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Abstract

In financial and actuarial applications, marginal risks and their dependence structure
are often modelled separately. While it is sometimes reasonable to assume that the
marginal distributions are ‘known’, it is usually quite involved to obtain informa-
tion on the copula (dependence structure). Therefore copula models used in practice
are quite often only rough guesses. For many purposes, it is thus relevant to know
whether certain characteristics derived from d-variate risks are robust with respect to
(at least small) deviations in the copula. In this article, a general concept of copula ro-
bustness is introduced and criteria for copula robustness are presented. These criteria
are illustrated by means of several examples from quantitative risk management. The
concept of aggregation robustness introduced by Embrechts et al. (Finance Stoch.
19:763-790, 2015) can be embedded in our framework of copula robustness.
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optimisation
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1 Introduction

As pointed out by Embrechts et al. [17] and McNeil et al. [33, Sect. 6.2.1], in financial
mathematics and actuarial science, marginal risks and their dependence structure are
often modelled separately. While the marginal risks of a d-variate risk are identified
with probability distributions w1, ..., g on the real line, the dependence structure
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is most often modelled by a d-variate copula C. The distribution function F, of the
joint distribution p is then given by

Fu(xl,...,xd)=C(Ful(x1),...,Fud(xd)) forall xq,...,xs € R, (1.1)

where F),; is the distribution function of ;.

In practical applications, quantitative risk managers and actuaries are interested in
various aspects 74 (u) of the joint distribution w of the individual risks. An important
example is Ty = R4, with

Rag (1) :=R(uo Az, (12)

where R is the risk functional corresponding to some distribution-invariant ‘down-
side’ risk measure and A4 : R? — R is a fixed Borel-measurable map regarded as an
aggregation map in the spirit of McNeil et al. [33, Sect. 6.2.1]. Standard examples
for the aggregation map are A;(x1,...,xq) := Zle x; and the three other maps pre-
sented in Example 4.4 below. Note that 1 o A;l is the distribution of A4(X1, ..., Xg)
when (X1, ..., X4) is arandom vector distributed according to w. Therefore R 4, ()
can be seen as the downside risk of the aggregate position Az(X1, ..., Xq).
More generally, one could consider 7y = Ry, with

Ra, () :=inf{R(uo A7) : Ag € Ay} = inf{Ra, (1) : Ag € Aa}, (1.3)

where 2l is a fixed set of Borel-measurable maps A, : R4 — R. If there exists an
AZ € 4 at which the infimum in (1.3) is attained, then Ry, (1) can be seen as the
smallest possible risk of a position A;(X1,..., Xy4) derived from the single risks
X1, ..., Xg with joint distribution p through a function A4 € 2{,. It is worth noting
that ‘risk” here does not necessarily mean downside risk, but can also be for instance a
mean—downside risk mixture which is the target value in many portfolio optimisation
problems. For details, see Sect. 5.2, in particular Remark 5.5.

Of course, there are many other examples for 7. One of them is the optimal value
in a multi-period portfolio optimisation problem that is addressed in Sect. 6.2. In this
example, the role of u is played by the joint distribution of the relative price changes
of the d risky assets that are available on the considered financial market.

When starting from separate models for the copula and the marginal distributions,
it is reasonable to regard 7, as a functional of the copula C and the marginal distri-
butions wi, ..., (g via

T(C, s s ) = ﬁ(pd(C(Fm,...,F#d))), (1.4)

where py assigns to a d-variate distribution function its corresponding Borel proba-
bility measure on R?.

In [33, Sect. 6.2.1], McNeil et al. point out that practitioners are often required to
work only with partial information. For instance, in some situations, it is possible to
obtain (sufficient) information on w1, ..., (g, but it is much more difficult to obtain
information on the dependence structure. Carrying this to the extreme, McNeil et al.
assume that uq, ..., ug are fully known and C is fully unknown. In this case, one
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cannot specify T4(C, ui, ..., 1g), because C is unknown. This leads to the ‘Fréchet
problem’ of specifying the range of the map C — T;(C, u1, ..., iq). In the special
case where ¥, takes values in R, this is often related to finding (sharp) upper and
lower bounds for this map. There is a vast literature dealing with this problem; see
for instance the works of Riischendorf [43], [44, Chap. 4], Embrechts and Puccetti
[14], Embrechts et al. [15], Puccetti [39], Embrechts et al. [17] and the references
cited therein.

In the present paper, a related but different problem is addressed. Still in the case
where (i1, ..., g are known (and fixed), assume that Cisa guess for the true cop-
ula C. It might be based on an expert opinion, a statistical estimation, or the like. Of
course, as a guess, C can differ from C. It is clear that a deviation of C from C can
imply a significant difference between ‘Zd(a Uiy, pmug) and T4(C, uy, ..., ia)-
On the other hand, one might ask whether the difference remains small if the devi-
ation of C from C is small. This question was raised and answered by Embrechts
et al. [17] in the context of (1.2) with Ag(x1,...,xg) = Z?:l x;. Kritschmer et al.
[28, Sect. 4.2.4] took up this concept and generalised the respective result of [17].
In fact, in the latter two references, continuity of the functional 7; at the probability
measure pg(C(Fy,, ..., Fy,;)) (with fixed marginal distributions u1, ..., ug having
finite pth moments) was not considered with respect to a metric on the set of copulas,
but with respect to the (relative) weak topology on the set of d-variate distributions
(with marginal distributions w1, ..., 1g). However, it can be seen from Theorem 3.10
below that this is equivalent when the set of copulas is equipped with the supremum
distance.

Despite this equivalence, it might be a little more accessible for some readers
to measure the difference between two dependence structures directly through the
difference between the corresponding copulas, in particular if one starts from separate
models for the copula and the marginal distributions. If one follows this approach,
one ought to take into account that a d-variate distribution p with fixed marginal
distributions w1, ..., g depends on the copula C only through the values that C
takes on ranF), x --- x ranf,, (€ [0, 1]d), where ranF),; is the range of F),;. This
is apparent from (1.1) and suggests to measure the distance between copulas (in the
considered framework) only on ranFy,; x --- x ranFy,,.

We propose to say that the functional 7; underlying ¥, (recall Eq. (1.4)) is
copula robust if for any ‘admissible’ univariate distributions w1, ..., g4, the map
Cr— %4(C, 1, ..., 1ugq) is continuous with respect to pointwise (or uniform) con-
vergence on ranFy,; x --- x ranFy,,, where it is assumed that 7; (and thus %) takes
values in a topological space. By ‘admissible’ we mean that one can find at least
one copula C such that the probability measure py(C(Fy,, ..., Fy,)) is contained
in the domain of 7;. The precise definition of copula robustness is given in Sect. 3.
The required notation and terminology as well as some auxiliary results are given
before in Sect. 2. It is worth mentioning that Theorem 2.3 provides a generalisation
of Deheuvels’ [10] copula convergence theorem and that Corollary 2.9 provides a
characterisation of weak convergence in Fréchet classes of d-variate distributions.

In the second part of the paper, we discuss three examples for copula robust func-
tionals 7. First, in Sect. 4, we address the quantification of the ‘downside risk’ of
aggregate financial positions. It will be seen that the functional in (1.2) is copula
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robust under mild assumptions (Sect. 4.2). The relation of copula robustness to the
concept of aggregation robustness of Embrechts et al. [17] (Sect. 4.3) as well as cop-
ula robustness of inf-convolution functionals (Sect. 4.4) are also discussed in detail.
Second, in Sect. 5, we address stochastic programming problems. It can be inferred
from results of Claus et al. [9] that the optimal value of a general stochastic program-
ming problem depends copula robustly on the distribution of the underlying d-variate
input random variable Z. This covers in particular classical one-period portfolio op-
timisation problems (where the role of Z is played by the vector of the relative price
changes of d risky assets) and therefore backs in a way a hypothesis of Saida and
Prigent [45]. In [45, Sect. 1], they conclude from their numerical investigations that
‘investors must more take care of the specification of the marginal distribution than
of the copula function’. Third, in Sect. 6, we address multi-period portfolio optimisa-
tion problems and derive results that are similar to those in the one-period case. The
main tool in this context is Theorem 6.2 which is a variant of a result of Miiller [35]
about the continuous dependence of the value function on the transition function in
a Markov decision model. Theorem 6.2 is of independent interest and contributes to
the general theory of Markov decision processes.

Throughout this paper, | - | denotes any norm on R and (-, -) is the Euclidean
scalar product defined by (x, y) := Zj’z 1 X;y; for any elements x = (x1, ..., x4) and
y=01,...,yq) of R4, Moreover, we set R4 :=1[0,00) and R4 := (0, 00). The
proofs of all results can be found in Appendix A.

2 Preliminary notation, terminology and results
2.1 Fréchet classes and copulas
For any d € N, let us use M, to denote the set of all Borel probability mea-

sures on RY. For any fixed u1,..., g € Mj, denote by My(ii1, ..., ia) the set
of all u € My having marginals g, ..., 1g, i.e., satisfying u o nl._l = u; for any

i=1,...,d, where m; : RY — R is the projection on the ith coordinate. The set
Ma(py, - .., g) is known as Fréchet class associated with the univariate Borel prob-
ability measures (i1, ..., itg. The distribution function of a Borel probability measure

w will be denoted by F,.

By definition a d-variate copula is the distribution function C : [0, 114 — [0, 1] of
a Borel probability measure on [0, 1] whose marginal distributions are all given by
the uniform distribution on [0, 1]. The latter condition ensures that each d-variate
copula C is Lipschitz-continuous. Theorem 2.10.7 in Nelsen’s textbook [36] in-
deed shows that every d-variate copula C satisfies |C(u) — C(v)| < |u — v|;, where

x| = Zle |x;| for any x = (x1, ..., xq) € RY.
Let us denote by C,; the set of all d-variate copulas. With any C € C; and
U1, ..., qd € My, we associate an element u of the Fréchet class My (u, ..., 1)

through (1.1). It is indeed easily seen that the right-hand side of (1.1) defines
a probability distribution function on R? and that the corresponding Borel prob-
ability measure u has wui,..., g as its marginal distributions. Sklar’s theorem
([49]; see also [36, Theorem 2.10.9]) shows that the distribution function of any
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element u of My(uy,...,ng) admits the representation (1.1). That is, for any
weMg(r, ..., 1q), one can find a copula C € C; such that (1.1) holds. On the
setranf,, x --- xranFy,, the copula C is uniquely determined and given by

C(ul,...,ud)zFM(Flfl(ul),...,F/Z(ud)), 2.1
where F;"(u;) == inf{x € R: F},, (x) > u;}. In particular, if F},, ..., Fy, are all con-
tinuous, then the copula C is unique and given by (2.1) on the whole unit cube [0, 1]¢.

For background on copulas, see for instance the textbooks by Durante and Sempi
[12, Chaps. 1-2] or Nelsen [36, Chaps. 1-2].

For any nonempty compact set K C [0, 1]¢, we can define a pseudo-metric dg on
C, through

dg (C1, C2) :=sup |C1(u) — Co(u)].

uek

Since the elements of C; are all Lipschitz-continuous with Lipschitz constant 1 on
[0, 114, the set Cy is uniformly equicontinuous. This implies that convergence of a
sequence (Cp)peN € C‘I? to some C € Cy with respect to dk is equivalent to pointwise
convergence of (C;),en to C on K. The topology on C; generated by dg is denoted
by Ok. Forany uy, ..., ug € My, we let

duy,..opg ' =dxg and Oy, ., =0k withK :=ranF,, x .- xranF,,. (2.2)

For K = [0, 119, the pseudo-metric dg is even a metric, and the topology Ok is the
standard topology on C; (and the counterpart of the weak topology on the set of
all Borel probability measures on [0, 1]1¢ whose distribution functions are d-variate
copulas). In particular, if F,,, ..., F,, are all continuous, then d,
Ou.ota = Opo.170-

Convergence of copulas with respect to Oy jj¢ has been addressed in the literature
several times, for instance by Charpentier and Segers [7] and Trutschnig [51]. Metrics
inducing topologies that are at least as fine as O| ;s have been studied for instance
by Li et al. [30], Trutschnig [50], Fernandez Sanchez and Trutschnig [19] and Kasper
et al. [24]. On the other hand, the (pseudo-) metric dy,, ... ., defined by (2.2) generates
a topology that is at most as fine as Oy jja. It is finally worth mentioning that the
metric on the set of bivariate subcopulas that was recently introduced by Rachasingho
and Tasena [40] basically differs from the metric dy,, ., and from its variant d,;, .,
introduced in the following Remark 2.1; for details, see Appendix B.

.....

Remark 2.1 For any fixed wi,...,uq € My, one can regard the pseudo-metric
,,,,, g as a metric when changing from Cy to the quotient set Cy/~ ” with
respect to the equivalence relation

~upong:=1(C,C")eCq x Cq:C=C"onranF,, x ---xrankF,}.

On the resulting quotient set Cg/~,, , one may then define a metric through
(2 C):=dy,, . 1 (C,C"), where C,C’ are (arbitrary) representatives of
the equivalence classes C,C’ € Cy4/~ . The topology on C;/~ generated

.....

Lol s lbg

@ Springer



830 H. Zahle

by dy,..
the sense that a set G € Cy lies in O,

g Denceforth denoted by O, . preserves the topological structure in

.....

.....

{Ce Cd/”ul .- there exists a C € C with C € G}

..... n

liesin O
2.2 Theset Mfl' and the p-weak topology

Fix p € R and let MZ be the set of all u € M, for which -/]Rd [x]? u(dx) < o0.
Note that My = MY 2 M 2 M2 for any pi, p» € Ry with p; < pp. The
p-weak topology on M 5 , henceforth denoted by ©7, is defined as the coarsest topol-
ogy for which all mappings > [ fdu, f € C”, are continuous, where C5 is the
space of all continuous functions f : R — R with SUp,erd | fF(X)|/(1 + 1x|P) < oo.
The 0-weak topology on ./\/lg (= My) is just the classical weak topology, and the
p-weak topology (95 is finer than the relative weak topology (92 N Mﬁ when p > 0.

It is known from Kritschmer et al. [28, Lemma 2.1] that (M7, O}) is a Polish
space and that 11, — g in OF if and only if both u, — p in ©9 N MY and

/ |XI7 pan (dx) —> / Ix|? u(dx).
R4 R4
In particular, 05 is metrised by

d(,v) ::dweak(lluv)‘i“/ IXI”M(dX)—/ x|” v(dx)
R4 R4

for any metric dywex Which metrises (’)2. Already in the 1980s, Bickel and Freed-
man [5, Lemma 8.3] proved for p € [1,00) that (95 is also metrisable by the
LP-Wasserstein metric. The following proposition is a sort of continuous mapping
theorem.

