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Abstract
We show that minimal models of Q-factorial NQC log canonical generalised pairs
exist, assuming the existence of minimal models of smooth varieties. More generally,
we prove that on aQ-factorial NQC log canonical generalised pair (X , B+M)we can
run anMMPwith scaling of an ample divisorwhich terminates, assuming that it admits
an NQC weak Zariski decomposition or that KX + B + M is not pseudoeffective. As
a consequence, we establish several existence results for minimal models and Mori
fibre spaces.
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1 Introduction

This paper addresses the problems of the existence of minimal models and Mori fibre
spaces for generalised pairs. The category of generalised pairs, which enlarges the
category of usual pairs, was introduced in [6] and was instrumental in several recent
developments in birational geometry. A partial overview can be found in [5], with
further developments in [7, 10, 15–17, 26] and the references therein. As indicated in
[7, 26, 28], understanding generalised pairs is essential even if one is only interested
in studying the birational geometry of varieties.

Generalised pairs are, roughly speaking, couples of the form (X , B+M), where X
is a normal projective variety, B is an effective R-divisor on X and M is an auxiliary
R-divisor on X such that KX + B + M is R-Cartier. Here, the divisor M has certain
positivity properties and satisfies the additional NQC condition, which allows for
generalised pairs to behave similarly to usual pairs in many proofs; for the precise
definitions, see Sect. 2.

In this paper we extend our earlier results from [26] to the setting of generalised
pairs and we generalise several other results from the context of usual pairs to the
category of generalised pairs. The following is our main result.

Theorem 1.1 Assume the existence of minimal models for smooth varieties of dimen-
sion n − 1.

Let (X/Z , B+M) be a Q-factorial NQC log canonical generalised pair of dimen-
sion n. Assume that either

(a) (X , B + M) admits an NQC weak Zariski decomposition over Z, or
(b) KX + B + M is not pseudoeffective over Z.

Then for any R-divisors P and N ≥ 0 on X such that P is the pushforward of an
NQC divisor over Z on a birational model of X and such that the generalised pair(
X , (B + N ) + (M + P)

)
is log canonical and the divisor KX + B + N + M + P

is nef over Z, there exists a (KX + B + M)-MMP over Z with scaling of P + N that
terminates.

In particular, the generalised pair (X , B + M) has either a minimal model over Z
or a Mori fibre space over Z.

For the definition of an NQC weak Zariski decomposition, see Sect. 2. Note that in
this and in all other results of this paper, the assumption in lower dimensions means
the existence of relative minimal models, that is, minimal models of smooth quasi-
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projective varieties which are projective and whose canonical class is pseudoeffective
over another normal quasi-projective variety.

Theorem 1.1 shows in particular that, assuming the existence of minimal mod-
els for smooth varieties of dimension n − 1, the existence of an NQC weak Zariski
decomposition of a Q-factorial NQC log canonical generalised pair is equivalent to
the existence of a minimal model of that generalised pair, see Remark 2.8. This gen-
eralises [4, Theorem 1.5] to the setting of generalised pairs with significantly refined
assumptions in lower dimensions, cf. [26, Theorem B].

After this paper appeared on the arXiv, Hashizume [11] and Liu and Xie [27]
obtained new results regarding the existence of minimal models in the sense of Birkar-
Shokurov for generalised pairs with boundaries containing ample divisors. This allows
us to improve considerably Proposition 5.1 below by removing the assumption in
lower dimensions. In particular, we establish the existence of Mori fibre spaces for
non-pseudoeffective generalised pairs in any dimension in the following Theorem 1.2.
The proof of this result is given in the Appendix, which is written jointly with Xiaowei
Jiang.

Theorem 1.2 Let (X/Z , B+M) be aQ-factorial NQC log canonical generalised pair.
Assume that (X , B + M) has a minimal model in the sense of Birkar-Shokurov over
Z or that KX + B + M is not pseudoeffective over Z. Let A be an effective R-Cartier
R-divisor on X which is ample over Z such that KX + B+ A+M is nef over Z. Then
there exists a (KX + B + M)-MMP over Z with scaling of A that terminates.

In particular:

(a) (X , B + M) has a minimal model in the sense of Birkar-Shokurov over Z if and
only if it has a minimal model over Z,

(b) if KX + B + M is not pseudoeffective over Z, then (X , B + M) has a Mori fibre
space over Z.

Theorem 1.1 has several immediate consequences. First of all, it allows us to reduce
the problem of the existence of minimal models for Q-factorial NQC log canonical
generalised pairs to the problem of the existence of minimal models for smooth vari-
eties, cf. [26, Theorem A].

Corollary 1.3 The existence of minimal models for smooth varieties of dimension n
implies the existence ofminimalmodels forQ-factorialNQC log canonical generalised
pairs of dimension n.

We also have the following corollary in low dimensions, cf. [26, Corollary D].

Corollary 1.4 Let (X/Z , B + M) be a Q-factorial NQC log canonical generalised
pair of dimension n. Then the following statements hold:

(i) If n ≤ 4 and KX + B + M is pseudoeffective over Z, then (X , B + M) has a
minimal model over Z.

(ii) If n ≤ 5, KX+B+M is pseudoeffective over Z and a general fibre of themorphism
X → Z is uniruled, then (X , B + M) has a minimal model over Z.
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Part (i) of Corollary 1.4 was already shown in [16, Theorem 1.5] as a consequence
of [7, Theorems 1.1 and 1.2]. Part (ii) of Corollary 1.4 is a special case of the following
generalisation of [26, Theorems C and 4.3].

Theorem 1.5 Assume the existence of minimal models for smooth varieties of dimen-
sion n − 1.

Let (X/Z , B+M) be a pseudoeffectiveQ-factorial NQC log canonical generalised
pair of dimension n such that a general fibre of the morphism X → Z is uniruled.
Then (X , B + M) has a minimal model over Z.

In our previous work [26] we obtained similar statements to Corollary 1.3 and
Theorem 1.5 when additionally the underlying variety of the given generalised pair
has klt singularities. The main reason for this additional assumption was that, in its
presence, one can reduce several foundational results in the geometry of generalised
pairs, such as the existence of surgery operations in theMMP, to statements about usual
pairs, see [6, 14]. These foundational results (the Cone and Contraction theorems, the
existence of divisorial contractions and flips) were recently established in [16] for
Q-factorial NQC log canonical generalised pairs.

Finally, we obtain the following generalisation of [4, Corollary 1.6].

Corollary 1.6 Assume the existence of minimal models for smooth varieties of dimen-
sion n − 1.

Let (X/Z , B1 + M1) and (X/Z , B2 + M2) be Q-factorial NQC log canonical
generalised pairs of dimension n such that B2 ≥ B1 and M2 − M1 is the pushforward
of an NQC divisor on some higher model of X. If (X , B1 + M1) admits an NQC weak
Zariski decomposition over Z, then (X , B2 + M2) has a minimal model over Z.

We now outline the main ingredients in the proof of Theorem 1.1. First, under
some mild assumptions in lower dimensions, we prove the existence of NQC weak
Zariski decompositions for generalised pairs satisfying additional properties by using
essentially the same line of arguments as in the proof of [26,Theorem3.2], seeTheorem
3.1. In these arguments, we use the MMP in order to find an appropriate birational
model on which we can “lift” an NQC weak Zariski decomposition from a lower-
dimensional variety by invoking the canonical bundle formula for generalised pairs
[8, 17]. Second, in Theorem 4.1 we generalise [3, Theorem 4.1(iii)] and [14, Theorem
4.1] to Q-factorial NQC log canonical generalised pairs, namely we show that under
reasonable assumptions every MMP with scaling terminates. Next, we employ this
result in Sect. 5 to demonstrate that the existence of minimal models in the sense of
Birkar-Shokurov implies the termination of flips with scaling of ample divisors in
the category of generalised pairs, following the same strategy as in [12], but using
crucially Theorems 3.1 and 4.1. Here, the central beautiful idea from [12] is to a priori
choose carefully an ample divisor with which one runs the MMP with scaling. All
these results, together with [26, Theorem 4.4], which plays a fundamental role in this
paper, allow us now to deduce Theorem 1.1.
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2 Preliminaries

Throughout the paper we work over the fieldC of complex numbers. Unless otherwise
stated, we assume that varieties are normal and quasi-projective and that a variety X
over a variety Z , denoted by X/Z , is projective over Z . We often quote in the paper
the Negativity lemma [21, Lemma 3.39(1)].

A fibration is a projective surjective morphism with connected fibres. A birational
contraction is a birational map whose inverse does not contract any divisors.

Let π : X → Z be a projective morphism between normal varieties and let D
be an R-Cartier R-divisor on X . The divisor D is pseudoeffective over Z if it is
pseudoeffective on a very general fibre of π , and D is an NQC divisor (over Z ) if it
is a non-negative linear combination of Q-Cartier divisors on X which are nef over
Z ; the acronym NQC stands for nef Q-Cartier combinations [14]. Two R-Cartier R-
divisors D1 and D2 on X are R-linearly equivalent over Z , denoted by D1 ∼R,Z D2,
if there exists an R-Cartier R-divisor G on Z such that D1 ∼R D2 + π∗G, and they
are numerically equivalent over Z , denoted by D1 ≡Z D2, if D1 ·C = D2 ·C for any
curve C contained in a fibre of π .

Given a normal projective variety X and a pseudoeffective R-Cartier R-divisor D
on X , we denote by ν(X , D) the numerical dimension of D, see [29, Chapter V].

Let ϕ : X ��� Y be a birational contraction between normal varieties, let D be an
R-Cartier R-divisor on X and assume that ϕ∗D is R-Cartier. We say that the map ϕ is
D-nonpositive (respectively D-negative) if there exists a resolution of indeterminacies
(p, q) : W → X × Y of ϕ such that W is smooth and

p∗D ∼R q∗ϕ∗D + E,

where E is an effective q-exceptional R-divisor (respectively E is an effective
q-exceptional R-divisor whose support contains the strict transform of every ϕ-
exceptional prime divisor).

2.1 Generalised pairs

For the theory of usual pairs, their singularities and the Minimal Model Program
(MMP) we refer to [9, 21]. For the analogous concepts and results in the setting of
generalised pairs we refer to [6, 7, 14, 16, 24, 26] and the relevant references therein.

Here, we briefly recall the definitions of generalised pairs and their various classes
of singularities as well as some basic properties that will be needed in this paper.

Definition 2.1 A generalised pair, abbreviated as g-pair, consists of a normal variety
X , equipped with projective morphisms

X ′ f−→ X −→ Z ,

where f is birational and X ′ is a normal variety, an effective R-divisor B on X , and an
R-CartierR-divisor M ′ on X ′ which is nef over Z , such that KX +B+M isR-Cartier,
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where M := f∗M ′. We say that the divisor B, respectively M , is the boundary part,
respectively the nef part, of the g-pair.

Furthermore, we say that (X/Z , B + M) is NQC if M ′ is an NQC divisor on X ′,
and that it is pseudoeffective over Z if KX + B + M is pseudoeffective over Z .

Thevariety X ′ in the definitionmayalwaysbe chosen as a sufficiently highbirational
model of X . Often in this paper we do not refer explicitly to the data of a g-pair and
write simply (X/Z , B + M), but remember the whole g-pair structure.

We make the following convention throughout the paper: when we write
(
X , (B +

N )+ (M + P)
)
for a Q-factorial g-pair, then it is implicitly assumed that (X , B + M)

and (X , N + P) are likewise g-pairs.

