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Abstract

First we introduce the two tau-functions which appeared either as the 7-function of the
integrable hierarchy governing the Riemann mapping of Jordan curves or in conformal
field theory and the universal Grassmannian. Then we discuss various aspects of their
interrelation. Subsequently, we establish a novel connection between free probability,
growth models and integrable systems, in particular for second order freeness, and
summarise it in a dictionary. This extends the previous link between conformal maps
and large N-matrix integrals to (higher) order free probability. Within this context of
dynamically evolving contours, we determine a class of driving functions for controlled
Loewner—Kufarev equations, which enables us to give a continuity estimate for the
solution of such an equation when embedded into the Segal-Wilson Grassmannian.
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1 Introduction

The class of univalent functions is an extraordinarily rich mathematical object within
the field of complex variables, with deep and surprising connections with, e.g.
conformal field theory (CFT), random matrix theory and integrable systems, cf.
[6-9,15,19,21,23], just to name the most important ones in our context. So, for
D := {z € C||z| < 1}, the open unit disc, with boundary the unit circle, i.e. ' = 9D,
let

Sieg :=={f : D — C| univalent and regular up to S £(0) =0and f(0) = 1},

be the class of schlicht functions. Then, for every f € Seg, D := f(ID) is a simply
connected domain containing the origin, with boundary C := 9D, a Jordan contour.
If C := C U {00} is the Riemann sphere, let D¢ := ¢ \ D be the complement of D in
the extended complex plane.

The set C of all such Jordan contours encircling the origin forms an infinite dimen-
sional manifold [10,19].

It has been shown by Kirillov and Juriev [9] that there exists a canonical bijection

Sreg = Diff (S1) /8!

which endows Diff, (S')/S! with the structure of an infinite-dimensional complex
manifold.

Geometrically, 7 : C — Sy is a fibre bundle, with fibre RY , which is a conse-
quence of the Riemann mapping theorem. There exist two continua of global sections
0y P Sreg =~ Co1ri > 0,1 =~1, 2, such that the leaves C,; := 0,(Sreg) stratify C,
ie.C =, .0Cn = 8,,-0Crn, either according to the conformal radius r; > 0, or
alternatively, the interior area r, > 0, as in [19].

Krichever, Marshakov, Mineev-Weintstein, Wiegmann and Zabrodin [10,14,23],
motivated by the Hele-Shaw problem, cf. [15] and the monograph by Gustafsson ‘et
al. [5], introduced a new set of co-ordinates, the so-called harmonic moments of the
interior and exterior domain, with respect to a family of harmonic functions. Namely,
for {z‘k}kez>0 the interior harmonic moments are given by:

1
t = —— e f 2 *zdz, (L.1)
Tk D¢ D

where the second equality is a consequence of Stokes’ Theorem. Further,

1
t0:=—fdzz.
T Jb

is the area with respect to Lebesgue measure. The set

te = (to, 11,71, 0o, 12, 13,73, ... ) € Ry x CN,
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with 7 denoting the complex conjugate of 7, are local co-ordinates on the manifold
(moduli space) of smooth closed contours C, cf. [19].

The other set of (natural) co-ordinates is given by the coefficients of the normalised
Riemann mapping. So, we have two different sets of co-ordinates for C, as shown
below:

The first co-ordinate R* x (CN The first co-ordinate
respects the + respects the

conformal radius interior area

Aut(O)| Der (0) {t=}{h, Oy Ori hen

Hence, the tangent space to C permits also two descriptions, namely, as [4,7,10,19]
Derg(O) := zCl[z]ld; and {0y, 9y, 97 JkeN

Define ¢, := —z"*! %, n € N, which span the positive part of the Witt algebra, i.e.
forn,m € Z

[, €n] = (m —n)lyiy.

The 9y, can be determined either by specific boundary variations of the domain, which
do only change one harmonic moment at the time, cf. [10, Formula (2.11)], or in terms
of the Faber polynomials [19]. Combining results in [10] with our considerations, the
relation for the different tangent vectors is given by

Proposition 1.1 The vector fields {9, }k>1 on C and the operators {£;}i>1 are related
by

1
ot = — fgm £ 8n(E)|de| = i,
where
—1 dz
Sn(E) = an%f (G (z. é)f,

and 9, is the normal derivative on the boundary d D¢ with respect to & € dD¢, and
Go(x, &) is the Dirichlet Green function associated to the Dirichlet problem in D€,

Krichever, Marshakov, Mineev-Weinstein, Wiegmann and Zabrodin [8,14,23], in
different constellations, defined the logarithm of a t-function which for a contour
C = aD is given by [8,19]

1 1 1
ln(r):C5C|—>——2//ln)———‘dzdeweR.
b DJD Z w

The 7-function connects complex analysis with the dispersionless hierarchies and
integrable systems [8].
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A key result, which expresses the Riemann mapping in terms of the t-function, is
the following

Theorem 1.2 ([8,19]) Let g : @ \D — C \ D be the conformal map, normalised by
g(00) = 0o and g'(00) > 0. Then the following formula holds:

19%In(t) <

k 21
In(g(2)) = In(2) - 5 9 Inc)

-
it} — k d100t,

This formula would be a key to describe the solution to the conformal welding prob-
lem (c.f. [22]) associated to Malliavin’s canonic diffusion [13] within the framework
of Loewner—Kufarev equation, which would be a future work.

Another interpretation of the r-function, given by Takhtajan [19, Corollary 3.10],
is that it is a Kéhler potential of a Hermitian metric on @, a > 0.

Kirillov and Juriev [9], defined a two-parameter family (%, ¢) of Kihler potentials
K . on the determinant line bundle Det* over the (Sato)—Segal-Wilson Grassmannian,
where £ is the highest-weight and ¢ the central charge of the CFT. Fors = Oand ¢ = 1,
i.e. the free Boson, one has [6,9] for the metric

g0.1(f) = e *o1drdl

where A is the co-ordinate in the fibre over the schlicht function f. In terms of the
Grunsky matrix Z 7, associated to an f € Sreg, the Kihler potential forh = 0,¢c =1
is given by

Ko,1(f) =Indet(1 — Z;Zy).