Proposition 2.2 Let d,d’ € N and p, p' € Ry. Let h : R — R be a continuous
Sunction such that sup,cpa |h(x)|? /(1 + |x|P) < co. Then h(n) :==p o h=! lies in

MS: for any p € MY, and the map b : Mg — MS: is (OF, (95,,)-continuous.
2.3 A generalisation of Deheuvels’ copula convergence theorem

Deheuvels’ convergence theorem [10, Théoréme 2.3, Lemma 4.1] says that given a

d-variate distribution u € M, whose marginal distributions @y, ..., ug € Mj all
possess continuous distribution functions Fy,,, ..., Fy,, a sequence (it,)neN € MdN
converges to u in (92 if and only if (u, ;) converges to u; in O?, i=1,...,d,and

d[o’l]d(cn, C) — 0. Here C is the unique copula of u, C, is any copula of u,,
and p,; is the ith marginal distribution of ,. Sempi [47] and Lindner and Szi-
mayer [31] extended Deheuvels’ result to the general case where the marginal dis-
tribution functions Fy,, ..., F},, might be discontinuous. Theorem 2.1 in [31] shows

@ Springer



Copula robustness 831

that (i;)neN € MEI converges to u in 02 if and only if (u, ;) converges to u; in
(9(1), i=1,...,d,and dy, . ,,(Cy, C)— O (a similar result was proved earlier for
d =2 in [47, Theorems 2 and 3]). Recall that C is uniquely determined only on
ranfFy,, x --- x ranf,,. The results of [47, Example 2] and [31, Example 2.2] show
that convergence of the copula on the whole unit cube [0, 1]¢ can indeed fail. The-
orem 2.3 below is a version of the Sempi—Lindner—Szimayer result where the weak
topologies are replaced by p-weak topologies.
Consider the map Py : Cy x M| x --- x M| — M, defined by

;’Bd(cv M1, /“l’d) :zpd(C(F/l.lv cec F/l.[[))v (23)

where pg assigns to a d-variate distribution function its corresponding Borel proba-
bility measure on R4. Note that Ba(C, 1, ..., ng) remains unchanged when C is
modified outside ranF,, x --- x ranf,. It is easily seen (see Appendix A.2) that
for any p € R, the univariate distributions 1, ..., (g lie in ./\/lf if and only if the
d-variate distribution P4 (C, u1, ..., ug) lies in MP, regardless of the copula C. In
particular, the restriction of B to Cy X Mf X ov0 X /\/lf can be regarded as an
MY} -valued map.

Theorem 2.3 Fix p € Ry and let (C, 1, ..., aq) and (Cp, fn 1, ...  Un.d)s 1 €N,
be elements of Cy4 X /\/l‘f X oo X ./\/lf Then

s:Bd(c‘ns /Ln,lv"'vun,d) —)md(cvuls 9Md)

in (’)5 if and only if wn i — (i in (’)f, i=1,....,d,andd,,, .. ,.,(Ch,C)— 0.

Recall that a sequence in a product space converges in the product topology if
and only if for each projection, the corresponding marginal sequence converges. As a
direct consequence, we can obtain from Theorem 2.3 the following corollary, taking
into account that each of the involved topologies is metrisable, or at least pseudo-
metrisable, and thatd,,, . ,,(C,C)=0forany C € Cy and p1,..., g € Mj.

Corollary 2.4 For any p e Ry, C € Cy and i1, ..., juqg € M", the following two
assertions hold:

(1) The map *Pa (-, m1, ..., ug) : Cqg — MS is (Ouy,.oopias (95)-c0ntinuous.
(ii) The map Py (C, -, ..., -): Mf X oo X ./\/li7 — ./\/lfi7 is continuous for the pair
(OF x - x OF,OP).

2.4 Characterisation of (p-)weak convergence in Fréchet classes
Forany p e Ry and p1,...,uq € ./\/lf the image of the map

&Bd("ﬂln--’ﬂd)icd—)./\/ls

is the Fréchet class My(u1,..., 1q), and we have uy, ..., uq € Mf, as well as

Ma(r, ..., mq) S Mf]’/ for any p’ € [0, p]. Therefore, Corollary 2.4 (i) immedi-
ately yields the following result.
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Corollary 2.5 Forany p e Ry and i1, ..., g € M¥, the map

Pal-s s pq) 1 Ca— My, .., )

.....

a (’)5, NMy(it1, ..., pa))-continuous for any p' € [0, p].

As a simple consequence of Theorem 2.3, we obtain the following corollary (see
Appendix A.3). The result is already known from Kritschmer et al. [28, Proposi-
tion 3.9] (with A4 chosen to be the identity on R?), where other arguments have been
used for the proof.

Corollary 2.6 Forany p e Ry and j1, ..., 10q € Mf, we have that

OlnMga(ui, ..., 1na) =05 N Ma(ui, ..., 11q)
for any p’ €0, p].

For any fixed ui,..., ua € M}, we use as before Ca/~,,...., to denote the
quotient set of C; with respect to the equivalence relation ~, ., of identity on
ranF),, X - - xranFy,. Recall from Remark 2.1 that we denote by O, . the topol-

_________ g corresponding to the pseudo-
..... ., Preserves the topological structure of O, .y,

Let us denote by B, . us: Cd/wu1 YYYY g = Mgy, ..., ng) the map that as-
signs to each equivalence class C € Cy /NMM g the unique probability measure
uc € Mg(ui, ..., ng) that satisfies uc =B4(C, p1, ..., ng) for all representatives

C € C. Then Corollary 2.5 can be reformulated as follows.

Corollary 2.7 Forany p e Ry and juq, ..., g € M? the map

Buur,ooopa 1 Cal~yy oy = Malprs .o )

is ((’);1 ..... e (95 N Mgy, ..., na))-continuous for any p' € [0, p].
Let €y, g - Ma(ur, ..oy ha) — CGI/NHI ,,,,, » be the map that assigns to each
ne Mg(ur ..., ng) the unique equivalence class C, € Cd/NHl YYYY iy whose repre-

sentatives are copulas of ©. Then we have the following converse of Corollary 2.7.
Corollary 2.8 Forany p e Ry and i1, ..., jtqg € MY, the map

,,,,, pa s Maur, oo pma) > Caf~y,

is ((9(117 NMa(pt, ..., ua), Oy . ., )-continuous for any p' €0, pl.

As an immediate consequence of Corollaries 2.7 and 2.8, we obtain the following
result. Note that the equivalence (a) < (b) also follows from Corollary 2.6, and that
condition (c) is equivalent with d,, . ,,(Cy, C) — O for any copulas C and C,,
n €N, of u and u,, n € N, respectively.
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Corollary 2.9 Fix p e Ry and 1, ..., uq € ./\/lf. Then the following assertions are
equivalent for any (tn)nen € Ma(ut, .. pa)™ and p € Ma(ui, ..., 1a):
@) pn = pin Og N Ma(ut, .., 1)

(b) pn = pin O " Mg (i, ..., jia).
©) Syt Wn) = Sy g W) in O

3 Copula robustness
3.1 Definition of copula robustness

Let M/, € My and 7; : M/, — E be any map taking values in some topological
space (E, Og). As before, let the map By : Cg x M| X -+ x M| — My be de-
fined by (2.3). Let D/, be the set of all (C, 1, ..., pa) € Cq x My x --- x My for
which B4 (C, 1, ..., puq) lies in M/;. Then we can associate with 7 a functional
T4 : D!, — E through

Ta(Coptrs o tta) = Ta(Pa(C. iy, . 1wa)- 3.1

Let DT(& be the set of all d-tuples (w1, ..., ng) € Mp x --- x My for which there
exists a copula C € C; such that (C, uy, ..., 1q) € @21. Moreover, for any fixed
(15 -5 ) € N, let the set C; (1, ..., pa) consist of all those copulas C € Cy4
for which (C, 1, ..., na) € D).

Definition 3.1 The map 7 is copula robust if for any fixed (w1, ..., ug) € D,, the
map T (-, U1, .-oy )" C&(Ml, ..., uq) — E is continuous for the pair

(O,uh.“,ud N C:j(u’la R /’Ld)v OE)

The sets S)T(; and Cii (1, ..., pg) are illustrated by Examples 3.2 and 3.3 below.
The examples show in particular that the set C;,(,u, 1,..-5 Mq) can be quite different
from case to case. In Example 3.2, and in the further course, let N be the set of
all non-degenerate univariate normal distributions and for d > 2, let A/; be the set of
all (possibly degenerate) d-variate normal distributions with continuous marginals. In
Example 3.2, we also need the notion of a Gaussian copula. Recall that, by definition,
a d-variate Gaussian copula is an element C € C; given through

Clui.....uq) = Por(Py | ). ... P4 (Ug)) (3.2)

for some correlation matrix R, i.e., for some symmetric and positive semi-definite
matrix R € [—1, 1]19%? which has entries 1 on the diagonal. Here @ | and @ g are
respectively the distribution function of the univariate standard normal distribution
and the distribution function of the centered d-variate normal distribution No g with
covariance matrix equal to R, and we set 45(;11(0) := —o00 and QD(;ll(l) =400 as
well as

d
Po.r(x1., %) i=No.r| X (=00, 5] NR?

i=1
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834 H. Zahle

forany x1,...,x4 € R:=RU {—o00, +00}. The set of all Gaussian copulas is denoted
by Cga.

Example 3.2 If M/, = Ny, then D/, = C§* x N} x --- x N} (see Appendix A.5).
In particular, 9, = Ny x --- x Ni and C,(ui1,..., na) = Cga for any
(U1 es tha) €M,

Example 3.3 1If M/, = ./\/lg for some p € Ry, then ®, = Cy x ./\/lf X e X Mf (see
Appendix A.6). In particular, fm;l = /\/llf X oo X Mf and C;l(m, ooy pug) = Cy for
any (j1, ..., 1a) € M.

The following lemma is trivial, but, nevertheless, worth to be written down. In the
lemma, (E’, Of) is another topological space.

Lemma 3.4 If T, is copula robust and U : E — E' is any (Og, Og)-continuous map,
then the composition T, :=U o Ty is copula robust.

3.2 Copula robustness of functionals on Ay

In this section, let specifically M/, = Nj. That s, let 7; : Ny — E be any map taking
values in some topological space (E, Og). In view of Example 3.2, the definition of
copula robustness of 7; (Definition 3.1) can then be reformulated as follows.

Definition 3.5 The map 7; on Ny is copula robust if for any fixed uy, ..., g € N1,
the map (-, (i1, ..., ha) : Cga — Eis (O e N CS“, Og)-continuous.

Remark 3.6 Convergence in (C$?, Opp.1e N CS?) is nothing but pointwise (or uni-
form) convergence in CS"‘. This sort of convergence is therefore equivalent to con-
vergence of the respective correlation matrices in any matrix norm; for details, see
Appendix A.7.

Example 3.7 The identity map Py : Ny — N is copula robust in the sense of Def-
inition 3.5 when the role of (E, Og) is played by (N, (’)5 N Ny) for arbitrary (but
fixed) p € R4. For details, see Appendix A.8.

Example 3.7 and Lemma 3.4 (applied to 7, := Tg, Tq := Pa, U := Tg) immedi-
ately yield the following result.

Theorem 3.8 If 7T is (05 N Ny, Og)-continuous for some p € Ry, then it is copula
robust.

Of course, Theorem 3.8 can be generalised to larger sets of parametric distribu-
tions as for instance to the set S; of all d-variate (Student) 7-distributions with con-
tinuous marginals; see for instance Demarta and McNeil [11] for the definitions of
d-variate t-distributions and ¢-copulas. However, for the sake of clarity and ease,
the exposition here is restricted to the Gaussian setting. A perhaps more interesting
setting is addressed in the next section.
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3.3 Copula robustness of functionals on Ms

In this section, let specifically M/, = Mg for some p € R, . Thatis, let 75 : /\/lfi7 —E
be any map taking values in some topological space (E, Og). In view of Example 3.3,
the definition of copula robustness of 7; (Definition 3.1) can then be reformulated as
follows.

Definition3.9 The map 7, on /\/lfi7 is copula robust if for any fixed 1, ..., uqg € M‘f,
the map Ty4(-, i1,..., uq) : Cg = Eis (Oy, ... u,» Or)-continuous.

With the help of Corollaries 2.5 and 2.8, we can derive the following characterisa-
tion of copula robustness of 7. For details, see Appendix A.9.

Theorem 3.10 Let 7, : MS — E be any map. Then T; is copula robust if and only
if for any fixed u1, ..., g € MY, its restriction Tal My,
Mgy, ..., iq) is continuous for the pair ((92 NMg(ut, ..., ka), Og).

wg) 10 the Fréchet class

Example3.11 Corollary 2.4 (i) shows that the identity map Py : MS — ./\/ls is copula
robust in the sense of Definition 3.9 when the role of (E, Og) is played by (M?, (’)5 ).

Example 3.11 and Lemma 3.4 (applied to 7 := T4, Ta := Py, U :=T;) immedi-
ately yield the following result.

Theorem 3.12 If Ty is (OF, Og)-continuous, then it is copula robust.

Now fix d’ € N and p’ € R,. Proposition 2.2 ensures that in the scope of the
following corollary, we have o h™! € Mg, for any u € /\/lflJ .

Corollary 3.13 Let Ty : /\/15,, — E be an (Oil,, Og)-continuous map and suppose

h:RY > RY is a continuous map with sup, crd |h(x)|"//(1 + |x|?) < 0o. Then the
map Ty : Ms — E defined by Tj(u) :=Ta (o h="Y) is copula robust.

4 Example 1: risk measures of aggregate risks
4.1 Foundations of risk measures

Let (£2, F, P) be an atomless probability space and denote by LO0:= LO(Q, F,P) the
usual class of all finite-valued random variables modulo the equivalence relation of
P-a.s. identity. Moreover, let L? = L?(§2, F,P) be the usual L?-space, p > 0. For
any p € Ry, we say that a map p : L? — R is a risk measure when the following
three conditions are satisfied:

(1) (monotonicity) p(X) < p(Y) for X, Y € L?P with X <Y;
(ii) (cash-additivity) p(X +m) = p(X) +m for X € L? and m € R;
(iii) (distribution-invariance) p(X) = p(Y) for X, Y € L? with Px = Py.
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In this context, the elements of L” should be seen as payoff profiles where positive
realisations correspond to losses. Following Follmer and Schied [22], [23, Chap. 4],
arisk measure p : L? — R is said to be convex if it satisfies the following condition:

(iv) (convexity) p(AX + (1 = 1)Y) <Ap(X)+ (1 —X)p(Y) forall X, Y € LP and
rel0,1].

The following example recalls three risk measures which are popular in practice
and/or among academics. For background, see Emmer et al. [18] and references cited
therein.

Example 4.1 Fix « € (0, 1).

(i) The value at risk at level « is the risk measure VaRy : L — R defined
by VaR,(X) := Fy (a), where Fyg (o) :=inf{x € R: Fx(x) > «} is the lower
a-quantile of Py. It is not convex.

(i1) The average value at risk at level « is the risk measure AVaR,, : L! - R de-
fined by AVaR, (X) := ﬁ f al F¢ (s)ds and known to be convex; see for instance
the work of Wang and Dhaene [53].

(iii) The a-expectile at level o is the risk measure Ept, : L' - R defined
by Ept, (X) := Ugp (X y~1(0), where Uy (X )’1 denotes the inverse of the function
Uy (X)(m) :=E[Uy(X —m)] with Uy (x) := ax or (1 — «)x depending on whether
x > 0orx <0.Itis well defined, and known to be convex if and only if « > 1/2; see
the work of Bellini et al. [3].

For any risk measure p : L” — R, we may define a functional R, : /\/lf - R
through

Rp() := p(Xp), (4.1)

where X, is any random variable on (§2, F, P) with distribution u. We refer to R, as
the risk functional associated with p. The assertion of the following result is a direct
consequence of Cheridito and Li [8, Theorem 4.1] combined with the representa-
tion theorem of Kritschmer et al. [27, Theorem 3.5]. Here Op refers to the natural
topology on R.

Theorem 4.2 Let p € R. For any convex risk measure p : LP — R, the correspond-
ing risk functional R, : /\/l{J — Ris (OF, OR)-continuous.