Definition 2.2 Let (X , B + M) be a g-pair with data X ′ f→ X → Z and M ′. Let E be
a divisorial valuation over X ; its centre on X is denoted by cX (E). We may assume
that cX (E) is a prime divisor on X ′. If we write

KX ′ + B ′ + M ′ ∼R f ∗(KX + B + M)

for some R-divisor B ′ on X ′, then the discrepancy of E with respect to (X , B + M)

is

a(E, X , B + M) := −multE B ′.

We say that the g-pair (X , B + M) is:

(a) klt if a(E, X , B + M) > −1 for any divisorial valuation E over X ,
(b) log canonical if a(E, X , B + M) ≥ −1 for any divisorial valuation E over X ,
(c) dlt if it is log canonical and if there exists an open subsetU ⊆ X such that (U , B|U )

is a log smooth pair, and if a(E, X , B+M) = −1 for some divisorial valuation E
over X , then cX (E)∩U �= ∅ and cX (E)∩U is a log canonical centre of (U , B|U ).

We have adopted the definition of dlt singularities from [14].
The following lemma generalises [21, Corollaries 2.35(1) and 2.39(1)] to the setting

of g-pairs.

Lemma 2.3 If
(
X/Z , (B + N ) + (M + P)

)
is a Q-factorial klt, respectively dlt, log

canonical, g-pair, then the g-pair (X , B+M) is also klt, respectively dlt, log canonical.

Proof If
(
X , (B + N ) + (M + P)

)
is klt or log canonical, then the statement was

shown in [7, Lemma 2.6]. We may thus assume that the pair is dlt. By definition there
exists an open subset U ⊆ X such that

(
U , (B + N )|U

)
is a log smooth pair, and if

a
(
E, X , (B + N ) + (M + P)

) = −1 for some divisorial valuation E over X , then
cX (E) ∩U �= ∅ and cX (E) ∩U is a log canonical centre of

(
U , (B + N )|U

)
.

Note that the g-pair (X , B + M) is log canonical by the above. Fix a divisorial
valuation E over X with

a(E, X , B + M) = −1.
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It suffices to show that cX (E) ∩U �= ∅ and that cX (E) ∩U is a log canonical centre
of (U , B|U ).

Pick a sufficiently high log resolution f : X ′ → X of (X , B + N ) such that there
existR-divisorsM ′ and P ′ on X ′ which are nef over Z withM = f∗M ′ and P = f∗P ′,
and such that cX ′(E) is a divisor. By the Negativity lemma we have

f ∗P = P ′ + F,

where F is an effective f -exceptional R-divisor, and an easy calculation then gives

−1 = a(E, X , B + M)

= a
(
E, X , (B + N ) + (M + P)

) + multE
(
f ∗N + F

) ≥ −1.

This implies

a
(
E, X , (B + N ) + (M + P)

) = −1 and cX (E) � Supp N .

Thefirst relation shows that cX (E)∩U �= ∅ is a log canonical centre of
(
U , (B+N )|U

)

by the definition of U , hence it is a log canonical centre of (U , B|U ) by the second
relation, as desired. 
�

The next result is [14, Proposition 3.9] and will be used several times in the paper
without explicit mention.

Lemma 2.4 Let (X , B + M) be a log canonical g-pair with data X̃
f→ X → Z and

M̃. Then, after possibly replacing f with a higher model, there exist a Q-factorial dlt

g-pair (X ′, B ′ + M ′) with data X̃
g→ X ′ → Z and M̃, and a projective birational

morphism h : X ′ → X such that

KX ′ + B ′ + M ′ ∼R h∗(KX + B + M) and B ′ = h−1∗ B + E,

where E is the sum of the h-exceptional prime divisors. The g-pair (X ′, B ′ + M ′) is
called a dlt blowup of (X , B + M).

2.2 Minimal models andMori fibre spaces

We recall the definitions of minimal models in the usual sense and in the sense of
Birkar-Shokurov, as well as the definition of Mori fibre spaces.

Definition 2.5 Assume that we have a birational map ϕ : X ��� X ′ over Z and g-pairs
(X/Z , B + M) and (X ′/Z , B ′ + M ′) such that (X , B + M) is log canonical and the
divisorsM andM ′ are pushforwards of the same nefR-divisor on a common birational
model of X and X ′.

(a) The map ϕ is aminimal model in the sense of Birkar-Shokurov over Z of the g-pair
(X , B + M) if B ′ = ϕ∗B + E , where E is the sum of all prime divisors which are
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contracted by ϕ−1, if X ′ is Q-factorial, if the divisor KX ′ + B ′ + M ′ is nef over Z
and if

a(F, X , B + M) < a(F, X ′, B ′ + M ′)

for any prime divisor F on X which is contracted by ϕ. Note that the g-pair
(X ′, B ′ + M ′) is log canonical by [24, Lemma 2.8(i)].
If, moreover, the map ϕ is a birational contraction, but X ′ is not necessarily Q-
factorial if X is not Q-factorial (and X ′ is Q-factorial if X is Q-factorial), then ϕ

is a minimal model of (X , B + M) over Z .
(b) If the map ϕ is a birational contraction, if B ′ = ϕ∗B, if KX ′ + B ′ + M ′ is ample

over Z and if

a(F, X , B + M) ≤ a(F, X ′, B ′ + M ′)

for every ϕ-exceptional prime divisor F on X , then (X ′, B ′ + M ′) is a canonical
model of (X , B + M) over Z . Note that the g-pair (X ′, B ′ + M ′) is log canonical
by [24, Lemma 2.8(i)] and unique up to isomorphism by [24, Lemma 2.12].

(c) If the map ϕ is a birational contraction, if B ′ = ϕ∗B, if X ′ is Q-factorial when
X is Q-factorial, if there exists a (KX ′ + B ′ + M ′)-negative extremal contraction
X ′ → T over Z with dim X ′ > dim T , if for any divisorial valuation F over X
we have

a(F, X , B + M) ≤ a(F, X ′, B ′ + M ′),

and the strict inequality holds if cX (F) is a ϕ-exceptional prime divisor, then
(X ′, B ′ + M ′) is aMori fibre space of (X , B + M) over Z .

Remark 2.6 For the differences among these notions of a minimal model, see [26,
Subsection 2.2]. We highlight that here we allow a minimal model in the sense of
Birkar-Shokurov to be log canonical and not only dlt.

We note here the following properties of minimal models in the sense of
Birkar-Shokurov. In the notation from Definition 2.5(a), for every resolution of inde-
terminacies (p, q) : W → X × X ′ of the map ϕ, the divisor

p∗(KX + B + M) − q∗(KX ′ + B ′ + M ′)

is effective and q-exceptional. In particular, we have a(F,X ,B+M)≤a(F,X ′,B ′+M ′)
for every geometric valuation F over X and

a(F, X , B + M) = a(F, X ′, B ′ + M ′) = −1

for any geometric valuation F over X which is exceptional over X but is not exceptional
over Y . This is proved analogously as in [3, Remark 2.6].
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Furthermore, if BW is the sum of p−1∗ B and of all p-exceptional prime divisors on
W , then the divisor

KW + BW + MW − p∗(KX + B + M)

is effective and p-exceptional since the g-pair (X , B + M) is log canonical, where
MW is the pushforward of the nef R-divisor as in Definition 2.5. Moreover, it is also
q-exceptional: indeed, if F is a prime divisor on W which is p-exceptional but not
q-exceptional, then a(F, X , B + M) = −1 by the previous paragraph, so F cannot
be a component of KW + BW + MW − p∗(KX + B + M).

2.3 NQCweak Zariski decompositions

First, we recall the notion of an NQC weak Zariski decomposition, which plays a
fundamental role in this paper. For further information we refer to [4, 14, 26].

Definition 2.7 Let X → Z be a projective morphism between normal varieties and let
D be an R-Cartier R-divisor on X . An NQC weak Zariski decomposition of D over
Z consists of a projective birational morphism f : W → X from a normal variety W
and a numerical equivalence f ∗D ≡Z P + N , where P is an NQC divisor (over Z )
on W and N is an effective R-Cartier R-divisor on W .

Moreover, if (X/Z , B+M) is an NQC g-pair, then we say that (X , B+M) admits
an NQC weak Zariski decomposition over Z if the divisor KX + B + M admits an
NQC weak Zariski decomposition over Z .

Remark 2.8 If an NQC log canonical g-pair (X , B + M) has a minimal model in the
usual sense or in the sense of Birkar-Shokurov over Z , then it admits an NQC weak
Zariski decomposition over Z by (the proof of) [14, Proposition 5.1].

Next, we prove an easy corollary of [26, Theorem 4.4], which was hinted at but not
formulated in [26] and which will be used crucially in the proof of Lemma 3.2. Note
that this result generalises [4, Corollary 1.6] to the setting of g-pairs with significantly
weaker assumptions in lower dimensions.

Lemma 2.9 Assume the existence of minimal models for smooth varieties of dimension
n − 1.

Let (X/Z , B1+M1) and (X/Z , B2+M2) be NQC log canonical g-pairs of dimen-
sion n such that B2 ≥ B1 and M2−M1 is the pushforward of an NQC divisor on some
higher model of X. If (X , B1 + M1) admits an NQC weak Zariski decomposition over
Z, then (X , B2 + M2) has a minimal model in the sense of Birkar-Shokurov over Z.

Proof Let f : X ′ → X be a high birational model such that there exists an NQC
divisor Q′ on X ′ with

Q := f∗Q′ = M2 − M1, (1)

and such that

f ∗(KX + B1 + M1) ≡Z P + N , (2)
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where P is an NQC divisor on X ′ and N is an effective R-Cartier R-divisor on X ′,
see [26, Remark 2.11]. By the Negativity lemma we have

f ∗Q = Q′ + E, (3)

where E is an effective f -exceptional R-Cartier R-divisor on X ′. Moreover, since
B1 ≤ B2, we may write

B2 = B1 + G, (4)

where G is an effective R-divisor on X . Then (1), (2), (3) and (4) give

f ∗(KX + B2 + M2) ≡Z (P + Q′) + (N + f ∗G + E),

which is an NQC weak Zariski decomposition of (X , B2 + M2) over Z . We conclude
by [26, Theorem 4.4(i)]. 
�

Finally, for a variant of Lemma 2.9, where we assume additionally that X is Q-
factorial, but we obtain the stronger conclusion that (X , B2+M2) has aminimalmodel
in the usual sense over Z , see Corollary 1.6.

2.4 TheMMP for generalised pairs

In this paper we use—frequently without explicit mention—the foundations of the
Minimal Model Program for NQC Q-factorial log canonical generalised pairs, as
established recently in [16]. We recall briefly the main results.

Let (X/Z , B + M) be a Q-factorial NQC log canonical g-pair. First of all, the
Cone and Contraction theorems for (X/Z , B + M) were established in [16, Theorem
1.3] and are analogous to the Cone theorem for usual pairs [9, Theorem 4.5.2]. Then,
similarly as in the case of usual pairs, an extremal contraction can be either divisorial,
flipping, or define a Mori fibre space structure. As shown in [16, Subsection 5.5], the
divisorial and Mori contractions behave well in any MMP; in particular, the Picard
number drops after a divisorial contraction. Moreover, flips for Q-factorial NQC log
canonical g-pairs exist by [16, Theorem 1.2]. All this implies that one may run a
(KX + B + M)-MMP over Z , whose termination is not known in general. However,
the paper [7] establishes the termination of flips for Q-factorial NQC log canonical
g-pairs of dimension 3 and for pseudoeffective Q-factorial NQC log canonical g-pairs
of dimension 4, see also [18, 28]. Note that Q-factoriality is preserved in any MMP
by [16, Corollaries 5.20 and 5.21 and Theorem 6.3].

