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b Université Paris-Saclay, CEA, List, France 
c Saarland University, Chair of NDT and Quality Assurance (LZfPQ), Am Markt, Zeile 4, 6612, Saarbrücken, Germany   

A R T I C L E  I N F O   

Keywords: 
Ultrasonic guided waves 
Instantaneous wavenumber analysis 
Local wavenumber analysis 
Signal processing 

A B S T R A C T   

Composite-overwrapped pressure vessels (COPV) are increasingly used in the transportation industry due to their 
high strength to mass ratio. Throughout the years, various designs were developed and found their applications. 
Currently, there are five designs, which can be subdivided into two main categories - with a load-sharing metal 
liner and with a non-load-sharing plastic liner. The main damage mechanism defining the lifetime of the first 
type is fatigue of the metal liner, whereas for the second type it is fatigue of the composite overwrap. Never
theless, one damage type which may drastically reduce the lifetime of COPV is impact-induced damage. 
Therefore, this barely visible damage needs to be assessed in a non-destructive way to decide whether the 
pressure vessel can be further used or has to be put out of service. One of the possible methods is based on 
ultrasonic waves. In this contribution, both conventional ultrasonic testing (UT) by high-frequency bulk waves 
and wavenumber mapping by low frequency guided waves are used to evaluate impact damage. Wavenumber 
mapping techniques are first benchmarked on a simulated aluminium panel then applied to experimental 
measurements acquired on a delaminated aluminium-CFRP composite plate which corresponds to a structure of 
COPV with a load-sharing metal liner. The analysis of experimental data obtained from measurements of guided 
waves propagating in an aluminium-CFRP composite plate with impact-induced damage is performed. All ap
proaches show similar performance in terms of quantification of damage size and depths while being applied to 
numerical data. The approaches used on the experimental data deliver an accurate estimate of the in-plane size of 
the large delamination at the aluminium-CFRP interface but only a rough estimate of its depth. Moreover, none 
of the wavenumber mapping techniques used in the study can quantify every delamination between CFRP plies 
caused by the impact, which is the case for conventional UT. This may be solved by using higher frequencies 
(shorter wavelengths) or more advanced signal processing techniques. All in all, it can be concluded that imaging 
of complex impact damage in fibre-reinforced composites based on wavenumber mapping is not straightforward 
and stays a challenging task.   

1. Introduction 

The growing use of composite materials in aerospace, automotive 
and other applications is associated with weight reduction and improved 
structural performance [1–3]. However, the risk of barely visible impact 
damages or manufacturing damages exists which may be critical for the 
safe use of the component. There is, therefore, a need for techniques that 
can detect and characterise damage non-destructively. One of the 

promising methods is based on the propagation and analysis of ultra
sonic guided waves. The multimodal nature and dispersive behaviour of 
these waves allow for detection and characterisation of various damage 
types, however, make the analysis of signals difficult [4–10]. For easier 
interpretation of the guided wave signals and extraction of the necessary 
information about the damage, advanced signal processing techniques 
have been proposed [11–19]. One of them is the wavenumber mapping 
which consists of creating a cartography of the wavenumber of a 
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propagating mode over an inspected area. The mode is typically excited 
using a piezoceramic transducer and a wavefield is measured with a 
scanning laser Doppler vibrometer, since a dense acquisition of data is 
required for the successful analysis. This technique allows both the 
quantification of the location, in-plane size of damage, and to some 
extent its depth, i.e., corrosion in metals [16] or delamination in com
posite laminates [17,19–21]. 

Two local wavenumber techniques were proposed simultaneously by 
Flynn et al. [16] and Rogge et al. [17] allowing the size and depth of 
corrosion in metals and impact damage in composites, respectively, to 
be evaluated. Even though, both techniques are referred to as local 
wavenumber analysis, they retrieve the resulting wavenumber estimate 
in two different ways. Both techniques have similarity in how the 
wavefield is pre-processed using the three-dimensional fast Fourier 
transform (3DFFT) to separate the modes and different band-pass filters 
to remove undesirable modes leaving one mode of interest only. The 
filtered data is then transformed back to time domain utilising the in
verse 3DFFT. The difference comes from the way how the filtered data is 
treated afterwards to retrieve the local wavenumber maps. Flynn et al. 
[16] decreases the dimensionality of the data by three-dimensional 
enveloping and summing across time to retrieve spatially-distributed 
wavenumber maps. The resulting local wavenumber is estimated by 
simply taking wavenumbers with the highest magnitudes for every 
spatial point. In contrast, Rogge et al. [17] multiply the data by a spatial 
window of a defined size and estimate wavenumbers locally within this 
window at the excitation frequency. The resulting wavenumber map 
consists of the dominant wavenumbers which are retrieved through the 
weighted-sum of the windowed wavenumber spectra. Later, Mesnil et al. 
[19] developed another technique called instantaneous wavenumber 
mapping and compared it to the local wavenumber technique intro
duced by Rogge et al. [17]. The pre-processing of the wavefield was 
done in a similar way as in Refs. [16,17], so that the mode of interest was 
isolated prior to the wavenumber mapping. The mapping itself is based 
on retrieving the phase of the signals using the Hilbert transform. An 
unwrapping step in each direction is necessary to retrieve a continuous 
phase, which is then derived so that the wavenumber vector can be 
calculated. The instantaneous wavenumber (IW) is the magnitude of the 
resulting wavenumber vector at a time instant. The authors also 
simplified the wavenumber mapping by introducing the concept of a 
single frequency wavefield analysis, which allows straightforward cor
relation of wavenumbers with the effective thicknesses and thus the 
damage depth. Parallelly, Juarez et al. [20] used the excitation fre
quency only to perform the local wavenumber mapping as of Rogge et al. 
[17] showing that it can be done in a more efficient way. 

