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Abstract

Due to a classical result by Brown and Halmos, a bounded linear operator
T on the Hardy space H?(D) is a Toeplitz operator T with bounded mea-
surable symbol if and only if it satisfies the identity M;T'M, = T. Olofsson
and Louchichi proved that Toeplitz operators with harmonic symbol on the
generalized Bergman spaces A2 (D) can be characterized by a more general
algebraic operator identity. We extend this result to the multidimensional set-
ting of Toeplitz operators with pluriharmonic symbol on a unitarily invariant
functional Hilbert space with appropriate kernel on the unit ball By C C¢.
In the same setting, we use a multivariable extension of an analytic operator
model constructed by Shimorin for single left invertible operators to deduce
a variant of the classical Wold decomposition theorem. In doing so, we ex-
tend a Wold-type decomposition theorem on generalized Bergman spaces by
Olofsson and Giselsson. Finally, we study the fiber dimension, an invariant of
C[z]-submodules of the space O(£2, D) of analytic functions on a complex sub-
manifold Q C C?% with values in a finite-dimensional vector space D. We use
model theorems for (weak) Cowen-Douglas tuples on Banach spaces to extend
the definition of fiber dimension to the setting of (invariant) subspaces for such
tuples. Here, we extend results by Chang, Chen and Fang for single Cowen-
Douglas operators on a Hilbert space and deduce certain natural properties of
this invariant.






Zusammenfassung

Nach einem klassischen Ergebnis von Brown und Halmos ist ein beschrankter,
linearer Operator T' auf dem Hardyraum H?(D) ein Toeplitz-Operator mit
beschrinktem messbarem Symbol genau dann, wenn er die algebraische Iden-
titat MZTM, = T erfiillt. Olofsson und Louchichi haben gezeigt, dass Toeplitz-
Operatoren mit harmonischem Symbol auf den verallgemeinerten Bergmanrau-
men A2 (D) auf #hnliche Art durch eine algebraische Identitit charakterisiert
werden konnen. Wir beweisen ein entsprechendes Resultat fiir Toeplitz-Opera-
toren mit pluriharmonischem Symbol auf unitar invarianten funktionalen Hil-
bertriumen mit geeignetem Kern iiber der Einheitskugel By C C¢. Wir be-
nutzen eine mehrdimensionale Verallgemeinerung eines Modellsatzes von Shi-
morin, um regulare Operatortupel zu charakterisieren, die eine Wold-Zerlegung
in einen koisometrischen Teil und einen Shiftteil besitzen. Ein entsprechen-
der Satz fiir einzelne Operatoren geht zuriick auf Olofsson und Giselsson.
AbschlieBend betrachten wir die Faserdimension, eine Invariante von Clz]-
Untermoduln des Raums O(2, D) der analytischen Funktionen auf einer kom-
plexen Untermannigfaltigkeit © C C? mit Werten in einem endlichdimension-
alen Vektorraum D. Wir nutzen &hnliche Modellsétze fiir (schwache) Cowen-
Douglas-Tupel auf Banachrdumen, um eine Faserdimension fiir (invariante)
Teilraume solcher Tupel zu definieren. Dabei verallgemeinern wir Ergebnisse
von Chang, Chen und Fang fiir einzelne Cowen-Douglas-Operatoren auf Hil-
bertraumen. Wir beenden diese Arbeit, indem wir einige Eigenschaften dieser
Invariante herleiten.
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1 Introduction

A bounded linear operator T € L(H?(T)) on the Hardy space H?(T) is called
a Toeplitz operator with symbol f € L*°(T) if it is the compression

T = Py2(myMy|m2(r)

of the multiplication operator My : L?(T) — L*(T),Msg = fg. A classical
result by Brown and Halmos from [BH64] characterizes Toeplitz operators on
H?(T) as those operators T' € L(H?(T)) which satisfy the algebraic identity

MTM, =T,

where M, : H*(T) — H?(T),M,f = zf, denotes the multiplication opera-
tor with the independent variable. Via Poisson extension the Hardy space
H?(T) C L*(T) can be interpreted as an analytic functional Hilbert space
H?(D) on the open unit disc. A natural question is whether a similar charac-
terization of Toeplitz operators is still true on other standard functional Hilbert
spaces on the unit disc. To answer this question in the particular case of the
Bergman space A?(D), Englis observed in [Eng92] that the Toeplitz operators
actually form a dense subset of L(A?(ID)) in the strong operator topology. Thus
an algebraic characterization of Toeplitz operators would extend to the whole
space and in turn, every bounded linear operator on A?(ID) would be a Toeplitz
operator which is easily seen to be false. However, somewhat surprisingly, in
the setting of the generalized Bergman spaces A2 (D) (m € N) which encom-
passes the classical case A%(D) = A?(D), Olofsson and Louhichi were able to
characterize the Toeplitz operators with harmonic symbol as those operators
T € L(A2 (D)) which satisfy the algebraic identity

m—1
* m *
(1.1) MFTM! = Z(—l)k<k+1>MfTMzk.
k=0
Here M. = M, (M;M,)~ ! is the Cauchy dual of the left-invertible multiplica-

tion operator M, € L(A2 (D)) and the generalized Bergman spaces A2,(D) are
the functional Hilbert spaces with reproducing kernels

1

KRZDXD%C,(Z’,U})HW
— ZW

(m € N).



1 Introduction

In the recent paper [EL19], this result was extended to the generalized Bergman
spaces A2 (By) on the unit ball B; € C% which are defined as the functional
Hilbert spaces with reproducing kernels

1

KmIBd XBd—)C,Km(z,UJ) = W

(m € N).

To obtain an adequate generalization of the identity (1.1), one needs to de-
fine a suitable multivariable version of the Cauchy dual. Since the row op-
erator M, : A2 (By)¢ — A2 (By) has closed range, the operator M}M, :
ran M} — ran M} is invertible and it turns out that there is a natural ex-
tension M/ : A2, (By)? — A2 (B,) of the operator M,(M;M,)~! which forms a
perfect substitute for the one-variable Cauchy dual on the unit ball. Another
problem in the multidimensional setting, arising when m < d, concerns the
definition of Toeplitz operators. In the absence of a nice normal extension of
M, € L(AZ%,(Bg))?, it proves convenient to define multiplication operators T
with symbol f € A2 (B,) only densely on

{g € A2, (By); fg € A2, (By)}

and to call an operator 1" € L(A2% (B,)) a Toeplitz operator with pluriharmonic
symbol f =g+ h (g,h € A2, (By)) if it acts as

Tp="Teyp+T}p

on all polynomials p € C[z]. This definition coincides with the classical defini-
tion for m > d. The aforementioned result from [EL19] then takes the following
form.

Theorem 1.0.1 (Theorems 4 and 5 in [EL19]). Let T € L(A2,(By)). Then T
satisfies the identity

m—1
m
(12)  MITM. = Pz (@ 3 (-1 1. (T)) Pran vtz
2 k41

if and only if T' = T is a Toeplitz operator with pluriharmonic symbol f.

Examining the right-hand side of (1.2), one notices a close similarity to the
power-series expansion of the reciprocal of the corresponding kernel, namely

%(%w) = Z(_l)k <T;€l> (z,w)"  (z,w € By).

10



With this in mind, it is possible to extend Theorem 1.0.1 to more general
situations. Let k: D — C,k(2) = >3, axz®, be an analytic function without
zeroes such that ag = 1, ai > 0 for all k&,

ay

sup < oo, inf >0

keN Qk+1 keN Q41

and such that almost all coeflicients ¢y, in the power series representation %(z) =

oreo cpz" of the reciprocal function have the same sign. Then the kernel
K :Bg x By — C,K(z,w) = k((z,w)) defines an analytic functional Hilbert
space Hg such that the row operator M, : H}l( — Hp has closed range and
the same idea as in the case Hx = A2 (B,) can be used to define a Cauchy
dual M. of M, € L(Hg)?. Replacing the sum on the right-hand side of (1.2)
by the SOT-convergent operator series

[e's) d
Aner =Y (—cry1)ohr (T) (o0 (T) = M., TM)
k=0 i=1

one obtains the following more general version of Theorem 1.0.1.

Theorem 1.0.2 (Theorem 3.3.6). Let T' € L(Hg). Then the identity
M;*TM; = PranMZ* (@AMZ;T)PranM;‘-
is satisfied if and only if 7" is a Toeplitz operator with pluriharmonic symbol.

Here Toeplitz operators in L(Hp) are defined exactly as in the case K = K,,
explained above. Let us give some more details about the structure of the proof

of Theorem 1.0.2. Let -
Hg = PH,
k=0

be the orthogonal decomposition of Hg into the spaces Hj consisting of all
homogeneous polynomials of degree k. In a first step, we consider only linear
operators T' € L(H ) which are homogeneous of positive degree | with respect
to this orthogonal decomposition, that is, operators with THj; C Hyg; for all
k. For homogeneous operators of positive degree, it is easy to show that they
are multiplication operators with polynomial symbol if they fulfill the operator
identity from Theorem 1.0.2. An arbitrary operator T' € L(Hf) can be written
as the SOT-limit

: ||
T =S0T- 1 - — 7
sor—im 5 (1 'y
|k|<N

11



1 Introduction

where the operators 7T} are homogeneous of degree k € Z. Using the fact that
Ty = (T*)_y for all k € Z one can use the aforementioned special case to prove
the general result stated in Theorem 1.0.2.

We conclude this part of the thesis by showing that the pluriharmonic symbol
f of a Toeplitz operator T is given by its Berezin transform f = T :By —
(C,T(z) = (TK,,K,) where K, = % is the normalized kernel at z € By.
Furthermore, we prove that a given operator T' € L(Hp) is a Toeplitz operator
with pluriharmonic symbol if and only if its Berezin transform T : By — C is
a pluriharmonic function.

In the second part of this thesis, we use similar methods to extend the classi-
cal Wold decomposition theorem, to the setting of generalized Bergman spaces
A2(By) (v € [1,00[). A given isometry T on a Hilbert space H can be decom-
posed into the direct sum

T=T9 a7V e L(Hy ® Hy)

of a unitary operator T®) € L(Hp) and an operator T € L(H;) which is
unitarily equivalent to a Hardy space shift M, € L(H?(ID, D)) with multiplicity.
The Hardy space H?(D, D) is given by the L(D)-valued analytic reproducing

kernel
Ip

1—z2w

K:DxD— L(D),K(z,w) =

The operator identity 17 — T*T = 0 characterizes isometries and is related to
the coeflicients occurring in the reciprocal of the kernel K. In [GO12], Giselsson
and Olofsson considered similar operator identities related to the reciprocal
of the reproducing kernel K2 of the generalized Bergman space A2, (D) from
above. In [GO12| it is shown that a left-invertible operator 7' € L(H) that
satisfies a higher order operator identity associated with the Bergman space
A2 (D) admits a decomposition

T=T9 a7V e L(Hy® Hy)

into an m-coisometry T € L(Hp) and an operator T € L(H;) which is
unitarily equivalent to a Bergman shift M, € L(A2,(D,D)). We indicate a
possible extension of this result to the case of multidimensional generalized
Bergman spaces A2(By) given by the reproducing kernels

-
(1 - <27 w))y

Theorem 1.0.3 (Theorem 5.12). Let T € L(H)? be a commuting row con-
traction and let v > 1. Then the following conditions for T" are equivalent:

K, :Bgx By — C, (z,w) — (v >0).

12



(i) The tuple T is regular at z = 0, the SOT-limit

Ag = SOT — Q‘”k (k N 1)0;?(1;1)

exists and T satisfies the identity (T*T)~! = (BAT)|ran T+,

(i) T=TOa1® ¢ L(HO® @ HW) s the direct sum of a spherical coisom-
etry 7O ¢ L(HO)4 and a tuple T € L(HWM)? which is unitarily
equivalent to M, € L(A2(Bg, D))? for some Hilbert space D.

Here the regularity condition for T replaces the condition of left invertibility
demanded by Olofsson and Giselsson in the single variable case. Extending
the one-variable case we define Ho, = (2, Z‘ a|=k T*H and call a commut-
ing tuple T analytic if Hy, = {0}. A major step in the proof of Theorem
1.0.3 is to show that an analytic tuple 7' € L(H)? which is regular at 0 and
satisfies the operator identities from above is unitarily equivalent to a shift
tuple M, € L(A2(By, W(T)))?, where W(T) denotes the wandering subspace
of T'. This result even holds for more general functional Hilbert spaces Hg
on the unit ball By € C? Extending a corresponding one-dimensional an-
alytic model of Shimorin for left invertible analytic operators, we show that
each commuting tuple 7' € L(H)? that is analytic and regular at 0 is unitar-
ily equivalent to the multiplication tuple M, on an analytic functional Hilbert
space H C O(Qp, W(T)) where Q7 C C? is a suitable open ball with center 0.
This is the main result of Chapter 4.2.

Theorem 1.0.4 (Theorem 4.2.5). Let T € L(H)? be regular at 0. Then there
is a continuous linear map

V:H— O, W(T))
with Vo = o for € W(T) and such that
(i) VI; = M.,V for i =1, ...,d,
(ii) ker V. ="_, Plajem TH =, cq, ran(z = T),
(iii) the vector space H = ranV C O(Qp, W(T)) equipped with the norm

Vx| = ||z + ker V| is a functional Hilbert space and up to unitary
equivalence T = M, € L(H)%.

