has  now become a use fu l
[ i n t ege r  sequence ]  t ype  concep t .

I f  a f o rma l  l anguage  i s  v iewed  as defining t he  syntax o f  a da ta
t ype .  a const ruc tor  a lgebra  a l so  def ines  this syntax  t h rough  i t s
ca r r i e r  (incidentally. algebraic t erm generation be t t e r  r e f l ec t s  t he
Opera to r /Ope rand  syntax  o f  func t iona l  l anguages  than  does  grammatical
string gene ra t i on ] :  bu t  t he  a l geb ra  augments  i t s  ca r r i e r  syntax  wi th
rudimentary semantics t h rough  i t s  ax ioms:  They  a t  l eas t  spec i f y  which
syntac t ic  cons t ruc t ions  a re  " rea l l y  i den t i ca l “  [ i . e .  semantically
equ iva l en t ] .  t hus  embodying what migh t  be ca l l ed  ”synonym seman t i cs ” .
Ne rega rd  t h i s  as  t he  minimum r equ i r emen t  f o r  “ ge t t i ng  t ypes  f rom
se ts " .  a minimum wh i ch .  however ,  i s  o f t en  su f f i c i en t .  I f  and when
des i red .  selectors/predicates and t he i r  more e l abo ra te  "access
seman t i cs " ,  as  used  i n  abs trac t  data  types  [ADTs .  f u r t he r  d iscussed
be low ] .  can  be  added on  t ap  o f  t h i s .  f o r  i n s t ance  i n  t he  fo rm o f  o the r
axioms [ e . g .  generalized successor  and  predeces so r  ope ra to r s  —- hence
f u r t he r  a r i t hme t i c  opera tors  - -  can  be  de f i ned .  se lec to r—l i ke .  on  t op
o f  ou r  above cons t ruc to r  a l geb ra  examp le ] .
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w i t h  t he  he lp  o f  cons truc tor  algebras a un i fo rm axiomatic definition
o f  mathematical en t i t i t es  like [ f i n i t e ]  integer sequences ,  bags .  se t s ,

and  graphs  as  explicitly const ruc ted  elements [we l l—formed  “ f o rmu las “ .

' e xp ress ions ” .  o r  “ t e rms" ]  o f  algebraic s t ruc tu re s  becomes possible.
[Hh i l e  we implicitly use  an  intuitive concept o f  recursively enumerab le
se t s  f o r  t he  carriers o f  ou r  algebraic meta f o rma l i sm .  we a l so  —— among
many o ther  co l l ec t ions  —— g i ve  a p rec i se  explicit de f i n i t i on  o f  finite

sets  as an ob jec t  formal i sm. )  Fur the rmore .  cons t ruc to r  a lgebras  prov ide
a compu ta t i ona l ly  conven ien t  way  o f  viewing these  entities: The

equa t i ona l  ax ioms .  de f i n i ng  equivalence c las se s  cha rac t e r i s t i c  f o r  each
co l l ec t i on  t ype .  can  be  rea l i zed  as one—way r ewr i t e  rules de r i v i ng
normal  form r ep re sen t a t i ve s  [ t he  natura l  l e f t—to—r igh t  r ead ing  o f  ou r
ax iomat i c  equat ions will a l so  be  t he  principal r ewr i t e  direction “ o f
co r respond ing  ru l es ] .  Po ten t i a l s  f o r  parallelism which we w i l l  exploit

i n  a lgebra ic  proofs  thus carry  over  t o  ru le  compu ta t i ons .  Horeove r .  t he
normalization ru le  app l i ca t i ons  may occu r  imp l i c i t l y .  so t ha t  programs
can  re l y  on  t he  " se l f - no rma l i za t i on “  o f  each  co l l ec t i on  i n s t ance

constructed [this i s  r e l a ted  t o  "bu i l t - i n "  axioms inside t he  deduct ive
machinery o f  theorem p rove rs  (Rau le f s  e t  a l .  1979 ) ] .  I n  f ac t .  i n  t he
func t iona l  programming  language  F IT  —- used  among o the r  t h i ngs  f o r  DRLH
processing (Bo ley  1988) —— the  normalization ru le s  a re  bu i l t  d i r ec t l y
i n t o  t he  cons t ruc to r  func t ions  o f  t he  co l l ec t ions .

This paper  g rew  ou t  o f  an  a t t emp t  t o  conce ive  collections [ i n
pa r t i cu l a r .  DRLHs] as c l ass i c  f i n i t e l y  generated a lgeb ras .  t hus
fo rma l i z i ng  t he  "self—normalization" i dea  wh i ch  F IT  adop ted  f r om 0A4
(Rulifson e t  a l .  1972 ) :  I t  supp lements  t he  ope ra t i ona l  semantics o f
F lT ' s  collections with algebraic/axiomatic collection semantics.
Howeve r ,  t he  p resen t  app l i ca t i on  o f  a l geb ra  t o  collections may  a l so  be
rega rded  as  t he  identification o f  a subclass o f  t he  da ta  t ypes  wh i ch
can be formal i zed  with t he  “ i n i t i a l “  [ ' f r ee " ]  a lgebra  approach (Goguen
e t  a l .  1978) t o  abs t rac t  da ta  t ypes :  I ns tead  o f  us i ng  axioms t ha t
spec i fy  t he  equ i va lence  o f  a rb i t r a ry  cons t ruc to r l se l ec to r l p red i ca te
compos i t i ons .  we use  axioms t ha t  on l y  spec i fy  equivalent cons t ruc to r
nes t i ngs .  A t  t he  ou t se t .  we w i l l  a l so  assume a second  restriction o f
t he  ADT-usua l  ”heterogeneous“ algebras t o  t he  mathematically more
wide -sp read  “homogeneous" a lgeb ras ;  t h i s .  howeve r ,  w i l l  l ead  t o  t he
pos tu l a t i on  o f  axioms wh ich  a re  no t  “ pos i t i ve  cond i t i ona l " .  hence do
no t  gua ran tee  i n i t i a l i t y  [ (Tha t che r  e t  a l .  1979 ) .  (Eh r i g  e t  a l .  1980 ) ] .
Hence we w i l l  show how to  eliminate t he  [ nega ted ]  cond i t i ons  on ou r
axioms —— by  mak ing  use  o f  hete rogeneous  algebras.

Whi le  const ruc tors  a re  cons ide red  he re  as ”data—defining" algebraic
ope ra to r s .  es tab l i sh i ng  a gag; s t ruc tu re  l a ye r .  se l ec to r s  and
p red i ca tes  a re  cons ide red  as “data-utilizing“ algebraic ope ra to r s ,
i n t r oduced  on l y  on the basis gi t h i s  p rope r  da ta  l aye r .  From a
pe rspec t i ve  o f  abs t rac t  da ta  t ypes .  we a re  exploring t he  hypothes is
tha t  t he  pa r t i t i on i ng  o f  a lgebras  into an  underlying cons t ruc to r
algebra [ADT] and a superimposed se lec to r l p red i ca te  algebra [ADT]
p rov ides  a be t t e r  specification methodology t han  t he  usual i n t e rm ix i ng
o f  data—defining and  data-utilizing a lgebras  [ADTs ] .  Th i s  partitioning
i s  r e l a ted .  f o r  i ns tance .  t o  t he  use  o f  a bas i c  const ruc tor
" t e rm  l anguage “  and “ex te rna l  f unc t i ons "  ove r  i t  i n  LCF—formal ized
' a l go r i t hm ic  specifications" (Loeckx 1981). t o  the  distinction o f
' gene ra t i ng “  and “de f i ned ”  Ope ra t i ons  i n  SRDL (K lae ren  1982 ) .  and t o
t he  d i v i s i on  o f  ASPIK ope ra t i on  definitions into cons t ruc to r s  and  o the r
ope ra t i ons  (Be ie r l e  & Voss 1983 ) .  Our r easons  f o r  t he  pa r t i t i on i ng  a re
the  f o l l ow ing :  F i r s t .  i t  co r responds  t o  t he  i n tu i t i ve  da ta /p rog ram
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separa t ion .  which i s  a use fu l  structuring principle i n  most situations

[giving back  “conc re t e "  data  to  the  programmer] .  Second .  i t  pe rmi t s  a
na tu ra l  division of  l abour .  because  the  da ta—def in ing  ope ra t i ons  can  be

spec i f i ed .  t es ted .  and  p roved  independent ly  o f  the  data—utilizing

ope ra t i ons .  Third. the  da ta -de f in i t ion  mechanism need not  ca r ry  over to
the  data—utilization method. i . e .  —- l i ke  (K laeren  1992) - -  we can
restrict the  use o f  equat ions to  the  spec i f i ca t i on  of  const ruc tor
equ iva lences .  and employ r ecu r s ive  schemata to  spec i fy  se l ec tors  and
predicates [ in  f ac t .  we normally employ r ecu r s ive  F IT  r ewr i t e  rules].

Four th .  while the  da ta  layer must  be  de f ined  comple te ly .  the
super imposed  layers can  be  l e f t  open—ended.  allowing fo r  repea ted  new
uses o f  the  same da ta  [as  already po in ted  out  in  (Boley 1979; View 3 ) ] .
Furthermore.  our  approach permits the  in t roduc t ion  o f  a single

data—def in ing  ADT as  the  common bas is  o f  d i f f e ren t  data—utilizing ADTs.

What we w i l l  be  most  concerned  with i n  the  fo l low ing  i s  the
def in i t ion  o f  cons t ruc to r  algebras fo r  var ious  co l l ec t ion  da ta .  These
wi l l  a l l  bu i ld  on a f undamen ta l  cons t ruc to r  a lgebra  of  nested tup les  o r
l i s ts  [ fo r  some ‚ o ther  a lgebra ic  cha rac t e r i za t i ons  of  tup les  see
(Burs ta l l  & Landin 1969 ) .  (Oppen 1979 ) .  and (McCarthy & Ta lco t t  19801] .
In  th is  way we will ar r ive  a t  an axiomatic characterization of  the
d i f fe rences  be tween  -— to  take  we l l—known examp les  —- strings and  se ts
or  directed g raphs  and und i rec ted  mul t ig raphs .  not those between
—— to  take  the  s tandard  ADT examples  —— s tacks  and  queues ,
charac te r i zed  by their d i f fe ren t  se lec t ion  disciplines [ in  the  da ta
l ayer  we s imp ly  regard  both  as  tuples]. More  impor tan t ly .  we use
cons t ruc to r  algebras to  cha rac t e r i ze  a number  o f  l ess  wel l—known da ta
s t ruc tures .  in  par t i cu la r  DRLHs. However .  the  d ive rs i ty  o f  the  examples
[ranging f rom integer sequences  to  hypergraphs ]  and  the  complexity of
some o f  them [e .g .  DRLHs w i th  contac t  l abe lnodes ]  a lso  illustrates the
generality of  the  cons t ruc tor  algebra approach .  enab l ing  . the
formal i za t ion  of  many more  da ta  types  once  they  can  be  v iewed as
collections [whe re  the  co l l ec t ion  v iew o f  some s t ruc tures .  e .g .  o f
graphs.  may no t  be obv ious  from the  ou tse t l .

To summarize a principal goal of  th is  paper .  we t ry  to  demonstrate
that  the data—definition component of a considerable subclass of data
t ypes  - -  s tacks  and  queues  exc luded  —— captures  a non—trivial pa r t  of
the i r  specification. indeed of ten  the  essent ia l  one .  For  DRLH types .  we
can  even  s ta te  tha t  the i r  cons t ruc tor  algebra specification [ sec t ion
5 .3 ]  captures  the fundamental  in tu i t i ve  concept .  Consequently.  in  th is
paper  we w i l l  no t  a t tempt  to  enr ich  the  DRLH a lgebras  with se l ec tors
and pred ica tes :  a number o f  these and h igher  ope ra t i ons  were de f ined  as
F IT  rewr i te  ru les  in  (Holey 1980 ) .  [By  th is  po in t  the  reader  may have
not iced  t ha t  our approach „„  though conceivable as a specialization of
algebraic ADTs -— s tands  in  con t r a s t  to  a cen t ra l  t ene t  o f  c lass ica l
ADT theory .  name ly  t ha t  a da ta  type  shou ld  be  de f ined  so ley  th rough  i t s
“ex te rna l "  access  behav io r ;  wha t  we v iew  as  be ing  o f ten  more
cha rac t e r i s t i c  i s  i t s  “ in te rna l "  synonym s t ruc ture .  We leave  the
ques t ion  open  how many da ta  types  a re  be t te r  charac te r i zed
"ex te rna l l y” ,  like —- p resumab ly  - -  stacks and queues. and how many
“internally". l i ke  —— presumab ly  -— the  co l l ec t ion  da ta  in  th is  paper .
and which ones w i l l  prove to  be more use fu l  in  p rac t ica l  programming.)

Since co l l ec t ions  a re  typ ica l  da ta  s t ruc tures  fo r  artificial
i n te l l igence  [A I ]  app l ica t ions .  a more genera l  goa l  o f  th is  work i s  to
cont r ibu te  to  the  a t tempts  a t  c ros s—fe r t i l i z a t i on  between  AOT and  A I
languages.  begun w i th  languages l i ke  CLEAR (Burs ta l l  & Goguen 19771.
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CSSA (Boohm e t  a l .  1977 ) .  and TELOS (T rav is  e t  a l .  1977) around 1977,
and then cont inued.  fo r  i n s t ance .  wi th  HOPE (Burs ta l l  e t  a l .  1980 ) .  ESP
(Ch ikayama 1983 ) .  PROLOGIKR (Nakash ima  & Suzuk i  1983 ) .  H IH IKO (Dogen

1983 ) .  LCA (Be l l i a  e t  a l .  1984 ) .  EOLOG (Goguen & Meseguer 1984 ) .  APE
(Bar te l s  e t  a l .  1981 ) .  ASPIK (Be ie r le  & Voss 1983 ) .  and F IT  (Boley
1983 ) ;  the  I JCAI -83  proceedings exhibit some fu r the r  ADT/AI relations
[ (Gu iho  1983 ) .  (D i lge r  & Homann 1983 ) .  (Reimer & Hahn 1983 ) ] .

To be spec i f i c .  wh i le  around 1976 we based "a theory  o f  [knowledge]
ropresenta t ion"  - -  and the  D&LH representa t ion  language o f  1975—1977 ——
on fo;mgl_lgggg1ggg. so tha t  equiva lences between their r ep re sen t a t i on
expressions had to  be de fe r red  to  a l ess  formalized meta l eve l .  we can
now - -  v ia  the  F IT  programming language o f  1978—1983 —- base i t
on  ggngtnggtgn 11953311. with equ iva lences  completely formal i zed  on  the
ob jec t  l eve l .  t hus  proceed ing  f rom "knowledge  representa t ion  l anguages“
to  “knowledge r ep re sen t a t i on  a lgebras ' .  For examp le .  the  fo l low ing  DRLH
t aken  f rom (Bo ley  1980 )  i s  a genera l i zod  semantic network  tha t
represents  fac ts  about  the  city of  Antwerp .  using relations like HAP
[”has as par t " )  as s ta r t ing  boxes [labels] of  hyperarc  a r rows  visiting
other  boxes  [nodes ] :

- "fl—-————_—-

t
... . . . . . . . .  t - . . .

* * * tk ) |  * |
——— ————————————————— * | STREFT  * |

| | | | *  | . l
| | * t t t t t a t taa t t t t a ta t t t t t t t t t t  _________  «„ -

| HAP I | cxrv ' | *
| | t t t t t t t t t * t t t t t t t t t t t t t t t t t t  . . . . . . . . .  2 - -

| | | | |  | * |<"
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  « | * | *

* * * * * *> |  BUILDING t t t t t

* | |
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* _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _
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we can descr ibe  th is  diagram as the  following compact expres s ion  of  a

fo rma l  l anguage .  similar to  the  DRLH expre s s ion  i n  tha t  paper :

(DRLH
(TUPLE BUILDING CATHEDRAL)
(TUPLE CITY ANTflERPl
(TUPLE CONNECT STREET BUILDING BUILDING)
(TUPLE HAP ANTHERP (DRLH aCATHEDRAL (TUPLE GOTHIC CATHEDRAL)!’
(TUPLE HAP CITY BUILDING)
(TUPLE HAP CITY STREET)?

But  due  to  the  se ts—re f in ing  na tu re  of  DRLHs. we could a l so  have  used
the  r edundan t  express ion

(DRLH
(TUPLE CITY ANTNERP)
(TUPLE HAP CITY STREET)
BUILDING
(TUPLE HAP CITY BUILDING)
(TUPLE CITY ANTNERP)
(TUPLE HAP ANTHERP IDRLH aCATHEDRAL (TUPLE GOTHIC CATHEDRAL!!!
(ORLH (TUPLE GOTHIC CATHEDRAL!)
(TUPLE BUILDING CATHEDRAL)
STREET
BUILDING
(TUPLE CONNECT STREET BUILDING BUILDING!)

which i s  equivalent to  the  compact express ion  because i t s  syn tac t ic
d i f fe rences  [e .g .  the  o rder  and  duplication of  DRLH subexpress ions .
a tomic  expressions a lso  occu r r ing  i n  TUPLE expressions o f  one DRLH] do
not  a f fec t  the  in tended  semantics. Using fo rma l  l anguages .  this
equality had  to  be  regarded  as  an  equ iva l ence  re la t ion  ex t raneous  to
the  knowledge  r ep re sen t a t i on  l anguage  prope r .  Al te rna t ive ly .  in
func t iona l  languages l i ke  LISP or  F IT .  we can re in terpre t  the
express ions  as  collections imp lemented  as  ca l l s  to  a DRLH cons t ruc to r
func t ion  w i th  embedded ca l l s  to  a TUPLE cons t ruc to r  func t ion .  e tc . .
such  tha t  the  redundant  func t ion  nesting eva lüa tes  to  the  compact  one .
which.  in  tu rn .  eva lua tes  to  i t se l f  because i t  i s  in  normal form (Holey
1980 ) .  What we propose now is  to  t rea t  such norma l i za t ions  as a spec ia l
k ind  o f  equ iva l ence  proof  tha t  i s  made poss ib le  by re in te rpre t ing  the
expressions as terms o f  a cons t ruc tor  a lgebra  —- namely of
ALC05[ .1 r . . f r .h r ‚ * l r .mr ‚c r . *C . * I ‚AD .aD .S l  in  sec t ion  5 .3 .  wi th
generating set A = {ANTWERP. BUILDING, .... STREET}. The equali ty of
the  algebraic t e rms  cor respond ing  to  the  p rev ious  express ions .

(BUILDING.CATHEDRAL.'D
*(CITY.ANTHERP.')
*(CONNECT.STREET.BUILDING.BUILDING.°)
*(HAP.ANTHERP.(QCATHEDRALt(GOTHIC.CATHEDRAL.‘)*\).')
*(HAP.CITY.BUILDING.')
*(HAP.CITY.STREET.°)
* \



(CITY.AHTHERP.‘)
*(HAP.CITY.STREET.']
*BuiLDING
*(HAP.CITY.BUILDING.°]
*(CITY.ANTHERP.') _
*(HAP.ANTHERP.(0CATHEDRAL*(GOTHIC.CATHEDRAL.']*\).°]
*(lGOTHIC.CATHEDRAL.')*\]
*(BUILDING.CATHEDRAL.°]
*STREET
*BUILDING
*(CONNECT.STREET.BUILDING.BUIL01NG.‘)
*\

is t hen  part of the knowledge r ep re sen t a t i on  a lgebra  itself. which thus
prov ides  a higher level of abs t r ac t i on  tha t  f rees  the ”knowledge

engineer" for concent ra t ing  on the application domain.

AI—adapted ADTs as exp lo red  here and object—eriented r ep re sen t a t i ons

on the one hand. t oge the r  with functional and relational [logical]
programming  on the other hand (Boley 1983 ) .  shou ld  be amenable to an

integration in f u t u re  AI languages that ex tends  ‘ t h e  present
collections/FIT integration. However, it must be noted  t ha t  even our

res tr i c t ed  ADT/AI combination is still rather t en t a t i ve  and will
require further mathematical. computational. and [epistemollogical
studies.

2 A CONSTRUCTOR ALGEBRA OF INTEGER SEQUENCES

Let us exempl i fy  the const ruc tor  a lgebra  methodology [not the
typical constructor a lgebra  application] by resuming our i n t roduc to ry
discussion of integer sequences. now elaborating them fo rma l ly .  Their

constructor algebra will use a generating set A. which generates the
carrier M with three Operations “*" [binary concatenation. like
j ux tapos i t ion  and unlike ord ina ry  multiplication]. "+” [unary positive
sign]. and “—' [unary negative sign]. To provide a value For
excep t iona l  situations. A contains the distinguished element "1"
[infinity]. The other members of A —— including the distinguished
e l ement  '0“ [ ze ro ]  and at least one more element —- will be interpreted
as digits. i.e. all positional number systems with bases |A l - 1  = 2. 3.

will be permitted for integers. [Our algebra of integer sequences
will thus be more complicated than the usual abs t r ac t  data  type
sequences-of-integers, which applies a kind of una ry  number system with
the guccessor operator playing the role of the digit “I"; on the other
hand. even a small i n t ege r  like 10 is represented more concisely as
+(1 * (0 * (1 *0 ) ) )  or +(1 *0 *1 *0 ]  with our b ina ry  system —- not to speak of
our decimal system —- t han  as s ( s ( s ( s ( s ( s ( s ( s ( s ( s (0 ) ) ) )J ) ) ) ) )  or
ssssssssssü with the ADT—usual unary system.]

The three operations of integer sequences are ”a lgebra ic"  in the
sense that they are defined for all elements of the carrier M and
denote elements which are again in H [H is closed under "*", "+", and
”-']. The a lgebra  is a ”constructor algebra" because the opera t ions  are
constructors in the abstract syntax or VDL sense. i.e. they build
composite ob jec ts  from given ones. r a the r  than taking ob jec ts  apar t
[ s e l ec to r s ]  or probing them [p red i ca t e s ] .  The “*" operator const ruc ts  a
digit sequence f rom two digit sequences [either o f  which may in



pa r t i cu l a r  be  a single d ig i t l  o r  an i n tege r  sequence f rom two i n tege r
sequences [ e i t he r  o f  which may i n  pa r t i cu l a r  be  a single in teger  o r  a
digit sequence].  While a " * * -app l i ca t i on  l i ke  * (a .b )  cou ld  t hus  denote
t he  j ux tapos i t ion  ” ab ”  o f  i t s  argument t e rms  ( c f .  sec t i on  1 ] .  we l e t  i t
denote i t s  own i n f i x  no ta t i on  ' a *b ' ;  t h i s  s t re s se s  t he  f ac t  t ha t .  i n
programming terminology. * (a .b )  i s  ” no t  really eva lua ted ” .  keep ing  i t
open t o  a l l  poss ib l e  eva lua t i on  resu l t s .  Similarly. both t he  “+ ”  and
" - "  ope ra to r s  const ruc t  an  in teger  f rom a d i g i t  sequence o r  f rom an
integer [ thus  multiple signs a re  now a l l owed ]  by  denot ing  t he i r  own
p re f i x  no ta t i on .  i . e .  + (a )  denotes “+a "  and - (a )  denotes ”—a“ [ the
"e r roneous "  application o f  ”+"/" -"  t o  non—un i ta ry  i n t ege r  sequences
will be  t r ea ted  l a t e r ] .  A lgeb ra i ca l l y  speaking.  we have a t e rm  o r  word
a lgebra  const ruc t ion  o f  a ” f r ee “  [ i n  t he  AOT v i ew :  ' i n i t i a l ' l  a l geb ra .
s ince  t he  applications o f  a l l  opera to rs  t o  a l l  arguments  denote  t he
app l i ca t i ve  t e rms  themse lves .  Th is  has  t he  gene ra l  advantage  tha t
—— ove rs imp l i f y i ng  - -  f rom a f r ee  a lgebra  a l l  other  a lgebras  with t he
same ” s i gna tu re ”  [ i . e .  t he  same genera t ing  se t  and co r respond ing
ope ra t i ons  o f  t he  same a r i t i es ]  a re  ob ta i nab le  as  spec ia l  cases .
Fur the rmore .  t he re  i s  a c l ose  a f f i n i t y  between t he  res tr i c t ion  o f
ope ra to r s  t o  cons truc tors  and t he  i n i t i a l i t y  p rope r t y  o f  a lgebras :
Const ruc tor  t e rms  a re  t he  ones  i t  i s  mos t  na tu ra l  t o  l e t  deno te
t hemse l ves .  and even  i n i t i a l  cons t ruc to r l se l ec to r l p red i ca te  a lgebras
s t i c k  t o  t hem fo r  norma l  f o rms .

These se l f - deno t i ng  t e rms  a re  no t  as "pass i ve ”  as  i t  m igh t  seem.
because o f  t he  axioms introduced over  them.  permitting. f o r  example. a
te rm  l i ke  + (0 *b )  t o  ”normal i ze"  t o  t he  t e rm  +b .

As axioms we will no t  mere ly  a l low [uncond i t i ona l ]  equat ions bu t
a l so  ”conditional equa t i ons “  o f  t he  f o rm  gggatign i f  condition t o r ,  as
a usual logical imp l i ca t i on .  ggnditign => gguatign]. wh i ch  a re  on l y
appl i cab le  i f  t he  ggnflitign ove r  t he i r  va r i ab l e s  eva luate s  t o  ' t r ue ' .

I n  ou r  case  cond i t i ons  cons i s t  o f  a boo lean  compos i t i on  o f
| .  equalities o f  t he  f o rm  va r i ab le  = t e rm .  where t he  t g rm  may con ta i n
f r ee  va r i ab les .  i n t e rp re t ab l e  as  be ing  " i nne rmos t ”  ex i s t en t i a l l y
quantified [ the  quan t i f i e r s  a re  as c l ose  t o  t he  var iab le s  as poss ib l e ] .
and 2 .  t es t s  f o r  membership i n  t he  gene ra t i ng  se t  [possibly MINUS a
distinguished e l emen t ]  o f  t he  fo rm yarianle IN  gag. The boo lean
Opera t i ons  may  i nc l ude  = and  IN  nega t i on .  thus  prov id ing  f o r
inequalities. ”<> ” .  and non—membership t es t s .  NOTIN.

The  i nne rmos t  existential quan t i f i e r s  pose  no  spec i f i c  p rob lems
because a .  practically, t he  ex i s ten t i a l l y  quant i f i ed  var iab le s  a re
de te rminab le  easily by  syntactically matching t he  r ight—hand—side term
pa t t e rn  t o  t he  t e rm  deno ted  by  t he  l e f t - hand—s ide  11111213. and
b .  t heo re t i ca l l y .  they  a re  unnecessa ry :  i f  nega ted .  t he  i nne rmos t
existential quan t i f i e r s  co r respond  t o  p renex  no rma l  f o rm  un i ve rsa l
quan t i f i e r s  [ s i nce  an  equa t i on  canno t  con ta i n  any  va r i ab les  t hus
quan t i f i ed  i n  i t s  cond i t i on .  we w i l l  no t  have  t o  distinguish t he  "quas i
p renex  no rma l  f o rm”  FORALL ln l . . . . . nN ) (p (n l . . . . . nN ) )  => equation, f rom
the  “proper  prenex no rma l  f o rm"  FORAL l (n l . . . . ‚ a (p (n1 . . . . . nN )  =>
equa t i on l l ;  i f  unnega ted .  t hey  can  be  e l im ina ted  a l toge ther  by
subs t i t u t i ng  t he  quan t i f i ed  term f o r  t he  variable i n  t he  equa t i on .
[A  gene ra l  d i scuss ion  o f  t he  use  o f  ex i s t en t i a l  quan t i f i e r s  i n  ADTs can
be  f ound  i n  (B roy  e t  a l .  1979 ) . l
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S im i l a r l y .  t he  IN  pred ica te  can  be eliminated by  replacing t he
cond i t i ona l  equat ion  by  as many equa t i ons  as t he  [ f in i t e ]  cardinality
o f  335 indicates. and i n  these using t he  gg; members  individually; i t s
negat ion .  NOTIN. can  be  eliminated by  replacing t he  cond i t i ona l
equat ion  by  as  many conditional equat ions  as  t he re  a re  ope ra to r s  op j  i n
t he  a l geb ra .  and i n  t hese  t es t i ng  va r i ab le  = op j l n l . . . . . a )  [ t he  newly
in troduced  f r ee  var iab le s  n l .  . . . .  a can  aga in  be eliminated as
discussed i n  b .  above ] .

While i n  t he  p resen t  sec t i on  we w i l l  no t  show the  elimination o f  a l l
k i nds  o f  conditional equat ions [ i n  pa r t i cu l a r .  o f  negated conditions].
such  an  ”uncond i t i on ing ”  w i l l  be  deve loped  as  a means  f o r  guaran tee ing
i n t i t i a l i t y .  starting i n  sec t i on  3 .

A f t e r  t hese  preliminary r emarks  we a re  ready  t o  p roceed  t o  ou r
a lgebra ic  definition o f  i n t ege r  sequences.

E E' ‚ | .  ! =

A genera t ing  se t  [ a  f i n i t e  se t  w i t h  IA I  z 3 ]
1 IN  A distinguished e l ement  [ i n f i n i t y  symbo l ]
0 IN  A distinguished e l emen t  [ ze ro  symbo l ]

ALINS = (N . * .+ ‚ - )  a lgebra  wi th

H ca r r i e r  generated by  A wi th  “ * ” ,  + , _

* : H x M ->  N binary opera t ion  [ conca tena t ion ]
*(m1.m2) = m1*m2

+ : H ->  H una ry  Operat ion  [pos i t i ve  signing]
+(ml  = +m

: M —> H una ry  ope ra t i on  [negative s ign ing ]
- (m)  = -m

We will now postu la te  an  ax iom system f o r  t h i s  a l geb ra ,  s t a r t i ng
wi th  ax ioms f o r  t r ea t i ng  excep t iona l  s i tua t ions  [ s i gn res t r i o t i on .
i n f i n i t yp ropaga t i on .  i n t ege rnes t i ng ] .  fo l lowed by  axioms dealing wi th
t he  more  t yp i ca l  cases  [mu l t i s i gn .  assoc ia t i v i t y .  s i gnedze ro .
p lus i f i ca t i on .  l ead ingze ro ] .  Fo r  r e fe r r i ng  t o  an  axiom. we will o f t en
use  an acronym [possibly fo l lowed by  a d i g i t ] .  which i s  i n t roduced
toge ther  with i t s  de f i n i ng  equat ion  [ by  unde r sco r ing  t he  co r respond ing
cha rac te r s ] .  When we re fe r  t o  ax i om ax  [ no t  us i ng  a d i g i t  su f f i x l  we
wi l l  mean t h i s  s i ng le  ax iom i f  there  a re  no  su f f i xed  ax ioms  f o r  ax .  and
mean t he  who le  g roup  o f  ax ioms  3x1 .  . . . .  axN o the rw i se .

The  f i r s t  g roup  o f  ax ioms  t o  be  i n t roduced  i n  t he  ALINS a lgeb ra
”res tr i c t s“  t he  signing opera t ions  ”+ ”  and "—' t o  arguments which can
be  used as i n tege rs .  More p rec i se l y .  i f  a “+"—argument i s  a
" * * - conca tena t i on  one o f  whose components has  an i r r eve rs i b l e  '—'—sign
in  f r on t  o f  an e lemen t  no t  equa l  t o  ” 0 ”  [ s r3—sr5 ]  o r ,  comp lemen ta r i l y .i f  a ’—'—argument con ta i ns  a ”+ “ - s i gn  i n  f r on t  o f  an "**—embedded
“ * * - con ta tena t i on  component w i t hou t  any l ead ing  "0 “  [ s rß—sr tß ] .  t hen
the  en t i r e  ' + ' I ' - ' - s i gned  t e rm  i s  identified wi th  t he .  r espec t i ve l y .
"+ " / " - “ - s i gned  d i s t i ngu i shed  e lement  "2 “ .  S im i l a r l y .  nonu lead ing
”+ “ - componen ts  i n  ”+ " -a rgumen ts  [ s r1 . s r2 ]  and non—lead ing
' - " - componen ts  i n  ”—”-arguments  [ s r6 . s r7 ]  y i e l d  "+1 "  and ”—2” .
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respec t ive ly .  Forma l l y .  t he  above  phrase  ” one  o f  whose componen ts "  can

be  no ta ted  by  using x = -m '  o r  x = +(m ' *m" )  i n  axioms with

”+ " I '—“—arguments  o f  t he  f o rm  m1*x*m2. because t he  assoc ia t i v i t y  o f  “ * “

w i l l  pe rm i t  m1 and m2 to  denote a rb i t r a ry  p re f i xes  and pos t f i xes .
r espec t i ve l y .  except  empty  ones  [we  will no t  i n t roduce  an  identity

e l emen t  f o r  ” *"J :  hence additional axioms with arguments o f  t he  forms
x tm  and  m*x  a re  ca l l ed  f o r .  I n  this nota t ion  t he  ‚ above  t e rm

"non - l ead ing "  corresponds t o  e i t he r  o f  t he  fo rms  m1*x*m2 o r  m*x .  The
above t e rm  "irreversible“ can  be  expressed as a t es t  f o r  whether t he
"—" -s i gned  m' i s  i n  t he  se t  A MINUS { 0 }  [whe re  "MINUS" denotes se t
d i f f e rence ]  o r  has  t he  f o rm  (n1 *n2 ) .  and  hence  canno t  be  nega t i ve

i t se l f .

s ign res t r i c t i on l :  + (m*+ (m ' *m" ) )  = +1 i f  m '  <> 0 and m '  (>  ( 0 *n )
s i gnges t r i c t i onz :  + (m1*+ (m ' *m" ) *m2)  = +1  i f  m '  <> 0 and m' <> ( 0 *n )

s ign res t r i c t i on l :  +(—m'*m) +1  i f  m'  IN  A MINUS {B }  o r  m'  (n1*n2)
g ignzes t r i c t i on i :  +(m*—m') = +1  i f  m '  IN  A MINUS { 0 }  o r  m (n1 *n2 )
s i gnnes t r i c t i on i :  +(m1*wm'*m2) = +2 i f  m '  IN  A MINUS { 0 }  o r  m '= [n1 *n2 )

IIIl

s ignpes t r i c t i onfiz  - (m*-m ' )  = -Z i f  m' IN  A MINUS {D} o r  m' = (n1*n2)
s ignnes t r i c t i on l z  —(m1*—m'*m2) = —1 i f  m'  IN  A MINUS { 0 }  o r  m'=(n1*n2)

s ign res t r i c t i onfiz  - (+ (m ' *m" ) *m)  = -Z  i f  m '  (>  0 and m'  <> (0 *n )
s i gnLes t r i c t i onQ:  - (m*+ (m ' *m" ) l  = -Z  i f  m'  <> 0 and m '  (>  ( 0 *n )
g ignLes t r i c t i on ln :  - (m1*+ (m ' *m" ) *m2)  = ~Z i f  m '  <> 0 and m' <> ( 0 *n )

These axioms can be  used  t o  explain t he  working o f  ou r  conditional
equat ions :

Suppose we a re  g i ven  t he  t e rm  +(7 *+ ( (0 *0 ) *4 ) ) .  To check whe the r  t he
conditional equa t ion  s r l  i s  appl i cab le  t o  this t e rm .  we match  t he
l e f t—hand  s i de  o f  t he  equat ion  t o  i t .  obtaining t he  bindings m = 7 .
m' = ( 0 *0 ) .  and m"  = 4 .  Now we can evaluate t he  con junc t ive  cond i t i on .
obtaining ' f a l se '  because o f  t he  second con junc t :  1 .  The con junc t
m'  <> 0 .  o r  equ i va len t l y ,  no t tm '  = 0 ) .  i s  t r ue  s i nce  t he  equality
( 0 *0 )  = 0 does no t  ho ld  [although +(0 *0 )  = 0 does ho ld ] .
2 .  The va r i ab le  n i n  t he  o the r  con junc t .  m '  <> (0 *n )  [ abb rev ia t i ng
no t tm '  = ( 0 *n ) ) ] ‚  i s  unde rs tood  as  be ing  i nne rmos t  ex i s t en t i a l l y
quan t i f i ed .  i . e .  t h i s  i nequa t i on  i s  shor thand  f o r
no t !EX IST(n ) (m '= (0 *n ) ) )  [ i n  p renex  no rma l  f o rm  i t  becomes
FORALL tn ) ! no t (m '= (0 *n ) ) ) ]  and means t ha t  t he re  does no t  ex i s t  an n such
tha t  m'  [ =  ( 0 *0 ) ]  i s  equa l  t o  ( 0 *n ) .  which i s  f a l se  because we can
choose n = 0 .  [Th i s  va lue  o f  t he  va r i ab l e  n can be  f ound  by  matching
(0 *n )  aga ins t  ( 0 *0 ) .  o r  s t ruc tu ra l l y  decomposing (0 *0 )  acco rd ing  t o  t he
pa t t e rn  (0 *n ) .  t hus  reduc ing  “ (0 *n )  = ( 0 *0 ) "  t o  “0:0  and n=0 “ ;  c f .  t he
Equality r e l a t i on  i n  sec t i on  3 . ]  Hence s r1  i s  no t  applicable t o  t he
g i ven  t e rm .  The  reason  f o r  no t  pe rm i t t i ng  app l i ca t i ons  o f  s r l  t o  t e rms
l i ke  t hese  can  be  seen by  read ing  t he  fo l low ing  cha in  o f  equat ions
backward [ t he  a ,  121 .  and p ax ioms  a re  explained be low ] :

+(7 *+ ( (0 *0 ) *4 ) )  =a=
* (7 * * (0 * (0 *4 ) ) )  = l z i =
+(7 *+ (0 *4 ) )  =121=
+(7 *+4 )  =p=
+(7 *4 )
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The uncondit ioned ve r s ion  o f  s r1  wou ld  co l lapse  t he  positive i n t ege rs
+ (0 *1 ) .  . . . .  +(7 *4 ) .  . . .  t o  ”+1” .  I f .  however ,  we have t he  t e rm
+(T*+ ( ( l * 0 ) *ß ) )  t he  cond i t i ona l  equat ion  s r l  i s  app l i cab le .  co r r ec t l y
yielding “+1" .  because m' = ( 1 *0 )  and t he  conditions ( 1 *0 )  <> 0 and
( 1 *0 )  <> (0 *n )  a re  t r ue .  [A l t hough  s r1  wou ld  aga in  be  inapplicable t o
+ (7 *+ ( (0 *1 ) *L ) ) .  since ( 0 *1 )  <> ( 0 *n )  i s  f a l se .  this t e rm  cou ld  be
t rans formed  t o  t he  t e rm  + (7 *+ ( l *4 ) ) .  t o  wh i ch  s r1_ ig  app l i cab le .  since
1 <> ( 0 *n )  i s  t r ue . )

Now suppose we a re  g i ven  t he  t e rm  +(~ -5 *8 ) .  An a t t emp t  t o  app l y  t he
cond i t i ona l  equa t ion  s r3  t o  t h i s  t e rm  produces t he  b i nd ings_m '  = —5 and
m = 8 .  bu t  t hen  fails because bo th  d i s j unc t s  o f  t he  condition a re
fa l s e :  1 .  A l t hough  —5 i s  no t  equa l  t o  0 .  i t  i s  no t  a member o f  A.  2 .
The f r ee  variables n1  and n2 i n  m'  = ( n1 *n2 )  a re  understood as being
i nne rmos t  ex i s ten t i a l l y  quant i f i ed .  i . e .  t h i s  equat ion  i s  shorthand f o r
EXISTtn1 .n2 ) (m '= (n1*n2 ) )  [already i n  p renex  no rma l  f o rm ]  and means t ha t
m'  [ =  - 5 ]  i s  equa l  t o  t he  ” * * - conca tena t i on  o f  some t e rms  n1  and n2 .
which i s  f a l se  t oo .  [The  ma tch  (n1*n2 )  = - 5  fails s ince  -5  canno t  be
s t ruc tu ra l l y  decomposed i n to  a ' * "—te rm . l  I n  s r3  t he  existential
quan t i f i e r  and t he  IN  pred i ca t e  can be  eliminated v ia  ' o r—sp l i t t i ng ' .
obtaining two conditional equat ions .  one f o r  each o f  t he  d i s j unc t s .  The
cond i t i ona l  equat ion  +( -m ' *m)  = +1  i f  EX IST(n1 .n2 ) (m '= (n l *n2 ) ) .
r esu l t i ng  f rom t he  second  d i s j unc t ,  can  t hen  be  t rans formed  into an
equat ion  +(—(n1*n2)*m) = +2 .  i n  wh i ch  m'  i s  r ep laced  by  t he  t e rm
(n l *n2 ) .  whose var iab le s  were ex i s ten t i a l l y  quantified. The conditional
equa t i on  + I -m ' *m)  = +1  i f  m '  IN  A MINUS {0}. resulting f rom t he  f i r s t
d i s j unc t .  can  again be  sp l i t  [ for  a rb i t r a ry  A = (Z .  0 .  a l .  . . . .  aN l l
i n t o  t he  N+1 equat ions +( -Z *m)  = +1 .  +(—a1*m) = +2 .  . . . .  +(—aN*m) = +2 .
Tha t  s r3  shou ld  no t  be  app l i cab l e  t o  t he  g i ven  t e rm  can  be  seen  as
above by  considering [msZ i s  exp la ined  be low]  +(—-5*8)  =m32= +(+5*B)
=p= + (5 *8 ) .  I f  we i ns tead  t ake  t he  t e rm  + I—5*8 ) ,  s r3  i s  appl i cab le  wi th

m = 5 because  0 <)  5 IN  A .