Now, let
(
X/Z , (B + N ) + (M + P)

)
be a Q-factorial NQC log canonical g-pair

such that the divisor KX + B + N + M + P is nef over Z . Then by [16, Corollary
5.22] we may run a (KX + B + M)-MMP with scaling of P + N over Z , cf. [14,
Section 3.4], whose termination is not known in general. In particular, we may run a
(KX + B + M)-MMP with scaling of an ample divisor over Z , cf. [6, Section 4], [14,
Section 3.1]. We refer to [6, 14, 26] for various results concerning the termination of
the MMP with scaling of an ample divisor in the setting of g-pairs, and to Sects. 4 and



Special MMP for log canonical generalised pairs Page 11 of 36    89 

5 for further developments. We state here for future reference the following result,
which has already appeared implicitly in [14, 26], and we provide the details for the
convenience of the reader.

Lemma 2.10 Let (X/Z , B + M) be an NQC log canonical g-pair such that (X , 0) is
Q-factorial klt. Let A be an effective R-Cartier R-divisor on X which is ample over
Z such that

(
X/Z , (B + A) + M

)
is log canonical and KX + B + A+ M is nef over

Z. If (X , B + M) has a minimal model in the sense of Birkar-Shokurov over Z, then
any (KX + B + M)-MMP with scaling of A over Z terminates.

Proof Denote by λi the corresponding nef thresholds in the steps of the given MMP
and set λ := limi→∞ λi . We distinguish two cases.

Assume first that λ > 0. Then the given MMP is also a (KX + B + M + λ
2 A)-

MMP. By [14, Lemma 3.5] there exists a boundary � on X such that KX + � ∼R,Z
KX + B + M + λ

2 A, the pair (X ,�) is klt and the divisor � is big over Z . By
[1, Corollary 1.4.2] the (KX + �)-MMP over Z with scaling of A terminates, and
therefore the original MMP terminates.

Assume now that λ = 0. By assumption and by [14, Theorem 4.1] we deduce that
the given MMP terminates. 
�

In the remainder of this subsection we prove an analogue of [2, Proposition 3.2(5)]
in the context of g-pairs, which plays a fundamental role in the proofs of Theorems
3.1 and 5.2 and is also of independent interest. It generalises both [14, Lemma 3.17]
and [26, Lemma 2.20].

Notation 2.11 Let X be a Q-factorial variety, let F1, . . . , Fk be prime divisors on X,
and for each j ∈ {1, . . . , �} let G j be the pushforward to X of a nef over Z Cartier
divisor on some high birational model of X. Consider the vector space

V :=
k⊕

i=1

RFi ⊕
�⊕

j=1

RG j .

We write the elements of V as sums N + P, where N ∈ ⊕k
i=1 RFi and P ∈

⊕�
j=1 RG j . We define a norm on V as follows: given N = n1F1 + · · · + nk Fk

and P = p1G1 + · · · + p�G�, we set

‖N + P‖ := max
i, j

{|ni |, |p j |
}
.

If we consider the cone

V≥0 :=
k⊕

i=1

R≥0Fi ⊕
�⊕

j=1

R≥0G j
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in V , then for each N + P ∈ V≥0 we have that (X , N + P) is a Q-factorial NQC
g-pair. Moreover, the set

L(V ) := {
N + P ∈ V | (X , N + P) is log canonical

}

is a rational polytope, which may be unbounded; see for instance [14, Section 3.3].

Proposition 2.12 Assume Notation 2.11. Let (X/Z , B + M) ∈ L(V ) such that the
divisor KX + B + M is nef over Z. Then there exists a positive real number δ such
that if N + P ∈ L(V )with ‖(N − B)+ (P−M)‖ < δ, then any (KX +N + P)-MMP
over Z is (KX + B + M)-trivial.

Proof First, by [15, Proposition 2.6] there exist positive real numbers r1, . . . , rm and
Q-divisors B(1), . . . , B(m) and M (1), . . . , M (m) such that

m∑

j=1

r j = 1, B =
m∑

j=1

r j B
( j), M =

m∑

j=1

r j M
( j),

and for each j ∈ {1, . . . ,m}, (X , B( j) +M ( j)) is a log canonical g-pair and the divisor
KX + B( j) + M ( j) is nef over Z . In particular, we have

KX + B + M =
m∑

j=1

r j
(
KX + B( j) + M ( j)). (5)

Let r be a positive integer such that r
(
KX + B( j) + M ( j)

)
is Cartier for every j ∈

{1, . . . ,m}, and set

α := min{r1, . . . , rm}
r

> 0.

Since L(V ) is a polytope, there exists a positive real number δ with the following
property: if N + P ∈ L(V ) with ‖(N − B) + (P − M)‖ < δ, then there exist a point
N ′ + P ′ ∈ L(V ) and a real number

0 ≤ t <
α

α + 2 dim X
, (6)

such that

N + P = (1 − t)(B + M) + t(N ′ + P ′). (7)

Now, we fix N + P ∈ L(V ) with ‖(N − B) + (P − M)‖ < δ, and we also fix
a number t and a divisor N ′ + P ′ ∈ L(V ) as in (6) and (7). Moreover, we run a
(KX + N + P)-MMP over Z :

(X , N + P) =: (X1, N1 + P1) ��� (X2, N2 + P2) ��� · · ·
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For every i denote by Bi , B
( j)
i ,Mi andM

( j)
i the pushforwards on Xi of B, B( j),M and

M ( j), respectively.Assume thatwe showed that theMMP is (KX+B+M)-trivial up to
the variety Xi .Wewill now show that themap Xi ��� Xi+1 is (KXi +Bi +Mi )-trivial.

Denote by N ′
i and P ′

i the pushforwards on Xi of N ′ and P ′, respectively. From (7)
we have

KX + N + P = (1 − t)(KX + B + M) + t(KX + N ′ + P ′),

which implies that theMMP is (KX +N ′+P ′)-negative up to variety Xi . In particular,
the g-pair (Xi , N ′

i + P ′
i ) is log canonical.

Since theMMP is (KX +B+M)-trivial up to variety Xi , by [16, Theorem1.3(4)(c)]
we deduce that the g-pair (Xi , Bi + Mi ) is log canonical and that the divisor KXi +
Bi + Mi is nef over Z . Consequently, by (5), the g-pairs (Xi , B

( j)
i + M ( j)

i ) are log

canonical, the divisors KXi + B( j)
i + M ( j)

i are nef over Z , and r(KXi + B( j)
i + M ( j)

i )

is Cartier for every j ∈ {1, . . . ,m} again by [16, Theorem 1.3(4)(c)].
Let R be the (KXi + Ni + Pi )-negative extremal ray over Z contracted at the i-th

step of the MMP. As the divisor KXi + Bi + Mi is nef over Z , by (7) we infer that
(KXi + N ′

i + P ′
i ) · R < 0, hence by [16, Theorem 1.3(2)] there exists a rational curve

whose class belongs to R and satisfies

(KXi + N ′
i + P ′

i ) · C ≥ −2 dim X . (8)

Assume that (KXi + Bi + Mi ) · C > 0. Since

(KXi + Bi + Mi ) · C =
m∑

j=1

r j
(
KXi + B( j)

i + M ( j)
i

) · C

by (5), we infer that at least one number
(
KXi + B( j)

i + M ( j)
i

) · C ∈ 1
r Z is non-zero.

Thus,

(KXi + Bi + Mi ) · C ≥ α. (9)

Therefore, by (6), (7), (8) and (9) we obtain

0 > (KXi + Ni + Pi ) · C
= (1 − t)(KXi + Bi + Mi ) · C + t(KXi + N ′

i + P ′
i ) · C

≥ (1 − t)α − 2t dim X > 0,

a contradiction. Consequently, (KXi + Bi + Mi ) ·C = 0, which finishes the proof. 
�

2.5 Lifting a sequence of flips with scaling

Let
(
X1/Z , (B1 + N1) + (M1 + P1)

)
be a Q-factorial NQC log canonical g-pair such

that KX1 + B1 + N1 + M1 + P1 is nef over Z . Then we may run a (KX1 + B1 + M1)-
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MMP with scaling of P1 + N1 over Z , and we assume now (for our purposes here)
that it consists only of flips. Thus, we obtain the following diagram:

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) · · ·

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

We denote by Pi and Ni the pushforwards of P1 and N1 on Xi , respectively, and by
λi the corresponding nef thresholds:

λi := inf{t ∈ R≥0 | KXi + (Bi + t Ni ) + (Mi + t Pi ) is nef over Z}.

Let h1 : (X ′
1, B

′
1 + M ′

1) → (X1, B1 + M1) be a dlt blowup of (X1, B1 + M1). In
particular, we have

KX ′
1
+ B ′

1 + M ′
1 ∼R h∗

1(KX1 + B1 + M1). (10)

Let f1 : W → X1 be a log resolution of all the divisors in sight on X1 which dominates
X ′
1 and such that P1 = ( f1)∗PW , where PW is a divisor on W which is NQC over Z .

We may write

f ∗
1 (P1 + N1) = PW + ( f1)

−1∗ N1 + E1,

where E1 is an f1-exceptional R-divisor on W which is actually effective by the
Negativity lemma and since N1 ≥ 0. We define P ′

1 and N ′
1 as the pushforwards of PW

and ( f1)−1∗ N1 + E1, respectively, to X ′
1, and we note that

P ′
1 + N ′

1 = h∗
1(P1 + N1). (11)

Lemma 2.13 With notation and assumptions as above, there exists a diagram

(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2)

(X1, B1 + M1) (X2, B2 + M2)

Z1

h1

ρ1

h2

θ1

π1

θ+
1

where the map ρ1 : X ′
1 ��� X ′

2 is a (KX ′
1
+ B ′

1 + M ′
1)-MMP with scaling of P ′

1 + N ′
1

over Z1 and the map h2 : (X ′
2, B

′
2 + M ′

2) → (X2, B2 + M2) is a dlt blowup of the
g-pair (X2, B2 + M2). Moreover, this MMP is also a (KX ′

1
+ B ′

1 + M ′
1)-MMP with

scaling of P ′
1 + N ′

1 over Z, and we have

P ′
2 + N ′

2 = h∗
2(P2 + N2),

where P ′
2 := (ρ1)∗P ′

1 and N ′
2 := (ρ1)∗N ′

1.
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Proof Since (X2, B2 + M2) is the canonical model of (X1, B1 + M1) over Z1 by
definition, we infer that (X2, B2 + M2) is a minimal model of (X1, B1 + M1) over
Z1, and thus a dlt blowup of (X2, B2 + M2) is a minimal model in the sense of
Birkar-Shokurov of (X1, B1 + M1) over Z1. By (10) and by [16, Theorem 3.14] we
conclude that (X ′

1, B
′
1 + M ′

1) has a minimal model in the sense of Birkar-Shokurov
of Z1. Therefore, by Lemma 2.10 there exists a (KX ′

1
+ B ′

1 + M ′
1)-MMP with scaling

of an ample divisor over Z1 which terminates with a minimal model (X ′
2, B

′
2 + M ′

2)

of (X ′
1, B

′
1 + M ′

1) over Z1; we denote by ρ1 : X ′
1 ��� X ′

2 the induced map. Since
(X2, B2 + M2) is the canonical model of (X ′

1, B
′
1 + M ′

1) over Z1, by [24, Lemma
2.12] there exists a morphism h2 : X ′

2 → X2 such that

KX ′
2
+ B ′

2 + M ′
2 ∼R h∗

2(KX2 + B2 + M2). (12)

In particular, the obtained g-pair (X ′
2, B

′
2+M ′

2) is a dlt blowup of the g-pair (X2, B2+
M2).