4.2 Copula robustness of risk measures of aggregate risks
Let p: L? — R be a risk measure for some p eRy. Let Ay : RY - R be
any continuous map, regarded as an aggregation map in the spirit of McNeil et
al. [33, Sect. 6.2.1]. Assume that for some p € Ry and any Xi,..., Xy € L?,
the random variable Ay(X1,...,Xy) lies in L? . Then we can define a map
Rp.4, : M} — R through

Rp.as() :=R,(woAz"). 4.2)
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We refer to R, a, as aggregation risk functional associated with p and A4. Note
that the right-hand side in (4.2) equals p(A4(X1, ..., X4)) when (X1, ..., Xg) is an
R¢-valued random variable with distribution . As a direct consequence of Corol-
lary 3.13 (applied to 71 :=R,, h 1= Ay, Td’ :=R,,a,) and Theorem 4.2, we obtain
the following result.

Corollary 4.3 Tuake p, p' € Ry, a convex risk measure p : L? — R and a continuous
map Ag: R — R satisfying Sup,erd |[Ag(x)|P /(1 + |x|)P < 0o. Then the aggrega-
tion risk functional R, 4, : ./\/lg — R defined by (4.2) is copula robust.

Example 4.4 In risk management, A, is frequently chosen as one of the following
maps; see for instance the textbook by McNeil et al. [33, Sect. 6.2]:

1) Ag(xy,...,xq) = Z,C-l:lxi;

(1) Ag(xq, ..., xq) ;== max{xy,...,xq};

(i) Ag(x1,...,xq) = Z?:l(xi — ;)% for thresholds t1, ..., tz > 0;
(iv) Ag(x1, ..., xg) := (X0, x; — 1)* for a threshold ¢ > 0.

It is easily seen that for each of these four maps, sup, e [Ag(x)|” /(1 + |x[)? < o0
holds for any p € R. That is, all these maps satisfy the assumptions of Corollary 4.3
for p’ = p (and thus for any p € Ry and p’ € [0, p]). In particular, for each of these
four maps A; and for any convex risk measure p : L” — R, the corresponding ag-
gregation risk functional R, 4, : ./\/léi7 — R defined by (4.2) is copula robust for any
deN.

Remark 4.5 Of course, the assertion of Corollary 4.3 and the last assertion in Exam-
ple 4.4 also hold true for any other risk measure p for which the corresponding risk

functional R, :./\/1117 — Ris (07, Or)-continuous.

Remark 4.5 indicates that in the setting of Corollary 4.3, the assumed convex-
ity of p is not necessary. To give an example that shows that this is indeed true,
let p be the a-expectile Ept, with o < 1/2 (see Example 4.1 (iii)). Then p is not
convex (see Bellini et al. [3, Proposition 7(b—c)]), but the corresponding risk func-
tional R, : Mi — Ris (O, Og)-continuous (see Kritschmer and Zihle [29, Theo-
rem 2.1]), and the latter implies that the aggregation risk functional R, 4, : M ; - R
is copula robust.

On the other hand, if the risk functional R, : /\/lf ‘LR corresponding to some

0 is not (Op/, Or)-continuous, then copula robustness of R, 4, : MS/ — R can
indeed fail to hold. For instance, Example 4.7 below shows that R, 4, : Mg — Ris
not copula robust when p := VaR, (see Example 4.1 (i)) and A;(xq, x2) := x| + x2.
Note here that the risk functional R, : M(l) — R associated with p := VaR, is known
not to be weakly continuous, and that weak continuity is just ((9(1), OR)-continuity.
It is further known that the risk functional R, : M? — R associated with
p := VaR, can be made weakly continuous when restricting it to the set Mia) of all
those Borel probability measures on R that possess a unique «-quantile (see e.g. van
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der Vaart [52, Lemma 21.2]), or even to the set MIL ofall u € ﬂxe(o’ B M(ls) that pos-
sess a Lebesgue density. Nonetheless, the corresponding aggregation risk functional
Rp, Ay With Az(x1, x2) 1= x1 + x2, defined on the set MZL of all Borel probability
measures on R? with marginal distributions in MFE | is still not copula robust. This is
also a consequence of Example 4.7. The lack of copula robustness of R, 4, on Mzﬁ
is not immediately obvious. Note, however, that for u € Mﬁ, the image measure
oAy ! can be purely discrete (see Example 4.7), i.e., o A5 ! can lie outside the set

./\/l(la) on which R, is weakly continuous.

When restricting R, 4,, wWith p := VaR, and A3 (x1, x2) := x1 + X3, to the much
smaller set AV introduced before (3.2), then copula robustness holds true. Note that
o Az_l eN| c Mga) for all i € N, where N (2 N}) is the set of all (possibly
degenerate) univariate normal distributions. The copula robustness follows from The-
orem 3.8 since the restriction of R 4, to N, is ((9(2) NN>, Or)-continuous. The latter
follows from the (O N N2, O N N7)-continuity of the map b : N3 — N/| defined by
h(u) :==po AZ_l and the (O N N}, Or)-continuity of the restriction of R, to N

(c M@,
4.3 Relation to aggregation robustness of risk measures

In [17], Embrechts et al. consider the special case where Ay is defined as in (i) of
Example 4.4 and p is a coherent distortion risk measure defined on a subset of L!.
In this case, they obtain an analogue of Corollary 4.3 and refer to it as aggregation
robustness. In fact, they do not explicitly consider continuity in the copula, but rather
weak continuity of the analogous functional defined on the corresponding Fréchet
class. However, as seen in Theorem 3.10, this is the same. A generalisation to more
general risk measures and more general aggregation maps is given in the work of
Kritschmer et al. [28, Sect. 4.2.4].

The following definition is a reformulation of the definition of aggregation ro-
bustness of a risk measure p : L” — R (i.e., of [17, Definition 2.1]). As before, the
aggregation risk functional R, 4, associated with p and A4(x1, ..., xq) := Zi:l X;
is defined by (4.2).

Definition 4.6 Let p € R;. A risk measure p : LP — R is said to be aggregation
robust if the corresponding aggregation risk functionals R 4, : Mg —R,d>2,
are copula robust.

In view of Corollary 4.3 and Example 4.4, any convex risk measure p : L? — R is
aggregation robust. This assertion remains true when replacing in Definition 4.6 the
map Ag(x1,...,xq) := Zl‘-lzl x; by any other of the maps introduced in Example 4.4.

In their Example 2.2, Embrechts et al. [17] demonstrated that for any « € (0, 1),
the value at risk VaR,, : L — R is not aggregation robust. The following example ex-
tends the first part of that example (from o = 1/2 to general « € (0, 1)) and shows that
for any o € (0, 1) and p € Ry, the aggregation risk functional Rvar,, 4, : ./\/lé7 —-R
is not copula robust. The example is in particular interesting in that it shows that even
if the marginal distributions w1, ..., ug possess Lebesgue densities and unique quan-
tiles, the map C +— PRvar,,4,(C, 11, ..., tg) need not be continuous when choosing
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Ag(xt, ..., xq) = Zflzl x; (here Rvar,, 4, 18 derived from R, 4, as T4 is derived
from 7; in (3.1)). The point here is that for random variables X1, ..., X; with dis-
tributions i1, ..., (g, the distribution of Z?:l X; can be discrete even if (1, ..., ug

possess Lebesgue densities. This fact has already been pointed out in [17].

Example 4.7 Generalising the first part of Embrechts et al. [17, Example 2.2], define
for a € (0, 1/2] a bivariate copula C(ga) through

C (ur, u2)

= max{min{ul, o} 4+ min{uy, a} — «, O} + max{u; +ur — (1 +«), 0},

let C; be the bivariate independence copula, i.e., Cy(u1, uz) := uu2, and define for
any ¢ € [0, 1] the copula C,(a) as a mixture of C(()a) and C; via

Ct(a)(ul, uz):= (- t)Céa)(m,uz) +tCr(uy, uz).

Moreover, for any ¢ € [0, 1], let CA’,(O’) be the survival copula of Ct(a) which is defined
by C(uy, uz) = u1 +us — 1+ C* (1 —uy, 1 —uy). Finally, let j11 := ps := Ujo_1
as well as [t := fto := Uj_1 0}, where Uy is used to denote the uniform distribution
on I. Then the following two assertions are valid:

) mVaRa,Az(Céa)’MlvllZ) = o and WVaRa,AZ(C,(a),Ml,Mz) = +/2a for any
t € (0, 1]. Therefore we have lim,\ o Ct(a) = C(()“) uniformly, but

tli\zr(l)mVaRa,Az(C,(a), M1, L2) # mVaR,I,Az(C(()a)» U1, 42)-

(i) Rvar, 4.4, (C, i1, f12) = —1 — @ and Rvar, o, 4,(C\¥, 11, 12) = —v2a

for any 7 € (0, 1]. Therefore we have that limy\ o CA‘t(a) = é‘éa) uniformly, but

tli\% mVaRl,a,Az(éz(a), ft, flo) # mVaRl,a,Az(é(ga)a a1, fl2).
For details, see Appendix A.11.

It is worth commenting on the copulas Céa), C1 and Ct(“) in the preceding ex-
ample. The copula C; is well known; it is simply the distribution function of the
uniform distribution on [0, 1]2. The copula C(()a) is the distribution function of the
‘uniform distribution’ on the union of the two disjoint line segments ST and S5 with
endpoints (¢, 0), (0, @) and (1, @), («, 1), respectively (see Appendix A.11 for the
precise definition). Thus C,(“) is the distribution function of the Borel probability
measure on [0, 1]? that is defined as a convex combination (with coefficients ¢ and
1 — 1) of the uniform distribution on [0, 11? and the ‘uniform distribution’ on S‘l" ©} S‘z" .
For a visualisation of Céa), see Fig. 1, and note that the distribution of the sum of

two Ujp,1]-distributed random variables coupled via C(()“) is the two-point distribu-
tion oy + (1 — @)8144-
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Fig.1 Visualisation of the

copula C(()a) and of the sets S{
and §5 fora =0.3
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4.4 Application to optimal capital and risk allocations

Let p € [1, 00). As in the work of Filipovi¢ and Svindland [21], consider d agents,
or business units, with endowments Xi,..., Xg € LP. We then assume that these
agents assess the riskiness of their positions by means of some convex risk measures
P1, ..., pd : LP — R (in the sense of Sect. 4.1). In order to minimise the total and in-
dividual risk, the agents redistribute the aggregate endowment X := Z?=1 X; among
themselves. By a redistribution of X, we mean any d-tuple (Y1, ..., Yy) of random
variables (payoffs) in L? such that X = Z?:l Y;. A redistribution (X7, ..., X}) is
called an optimal capital and risk allocation of X if

n n n
Zp,-(x;*) =inf{ Zp,-(y,-) :Yi,...,Y;eL? and ZYi = X} 4.3)
i=1 i=1 i=1
Here it is assumed that the redistribution is not subject to frictions, i.e., that every
redistribution of X is admissible, even if this is not always the case (as pointed out
by Filipovi¢ and Kupper [20]).
Note that an optimal capital and risk allocation (X7, ..., X;‘;) as a redistribution
must satisfy X = Z;j:] X?*. An optimal capital and risk allocation of X need not
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exist. If it exists, it coincides with the inf-convolution of p1, ..., pq at X, denoted by
Dflzl 0i (X), which is defined by the right-hand side of (4.3). Using the convention
inf ) = oo, the inf-convolution can be seen as a map Dfl:l pi : L? — (—00, 00]. For
background, see [21] and references cited therein.

In the above economic setting, the inf-convolution can also be regarded as a map
&f:l pi i LP x -+ x LP — (—00, 0o] through

d d d
Elpi(Xl,---,Xd) Z=E]pi(zxi>.

i=1
Since we assumed py, ..., pg to be convex risk measures on L?, a result of Filipovié¢
and Svindland [21, Corollary 2.7] ensures that the inf-convolution [Ilfl=1 0; 1s a con-
vex risk measure on L”, too (note that in [21, Corollary 2.7], Ijl”.i=1 pi 1s exact, and
hence it is R-valued if py, ..., pg are R-valued). As a convex risk measure, sz 1 Pi
is distribution-invariant, and so is @f’zl pi. Thus we may associate with X7_, p; a
corresponding functional RIZ’;{:I o M§ — R through

Rg?:l () = RD;‘:l iy (M) = RD,‘Lu oo A;l)

with Ag(x1,...,x4) = Z;‘;] x;, where ’RDLLIM are defined as in
(4.1) and (4.2), respectively. -

It is worth mentioning that [21, Corollary 2.7] even ensures that for any X € L7,

and RD?ZI pivAd

there exists a comonotone optimal capital and risk allocation (X7, ..., X7). This im-
plies that whenever p; = --- = pg and p := p; is comonotonic (i.e., finitely additive
for all comonotone risks), we have

Rt , (1) =Rp(uo Ay 4.4)

forany u € M 5 (see Appendix A.12). Of course, for convex risk measures p that are
not comonotonic, the representation (4.4) need not apply. An example for a comono-
tonic convex risk measure is the average value at risk at level o € (0, 1). A counterex-
ample is the o-expectile at level o € [1/2, 1); see Emmer et al. [18].

The following result is a direct consequence of Corollary 4.3 and Exam-
ple 4.4 since we have seen above that szl pi is a convex risk measure on L7 if

01, ..., Pd are.

Corollary 4.8 Let p €[1,00) and py, ..., pqa: LP — R be convex risk measures. Then
R&_j:l o MZ — R is copula robust.
The following example shows that if the risk measures py, ..., pg are not assumed

to be convex, copula robustness of RW o may fail; recall that VaR,, is not convex.

Example 4.9 1t is known from the work of Embrechts et al. [13, Corollary 2] that
[Il.z:1 VaR, = VaRo, on L! when « € (0, 1/2). Therefore

Rz vary W) = R Va4, (W) = RVaRoy 42 (W) = Ry, (0 A7)
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forany u € Mé and « € (0, 1/2). Thus it follows from Example 4.7 that
. gl
R&i] VaR, M2 — R

is not copula robust for any « € (0, 1/2).

5 Example 2: stochastic programming problems
5.1 A class of stochastic programming problems

Adopting the framework of Claus et al. [9], let & be a nonempty and compact subset
of R¥, h: & x RY — R a Borel-measurable function and Z an R9-valued random
variable on an atomless probability space (§2, F, P). Let p € [1, oo) and assume that
h(&, Z) is contained in L? = LP (82, F,P) for any & € Z. Consider the optimisation
problem

min{p(h(S,Z)):éeE}, 5.1

where p : LP — R is any map. A classical example for p is the expectation, i.e.,
p(Y) =E[Y], where p = 1. In Sect. 5.2, we consider another example where p is
a more general monotone, distribution-invariant and convex function on L”. Prob-
lem (5.1) can be written as min{R , (P o A (£, Z) b & € &} or, equivalently, as

min {R, (s @ w)oh™'):£ e &}, (5.2)

where R, is derived from p as in (4.1) and u denotes the distribution of Z.

Lemma 5.1 below assumes the following three conditions, where monotonicity,
distribution-invariance and convexity are defined as in (i), (iii) and (iv) in Sect. 4.1.
Recall that (£2, F, P) is assumed to be atomless.

(@) p: L? — R, for some p € [1, 00), is monotone, distribution-invariant and con-
vex.

(b) h : & x R? — R is Borel-measurable and limited by an exponent y € R .

(c) (3 ® w)[Dy] =0 forany & € & and u € M}

The second requirement in (b) means that there exists some locally bounded map
n: & — (0,00) such that |h(&,2)| < n(&)(1 + |z|)Y for all (£,z) € & x R?. In (c),
the set Dy, is the set of all discontinuity points of /. Under conditions (a) and (b), the
map Qp 51 & X MZP — R given by

Qpi(E, 1) =Ry (B @ ) oh ™)

is well defined. The following lemma is known from Claus et al. [9, Theorem 5.2].