13



1 Introduction

Let us denote by

1 d—1

59 é 1)
K*(T,H):0—A°H 5 A'H S . 2 AH 0

the Koszul complex of a commuting tuple T. Each commuting tuple T €
L(H )d, for which the Koszul complex is exact in degree d — 1 and the operator
6%71 : A 'H — A?H has closed range, is regular at 0. Thus our results
contain the one-variable result of Giselsson and Olofsson from [GO12] and
a one-variable model theorem proved by Shimorin in [Shi01] for single left-
invertible Hilbert space operators as special cases. Each Cowen-Douglas tuple
on a connected open zero neighbourhood © C C? is regular at 0. In the
particular case of Cowen-Douglas tuples we prove even a Banach-space version
of Theorem 1.0.4.

Theorem 1.0.5 (Theorem 4.1.9). Let T € L(X)¢ be a weak dual Cowen-
Douglas tuple of rank N on a domain Q C C¢, that is, a commuting tuple such
that

d
dim X/ (A —T)X =N
=1

for every A € . Then for each A\g € (2, there is a continuous linear map
p: X — O(Qg, D), where Qy C Q is a connected open neighborhood of A\ in
), such that

(i) pT; = M,,p fori=1,...,d,
(ii) kerp = ,cqran(z —T),

(iii) X = p(X) equipped with the norm ||p(z)|| = ||z + kerp|| (z € X) is a
divisible holomorphic model space of rank N on (.

Here a divisible holomorphic model space X of rank N on QoAis a continuously
embedded Banach space X C O(£, CV) such that M, € L(X)? and such that
the sequence
X2 R eV 50 () = F(V)
are exact for every A € €)g. Let D be a finite-dimensional vector space and let
M C O(Q, D) be a linear subspace. The fiber dimension of M is defined as
fd(M) = M
(M) Iilgé by

where M) = exM C D is the image of M under the point evaluation €y :
M — D, f ~ f(A). In light of Theorem 1.0.5, the question becomes appar-
ent whether such an invariant can be defined for invariant (or even arbitrary)

14



subspaces Y C X with respect to a weak Cowen-Douglas tuple T' € L(X)?
using the local representations p : X — O(€Qp, D). To ensure that the resulting
fiber dimensions fd(p(Y')) are independent of the choice of p, we only admit
representations of a more restricted type. In the one-variable case the following
definition can be found in [CCF15].

Definition 1.0.6. Let 0 # Q¢ C Q be a connected open subset. A CF-
representation of T" on € is a C[z]-module homomorphism

p: X — O(Qo, D)
with a finite-dimensional complex vector space D such that
(i) kerp=(,cqran(z — 1),

(ii) the submodule X = pX C O(y, D) satisfies
A A d A
fA(X) = dim X/ (A — M;)X
i=1

for all A € Q.

We show that the fiber dimension of a subspace Y C X with respect to a weak
dual Cowen-Douglas tuple T € L(X)¢ can be defined as

iy (Y) = fd(pY),

where p : X — O(, D) is an arbitrary CF-representation. As in the case of
single Hilbert space operators carried out by Chen, Cheng and Fang in [CCF15],
we proceed to show that the fiber dimension of an invariant subspace of a weak
dual Cowen-Douglas tuple can be calculated using suitable limit formulas from
commutative algebra.

Theorem 1.0.7 (Corollary 6.2.3). Let T € L(X)¢ be a weak dual Cowen-
Douglas tuple of rank N on a domain © C C? with 0 € 2, and let Y € Lat(T)
be a closed invariant subspace for T'. Then the fiber dimension of Y with
respect to 1" is given by

. dim(Y + Mp(T))/ M (T
) = i MDD/,

where My (T) = > T*X for k € N.

15



1 Introduction

Alternatively, the fiber dimension of Y can be calculated as an analytic Samuel
multiplicity
fd(Y) = eo,(Mry),

where Mp C OF /(2 — T)OZ * is a suitable coherent subsheaf.

Given a weak dual Cowen-Douglas tuple 7' € L(X)? and closed invariant sub-
spaces Y1,Ys C X of T, it is a natural question to ask under which conditions
the dimension formula

fA(Y1) + fd(Y2) = (Y V Y3) + 1d(Y; N Ya)

holds. In the final part of the thesis we describe several cases in which the above
dimension formula holds and thus extend one-variable results from [CCF15].
Let Q C C¢ be a connected open zero neighbourhood. Suppose that H admits
an orthogonal decomposition H = ;- , Hj, with closed subspaces Hy. We call
a commuting tuple T € L(H)? y-graded, for some given tuple v = (71, ..., )
of positive integers, if

T]Hk QH]H_%. (k‘EN,]ZL,d)

As a typical result we show that this formula holds for all homogeneous invari-
ant subspaces of a y-graded dual Cowen-Douglas tuple T" on 2.

Corollary 1.0.8. Let T € L(H) be a y-graded dual Cowen-Douglas tuple on
a domain Q C C% with 0 € . Then the fiber dimension formula

fd(My v My) + fd(My N My) = £d(My) + fd(Ms)

holds for any pair of homogeneous closed invariant subspaces My, Mo of T

16



2 Unitarily invariant spaces

Let m € N>j. On the generalized Bergman space A2 (By), that is, the func-
tional Hilbert space with reproducing kernel

1

Km : Bd X Bd — C,Km(z,w) = m,

the row operator

d
M, : Ay, (Bg)! — A7,(Ba), M(fi)iy = ) 2ifi

i=1
has closed range
M. A7, (Ba)! = {f € A7,(Ba); f(0) = 0}
by Satz 2.5 in [Wer08]. Thus the operator
M;M, : ran M} — ran M

is invertible. In [Escl8], it was shown that its inverse (M}M,)™! can be
extended continuously to the whole of A2 (B;)? by the operator JM, where
§: A% (By) — A2,(By) is a diagonal operator with respect to the orthogonal
decomposition

A7, (Bg) = D H
k=0

into the subspaces Hj, consisting of all homogeneous polynomials of degree k.
In this chapter, we will extend this and corresponding results to a more general
class of functional Hilbert spaces.

2.1 Unitarily invariant spaces
Definition 2.1.1. A functional Hilbert space Hg with reproducing kernel

K:BdXBd—)C

17



2 Unitarily invariant spaces

is called unitarily invariant if K(0,-) = 1, K is analytic in the first component
and we have
KUz Uw) = K(z,w)

for all z,w € By and all unitary maps U : C¢ — C.

It is well-known that the reproducing kernels of unitarily invariant spaces can
be characterized by their power series representation (cf. e.g. Lemma 2.2 in
[Harl7]).

Lemma 2.1.2. Let Hx be a functional Hilbert space with reproducing kernel
K : By x By — C. Then Hy is unitarily invariant if and only if there is a
sequence (ag)ren of non-negative numbers with ag = 1 such that

K(z,w) = Z ar(z, w)*
k=0

for all z,w € By.

On unitarily invariant spaces, the multiplication operators
MZZ. :HK%HK,MZif:ZZ‘f (i=1,...,d),

with the coordinate functions need not be bounded. However, one can charac-
terize those unitarily invariant spaces for which the operators M., (i =1,...,d)
and the induced row operator M, : H}l( — HK,MZ(fi)glzl =>4 M, fi be-
have nicely by considering the sequence (ay)ren from the preceding lemma.

Lemma 2.1.3 (Theorems 2.3 and Theorem 2.5 in [Wer08]). Let Hx be a
unitarily invariant space with reproducing kernel

oo
K:ByxBy— C,K(z,w) = Zak<z,w)k
k=0

such that a; > 0 for all £ € N. The operators M,, : Hx — Hgk (i = 1,...,d)

are bounded if and only if sup,cy a:i - < 00, In this case, the row operator
M, : H: — Hg
has closed range M, H¢ = {f € Hy; f(0) = 0} if and only if infjey aZL > 0.

All generalized Bergman spaces fulfill the conditions from Lemma 2.1.3.

18



2.2 The diagonal operators § and A
Example 2.1.4. For v €]0, 0o, the generalized Bergman space A%(By) is de-
fined as the functional Hilbert space with reproducing kernel

1

K,/ : Bd X ]Bd — C,KZ,(Z,H)) = m

Due to the binomial theorem, we have

Ko(zw) = 3 (1)t (7)o

k=0

for all z, w € B; where
v il v—j+1
= - R,keN
(k:) H i weRkel)

denote the generalized binomial coefficients. We conclude that

sup (=1)*(7%) ~ qup E+1 { 1 v<i1 }
keN (~D)FL( 1) kemv tE 1

and

o k)
keN (—Dk+1()  keNv+E

DRkl {

2.2 The diagonal operators 6 and A

In the following, we will consider a unitarily invariant space Hg given by a
reproducing kernel

oo
K:ByxBy— C,K(z,w) = Zak<z,w)k
k=0

ag
Ap+1

with ag = 1, a, > 0 for all £ € N such that sup,cy #L < oo and infgen
0.

>

One can show that

2
He={ Y for c OB Y L2 < oo

a
aEeNd aend YalTe

19



2 Unitarily invariant spaces

and that

2 1
1= el

a€eNd a‘arya

holds for f = 3, i faz® € Hie with 7, = 12 for o € N7

al
The space Hi admits the orthogonal decomposition

Hy = @Hk
k=0

into the spaces

Hi =< Y faz% fa € Cfor all a € N* with |o| = k p C C[¢]
|a|=k

consisting of all homogeneous polynomials of degree k (c.f Theorem 1.15 in
[Wer08]). With respect to this decomposition, we consider the diagonal oper-

ators
61 Hi = Hi 003 3 faz®) = fot D~ 37 far®
k=0 |a|=k =1 14k
and - -
A:Hg = Hi, AQD S faz®) =3 BN 100
k=0 |a|=k =0 % ek

Obviously § and A are invertible positive operators on Hg. Note that
OM,, = M,,A

holds for ¢ = 1, ...,d. This also yields M, = M,(®A).

Since M H% C Hp is closed, the operator M;M, : ran M} — ran M} is
invertible. We denote its inverse by (M}M,)~!. Then, the following lemma
shows that the operator M, (M} M,)~! on ran M} can be extended to the whole
space using the diagonal operator é.

Lemma 2.2.1. For f € Hg, we have
(MZM:)"H(MZ f) = MZ6f = (®A) M f.
In particular, the row operator

oM, : H} — Hy
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2.2 The diagonal operators § and A

is the trivial extension of
M,(MM,)™" : ran M} — Hy.
Proof. By Lemma 2.4 (i) in [Wer08], we have

ajo| a; + 1
Mig= Y et e
i Yal+1 laf +1

forall g = cni ga2® € Hx and i = 1,...,d. Now, fix f € Hg. To prove the
first assertion, we may suppose that f(0) = 0. In this case, we can infer from
Lemma 2.4 in [Wer08] that f = S>% | z f; with

a; +1
la] +1

fa—l—eiza

fi=M:of=AMLf =)
aeNd

for i =1,...,d. It follows that
(MIM.)"'MEf = (MZM,) ™ MZ(MMISf) = MZof

and that
M, (M;M,)" M} = M, M.

Since M,M; and § are diagonal operators, this yields M,(M}M,) M} =
OM .M} and thus the second part of the lemma. O

On the generalized Bergman space A2, (By) (m € N*), Lemma 3 in [Esc18] yields
that the diagonal operator A : A2 (B;) — A2 (By) admits the representation

m—1 m—1
m (0% *Qv m
A=Y (1) S eneanze = Y 0 () (g )
k=0 o] =k k=0

where oM, - L(A,?n(Bd)) — L(A%n(]Bd)), X = Z?Zl MZlXM:ﬂ and Yo = |37!' for
every o € N%, The sum on the right-hand side is closely related to the operator
Kl—m(M 2, M) formally obtained by replacing z and w in the reciprocal kernel

1 m o __ S m [0 Fwrie]
oy (1) = (1= ™ = 204 () 32 st

|a|=k

by the tuples (M.,,..., M,,) and (M ,...,M}). In the more general setting
we are considering in this chapter, it is not immediately clear how & (M., M7)
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2 Unitarily invariant spaces

should be interpreted and thus how a representation for A should look like. In
the sequel we suppose in addition that the holomorphic function

k:]D)—>(C,z»—>Zakzk
k=0

has no zeroes and we denote the Taylor coefficients of % : D — C by (ck)ren-
Following ideas from [Schl18] (see also [CH18]), we set

N
1 *
()v(Mz, M) = > erohy (i)
k=0

for all N € N and we write

1 1 -
7o (Mz, M) = SOT — Tim (22)n(T) =SOT = ey, (L)
k=0

if the latter limit exists. In Proposition 2.10 in [Schl18], it is shown that this
is the case if almost all the ¢; have the same sign. We shall use the following
slight modification. For the convenience of the reader, we give a complete proof
of this result.

Theorem 2.2.2. Suppose that there exists a natural number p € N such that
c, > 0forall k> porc, <0 forall k> p.

Then the series -
L SRR
=0
converges.

Let us fix some notations before we give the proof.