Now, by (10) and (11) we obtain

KX ′
1
+ (B ′

1 + λ1N
′
1) + (M ′

1 + λ1P
′
1)

∼R h∗
1

(
KX1 + (B1 + λ1N1) + (M1 + λ1P1)

)
. (13)

Since KX1+(B1+λ1N1)+(M1+λ1P1) ≡Z1 0 by construction of the (KX1+B1+M1)-
MMP with scaling of P1 + N1 over Z1, by (13) we infer that

KX ′
1
+ (B ′

1 + λ1N
′
1) + (M ′

1 + λ1P
′
1) ≡Z1 0. (14)

Denote by Y j ��� Y j+1 the steps of this MMP, where Y 1 := X ′
1 and Y k := X ′

2, and
by B j , M j , N j and P j the pushforwards of B ′

1, M
′
1, N

′
1 and P ′

1, respectively, on Y
j .

For each j ∈ {1, . . . , k} consider

ν j := inf
{
t ∈ R≥0 | KY j + (B j + t N j ) + (M j + t P j ) is nef over Z

}
.

Then by using (13) and (14) we can readily check that ν j = λ1 for every j ∈
{1, . . . , k − 1}. Therefore, the above (KX ′

1
+ B ′

1 + M ′
1)-MMP with scaling of an

ample divisor over Z1 is automatically also a (KX ′
1
+ B ′

1 + M ′
1)-MMP with scaling

of N ′
1 + P ′

1 over Z .
If we set N ′

2 := Nk and P ′
2 := Pk , then it follows from (12) and (13) that N ′

2+P ′
2 =

h∗
2(P2 + N2). This completes the proof. 
�

Therefore, by continuing this process analogously, we obtain:

Theorem 2.14 Let
(
X1/Z , (B1+N1)+(M1+P1)

)
beaQ-factorialNQC log canonical

g-pair such that KX1 + B1 + N1 + M1 + P1 is nef over Z. Assume that we have a
sequence of flips for (X1, B1 + M1) with scaling of P1 + N1 over Z:
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(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) · · ·

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

Then there exists a diagram

(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2) (X ′
3, B

′
3 + M ′

3) . . .

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) . . .

Z1 Z2

h1

ρ1

h2

ρ2

h3

ρ3

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

where, for each i ≥ 1,

(a) the map ρi : X ′
i ��� X ′

i+1 is a (KX ′
i
+ B ′

i + M ′
i )-MMP with scaling of N ′

i + P ′
i

over Z, where the divisors N ′
i and P ′

i on X ′
i are defined as in Lemma 2.13, and

(b) the map hi : (X ′
i , B

′
i + M ′

i ) → (Xi , Bi + Mi ) is a dlt blowup.

In particular, the sequence on top of the above diagram is a (KX ′
1
+ B ′

1 + M ′
1)-MMP

with scaling of N ′
1 + P ′

1 over Z.

The same construction as above appears in [14, Section 3.5], where the underlying
variety X1 of the g-pair (X1, B1 + M1) is additionally assumed to be klt. As demon-
strated above, this assumption can be removed due to [16]. For similar constructions
see [24, Section 3] and [7, Lemma 2.16].

2.6 Nakayama–Zariski decomposition and theMMPwith scaling

Given a pseudo-effective R-divisor D on a smooth projective variety X , Nakayama
[29] defined a decomposition D = Pσ (D)+Nσ (D), known as the Nakayama–Zariski
decomposition of D. This decomposition can be extended both to the singular setting,
see for instance [19, Subsection 2.2], and to the relative setting, see [29, Subsection
III.4] and [23, Section 2].

We use here the relative Nakayama–Zariski decomposition of a pseudoeffective
R-divisor on a normal Q-factorial variety. Note that by [23] this decomposition is
not always well-defined. However, in all the cases we consider in this paper, the
decomposition exists and behaves as in the absolute case. Below we recall briefly the
basic definitions.

Definition 2.15 Let π : X → S be a projective surjective morphism between normal
varieties. Assume that X is Q-factorial and fix a prime divisor 
 on X . If D is a π -big
R-divisor on X , then set

σ
(D; X/S) := inf{mult
 � | � ≥ 0 and � ≡S D}.



Special MMP for log canonical generalised pairs Page 17 of 36    89 

If D is a π -pseudoeffective R-divisor on X , then pick a π -ample R-divisor A on X
and set

σ
(D; X/S) := lim
ε→0+ σ
(D + εA; X/S).

Note that σ
(D; X/S) does not depend on the choice of A. Set

Nσ (D; X/S) :=
∑




σ
(D; X/S) · 
,

where this formal sum runs through all prime divisors 
 on X .

We will need the following lemma in the proof of Theorem 4.1.

Lemma 2.16 Let
(
X/Z , (B + N ) + (M + P)

)
be a Q-factorial NQC log canonical

g-pair such that KX + B + M is pseudoeffective over Z and KX + B + N + M + P
is nef over Z. Assume that Nσ (KX + B + M; X/Z) is an R-divisor.1 Consider a
(KX +B+M)-MMPwith scaling of P+N over Z and denote by λi the corresponding
nef thresholds in the steps of this MMP. If lim

i→∞ λi = 0, then this MMP contracts

precisely the components of Nσ (KX + B + M; X/Z).

Proof Let Xi be the steps of the (KX + B + M)-MMP with scaling of N + P over Z
and let Bi , Mi , Ni and Pi be the pushforwards on Xi of B, M , N and P , respectively,
where X = X1. Since the map X ��� Xi is a partial MMP for every i , it can contract
only components of Nσ (KX + B + M; X/Z), cf. [20, Lemma 2.4(1)].

On the other hand, since the divisor KXi + Bi + Mi + λi (Ni + Pi ) is nef over Z ,
by the Negativity lemma the map X ��� Xi contracts precisely the components of
Nσ

(
KX + B + M + λi (N + P); X/Z

)
. Since

Supp Nσ (KX + B + M; X/Z) ⊆
⋃

i∈N
Supp Nσ

(
KX + B + M + λi (N + P); X/Z

)

by the relative version of [29, Lemma III.1.7(2)], every component of Nσ (KX + B +
M; X/Z) must be contracted by some map X ��� Xi . This completes the proof. 
�

3 Weak Zariski decompositions

We prove a variant of [26, Theorem 3.2], which plays a crucial role in this paper and
is also of independent interest. Even though the strategy of the proof is the same, there
are several small technical issues and we provide all the details for the benefit of the
reader.

Theorem 3.1 Assume the existence of minimal models for smooth varieties of dimen-
sion n − 1.

1 This assumption is satisfied if, for instance, (X , B + M) has a minimal model over Z : this follows from
the Negativity lemma and from the relative versions of [29, Lemmas III.5.14 and III.5.15] as in the proof
of [20, Lemma 2.4(1)].



   89 Page 18 of 36 V. Lazić and N. Tsakanikas

Let
(
X/Z , (B + N )+ (M + P)

)
be an NQC Q-factorial dlt g-pair of dimension n.

Assume that the divisor KX + B + N + M + P is pseudoeffective over Z and that for
each ε > 0 the divisor KX + B + M + (1− ε)(N + P) is not pseudoeffective over Z.
Then the g-pair

(
X , (B+N )+(M+ P)

)
admits an NQCweak Zariski decomposition

over Z.

Proof We proceed in four steps.

Step 1. In this step we show that we may assume the following:

Assumption 1. There exists a fibration ξ : X → Y over Z to a normal quasi-
projective variety Y such that dim Y < dim X and such that:

(a1) ν
(
F, (KX + B + N + M + P)|F

) = 0 and h1(F,OF ) = 0 for a very general
fibre F of ξ ,

(b1) KX + B + M + (1 − ε)(N + P) is not ξ -pseudoeffective for any ε > 0.

To this end, by [15, Lemma 4.3] and its proof there exist a birational contraction
ϕ : X ��� S over Z and a fibration f : S → Y over Z such that:

(a)
(
S, (BS + NS) + (MS + PS)

)
is an NQC Q-factorial log canonical g-pair, where

BS , NS , MS and PS are pushforwards of B, N , M and P on S, respectively,
(b) Y is a normal quasi-projective variety with dim Y < dim X ,
(c) KS + BS + NS + MS + PS ∼R,Y 0,
(d) ϕ is a

(
KX + B + M + (1− ζ )(N + P)

)
-MMP for some 0 < ζ � 1 and f is the

corresponding Mori fibre space,
(e) S has klt singularities.

Let (p, q) : W → X × S be a resolution of indeterminacies of ϕ such that W is a log
resolution of all the divisors in sight on X and there exist nef R-divisors MW and PW
on W such that M = p∗MW and P = p∗PW . If BW and NW are the strict transforms
of B and N on W , respectively, then we may write

KW + BW + NW + MW + PW + GW ∼R p∗(KX + B + N + M + P) + EW ,

(15)

where the divisors GW and EW are effective, p-exceptional and have no common
components.

W

X S Y

p q

ϕ f

Let F be a very general fibre of f and set FW := q−1(F) ⊆ W . In addition, set

NF := NS|F , BF := BS|F , MF := MS|F , PF := PS|F
and similarly for NFW , BFW , MFW , PFW and GFW . Then both the divisors KF + BF +
NF + MF + PF and KFW + BFW + NFW + MFW + PFW + GFW are pseudoeffective
and we have
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(q|FW )∗(KFW + BFW + NFW + MFW + PFW + GFW )

= KF + BF + NF + MF + PF

by (15). By [25, Lemma 2.8] and by (c), we obtain

ν(FW , KFW + BFW + NFW + MFW + PFW + GFW )

≤ ν(F, KF + BF + NF + MF + PF ) = 0,

hence ν(FW , KFW + BFW + NFW + MFW + PFW + GFW ) = 0.
For every ε > 0, the divisor KFW + BFW + MFW + (1 − ε)(NFW + PFW ) + GFW

is not pseudoeffective, since otherwise the divisor

KF + BF + MF + (1 − ε)(NF + PF )

= (qFW )∗
(
KFW + BFW + MFW + (1 − ε)(NFW + PFW ) + GFW

)

would be pseudoeffective for some ε > 0, a contradiction to (c) and (d).
Since S has klt singularities by (e), so does F , and hence F has rational singularities.

Additionally, h1(F,OF ) = 0 by (d) and by the Kodaira vanishing theorem. It follows
that h1(FW ,OFW ) = 0.

If KW +BW +NW +MW +PW +GW admits an NQCweak Zariski decomposition
over Z , then KX + B+ N +M + P admits an NQC weak Zariski decomposition over
Z by (15) and by [26, Lemma 2.14].

In conclusion, by replacing
(
X , (B + N ) + (M + P)

)
with

(
W , (BW + NW +

GW ) + (MW + PW )
)
and by setting ξ := f ◦ q, we achieve Assumption 1.