The present contribution complements the research conducted by 
Lugovtsova et al. [22], in which the impact damage in an 
aluminium-CFRP composite plate was successfully quantified using the 
IW mapping technique of [19]. Moreover, this contribution extends the 
work of [19], in which the analysis was performed for an idealized single 
delamination (a Teflon insert) to a real multi-layer delamination dam
age, introduced by a low-velocity impact. To the authors’ knowledge, 
only two works of Rogge and Leckey [17], and Juarez and Leckey [20] 
investigated a realistic multi-layer delamination using wavenumber 
mapping. In their investigations the analysis was done using only the 
local wavenumber analysis based on multiple excitation frequencies. 
Therefore, in the current paper, a comparative analysis of the instanta
neous and local wavenumber techniques is performed. It is first con
ducted on simulated data, followed by the evaluation based on 
experimental data. The local wavenumber mapping is performed using 
two types of windows on a numerical example of a damaged aluminium 
plate computed using CIVA [23,24]. The results are compared to the IW 
mapping technique and discussed based on their accuracy and compu
tational performance. Then, the wavenumber mapping is applied to a 
delaminated aluminium-CFRP composite plate which corresponds to the 
structure of composite-overwrapped pressure vessels used for storing 
gases in aerospace and automotive industries. The analysis of 

experimental data obtained from the measurements of guided waves 
propagating in the composite plate with impact-induced damage is 
performed. Two cases are considered – one for the measurements per
formed on the Al-side and one from the CFRP-side of the composite 
plate. The output of the imaging is a three-dimensional representation of 
the delamination induced by the impact. The damage map obtained 
from the guided wave-based analysis is compared with the results from 
conventional ultrasonic testing. 

This paper is organised as follows. In Section 2, the detailed 
description of the wavenumber techniques is given along with their 
application to a numerical data being the wavefield of the damaged 
aluminium plate. The workflows for data pre-processing and quantifi
cation of damage size and depth are introduced. In Section 3, the 
experimental set-up is described, followed by wavenumber mapping and 
damage quantification in the aluminium-CFRP composite plate. The 
results are then compared to the ones from the conventional ultrasonic 
testing. Section 4 summarises the findings followed by conclusions 
presented in Section 5. 

2. Wavenumber mapping 

The wavefield is first pre-processed so that only one mode at one 
frequency is left prior to wavenumber mapping. The instantaneous and 
local wavenumber techniques are then demonstrated and compared. 
The analysis by the local wavenumber technique is done using two types 
of windows, namely point- and line-wise moving windows. The wave
field used has been obtained from numerical modelling of guided wave 
propagation in a damaged aluminium plate. 

2.1. Numerical modelling 

A damage such as a delamination, impact or corrosion damage leads 
to a change in the wavenumber of a mode due to a thickness change. To 
demonstrate wavenumber mapping techniques the guided wave prop
agation was modelled in a 2 mm aluminium plate using the SHM module 
of the CIVA software, relying on a spectral finite element method for 
efficient simulations of the guided wave propagation [23,24]. The 
software relies on finite elements of order up to five to limit computa
tional time. More details on the numerical modelling, such as time 
stepping and mesh size can be found in Ref. [25]. An overview of the 
numerical configuration is shown in Fig. 1. A “delamination” of 

Fig. 1. Overview of the numerical model (not to scale).  

Y. Lugovtsova et al.                                                                                                                                                                                                                             



NDT and E International 122 (2021) 102472

3

dimension 20 × 20 mm2 at the depth of 1 mm was modelled as a 
disconnection of the finite element nodes. This defect represents for 
example a lack of fusion in a stack of the aluminium sandwich, which 
could be observed in gluing operations. The material properties shown 
in Table 1 were used for modelling. The plate was excited by a 
three-cycle Hann-windowed burst at the centre frequency of 150 kHz 
applied as an axisymmetric ring-shaped excitation with the outer and 
inner diameter being 20 and 19 mm respectively, thus resulting in an 
effective width of 1 mm (see the blue ring in Fig. 1 marking the exci
tation area). This frequency is far below the cut-off frequencies of the 
higher-order modes, so that only S0 and A0 modes can propagate in the 
plate. A screenshot at 117.36 μs of the guided waves propagating in the 
plate and interacting with the damage is shown in Fig. 2a. At this time 
instant the S0 mode as a faster mode has already travelled to the right 
edge of the plate, reflected from it and travelled back to the damaged 
area again. The A0 mode as the slower mode almost passed the damaged 
area and its interaction with the damage is visible in the figure. Only the 
out-of-plane component is shown in Fig. 2a which is why the amplitude 
of the A0 mode is much larger than of the S0 mode. 

2.2. Pre-processing of data 

In order to estimate the defect depth through the wavenumber 
analysis, it is necessary to define a bijection between wavenumber and 
defect depth. For this purpose the Effective Thickness (ET) is defined, 
which is equal to the through-thickness distance between the inspected 
surface and the closest defect. Note that for pristine regions, the ET is 
locally equal to the thickness of the plate, while for delaminated or 
corroded areas, it highlights the depth of the delamination or the re
sidual thickness of the plate, respectively. Due to a finite bandwidth of 
the excitation signal and the dispersive nature of guided waves, wave
numbers vary continuously with the frequency in the wavefield, hence 
this complicates quantitative depth analysis. Thus, it is advantageous 
not only to work with one mode but also with one frequency at which 
the mode is sensitive to the thickness changes. For this it is beneficial to 
analyse the dispersion curves for the given structure in advance. One 
example of the dispersion relation for the S0 and A0 modes at the 
excitation frequency of 150 kHz in the aluminium plate as a function of 
the ET is shown in Fig. 3. The relation was calculated in the Scaled 
Boundary Finite Element Method (SBFEM) [26] up to 8 mm thickness. It 
is apparent that the A0 mode is very sensitive to the thickness variation 
between 0.1 and 4 mm at this frequency. A smaller thickness leads to a 
higher wavenumber, and vice versa. From the thickness of 4 mm the 
difference between two respective wavenumbers in relation to the ET 
becomes smaller, so that it may be harder to estimate the actual thick
ness in this range. The wavenumber of the S0 mode stays almost con
stant with the thickness change, so that the S0 mode cannot be used for 
the estimation of ET. 

To obtain one mode at a single frequency, additional signal pro
cessing [11] is necessary prior to wavenumber mapping which is sum
marised in the following and in Fig. 4. The 3DFFT is applied to the 
wavefield data, which allows to separate wavenumbers of propagating 
modes for each frequency by filtering in the wavenumber-frequency 
space. Having this data, the frequency of interest can be selected for 
further analysis, for instance the excitation frequency of 150 kHz in this 
case. Then, only the mode which is the most sensitive to the thickness 
variation is left by filtering other modes in wavenumber domain. The 

Table 1 
Material properties of aluminium, where E is Young’s modulus, ν Poisson’s 
ratio and ρ density.  