Notation 2.2.3. For a bounded sequence b = (by)ren of real numbers, we
denote by

bilken : Hx = Hie, Y fr> Y bifi
k=0 k=0

the induced diagonal operator with respect to the orthogonal decomposition
Hi = @, o Hy. It is easy to see that such diagonal operators satisfy

M, [br]ken = [br—1]ken Mz, (setting b_; = 0)
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2.2 The diagonal operators § and A

for ¢ = 1,...,d. This further yields

d

oar. ([Drlken) = Y Mz, [blken Mz, = [br—1lkenoar. (1 ).
=1

Proof of Theorem 1.2.2. For o € Nd, using Lemma 2.4 (ii) in [Wer08] we have

1 M. M* a_a|a‘_1 (o
O-Mz HK 2 z-Z - Z.
' af
«

Thus, we have op, (1g, ) = [a’;;l
2.2.3 we conclude that

(e

() = o o Jken)

= o) (22

ag—1
M, kEN[

ap—1 ag
ag—2
ag

Jken)

= oy ([ Jken)

Af—j
= [ Jken
ag
for j € N. Here we set ap = 0 if £ < 0. For N > p, we find that

ag—;
L gen|
ay

N
||Zc]+1GMZ Lag )| H
j=p j=p

=P Jj=p

Since (cx)ken is the sequence of Taylor coefficients of 4 +» we have

k
E Cjag—j = 0
J=0

for all £ > 1. This yields

k k+1

Ag—j5 Ak+1—j

E Cjt+1 O = E Cka
Jj=p J=p+1
P

Af41—j

: aj

Jj=0

] ey and using the remarks from Notation

23



2 Unitarily invariant spaces

. o a o . a 71
for all k > p. Setting s = supycy akil and t = (infgen akil) , we have
a Alet1—4 Q41— Af— . X
k+1§tand Al ThHlog klgsjlforJZL
ak ak Q—j42 ak

Using those observations, we obtain

N Qf.—; u Qf— 5
—Jj —Jj
Z |¢j41] ak < Z |¢j1] ak
Jj=p Jj=p
k
ap_
=1 en |
Jj=p
L Af41—j
=1-> ¢ ” |
7=0

for k, N > p. But then

N p
1D cjrrony, L)l < (O lejl) max(1, 5771, ¢)

i=p =0
for all N > p and in particular

N

sup || Y ¢jr107, (Lug )| < oo.

NeN =

Since (Z;-V_O ¢j+10%; (Lp, ) n>p is a decreasing or increasing sequence of selfad-
= ; >
joint operators, the norm-boundedness of this sequence implies its convergence

in the strong operator topology.

The hypothesis of Theorem 2.2.2 is fulfilled for all generalized Bergman spaces
A2(By) (v > 0) and for all unitarily invariant spaces which are complete

Nevanlinna-Pick spaces.
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2.2 The diagonal operators § and A

Example 2.2.4. (a) Let v €]0,00[ and let A2(B,) be the corresponding gen-
eralized Bergman space. Due to the binomial theorem, we have

I;(z,w) - i(—l)’“ <Z> (2, w)

k=0

for all z,w € By. Then,

[v] .k
y v+1—j j—v—1
= (oM [ T
Jj=1 j=v]
is > 0 for all k > [v] if [v] is even and < 0 for all k£ > [v] if [v] is odd.

(b) A functional Hilbert space H with reproducing kernel K : X x X — C
is called a complete Nevanlinna-Pick space if the following matrix-valued
interpolation problem can be solved: For all n € N, A1,..., A, € X and
Wi, ..., W, € L(I*(N)) such that

(L = WiW)K (N, M) jm1 € LIA(N)™)

1,5=1

is positive, there is a multiplier ¢ € Mult(Hg (12(N))) such that || M| <1
and ¢(\;)) = W, for i = 1,...,n. By Lemma 2.3 in [Harl7], a unitarily
invariant space with a1 > 0 is a complete Nevanlinna-Pick space if and
only if ¢, <0 for all n € N.

Before we use Theorem 2.2.2 to give a representation of A, we note how the
coefficient sequences (ag)ren and (cx)ken are related. As before, we write

_ Jof!
*al

for all & € N? and k for the analytic function k : D — C, k(z) = 50, axz”.

Lemma 2.2.5. For a € N%, we have

B'Ya—ﬁ)_

Y,
Qa1 = D _(—C31110]a—p| o

B

Proof. For z € G = {z € C% Z?Zl |zi| < 1}, we have

k(z ZZ) = Zak( Z 'Yaza) = Z a|a\’}/aza
i=1 k=0  |al=k aeNd
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2 Unitarily invariant spaces

and, for z € G with Z?:l z; 70, we have

1- %(Zd—l z;) S d k—1 S
—e T =) (e Qo) T =) (k) Y 7a2”
D im1 % k=1 i=1 k=0 la|=k
= Z C\a|+1 ’Yoc
a€eNd
as well as

_1 Zi
M (Z z@) = Z (Z zz> —1] Z a|a|+1’yaza
i=1%i

Zz 1% aeNd

Since all multivariable power series occurring above converge absolutely in each
point of the domain G, the Cauchy product formula implies that

O —s18ap18Va—8)2" = Y, jaf417a2"
aeNd B<a aeNd

for z € G. A comparison of the coefficients yields the result. O
Theorem 2.2.6. Suppose that there exists a natural number p € N such that
c, >0forall k> porc, <O0forall k> p.

Then the diagonal operator A admits the representation
o0

A =SOT =) (—cry1)ohs, (Lag)-
k=0

Proof. For all a € N, we obtain using Lemma 1.29 in [Sch18], Theorem 2.2.2
and Lemma 2.2.5

oo o0
> (—erp) ok (L )z =D (—erar) Y ypMPMP2°
k=0 k=0 18|=k
a V8Va—8 Ya—B]
a—
=) (o) Y (e
T Aa
k=0 |B|=k;B<c
— a\a|+1 P
Aa
= Az%.
Since the polynomials are dense in Hg, the claim follows. ]
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3 A characterization of Toeplitz
operators with pluriharmonic symbol

A classical result by Brown and Halmos (cf. [BH64]) characterizes Toeplitz
operators on the Hardy space

H*(T) = {f € L*(T); f(n) =0 for all n < 0}

on the unit circle as those operators T € L(H?(T)) which satisfy the algebraic
identity
M!TM, =T.

In [Eng92], Englis observed that such an algebraic characterization is not pos-
sible for Toeplitz operators on the Bergman space A%(D), since the Toeplitz
operators with L>-symbols form an SOT-dense subset of L(A%(D)). In the
notation introduced in Example 2.1.4 the Bergman space is just the space
A%(D) = A%(D). However, Louhichi and Olofsson proved in [LOO08] that an
operator T on the generalized Bergman space A2 (D) is a Toeplitz operator
with bounded harmonic symbol if and only if it satisfies the algebraic identity

m—1
MITM, =Y (-1)F (kT 1) MFTA

k=0
where M, = M,(M;M,)~" is the Cauchy dual of the multiplication operator
M,.
In the joint paper [EL19] this result was extended to the multidimensional
setting of all generalized Bergman spaces A2,(By) (m € N>1). In this chaper
we will extend it to the still more general setting of a class of unitarily invari-

ant spaces which in particular includes all generalized Bergman spaces A2(By)
(v €]0,00[) (cf. Example 2.1.4 and 2.2.4).

As in [LOO08], an essential tool will be the homogeneous decomposition of op-
erators T' € L(H).
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3 A characterization of Toeplitz operators with pluriharmonic symbol

3.1 Homogeneous decompositions

In the following chapters, let Hx be a unitarily invariant space with reproduc-

ing kernel
oo

K :B;xBg—C ,K(z,w) = Zak<z,w)k
k=0

9k < oo and inf -2
Ak41 Ap41

suppose that the analytic function k : D — C,z — > 77 aiz" has no zeroes
and, denoting the sequence of Taylor coefficients of % by (ck)ken, that there
exists a natural number p € N such that

such that ag = 1, ap > 0 for all k, sup > 0. Furthermore,

c > 0forall k> porc, <0 forall k> p.
Lemma 3.1.1. The map
U R — L(HK), (UM )() = f(ei2)

defines a strongly continuous unitary operator group, that is, a strongly con-
tinuous operator group such that U(t)* = U(—t) for all t € R.

Proof. Using that the norm of the functional Hilbert space Hg is given by

2
= 2 D o = 3 e

aeNd

we see that the operators U(t) (t € R) are well-defined isometries. Due to
Ut)U(—t) = 1pg, for t € R, they are also unitary. It is easy to see that
U(0) =1y, and U(s+t) = U(s)U(t) for all s,t € R hold.

By this functional equality, it is enough to prove continuity in 0. Thus, let
(tk)ren be a sequence in R with ¢ k2%, For [ =2 nend faz® € Hg, we
have

[falPle™1 — 12 _ 4] faf?
<
Qja|Va R

for all @ € N¢ and k € N. By the dominated convergence theorem, we conclude
that

‘2’€itk|a\ _ 1‘2 s 00

0.

W0 f — FlE, = 3 e

a€eNd Yl Ve
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3.1 Homogeneous decompositions

In the following, we use the orthogonal decomposition

oo
Hy = @Hk
k=0

into the spaces of all homogeneous polynomials of degree k from Chapter 2.

Definition 3.1.2. (a) An operator T' € L(Hg) is called homogeneous of de-
gree k € Z if
TH, C Hr—i—k

for all r € N. Here, we set Hy = 0 for k£ < 0.

(b) For T' € L(Hg) and k € Z, the operator

1 27

n e~ MU )TU (t)*dt

:%0

is called the kth homogeneous component of T'. Here, the integrand is
regarded as a continuous function with values in the locally convex space
(L(Hg),7sor) and the integral is a weak integral in the sense of Defini-
tion 3.26 in [Rud80]. Note that the weak integral exists by Theorem 3.27
in [Rud80] and Section 20.6(3) in [K6t69]. All operator-valued integrals
appearing in the following should be understood in this sense.

To see that the homogeneous components of an operator T' € L(H ) are indeed
homogeneous, we need to understand the orthogonal projections P, of Hx onto
the subspaces H.

Lemma 3.1.3. The operators

1

P.=—
K 2

/% e"MU(t)dt € L(Hg) (ke Z)
0

are orthogonal projections with ran P, = Hj, for all £k € N and we have P, = 0
for all k < 0. Furthermore, we have U(t)P, = ¢’*' P, for all t € R and k € N.

Proof. For every k € Z and a € N¢, we have
1

27
—1kt a
= t)z%dt
27r/0 e "MU(t)z
1 27 )
_ 1 </ ezt(|ak)dt) Lo
27'(' 0

I ER la| = k
|0, Jal#k

Pp.(2%)
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3 A characterization of Toeplitz operators with pluriharmonic symbol

This immediately yields the first part and due to

U(t)Pu(=") = {k ol

0, la| # k
for every t € R, k € N and o € N¢ also the second part of the lemma. O
We gather some properties of the homogeneous components of an operator.
Lemma 3.1.4. Let T' € L(Hg) and k € Z.

(a) The kth homogeneous component of T' is homogeneous of degree k.

(b) We have
(T = (T-1)"

Proof. (a) Let r € N. We have U(t)*|u, = U(~t)|ranp, = € " lianp, due to
Lemma 3.1.3 and thus

1 2 )
Tif = o / ¢ Y ()T fdt = Poyy Tf € Hysy
0

for all f € H,.. Note that P, = 0 as well as Hy = 0 for £ < 0.

(b) For all f,g € Hg, we have

27
(T, g) = — /0 (U T U ()", g)dt

T on

1 o ik *
— o | et uorueyga
= <f7 T—kg>

O

If we know the homogeneous components of an operator 1" € L(H), we can
recover T'f for every f € Hg. This is particularly easy for the images T'p of
polynomials p € C[z].

Lemma 3.1.5. Let T' € L(Hg) be arbitrary. Using the Fejér kernel

Id

- N+1)elkt (NEN)a

Ky RoRKy(t)= > (1
[kl<N
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3.2 Toeplitz operators with pluriharmonic symbol

we have

L[ . , ||
Tf= lim — Kn®U@)TU(t)" fdt = lim < —> T f

N—oo 27 0 N—oo

for every f € Hg.
For a polynomial p € Clz] of degree at most N, we have

Tp= Z Typ = Z Tip-

k=—00

Proof. The first part follows from Lemma 1.2.2 in [Kat04]. For the second part,
first recall from Lemma 3.1.3 that U (¢)*|g, = e~ "1,y p, and then observe that
for a homogeneous polyonomial p € H, (r € N), we have

Tp = ZPkTp Z / e~ MU () Tpdt
= Z 277/ e MU )TU(t) pdt = Z Twp = Z Tip,

k=—r k=—o00

where the last identity follows since Ty |g, = 0 for & < —r by Lemma 3.1.4. The
claim follows by writing an arbitrary polynomial p as a sum of homogeneous
polynomials. O

3.2 Toeplitz operators with pluriharmonic symbol

The classical definition of Toeplitz operators as compressions of multiplication
operators does not make sense in our more general setting of unitarily invariant
spaces since these spaces need not be contained in a larger space on which mul-
tiplication operators with L°°-symbols are well-defined. However, if we restrict
ourselves to pluriharmonic symbols f = g+ h with g, h € H, it is still possible
to give a definition of Toeplitz operators Ty € L(Hk).