Step 2. If dim Y = 0 (and thus necessarily dim Z = 0), then

KX + B + N + M + P ≡ Nσ (KX + B + N + M + P)

by [29, Proposition V.2.7(8)] and by (a1). Hence, KX + B + N + M + P admits an
NQC weak Zariski decomposition, and we are done.

Step 3. Assume from now on that dim Y > 0. In this step we show that we may
assume the following:

Assumption 2. There exists a fibration g : X → T to a normal quasi-projective
variety T over Z such that:

(a2) 0 < dim T < dim X ,
(b2) KX + B + N + M + P ∼R,T 0.

However, instead of the g-pair
(
X , (B+N )+(M+ P)

)
beingQ-factorial dlt, we may

only assume that it is an NQC log canonical g-pair such that (X , 0) is Q-factorial klt.

Note that
(
X , (B + N )+ (M + P)

)
is also a g-pair over Y . It follows from (a1) and

[26, Corollary 2.18] that the divisor KX + B+ N +M + P is effective over Y . Hence,
by [26, Theorem 4.4(ii)] we may run a (KX + B + N + M + P)-MMP with scaling
of an ample divisor over Y which terminates. We obtain thus a birational contraction
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θ : X ��� X ′ over Y and a g-pair
(
X ′, (B ′ + N ′) + (M ′ + P ′)

)
such that the divisor

KX ′ + B ′ + N ′ + M ′ + P ′ is nef over Y , where B ′, N ′, M ′ and P ′ are pushforwards
of B, N , M and P on X ′, and we denote by ξ ′ : X ′ → Y the induced morphism.

By Proposition 2.12 there exists δ > 0 such that, if we run a
(
KX ′ + B ′ + M ′ +

(1 − δ)(N ′ + P ′)
)
-MMP with scaling of an ample divisor over Y , then this MMP is

(KX ′+B ′+N ′+M ′+P ′)-trivial. In addition, note that KX ′+B ′+M ′+(1−δ)(N ′+P ′)
is not ξ ′-pseudoeffective: indeed, by possibly choosing δ smaller, we may assume that
the map θ is

(
KX ′ + B ′ + M ′ + (1 − δ)(N ′ + P ′)

)
-negative, and the claim follows

since KX + B + M + (1− δ)(N + P) is not ξ -pseudoeffective by (b1). Therefore, by
[6, Lemma 4.4(1)] this relative

(
KX ′ + B ′ +M ′ + (1− δ)(N ′ + P ′)

)
-MMP terminates

with a Mori fibre space f ′′ : X ′′ → Y ′′ over Y . We obtain a birational contraction
θ ′ : X ′ ��� X ′′ and a g-pair

(
X ′′, (B ′′ + N ′′) + (M ′′ + P ′′)

)
, where B ′′, N ′′, M ′′

and P ′′ are the appropriate pushforwards on X ′′, and we denote by ξ ′′ : X ′′ → Y the
induced morphism.

X X ′ X ′′

Y Y ′′
ξ

θ θ ′

ξ ′ f ′′

ξ ′′

Then the variety X ′′ is Q-factorial, the g-pair
(
X ′′, (B ′′ + N ′′) + (M ′′ + P ′′)

)
is NQC

log canonical, the pair (X ′′, 0) is klt by Lemma 2.3 since the g-pair
(
X ′′, B ′′ + M ′′ +

(1 − δ)(N ′′ + P ′′)
)
is dlt, and by Proposition 2.12 we have

KX ′′ + B ′′ + N ′′ + M ′′ + P ′′ ≡Y ′′ 0.

Furthermore, the numerical equivalence over Y ′′ coincides with the R-linear equiva-
lence over Y ′′, since f ′′ is an extremal contraction, see [16, Theorem 1.3(4)(c)].

Since the composite map θ ′ ◦θ : X ��� X ′′ is (KX +B+N +M+ P)-non-positive
by construction, it follows from [26, Lemma 2.14] that if KX ′′ + B ′′ + N ′′ +M ′′ + P ′′
admits anNQCweakZariski decomposition over Z , then so does KX+B+N+M+P .

In conclusion, by replacing
(
X , (B + N ) + (M + P)

)
with

(
X ′′, (B ′′ + N ′′) +

(M ′′ + P ′′)
)
and by setting T := Y ′′ and g := f ′′, we achieve Assumption 2.

Step 4. By (b2) and by [17, Theorem 1.2] there exists an NQC log canonical g-pair
(T /Z , BT + MT ) such that

KX + B + N + M + P ∼R g∗(KT + BT + MT ). (16)

The divisor KT +BT +MT is pseudoeffective over Z by (16). Therefore, by (a2) and by
the assumptions of the theorem in lower dimensions together with Remark 2.8 and [26,
Theorem E], the g-pair (T /Z , BT +MT ) admits an NQCweak Zariski decomposition
over Z . Then (16) and [26, Remark 2.11] imply that the g-pair

(
X/Z , (B+N )+(M+

P)
)
admits an NQC weak Zariski decomposition over Z , as desired. 
�

The following consequence of Theorem 3.1 plays an important role in the proofs
of Proposition 5.1 and Theorem 5.2.
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Lemma 3.2 Assume the existence of minimal models for smooth varieties of dimension
n − 1.

Let
(
X/Z , (B + N ) + (M + P)

)
be an NQC Q-factorial log canonical g-pair of

dimension n such that KX + B + N + M + P is pseudoeffective over Z. Assume that
the g-pair (X , B + M) admits an NQC weak Zariski decomposition over Z or that
KX + B + M is not pseudoeffective over Z. Then

(
X/Z , (B + N ) + (M + P)

)
has

a minimal model in the sense of Birkar-Shokurov over Z.

Proof We consider the two cases separately.
First, if the g-pair (X , B + M) admits an NQC weak Zariski decomposition over

Z , then the conclusion follows from Lemma 2.9.
Assume now that KX + B + M is not pseudoeffective over Z . Set

τ := inf
{
t ∈ R≥0 | KX + B + M + t(N + P) is pseudoeffective over Z

}
,

and observe that τ ∈ (0, 1]. Take a dlt blowup

h : (
X ′, (B ′ + τh−1∗ N ) + (M ′ + τ P ′)

) → (
X , (B + τN ) + (M + τ P)

)

of the g-pair
(
X , (B + τN ) + (M + τ P)

)
, where B ′ := h−1∗ B + E and E is the sum

of all h-exceptional prime divisors. Then the g-pair
(
X ′, B ′ + M ′) is dlt by Lemma

2.3 and the divisor KX ′ + B ′ + M ′ is not pseudoeffective over Z , since the divisor
KX + B + M = h∗(KX ′ + B ′ + M ′) is not pseudoeffective over Z . Additionally,
since

KX ′ + B ′ + τh−1∗ N + M ′ + τ P ′ ∼R h∗(KX + B + τN + M + τ P
)

is pseudoeffective over Z , we infer similarly that

τ = inf{t ∈ R≥0 | KX ′ + B ′ + M ′ + t(h−1∗ N + P ′) is pseudoeffective over Z}.

By Theorem 3.1 the g-pair
(
X ′, (B ′ + τh−1∗ N ) + (M ′ + τ P ′)

)
admits an NQC weak

Zariski decomposition over Z , hence so does the g-pair
(
X , (B + τN ) + (M + τ P)

)

by [26, Remark 2.11]. We conclude by Lemma 2.9. 
�

4 On termination of theMMPwith scaling

The following result improves on [14, Theorem 4.1] by removing the assumption that
the underlying variety is klt. Its proof follows the same strategy as the proofs of [3,
Theorem 4.1(iii)] and [14, Theorem 4.1]. The organisation of the proof is somewhat
different and occasionally streamlined. We make an extra effort to provide all the
details, since the arguments are quite involved.

Theorem 4.1 Let (X/Z , B+M)beaQ-factorialNQCg-pair, let P be the pushforward
of an NQC divisor on a high birational model of X, and let N be an effectiveR-divisor



   89 Page 22 of 36 V. Lazić and N. Tsakanikas

on X. Assume that the g-pair
(
X , (B + N ) + (M + P)

)
is log canonical and that the

divisor KX + B + N + M + P is nef over Z. Consider a (KX + B + M)-MMP over
Z with scaling of P + N, denote by λi the corresponding nef thresholds in the steps
of this MMP and set λ := lim

i→∞ λi .

If λ �= λi for every i and if
(
X , (B + λN ) + (M + λP)

)
has a minimal model in

the sense of Birkar-Shokurov over Z, then the given MMP terminates.

Proof We proceed in several steps.

Step 1. First, by replacing (X , B + M) with
(
X , B + M + λ(P + N )

)
, we may

assume that λ = 0. We may also assume that the MMP consists only of flips. Next,
by arguing as in the first paragraphs of the proof of [24, Theorem 5.1] we may further
assume that each birational map Xi ��� Xi+1 in the MMP is an isomorphism at the
generic point of each log canonical centre of (Xi , Bi + Mi ). Pick an index i such that
λi > λi+1 and note that the g-pair

(
Xi+1, Bi+1 + Mi+1 + λi (Ni+1 + Pi+1)

)
is log

canonical. Therefore, by replacing (X , B+M)with (Xi+1, Bi+1 +Mi+1) and N + P
with λi+1(Ni+1 + Pi+1), we may assume that

λ1 = 1

and

(
X , B + M + (1 + ε)(N + P)

)
is log canonical for 0 ≤ ε � 1. (17)

Step 2. By assumption, there exists a birational map ϕ : X ��� Y to a minimal
model in the sense of Birkar-Shokurov (Y , BY + MY ) of (X , B + M) over Z . Let
( f , g) : W → X × Y be a resolution of indeterminacies of the map ϕ which is a log
resolution of all relevant divisors in sight and such that there exists divisorsMW and PW
onW which are nef over Z such that f∗MW = M and f∗PW = P . Set NW := f −1∗ N
and let BW be the sum of f −1∗ B and of all f -exceptional prime divisors on W .

Step 2a. In this step we construct a dlt blowup of (Y ′, BY ′ +MY ′) of (Y , BY +MY ).
The divisor

F := f ∗(KX + B + M) − g∗(KY + BY + MY )

is effective and g-exceptional and the divisor

F ′ := KW + BW + MW − f ∗(KX + B + M)

is effective and both f -exceptional and g-exceptional by Remark 2.6. We have

KW + BW + MW ≡Y F + F ′.

By [14, Proposition 3.8] we can run a (KW + BW +MW )-MMP over Y with scaling of
an ample divisor which terminates with a model (Y ′, BY ′ + MY ′) on which the divisor
F + F ′ is contracted. We denote by θ : W ��� Y ′ the induced birational contraction.
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Step 2b. In this step we construct a dlt blowup of (X ′, B ′ + M ′) of (X , B + M)

with certain additional properties that we will need later.
Set

F ′′ := KW + (BW + NW ) + (MW + PW ) − f ∗(KX + (B + N ) + (M + P)
)
.

Since the g-pair
(
X , (B + N ) + (M + P)

)
is log canonical, F ′′ is effective and f -

exceptional. By [14, Proposition 3.8] we can run a
(
KW + (BW + NW ) + (MW +

PW )
)
-MMP over X with scaling of an ample divisor which terminates with a model(

X ′, (B ′ + N ′) + (M ′ + P ′)
)
on which the divisor F ′′ is contracted. We denote by

ξ : W ��� X ′ the induced birational contraction and by h : X ′ → X the induced map.