Property Value Unit 

E 70 GPa 
ν 0.33 – 
ρ 2770 kg m− 3  

Fig. 2. (a) A screenshot of surface view at 117.36 μs of guided waves propa
gating and interacting with damage in a 2 mm aluminium plate modelled using 
the spectral element method and (b) a single frequency wavefield obtained 
using a pre-processing workflow shown in Fig. 4. The delamination is denoted 
by the white rectangle. 

Fig. 3. Dispersion relation for the S0 and A0 modes at 150 kHz in the 
aluminium plate as a function of the Effective Thickness. 
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filter is applied as a radial filter mask as it is shown in Fig. 4, where the 
yellow area is equal to 1 and dark blue area to 0. The edges are smoothed 
using a median filter to decrease artefacts. In the last step, the resulting 
frequency slice is transformed using the inverse 2DFFT to retrieve a 
single frequency wavefield, which is shown in Fig. 2b. The wavefield 
covers the entire region as if the plate was excited continuously. The 
length of the time signal prior to filtering is chosen so that there are no 
reflections from the plate edges which would disturb the wavefield and 
subsequently the wavenumber map, when calculated using the IW 
approach if no further filtering is applied. Note that the frequency se
lection could be done for every frequency contained within the excited 
bandwidth and in this work was limited to the centre excitation fre
quency to maximise signal-to-noise ratio (SNR). 

All wavenumber mapping techniques described below were applied 
on the retrieved one-mode-one-frequency wavefield shown in Fig. 2b. 

2.3. Instantaneous wavenumber 

Mesnil et al. [19] differentiate between the Instantaneous Wave
number (IW) and the Frequency Domain Instantaneous Wavenumber 
(FDIW). While the IW estimates the wavenumber from a wavefield at a 
single time instant, the FDIW measures it from a single frequency 
wavefield. The main difference lies in the reduction of data using a 
similar pre-processing procedure as shown in Fig. 4. The core mathe
matical operations to calculate the wavenumbers out of displacement 
(or particle velocity) are the same for both the IW and the FDIW tech
niques [27]. The short description of relevant steps is presented below, 
for more details the reader is referred to Ref. [27]. For the sake of 
brevity, the name Instantaneous Wavenumber (IW) will be used all 
along the paper and later compared to the Local Wavenumber (LW) 
mapping, which is a different approach for the wavenumber estimation. 

To calculate the IW the analytical signal g(x, y) of the wavefield w(x, 
y) has to be calculated first. This is done by applying the Hilbert trans
form H to the wavefield data. 

g(x, y) = w(x, y) + iH(w(x, y)) = A(x, y)eiθ(x,y) (1) 

The output of the transform are the amplitude A(x, y) and the phase 
θ(x, y) of the wavefield. The next step is to take the first order derivatives 
of θ(x, y) along both spatial dimensions separately: 

kx(x, y) =
∂θ(x, y)

∂x

ky(x, y) =
∂θ(x, y)

∂y

(2) 

The IW is calculated by the magnitude of kx(x, y) and ky(x, y): 

IW(x, y) =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

kx(x, y)2
+ ky(x, y)2

√

(3) 

Note that the time component is neglected here since the analysis is 
performed using the pre-processed data leaving one-mode-one- 
frequency wavefield. In the last step, the wavenumber map is filtered 
using a median filter to reduce the influence of the measurement noise 
and artefacts (high nonphysical wavenumbers at the phase 

discontinuities) prior to the calculation of the ET map. The size of the 
median filter used is 13 × 13 for both numerical and experimental cases. 

2.4. Local wavenumber 

The procedure for the LW mapping described here is similar to the 
mapping procedure, which was first described by Rogge et al. [17] and 
later used by Mesnil et al. [19] and Juarez et al. [20]. The basic idea of 
the approach is to multiply the wavefield data with a windowed function 
to be able to estimate the dominant wavenumber in a smaller region of 
the wavefield. In this paper, two types of windows are implemented, 
namely point- and line-wise moving windows. The sketch of the win
dows and their moving principles are shown in Fig. 5. The estimated 
wavenumber is assigned to the middle of the current region and the 
window is moved to the next region, etc. (this procedure is analogous to 
a short time FFT). The evaluation region and the assignment point for 
the point-wise moving window (pw) are shown in light and dark red 
colour in Fig. 5 (left), respectively. For the line-wise moving window 
(lw) shown in Fig. 5 (right), the evaluation region is at the overlap of 
both red and blue colours, whereas the resulting wavenumbers are 
assigned to the pixels shown with the dark red and blue colours for both 
spatial directions, respectively. Within the window, the spatially 
distributed displacements (particle velocities) are transformed using the 
2DFFT for the point-wise window and 1DFFT for the line-wise window 
into the wavenumber domain so that the wavenumber with the highest 
amplitude can be estimated. The wavenumber with the highest ampli
tude is chosen in each window for the midpoint or midline, respectively. 
An important factor in the resolution of the techniques is the spatial 
window size. A trade of between spatial and wavenumber resolution has 
to be found: too large window results in the reduced spatial resolution, 
whereas too small window leads to poor wavenumber resolution [17, 
20]. In this contribution the window size of twice the wavelength of the 
dominant mode was observed to provide adequate wavenumber reso
lution as in the work of Rogge and Leckey [17], and Juarez and Leckey 
[20]. In general, this is a good starting point, when damage is not known 
a priori and thus the mode wavelengths in the damage region cannot be 
predicted. Also, as it is done in the case of the IW, the LW map is filtered 
using the same median filter to reduce the influence of the measurement 
noise prior to the calculation of the ET maps. 

2.5. Comparison of the techniques 

Fig. 6 presents the wavenumber estimation results using the IW and 
LW with the point- and line-wise moving windows. The wavenumber 
maps clearly indicate the damage at its real position corresponding to its 
actual size very closely (highlighted with a white square). What happens 
is that the A0 mode propagating in the pristine region of the plate en
counters the delaminated region where it splits into two independent 
modes, because the delaminated region is represented by two indepen
dent 1 mm plates. The dispersion relation shown in Fig. 3 is used to 
analyse the correctness of the estimated wavenumbers and later to 
convert them into the ET map. The A0 mode has the wavenumbers of 
809 and 610 rad m− 1 at the chosen frequency for the 1 and 2 mm plates, 

Fig. 4. Diagram showing the workflow for the pre-processing of wavefield data prior to wavenumber mapping.  
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respectively. Thus, in the delaminated region the wavenumber of 809 
rad m− 1 is expected, whereas the pristine region should have the 
wavenumber of 610 rad m− 1. These wavenumbers are clearly identifi
able in Fig. 6. Since the evaluation is performed at the plate’s surface, 
only the upper 1 mm plate is visible on the wavenumber maps, and 
potential defects underneath are not observable with these techniques. 