Lemma 5.1 If conditions (a)-(c) hold true, then the map Q, p : E x ./\/lZp — R is
(Ope N E) x O"? . Or)-continuous.
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Lemma 5.1 can be used to obtain the following result on the map

Rop: M — RU{—o0},
Rp.n(w) :=inf{Q, n(§, 1) : & € 5}. (5.3)

Recall that the set = was assumed to be compact.

Theorem 5.2 If conditions (a)—(c) hold true, then the infimum in (5.3) is attained for
any | € MZP, and the map R, p, : /\/lgp — Ris ((’)gp, OR)-continuous.

Note here that if the infimum in (5.3) is attained, then R, (1) is a solution to
(5.2). Theorem 5.2 is a variant of Claus et al. [9, Corollary 2.4].

Remark 5.3 The (O))", Or)-continuity of R, j : ./\/lZp — R obtained in the preced-
ing theorem can be seen as robustness of p relative to (G, Z, n;'p ) in the sense of
Embrechts et al. [16, Definition 1], where G := {h(&, -) : £ € £} and 7}” is any
metric metrising the (py)-weak topology O()j/p .

5.2 Example: one-period mean-risk portfolio optimisation

Consider a one-period financial market consisting of one riskless bond and d risky
assets with prices per unit $9:=1and S(l), e, Sg € R, 4 at time 0. In between time 0
and time 1, the prices change to S(l), Sll, el Sf according to S{ = ZiS6, i=0,...,d,
where the bond’s relative price change Z° is deterministic (¢ R, ;) and known at
time O and the assets’ relative price changes Z L., Z% are R -valued random vari-
ables on a common atomless probability space (§2, F,P) and are unobservable at
time 0. Let xo € Ry be an amount of capital to be invested in the bond and in the d
assets at time 0. If for any i =1, ..., d, the amount of capital invested in the asset i
is denoted by &;, then the amount of capital invested in the bond is & := xg — (£, 1),
where £ :=(&1,..., &) and1:=(1,...,1) € R4. When identifying a portfolio with
the corresponding amounts of capital &1, ..., §; and assuming that taking loans and
short selling are banned, the set

8 :={1,....&0) e RL 1 (£,1) < xo} (5.4)

can be seen as the set of all admissible portfolios. The realised loss at time 1 of a
portfolio & = (&, ...,&,4) € & is given by

h(E,2) = (xo — (€, 1)1 — 2°) + (£, 1 —2), (5.5

when z = (z1, ..., zq) 1s the vector of the assets’ realised relative price changes, i.e.,
the realisation of Z := (Zl, e, Zd).

Of course, the portfolio & = (&1, ...,&,) € & should be chosen such that the ex-
pected profit is as high as possible, i.e., such that the expected loss E[h (&, Z)] is as
small as possible. Simultaneously the portfolio’s downside risk should be as small as
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possible, where the downside risk can be measured by o (h(&, Z)) for a suitable given
‘downside’ risk measure o : L? — R. This leads to the mean—risk model

min {E[h(§, Z)] + ko (h(€, Z)) : £ € B}, (5.6)

where x € Ry, is a risk aversion parameter. Note that the model (5.6) aims at min-
imising the weighted sum of two competing objects and is in line with Markowitz’
[32] classical mean—variance optimisation theory (where o (h(€, Z)) = Var[h (&, Z)]).
It is also worth mentioning that mean—risk models are related to the corresponding
multiobjective optimisation problems; see for instance the works of Ogryczak and
Ruszczynski [37, 38] and Schultz and Tiedemann [46].

The mean-risk model (5.6) coincides with problem (5.2) when Z is distributed
according to u and p : L? — R is defined by

p(Y) =E[Y]+«ko(Y), 5.7

where one should note that p is monotone, distribution-invariant and convex if o is.
For any fixed p € [1, 00), the following corollary is a simple consequence of Theo-
rem 5.2; see Appendix A.14.

Corollary 5.4 Let o : LP — R be monotone, distribution-invariant and convex. For
any u € /\/15, let Ry n (1) be defined by (5.3) (and (5.7)). Then the infimum on the
right-hand side of (5.3) is attained (and thus finite) for any | € /\/lf; and the map
Rop.n :MS — R is (OF, Or)-continuous.

Remark 5.5 If we use 2l to denote the set of all functions A (€, -) : RY - R, Eeld,
then R, » =R, 2, for the functional R, o, defined by (1.3), i.e., by

Rp 2, () :=1nf(R,(no A7') 1 Ag € Ag) = inf{R 4, (1) : Ag € Aa).

Here R, is derived from p as in (4.1), and R, 4, is derived from R, and A, as
in (4.2).

5.3 Copula robustness of stochastic programming problems

In the setting of Sect. 5.1, assume that conditions (a)—(c) are satisfied and recall that
E was assumed to be compact. Then by Theorem 5.2, the map R, j : MZP —-R
is ((’)Zp , Or)-continuous. Together with Theorem 3.12, this leads to the following

result.

Corollary 5.6 If conditions (a)—(c) hold true, then the map R, j, : Mgp — Ris copula
robust.

Corollary 5.6 shows that under conditions (a)—(c), the minimal value of prob-
lem (5.2) is robust with respect to slight changes in the copula of .
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Example 5.7 Let us return to the specific setting of Sect. 5.2 (mean-risk portfo-
lio optimisation), where p played the role of the joint distribution of the relative
price changes (Z1, ..., Zy). In this framework, it can be seen in the proof of Corol-
lary 5.4 that conditions (a)—(c) are satisfied for p = 1 when o : L? — R is monotone,
distribution-invariant and convex. Thus under the latter assumptions on o, Corol-
lary 5.6 ensures that the functional R, , : M/ — R is copula robust. Of course, the
copula robustness of R, 5, also directly follows from Theorem 3.12 and Corollary 5.4.

6 Example 3: multi-period portfolio optimisation

In this section, the objective is to show that the maximal expected utility of the ter-
minal wealth of a portfolio in a multi-period financial market model (see Sect. 6.2)
is copula robust if it is regarded as a function of the joint distribution of the assets’
relative price changes. The terminal wealth portfolio optimisation problem can be re-
garded as a Markov decision problem as introduced in the textbook by Biuerle and
Rieder [1, Chaps. 1 and 2] and in other standard monographs. To prove the main re-
sult of this section (Corollary 6.8), it is therefore useful to first establish a variant of
a result of Miiller [35, Theorem 4.2] about the dependence of the value function on
the Markov transition probability function. This variant can be found in Theorem 6.2
and is of independent interest. It is worth pointing out that the factor 1/ (x) on the
right-hand side of (6.3) is essential for our purposes; see the proof of Corollary 6.7.

6.1 Groundwork: a class of Markov decision models
6.1.1 Basic notation and terminology

Let (E, &) be a measurable space, to be regarded as the state space, and N € N
the fixed finite planning horizon. For each n = 0,...,N — 1 and x € E, let
A, (x) be a nonempty set whose elements are regarded as the admissible actions
at time n in state x. For each n =0,...,N — 1, let A, = Uer A, (x) and
D, :={(x,a)€e E x A, :a € A,(x)}. The elements of A, can be seen as the actions
that may basically be selected at time n, whereas the elements of D, are the pos-
sible state—action combinations at time n. We equip A, with a o-algebra 4, and
D,, with the trace o-algebra D, := (£ ® A,) N D,,. We use A to denote the fam-
ily that consists of all sets A,(x), n =0,...,N — 1, x € E, and of all o-algebras
An,n=0,..., N — 1. All the sets and spaces just introduced are fully determined by
(E, E) and A. Although all the objects introduced in what follows depend on (E, &)
and A, we suppress this dependence in the notation.

By a (Markov decision) transition function associated with (E, £) and A, we mean
an N-tuple P = (P,,)fy:_ol, where P, is a probability kernel from (D,, D,) to (E, &),
to be seen as the one-step transition kernel at time n. The set of all transition func-
tions is denoted by P. The actions are governed by a so called N-stage strategy,
i.e., by an N-tuple m = (fo, ..., fn—1) where f, is a decision rule at time n, i.e., an
(€, Ap)-measurable map f, : E — A, satisfying f,,(x) € A, (x) for all x € E. Let
F,, be a nonempty set of decision rules at time 7, and define the set of all ‘admissible’
strategies by IT := Fy X --- X Fy_1.
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Forany P = (P)Y ) € P, n = (f))) e M and n =0,...,N — 1, define
the probability kernel P from (E, £) to (E, &) by P (x, B) := P,((x, fu(x)), B),
x € E, B € £. The probability measure PJ (x, -) can be seen as the one-step tran-
sition probability at time n given state x when the actions are chosen according to
7. On the measurable space (£2, F) := (ENT!, €8WV+D) e can define for any
xo € E and 7 € IT the probability measure P*-77 :=§, ® P @ --- ® P} _,,
where the right-hand side is the usual product of the probability measure Jy, and
the kernels P, ..., Py _,. Under the probability measure P¥0. P57 the identity map
X=X ,,)’11\7:0 on £2 is called Markov decision process (MDP) associated with initial
state xq, transition function P and strategy .

Let r, : D, — R be a (D,, B(R))-measurable map, referred to as one-stage re-
ward function, and ry : E — R an (€, B(R))-measurable map, referred to as terminal
reward function. Here r,, (x, a) specifies the one-stage reward when action a is taken
at time n in state x, and 7y (x) specifies the reward of being in state x at the terminal
time N. Finally, set 7 := (rn)flvzo.

For any fixed subset P C P, the collection of the objects (E,E), A, II, P,
{PX0.Pi7 . xo e E, P € P, € IT}, X and F introduced so far are often referred to
as Markov decision model. In fact, in the standard literature, the set P is typically a
singleton. If, however, there is uncertainty with respect to the ‘true’ transition func-
tion, then one should allow a whole bundle of transition functions in the model.

6.1.2 Intrinsic optimisation problem

We assume that ¢ (Xg, fi(Xz)),k=0,..., N—1,and ry(Xy) are P*0-P:7 _integrable
for any xo € E, P € P, w € Il (for a sufficient condition, see Lemma 6.1 be-
low). As a consequence, we can define for any P € P and m = ( fn),]:];()l e IT an

(€, B(R))-measurable map VOP;” :E— Rby

N-1

VOP;H(XO) . X0, Pim |: Z re(Xe, fi(Xo) + VN(XN)]~

k=0

The value V,”*™ (xg) specifies the expected total reward of X under P*-P7 Here
‘under P*0-F:7* means that X starts in x¢ and that the random transitions of X are
governed by P and . For fixed P € P, it is natural to look for those strategies = € IT
for which the expected total reward from time O to N is maximal for a given initial
states xo € E. This results in the optimisation problem

max{Vy " (xo) : w € IT}. (6.1)

We assume that sup,, . ;7 VOP;” (x0) < oo for any xg € E, which means that it is impos-
sible to gain an arbitrarily high reward. A strategy ¥ € IT is said to be optimal for
(6.1) if VOP‘”P (x0) = V{ (x0) for any xo € E, where the map V" : E — R is defined
by V{ (x0) :=sup,cpg VOP;” (x0). The map V" is referred to as value function.
Some known facts about the existence of optimal strategies are recalled in Ap-
pendix C. Part (i) of Theorem C.1 shows that under some assumptions, the value
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function can be obtained by the Bellman iteration scheme. The latter involves the
time-n value functions V¥, n = 1,..., N, defined by V.” (x) := sup, .y Vi " (x),
where for any 7 = ( f,,)f:’;ol € IT the (£, B(R))-measurable map V,/"™ : E — R is
defined by V,” ™ (x) := B¥- P [N Ui (X, fi(Xi) + 7w (X )| X, = x] (note that
the right-hand side is independent of x¢ € E). Here and in the following, we use the
convention 22/:_1\1, := 0. The maps V,,P;”(~), m € I1, are sometimes called policy
value functions and appear in Theorem 6.2.

6.1.3 Bounding function

For the Markov decision model introduced above and P € P, an (&, B([1, 00))-mea-
surable function v : E — [1, 00) is called a bounding function for P if there exist
constants K1, K>, K3 € Ry such that the following three assertions hold:

@ |r(x,a)| <K 1¥(x) foranyn=0,...,N — 1 and (x, a) € Dy;

(b) |ry(x)| < K2y (x) for any x € E;

(©) fE v (y) Po((x,a),dy) < Kzy¥(x) foranyn =0,..., N — 1 and (x, a) € D,,.
This terminology is adapted from the work of Miiller [34, Definition 2.4] and the
textbook by Biuerle and Rieder [1, Definition 2.4.1]. Denote by M(E) the set of

all (£, B(R))-measurable maps v : E — R, and by My, (E) the set of all v € M(E)
satisfying ||v]ly < oo, where ||v|ly :=sup,cg [v(x)[/¥ (x).

Lemma 6.1 Let P € P. If there exists a bounding function  for P, then the random
variables ri(Xy, fr(Xx)), k=0,...,N — 1, and ry(Xy) are P*-P7 _integrable for
any xo € E and 7 € I1, and moreover, ||VnP||¢, < 00 (in particular, VnP;” € My (E)
forany w € IT) foranyn=0,...,N — 1.

6.1.4 Continuous dependence of the optimal value on the transition function
Let ¢ : E — [1,00) be an (&, B([1, 00))-measurable function, and note that the in-

tegral fE vdm exists and is finite for any v € My, (E) and m € M'f/(E), the set of all
probability measures on (E, £) with f Y dm < 0o. For any fixed subset Ml € My, (E),

the distance between m; and m, from /\/llllf (E) can be measured by

. (6.2)

dyi(my, my) ;= sup ‘/ vdmy —/ vdmy
veM | JE E

Note that (6.2) defines a probability pseudo-metric (in the sense of Rachev
[41, Sect. 2.3]), i.e., a map dy : M’{/(E) X M‘fj(E) — Ry which is symmetric
and fulfils the triangle inequality. If M separates points in Mllp(E ) (i.e., if any two
my,my € M;p(E) coincide when [ vdm; = [ vdmy for all v € M), then dy is
even a probability metric. It is sometimes called integral probability metric or proba-
bility metric with a ¢ -structure; see Miiller [35] and Zolotarev [54].

In some situations, the (pseudo-)metric dpy (with Ml € My, (E) fixed) can be rep-
resented by the right-hand side of (6.2) with M replaced by a different subset M’
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of My (E). Each such set M is said to be a generator of dy;. The largest generator
of dyy is called the maximal generator of dyy and will be denoted by M. That is, M
is the set of all v € My (E) for which | [y vdm; — [ vdmy| < dy(my, mp) for all
mp,mp € M'lp (E); see [35, Definition 3.1]. Examples for dy; and M are discussed in
Kern et al. [26] and Miiller [34, 35].

Now denote by Py the set of all transition functions P = (Pn)flv:_o1 € P with
P,((x,a), ) e M'{/(E) for all (x,a) e D, andn =0,...,N — 1. Forany P € Py,
the integrals fE v(y) P((x,a),dy),ve My (E), (x,a) € Dy,n=0,...,N —1, ex-
ist and are finite. For any Ml € My, (E), we may define the distance between two
transition functions P = (P,,)flv:_o1 and Q = (Q,l)f:’:_o1 from Py by

dyiy(P,Q):= max  sup dM<Pn((x,a),-),Qn((x,a),-))/llf(x). (6.3)

n=0,..., N_l(x,a)GDn

For any M € My, (E), the Minkowski functional oy : My (E) — ﬁ+ (in the sense
of Rudin [42, paragraph after Definition 1.33]) is defined by

oM (V) :=inf{A e R4y 1 v/A e M},

where we set inf) := co. Examples for M and gy are discussed in Kern et al. [26]
and Miiller [34]. In the following result, we assume that i is a bounding func-
tion for any Q € Py. By Lemma 6.1, it then follows that V,,Q(x) < oo for any
n=0,....,N, Q €Py and x € E. In particular, we can define a functional
Vz :Py — Rby Vfl (Q) = V,,Q (x). Note that Theorem 6.2 is a refinement of Kern’s
PhD thesis [25, Theorem 2.2.8] and that a related result was proved earlier by Miiller
[34, Theorem 4.2]. We use K3 p to denote the constant in condition (c) of a bounding
function for P.