The following diagram summarises our discussion so-far:

Kahler potential

R
Indet(1 — Z;Zy)
ln(T)T \

Aut(Q) <—— C —— Det"| )€ Det*
A11t+(0) I Smglﬁiev:r]»[ = {Zf : f € Sreg} - GrSW ﬂ) C[[tlst‘thS: . ]] = HE;

where Z is the Grunsky matrix, cf. [9] and 7 the charge O sector of the boson
Fock space [7, p.279]. For the second square from the left, we should note that the
Krichever mapping does not distinguish Siee and C algebro-geometrically. Namely,
the Krichever embedding of a Riemann mapping uses only the negative part of the
Grunsky coefficients b_,, —,,m,n =1, 2, ... butnot by o. One finds from the defining
equation of the Grunsky coefficients that by ¢ is the only entry of the Grunsky matrix
which depends on the conformal radius. Consequently, Krichver’s embedding forgets
about the conformal radius. But in order to keep track of the modulus of the derivative
of the normalised Riemann mapping, we put that information into the determinant line
bundle. This is the mapping C — Det*|y,.
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The structure of the rest of the paper is as follows: In Sect. 2 we establish a relation
between the theory of Laplacian growth models, and their integrable structure, with a
class of random matrices and second order free probability. We succinctly summarise
it in a dictionary. In Sect.3 we consider controlled Loewner—Kufarev equations and
recall the necessary facts. Then, in Sect. 4, we give several estimates for the Grunsky
coefficients associated to solutions to a controlled Loewner—Kufarev equation. Proofs
of several estimates which need results from [1] are relegated to Appendix A. Finally,
we prove Theorem 3.3 in Sect. 5.

2 Integrability and higher order free probability

Another motivation in the works of Marshakov et al. was the close connection random
matrix theory has with (Laplacian) growth models and integrable hierarchies. Takebe,
Teo and Marshakov discussed the geometric meaning of the eigenvalue distribution
in the large N limit of normal random matrices in conjunction with the one variable
reduction via the Loewner equation [18]. In [1] we established and discussed a relation
between CFT and free probability theory. Here we briefly present a novel connection
between integrable hierarchies, large N limits of Gaussian random matrices and second
(higher) order free probability [3]. First, consider, cf. [19, p. 42],

(/@) jw))

the normalised current two-point functions for free Bososn on ¢ \ D, and the analogous
correlation function with the Dirichlet boundary conditions, i.e.

{Jj(z)j(w))pac.
Further, let, cf. [3, p. 11],
M@ L
G(z,w) := M,
Zw

11

be the second order Cauchy transform, and M (Z, w) the second order moments. We

obtain

Theorem 2.1 Assume that the second order free cumulants R(z, w) vanish, i.e. we
have an integrability / zero-curvature condition, such as for e.g. the Gaussian and
Wishart random matrices. Then the tensor corresponding to the second order Cauchy
transform G(z, w)dz ® dw is given by the Ward identity

Gz, w)dz @ dw = ((j(z)j(w))) — (j(2)j(w))psC 2.1

G'(2)G'(w)
- dz®d 2.2
(G(z) — G(w))? (Z—w)2> c@dw 2
o 2
=y z*’”*lw*’q”%dz@dw (2.3)
m,n=1 me=in

where G(2) is the first order Cauchy transform.
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Table 1 Dictionary between Laplacian growth models and free probability theory

Laplacian Growth Model (dToda hierachy) Free Probability Theory
Exterior of the domain D, D¢ Spectral measure®
Harmonic moments of D, v, = 2]7 fa[) Z'zdz = ag’%, ?

vo = 2 [p(log|z)zdz = 8130% [19, Corollary 3.3]

Derivative of harmonic moments, 83';::’ form,n > 1 The second order limit moments,
oy, form,n>1
Riemann mapping, G : D¢ — D¢ The first order Cauchy transform,
ML
G(x) = L&)
Normalised reduced 2-point current correlation function of free The second order Cauchy transform,
bosons on P! parametrised by C = dD, G M(%,%)
Glz,w) = (1) () ~ () (@))pBC =g
_ 9°Go(z,w) 9“Gppc(z,w) .
- T dzow dzow ) where Go(z, w) is
_ o0 —m—1, —n—10<In(r)
=Zmn=12 w Al dtn >
the Green function associated with the 9-Laplacian
Ay = —1 49«9 and Gppc is the Green function associated to

Ag on D [19, Theorem 3.9]
Normalised 1-point current correlation function of free bosons on  ?
. —n—101
CP! parametrised by C = D, (j (2)) = — Yooz 1%
[19, Theorem 3.1]

This suggests us to make a dictionary translating the language from integrable
systems and free probability. Table 1 is an attempt to list objects in these fields sharing
the same algebraic relations.

From the above it follows now, that general higher order free (local) cumulants are
given by Ward identities of n-point functions of the twisted Boson field over arbitrary
Riemann surfaces.

3 Controlled Loewner-Kufarev equations

The connection with the Loewner equation, the class of schlicht functions and inte-
grable systems was established by Takebe et al. [ 18]. They showed that both the chordal
and the radial Loewner equation give consistency conditions of such integrable hier-
archies. A particularly important class of such consistency conditions can be obtained
from specific control functions.

In the previous paper [1], the authors introduced the notion of a solution to the
controlled Loewner—Kufarev equation (see [1, Definition 2.1])

dfi(z) = zf; (@D{dxo(t) + d§(x, 2);},  fo(r) =z €D (3.1



Modulus of continuity of controlled Loewner—Kufarev... Page70f29 23

where D = {|z| < 1} is the unit disc in the complex plane, xo : [0, T] — R,
X1, Xx2,...:[0,T]—> C

are given continuous functions of bounded variation, called the driving functions. We
define

E(X 2 =) xa (02"
n=1

In the current paper, we determine a class of driving functions for which we estab-
lish the continuity of the solution, as a curve embedded in the (Sato)-Segal-Wilson
Grassmannian, with respect to time. For this reason, we introduce the following class
of controlled Loewner—Kufarev equations.