Using the dispersion relation of the A0 mode as a function of the ET 
shown in Fig. 3, the wavenumber map is converted into the ET map 
shown in Fig. 7. The defect depth with respect to the scanning surface of 
the plate is thus recovered. All three post-processing techniques closely 
indicate the actual size and depth of the delamination even though in the 
wave propagation direction the size is slightly over-estimated. The 
quantitative comparison of three wavenumber mapping approaches is 
presented in Fig. 8. Both LW approaches underestimate the damage 
depth resulting in 1.07 mm instead of 1 mm when compared to the IW 
and reference. This is due to the window size chosen for the LW mapping 
being twice the size of the wavelength expected in the pristine plate, 
which is bigger than that of the damaged area. Thus, wavenumbers at 
the damage area are smoothed more and the damage position across the 
thickness is estimated closer to the surface as it is. Moreover, none of the 
methods deliver uniform estimation of thicknesses, being it of the pris
tine plate or damaged area. In the edge regions of damage, the thickness 
estimation monotonously decreases from the thickness of the pristine 
plate to the thickness at which the damage is present resulting in 
overestimated in-plane size of damage. These results show the limitation 
in terms of the depth estimate of the techniques as it requires a large 
defect compared to the inspecting wavelength to be as small as possible 
for the transition regions (at the edge of the defect) to be captured 
precisely. Note the presence of the diagonal lines in the shadowed region 
behind the defect present for all three imaging techniques in Fig. 6, 
which are due to a phase discontinuity induced by the defect [27]. This 
artefact is very pronounced in the case of the IW and LW with a line-wise 
moving window, whereas the LW with a point-wise moving window is 
less susceptible to it. Finally, an almost vertical artefact is visible on the 
extreme right side of each map, which is due to the end of the modelling 
time before the A0 mode reaches the end of the inspected area as can be 
seen in Fig. 2b, hence the wavenumber values reach a discontinuity in 
this area. 

The calculations were done in MATLAB for a 512 × 512 x 2048 
wavefield data set on a 64-bit Windows 10 PC with 16 GB RAM. In terms 
of computational performance, the IW took 0.1 s to compute, whereas 
the LW with the point- and line-wise moving windows took 856 and 3 s, 
respectively. The high computational cost in the case of LW with the 
point-wise moving window is due to the zero padding inside the window 
(up to 512 points in both spatial directions). 

3. Experimental results 

In this section, the experimental set-up for conventional ultrasonic 
testing (UT) in immersion and wavefield measurements are described. 
The sample used is the aluminium-CFRP composite plate with the lay-up 
shown in Fig. 9 which was impacted at three locations from the CFRP- 
side. The impact damage in the plate is quantified using both UT and 
wavenumber mapping, followed by the comparison of the techniques. 

3.1. Set-up 

The sample for the experiments is a 480 × 480 × 6 mm3 aluminium- 
CFRP composite plate, as can be seen in Fig. 9, build using resin transfer 
moulding process. The aluminium plate is 2 mm-thick and the CFRP 
plate of layup [0/90]3 is 4 mm in thickness. A drop weight impact tester 
(IM10, IMATEK) was used to impact the plate from the CFRP-side at 
three different locations with the impact energies of 5, 10 and 30 J. The 
plate was impacted in its middle with the highest impact energy of 30 J 
which led to a plate deformation of a few millimetre at the aluminium 
side, but without perforation of the plate. Two smaller impacts were 
performed left and right from the centre of the 30 J impact laying on the 
diagonal 70 mm away. 

3.1.1. Immersion testing 
The scan was performed from the CFRP side using a focused 10 MHz 

PZT transducer (IAP10.20100E, Krautkrämer) with the focus at 100 mm, 
focal point of approx. 0.75 mm and diameter of 20 mm. The focusing 
was done at the specimen’s surface. The sampling frequency was set to 
100 MHz. The scan was centred on the middle of the sample and per
formed over an area of 240 × 240 mm2 using a 1.2 mm step and 9 dB 
amplification. 

3.1.2. Wavefield measurements 
For the wavefield measurements, a 500 kHz broadband PZT trans

ducer (Panametrics V101-RB Contact transducer, OLYMPUS) was glued 
150 mm from the location of the main impact on the Al-side of the 
specimen. The excitation signal was a three-cycle burst at a centre 
excitation frequency of 100 kHz generated using a function generator 
(TG5011, AIM-TTI Instruments) and then amplified by a high-voltage 
amplifier (HVA-400-A, Ciprian) to 150 V before driving the trans
ducer. The choice of excitation frequencies is motivated in subsection 
3.3. The wavefield was recorded using a 3D scanning laser-Doppler 
vibrometer (PSV-500-3D-HV, Polytec). The experimental set-up for 
wavefield measurements is shown in Fig. 10. The scan areas were 
covered with a reflective spray to ensure the diffuse reflection. The 

Fig. 5. Sketch representing two ways for the LW 
estimation, namely using the point- and line-wise 
moving windows. The evaluation region and the 
assignment point for the point-wise moving win
dow (pw) are shown in light and dark red colour 
(left), respectively. For the line-wise moving win
dow (lw) shown (right), the evaluation region is at 
the overlap of both red and blue colours, whereas 
the resulting wavenumbers are assigned to the 
pixels shown with the dark red and blue colours for 
both spatial directions, respectively. (For interpre
tation of the references to colour in this figure 
legend, the reader is referred to the Web version of 
this article.)   
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sampling frequency of 3.125 MHz was used. The length of the recorded 
signals was 1.6 ms (5000 points). The scan area was approx. 220 × 220 
mm2 centred on the middle of the sample. The smallest possible scan 
grid resolution (in both spatial dimensions) for the measurements from 
the Al-side and CFRP-side were 0.8 and 0.81 mm, respectively. Since a 
3D laser-Doppler vibrometer (3D LDV) is used, the scans on the Al-side 
and CFRP-side were aligned separately, thus they cannot be considered 

Fig. 6. Comparison of wavenumber estimation results using three wavenumber 
approaches. The delamination is denoted by the white rectangle. 