Ano the r  g roup  o f  axioms i s  r espons ib l e  f o r  passing '+Z”—terms.  wh ich
a re  no t  addressed by  t he  s i gn res t r i c t i on  ax ioms .  ou t  o f  i n tegers .
thereby  inverting t he  s i gn  o f  ”Z ”  i f  an i n tege r  i s  nega t i ve .

i n f i n i t vg ropaga t i on l :  + (+ l *m l  +1
in f i n i t vg ropaga t i ong :  +(m*+Z!  - + !
i n f i n i t vp ropaga t i ong :  +(m1*+z*m2) = +2

in f i n i t yn ropaga t i on i :  —(+Z*m) ~Z
in f in i tynrOpagat ionfi :  - (m*+2 )  - 1
i n f in i t yn ropaga t ionfi :  - (m1*+2*m21 = " I

. Two re l a ted  axioms handle s ign—compa t i b l e  " l e f t—nes t i ngs "  o f
i n t ege rs  i n  i n t ege rs ;  t ha t  i s .  "+ " - s i gns  i ns i de  l ead ing  "+ "—argumen ts
and i r r eve rs i b l e  "—" -s i gns  i ns i de  l ead ing  "—“—arguments a re  e l im ina ted .

+ (m ' *m)
- (m ' *m)  i f  m '  IN  A MINUS { 0 }  o r  m'=(n1*n2 )

i n t ege rges t i ng l :  +(+m'*m)
i n t ege rnes t i ngz :  —(—m'*m)

A f u r t he r  pa i r  o f  axioms deals wi th  multiple signs i n  t he  obvious
arithmetic manner :

mul t i g i gn l :  -— +m
mul t is ignz:  - -m

-m
+m
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For  t he  o the r  two sign combinations “++ “  and ' + - "  no  spec ia l  axioms a re
requ ired  because o f  t he  "p l us i f i ca t i on "  ax iom be low .

The s i gn res t r i c t i on .  i n f i n i t yp ropaga t i on .  i n t ege rnes t i ng .  and
mul t i s i gn  p repe r t i es  cou ld  a l so  have  been  i n t r oduced  as  par t  o f  t he

opera to r  de f i n i t i ons  [w r i t t en  he re  i n  an  axiom—like pa t t e rn  no ta t i on ] :

+ : H ->  H
+(m*+ (m ‘ *m" } )  = +1  i f  m '  <> 0 and m‘  <> (0 *n )

+ (m1 ; -m ‘ ;m2 )  = +1  i f  m'  IN  A MINUS { 0 }  o r  m '  = ( n1 *n2 )
+(+Z*m) = +1

+(m l *+ l *m2)  = +1
+(+m'*m)  = +(m ' *m)
+(m)  = +m o the rw i se

: H —> H
—(m*-m') = - 1  i f  m '  IN  A MINUS { 0 }  o r  m'  = ( n1 *n2 )

“ (m1 ;+ im : *m" ) *m2 l  = “ 1  i f  m '  (>  0 and m' <> ( 0 *n )
—(+Z*m) = «Z

—(m1*+l*m2) = —Z
—(—m'*m) = - (m ' *m)  i f  m '  IN  A MINUS { 0 }  o r  m '  = ( n1 *n2 )
—(+m) = —m
- ( -m)  = +m
- (m)  = -m o the rwi se

However ,  t hese  ope ra to r  definitions would  obst ruc t  t he  se l f -denota t ion
p r i nc i p l e  —— e .g .  +(3*—2) wou ld  denote "+1 "  r a the r  than '+ (3 *—2) '  and
—(+8)  would  denote  ” - 8 "  r a the r  than  ” -+8"  —- and  wou ld  thus  also
p reven t  t he  algebra f r om be ing  i n i t i a l .  [ The  a l geb ra  wou ld  be
non—in i t i a l  because  i t  would  fail t o  distinguish t e rms  l i ke  +(3*-2) and
+1 .  -+8  and -a .  e t c . .  o f  i t s  s i gna tu re ' s  word  a lgebra  ALINS. a l though
t he  equa l i t y  o f  these  pairs o f  t erms  wou ld  no t  be  der ivab le  jzgm the
gäigmg.] Th i s  disadvantage seems no t  t o  be  O f f se t  by  t he  po ten t i a l
advantages  t ha t

I .  on ly  t he  ac tua l l y  r equ i red  l e f t - t o - r i gh t  r ead ing  o f  t hese  equat ions
i s  spec i f i ed  - -  e .g .  on l y  +(3 * -2 )  = +1 and - (+8 )  = - a .  r a the r  t han  a l so
+1  = + (3 * -2 )  and —8 = -+8  —- and

2 .  t he  app l i ca t i on  o f  o the r  axioms cannot  in ter fere  wi th  t hem.  because
they  cor respond  t o  axiom applications t o  t e rms  " i n  s ta tu  nascend i “ .

There fo re  we w i l l  no t  use  such  ax ioms—incorporat ing  ope ra t i on
de f i n i t i ons  f u r t he r .  Regarding i . .  i t  shou ld  be  noted t ha t  i n  ou r
equa t i ona l  formula t ion  no  prob lems  a r i s e  t h rough  i den t i t i e s  l i ke
+(6 *+ (1 *1 ) )  = l=s r1=  +2 =s r4= l=  + (3 *~2 ) .  derivable v ia  “+1" .  because
t hese  on l y  mean  t ha t  a l l  " + “w te rms  hav ing  an  in teger -use l e s s  a rgumen t
a re  ”swal lowed"  by  t he  equ iva lence  class represented  by  "+1";
s im i l a r l y .  ”—'—terms w i t h  use less  arguments become "-1" .

I n  o the r  words .  s i nce  "+ ” / "—" -ca l l s  w i t h  arguments no t  usab le  as
integers can  be  rega rded  as be ing  ”e r roneous " .  their identification
with ”+1“ /" -1"  can  be  regarded as “over load ing"  these  s igned  i n f i n i t y
symbols w i t h  t he  ro l e  o f  " e r ro r  e l emen ts ” .  I n  ou r  cons truc tor  a lgebra



. . . " . . .

no  prob lems  a r i s e  f rom such  an  ove r load ing .  so  t ha t  no  addi t iona l  e r ro r
e l emen t .  d i s t i nc t  from ”+1'/”—Z" and  a l l  o the r  e l emen t s .  i s  c a l l ed  fo r
he re .  Fo r  ou r  i n t ege r  sequences ,  t he  '+Z ' / “ -Z '—6ver load ing  on l y  means
t ha t  t he re  now a re  additional possibilities fo r  constructing "+2" l ' -Z"
and  t erms  containing i t .  Fo r  i n s t ance .  l * (+ (3*—2!*6)  i s  mere ly  a more
compl i ca t ed  way o f  const ruc t ing  1 * (+1*6 ) .  Such multiple cons t ruc t ion
poss ib i l i t e s  also ex i s t  f o r  “Z” - l e s s  t e rms .  Fo r  example .  -++8 i s  mere ly
a redundant way o f  const ruc t ing  —ß.

S ince  non -d ig i t  in tegers  a re  regarded as  signed strings of  digits
and. s imi l a r ly .  non-un i ta ry  in teger  sequences  a s  strings of  i n t ege r s .
an  impor t an t  ax iom i s  t he  a s soc i a t i v i t y  o f  "** -conca t ena t ion .

; s soc i a t i v i t y :  (m1*m2)*m3 = m1*(m2*m3)

As  cus tomary .  we use  a s soc i a t i v i t y  fo r  omi t t i ng  pa ren theses  f rom
strings a l toge the r  and  r e in se r t  t hem on ly  i f  and  when [and a t  t he
s t r i ng  pos i t i ons  where ]  r equ i r ed  fo r  t he  app l i ca t i on  o f  other  ax ioms
[howeve r ,  an  entire “*“—concatenation of  digits must be  pu t  i n to
pa ren theses  be fo re  signing i t  w i th  + or  —”. because  o the rwi se  t ha t
s ign  wou ld  apply  t o  t he  f i r s t  d ig i t  on ly ] .

The  remaining axioms correspond t o  t hose  a l r eady  sketched i n  t he
in t roduc t ion .  wh ich  we now fo rmula t e  w i th  t he  explicit
' * “ -conca tena t ion  ope ra to r  instead of  w i th  s imp le  j ux tapos i t ion .

g ignedge ro :  -0  = +0

n lus i f i ca t i on :  +m = m i f  m <> n*n '

+m i f  m <> +n  and  m <)  »n '
“m i f  m <> +n  and  m (>  —n'

Lead ingze ro l :  + (0*m)
Lead ingze roz :  —(0*m)

" 
'!

Note  t ha t  t he  p lu s i f i ca t i on  cond i t i on .  m <> n*n ' .  i s  no t  on ly  t rue  i f  m
i s  a digit [ a s  t he  cond i t i on  i n  t he  i n t roduc t ion ]  o r  "Z" .  bu t  a l so  i f  m
i t s e l f  ha s  ano the r  s i gn  [ c f .  t he  mu l t i s i gn  ax ioms] ;  f o r  a genera t ing
se t  w i th  t he  non -”0“  d ig i t s  a l .  . . . .  aN .  t he  conditional plusification
equa t ion  cou ld  t hus  be  replaced by  the '  unconditional equat ions
+0  = 0 .  +a1  = a l .  . . . .  +aN = aN.  +1  = Z.  ++m = +m. and  + -m : —m.
The  l ead ingze ro  cond i t i on .  m <> +n and  m <> —n ' .  p r even t s  t he  12
t r ans fo rma t ion  o f  t e rms  wh ich  a r e  "Z“ - r educ ib l e  by  any  o f  t he
s ign re s t r i c t i on  ax ioms  permitting a leading ze ro  [ i . e .  by  a l l  except
s r3  and  eJ .  so  t ha t  equat ion  chains like

+(6 *4 )  =p= ++(G '4 )  = l z l=  +(0 *+ (6 *4 ) )  =s r1=  *Z
~4 =p=  +—4 =lz l=  +(0 *—4)  =s r4=  +2
+4 =m92= -—4 =122= —(O*-4) =sr8=  ~Z
—(6*4) =msl= -+ (6 *4 )  =122= - ( 0 *+ (6 *4 ) )  =sr9= -Z

a re  not a l l owed .

As a f i r s t  instantiation of  t he  ALINS algebra l e t  u s  cons ide r
in t ege r  sequences i n  t he  dec imal  number sys t em.  hav ing  the  gene ra t i ng
se t  A = {Z .  0 .  1 .  .... 9} .  With a l l  axioms ava i l ab l e .  we can  now
fo rma l ly  prove t he  i n t ege r  i den t i t i e s  mentioned i n  t he  i n t roduc t ion  i n
the  dec ima l  i n t ege r  s equence  a lgebra  generated  by  A [axioms and
prev ious ly  derived lemmas used i n  a p roo f  s t ep  w i l l  be  wr i t t en  i n s ide
the  s t ep ' s  equa l i t y  s ign ] :



Lemon :  +0  =sz=  —0
Lem01 :  1 =p=  +1
Lem02: +(2 *4 )  =1z1= + (0 * (2 *4 ) )  =a= + (0 *2 *4 )
Lem03 :  - ( 0 *0 *7 )  =a=  —(0* (0 *7 ) )  =122= - ( 0 *7 )

Building on  these .  we can  de r ive  t he  integer sequence identities [ t he
proof s  involve parallel t rans format ions  o f  sub te rms ,  as indicated by
" | "  separa to rs  be tween  ax iom and  lemma names] :

LemOk: 1*+0 =p|sz= +1*-0 „
Lem05: + (2 *4 l *1 * ‘ ( 0 *0 *7 )  =Lem02|p|Lem03= + (0 *2 *4 ) * f 1 * " (0 *7 ‚
LemOG: +0*1 *+ (2 *4 ) * " (0 *0 *7 )  =sz|p |Lem02lLem03= —0*+1*+ (0 *2 *4 ) * - ( 0 *7 )

The  above  +24  = +024  and  - 00?  = - 07  proofs  sugges t  tha t  t he
assoc ia t i v i t y  and l ead ingze ro  axioms can  be  used f o r  severa l  leading
zeroes i n  an a l t e rna t ing  manner for .  r espec t i ve l y .  p re /pos tp rocess ing
the  paren thes is  s t ruc tu re  and eliminating/generating t he  “0 ”
immediately af ter  t he  sign " * ”  o r  " - ' .  An example involving t h ree  such
a l t e rna t ions  i s  t he  p roo f  o f  +00040200  = +40200 .  eliminating t h ree
l ead ing  zeroes ;  f o r t una te l y .  with ou r  ax i oms ,  i n t e rmed ia te  [+000ß0200
<> +0004200] and trailing [+00040200 <> +0004020] ze roes  a re  neve r
eliminated [all non - f i na l  ze roes  soglg be  eliminated i f  121  and 122
were  rep laced  by  0*m = m. i . e .  i f  0 were  a gene ra l  l e f t  i den t i t y ] :

LemOT: + (0 *0 *0 *4 *0 *2 *0 *0 )  =
Proo f :  +(0 *0 *0 *4 *0 *2 *0 *0 )  =a

+(0 * (0 *0 *4 *0 *2 *0 *0 ) )
* (0 *0 *4 *0 *2 *0 *0 )  =a=
+(0 * (0 *4 *0 *2 *0 *0 ) )  = l z1=
* (0 *4 *0 *2 *0 *0 )  =a=
+(0 * (4 *0 *2 *0 *0 ) )  =121=
* (4 *O*2*0 *0 )

+ (# *0 *2 *0 *0 )

= l z1=

A final example f o r  equ i va lences  between decimal i n t ege r  sequences
concerns  a sequence  o f  l eng th  6 :

LemOB: ——9*—(0*4 ) *+ (0 *2 *—3*5 ) *+—(7*6 ) * “+8*+ (+0*1 )  = 9* -4 *Z*—(7*8 ) *—8*1
Proo f :  ——9* - (0 *4 ) *+ (0 *2 *—3*5 } *+ - (7 *6 ) *—+B*+ (+0* I )  =m52 | l zz l a l p |ms l l p=

+9*—(4 ) *+ (0 * (2 * -3 *5 ) ) * - ( 7 *6 ) * -8 *+ (0 *1 )  =p |121 |121=
9*—4*+(2*—3*5)*-(7*6)*—8*+1 =sr5|p=
9 t_4*+1*_ (7 *5 ) * -3 *1  =p=
9*—4*Z*—(7*6 ) * -8 *1

Recall t ha t  no  axiom i s  required f o r  pa ren thes i s  omissions like - ( 4 )  =
—4‚ so  t ha t  t hese  can  be  i n teg ra ted  w i t h  o the r  ax iom applications as  i n
+(0 *1 )  = l z1=  +1 :  also note  t he  harmlessness.  o f  f i r s t  performing
spur ious  t rans format ions  on  ”er roneous”  subexp ress ions  such  as
+(0 *2 * -3 *5 )  =a= +(0 * (2 * -3 *5 ) )  = l z l=  +(2 * -3 *5 )  and only t hen  reduc ing
them to  "+2" [ " con f l uen t ”  w i t h  d i r ec t  *+Z”—reductions l i ke
+(o*2*-3*5) =a= +(to*2)*-3*5) =sr5= +111

As ano the r  i n s t an t i a t i on  o f  t he  a l geb ra  ALINS l e t  us  consider
i n t ege r  sequences i n  t he  b i na ry  number sys tem,  hav ing  t he  m in ima l
generating se t  A = { 1 .  0 .  1 } .  Us ing  t he  ax ioms  we can  p roo f  t he
f o l l ow ing  i den t i t i e s :



Lamas: +(0 *1 * I )  =
Proof: +(0 *1 *1 )  =a

+ (0 * (1 *1 ) )  =lzl=
+(1 *1 )

+(1*1l

LemIO:  - ( 0 *0 *0 *1 *0 *1 ) *—(0*0 *0 )  — - ( 1 *0 *1 ) *0
Proof: - ( 0 *0 *0 *1 *0 *1 ) * - (0 *0 *0 )  =ala=

' ( 0 * (0 *0 *1 *0 *1 ) ) *—(0* (0 *0 ) )  =122 I122=
- (0 *0 *1 *0 *1 ) * * (0 *0 )  =a l122=
- ( 0 * (0 *1 *0 *1 ) ) * -0  =122lsz=
-(0*l*0*1l*+0 =a|p=
' ( 0 * (1 *0 *1 ) ) *0  =122=

‘ ( 1 *0 ! l ) *0

The a lgebra  AlINS can be enriched by a successor ope ra t i on  “s" and a
predecessor opera t ion  "p“ fo r  a rb i t r a ry  number systems. obtaining the
following algebra ALINS—sp. While normally i n  ADTs the  successor
ope ra t i on  i s  used  as  a cons t ruc to r .  i n  our  formalization of  integer

sequences  i t  becomes a selector-like ope ra to r .

n in i t ion l l :

A = {a .  a0 .  a1 ,  .... aN} generating se t
a = Z distinguished element
an = 0 distinguished element

ALINS-sp = (H . * ‚+ . - ‚ s .p )  algebra with
(H . * .+ . - )  as ALINS

s : M —> H unary ope ra t i on  [successor ]
stm) = sm

p : H —> H unary ope ra t i on  [predecessor ]
ptm) = pm -

I n  addition to  the  axioms of  ALINS the  following successor and
predecessor ax ioms  are  pos tu la ted  fo r  ALINS—sp [for "s” and “p“
applications readability will be enhanced by retaining the  application
parentheses] .

guccessorofg l :  s (+1 ) =+1
guccessorof ;1 :  s(—1) = -Z

successorofan: staO) = a1

guccessoro faN- I :  s taN- I )  = a"
guccessorofqfl :  staN)  = +(a1*a0 )

successorofman: s+(m*afl) = +(m*a1)

aucces so ro fmafl ; 1 :  s+(m*aN-1) = +(m*aN)
auccessorofmafl: s+(m*aN) = +(s+(m)*a0) i f  m <> —a1 and m <> (a0*n)

1yccessorof;m: s—(m) = —p+(m)

auccossorofmi: s(m1*m2) stm1)*s(m2)
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gredeces so rofigz :  p t+ l ) '  = +1
gredeces so rofi ; £ :  p( - l )  = -Z

nredeces soro fan:  ptafl )  = —a1
nredeces so ro fa l :  p ( a1 )  = an

gredeces so ro fafi :  ptaN)  = aN—l

nredeces soro fman:  p+(m*a0)  +(p+(m)*aN)  i f  m <> a0  and  m <> ( 30 *n )
nredeces so ro fma l :  p+ (m*a1 l  *(m*aO)

nredeces so ro fmau :  p+(m*aN) = +(m*aN-1)

g redeces so ro f ;m;  p - (m)  = —s+(m)

p(m1)*p(m2)Hnredecessoro fmi :  p(m1*m2)

In  t he  following discussion examples  will be  given fo r  a decimal
ALINS-sp instantiation. The  above equat ions de f ine  ' s "  and  ”p"  fo r  a l l
ca r r i e r  e l emen t s .  even  t hough  t he re  a r e  no  explicit equat ions fo r .  s ay .
" s "  and  “p“  applied t o  ”+"—signed  digits: Since  t he  p lu s i f i ca t i on  ax iom
identifies +aI  with a I  fo r  0 g 1 $ N. the  co r r e spond ing  equa t ions
s (+aI )  = s ta l )  and  p (+a I )  = p(a l )  ho ld  implicitly a l so .  In  gene ra l .
once  equ iva l ence  c l a s se s  have  been  e s t ab l i shed  th rough  a cons truc tor
a lgeb ra ,  we  a r e  f r ee  t o  choose  any  o f  t he i r  r ep re sen t a t i ve s  fo r
defining t he  h ighe r  ope ra to r s  o f  i t s  en r i chmen t s .  Whi l e  fo r '  t he  IAI - l
equ iva l ence  classes {+a I .  a l } .  con t a in ing  two e l emen t s .  l i t t l e  i s
ga ined  by  picking r ep re sen t a t i ve s ,  f o r  t he  2 equ iva l ence  c las se s
{+1 .  I .  . . . .  +(6 *+ (1 *1 ) ) .  . . . .  +(3*-2). ...} and  { -1 .  . . . .  - ( 6 * - (1 *1 ) ) .

. .  - ( 3 *+2 ) .  ...}. con ta in ing  infinitely many e l emen t s .  t he i r  u se  i s
more  i n t e r e s t i ng :  To t ake  one  example .  t he  equa t ion  5+1.  de f in ing  s (+2 )
as  +2 .  represent s  an  in f in i t y  o f  fu r the r  equat ions [de r ived  with our
cons t ruc to r  algebraic equalities]

s l  =[=p= s (+Z)  =s+ l= l=  +2

s+ (6*+(1*1) )  = [=s r l=  s (+1 )  =s+Z=l=  +1
s+(3*—2)  = [=s r£=  s l s l )  = s+ l= l=  +1

Inc iden ta l l y .  i n  t he  " e r ro r "  v i ew  o f  t e rms  l i ke  +(3*—2) and
+(6*+( l* l ) ) .  t he  equat ion  5+2 can  be  regarded as  handling ' e r roneous '
arguments t o  " s” .  L ike  t he  app l i ca t i on  o f  spu r ious  l ead ingze ro  axioms.
t he  app l i ca t i on  o f  spurious " s "  o r  "p”  t rans format ions  t o  such  t e rms  i s
harmless. For  example .  t he  derivation s+ ( -1 *0 )  =sm0= +( -1 *1 )  =sr3=  +Z
is  j u s t  a “ con f l uen t  va r i a t i on"  o f  s+(—1*0)  =s r3=  s (+Z)  =s+ l=  +2 .
Howeve r ,  f o r  one  s i t ua t i on  t he  ' s “  and  "p"  applicability mus t  be
prohibited explicitly. A ”s" l "p“  t r ans i t i on  be tween  the  “erroneous"
t e rm  +( -1 *9 )  and  the  ” non -e r roneous “  t erm +(0 *0 )  i s  on ly  prevented by
t he  f i r s t  con junc t  o f  t he  cond i t i ons  on  t he  ca r ry—gene ra t i on—simula t i ng
equa t ions  smN and  pmo. In  one  d i r ec t i on .  t he  con junc t  m <> —a1 makes
smN inapplicable t o  t he  t e rm  s+ ( - l*9 ) .  t hus  p roh ib i t i ng  i t s
t rans format ion  t o  +(D*O). In  t he  o the r  d i r ec t i on ,  t he  con junc t  m <> an
makes  m i napp l i cab l e  t o  t he  t e rm  *(0*0). proh ib i t i ng  i t s
t r ans fo rma t ion  t o  +( -1 *9 ) .  The  second  con junc t  m <> ( e0*n)  o f  bo th
cond i t i ons  p reven t s  t he  app l i ca t i on  o f  smN and  pmo to  i n t ege r s  w i th
[ redundant ]  leading ze roes ,  s i nce  o the rwi se  equalities like
s+ ( (0 * -1 ) *9 )  = +(0 *0 )  and  p+( (0*0)*0 )  = +( -1 *9 )  would  be  s t i l l
derivable.
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For the  binary number system. w i th  aN = a l  = 1 ,  the  successor axiems
so .  .... sN,  smO. .... smN and  the  corresponding predeces so r  ax10ms

specialize as fo l l ows .

zuccossorofan: 5(0 )  = 1
guccessorofe l :  s (1 )  = +(1 *0 )
guccessorofman: s+(m*0) = +(m*1)
guccessoro fma l :  s+ (m*1 )  + (s+ (m) *0 )  i f  m <> —1 and  m <> (0 *n )

nredecessorofan:  ptO) —1
nredecessoro fa l :  p t l )  = 0
nredecessorofmanz p+(m*0) = + (p+ (m) *1 )  i f  m <> 0 and m <> (0 *n )
nredeces soro fmal :  p+(m*1) = +(m*0)

Some "computations“ in  this a lgebra  are  [no t i ce  the  in tegernes t ing
norma l i za t i on  a f te r  “ca r ry  propaga t ion ' ] :

LemI i :  s+ (1 *0 )  =sm0= +(1 *1 )
Lemtz: s+ (1 *1 l  =sml= + (s+ (1 ) *0 )  =p= + (s I *0 )  =31 :  + (+ (1 *0 ) *0 )

=in1= + ( (1 *0 ) *0 )  =a= + (1 *0 *0 )
Lem13:  s+ ( l *0 *1 )  =sm1= + (s+ (1 *0 ) *0 )  nsm0=  +t+ (1 *1 l *0 )  =inl= +( (1 *1 l *0 )

=a= + (1 *1 *0 )
Lem1£: s+ (1 *1 *1 )  =sm1= + ls+ (1 * l ) *0 )  =Lem12= + t+ ( l *0 *0 ) *0 )

=in1= +( (1 *0 *0 ) *0 )  =a= + (1 *0 *0 *0 )
LemlS: p+ l l *0 l  =pm0= + (p+ (1 ) *1 l  =p= + tp l *1 )  =pl= + (0 *1 )  =lz l=  +1
Lem16: p+ (1 *1 )  =pm1= + (1 *0 )
Lem17: s—(1*Ol =s—m= -p+ (1 *0 )  =Lem15= —+1 =msl= —l
Lemiß: s (+ (1 *0 ) *—(1*0 ) )  =smm= s+ (1 *0 ) *s—(1*0 )  =Lem11|Lem17= +(1*1) *—1

The a lgebra  ALINS—sp cou ld  be fu r ther  enriched to  an a lgebra  with
the  usual arithmetic opera tors  generalized to  sequences. A l te rna t ive ly .
the  following equat ions fo r  a length opera t ion  “1 '  on integer sequences
cou ld  be used as the key component of another ALINS—sp enrichment:

s ten )  i f  m <> n*n '
s (1 (m2) )  i f  m1 <> n *n '

l tm)
1(ml*m2)

Bes ides  these ALINS—sp enr ichments.  i t  i s  a l so  possible to  enrich the
original a lgebra  ALINS d i rec t l y  in  an alternative manner; as a
groundwork  fo r  string process ing .  the  sequence  cons t ruc to r  ope ra t i on
“ *”  cou ld  be  complemented  by  sequence  se l ec tor  ope ra t i ons  such  as  head
and tail.
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3 FUNDAHENTAL CONSTRUCTOR ALGEBRAS FOR LIST PROCESSING

As a bas i s  f o r  a l l  subsequent  deve lopmen t .  t h i s  sec t ion  first

in t roduces  an algebraic formal i za t ion  o f  lists and t hen  augments i t  by

allowing negated list elements [used f o r  erasing unnegated  ones ] .

3 .1  The  CONS Algebra o f  N—tup les

I t  i s  wel l—known tha t  t he  data  s t ruc ture  o f  strings - -  whose
expansion t o  integer sequences was discussed i n  t he  prev ious  section ——
i s  def inab le  algebraically as  a sem ig roup  [ i n  pa r t i cu l a r .  a mono id ] .

where  t he  binary ope ra t i on  i s  in terpre ted  simply as t he  j ux t apos i t i on

o f  two semigroup e lemen ts .  forming another  semigroup  e l emen t .  S ince
on l y  the p rope r t y  o f  assoc ia t i v i t y  i s  pos tu l a ted  as  an  ax iom f o r  t he

sem ig roup  ope ra t i on .  sem ig roups  a re  o f t en  regarded  as  t he  mos t  poor ly

s t ruc tured  a lgebras  conce ivab le .  Paradoxically however ,  t he  da ta
s t ruc tu re  o f  t up les  [ l i s t s ] .  r i che r  i n  s t ruc tu re  than  strings because
o f  t he  ab i l i t y  t o  have  t up les  nes ted  i n  t up les .  i s  def inab le  by  an even
more  poo r l y  s t ruc tu red  [ i n  f ac t .  uns t ruc tu red ]  a lgeb ra ,  by  d ropp ing  t he
assoc ia t i v i t y  ax i om as well. Clea r l y .  t he  ”paradox" can  be  reso l ved  by
more ca re fu l  terminological distinctions: The p rope r t y  o f
assoc ia t i v i t y .  increasing the  ax iomgt ig  s t r uc tu re  21 an alggbra [ l i ke
any o the r  postu la te ] .  decreases t he  syntactic s t ruc tu re  31 gg a l gebga 'g
e lemen ts  [ by  removing paren theses ] .

L i ke  t he  s t r i ng  ope ra t i on .  t he  binary ope ra t i on  on  t up les  cou ld  be
i n t e rp re t ed  as j ux tapos i t i on .  t hough  with i n te rspersed  parentheses.  For
example. a*b  = ab  and ( a *b ) * (c * (d *e ) )  = ( ab ) (c (de ) )  would t hen  ho ld  f o r
bo th  strings and t up les ;  ( ab ) ( c (de l )  = abcde.  pe rm i t t ed  by
assoc ia t i v i t y y  would however on l y  ho ld  f o r  strings. [As  i n  (Goguen e t
a l .  1978) t he  parentheses i n  expressions like iablicldell cou ld  be
unde r l i ned  t o  emphas ize  t ha t  t hey  a re  pa r t  o f  t he  a lphabet  f rom which

t he  "stringified” t up les  a re  cons t ruc ted . ]  La te r .  f o l l ow ing  t he
se l f - deno ta t i on  principle o f  i n i t i a l  a lgebras .  t he  comp le te  i n f i x
f unc t i on  ca l l  no ta t i on  —- even t r i v i a l i z i ng  j ux t apos i t i on  —- w i l l  be
used as t he  Ope ra t i on  resu l t  i ns tead :  Thus a *b  [ he re  pre ferab ly  wr i t t en
as  * (a ‚ b ) .  t o  s t r ess  t ha t  " * ”  i s  be ing  ca l l ed  w i th  arguments  a and b ]
w i l l  j u s t  denote t he  t e rm  ' a *b ' .

An obv ious  generality advantage originating f rom t he  assoc ia t i v i t y
o f  strings i s  t he i r  ” va r i ab le  l eng th “ .  1 .9 .  t he  f ac t  t ha t  t he
o r i g i na l l y  b i na ry  ope ra t i on  can  now  be  i n te rp re ted  as  an  N—ary
ope ra t i on .  where  N may vary  from call t o  call [ t he  cap i t a l i za t i on  o f
”N “  symbolizes this va r i ab l e  a r i t y ] .  Fo r  examp le .  t o  obta in  abcde  we
can -— instead o f  ( a *b ! * ( c * (d *e l l .  a * (b * ( c * (d *e l ) ) ‚  o r  any o the r
equ iva l en t  nes t i ng  o f  f ou r  b inary  "*"-ca115 ~~ wr i t e  i n  shor t
a*b *c *d *e ‚  and  rega rd  t h i s  as  a s i ng le  N=5—ary  " * “—ca11  i n  m ix f i x
no ta t i on  [ co r respond ing  t o  * (a .b . c .d .e )  i n  pre f ix  nota t ion ] .  For
s t r i ngs .  i n  gene ra l .  t he  pa ren thes i s l ess  f o rm  m l *m2* . . . *mN—l*mN
rep resen ts  t he  equivalence class o f  a l l  binary bracketings o f
m1m2. . .mN-1mN.

Now the  ques t i on  arises whether t up les .  i ns tead  o f  be ing  r e s t r i c t ed
t o  pairs [ o r  t o  f i xed—leng th  t r i p l es .  quad rup les .  e t c . ] .  can  a l so  be
i n t e rp re ted  as  " va r i ab le  l eng th ”  ope ra to r  app l i ca t i ons  i n  sp i t e  o f
t he i r  l ack  o f  assoc ia t i v i t y .  Th i s  can  i n  f ac t  be done .  a l t hough  i n  a
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manner differing cons ide rab ly  f r om the  usual one f o r  strings [ an

unusua l  one  will be  implicit i n  section 4 .4 ] .  For  such  t up les ,  i n

gene ra l .  t he  pa ren theses -sav ing  f o rm  m l *m2* . . . *mN*mN+ l  i s  on l y  allowed

i f  mN+1 i s  a distinguished element, ca l l  i t  " ' " .  and i n  this case
m1*m2* . . . *mN* '  represents  t he  un ique  r i gh t -assoc ia t i ng  nesting

m1* (m2* . . . * (mN* ‘ ) . . . ! .  and can be i n t e rp re t ed  as the  N—tuple (m1. m2.
. .  mN). Fo r  example. ne i the r  ( a *b ) * ( c * (d *e ) )  no r  a * (b * ( c * (d *e l l l

could be r ewr i t t en  into t he  N—ary paren theses—sav ing  f o rm .  bu t  their
" ' ”—terminated expansions ( a * (b * ' ) ) * ( c * (d * (e * ' l l l  _ and
a* (b * ( c * (d * (e * " ) ) ) l  can be abbrev i a t ed  as (a *b * ‘ ) * c *d *e *  and
a*b *c *d *e * ‘ .  and can be i n te rp re ted  as t he  ß—tuple ( ( a .  b l .  c .  d .  a )
and t he  5—tuple  (a ,  b .  c .  d .  e ) ,  respectively. A single

“ l i s t r es t r i c t i on '  ax iom will su f f i ce  f o r  realizing t h i s  va r i ab le—leng th

t echn ique  w i t h  t he  usual “one—sor ted“  algebras [giving va r i ab le—leng th
N—tup les  an  axiomatic s t ruc tu re  comparab le  t o  t ha t  o f  strings]. and

even  this can  be  dropped  with t he  he lp  o f  ' gene ra to r—sepa ra ted “

algebras [leaving t he  t up les  no axiomatic s t ruc tu re  a t  all].

I n  t he  programming l anguage  LISP such an interpretation o f  nested
pa ir s  as N—tuples was in t roduced  t o  imglgmggt yggiaglg;lgggtg_liggg
_ggigg.jiggg_lgggtn.mgmg£y ce l l s .  Cu r i ous l y .  we can  no t  on l y  use  i t  f o r
t h i s  ve ry  conc re t e  purpose bu t  a l so  f o r  a ve ry  abs t rac t  one .  namely t o
WWWMHW alsebuis;
995111215. I n  f ac t .  t he  do t  o f  "dot ted  pa i r s “  i n  LISP can be  regarded
as t he  algebraic multiplication ope ra to r  “ * ” .  used  as an i n f i x  vers ion
o f  t he  binary CONS p re f i x  f unc t i on  [ thus  f o r  LISP l i s t s  we have ” * "  =
" . “  and. o f  course. " “  = “NIL“].  However, there  i s  a subt l e  difference
between do t ted  pa i r s  [da ta  s t ruc tu re s ]  and t he  algebraic i n f i x  nota t ion
[ope ra to r  applications]: wh i l e  i n  t he  do t t ed  pa i r  ( x . y )  t he  parentheses
a re  a p rope r  syntac t ic  constituent [hence can  neve r  be  omitted]. i n  t he
algebraic ope ra t i on  ( x *y )  or  x *y  t hey  a re  on l y  necessa ry  f o r  g roup ing
in  sub leve l s  [ hence  can  be  om i t t ed  f r om the  t op—leve l ] .  Fo r  examp le .
wh i l e  ( a .N IL ) . ( b .N IL )  i s  no t  a legitimate dot ted  pair nes t i ng .
( a . ' l . ( b . ' )  i s  a l eg i t ima te  nes t i ng  o f  applications o f  a ' "»opera to r .
For  m ixed  co l l ec t i on  nes t i ngs  [ such  as se t s  o f  t up les ]  we w i l l  a l so
dev ia te  f r om L ISP fs  “ l i s t  monocu l tu re”  by  allowing several kinds o f
CONS—like multiplication ope ra to r s .  t oge the r  w i t h  seve ra l  assoc ia ted
kinds o f  NIL ;  although this r ep re sen t a t i on  o f  mu l t i p l e  co l l ec t i ons  i s
c lea re r  a l geb ra i ca l l y .  t he  L ISP /QA ‘ IF IT  conven t i on  o f  us i ng  t he  f i r s t
l i s t  e lemen t  as a t ag  naming t he  co l l ec t i on  seems a t  l eas t  as ap t  i n
prac t i ca l  programming.

I n  ear ly  ve rs i ons  o f  t he  PROLOG l anguage .  l i s t s  we re  no t  on l y
represented  by  do t t ed  pa ir s .  as  i n  L ISP .  bu t  we re  ac tua l l y  r ep laced  by
do t t ed—pa i r - l i ke  nes t i ngs  o f  " “—terms‚  wh i ch  cou ld  be  abb rev ia ted  i n
the  r i gh t -assoc ia t i ng  manner .  Fo r  examp le .  t he  LISP l i s t  ( a  b c d e )
was rep laced  by  t he  nes t i ng  a . (b . ( c . ( d . ( e .n i l ) ) ) ) ‚  wh i ch  cou ld  be
abb rev ia ted  as  a .b . c .d .e .n i l .  Howeve r .  wh i l e  t he  nes ted  pa i r  v i ew  o f
N - tup les  i s  advantageous  f o r  concre te  implementation and  abs t rac t
mathematical/logical f o rma l i za t i on .  we do  no t  r ega rd  i t  as a ve ry
h igh—leve l  programming Language f ea tu re  (Bo ley  1983 ) ;  e .g .  because o f
i t s  asymmetry and i t s  use  o f  a "nil" auxiliary [ even  i n  ou r  somewhat
fu r the r  shor tened  algebraic f o rm  a .b . c .d .e . °  t he  end  marke r  ” "  ——
a l t hough  s i ng le—cha rac te r  —— would  be bothersome i n  day—to—day
p rog ramming ] .  Thus .  ou r  algebraic formalization o f  co l l ec t i ons  shou ld
be  t aken  t o  initiiy va r i ab lev l eng th  l i s t  no ta t i on ,  no t  t o  [gnligg i t  by
[disguised] pa i r  no ta t i on .
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We now give the formal  definition o f  the cons t ruc to r  a lgebra  ALCOI

of N-tuples.

Definitionlz

A ' g e n e r a t i n g  set [a finite set]
IN A distinguished empty element

ALC01 = (H . . ) '  algebra with

u D'
. H  carrier genera ted  by A with

H x H —> M b ina ry  ope ra t i on
. (m1.m2) = m1.m2

! . l "  I I . I' :

listzestriction: m1.m2 = ‘ if m2 <> n .n '  and m2 <>

According to the above  definition the generatihg set A must at least

contain the special element " " .  interpretable as the empty tuple
[O-tUple]. The listrestriction axiom reduces  a resu l t  of the b ina ry
operation "." to "'" if its second argument  was neither equa l  to
ano the r  product n.n' [a non—empty tuple] nor to "'" [the empty tuple].
Othe rwi se  the "."—result remains a binary term constructed  from the two
"."—arguments. Assuming the generating set A contains besides """ the
elements a1, . . . .  aN. the conditional equa t ion  for ALCOl's
listrestriction axiom cou ld  be replaced equivalently by the N
unconditional equations m.a1 : '. .... m.aN = '

The special element ”'“ —— the only one which_ must be present in
every A—generated algebra -— is thus chosen  as the value lr—equal to

“all "e r roneous"  ."—terms. Alternatively. this va lue  could be returned
directly by ' ” for an “e r roneous”  second argument. thus also retaining
the total definition of "." on H x M and avoiding the introduction of
"partial algebras' [ a  generally applicable method for this would be
introducing another  distinguished e l emen t  (Graetzer 1968 ) .  but for our
purpose “‘" can play the role of both this ”error" element and the
empty tuple]. However, as discussed in section 2. we prefer the
“self—denotation for all arguments“ technique of initial algebras.

-axiomatica11y equating “erroneous” terms with the distinguished element
only a f t e rwards .