Let us first recall from the monograph by Lyons and Qian [12, Sect. 2.2] a few basic
notions. For a fixed T > 0,let A7 : {(s,7) : 0 <s <t < T} be the two-simplex.

Definition 3.1 (see [12, Sect. 2.2]) A continuous function
w:{(s,1):0<s <t <400} > Ry,
is called a control function if it satisfies super-additivity:
(s, u)+ou,t) <o(s,t),

forall0 < s < u < ¢, and vanishes on the diagonal, i.e. w (¢, ) = 0, forall r € [0, T].

Now, let V be a Banach space and X : [0, T] — V, T > 0, be a path such that
IX: — X5l fw(s, 1), 0<s=<1<T,

for a control function w : A7 — R4. Then X is called a Lipschitz path controlled by
w.
We have the following

Definition 3.2 Let w be a control function. The driven Loewner—Kufarev equation’
(3.1) is controlled by w if foranyn € N, p = 1,...,nand iy,...,i, € N with
iy +---+ip =n, we have

(0, )"
n!

s

t —i —ip
e/¥o( )/ e ”xO(ul)dxil(m) ...e ’1X0(“p)dxl.p(up) <
0<uy<--<up=<t

I Here we avoid the conflicting use of the word “controlled”, which has two meanings, cf. [12] p. 16.
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and

) / 0Dy () -+ e POy, ()
0<uy<--<up=<t

o) / e () - - e 0D (u)
O<uj<--<up<s

n—1
< w(s, t)w,
(n—1)!

forany0 <s <t <T.
Henceforth, we will refer to Eq. (3.1) as the Loewner—Kufarev equation controlled
by w, or the w-controlled Loewner—Kufarev equation.

A natural question to be asked is, how a control function as driving function deter-
mines a control function for (3.1). We will give one of the answers in Corollary4.5.

Let H = L*(S', C) be the Hilbert space of all square-integrable complex-valued
functions on the unit circle S', and we denote by Gr := Gr(H) the Segal-Wilson
Grassmannian (see [1, Definition 3.1] or [17, Sect. 2]). Any bounded univalent function
f :D — Cwith f(0) = 0and 3 (D) being a Jordan curve, is embedded into Gr via

f> Wy=span({1}U{Qo0 fo (I/Z)|Sl}n31)H < Gr

(see [1, Sects. 3.2 and 3.3]), where Q,, is the n-th Faber polynomial associated to f.

Note that f extends to a continuous function on D by Caratheodory’s Extension
Theorem for holomorphic functions.

Let H'/2 = H'/2(S!) be the Sobolev space on S! endowed with the inner product
given by (i, g)Hl/2 = hogo + ZneZ |n|hn§n forh = ZneZ hnz", 8 = ZneZ gnzn €
H'/2. Assume that f extends to a holomorphic function on an open neighbourhood of
D. Then span({l} U{Qno fo(l/2)ls },,21) C H'/2? and we consider the orthogonal
projection

H/2

ProHY? > Wi where W/ := span({1) U {Qy o f o (1/2)l51}u=1)

rather than the orthogonal projection H — Wjy.

Then, as we prove with Murayamain [2], to every properly bounded control function
o there exists a unique solution to the Loewner—Kufarev equation which is univalent
on the unit disc and can be holomorphically extended across the unit circle. Our main
result is

Theorem 3.3 Suppose that (0, T) < %. Then there exists a constant ¢ = ¢(T) > 0
such that

”Tfr - U)fS ”0p <c w(s,t)

forevery0 <s <t < T, where | o ||, is the operator norm.
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Thus we obtained a continuity result with respect to the time-variable of the solution
embedded into the Grassmannian in which the modulus of continuity is measured by
the control function w.

4 Auxiliary estimates along controlled Loewner-Kufarev equations
4.1 Controlling Loewner-Kufarev equation by its driving function

We shall begin with a prominent example of a control function as follows.

Example 4.1 If y : [0, +00) — C, is continuous and of bounded variation, then we
have

n

”ynl—var(s,t) = sup |yu,~ - )’u;_|| < +00
neN; i—=1
S=UO<U < <Up—| <Up=T

forevery 0 < s <t. Then w(s, t) := ||y|l1-var(s,r) defines a control function.

Definition 4.2 Let w be a control function. We say that a continuous function y :
[0, T] — C of bounded variation, is controlled by w if ||y|1-varis.,r) < @(s,t) for
every0 <s <r<T.

As is well known, introducing control functions makes our calculations stable as
follows.

Example 4.3 Letn € Nand yq, ..., y, : [0, +00) — C be continuous and controlled
by a control function w. Then we have

m

sup Z\f dyi(ur) -+~ dyn ()] <

|
meN; iz JriciSun<e-<up<r; n:

w(s, )"

forevery 0 <s <t.

In fact, we shall prove this by induction on n. The case for n = 1 is clear by
definition. Consider the case for n — 1. Putting w; (¢) := w(s, t), we find that the total
variation measure |dy,| on [s, +00) is smaller than the Lebesgue-Stieltjes measure
daw; associated with wg on [s, +00), in the sense of [, |dy,| < [, dwy for any Borel
set B C [s, +00). Therefore we have

| dyi(u1) -~ dy, (un)|

Fi—1=SUp<-<up=ri

Ti
=[] 1 er) -+ vt Gt [ )|
Til  JTi—1 U< <Up—|SUn

ri n—1 . AN
< / {wr,-_l ()} dwri,l(u) _ w(ri—1,71i) )
ey (n—1)!

n!
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Since the control function is nonnegative and super-additive, it holds that

- n < n n
Zw(f”i—l,ri) < (Zw(ri—l,ri)) < w(s, )",
i=1 i=1

and hence we get the above inequality.