Fig. 7. Comparison of Effective Thickness estimation results based on three 
wavenumber approaches. The delamination is denoted by the white rectangle. 
Solid red, dashed blue and dashed-dotted green lines mark the position of cross- 
sectional cut which is presented in Fig. 8. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the Web version of 
this article.) 
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identical. The smallest possible grid resolution is defined automatically 
by the system depending on the distance between the 3D LDV and the 
sample. Thus, one could achieve higher spatial resolution by bringing 
the sample closer to the 3D LDV, however, then it would not be possible 
to scan the area of the desired size. Only the out-of-plane velocity 

components were used for the wavenumber mapping. 

3.2. Immersion testing analysis 

The result from the immersion testing is shown in Fig. 11. This figure 
demonstrates the time of flight (ToF) in the aluminium-CFRP plate 
estimated with respect to the first wall echo (water/CFRP interface). 
Only two out of 3 impacts resulted in the visible damage in the CFRP 
layer as it can be seen in Fig. 11 (top) in the left-upper and right-bottom 
corners within the white dashed rectangle for 30 and 10 J, respectively. 
The biggest delamination is present at interface ’6’ and it seems that the 
damage due to the biggest impact of 30 J extends over the two other 
impacts of 5 and 10 J. The damage extent is 192 and 184.4 mm in the x- 
and y-directions, respectively. A typical pattern of delaminations be
tween the CFRP plies can be observed in the case of the biggest impact of 
30 J, see the left-upper corner of the enlarged view at the bottom in 
Fig. 11 [28]. The delaminations grow through the thickness of the plate 
and are visible at interfaces ’1’ through ’2’, as well as ’5’. Only the 
delamination at interface ‘4’ seems not to extend over delaminations 
from the previous interfaces and only tiny areas of it are visible. The 
total size of the impact damage of 30 J when considering the CFRP plies 
only is 54.4 and 32.8 mm in the x- and y-directions, respectively. The 
impact damage shape can be approximated as an ellipse according to 

Fig. 8. Comparison of cross-sectional cuts of three wavenumber approaches 
from Fig. 7 to the reference. 

Fig. 9. A sketch of the aluminium-CFRP composite plate used in the experi
mental investigations. 

Fig. 10. Experimental set-up used for wavefield measurements.  

Fig. 11. A time-of-flight image (top) and its enlarged view (bottom) of the 
aluminium-CFRP plate obtained using immersion testing. The white dashed 
rectangle marks the area used for the enlarged view. Black dotted line marks the 
position of the cross-sectional cut which is presented in Fig. 17. Black solid lines 
mark contour of impact damage. Numbers show the interfaces at which 
delamination is present across the sample thickness as can be seen in Fig. 12. 
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Ref. [29] and thus the resulting area can be estimated and is equal to 
approx. 1400 mm2. As for the damage cause by the 10 J impact, which 
can be seen in the right-bottom corner of the enlarged view at the bot
tom in Fig. 11, it is not possible to clearly identify the borders of 
interface delaminations due to its small size and the scan resolution 
used. The overall extent of this damage is 14.3 and 14.9 mm in the x- and 
y-directions, respectively, resulting in the area of approx. 167 mm2. 

3.3. Wavefield analysis 

This subsection presents the wavefield analysis of the impact damage 
in the aluminium-CFRP composite plate. At first, the choice of excitation 
frequencies is motivated. Then, energy maps of the measured wavefields 
are presented and discussed. Next, wavenumber mapping approaches 
are compared to each other and to the reference measurement shown in 
subsection 3.2. Note that the same pre-processing of the data as 
described in subsection 2.2 and shown in Fig. 4 is applied prior to 
wavenumber mapping. Moreover, all wavenumber maps are filtered 
using the same median filter to reduce the influence of the measurement 
noise prior to the calculation of the ET maps. 

3.3.1. Choice of excitation frequencies 
To be able to select a centre excitation frequency wisely, dispersion 

curves for a given structure have to be calculated and analysed in 
advance. For this, elastic constants, density, plate layup and thickness 
have to be known. With the dispersion curves, one can find a trade-off 
between mode sensitivity to thickness changes and required spatial 
resolution. Typically, higher frequencies result in higher sensitivity to 
the thickness change, but they require smaller grid sizes to be able to 
resolve the smallest expected wavelength (highest wavenumber). Ac
cording to Refs. [17,20,30] approximately ten spatial steps per wave
length are necessary to be able to resolve desired wavelength. Moreover, 
because of the asymmetry of the composite specimen used in this study 
two models have to be considered – one from the Al-side and one from 
the CFRP-side. Thus, two sets of dispersion curves are calculated to 
obtain the relationship between the ET and the wavenumber at the 
desired frequency. Using these relationships, a wavenumber map can be 
converted to an ET map, which will indicate the delamination depth 
present in the sample. In the pristine region the ET is equal to the total 
thickness of the aluminium-CFRP composite plate. In the delaminated 
region the value of the ET corresponds to the depth at which the 
delamination is present and is smaller than the total thickness of the 
hybrid composite plate. Since a delamination may only appear 
in-between plies, the ET values are discretised to match the number of 
interfaces. Fig. 12 shows the schematic of the wavenumber (wavelength) 
dependence on the thickness of the plate allowing for estimation of the 
delamination depth. Thus, seven ETs are considered – six for each 
interface plus one for the pristine plate. The interfaces are marked with 
respect to the CFRP-side. The calculations in the SBFEM were performed 

for seven composite plates made of a single CFRP ply, two CFRP plies, 
etc. up to the total thickness of the aluminium-CFRP composite plate. 
Material parameters listed in Tables 1 and 2 were used for the 
calculations. 