First, let us define multiplication operators with symbol f € H.
Definition 3.2.1. For f € H, set

Df:{UEHK;fUEHK}gHK

and define Ty : Dy — Hg,u +— fu. Note that T} is densely defined, since
we have C[z] C Dy, and closed, since convergence in Hy implies pointwise
convergence.
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3 A characterization of Toeplitz operators with pluriharmonic symbol

In the following, we will denote the ath Taylor coefficient of a function g € Hx
at z =0 by
9©0) _ {9.2%)

9o =51 T e~ Clelede: 2

Pluriharmonic functions f : By — C can be characterized as those functions
which can be written as f = g + h where g,h : By — C are holomorphic
functions (see for instance Chapter 4.4 in [Rud80]). The next result shows that
also the adjoints T of the operators Ty (f € Hg) are densely defined and
closed.

Lemma 3.2.2. Let f € Hg. The domain of T}‘ contains the polynomials and,
for a fixed polynomial p € Clz], the mapping

HK—>HK,f|—>T}kp

is conjugate linear and continuous. Furthermore, we have

A|qH— _B—
T;za — Z Jex Bl /Bfﬁzoé—ﬁ
B<a A|a|Va

for all a € N<.

Proof. For a € N¢ and u € Dy, we have

<fUaZa>HK — (fu)a _ Z fﬁua—ﬁ

A|a|Va B<a A|a|Va
Ala—B|Ya—B—F
= () Wfﬁza P ke
B<a ol Jo

In particular, the function
Dy — Cou (Tru, 2%) by

is continuous for all & € N? and the domain of the adjoint T;J of Ty contains
the polynomials. We also conclude that

A|n— _R—
T;Za — Z la—B| T Bfﬁza—ﬂ
B<a A|a|Va

holds for all & € N? Clearly the right-hand side is conjugate linear as a

function of f. Since convergence in Hg implies uniform convergence on all
compact subsets of By, also the middle parts of Lemma 3.2.2 follow. O
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3.2 Toeplitz operators with pluriharmonic symbol

In order to define Toeplitz operators with pluriharmonic symbol f = g + h
where g, h € Hi, we need the following lemma.

Lemma 3.2.3. Let g1, hi, g2, ho € Hg be such that g1 + hy = g2 + ha. Then
we have

Top+ T;Llp =Typ+ T;;2p
for all p € C[z].

Proof. For g1, g2, h1, ho as above, the function h; — hg = go — g1 is analytic.
Since hy — hs is also analytic, there is ¢ € C with hy — hs = ¢ and thus

g2 — g1 = ¢. This shows that hig = hog+ ¢, g20 = g1,0 + ¢ and hi o = ha o as
well as g1.o = g2,o for all @ € N¥\{0}. For o € N, we conclude that

. o Ya—f—— o
T2 +Thz"= Y qpz""P+ ) R 5h1,5za g

BeNd p<a  YolTa
_ a8
= Z glﬁ_azﬁ + 91,0206 + hl,gza + Z Q‘thﬂ_gzﬁ
B> B<a o Ve
_ a8
= Z gQ’ﬂ_azﬁ + 92,02a + hz,gza + Z G‘Lhza_/gzﬁ
B>a B<a ‘O‘H/O‘
= Ty, 2% +Tj, 2"
By linearity, the assertion follows. O

Thus, we can define Toeplitz operators with pluriharmonic symbol in the fol-
lowing way.

Definition 3.2.4. For g,h € Hy, we call an operator T' € L(H) a Toeplitz
operator with pluriharmonic symbol f = g + h if

Tp="Teyp+T}p
holds for all p € C[z].

In the setting of Definition 3.2.4 the symbol f is uniquely determined by the
operator T' € L(Hf).

Lemma 3.2.5. Let 7' € L(Hkg) be a Toeplitz operator with pluriharmonic
symbols fi = g1 + h1 and fo = go + ho where g1, g2, h1,ho € Hg. Then, we
have f1 = f2.
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3 A characterization of Toeplitz operators with pluriharmonic symbol

Proof. By Lemma 3.2.2 we know that T;; , p = Ty p— T} p for p € Clz].
Hence, under the hypothesis of the Lemma, 0 € L(Hf) is a Toeplitz operator
with symbol f = g + h where g = g1 — g2 and h = hq — ho.
This yields

g+ h(0) = (T, +15)(1) =0.
But then T; 2% = —T,2* = h(0)z“ for all a € N¢. Using the formula for Tyz“
proved in Lemma 3.2.2 we conclude that hg = 0 for all 3 € N¥\{0}. Thus

h = h(0) and g = —h(0). We conclude that f = 0 or equivalently f1 = fo. O

As the final result of this chapter we note that our definition of Toeplitz op-
erators with pluriharmonic symbol coincides with the usual definition on the
Hardy space and the generalized Bergman spaces if the symbol is bounded.
At the end of the next chapter, we will see that the boundedness of the sym-
bol is actually no further restriction, since for every Toeplitz operator with
pluriharmonic symbol f, the function f is automatically bounded.

Remark 3.2.6. Consider the special case
1

K=K, :ByxBy—C,(z0)— ——
() = Ty

where m > d is an integer and write A2, (B;) = Hg,, as in Example 2.1.4. Note
that, for m = d, the space A2(B,) is the Hardy space

A3(B,) = {f € OBy): |fI> = sup / F(rE)Pdo(€) < oo},
0By

0<r<1

where o is the canonical probability measure on 0B, while for m > d + 1, the
space A2 (B,) is the weighted Bergman space

A2,(By) = {f € OB): | I = /E P < o0},

of all analytic functions that are square integrable with respect to the measure

Ln, = %(1 — |2|2)™=9=1dz which is absolutely continuous with respect

to the Lebesque measure dz on CZ.

Let f : B4 — C be a bounded pluriharmonic function. Then there are functions
g,h € A% (B,) with f = g+ h (see for instance Proposition 6.1 in [Zhe98]).
Suppose first that m > d + 1. Let Ty = Pa2 @) My|a2 @), Where Pa2 g,
denotes the orthogonal projection of L*(Bg, um) onto A2 (By) and My is the
operator of multiplication with f on L?(Bg, ttm,). Then

(TP @) 42, (By) = Py Q) 12Boim) = (9P O 12 (Byym) T Py PD L2B4 g
= (Typ + Ty, p, q) a2, (B,)
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3.2 Toeplitz operators with pluriharmonic symbol

for all polynomials p,q € C[z]. Next let us consider the case m = d. Let
h*>(B4) be the Banach space of all bounded M-harmonic functions f : By — C
equipped with the supremum norm | f||c = sup,ep, |f(2)|. By Theorem 3.3.4
and Theorem 4.3.3 (as well as its proof) in [Rud80] it follows that the Poisson
Transform defines an isometric isomorphism

L>*(0) = h*(Ba), ¢ — Ply]

between Banach spaces. By Theorem 5.4.9 and Remark 5.3.3 in [Rud80] the
inverse of the above isomorphism is given by the boundary map

h>*(Ba) = L>¥(0), ¢ = ¢

which associates with each function ¢ € h*(B;) its Koranyi limit ¢*. For
¢ € h™®(Bg), the Toeplitz operator T, : A%(B;) — A?(B,) is defined by

To(u) = Clp*u’]
where the right-hand side denote the Cauchy integral of ¢*u* € L?(S) (cf.

Theorem 5.6.8 and Corollary 6.3.1 in [Rud80]) with S = 9B4. For f,g,h as
above and any pair of polynomials p, ¢ € C[z], we obtain

(Trps @ a2 m,) = (Cl(9p)"]; @) H2(B,) + (CL(D)"], @) 52 (B,)-
By Theorem 5.6.8 in [Rud80], we have

(Cllgr)™], @) 2 (my) = (995 @) 12 (By)

and as an application of Theorem 5.6.9 in [Rud80] we obtain

(Cl(hp)*], @) m2my) = (CL(hP)*], ) 12(s)
= (Pr2(sy(hp)*, 4*) 12(s) = ((hp)*, ¢") 12(s)
= (p*, (ha)") 12(s) = (P, hq) 2 (B,)-

Thus for m > d, it follows that

(Typ,q) = (Typ + Tp,p, q)

for all polynomials p,q € C[z]. Hence Ty = T; on A2, (By) for m > d.
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3 A characterization of Toeplitz operators with pluriharmonic symbol

3.3 The characterisation

As noted before, Louhichi and Olofsson characterized Toeplitz operators with
harmonic symbol on the weighted Bergman spaces A2 (D) (m € N>;) by the
algebraic identity

m—1
MATM = S (=% " Y MmET ek
P = 3 (Tt

where M; = M,(M}M,)" ! is the Cauchy dual of the multiplication operator
M, : A2 (D) — A2, (D), g — zg.

In the recent joint paper [EL19], this result was extended to a multidimensional
setting using the diagonal operator

52 A2, (By) = AL (B, 5> Y fur®) fo+§jm+’“ S fast.

k=0 |a|=k |o|=k

More precisely, it was shown that an operator T' € L(A2 (B,)) is a Toeplitz
operator with pluriharmonic symbol if and only if

m—1
m
M:TSM, = Pranprz(® Y (—1)F (k N 1) oK1 (T)) Pran 1>
k=0

Here §M, : A2 (By)? — A2 (By) is a continuous linear extension of the operator
M, (M;M,)~ ! :ran M} — A2, (B,) and thus coincides with the Cauchy dual of
M, in dimension d = 1. Analyzing the proof, one notices that the sum on the
right-hand side originates from the representation

m—1
m
A=Y 0 (, T ) (s ea)
k=0

of the diagonal operator

A A2 (Bd> — A%(B@

B o

k=0 |a|=k la|=k la|=k

with a = (—1)%(7") for all k € N as in Example 2.1.4.
In Theorem 2.2.6, this representation was generalized to the setting of unitarily
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3.3 The characterisation

invariant spaces Hx with the properties specified at the beginning of Chapter
3.1 as

o

A =80T =Y (—ce1)oky, (1)
k=0

where (cg)ren denotes the sequence of Taylor coefficients of the reciprocal %
of the holomorphic function k : D — C,z — > 2, arpz® associated with the
reproducing kernel K : By x By — C, K(z,w) = Y 5o ar(z, w)*.

Before we can write down the identity characterizing Toeplitz operators in this
setting, we therefore want to establish that the limit

o0

Aprr = SOT =Y (—cry1)ohy, (T) € L(Hk)
k=0

exists for every T' € L(Hg). For this purpose, fix a number p € N such that
all the coefficients ¢j (k > p) have the same sign. By Theorem 2.2.2 the strong
limit

A=SOT ~ Y |exsilody. (L) € L(Hx)
k=p

exists.
Lemma 3.3.1. For every operator T' € L(H ), the sequence of partial sums
N
(Cennete)
k=0 NeN
is norm-bounded.

Proof. 1t suffices to show that

N

> lersaloh (T)
k=p NeN
is norm-bounded for every T € L(Hg). For N > p, we define a positive
operator oy : L(Hg) — L(Hg) by

N
on(T) = lekaloh (T) (T € L(Hk)).
k=p

37



3 A characterization of Toeplitz operators with pluriharmonic symbol

The sequence (0n)n>p is norm-bounded since

N

lowll = llox (L)l = 11 ) lenslofy, (L)l < I1A]
k=p

for all N > p. As a norm-bounded sequence the sequence (on)n>p is also
pointwise bounded. ]

Lemma 3.3.2. For every operator T' € L(Hg) the strong operator limit

o

Aprr = SOT =Y (—cps1)ohy (T) € L(H)
k=0

exists.

Proof. Let T € L(H). Since we can pass to the positive and negative parts
of ReT" and Im T, we may suppose that 1" is a positive operator. In this case

the sequence (Zgzo crp10%, (T) N consists of self-adjoint operators and is
z >p

either increasing or decreasing. Since by Lemma 3.3.1 this sequence is norm-
bounded, the assertion follows. O

Let us define Tpu(K) C L(Hk) as the set of all operators T' € L(H) such
that

M:(ST(SM,Z — Lran M <@ AMZ;T) PranM;‘-

Note that the mapping L(Hx) — L(Hg),T — Ap.r is continuous linear.
The linearity is obvious. The continuity follows from the positivity and thus
continuity of the map

L(Hg) = L(Hg),T + SOT->_ |cis1|ohy (T).
k=p

Now, let B C L(Hf) be the closed unit ball. For T' € B self-adjoint, we have
T, < T < ||T|1p, and thus —ang(lHK) < a?wz(T) < ang(lHK) for
j € N. We use this to deduce the estimates

<Z\Cj+1lai4z(T)f,f> < <zrcj+1\o;‘wz<1HK>f,f>
j=q

Jj=q
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3.3 The characterisation

for every f € Hi and q € N. For f € Hg, the right-hand side tends to 0 for
q — oo. Thus, for € > 0, there is a natural number N = N (¢, f) > p such that

<Z |Cj+1|Ugvfz(T)f,f> <e
=N

for all self-adjoint operators T' € B.

Lemma 3.3.3. (a) For each multiindex v € N%, we have M; € Tgu(K).

(b)

The subset Tpr(K) C L(Hg) is a weak*-closed operator system.

Proof.