If the listrestriction axiom were omitted. the resulting —— even
simpler „_ a lgebra  would def ine  b inary  nestings that could be
i n t e rp re t ed  as general LISP s -express ions .  This simpler “anarchic
a lgebra“  [obeying no laws] wou ld  generate the entire Herbrand universe
o f  all possible terms const ruc ted  as ”.”—nestings over A = {". al. . . . .
aN}. coex tens ive  with the context-tree language generated by the
BNF rule

sym—expr ::: "a1" I ... l “aN” | “'” | "(" sym—expr . sym—expr ")"

Because of the axiomatic restriction of the second “.*-argument to what
in L ISP  terminology may be called “N IL  and list—representing dotted
pairs" [while the First argument may also contain non—NIL atoms]. the
carrier produced  is not the entire Herbrand un ive r se  which the
gene ra t i ng  set originally generates  with the b ina ry  operator: instead,
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t he  “ " - i den t i f i ca t i on  o f  ' e r r oneous "  t e rms  reduces i t  t o  t he  desired
subse t .  which i n  LISP terminology cou ld  be  described as “a toms and
list—representing dot ted  pa ir s” .  coex tens ive  wi th  t he  con tex t—f ree
language  gene ra ted  by  t he  BNF ru l e s  [ t he  f i r s t  r u l e  de f i nes  ou r  usual

ve r s ion  w i thou t  t op - l eve l  paren theses ]

t op -exp r  - -=  “ a l "  [ . | "aN"  I " ' "  | sy l—expr  “ . “  l i s—exp r
syl—expr = "a l “  ! . . .  | ”aN” | l is—expr
l i s—exp r  : : =  " ”  | " ( ”  sy l—expr  ” . "  l i s -exp r  " ) “

The ca r r i e r s  and ope ra t i ons  o f  a lgebras  can  be  dep ic ted  i n  a diagram
no ta t i on  as fo l lows  [ t h i s  i s  inspired by  t he  use  o f  po l yad i c  graphs f o r
signatures i n  (Goguen e t  a l .  1978 ) .  bu t  uses  directed l abe l ed
hypergraphs  as  pu t  into con tex t  i n  sec t i on  5 .2 ] :  A ca r r i e r  becomes a
node [drawn as a box]  bearing t he  ca r r i e r  name. and an  ope ra t i on
becomes a directed labeled hype ra rc  [ d rawn  as an a r row]  labeled wi th
the  ope ra t i on  name and s tar t ing  a t  i t s  f i r s t  a rgumen t .  cu t t i ng  i t s
second  a rgument .  . . . .  cutting i t s  l a s t  a rgumen t .  and  ending a t  i t s
va lue  [ r esu l t ] ;  a distinguished e lemen t  o f  a gene ra t i ng  se t  i s  regarded
as  a nu l l a r y  ope ra to r .  thus  becoming  a hype ra rc  labeled wi th  t he
e lemen t  name and ending a t  [ po in t i ng  t o ]  t he  co r respond ing  ca r r i e r .
Since t he  “homogeneous  a l geb ras "  cons ide red  un t i l  now  have  on l y  one
ca r r i e r  [ hence  t he  synonym ”one—sor ted a lgebras“ ) .  t he  corresponding
directed l abe l ed  hype rg raphs  have  on l y  one node a l so .  Fo r  examp le .
ALCOI i s  dep i c ted  thus :

t t t t t > |

* t t

The distinguished e lement  ” "  has become a d i r ec t ed  hype ra rc  o f  l eng th
! [ l ead ing  f rom nowhere t o  t he  resu l t ]  and t he  b i na ry  ope ra t i on  " . "  has
become a d i r ec t ed  hype ra rc  o f  length 3 [leading f rom t he  f i r s t  a rgument
v i a  t he  second argument  t o  t he  resu l t ] .

L i ke  d i s t i ngu i shed  e lemen ts .  t he  remaining e l emen t s  o f  a g i ven
genera t ing  se t  can  be  represented  as  l eng th—1 hype ra rcs .  bu t  t he
representa t ion  o f  t he  i nde f i n i t eness  o f  ou r  ilhillinl generating se t
remainders { a l .  . . . .  aN } .  as  i n  t he  second ALC01 dep ic t i on ,
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* * *
* *
* v

_„_*  _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

| * |
* * * * *> |  * |

| r l
a1 I * ' |

* * * * *> |  * M |

| * |
| * |

aN I * |
* * * * *> |  * |

| * |
___x  ________________

* *
* *

* * *

The ca r r i e r  M gene ra ted  by  this se t  A with t he  r e s t r i c t ed  ope ra t i on
can  be  seen  as  a Herb rand  subun i ve rse .  i . e .  t he  limit o f  t he  sequence
o f  se t s  H0 = A. M1 = HU U { ‘ . ' ‚  a . ” .  b .  } .  . . . .  where f o r  gene ra l  n>0
Mn = Mn-1 U { x . y  | x IN  Hn—1 and y IN  Mn~1 and ( y  = n .n '  o r  y = ' ) } .
w i t h  t he  se t  membership condition ( y  = n .n '  o r  y = ' )  embodying t he
negated l i s t r es t r i c t i on  axiom.

The table be low depicts t h r ee  no ta t i ons  f o r  H3:  The "bas i c  binary fo rm"
co lumn  gives an  unabbrev i a t ed  binary t e rm  no ta t i on ;  t he
”N—ary /pa ren -spa r i ng ”  column g i ves  t he  abb rev ia ted  nota t ion
corresponding t o  t he  N-ary  i n t e rp re t a t i on :  t he  “LISP l i s t ”  column g i ves
t he  l i s t  no ta t i on  as used i n  LISP. A t i l de  ["""]  i n  the second and/or
t h i r d  o f  t hese  co lumns  means t ha t  an  en t r y  does  no t  di f f er  f r om the  one
in  t he  f i r s t  column o f  t he  same row.

The “LISP l i s t "  co lumn down to  Hn can  be  ob ta i ned  as a se t—rep resen t i ng
l i s t  by  a call (ENUHLST A n NIL )  o f  t he  f o l l ow ing  LISP Funct ion ENUHlST
[A  i s  a list r ep re sen t ing  t he  se t  A MINUS {'}1:
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(DEN
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(ENUMLST ALPH NUM PREV)
(COND

((ZEROP NUM) (CONS NIL (APPEND ALPH PREV)))
(T

(DEN

(ENUHLST
ALPH
(SUB) NUH)
(UNIORD

PREV
((LAHBDA (AA)

(MAPCAN '(LAHBDA (D)  (HAPCAR
(CONS NIL  PREV)))

aN)  b )  denotes  a func t ion  f with formal s  a !  and  body b

; enumera te  lists

(CONS NIL (APPEND ALPH PREV) ) ) ) ) ) ) )

(UNIORD L1 L2)
(COND ((NUlL L1)  L2 )

(DEN
(MAP

(T  (CONS (CAR L1 )  (REMOVE (CAR L ) )

CAN FN L )

'(LAMBDA (A)  (CONS A D) )  AA))

; orde r -p re se rv ing  UNION

(UNIORD (CDR L1 )  L2 ) ) ) ) ) )

: non—des t ruc t i ve  HAPCAN

(AND L (APPEND (APPLY FN (L IST (CAR ( ) ) )  (HAPCAN FN (CDR l ) ) ) ) )

___ . . .

- H1

_ @

<
—

_—
_—

—
—

—
—

—
—

__
__

_—
—

—
—

basic binary f o rm
___—___m—n-_u——_——u_————“- to .————

“__—-——.-___————fl—_l“___“_—___

——_—_.—_——__—_—___——_—_——.1—-

___—-___—________—w—_—_—-_——

*—

+
__

_ 
*

__
_—

__
_—

—
—

_—
—

__
—

_—
—

—
—

+
_

_
_

—
|_

.

N-ary/pärenßsparing
___—__n—q—n—„m—n—m—u—n-fl—u-qu-no

-_—u„——————___l——_——_—_

___—_—_——_———_-___—u—O_

b . . . .
( ' . ° ) . '
( a . ' )
(b . ' )
. a .

a .a .
b .a .
( ' . ' ) . a .
( a .  ) . a .
(b . ' ) . a .
. . b . ‘

a .b . '
b .b .~
( ' . ‘ ) . b .
(a ‘ ) .b . ‘
(b  . ) . b . '

___-_—_——__——_—————_w—

LISP list
—.- -——oo._ -now-u_——q—-

uu—uu—n—n-n -u -u—o—n—

u—-—nn_——-—m

( (N IL ) )
. ( ( a ) )
( (b ) )
(N I l  N IL )
(a  N IL )
(b  N IL )
( (N IL )  N IL )
( (a )  N IL )
( (b )  N IL )
(N I l  a )
(a  a )
(b  a )
( (N IL )  a )
( ( a )  a )
( (b )  a )
(N I l  b )
(a  b )
(b  b )
( (N IL )  b )
( ( a )  b )
( (b )  b )



28
29
30
31
32
33
34
35
36
37
36
39
40
41
42
43
44
45
46
47
46

111
112
113
114

139

141

166
167
166

193
194
195

226
221
222

247
246
249

355
356
357

362
363
364

409
410
411

115.114);
' . 11 ' . ‘ ) .
a . ( ( ‘ . ° ) .
mr.“ ) .

. 11a . ' ) .
a . ( (a .~  .
b . ( (a . ' ) .

‚ ( (b . ‘ ) .
a . (1b . ' ) .
b . ( (b . ° ) .

. ( ‘J~
a . ( ' . 1 '
b . ( ‘ . ( ‘ . ‘

' . ( a . ( ‘
a . (a . ( ' .
b . (a . ( ‘ . '

a . (b . ( ' .
b . (b . ( ° .

‚ 1 ° . 1a .
a . ( ‘ . 1a . ‘
b . ( ' . ( a .

‚ (a . (a .
a . (a . (a .
b . (a . (a .

. (b ; (a .
a . (b . (a .
b . (b . (a .

' . (b . ( ' . ' )

' . ' ) ) . '
' ) ) . '

' . ' ) ) .
( ' . ( a . ° ) ) ."
(a . (a . ' ) ) . '
1b . (a . ' ) ) . '
( (" . ‘ ) . ( a .
11a . ' ) . ( a .
( (b . ' ) . ( a . '
( ‘ . (b . 'n . '
(a . (b . ' ) ) .
1b .1b . ' ) ) .
11° . ‘ ) . (b .
( (a . ' ) . (b .
( (b . ‘ ) . (b .

' ) ) . '
' ) ) . '

' ) ) . '
‘ ) ) .
' ) ) .

. ‘ ) ) . (b . ' )

' )

' ) )
) )

' ) )

' ) )
' ) )
' ) )

' ) )
' ) )
‘ ) )

( ° .  ° ) .
( a .  . “ ) .
(b .  ‚ ' ) .
( ( ‘ . ' ) . '
11a . ‘ ) . '
( (b . ' ) . ‘
( ' . a . ' ) .
( a .a . ' ) . '
(b.a  ' ) . '
( 1 ‘  ) . a .
( ( a .  ) . a .
( (b . ' ) . a .
( ' .b . ° )
(a .b . ' ) .
1b .b . ' ) . 7
11 ' .  ) .b . ‘
( (a . ' ) .b . ‘
( (b . ' ) .b . '

( (b .  ) .b . ‘
' . 1 ‘ . ‘ ) .
a . ( ' . ' ) .
b . (  ' ) .

' . ( a . ' ) .
a . (a . ' ) .
b . (a . ' ) .

° . (b . ° ) .
a . (b . ‘ ) .
b .1b . ° ) .

a .
b .“ .

. a .
a .a
b .a .

‚b . .
a .b .
b .b

' .  . a .
a .  . a .
b . '  a

. a . a
a .a .a  '
b .a .a

. b .a .
a .b .a
b .b

( ( (NIL) ) )
(11a ) ) )
( ( (b ) ) )
( (N IL  NIL) )
( (a  NIL) )
( (b  NIL) )
111N1L1NIL ) )
( ( 1a )  NIL) )
( ( (b )  NIL) )
( (N IL  a) )
( (a  a ) )
( Ib  a ) )
( ( (NIL)  a ) )
( ( (a )  a ) )
( ( (b )  a ) )
( (N IL  b) )
( (a  b ) )
( (b  b ) )
( ( (NIL)  b ) )
( ( ( a )  b) )
( ( (b )  b ) )

( ( tb )  b )  b )
(N IL  (N l l ) )
(a  (N IL ) !
(b  (N l l ) )

(NI l  (a ) )
(a  (a ) )
(b  (a ) )

(N IL  (b ) )
(a  (b ) )
(b  (b ) )

(NIL ( )  NIL )
(a  NIL NIL)
(b  NIL NIL)

(NIL a NIL)
(a  a NIL)
(b  a NIL)

(N IL  b NIL )
(a  b NIL )
(b  b NIL)

(N IL  NIL a )
(a  NIL a )
(b  NIL a )

(NIL a a)
(a  a a)
(b  a a )

(N IL  b a )
(a  b a )
(b  b a )
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a l t  ' l I I | .  i I . | .  o .

. . . . . . ,
515 I (H). ) . (b .  H.Hb .  ) . ( a .  H I ( lb .  ) .b .  ) . (b .  ).a. I (Hb )b )a
517 I ‘.(‘.(b.‘)) | “ .“ .b . ‘  | (NIL NIL b)
51a | a.|‘.|b.‘)| | a . ‘_ .b ._  | (a NIL b)
519 | b.|'.|b.‘|| : b. . b .  l|||: NIL b)

... | . . . . . . _ . . .
su. | ' . ( a . |b . ‘n  | . a .b ._  | (N IL  a b)
SCS I a.!a.(b.')) | a .a .b .  ] (a a b)
546 | b.(a.(b.')) : b .a .b  : (b a b)
... I . . . . . . . . .
571 | ‘.(b.|b.'|| | . b .b .  | (N IL  b b)
572 | a . (b . (b . ‘n  | a .b .b .  | (a b b)
573 | b . (b . (b . ‘n  | b .b .b .  : (b b b)

... | . . . | . . 1 _ . . .
678 v ((b.').(b.'||.((b.'|.|b.‘|) l ( (b .  ) b ).(b ) b | (((blb)(b|b)

-- M3 ____________________________  + ______________________  + ______________ „-

| . . . |

The following Equality r e l a t i on  [like EQUAL in L ISP]  recursively

reduces the equality of entire applications of the ”.*-operator

[in general. of b ina ry  multiplication ope ra to r s ]  to the equality of its

arguments; until it reaches elements of A. for which it can decide

equality in a trivial manner.

gquality: ml = m2 obv ious  if ml IN A or m2 [N A
ml m.m' = m " . m " '  = m2 <=) m = m "  and m' = m

Exflmnlfi:

(a . ‘ ) . (b . ' )  = (a . ' ) . (b . ‘ )
(s.") = (a.'| and (b.'l = (b. )
a = a and ‘ = and b = b and =

As a special kind of the "many—sorted algebras“ wh ich  —- starting in
section 3.2 -- will complement our usua l  "one-sorted algebras", here we
i n t roduce  “generator-separated a lgebras" .  In these the [ a lways  finite]
"generator” —— as we shall call the gene ra t i ng  set minus possible
distinguished e lements  —- becomes a ca r r i e r  of its own. separa ted  f rom
the [usually infinite] "generated" carrier. This will pe rmi t  the
operations to map between the two ca r r i e r s  in such a way that certain
ope ra to r  r e s t r i c t i on  ax ioms  beenme unnecessary .

The one-sorted a lgeb ra  ALCOI thereby becomes a generator—separated
a lgebra  ALC01$ [generator—separated vers ions  o f  one—sorted a lgebras  and
definitions will be suffixed with a "$"—markl‚ where the ALCO! carrier
M of atoms and lists is divided i n to  a carr i er  M] of non—"" atoms and
a ca r r i e r  M_ of lists [incl. “"1 .  At the same time the CONS operation
" .“  is divided into an ope ra t i on  “ . I "  for constructing atoms onto lists
and an operation ' " for cons t ruc t ing  lists onto lists; since no terms
are constructed onto non-"” atoms. the listrestriction ax iom thus
becomes unnecessary. leaving ALC01$ as an "ana rch i c“  a lgebra  [in which
no axioms are postu la ted ] .  Besides this axiom elimination, the
separa t ion  of the generator has the further advantage  tha t  the set o f
lists can now be i n t roduced  wi thou t  carrying along as a subset the set
of the i r  const i tuen t  non—“" atoms.
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Def in i t ion ls :

A_ genera t ing  se t  [ a  singleton se t ]
' IN  A_ distinguished empty element

A I  generating se t  [ a  gene ra to r ]

ALC01$ = (M_ .M / : i . . / )  algebra with

M_. N !  ca r r i e r s  generated by A_. A I
with "4“ .  ” . ! "  [N ]  = AI ]

* : „_ x H_ —> M" binary ope ra t i on  [ cons ing  lists to  lists]
L(m1 ‚m2)  = mlimz [m1 IN  „_ and m2 IN  HF]

. !  : HI  x M_ ->  M_ binary ope ra t i on  [ cons ing  non-""  atoms to lists]
. / (m1 .m2)  = mI . /m2  [ml  IN  M I  and m2 IN  H_]

The l i s t res t r i c t ion  ax iom has become super f luous .  because the  second
arguments o f  bo th  . “ -der iva tes ‚  ' and ' . I " .  must be elements o f  M_.
hence e i the r  (n .n ' )—terms or  " "

.—‘.

The  directed l abe led  hypergraphs  corresponding to
genera to r -separa ted  algebras have  a separa te  node  fo r  the  genera to r
carrier and  the  usual node  fo r  the  genera ted  ca r r i e r .  For  example .
ALCOIS can be dep ic ted  thus [ the  elements o f  the  genera tor  A l  - -  ca l l
them a1 .  . . . .  aN - -  a re  inc luded  as hyperarcs ,  because the i r  ro l e  i s
essential here ] :

* * *  * * *
* * t
*v  *v

- - - :  . . . . . . . . . .  t _____

l *  * I
t t t t t> |  * „_ * |

I *  * I
___ t  . . . . . . . . . .  t . . . . .

* * *
t * „ !

r t t  _ t
*
* ‚ l
*

a l l  I
t t t t t> |  '

. l  |
I Ml |

aN | |
* t * * * ) |  |

| |

Comparing this diagram wi th  the  second  diagram fo r  ALCOI .  i t  can  be
seen  tha t  the  o r ig ina l  ca r r i e r  M has  become separa ted  i n to  a “g iven”
ca r r i e r  MI and a ”derived" ca r r i e r  M_; in  the  l a t te r  on ly  l i s ts  o f~“-elements could be bu i l t .  were i t  not initialized with the non—"”
atoms f rom H/  [no t ice  tha t .  desp i te  the  geometric prepor t ions .  H I  i s
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to  see  how the
initializing

f in i t e  and M_ infinite]. I t  i s  likewise possible

original (HxH)~operat ion ” . "  has become separated into an

(MIxM_) -opera t ion  ' . I '  and a “ . *—l ike  (H_xM_) -operat ion  ”

Examglg :

}A { '
{a .  b }A!

The two car r i e rs  “_ and H !  generated by these  se ts  A_ and A I  w i th  the
be  seen  as  he te rogeneousunres tr i c t ed  opera t ions  “é" and " . ! “  can

Herbrand subuniverses.  1 .9 .  the  limits of  the  sequences o f  se ts
H_0 = A_. "_1 = M_0 U { °4 ' .  a . / ° .  b . / ' } .  . . .  and

MIO = Al .  H / I  = MIO. . . . .  where For general n>0

„_n = H_(n -1 )  U { xiy I x IN  H_ (n -1 )  and y IN  M_(n -1 ) }  U

{ x . / y  I x IN "lin—1) and y IN H_(n-1)}  and Min = MItn-1)  [=A/1 .

The following t ab les  depict th ree  no ta t ions  fo r  M_2 and M/2 .  I t  i s
worthwhile to  compare the  ope ra to r s  of  " ' “—l is t  terms l i ke  no.  11 w i th
those o f  flat-list t erms  l i ke  no .  16 in  M_2: Lists of  ”" -e lements  a re
the  ones tha t  can be bu i l t  us ing  on ly  the  “**—part  o f  ” ." .  whi le  l i s ts
w i thout  sub l i s ts  resu l t  f rom using on ly  the  " . / "—par t  o f  " ”

no. | basic binary form | N-arylparen—sparing | LISP list
———-+ ————————————————————————————— + —————————————————————— + —————————————
| | ' | ' | NIL  o r  ( )
- -  "__0 — — — — — — — — — — — — — — — — — — — — — — — — — — —  + —————————————————————— + —————————————

2 | & | " | (NIL)
3 | a . ! "  l " | (a )
4 v b . / ‘  | " | (b)
- -  M__1 ———————————————————— + ——————————————————————— + ——————————————

s | ( ‘4  }l | " | ((NILD)
6 ‘ | ( a . !  )& '  | - I ( (a ) )
? | !b . / ° !L '  | - I ( (b ) )
a | *1  f | | L ‘L  | (NIL NIL)
9 I a . / ( _ l  ) | a . !  & | (a N I ! )
10 I b: ] !  - ‘ J  | b . l ' *  I (b N I l )
n I t ‚. gir l“)  | (1.5)-“- I (um) NIL)
12 | ( a . / _ l l t ‘ l ' )  | ( a . / ‘ ) l  l | ( (a )  NIL)
I 3  I !b . /  l f l ‘ L ' )  I (b .1 ' ) ‘  & I ( (b )  N IL )
16 | ‘ (a . /  ) I '..__a./~ | (NIL a)
15 I a . l ( a . / ‘ )  I a . / a . /  | (a a)
16 | b: ! !a . l ' |  | b . /a . /  I (b a )
17 | ( & 2&(a . l ' )  | ( ’ - ‘ )La . l '  I ( (NI l )  a)
to I ( a . !  )L (a . / ' )  | ( a . / ‘ )La . / ‘  l ( (a )  a)
19 , l  {b . l  ) f I a . / ‘ )  I (b . / ‘ )La . l '  I ( (b )  a)
20 I * (b . /  2 - | “ in . / ‘  I (NIL b)
21 | a ! (b . /  | | a . /b . / ‘  l (a b)
22 | b_ / |b . / ' )  | b . /b . / ‘  I (b b)
23 | | & | * (b . l ' )  | ( ' l ' ) i b . / '  | ( (N l l l  b)
2 ‘  I (n . !  )& (b . l ' )  | ( a . / 'D ib . /  I ( ( a )  b )
25  V (b . l ' ) * (b . l ' )  I l b . l ‘ )Lb . / '  I ( (b )  b )
__ ”.2 ____________________ + ______________________  + _______________

I_
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no. | basic binary form | N-arylparen—sparing I LISP list
————— +—-—»--—-——--——————————-—————-+——-——————-——-—---—————+——-—---——-——-

1 l a l ' | _'_'
2 V b I " |

_ MIO _______________________________ + _______________________  , _____________

—— M/ I  ——————————————————————————— + —————————————————————— + —————————————

—- H /Z  ——————————————————————————— + - - - - - - - - - - - - - - - - - - - - - -  + - - - - - - - - - - - - -

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  + _ _ _ _ _ _ _ - _ _ _ _ . _ _ _ _ _ _ - _ _ _ + _ _ _ _ _ _ _ . . . . . . _ _ . .

I n  definitioni the  f i n i t e  cardinality of  the  genera t ing  se t  ‘A a l so

r e s t r i c t s  the  number  o f  a toms  over  which N- tup les  a re  built to  the  same

finite number. A l though  this i s  no t  a limitation i n  prac t i ce  [ l e t  IA I

84° !  + 6472 + . . .  + 64'132 equal the number of  d i f f e r en t  atoms that  can
be composed from a cha rac t e r  se t  l i ke  [“A”. .... “Z". 

. ' a ' .  .... “z“
”0" ,  . . ,  "9". "—“. " : ” l  in. say.  a l inepr in te r  l ine ] .  nor in  theory
[every  IA I  can be augmented to  IA I  + 1 ] .  the  use o f  l a rge  numbers o f
individual Hsymbols i ns tead  o f  symbol—composed “words" may appear
unsa t is fac to ry .  The fo l low ing  two—level construction. as implicit i n
L ISP .  may be p re fe r red :  First. a [countab ly ]  in f in i te  number o f  atoms
is  composed f rom a [small] finite se t  o f  symbols  i n  the  form o f  symbol
strings. Second .  the  N—tup les  a re  cons t ruc ted  f rom these  string a toms.

This combina t ion  of  strings and tup les  can be formal i zed  by the
fo l low ing  definition of  the  cons t ruc to r  algebra ALCO1'

De f in i t ion l ' :

A genera t ing  se t  [ a  finite se t ]
IN  A distinguished empty element

ALCO1‘ = (H.|‚.l a lgebra  with

M carrier generated by A with “|”. ” "

| : M x H —> M binary ope ra t i on  [ cons t ruc t ing  strings]
I(m1.m2) = mIImZ

: H x M —> H binary ope ra t i on  [constructing tup les ]
. (m1 ‚m2)  = m1.m2

Igordrestriction: mllmz = ' i f  (ml <> n ln '  and m1 NOTIN A MINUS { ‘J )
o r  (m? ( )  n ln '  and m2 NOTIN A MINUS { ' } !

‚listLestriction: m1.m2 i f  m2 <> n .n '  and m2 ($

Of course.  associativity i s  a l so  postu la ted  fo r  the  “ |“—operator .

lgssociativity: (mllm2)|m3 = m1|(m2Im3)

[ I f  an  axiom could be  pos tu la ted  fo r  various opera to rs .  i t s  postulation
fo r  a g iven  ope ra to r  may be disambiguated by p re f i x ing  the  ax iom name
wi th  tha t  Operator .  ]

The  wordrestriction ax iom prevents  the  i l l ega l  cons t ruc t ion  o f  ”a toms"
wi th  list components  [ i nve r se  to  the  l ega l  construction of  lists f rom
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ying “erroneous“  t erms  l i ke  a l '  and
~)Ib [ in  LISP-like j ux t apos i t i on  syntax a ’  and
wi th  " °“ .  The w ax iom can be t r ans fo rmed  to  four

uncond i t i ona l  equat ions .  thus illustrating the  elimination of  the  NOTIN
pred ica te  from condit

Or-sp l i t t ing :
mllmz . i f  m1 <> n ln '  and mi NOTIN A MINUS { ‘
mllmz = i f  m2 ( )  n ln '  and m2 NOTIN A HINUS { ‘

NOTIN remova l :
m1lm2 = i f  ml <> n ln '  and (m1 = n .n '  or m1 =
mllmz = ' i f  m2 <> n ln '  and (M? = n.n ‘  or m2 =

And/or distribution:
milmz = ' i f  (ml ( )  n ln ‘  and mi = n .n ' )

or (m1 <> n ln '  and m1 = n ln ' )
or (ml <> n ln '  and m1 = ' )

mllmz = i f  (m2 <> n ln '  and m2 = n .n ' )
or (m2 <> n l  ' and m2 = n ln ' )
or (m2 <> n ln '  and m2 = ' }

Cont r ad i c t i on  l aw:
m1lm2 = i f  (ml <> n ln '  and m1 = n .n ‘ )

or  FALSE
or (m1 <> n ln ‘  and ml = ‘ )

m1Im2 = ' i f  (m2 (>  n ln ‘  and m2 = n .n ' )
or  FALSE
or (m2 ( )  n ln '  and m2 = ' )

FAISE  neutra l  or  e l emen t :
mllmz = i f  (m1 <> n ln '  and mi = n .n ' )  or (ml
milmz = i f  (m2 <> n ln '  and m2 = n .n ' )  or (m2

And commutat iv i ty :
milmz = i f  (m1 = n .n '  and ml <> n ln ' )  or  (m1
mIlmZ = i f  (m2 = n .n '  and m2 <> n ln ‘ )  o r  (m2

<)  remova l  [incl. or  associativity]:
mllmz = i f  (m1=n.n' and_(m1=n.n' or (m1=‘ or

or (m1=' and (m: .  or (m1=n.n' or m1
m1lm2 = i f  (m2=n.n' and (m2=n.n' or (m2:~ or

or  (m2=' and (m2=' or  (m2=n.n' or  m2

And/or absorpt ion:

ional equat ions  (c f .

mllmz = i f  m1 = n .n '  or mi =
mllmz = i f  m2 = n.n' or m2 = ‘

Or-splitting:
milmz = ' i f  mi = n .n '
ml lmz  = i f  m1 = ‘
mllmz = i f  m2 = n .n '
“" I “?  = . i f  m2  = '

section 2 ] :

}
!

n ln '  or ml
n ln '  or m2

' )
' )

<> n ln '  and ml
( )  n ln ‘  and m2

‘ and ml <> n ln ' )
' and m2 <> n ln ' )

n
"

m1 IN  A MINUS {‘})))
IN  A MINUS { ' } ! ! !
m2 IN A MINUS {‘})))
IN  A MINUS { ‘ } ) ) )
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Subs t i tu t ion:
(n .n ' ) lm2 ‘

' Im2
m1| tn .n ' !
m i l ”

ll 
II

I n  t he  fo l l ow ing  we will no t  use  t he  pr imed vers ion  o f  de f i n i t i on1 .
so t ha t  we can  avo id  another  level o f  complexity tha t  i s  no t  essential
i n  ou r  subsequent development.  Shou ld  t he  unpr imed vers ions  o f  l a t er
definitions have t o  be  rep laced  by  primed ve rs i ons .  cond i t iona l
equat ions r e f e r r i ng  t o  t he  se t  A would have t o  be  mod i f i ed  so  as t o
re fer  t o  bo th  A and ' I ' - t e rms .  As an a l t e rna t i ve  t o  the d i r ec t
i n t r oduc t i on  o f  string atoms i n  de f i n i t i on1 ' ‚  i t  wou ld  a l so  be poss ib l e
t o  use  t he  strings de f i ned  as one o f  t he  bas i c  co l l ec t i ons  i n  sec t i on
4 .4 .  prevent ing  t he  nesting o f  t up les  i n to  strings by 'a  va r i an t  o f  t he
above wo rd res t r i c t i on  ax iom.

3 .2  A L i s t  A lgeb ra  w i t h  Negated  E lemen ts

I n  o rde r  t o  accomoda te  t he  a lgebra  ALC01 o f  N - tup les  t o  t he
generalized Idempotence  t o  be  i n t roduced  i n  sec t ion  4 .2 .  we augment i t
he re  i n to  an  a lgebra  ALCOZ with an  additional [aux i l i ary ]  una ry
ope ra t i on ,  “—“ ‚  leaving t he  t h ree  Remove ax ioms  gove rn ing  i t s  behav ior
f o r  tha t  sec t ion .  This new l i s t  a lgebra  will permi t  “ nega t i ve “  e lemen ts
[wh i ch ‚  howeve r ,  shou ld  no t  be confused with ordinary negat ion .  as used
i n  sec t i on  2 ] .  p roduced  by  non -nega t i ve  e l emen ts  t o  remove o the r
occurrences o f  themselves.  Since t erms  with a t op - l eve l  "—'—sign [w i th
'—“ as t he i r  "pr inc ipa l"  opera to r ]  will no t  be  reduc ib le  t o  ' - ' - l e ss
te rms  [ see  be low  tab le ] .  i n  t he  ADT v iew  the  “ - “ - aux i l i a r y  can be
regarded as a "h i dden “  o r  " p r i va te ”  ope ra t i on .

E E' ' l '  Z:

A generating se t  [ a  finite se t I
IN  A distinguished empty e lement

ALC02 = (M . . .—)  algebra wi th

H ca r r i e r  gene ra ted  by  A wi th  “ .  . —'

: H x H «>  H b ina ry  ope ra t i on
. (m1.m2) = m1.m2

— : M —> M una ry  ope ra t i on
~(m)  = —m

WWW:

.l i s t zes t r i c t i on :  m1.m2 = ‘ i f  m2 <> n .n '  and m2 ( )

Although this l i s t r es t r i c t i on  ax iom cons is ts  o f  t he  same cond i t iona l
equa t i on  as t he  one postu la ted  f o r  ALCOI. i n  ALCOZ i t  i s  appl i cab le
additionally t o  t e rms  w i t h  "— '—s igned  second  arguments .  so  t ha t  besidesthe equations m .a I  = ' [ 1  £ I 5 N] one f u r t he r  unconditional equat ion,
ml.—m2 = . wou ld  be  requ i red  f o r  mak ing  ALCOZ 's  l i s t r es t r i c t i on
unconditional.
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In our d iagram nota t ion  ALCOZ can be depicted thus :

the new unary operation "-' has become a d i r ec t ed  hyperarc of l eng th

*tatt>|

* * *

_ _ _ - fl — u fl — c u fl - u - u u — g —

*
*
*
fl
'
ß
ß
fl
'
fl
'
”

* * *

| * * t * * * * * * *

|<ttttttttt

[leading f rom the single argument to the result].

Exa

A :

le:

{', a. b}

k

2

As in sec t i on  3, the following t ab l e  again depicts three  no ta t i ons  for
M3. The additional co lumn  gives Remove r educ t ions  [explained in section
4 .2 ]  of terms which are »products  with
t erms  wi thou t  these  negative signs.

_-—_—

basic b ina ry  form

“ _ _ _ “ — - — _ — — - - _ _ _ — _

N—ary/paren—sp.
_ - — — fl - _ — _ _ _ — n fl — _ _ - -

_ ü _ _ — - _ — * — — _ - _ - — _ _

*
—

-—
—

_—
—

—
—

—
—

__
—

—
—

-_
—

_—
_

+ 
_
_
_
—
_
_
_
—

+ 
_
_
_

LISP list
„ - * — _ — _ — _ — — — _ - -

—_—_—_--_—_—-__

(b)

“ _ _ _ — _ — _ — - n — — — . — —

((NILl)
((a))
( (b ) )
(—NIL)
(-a)
(—b)
(N IL  N IL )
(a NIL )
(b NIL )

( -N IL  N IL )
(-a NIL )
( - b  NIL )
(N IL  a)
(a a)
(b al

("Nil a)
(-a a!

-"~s igned  left factors to

| reduction
+ ___________I:
lI -
, __________

".',|l „
I „
l „
I „

, __________
l -
l „
I „
I .
' .
| .
I „
| -
| „

| .l .
l .
l .
I „
I „
I „

I .
| a.l .
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I ns tead  o f  genera t ing  t erms  with a pr inc ipa l  " . *—Opera to r  and with a
principal "—"—opera to r  as  e l ements  o f  t he  same se t  [ ca r r i e r ] .  i t  i s

a l so  possible t o  divide these  ' s o r t s ”  o f  terms i n to  two se t s

[ ca r r i e r s ] .  thus gene ra l i z i ng  t he  generator—separated a lgebras  o f
sec t i on  3 .1  and de f i n i t i ve l y  proceeding f rom homogeneous o r  one -so r t ed
a lgeb ras  t o  he te rogeneous  o r  many -so r t ed  a lgebras  as  deve loped  in

(Higgins 1963 ) .  (B i r kho f f  & L i pson  1970 ) .  and (Goguen e t  a l .  1978 ) .  For
ou r  cons t ruc to r  a lgebras  t he  general advantage  o f  hete rogene i ty  i s  t he

possibility o f  pu t t i ng  t erms  with auxiliary t op - l eve l  const ruc tors
[ e . g .  t he  negated terms above] and terms which a re  on l y  re l evant  as
sub te rms  [ e .g .  t he  non - ” ' ”  atoms i n  section 3 .1  and  t he  arcs  and

hyperarcs i n  sec t i on  5 ]  into carriers distinct f r om the  ca r r i e r
containing t he  t e rms  w i t h  t he  “ i n t e res t i ng “  t op - l eve l  const ruc tors :
also some ope ra tOr  r e s t r i c t i on  ax ioms  [ e . g .  l i s t r es t r i c t i on  i n  A lC01$
o f  sec t ion  3 .1 ]  and conditions on axioms become supe r f l uous  t h rough  t he
heterogeneous “so r t  s t ruc tu re "  [ t he  elimination o f  nggatgq conditions

i s  impo r tan t  f o r  guarantee ing  initiality]. On the  o the r  hand .  t he '
differentiation o f  seve ra l  c a r r i e r s  calls f o r  a differentiation o f  t he

ope ra t i ons  [ e .g .  "& ”  and " . !"  i n  ALC01$]. wh ich  sometimes may appear
artificial and  fu r the rmore  necessitates a corresponding increase o f
ax ioms  t o  be  postu la ted  f o r  obtaining quot ien t  a lgebras .

Our heterogeneous version AlC02~ o f  ALC02 w i l l  be  two—sor ted .
d i f f e ren t i a t i ng  t he  o r i g i na l  ca r r i e r  M i n t o  a ca r r i e r  M. f o r  products
and  a ca r r i e r  H-  f o r  negated  t e rms .  [He te rogeneous  versions o f .
homogeneous a lgebras .  de f i n i t i ons .  ax i oms ,  and l emmas  will be  su f f i xed
w i t h  a " " “—mark ;  names o f  ca r r i e r s  -— and their generating se ts  - -  will
be su f f i xed  w i t h  t he  name o f  t he  principal ope ra t i on  For  constructing
their e lement  t e rms . ]  Th i s  g i ves  r i se  t o  a d i f f e ren t i a t i on  o f  t he
original multiplication ope ra t i on  into an ope ra t i on  “ ' ”  f o r
multiplying unnega ted  w i t h  unnega ted  t e rms  and  an  ope ra t i on  f o r
multiplying negated with unnega ted  t e rms .  [Ope ra t i on  names necess i ta ted
by  ca r r i e r  pa r t i t i on i ngs  w i l l  be p r imed  ve rs i ons  o f  t he  o r i g i na l
ope ra t i on  names . ]
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Def in i t iong" :

A. generating se t  [ a  finite se t ]
' IN A. distinguished empty element

A— = { }  generating set [ the  empty set ]

ALCOZ' = (M . ‚H—; . ' ‚ . " .—)  a lgebra  with

M. .  H— car r ie rs  generated by A . .  A—
W i t h  "O.” .  „C . . . .  „_—

. ‘  : H.  x H.  ->  M. binary ope ra t i on  [unnegated multiplication]
. ' (m1 .m2)  = m1.'m2 [ml  IN  M. and m2 [N  H . ]

‚ "  : M— x M. —> M. binary ope ra t i on  [negated multiplication]
. " (m1 .m2)  = ml . "m2  [ml  [N  H— and m2 IN  M . ]

— : H.  ->  H— unary ope ra t i on
~(m) = ~m [m [N  M . ]

. . I l " l '  :

. ' L is tLes t r i c t ion" :  m1. m2 = ' i f  m2 IN A. MINUS { ' }

‚"listpestriction": m1."m2 = ‘ i f  m2 IN A. MINUS { ' }

The conditions of the l i s t res t r i c i t ion"  axioms exploit the fac t  t ha t  m2
must  denote  a member o f  H .  [ ra ther  than  o f  H- l .  due  to  the  “sor ted"
definitions of  ' . ' “  and " . " " .  so tha t  the  on l y  remaining possibility
of  "erroneous" products i s  m2 be ing  a member o f  the  genera t ing  subset
A. minus the  distinguished e l emen t  “ ' " ;  w i thout  using th is  space-saving
fac t .  the  axioms would  become the  ra ther  l eng thy  cond i t i ona l  equat ions
. ' 1 r " :  m1.'m2 = ‘ i f  m2 <> n.'n' and m2 <> n . "n '  and m2 <> ' and
‚ " l r " :  m l . "m2  = ' i f  m2 <> n . 'n '  and m2 <> n . '  n '  and m2 < )  ‘ .

The directed labeled hype rg raphs  corresponding to  heterogeneous
algebras have  as  many nodes  as  there  a re  ca r r i e rs .  For  example ,  ALcoz"
is  dep ic ted  thus :

* * *  * * *

° |
* t t * * ) |

_———--—_——

| M-  I
___ - ___ - . . -— _————— ————-——-_-——___-——_—

&
n

&
&

&
»

»
»

&

'
2

a t
: |

-
I—

a l
-

»
a -

l !
-

a -
n

-

t i t  * t t t t ! t * * t * t * t * t * t k t * t t t t t t

This  diagram can be r ega rded  as an expansion o f  the  ALC02 diagram with
the  node M divided into the  nodes M. and M- and the  ”.*—arrow divided
correspondingly into the  ” . ' “—arrow and the  " "" -a r row.  Not ice  tha t
the  hyperarc  no ta t i on  clearly indicates the  orde r ing  of  the  arguments.
independent ly  f rom geometric l ayou t  [ the  " . "” -opera t ion  has M— as i t s
f i rs t  argument and H .  as i t s  second] .  thus avo id ing  a prob lem wi th
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po lyad ic  edges in  (Goguen e t  a l .  1978 ) .  [A d isadvantage o f  hyperarcs  i s
the  smal l er  degree to  which the i r  l as t  element [va lue ]  i s  se t  o f f  f rom
the  o ther  ones [arguments]  p ic to r ia l l y ;  however, th is  w i l l  tu rn  in to  an
advantage in  gene ra l  many-sorted re la t iona l  s t ruc tures ,  which do no t
have an argument /value distinction.)

W:

A. = I ‘ .  a .  b l

A- = { }

The  two car r i e rs  H .  and  M-  genera ted  by  these  se ts  A .  and  A— wi th  the
r e s t r i c t ed  ope ra t i ons  “ . "  and ” . " "  can be seen as heterogeneous
Herbrand subuniverses.  i . e .  the  limits of  the  sequences o f  se ts
H.0=A . ‚  HA ‚= H.!) u { .  . a .  ‘ .  b . " } .  and
H—0 = A- .  M-1  = H—O U {—' .  - a .  —b} .  . . . .  where  fo r  general n>0

H.n = H . (n -1 )  U { x . ‘ y  | x IN  H . (n -1 )  and y IN M.(n—1)
and (y  = n . ' n ‘  or  y = n . "n '  or  y = ' ) }

U { x . " y  | x IN  H—(n—l) and y IN  H . (n -1 )
' and (y  = n . ' n '  or  y = n . "n '  or  y = ' ) }

and

M—n = M-(n - t )  U {—x | x IN  M . (n -1 ) }

with the set membership conditions (y = n . ' n '  or y = n . "n '  or y = " I
embodying the  nega ted  l i s t res t r i c t ion  axiom.