Since the composite plate is not symmetric with respect to the middle 
plane the modes cannot be separated into antisymmetric and symmetric 
and only resemble S0 and A0 modes. Therefore, these modes are called 
the S0- and A0-like modes in the following. Fig. 13 presents the 
dispersion relation as a function of the ET for the A0-and S0-like modes 
considered with respect to the CFRP-side. Three frequencies are shown 
here, namely 100, 150 and 200 kHz. The calculated relations are non- 
monotonous meaning that the ET cannot be estimated uniquely for the 
case presented here. It is remarkable from Fig. 13 that the wavenumber 
increases when a 90◦ CFRP-layer is added to the composite plate 
(wavenumbers markered with arrows), while an addition of a 0◦ layer 
and aluminium plate leads to a wavenumber decrease. This behaviour 
appears for all presented as well as other frequencies and modes (not 
shown here) which allows to conclude that this non-monotonous rela
tion comes from the plate’s layup and its anisotropy. The difference in 
material properties and therefore in the behaviour of guided waves for 
0◦ and 90◦ layers is so big in the case of CFRP that it leads to the non- 
monotonous relation between wavenumber and thickness shown in 
Fig. 13. Similar behaviour for CFRP was observed by Juarez and Leckey 
[20], which was not the case for the glass-fibre reinforced plastic com
posite studied by Mesnil et al. [19]. It can be observed from Fig. 13 that 
the A0-like mode is sensitive to thickness variation for all three fre
quencies. With the frequency increase, the wavenumbers considered 
with respect to the same thickness increase too. Moreover, the difference 
between the wavenumbers for one CFRP ply and aluminium-CFRP plate 
increases with the frequency, e.g. the wavenumber difference for 100, 
150 and 200 kHz are 300, 374 and 423 rad m− 1, respectively. These 
differences were calculated based on the fitted values shown with the 
dashed lines in Fig. 13. To eliminate the ambiguity in the 
wavenumber-thickness relation, a quadratic interpolation of the wave
numbers was used. It would be very advantageous to use the frequency 
of 200 kHz, since it has the biggest variation of the wavenumbers with 
frequency, however, it would require a spatial resolution of approx. 0.6 
mm, which is not possible with the current set-up. As for the frequencies 
of 100 and 150 kHz, the maximum expected wavenumbers are 700 and 
970 rad m− 1, respectively. Thus, the spatial step of 0.81 mm from the 
measurement set-up results in 11 and 8 points per wavelength, respec
tively. Therefore, frequency of 100 kHz is chosen to fulfill the require
ment of ten spatial steps per wavelength [17,20,30]. Moreover, for this 
complex experimental case, it is assumed that the ET-wavenumber 
relationship is monotonous, while for simpler composite with a bijec
tive ET-wavenumber relationship, a discretised set of ET values corre
sponding to the plate layup could be used. 

Regarding the dispersion relation considered with respect to the Al- 
side, the behaviour is the same as for the CFRP-side - an increase or 
decrease in wavenumbers can be observed when adding a 0◦ or 90◦

layer, respectively. The results are not shown here for brevity. However, 
the result from the conventional UT shown in Fig. 11 demonstrates that 
the biggest delamination is at the aluminium-CFRP interface (interface 
‘6’ in Figs. 11 and 12). It is expected that this delamination will hide all 
other smaller delaminations between the CFRP layers when measured 

Fig. 12. Schematic showing dependence of damage depth (effective thickness) 
on the wavelength of guided waves. Interfaces are numbered from 1 to 6 with 
respect to the CFRP-side. 

Table 2 
Material properties of a single transverse isotropic ply, where Cij are elastic 
constants and ρ is density (the direction 1 is along the fibres).  

Property Value Unit 

C11 98.914 GPa 
C12 5.8036 GPa 
C22 3.5143 GPa 
C23 2.5767 GPa 
C55 3.5887 GPa 
ρ 1446 kg m− 3  
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from the Al-side due to the shadowing effect. Thus, the model can be 
simplified by considering only two ET and two respective wavenumbers 
for one frequency. The biggest difference of 50 rad m− 1 between two 
wavenumbers is found to be for 100 kHz. For the other two frequencies 
of 150 and 200 kHz, the differences in wavenumbers are smaller and 
equal to 15 and 39 rad m− 1, respectively. Therefore, 100 kHz is used in 
the experiments as the centre excitation frequency. The expected 
wavenumbers are 432 rad m− 1 for the 6 mm pristine aluminium-CRRP 
composite plate and 482 rad m− 1 for the 2 mm aluminium plate, both 
of which can be resolved with the spatial step of 0.8 mm defined by the 
measurement set-up. 

3.3.2. Energy maps 
Energy maps of the measured wavefields were calculated by taking 

the weighted root mean square (WRMS) value of the time signals at each 
spatial point as it is done in Ref. [31]: 

WRMS(x, y) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
N

∑N

n=1
w(x, y, tn)

2⋅nq

√
√
√
√ , (4)  

where w is the wavefield and q is a positive weighting factor. This factor 
is automatically calculated by the approach of [31]. The weighting 
function nq in the WRMS compensates the attenuation. The signal is cut 
to the part with a relevant amplitude because the weighting function is 
rapidly increasing for a longer signal. Alternatively, a geometric 
weighting could be applied [32] which require the exact transducer 
position. The resulting WRMS-maps for two measurements - on the 
Al-side and CFRP-side - are presented in Fig. 14 for the centre excitation 
frequency of 100 kHz. The biggest delamination at interface ’6’ becomes 
visible in both measurements (confer Figs. 14–11). Additionally, the 
damaged area at the site of the biggest impact becomes visible in the 
middle of the scanned area for the measurement performed on the 
CFRP-side, see red colour approx. in the middle of the scan having 
WRMS values around 0.35 mm s− 1 in Fig. 14b. This high amplitude 
when compared to the rest of the damaged area (at interface ’6’) is due 
to the mode trapping between delamination boundaries. The smaller 
impact damage visible in the reference measurement (Fig. 11) is not 
observed in the WRMS maps (Fig. 14). It is very interesting to observe 
that the WRMS values increase at the delamination at interface ’6’ 
compared to the pristine plate, as it can be seen in Figs. 14b and a for the 

Fig. 13. Dispersion relations of the A0-and S0-like modes at different fre
quencies as a function of the Effective Thickness. The relations are calculated 
with respect to the CFRP-side. The arrows mark the wavenumbers resulting 
from the addition of a 90◦ CFRP-layer. 

Fig. 14. WRMS-maps for the measurement on the (a) Al-side and (b) CFRP-side 
at the centre excitation frequency of 100 kHz. 
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measurement on the CFRP- and Al-sides, respectively. This is possibly 
due to the amplitude of A0 mode being higher in this frequency range in 
the pure aluminium plate and the CFRP stack when compared to the 
amplitude of A0-like mode propagating in the pristine aluminium-CFRP 
plate. The SNR were calculated for both measurements and are equal 22 
dB (Al-side) and 18 dB (CFRP-side). The difference between the SNR is a 
factor of 1.8. 