Theorem 6.2 We assume that  is a bounding function for any Q € Py, and we let
M € My (E) and M be a generator of dyy. Then for anyn=0,...,N —1,x, € E
and Q, P € Py, we have

I n I n

V(@) =V, (P)|
N—-1 ]
<Y sup o (VT (K3 p + oner (¥) da g (Q, P))" ™9 (x) dua y (Q, P).

i=n well

As a direct consequence of Theorem 6.2, we get the following result.

Corollary 6.3 Assume that  is a bounding function for any Q € Py and let
P € Py. Let M C My, (E) and M’ be a generator of du. If omy(¥) < oo and

SUP, /7 QM/(VnZiT) < oo foranyn=0,...,N —1,then V" is (dut,y, | - |)-conti-
nuous at P foranyn=0,...,N — 1 and x, € E.
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6.2 A utility-based portfolio optimisation problem
6.2.1 Financial market model and a terminal wealth optimisation problem

Consider an N-period financial market consisting of one riskless bond §° = (S,?),]:’:O
and d risky assets St = (Sl )n _o-i=1,...,d, for some fixed d € N. Assume that the
value of the bond evolves deterministically according to

So=1 and SY,, =208}, n=0,...,N—1,

for some fixed constants Z(l), e Z?V € [1, 00), and that the value of the ith asset
evolves stochastically according to

S(i) = sé and S

o =ZL Sl n=0,...,N—1,

for a constant sf) € R, and independent R -valued random variables Z!, ..., va
on a common probability space (§2, F,P). Forn=0,..., N, set S, := (S,i, e S,‘f)
and Z, = (Z,i,...,Z,‘f) and denote by u, the distribution of Z,. We also de-
fine 1:=(1,...,1) eR?, Fy := {0, 2}, F :=0(S0,.... ) = 0(Z1,...,2Zy),
n=1,....,N,and F:= (F,)",.

Now, an agent invests a given amount of capital xo € R4 in the bond and
the assets according to some self-financing trading strategy. By a tradmg strat-
egy, we mean an [F-adapted Rd+ -valued stochastic process & = (é,?, Sn) — 1 with
£, = (&, ..., %), where £ and & specify the amounts of capital 1nvested in the
bond and in the ith asset, respectively, during the time interval [n, n + 1). The non-
negativity of .f,?, énl, .. S ,n=0,...,N — 1, means that taking loans and short
selling of the assets are excluded. The corresponding (F-adapted) portfolio process

=X S)N o associated with § = (S,? , E,,)S’z_ol is defined by

X5 =80+ (&0, X =E0Z0 (& Zugr). n=0,....N—1. (6.4)

A trading strategy & = (S,? , 5,1),7:7)] is called self-financing with respect to the initial
capital xq if xg = 58 + (&0, 1) and X5 = S,? + (&€4,1) for any n =1, ..., N. Note
that S,? and (&,, 1) specify the amounts of capital invested during the time interval
[7,n + 1) in the bond and in the d assets, respectively. For any self-financing trad-
ing strategy & = (i—‘,?, En) e _1 with respect to xg, we have EO i — (&,, 1) for any
n=0,...,N—1,and therefore the corresponding portfolio process admits the rep-
resentation

X5=x0.  Xo, =20 X5+ (6. Zup1 —2Z0,,1) forn=0,...,N—1. (6.5

In view of (6.5), we identify a self-financing trading strategy with respect to xg
with an F-adapted Ri-valued stochastic process & = (E,,) w1th & = (Snl, e, E,fl )

such that (&g, 1) € [0, xo] and (§,,1) € [0, Xﬁ] for any n = l N — 1. We restrict
ourselves to Markovian self-financing trading strategies & = (éjn) W1th respect to

xo which means that &, only depends on n and Xﬁ To put it another way, we assume
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that for any n =0, ..., N — 1, there exists a Borel-measurable map f;, : Ry — Ri
such that £, = f; (X,% ). Then in particular, X¢ is an R -valued F-Markov process
whose one-step transition probability at time n € {0, ..., N — 1} given state x € Ry
and strategy & = (S,,)’]y:_ol (resp. 1= (f,,)flvz_ol) is given by w41 o n;,ix,f,,(x))’ where

nn,(x,a)(z) = Z2+1x +{a,z— Z,?Jr]l), Z € Ri (6.6)

The agent’s aim is to find a self-financing trading strategy & = (§n),]:/=_01 (resp.
T = fn)f:];()l ) with respect to xo for which her expected utility of the relative terminal
wealth is maximised. We assume that the agent is risk-averse and that her attitude
towards risk is set via the power utility function u, : R4+ — R defined by

Ug (x) :=x (6.7)

for some fixed o € (0, 1). Hence the agent is interested in those self-financing trading
strategies & = (&) ,17;01 (resp. w = ( fn)rzl\/;()l) with respect to xg for which the expecta-
tion of ue (X5 /(x0SY)) is maximised. Since ug (X5, /(x0S%)) = ue (X5)/(x0S9)%,
this is equivalent to maximising the expectation of ug (X i,). For notational simplic-
ity, we consider the terminal wealth optimisation problem in the latter form. We as-

sume that Z,ll, e, fo are P-a.s. strictly positive and E[uy({Z,,1))] < oo for any
n=1,...,N.

Example 6.4 Assume that the bond and the d assets evolve according to the 1-dimen-
sional ordinary (Itd stochastic) differential equations

ds? =50s’dr, s)=1,
dsi =8sidt +oisidB!, sh=sb, i=1,....d,

where dg, 81, ...,84,01,...,04 € R4y are constants and Bl,...,Bd are (jointly
Gaussian) correlated 1-dimensional standard Brownian motions which satisfy for
any t € Ry that Cov(B!, B,’) = R; jt, where R = (R; j)1<i j<d € R4*4 is a fixed
correlation matrix (i.e., R is symmetric and positive semi-definite with entries 1 on
the diagonal). This is a multivariate version of the classical Black—Scholes—Merton
model. Choose the trading period to be the unit interval [0, 1] and assume that
the bond and the assets can be traded only at N equidistant time points in
[0, 1], namely at ¢ty , :=n/N, n =0,..., N — 1. Then the relative price changes

0 ._ ¢0 0_ a0 0 i . qi i ol i :

Zy iy =St/ S0 =Siy /iy, ad Z, =8, /S, = s, ., /si,, are given
52 _ (Bi _pi .
by, respectively, e®Nnt1=tvn) and ¢ DN asi=ind i By =Biy ) e for
n=0,...,N—1,
. 2 (R _npi

ZBH =e%/N  and Zy 1= e(a’ o IDINToi By B’Nﬂ), i=1,...,d.
Thatis, we have Z,,41 = (eG1 s eGd) for a d-variate random variable (G1, ..., G4)
which has a d-variate normal distribution Ns y with § := ((6; — 012 /2)/N );1: , and
I' :=(0;R; joj/N)i<i, j<d- Thus we have 1 =--- = uy =LN; j, where LN;  is

a d-variate log-normal distribution with parameters 6 and I".
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6.2.2 Interpretation as a Markov decision problem

The terminal wealth optimisation problem just introduced can be embedded in the
framework of Sect. 6.1 as follows. Let Z?, A Z?V € [1, 00) be a priori fixed and
choose (E, &) := (R4, BRy)). Foranyx e Ry andn=0,..., N — 1, let

Ap(x) = A(x) :={a e R : (a,1) < x}.

Hence A, =]R‘_i|r and D, = D :={(x,a) eRiH rae€ A(x)} forn=0,...,N —1.
Let A, := BRY) and D, := BRI N D for any n =0,...,N — 1, and let
the set F' consist of all those Borel-measurable maps f : Ry — Rﬁ that satisfy
(f(x),1) €[0,x] for any x € R;. Finally, let F,, := F forn =0,...,N — 1 and
IT:=Fyx---x Fy_j=FV.

Let M‘{‘(R‘i ) be the set of all Borel probability measures on Ri . for which
fRi |z|% u(dz) < oo. The latter condition is equivalent to fRf]H (z, 1)* u(dz) < oo,
which can be shown by using arguments as at the beginning of Appendix A.2. For
any L = (,u,n),ll\/:l € MY (Rle_)N, we define a transition function P* = (P,,’L)ZV;O1 by

PE((ca), ) = st omy D] (@) €Dy n=0,....N—1,

where the map 7, (x,q) : Rﬂ — R} is defined by (6.6). The set of all such transition
functions is denoted by P, i.e., Py :={P* : € M‘}‘(RfiH)N}, and plays the role
of P.

Letr,:=0,n=0,...,N —1,and ry(x) := uy(x), x € Ry. Then

Vo (x0) = B0 [y (X )] = B0 P [ (X )]

for any xg € R4, P € Py and 7 € [1, and the terminal wealth problem introduced
subsequent to (6.7) can be identified with the optimisation problem (6.1), i.e., with

max{E P [u, (Xy)]: 7w € I} (6.8)

for any xo € Ry and P € P,. A strategy 7 € IT is called an optimal (self-financing)
trading strategy for P if it solves the maximisation problem (6.8) for any xop € R.
Note that the coordinate process X plays the role of the portfolio process X¢ in-
troduced in (6.4), and that for each xo € R4, any self-financing trading strategy
& = (E,,)fl\:ol with respect to xp may be identified with some 7 = ( fn),’:’;o‘ ell
through &, = f,(X ,E,). Theorem C.3 ensures that optimal trading strategies exist.

6.2.3 Continuous dependence of the optimal value on PH

Let the function v, : Ry — [1, 00) be defined by ¥ (x) := 1 4 uy (x). Moreover, let
Py, be derived from Py as Py, is derived from P in Sect. 6.1.

Lemma 6.5 v is a bounding function for any P € Py, and we have Py, = Py.
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Let M := My, := {v € RR+ . lvllasl,e < 1}, where the Holder-o norm is
defined by ||V o0 = SUPy yeR, ety [V(X) = V()I/Ix — Y|, We obviously have
Mhys1,¢ € My, (R4), and in view of Lemmas 6.5 and 6.1, we can therefore define a
functional VZ : Py, — R through Vz(P ) := VP (x). The set My o separates points
in ./\/lllp"‘ (R+), implying that dyg,, , (defined by (6.2) with M := My o) provides a
metric on /\/l‘l//“ (R4); see Kern et al. [26] for details. Let dMHGLQ,% be defined by
(6.3) with M := My  and ¢ 1= 9.

Theorem 6.6 For any n =0,...,N — 1 and x € Ry, the map V, : Py, — Ris
(M) Ve |+ 1) -continuous.

Recall that the elements of P, (= Py, ) are parametrised by the elements of the
set MY(RY_)N. For any 1 € M%(R%), denote by 7z the element of M (R4, )N
whose N entries are all equal to w, i.e., = (1) ,’l\': |- Then we can define a functional
VI MYRL,) — Rby

Vi = V,m= V" (). (6.9)

Since we used OF to denote the a-weak topology on MY (see Sect. 2.2), we use
09 (Rfi|r ) to denote the analogous topology on M‘{‘(Ri ).

Corollary 6.7 Foranyn=0,...,N —1 and x € Ry, the map V; : M?(Rf’{_+) - R
defined by (6.9) is (OF (R’fH), OR)-continuous.

6.3 Copula robustness of the maximal expected utility of the terminal wealth

Foranyn=0,...,N —1and x € Ry, let the map V), : M‘f(Rle) — R be defined
by (6.9), and note that Vgo (n) corresponds to the maximal expected utility of the
terminal wealth in (6.8) with P = P*. When regarding each u € M?(Ri J)asa
Borel probability measure on the whole Euclidean space R4 (with ,u[]Ri +1=1), the
set MY (Ry4) can be seen as a subset of M. Thus Cy(u1, ... ung) = Cy for any
Hlseeoybd € M?(Rig, and Theorem 3.12 and Corollary 6.7 together imply the
following result.

Corollary 6.8 Foranyn=0,...,N — 1 and x € Ry, the map V; : MY (Rf‘;_+) - R
defined by (6.9) is copula robust.

Appendix A: Proofs
A.1 Proof of Proposition 2.2

By the assumption imposed on %, we can find a constant ¢ € Ry such that
/ 1P b (dy) = / IhCOI i(dx) < c(l + / [x17 M(dX)> <00
R’ R4 R4

@ Springer



Copula robustness 853

for any u € MZ. This gives the first assertion. Since the involved topologies are

metrisable, it suffices for the second assertion to show that the map b : M 5 - M 5/ is
sequentially continuous. Let u and u,, n € N, be elements of Mf} such that u, — u
in (95 and thus in particular in (’)2 N /\/lf . By the classical continuous mapping the-

orem, we have h(u,) — h(w) in O N M? ,, . Moreover, by the assumption on /4, the
function fj, : RY — R defined by fn(x):= |h(x)|p/ lies in CC[;. This implies

n—oo

lim [ |y1” b(un)(dy) = lim / Fn () i (d)
Rd n— o0 Rd
= [ swan = [ .
R4 R4
Thus h(i,) = h(w) in (’)5,/. This gives the second assertion. Il

A.2 Proof of Theorem 2.3

We first prove that i, ..., ug € M7 if and only if Pu(C, u1, ..., na) € MY, re-
gardless of the copula C € C,;. If we have uq, ..., uqg € M? then

/ IXI”‘m(C,m,...,ud)(dx)5/ crlx |y Ba(C. w1, - .. pa)(dx)
R4 R4

d

p
—a /Rd(Dm(xn) Pa(Coptt, ., 1) ()

i=1
d

SC;;Z/RlxilpMi(dxi) < 00,
i=1

where c), 1= c12max{0.p=1} x| = Z?:] |x;| is the 1-norm of x = (x1, ..., xg) and
c1 € R4 is asuitable constant. Thus B, (C, uy, ..., 14) € Mg . Conversely, assume
that By (C, i1, ..., a) € MS. Then we have

flxz'lpm(dxz')=/ |7 1P Ba(C, pr,s ...y g)(dx)
R Rd
S/Rd [x|?Ba(C, 1, ..., na)(dx) < oo,

i.e.,,u,'E/\/lp,foranyizl,...,d.

To prove the main assertion of Theorem 2.3, we first let (C, iy, ..., ugq) and
(Cpsn,1s -y na), n € N, be elements of Cg x M{ x .-+ x M} such that
Uni —> Wi in Of, i=1,...,d,and d,, ,,,(Cy,C) — 0. Since p-weak conver-

gence implies weak convergence, we then have in particular that u,; — w; in
(’)(1) N ./\/lf, i=1,...,d. So Lindner and Szimayer [31, Theorem 2.1] implies that
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Ba(Ch, L1nys -y tdn) = Pa(C, 1, ..., 1g) in (’)2 N MZ. For the convergence

Ba(Cr, pn,1s - s ng) = Ba(C, 11, ..., ng) in OF (when p > 0), it remains to
show the convergence

/]‘@d |x|pmd(cn9 /-’Ln,l’ "'7I’Ln,d)(dx) — _/Rd |xlpmd(ca I’le al’Ld)(dx)

Clearly,

‘/ le”‘ﬁd(Cn,,un,l,--~,Mn,d)(dX)—f IxXIPBa(C, pi, ... ma)dx)| (AD)
R4 R4

=

/1\@1 |x|p§$d(cl‘ls I‘Ln,lv MR /Ln,d)(dx)

—/Rduxv’Aa)qsd(cn,un,],...,un,d)(dm

+‘/Rd(lxlpAa)‘Bd(Cn,Mn,l,.--,,un,d)(dX)

_‘/l\glﬂx'p /\a)%d(cv M1, 1/’Ld)(dx)

+‘/ (IXI”/\a)‘Bd(C,m,..-,ud)(dx)—/ Ix [P Ba(C, u1, ..., na)(dx)
R4 R4
=:S81(n,a)+ S2(n,a) + S3(a)

for any a € Ry . Since Ry (C, uy, ..., 1uq) € MZ (as seen above), we can choose
for every ¢ > 0 a suitable constant a3 € R4 such that

Sy(as) < /R 1 L 00 (XD B (Co a1 ... ) () < /3.