The fo l low ing  tab les  depict three  nota t ions  and a Remove reduc t ion  fo r
H .2  and H—Z. Note tha t  ——', - - a .  and ——b do no t  appear in  H—2 because
mul t ip le  negat ions a re  excluded in  ALCOZ" by the  fac t  tha t  "—' maps
f rom M.  to  N— on ly .  no t  f rom M-  to  H—. '
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no.  | basic binary form | N—ary/paren-sp. | LISP list | r educ t ion
————— +-—————————-——w—-—-—+——-———--—-——-————+————-—-———----—+--———-—-——

1 | | " | NIL oz ( |  | '
2 l a | - | - | :
3 v b I " I ” |
——— H‚0  ————————————————— + ————————————————— + ——————————————— + ——————————

| | °_' | " | (NIL) l "
5 | a . ’  I " | (a) | :
a v b." I " I (b) |
-—— H‚1  ————————————————— + ————————————————— + ——————————————— + ——————————

7 | ; ‚" ,  ' | " | ((NtLll | ”
a | | a ." |  ' I " l (la!) | '
9 | (b.' | " | " | (tb!) | "
10 | - ' . '  | ” | | -NIL |  |
| |  | —a." | " | |—a| I '
12 | —b." | " | ( -b) | ‘
13 | ‘ . ‘ t  "I  | ‘ . “ . "  | (NIL NIL) I ”
14 | a. | " )  I a ."  ' | la NIL! | '
15 | b . ' |  " |  | b . ’  ' I (b  NIL) I “
. . .  | . | . . l . . . |
| 9  | - | ‘ |  | -—_°- ' | (-NIL NIL) I
20 | —a. ' ( ' .  " |  | »a .  ' ' | t—a NIL) I
21 | —b."( '  | I -b .  ' . '  | ( -b  NIL) I '”
22 | ‘ ' ( a . '  | | . ' a .  ‘ | (NIL a)  | "
23 | a ' ( a . '  ) | a . ' a  ' | (a a )  | '
24 | D ' (a  "J  | b. 'a ' | (b a) | ”
. .  | . | . | . . . | . .
28 I - " (a .  ) | —' "a . "  | (-NIL a)  I a . ‘
29 | - a  ' (a  ' | | - a . "a . '  I (—a a )  | '
30 I -b  " (a  " )  | -b . "a . '  I ( -b  a )  | a . ‘
31 | ' ( b . '  | | ‘ . ‘ b . "  | (NIL b |  | '
32 | a ' ( b . '  ) | a . 'b . "  | (a  b)  | '
33 | b ' ( b . ‘  | | b . 'b  ' | (b  b) | “
. .  | . . | . l . . . l . .
37 | —'. (b. | | — ' b . ‘  | (-NIL b |  | b ."
38 | —a." |b . '  | | - a . "b . '  | (—a b) I b . ‘
39 v —b."(b  ' | -b . "b  ' | (~b b) | '
——— H_2  ————————————————— + —————————————————  + ——————————————— + - - - - - - - - - - -

| I I | .

no | bas i c  binary form | N-arylparen-sp. l LISP list I r educ t ion
- - - - -  +- -——--—————--—-——--+—- -——-———-- - - - -——+———-- -—-—-—-—-—+—-————-- -—

0 V | I |
-—-  H-O - - - - - - - - - - - - - - - - -  + - - - - - - - - - - - - - - - - -  + - - - - - - - - - - - - - - -  + ——————————, l _ | “ | —NIL or «(I | ”
2 | -a I ' I " l "
3 V *b | " | " I '
~—-  "—1 ————————————————— + —————————————————— + ——————————————— + - - - - - - - - - - -
4 | —| | | “ | —(NIL) | ”
5 | —(a ) | - | - ( a )  | "
a v - |b  | | ” | - | b |  | “
- - -  M-2 - - - - - - - - - - - - - - - - -  + - - - - - - - - - - - - - - - - -  + _______________ . . . . . . . . . . . .

I | . I . I .
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Many—sorted a l geb ras  as  cons idered  he re  can  be combined wi th  t he
genera tor - separated  a lgebras  as i n t roduced  i n  section 3 .1 .  by
separa t ing  t he  genera tors  o f  ce r t a in  sor t s  from their genera ted
ca r r i e r s .  For  examp le .  t he  ca r r i e r  H.  o f  t he  many—sor ted  algebra ALCOZ"
can  be  separa ted  into t he  genera tor  ca r r i e r  NI  and  t he  gene ra ted

ca r r i e r  M_ .  l ead ing  t o  a many—sor ted  genera to r -separa ted  a lgebra
ALC02"$. much l i ke  t he  division o f  t he  carrier N o f  t he  one—sorted
a lgeb ra  A lC01  l ed  t o  t he  genera to r—separa ted  a lgebra  A lC01S .  Th i s .  i n
t u rn .  enforces  no t  on l y  a division o f  t he  ope ra to r  ” . "  i n t o  ”& ”  and
” . I " .  co r respond ing  t o  t he  d i v i s i on  o f  ” ." .  bu t  a l so  a division o f  “ « "
i n to  a nega t ion  ope ra to r  “—l “  f o r  e l emen t s  i n  NI and a nega t ion
ope ra to r  ” ; “  f o r  e l ements  i n  N_ .

f ‘ n '  ‚O

A_ genera t ing  se t  [ a  singleton se t ]
IN  A_ distinguished empty e l emen t

A I  genera t ing  se t  [ a  gene ra to r ]

A— = { }  gene ra t i ng  se t  [ t he  empty se t ]

AlC02"$ = (N_ ‚M / .N—;L . . I . . " . ; ‚ - / )  a lgebra  wi th

N_.  H I .  N— carr i er s  generated by  A_.  A ] .  A- _
wi th  ”4 f .  ” . 1 “ .  " . "” .  “ ; ” .  ”- /"  [M I  = A l l

„ : N_ x N_ —> H_ binary ope ra t i on  [cons ing  lists t o  l i s t s ]
* (m1 ‚m2)  = m1&m2 [m1 IN  M_ and m2 IN  H_J

. I  : HI x "_ —> "_ b ina ry  opera t ion  [ cons ing  non—" ”  atoms t o  l i s t s ]

. l tm1 .m2)  = ml . /m?  [m l  IN  NI and m2 IN  N_]

. : :  : N-  x H_ ->  H_ b ina ry  opera t ion  [consing negat ives  t o  l i s t s ]
. (m l .m2)  = m1. "m2  [m l  IN  M- and m2 [N  N_]

; : "_ ->  M— una ry  ope ra t i on  [ f o r  nega t i ve  l i s t s ]
.;(m) = ;m [m IN  N_]

- l  : HI  —> N— una ry  ope ra t i on  [ fo r  nega t ive  non—" “  atoms]
- / (m)  = - /m  [m  IN  M l ]

The l i s t r es t r i c t i on "  ax ioms  have become super f luous .  because t he  second
arguments o f  bo th  ' . " - de r i va tes .  "é ”  and ' . I ” .  as  we l l  as  t he  second
ergument o f  ' . " '  canno t  l i e  i n  H! = A!  bu t  mus t  be  e l emen ts  o f  N [ as
i l l u s t r a ted  by  t he  t h ree  cong ruen t  " i nve rse - j "— l i ke  a r row  pa r t s  be low] .

As a diagram ALC02"$ can be dep ic ted  thus [assuming the  generator  i s
AI  = {a1 .  . . . .  aN l ] :
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Sample t e rms  f r om M_2 corresponding t o  nos.  20 and 38 i n  M.2  o f  t he
ALC02“ example  a re .  r espec t i ve l y .  the  basic b ina ry  forms - / a . " ( ‘ . ‘ )
and —/a . " (b . / ' )  and t he i r  N—ary/paren-sparing sho r t  forms. - / a . " ' * '
and —/a . "b . / ' .

A vers ion  o f  t he  me ta—leve l  Equa l i t y  re la t ion  i n t roduced  i n  sec t i on
3 .1  can  a l so  be  formal i zed  as an ob jec t—leve l  a lgebra ic  opera tor .  fg“
This cou ld  have  a l r eady  be done f o r  t he  '—”—less l i s t  a lgebras  i n  tha t
section bu t  i s  i n t roduced  he re  f o r  ALC02"$. because t he  app l i ca t i on  o f
"g “  i n  sec t i on  # .2  w i l l  additionally call f o r  negat ive  e lemen ts .
I ns tead  o f  t he  ope ra to r  " a "  f o r  t he  gene ra to r—sepa ra ted  a l geb ra
ALC02"$‚ t he  usual "gene r i c "  equa l i t y  ope ra to r  could be  de f i ned .  even
more  eas i l y .  f o r  t he  non -gene ra to r - sepa ra ted  algebra ALC02" .  pe rmi t t i ng
t he  compar i son  o f  bo th  atoms and lists: again. however ,  t he  i n tended
app l i ca t i on  o f  fig" i s  i n  ALC02"$—based algebras. because t h i s  Operator
wi l l  conclude a development largely comple t ed  w i th  genera tor  separa t ion
a l r eady  -— the  elimination o f  conditional axioms.

To r e in t e rp re t  t he  equa l i t y  p red i ca te  [ r e l a t i on ]  as an opera tor .
"5 “ .  t he  he te rogeneous  a lgebra  ALC02“$ i s  f i r s t  ex tended  by  t he  boo lean
ca r r i e r  Mb = {T .  F} t o  the  algebra ALC02"$b. This Mb i s  then used as
t he  codomain o f  t he  *g *—opera t i on .  whose domain w i l l  be  M_ x M_
[ the re fo re  a can  on l y  compare l i s t s .  no t  atoms] .  For  t he  *g * -ax ioms
we w i l l  a l so  need an “ i f  t hen  e l se “ -ope ra t i on  ove r  Mb. wh i ch  we ca l l
"[ ]"  and use  i n  t he  m ix f i x  nota t ion  p [ t ] e ‚  meaning ” i f  p t hen  t e l se  e "
[ t hus  t he  bracke ts  a re  abused as two i n f i xes  sepa ra t i ng  t he  t h ree
arguments  o f  t he  s i ng le  ope ra to r  t hey  represent ] .  The  app l i ca t i on  o f
"a ”  will a l so  necessitate a vers ion  ”L1“ o f  " [ ] " .  wh ich  uses  e lemen ts
i n  M_. no t  i n  Mb. as " t hen ”  and "e l se "  pa r t s .
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Clearly the "unconditioned” a lgebra  ALCOZ'Sb —— with the Mb-valued

opera tor  "i" being a pred i ca t e  r a the r  t han  a cons t ruc to r  -- is no

l onger  a proper  cons t ruc to r  a lgebra .  However. in the AUT view the

entire carrier Mb = {T, F} can be regarded as an auxiliary or "helper'

type (Goguen et a1. 1978 ) ,  with the ope ra t i ons  “a“. “[ ]” .  and ”11" .

involving Mb. being "hidden". i.e. invisible f rom the outside. For

boolean—extended a lgebras  which  cou ld  be ob ta ined  similarly from

ALC03"—ALC05" in section 5 the same remarks would app ly .

ngniggggz“$y:

A_ = {'} generating set [a singleton set]

AI = (ai. . . . .  aN} genera t ing  set [a genera to r ]

A- = {} generating set [the empty set]

ALC02"$b = (Mb.M_‚M/‚M—;[]‚Ll‚g.*,‚I..".;‚-/) a lgebra  with
(H_.HI.M-:i../.."‚;.—/) as Alc02“$

Mb finite carr i er  [a two—element set]
T. F IN Mb boolean e lements

[] : Mb x Mb x Mb —> Mb t e rna ry  ope ra t i on  ("if then else" on booleans]
[l(m1.m2.m3) = m1[m2]m3 [ml.  m2. m3 IN Mb]

L1 : Mb x M_ x M -> M_ t e rna ry  ope ra t i on  ["if then else" on lists]
tm1.m2.m3) mFLmzlma [mi IN Mb and m2, m3 IN Mn]

: M_ x M_ —> Mb binary ope ra t i on  [list equality]

£ (m1 .m2)  = m15m2 [m1 IN M_ and m2 IN M_]

As a diagram ALC02"$b can be dep ic ted  thus [assuming the generator
is A! = {31. . . . .  aN1] :
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The ax ioms  be low ,  defining ” 5 ” .  “ [ ] “ .  and ”L1 " ,  a re  postu la ted  f o r
A lCOZ'Sb.  Le t  us  s tar t  wi th  t he  easy  ones.  t he  branch  axioms f o r  " [ ] “
and "11”:

[ l g ranch l z  T [m]m'
[ l g ranchgz  F lm lm '  m ‘

nr 3

L ln ranch l :  T [m]m'
L ln ranchz :  F [m]m '  'u 

u

3 
3

To  exp ress  t he  equality ax ioms  f o r  ” 5 ” .  we will use  t he  following
convent ions:  F i r s t .  indexes I and J a re  wr i t t en  i n  parentheses af ter
ce r t a in  axiom names t o  i nd i ca te  how these  a re  pa rame te r i zed  as ax iom
schemata .  Second .  i t  mus t  be  emphas i zed  t ha t  t he  “ f o r “  clauses on
q-eq4  - -  un l i ke  t he  usua l  " i f “  c lauses  —- a re  mean t  as  me ta—leve l
s ta tements :  Since  i t  w i l l  be  used  as  pa r t  o f  ou r  " uncond i t i on ing "
method .  we a l so  have  t o  de f i ne  "3 ”  i t se l f  w i t hou t  r eso r t i ng  t o
cond i t i ona l  equat ions .  t h i r d .  i n  o rde r  t o  avo id  ex tens i ve  case
ana l ys i s .  we l e t  “ . ‘ “  generically deno te  “ . ! "  i f  i t s  l e f t  argument i s  a
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non—“" atom and "&" o therw ise ;  similarly. i n  the  "for“ c lauses  ye
r e fe r  t o  a r eun i t ed  generating se t  A = {an .  a1 .  . . . ,  aN} .  where  an :  .

To g i ve  two examples. q t I )  will abbrev i a t e  t he  N+1 unconditional

equat ions

. . .

.m=  .m
a l . lm5 :1 . /m '  = mg

aN./m5aN./m'  _ '

and  q will s tand  f o r  t he  N+1  equat ions

(mtémZDg' = F
(a l . /m2)3 '  = F

(aN./m2)5° = F

Wi th  t hese  conven t i ons ,  we can  now spec i fy  t he  eight eq ax ioms:

mgm' f o r  a !  IN  Aggua l i t y l t l ) :  ( a I . 'mL5(a I . 'm ' )
F fo r  a t .  aJ  IN  A with a l  <> aJggua l i t xg ( I ‚ J ) :  ( a I . 'm15 (aJ . 'm ' )

ggua l i t yg t l ) :  (a! . 'ml3((m1.'m2)4m') = F For a t  IN A
ggua l i t y§ ( l l :  ( (m l . 'm21 ‘ml3 (a l . 'm ' )  = F fo r  a t  IN  A
ggua l i t u j :  ( (m l . 'm21$mL3( (m3 . 'm4 [&m ' l  = ( (m1 . 'm2 )3 (m3 . 'mß l l tm5m ' lF
ggua l i t yfi :  "5° = T
ggua l i tm l :  '3tm1. 'm2) = F
. ggua l i t xg :  (m1.'m2)5' = F

Presuppos ing  t he  genera tor  A l  = {a1 ,  a2 ,  a3 } ,  where a1=a.  a2=b,
e3=c. some terms o f  the  ca r r i e r s  Mb and M_ o f  ALC02"$b and their
[ ] b / l l eq—reduc t i ons  a re  t he  following.

Hb:  T[F ]T  = [ ]b1=  F
n_: (TIFJT)L‘1(a1./‘) =Üb1= FL ‘ua t J ‘ )  =L1b2= (an . / " )
Mb: (a1 . / ' ) 3 (a2 . / ' )  =eq2(1‚2)= F
Mb: (a l . / ' ) a t a l . l ' )  =eq1(1!= ' a "  =eq6= T
Mb: ( a2 . / ( ( a3 . / ' ) L ‘ ) ) 5 (a2 . l t ( a3 . / ‘ ) * ( a1 . l ' ) ) )  =eq1l2)=

( (13 . / ' l „ ' ) 1 ( (a3 . / ' ) L (a1 . l ' l )  =eq5=
( ( a3 . l ' ) £ (a3 . l ' ) ) [ ( ' i t a1 . l ‘ ) ) ] F  =eq1 l3 )=
( ‘ g ' i l t ' g (a l . / ' ) ) ] F  =eq6=
T l l ' g (a1 . / ' ) ) ] F  =[Jb1=
~sJaL I ‘ )  =eq7=
F

M : ( ( ( 33 . l ( a1 . / ‘ ) ) * ( a2 . / ( a1 . l ( a3 . / ‘ ) ) ) ) i ( a1 . l ( a2 . l ( a1 . I t a3 . / ' ) ) l ) )
L

( a l . / ( a2 . / ( a1 . l t a3 . l ' ) l ) )
l

‘

=eq4(1 )=
F l l e ! . l ( a2 . l ( a1 . / ( a3 . / ' ) ) ! ! j '
=“b2 :

Not i ce  t ha t  t he  l as t  bu t  f i r s t  r educ t i on  could be sho r tened  by
introducing t he  “ sho r t—cu t "  ax iom [ lb3 :  mtm ' lm '  = m ' .  because .  a f t e r
t he  t h i r d  r educ t i on  s ta te ,  we cou ld  t hen  con t i nue  w i t hou t  eve r  reducing
t he  “ i f "  par t .  . . .  =eq7= ( (a3 . I ' ) j ( 33 . / ' ) ) [ F1F  r t l a  F .  An even more
dras t i c  shor ten ing  e f fec t  f o r  a l l  va luad  ”=“~terms  cou ld  be  ach ieved
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by  generalizing eq6  to  eqß ' :  MEN = T.  thus pe rmi t t i ng  one - s t ep  p roo f s
fo r  a rb i t r a r i l y  l a rge  equa l  l i s t s  m. e . g .  ( e t . / ( a2 . /  ) )3 ( a1 . / ( a2 . l  ) )
=eq6 '=  7 .  a s  u sab l e  t o  shorten t he  p roo f  o f  LemZZ'Sb  in  sec t ion  4 .2

[ t he  o the r  eq  ax ioms  do  no t  the reby  become unnecessary .  of  cou r se .

because F -va lued  *g*- t e rms  must  also be  r educed  —— our  a lgebras

"don ' t  know” some th ing  like “nega t ion  by  fa i lure") .

4 THE BASIC PROPERTIES AND THE BASIC COLLECTIONS

In  this sec t i on .  we f i r s t  introduce t he  basic prope r t i e s  o f
Commuta t iv i t y .  I dempo tence .  and  Assoc i a t i v i t y  a s  ax ioms  i n to  ou r  l i s t

a lgebra .  The  initial capital l e t t er s  a re  u sed  to  i nd i ca t e  t ha t  t he se

no t ions  ge t  t he i r  mean ing  f rom the  N-a ry  i n t e rp re t a t i on  o f  t he  a lgebra .

Not  t ak i ng  i n to  accoun t  t h i s  N-a ry  i n t e rp re t a t i on .  t he  " cap i t a l
i n i t i a l ”  no t ions  d i f f e r  cons ide rab ly  f rom the  co r r e spond ing  c l a s s i c
binary ”sma l l  i n i t i a l ”  not ions .

Using t he  basic prope r t i e s ,  we then  go  on  to  de f ine  t he  bas i c
collections as  d i f f e r en t  "quot ien ts“  [algebras de r ived  by  add ing  ax ioms
t o  g iven  algebras] of  t he  algebra ALCOZ i n t roduced  in  s ec t i on  3.2. The
d i scus s ion  o f  basic collections will include another  poss ib l e

r ep re sen t a t i on  o f  [va r i ab l e - l eng th ]  strings as  nested [ f i xed - l eng th ]
t e rms .  complement ing  t he  we l l -known  r ep re sen t a t i on  o f  nes ted  te rms  as
strings wi th  paren thes is  cha rac t e r s .  [Since both can  represent  each
o the r .  ne i t he r  strings nor  t e rms  can  claim t o  be  "more  bas i c " .  and  the
t r ad i t i ona l  ” s t r i ng  o r i en t a t i on“  i n  t heo re t i ca l  computer science may be
wor th  reconsidering i n  t he  l i gh t  o f  t he  ” t e rm o r i en t a t i on”  i n
t e rm- rewr i t i ng  sys t ems .  compu te r  a lgeb ra .  and  a lgebra ic  ADTs. a s  we l l
a s  i n  au toma t i c  t heo rem p rov ing .  func t iona l / r e l a t i ona l  list proces s ing ,
and  o the r  AI t echn iques . )

4 .1  Commuta t iv i t y

What  we in t e rp re t  a s  Commuta t iv i t y  on  N—tup le s .  i s  r ea l l y  a new
prope r ty  on  pa ir s .  qu i t e  d i f f erent  f rom c l a s s i c  b ina ry  commuta t iv i t y .
i . e .  f rom

gommuta t iv i t y :  m l .m2  = m2.m |

Whi le  commuta t iv i t y  i s  applicable t o  two subte rms  connec t ed  by  the
b ina ry  opera tor .  Commuta t iv i t y  i s  app l i cab l e  on l y  t o  t h r ee  sub t e rms
connec t ed  by  two  occur rences  of  t he  ope ra to r  i n  a right—associating
manner .  Nhereas  commuta t iv i t y  exchanges  t he  two operands  of  t he  s ing l e
ope ra to r ,  Commuta t iv i t y  exchanges  t he  f i r s t  ope rand  o f  t he  ou t e r
opera tor  wi th  t he  f i r s t  ope rand  o f  t he  i nne r  ope ra to r .  t he  s econd  inne r
ope rand  r ema in ing  unchanged.

gommuta t iv i t y :  m l . (m2 .m3)  = m2. (m1 .m3)  i f  ml < )  -n  and  m2 <> -n ‘
sho r t e r :  m1 .m2.m3 m2.m1.m3 i f  m1 <> —n and  m2 <> —n'

The  cond i t i on  on  the  Commuta t iv i t y  equa t ion  i s  on ly  needed  fo r  i t s  u se
in  a lgebras  like AlCOZ. hav ing  negated e l emen t s :  Ne i the r  o f  t he
sub te rms  m1 and  m2 may have  a nega t ive  s ign .  a s  i n t roduced  by
Idempo tence  and  specially t r ea t ed  by  the  Remove axioms [section 4 .2 ] .
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Fo r  t he  many -so r t ed  a lgebra  ALCOZ" t he  f o l l ow ing  va r i an t  o f
Commuta t i v i t y  can  be used { f o r  t he  additional generator separat ion  i n
ALC02"$ we get  C"$ by just  adopt ing t he  generic view o f  ' . "  as “ . ! "  o r
“& “ .  as exemplified wi th  t he  eq axioms i n  section 3 .2 ] :  '

m2. ' (m1 . 'm3)gommuta t i v i t y " :  m1. ' (m2 . 'm3)
m2. 'm l . 'm3sho r t e r :  m1. 'm2 . 'm3 II 

H

I n  t h i s  hete rogeneous  formula t ion  t he  condition m1 <> —n and  m2 <> —n'
o f  t he  homogeneous version has become implicit, because t he  ve ry  use  o f
t he  s ing le—pr imed  opera to r  “ . "  [ r a the r  t han  t he  double—pr imed ” . "”1
t o  t he  r i gh t  o f  m1 and  m2 forces  t he  va lues  o f  t hese  variables t o  be
unnega ted .

Fo r  t he  many -so r t ed  a l geb ras  ALC03"—ALC05"  in sec t i on  5 we w i l l  need
a more gene ra l  kind o f  Commuta t i v i t y .  involving two possibly d i f f e r en t
binary ope ra to r s  “ * ' "  and ' * " "  [ ex tend ing  ou r  prev ious  naming
convent ion t o  axioms with two equa l - r i gh t  ope ra to r s .  we prefix t he
axiom name wi th  bo th  o f  t hese  ope ra to r s ] :

m2* " (m l * 'm3 )
m2*"m1* 'm3

* ' * " £ommuta t i v i t y " :  m1* ' lm2*"m3}
sho r te r :  m1* 'm2* "m3 “ 

"

This kind o f  Commutativity. * ' * "c“ ‚  genera l i zes  the prev ious one,
. 'C" .  because by setting * '  = . '  and * "  = . “  in * ' * "C  . we ob ta i n
. ' . 'C  [ shor tenab le  t o  . 'C"  by joining t he  now identical ope ra to r s ] .

A s ing le  c application can  exchange ad jacen t  e l emen t s  on l y  [ see
Lem19 be low fo r  an example] .  Repeated C applications. however ,  can
exchange  e lements  be tween  wh ich  there  i s  an  a rb i t r a ry  number  o f
intervening elements [ see  Lem20 be low  fo r  one intervening e lemen t ] ;
more gene ra l l y .  they  can  produce arbitrary pe rmuta t i ons  o f  t he
e lemen ts .

imam:

l em19 :  a . ( b . ( c . ' ) l  = a . ! c . ( b . " ! l
P roo f :  b . ( o . ‘ l  =C= c . ( b . ' l

a = a and b . ! c . ‘ )  = c . (b .  )
a . ! b . ( c . ' ) )  =E= a ( c  ( b .  I )

Lem20: b . ( a . ( c . ° ) )  = c . (a . ( b . ' ) )
P roo f :  b . ! a . ( c . ' ) )  =C= a ( b . ( o . ' ) )

a . (b . ( c . ° l )  =Lem1 = a . ( c . ( b . ' ) )
a . ( c . ( b . ' ) )  =C= c (a . ( b . ' l )

I f  v iewed as t r ans fo rma t ions  on  binary t r ees .  commutativity can  be
seen  t o  exchange  sub t rees '  on  t he  same l eve l .  wh i l e  Commuta t i v i t y
exchanges  sub t rees  on  d i f f e ren t  l eve l s .
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l \ l \
/ \ =c= l \

m1 m2 m2 m1

l \ l \
l \ l \

ml  . =C= m2
/ \ ' l \

l \ l \
m2 m3 m1 m3

When visualizing ou r  N-ary  i n t e rp re t a t i on  t h rough  a ' s t r e t ched  node“
r ep re sen t a t i on  o f  N—ary t r ees .  howeve r ,  Commuta t i v i t y  can  also be  seen
t o  involve on l y  sub t rees  on  one  l eve l  [ as  indicated by  t he  sho r t  f o rm

m1.m2.m3 = m2.m1 .m3 ] .

There fo re .  while i n  t he  binary interpretation o f  Commutativity ma
s tands  f o r  t he  roo t  o f  an  arbitrarily deep binary sub t ree  r ema inde r ,

/ \ I \

i n  t he  N—ary i n te rp re ta t i on  m3 abb rev ia tes  t he  r ema inde r  o f  a s t re tched
node  f r om which any  number  o f  fu r the r  b ranches  may  f an  out :

I n  most  l a t e r  p roo f s .  instead o f  f i r s t  showing t he  equality o f  par tso f  expressions and t han  us ing  E explicitly t o  show t he  Equality o f  t he
en t i r e  express ions .  we will —- as  i s  usua l  —- directly app l y  p rope r t i es
l i ke  Commuta t i v i t y  t o  we l l—formed subexp ress ions  ingigg expressions.thus e .g .  making the  p roo f  o f  Lem19 immediate. a . (b . (c . ' l )  =C=a . (c . (b . ° ) ) .  Here. C i s  app l i ed  t o  the  wel l - formed subexpressionb . !c . ' )  wi th  bindings m1=b‚ m2=c, and m3='.  I n  the  t r ee  view o fexpress ions .  this application can  be  illustrated thus :
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I \ I \
I \ I \

a a .
I \ I \

I \ I \
ml=b  =C= m2=c .

I \ l \
I \ I \

m2=c m3= m1=b ma :

———————————— ‚ - - - - -—m3= ————-— - - -~ - -  - - - -—-m3: -

I I I I | |
I l ! =C= I I l
a m1=b m2=c a m2=c m1=b

k .2  Idempo tence

Norma l ly .  i dempo tence  i s  de f ined  a s  replacing an  opera tor  with two
identical operands  by  any  one  o f  t he se  operands .

i dempo tence :  m .m = m

Suppose .  t hen .  we de f ine  N—ary Idempo tence  a s  'Ad jacen tpo tence"  a s
fo l l ows :

m1.m2
m1.m2

Adiacen tpo tence :  m1 . (m1 .m2)
sho r t e r :  m1 .m1 .m2

This gene ra l i ze s  binary i dempo tence  i n  a manne r  analogous t o  t he  way
Commuta t iv i t y  generalizes commuta t iv i t y .  bu t  observe tha t  one
” . ' - ope ra to r  always r ema ins  unde r  Adjacen tpo tence .  whereas t he
” ." -opera tor  i s  removed unde r  i dempo tence .  The  d i f fe rence  i s  clearly
seen  i f  t he re  a r e  on l y  two non—""  e l emen t s .  a s  i n  a . a  = i=  a versus
a . a . '  =Aj= a . ‘ .  A de f in i t i on  l i ke  A j  wou ld  no t .  howeve r ,  pe rmi t  t he
i dempoten t  remova l  of  one  ou t  o f  two non-ad j acen t  identical e lements
[hence t he  name ”Ad jacen tpo tence ' ] .  Of cou r se ,  t h i s  wou ld  no t  be
neces sa ry  fo r  s e t s .  s i nce  t he i r  add i t i ona l  p rope r ty  o f  Commuta t iv i t y
wou ld  a l l ow  t he  identical e l emen t s  t o  "commute“ t oge the r  before
Adjacen tpo tence  wou ld  have  to  be  app l i ed .  a s  e . g .  i n  [we  use  i n fo rma l
se t  no t a t i on ]  {a .  b .  a}  =C= {a .  a .  b}  =Aj= ' { a ‚  b} .  I f .  i n s t ead .  we
wou ld  l i ke  t o  have  more  gene ra l  i dempoten t  da ta  s t ruc tu re s .  such  a s
“non-commutative se t s “  [ i . e .  o rde red  s e t s  o r  communes ] .  i dempo tence
wou ld  have  to  be  capab le  of  removing non-ad jacen t  elements wi thout
relying on  the i r  commuting toge ther  beforehand.  Since  we do  in  f ac t
want  t o  formal i ze  such  data  s t ruc tu re s .  we wi l l  i n t roduce  a generalized
concept  of  Idempo tence .  i n  t h i s  way  a l so  ensuring maximum i ndependence
among t he  bas i c  p rope r t i e s .

Fo r  t h i s  we wi l l  _make use  o f  t he  '—”—opera to r  o f  ALCOZ. The
semantics of  t he  negated elements i n  ALCOZ combines aspects  of  l e f t
i nve r se  e l emen t s  i n  g roups  and  l e f t  z e ro  e l emen t s  i n  s emig roups .  L ike
an  inve r se .  a nega t ed  e l emen t  can  on ly  r emove  unnega t ed  occurrences of
i t s e l f ;  l i ke  a ze ro  i t  i t s e l f  remains  intact af ter  r emova l  fo r  fu r the r
ac t ion  [R1 ] .  Unlike ord ina ry  i nve r se s  and  ze roes  i t  c an  commute  w i th
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those e l ements  to its right which are not its unnegated vers ions  [R2 ]
until it disappears at the “and marker“  element "‘" [R3] .  Altogether,
negated e l ements  may sweep 'horizontally through“ ‚ [ N — a r y

i n t e rp re t a t i on ]  or ”diagonally down” [binary interpretation] a
”."—product. cleaning it from all their unnegated vers ions .

Removal: —ml.(m1.m2) = -m1.m2
shorter: -m1.m1.m2 = -m1.m2
Removeg: -m1.(m2.m3) = m2.(-m1.m3) if m2 <> m!
shorter: —m1.m2.m3 = m2.—m1.m3 if m2 <> m1
Remove}: -m.° = '

The condition on the R2 equat ion  p revents  a -negated element to just

skip an unnegated [in general. once less negated]  occu r r ence  of i t s e l f .
A nega ted  e l ement  may a l so  move  from right t o  left by _reading R2 in

this direction; however, the R2 condition must be fulfilled for that
reading too, i.e. the negated e l emen t  cannot commute over  its unnegated
version in the right-to—left direction either. If it cou ld .  the
unnegated element would enter into the r emova l  scope  of R1. so t ha t  R1
could wrongly r emove  elements in both directions;. even worse .  in

combination with a right—to—le€t reading of R3 [or with Idempotence]
for generating negat ive  e lements .  every element could be removed. like
the element a be low [a "near miss“ axiom which cannot be used For an
equa t ion  chain step is written inside an inequality sign]:

a.‘ =R3= a.(-a.°l
<R2> —a.(a.‘l
=R1= --a.~
=R3=  '

For the many—sorted a lgeb ra  ALCOZ~ the Remove axioms l ook  like this
[for their generic interpretation as R"$ see the I $ remarks be low] :

Removel”: —m1."(m1.'m2) = —m1."m2
shorter: -m1."m1.'m2 = —m1."m2
Removeg": ~m1."(m2.'m3) = m2.'(-ml."m3l if m2 <> ml
shorter: —m1."m2.'m3 = m2.'-m1."m3 if m2 <> mi
Removeg": -m."' = ‘

The heterogeneous axioms RI~ and R2~ do not re f l ec t  the complete
capabilities of the homogeneous axioms RI and R2. r e spec t ive ly :
1. while in Rl the variable m1 may denote some t e rm  which is negated
itself, in RI" the m1 denotation must be unnegated [m1 occurs  as a left
”.'"-argument]; however, the doubly negated elements with which R1 may
thus redundantly remove singly negated ones cannot occur in ALCOZ" in
any case. 2. Only with the additional heterogeneous R2~ va r i an t
-m1 . " -m2 ."m3  = -m2 . "—m1."m3  could negated elements commute with
other negated elements; however, a l though this additional capability is
implicit in the homogeneous ax iom R2. it is never required, hence i s
omi t t ed  in the heterogeneous vers ion .

Apparently. the condition m2 ( >  m1 o f  R2 proved immune against the
homogeneousIheterogeneous t r ans i t i on .  The heterogeneous ax iom R2~ is
actually the only remaining cond i t i ona l  axiom in the many—sorted
generatorflseparated versions of our algebras of co l l ec t ion  data .  To
guarantee initiality it is therefore worthwhile to eliminate the R2"
condition in generator-separated a lgebras .  This is possible by using
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t he  opera tors  ” 5 “  and “11“ i n t roduced  i n  sec t ion  3 .2 .  The use  o f  “11"
i s  r e l a t ed  t o  t he  use  o f  exp l i c i t  “ i f  t han  e l se ”  opera tors  as a means
f o r  avoiding conditional equat ions i n  (Goguen e t  a l .  1978 ) .  The use  o f
“3 ”  w i l l  become clear i n  t he  following desc r i p t i on  o f  ou r  elimination
method .

Ins tead  o f  ensu r ing  equality implicitly wi th  two occu r r ences  o f  t he
va r i ab le  m l  on  t he  l e f t - hand  s i de  o f  R1"  and ensu r i ng  i nequa l i t y  with

t he  cond i t i on  m2 <> ml on R2". these axioms are joined t o  an axiom
RI *2 "$b .  wh i ch  uses  ”LJ "  as  i t s  principal r i gh t—hand -s i de  ope ra to r  f o r
b ranch ing  on t he  outcome o f  an exp l i c i t  " 5 "—tes t  i n t o  an R1"—11ke
r i gh t -hand  s i de .  i f  t he  t es t  yields T .  and i n to  an R2"—1ike r i gh t—hand
s ide .  i f  t he  t es t  yields F .  S ince  “3 ”  i s  on l y  appl i cab le  t o  l i s t s .  some
supplementary ax ioms  dea l  w i t h  t he  cases  where  one [R2 "$b2 .  R2"$b3 ]  o r
both [R1"$b. R2"$b1] o f  m1 and m2 are atoms; the l as t  axiom [R3'Sb] i s
simply a copy o f  R3".

The  Remove ax ioms .  t hen .  become [we use  t he  convent ions  s ta ted  f o r
t he  eq ax ioms  i n  sec t i on  3 .2 .  and fu r the rmore  l e t  " - “  generically
denote “ - I "  i f  i t s  argument i s  a non—” ' "  a tom and “ ; “  o the rw i se ] :

Remove l "$b ( l ) :  —a I . " ( a I . 'm )  = —aI . "m  fo r  a l  IN  A
sho r te r :  —a I . "a I . 'm  = —aI . "m  fo r  a l  IN  A

Removez "$b1 ( I . J ) :  - a I . " ( aJ . 'm )  = aJ . ' (—a l . "m)  f o r  a l  <> aJ  bo th  IN  A
sho r te r :  «a I . " aJ . 'm  = aJ . ' (—a l . "m)  f o r  a l  <> aJ  bo th  IN  A
Bemoveg"$b2(1): - a l . " ( (m l . 'm214m)  = (m1 . 'm21 ; ( -a t . "m)  f o r  a t  [N A
sho r te r :  —aI . " (ml . 'm21ém = (m l . 'm2)é—at . "m fo r  a t  [N A
ßemoveg'Sbat l ) :  ; (m l . 'm2 ) . " ( a t . 'm l  = a [ . ' ( ; (m1 . 'm2 ) . "m)  f o r  a t  [N A
sho r te r :  ; (m1 . 'm2 ) . "a t . 'm  = a I . ' ; im l . 'm2 ) . "m  fo r  a t  [N A

RemovelnSb:  ; (m1. 'm2) ." ( (m3. 'm4)*m)  =
( (m1 . 'm2 )a (m3 . 'm4 ) )L ( ; (m l . 'm2 ) . "m)1 ( (m3 . 'm4 ) * ( ; (m1 . ’m2 ) . "m) )

sho r te r :  ; (m l . 'm2 l . " (m3 . 'm4 )&m =
( (m1 . 'm2)a (m3 . 'm4) )L ( ; (m1 . 'm2) . "m) l ( (m3 . 'mk) * ; (m1 . 'm2) . "m)

Removel'Sb: -m . " '  =

For  t he  many—sorted a lgebras  AlCO3" -MC05~ we will need more gene ra l
- Remove axioms, involving seve ra l  b inary  opera to rs  ' * ' “ ‚  ” * "" ‚  ” * ‘ 3" .

. .  “ * ‘H ' .  a long  w i t h  seve ra l  negat ion  Operators  "—'” ‚  '—"" .  " - ' 3 ' " .

. .  ' - 'N ' .  where ' * ' 3 ' “  o r  ' * " "  i s  used  t o  const ruc t  a rb i t r a r i l y
negated  t e rms  on to  o the r  t erms .  Ne have  adop ted  t he  convent ion  t ha t
op 'X '  s t ands  f o r  an ap occu r r ence  with X primes, so tha t .  f o r  i ns tance .
op '3 '  i s  equ i va len t  t o  op " ' .  As a f u r t he r  conven t i on .  an ope ra to r  op
will denote itself i f  i t  has no  p r imed  ve rs i ons  and w i l l  generically
denote any o f  i t s  pr imed  vers ions  op ' x '  o t he rw i se .  w i t h  this convent ion
t he  axioms can  be  exp ressed  t hus :

*Removel”: —m1*"'(m1*m2) = —m1*"'m2
sho r te r :  —m1*"'m1*m2 = _m1*" 'm2

*gemoveg”: —ml*"'(m2*m3) = m2*(-m1*"'m3) i f  m2 <> ml
shor te r :  -m1*" 'm2*m3  m2*wml * " 'm3  i f  m2 <> m l
*ßemoveg": —m*"'

Each o f  t he  t h ree  axioms i s  r ea l l y  a scheme using t he  ope ra to r s  ” * "  and
- as  p l ace -ho lde rs  f o r  multiplication and  negat ion  opera tors  with any
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r equ i r ed  numbers  o f  primes. Of  course .  on  instantiation of  an  ax iom

scheme a l l  o f  i t s  ” * * -occur rences  ["-”—occurrences]  must be g iven  the
same number  of  pr imes .  whereas  across  the  ope ra to r s  ” *”  and  ' - '  the

numbers o f  primes may be d i f f e ren t .  For R2~ this permits i ns tan t ia t ions
l i ke  - 'm1*" 'm2*"m3  = m2*"—'m1*" 'm3  i f  m2 <> mi .  A l though  the  R I "
scheme permits similar i ns tan t ia t ions .  on ly  ins tan t ia t ions  o f  the  form
[ j  denotes the  same number o f  primes fo r  " * “  and fo r  '—'
- ' j ‘m1*" 'm l * ' j 'm2  : - ' j 'm1*" 'm2  w i l l  have meaningfu l  in te rpre ta t ions .
because  ml  w i l l  on ly  be  ab le  to  denote  the  same va lue  bo th  as  the
argument o f  " - "  and as the  f i rs t  argument o f  “ * "  i f  both  ope ra to r s
expec t  the  same "sor t ”  in  these  a rguments .  as  ensured  by  the i r
identical number  o f  primes.