3.3.3. Wavenumber mapping from the CFRP side 
Fig. 15a shows interaction of the S0- and A0-like modes with the 

impact damage measured at the CFRP side at 366.4 μs. The S0-like mode 
is faster, has bigger wavelength and lower amplitude than the A0-like 
mode. At this instant of time the S0-like mode is all over the scanned 
region, whereas the A0-like mode just arrives at the left edge of the 
delaminated region. Moreover, the propagation of the S0-like mode over 
the delamination leads to a mode conversion to the A0-like mode. The 
converted mode scatters in all directions and highlights the delamina
tion contour. Note that the mode and frequency filtering described 
previously will incorporate the mode contribution from both the inci
dent and converted (from S0-like mode) A0-like mode, as the wave
number within the delamination should be equal for both phenomena. 

The pre-processing of the data was done in the same way as for the 
aluminium plate (see Fig. 4) such that the one-mode-one-frequency 
wavefield can be obtained. The only difference is that wavenumbers 

for the A0-like mode were taken for every direction (360◦) to capture the 
scattering at the delamination which as well happens in every direction. 
Time signals were cut in the beginning and at the end (where only noise 
is present), but without reducing the time resolution, to be able to 
calculate the 3D FFT in MATLAB for a 512 × 512 x 4096 wavefield data 
set. The calculations were done on a 64-bit Windows 10 PC with 32 GB 
RAM. The resulting wavefield is shown in Fig. 15b to which the wave
number mapping algorithms are then applied. The wavenumber maps 
are presented in Fig. 16. While the impact damage is not observable in 
the single frequency wavefield in Fig. 15b, every wavenumber map 
presented in Fig. 16 highlights the size and shape of the damage. The 
most uniform damage indication is delivered by LW approach with the 
point-wise window (Fig. 16b), because it is insensitive to the directional 
information of scattered waves. The estimated wavenumbers of the 
pristine region are between 380 and 419 rad m− 1. In the case of the 
delaminated region (at interface ’6’) the wavenumbers are spread be
tween 470 and 559 rad m− 1. In the middle of the scanned area the 
highest wavenumber of 676 rad m− 1 is observed. The fitted dispersion 
relation shown with the dashed-line in Fig. 13a is applied to the wave
number maps to retrieve the ET maps presented in Fig. 18. The shape of 
the damage obtained using the guided wave-based wavenumber analysis 
deviates from the ones using the conventional UT and WRMS-mapping, 
to be seen in Figs. 18, 11 and 14b, respectively. The ET maps using the 
three different approaches estimate correctly the total thickness of the 
plate in most of the pristine region, as to be seen in yellow colour for the 
thickness of 6 mm in Fig. 18. For the whole delaminated region, blue, 
green and orange colours are present, corresponding to the thickness 
values around 2, 4 and 4.5 mm, respectively. The largest delaminated 
region is at the aluminium-CFRP interface (marked ‘6’ in Fig. 11), thus 
the expected value for the ET should be 4 mm which correlates with the 
estimate obtained from the ET maps (see green colour in Fig. 18). Also, 
the ET maps indicate delamination damage in the middle which lie 
closer to the surface of the CFRP for the ET values between 1.1 and 2.94 
mm, see blue and light blue colours in Fig. 18, respectively. However, no 
clear indication of multiple delaminations (due to the biggest impact) 
and their shape can be observed, as it can be done for the measurements 
using conventional UT. Moreover, there is no indication of other impact 
damage, which is expected in the right-bottom area (Fig. 18). Note or
ange colour visible in the damaged region, corresponding to the ET of 
approx. 4.5 mm, which is impossible in this case because the aluminum 
plate has no damage in it. This comes from the continuous wavenumber- 
ET relation considered in this work, the wavenumber between 490 and 
430 rad m− 1 get assigned to the thickness values between 4 and 6 mm 
(see Fig. 13a). 

To analyse the wavenumber results more quantitatively, a cross 
section view has been added in Fig. 17 and shows the overlap of the 
three wavenumbers techniques with the pulse-echo time of flight 
measured by conventional UT. Note that the alignment has been made 
by hand as the immersion testing and wavefield measurement do not 
have the same coordinate system. Furthermore, the y-scale of wave
number and time of flight are not directly comparable. Indeed, if the 
time of flight variation is linear with the depth of the defect, this is not 
the case of the wavenumber values (as shown in Fig. 13). Nevertheless, 
all three wavenumber techniques succeed to detect at the appropriate 
location the shallower defect, i.e. shortest time of flight (called defect 
peak in the following), with sensibly similar extreme values. If the x- 
extent of this damage peak seems better described by the IW, this result 
might not be generalisable. On the left hand side, i.e. between the wave 
excitation and the defect peak, the wavenumber estimate is very con
stant spatially and equal for three techniques. This is not the case on the 
right hand side of the defect, where the IW and LW lw results oscillate 
while the LW pw seems to overestimate the wavenumber but is rela
tively constant. The difference between right and left sides with respect 
to the damage peak can be either attributed to the scattered waves from 
the damage peak (i.e. a shadowing effect) or to the lower amplitude of 
the wave due to attenuation. Moreover, the fact that the wavenumbers 

Fig. 15. Interaction of the excited modes with the impact damage measured 
from the CFRP side. (a) Original snapshot of the wavefield at 366.4 μs and (b) 
the 100 kHz frequency A0-like-only wavefield obtained using a pre-processing 
workflow shown in Fig. 4. 
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are equal but slightly over the expected 432 rad m− 1 value on the left 
side of the defect peak might indicate the shortcoming of the model 
described in Fig. 12 with respect to effective ply thickness and material 
properties. 

In terms of computational performance, the IW took 0.1 s to 
compute, whereas the LW with the point- and line-wise moving windows 
took 676 and 2.1 s, respectively. The high computational cost in the case 
of LW with the point-wise moving window is due to the zero padding 
inside the window (up to 512 points in both spatial directions). 