Furthermore, for any a; € R4, we have

S1(n,ar)

< [ 1178y (DB Co st 0. )

p
< [ el 1 g o cllos) B ot ) @)

d
<cpy) /R P L (510) B (Cas - tna) (@)
i=1

d d
e 0 [ L i O DB ot s ),

i=1 j=I

@ Springer



Copula robustness 855

where ¢, = ci 2max{0.p=1} = x|y = Zfdzl |x;| and |x|eo := max;=1, . gq|x;| for
x =(x1,...,%p),and c1, coo € Ry are suitable constants. For i = j, the last integral

. . [) .
equals fR |xi |p:ﬂ'(a}/p/cw,oo)(|xi D itn,i (dx;). Since we assumed pu,, ; — p; in Oy (i.e.,

Wn.i —> i in (9(1) N MY and [ 1xi|P pn,i(dxi) = [ |1xi|P (i (dx;)), Kritschmer et
al. [28, Theorem 2.3 (5.=3.)] ensures that we can choose aj;; € R4+ so large so
that this expression (with a; = ay;;) is bounded above by ¢/(3dc)) uniformly in
n € N. Fori # j and any b € R, 4, the summand is bounded above by

/Rd 170 O Lo,y (1 CODL rp ooy (1D Ba (Cons i1 - ) (@)

+/Rd |72; QNP Lo, 00) (177 ) D) Ba (Cras 15 - -+ s n,a) (dX)
=:81,,j(n,a1,b) + S1,i(n, b).

Again by [28, Theorem 2.3] and the assumed convergence p, ; — (; in Of , wWe
can choose b; so large that sup, .y S1,i(n, b;) < 5/(6d2cp). Once we have cho-
sen b;, we can in view of Sy, j(n,a1,b) < bpun,./[[—all/‘"/coo, all/p/coo]"] choose
ay,i,j € Ryy so large that sup,cnS1,1(m, a1,,j,b) < £/(6d(d — 1)cp); take into
account that (u,, j)nen as a weakly convergent sequence is tight. That is, we
have sup, . S1(n,a1) < &/3 when we set aj := max; j—1,..q44a1,, ;. Finally, by the
already established convergence By (Cy, in.1,---» Un.d) = Pa(C, 11, ..., kq) in
(92 N MS, we can choose ng € N such that $»(n, a) <&/(3c)) for a := max{ai, a3}
and all n > ng. Altogether, we have shown that for any given ¢ > 0, we can find an
no € N such that the left-hand side of (A.1) is < ¢ for all n > ny.

Conversely, let (C, i1, ..., 1g) and (Cy, tn.1,--., Un.d), n € N, be elements of
Cy x /\/l{J NEEED Mf such that B (Cp, wn.1, .-, hna) = Pa(C, 1, ..., (g) in
(’)5. Since p-weak convergence implies weak convergence, it is a direct consequence

of Lindner and Szimayer [31, Theorem 2.1] that this implies dy, ..., 4, (Cn, C) — 0
and pu,; — @i in (9(1), i=1,...,d. Moreover, forany i =1, ...,d we have
lim ‘/ i 17 phn,i (dxi) —/ ;17 i (dx;)
= lim ‘/ 7 P Ba(Crs Un,1s -+ s n,a) (dX)
n—oo | Jpd
—/Rd |7 ()P PBa(C, oty ...y ma)(dx)| =0

since the function |7;|? : R — R lies in C5. Thus we even have u, ; — u; in Of,
i=1,...,d. O

A.3 Proof of Corollary 2.6

Of course, it suffices to show that (’)5 N Mgy, ..., k) = (’)2 NMg(ut, ..., 1a).
Recall that the p-weak topology is metrisable. Therefore it suffices to show that
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for any sequence (up)neN € Myt ..., pa)N and any u € Mg(ui,..., 1a),
it holds that u, — w in (95 N Mg(ut, ..., png) if and only if w, — u in
0% N Ma(pr, .o ppa). Iy — o in OF 0 Ma(ua, ..., na), then p, — p
in (’)2 NMg(ui, ..., kg) because (95 N Mg(ut, ..., ug) 1is finer than
(92 N Mg(ut, - .., ng). Conversely, if u, — p in 02 NMg(ut, ..., 1uq), we ob-
tain by Theorem 2.3 (with p = 0) that (C,;,),en converges to C in Oy, ., , where
C,, and C are (arbitrary) copulas of u, and u, respectively. Again with Theorem 2.3,
we conclude that j1, — win OF N Mg (ui, ..., ka). O

A.4 Proof of Corollary 2.8

Since the involved topologies are both metrisable, it suffices to show that the map
Cotvoig - Malpr, ..o, wag) — Cd/Nu1 g is sequentially continuous for the pair

((’)5/ NMa(, ..., 1a), O;’zl’_._’w) for any p’ € [0, p]. Let u and u,, n € N, be

elements of My (1, ..., iqg) such that u, — w in (95/ NMg(ut, ..., ug) for some
p’ € [0, p]. By Corollary 2.6, we obtain that u, — u in (’)5 NMg(at, ..., maq), and
by Theorem 2.3, it follows that lim,,_, .o dyy, ..., 4, (Cn, C) = 0 for any copulas C;, and
C of uy, and u, respectively. So we arrive at

im dpy (€ (Bn) €y (0)) = 0,

o0 Hlseees

ie, Cupngn) = Cpuppy (@) in O;l pg* O

.....

A.5 Proof of Example 3.2

We here show that if M/, =Ny, then D/, = Csa x N7 X - x M.

“D” Let (C, i1,..., Md) € Cg‘“‘ x N x -+ x N, which means that we have
ny = le’s%,...,ud = de,sj for some my,...,mg € R and s1,...,5 € Ry4,
and C is given by (3.2) for some correlation matrix R. Recall that quantiles
are translation-equivariant and positively homogeneous (on the level of univariate
random variables). For the distribution function of the Borel probability measure
w:=L4(C, u1, ..., Lq), we thus obtain

Fu(xi,...,xq)

= C(Fﬂl(xl)’ . Flld(xd))

= 00.(201 (B, 201). -2 D1 (#,,, 2 (60)) )

my,s

g e ey

@;111 2 (¢ml’S%(XI)) —m] ¢_1 2((pmd,x§(xd)) —my
= ¢0 R | d
, 5 >

X1 —mq Xq —my
=Py r =@, srs(x1,...,X4),
S1 Sd
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where m := (my,...,mg) " and Sisthed x d diagonal matrix with entries s1, ..., S4
on the diagonal. Note that the matrix SRS is again symmetric and positive semi-
definite, implying that p is the d-variate normal distribution N, srs. Since the en-
tries on the diagonal of the matrix SRS are the strictly positive numbers slz, e sﬁ,
the marginal distributions of © = N,, sps are Nmmlz’ R de“vs, i.e., elements of
N1.In particular, u is a (possibly degenerate) d-variate normal distribution with con-
tinuous marginals, i.e., u = B4(C, u1, ..., Lg) lies in M; = N;. Thus we obtain
that (C, i1, ..., Uq) € @:1

“c” Let (C,p1,..., 1nq) € D), ie., pi,...,1uqg € My and C € Cy are such

that u := Pu4(C, 1, ..., na) € Ml = Ny. Then “1:Nm1,s12"""ud:de,s§

for some my,...,mg € R and sq,...,5¢ € R4y, and u = N, v for the vector
m:=(mi,...,mg) and a symmetric and positive semi-definite matrix V € R¥*¢
with entries s12, ey sﬁ on the diagonal. By (2.1) and the translation-equivariance and

positive homogeneity of quantiles (on the level of univariate random variables), we
have

_ -1 -1
Clur,...,uq)= ¢m,V((pml’Slz(M1)» s GDmd’Sg(ud))

=@, v (51®g 1) +mi, ..., sa®g | (Ua) +ma)

=Py 5-1ys-1 (Cbo_,%(ul), cees (b(Ill(ud)),

where S~ is the d x d diagonal matrix with entries s, 1, e sd_1 on the diagonal.
The matrix R := S~'VS~! is again symmetric and positive semi-definite, and for
any i, j€{l,...,d},itsentry at (i, j) is equal to v; j/(s;s ), where v; ; is the entry at
(i, j) of the matrix V. Since v; ; = sl.2 foranyi =1,...,d,itfollows that R is a corre-
lation matrix. Thus C € C§* and therefore (C, u1, ..., na) € C5* x Ni x -+ x M.

O

A.6 Proof of Example 3.3

We here show that if M/, = M) for some p € Ry, then @/, = Cg x M} x--- x M.

“2” Let (C, p1, ..., ma) € Cqg x M} x -+ x MY. Then, as shown in the first
paragraph of Sect. A.2, B, (C, n1,..., 1q) € Ms =M/, Thus (C, u1, ..., na) lies
in®’,.

d

“C” Let (C, i1, ..., na) €D/, ie., iy, ..., g € My and C € Cy are such that
Ba(C, p1, ..., 1ug) € M, = Mg. Then, as shown in the first paragraph of Sect. A.2,
,ul,...,,ude./\/lf.Thus (C, 1,y ..., nug) € Cy x/\/l{7 X +-- x/\/lf. O
A.7 Proof of Remark 3.6

The univariate standard normal distribution function @ 1 is continuous and strictly
increasing. This implies that pointwise convergence of a sequence of d-variate Gauss-
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ian copulas (P, g, (@a} (),..., (D(I} (“)))nen to a d-variate Gaussian copula

Dor (P51 (). Py ()

is the same as pointwise convergence of ®¢ g, (-,..., ) to Pgr(-,..., ). The
d-variate distribution function @9 g(-,..., -) is continuous since it can be repre-
sented as

Por(-oors )= Por(P4 1 (P01(). . @5} (@0.1(1))

and @, R(@& G, cD(; I (-)) as a (Gaussian) copula is Lipschitz-continuous with
respect to | - |1 and the univariate standard normal distribution function @¢ 1(-) is
continuous. Therefore (see Shiryaev [48, Sect. III.1]) the latter pointwise conver-
gence is equivalent to weak convergence of the d-variate normal distribution Ny g,
to the d-variate normal distribution Ng g, and by Lévy’s continuity theorem, this is
the same as

e~ (Ruts1)/2 —(Rt,1)/2

= (pNoan (t) -— §0N0,R(1‘) =e

for any + € R?. Obviously, the latter holds if and only if T (R, — R)t — 0 for any
reRY.

If |R;, — R||mat — O for some matrix norm || - ||pat, then | R; — R||lmax — O for
the maximum norm || - ||max, and thus 7" (R,, — R)t — 0 for any t € R¢.

Conversely, assume that t' (R, — R)t — 0 for any t € R?. Then for any
i=1,...,d, we can conclude by choosing ¢ as the ith unit vector e; that the en-
try (i,7) of the matrix R, — R converges to 0. For ¢ :=¢; + ¢, the expression
tT(R, — R)t is twice the entry (i, j) plus entries (i,i) and (j, j) of the symmet-
ric matrix R, — R. It follows that also the entry (7, j) of the matrix R,, — R converges
toOforanyi,j=1,...,d withi # j. Thus ||R;, — R||max — 0, and consequently
IR, — R|IMat — O for any matrix norm || - ||Mat- O

A.8 Proof of Example 3.7

For any correlation matrix R, use C® to denote the Gaussian copula associated with
R. By definition, the set Cga is parametrised by the set of all correlation matrices.

Now fix le 25 de 2 e N and let R, Ry, Ry, ... be correlation matrices such
that CRn converges to Cck pointwise, i.e., CHn (Ui, ...,ug) —> CR(ul,...,ud) for
any uyg,...,uq € [0, 1]. In particular,

Cl(®,, 21, @, 2() — CH(D,, 2(rD).-.. @, 2 (i) (A2)

forall xy,...,xg € R.Now Fy(x1, ... xq) = CR (@, o(x1),...,

Fxt,...,xq) —CR(‘Pm REICODIRRRE
R .

Py (C™ m1 §25 md s2) and ‘,Bd(C le’s%, e, de,sj)’ respectively. More-

2(x4)) and

2(xg)) are the distribution functions of

mds
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over, F is continuous since C® as a copula is Lipschitz-continuous with respect to
| - |1 and the univariate normal distribution functions cbml S%( 1 TV cDmd sj(') are
continuous. Therefore (see Shiryaev [48, Sect. III.1]) the convergence in (A.2) is

equivalent to
R 0
Pa(C™, m1 2 md Y2) —)‘Bd(c le’s%,...,de,Sg) in Od'

Moreover, as in (A.1) (with u,; = pu; =N S NE N,i=1,...,d), we obtain

m;

/ l” B (CF N, 20 N, 2)(d)
—>/ lx[?Pa(CHN,, 20N, 2)dx).
]Rd 21

Thus Py (CR N, 2. N, 2) = Pa(CEN,, 2. N, o) in OF NN In
view of Py o *PB,; =P, and since the involved topologies are metrlsable we arrive
at copula robustness of Py : Ny — Ny, where the image space N is equipped with

0“,1, NNy. 0
A.9 Proof of Theorem 3.10

Let us first assume that the map Tq| a1, 0,y - Ma(it1, ..., 1g) — E is con-
tinuous for the pair ((92 NMg(in1, ..., 1d), Op) for any wy,..., ug € ./\/lf Since
the map

PBal-, 1y pa) : Ca— My(ut, ..., ta)

,,,,, Md,(’)g N Mg(pt, ..., png))-continuous for any pi,...,H1g € Mf by
Corollary 2.5, it follows that the map

Td('?/“l/la"'1H‘d)zuomd('7ﬂls'-'sld‘d):Cd_)E

is (Opy.,....ug» Or)-continuous for any pig, ..., g € Mf. Thus 7 is copula robust.
Conversely, assume 7T; is copula robust, i.e., Ty(-, u1,..., uq) :Cq — E is
(Ou.....na» Or)-continuous for any i1, ..., g € Mf. By way of contradiction, as-
sume that T A, (uy.....n0) @ Ma(1s ..., tg) — E is not continuous for the pair
(0% N My(ut, ..., ma), Og), for some ji, ..., g € MY, Then one can find el-
ements iy, n € N, and p of My(ui, ..., nqa)Y such that we have w, — p in
(92 NMg(ui, ..., ka), but Ti(un) # Ti(w) in Og. However, in view of Corol-
lary 2.8, the convergence u, — w in (92 N Mg(ut, ..., ng) implies that C,, - C
in Oy, ,... u, for any copulas C,, and C of u, and u, respectively. Because the map
TaC 1, .o, uq) : Cqg — Eis (O, .. u,» Or)-continuous by assumption, we ob-
tain that 74 (u,) — Tq(u) in Og. This contradicts 74 (u,) 7 Ta(w) in Og. O
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A.10 Proof of Corollary 3.13

The map b : MS — /\/lf;,/ defined by h(u) :== o h~!is (OF, (95,/)—continuous by
Proposition 2.2 and therefore copula robust by Theorem 3.12. Because the map
Tar :/\/15,/ —E is ((’)5,, O!)-continuous by assumption, it follows by Lemma 3.4
(withif :=Tg and T4 :=h) that T; =Tz ob: Mg — E is copula robust. O

A.11 Proof of Example 4.7

(i) The natural extension a()a) of C(()a) to R is the distribution function of the Borel

probability measure ‘BZ(CO , L1, 42) on R2. Thus ‘BQ(C(()D‘), U1, 2) = ’Héawsg /\/i,
1

where ! s So([ 1:=H'-n (87 W S5)] is the 1-dimensional (Borel) Hausdorff mea-

sure ! on ]Rz restricted to the union of the two disjoint line segments ST and
Sg‘ with endpoints («, 0), (0, «) and (1, @), («, 1), respectively. That is, the total
mass 1 of ‘BQ(C(S“), W1, 42) is uniformly distributed over S‘f‘ W S‘2". In particular,
”Hl[S‘l"] =« and HI[S‘;] =1—a. In view of S} = {(x1, x2) € [0, 112:x1 +x0 =)
and S5 = {(x1, x2) € [0, 112 : x1 + x2 = | + &}, we can conclude that

Po(CY 11, 12) 0 Ay = by + (1 — )81 1

In particular, Rvar,, 4, (ng), Ui, 42) = .