(X ′, B ′ + M ′) (W , BW + MW ) (Y ′, BY ′ + MY ′)

(X , B + M) (Y , BY + MY )

h
f

ξ θ

g

ϕ

Then

KX ′ + (B ′ + N ′) + (M ′ + P ′) ∼R h∗(KX + (B + N ) + (M + P)
)
.

Write

h∗(N + P) = N ′ + P ′ + �′.

Since N ′ = h−1∗ N , the divisor h∗N−N ′ is effective and h-exceptional, and the divisor
h∗P − P ′ is effective and h-exceptional by the Negativity lemma. Therefore, �′ is an
effective and h-exceptional divisor, hence every component of �′ is a log canonical
place of

(
X , (B + N ) + (M + P)

)
on X ′. This and (17) imply that �′ = 0, and

consequently

h∗(N + P) = N ′ + P ′

and

KX ′ + B ′ + M ′ ∼R h∗(KX + B + M).

The map h is therefore a dlt blowup of (X , B + M). Note that an f -exceptional
prime divisor on W is contracted by ξ if and only if it is not a log canonical place of(
X , (B+N )+ (M+ P)

)
onW by construction. Thus, an f -exceptional prime divisor

on W is contracted by ξ if and only if it is not a log canonical place of (X , B + M)

on W by (17).

Step 3. In this step we show that ϕ does not contract any divisor.
Assume for contradiction that D is a ϕ-exceptional prime divisor on X and let

DW := f −1∗ D. Then a(D, X , B + M) < a(D,Y , BY + MY ) by the definition of
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minimal models in the sense of Birkar-Shokurov, and thus DW ⊆ Supp F . Therefore,
the map θ contracts DW by Step 2a.

In the remainder of this step we will derive a contradiction by showing that DW

cannot be contracted by θ .
Pick 0 < λi � 1 such that the map θ is

(
KW + BW + MW + λi (NW + PW )

)
-

negative. Since
(
X , (B + M) + λi (N + P)

)
is log canonical and by the definition of

BW , the divisor

G := KW + BW + MW + λi (NW + PW ) − f ∗(KX + B + M + λi (N + P)
)

is effective and f -exceptional.
Next, let (p, q) : W ′ → X × Xi be a resolution of indeterminacies of the birational

contraction X ��� Xi , which dominates W . Then

p∗(
KX + B + M + λi (N + P)

) ∼R q∗(KXi + Bi + Mi + λi (Ni + Pi )
) + E, (18)

where E is effective and p-exceptional, since the map X ��� Xi is an isomorphism in
codimension 1, see Step 1. We denote by Q the pushforward of q∗(KXi + Bi + Mi +
λi (Ni + Pi )

)
to W . Then Q is movable over Z , since the divisor KXi + Bi + Mi +

λi (Ni + Pi ) is nef over Z . Pushing forward the relation (18) to W , we obtain

f ∗(KX + B + M + λi (N + P)
) ∼R Q + E ′,

where E ′ ≥ 0 is f -exceptional. This yields

KW + BW + MW + λi (NW + PW ) ∼R Q + G + E ′. (19)

Since the divisor G + E ′ is f -exceptional,

the prime divisor DW = f −1∗ D is not a component of G + E ′. (20)

Now, assume that DW is contracted at the �-th step μ� : W� ��� W�+1 of the MMP
θ : W ��� Y ′. In particular, μ� is a divisorial contraction. Denote by BW�

, DW�
, E ′

W�
,

GW�
, MW�

, NW�
, PW�

and QW�
the pushforwards on W� of the divisors BW , DW , E ′,

G, MW , NW , PW and Q, respectively. From (19) we have

KW�
+ BW�

+ MW�
+ λi (NW�

+ PW�
) ∼R QW�

+ GW�
+ E ′

W�
. (21)

Since DW�
is not a component ofGW�

+E ′
W�

by (20), for a general curveC� contracted
by μ� we would have (GW�

+ E ′
W�

) · C� ≥ 0, as well as QW�
· C� ≥ 0, since QW�

is

movable over Z . On the other hand, we have
(
KW�

+ BW�
+ MW�

+λi (NW�
+ PW�

)
) ·

C� < 0 by the choice of λi , which contradicts (19). This proves the claim.

Step 4. In this step we show that (Y ′, BY ′ + MY ′) is a minimal model in the usual
sense of (X ′, B ′ + M ′) over Z .
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Assume first that S is a prime divisor on Y ′ which is contracted to X ′. Let SW be the
strict transform of S onW . If S is not exceptional over Y , then a(SW , X , B+M) = −1
by the definition ofminimalmodels in the sense of Birkar-Shokurov. If S is exceptional
over Y , then a(SW ,Y , BY + MY ) = −1 since (Y ′, BY ′ + MY ′) is a dlt blowup of
(Y , BY +MY ), hence we have again a(SW , X , B+M) = −1 by Remark 2.6. But this
contradicts the last sentence in Step 2b. Therefore, the map X ′ ��� Y ′ is a birational
contraction.

Assume now that S is a prime divisor on X ′ which is contracted to Y ′. Then S is
contracted to Y , and since ϕ does not contract any divisor by Step 3, the divisor S
must be contracted to X . Since (X ′, B ′ + M ′) is a dlt blowup of (X , B + M), we must
have

a(S, X ′, B ′ + M ′) = a(S, X , B + M) = −1. (22)

Therefore, we need to show that a(S,Y ′, BY ′ + MY ′) > −1.
Assume on the contrary that a(S,Y ′, BY ′ + MY ′) = −1. Then we also have

a(S,Y , BY + MY ) = −1, since (Y ′, BY ′ + MY ′) is a dlt blowup of (Y , BY + MY ).
Recalling the definitions of the divisors F and F ′ from Step 2a, if SW is the strict
transform of S on W , then the previous sentence implies that SW � Supp F . More-
over, (22) implies that SW � Supp F ′. Hence, SW is not contracted by θ by Step 2a,
a contradiction which shows the claim.

Step 5. By Theorem 2.14 we can lift the sequence Xi ��� Xi+1/Zi to a (KX ′ +
B ′ + M ′)-MMP over Z with scaling of N ′ + P ′, where each g-pair (X ′

i , B
′
i + M ′

i ) is
Q-factorial and dlt.

(X ′, B ′ + M ′) (W , BW + MW ) (Y ′, BY ′ + MY ′)

(X ′
i , B

′
i + M ′

i ) (X , B + M) (Y , BY + MY )

(Xi , Bi + Mi )

h
f

ξ θ

g

ϕ

By Step 4 and by Lemma 2.16 the varieties X ′
i and Y

′ are isomorphic in codimension
1 for all i � 0.

Step 6. To finish the proof of the theorem, it suffices to show that the MMP

(X ′
1, B

′
1 + M ′

1) ��� (X ′
2, B

′
2 + M ′

2) ��� · · · ��� (X ′
i , B

′
i + M ′

i ) ��� · · ·

terminates, where (X ′
1, B

′
1 + M ′

1) := (X ′, B ′ + M ′).
Suppose that this MMP does not terminate. After relabelling we may assume that

this MMP consists only of flips and that all X ′
i and Y

′ are isomorphic in codimension
1 by Step 5.

Let A be a reduced effective divisor onW whose components are divisors which are
ample over Z and whose classes generate N 1(W/Z)R. Since the map ξ : W ��� X ′ is
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obtained by running a (KW + BW +MW +NW + PW )-MMP over X by Step 2b, there
exists 0 < ε0 � 1 such that this map is also (KW + BW + MW + NW + PW + εA)-
negative for each 0 < ε ≤ ε0, so that the g-pair

(
X ′/Z , (B ′ + N ′ +εA′)+ (M ′ + P ′)

)

is dlt, where A′ is the strict transform of A on X ′.
Similarly we may assume that

(
Y ′/Z , (BY ′ + εAY ′)+ MY ′) is dlt for each 0 < ε ≤

ε0, where AY ′ is the strict transform of A on Y ′.
Pick an index i and 0 < ε0 � 1 such that additionally:

(a) λi−1 > λi ,
(b) any

(
KY ′ +BY ′ +MY ′ +λi−1(NY ′ +PY ′)+R

)
-MMP over Z is (KY ′ +BY ′ +MY ′)-

trivial for any divisor R on Y ′ with Supp R = Supp AY ′ and whose coefficients
are smaller than ε0; this is possible by Proposition 2.12, and

(c) any
(
KX ′

i
+ B ′

i + M ′
i +λi−1(N ′

i + P ′
i )+ εA′

i

)
-MMP over Z is

(
KX ′

i
+ B ′

i + M ′
i +

λi−1(N ′
i + P ′

i )
)
-trivial for any 0 < ε ≤ ε0; this is again possible by Proposition

2.12.

Step 7. Since the map X ′ ��� X ′
i is

(
KX ′ + B ′ + M ′ + λi−1(N ′ + P ′)

)
-negative, it

is also
(
KX ′ + B ′ + M ′ +λi−1(N ′ + P ′)+ εA′)-negative for 0 < ε ≤ ε0, possibly by

taking a smaller ε0. In particular, the g-pair
(
X ′
i/Z , B ′

i + M ′
i + λi−1(N ′

i + P ′
i )+ εA′

i

)

is Q-factorial dlt, where A′
i is the strict transform of A′ on X ′

i .
Pick 0 < ε′ < ε0. Let ‖ · ‖ by the maximum componentwise norm on the space of

divisors on X ′
i . Since the classes of the components of A′

i generate N 1(X ′
i/Z), there

exist anR-divisor H with Supp H = Supp A′
i and ‖H‖ � ε0−ε′ which is ample over

Z . Set H ′ := ε′A′
i − H . Then 0 ≤ H ′ ≤ ε0A′

i . By replacing now H with a general
divisor R-linearly equivalent to H and by replacing ε0 with ε′, we may assume that
H + H ′ ∼R ε0A′

i and that the g-pair
(
X ′
i/Z , B ′

i + M ′
i +λi−1(N ′

i + P ′
i )+ ε(H + H ′)

)

is dlt for all 0 ≤ ε ≤ 1.
By [14, Lemma 3.5] there exists a klt pair (X ′

i ,�
′
i ) such that

KX ′
i
+ �′

i ∼R KX ′
i
+ B ′

i + M ′
i + λi−1(N

′
i + P ′

i ) + H + H ′

∼R KX ′
i
+ B ′

i + M ′
i + λi−1(N

′
i + P ′

i ) + ε0A
′
i .