The  condition m2 <> m1 cou ld  be  eliminated here  as  shown fo r  the
ALCOZ~ vers ions  o f  the  Remove axioms.

On the  bas is  o f  the  Remove ax ioms  we can  now de f ine  Idempotence  as
simply introducing a negated e l ement  to  the  r igh t  o f  an unnegated
e lement .

Ldempotence: m1.m2 = ml.(—m1.m2) i f  m1 < )  -n
shor te r :  m1.m2 = ml.—ml.m2 i f  m1 <> -n

The cond i t ion  ml <> —n would no t  be strictly necessary.  but  prevents  a
r edundan t  gene ra t i on  of  double nega t ions .

For  the  many—sor ted  a lgeb ra  ALCOZ~ Idempotence  becomes [ i f  " - '  and
” . ' "  are viewed generical ly  as in  the R"$b and eq axioms. this I ~
definition can also be used as [ ' s  and I 'Sb ] :

!! m1. ' (—m1."m2)
m1 . ‘ -m1 . "m2

ldempotence":  m1.'m2
shor te r :  m1.'m2

The cond i t ion  m1 <> -n  o f  the  homogeneous a lgebra  has become implicit
here .  because the  use o f  ml as a f i rs t  ". '"—argument aga in  "types" i t
to  be  unnega ted .

For_ the  many—sorted algebras ALCO3"—ALC05" we w i l l  need the
fo l low1ng  more  genera l  k ind  o f  Idempotence .  expressed  as  an  ax iom
scheme [ “ * "  and "—' ca r ry  the  same number, j .  o f  pr imes ] :

* " j ' j dempotence" :  m1* ' j 'm2  : ml* ' j ' ( - ' j 'm1*" 'm2)
shor te r :  m1* ' j 'm2  = m1* ' j ' - ' j 'm1*" 'm2

Since a genera ted  negated e lement .  - ' j 'm1 ‚  ge ts  the  same number o f
primesn on _ i ts  ” - "—pre f ix  as the  unnegated o r ig ina l .  m1* ' j ' . . . ‚  has on
the  * —inf1x  . the  sor t  r e s t r i c t i on  of  the  chosen  nega t ion  opera tor
W111 be  au tomat ica l l y  fulfilled.

The f i rs t  example  be low shows the  elimination of  a duplicated
e lement  a wh ich  i s  a tomic ,  1 .9 .  i s  t aken  f rom the  genera t ing  se t  A
[=  {en .  e l .  a2 ,  a3 } .  where aOz ' .  a l=a ‚  a2=b‚ a3=c ] ;  the  second
demonst ra tes  the  remova l  o f  a duplicated complex  e l ement  a .b . ' ‚  t aken
f rom the  ca r r i e r  M minus the  genera t ing  se t  A .
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Lem21: . l a . (b . (a . ' ) ) l  = c . (a . (b . ' l )
Proof :  ‘. (b . (a . ' l )  =I=

. (—a . (b . (a . ' ) l )  =R2=
. lb . (—a. (a . ' ) ) l  =RI=
. (b . (—a . ' ) )  =R3=
. (b . ' l

= c and a . !b . ta . ' ) )  = a . (b . ' )
. l a . (b . (a . ' ) l )  =E= c . !a . (b . ' ) )n

n
m

m
m

m
m

n

Lom22: (a . (b . ' ) ) . l l a . (b . ‘ ) ) . ' l  = l a . (b . ' l l . '
shor ter :  ( a .b . ' ) . ( a .b . ‘ l . ~  = t a .b . ' ) . ‘
Proof: ( a . !b . ' ) ) . t ( a . (b . ‘ ! l . ' l  =I=

( a . (b . ' ) } . l - ( a . (b . ' l l . ( ( a . (b . ' ) ) . ' ) )  =Rl=
(a . (b . ' ) l . ( - (a . (b . ' ) ) . ' )  =R3=
( a . !b . ' l ) . ‘

The fo l low ing  two examples parallel the  prev ious  ones. r e fo rmula t ed
fo r  the  many-sor ted  gonera to r—sopara ted  boo lean—extendod  a lgeb ra
ALC02"$b [see end of  section 3 .2 ] .

fiaamntgä=
Lom21"$b:
Proof :

. l t a . / (b . l ( a . l ' ) ) )  = c . / ( a . / (b . / ' ) )

. l tb . / ( a . / ' ) )  = I"$b=

. / (—/a . " tb . / ( a . / ‘ ) l )  =R2"$b1t1.2)=

. I tb . I (—/a . " ta . / ‘ ) ) )  =RI”$b(1)=

. I tb . / ( - / a . " ‘ ) )  =Ra'$b=

. l tb . / ‘ )
= c and a . / (b . / ( a . / ' ) )  = a . ! (b . / ' l

. I t a . / tb . / ( a . / ‘ ) ) )  =E= c . / ¢a . / tb . / ‘ ) J

o
m

u
m

m
m

n
fi

l emZZ-Sb:  ( a . / (b . / ' ) ) i t t a . / (b . / ' ) )L ' )  = ( a . / (b . / ' ) l * '
shor ter :  (a . lb . l ' ) . . . (a . lb . l ' )_h~  = ( a . /b . / ' ) * ‘
Proof: ( a . / (b . / ' ! )L t fa . / (b . l ' ) ) * ‘ )  =I“$b=

( a . / (b . / ' l l& ( ; (a . / (b . / ‘ l l . " ( ( a . / (b . l ‘ ) !& ' l l
=R1+2—$b=

( a . / (b . l ' ) )
: ( ( ( a . l (b . / ‘ ) ) a ta . l (b . / ° l ) )

L
( ; ( a . / (b . / ' ) ) . " ' )
l
( ( a . / (b . / ' l )& [ ; (a . / (b . l ' ) l . " ' ) ) !

=eq1t1 l=
( a . / (b . ! ‘ i l

‘ ( ( (b . /~ )£ (b . l~ ) )

L .
( ; ( a . / (b . / ' ) ) . " ' )
l
l ( a . / (b . l ' ) )A ( ; (a . / (b . l ‘ l l . ' " ! ) l
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: eq1 (2 )=
(a . l ( b . l ' ) )

„..! ( ‘5."
1 

I5t;ta./(b./‘n.“ I
]
( ( a . / ( b . / . ) )& ( ; 13 . / ( b . / . ) l . . . . ) ) ,

=eq6=

( a . / ( b . ! ‘ l l
‘ ( T

L
( ; ( a . / ( b . l ' ) ) . " ‘ )
l .
( ( a . / ( b . / ' ) ) * ( ; ( a . / ( b . l ° ) ) . ' " ! ! !

= l1=

( a . / ( b . / ' ) )& ( ; ( a . / ( b . / ° ) ) . " ' )  =R3"$b=
( a . / ( b . l ' ) ) l '

Since I dempo tence  can  genera te  a nega ted  e l ement  t o  t he  r i gh t  o f

eve ry  unnega ted  e l emen t .  i t  may  happen  t ha t  an  e l ement  f i r s t

i dempo ten t l y  removes some e l ements  t o  i t s  r i gh t  bu t  i s  t hen  i t se l f
likewise removed by  an  e lemen t  t o  i t s  l e f t  [P roo f l  be low ] :  this i s
however j u s t  an inefficient deviation f r om the  principle o f  applying

I dempotence  a lways  t o  t he  l e f t -mos t  occu r r ence  o f  repea ted  e l ements

[P roo fz  be low] .

. ( a . ( b . ( c . ( b . ' ! ) l )  = b . (a . ( c . " ) lULem23:

Proo€1z b . ! a . ( b . ( c . ( b . ° ) ) ) )  = I=
b . (a . (b . ( -b . (c . (b . ‘n ) ) )  =92:
b . (a . (b . ( c . (—b . (b . ‘ ) ) ) ) )  =R1=
b . (a . (b . ( c . ( - b . ‘ ) ) ) )  =R3=
b . (a . (b . ( c . ' ) ) )  =I=
b . (—b . (a . (b . ( c . ' ) ) ) )  =R2=
b . (a . (—b . (b . ( c . ' l ) ) )  =R1=
b . (a . ( - b . ( c . ‘ ) ) )  =R2=
b . (a . ( c . (—b . ' ) ) )  =R3=
b . (a . ( c . ' ) )

P roo f2 :  b . ! a . ( b . ( c . ( b . ‘ ) ) ) )  =I=
b . ( -b . ( a . ( b . (C . (b . ' ) ) ) ) )  =R2=
b . (a . ( -b . (b . (c . (b . ‘ ) ) ) ) )  =R1=
b . ! a . ( - b . ( c . ( b . ° ) l ) )  =R2=
b . (a . ( c . ( - b . ( b . ‘ ) ) ) )  =R1=
b . (a . (u . (—b . ° l l )  =R3=
b . (a . ( c . ' ) )

l n  some equality p roo f s  and similar app l i ca t i ons  [ e . g .  t he  matching
o f  . i dempo ten t  co l l ec t i ons ]  i t  may be  use fu l  t o  gene ra tg  dup l i ca t e s
be31des r emov ing  them. This could be  accomplished by  postulating no t
on l y  I dempotence  bu t  a l so  Ad jacen tpo tence  [ see  above ] .  because  t h rough
a r i gh t - t o—le f t  r ead ing  o f  t he  l a t t e r  every  element can  be  duplicated
i n  one  s tep .  Howeve r ,  we w i l l  no t  do  t h i s  because  two complementa ry
Idempotence readings [w i t h  a crucial backward reading o f  R1]  can  a l so
dub l i oa te  a rb i t r a ry  [ unnega ted ]  e l emen ts .  t hough  requiring t h r ee  s teps .
Th i s  i s  shown i n  t he  f o l l ow ing  lemma. i nvo lv ing  an a rb i t r a ry  e lement  x
no t  equa l  t o  —n i n  an  a rb i t r a ry  r i gh t - con tex t  y [whe re  t he  en t i r e  t e rm
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x . y  may be  arb i t rar i ly  embedded i n to  ano the r  t e rm] ;  t he  lemma and i t s
p roo f  make use  o f  t he  N-ary  paren theses~spar ing  shor t  no ta t i on .

Lem24 : x . x . y  i f  x (>  - n
Proo f :  =

" (
\ -

<

“ 
"

- x . y  R
. - x . x

- v

"
_

.

II

~y

X
X

X
X

X

X

[The cond i t ion  x <> —n accounts f o r  t he  way we def ined  I . ]

As an  examp le  o f  t he  many—sor ted  r e fo rmula t i on  o f  a l emma .  we prove
the  Lem24 var iant  Lem24":

Lem24":  x y = x x .  y
Proo f :  x ' y  =I"=

x . '—x . " y  =Rl"=
x '—x . " x  ' y  =I"=
x ' x  ' y

[ The  cond i t ion  x < )  - n  has  become implicit as  i n  I" . ]

wi th  t he  he lp  o f  t ha t  l emma .  we can  now so l ve  t he  equat ion  [ the
matching prob lem]  involving t he  va r i ab l e s  u and v .

.

a .u . v . c . '  = a .b . c .

o r  i n  F IT ' s  co l l ec t i on  nota t ion  [ t he  i dempo ten t  . “ -ope ra to r  i s
represented  by  t he  COMMUNE t ag ] .  (COMMUNE a u v c )  = (COMMUNE a b c ) :

F i r s t .  t he  r i gh t—hand  s i de  i s  “semantically r ewr i t t en '  [using
I dempotence ]  as

a.n*g‘; =Lem24= a .b .b . c . '

where  Lem24 i s  app l i ed  a t  t he  underlined sub te rm  with t he  bindings
x = b and y = c .~

Second. t he  new p rob lem

a .u . v . c . '  = a .b .b . c . '

i s  ' s yn tac t i ca l l y  r educed "  [us ing  Equa l i t y ]  t o

a = a and u = b and v = b and c = c and =

Thus ‚ t he  equat ion  i s  valid [ t he  ma tch  succeeds ] .  producing t he
so lu t i ons  [bindings] u = b and v = b [i.e. b i s  ” sha red  i dempo ten t l y ”
by  t he  var iab le s  u and v ] .

The possibility o f  r ead ing  Idempotence  backward - -  exemp l i f i ed  i n
t he  l as t  s t ep  o f  t he  above  Lem24 proof  - -  pe rm i t s  nega ted  e lements  t o
d isappear  a t  t he  sou rce  whe re  t hey  we re  gene ra ted .  r a the r  t han  a t  t he
end marke r .  S ince  a negated e lemen t  immediately before  " ”  „_  t he  on l y
pos i t i on  where  R3 i s  applicable —— can  move back  t o  t he  p l ace  o f  i t s
gene ra t i on .  t h i s  means  t ha t  R3 i s  r ea l l y  redundant  f o r
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I dempo tence -gene ra ted  negated  e l ements .  Howeve r ,  t he  R3 axiom i s

r equ i r ed  f o r  “C lean ing “  t e rms  containing non- Idempotence—generated
negative signs. like no .  399 i n  t he  first t ab le  i n  section 3 .2 .  i . e :

r educ ing  them t o  ' - " -1ess  r ep re sen t a t i ve s  by  equalities like b.—a.
=R3= b . " .  The re  a re  a l so  compu ta t i ona l  reasons  f o r  keep ing  R3.  name ly

1 .  f rom t he  p lace  whe re  a nega ted  e l emen t  removes  i t s  last e l emen t  i t

i s  of ten  nea re r  t o  t he  end  marke r  than  t o  t he  unnega ted  source and  2 .  a

systemat ic  check  f o r  duplicates shou ld  walk down an en t i r e  expression

until reach ing  t he  end  marke r .  so  t ha t  i t  i s  easiest t o  remove i t  t he re

in  one  s tep .

4 .3  Associativity

The  cen t ra l  equa t ion  A1 fo r  N-ary  Associativity only di f f er s  f rom
t he  usual binary notion o f  associativity i n  an additional cond i t i on
preventing transitions between “ e r roneous ”  and "non—erroneous" t e rms .
e.g. ( a .b } . ' ‚  p roduc ib le  by ” . ” .  i s  no t  AT—equal t o  a . ! b . ‘ ) :

" . “  =lr= ( a .b ! . '  (A1 )  a . tb . ‘ )

However, a supp lemen ta ry  equat ion  A2 i s  necessary i n  t he  N—ary case

because N—ary Associativity should also be  ab le  t o  remove embedded
” " - e l emen ts  [ as  introduced by  applications o f  A l  o r  i n  a d i r ec t
manne r ] ;  since i n  t he  binary r ep re sen t a t i on  this means tha t  t he  empty
e lemen t  “ ' ”  i s  used as  a l e f t  f ac to r ,  we de f i ne  i t  as  a cor respond ing ly
conditioned l e f t  identity. This i s  a typical example  o f  an  intensional
d i f f e rence .  i l l u s t r a ted  by  two qu i t e  dissimilar informal t r ee  equat ions
[conditions a re  immaterial f o r  this compar i son ]

be tween  t he  ex tens iona l l y  indistinguishable N-a ry  and  binary
interpretations: Because  i t  can  be  app l i ed  t o  subexpressions. t he
fo rma l  equat ion  de f i n i ng  t he  embedding o f  " ' "  inside N-a ry  express ions
i s  t he  same as t he  one defining “ ' “  as a binary l e f t  i den t i t y .

Associativityl: (m1.m2).m3 : m1.(m2.m3l  i f  m2 = n .n  o r  m2 =
sho r te r :  (m1.m2).m3 = m1.m2.m3 i f  m2 = n .n '  o r  m2 : '
Associativityg: ' .m  = m i f  m = n .n '  o r  m = “

The conditions m2 = n.n' o r  m? = ' as we l l  as  m = n .n '  o r  m = ‘ could.
o f  course. be  eliminated eas i l y .  by  or—splitting fo l l owed  by
substitution.

For  t he  manywsor ted  algebra ALCO?" t he  one—sorted axioms A1 and A2
can  be  t aken  ove r  by  setting ” . “  = " . ' "  and adding a disjunct t o  t he  A2
condition:



- 54 _

n . ' n '  o r  m2 ‘Associativitul': (m l . 'm2) . 'm3 m1. ' (m2 . 'm3)  i f  m2
shor ter :  (m1 . 'm2) . 'm3  m1. 'm2. 'm3 i f  m2 n .  n o r  m2
Associativityg": . m = m i f  m = n . ' n '  o r  m = n .  n '  e r  m

"
I I

ll
"

fl

I t  i s  t r ue  t ha t  on l y  with t he  additional heterogeneous A1"  variant

( -ml ."m2) . 'm3  = -m1 . "m2 . 'm3  i f  m2 = n . ‘ n '  o r  m2 = n . "n '  o r  m2 = "
and wi th  an additional disjunct. m2 = n . "n ' .  a l so  i n  the  A1~ condition
could negated elements be embedded assoc ia t i ve l y ,  bu t  this capability.
implicit i n  t he  homogeneous  axiom A1 .  i s  neve r  required [ e . g .
normalizations can  and shou ld  app l y  A be fo re  I ] .  hence i t  i s  omi t t ed  i n
t he  hete rogeneous  case .

Finally. f o r  t he  many—sor ted  gene ra to r - sepa ra ted  algebra ALC02"$  t he
' . " - occu r rences  w i t h  a non—generator  l e f t  a rgument  a re  rep laced  by  " "
and t he  remaining ones a re  r e in t e rp re t ed  generically as " . l '  o r  & . as
usual:

Assoc ia t iv i ty l "$ :  (m1.'m2)*m3 = m1.'lm2&m3)
sho r te r :  (m1 . 'm2) im3  = ml . 'm2*m3
Assoc ia t i v i t y z "$ :  "m = m

Reca l l  tha t  f o r  a gene ra to r  A!  = {a1 .  . . . .  aN}  t he  generic abbrev i a t i on
conven t i on  l e t s  t he  axiom AI 'S  s tand  f o r  t he  N+1  “ . ' ” - l ess  equat ions

(m1_._m2).._m3 = m1_._m2_._m3
( a1 . lm2 ) .m3  = a1. /m2‘m3

(aN. /m2) ;m3 = aN./mz‘m3

Also note t ha t  the  conditions on bo th  t he  A1" and A2" equations have
become implicit i n  A1"$ and 'A2 "$ .  since t he  second arguments o f  “A “  and
' . I '  canno t  l i e  i n  HI = A l .

Emmen:

Lem25: ( a . ( b . ' ) ) . ( c . ' )  = a . (b . ( c . ‘ ) )  = a . ( (b . ( c . ' ) ) . ' )
sho r t e r :  ( a .b . ' ) . c . '  = a .b . c . '  = a . ! b . c . ' ) . '  .
Proof: ( a . ) b . ' ) ) . ( c . ' )  =A1=

a . ! ( b . ' ) . ( c . ° ) )  =Al=
a . (b . ( ' . l c . ' ) ) )  =A2=
a . (b . ( c . ' ) )  =A2=
a (b  ( c  ( .  ~H)  =A1=

( b  ( ( c  ) ‘ ) )  =Al=
. )

u
m

*

u
..

& fl U

4 .4  The  Eight Bas ic  Collections

The eight basic collections can  now be defined by  adding a
combina t ion  o f  zero o r  more o f  t he  t h ree  basic axioms A.  I .  C t o  t he
algebra ALC02. [ The  algebra ALC01 would  be su f f i c i en t  f o r
non—idempotent co l l ec t i ons .  bu t  we pre fe r  ALCOZ f o r  reasons o f
cons i s tency . ]  We will denote  an  a lgebra  A lG  fo r  wh i ch  t he  ax ioms  ax l .

. ,  axN a re  postu la ted  as ALGIax l . . . . ‚ a xN ] ;  using t echn i ca l  t e rms
explained i n  (Goguen e t  a l .  1978) .  A lG Iax i . . . . . axN ]  i s  t he  quo t i en t  o f
ALG by  t he  congruence  re la t ion  ob ta ined  f r om the  se t  o f  equat ions
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{ax l .  . . . ,  axN} .  For making this notation more concise. subordinate
preperties required for the axioms. such as Remove r equ i r ed  fo r ‘
Idempotence. will be assumed implicitly. To illustrate our no ta t i on
with the largest example. associative-idempotent—commutative
collections [i.e. heaps] will be written as ALC02[lr‚A‚I‚C]. which by
our prev ious  suffixing convent ion is a shor t  form of
ALC02[lr‚AI‚A2.I.C] and with the additional subord ina t e s  convention
stands for the quotient algebra AlC02[1r‚A1.A2‚I.R1‚R2‚R3‚C].

In general. a collection term will be said to be in_gg£mg; _iggm if
no possible application o f  its axiomatic ope ra to r  restriction or o the r
size—changing axioms can [ fu r the r ]  dec rease  its size [”term size“ is
measured  as the number o f  its ope ra to r s  p lus  its e lements  f rom A]. and
n o  possible application o f  its size-preserving axioms can add [ any
more] to its lexicographic order [we use an ex tended  concept o f
”lexicographic order“, where. e.g.. atoms like "c" precede “."-terms
like “(a.b.'l"l. In particular. a basic collection term is in normal
form if no possible application of listrestriction. Associativity. or
Idempotence [including the Remove subordinates] can decrease its size,
and no possible application of Commutativity [which never changes
sizes] can add to its lexicographic order .  [Tup les .  only repeated here
for completeness. are always in normal form. given that listrestriction
is inapplicable.]

Below,  each of the basic collections is exemplified t h rough  a
"normalization chain". i.e. a sequence of equat ions leading to an
expression in normal form. The eight normalizations will all start from
the same expression to clearly exhibit the differences between the
collections. In these  examples  we will use the N—ary parentheses-saving
no ta t i on .

14.11.19.135.

AlC02[lr]

c.(a.b.').c.a.' : c.(a.b.‘).c.a.

2. Strings

ALC02[1r‚A]

n
l
l

>
>
>

N
u
n
s
—
b

c.(a.b.').c.a. U

a
n
.
.
.

'
M
O

in

n
o
n

m
m
:
:

I r
a -

—

”
G

3 .  C ommunes

ALC02[1r.I]

c.!a.b.‘).c.a.‘ =I= c.—c.[a.b.' .c.a.
=R2= c.!a.b.").—c.c.a.
=R1= c.(a.b.').—c a "
=R2= c.!a.b.‘).a.—c."
=R3= c.(a.b.‘).a.
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A'o

ALCOZIlr .A . I l

. c . a '‘ )=A1= c .a . (b .. c .a .~
3A1:

' )c . (a .b .

=A2= c .a .b . c .a . '
- c .a .b .c .a .

=R2= c .a .—c .b . c .a .
C.

= c .a .b .—c .a .=R1
N

=R2= c .a .b .a .—c .
\ \

=R3= c .a .b .a .

c .a .b . -a .a .R2:

ALCOZElr.Cl

C= c .c . (a .b .. c . a .  =' )c . (a .b .

=C= c .a .c . (a .

ALCOl r .A .C ]

A1: c .a . (b . ‘ ) . c .a . 5‘c . (a .b . ' ) . c .a .
. c l a . ‘

‘

A2:  c .a .b .c .a .

.=C= a .b .c .c .a .
=C= a .b .c .a .c . "
=C=  a .b .a .c .c .

AlCOZI l r . I .C ]

' = I=  c . -c . ( a .b . . c . a .' ).C 'a .' )c . (a .b .

=R1= c . (a .b .
.=R2= c . (a .b .~

=93 :  c . ( a .b . ' l . a . ‘
'.. , .

. , “ .
=C= c .a . (a .b .
=C= a .c . (a .b .
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g. Heggs

ALCOZtlr.A.I.C]

c.(a.b.').c.a.' =A1= c.a.(b ).c.a '
=A1= u.a.b. .c.a.
=A2= c.a.b.c.a.'
=I= c.—c.a.b.c.a.'
=R2= c.a.-c b.c.a '
=R2= c .a .b . -c .c .a  '
=R1= c.a.b.-c.a.
=R2= c.a.b.a.—c."
=R3= c.a.b.a.'
=I= c.a.-—a.b.a.~
=R2= c .a .b .—a .a .
=R1= c.a.b.-a.'
=R3= c.a.b.
=C= a.c.b.~
=C= a.b.c.‘

A comparison o f  these basic collections may reveal interesting

relationships: For one example .  strings can be viewed as “associative

tup le s“ ,  ALCOl r ,A ]  = ALC02[ l r ] [A ] ‚  just as heaps can be viewed as

"associative sets". ALC02[1 r ‚A . I .C ]  = ALCOZtlr.I‚Cl[A]. Thus in ? „
where ".“ is the set constructor. Associativity is not postu la ted
[while in B.. with "." being the heap const ruc tor .  it i s ] ;  in this

sense. in our cons t ruc to r  algebraic formalization se t s  11g not

associative. e.g. in this a lgebra  (a.b.‘).c.' <> a.(b.c.').'. or in the
usua l  notation.  {{a.b}.c} <> {a.{b.c}}. This statement is of course
unre l a t ed  to the fact that in the usua l  ”a lgebra  of sets" the UNION and
INTERSECTION ope ra t i ons  glg assoc ia t ive .  In f ac t .  we could enrich

ALCO2[1r . l .C ]  by UNION and INTERSECTION [ and  COHPlFHENTATION]
opera t ions ,  so as t o  ob ta in  a mode l  of the a lgeb ra  of finite sets. i n

which “.“ is not assoc ia t ive  but UNION and INTERSECTION are .

I ns tead  of taking quotients of the homogeneous a lgebra  ALCOZ. the
basic collections can also be defined as quotients of the many-sorted
a lgeb ra  ALCOZ” [left co lumn ]  and of the many-sorted generator—separated

a lgebra  ALC02"$ [right column]:

1. ALc02“[.'1r".."1r”1 ALcoz'SII
2. Alc02“[ . ' 1r" , ."1r“ .A"J  ALc02“$[A'$1
3. ALcoz'[.'1r“.."1r“‚t”1 ALcoz“$tI‘$l
4. Alc02"[ . ' 1r“ . . “1r“ .A" . I“ ]  . ALc02”$[A”$.I”$]
5. ALcoz'[.'1r“.."1r“.c‘1 ALC02“$[C”$J
a. Alc02:[.'1r“,."1r“,A".c”J ALc02“$[A'$.c”$J
?. ALCOZ [ . ' 1r“ . ."1r“ .1" . c"1  ALcoz”$[I”$.c"$l
a. Alc02”[.'1r”.."1r".A".1".c“J ALcoz“$[A“s.I”s.c‘$J

Let us exempl i fy  normalization chains in the many-sorted case with the
last ba51c collection. heaps. since with these all t h r ee  basic
prope r t i e s  can be demonstrated:



c . ' ( a . 'b  " )  ' c  ' a . "  =Al"= c . ' a . ' ( b  " )  ' c  ' a  "
=A1"= c . ' a . ' b . " . ' t  ' a  '
=A2"= c . ' a . ' b . ' c . ' a . '
=I"= c . '—c . "a „ ' b . ' c . ' a
=R2"= c . ' a . '—c . "b . ' c . '  ' "
=R2"= c . ' a . ' b . '—c . " c . ' a  '
=Rl  = c . ' a . ' b . '—c . "a . '
=R2"= c . ' a . ' b . ' a  ' - c . "
=R3"= c . ' a . ' b . ' a . "
=I"= c . ' a . ' - a . "b . ' a . '
=R2"= c . ' a . ' b . '—a . "a .  '
=R1"= c . ' a . ' b . ' va . " '
=R3"= c . ' a . ' b . "
=C"= a . ' c . ' b . '
=C"=  a . ' b . ' c . "

I n  t he  many—sor ted  gene ra to r - sepa ra ted  case  t he  chain wou ld  become:

c . ! ( a . / b . l ' ) 4c . l a . l '  =A1“$= c . ! a . l ( b . l ' ) éc . l a . l ‘

=C"S= a . l b . l c . l ~

To formal i ze  mixed nes t i ngs  o f  t he  eight collections. one a lgebra
ALCOL = (H . *1 . *2 ‚ . . . ‚ * 8 ‚ - )  can  be  i n t roduced  i n  place  o f  t he  e igh t
separate  a lgebras  ALCOZt l r ] .  ALC02 [ l r .A ] .  . . . .  ALC02 [1 r .A . I .C ] .  w i t h
the  ope ra to r  * i  [ and  an  assoc ia ted  distinguished empty e lemen t  \ i ]
co r respond ing  t o  t he  i t h  basic co l l ec t i on  [ I  5 i ;_ B ] .  and with t he
ax ioms  being postu la ted  f o r  each  ope ra to r  individually [ an  ax iom wi th
respec t  t o  an ope ra t i on  "O"  i s  called an  Oaxiom]:

ALCOL[ *11 r . . . . ‚ *B l r . * 2A . *3 I . *4A . *ß I . *SC . *GA. *6C . *T I . *7C . *8A . *8 [ . *8C1

Each o f  t he  eight ALCOZ cons truc tor  a lgeb ras  as we l l  as  their AlCOl
comb ina t i on  can  be  en r i ched  by  gene r i c  se l ec to r s  ‘ “ h '  [ head ]  and
” t "  [tail]. obtaining a lgebras  ALCOZ—ht = (M . . .— ‚h . t )  and ALCOl -h t  =
(H . * l . * 2 . . . . . * 8 . - . h . t )  w i t h  t he  essen t i a l  add i t i ona l  ax ioms

h(m1.m2) = ml
t (m1.m2)  = m?

and f o r  1 g i S 8 [ t he  r i gh t -hand  s i de  illustrates t up les  and se t s ]

h(m1 * i  m2) = m1 h ta  *1  b *1  \ 1 )  = a
t (m !  * i  m2) = m2 t l a  *?  b *?  \ ? )  =*7C= t t b  *?  a *?  \ ? )  = ( a  *?  \ ? )

Similarly. a generic append Opera to r  "& "  —— fo r  se t s  co r respond ing  t o
UNION -— can  be  i n t roduced  i n  a l l  bas i c  co l l ec t i ons :

Anpendl: (m1.m2)&m3
Anpendz: ~&m

m1.(m2&m3) i f  m2 n .n '  o r  m2
m i f  m n .n '  o r  m

I!M

Nl )

H
I I

I f  Assoc ia t i v i t y  ho lds  f o r  t he  ope ra to r  " . "  t hen  x t y  = x . y  ho lds  f o r
a l l  x = x1 . ( . . . ( xN .  ) . . )  [ i . e .  x must end i n  ” " 1  o r  x = ' and fo r  a l l
y = y1 . y2  o r  y = . because by  induction over  t he  l eng th  1 o f  x we have
[ t he  fo rms o f  x and y cause  t he  A and Ap cond i t i ons  t o  be  a lways
satisfied]:
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; l i x )  = 0 : °&y =Ap2= y =A2 = . y
x1 .x2 ;  1(x2 )  = n—1 —> l ( x1 . x2 )  = n : ( x1 .x2 )&y  =Ap1=

x1.1x2&y)  = induc t . hypo thes i s=
x1 . (x2 .y )  =A1=
(x1 .x2 ) . y

X H 
n

I n  pa r t i cu l a r .  f o r  t he  f ou r  assoc ia t ive  basic collections ( s t r ings .
acommunes. abags .  and heaps]  t he  concatenat ion  ope ra to r  " . "  i s_ the
append ope ra to r  ”& " .  Fo r  t he  o the r  four  basic co l l ec t i ons  t he  opera tors
" . ”  and “& "  di f f er  precisely i n  t he  dimension o f  assoc ia t i v i t y .  as
exempl i f i ed  f o r  se ts  above [whe re  “& "  = 'UNION" l .

The "h ” .  " t ” .  and ”& "  opera tors  cou ld  a l so  be i n t roduced  over bo th
the  arcs  [ hype ra rcs l  and  t he  graphs [ complex  l abe lnodes l  o f  t he
non—basic co l l ec t i ons  s tud ied  in t he  fo l lowing sec t i on .

5 THE ABSORPTION PROPERTIES AND GRAPH COLLECTIONS

Usua l l y .  direc ted  graphs a re  def ined  as  pa ir s  consisting o f  a node
se t  and an a r c  r e l a t i on .  For  reasons t o  be explained i n  subsec t i on  5 .1
we pre fer  t o  def ine  d i rec ted  graphs as  se t s  consisting o f  i so la ted  node
individuals and  a re  t up les .  These  node  and  a re  se t s  shou ld  however  have
one more  prope r ty  than  o rd ina ry  se t s :  A node a l so  occurr ing  i n  an  a r c
shou ld  be  removab le  from t he  se t  because .  t h rough  i t s  add i t i ona l  a r c
occu r r ence .  i t  ceases  t o  be  isolated. Ne ca l l  t h i s  p rope r t y
"adsorpt ion” .  since i t  i s  s im i l a r  t o  t he  absorpt ion  p rope r t y  o f
lattices. Node and a rc  se t s  w i l l  be  formalized by a lgebras  AlC03—ALC05.
cha rac te r i zed  by  adso rp t ion  ex ioms .

I n  subsec t ion  5 .1 .  essentially b ina ry  adso rp t ion  ax ioms  will be  used
t o  de f i ne  o rd i na ry  d i r ec t ed  graphs.  Then.  i n  subsect ion 5 .2  d i r ec ted
recurs ive  l abe lnode  hype rg raphs  wi thou t  contac t  l abe lnodes  will be
ax ioma t i zed  by  t ru ly  N-ary  vers ions  o f  t he  adso rp t ion  proper ty .
F ina l l y .  i n  subsect ion 5 .3  DRLHs wi th  con tac t  l abe lnodes  will be
formal i zed  using t he  new ” s im i l po tence '  p rope r t y .  capab le  o f  merging
ce r t a in  complex l abe lnodes  t ha t  on l y  di f f er  i n  t he i r  con tac t
l abe lnodes .

5 .1  B ina ry IN—ary  Adso rp t i on  and t he  Ord ina ry  Graph Co l l ec t i ons

To formal i ze  a diagrammatically g iven  direc ted  graph l i ke

a b
o - - - - - - - - - - - - -  >o

| \  e
| \ o
l \
| \
l \
I \ +'
| \ 0
V V
o<——»—«—o
c d
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normally a kind of relational s t ruc tu re  61 = (N .A)  is used. where

N - {a .b .c .d ,e . f }  is the set of nodes and A = {(a.b).(b,c).(b.d).(d.c)}
is the extensionally given binary relation of a rc s  [a subset of N l .

This  formalization. however, has two practical [computational]

disadvantages:

I. The nodes  a l so  occu r r ing  in an are are unnecessarily symbolized

twice. first in N and then again in A.

2. Graphs  d o  not gracefully degenera te  into sets. in particular a

"graph“ wi thou t  any a rc s  is still a pair. (N . { } ) .  not a set.

Perhaps these disadvantages. toge ther  with fu r the r  i n conven iences
like the indirectness of f i r s t  specifying a pair and then  its component
sets. con t r ibu t ed  to the limited compu ta t i ona l  a t t rac t i veness  of this

formal i za t ion .  s o  tha t  other .  non-set-oriented formalizations [and

programming languages]  like adjacency matrices [in AlGOL—like

languages]  and proper ty  lists [in LISP-like languages]  were  mos t l y  used
instead. Yet ,  these disadvantages can also be ove rcome  in a
set-oriented manner. by formalizing a g raph  as a single set containing

both the nodes and the arcs ,  for the example leading to

62 : {e.f.(a,bl.(b.c).(b.d).(d.cl}

[By definition. such a "graph set" is non—homogeneous. consisting of
individuals and pairs, but so is the original “ g raph  pair”. consisting
of an ordinary set [set of individuals] and a relation [set of pairs].]
Thus we have the following two advantages:

1'. Only the isglatgg nodes remain ag elements in the node and arc set.

2'. If we remove are by are from 62. in the order they are written
there. the graph  becomes more  and more  o f  an ordinary set.

{e.f‚a.b.(b.c).(b.d)‚(d.c)} = {a.b.e.f.(b.c).(b‚d).(d‚c)}
{ e . f ‚ a . b ‚ b . c . ( b . d ) . ( d . c ! }  = {a‚b‚c.e‚f.(b.d).(d.c)l
{e.f.a.b.b.c.b.d.(d.c)} = {a.b.c.d.e.f.(d.cl}
{e‚f.a.b.b.c.b.d‚d.c} = {a.b‚c.d.e‚f}

until it is just a set of individual nodes .

Note .  however. tha t  a redundancy like I. appears in the non-final
degenera t ion  s ta tes  of 2 ' . .  e.g. both the node b and the arc (b . c )
occu r  in the first state. This phenomenon becomes even more no t i ceab l e
if we try to produce 62 by just uniting the nodes and arcs  of 61:

62“ = N U A = {a.b.c.d.e.f.(a‚b).(b,c).(b‚d)‚(d.c)}

Obvious ly .  if 62 and 62° are regarded  as sets only, then 62 <> 62° .
because of the redundant elements a-d occu r r ing  in 6 2 '  but not in 6 2 .
Yet. if 62 and 62° are to be regarded as graphs. the equality 62° = 62
should hold. because. for in s tance .  a node like a is no l onge r  isolated
if it occurs  in an arc like (a.b). Thus the diagram
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shou ld  be  regarded  as  no th ing  but  a d i s to r t ed  vers ion  of  the  p rev ious

diagram. where  bo th  a occu r r ences  were  merged  [ the  l e t te rs  a .  b .

a re  names o f  the  nodes  themgelygg. no t  marks  an nodes .  henoe  they  must

be un ique ] .

To obtain the  desired equality formally. we regard  62 and 62 '  as
e lemen ts  of  an a lgeb ra  i n  which  vers ions  [ tha t  a re  b ina ry  with respec t
to  ” . ”  and  N-a ry  wi th  respec t  to  " * "1  o f  the  following two “adsorp t ion”

proper t i e s  [ tha t  a re  binary with respec t  to  both  ' . ”  and ” * ' 1  a re
postu la ted  as  ax ioms:

ggsorp t ion l :  m1*(m1.m2) = m1.m2
adsorp t ionz :  m2*(m1.m2) = m1.m2

These prope r t i e s  are  " comp lemen ta ry ”  to  the  fo l lowing  abso rp t ion  laws

fo r  lattices [since i n  lattices not  on l y  ” *“  = “UNION“ but  a lso  ' . “  =

”INTERSECTION” is  commutative. on ly  one o f  them were needed]:

m1
m2

no rp t i on l :  m1*(m1.m2)
ansorpt ionz :  m2*(m1.m2)

For  examp le .  i n  propositional calculus wi th  " * "  = “OR“ and  . - ”AND"
the  absorp t ion  l aws  specialize to

m1
m?

m1 0R (ml AND m2)
m2 OR (ml AND m2)

Of course ,  adso rp t ion  laws do no t  ho ld  in  propos i t i ona l  calculus. but
«_ to  digress somewhat f rom formal  a lgebra  —- in  the  ”be l i e f  system o f
common—sense va lue  p re fe rences"  adso rp t ion  l aws  fo r  AND/OR-related
opera tors  AND'IOR' could  indeed be g iven  a meaningful i n te rpre ta t ion .
as  exempl i f i ed  by  the  se l f—exp la in ing  "va lue  equa t ions”

rich OR‘ ( r i ch  AND' hea l thy )  = r i ch  AND' hea l thy
hea l thy  OR' ( r i ch  AND' hea l thy )  r i ch  AND' hea l thy

llUnlike i n  lattices. the  two ope ra t i ons  and ” *”  a re  no t  "dual”  in
graphs.  That  i s .  we do no t  pos tu l a t e  adso rp t ion  axioms like m1.(m1*m2)
= ml*m2  and  m2 . (m1*m2)  = m1*m2.  dua l  to  ad1  and  ad2 .  and  complementa ry
to  the  abso rp t ion  laws m1.(m1*m2) = m1 and m2.(m1*m2) = m2. dual to  ab i
and ab2 [ hence  holding i n  lattices]. I n  f ac t .  m1.(m1*m2) and m2.(m1*m2)
would y ie ld  the  "e r ro r"  element “ \ "  in  the  formalization of  ordinary
graphs below.  because they  do no t  represent  well—formed a rcs .
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Le t  u s  mention another  d i f f e r ence  between t he  usua l  graph
formal i za t ion  and  ou r  a lgebra ic  t r ea tmen t :  Normally 1 graph i s  de f ined
as  1 r e l a t i ona l  s t ruc tu re .  A l though .  o f  cou r se .  “ a“  s tands  fo r  "any" .
this means t ha t  another  relational s t ruc tu re  has  t o  be  de f ined  fo r  each
new graph ins tance ;  on  the  o the r  hand. t he  algebra be low will d i r ec t l y
de f ine  t he  s e t  o f  1L1 graphs ove r  a given node se t .  so  t ha t  a graph
instance i s  a t e rm  in t ha t  algebra.