(a)

Let v € N% The limit

SOT — ) “(—cxq1)ohy, (M)) =SOT = > (—cpp1) Y YaMI MM
k=0 k=0 |e|=k
= MJSOT = "(—cpr1)oly, (L) = MJA
k=0

exists by Theorem 2.2.6.
Using Lemma 2.2.1 as well as the identity (M} M,)"Y(M*M,) = Pran
and the fact that ker M, = (ran M*)*, we obtain

M;éMZdMZ: ran M} M MV&M) ran M*

= Lran M* (M; ) 1M*M’YM (@A)) ran M}
= Lran M (M,: z) lM*M (@M’YA)) ran M}

(
#(
(
= Pran v: (OM] A) Pran a1

and thus M} € Tgu(K).

Obviously, Tpr(K) C L(Hg) is a linear subspace. By part (a), we have
that 1y, € T (K). Let T' € Tpu(K) be arbitrary. Since the involution
on L(Hg) is WOT-continuous, we find that

[o.¢]
Mo = WOT = (=ck1) Y %aMET M = Apy -
k=0 lal=k
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3 A characterization of Toeplitz operators with pluriharmonic symbol

40

and hence that

MZOT*6M, = (M26TOM.)* = (Pranats (9A01..7) Pran as)"

= Lran M} (@AMZ;T*) PranM;‘-

Thus we have shown that Tpy(K) C L(Hk) is an operator system.

By the Krein-Smullian Theorem (Theorem IV.6.4 in [SW99]) the weak*-
closedness of Tpy (K) C L(Hg) follows, if we can show that Tpy (K)NB C
B is weak*-closed. Here, B C L(Hf) again denotes the closed unit ball.
Let (To)aca be anet in Tpy(K) N B with w* — lim, T, = T in B. Since

T4+ T* T, T*
ReT = + = w* — lim tatls
2 o
and T—-T* T, T
Im7T="—" —w* —lim-% -2
21 a 21

are also the w*-limits of nets in Ty (K)N B, we may assume that T, = T,
for all a € A.

Let f € Hx and € > 0 be arbitrary. Choose N > p as in the remarks
preceding this Theorem. In particular, we have

<Z ‘Cj+1|‘7%/[z(Ta>f7f> <€
j=N

for all &« € A. Then there is an index «g such that

(Arr — Anr) o )
N—1

< Z —Cj11) UM (To =T)f, 1)

j=0

+ < |Cj+1|0M( a)f7f>

+ <Z’Cﬁ+1‘UMZ fs > < 3e

for all @ > ag. Since on norm-bounded subsets of L(Hg) the weak op-
erator topology and the weak*-topology coincide, it follows that w* —



3.3 The characterisation

limy Anr,.1, = Anm,.;7. But then the observation that
MZo0TOM, = w* — li;n MZoT,0M,
=w" —1im Pran arr (DANM.7, ) Pran
=Pran vz (@A) Pran M
completes the proof.

d

Next, we show that the homogeneous components of operators in 7Tpi(K) also
belong to Tpu(K).

Lemma 3.3.4. Let T' € Ty (K). Then T}, € Tpu(K) for all k € Z.

Proof. Let T € Tpu(K) and let k € Z be a fixed integer. Since Tpu(K) C
L(Hg) is an operator system, we may suppose that 7" > 0. Since T' € T (K),
we have

M?6Ty8M,
1 27 o *
:g kt(@U( )) ran M} <€Blz; Cl+1 UM (T)> PranM;* (®U(t) )dt
ranM* <@ o / —Zk:tU (Z( Cl—i—l)gé\[z (T)> U(T)*dt) PranM;.
=0

We claim that, for f € Hg,
21 >
([ ™o (Eanetm | vera) 1.5
1=0
- R l
=) [ U@L U0
1=0
Choose a natural number p € N such that all coefficients ¢, (k > p) have the
same sign. Let us consider the case that ¢, > 0 for all £ > p. Then

N
S e {U®oh, (T)U (1), )

l=p N>p
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3 A characterization of Toeplitz operators with pluriharmonic symbol

is an increasing sequence of continuous functions in t € [0, 27| which converges
pointwise to the continuous function

o

(U@ [ D cnoh (T) | UD S, )

l=p
= an (U)ol (DU, f)-
l=p

As an application of the monotone convergence theorem it follows that

27 [ee)
{ / HU) | D(—a)oh, (T) | Uy dt ) f.f)
0 =
27 ) N
= lim_ i e—%ktZ;(—cmxzf(t)gle(T)U(t)* £, f)dt

0 27
=S (ew) [ e MU@h (DU . fdt.
l=p 0

An obvious modification of the above arguments yields the same result in the
case that ¢, < 0 for all £ > p. Thus we have proved the claim.
A polarization argument shows that

2m >
/0 e U (1) (Z(—cm)aéwz (T)) Ult)"dt
=0

27

=WOT - (—c141) / e MU (t)ah, (T)U(t)*dt
1=0 0
0 27

:WOT—Z(—QH)/ e MU (t) Z MYTM:™ | Ut)*dt
1=0 0 |a|=
oo 27

:WOT_Z(_CI+1) Z M;‘ </ e—iktU(t)TU(t)*dt> M;a
1=0 la|=1 0

[e.e]

=WOT — Z(*CHQU?\@ (Tk) = Anr.1y, -
1=0

But then
M;kéTk(SMz = Lran M} (@AMZ;Tk) PranM;

and hence Ty, € Tpu(K). O
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3.3 The characterisation

All operators T' € Tpu(K) that are homogeneous of non-negative degree are
multiplication operators.

Theorem 3.3.5. Let T € Tpu(K) be homogeneous of degree r € N. Then T
acts as the multiplication operator

Tf=(TNf (f€Hk).

Proof. Define ¢ =T1 € H,. Since ¢ is a polynomial, the multiplication operator
T; is defined on the whole of Hx. We show by induction on %k that 7' = T}, on
H, for all k£ € N.

For k = 0, this is obvious. Suppose that the assertion has been proved for all
7 =0,..,k and fix a polynomial p € Hj ;. By Lemma 2.2.1 and the identity
M, (M}M,) " M} = Pran s, using p € Hy,; € C*+ = ran M, we have

M}STSM, (M} p) = M}STM,(M;M,)" " Mp
= M}6T Pran M.D
= (@A)M;(Tp)

= SR A (T).
Ak+r ‘ ( )

Using the induction hypothesis and Theorem 2.2.6, we find that

PranM; (@SOT - Z(_Cl+1)0'§\/fz (T)> PranM;‘ (Mz*p)
=0

—Lran M¥ eS0T — Z(_Cl+1) Z ’YaM,?TM:a (M:p)
1=0 la|=l
=Lran M* <@Tq SOT — Z(_Cl—i-l)o-é\/lz(lHK)) (M;p)
=0

= raan*(@TqA)(sz) = TzlpranM;‘ (@Tq)(sz)-
Since T' € Tpu(K), we conclude that

Aktr+1 4 s Ak+1 *
AMZ (Tp) = ;PranMj (EBT(I)(MZP)
Akt ag

We apply the operator M, (M*M,)~! = OM.|ran arx (cf. Lemma 2.2.1) to both
sides of this equation and further use the identities

(MjMz)_l(M:MZ) = PranMg‘, MZ(M;MZ)_IM: = Praan
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3 A characterization of Toeplitz operators with pluriharmonic symbol

from Lemma 4.2.2 a) to find that
MT}O — Mz(MZ*Mz)_I(MMZ*Tp)
Qftr At
* ~1,@ *

= M. (M;M,) 1(%PranM;(@Tq)sz)
a - *

= T OML (M M)~ (MM )(T,) M p
a

=~ OM. (ST, MZp

Q41 Ak4r+1 *
= —— 7TqMZMZ p.
ag  Qkgtr

Since M, M} = SOT — 3 72, GZ:PHk (Lemma 2.4 in [Werl4]), we conclude
that

Ak+1 ag
Tp = T, p="Typ.
ak Ak+1
This completes the induction and hence the whole proof. O

Now, we can prove, that every operator in Ty (K) is indeed a Toeplitz operator
with pluriharmonic symbol.

Theorem 3.3.6. Let T € Tpu(K) be given. Define

g= (T —Tp)(1) and h = T*(1).
Then T' = T} is a Toeplitz operator with pluriharmonic symbol f = g + h.
Proof. For k € Z, let as before

1 2w

Th e MU)TU (t)*dt

:50

denote the kth homogeneous component of T. Define g,h € Hg and the
pluriharmonic function f = g+ h as in the statement of the theorem. Our aim
is to show that 7" = T. Set

qr = Tl for k>0, q, = (Tk>*1 for k < 0.

Using Lemma 3.1.4 and Lemma 3.1.5, we find that

oo oo
T1=) Til=) q
k=0 k=0
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3.3 The characterisation

and
00 0 0
=S r= 3 @)1= Y g
k=0 k=—o00 k=—o00

where all sequences converge in Hg. Since T,T* € Tpy(K), it follows from
Lemma 3.3.4 and Theorem 3.3.5 that T}, = Tr, (1) = Ty, for k > 0 and that

(T*) & = Tir+y_ 1) = 1)1 = Ty

for k < 0. Let p € C[2] be a polynomial. Because of Ty = ((T*)_j)* we can
use Lemma 3.1.5 to deduce that

00 oo 0 0
Tp= Y Tw=Y ap+ Y Tip=Tp+ Y Typ.
k=1

k=—00 k=—o00 k=—00

Since the mapping Hx — Hg,u — T, p, is conjugate linear and continuous by
Lemma 3.2.2, we conclude that

Tp=Typ+ Typ.
Thus we have shown that T'= T} with f =g + h. O

We will now prove that conversely every Toeplitz operator with pluriharmonic
symbol satisfies our Brown-Halmos type condition and thus that these condi-
tions are equivalent. To show the missing implication, we use an approximation
argument.

Let T'= Ty € L(Hk) be a Toeplitz operator with pluriharmonic symbol f =
g+h. g,h € Hg, and let g = > i209js h = 32720 hj be the homogeneous
expansions of g and h. For k € Z and any homogeneous polynomial p € H,.
(r > 0), an application of Lemma 3.1.5 and Lemma 3.1.4 yields that

o0 oo
(Tp)kp = Pryr(Typ) = Perr (Y Typ+ Y Th )
7=0 7=0

Since Ty, (H,) C H;4, and Ty, (H,) € H_j4,, we obtain that
Ty, if k>0

(Tr)pp = Trop, k=0
Ty p, itk <O0.
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3 A characterization of Toeplitz operators with pluriharmonic symbol

Since the linear span of the homogeneous polynomials is dense in Hp, it follows
that
Ty, ifk>0
(Ty), = Try, ifk=0
T,’{_k, if £ <O0.

But then Lemma 3.1.5 shows that T is the SOT-limit of a sequence of operators
in {7, + T7;p,q € Clz]}.

Theorem 3.3.7. An operator T' € L(Hg) is a Toeplitz operator with pluri-
harmonic symbol if and only if T € Ty (K).

Proof. Let T = T} be a Toeplitz operator with pluriharmonic symbol f = g+h
with g, h € Hg. By the remarks preceding this Theorem and by Lemma 3.3.3
(a) there is a sequence (7})jen in Tpu(K) such that Ty = SOT —lim;_,oc Tj.
Since (7)) jen is normbounded by the uniform boundedness principle and since
Teu(K) C L(Hk) is weak*-closed by Lemma 3.3.3 (b), it follows that Ty =
w* —lim; 0 T € T (K). The remaining implication was proved in Theorem
3.3.6. O

3.4 An application to the Berezin transform

Given a Toeplitz operator T' € T (K) with pluriharmonic symbol, we can also
recover this symbol by considering the Berezin transform 7" of T'. Let us recall
that T is defined by

T:By—C,T(2)=(TK,,K.)

where K, = % is the normalized kernel vector at z € By.

We observe that the mapping which associates with every T € L(Hy) its
Berezin transform 7 is one-to-one. This is due to the fact that the holomorphic
function

Bd X IBd — (Cv (sz) = <TK(‘7E)7 K(7w)>
is uniquely determined by the values it takes on the conjugate diagonal defined
as {(z,2);z € By}
As usual, we denote the essential norm of an operator T € L(Hg) by ||T||e =
inf{||T — K||; K € L(Hg) compact}.

Corollary 3.4.1. Let T'=Ty € L(Hf) be a Toeplitz operator with plurihar-
monic symbol f. Then f =T and ||T|. > sup,ep, | f(2)|.
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3.4 An application to the Berezin transform

Proof. Let T =Ty € L(H) be a Toeplitz operator with pluriharmonic symbol.
It follows from Lemma 3.2.5 and the proof of Theorem 3.3.6 that f = g + h,

where
[e%e) 0
g=) g and h= ) 7
k=1

k=—o00

with ¢ = Ti1 for k > 0, g, = (T%)*1 for £ < 0. Here the series converge in
Hpg and hence also pointwise on By. As seen in the proof of Theorem 3.3.6 we
obtain that T}, = T, for £ > 0 as well as T}, = 17 for k < 0. Thus we can use
Lemma 3.1.5 to find that

~ k
()= i Y 0 k)
[k|<N
m [S - ° s
k=1 k=—N
= S 0= ) = o) 15 = s
[k|<N

for every z € By In particular, the symbol f is a bounded pluriharmonic and
hence also a bounded M-harmonic function on By (cf. remark 4.4.2 b) in
[Rud80]). But then the radial limits f*(§) = lim,4; f(r€) exist for almost
every { € S = 0By and define a function f* € L°°(S) with sup,cp, [f(2)] =
[ f*||zoe(s)- For each compact operator K € L(Hf) and every z € By, we
obtain

£(2) = (KK, Ko = (T — K)K., K2 < 1T - K.