Proposition 4.4 Let wy and w be two control functions. Let xq : [0, +00) — R be a
continuous function controlled by wo and with xo(0) = 0. Then

(1) @/(s,1) 1= D (wy(s, 1) + w(s, 1)), for O < s <t defines a control function.

Letn € Nand yy, ..., y, : [0, +00) — C, be continuous functions controlled by w.
Then

(i) we have

@' (0, )"
enxo(l)| dyl(”l)"'dyn(”n)| =—

O0<uj<---<up<t n!

(iii) Foreach0 <s <t < T, we have

o) / dyi(uy) - - - dyn (un)
O<uj<--<up<t

o) / dy1(uy) - - dyn (i)
O<uj<---<up<s

"0, 7"~
= (wo(s, )+ s, t)) (a)/(o, T) + ewo(o,n) %

Proof (i) It is enough to show the super-additivity. Put »” := wp + w. Let 0 < s <
u < t be arbitrary. Then

' (s,u) + &' (u, 1) = e (s, u) + Do (u, 1)

— ewo(s,t){ewo(s,u)—wo(s,t)w//(s’ u) + ea)g(u,t)—wo(s,t)w//(u’ l‘)}

By the super-additivity and non-negativity of wg, we have wo (s, u) —wo(s, ) < 0and
wo(u, t) — wo(s, t) < 0. Therefore, by using the non-negativity and super-additivity
for 0, we get

o' (s, 1) + @' (u, 1) <N (5, 1) + 0 (u, )} <PV (s, 1) = (s, 1).
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(i) Since xo = 0, we have e"*0(") = (g0 =Xy < onw0(0.)  Op the other hand,
by Example 4.3 we have that

w(0, )"
|/ dyl(ul)"'dyn(un)| S—'
O<uj<--<up<t n:

Hence the assertion is immediate.
(iii) Let 0 < s <t < T be arbitrary. Then we have

e o f dy1(uy) -+ dyn () — "0 f dy(ur) - - - dyn (up)
0<uy<--<up<t O<uy<--<uy<s

< |enxo(s) _ enxo(t)| x ‘/ dy(uy) - - - dy, (uy)

O<uy<--<up<t

/ dyi (1) - - - dy (1)
0<ui<--<up_1=<uy

Since it holds that |e"0®) — X0 | < e (s, 1)e"0 0D and by using (ii), the above
quantity is bounded by

t
+exo(s>/ (= Dxo(s) ().
)

-1
nwo(s, t)enwo(O,t)M + ewO(O’t)a)(s, I)M
! (n—1)!
Y 0,1t n—1
= ((,()O(S, t)a)/(o’ t) + (,()(S, t)ew0(0,1)>&
(n—D!

m}

We shall remark here that the control functions form a convex cone, namely, (a) the
sum of two control functions is a control function, (b) any control function multiplied
by a positive real constant is again a control function. Therefore, the quantities in

following is immediate.

Corollary 4.5 Let wy and w be two control functions. Consider the Loewner—Kufarev
equation (3.1) and suppose that the following two conditions hold:

(1) xo is controlled by wy;
(ii) for every n € N, there exist continuous functions y{,y5,...,y5 1 [0,T] - C
controlled by w such that

xn (1) 2/ dyy (s1)dyy(s2) ---dy, (sp), 0<t=<T.
0<si<sa<--<s, <t

Then there exists a constant ¢ > 0 such that (3.1) is a Loewner—Kufarev equation
controlled by @' := c(wo + ) exp(wp).

The following is a consequence of [1, Theorem 2.8] and will be proved in Sect. A.1.
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Corollary 4.6 Let w be a control function and { f;}o<;<1 be a solution to the Loewner—
Kufarev equation controlled by w. If (0, T) < % then f;(ID) is bounded for any
tel0,T].

4.2 Some analytic aspects of Grunsky coefficients

Let S, 8" C Z be countably infinite subsets, and A = (a; j)ics, jes be an § x §'-
matrix. For each sequence x = (x;) jes’ of complex numbers, we define a sequence
Tax = ((Tax)i)ies by (Tax); = Zjes’ a;jx; if it converges for all i € §. We will
still denote T4 x by Ax when it is defined.

Let £,5(S) be the Hilbert space consisting of all sequences a = (a;);es such that
> icslail* < +oo, with the Hermitian inner product (a, b), = Y ; s aib;, fora =
(ai)ies, b = (bi)ies € £€2(S). The associated norm will be denoted by || e ||>.

For each s € R, the space

608 = fa = @nes : Y1+ 07 |anf? < +oc]

nes

is a Hilbert space under the Hermitian inner product given by

(a,b)2s =y max{l, [n|}*ab,

nes

fora = (a;)ies, b = (bi)ies € £5(S). The associated norm will be denoted by || e ||2 ;.

Letusrecall a classical and well-known result from the theory of univalent functions.
For the definition and properties of Grunsky coefficients, see [20, Chapter 2, Sect. 2],
[21, Sect. 2.2] or [1, Definition A.1 and Proposition A.2].

Theorem 4.7 (Grunsky’s inequality [16, Theorem 3.2]) Let f : D — C be a univalent
Sunctions with f(0) = 0, and let (bp n)m.n<—1 be the Grunsky coefficients associated
to f. Then foranym € Nand A_, A_y41, ..., A—1 € C, it holds that

—1 -1 2
2 Akl
S0 b = o
k<—1 I=—m k=—m
This can be rephrased with our notation as follows: Let B := (J/m(—n)

b_m.n)meN.ne—N, Where by, , for m,n < —1 are Grunsky coefficients associated
to a univalent function f on D such that f(0) = 0.

Corollary 4.8

(1) B : £(—N) — €>(N) and is a bounded linear operator with the operator norm
satisfying ||B| < 1.
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(i) B* : €r(N) — £2(—N) and is a bounded linear operator with the operator norm
satisfying | B*|| < 1.

(iil) The bounded linear operator 1 + B, B;" : £2(N) — £2(N) is injective and has a
dense image.