Ne now proceed  t o  t he  fo rma l  definition of  t he  algebra ALC03 _used

For  directed graphs ;  i t  di f f er s  f rom ALCOZ i n  hav ing  two b ina ry
opera t ions .  " . “  and  “*“  [x .y  i s  i n t e rp re t ed  a s  t he  ” a r c  pa i r “  (x ‚y )  and
r*s  a s  t he  "graph se t "  { r}  U s ] .

U E' ‚ | .  3 :

A genera t ing  se t  [ a  finite se t ]
\ IN A distinguished empty  e l emen t  [w i th  r e spec t  t o  “*”1

ALC03 = (H . . ‚ * . - )  a lgebra  wi th

ll  OI "*“  ll IIN ca r r i e r  generated by A with . . , —

: H x H —> H b ina ry  ope ra t i on  [constructing a rc s ]
. (m1.m2) = m1.m2

* : H x H ->  M b ina ry  ope ra t i on  [ cons t ruc t ing  graphs]
*(ml .m2)  = m1*m2

— : M —> M una ry  ope ra t i on  [ fo r  nega t ive  e l emen t s ]
- (ml  = —m

! . l "  I | " I '  :

\ i f  m1 NOTIN A MINUS { \}
o r  m2 NOTIN A MINUS { \}

g rc re s t r i c t i on :  m1.m2

Li s t r e s t r i c t i on :  m1*m2 \ i f  m2 <> n*n '  and  m2 <> \

Lla t ze s t r i c t i on :  m1*m2 \ i f  m1 = n*n '  o r  m1 = \

Note  t he  s t rong  a r c r e s t r i c t i on  axiom ove r  t he  arguments of  " . ” - t e rms .
which  mus t  be  unnes t ed  he re :  I f  e i t he r  o f  t he  a rgumen ts  was  no t  t aken
d i r ec t l y  f rom the  generating se t  A minus  t he  distinguished e l emen t  “ \ "
t hen  no  legitimate a rc  was  cons t ruc t ed ,  so  t ha t  t he  t e rm  i s  identified
wi th  t he  empty  e l emen t  "\” .  The  l i s t r e s t r i c t i on  axiom i s  t he  s ame  a s  i n
t he  ea r l i e r  collection a lgeb ra s ,  bu t  i s  now postu la ted  fo r  t he
' * ' - ope ra to r  and  i s  applicable t o  t e rms  whose  s econd  arguments a re
non—”\” atoms, nega t ed .  o r  a r c s .  Finally. t he  f l a t r e s t r i c t i on  ax iom
reduces graphs with graphs [ i nc l .  ” \ “ J  a s  e l emen t s  t o  ” \“ .
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Exgmnie:

A = { \ ,  a .  b}

We de r ive  one  d i r ec t ed  graph  o f  H :

basic binary form N-ary lparen -spar ing
_ _ _ — _ n . . — _ _ _ _ _ — — — _ _ _ - _ „ — _ — — _ — _ — — — — — — — - _  

___—___- -_—_——-—.——__o—___—___ . . -

I
+
I
I
!

{a .a )  |
(b.a) I "
( a .b )  " |

tb.a)*\ I
(a.b)*((b.a)*\) I
( a .a ) * ( ( a .b ) * ( (b .a l * \ ) )  |
b * ( (a .a ) * ( ( a .b l * ( (b .a l * \ l l )  |
( a .b ) * (b * ( (a .a ) * ( ( a .b ) * ( (b .a ) * \ ) ) ) )  I

( a .b ) * (b .a ) * \
( a .a ) * (a .b ) * (b .a ) * \
b * (a .a ) * (a .b ) * (b .a ) * \
( a .b ) *b * (a .a ) * (a .b ) * (b .a l * \

The heterogeneous counte rpar t  ALC03" to  the  homogeneous graph
algebra A lcoa  i s  t h r ee—sor t ed .  partitioning the  homogeneous ca r r i e r  M
into a ca r r i e r  M.  fo r  a rc s ,  a ca r r i e r  M*  fo r  g raphs  [incl. a tomic

nodes ] ,  and  a ca r r i e r  M— for  nega ted  arcs  and  graphs .

££i£fll£12n11=

@. generating se t  [ a  singleton se t ]
IN  A distinguished empty e lemen t  [with r e spec t  to  ' . " 1

A* generating se t  [ a  finite se t ]
\ IN  A distinguished empty e lemen t  [with respect  to  ” *” l

A— = { }  generating se t  [ t he  empty se t ]

ALcoa" = (M . ,M* .M- ; . . * ' . * " , * ' " , - ' 3 - " )  algebra with

M. .  H* .  M— carriers genera ted  by  A . .  A * .  A—
with ” . “ .  ” *“ ,  ' - "

" *  x M* —> H.  binary ope ra t i on  [ cons t ruc t ing  a r c s ]

* '  : M. x " *  —> " *  binary opera t ion  [consing a rc s  to  graphs]

* "  : H* x H* «> " *  binary ope ra t i on  [consing graphs to  graphs]

* " '  : M— x H* «> H* binary ope ra t i on  [consing negat ives  to  graphs]

—' : M. «> M— una ry  ope ra t i on  [ for  negat ive  a rc s ]

— : M* —> M- una ry  ope ra t i on  [ for  negat ive  graphs]
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Ag ioma t i g  oge ra to r  r gs t r i g t i gn :

g rqges t r i c t i on " :  ml.m2 = ' i f  m1 NOTIN A* MINUS { \ }

o r  m2 NOTIN  A*  MINUS { \ }

* l i s t zes t r i c t i on " :  m1*m2 = \ i f  m? IN  A* MINUS { \ }

* ‘ gmp ty ;es t r i c t i on " :  ° * 'm  = \

* " £ l a t ; es t r i c t i on " :  m1*"m2 = \ i f  ml NOTIN A* MINUS { \ }

The a rc res t r i c t i on "  axiom cannot yield “ \ "  IN  A* as an  ”e r ro r  e l emen t "
bu t  must yield t he  newly  i n t roduced  empty a rc  ” "  IN  A . .  because bo th
sides o f  t he  equat ion  m1.m2 = ' mus t  denote e l ements  i n  t he  same
carr i er .  The * l i s t r es t r i c t i on "  ax iom corresponds t o  those i n  ALCOZ".
bu t  i s  now postu la ted  f o r  arbitrarily primed " * ' -opera to rs .  because
t h rough  ou r  priming convent ion i t  abb rev ie tes  t he  t h ree  axioms
m1*'m2 = \ i f  m2 IN  A* MINUS { \ } .  m1*"m2 = \ i f  m2 IN  A* MINUS { \ } .
and m l *  m2 = \ i f  m2 IN  A* MINUS { \ } ;  w i t hou t  utilizing t he  IN
pred ica te  f o r  t he  cond i t i on .  t he  ax iom would  have  t o  be  w r i t t en
ml*m2 = \ i f  m2 <> n * ' n '  and m2 <> n * "n '  and m2 <> n * " ' n '  and m2 <> \
—— i t se l f  be ing  s t i l l  an abbreviation o f  t h ree  d i f f e ren t l y  primed
axioms. The new emp ty res t r i c t i on "  axiom. * ‘ e r " .  propagates empty a rcs .
" “ .  as empty nodes. “ \ “ ;  t he  f l a t r es t r i c t i on "  axiom. * " f r " ,  shortens
m1*"m2  = \ i f  m l  = n* ' n '  o r  m l  = n* "n '  o r  m1 = n* " ' n '  o r  m l  = \ .
an  expanded  vers ion  o f  t he  homogeneous * f r  ax iom.

I n  our d iag ram no ta t i on  ALC03~ can be depicted thus:

*
*

-- |
* * * * * * * * * * * * * * * |  M. |

* | |
* ________________________________

* * . ‘
* * ‘  * *
* * *  * * * *  *
* * * \ * * "  *
* * v * * *
* - - * - - __ - -  _ _ _ _ _ _  * . . . . . . . . . .  * ........... *__ -
* | * * * * |
* | * * „ *  * * |
* | * * * * |
* - - *  ............ * . . . . . . . . . .  * . . . . . . . . . . .  * - - -
* * * * ‘ * ' * *
* * * - "  * * * * _ * *
* * * * *  * *  * *
* * " '  * *
* * v
* ____________________

* | I
t i t t ) |  " .  |
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The  example  f o r  t he  homogeneous a lgeb ra  ALC03 can  be  t rans fe r red  t o

t he  heterogeneous a lgebra  ALC03~ by using t he  generating sets A. - { ' } .
At  ' ( \ .  a ,  b } .  and A— = I } .  so  tha t  t he  bas i c  binary form

( a .b ) * ' ( b * " ( ( a .a ) * ' ( ( a .b ) * ' ( ( b .a ) * ' \ ) ) ) )  and i t s  N -a ry /pa ren -spa r i ng
short form ( a .b ) * ' b * " (a .a ) * ' ( a .b ) * ' ( b .a ) * ' \  can be der ived  i n  H* .

A considerable simplification o f  t he  many -so r t ed  a lgeb ra  ALCOS" can
be ach ieved  by  developing i t  into a many—sorted genera tor -separa ted
a lgeb ra  ALC03"$ t h rough  a division o f  " *  i n t o  MI and "_ :  No t  on l y  do
a l l  f ou r  ope ra to r  r e s t r i c t i on  ax ioms  become  unnecessary .  bu t  t he

ALC03" - i n t r oduced  empty a r c  ” ' ”  can  also be removed again.

Def i n i t i on3 "5 :

A .  = { }  generating se t  [ t he  empty se t  o f  a r cs ]

A_ genera t ing  se t  [ a  singleton se t ]
\ IN  A distinguished empty e l ement  [with r e spec t  t o  “ * “ 1

A l  generating se t  [ a  gene ra to r ]

A— = { }  generating se t  [ t he  empty se t  o f  nega t i ves ]

Alcoa‘s = (M . .H_ .M / ,M- ; . , * ' , * / , * " ' . - ' . ~ / )  algebra  with

H. .  " _ .  H l .  M— ca r r i e r s  generated  by  A . .  A_.  A I .  A -
Wi th  „ ' n '  n* lu '  „ * , . . .  «* l l l n .  «_ . . .  «__ / | !

[M I  = AI ]

: Ml  x HI —> M. binary Operat ion  [ cons t ruc t ing  a r c s ]

* '  : M. x M —> H binary ope ra t i on  [ cons ing  a r cs  t o  graphs]

* l  : H!  x H —> M b ina ry  ope ra t i on  [ cons ing  isolates t o  graphs]

* " '  : M— x M ->  M b ina ry  opera t ion  [ cons ing  negat ives  t o  graphs]

—' : M. —> M— una ry  ope ra t i on  [ f o r  nega t i ve  a rc s ]

—/ : Ml  —> M— una ry  ope ra t i on  [ f o r  nega t i ve  isolates]

Of  cou rse .  ! .  t he  H I—res t r i c t i on  o f  t he  ” . *—arguments  makes
a rc res t r i c t i on .  2 .  t he  H_—res t r i c t i on  o f  t he  second arguments o f  ” * ' " ‚
” * l ” .  and ” * " "  makes l i s t r es t r i c t i on .  and 3 .  t he  omission o f  " ”
makes  emp ty res t r i c t i on  unnecessary  as  ope ra to r  r e s t r i c t i on  axioms.
Observe t ha t .  f o r  t he  gene ra to r  sepa ra t i on .  i t  was no t  necessary t o
ac tua l ly  divide t he  ope ra to r  * "  i n t o  t he  two ope ra to r s
*1 :  H /  x "_ —> "_ and . : :  "_ x "_ ->  M_‚ because t he  l a t t e r  can  be
omi t t ed  since i t s  e f f ec t  wou ld  be  immediately undone by  t he
f l a t r es t r i c t i on  ax iom.  wh i ch  t hus  can  a l so  be  om i t t ed .  S im i l a r l y .  t he
graph nega t ion  Opera to r  "—"“  o f  ALC03" was ove r l y  gene ra l .  because i t
i s  on l y  r equ i red  f o r  non - " \ ”  atoms [ t hough  we d id  no t  bo the r  t o  undo
t h i s  redundant generality by  an ope ra to r  r e s t r i c t i on  ax iom];  there fore
i n  ALCO3"$ t he re  i s  on l y  an opera tor  "—/”‚ app l i cab le  t o  e lements  i n
M] .  and no  opera tor  "—” applicable t o  e l emen ts  i n  M.-
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I n  our  d iag ram no ta t i on  ALCO3"$ can  be  depicted thus  [hypera rcs  fo r
the  genera tor  e l ements  of  M! a re  omitted here ] :

___ -_ -_—fl_ -—-—- ‘n ‘—_—___—___-u_——fl__ . .  .—

* * * * * * * * * * * * * * * |  M |
* | |
* ______________________________________

* * ‘
* * '  * *

* * *  * * * * * * * * * * * * * *  *
* * * \ * * ;  * *
* ' * v * v * * *
* „ - *  . . . . . . . . . . . .  * . . . . . . . . . .  * ___________  * _________
* | * * * | | * |
* | * * "_ * | | * M l  |
* | * * * | | * |
* „ - *  ____________  * __________  * ___________  * _________
* * * ‘ * ' * * *
* * * * * * * * * _}

* * * *  * *  * *  *
* * " '  * *
* * *

* ____________________  *
* | | *

* * * *> |  M-  | < * * * * * * * * * * * * * * * * * * * * * * * * * * * *

_-__—___——-___- -—-——

There  i s  only a trivial change i n  the  t erm used  as an ALCOS" example
to  obtain the ALC03“$ term ( a .b l * ' (b * l ( ( a .a ) * ' ( ( a .b ) * ' ( (b .a ) * ' \ ) ) ) )  in
basic binary form and (a .b ) * 'b * l ( a .a ) * ' ( a .b ) * ' (b .a ) * ' \  i n
N—arylparen—sparing shor t  form.

The subsequent many—sorted DRLH algebras ALCOIo~ and ALC05" cou ld  be
analogously augmented  to  many—sorted  genera tor—separated  algebras. t hus
spar ing  the  remaining opera tor  restriction axioms. However ,  we wi l l  no t
carry  th i s  ou t }  in  order  to  avo id  a corresponding increase i n  the
numbers  of  ope ra to r s .

For defining directed graphs we pos tu la te  the  N—ary se t  axioms fo r
" *“  [ i . e .  *Commutat iv i ty  and *Idempotence l  and the  fo l l owing
N-ary lb inary  Adso rp t i on  axioms for  ” *“ / " . " :

Adsorpt ion l :  m1*((ml.m2)*m3) (ml.m2)*m3 i f  mi [N A MINUS { \ }
shor ter :  m1*(m1.m2)*m3 = (m1.m2)*m3 i f  m1 IN  A MINUS { \ }
Agsorpt iong:  m2*((m1.m2)*m3) = (ml.m2)*m3 i f  m2 IN A MINUS [ \ l
shor ter :  m2*(m1‚m2)*m3 = (m1.m2)*m3 i f  m2 IN  A MINUS { \ }

The cond i t ions  on  the  Ad equa t ions  prevent  arcs  f rom be ing  adsorbed  by
"erroneous”  arc—containing arcs .  which may originate as ar -der iva te s
from " \ “ .  and a f te rwards  could be ar -reduced  to  ” \ ”  aga in .  e . g . :
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(a.bl*\ =fr=
( a .b ) * \ * \  =ar=
(e .b l * ( ( a .b l . c l * \  (Ad ! )
({a.bl.c)*\ =ar=
\*\ =f r=
\

The heterogeneous Adsorption" axioms a re :

Agsorptionl': m1*"((m1.m2)*'m3) (m1.m2!*'m3
sho r t e r :  m1*"(m1.m2)*'m3 = (m1.m2)* 'm3
_Agsorptiong": m2*" ( (m1.m2)* 'm3)  = (m1.m21*'m3
sho r te r :  m2*"(m1.m2)*'m3 = (m1.m2)* 'm3

The conditions on the Ad equat ions have become implicit in the Ad"
equa t ions ,  since 1. the graph—to—graph—oonsing ope ra to r  " * " '  does not
pe rmi t  an are as a l e f t  a rgumen t .  and 2. the remaining possibility o f

adsorbing complex or empty graphs f r om the complement of A* MINUS {\}
can be permitted in Ad" —— a l t hough  the analogue is Forbidden by the Ad
conditions -— because terms for which this can happen can be reduced to
“\“ bo th  be fo re  the adso rp t i on  [using * " f r  ] and a f t e r  it [using ar"
followed by *' er ] e. g.

\ : * " f r " :

(a*"\l*"((a*"\).bl*'\ =Ad1"—
( ( a * " \ ) .b ) * ' \  =ar"=
~*'\ =*'er"=
\

Dilfl£1£fl.9£flflfli

ALC03[.ar‚*lr‚*Fr.*C‚*I‚Ad1‚Ad21

Directed_graphs"

ALC03"[.ar".*lr",*'er",*"fr".*'C".*"C",*'*"C'.*'I'.*"I".Ad1".Ad2"]

Note t ha t  by our abbreviation convention *lr" stands for *‘lr". *"lr"‚
* " l r  i Furthermore,  * '1"  and * " 1 "  are t he  axioms obta ined for .
r espec t i ve l y .  j = 1_and j = 2 from the *‘ j ' I"  scheme in section 4 .2 .

The following examp le  is a normalization p roo f  s t a r t i ng  with the
g raph  derived in the previous examp le .  In gene ra l .  a [multilgraph
collection is in normal form (cf. section 4.4] if no possible'.ar‚ *lr.
*fr, *I [ l a t e r  also * I v .  ‚11. or Ad application can decrease its size
and no possible *C [later also .c] application can add to its
lexicographic orde r .

Lem26: (a .b ) * (b * ( (a .a ) * ( ( a .b ) * ( (b .a ) * \ ) ) ) )  = (a.al*((a.bl*((b.a)*\))Proof: (a.b)*(b*((a.al*((a.b)*((b.a)*\)))) =*C=
b* ( (a .b ) * ( ( a .a ) * ( ( a .b ) * ( (b .a ) * \ ) ) ) )  =Ad2=
(a.b)*l(a.al*((a.b)*((b.a!*\))) =*C=
(a.a)*(la.b)*((a.b)*((b.a)*\))) =*I=
(a.a)*(ta.b)*(—(a.b)*((a.bl*((b.a)*\}l)) =*RI=
(a .a ) * ( ( a .b ) * (—(a .b ) * ( (b .a ) * \ ) ) )  =*R2=
(a.a)*((a.b)*((b.a)*(—(a.bl*\)ll =*R3=
(a.a)*l(a.b)*((b.a)*\))
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He can  now also show the  equa l i t y  62 '  = GZ o f  t he  i n t roduc to ry  example

[ he re  we will use  parallel t r ans fo rma t ions  o f  non-interacting

subexp ress ions  i n  t he  pa ren theses—sav ing  no ta t i on .  as  indicated by  “ I ”

sepa ra to r s  between axiom names ] :

Lem27 :  G2 '  = 62
Proo f :  a *b *c *d *e * f * (a .b ) * (b .C ) * (b .d ) * l d . c l * \  =C=

a*b *c *e *d * f * (a .b ) * t b .o ) * (b .d ) * (d . c ) * \  =C|C=
a*b *e *c * f *d * (a .b ) * (b . c ) * (b .d l * ( d . c ) * \  =C|C|C=
a*e *b * f * c * (a .b ) *d * (b . c ) * (b .d ) * (d .o l * \  =CIC|CIC=
e*a * f *b * (a .b ) * c * (b . c ) *d * (b .d ) * (d . c ) * \  =CIAd2|Ad2|Ad2=
e* f *a * (a .b l * ( b . c ) * (b .d l * ( d . c l * \  =Ad1=
e* f * (a .b ) * (b . c ) * (b .d ) * (d . c ) * \

The d i r ec t ed  graph axiomatization can  form a starting po in t  f o r  t he
definition o f  f u r t he r  ord ina ry  graph t ypes .  much l i ke  t he  way t up les
were  used  as  t he  starting point f o r  t he  de f i n i t i on  o f  fu r the r  basic

collections. Whi le  t he  a r c  pa ir s  o f  directed g raphs  a re  ne i the r
commutative no r  idempotent .  t h ree  o the r  we l l - known  graph types can  be
ob ta ined  by  add ing  combinations o f  . commuta t i v i t y  and . i dempo tence  t o
ALCO3 fo r  dissolving a rc  d i r ec t i on  and l eng th—l  cyc les .  r espec t i ve l y
[pa ir s  o f  t he  form x . x  r ep re sen t  [ a r c ]  cycles o f  l eng th  1 ] .  The
hete rogeneous  formula t ions  o f  t hese  graph  types  will be  omitted because
they  a re  ana logous  t o  t ha t  o f  t he  hete rogeneous  d i r ec t ed  g raphs " .  He re
and be low we will use  sample no rma l i za t i ons  s ta r t i ng  w i t h  t he  same
i n i t i a l  exp ress ion  as  i n  t he  examp le  t ha t  was  used  above  f o r  directed
graphs.  now given i n  pa ren theses—sav ing  no ta t i on  [ i n  t he  no rma l  f o rms
de r ived .  i t  i s  now a l so  requ i red  t ha t  no  poss ib l e  . i  app l i ca t i on
decrease s i ze  and no  possible . c  application add t o  l ex i cog raph ic
o rde r ] .

Und i rec ted  g raphs

ALC03 [ .a r . * l r ‚ * f r ‚ *C ‚ * I .Ad1 ‚ . c ]

No te  t ha t  t he  add i t i on  o f  . c  makes one Adso rp t i on  ax iom,  say  Adz ,
supe r f l uous  [ t he  add i t i ona l  . commuta t i v i t y  app l i ca t i ons  ca l l ed  f o r  by
t he  l ack  o f  Ad2  may  some t imes  be  rep laced  by  *Commuta t i v i t y
app l i ca t i ons ,  as illustrated by  t he  second s tep  be low] .

( a .b ) *b * ta .a ) * ta .b ) * (b .a ) * \  =*C=
l a . b ) * (a .a ) *b * (a .b ) * (b .a l * \  =*C=
( a .b ) * (a .a ) * l a .b ) *b * (b .a ) * \  =Ad1
(a .b l * ( a .a ) * (a .b ) * (b .a ) * \  =.c=
( a .b ) * l a .a ) * (a .b l * ( a .b ) * \  =*C=
( a .a ) * (a .b l * ( a .b ) * (a .b ) * \  =*I=
( a ‚ a ) * (a .b ) * - ( a .b ) * (a .b ) * (a .b ) * \  = *R l
(a .a l * ( a .b ! *—(a .b ) * (a .b ) * \  =*R1=
( a .a l * ( a .b ) *—(a .b ) * \  =*R3=
( a .a ) * (a .b ) * \

"
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Directed graphs  w i thout  l eng th—1 cyg les

ALC03[ .a r ‚ * l r ‚ * f r ‚ *c . * I .Ad1 ‚Ad2 . . i ]

( a .b ) *b * (a .a ) * (a .b ) * (b .a ) * \  = . i =
la .b ) *b *a * (a .b ) * (b .a ) * \  =Ad1=
(a .b ) *b * (a .b ) * (b .a ) * \  =Ad2=
(a .b l * {a .b ) * (b .a ) * \  =*I=
( a .b ) *—(a .b ) * (a .b ) * (b .a l * \  =*RI=
l a  b ) * - ( a .b ) * (b .a ) * \  =*R2=
( a .b l * (b .a ) * - ( a .b ) * \ ' = *R3=
(a .b } * (b .a ) * \

Undixeelgd.granns without lengln;l eagle;

ALC03[.ar.*lr‚*fr;*C‚*I;Ad1.‚c,.i]

. i =(a .b ) *b * (a .a ) * ta .b l * (b .a l * \
( a .b ) *b *a * (a .b ) * (b .a ) * \  =Ad1
(a .b ) *b * (a .b ) * (b .a ) * \  =*C=
ta .b ) * (a .b ) *b * (b .a ) * \  =Ad1=
( a .b ) * (a .b ) * (b .a ) * \  = .c=
( a .b ) * (a .b ) * (a .b ) * \  =*I=
( a .b ) *—(a .b ) * (a .b ) * (a .b ) * \  = *R l=
(a .b ) *—(a .b ) * (a .b ) * \  = *R is
(a .b l *—(a .b l * \  =*R3=
( a .b ) * \

II

To de f ine  mu l t ig raphs ,  which permit multiple arcs  between two nodes
[und i r ec t ed  cyc les  o f  length 2 ] .  the  a lgeb ra  can f i rs t  be simplified:
I ns tead  of  both  se t  axioms only the  bag axiom i s  pos tu l a ted  fo r  “ * “
[ i . e .  *Commuta t iv i t y ] .  thus  p reven t i ng  identical a rc s  f rom merging
i dempoten t ly .  However ,  s ince  the  now omitted * Idempotence  app l ied
likewise to  isolated nodes. the  mu l t ig raph  concept thus de f ined  would
permi t  no t  on ly  mu l t ip le  a rc s  but  also multiple isolated nodes :  th is
can  be  p reven ted  by  retaining an  idempotence  p rope r t y  fo r  node
i nd iv idua ls ,  call i t  “ Ind ivpotence”  [ the  MINUS clauses are  really
redundant  For  our  * I v  uses  because  f l a t res t r i c t ion  g ives  us  \ *m2  = \ ] :

ml*(«m1*m2) i f  m1 IN  A MINUS { \ }
m1*—m1*m2 i f  m1 IN  A MINUS { \ }

Lnd igpotence :  m l *m2
shor te r :  m1*m2 “ 

l1

* Ind ivpotence  uses the  same subordinate *Remove proper t i es  [ and  p l ays
the  same ro le  fo r  normal forms] as d id  * Idempotence. The fo l lowing
example  shows how * Iv  deletes a node  dup l iea te .  a .  and  leaves an  a rc
dup l ica te .  (b .c ) .  un touched .

a*a * (b .c ) * (b .c ) * \  =*Iv=
a*—a*a* (b .c ) * (b .c ) * \  =*R1=
a* -a * (b .c ) * (b .c ) * \  =*R2=
a* (b .c ) *—a* (b .c l * \  =*R2=
a* (b .c ! * (b .c ) * -a * \  =*23=
a* (b .c l * (b .c ) * \
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I n  the  he te rogeneous  fo rmu la t i on  I nd ivpotence  postulation becomes

unnecessary .  because  in  tha t  case  i t  i s  equivalent to  simply omitting

* ‘ I '  and on ly  postulating *" I " .  Only the heterogeneous d i r ec t ed
mul t ig rephs"  will be f o rmu la ted  below.  the  remaining heterogeneous
multigraphs be ing  ana logous .

[ .  'I I : I '  I

ALC03I.ar.*1r.*fr.*C.*Iv.Ad1.Ad2]
I '  _ I ; . „

ALcoa“ [ .a r“ ‚ *1 r " . * ' e r“ . * " f r ” . t ‘ c " ‚ * "c" ‚ * ' * "c“ ‚ * "1” .Ad1” .Ad2 '1

( a .b ) *b * (a .a l * (a .b ) * lb .a ) * \  =*C=
b* (a .b ) * (a .a ) * (a .b ) * (b .a ) * \  =AdZ=
( a .b ) * (a .a ) * ta .b ) * (b .a ) * \  =*C=
( a .a ) * (a .b ) * l a .b ) * (b .a ) * \

nd '  c t  mgl t igrgghg

ALC03[ .a r , *1 r . * f r ‚ *C . * I v ‚Ad1 . . c ]

Again.  the  addi t ion  of  ‚ c  makes one Adsorpt ion ax iom.  say Adz,
supe r f l uous .

( a .b ) *b * la .a ) * (a .b ) * (b .a ) * \  =*C=
( a .b ) * (a .a ) *b * (a .b ) * (b .a ) * \  =*C=
(a .b ) * (a .a ) * (a .b ) *b * (b .a ) * \  =Adl=
(a .b )* (a .a l* (a .b )* (b .a )* \  =.c=
( a .b ! * (a .a l * (a .b ) * (a .b ) * \  =*C=
( a .a ) * (a .b ) * (a .b l t ( a .b ) * \

Qigegtgg  mul t ig rgghg  wgghout  Length - l  cyc le ;

A lC03 [ .a r . *1 r ‚ * f r ‚ *C ‚ * I v .Ad1 ‚Ad2 ‚ . i ]

( a .b ) *b * (a .a ) * (a .b ) * (b .a ) * \  =
( a .b ) *b *a * (a .b ) * (b .a ) * \  =Ad1=
(a .b l *b * (a .b ) * (b .a ) * \  =Ad2=
(a .b ) * (a .b ) * (b .a ) * \

. 1 :

.ungixgsisg.muLLLagaeng.!igngufi.;gnggn-1 cyc le ;

ALC03[ .a r ‚ *1 r . * f r . *C ‚ * I v ‚Ad1 . . c . . i ]

( a .b l *b * (a .a l * (a .b ) * (b .a ) * \  =
( a .b ) *b *a * (a .b ) * (b .a ) * \  =Ad1=
( a .b ) *b * (a .b l * (b .a l * \  =*C=
(a .b ) * ta .b l *b * (b .a ) * \  =Ad1=
(a .b ) * (a .b l * (b .a ) * \  =.c=
( a .b ) * (a .b ) * (a .b ) * \

. i =
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5.2 N-ary/N—ary Absorption and DRLHS wi thou t  Contact Labelnodes

Starting with the i n t roduc to ry  directed graph example of section

5 .1 .  a directed r ecu r s ive  labelnode hypergraph [DRLH] example can be
deve10ped as fo l l ows :

In a prepa ra to ry  step. simplifying hyperarc  cuts  and assimilating

atomic with complex  nodes. the nodes are r ed rawn  f rom small circles
with a t tached  names to boxes containing the names [this diagrammatic

modification does not change anything'graph-theoretically]:

‚’ 4-
,.
 l

Proceeding to directed hypergraphs .  some of the prev ious  arcs. which
a lways  connec ted  exac t ly  two nodes. are changed  to hyperarcs .  which may

connect an a rb i t r a ry  finite number of nodes [the d i r ec t ed  path
consisting of the a rc s  [a.bl and [b.d) is “contracted“  to a directed
hype ra rc  ( a .b .d ) .  whose a r row cuts  node b; the arc (b .c )  is “shortened”
to a hyperarc (b ) .  whose arrow does not lead to another nodel:

l a l  I b l
I l  ———————————— \
I l  l \ l  ---
--- - - \ -  lel

I \  I I
I \
V \

\ ___

\ I f !
\ I l
v ___

| I<———l |
| c | | |

[These d i r ec t ed  hypergraphs  are unlabeled versions of the d i r ec t ed
labeled hypergraphs used t h roughou t  this paper to dep ic t  he te rogeneous
algebras.J

Coming to directed r ecu r s ive  hypergraphs [without contact labelnodes].
some of the prev10us nodes. which always were a tomic  [uns t ruc tured ] ,
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a re  expanded t o  complex nodes .  which have an i n te rna l  [ r ecu rs i ve l  graph
s t ruc ture  [ the  a tomic  node  a i s  expanded  t o  a complex  node
{ ( a3 .a2 .a1 ‚a3 ) } .  containing t he  s i ng le  hype ra rc  t a3 .a2 .a1 .a3 ) .  and t he

isolated atomic node { i s  expanded t o  an isolated complex  node
{ ( f 1 . f 2 ) . t f 2 . f 2 ) } .  containing t he  arcs ( f 1 . f 2 )  and ( f 2 . f 2 ) l :

| |
I l a1 !  l I b l
I | I | - - - - - - - - -  \ I
l | I ———————— \ | I \ | __—

| | | | | | ~- \ -  I e I
l - l -  I I | \ | |
l l I I | \ --—
l l V | v \ _ - _ ._ „ -__

| «I— «-— I \ | ~~- ~-— l
I I I I  I | I \ I | “ !  I f?!—--\  I
I I \  - - - - - -  I I I  \ l l  I - > |  I <—- / l
| l a2 |  l a3 |  I V I - - -  ———— |
| | | |

| I

The f i na l  change t o  d i r ec t ed  r ecu r s ive  l abe lnode  hype rg raphs  [w i t hou t
contact  l abe lnodes ]  i s  j us t  a change i n  i n t e rp re ta t i on :  wh i l e
previously a l l  t ypes  o f  graphs  were  un labe led ,  i . e .  had  no  labels on
arcs .  we now  i n t e rp re t  t he  f i r s t  e l emen t  o f  a hype ra rc  as  functioning

as i t s  l abe l .  on l y  t he  remaining ones functioning as i t s  nodes. S ince  a
single e lemen t ,  such  as  d above .  can  f unc t i on  as  a label i n  one
hype ra rc .  he re  i n  [ d . c ) .  and as a node i n  ano the r  hype ra rc .  he re  i n
( { ( 83 .32 .a1 .a3 ) } .b .d ) .  we re fer  t o  labels and nodes collectively as
“ labe lnodes”  [ i n  this i n t e rp re ta t i on .  { ( a3 .a2 .a1 ‚a3 ) }  i s  a complex
Jabelnode functioning as t he  l abe l  o f  an  a r c  w i t h  atomic nodes b and d .
and  b a l so  f unc t i ons  as  t he  l abe l  i n  a hype ra rc  w i thou t  any  nodes ] .

Using F IT 's  co l l ec t i on  no ta t i on .  a complex  labelnode [ i n c l ud ing  an
en t i r e  ORLH] i s  w r i t t en  as  a DRLH express ion  and a hyperarc  as a TUPLE
express ion.  For  t he  example we ge t  t he  nested  collection shown be low t o
t he  r i gh t  o f  i t s  se t  no ta t i on .

{ e .  (DRLH e
{ t f 1 . f 2 ) ‚  (DRLH (TUPLE f !  f a )
t f 2 . f 2 ) } .  (TUPlE f 2  f 2 ) )

(b ) .  (TUPLE b )
(d .c ) .  (TUPLE d c )
( { (a3 .a2 .a1 .a3 ) } .  (TUPLE (DRLH (TUPLE a3 a2 a !  aa) )
b .  b
d ) }  d ) )

I n  ou r  algebraic [pa ren theses -sav ing ]  no ta t i on  complex labelnodes
become N-a ry  “ *” -express ions  and hyperarcs become N-a ry
' . ” -express ions .  For  t he  example we w i l l  ge t  t he  exp ress ion

e* ( [ f l . f 2 . ' ) * ( f 2 . f 2 . ° ) * \ l * ( b . ‘ ! * ( d . c . ' ! * ( ( ( a3 .a2 .a i . aß . ' ) * \ l . b . d . ' ) * \
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Now we have  an  equa l i t y  prob lem similar t o  t he  one  we had  with

ord ina ry  graphs:  The above expression shou ld  be  equa l  t o .  say

[ t he  ve r t i ca l  l a you t  i s  necessary  because  this express ion  does  no t  f i t

into one line any l onge r ]

( ( f 1 . f 2 . ' ) * ( f 2 . f z . ' ) * \ l
*e
* ( t f 1 . f 2 . ' ) * ( f 2 . f 2 . ‘ ) * \ )
* c
* (d . c . ' l
*(b.')

* (d .c . ' )
* ( ( ( a3 .a2 .a l . a3 . ' ) * \ l . b . d . ' )
* ( I a3 .a2 .a1 .a3 . ' ) * \ )
* \

The prob lem can  aga in  be  solved by  an algebra providing ax iomat i c
equalities f o r  t r ans fo rm ing  such expre s s ions  into each other .  Besides

t he  usua l  ”-"—auxiliary [ for  I dempo tence ]  an auxiliary " ! "—ope ra t i on
will be  used  [ for  ADsorp t i on l .  where  t erms  with a t op—leve l  " ! “  a re
irreducible like corresponding " - "—te rms .  so  t ha t  t he  ” ! “—ope ra t i on  can
be  regarded  as  being "h i dden ”  t oo .

E [ '  ° l '  :

A generating se t  [ a  finite se t ]
IN  A distinguished empty element [w i t h  respect  t o  ' . ” l

\ IN  A distinguished empty element [with respec t  t o  “ * “ 1

ALC04 = (H . . ‚ * .—. ! )  algebra wi th

a CI " * "  II I. | ! "

H ca r r i e r  genera ted  by  A wi th  . . . — .

M x H —> M binary ope ra t i on  [ cons t ruc t ing  hype ra rcs ]
‚ (m l .mZ)  = m1.m2

* : H x M * )  H b inary  opera t ion  [constructing complex l abe lnodes ]
* (m l .m2 )  = ml*m2

— : M ~> M unary opera t ion  [ for  negat ive  e lements]
~(m) = -m

! : H ->  M una ry  opera t ion  [ for  embedding elements]
! (m )  = !m -

! . I "  I l " l '  =

i f  m2 <> n .n '  and m2 <>II.listzestriction: m1.m2

.i f  m1 = n .n '  o r  ml :‚ f l a t nes t r i c t i on :  m1 .m2

* l i s t Les t r i c t i on :  m1*m? = \ i f  m? (>  n *n '  and m2 <> \

Bo th  l i s t r es t r i c t i on  axioms r educe  t e rms  whose second  a rguments  a re
a toms .  negated.  o r  ” ! “—marked ,  and additionally . l r  applies t o  second
arguments  which a re  complex  o r  empty  l abe lnodes .  wh i l e  * l r  applies t o
those which a re  non-empty  o r  empty hype ra rcs .  Fu r t he rmore .  t he
f l a t r es t r i c t i on  axiom i s  postu la ted  f o r  t he  hype ra rc  Opera to r  ” . “  he re .
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forb idd ing  nes ted  hypera rcs .  whereas  in  ALC03 i t  was pos tu l a ted  fo r  the

graph ope ra to r  " * " .  forbidding nested  graphs.  which are  allowed here .
Thus the  iggrggggt ion  o f  r ecu r s ive ly  nested  graphs in  DRLHs is  achieved
algebraically by simply omit t igg a f l a t r e s t r i c t i on  axiom fo r  “ * ” .
Because o f  t he  auxiliary s ta tus  o f  " - "  and ' ! "  we have not  bothered to
pos tu l a t e  the  restriction axioms -m1.m2 = ° and !m1.m2 = ' f o r
hype ra rcs  having negated o r ‘  " ! " -ma rked  l e f t  arguments. hence being
meaningless fo r  DRLHs ( a l though .  e .g . .  negated  e lements  would  be  use fu l

i n  und i r ec t ed  hyperarcs  as  used  in  Berge ‘s  hypergraphs  (Be rge  1970 ) ] ;
fo r  t he  same reason we have no t  pos tu la ted  !m = \ i f  m <> n .n '
as  a r e s t r i c t i on  axiom fo r  " ! “ " a rgumen ts  wh i ch  a re  not  " . "wte rms .

um:

A = { ' ,  \ .  a .  b}

We der ive  one complex l abe lnode  of  H:

N—ary/paren—spar ing
fl_ - -———_—u————_-—*_—fl_—__fl_—_- .

basic binary f o rm

b . ‘  a .
a . (b . ' )  ( a . ' ) * \
a . (b . ' )  a * ( ( a . ‘ ) * \ )

( a . (b . ° ) ) * ( a * ( (a . ' ) * \ ) l

a .b  l a . ' ) * \
a .b . '  a* (a . ‘ ) * \
a b ' l * a * (a . ' ) * \

__
_—

__
_ .

.u
—

1.
_-

I

The  he te rogeneous  coun te rpa r t  ALCO£" to  the  homogeneous DRLH algebra
AlC04 i s  fou r - so r t ed .  pa r t i t i on ing  t he  homogeneous ca r r i e r  M in to  a
ca r r i e r  M.  fo r  hype ra rcs .  a ca r r i e r  " *  fo r  DRLHs or  labelnodes (incl.
a tomic  l abe lnodes ] .  a ca r r i e r  M- fo r  nega ted  t e rms .  and a ca r r i e r  H!
for  “ !"—pref ixed hyperarcs .
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Def i n i t i onß " :

A generating se t  [ a  singleton se t ]
‚ IN  A distinguished empty element [with respec t  t o  “ . ' l

A* generating se t  [ a  finite se t ]
\ IN  A distinguished empty element [with respect  t o  ' * ” l

A~ = { }  generating set  [ the empty set  o f  negatives]

A!  = { }  generating se t  [ t he  empty se t  o f  embeds]

ALCOk" = (M . .M* ‚H—‚M! ; . ‚ * ' . * " ‚ * " ' ‚ * " " . e ' ‚—" .—" " ‚ ! )  algebra with

M. .  M* .  H—‚ M !  carriers genera ted  by  A . ,  A * ‚  A - .  A !
with “ .“ .  " * " .  "—" " ! “

: M* x M. —> H .  b ina ry  opera t ion  [consing DRLfis t o  hyperarcs]

* ‘  : M. x M* ->  " *  binary ope ra t i on  [ cons ing  hype ra rcs  t o  DRLHs]

* "  : M* x " *  —> M* binary ope ra t i on  [consing DRLHs t o  DRLHsJ

* " '  : M» x " *  —> M* binary ope ra t i on  [ cons ing  negat ives  t o  DRLHs]

* " "  : H!  x M* ->  M* b ina ry  ope ra t i on  [consing embeds t o  DRLHsJ

—' : H.  ->  M- una ry  ope ra t i on  [ for  negat ive  hyperarcs]

- "  : M* —> M— una ry  ope ra t i on  [ for  negat ive  DRLHs]

—" "  : M! —> M— una ry  opera t ion  [ for  negat ive  embeds]

' : H.  ->  H !  _ una ry  opera t ion  [ for  embedding hype ra rcs ]

Ax ioma t i c  oge ra to r  r e s t r i c t i on :

*g i s t ges t r i c t i on ” :  ml*m2 = \ i f  m2 IN A* MINUS { \ }

The omission o f  an ope ra to r  " - " ' ”  from ALCOk" re f l ec t s  the  f ac t  t ha t
double  nega t i ons  —" '  M— ->  M— a re  prohibited and keeps t he  numbers o f
pr imes  on " * ”  and - “  cons i s ten t .  which simplifies t he  fo rmu la t i on  o f
[ l dempo tence ]  axiom schemes.