By [1] we may run a (KX ′
i
+ �′

i )-MMP over Z with scaling of an ample divisor: this
is clearly a (KX ′

i
+ B ′

i + M ′
i + λi−1(N ′

i + P ′
i ) + ε0A′

i )-MMP, which terminates with

a minimal model
(
T /Z , BT + MT + λi−1(NT + PT ) + ε0AT

)
. Since the divisor A′

i
is movable over Z , then so is the divisor KX ′

i
+ B ′

i + M ′
i + λi−1(N ′

i + P ′
i ) + ε0A′

i ,
hence

X ′
i and T are isomorphic in codimension 1. (23)

By (c) we have that

KT + BT + MT + λi−1(NT + PT ) is nef over Z , (24)

as well as KT + BT + MT + λi−1(NT + PT ) + ε0AT . Therefore, since the classes
of the components of AT generate N 1(T /Z), there exists a divisor 0 < DT ≤ ε0AT
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such that

KT + BT + MT + λi−1(NT + PT ) + DT is ample over Z . (25)

Step 8. Note that Y ′ and T are isomorphic in codimension 1 by the assumption in
Step 6 and by (23). If DY ′ is the strict transform of DT on Y ′, then

KY ′ + BY ′ + MY ′ + λi−1(NY ′ + PY ′) + DY ′ is movable over Z (26)

by (25).
By (b) in Step 6 we can run a

(
KY ′ + BY ′ + MY ′ + λi−1(NY ′ + PY ′) + DY ′

)
-MMP

over Z with scaling of an ample divisor which is
(
KY ′ + BY ′ + MY ′

)
-trivial. By (26),

thisMMP consists only of flips. Hence, if
(
Y ′′, BY ′′ +MY ′′ +λi−1(NY ′′ +PY ′′)+DY ′′)

is the resulting minimal model over Z , then Y ′′ and T are Q-factorial varieties which
are isomorphic in codimension 1,

KY ′′ + BY ′′ + MY ′′ is nef over Z , (27)

and

KY ′′ + BY ′′ + MY ′′ + λi−1(NY ′′ + PY ′′) + DY ′′ is nef over Z . (28)

By [13, Lemma 1.7], (25) and (28), the map T ��� Y ′′ is a morphism, hence an
isomorphism by [9, Lemma 2.1.4]. Hence, by (24) and (27),

KT + BT + MT + λi−1(NT + PT ) and KT + BT + MT are nef over Z . (29)

Since λi−1 > λi > 0 by (a) in Step 6, (29) implies that also

KT + BT + MT + λi (NT + PT ) is nef over Z . (30)

Step 9.Let (r , s) : V → X ′
i×T be a resolution of indeterminacies.By theNegativity

lemma and by (29) we have

r∗(KX ′
i
+ B ′

i + M ′
i + λi−1(N

′
i + P ′

i )
) ∼R s∗(KT + BT + MT + λi−1(NT + PT )

)
,

whereas the Negativity lemma and (30) imply

r∗(KX ′
i
+ B ′

i + M ′
i + λi (N

′
i + P ′

i )
) ∼R s∗(KT + BT + MT + λi (NT + PT )

)
.

Since λi−1 > λi > 0 by (a) in Step 6, the two relations above yield

r∗(KX ′
i
+ B ′

i + M ′
i ) ∼R s∗(KT + BT + MT ),

hence KX ′
i
+ B ′

i + M ′
i is nef over Z . This is a contradiction which finishes the proof.
�
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5 Proofs of main results

In this section we first obtain analogues of [12, Proposition 6.2 and Theorem 1.7] in
the setting of g-pairs, see Proposition 5.1 and Theorem 5.2. We prove afterwards the
results announced in the introduction.

Proposition 5.1 Assume the existenceofminimalmodels for smooth varieties of dimen-
sion n − 1.

Let (X/Z , B + M) be a Q-factorial NQC log canonical g-pair of dimension n.
Assume that (X , B+M) has a minimal model in the sense of Birkar-Shokurov over Z
or that KX + B+M is not pseudoeffective over Z. Then there exists a (KX + B+M)-
MMP over Z which terminates.

Proof We follow closely the proof of [12, Proposition 6.2].
First, we may run a (KX + B + M)-MMP over Z such that we obtain a g-pair

(Y , BY + MY ) with the property that any (KY + BY + MY )-MMP over Z consists
only of flips. In addition to this, either (Y , BY + MY ) has a minimal model in the
sense of Birkar-Shokurov over Z by [16, Corollary 3.20] or KY + BY + MY is not
pseudoeffective over Z . Therefore, by replacing (X , B + M) with (Y , BY + MY ), we
may assume that any (KX + B + M)-MMP over Z consists only of flips.

By [14, Section 3.3], we may find positive real numbers r1, . . . , rm and Q-divisors
B(1), . . . , B(m) and M (1), . . . , M (m) such that

m∑

j=1

r j = 1, B =
m∑

j=1

r j B
( j), M =

m∑

j=1

r j M
( j),

and each g-pair (X , B( j) + M ( j)) is log canonical. In particular, each divisor KX +
B( j) + M ( j) is Q-Cartier and we have

KX + B + M =
m∑

j=1

r j
(
KX + B( j) + M ( j)). (31)

Next, set d := dimR N 1(X/Z) and fix positive real numbers α1, . . . , αd which are
linearly independent over the field Q(r1, . . . , rm). Pick Q-divisors A(1), . . . , A(d) on
X which are ample over Z such that their classes form a basis of N 1(X/Z) and such
that, setting

A := α1A
(1) + · · · + αd A

(d), (32)

the g-pair
(
X/Z , (B + A) + M

)
is log canonical and the divisor KX + B + M + A

is nef over Z .
Now, we run a (KX + B + M)-MMP over Z with scaling of A – recall that it

consists only of flips:
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(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) · · ·

Z1 Z2

θ1

π1

θ+
1

θ2

π2

θ+
2

π3

where (X1, B1 + M1) := (X , B + M). We assume that this MMP does not terminate
and we will derive a contradiction.

To this end, note first that each Xi is Q-factorial, and let Bi , B
( j)
i , Mi , M

( j)
i , Ai and

A( j)
i denote the pushforwards on Xi of B, B( j), M , M ( j), A and A( j), respectively.

For each positive integer i set

λi := inf{t ∈ R≥0 | KXi + Bi + Mi + t Ai is nef over Z}

and note that λi ≥ λi+1 for every i .
We claim that

λi > λi+1 for every i . (33)

This will immediately imply the proposition. Indeed, set λ := limi→∞ λi and note
that λ < λi for every i by (33). Since each divisor KXi + Bi + Mi + λi Ai is nef
over Z , the divisor KX + B + M + λA is pseudoeffective over Z . It follows from the
assumptions of the proposition and from Remark 2.8 and Lemma 3.2 that the g-pair(
X , (B + λA) + M

)
has a minimal model in the sense of Birkar-Shokurov over Z ,

hence the above MMP terminates by Theorem 4.1, a contradiction.
It remains to prove (33).Assume, for contradiction, thatλi = λi+1 for some i . Pick a

curveC on Xi+1 which is contracted by the flipped contraction θ+
i : Xi+1 → Zi and a

curveC ′ on Xi+1 which is contracted by the flipping contraction θi+1 : Xi+1 → Zi+1.
The divisors KXi+1 + B( j)

i+1 + M ( j)
i+1 are Q-Cartier, and we have

(KXi+1 + Bi+1 + Mi+1) · C > 0 and (KXi+1 + Bi+1 + Mi+1) · C ′ < 0. (34)

Hence, by (31) we obtain

β := (KXi+1 + Bi+1 + Mi+1) · C
(KXi+1 + Bi+1 + Mi+1) · C ′ ∈ Q(r1, . . . , rm) ∩ (−∞, 0). (35)

Since the divisors A(k)
i+1 are Q-Cartier, we have

A(k)
i+1 · (C − βC ′) ∈ Q(r1, . . . , rm) for every k ∈ {1, . . . , d}. (36)

By construction of the (KX + B + M)-MMP over Z with scaling of A and by [16,
Theorem 1.3(4)(c)], we have

(KXi+1 + Bi+1 + Mi+1 + λi Ai+1) · C = 0
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and

(KXi+1 + Bi+1 + Mi+1 + λi+1Ai+1) · C ′ = 0.

As λi = λi+1, the last two equations and (35) yield

Ai+1 · (C − βC ′) = 0,

which, together with (32), implies

α1A
(1)
i+1 · (C − βC ′) + · · · + αd A

(d)
i+1 · (C − βC ′) = 0.

Since α1, . . . , αd are linearly independent over Q(r1, . . . , rm), it follows from the last
equation and from (36) that

A(k)
i+1 · (C − βC ′) = 0 for every k ∈ {1, . . . , d}. (37)

Now, since themaps (πi )∗ : N 1(Xi/Z) → N 1(Xi+1/Z) are isomorphisms for each
i , the classes of A(1)

i+1, . . . , A
(d)
i+1 form a basis of N 1(Xi+1/Z) for all i . This, together

with (37), implies that the class ofC −βC ′ is 0 in N1(Xi+1/Z). But this is impossible
since β < 0. This proves (33) and finishes the proof of the proposition. 
�
Theorem 5.2 Assume the existence of minimal models for smooth varieties of dimen-
sion n − 1.

Let
(
X/Z , (B + N ) + (M + P)

)
be a Q-factorial NQC log canonical g-pair such

that the divisor KX + B + N + M + P is nef over Z. Assume that (X , B + M) has
a minimal model in the sense of Birkar-Shokurov over Z or that KX + B + M is not
pseudoeffective over Z. Then there exists a (KX + B + M)-MMP over Z with scaling
of P + N that terminates.

Proof We follow closely the proof of [12, Theorem 1.7].
We set X1 := X , B1 := B, M1 := M , N1 := N , P1 := P , and

λ1 := inf{t ∈ R≥0 | KX1 + B1 + M1 + t(N1 + P1) is nef over Z}.

If λ1 = 0, then we are done, so we may assume that λ1 > 0.
Note that if a divisor KX1 + B1 + M1 + s(N1 + P1) is pseudoeffective over Z for

some 0 ≤ s ≤ λ1, then by the assumptions of the theorem, Remark 2.8 and Lemma
3.2, the g-pair

(
X1, (B1 + sN1) + (M1 + sP1)

)
has a minimal model in the sense of

Birkar-Shokurov over Z . By Proposition 2.12 there exists ξ1 ∈ [0, λ1) such that any(
KX1 + B1 + M1 + ξ1(N1 + P1)

)
-MMP over Z is

(
KX1 + B1 + M1 + λ1(N1 + P1)

)
-

trivial, and thus also a (KX1 + B1 + M1)-MMP over Z with scaling of P1 + N1.
Therefore, by Proposition 5.1 there exists a

(
KX1 + B1 + M1 + ξ1(N1 + P1)

)
-MMP

over Z which terminates either with a minimal model or with a Mori fibre space(
X2, (B2 + ξ1N2) + (M2 + ξ1P2

)
of

(
X1, (B1 + ξ1N1) + (M1 + ξ1P1)

)
over Z ,

and which is also a
(
KX1 + B1 + M1 + s(N1 + P1)

)
-MMP over Z with scaling of
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P1 + N1 for all s ∈ [0, ξ1). In particular, if for some 0 ≤ s ≤ ξ1 a g-pair
(
X1, (B1 +

sN1) + (M1 + sP1)
)
has a minimal model in the sense of Birkar-Shokurov over Z ,

then the g-pair
(
X2, (B2 + sN2) + (M2 + sP2)

)
has a minimal model in the sense of

Birkar-Shokurov over Z by [16, Corollary 3.20].
Now, we distinguish two cases. If

(
X2, (B2 + ξ1N2) + (M2 + ξ1P2) is a Mori fibre

space of
(
X1, (B1 + ξ1N1) + (M1 + ξ1P1)

)
over Z , then (X2, B2 + M2) is a Mori

fibre space of (X1, B1 + M1) over Z by construction and we are done. Otherwise, the
g-pair

(
X2, (B2 + ξ1N2) + (M2 + ξ1P2)

)
is a minimal model of

(
X1, (B1 + ξ1N1) +

(M1 + ξ1P1)
)
over Z , and then we set

λ2 := inf{t ∈ R≥0 | KX2 + B2 + M2 + t(N2 + P2) is nef over Z},

and we observe that 0 ≤ λ2 ≤ ξ1 < λ1 by construction.
By repeating the above procedure, we obtain a diagram

(X1, B1 + M1) ��� (X2, B2 + M2) ��� (X3, B3 + M3) ��� · · ·

where each map Xi ��� Xi+1 is a sequence of steps of a (KXi + Bi + Mi )-MMP
over Z with scaling of Pi + Ni , and if λi is the corresponding nef threshold on Xi ,
then either λi = 0 for some index i , in which case we are done, or the sequence
{λi } is strictly decreasing, in which case we set λ := limi→∞ λi . Then the divisor
KX1 + B1 + M1 + λ(N1 + P1) is pseudoeffective over Z , so the g-pair

(
X1, (B1 +

λN1) + (M1 + λP1)
)
has a minimal model in the sense of Birkar-Shokurov over Z

by the assumptions of the theorem and by Lemma 3.2. Consequently, by Theorem 4.1
this (KX1 + B1 + M1)-MMP over Z with scaling of P1 + N1 terminates. 
�

We can now prove quickly all the results announced in the introduction.