Proof (i) Foreacha = (...,a_3,a_3,a—_1) € €2(—N), we have by Theorem4.7,

o0 o0 o
1Bal3 =Y (D kb —iai ) (D Nl by i)

n=1 k=1 =1

Sk 2 _ g Wnal

=Y n| > b Whap)| = 30 = al
n
n=1 k=1 n=1
(i1) Since the Grunsky matrix (b, n)m n<—1 1S symmetric: by, , = by, for all

m, n < —1, the assertion is proved similarly to (i).
(iii) The injectivity is clear since the adjoint operator of B is B*. Then the second
assertion is also clear since 1 + BB* is self-adjoint. O

Remark 4.9 The semi-infinite matrix defined by By := (/mnb_;. —n)m.nen is called
the Grunsky operator, and then the Grunsky inequality (Theorem4.7) shows that By
is a bounded operator on £ (N) with operator norm < 1. This operator, together with
three additional Grunsky operators, are known to play a fundamental role in the study
of the geometry of the universal Teichmiiller space. For details, cf. the papers by
Takhtajan-Teo [20] or Krushkal [11].

In the sequel, we fix a control function w, and a solution { f; }o<;<7 to a Loewner—
Kufarev equation controlled by w. We denote by b, ,(t) for m,n < —1 the Grunsky
coefficients associated with f;, and

B, .= (\/mbfm,n (t))meN,ne—N’
B;‘< = (mbn,—m(t))ne—N,meN'

It is clear that the linear operator (1 + B,B,*)_1 : Im(1 + B;Bf") — £>(N) is
bounded. Therefore by Corollary 4.8—(iii), (1 + B; B} )~ extends to £»(N) and the
extension will be denoted by A; : €2(N) — £,(N). In particular, it is easy to see that
lA¢|l < 1, holds for the operator norm.

We shall exhibit the indices which parametrise our operators in order to help under-
standing the following:
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-3 —2 -1 1 2 3
(- Bis Bi o B : : : :
2 . By _- By By " N N
B = BQ’ ? BQ’ ? BQ’ ! . B*= —3| Bi;y BIzp Bl ,
53 b2 st -2 Biz,l Bi2,2 Biz,:s
—-1\B%,, B, BI,
1 2 3 1 2 3
* ok % * ok X
2 2
BB — * % % CA—(+ BB*)*l _ * % X
* k% 3 * * *
and
-3 -2 —1
B*AB — =3| -+ (B*AB)_3_3 (B*AB)_3_o (B*AB)_3_4
—2| -+ (B*AB)_5_3 (B*AB)_5_o (B*AB)_5_,4
—1\--+ (B*AB)_1,-3 (B*AB)_1_2 (B*AB)_1

The following is a consequence from [1, Theorem 2.12] and will be proved in
Sect. A.2.

Corollary 4.10 Let w be a control function, and { fi }o<:<r be a solution to the Loewner—
Kufarev equation controlled by w. Let b_y, _,(t), n, m € N be the Grunsky coefficients
associated to f;, for 0 <t < T.Then forany(0 <s <t < T andn,m € N with
n+m > 3, we have

@) b1 1] < 292 and |b_1_1(t) —b_1,_1(5)] < w(s, N0, T).

.. 8w (0, t))m+"

(i) 1o —n(1)] < 7 .
m+ny(m+n—1)m+n-2) |

(s, 1) (8w (0, T)y"+n=

(iii) |b—m,—n(t) - b—m,—n(s)| =< 160m 41— D(m +1— 2).

Along the Loewner—Kufarev equation controlled by w, we obtain the following

Corollary4.11 Ifw(0, T) < §, thenfor0 <s <t < T,

() 1B/ — B{ll = |1 B; — Byl < cox(s, 1),
(1) |A; — Asll = 2c (s, 1),

8w (0,T) -0

where ¢ = TR (0.7)7
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Proof (i) By Corollary 4.10—(ii), we have

o0 o0
1B: = Bsl> <)Y " 1(Br = B —ml’

n=1m=1

wr
WK

Im(b_p () — by — (s))|*

3
I
<
3
Il
-

‘ Jnmw(s, 1) (8w (0, T))tm—12
' 16n+m—1)(n+m—2)

e
WK

1m

(%)z(ésww, ™) = (o6 ’)%y

n

IA

(ii) Since

Ar— Ay =+ BB =1+ BBH™!
=1+ B,B")"'(ByB* — B,B")(1 + ByB})™!
=+ BB By — B)B*(1 + B;B})™!

— (14 B,B")"'By(BF — B)(1 + ByB)™!,

we have |A; — Agll < 1By — Bill + | B — B/l = 2||B; — By o

Finally, define A = (A n)mez.nez by Amn = NSy + 8m.080,n form € N
and n € —N, that is,

1/2

.1

It is clear that A : Zé/ 2 (Z) — €>(Z) and is a continuous linear isomorphism.

5 Proof of Theorem 3.3

Let w be a control function such that w(0, T) < %, and let { f;}o</<7 be a univalent
solution to the Loewner—Kufarev equation controlled by w.
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Recall, that by the results in [2], f; extends to a holomorphic function on an open
neighbourhood of Dforalls € [0, T].

We then note that foreach ¢ € [0, T'],itholds that Q, (¢, f;(1/2))|s1 € HY2 where
0, (t, w) is the n-th Faber polynomial associated to f;. Therefore we have

span({l} U{0,(t, f;(l/Z))|sl}nZ1) c H/?2 c H.

In particular, we have

1/2

W% = span({1} U{Qu(t. £i(1/2)g1}n=1)

H
Cspan({1} U{Qu (1, fi(1/2)Ig1}nz1) = Wy,

We fix an inner product on H'/? by requiring for h = Doz’ g =
> ez &nd € HY2 that (h, )i = hogo + Y weqn(h—ng_, + hng,). Then
{%}neN u{1ju {%}nEN forms a complete orthonormal system of H!/2. By this, the
infinite matrix A definedin (4.1) determines abounded linear isomorphism H 12 5 g
through the identification H 1/2 ~ Zé/ 2 (7).