Since weak — limy,4; K, = 0, it follows that
O =1im |f(re) — (K Kre, Krg)| < [T = K|

for almost every ¢ € S. Since K was an arbitrary compact operator, the
observation that sup,cp, |f(2)| = ||f*[|L(s) < [T — K| completes the proof.
O

In particular the symbol of a Toeplitz operator in Ty (K) is always bounded
and there are no non-zero compact Toeplitz operators in T (K). On the
Hardy and weighted Bergman spaces (i.e. if K = K, from Example 2.1.4
with m > d) even the equality ||T%|| = ||T|le = sup.cp |f(2)| holds for each
Toeplitz operator with pluriharmonic symbol f. Indeed, in these cases the
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3 A characterization of Toeplitz operators with pluriharmonic symbol

missing estimate || T[] < sup,cp, | f(2)| obviously holds. On the other hand, an
observation from [FX11] shows that on the Drury-Arveson space Hi(B), there
are even multipliers f for which the inequality in Corollary 3.4.1 is strict.

As a final result we give a characterization of Toeplitz operators with plurihar-
monic symbol in terms of their Berezin transform.
For a continuous function f : By — C and k € Z, let us define

1 2 ) )

fr(z) = / e M f(etz) dt (z € By)
2 0

If f =g+h:By — C is pluriharmonic with g, h € O(By), then fx(z) = gr(2)+

h_j(z) where g, = 0 = hy for k < 0 and g(z) = >, gk(2), h(2) = D pep he(2)
are the homogeneous expansions of g, h € O(By) (cf. Satz 2.16 in [Escl7]).

Corollary 3.4.2. Let T' € L(Hg). Then T is a Toeplitz operator with pluri-
harmonic symbol f if and only if the Berezin transform 7' : By — C,T(z) =
(TK,, K), is pluriharmonic. In this case f =T.

Proof. Let T € L(Hg) be given and define f = T. First, suppose that f is
pluriharmonic and that f = g + h with g,h € O(B,). Define gk, hy as in the
remarks preceding Corollary 3.4.2. For all t € R and z,w € By, we have

(U)K, (w) = K. (e " w Zak tw, 2) = K, (w).

Hence for k£ > 0,

1 27 )
(T ) = o / e FTU (1) K., U (1) K. dt
1 2w " )
LT ety @ — )

and (To K, K.) = f(0). Using Corollary 3.4.1 and the injectivity of the Berezin
transform, we find that

T = Tgk (k) > 0) and Tp= f(O)lHK

Since the Berezin transform of T* is given by (T*)~ = f = h + g, the above
arguments applied to T yield that

T = (T*))* =Ty, fork > 0.
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3.4 An application to the Berezin transform

But then we obtain that

N
_ . || _ :
r=sot— g 3 u-gtloym —so1— m 3
[k|<N k=0

|| ;
—m)(Tgk +T},,)-
Using Lemma 3.3.3, it follows from Theorem 3.3.7 that 7" is a Toeplitz operator

with pluriharmonic symbol. The remaining assertions are a consequence of
Corollary 3.4.1. O
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4 Analytic models

By results going back to Cowen and Douglas [CD83], Curto and Salinas [CS84],
every Cowen-Douglas operator tuple T € L(H)? on a Hilbert space H is locally
unitarily equivalent to the tuple M, = (M.,,..., M.,) € L(H)? of multiplica-
tion operators with the coordinate functions on a suitable analytic functional
Hilbert space H. In the first part of this chapter, we prove a similar model
theorem for Cowen-Douglas tuples on Banach spaces.

4.1 Cowen-Douglas tuples on Banach spaces

In the following, let Q C C% be a connected complex submanifold. Furthermore,
let X be a Banach space and T' = (T1,...,Ty) € L(X)? a commuting tuple of
bounded operators on X. For z € C? we use the notation z — T for the
commuting tuple z — T' = (21 — T, ..., 2 — Ty) € L(X)? and Z — T for the row

operator
d

Z-T: X=X, () = > (s — T
i=1
Sometimes, we will slightly abuse this notation and use z — 7" when we are
talking about the row operator Z — T.
With this notation, we have Z?:l(zi —T)X =ran(Z - 1T).

Definition 4.1.1. A commuting tuple 7 € L(X)? of bounded operators is
called a weak dual Cowen-Douglas tuple of rank N € N on  if

dim(X/ran(Z —T)) =N
for all z € Q. If in addition, the condition

ﬂ ran(Z —T) = {0}

z€Q)

holds, then T is called a dual Cowen-Douglas tuple of rank N on (2.

Note that both conditions are preserved under similarity.
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4 Analytic models

Lemma 4.1.2. Let T € L(X)4, S € L(Y)? be commuting tuples of bounded
operators on Banach spaces and let II : X — Y be an invertible bounded
linear operator with II7T; = S;II for i = 1,..,d. Then T is a (weak) dual Cowen-

Douglas tuple on Q if and only if S is a (weak) dual Cowen-Douglas tuple on
Q.

Proof. The operator
I: X/ran(Z —T) — Y/ran(Z — ),z + ran(Z — T) + Iz + ran(Z — S)

is an isomorphism for every z € ). Thus T is a weak dual Cowen-Douglas
tuple if and only if S is. Since

II(ran(Z —T)) =ran(Z — S)

for every z € Q. it follows that (,.qran(Z — T) = {0} if and only if
N.cqran(Z — S) = {0}. O

If X = H is a Hilbert space and © C C? is open, then a tuple T € L(H)? is
a dual Cowen-Douglas tuple of rank N on  if and only if the adjoint T =
(TY,...,T7) is a Cowen-Douglas tuple of rank N on the complex conjugate
domain Q" = {Z;z € 2} in the sense of Curto and Salinas [CS84]. A proof of
this statemet can be found in [Werl4], Theorem 4.19.

We want to establish next that a dual Cowen-Douglas tuple on 2 is also a dual
Cowen-Douglas tuple on each smaller domain ) # Qg C €. For open sets Q2 C
C9, this follows immediately from Lemma 4.9 in [Werl4]. Analyzing Chapter
4 in [Werl4], one notices that some of its results and in particular Lemma
4.9 remain esentially true for weak dual Cowen-Douglas tuples on connected
complex submanifolds Q C C¢. We give the details for the convenience of the
reader.

First, we recall the definition of holomorphic vector bundles in our setting.

Definition 4.1.3. (a) Let N € N*, Q C C? a complex submanifold and 7 :
E — Q a continuous map from a topological space E to 2. The map
m : E — Q (abbreviatory (E,7) or E) is called a (topological) vector
bundle of rank N over € if the following conditions hold:

(i) E, =m"'({z}) is an N-dimensional vector space for all z € Q.

(ii) For every zp € €, there exist an open neighbourhood U of 2y and
a homeomorphism h : Ey = 7 Y(U) — U x CV (equipped with
the product topology) such that P; o h = m (where P; denotes the
projection on the first d components) and such that, for every z € U,
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4.1 Cowen-Douglas tuples on Banach spaces

the map h|g, is a vector space isomorphism from E, to {z} x CV =
CN. The map h is called a linear chart of E over U, its inverse h~!
is called a trivialization of E over U.

If (Uj)ier is a family of open sets covering 2 with associated linear charts
hi : By, = U; X CN, then (h;)ier is called an atlas of E. The set Q is called
the base space of the vector bundle.

An atlas (h;);er of the vector bundle E is holomorphic if, for all 7,5 € I
with U; N U; # 0, the mappings

hioh ' (UinUj) x CY — (U;nU;) x CY
are holomorphic.

Two holomorphic atlases A = (h;)icr, A" = (gj)jes of a vector bundle E
consisting of linear charts h; : Ey, — U; X CN, gj + Bv; — V; x CN are
holomorphically equivalent if the mappings

hiogi': (UinVy) x CV — (UinVy) x N

are holomorphic for all ¢ € I, j € J with U; NV} # 0. The equivalence
class of a holomorphic atlas is called a linear holomorphic structure of F.
A vector bundle 7 : E — € with a linear holomorphic structure is called
a holomorphic vector bundle. Every map h : Ey — U x CV contained in
a representing holomorphic atlas is called a holomorphic chart of £ and
every inverse of such a map is called a trivialization of the holomorphic
vector bundle E.

(i) Let # : E — Q be a vector bundle of rank N € N* let U C Q
be open and let (h;);cr be an atlas of E consisting of linear charts
h; : Ey, — U;xCN. A continuous function f : U — E with mof = idy
is called a section in E over U. For each ¢ € I with U NU; # 0, the
map

fni :UNU; = CN, fi = Pyo by o flunu,

is called the representation of f in the chart h;. Here, P, : C*xCN —
CV is the projection onto the last N variables.

(ii) Let m : E — € be a holomorphic vector bundle and suppose that
the atlas A = (h;);es represents the holomorphic linear structure of
E. A section f: U — FE is called holomorphic if its representations
fn; : UNU; — CY in the charts h; are holomorphic for all i € I with
U NU; # 0. This definition does not depend on the choice of A. Let
ot (U, EY) denote the set of all holomorphic sections in E over U.
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Note that for f,g € Tyhw1(Q, E), z € Q, we have f(2),g9(z) € E, and thus,
the set T'no1(2, E') can be given the structure of a vector space. The neutral
element is the zero section 0 = Op, . &) € ['hol(€2, E) acting as 0(z) = 0g, for
every z € ). We can prove a variant of the identity theorem for holomorphic
sections.

Lemma 4.1.4. Let 7 : E — § be a holomorphic vector bundle of rank N &€
N* over a connected submanifold Q C C?. Further, let v € Tho(Q2, E) be a
holomorphic section such that there is an open set () # U C Q with vy(z) = 0g,
for every z € U. Then, we have y(z) = 0g, for all z € Q.

Proof. The set
A={we QI C Q open:w € W and ~(z) = 0g, for every z € W} C Q

is not empty by hypothesis. Since A C ) is obviously open and €2 is connected,
it suffices to show that A C Q is closed. Let (z)ren be a sequence in A and
zo € Q with limg_.oo 2 = z9. By definition of a vector bundle, there are a
connected open neighbourhood V of zg and a linear chart h : By — V x CN.
There is k € N with z; € V and since z; € A, we can choose Wy € U(z)
open in Q with Wi C V and v(z) = Op, for every z € Wy. The function
Pyohonly : V — C¥ is holomorphic with

(Paohonlv)lw, =0.

By the identity theorem for holomorphic functions on connected open subsets
of manifolds, we have P, o ho~y|y = 0. Since every restriction h|g, (z € V) is
an isomorphism, we conclude that v(z) = Op, for every z € V. In particular,
zp € A and thus A C € is indeed closed. O

As in the case of open sets Q C C? one can associate with each weak dual
Cowen-Douglas tuple T € L(X)? on our manifold @ C C? a holomorphic
vector bundle.

Theorem 4.1.5 (Theorem 4.4 in [Wer14]). Let Q C C? be a connected complex
submanifold and T € L(X)? a weak dual Cowen-Douglas tuple of rank N € N*
on Q. Then Er = |J,cqfz} x X/ran(Z — T) can be given the structure of a
holomorphic vector bundle in a canonical way.

Proof. We equip

Er = |J{z} x X/ran(Z - T)
z€N
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4.1 Cowen-Douglas tuples on Banach spaces

with the quotient topology induced by the surjective map
q:Qx X = Ep,(z,2) = (2,2 +ran(Z —T)).

Writing
m:Epr — Q,(z,x+ran(Z —T)) — z

for the canonical projection, we first show that (Ep, ) is a topological vector
bundle. First note that for 2 € Q, the set 7~ 1({z}) = {2} x X/ran(Z —
T') can be given the vector space structure from X/ran(Z — T) and since T
is a weak dual Cowen-Douglas tuple of rank N, condition (i) in Definition
4.1.3 (a) is fulfilled. Since mogq : Q@ x X —  is continuous, the map 7 is
continuous. Next, we will construct an atlas on Ep. For that end, we make
some preliminary observations. Fix an arbitrary point zp € Q and let D C X
be an N-dimensional subspace with

X =ran(zo—T) @ D.

Define
d

T(z): X*®D — X, ((x)l1,y) = Y _(z — Tz + .
=1
Then,

xeD X x40

is an analytically parametrized complex on C¢ which is exact at z = 2. By
Lemma 2.1.5 in [EP96] there is an open neighbourhood V' C C? of z in K
such that the induced map

d
O(V,X*® D) = O(V, X), ((g:) =1, h) = > _(zi = Ti)gi + h
=1

is onto. Considering constant functions, we in particular have
X=ran(Z-T)+ D

for all z € V. Define 9 = QN V. Since dim X/ran(Z —T) = N for all z € Q,
this ensures that
X=ran(Z-T)® D

for all z € Qp. For z € Qq, let Po,(z) : X — D denote the projection onto D
with kernel ran(Z — T') given by the decomposition X =ran(Z —T) @& D and
let Pq, denote the induced operator-valued function Py, : Q¢ — L(X),z —
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Po,(2).
Fix a basis e1,...,ex of D and let Eq, = (Er)q, = 7 (). Furthermore, we
consider the corresponding homeomorphism

N
d:D— CN,Zaiei — (ai)ﬁil
=1

and the induced homeomorphism
gy U x D = QY xCV (2,2) = (2,®(x)).