The ‚ l i s t r es t r i c t i on  ax iom o f  t he  homogeneous ve r s ion  i s  supe r f l uous
he re  because  t he  second  “ . “—argumen t  must  con fo rm  to  t he  so r t  M . .  wh i ch
on ly  consists o f  ( n .n ' ) - t e rms  and “ ' “ ; - t he  * l i s t r es t r i c t i on "  axiom use
abb rev ia tes  f ou r  axioms f o r  t he  " * * -p r im ings .  No f l a t r e s t r i c t i on  ax iom
i s  needed  he re .  because  t he  " *  so r t  o f  t he  hyperarc  opera tor  ” . "  does
no t  allow nested hype ra rcs  i n  any case .  The use  o f  t he  M* so r t  i n  ' . ”
also makes r e s t r i c t i on  axioms like —m1.m2 = ' and !m1.m2 = ' implicit.

I n  our diagram notation ALCOI.~ can be depicted t hus :
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* * *
‘ * *

v 1‘

.. ___________________________  t - . . -

_ '  | * | |

* * * * * * * * * * * * * * * |  M * | * * * * * * * * * * * * *
* | * | *

* ____________________________  * - - -  *
* * * *
* * '  * * *

* * *  * * * *  * * *  *
* * * * \ * * * "  * * * *

* * V * V * * * V * k

* - - *  ____________  * __________  * ____________________  * -_  *

* | * * * * | *
* | * * „ *  * * | *
* | * * * * | *
* __*  ____________  * __________  * . . . . . . . . . . . . . . . . . . . .  * __  *
* * * * ' * ‘ * *

* * * „ “  * * * * * *
* * * * *  * *  * *
* * " '  * * * " "  * *

* * V * *

* _______________________________________  *

* | | - " " |  I *
* * * *> |  M— |< * * * * * * * * |  " |  | < * * * *

___ -____—_——__- - - lfl__  ___—__——-—____-—___

The  examp le  f o r  t he  homogeneous algebra ALC04 can  be  t r ans fe r r ed  t o
the  heterogeneous algebra  ALCOI.~ by using t he  generating sets A. = { ' } .
A* = { \ ,  a .  b } .  A- = { } .  and A! = ( l .  so t ha t  the  basic b ina ry  form
(a . (b . ' ) l * ' ( a * " ( ( a . ' ) * ' \ ) )  and i t s  N—ary/paren-sparing sho r t  form
(a .b . ' l * ' a * " (a . ' ) * ' \  can be de r ived  i n  M t .

As ano the r  examp le .  l e t  us  consider an instance o f
se l f - representa t ion .  Since d i r ec t ed  hype rg raphs  can  be represented  as
direc ted  [ r ecu r s ive ]  l abe lnode  hype rg raphs  i n  wh i ch  t he  labels and
nodes happen t o  fo rm two disjoint se ts  [which both  happen t o  con ta i n
a tomic  e lemen te  on l y ] .  t he  above ALCOI.~ diagram can  be  r ep re sen t ed  as a
t e rm  o f  t he  DRLH algebra A lco lo~  itself. Us ing  t he  generating se ts
[A *  con ta i ns  t he  names o f  ca r r i e r s .  distinguished e lemen ts .  and
operators as ggotgd elements to mark them o f f  as atoms] A. = { ' }  and
A l .  : ( \ .  . " .N " .H* I '  "H" . . .  "MQ“,  « . . .  „ * * . . .  „ * l l u . .  u *0 i l u '  „ * i ifl i n '

"_ . . .  „_ ‘On .  „ _O l ' l n '  i n ! »  no " .
| | „ \ . 1 '  we ge t

| " " . ' n . ' . ‘ |
* ' | " - " . °n . ' . ' n - ' . ‘ |
*"|"*'“.'M."."n*".'n*".‘|
* ‘ t ' ! ' . ' n . ' . ' n | ' . ' )
*'("\"."M*'.')

' - " ' . 'n* ' . "M- ' . ” |
' * " ' . 'n*" . 'n*" . 'n*" . ' |
' . ' . ' n * ' . ' n . ' . ' n . ' . ‘ |
'*"".“H-'.”H*'.“H*".')
'—""“ .*n|" . 'n- ' . ‘ |
" r " " " . "n ! " . 'n t ' . 'n t " . )

* *
»

Q
ß
fl ’

.

‚i
Q

—
**

“.
..

—
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For  DRLHS a f u r t he r  generalized adso rp t ion  p rope r t y .  Abso rp t i on ,

N—ary/N—ary with r e spec t  t o  " * " / ” . "  [ as  indicated by  capitalizing two

initial letters]. and  an  as soc i a t ed  p rope r t y ,  Embedd .  a re  pos tu l a ted

fo r  " . " .  " * “ .  and  " ! ” .  The  adsorption t echn ique  o f  AD i s  comp le te l y

d i f f e r en t  f r om the  one o f  Ad.  A hype ra rc  ( a l . , . . . a t . . . . . aN )  adsorbs a
labelnode a l  by  generating a " ! ” - p re f i xed  copy ! ( a1 . . . . . a I . . . . . aN )  o f
i t se l f  [AD] .  whose l abe lnodes  a re  t hen  [ t o ta l l y  o r  partially] embedded

in to  t he  DRLH [Em] .  enab l i ng  Idempotence t o  remove a I ;  af ter  this. t he
embedding and copy ing  steps a re  r eve r sed :

I . . . , ( a1 . . . . . a I . . . . . aN ) . . . . . a I . . . . }  =AD=
t . . . . ( a1 ‚ . . . ‚ a I ‚ . . . . aN ) ‚ ! ( a1 ‚ . . . . a l . . . . aN ) , . . . ‚ a I ‚ . . . }  =Em=
[ . . . . ( a l ‚ . . . . a I . . . . ‚ aN) .a1 ‚ . . . . a I . . . . aN . . . . ‚ a I ‚ . . . }  = I=
{ . . . . ( a1 ‚ . . . ‚ a l . . . . . aN) .a1 ‚ . . . ‚ a I ‚—al . . . . aN . . . . . a I ‚ . . . }  =R=
{ . . . ‚ (a l . . . . . a I . . . . ‚ aNl ,a1 . . . . . a I . . . . aN‚ . . . . . . . }  =Em=
{ . . . ‚ (a1 ‚ . . . ‚ a I . . . . ‚ aN) ‚ ! (a1 . . . . ‚ a I . . . . aN) ‚ . . . . . . . }  =AD=
{ . . . ‚ (a l . . . . . a I . . . . . aN) . . . . . . . . }

A lgeb ra i ca l l y .  t he  new  t r ans fo rma t ions  o f  this procedure  a re  rea l i zed
by  t he  axioms be low.  Because o f  their above f o rewa rd  and backward use .
required even  i n  “ d i r ec ted ”  no rma l i za t i ons .  AD and  Em —— unlike ou r
o the r  axiomatic equations —— ge t  a truly bidirectional cha rac t e r .

(m1 .m2 l * ( ! (m1 .m2) *m3)
(m1 .m2) * ! (m1 .m2) *m3

"

anso rp t i on :  (ml .m2)*m3
sho r t e r :  (m1 .m2) *m3

m1*( !m2*m3) i f  m1 <> n .n '  and m1 <>
m1* !m2*m3  i f  m1 <> n .n '  and  m1 <>
m1*m2 i f  m1 <> n .n '  and  m l  <>

Embedd l :  ! (m l .m2 ) *m3
sho r te r :  ! (m1 .m2) *m3
Embeddg :  ! (m1 . ' ) *m2

The condition on t he  Em equa t i ons  p reven ts  an "e r roneous "  hype ra rc  with
an embedded hype ra rc  f r om se t t i ng  f r ee  i t s  inner  hype ra rc ,  wh i ch  could
r esu l t .  f o r  examp le ,  i n  an  unwanted  i dempo ten t  r emova l  o f  o the r
hype ra rcs .  be fo re  t he  "erroneous“ hype ra rc  pa r t  becomes “ " "—reduced by
the  . f l a t r es t r i c t i on  axiom [applicable inside a hype ra rc ] .  by  wh i ch  i t
may  a l so  have  been  gene ra ted :

( a . ' ) * t b . t  ' * \  = . f r=
(a . (b .o . ° ) . d  ‘ l * ( b . c . ' l * \  =AD=
( a . ( b . c .  ) . d . ‘ ) * ! ( a . ( b . c .  J .  . )*(b.c.‘)*\ =Fm1=
t a . ( b .u . ‘ ) . e . ' ) * a * ! ( t b . c . ‘ ) . d . ‘ ) * ( b . c . ‘ ) * \  (Emi)
( a . (b .c .  ) . d . ” ) *a * (b . c . ‘ ) * ! ( d . ‘ ) * ( b . c . ‘ ) * \  =*I=
( a . ( b . c . ‘ ) . d . ' l * a * (b .o . ‘ l * - l b . c . ' ) * ! ( d .—) * (b . c . ' ) * \  = *R2=
( a . ( b . c . ' ) . d . ' ) * a * (b . c . ‘ l * ! ( d . ‘ l * * ( b . c . " l * ( b . c . ' l * \  =*R1=
( a . ( b . c .  ) . d . ' } * a * (b . c . ‘ ) * ! ( d . ' l *—(b . c . ‘ ) * \  =*R3=
( a . (b .c . ‘ ) .d . ‘ ) *a * (b .c . ‘ ) * ! td . ‘ ) * \  <Em1>
(a . (b .o . ' ) . d . ' ) * a * ! ( ( b . c . ' ) . d . ' ) * \  =Em1=
(a . (b . c . ‘ ) . d . ‘ ) * ! t a . ( b . c . ‘ ) . d . ‘ ) * \  =AD=
( a . ( b . c . ' ) . d . ' ) * \  = . f r=
( a . ' ) * \

Not  p reven ted  i s  an Fm1-app l ica t ion  t o  a t e rm  l i ke  ! ( b .a l * x .  because
Eml does no t  t es t  t he  p roduced  binding m2 = a with a <> n .n '  and a (>
[ t h rough  wh i ch  t he  ‚ l i s t r es t r i c t i on  axiom would have  been  applicable t o
( b .a ) ‚  even be fo re  i t  became an “ ! "fla rgumen t l .  so  t ha t  an “e r roneous ”
te rm  l i ke  b * !a *x  i s  y i e l ded ;  bu t  t hen  ne i the r  AD no r  one o f  t he  Em
equat ions [ excep t  Eml backward] i s  applicable t o  t he  t e rm  b * !a *x  o r  t o
i t s  sub te rm  !a *x .  because  t hese  equa t ions  expec t  t he  “ ! ”—ope ra to r  t o
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have  ' . “ -conca tena t ion  a rguments ;  since no  o ther  equa t ion  i s  applicable

to  a " !"—contain ing te rm e i ther .  such spur ious  t rans format ions  o f

”erroneous“  t e rms  are  harmless.

The heterogeneous formulation of  these axioms i s  as follows:

Agsorption": (ml.m2)*°m3 (m1.m2)* ' ( ! (m1.m2)* '" ‘m3)
shor te r :  (m1.m2)*'m3 (ml .m2) * ' ! (m l .m2) * " ° 'm3

Embeddl": ! (m1 .m2) * ""m3  = m1*" { !m2*""m3)
shor te r :  ! (m1 .m2) * ""m3  = m1*" !m2*""m3
Embeddg': ! (m l . ' ) * " "m2  = ml*"m2

The condition on the  Em equat ions becomes super f luous  fo r  Em". because
the  sor ted  “.*—Operator in  ALCO‘" guarantees tha t  ml cannot be a
hyperarc .

ALc04[.1r..fr.*1r.*c.*I.Ao]

01:23:21 reeursixe labelnode nxnersranns.uiineut contact lahelnndesl

ALC04" [ *1 r" . * 'C" ‚ * ' °C" . * ' * "C" ‚ * ' I " . * " l " ‚ * " " I " .AD" ]

Without loss  o f  genera l i t y .  * " "C  . * ' * " "C  . and * " * ""C  .
implicit i n  *C ,  a re  omi t ted  here .  because the  commuting of  embeds is
never required; however, * " " I ' ‚  implicit i n  * I .  i s  included. because
i dempoten t  r emova l s  of  embeds —— though  never  strictly necessary  ——
shor ten  ce r t a in  proofs .

The fo l low ing  example  shows the  normalization of  the  DRLH derived i n
the  prev ious  example.

Lem28: ( a . (b . ' ) ) * ( a * ( (a . ° ! * \ ) )  = ( a . ' ) * ( ( a . (b . ' ) ) * \ )

Proof l :  ( a . (b . ‘ ) ) * ( a * ( (a . ' ) * \ ) )  =AD=
( a . (b . ' ) l * ( ! ( a . (b . ' ) ) * ( a * ( (a . ' ) * \ ) ) )  =Eml=
(a . !b . ' ) ) * ( a * ( ! (b . ° ) * (a * ( (a . ' ) * \ ) ) ) !  =Em2=
( a . !b . ' ) ) * ( a * (b * (a * ( (a . ° ) * \ l l ) l  =*I=
( a . (b . ' ) ) * ( a * ( -a * (b * (a * ( (a . ' ) * \ ) ) ) ) )  =*R2=
( a . (b . ' ) ) * ( a * (b * (—a* (a * ( (a . ' l * \ ) ) ! ) l  =*R1=
( a . (b . ' ) ) * ( a * (b * ( -a * ( (a . ‘ ) * \ ) ) ) l  =*R2=
( a . (b . ' ) ) * ( a * (b * ( (a . ' ) * (—a* \ ) ) ) )  =*R3=
( a . (b . ' ) ) * t a * (b * ( (a . ' ) * \ ) ) )  =Fm2=
(a . (b . ' ) ) * ( a * ( ! (b . ° ) * ( ( a . ' l * \ ) ) )  =Eml=
(a . !b . ‘ ) ) * ( ! ( a . (b . ' ) ) * ( ( a . ' ) * \ ) )  =AD=
Ia.lb.'))*((a.')*\) =rc=
( a . ‘ ) * ( ( a . (b . ' ) ) * \ )

Note  the  reverse  order  o f  the  AD/Em uses in  the i r  second app l ica t ion
sequence. and the  resu l t ing  r igh t—to—le f t  read ing  o f  the i r  equat ions
[ an  ADsorp t ion—prov ided  “ ! ” -copy  o f  the  hypera rc  a .b .~  Fmbedds i t s
labe lnodes  in to  the  sur round ing  complex  l abe lnode .  so  tha t  a can  r emove
i t s  duplicate i dempoten t ly ,  and a f te r  tha t  ! ( a .b . ‘ )  i s  r econs t ruc t ed
from i t s  labelnodes and is  adsorbed again by the  hyperarc  o r ig ina l ] .
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S ince  RZ can  send  —a ove r  ! ( b . ' )  as  well as  ove r  b .  t he  f i r s t  Emz use

and i t s  reversa l  t h rough  t he  second Em2 use  [ i . e .  t he  t o ta l  embedding
o f  t he  hype ra rc  a .b . ' ]  i s  unnecessary.  Bu t  t he  resu l t ing  proof  wou ld

still need two s ta tes  more  t han  t he  following IO -s ta te  p roo f  embedding
t he  hyperarc a . '  i ns tead  o f  a .b . '  [we now use t he  parentheses-saving
nota t ion ] :

Proo:  l a . b . ' l * a * (a . ' ) * \  =*C=
( a .  .‘1*(a.‘)*a*\ =AD=
( a .  . ' ) * ( a . ‘ l * ! ( a . ' ) * e * \  =Em2=
(a .  . ' ) * ( a . ' ) * a *a * \  =*I=
( a .  . ' l * ( a . ' ) * a *—e*a* \  =Rl=
(a. . ‘ ) * ( a . ‘ ) *a * -a * \  =R3=

( a .b . ‘ ) * ( a . ' ) * a * \  =Em2=
( a .b . ' ) * ( a . ' ) * ! ( a . ' ) * \  =AD=
( a .b . ' ) * ( a . ' ) * \  =*C=
( a . ' ) * ( e .b . ' ) * \

v
q

-a
'o

' a

Note  t ha t  t he  i nden ted  s ta tes  2 t o  6 form a cyc le ,  which  shows t ha t  an
even  shorter 5 -s ta te  p roo f  i s  ob ta inab l e  by  merely omitting these
indented s ta tes  [ t he  isolated l abe lnode  a need no t  be removed
i dempo ten t l y  bu t  can  directly be  used  as  t he  embedded vers ion  o f  t he
hype ra rc  a . ‘ ] .

The  i n t r oduc to r y  equality prob lem can  now be  I so l ved  by  t he
normalization cha in  be low  [pa ra l l e l  t r ans fo rma t ions  on  t he
parentheses-saving form will be used]. A DRLH i s  i n  normal form i f  no
possible application o f  . l r ,  . f r ,  * l r .  * I .  and AD [ i nc l .  Em] can
dec rease  i t s  s i ze  and no poss ib l e  *C app l i ca t i on  can  add t o  i t s
lexicographic orde r  [ i n  wh i ch  a l l  i so l a ted  l abe lnodes .  i nc l ud ing
comp lex  ones .  p recede  a l l  hyperarcs ] .

( ( f 1 . f 2 . ‘ ) * ( f 2 . f 2 . ' ) * \ )
*e
* ( i f 1 . f 2 . ' ) * ( f 2 . f 2 . ‘ ) * \ )
* c
* (d . c . ' )
* (b . ' )
* (d . c . ' )
* ( ( ( 33 .a? .31 .a3 . ' ) * \ ) , b_d_* ‚
* l ( 33 .a2 .a l . a3 . ' ) * \ )
* \

=*C|*IIAO:

e
* ( t f 1 . f 2 . ' ) * ( f 2 . f 2 . ‘ ) * \ )
* t ( f 1 . f 2 . ' ) * t f 2 . f 2 . ‘ ) * \ )
* c
* (d . c . “ )
*—(d . c . ' )
* (b . ' )
* (d . c . ' )
* ( ( ( a3 .a2 .a l . a3 . ' ) * \ ) . b .d . ‘ )
* ! ( ( ( a3 .a2 .a1 .a3 . ° ) * \ ) . b .d . ° )
* ( t a3 .a2 .a i . a3 . ' ) * \ )
* \



=*II*CI*R2IEm1=

e
* l t f 1 . f 2 . ° ) * ( f 2 . f 2 . ' ) * \ )
* * ( i f l . f 2 . ' ) * ( f 2 . f 2 . ' ) * \ )
* ( ( f 1 . f 2 . . ) * ( f 2 . f 2 . ‘ ) * \ )
* (d .c . ° )
*c
* (b . ' )
* - (d .c . ° )
* (d .c . ' )
* ( ( ( a3 .az .a1 .a3 . ' ) * \ ) .b .d . ‘ )
* ( t a3 .az .a l . a3 . ' l * \ )
* ! (b .d . ' )
* ( ( aß .a2 .a l . a3 . ' ) * \ )
t \

=*R1|AD|*R1I*I=

e
* l ( f 1 . f 2 . ‘ ) * t f 2 . f 2 . ‘ ) * \ )
* ' ( ( f 1 . f 2 . ' ) * ( f 2 . f 2 . . ) * \ )
* (d .c . ' )
* ! (d .c . ' )
*c
* (b . ' )
* - (d .c . ' )
* ( ( ( 33 .a2 .a l . a3 . ' l * \ l . b .d . ” )
* ( t a3 .32 .a1 .a3 . ' l * \ )
*—( (a3 .az .a1 .a3 . ' ) * \ )
*! (b .a . ‘ )  .
* ( ( a3 .a2 .a i . a3 . ' ) * \ )
* \

=*R2|Em1|*R2|*R2=

e
* l ‘ f 1 . f 2 . ‘ ! * ( f 2 . f 2 . ° ) * \ )
* (d .c . ' )
* " ( ( f 1 . f 2 . ‘ ) * ( f 2 . f 2 ._ ) * \ )
*d
* ! ( c . ° )
*c
* (b . ' )
* ( t t a3 .a2 .a1 .a3 . ' ) * \ ) .b .d . ‘ )
*—(d.c.° l
* ( ( 33 .32 .a1 .a3 . ' ) * \ l
* ! (b .d . ' )
* - ( ( a3 .a2 .a1 .a3 . ° ) * \ )
* ( l a3 .a2 .a l . a3 . ' ) * \ )
* \



R1:1 | *EmEmZI=*pz |

, \2 .) ( 2 .2 -“ I . \

( (  1 .  2 -

) \ ’ I b l. . .  a3 -. 3 - a2 . a  I \

‚k ( "a '  a l . 33 .  ‚ \  ‚ i b -d '  ). 3 .82 .

i - !  3 aZ Ia | I a30  ’ l( ( a  |

\ _

3—R2 | *R  ‚ *R=*  2

‘ ) * \ l2 .‘ ) * ( f 2 . f& f2 .1 .* l l f .  _,

‚ (d .L .  f 2 . ‘ ) * \ )*d  ’ ) * ( f 2 .*6  1 . f2 .  d . ‘ )

tu t ‘ f  * \ ) .b .  _)
. d .“. ‘) 1.33. J ‘mma.

* (b iaa 'azéaa i . a3 .* t t  3 .a  .!(((a _)
I - (d .c .

* \

*R 'J :I I *R2 |AD|=!“

' ) * \ l2 .2 ' ) * ( f 2 . fe f .* ( ( f [ . _ )
* (d .L .

*d  \ )

*C  “ , t

. 2 .tun ‘ ) * ( f 2 . f  d . . )

*C { 1 . f 2 .  ‘ ) * \ ) .b .tu“  , 1 . a3 .Hb£a3 .az .a* ( t
* \

2 :? I *R I I *R=Em.

' ) * \ )2 .e 2 ' ) * ( f 2 . ff .* ( ( f 1 ._ )
* (d .c .
td  _

*!(u. | 2 ‘ ) * \ )  „ ’

*uc  . ,  . , * ( {2 : ; * \ ) .b .d .
* ‘ b .  f 2 .  3 .
* - ( ( f 1 .az .a1 .a3 .*( ( (a
* \
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=Em1|*RZ|*R2=

e

* ( l f 1 . f 2 . ‘ ) * ( f 2 . f 2 . ' ) * \ )
* (d . c . ‘ )
* ! ( d . c . ' )
* ( b . ' )
*—c
* ( ( ( a3 .a2 .a1 .a3 . ' ) * \ ) . b .d . ‘ )
*—( ( f l . f 2 . ' ) * ( f 2 .€2 . ' ) * \ )
* \

=AD|*R2I*R3=

e
* l l f 1 . f 2 . ' ) * ( f 2 . f 2 . ' ) * \ l
* (d . c . ' l
* ( b . ' )
* ( ( ( a3 .a2 .a1 .a3 . ' ) * \ ) . b .d . ' )
*—c
* \

=*CI*R3=

8

* t t f 1 . f 2 . ‘ ) * ( f 2 . f 2 . ‘ ) * \ )
* (b . ' l
* (d . c . ' )
* ( ( ( a3 .a2 .a l . a3 . ' ) * \ l . b . d . ' )
* \

This chain could be shortened by  reversing t he  f o reward  movement o f  t he
negated elements —( ( f l . f 2 . ' ) * ( f 2 . f 2 . ' ) * \ )  and - c  as soon as there i s
no th ing  more f o r  them t o  remove.  letting them reun i t e  w i t h  their nearby
unnegated versions [reading * I  backward] instead o f  making them
t r ave r se  t he  en t i r e  “ * *—exp ress ion  [ un t i l  *R3 becomes app l i cab le ] :
however .  as  indicated i n  sec t i on  4 .2 .  such  a procedure  cou ld  no t  be
used  f o r  mechanical norma l i za t i on  because  t he  comp le te  t raversa l  serves
t he  ve ry  pu rpose  o f  systematically check ing  whe the r  ” t he re  i s  no th i ng
more t o  r emove “ .

5 .3  S im i l po tence  and DRLHs with Contact  Labelnodes

The complex l abe lnodes  i n t roduced  i n  sec t i on  5 .2  cou ld  pa r t i c ipa t e
i n  [ hype r l a r cs  on l y  as  monolithic en t i t i es ;  t he re  was no  i n t e r f ace
between  t he  i nne r  graph  s t ruc ture  o f  a complex  labelnode and  t he
surrounding g raph  s t ruc ture .  He now distinguish one o r  more  l abe lnodes
ins i de  a complex l abe lnode  as i t s '  “ con tac t  l abe lnodes ” .  permitting
[ hype r l a r cs  wh i ch  use  t ha t  comp lex  l abe lnode  t o  access  i t s  i n t e r i o r  v i a
some o f  these  contac t  places .  For  example ,  i n  t he  i n t roduc to ry  DRLH o f
sec t i on  5 .2  t he  labelnodes a1  and  a?  may be  distinguished as  con tac t
l abe lnodes  o f  t he  complex l abe lnode  { (a3 ‚a2 .a l . a3 ) } ‚  where  a l  i s  used
as  t he  i n te rna l  s t a r t i ng  po in t  o f  t he  a re  leaving t ha t  complex  l abe l
Fo r  t he  nodes  b and  d ,  wh i l e  a2  i s  no t  ac tua l l y  used  by  any  hype ra rc :
similarly t he  l abe lnodes  f 1  and f 2  may be  distinguished as contac t
labelnodes o f  the  i so l a ted  complex labelnode { ( f 1 . f 2 ) . ( f 2 . f 2 ) } :
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| |
I | a l l  | | b l
l I I ——————————— > - - - - - - - - -  \
| | l ———————— \ | | \ | -——

I I | I I | --\— | e I
l —I- l I I \ I l
| I l l | \ - - -
l I v | v \ . . . . . . . . . . . . . . . . . . . .
I —I- ——- | \ | - - -  ___ |
| I l I l I I \ | | f l l  | fz|—-\ |
| | \ " " " "  | | | \ I I I——>I l<-/  !
l I a2 |  I a3 l  I v | —-- ——- |
I -—- ——— I -—— -~- I | I I
| I | | |<—--| | ___—+ . . . . . . .  + . . . . . . .
” " -+  - - - - - - - - - - - - -  | c I | |

The designation o f  contact l abe lnodes ,  which i s  done _ he re
diagrammatically by  a line between  t he  distinguished l abe lnode  and  t he

complex  l abe lnode ' s  bounda ry .  can  be  done  symbolically by

[additionally] us ing  t he  distinguished l abe lnode  as an  i so la ted
l abe lnode  w i t h  a spec ia l  pre f ix .  say  "a " .  Thus t he  ve r s ion  o f
{ (a3 .a2 .a l . a3 l }  used  as a complex label can  be  represented  as

{aa1 , (a3 ‚a2 ‚a1 ‚a3 ) } .  t he  unused ve rs i on  o f  this complex  l abe lnode  as
{ aa2 ‚ (a3 .a2 .a l . a3 ) } .  and the  isolated complex l abe lnode  as
{ 8 f1 .3 f2 . ( f 1 , f 2 ) . ( f 2 . f 2 ) } .

Using t he  co l l ec t i on  nota t ion  i n  F IT  [where  "a "  has  ano the r
mean ing ] .  an  ”a " -p re f i xed  con tac t  l abe lnode  ax  can  be  r ewr i t t en  as  an
explicit CONTACT express ion  (CONTACT x ) .  Fo r  t he  example we t hus  ge t
t he  nested  collection shown be low t o  t he  r i gh t  o f  i t s  se t  nota t ion .

{B .  (DRlH e
{ aaz .  (DRLH (CONTACT a2)

( a3 .a2 .a1 ‚a3 ) } .  (TUPIE a3 a2 a1  aa ) )
( a t i .  (DRLH (CONTACT f l )

a f 2 ‚  (CONTACT f 2 )
( f l , f 2 ) .  (TUPLE f l  f 2 )
( f 2 ‚ f 2 ) } .  (TUPLE f 2  f 2 ) ’

(b ) .  (TUPLE b )
(d .c ) .  (TUPLE d c )
( [ aa l .  (TUPLE (DRLH (CONTACT a l )

( a3 .a2 ,a1 .a3 ) } .  (TUPLE a3 a2 a l  a3 ) )
b .  b
d ) }  d ) )

I n  our_a lgebra ic  notation "a "  becomes a unary Operator and contac t
l abe lnodes  _become  “ 9 ” -app1 i ca t i ons  used  as  l e f t  arguments o f

* —app11ca t i ons .  Fo r  t he  examp le  we ge t  t he  exp ress ion

e
* (aa2* (a3 .a2 .a1 .a3 . ‘ ) * \ l
* (3 f1 t3 f2 t t f 1 . f 2 . ‘ ) * ( f 2 . f 2 . ' ! * \ )
* ( b . ‘ )
* (d . c . ' )
* ( t aa1* (a3 .az .a1 .a3 . ' ) * \ ) . b .d . ' )
* \
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I f  a contact  labelnode o f  a complex  l abe lnode  i s  i t se l f  a complex
l abe lnode ,  t h i s  comp lex  contac t  labelnode may again have  i t s  own

contac t  l abe lnodes  and  so  on .  t o  any  finite depth .  For  examp le .

___—_———_——__-_  ———_n_—_n__———-

__
N

‘ .

i i i
_

l 
l

! 
m

l
_

A ! I
_

,

—
—

—
_—

—
—

—
_

— — — — — — — - - _ — _ - — _ u _ — — _ — — —

_ _ _ — _ . — _ _ _ — _ _ — — — _ — — — — — _ — _ — _ — _ — —

i s  t he  diagram o f  a complex  l abe lnode  with t he  symbolic r ep re sen t a t i on
{9 {83 . (a ,a ) } } .  whose single isolated labelnode element i s  the complex
con tac t  l abe lnode  [ aa . (a .a l } .  wh i ch  i t se l f  contains t he  a tomic  con tac t
l abe lnode  a and a single a rc  ( a ,a l .  An algebraic exp ress ion  f o r  t he
above diagram i s  3 (8a* (a .a . ' ) * \ l * \ .

DRLHs with contac t  labelnodes can  now  also be  formalized
algebraically. Besides t he  auxiliaries "—" [ for  I dempo tence ]  and “ ! "
[ f o r  ADso rp t i on l  o f  ALCO‘ an auxiliary ope ra t i on  “ # “  [ for  S im i l po tence l
wi l l  be  used .  whe re  t e rms  w i t h  a t op - l eve l  “fl “  a re  again irreducible
and "# ”  can  be regarded as another  ” h i dden ”  ope ra t i on .

E E' ' I '  5 :

A generating se t  [ a  finite se t ]
IN  A distinguished empty e lemen t

[w i t h  r espec t  t o  ” . " J
\ IN  A distinguished empty e l emen t

[w i t h  r espec t  t o  " * ”1

AlCOS = (H . . . * ‚ # ‚ - . ! ‚ a )  algebra wi th

H ca r r i e r  gene ra t ed  by
A wi th  “ . ” .  ” *" .  “ # ” .  “ « " ,  ” ! ” .  " a "

: H x H —> M binary ope ra t i on
. (m1.m2) = m1.m2 [constructing hype ra rcs ]

* : M x M ->  H binary opera t ion
* (ml .m2)  = m1*m2 [ cons t ruc t i ng  complex  l abe lnodes ]

u : M x H —> M binary ope ra t i on  [merging complex l abe lnodes ]
# (m l ‚m2 )  = ml ImZ

- : H - )  M una ry  Operat ion  [ fo r  negat ive  e lements]
- (m)  = -m

! : H —> M unary ope ra t i on  [ f o r  embedding e l emen t s ]
! (m)  = !m

a : H ->  M unary opera t ion  [ for  contac t  l abe lnodes ]
a tm)  = am
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.A l iomat ic  ogera to r  res t r i cg ion :

. ; i s tges t r i c t ion :  m1.m2 = ' i f  m2 <> n .n '  and m2 <>
.

. i l a t zes t r i c t ion :  m1.m2 i f  m1 = n .n '  o r  m1 =

nypac tnes t r i c t ion :  am1.m2

* l i s t zes t r i c t ion :  m1*m2 =J \  i f  m2 <> n *n '  and m2 <> \

merge les t r i c t ion :  miim? = \ i f  (mi <> \ and m1 <> n *n ' )
o r  (m? (>  \ and m2 <> n *n ' )

gontac tges tr i c t ion :  am = \ i f  m NOTIN A MINUS { ' }  and m <> n *n '

The . 1r ,  ‚ f r ,  and * l r  axioms work analogously to  those o f  ALCO4. with
the  I r  axioms now a l so  reduc ing  t erms  con ta in ing  ' 3 " l ' 0 ' - t e rms  as
second arguments. The new hypac t res t r i c t ion  ax iom prevents  hxnerarcs
f rom containing contact  l abe lnodes  [because  on l y  complex  l abe lnodes  may
con ta in  contac t  l abe lnodes  and  "a"  „ ,  unlike "—" and  " ! "  —— does  no t
have an auxiliary s ta tus ] .  the  new mergeres t r i c t ion  ax iom forces  both
"#"—arguments to  be empty or  complex labelnodes. and the  new
contac t res t r i c t ion  ax iom demands t ha t  the  "a”—argument  be  any  kind of
labelnode.

Examgle :

A = { ‘ ,  \ .  a ,  b}

We der ive  one  complex labelnode wi th  contac t  l abe lnodes  o f  H :

N-ary lparen -spar ingbas i c  binary form
___- .————-—_-——_-_*-__——__-__—-——h-——_

\
ab „

aa "
3b

b* \  a * \  "
0a* (b * \ )  ab* (a * \ )  aa*b * \  0b*a* \
33 * (b * \ )  ( ab* (a * \ ) l * \  aa*b * \  ( 3b*a * \ ) * \

0a *b* \  b * (ab*a * \ ) * \
( aa *b* \ ) *b * (0b*a * \ l * \

0b* (0a *b* \ ) *b * (0b ta * \ ) * \

aa* (b * \ )  b * ( (0b* (a * \ ) ) * \ l
(Oa* (b * \ l ) * (b * ( (9b* (a * \ ) ) * \ ) l

ab* ( (aa * (b * \ ) ) * (b * ( (9b* (a * \ ) ) * \ ) ) )

—
_—

_—
_—

—
_—

—
+

_

!

Note  t ha t  the  derived complex  l abe lnode  happens  to  conta in  no
hyperarcs ,  i . e .  i t  i s  degenerated into an example o f  "se ts  w i th  contact
elements" [ the  embedded isolated complex l abe lnodes  are  degenerated to
se t  elements which a re  se ts  themselves] .

The heterogeneous coun te rpa r t  ALCOS" to  the  homogeneous DRLH a lgebra
ALCOS is  s ix—sor ted .  partitioning the  homogeneous carr i er  M in to  the
four  ca r r i e rs  o f  AlCOI.~ and  fu r the r  ca r r i e r s  Mt and  H0 fo r  merging
t e rms  and  contac t  l abe lnodes .  respec t ive ly .



Qaf ig ig igns  :

A. genera t ing  se t  [ a  singleton se t ]
IN  A distinguished empty element [with respec t  to  ' . ” l

A* genera t ing  se t  [ a  finite se t ]
\ IN  A distinguished empty e l emen t  [with respec t  to  " * ” !

A- = { }  generating set [ the  empty set of negatives]

A! = { }  generating se t  [ the  empty se t  o f  embeds]

A1 = { }  generating se t  [ the  empty se t  o f  mergings]

A3 = { }  generating set [ the  empty set of contacts]

ALCOS" = (H . .H* .H - .H ! ‚HÜ.H0 : . ‚ * ' . * " . * " ' , * ' 4 ' * ' 5 ' . * ' 6 ' . # .
- ' . - " .— '$ ' .— '5 ' ‚ ! ‚ a l  algebra wi th

H . .  " * .  "—. " ! .  " l .  "0 carriers generated by A . .  A * .  A - ‚  A l ,  Au. Aa
wi th  " . " .  " * " .  " * " .  " ! ” .  "#“ .  "a“

: " *  x " .  —> " .  b ina ry  ope ra t i on  [consing DRLHs to  hypera rcs ]

* '  : " .  x " *  ->  " *  binary ope ra t i on  [consing hyperarcs to  DRLHs]

* "  : " *  x " *  —> " *  b ina ry  ope ra t i on  [consing DRLHs to  DRLHs]

* " '  : " -  x " *  ->  " *  b ina ry  ope ra t i on  [consing negat ives  to  DRLHs]

* ‘4 '  : " !  x " *  —> " *  b ina ry  ope ra t i on  [consing embeds to  DRLHs]

* ‘ 5 '  : "#  x " *  —> " *  binary ope ra t i on  [consing mergings to  DRLHs]

* ‘ 6 '  : na x " *  —> " *  binary ope ra t i on  [consing contac ts  to  DRLHs]

ü : " *  x " *  —> "#  b ina ry  ope ra t i on  [merging DRLHs]

- '  : " .  —> "— unary ope ra t i on  [ for  negat ive  hypera rcs ]

- "  : " *  ->  " -  unary operation [ for  negative DRLHs]

—'4'  : " !  ->  "— unary opera t ion  [ fo r  nega t ive  embeds]

—'6' : MO —> M- una ry  ope ra t i on  [ fo r  nega t ive  contac ts ]

! " .  —> " !  unary opera t ion  [ for  embedding hyperarcs ]

a : " *  —> na unary  opera t ion  [ fo r  con tac t  l abe lnodes ]

Ax igmat ig  opega to ;  [gggg ic t ignz

ui s tges tr i c t ion“:  m1*m2 = \ if“ m2 IN A* MINUS {H

margezps tr i c t ion”:  m1Im2 \ i f  (ml IN  A* "INUS { \ } !
o r  (m2 IN  A* "INUS { \ } !
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The omission o f  an “—" ' "—ope ra to r  i n  ALCOS" is f o r  t he  reasons a l ready
eXp la i ned  f o r  AlCOk" .  The  omission o f  an  Ope ra to r  « '5 ' :  H“  ~> M»

exc ludes  t he  unnocesa ry  nega t i on  o f  me rg ings .

Again. t he  homogeneous  . l i s t r es t r i c t i on  axiom is supe r f luous  here ;

t he  * l i s t r es t r i c t i on "  axiom use  abbrev ia te s  s i x  axioms f o r  t he
"*"—primings. Also. no f l a t r es t r i c t i on  axiom i s  needed he re .  The
hypactrestriction ax iom has  become  super f luous  because  hypera rcs  a re

now built f r om the  DRLHs ca r r i e r ,  disjoint f rom t he  contac ts  carr i er ;

t he  merge res t r i c t i on f  axiom i s  r e fo rmula t ed  using t he  IN  pred i ca t e .  as
usual: t he  con tac t res t r i c t i on  axiom i s  now implicit i n  t he  use  o f  H*  as
t he  domain o f  "a“ .