Recall that for each univalent function f : D — C with f(0) = 0 and an analytic
continuation across S', the orthogonal projection H'/?> — W}/ % is denoted by P s.In
order to prove Theorem 3.3, we need to calculate the projection operator P ¢. For this,
we shall consider first the following change of basis.

Let w,(z) :== Q, 0 f(z™ 1), forz € ' and n € N. Then we have

(W W oW
28 22 2t 1 271 272 2”8
:< V3 V2 VD T V2 V3 )
1 0 0
0 1 0

\/3' 1})731,1 \/2 . 1b,2’,1 \/1 . 1b,1’,1
V3 2b.s 5 V2:2by 5 VI-2by_,
A% 3-3 b,31,3 A% 2 - 3b,2,,3 V1 3b,1,,3

6.D

By putting

and
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V3 1b,3,,1 V2 1b,2,,1 v1-1 b*L*l
e VB 2bogy V2 2by s VI 2by
b= e V 3- 3}),3’,3 A 2. 3b,2',3 A 1-3 b,L,g ’

(so we have put B; = ((Bt)n.m)n>1.m<—1 Where (B)p.m = /n(—m) by, _,(t) for
n > 1and m < —1), the Eq. (5.1) is written in a simpler form as:

/

1
...775;7%7%)(@:1%_)(2),

where

1 0 0

0 1 0
I 0 0 1
o= 0 0 0
B R '\/3 . lb,gy,l '\/2 . 1b,2y,1 vV 1- 1}),17,1

V3 2bs 5 V2-2by 5 V1-2b 5
V3-3b.s 5 V2-3by 5 V1-3b1 3

Consider the change of basis

where we note that the matrix on the right-hand side is non-degenerate, with inverse

-1

1 0 -pB I-B(I+BB*)"'B 0 B*(I+BB")"
0 1. 0 = 0 1 0
B 0o I —(I+BB*'B 0 (I+BB*)™!

We note that the identity

o
—
o
o
—: 0
o
I
o
—
o

B 0 I B 0 I @) 0. I+B*B
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and the fact that (Z, 1,7Z_) is a complete orthonormal system in H'/? implies that

g2 g2
@ span{vy, va, v3, ...}

H'? = span{1, wi, wo, w3, ...}

is an orthogonal decomposition of H!/2.
Let A := (I + BB*)~!. Then

_p*\ !
0
I
0 B*A
— (¥,1,9) 10
—AB 0 A

= (W(I — B*AB) — VAB,1,WB"A + VA)

so that
-2

@51, 85G)) = (o 2 ( ) P 194, P (5 ) )
= (W(I — B*AB),1,WB" A)
= (@ +7_B)(I — B*AB),1,(z: +%_B)B"A)
I - B*AB 0: B*A
= (7.,1,7) 0 170
[, )

(I=B*AB) 0 BB*A

From these, we find that forn > 1,

7" o0 Zk ka
) =Y S = B AB) o+ S (BU — BT AB) - |,
f (ﬁ) kZ::l [\/z "k "
7" 2 7k
Pr(S2) = 2 S B A n + (BB A,
f(ﬁ) I; \/%( )k + \/E( .n
from which, the following is immediate:
Proposition 5.1 Leth = Y, hiz* € H'/%. Then
0o 00 o
Py =3 {2 [0 = BUAB) kot + (B A b}
n=1 k=1 n
oo 00 o
+ho+ Y DO[BU — B*ABY, Vi + (BB )ik ]} G
n=1 k=1

Denote by B; the associated matrix of Grunsky coefficients of f;.
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Proposition 5.2 Let h = Y ., hiz* € H'/?. Then

P00 — Pr,(h)

o0 o0 Zn

(BYA By = Bf AiB) -y, hic+ Y (Bf A = BIA)-niVhoi| =
k=1

I
e L0

n k

=1
o0

{ > " (Bi(I - By AB)) — By(I — B A;By)), ,Vkhy
k=1

+ N
n=1
o0 zfn
+ I;(B;B,*A, — B, B_;*As),,,kﬁh,k} T
so that
”Tfr (h) — Tfy (h)”?.p/z
o0 o0 00 2
= ‘ (B} AsBs — B A B))_p xNk hi + Z(B,*A, — B Ag)_piNkh_y
n=1 k=1 k=1
o0 o0
+ 3|30 (Bt~ BFAB) - B - By ABY), VK
n=1 k=1

o0
2
+3 (BB A - BSB;‘AS)n,kx/l;h_k‘ .

We are now in a position to prove Theorem 3.3.

Proof of Theorem 3.3 By Proposition 5.2, we have
1Py, (h) — Pp, (W31 < 201 + H) + 3(H + IV + V),

where

2

’

M

o0
> (B AsBs — Bf AB)) ik Iy
k=1

3
Il
—_

0 2
> (B A = BIA) ik h |

k=1

M

k]

3
I

oo oo 2
W= 3 (B = B
n=1 k=1
oo oo 2
V= 3| S BB AB — BB AB ki
n=1 k=1

o0

2
> (BB A — BBy A iEh ]
k=1

M

3
Il
—_



23 Page 20 of 29 T. Amaba, R. Friedrich

Estimate of 1.

oo o0

2
1= ‘ > (BFAsBy — BY AiBy) ik i

n=1 k=1

We shall note that A; — A; = A;[({ + B;B/) — (I + BsB))]A; = A;(B;B} —
By BY)A, and hence we obtain the following identity:

B*AsB; — B A, B,
= (B;k - Bt*)ASBS + B;*(As - At)Bs + Bt*At(Bs - Bt)-

According to this decomposition, / can be estimated as
I <3(L1 + L+ D),

where

ad 2
> ((BF = B})AyBy) _n ik i

k=1

=~
]
WK

)