The natural extension C; of C; to R? is the distribution function of the Borel
probability measure P> (Cy, p1, 12) on R2. Thus Bo(Cr, (1, u2) = [0)1]2, where
[:E(z))]]z[ 1:=L£P[- N[0, 1]?] is the (Borel) Lebesgue measure £ on R? restricted

to [0, 1]2. Then
_ 1 1 — 1
Po(Cro 1, w2) 0 A7 = (L), ® L)1) 0 A7 = L)% L£5)1, = Ao,

where CE(I)?I][~] = LD[. N0, 1]] is the (Borel) Lebesgue measure £ on R re-
stricted to [0, 1] and A[g 2] is the symmetric triangular distribution. Therefore
(o) -1
Pa(C,™7s a1, o) o A2

= (1= FP2(CY. 1. 12) 0 A7 +1B2(Cr. iy p2) 0 Ay

=1- t)(otfsa +(1— C()51+a) +1A[0,2)
for any t € (0,1]. For the distribution function Fa, of App2), we have
Fa,(x) = 1 2 =1- %(2 — x)z, = 1 according to whether x < 0, x € [0, 1],

xe(, 2], x> 2. For the distribution function F® of a8y + (1 — @)81 44, We have
FOM)=0=a,=1 according to whether x < &, x € [o, | + @), x > 1 + «. Thus
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for any ¢ € (0, 1], the distribution function F,(a) of ‘BZ(C,(“), U1, 2)0 A2_1 is given by

0, x € (—00,0),
t%xz, X € [Oaa)’
A2+ (1= 0a, x € [a, 1),

Ft<a)(x)= 1 2
t(1_§(2_x))+(1—t)a, xel[l,1+a),

t1—3Q-0)+0-0,  xell+a2),

L, x €[2,00),

so that mVaR‘,,Az(Cz(a), 1, 12) =+ 2a.

(ii) For any ¢ € [0, 1], let (X Ea)’t, X ;“)") be a bivariate random variable with distri-
bution P2 (C*, 111, p2). The distribution of the random variable — (X 501),0 +X éa) )
is then ad_y + (1 — @)8_(11a). Thus VaR;_o(—(X'0 4+ X0 = —(1 + w).
For any ¢ € (0, 1], the distribution function ﬁ,(a) of —(X ia)’t + Xéa)’t) satisfies
I:",(“) x)=1- F,(“)(—x) for all those x € R for which —x is a continuity point
of Ft(a). Thus for any ¢ € (0, 1], we get VaR1,D,(—(Xia)’t —i—Xéa)’t)) = —+/2a. Hence,

Rvar, ooy (C 7, fio) = —(1 + @),

Rvir, o4, (CL 7, U1, fi2) = =2 forany 7 € (0, 1],

where C,(a)’f denotes the copula of the distribution of (—X Ea)’t, —Xé"‘)’l); here we
use that 1 j 1s the distribution of —Xﬁ.“) ”, Jj = 1,2. This gives the assertion since

C ,(a)’_ = ét(a) for any ¢ € [0, 1]. The latter equality holds true since the distribution
function F@-:~ of (—Xia)’t, —ng)’t) satisfies

(),

FOU=(x),x0) = F 7 (=x1, —x2) = C(1 = Fyy (—x1), 1 = Fyip (—x2))

=C (Fp, (x1), Fp,(x2))
for any t € [0, 1], where F" denotes the survival function of (X g“)’[, Xé“)”). O

A.12 Proof of (4.4)

Let p € [1,00) and p : L?” — R be a comonotonic convex risk measure. More-
over, let u € MS . Since (£2,F,P) is assumed to be atomless, we can choose
(X1,...,Xg)€LP x---x LP such that P o (X1, ...,Xd)_1 = . A result of Fil-
ipovi¢ and Svindland [21, Corollary 2.7] ensures that there exist a comonotone opti-

@ Springer



862 H. Zahle

mal capital and risk allocation (X7, ..., X)) of X := Zle X; (e LP). Thus

Rt ,1)=Rga_,(Po(X1,.... X))

i=1
J J d d
=8 p(X1,.... Xa) = _Dl[)(ZXi) = (XD
= = i=1 i=1

($) ()

i=1
4. -1
=R, (IF’o (Zx,) ) =Ry(noA;"),
i=1
where the fifth equality relies on the comonotonicity of p. g

A.13 Proof of Theorem 5.2

We can use arguments similar to those used in the proof of Claus et al. [9, Corol-
lary 2.4]. In view of Lemma 5.1 and the compactness of &, we can apply Bonnans
and Shapiro [6, Proposition 4.4] to obtain that the map R, ;, : MZP — R is continu-
ous with respect to (ng , ORr). Berge [4, Theorem VI.3.2] ensures that the infimum
in (5.3) is attained for any u € MZ‘". O

A.14 Proof of Corollary 5.4

Conditions (a)—(c) of Sect. 5.1 hold true for p = 1. Indeed, condition (a) holds true
since monotonicity, distribution-invariance and convexity carry over from o to p.
Condition (b) with p = 1 clearly holds true for the function 4 : & x R? — R defined
by (5.5), and condition (c) holds true since / is continuous everywhere. Thus, since

the set & defined by (5.4) is a compact subset of R?, the assertions follow from
Theorem 5.2. O

A.15 Proof of Lemma 6.1

Since we assumed that conditions (a) and (c) hold true, we have that

EOP [ | (X, fie(X0))]]
<EoPT R (X))

=K]/"'//W()’k)Pk—l«)’k—lsfk—l(Yk—l))sd)’k)

Pk—2<()’k—2a fi2(yk-2)). d)’k—l) e Po((xo, fo(x0)). dyl)

< K1 K5y (x0).
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Thus ri(Xk, fi(Xx)), k =0,...,N — 1, are P*0-P"_integrable for any xo € E,
P € P’ and w € I1. Using (b) and (c), we analogously obtain that ry(Xy) is
PXO’P;”-integrable forany xo € E, PeP' and r € [1. Foranyn=1,...,N — 1,
we get in the same way that

N-1
V5T 0] = |BY-PT [ > n(Xes fi(X0) + v (Xw)| Xn =X}
k=n
N—1
< Y CEOPT | Xk, fe(X0) || X0 = x] + BT [|ry (X)X = x]
k=n
N—1
<> KIKS T (x) + KoK T (x) = K (x)
k=n
holds true for all 7 € IT and x € E, where K,, := ,ivz_nl K Ké‘_” +K2K§v_”. There-

fore, we indeed have that

IV.Elly = sup | sup V,J"™ (x)| /¥ (x) < sup sup |V, (x)] /¢ (x) < o0

xeE mell xeEmell

foranyn=0,...,N—1and P € P. O
A.16 Proof of Theorem 6.2

Letne{0,...,N — 1} and x, € E. Since P¥0- &7 =6, ®0; ®---® Q% _, we
have for any Q € Py, that

N—-1

VAT ) = ) BT (X fe(X0) [ X = x0] + B0 G [y (X)X = 0]
k=n

= rn(xnv fn(xn))

N—1
£y /E~--fErk(xk,fk<xk>) O Gt dy) -+ OF i, da 1)

k=n+1

_|_/ f rN(xN) Q?{,il(,XN,],dXN)"‘Qg(xn,anﬁ»l)
E E

and thus
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VnQ;n(xn) - Vnp;n(xn)
N—-1

-

k=n+1

fE...fErk(xk,fk(xk)) 07 (xk—1.dxi) -+~ OF (X, dns1)

N-1

/ .- / rk(xk, fk(xk)) P,f_l(xkfli dxp) - P,:[ (Xn> dxp+1)
E E

k=n+1

+\/;:"'\/E;FN(XN)lel\’lfl('fol’d'xN)'“QZ('Xn’dxn+l)

—/ / rN(xN)Pﬁ_l(XN_l,de)"'Py?(xnvdxn+1)
E E

N—-1 k-1

// / / .../rk(xk,fk(xk))P,f_l(xk_l,dxk)---
N E EJEJE E

k=n+1 j=n
PT (1. dxj42) (QF — PT)(xj, dxji1)

ij?,l(xjfl, dx;) - QZ (xn, dxn+1)

N—1
+Z/;i.../;/;L~--‘/I;}"N(XN)PI7VT_1(XN—1»de)"'

j=n
Pl (xjy1,dxj2) (QF — P)(xj, dxjq1)

Q71 (xj—1,dxj) -+ Oy (xn, dXny1)
N2

N-—1
( > /E~~-/Erk(Xk,fk(Xk)) P (o1, dxg) -+ Pl (xj41,dxjyo)

k=j+1
+fE...fErN(xN)Pﬁil(fol,de) P}T+1(Xj+1,dxj'+2))
(QF — PI)(xj.dxj1) QF_y (xj-1.dxj) - OF (n. dxn 1)
—i—/ / / rv(en) (QF—y — Py_)(xn—1,dxN)
e JeJE

OV _o(xn—2,dxy—1) -+ Of (xn, dXp41)
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N-2
:ZfE...fEvaﬁf(xjH)(Q?}—R}T)(xj,dxj+1)
j=n

07| (xj1.dxj) -+ OF (x.dxy 1)

+/ .--//rN(xm(Q’;,l—Pﬁ,p(fol,de)
E EJE

ON_r(xn—2,dxn—_1) -+ Of (Xn,dXn11)
N-—1
=Z/E--fE/EV,-’l?(xm)(Q;-’—P;-’)(xj,dxm)
J=n
Q;T_l(xjflvdx‘]) e Q;'.[[(-xv dxl’l+1)’

where we used the conventions

//”N(xN)Pﬁ,](fol,de)P1J\/T(xj+1,de+1)3=rN(xN),
EJE

/};.../];/];Vn}:f(xnﬂ)(Qﬁ—P,f)(xn,dxwl)

Q;,T_l(xn—lv dxy) --- QZ (x, dxpy1)

P;
= / VT (s QT — Pty ),
E
and other similar ones. Therefore,

V' (Q) — V) (P)]

sup VnQ;n(xn) — sup VnP;n(x”)
well well

< sup [V, (xy) — VI (x)]
mell

N-1
T b 4 T 1
= Z sup SUP( /EV,Z’I (») Qj (x.dy) —/EVﬁl () P; (x,dy)’m

j=n well xeE

X/ / V(x;j) Q;.T_l(xj_l,dxj)... QZ(x,,,dx,H.l))
E E

@ Springer



866 H. Zahle

N-1
<Y sup (QM’(VfH)
j=n well
X sup (dM<Qj((x,a), -)’ Pj((x,a), ))L)
(x,a)eDj w(x)
xﬁ--~/}£¢(xj) Qf_(xj—1,dxj) - QZ(xnadxn-H))
N-1
< Z sug (QM/(Vﬁf)dM,w(Q, P)
j=n me

X/t;/;w(x]) er.[_l(xj_l,dxj) Qﬁ(xn,dxn+1)).

For the latter multiple integral, we have
/ / Y(xj) Q7 (xj—1,dx;) -+ Qp (Xn, dXn1)
E E '

5/ / / Y(x;) P;»T_l(xj‘—lsdxj) ij?_z(xj—zadxj—l) o O (X, dxny1)
E EJE

s/E---fEKg,pw,-_l)Qj?_z(x,/-z,dx/—o~~- 07 (s 1)

/Ew(x,o(Q;t](x,-f],dxj)—P,’-il(xj-fl,dxﬂ)

Q;'[_z(xj—Zy dxj—l) e QZ(Xn, dxp+1)

+/E~--/E.ng<w)dM(Q7_l<x,,~_1, 3P (ots)
07 _r(xj—2,dxj—1) -+ Oy (xn, dxp 1)
<Ko [ [ 0o0 0] sty - Qi)
o () dsy (O, P)
X /E"'/Ellf(xj—l)Q?_Z(Xj—z,dx/'—l) o O (Xn, dXpg1)
= (K3,p + 0w (V) dui,y (O, P))

XfE...fEI/,(xj,l)Q;.Qz(xj,z,dxj,])... O7 (tn. dny1).

Treating the remaining multiple integral analogously and proceeding iteratively in
this way, we may continue with
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= (K3.p + om(¥) gy (Q, P))" 7" /E Y (xj_1) OF (tn, dxni1)
< (K3.p +om(¥) dury (Q, P))" 7

X(éw(Xj_l)Pg(xn7 dxnt1)

+/l;_w(xj—l) (QZ(xna dxp+1) — P:(xna dxn+1))>

< (Ks.p + (W) duay (0. PY)' ™~ (Ka, ¥ (5a) + 000 (W) (O, PIY (x0))

1= (K3.p +0u )y (Q, P))" ™ ¥ (xn).
Altogether, we obtain the asserted inequality. 0
A.17 Proof of Lemma 6.5

Let P € Py, ie., P = PF for some ji = ()N € M¥R4)N. We have to ver-
ify that the defining conditions (a)—(c) of a bounding functions are satisfied. Condi-
tions (a) and (b) are trivially satisfied. Since (a, 1) € [0, x] for any (x,a) € D and
(a,z) <{a,{z,1)1) ={(a,1)(z,1) forany a, z € RZ, we also have

[ v PR (0. ay)

Ry

=1 +/R U (M, (x,a) (2)) Hnt1(d2)

=1+ / (Z),\x + (a2 — Z0 1) wng1(d2)
Riy

<1+ (20, )% — (@, 1) + / (@, 2) i1 (d2)

Ry

o
<1 —|—( max Z,?) x“ +/ (a, 1)%(z, 1)* pn+1(d2)
=L...N Riq

<1+ <( max Z,?>a +/R (z, 1) Mn+1(dz)>X“ < K3¥4(x)
++

.....

foranyn=0,..., N — 1 and (x, a) € D, where

o
K3 := ( max Z,?) + max / (2, 1) i (dz)
k=1,...N k=1....N Jr,

is independent of n =0, ..., N — 1 and (x, a) € D. This shows that condition (c) is
also satisfied and that Py, = P,. O

A.18 Proof of Theorem 6.6

In view of Theorem C.3 below, we may and do replace without loss of generality the
set of all strategies IT by the subset [T}, of all those 7 = ( fn),],\/;()1 € IT for which
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forany n =0, ..., N — 1, the decision rule f, : Ry — R¢ admits the representation
fn(x) = K, x for some k, € K. For any k¥ = (Kn)N 01 e KV, we set e = (fn") z_ol
with fi"(x) := k,x. Thus K N can be seen as a parameter set for ITjjp.