[ Fo r  t he  many—sorted gene ra to r—sepa ra ted  version AlC05“$  o f  ALCOS" t he
ca r r i e r  H*  would be  divided into MI  and M_‚ so t ha t  no t  on l y  wou ld  *lr"
-— as usual —- bu t  a l so  mr "  become supe r f luous .  because i t s  r e s t r i c t i on
e f fec t  would  now be  implicit i n  t he  domain o f  u :  M_ x "_ —> "5 .1

In  ou r  diagram no ta t i on  ALCOS" can be dep ic t ed  thus :

* * *
* *
v v *

_ _______________________  g - - -
_ '  | * | I

* * * * * * * * * * * * * * * * * * * * * * |  H * | * * * * * * * * * * * * * * * * * * * * * * * * *
* | * | ' *
* . . . . . . . . . . . . . . . . . . . . . . . .  t - - -  *
* * * *
* * '  * * . *
* * *  * * * *  * * *  * *
* * * * *  * * * \ * * * * * * * * * * *  *
* * * * v * v * * * v * * * * * *
* ___ -  _*__*  __________  * . . . . . . . . .  * . . . . . . . . . . . . . . . . .  *_ ‚ __ * -_ *_  * - - - -  *
* | | *> |  * * * * * * * | < *  | | *
* | „a  | | * * * " *  * * * | | „ .  | *
* | | < * * * |  * * * * * * * | | | *
* - - - -  a _*__*  . . . . . . . . . . .  * _________  * __________________  * -___* -_ *_  __ „ -  *
* * * * * * * * ° * * * * ‘ 5 '  * *
* * * * * * * * *  * * * * * * * * * * * * * * *  * *
* * * ‘ 5 '  * * _ * *  * *  * * * *
* * * "  * * * ‘ 4 '  * * * * * * * * * * * * * *  *
* * - ' 6 '  t v * *
* * _____________________________

* * * * * * * * * * ) |  | _*4 '  | _________  | :
* .. * * * * * * * * * ' *> |  H | < * * * * * * * * |  H !  | < * * * * * * * * * * * *

———-- -n - ‘ -—- .—._u - - . - - - nusc— 
u—n.—_————__H——-—— " "_»

The examp le  f o r  t he  homogeneous a lgeb ra  ALCOS can  be  t r ans fe r r ed  t o
t he  heterogeneous a lgeb ra  ALCOS~ by  using t he  generating sets  A. = { ' } ,
A *  f { \ .  a .  b } .  A— = { } .  A !  = { } .  A# = { } .  and A8 = { } .  so  t ha t  t he
basxc binary form ab* ' 6 ' ( ( aa * ' 6 f ( b * " \ ) ) * " ( b * " ( ( 3b * ' 6 ' ( a * " \ l ) * " \ ) ) )
“ t oge the r  w i t h  t he  var iant  ab* ' 6 ' ( aa * ' 6 ' b * " \ ) * "b * " (ab * ' 6 ' a * " \ ) * " \
i t s  N-ary /paren -spar ing  sho r t  f o rm .  can  be  derived i n  H* .  .
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A l abe lnode  which has a l r eady  occu r r ed  i n  isolation shou ld  no t  be
duplicated t h rough  i t s  designation as a contac t  labelnode. o f  course:
i n s tead .  an isolated l abe lnode  with a contac t  pre f ix  "a “  shou ld  merge

no t  on l y  with o the r  ' a '—occu r rences  o f  i t se l f ,  as  ensu red  by
* Idempo tence .  bu t  a l so  with isolated labelnodes which a re  i t s  ” a '— less
vers ions .  For  example ,  t he  complex l abe lnode  {0 f3 ‚ ( f 1 ‚ f 2 l . ( f 2 ‚ f 2 ) }
shou ld  no t  on l y  be equal t o  {8 f3 .3 f3 . ( f 1 , f 2 ) . 8 f3 . ( f 2 . f 2 ) }  bu t  also t o
{ f3 .3 f3 . ( f 1 . f 2 ) . f 3 . ( f 2 . f 2 ) } .  To take ano the r  example.
{ ab . {aa .b } ‚ { ab ‚a } }  shou ld  no t  on l y  be  equa l  t o  { ab . {aa .b } . ab ‚ { ab .a l }
bu t  a l so  t o  { ab . {aa ‚b } . b . { ab ‚a } } ‚  whose algebraic f o rm  was derived
above .  This can  be  accompl i shed  by  a p rope r t y  which i s  viewed he re  as  a
unar l -a ry  aDso rp t i on .  bu t  cou ld  a l so  be  regarded as a conditional
Removel use  with respec t  t o  " a "  i n s t ead  o f  t o  '—" .  [A l t hough  aD can
only remove unp re f i xed  elements Lg its Light. *Commuta t i v i t y
—— pos tu l a ted  f o r  a l l  kinds o f  graphs —- can  be applied as usual t o
ar range  t he  r equ i r ed  o rde r  be fo re  aD i s  app l i ed . ]

n

= » 30m1*m2 i f  m1 IN  A MINUS { ‘ }  o r  m1
am1*m2 i f  m1 IN  A MINUS { ’ }  o r  m1 = n*n

i n so rp t i on :  0m1*(m1*m2)
sho r te r :  am1*m1*m2

II

The cond i t i on  on  t he  aD equa t ion  prevents  ' e r r oneous l y "  “0"—marked
hype ra rcs  f r om adsorbing t he i r  unmarked  ve rs i ons ,  f o r  examp le  when
us ing  t he  empty hype ra rc  " "  w i t h  a ” € * -mark :

\ * ° * \  =cr=
a ‘ * ' * \  (aD)
a ' * \  =cr=
\ * \

I n  t he  heterogeneous formula t ion  aDso rp t i on  changes t hus :

H

am1* ' 6 'm2
am1* ' 6 'm2

ggso rp t i on " :  am1* '6 ' (m1*"m2)
sho r te r :  8m1* '6 'm1*"m2

The condition on  t he  aD equat ion  has  become  imp l i c i t ,  because  "a “  i s
now on l y  applicable t o  t e rms  o f  t he 'DRLfls  ca r r i e r  H* .

A l ess  obv ious  prope r ty  o f  DRLHs wi th  con tac t “  l abe lnodes  i s  t he
fo l l ow ing :  Two isolated complex  l abe lnodes  which only di f f er  i n  t he i r
con tac t  l abe lnodes  shou ld  be  merged  t o  one  comp lex  l abe lnode  us ing  t he
un ion  o f  t hese  con tac t  l abe lnodes  as  i t s  con tac t  l abe lnodes .  Fo r
example .  t he  two isolated complex  l abe lnodes  {a f l ‚ ( f l ‚ f 2 ) . ( f 2 ‚ f 2 ) }  and
{a f2 . ( f 1 . f 2 ) . ( f 2 . f 2 ) }  shou ld  be  merged t o  a s i ng le  isolated complex
l abe lnode  [ a f l . a f 2 . ( f i . f 2 ) . ( f 2 . f 2 ) } .  Thus t he  diagram
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shou ld  be regarded as no th ing  but  a distorted version of  the  earlier
diagram i n  which bo th  occu r r ences  of  the  complex  labelnode { . . . ,
( f 1 . f 2 ) . ( f 2 . f 2 ) }  were  merged .  Likewise. continuing an  earlier examp le .
{3a .b }  and {3b ,a }  in  {ab . {aa .b } . {8b ,a } }  shou ld  be merged to  {8a .ab} ,
obtaining { ab . {aa ‚ab } } .  For this a new proper ty  called “S im i l po tence ”
[ a  kind of  "weakened“ Idempotenoe not  merging identical but  "similar”
expressions] t oge the r  with a supp lemen ta ry  prope r ty  Overlay i s
introduced.

fiimilpotence: (m1*m2)*((m3*m4)*m5) ((m1*m2)#(m3*m4l)*m5
sho r t e r :  (m1*m2)*(m3*m41*m5 ((m1*m2)#(m3*m4))*m5

Qlerlayl: (9m1tm2)#(m1*m3) = am1*(m2#m3)
i f  m1 IN  A MINUS { ‘ }  or m1 = n*n'

gge r l ayg :  (m1*m2)#(3m1*m3) = 3m1*(m2#m31
i f  m1 IN  A MINUS { ' }  o r  m1 : n*n '

93e r1ayg :  (m1*m2)#(m1*m3) = ml*(m2#m3)
Qge r l ay i :  \fl \  = \

The cond i t i ons  on the  0v1 and 0v2 equat ions a re  present  fo r  analogous
reasons  as  t ha t  on  the  aD equa t i on  above .

I n  the  he te rogeneous  formulation these axioms can be given t h rough
the  following scheme with p .  q IN  {1 .  2 .  B} and j [N {1 .  2 }  [since p
and q can independently r ep re sen t  three  d i f fe ren t  pr im ings .  the S"
scheme  r ep re sen t s  nine axioms; since a l l  t h r ee  j occur rences  must
assume one of two values. the 0v3" scheme represents two axioms]:

Ä im i l po tence " :  (m1* 'p 'm2) * " ( tm3* 'q 'm41*"m5!
I (m1* 'p 'm2)# (m3* 'q 'm4) ) * ' 5 'm5

sho r t e r :  (m1* 'p 'm2)*"(m3* 'q 'm4)*"m5
t tm1* 'p 'm2)# (m3* 'q 'm4) ) * ' 5 'm5

ll

. 3m1* '6 ' (m2um3)

0m1*'6' (m2#m3)
m1* ' j ' (m2flm3)
\

g le r l ay l " :  ( am1* ' 8 'm2 lfl (m1* "m3)
Qxe r l ayz " :  (m l * "m2)# l8m1* '6 'm3)
91e r l ay1 " :  (m1* ' j 'm2 )# (m1* ' j 'm3 )
gge r l ay i " :  \ # \

|!
IIII

The cond i t i ons  on the  OV!" and 0v2 "  equa t ions  a re  implicit fo r
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analogous reasons as tha t  on the  aD" equa t ion  above; the  Ovä" equat ion
is  the  same as Ovß. .

0 f  course.  an a t t emp t  to  use S imi lpotence  fo r  “non—similar” complex
labelnodes w i l l  f a i l  to  produce a [completely] merged new complex

l abe lnode :

( a *b * \ l * ( a *c * \ ) * \  =S=
( (a *b* \ ) # (a *c * \ ) l * \  =0v3=
(a * ( (b * \ ) # tc * \ ) ) l * \

[Note  tha t  the  size of  the  original term.  6+7 ‚  i s  l a rger  than the  s i ze
of  the  partially merged  te rm.  5+6 ‚  wh ich  would cause  the  l a t t e r  to  be-

the  normal fo rm.  according to  our  p rev ious  de f in i t ion .  i f  we permitted

reducible t e rms  w i th  auxiliaries like “#“  as  normal Forms . ]

Fur thermore .  an  i napp rop r i a t e  application of  0v3  ins tead  o f  0v1  o r
0v2 may l e ad  i n to  a [harmless] "b l ind  a l l ey“ .  which can on ly  be l e f t  by
"back t rack ing "  t h rough  inverse equat ion  applications:

( a * \ ) # (aa * \ )  =aD=
(a * \ ) $ laa *a * \ l  =*C=

(a * \ ) # (a *8a* \ )  =Ov3=
a* ( \ # (3a * \ ) )  =0v3=

l a * \ l l ( a *aa* \ )  =*C=
( a * \ ) $ (8a *a * \ )  =aD=

(a * \ ) l ( 3a * \ l  =0v2=
aa* ( \ # \ )  =0v4=
aa* \

aliasled Lesunsixe lihelnode hineignanns with conlacl.leeelneees

ALC05[ .1 r . . f r ‚h r ‚ * l r .mr ‚c r . *C ‚ * I ‚AD .aD ‚S ]

Digegtgg rgcgrg ive  labe lggde  hgpergraphs w i th  contac t  l abe lnodes"

ALC05"[*1r"‚mr"‚*'c“‚t"c”_*'
* ' I" . *" I" .* '4 ' I" . t 's '

u _ “

s 'c  ‚ * ‘ * "c  ‚ * ' * ' 5 ' c“ ‚ * " * ' s ' c  .
I " .Ao"‚ao“.s" l  '

Apart from the  comments on the  corresponding ALCOL" quo t i en t .  i t  should
be noted tha t  in  the  present  quot ien t  mergings a re  neither allowed to
commute [axioms * ‘ 5 'C ' .  . . .  a re  not  pos tu l a ted ]  nor to  remove each
other  idempotent ly  [ an  axiom * ‘ 5 ' [ "  i s  not  pos tu l a ted ] .

The en t i re  nerma l i za t ion  o f  the  DRLH derived i n  an earlier example
can now be presented .  For  a norma l  form i t  i s  now a lso  requ i red  tha t  no
poss ib le  app l ica t ion  o f  the  new opera to r  restriction axioms I h r ,  mr.  o r
c r ] .  absorp t ion .  o r  S imi lpotence  [ inc l .  Over l ay ]  decrease i t s  s i ze .
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Lem29: ab * ( (aa * (b * \ ) l * ( b * ( (ab * (a * \ l ) * \ ) ) )  b * ( (0a * (ab * \ ) ) * \ l
Proof :  ab* ( (93 * (b * \ ) ) * (b * ( (3b* (a * \ ) ) * \ ) ) )

0b* (b * [ ( 3a * (b * \ l ) * ( ( 0b * (a * \ l ) * \ ! ) l
9b * ( (aa * (b * \ ) l * ( ( ab * (a * \ l ) * \ ) )  =*C=
0b* ( (aa * (b * \ ) ) * ( ( a * (9b * \ ) ) * \ ) )  =S=
8b* ( ( ( aa * (b * \ ) ) # (a * (ab * \ l ) ) * \ )  =0v1=
0b* ( (aa * ( (b * \ ) 3 (0b * \ ) l l * \ )  =Ov2=
ab* ( (aa * (3b * ( \fi \ ) ) ) * \ )  =0v£=
ab*( (8a*(ab* \ ) ) * \ )

II
II

II

a
*C
a0

I t  i s  no t  necessary tha t  S im i l po tence  [Overlay] f i nd  an isglatgd
coun te rpa r t  i n  one complex l abe lnode  t o  every  contac t  l abe lnode
encounte red  i n  t he  o the r .  as  i t  d i d  i n  t he  above  p roo f  f o r  t he  comp lex

l abe lnodes  {9a.b} and {ab .a }  a f t e r  the  l a t t e r  was commuted t o  { a .ab } :
By v i r tue  o f  Abso rp t i on .  guas i - i so l a ted  coun te rpa r t s  can  be  generated
f rom hype ra rcs  f o r  use  by  S im i l po tence  [Ove r l ay ] .  For  this both complex
labe lnodes  may have t o  be  t r ans fo rmed .  as i n  {8 f1 . ( f 1 . f 2 ) . ( f 2 , f 2 ) }  and
{3 f2 . ( f l . f 2 ) . ( f 2 . f 2 ) } .  t r ans fo rmed  t o  { 3 f1 . f 2 . ( f 1 . f 2 ) . ( f 2 . f 2 l }  and
{ f1 ,9 f2 . ( f 1 , f 2 ) . ( f 2 , f 2 ) } ,  r espec t i ve l y ;  i n  o the r  cases  t he  change o f
on l y  one complex l abe lnode  may be  necessa ry .  as i n  {3b . (b .c ) }  and
{ (b .c ) } .  where t he  second i s  t r ans fo rmed  t o  { b ‚ [ b . c ) } .  Th i s  l a t t e r
examp le  will now be  used  t o  show how such  S im i l po tence -p repa r i ng

t r ans fo rma t ions  a re  pe r fo rmed  by  means o f  ADso rp t i on  app l i ca t i ons
[ t he  y va r i ab le  permi ts  t he  complex l abe lnodes  t o  occu r  i n  any DRLH
r igh t - con tex t ] .

Lem30: ( ab * (b . c . ' ) * \ ) * ( ( b . c . ‘ ) * \ ) * y  = ( ab * (b . c . ' ) * \ l * y
Proo f :  ( 8b * (b . c . ' ) * \ ) * ( ( b . c . ' ) * \ ) * y  =AO=

( ab * (b . c . ‘ ) * \ ) * ( ( b . c . ' ) * ! ( b . c . ‘ ) * \ ) * y  =Em1=
( ab * (b . c . ' ) * \ ) * ( ( b . c . ' ) * b * ! ( c . ' ) * \ ) * y  = *c=
(ab* (b . c . ‘ ) * \ ) * ( b * (b . c . ' l * ! ( c . ‘ l * \ ) * y  =AD=
( ab * (b . c . ' ) * \ ) * ( b * (b . c . ' ) * ! ( b . c . ' l * ! ( c . ' ) * \ ) * y  =Eml=
( ab * (b . c . ‘ ) * \ ) * ( b * (b . c . ‘ ) * b * ! ( c . ' ) * ! ( c . ' ) * \ ) * y  =*I=
( ab * (b . c . ‘ ) * \ ) * ( b * (b . c . ' ) t b t ! t c . ‘ ) *—! ( c . ' ) * ! ( c . ' ) * \ l * y  =*Rl=
(ab t t b . c . ‘ ) * \ ) * ( b * (b . c . ‘ J *b * ! ( c . ‘ ) *—! t c . ‘ ) * \ ) * y  =*R3=
( ab t t b . c . ‘ ) * \ ) * t b * (b . c . ‘ ) * b * ! ( c . ‘ ) * \ ) * y  =Em1=
( ab* (b .c . ‘ ) * \ ) * (b * (b .c . ' ) * ! (b .c . ' ) * \ ) *y  =AD=
( ab * (b . c . ' ) * \ ) * ( b * (b . c . ' l * \ ! * y  =s=
(tab*(b.c.‘)*\)u(b*(b.c.')*\))*y =0v1=
(abt t t tb .c . ‘ ) * \ )#( tb .  ' )* \))J*y =Ov3=
( ab * (b . c . ‘ ) * ( \ u \ ) ) * y  0v4=
( ab * (b . c . ' ) * \ ) * y

" (
“ ,

Here  AD i s  no t  on l y  app l i ed  twice f o r  t he  same hype ra rc .  as  usua l .  bu t
ac tua l l y  t h ree  t imes ,  t o  genera te  an  ex t ra  copy  o f  t he  quas i— iso la ted
labe lnode  f o r  use  i n  r eadsop t i on  [ a l t e rna t i ve1y .  I dempo tence  cou ld  have
been used more d i r ec t l y  f o r  t ha t  pu rpose .  t h rough  LemZß]:

1 .  The  quasi-isolated l abe lnode  [ b ]  i s  gene ra ted  f r om the  hype ra rc
[ ( b . c .  ) ]  t oge the r  w i t h  supe r f l uous  hype ra rc  pa r t s  [ he re  on l y  ! ( c . ' l ] .

2 .  A f t e r  t he  desired quasi~isolated l abe lnode  commuted away t o  i t s
des t i na t i on .  t he  gene ra t i on  i s  r epea ted  t o  ob ta in  a comp le te  ” ! ” - copy
o f  t he  hype ra rc  f o r  use  i n  3 [ t he  super f luous  part s  thus  become
dup l i ca ted .  bu t  t he  dup l i ca t e s  a re  removed i dempo ten t l y ] .

3.  The remaining single "
hype ra rc .

! ” - copy  i s  r e -adso rbed  by  t he  o r i g i na l
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S im i l po tence  can be  used  t oge the r  with ADsorp t i on  to  enab le  a final

kind of  merging [this i s  r equ i r ed .  fo r  ins tance .  to  p rove  the  samp le

ORLH equality i n  the  i n t roduc t ion ] :  An isolated complex  l abe lnode  can
be merged w i t h  a non—iso la ted  complex  labelnode [i.e. a labelnode used
in  a hype ra rc ]  i f  i t  di f f er s  f rom i t  on l y  i n  possessing merely a subset
of  the  contac t  labelnodes of  those  possessed  by  the  non—iso la ted  one .

For example .  the  DRLH

_ -num—- . - „„——n. . . -ofl_op}__mg

| || |
| | b |————>| c I || || |

__fl——___-__“_-__—__-

I b l——-->| c I
. n—a— __ .—

___—_—_——__mI—-———_——

shou ld  be equivalent to  the  DRLH be low .  because the  isolated complex
l abe lnode  not  possessing any contac t  l abe lnode  can be  merged w i th  the
non-isolated complex l abe lnode  possessing one contac t  labelnode.

' a | ___—_____—___ .—c-___—uw———_———————__.qa——n———“ ' - I " _> |  d |

nun .— ' |
I

I b I"—-->I c I I
l
I

___ -

___————_„—_——o——_—. -—_

That  th is  i s  in  f ac t  the  case .  w i t hou t  r equ i r i né  ano the r  ax iom.  can
be shown as  fo l l ows :

Lem31 :  ( a . ( ab* (b .c . ' l * \ l . d . " l * ( (b .c . ° ) * \ ! * \  = ( a . ( ab* (b .c . ' 1 * \ ) .d . ' ) * \
Proo f :
l a . ( ab* (b .c . ' ) * \ ) .d . ' ) * ( (b .c . ‘ ) * \ ) * \  =AD=
( a . ( 3b* (b .c . ' ) * \ l . d . ' ) * ! ( e . ( ab* (b .c . ‘ ) * \ ) .d . ' ) * ( (b .c . ' l * \ l * \  =Eml=
| a . | ab* |b .c . ‘ ) * \ | . d . ‘ | * a * ! | | ab* |b .c . ‘ | * \ | . d . ‘ | * | | b .c . ‘ | * \ ) * \  =Eml=
( a . ( ab* (b .c . ' l * \ ) .d . ° l *a * (ab* (b .c . ' ) * \ ! * ! (d . ' ) * ( (b .c . ' ) * \ ) * \  =*C=
( a . ( ab* (b .c . ' l * \ ) .d . ‘ ) *a * (9b* (b .c . ‘ ) * \ ) * l (b .c . ' ! * \ ! * ! (d . ' l * \  =Lem30=
l a . ( 0b* tb .c . " l * \ ) .d . ' ! *a * (ab* (b .c . ' ! * \ l * ! (d . ' l * \  =Em1=
( a . ( 9b* (b .c . ‘ ) * \ ) .d . ° ) *a * ! ( ( 0b* Ib .c . ' ) * \ l . d . * l * \  =Fm1=
(a . (3b* (b .c . ' l * \ l . d . ' l * ' ( a . l ab* (b .u . ' | * \ l . d . ° ) * \  =AD=
(a . (9b* (b .c . ' ) * \ l . d  ' ) * \

Note  t ha t  ADso rp t i on  i s  used he re  to  genera te  a quasi-isolated copy o f
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the  complex labelnode [ ( 3b * (b . c . ‘ ! * \ ) l  used i n  the  hyperarc
[ ( a . ( ab * (b . c . ' ) * \ ) . d . ' ) ] .  This copy i s  t hen  merged wi th  t he  i so l a t ed

complex l abe lnode  [ ( ( b . c . ' ) * \ ) l  by  means o f  S im i l po tence .  i n  essence,
as  shown  i n  Lem30 .  Since t he  quas i— iso la ted  l abe lnode  had  a supe rse t  o f

t he  con tac t  l abe lnodes  possessed  by  t he  isolated one .  t he  merge  resu l t

i s  no t  d i f f e r en t  f r om the  quas i— iso la ted  l abe lnode .  so  t ha t  i t  can  be

re -adso rbed  by  t he  hype ra rc .

Concluding ou r  discussion o f  S im i l po tence .  we no te  t ha t  f o r
arbitrary comp lex  l abe lnodes  S im i l po tence  i s  a proper  gene ra l i za t i on  o f

I dempo tence .  More p rec i se l y .  we make two claims:

1 .  The re  a re  comp lex  l abe lnodes  wh i ch  can  be  merged  by  means  o f

S im i l po tence  bu t  no t  by  means o f  Idempotence  [ because  t hey  a re  no t
identical]. Clea r l y .  examples can  be  found  i n  a l l  prev ious  S im i l po tence
lemmas. e .g .  Lem30 .

2 .  I f  two  comp lex  l abe lnodes  can  be  merged  by  means o f  I dempo tence
[ because  t hey  a re  i den t i ca l l .  they can  a l so  be merged by  means o f
S im i l po tence .  To show th i s .  we assume w i t hou t  l oss  o f  gene ra l i t y  t ha t
bo th  complex l abe lnodes  have  t he  f o rm  x = ( x l * x2 * . . . * xN* \ )  and occu r
ad jacen t l y  i n  an  arbitrary r i gh t—con tex t  y [ t h i s  can  a lways  be a r ranged
us ing  t he  DRLH proper t i e s .  i n  pa r t i cu l a r  *Commuta t i v i t y ] .
Us ing  [dempotence t hey  can  be  merged as f o l l ows :

( x l * x2 * . . . * xN* \ ) * ( x1 *x2 * . . . * xN* \ ) * y  = I=
( x l * x2 * . . . * xN* \ ) * - ( x l * x2 * . . . * xN* \ ) * ( x1 *x2 * . . . * xN* \ ) * y  =Rl=
(x1 *x2 * . . . * xN* \ ) *—(x1*x2 * . . . * xN* \ ) * y  = I=
( x1 *x2 * . . . * xN* \ ) * y

Us ing  S im i l po tence .  t hen .  t he  comp lex  l abe lnodes  can  be  merged  t hus :

( x l * x2 * . . . * xN* \ ) * ( x l * x2 * . . . * xN* \ ) * y  =S=
( ( x1 *x2 * . . . * xN* \ )# ( x1 *x2 * . . . * xN* \ ) ) * y  =0v3=
( x l * ( ( x2 * . . . * xN* \ )# ( x2 * . . . * xN* \ ) ) ) * y  =0v3=

(x1 *x2 * . . . * xN* ( \ # \ l l * y  =0v4=
( x1 *x2 * . . . * xN* \ ) * y

The " .  . . ”  e l i des  an induction ove r  t he  l eng th  1 o f  t he  complex
labe lnode  x .  wh i ch  can  be  made exp l i c i t  by  splitting x i n to  ( x ' * x " ) .
1 .e .  by  r eve r t i ng  t o  t he  non—abbrev ia ted  basic b ina ry  f o rm :

x *x *y  =S= ( xflx ) * y  = Ind0v= x *y

[ nd0v :  xßx  = x

Proo f :
x = \ :  . .  1 ( x !  = : \fl \  =Ov£= \
x = x * x  ; l t x  ) = n—l —> 1 (x ' * x " )  = n : ( x ‘ * x " l # ( x ' * x ' ° )  =0v3=

x ' * (x"#x" )  = induc t . hyp .=
x l *x . .

D

Finally. l e t  us  cons ide r  a l a rge r  example o f  equa l i t y  p roo f  i n  t he
a lgeb ra  o f  DRLHs w i t h  con tac t  l abe lnodes .  S ta r t i ng  f r om a redundant
f o rm .  i t  shows how to  ob ta i n  t he  no rma l  form fo r  t he  DRLH given as t he
following d iag ram.  t aken  f r om (Ho ley  1980 ) .



-94
* * * * * * * * * * * * * * * * * * * *

B

* t t t

*
| * I !

IV

| ( t t t t t t t t

„ *——-- * -_

*

V

I
* * * t

*
*

I I I

_ _ . - m - - — — - - - _ _ _ — - - — _ _ _ — p — _ — — - — — _ —

_—‚__ -u -u_ . . .——_———_———————————_—m—____—_fl——————_——ua——Dno———-_—__—_* -_—

llllllllllillllll

*

*

*

*

*

*
*

*
t 

*
* 

*
* 

*
* 

*
* 

***
I'll.ll

***V

I
|
‚ t r i t t

H

manna—pneuma-

___—unw—n-fl

___—____—

—|I -o -——uluuo -n—-

___—___ . .—

—-—-—_———u—_l

__——_————_———__———H—_*_——»m_————_————____—_—

_—_———________ -__—__—-___ -____——______—._ 'n ‘ . -

* * * * * * * * * * * * * * * * * * * * * * * * * * * |

* 
*

* 
V

F

___ „_ „_ *__ „I I .—__1 - „U -u -n—“O-. . .—. . . . . .___—n—u-UÜ—u-D—-__———_————u—l—y———_uhuun .uflwmw_n_—u——-  . .

.

V 
** 

*
. 

*
. 

*
„ 

*
_ 

*
_ 

*
_ 

*
_ 

*
„ 

*.
„ 

*
„ 

*
„

< 

_ 
_

_ 
_

„ 
„

_ 
„

„ 
.

_ 
_

_ 
_

„ 
.

„ 
.

_ 
*

_ 
*

_ 
*

_ 
*

„ 
*

_„„„„„__

I'll

_____ „t___.

*
* 

*
* 

‚ ( * *

*
*

* 
*

V 

__ . ‘ *_——_9-

I'll

*

‚ * * * t t t t t t t t t

| * t t * t * t t > |

‚III

w—n—m__—_

n . .—na l -__fl—flh—I -n—n-m——_———n—————_——__——-——__



_ 9 5  _

The proof is the a lgebra ic  vers ion  o f  a FIT DRLH cons t ruc to r

application t r ace  in (Boley 1980) .  whose initial expression cou ld  be

r ewr i t t en  as the following DRLH/TUPLE collection nes t i ng  for

conciseness using “a”—prefixes instead of the previous CONTACT

expressions [or the 1980 ":"—infixesl to des igna te  con tac t  labelnodes.

(DRlH
(TUPLE

(DRLH 91! all (TUPlE IV II I) (TUPLE III I I I I ) )
8
(DRlH

QIDRLH K (TUPLE G H) K H (TUPLE H €))
(TUPLE U F) -
(TUPLF U (DRLH K (TUPLF G H) ITUPLF H G) H G H)) )  .

(DRLH 81 31 31 (TUPLE 1 2) 1 ITUPLE 2 3 1) 2 (TUPLE 2 3) B))
(TUPLE B B)
IDRLH all (TUPLE IV II I) I (TUPlF III I I I I ) )
E)

The proof will not exp lo i t  max imum parallelism but will per form only

semantically related local t rans format ions  in parallel. t hus  making  it
easy to follow in spite of its greater length. The t r ans fo rma t ions  will
be applied in an "inside—out” manner. co r r e spond ing  to the

call—by—value DRLH const ruc tor  applications. As in these. we will a l so
use the following orde r  of normalization [ F IT  norma l i za t i on  func t ions
are given in bracke ts ] :  1. *Idempotence [REHEOUAlS]. 2. ADsorption

[CLEAN].  3. *Commutativity [SORDRLH].

Lem32:

11311*8II*1IV.II.I.')*(III.I.III.°)*\)
.B
.18(K*(G.H.')*K*H*(H.G.‘)*\)
*(U.F.')
*1U.1K*IG.H.‘)*1H.G.‘1*H*G*H*\).')
*\)

.(atra1taitt1.2.‘1*1*(2.3.1.‘)*2*(2.3.‘1*3*\)
‚‘)

*(B.B.')
*talr*(1v.11.1.‘)*r*(111.1.111.‘)*\)
*E
*\

E
*(a.ß.“)
*( taI I* t I I I . I . I I I . ‘ )* ( IV . I I . I . ‘ )* \ )
‚e
.(81K*1G.H.°)*1H.G.')*\)
*(u.F.‘)
*1U.1K*(G.H.')*1H.G.‘)*\).°1
*\1

.181*11.2.')*12.3.°)*12.3.1.°)*\)
. )

*\
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Proof :

( (OII*OII* ( IV . I I . I . ' ) * ( I I I . I . I I I . ' ) * \ )

.B

. (3 (K* (G .H . ' ) *K*H* (H .G . ‘ ) * \ )
* t u .F . ' )
* (U . {K* (G .H . ' ) * (H .G . ‘ ) *H*G*H* \ ) . ' l
* \ )

. ( a1 ta t ta t t t t . 2 . ‘ ) *1 * (2 .3 .1 . ‘ ) t 2 * (2 .3 . ‘ ) *3 * \ )

. ‘ )
* ( a .a . ‘ )
* t a I I * ( IV . I I . I . ‘ ) * I * ( I I I . I . I I I . ‘ ) * \ )
*E
* \
= * I | * t | * t | * l =

( (a I Ir—arrtaI I* ( IV . I I . I . ‘ )* ( I I I . I . I I I . ' ) * \ )
. a
. ( a tx t -K* (G .H . ‘ ) *K*H* (H .G . ‘ ) * \ )

* (U .F . ‘ l
* (U . (K* (G .H . ‘ ) * (H .G . ‘ ) *H*—H*G*H* \ ) . ' )
* \ )

. ( a1 * -a1 ta t ta1 * (1 .2 . ‘ ) *1 * (2 .3 .1 . ' ) *2 * (2 .3 . ‘ ) t 3 * \ )
‚ ‘ )

* (B .B . ‘ )
* IO I I * ( IV . I I . I . ‘ ) * I * ( I I I . I . I I I . ‘ ) * \ )
*E  '

* \
=*RII*R2|*R2|*RI=

( (a I I*—alr* ( IV . I I . I . ' ) * ( I I I . I . I I I . ' ) * \ )
. a
. (0(K*(G.H. ' )*—K*K*H*(H.G.°)* \ )

* (U .F . ' )
* (u . (K* (G .H . ‘ ) * (H .G . ‘ ) *H*e* -H*H* \J . ‘ 1
* \ )

. ( a1 t—a1*a1* (1 .2 . “ ) *1 *12 .3 .1 . ‘ ) *2 * t2 .3 . ‘ ) *3 * \ )
‚ ‘ )

* ( a .a . ‘ )
*(aI I* ( IV . I I . I . ‘ )* I* ( I I I . I . I I I . ' ) * \ )
*E
* \
=rn2|tn1|rn1ltau=

( (a I I* ( IV . I I . I . ' ) *—aII* ( I I I . I . I I I . ' ) * \ l
.e
.(a(K*(G.H.‘l*—K*H*(H.G.'l*\)
* (u .F . ‘ )
*(U.(K*(G.H.'!*(H.G.')*H*G*-H*\). ‘ l
* \ )

. (a1t -a1* (1 .2 . ' ) *1* (2 .3 .1 . ' ) *2* (2 .3 .“ ) *3* \ )

.“ )  -
* (a .a . ‘ )
*(a11*c1v.rr.1. ‘)*r*(111.1.111.‘1*\)
*E
* \
=*R2| *R2| *R3| *R2=
((aII*(IV.II.I.‘)*(III.I.III.‘)*-aII*\)
.a
.(a(K*(G.H.‘)*H*~K*tn.e.‘)*\)
* tu . r . ‘ 1
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* (u . (K* (G .H . ‘ ) * (H .G . ' ) *H*G* \ ) . ' )
* \ )

. ( a1 * (1 .2 . ‘ ) *—a1*1* (2 .3 .1 . ' ) *2 * (2 .3 . ‘ ) *3 * \ )
‚ ‘ )

* (B .B . ‘ )  _
*(aI I* ( IV . I I . I . ' ) * I* ( I I I . I . I I I .  ) * \ )

\*E
t \  \ .  '

=*R3|*R2I*R2=
( ta l l t t l v . I I . I . ‘ )* ( I I I . I . I I I . ‘ )* \ )
.a
. (a (K*(G.H. ‘ ) *H* (H.G. ‘ ) *—K*\ )

* (U .F . ° )  _
* (U . (K* (G .H . ' l * (H .G . ' ) *H*G* \ ) .  )
* \ )

. ( a1 t t1 .2 . ' ) *1 *—a1* (2 .3 .1 . ‘ ) *2 * (2 .3 . ‘ ) *3 * \ )

. “ )
* (B .B . ‘ )
* (a I I * ( IV . I I . 1 . ‘ ) * I * ( I I I . I . I I I . ‘ ) * \ )
*E
« \
=*R3|*R2= _

( (a l l t t rv .11 .1 . ‘ )* ( I I I .1 . I I I .  ) * \ )
‚a
. ( 8 (K* (G .H . ' ) *H* (H .G . ‘ ) * \ )

* (U .F . ' r
* (u . (K* (G .H . ‘ ) * (H .G . ‘ ) *H*G* \ ) . ‘ )
* \ )

. ( a1 t t1 .2 . ° ) *1 * t2 .3 .1 . ‘ ) *—a1*2* (2 .3 . ‘ ) *3 * \ )
‚ ‘ )

* ( a .a . ‘ )
* ta I I * ( I v . I I . I . ‘ ) * I * ( I I I . I . I I I . ‘ ) * \ )
*E
* \
: ‘ IR2 :

( (a I I* (1v .11 . I . ‘ )* ( I I I .1 .111 . ‘ )* \1
‚ a
. ( 0 (K* (G .H . ' ) *H* (H .G . ' ) * \ l

* (U .F . ' )
* (U . IK* (G .H . ' ) * (H .G . ' ) *H*G* \ l . ' )
* \ )

‚ ( a1 * (1 .2 . ‘ ) *1 * (2 .3 .1 . ' ) t z t -a1 t t z .3 . ‘ ) *3 * \ )
. ‘ J  '

* (B .B . ' )  .
* ta r r t t l v . l l . r . ‘ ) * I * ( I I I . I . 111 . ‘ ) * \ )
*E
* \
: *R2=

((aII*(IV.II.I.‘)*(III.I.III.‘J*\)
. 3
. ( a (K* (G .H . ‘ ) *H* (H .G . ‘ ) * \ )

* (U .F . ' )
* (U . (K* (G .H . ' ) * (H .G . ' ) *H*G* \ ) . ' )
* \ )

. ( a1 r t1 .2 . ‘ ) *1 * (2 .3 .1 . ‘ ) *2 * t2 .3 . ‘ ) * - 31 *3 * \ )
‚ ' )

* (B .ß . ‘ )
*(aI I* ( Iv . I I . I . ‘ )* I* ( I I I . I . I I I . ‘ )* \ )



*E
* \
=*R2=  .

( (a I I* ( Iv . I I . I . ‘ )* ( I I I . I . I I I .  ) * \ )
. a
. ( a (K* (G .H . ‘ ) *H* (H .G . ‘ ) * \ )

* (U .F . ‘ )  — _
* (U . (K* (G .H . ‘ ) * (H .G . ' ) *H*G* \ ) .  )
* \ l  '

. ( a1 * (1 .2 . ‘ ) *1 * (2 .3 .1 . ' ) *2 * (2 .3 . ‘ ) *3 * -91 * \ )
‚ ‘ )  .

* (B .B . ‘ )  _
*taII*(IV.II.I.‘)*I*(III.I.III. ) * \ )
*E
* \
=*R3=  ..

( ta l l t t Iv . I I . I . ‘ )* ( I I I . I . I I I .  ) * \ )
‚ a
. ( a (K* (G .H . ‘ ) *H* (H .G . ‘ ) * \ )

* (u .F . ‘ )  _
* (u . (K* (G .H . ‘ ) * (H .G . ‘ ) *H*G* \ ) .  )
* \ l

. ( a1 * (1 .2 . ‘ ) *1 * (2 .3 .1 . ‘ ) *2 * (2 .3 . ‘ ) *3 * \ )
‚ ‘ )

* (B .B . ‘ )
*(aII*(IV.II.I.‘)*I*(III.I.III.‘)*\)
*E
* \
=*C=

((aII*t1v.II.I.‘J*tIII.I.III.‘)*\)
‚e
. ( a (K* (G .H . ' ) *H* (H .G . ' ) * \ )
* (u .F . ' )
* (U . (K* IG .H . ‘ ) * (H .G . ‘ ) *H*G* \ ) . ' )
* \ )

. ( a1 * (1 .2 . ‘ ) * ( 2 .3 .1 . ‘ ) *1 *2 * (2 .3 . ‘ ) *3 * \ )
‚"

* (a .a . ' )
* t a r r * t rv .11 . r . ‘ ) * r * t l l r . 1 .111 . ‘ ) * \ )
*E
* \
=AO|ADIADIAD=
(«311*(IV.II.I.‘)*(III.I.III.‘)*\)
‚ e
. ( a (x * (G .H . ' ) * ! (G .H . ‘ ) *H* (H .G . ‘ ) * \ l

* (U .F . ' )
* (u . (K* (G .H . ‘ ) * (H .G . ‘ ) * ! IH .G . ‘ ) *H*G* \J . ‘ )
* \ )  '

. ( a1 t t1 .2 . ‘ ) * ( 2 .3 .1 . ' ) * ! ( 2 .3 .1 . ' ) *1 *2 * (2 .3 . ‘ ) *3 * \ )

. ' )
* (n .a . ‘ )
*(aII*(IV.II.I.‘)*!(Iv.11.1.‘)*I*(III.I.III.‘)*\): 5  ‘ -
* \
=Em1|Em1lEm1lEml=

( (a I I* ( Iv . I I . I . ‘ )* t I I I . I . I I I . ‘ )* \ )
. 8
. ( 8 (K* (G .H . ‘ ) *G* ! (H . ' ) *H* (H .G . ‘ ) * \ )
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* (U .F . ° )  _ _
* tu . (K* tG .H . ‘ ) * (H .G . ‘ ) *H* ! te .  ) *H*G* \ ) .  )
* \ J  _

. ca1* (1 .2 . ‘ ) *12 .3 .1 . ‘ ) *2 * ! (3 .1 . ‘ ) *1 *2 * (2 .3 .  ) *3 * \ l

. “ )
* (B .B . ' )  _ _

* (a I I * ( I v . I I . I . ‘ ) * Jv * ! (11 .1 .  )* I* ( I I I . I . I I I .  ) * \ J
*E
* \
=Em2IEm2IEm1IEm1=

( (a I l t t Iv . I I . I . ‘ )* ( I I I . I . I I I . ‘ )* \ )
.B
. (3 (K* (G .H . ‘ ) *G*H*H* (H .G . ‘ ) * \ )

* (U .F . ' )  _ *
* (U . (K* (G .H . ' ) * (H .G . ‘ ) *H*G*H*G* \ l .  )
* \ )

. ( a1 t t1 .2 . ‘ l * ( 2 .3 .1 . ‘ 1 *2 *3 * ! (1 . ‘ ) *1 *2 * (2 .3 . ‘ ) *3 * \ )

. “ )
* (B .B .  ) _
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