Define hg, = ®q, o iLQO where

ha, : Eq, = Qo x D, (z,z +ran(Z —T)) — (z, Po,(2)x).
Additionally, we define
oo - 0 X D — Eq, (z,2) — (z,x +ran(Z —T))

and consider the composition go, = g, © @53.

Obviously, ga, and hg, are inverse to each other. One easily checks that the
restrictions hq,|p, on the fibres E, = 71({z}) are linear for all z € Q, thus
hq, has the same property. Since go, = ¢lo,xD, the map gq, is continuous by
the definition of the topology on Er and the continuity of @5&. It remains to
be shown that

BQO 0q:QxX —=QyxD,(z,x) — (2, P, (2)x)

is continuous to establish the vector bundle structure of Ep with respect to the
atlas given by the maps hq,. It is sufficient to show that Pq, is continuous.
We will even show that Pg, is analytic which will be needed to establish the
holomorphic vector bundle structure on Er anyway. By Theorem A.2.9 in
[Miil07], we only have to show that the map

Qo — D,z — Po,(2)x

is analytic for every x € X. Fix z € X. By the choice of 2y there are analytic
functions f{, ..., fi € O(Qo, X) and g* € O(Qp, D) such that

d

v = (5= T)ff(2) +9°(2)

=1
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4.1 Cowen-Douglas tuples on Banach spaces

holds for all z € Q. Since ¢*(z) € D for all z € Qp, we conclude that
g% (z) = P, (z)x for all z € Q.

Hence the mapping Po,(-) is analytic.

Next, we show that Ep is a holomorphic vector bundle. To that end, we
consider the atlas given by the open sets )y and the linear charts hq, defined
above. For two such open sets Qg, Qo with Qo N Qo # 0, the map

hQO o hg_z; : (Qo ﬂﬁo) x CN — (Qo N Qo) x CN
acts as

(hgy, © hgy) (2, (0i)ily) =

(P, © By, © hgg © Py ) (2, (€)iZa)
= (®q )(Z ®H(aq) iy +ran(Z ~ 1))
= ®g, (Z Py (2)(@7(0i)iLy))
= (2, (® 0 Py, (2) 0 @) (cn)ily).
Since the transition function ®o Fg (-) o®~ ! is an analytic function on QN Qy,

the atlas is holomorphic. The corresponding holomorphic linear structure turns
(E7, ) into a holomorphic vector bundle. O

This vector bundle structure and the identity theorem for holomorphic sec-
tions from Lemma 4.1.4 enable us as in [Werl4] to prove the following useful
observation.

Lemma 4.1.6 (Lemma 4.9 in [Werl4]). Let Q C C? be a connected submani-
fold and T € L(X)? a weak dual Cowen-Douglas tuple. Then the map

p: X — Fhol(Q,ET),ﬂj — .%,
where Z(z) = (2, +ran(Z — 1)) for z € €, is well-defined and linear with

ker p = ﬂ ran(Z —T).
z€Q

Further, we have

ﬂ ran(Z —T) = m ran(Z —T)

z€Q zeU

for every open subset ) # U C Q.
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4 Analytic models

Proof. Let x € X be arbitrary. Then z is the composition of ¢ : 2 x X — Erp
from Theorem 4.1.5 and the continuous map 2 — Q x X,z — (z,x). Hence &
is continuous with 7 o & = idg and therefore a section in E7 over 2. Consider
the linear charts hq, and the map ® defined in the proof of Theorem 4.1.5.
Then we obtain

Py o hg, 0 &g, = ® o Po,(-)z

for the representation of £ in the chart hg,, which is analytic by the proof of
Theorem 4.1.5. Hence & is a holomorphic section in E7 over 2 and p is well-
defined. The linearity of p follows by an easy calculation. Note that x € ker p
if and only if x € ran(Z — T') for all z € . Thus the first equality follows.
Now let ) # U C Q be an arbitrary open subset. If z € (), ran(Z — T), then
#|ly = Op,,(U,Er)- By Lemam 4.1.4, we obtain & = Op,_ (0 £,)- O

In particular, we obtain that every dual Cowen-Douglas tuple T" of rank N on
a connected submanifold © C C? is also a dual Cowen-Douglas tuple of rank
N on every smaller domain g C €.

We want to find holomorphic model spaces for dual Cowen-Douglas tuples.

Definition 4.1.7. Let Q C C?% be a connected submanifold. A holomorphic
model space of rank N over 2 is a Banach space X C O(Q2, D) such that D is
an N-dimensional complex vector space and

(i) M. € L(X)?,

(i) for each X € Q, the point evaluation ey : X — D, f — f()), is continuous
and surjective. Here D is equipped with its unique norm topology.

A holomorphic model space X on € is called divisible if in addition, for f € X
and A € Q with f(\) = 0, there are functions g, ..., gg € X with

d
f= Z()\z - Mzi)gz'-
=1

We quickly check that the multiplication tuple M, € L(X)¢ on a divisible
holomorphic model space is a dual Cowen-Douglas tuple.

Theorem 4.1.8. Let X C O(, D) be a divisible holomorphic model space of

rank N. Then M, € L(X)? is a dual Cowen-Douglas tuple of rank N on Q.

Proof. For A € (, the point evaluation e) : X > Dis surjective and thus
induces a vector space isomorphism

€ : )A(/kerq — D,z +kerey — x(N).
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4.1 Cowen-Douglas tuples on Banach spaces

Since X is divisible, we conclude dim X/ran(\ — M,) = dim X /kerey = N.
Obviously, we have

m ran(A — M) = m kerey = {0}.
AeQ AeQ

Thus the assertion follows. O

Every weak dual Cowen-Douglas tuple can be modelled as a multiplication
tuple on a divisible holomorphic model space. To state the corresponding
result, we equip O(Q, D) (Qp C 2 open) with its usual Fréchet space topology.

Theorem 4.1.9. Let T € L(X)? be a weak dual Cowen-Douglas tuple of rank
N on Q. Then for each Ag € 2, there is a continuous linear map p : X —
O(Qp, D) where 2y C Q is a connected open neighbourhood of Ay in € such
that

(i) pT; = M,,pfori=1,..,d,

(ii) kerp =N,cqran(Z —1T),

(ili) X = p(X) equipped with the norm ||p(z)| = ||z + ker p|| is a divisible
holomorphic model space of rank N on €.

Proof. Let A\g € Q be arbitrary. Choose a linear subspace D C X such that
X =ran(\—T) @ D.

Then dim D = N. As in the proof of Theorem 4.1.5 we find a connected open
neighbourhood g of Ay in € such that, for each x € X, there is an analytic
function ¢* = (g%, ..., g%, 9%) € O(Qo, X ® D) with

d

z—gh(z) = (2 —Ti)gi () € ran(Z —T)
i=1

for all z € Q. For each z € )y, we conclude that the linear map

d
D — X/Z(Zi —T) X,z — [z]
i=1

is surjective between N-dimensional vector spaces. Hence these maps are iso-
morphisms. But then, for each x € X and z € ), there is a unique vector

59



4 Analytic models

x(z) € D with x — z(z) € E?Zl(zi — T;)X. With the notation from above, the
map
Qo — D,z x(z) = gH(2)

is analytic for every x € X.The induced mapping
p: X —0O00,D),x— x()

is linear with

d d
kerp= (D (s —-T)X =)D (s - T)X

2€Qp i=1 zeQ i=1

by Lemma 4.1.6. In paricular, it follows that kerp C X is a closed linear

subspace. For z € Qy and j = 1,..,d, the image Zle(zi —T)X of z—T is

invariant for 7} and this yields

Tjw = 2j2(:) = Ty(w = a(2) = (3 ~ T)a(2) €

7

(Zi — TZ)X

d
=1

for every x € X. Hence p fulfills condition (i). Equipped with the norm
lp(z)|| = ||x + ker p||, the space X = p(X) is a Banach space. Writing 7} :
X/kerp — X/kerp,x + ker p — Tjz + ker p for j = 1,...,d, we have

Mz pzl| = || pTjz|| = Ty + ker pl| < [[T5]l[|p(=)]]

A~

for all z € X and j = 1,..,d and thus M, € L(X)? is a commuting tuple of
bounded operators on X. By definition,

p(r)=x forall z € D.

Hence the point evaluations e, : X — D (z € Qp) are surjective. Since the
mappings

d
¢::D =X/ (z—T)X, x> [z] (2€Q)
=1

are topological isomorphisms and since the compositions
d
X = X/ (2= T)X, @ — q:(e(p(x))) = [7]
i=1

are continuous, it follows that the point evaluations e, : X — D(z € Q) are
continuous. Thus we have shown that X C O(£, D) with the norm induced
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by p is a holomorphic model space.

To see that X is divisible, fix a vector x € X and a point A € {2y such that
2(A) = 0. Then there are vectors z1,...,24 € X with x = Zle(/\i — T;)x;.
Hence

ple) = (N —M)p(e:) € Y (N — M) X.

i=1 i=1
Since the compositions

d d

X5 X5D (2eQ)

are continuous, a straightforward application of the closed graph theorem shows
that also p : X — O(Qp, D) as a mapping with values in the Frechet space
O(Q, D) is continuous. O

Note that, if T is even a dual Cowen-Douglas tuple, a mapping p : X — X as
in the proof of Theorem 4.1.9 is injective and thus an isometric isomorphism.
In particular, the tuples T € L(X)% and M, € L(X)? with X C O(Qy, D)
are similar in this case. This local model characterizes the class of all dual
Cowen-Douglas tuples.

Corollary 4.1.10. A commuting tuple T € L(X)? is a dual Cowen-Douglas
tuple of rank N on a given connected complex submanifold Q C C? if and only
if, for each A € €2, there exist a connected open neighbourhood ¢ C 2 of A
and a divisible holomorphic model space of rank N on €2y such that T and the

multiplication tuple M, € L(X)? are similar.
Proof. The necessity of the stated condition follows from Theorem 4.1.9 and the

subsequent remarks. Since the tuple M, € L(X )% on a divisible holomorphic
model space of rank N on €y is a Cowen-Douglas tuple of rank N on gy by
Theorem 4.1.8 and since similarity preserves this property (cf. Lemma 4.1.2),

the sufficiency follows. O

The preceding result should be compared with Corollary 4.39 in [Werl4], where
a characterization of Cowen-Douglas tuples on suitable admissible domains in
C¢ is obtained.

There is a canonical way to associate with each weak dual Cowen-Douglas tuple
of rank N on ) a dual Cowen-Douglas tuple of rank N.

Corollary 4.1.11. Let T € L(X)? be a weak dual Cowen-Douglas tuple of
rank N on ). Then the quotient tuple

d
TP =7/ (2 -T)X

z€Q =1
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defines a dual Cowen-Douglas tuple of rank N on €.

Proof. Fix Ag € €. Choose a map p : X — O(Qp, D) as in Theorem 4.1.9.
Then X = p(X) C O(Q, D) is a divisible holomorphic model space of rank N

on {)y. Since
d
ferp— (30— TOX.
z€Q i=1

the tuples TCP and M, € L(X)? are similar via the isometric isomorphism

X/kerp 2 X induced by p. By Corollary 4.1.10 the tuple TCP is a Cowen-
Douglas tuple of rank N on {2. O

4.2 Regular tuples on Hilbert spaces

On Hilbert spaces, a model theorem similar to Theorem 4.1.9 holds for a larger
class of operator tuples.

For a tuple T = (T, ..., Ty) € L(H)% of bounded linear operators on a Hilbert
space H, we denote its wandering subspace by

d
W(T)=Ho> TH
=1

In the following, we will denote by ||z|| = v/>.%, |2i|? the Euclidean norm of
an element z € CY,

Definition 4.2.1. A tuple T € L(H)% of bounded linear operators on a Hilbert
space H is called regular at 0 if there is a positive real number € > 0 such that,
for z € C% with ||z < ¢, the subspace ran(Z — T) C H is closed and H
decomposes into the algebraic direct sum

H=ran(Z-T) e W(T).

To obtain a model theorem for regular tuples, we need to make some prelimi-
nary observations.

As before, let T = (T4, ...,T;) € L(H)? be a commuting operator tuple with
closed range Zle T;,H C H. We write T* : H — H% h — (T/h)%,, for the
adjoint of the row operator T : H? — H, (h;)%_; — Z?:l Tih;.

Since T has closed range, the operator T*T : ranT* — ranT™ is invert-
ible. We denote its inverse by (T*T)~! and consider the column operator

L= (T*T)~'T* € L(H, H?). Further, for z € C? with ||z|| < II%H’ we define

P(z2)=(T - 2Z)L(1y — ZL)™' € L(H),
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where Z : HY — H, (h;)%_, — Zle z;h; denotes the row operator induced by

z. Note that we use the convention i‘ = oo if L = 0 and also note that the

mapping Bm(o) — L(H),z+— P(2) = (T — Z)L Y2 ,(ZL)¥ is holomorphic.