3
I

2

’

o
[0
WK

o0
> (Bf (A — A)By) 1Nk
k=1

3
I
-

> (B} A(By — By |

1 k=1

M2

;=

n

Each of which is estimated as follows: By Corollaries4.8 and4.11, we have
Iy < ||Bs — Bl As Bs |1 ARG < crioo(s, D2 IIAI3, -
for some constant c¢; > 0. Similarly, we have

L < |Bf 1P As — AP 1B PIARNG < cao(s, 0 [1h]7,,,
I3 < | Bi AP || By — B/ |* | ARG < cizao(s, 2[R,

for some constants ¢y, ¢13 > 0. Combining these together, we obtain
2012112
I = cro(s, )7l 2

for some constant ¢; > 0.
Estimate of 1.

o0 o0 2
=y ’ > (B A, — BI A —n ik hoy

n=1 k=1
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According to the identity
BA; — Bf Ay = (B — B})A; + Bi (A; — Ay),
we estimate I/ as
I <2l + Ip),

where

o0 o0 2
n=3 | S (B = BYA) ik ho
n=1 k=1

o0 o0 2
=Y | Y (BIA = A -nivkh 4]

n=1 k=1

’

By Corollaries4.8 and4.11, we have

Iy < ||Bf — B} 1P AP IARIF < caro(s, D2 IANF,2,

2 2 2 205012
I < | By I71Ar — AsIZIl ARy < cnnw(s, 7 [1hl51,
for some constant c¢p1, ¢2p > 0. Therefore we have obtained
207012
I < cow(s,t) ||h||H1/2

for some ¢, > 0.
Estimate of I.

o o 2
= Z ’ Z(Bt - Bs)n,—k\/zhk
n=1 k=1
is estimated by using Corollary4.11 as
I < ||B; — By|PIIAK[F < c3oo(s. D2 [|A132
for some constant ¢3 > 0.

Estimate of 1V .

o0 o0
2
V=3 ‘ S (BB} AiB, — By B} AyBy)y ik Iy
n=1 k=1
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Along the decomposition

B/BA;B, — BB AB,
= (B, — By)B}'A; B, + B;(BA;B; — B*A,By)
= (B; — By)BI'A; B, + By(B¥ — B*)A,B, + ByB*A,By(B* — B")A,B,
+ ByB*Ay(B; — B;)B}A;B; + ByB} A(B, — By),

the quantity /V is estimated as

IV < 5(IVy + IV + IV3 + IV + IVs),

where
o o 2
V=1 (B — BB} AiB) ik |
n=1 k=1
o0 o 2
IVy =" | (By(Bf — B)AB)n vk hy
n=1 k=1
o0 o0 2
Vs = 3| S OB By AB(BY — B A B, vk
n=1 k=1
o o 2
IVy =" | Y (ByBy As(Bs — BB A B~k hy|
n=1 k=1
o o 2
s =3 | S (BB AB — By K]
n=1 k=1

By using Corollaries4.8 and4.11, it is easy to see that
IV; < csio(s, ?||h)3, . fori=1,2,3,4,5,
for some constants cs1, ¢s2, €53, €54, ¢s55 > 0. Therefore we get
IV < cso(s. 2|73

for some constant ¢s > 0.
Estimate of V.

o0 o0
2
v=Y" ‘ > (BiBf Ay — BB Ak hoy

n=1 k=1
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Along the decomposition

B:B¥A, — ByB¥ A,
= (B; — By)B/A; + By(B] — B{)A; + ByB; (A; — Ay),

the quantity V is estimated as
V <3(Vi + Vo + V3),

where

=
I
WK

ad 2
> (B, — By)Bf A ik h_k‘
k=1

3
I
—_

> (Bs(Bf = BHADniNkh i

k=1

NS
I
e

s

:

3
I

> (BeBI(Ar — A))navkh i

1 k=1

2

Vi3 =

:

n

By Corollaries 4.8 and4.11, we have

Vi < |IB; — Byl B AP AR < csio(s. D 1h113,02,
Vo < IBIIPIIB — B I AP IIARNG < csaw(s, ) [1A]13,12
Vs < 1B BI1P11A; — AslPI ARG < essoo(s, O 1h11%1.

for some constants cs1, ¢52, cs3 > 0. Combining these estimates, we get
2017112
V < csos, ) NhllG2

for some constant ¢5 > 0.

Now by combining the estimates for 7, I, ll, IV and V', we obtain the assertion. O
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Appendix A
A.1 Proof of Corollary 4.6

We write f;(z) as f;(z) = C(¢) 220:1 ¢ (¢)z", and then it is enough to show that
Sup,cp Z:il lcn(t)2"| < 400, foreach t € [0, T]. By [1, Theorem 2.8],

n - 0’ n
a0l =Y 3w, 2

p=1 il,...,ipeN:
i1 +Fip=n

where

Wniy,..i, ={n—in) + o — G +i2)+ 1} A = G+ +ip-)) + 1}
s{n-D+1IH{n-2)+1}---{n-(p-D)+1}

n—1 n—1
nn—1---(n—p)=n p! <n2"" ' pl
p

A

Therefore,

o0, )" &
len (1) < n2" 1—n! Yopt >
p=1

il,.A.,ipeN:
i1+ +ip=n

n— a)(O, t)n - n—1

p—1

n
—1
< 12" w(0, 1) (” 1)
> b

p=1
=nd" w0, )" =47 'n(@w(0, N)".