We now show that the assumptions of Corollary 6.3 are met, so that this result en-
sures the assertion of Theorem 6.6. Let 1 € M‘f(R‘fr +)N . By Lemma 6.5, we know
that 1 is a bounding function for Q € 730,, and obviously OMyp) (Yg) < 00.Soitre-

mains to show that supz ¢ g v OMyy , (V n") <ooforn=0,...,N—1.By Lemma

C.4, we have for any n =0, . ..,N—1and i € KV that VP ’n’?( )= ,’};”Eua(~),

where ¢'L L= ]_[ __n yu s finite, and therefore QMHMQ(VP Ty = ,’f;n’? < 00

since oMy, , (ua) =1. Along with Lemma C.2, we conclude that the assumptions of
Corollary 6.3 are indeed met. d

A.19 Proof of Corollary 6.7

Recall the definition Mﬁdla =1{h € RRY+ ||h||f[b.1’a < 1} with the Holder-o

norm ||h||‘}1151,a = SUD 0 eRY, |h(z1) — h(z2)|/|z1 — z2|%. Tt is known from

Kern et al. [26] that dMii-l N (defined analogously to (6.2)) provides a metric on
Ool,a

M?(Ri ) that metrises the a-weak topology OF (Ri ). B
We now show that the mapping M% (R, 1) — Py, u +— P*, is continuous for the
pair (de s dMiyg) v, )- The assertion of Corollary 6.7 then directly follows from

Theorem 6 6 For any v, u € M{(Ry4), we have

dMH(ﬂ,as‘/’o{ (Pi’ Pﬁ)

= max sup dMHola(QE((x,a), ). P ((x, a), '))/wa(x)

n=0,...,N—1 (x,a)eD,

- max su d v .
=0,...,N— l(xa)Ie)D MHO]OL( 07]” (xa)[ ] H’Onn (xa)[ ])/w‘x( )

= max Sup Sup
n=0,... N=1 (x, a)eD veMyg) 4
1
v(Z2, (x = (a, 1) + (a,2)) (v(dz) — 1(d2)
/Ri ( n+1 )( ) w.a(x)
< sup sup  sup
(x,a)eD veMyg) o YER+
1
/ o(y + (@, 2)) vidz) — / vy + (a. 2)) u(dz)
RY RY Y (x)
< sup  sup \/ w<<a,z>>v<dz)—/ w<<a,z>>u<dz>\
(x,a)eD weMpg o | JRE RY Yy
= s s | [ @@ - [ b
(x,a)eD weMp o | JRE RY Ve

@ Springer



Copula robustness 869

where D, := D := {(x,a) € Rffrl :{a,1) < x} and hy 4(2) := w({a, z)). For the
map hy 4 ¢ Ri+ — R, we have

d
”hw,a”Hcﬂ,a = sup |hw,a (z1) — hw,a(12)|/|zl —22/*
zl,zzeRiJr:zl;ézz

l{a, z1) — (a, Z2>|a |hw,a(Z]) - hw‘a(22)|a
lz1 — z2l® l{a,z1) — (a, 22}

= sup

21,22€RY iz #22
x%|z1 — 2215
|

o

= sup lwllas,e < cxx?,

zl,zzeRiJr:zl;ézz |Z] -2

where ¢ € R4 is chosen such that | - |s < ¢l - | and we used that

{a,z1 — z2)] < {a,1)|z1 — 22|00 < X]21 — 22]c0-

Since ¥, (x) = 1 + x¥, the above calculation can therefore be continued with

< sup (% x"dy (0. 0)/Ya (X)) < cSdya (o). O
XERJr Hol,« Hol, o

Appendix B: A comment on the relation betweend,,, ,, and the
metric introduced in [40]

Rachasingho and Tasena [40] recently defined a distance d on the set of bivariate
subcopulas as follows. For two bivariate subcopulas Cy and C},, they put

d(Co, Cp) :=hay ., (Col, [CY) + by (dom(Co), dom(Cp)),

where the summand hdm . J2([Co], [C(’)]) is the Hausdorff distance (with respect to

djo.112) between the sets of bivariate copulas [Co] and [Cp] induced by Co and Cj,
respectively, and the summand b,.|(dom(Co), dom(C(’))) is the Hausdorff distance
between the domains dom(Cp) and dom(CE)) of Cp and C(’), respectively.

The distance d,,, ,, defined by (2.2) basically differs from d for the following
reasons. First of all, d is a metric on the set of bivariate subcopulas, whereas d, .,
is a pseudo-metric on the set of bivariate copulas. Moreover, dy, ,, is designed to
be a reasonable distance measure on the set of copulas associated with probability
measures from the Fréchet class My (w1, p2); it defines the distance between two
such copulas C and C’ by the maximal pointwise distance between the corresponding
subcopulas with domain K :=ranfF,, x ranFy,. On the other hand, d is designed
to be a reasonable distance measure on the set of arbitrary subcopulas. Even when
restricting d to the set of those subcopulas with domain K (and d,, ;,, to the set
of copulas associated with probability measures from My (w1, i2)), the resulting
distance measures are different. Indeed, if Co and C|) are two subcopulas with domain
K, then

dyy 12 (C, C') = sup | Co(u) — Co(u)],
uek
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but d(Co, C) > sup, (0,112 |C(u) — C'(u)]| for any copulas C and C" induced by C
and C, respectively. Note here that d,, ,, is defined in such a way that it does not
take into account the behaviour of copulas outside K =ranfF),, x ranF},,, which is
motivated by the fact that the behaviour of a copula C outside K is irrelevant for a
probability measure from the Fréchet class My (w1, o) with copula C.

Appendix C: Supplements to Sect. 6

Here we discuss the existence of optimal strategies in the Markov decision model
considered in Sect. 6. In Sect. C.1, we first consider the general model introduced in
Sect. 6.1. Thereafter, in Sect. C.2, we study in detail the special case of the multi-
period portfolio optimisation problem considered in Sect. 6.2.

C.1 Existence of optimal strategies in the general model

For any n =0,...,N — 1 and P € P, denote by M,f(E) the set of all v € MI(FE)
for which fE|v(y)|Pn((x,fn(x)),dy) < oo for any x € E and f, € F,. Re-
call that M(E) is the set of all (£, B(R))-measurable maps v : E — R. For any
n=0,...,N—1, f, € F, and v € MF(E), we define maps Tnlffhv :E — R and
TFv:E — RU{oo} by

17 0= £u0) + [ 06 Pa((r Su(0). ).

E
Tan(x) = sup TnPf v(x).
fn EFll o

Note that Trf 1, and TP can be seen as maps from M (E) to M(E) and from M” (E)
to (R U {oo})E, respectively.

Foranyn=0,..., N—1,PePandv e M,f(E), a decision rule fnP e F), is said
to be a maximiser of v if TnP P v(x) = TnP v(x) for all x € E. The following result is
known from Béuerle and Riééer [1, Theorem 2.3.8].

Theorem C.1 Let P € P and assume that for any n =0, ..., N — 1, there exist sets
MP € MP(E) and FF C F, such that the following three conditions hold:

(@ryeM§ .

(b) T,YveM! | foranyve M andn=1,....N — 1.

(¢c) Foranyn=0,...,.N — 1 and v € Mf, there exists an f”P IS FnP that is a
maximiser of v.
Then the following three assertions hold true:

6) VOP e M(E) and Vnil € M,f, n=0,...,N — 1. Moreover, the Bellman itera-
tion scheme holds true, i.e., VAI,J =ry and VnP = TnP Vnil, n=0,...,N—1.

(ii) VnP = THPTH}_)’_l e T]\I,)_erforany n=0,...,.N—1.

(iii) For any n =0, ..., N — 1, there exists an fnP € FnP that is a maximiser of
anjrl . Any such maximisers fOP, ces f,f,:] form a strategy n¥ := (fnP)flV:_ol € I1 that
is optimal for the optimisation problem (6.1).
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C.2 Existence of optimal trading strategies in the setting of Sect. 6.2

We now focus on the specific setting of Sect. 6.2, i.e., we discuss the existence
of optimal trading strategies for the multi-period portfolio optimisation problem
considered there. Let K := {x € [0,1]? : ( ,1) < 1} and note that K is com-
pact For any p = (/,Ln)n | € M“(R++) , k€ K and n = 0 ,N — 1, set

e = fRi uo((Z”Jrl + K,z — Z”Jrl )) tns1(dz). Moreover, set yn ‘= SUp, ek Vi ©
foranyn=0,...,N — 1.

Lemma C.2 Forany ji = (un)n | E MY Ry )N andn=0,...,N — 1, there exists

at least one solution Kn ek to the opnmlscmon problem max{yn k €K} In

particular, the maximal value )/n =Y e is finite.

Proof Let i = (un)_| € MY(R44)V and n € {0,..., N — 1}. Define a map
gn :]Rﬁir X K — R4 by g,(z,k) := uo,(ZSJrl + (k,z — ZSHI)). The map g, (-, k)
is Borel-measurable for any fixed x € K, and we have

lgn (2, )| = ua(Zu, | + (k.2 — Z9 1) S uq(Z9, | +(1,2))

for any (z,k) € Rd x K. Therefore, g, is dominated by the Borel-measurable
function h, ]R — Ry defined by h,(z) := U (Z° w1 T (z,l)) This function
iS ,41-integrable since fRd hydpnsr < (Zn—H) + fRd Y Unt1(dz) < o0
(take into account the deﬁmtlon of M{(Ry4)), and g, (z, ) is continuous on
K for any zeRi. So we can apply the continuity lemma (in the form of
Bauer [2, Lemma 16.1]) to obtain that the map G, : K — R, defined by
G,k) = fR‘i 8n (2, k) tp+1(dz) is continuous. Since K is compact, we can infer that

there exists a solution «/ € K to the optimisation problem max{y}"* :x e K}. O

Part (ii) of the following result shows in particular that an optimal trading strat-
egy can be found in the subset ITjj, of all those w = (f},) flv 01 € IT for which for
any n=0,..., N — 1, the decision rule f, : Ry — R? admits the representation
fn(x) = Kkpx for some k,, € K. For any n = 0,....,N—1,let«¥ e K be any solution
to the optimisation problem max{y,""* : k € K} (see Lemma C.2).

Theorem C.3 For any ji € MY R4V, the following two assertions hold true:

(i) Foranyn =0, ..., N — 1, the time-n value function VnPiL : Ry — R admits the
representation VnP'L( )= ¢>,’f uy(-), where ¢,’f = ]_[?/::11 y;L.

(ii) If for every n :ﬁO, ....N — 1, a decision rule f}' Ry — Ri at time n is

defined by fl'(x) :=«l x, then k.= ( f,fl ),1:/:_01 forms an optimal trading strategy
for 3

Proof (i) We intend to apply Theorem C.1. Let M’ * .= M and FF P~ F' for
any n=0,...,N — 1, where M' :={vg : 0 e R, } and F' := {f, : « € K} with
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vy (x_) = 0uy(x) ar_ld fe(x) =kx, x € Ry. It can be inferred from Lemma 6.5 that
Mf” =M C M[,fﬂ Ry) forany n =0, ..., N — 1, where M,f (R.) is defined as in
Sect. C.1. Moreover, we clearly have FnPﬁ :=F' CF=:F,foranyn=0,...,N—1.

Below, we show that conditions (a)—(c) of Theorem C.1 are met. Thus the Bellman
iteration scheme in part (i) of Theorem C.1 holds true, and so

i it i i it
VIS o) = T VE v = TE rveow—1) = T e (xv—1)

pi
= sup  Ty_yy,  ua(XN-1)
Sn—1€FN-1

= sup f Ug(XN) Pn—i ((fol, fol(fol))vde)
Ry

fn-1€FN-1

= sup / (Z?VXN—l+(fN—l(xN—l),Z—Z?Vl))aMN(dz)
fn€Fn-1 Ry

= sup /R (Z?\,xN_l + (kK xN—_1,2 — Z?v1>)°‘ wn(dz)
+

keK

= Uy (XN—1) SUp /R (Z% + (i, 2 — Z{ 1) pn (dz)
+

keK

I,k
=ug(XN—-1) SUp Yy,
kekK

=B U Gen_) =R uaey_1) (C.1)

for any xy_1 € R,. If we continue this way, we successively get VnP”( )= ¢f,i Uy (),
n=N-2,...,0.

It remains to verify that conditions (a)—(c) of Theorem C.1 are met. Condition (a)
is trivially satisfied, and (b) can be shown by proceeding analogously to (C.1). Fur-

thermore, similarly to (C.1), we obtain for any n =0,...,N — 1 and 6 € R4
that sup ; .. TnI,J;nUG(') = Oug () sup,cg va and Qug()ya ™ = T’f;(l)g(.) for

all k € K. By Lemma C.2, we know that there exists a maximum point k¥ € K of
the map k — y,f **_ and therefore for anyn =0,..., N — 1, the decision rule fx,‘:‘ is
a maximiser of vg. This shows that condition (c) is satisfied, too.

(i1) In the proof of (i), we have seen _that the assumptions of Theorem C.1 are
fulfilled. Thus Theorem C.1 (i) gives Vn}rl eM =: Mf“ foranyn=0,...,N — 1.
In particular, the above elaborati0n§ under (c) show that for any n = 0,....,.N — 1,
the decision rule fKr,lz €F = FnlD g provides a maximiser of Vn}ILl‘ Hence Theo-

rem C.1 (iii) ensures that the strategy = ( fK,—L)f:]:])l € Iy, forms an optimal trad-

ing strategy for 3 O
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The following lemma specifies the value functions for fixed strategies. Recall that

the values y; ", n=0,..., N — 1,k € K, were defined before Lemma C.2, and note
that for any k = (/cn)ffz_ol € KV, one defines a trading strategy i := ( f,f)g’z_ol € IMin
by setting f,¥(x) :=k,x forany x e Ry andn=0,...,N — 1.

LemmaC.4 Let i € M?(R++)N and k = (/c,,)rll\/:_o1 e KN.Forn=0,...,N — 1, the

. . PRz . . .
time-n value function V, "% : R, — R associated with strategy m¢ then admits the

: PF:mg iy i —1, Rk
representation V, () = ¢ uy (+), where ¢l = 1—[;\/:"1 y}u i

Proof Foranyn=0,..., N — 1 and x,, € R, we have

PPy

Va (x)

= X0 PTE [ (X)) | Xy = ] = B0 PSR 4, (X)X, = 1]
2/ f / ug(xn) PP (xy_1,dxpy)
R+ R+ R+
PETE (xy_2,dxy_1) - PPT% (xy, dXni1)
:f f (ZQxn—1 + (kn—1xn—1,2 — Z31)* uy (d2)
R, R, JR,
PETE (x5, dxy_1) - PR (x,, dx,y1)
:/ / x;’(,_I/ (Z?V+(KN_1,Z—Z?V1))°‘MN(dZ)
R4 R4 Ry
PETE (xy o, dxy_1) - - PET%(x,, dxpy1)
= V}’\ft;wf f ug(xny—1) P*7 (xy 2, dxy_1) - P*7% (xp, dxpy1).
]R+ R+

If we continue successively in this way, we end up with

~ N-1 N-1
Pk g Wik i i
Va “(x)= l_[ Y ! / Uy (Xp41) PM7 (x,, dxp4+1) = l_[ Vi T g (Xn).
j=n+1 Ry j=n
This proves the assertion of the lemma, since ]_[iv:_nl yj‘.u’Kf =l O
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