3.3.4. Wavenumber mapping from the aluminium side 
Fig. 19 shows the ET maps calculated for the measurement per

formed on the Al-side, while the wavenumber maps are not presented 
here for the sake of brevity. It is not possible to clearly identify the shape 
of the damage from the ET maps as in the case of the analysis performed 
from the CFRP side (confer Figs. 19 and 18). The ET maps for the 
measurement performed on the Al-side are distorted showing that 
aluminium is delaminated from the CFRP in different regions of the area 
scanned, see blue colour in Fig. 19. The poor result with respect to the 
aluminium side probably comes from the measurement noise and the 
close relation (the difference of 50 rad m− 1) between wavenumbers for 
the pristine composite and aluminium plate. Note that in the case of the 
LW with the point-wise moving window shown in Fig. 19b a similar 
damage pattern appears as for the ET maps estimated from the CFRP- 
side in Fig. 18, however, which is much harder to recognise without 
knowing the shape in advance. 

Finally, the LW with the point-wise moving window took 756.3 s to 
compute, while the IW and LW with the line-wise moving window 
required 0.1 and 2.3 s, respectively. 

4. Summary 

In this contribution, the instantaneous and local wavenumber im
aging techniques were compared, the latter being implemented using 
two types of windows. The techniques were demonstrated on a numer
ical example of a damaged aluminium plate first, before their applica
tion to an experimental case. For the numerical case, all three 
approaches showed similar performance in terms of quantification of 
damage size and depths. The in-plane size of damage was slightly 
overestimated in the direction of the incidence wave for all approaches. 

For the experimental case, an aluminium-CFRP composite plate with 
impact damage was measured and analysed. This structure corresponds 
to composite pressure vessels with a load-sharing metal liner used for 
storing gases in aerospace and automotive industries. Due to assym
metry of the plate, two cases were considered - for the measurements 
performed from the CFRP- and Al-sides. The WRMS-maps for both 
measurements revealed the biggest delamination present between 

Fig. 16. Comparison of wavenumber estimation results for the aluminium- 
CFRP plate while scanning on the CFRP-side. Solid red, dashed blue and 
dashed-dotted green lines mark the position of cross-sectional cut which is 
presented in Fig. 17. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the Web version of this article.) 

Fig. 17. Comparison of cross-sectional cuts of three wavenumber approaches 
from Fig. 16 and conventional UT from Fig. 11. 
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aluminium and CFRP parts. As for the wavenumber mapping for the 
measurement from the CFRP-side, it has also revealed the biggest 
delamination between aluminium and CFRP parts, as well as delivered 
an indication of impact damage in the CFRP part. In general, the damage 

Fig. 18. Comparison of Effective Thickness estimation results for the 
aluminium-CFRP plate while scanning on the CFRP-side based on three wave
number mapping techniques. Black and red dashed lines show the damage 
contours extracted from the UT (Fig. 11) and WRMS-maps (Fig. 14b), respec
tively. (For interpretation of the references to colour in this figure legend, the 
reader is referred to the Web version of this article.) 

Fig. 19. Comparison of Effective Thickness estimation results for the 
aluminium-CFRP plate while scanning on the Al-side based on three wave
number mapping techniques. The red dashed line shows the damage contour 
extracted from the WRMS-map (Fig. 14a). (For interpretation of the references 
to colour in this figure legend, the reader is referred to the Web version of 
this article.) 
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quantification results from the wavenumber mapping techniques are in 
a good agreement with the results from conventional ultrasonic testing. 
All techniques delivered similar estimations of the in-plane size and 
depth of the biggest delamination present between aluminium plate and 
CFRP part. The main limitation of the approach presented here is that it 
was not possible to quantify every delamination between CFRP plies 
caused by the impact as it is the case for conventional UT. Only some 
parts of the impact damage are visible in the wavenumber and thickness 
maps. Another limitation is that the relation between wavenumber and 
effective thickness is non-monotonous, which is due to the complexity of 
the layup of the composite plate used in the experiments and its 
anisotropy. In this work, a quadratic interpolation of the wavenumbers 
was used to eliminate this ambiguity, however, another approach, e.g. as 
presented by Juarez and Leckey [20] may be more beneficial to use for 
this purpose. In their approach, wavenumber estimation results for 
multiple frequencies are correlated in an effort to retrieve true depth 
information. 

Even though the WRMS-map delivered a clear indication of the 
biggest delamination, it was not possible to clearly identify the damage 
shape and size using wavenumber mapping in the case of the mea
surement from the Al-side. This is due to the close relation between 
wavenumbers for the pristine composite plate and aluminium plate 
delaminated from it. The closest estimate in terms of shape and in-plane 
size of the damage was delivered by the local wavenumber approach 
with the point-wise window. 

5. Conclusions 

Wavenumber mapping has been shown to provide estimates of size, 
depth and location of impact damage in the aluminium-CFRP composite 
plate. The methodology can be seen as an NDE part of a hybrid SHM/ 
NDE approach being reported in Ref. [33]. The idea is that an SHM 
system gives information of possible damage locations, which are then 
closely inspected using guided wave-based wavenumber mapping to 
quantify damage size and depth. In this paper, a transducer was glued to 
the specimen’s surface for the excitation and a scanning laser-Doppler 
vibrometer was used for wavefield acquisition. However, a fully 
non-contact inspection is possible by utilising a laser [16] or an 
air-coupled transducer for the excitation. Even though, a relatively large 
impact damage has been investigated, the wavenumber analysis can be 
scaled to damage which size is in the order of a wavelength or larger 
[16]. Note that the smaller wavelengths would typically require higher 
frequencies which lead to considerably higher measurement time due to 
increased spatial sampling. Moreover, more modes exist at higher fre
quencies which may not be well-separated in the wavenumber domain 
thus complicating the wavenumber analysis. 

Overall the wavenumber mapping techniques presented in this work 
show an excellent defect sensitivity and a reasonable defect quantifi
cation performance, therefore constituting a remote and contact-free 
measurement alternative to conventional ultrasonic testing. The lower 
frequency guided wave inspection also brings advantages compared to 
higher frequency bulk waves, especially for material exhibiting a 
frequency-dependent behaviour (attenuation, scattering …). 

Supplementary material 

The MATLAB scripts for obtaining the wavenumber and effective 
thickness maps with an example of the damaged aluminium plate are 
freely available online as a part of Open-Source Strategy of Bundesan
stalt für Materialforschung und -prüfung [34]. The project can be 
downloaded at https://github.com/BAMresearch/WavenumberAnalysi 
s. 
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