Hence, sup_cp Y ey lcn(1)Z"] < Y poy len(®)| < +o0if 0(0,T) < %.
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A.2 Proof of Corollary 4.10

(1) is immediate from Definition 3.2 since b_; _1(¢) is explicitly given by
t
ot = =0 [0 Wany )
0

(see [1, Proposition 2.10-(i1)]).
(i1) Since the Loewner—Kufarev equation is controlled by w, we have that

t
(p+q)!w(0,t)" ™
xX; “‘fEiTTiil L {l]:q-"ZL"ZZL"l ’U,dlu < PR —
) w o, )| < SRS o e
notation L, see [1, Definition 2.11)) if k 4+ (i1 +- - +ip) + (1 +- -+ jg) =n+m.
Then by [1, Theorem 2.12], we get

e(n+m)w0 (t)

[b—m,—n (1)

' (P +9)! @O, 0"
SDINDNDID IS Y heipiied qgﬁ:@r

plq!
k=2 lfigm;p:lq:l i1,.ipeN: Jlseees JgeN:
I<j<n: i1+tip=m—i ji++jg=n—j
i+j=k

n+m—1n+m—k

L()(O,I)n+m
+ Z Z Z W& jtda o + m)!
k=m+1 g=1 J1sees g €N:
J1t+tjg=n+m—k

n+m—1m+n—k

(0, ryrtm
+ Z Z Z Wiy,.ip: @ n+m!
k=n+1 p=lI i1,..,ipeN:
i+ tip=m+n—k

where, in the first term on the right hand side, we have (m — (i1 + --- +1,)) =i,
(n—(j1 +---+ jy) = j and hence

Wi iy = (M = 1) = (i +2)) - (m = (i) 4 - + i)
X (n— )= i+ ) (= i+ -+ jg)
<im—1Dm—-2)---(m—(p—1)
X jn—=1(n=2)---(n—(g—1)

L (m—=1 n—1
=lj< )(P— 1)!< )(61— Dl
p—1 qg—1

In the second and third term, we have (n — (j1 +- -+ jg)) = k—m, (m — (i1 +- -+
ip)) =k —n, so that

n—1 \
W ji,...j; < (k —m) g1 (@ — 1),

m—1
Wi ,..ig:o < (k—n) (p— DL
q p—1
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So we have
[b—m,—n (1)]
n+m—2 m—in—j m—1 n—1
=y = ORD D (A [ iy T
k=2 l<i<m; p=1g=1 iy,...,ipeN: J1seees jg€N: pP= 9=
..... » s g €N:
l<j<n: iteetip=m—i ji+ -+ jg=n—j
i+j=k
(P + ! w(©,0)""
plgt (n+m)!

n+m—1n+m—k
n—1 (0, )" Tm
k — -l
S b S SR () R
k=m+1 ¢g=I Jlseees quNZ
JiAt g =ntm—k
n+m—1m+n—k
m— 1 (0, )M
DS SEED S ] (O [ e
_ [
k=n+1 p=1 ilyesipeN: p—1 (n+m)t
ij+-tip=m+n—k

n+m—2 m—in—j
=2 2 (X 9 X
1<i<m; p=lg=1 i1,....ipeN: Jseens jg€N:
l<j<n: i1+ tip=m—i Jitetjg=n—j
i+j=k
—1 -1 'w (0, )"t
(™ 1=\ O g — 1 P 000
p—1)\g—1 plqg!  (n+m)!

n+m—1n+m—k

n—1 (0, 1)"Tm

+ 2 2 > 1 (k—m>< >(q_1)17‘

k=m+1 g=1 ( oo g €N: ) qg—1 (n+m)!
Jit+jg=n+m—k

n+m—1m+n—k

m—1 (0, t)*tm

155 S0 S QD SR 1S () IR L

k=ntl p=1 ( i1,omip€N: ) p—1 (n+m)!
iy +etip=m+n—k

In the first term of the last equation, we have % < 2Pt4 < mtn=2 (p — )l(g —
D! < (p+q—D! < (m+n—3), and

m—i—1 n—j—1

1 = , 1 = .

.Z: ( p—1> .E: (q—1>
i1,...,ip€eN: J1sees jg€N:

it tip=m—i Jitetjg=n—j

For the second and the third terms, we have (¢ — 1)! < (n +m —3)!'and (p — 1)! <
(n + m — 3)! respectively. Then we obtain

b, —n (D)
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__2\1nm+n-2 n+m—2
< w(0, prtm MR =2 3 i
- ’ (n+m)!
k=2 1<i<m;
1<j<n:
i+j=k

n 1

T )

p'=0 q'=0
n+m—1 n+m—k
n+m—k—1\/n-—1
2 eem 3 )(-))
k=m+1 q_l q_l
n+m—1 m+n—k
n+m-—k—1 1
k- }
G SKEED ol (N [
k=n+1

The combinatorial formulae

mi](m—l)< m—i—1 >_<2(m—l)—i)
— \ 0 J\m—i-D-p) m—1 )
<n—1>< n—j—1 )_<Z(n—l)—j>
g J\n—j-D—-q) \ n-1
give

b—m,—n (1)]

e (41— 3122 (M2 (2m =1 =i\ [2(n—1)—j
<w,1) e [ > > u(™ o

k=2 l1<i<m;

1<j<n:
n+m—1
2mn—1) —(k—m)
+ Y k- m)< o )

it j=k

k=m+1
ntm -l 2m —1) — (k —n)

+ ) (k—n)( o )}
k=n+1

m—1 n—1

== TG )

i=l1 =1

.

n—1 m—1
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We shall use here the identity Yi_;(n + 1 — j)(ij) = (Zﬂ) which enables us to
conclude

o 2m-1y i) A (i-1 2m—1
5 ) ()=

i=1 Jj=m

Hence, we conclude that

[LE—)

i (M A1 =322 (2m — 1 (20 — 1 2n — 1 2m — 1
0.0 (m + n)! [ m )0 )T ]

(0. 1y (m +n — 3)12m+n=2 {(Zm - 1) N 1}{(2n - 1) N 1]

(m +n)! m n
- w(o’ t)ln+n2m+n72(22m7122n71) _ (8&)(0, Z))ern
“m+nm+n—Dm+n—=2) 16m+n)m+n—Dm+n—-2)

IA

IA

(iii) Since the Loewner—Kufarev equation is controlled by w, we have

t U
et [ (e, ) s ) ) [ e Odan(o)
0 0

=t (e ) L ) 0) [ e da o)
0 0

(b -+ 0)l (s, (0, 7Y
plq! (n+m)! '

< (n+m)

Now the remaining case is the same as (i).
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