Proof of Theorem 1.1 By assumption, either KX + B + M is not pseudoeffective over
Z or (X , B + M) admits an NQC weak Zariski decomposition over Z , in which case
it has a minimal model in the sense of Birkar-Shokurov over Z by [26, Theorem
4.4(i)]. Thus, the first statement of the theorem follows immediately from Theorem
5.2. The last sentence of the theorem follows by setting N = 0 and by taking P to be
a sufficiently ample R-divisor on X over Z . 
�
Proof of Theorem 1.5 The g-pair (X , B + M) has a minimal model in the sense of
Birkar-Shokurov over Z by [26, Theorem 4.3]. We conclude by Remark 2.8 and by
Theorem 1.1. 
�
Proof of Corollary 1.6 The proof is the same as that of Lemma 2.9, once we invoke
Theorem 1.1 instead of [26, Theorem 4.4(i)]. 
�
Proof of Corollary 1.3 The result follows immediately from [26, Lemma 2.15] and
Corollary 1.6. 
�
Proof of Corollary 1.4 The existence of minimal models for terminal 4-folds over Z
follows from [22, Theorem 5-1-15]. Therefore, Remark 2.8 and [26, Theorem E]
imply the existence of NQC weak Zariski decompositions for pseudoeffective NQC
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log canonical g-pairs of dimension 4. Hence, (i) and (ii) follow from Theorem 1.1,
while (iii) follows from Theorem 1.5. 
�
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Appendix (written jointly with Xiaowei Jiang)

In this Appendix, which has been written jointly with Xiaowei Jiang2, we establish the
existence of Mori fibre spaces for non-pseudoeffective Q-factorial NQC log canonical
generalised pairs of arbitrary dimension. We present two different proofs below. In
the following result we summarise previous knowledge concerning the existence of
Mori fibre spaces for non-pseudoeffective generalised pairs.

Theorem A.1 Let (X/Z , B+M)beanNQClogcanonical g-pair such that KX+B+M
is not pseudoeffective over Z. Then the following statements hold:

(i) If M = 0, then the pair (X , B) has a Mori fibre space over Z.
(ii) If (X , 0) isQ-factorial klt, then the g-pair (X , B+M) has a Mori fibre space over

Z.

Proof Part (i) follows from [12, Theorem 1.7]; note that the Q-factorial dlt case was
established in [1, Corollary 1.3.3], see also [3, Theorem 4.1(ii)]. Part (ii) is [6, Lemma
4.4(1)]. 
�

The first approach to derive the existence of Mori fibre spaces for non-
pseudoeffective generalised pairs uses very recent results from [11, 27]. The next
theorem is a special case of [11, Theorem 3.17] and [27, Theorem 1.2].

Theorem A.2 Let
(
X/Z , (B + A) + M

)
be a Q-factorial NQC log canonical g-pair

such that KX +B+A+M is pseudoeffective over Z, where A is an effectiveR-Cartier
R-divisor on X which is ample over Z. Then the g-pair

(
X/Z , (B + A) + M

)
has a

minimal model in the sense of Birkar-Shokurov over Z.

Wewill give a short proof of TheoremA.2 below, which depends only on the results
from [12, 16].

We deduce now the following strengthening of Proposition 5.1, which removes the
assumption in lower dimensions.

2 Xiaowei Jiang
jxw20@mails.tsinghua.edu.cn

Department of Mathematics, Tsinghua University, Hai Dian District, Beijing, 100084, China

http://creativecommons.org/licenses/by/4.0/
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Proposition A.3 Let (X/Z , B + M) be a Q-factorial NQC log canonical g-pair.
Assume that (X , B+M) has a minimal model in the sense of Birkar-Shokurov over Z
or that KX + B+M is not pseudoeffective over Z. Then there exists a (KX + B+M)-
MMP over Z which terminates.

Proof For brevity we only indicate here the necessary modifications to the proof of
Proposition 5.1 and we also use the same notation.

By arguing by contradiction and by repeating verbatim the proof of Proposition
5.1, we infer that eventually there exists a (KX + B + M)-MMP with scaling of A
over Z which consists only of flips, satisfies λi > λi+1 for every i ≥ 1, but does not
terminate by assumption. Setting λ := limi→∞ λi , we have λ < λi for every i ≥ 1
and the divisor KX + B + M + λA is pseudoeffective over Z . It follows from the
assumptions of the proposition when λ = 0 or from Theorem A.2 when λ > 0 that the
g-pair

(
X , (B +λA)+ M

)
has a minimal model in the sense of Birkar-Shokurov over

Z , hence the aboveMMP terminates by Theorem 4.1, a contradiction which completes
the proof. 
�

Using the above results, we may finally prove Theorem 1.2.

Proof of Theorem 1.2 The proof of this statement is essentially the same as that of
Theorem 5.2, except that we replace Lemma 3.2 with Theorem A.2 and Proposition
5.1 with Proposition A.3. 
�

After we discussed the above proof with Jihao Liu, he suggested an alternative
proof of Theorem 1.2(b), which is presented below. We would like to thank him for
communicating this proof to us and for allowing us to include it with somemore details
in this Appendix.

We start with the following easy lemma.

Lemma A.4 Let (X/Z , B + M) be a Q-factorial NQC log canonical g-pair. Then for
each ε ∈ [0, 1) we have Nklt(X , B + εM) = Nklt(X , B).

Proof Let f : X ′ → X be a log resolution of (X , B) such that there exists an NQC
divisor M ′ over Z such that M = f∗M ′. By the Negativity lemma the R-divisor
F := f ∗M − M ′ is effective and f -exceptional. Then an easy calculation shows that
for each prime divisor E on X ′ and for each ε ∈ [0, 1] we have

a(E, X , B) = a(E, X , B + εM) + εmultE F (38)

and

a(E, X , B + εM) = a(E, X , B + M) + (1 − ε)multE F . (39)

Note that a(E, X , B + εM) ≥ −1 for each ε ∈ [0, 1] by Lemma 2.3. Thus,
if a(E, X , B) = −1, then a(E, X , B + εM) = −1 by (38). Conversely, if
a(E, X , B + εM) = −1, then a(E, X , B + M) = −1 and multE F = 0 by (39),
hence a(E, X , B) = −1 by (38). This yields the statement. 
�



   89 Page 34 of 36 V. Lazić and N. Tsakanikas

Next, we obtain:

Lemma A.5 Let
(
X/Z , (B + A) + M

)
be a Q-factorial NQC log canonical g-pair,

where A is an effective R-Cartier R-divisor on X which is ample over Z. Then there
exists an effective R-divisor � on X such that (X ,�) is a log canonical pair and
KX + � ∼R,Z KX + B + A + M.

Proof Pick ε ∈ (0, 1) such that the R-divisor A + (1 − ε)M is ample over Z , and set
N := εM . Since the g-pair (X , B + M) is log canonical by Lemma 2.3, we have

Nklt(X , B + N ) = Nklt(X , B) (40)

by Lemma A.4. Now, pick a general effective R-divisor H ∼R,Z A + (1− ε)M such
that the g-pair

(
X , (B + H) + N

)
is log canonical, and observe that

KX + B + H + N ∼R,Z KX + B + A + M . (41)

Let f : X ′ → X be a birational morphism such that there exists an NQC divisor
N ′ over Z such that N = f∗N ′. By the Negativity lemma the divisor F := f ∗N − N ′
is effective, and by [16, Lemma 5.18] we may assume that

Exc( f ) = Supp F . (42)

From now on we argue as in the proof of [16, Theorem 5.2]. Write KX ′ + B ′ :=
f ∗(KX + B), so that

KX ′ + B ′ + F + N ′ = f ∗(KX + B + N ).

By (40) and (42) we conclude that no f -exceptional prime divisor is a log canonical
place of (X , B + N ). This, together with Lemma 2.3, implies that there exists an
effective f -exceptional R-divisor E on X ′ such that the pair (X ′, B ′ + F + E) is
sub-log canonical and the R-divisor f ∗H − E is ample over Z . In particular, the R-
divisor N ′ + f ∗H − E is ample over Z , and we now pick a general effective R-divisor
H ′ ∼R,Z N ′+ f ∗H−E such that the pair (X ′, B ′+F+E+H ′) is sub-log canonical.
Note that

KX ′ + B ′ + F + E + H ′ ∼R,Z f ∗(KX + B + H + N ), (43)

so there exists an R-divisor D on X such that KX ′ + B ′ + F + E + H ′ ∼R f ∗D. Set
� := B+ f∗H ′. Then KX+� ∼R D, so that KX ′ +B ′+F+E+H ′ ∼R f ∗(KX+�),
and hence the pair (X ,�) is log canonical. Since

KX + � ∼R,Z KX + B + A + M,

by (41) and (43), this finishes the proof. 
�
As promised, we give now a short proof of Theorem A.2.
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Proof of TheoremA.2 Pick ξ ∈ (0, 1) and note that
(
X/Z , (B + ξ A) + M

)
is a Q-

factorial NQC log canonical g-pair by Lemma 2.3. By Lemma A.5 there exists an
effective R-divisor � on X such that (X ,�) is a log canonical pair and

KX + � ∼R,Z KX + B + ξ A + M .

Pick a general ample over Z R-divisor 0 ≤ H ∼R,Z A such that the pair
(
X/Z ,� +

(1 − ξ)H
)
is log canonical, and observe that the divisor

KX + � + (1 − ξ)H ∼R,Z KX + B + A + M

is pseudoeffective over Z . By [12, Theorem 1.5] this pair has a minimal model in the
sense of Birkar-Shokurov over Z , thus it has a minimal model over Z by [12, Theorem
1.7]. Hence, the g-pair

(
X , (B + A) + M

)
has a minimal model over Z . 
�

Finally, we can give an alternative proof of Theorem 1.2(b).

Proof of Theorem 1.2(b) By assumption, the divisor KX+B+M is not pseudoeffective
over Z . Pick a general ample over Z R-divisor A ≥ 0 on X . Then for 0 < ε � 1
the divisor KX + B + εA + M is not pseudoeffective over Z , and it suffices to show
that there exists a (KX + B + εA + M)-MMP with scaling of A which terminates.
By Lemma A.5 there exists an effective R-divisor � on X such that (X ,�) is a log
canonical pair and KX + � ∼R,Z KX + B + εA+ M . We conclude by [12, Theorem
1.7]. 
�
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24. Lazić, V., Moraga, J., Tsakanikas, N.: Special termination for log canonical pairs. arXiv:2007.06458
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