Lemma 4.2.2. Let T € L(H)? be a commuting tuple of bounded linear oper-
ators such that the induced row operator T : H* — H has closed range. With
the notation introduced above, we have

(a) LT = Panp+ and TL = Poan 7,

(b) for all 2 € B_1 (0), the operator P(z) is an idempotent, i.e. P(z) = P(z)?,

1
[RA]

(c) for all z € BH%H (0), we have 15 — P(z) = Py ()(1g — ZL)™! and
ran(lg — P(z)) = W(T).

Proof. Using the orthogonal decomposition
H? =ranT* @ ker T

one easily obtains the first equality in (a). Let f € H be arbitrary. Since
H =ranT @ ker T and ranT = T'(ranT*), there are f; € ranT™, fo € ker T™*
with f =T f; + fo. Using the first equality in (a) we obtain

T(T*T)'T*f = T(T*T)~'T*T f,
:TPranT*fl = Tfl = Praan-

For z € B B (0), we conclude that

Lly —ZL)™ YT - Z) = LT + Li(ZL)k“T —L i(ZL)kZ
k=0 k=0

o
=LT - LY (ZL)*Z(1ya — LT)
k=0
= Pantr — L(ly — ZL) ' ZPier 1.
Due to ran L C ran T* = (ker T')* this yields the identity

P(2)* = (T — Z)(Peant+ — L1y — ZL) ' Z Py 1) L(1y — ZL) ™' = P(z)
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(0). Finally, we use the second equality from part (a) to see

for every z € B hr
that
ly—P(z) =1y — (T - Z)L(1y — ZL)!
=(1g —TL)(1g — ZL)™" = Pyry(ly — ZL) ™
and hence that (1 — P(z))H = W(T) for z € B_1_(0). O

R

If T € L(H)? is a commuting tuple such that TH? C H is closed, then H =
ran(Z —T) + W(T) for z € B_1 (0), This follows immediately from Lemma

1Ll

4.2.2, since ran P(z) Cran(Z —T) for z € B”1|

L
also determine ran P(z) for every z € Brln (0).
L

(0). For a regular tuple, we can

Lemma 4.2.3. Let T € L(H)? be commuting. Then T is regular at 0 if and
only if TH? C H is closed and there is an € > 0 such that

ran(T — Z) N W(T) = {0} for ||z]| < e.

In this case we have, for all z € B”1” (0),

ran P(z) = ran(T — 7).

=~

Proof. Suppose that TH? C H is closed. By Lemma 4.2.2 (c)

1
H =ran P(z) @ W(T) for ||z]] < o

By definition ran P(z) C ran(T— Z) for ||z|| < m If ran(T—Z)NW(T) = {0}

for ||z|| < €, then the above direct sum decomposition yields that ran P(z) =

ran(T — Z) for ||z]| < min(e, m) The identity theorem applied to the holo-

morphic map

B (0)—= L(H),z— (1g — P(2))(T — Z)

IL]l

yields that ran(7" — Z) C ran P(z) C ran(T — Z) for all z € B_1 (0). The

1Ll
remaining implication obviously holds. O

To give some examples of operator tuples which are regular at 0, we recall the
definition of the Koszul complex K*(T, X) of a tuple T = (11, ..., Ty) € L(X)?
of commuting operators on a Banach space X. It is defined as the sequence

59 ok od-t

K*(T,X): 0—— A%(X) "= AYX) T— ... — 5 AYX)——0,
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4.2 Regular tuples on Hilbert spaces

where A(X) = AY(C) ® X denotes the space of all forms of degree i with
coefficients in X and &% : AY(X) — A™L(X) acts as

d
0p(Y wrer) =Y > (Tyzr)e; Aer

|I|=i j=1|I|=i

for i =0,...,d — 1. We can obviously identify A°(X) = A%(X) = X as well as
AN(X) =2 AH(X) =2 X9 as vector spaces. With respect to this identification,
the map (5%_1 : X% — X can be interpreted as the row operator associated with
T.

For i =0, ..., d, the vector spaces
H (T, X) = ker(64)/Bild(65 1)

are called the cohomology groups of the Koszul complex. Here, by convention
64 =o' = 0.
As above, we use the identification H4(T, X) = X/ Zle T; X.

Lemma 4.2.4. Let T € L(H)d be a commuting tuple of bounded operators
on a Hilbert space. Under any of the following three conditions

(a) ranT = H,

(b) ranT C H is closed and HY(T, H) = {0},

(c) T is a weak dual Cowen-Douglas tuple on some open ball B,(0) C C¢,
the tuple T is regular at 0.

Proof. First consider T' € L(H)? with ranT = H. Then W(T) = {0} and T
is regular at 0 by Lemma 4.2.3. Secondly, suppose that ranT C H is closed.
Then the condition H4~Y(T, H) = {0} means that the sequence

007 )
A2 (H) <L> ATV H) o W(T)

(5r0)

AYH) =0,

where i : W(T') — H denotes the inclusion map, is exact at z = 0. By Lemma
2.1.3 in [EP96] there is a real number € > 0 such that this sequence remains
exact for every z € C? with ||z|| < e. But then

(T - Z)H e W(T)=H
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for ||z|| < € and Lemma 4.2.3 implies that T is regular at 0.
Suppose that T is a weak dual Cowen-Douglas tuple of rank N on some open
ball B,(0) € C? Then ran(T) C H is closed and by the proof of Theorem
4.1.5

H=ran(Z -T)oW(T)

for ||z|| sufficiently small. Again the regularity of T" at 0 follows from Lemma
4.2.3. O

In the following, let T € L(H)? be a commuting tuple that is regular at 0. We
denote by L; € L(H) (i = 1,...,d) the components of the column operator L =
(T*T)~1T* € L(H, H%) and we use the notation L; = L;,...L;, for arbitrary
index tuples j = (j1,...,jx) € {1,...,d}*. To simplify the notation we write
Qr=20B o (0) for the open Euclidean ball with radius m at z = 0. We equip

1Ll
the space O(Qr, W(T)) of all analytic W (T')-valued functions on Qp with its
usual Fréchet space topology of uniform convergence on all compact subsets.

Theorem 4.2.5. Let T € L(H)? be regular at 0. Then the map
V:H—=OQp,W(T)), Vx)(z) =1y — P(z))z
is continuous linear with Vz = x for € W(T') and
() VI, = M., V(i =1,...,d),
(ii) ker V' =7"_0 X jajmm TH = N.eq, ran(Z = T),

(i) if we equip the vector space H = ranV C O(Qp, W(T)) with the norm
|[Vz| = ||« + ker V||, it is a functional Hilbert space and its reproducing
kernel is given by

KT : QT X QT — L(W(T)),
Kr(z,w) = Py (lg — ZL) " (1g — L'W*) "y (r).
Proof. By construction and Lemma 4.2.3, for z € Qr and « € H, the vector
2(z) = (1g — P(2))x = Py(ry(ly — ZL) '

is the unique element in W(T') such that x — x(2) € ran(T" — Z). Using the
remarks preceding Lemma 4.2.2; we see that the vector x(z) depends analyt-
ically on z. Obviously the map V is linear with Vo = z for « € W(T'). The
function Qp — L(H),z — P(z) is continuous and thus uniformly bounded
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4.2 Regular tuples on Hilbert spaces

on every compact set K C Qp. We conclude that V is continuous. Since
ran(T' — Z) =Y «;<q(Ti — zi)H is invariant for the operators Tj (j =1, ...,d),
it follows that for z € Qp and z € H,

Tjx — zjx(2) = Tj(z — x(2)) + (T} — zj)x(z) € ran(T — Z).

Hence the map V intertwines the tuples 7" on H and M, on O(Qp, W(T))
componentwise. To calculate the kernel of V', note that, for x € H and 2z € Qp,

ZPW (ZL) x—zz (Pwery > Ljx)z

k=0 |a|=k jGJ(a

where for each k € N and o € N with |a| = k, the set J(«a) consists of all index
tuples j = (j1, ..., %) € {1,...,d}* such that, for each i = 1, ...,d, exactly ; of
the indices j1, ..., jx equal i. The map S : L(H) — L(H), X — >4 T, X L;,
is continuous linear with Py () =1g —TL =1 — Y7r(1g) and thus

H

E PW(T =1g—X7(1y) (m=>0).
7=0

For x € kerV, we have Py (1))
m > 0, we conclude that

jed(a ij = 0 for all @ € N% Hence, for

Z Z T | Pw(r Z Ljx
=0 |a|=k ]EJ(Oc)
m—1
:Z%PW@ r=x— > T Y Lz
=0 |a|=m jeJ (o)

Thus ker V. C N, > laj=m T“H. Conversely, if a vector z € H belongs to
the intersection on the right-hand side, then

Va e ﬁ > VI°HC ﬁ > M2OQr, W(T)) = {0}.

m=0 |a|]=m m=0 |a|=m

Thus the first equality in part (ii) has been shown. The second equality follows
immediately from Lemma 4.2.3, since ker(1y — P(z)) = ran P(z) = ran(T — 2)
for all z € Qrp.

Define the mapping K : Qp x Qp — L(W(T)) as in part (iii) of the theo-
rem. For f € H, there is a unique vector z(f) € (ker V)L with f = Va(f).
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4 Analytic models

Since limy oo f = f in H if and only if limj_q z(fx) = z(f) in H, all point
evaluations on H are continuous. Thus H is a functional Hilbert space. For
y e W(T), gy € kerV and w € Qp, we can use the representation 1 — P(w) =
Py ry(1g —WL)™! from Lemma 4.2.2 to obtain that

(g = L*W*) " hy, 9) = (y, (V) (w)) = 0.

Let f € H, y € W(T) and w € Q7 be given. Define 2 = z(f). Then
(f(w),y)wery = PweryLa = WL e y)m = (2, (g — L'W*) 7'y) (ker vyt
= (Va,V(lg — LW ) g = (f Kr( w)y)
and hence K is the reproducing kernel of the analytic functional Hilbert space
H. O]
Very elementary examples even of single operators on finite-dimensional Hilbert

spaces show that Theorem 4.2.5 need not be true if instead of the regularity at
0 one only demands that the space TH? C H is closed.

Example 4.2.6. Consider the nilpotent partial isometry T' € L(C?) acting as
T(x,y) = (y,0). The operator T*T acts as the identity on ran7™* = {0} & C.
In particular, we have L(z,y) = T*(z,y) = (0,z) for all (z,y) € C? and
|IL|| = 1. An elementary computation shows that P(z)(z,y) = (x, —zz) for all
(z,y) € C? and z € Q7 = D. Thus the mapping V defined in Theorem 4.2.5 is
given by V : C2 — O(D, {0} @ C),
V(z,y)(2) = (0, 22 + ).
Hence (VT)(1,0)(z) = (0,0), while (M,V(1,0))(z) = (0, 22) for z € D.

Condition (ii) in Theorem 4.2.5 implies that W (T) C (ker V). An elemen-
tary argument shows that W (T') coincides with the wandering subspace of the
compression of T to (ker V).

Corollary 4.2.7. Let T € L(H)? be regular at 0. Writing V for the map from
Theorem 4.2.5, we have

W(T) = W(P(kerV)J-T’(kerV)J-)'
Proof. We have

(ker V)X © W(T) = {z € (ker V)*; (z,y) = 0 for all y € H © ran T’}
=ranT N (ker V)1
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4.2 Regular tuples on Hilbert spaces

For (z;)%_, € H? with T(z;)L, € (ker V)*, we have

T(2i){—1 = Paeer vy Tl (er vyt (Plrer vy L Ti)i=1,
since ker V' is invariant for 7. This yields

(ker V)= © W(T) C ran(Pyer vy T | ker vy L)
On the other hand, for (x;)%; € ((ker V)1)4, y € W(T), we have

<P(ker V)J-T|(kerV)J-(xi)g:17y)(kerV)J- = <T(xi)§l:1a y>H = 0.
O

In the following we use the notation Hoo = (), _, Z|a\:m T*H. We call a
commuting tuple T € L(H)? analytic if Hy, = {0}. If a commuting tuple
T e L(H)% is unitarily equivalent to the multiplication tuple M, € L(H)? on a
functional Hilbert space HC O(Q, D) on a connected open zero neighbourhood
Q C C%, then T is neccessarily analytic. The next immediate corollary from
Theorem 4.2.5 shows that, under the additional hypothesis that T is regular
at 0, also the converse implication holds.

Let H/kerV = (ker V)* be the quotient space of H modulo the kernel of V.
As before, we denote the elements of H/ker V by = + ker V.

Corollary 4.2.8. Let T € L(H)? be regular at 0 and let
V:iH— O, W(T))

and H = ranV be defined as in Theorem 4.2.5.
Then the compression Py vy1T | (ker vyt 1s unitarily equivalent to M, € L(H )é

via the unitary operator V : (ker V)*+ — H.IfTis analytic, then T is unitarily
equivalent to the multiplication tuple M, € L(H).

Proof. The first part follows immediately from Theorem 4.2.5. If in addition
T is analytic, then by Theorem 4.2.5 we have ker V' = Hy, = {0} and hence T
is unitarily equivalent to M, € L(H)%. O

Let T € L(H)? be regular at 0 and let
V:H—H

be the mapping constructed in Theorem 4.2.5. Then V is a surjective partial
isometry onto the functional Hilbert space H C O(Qr, W (T')) that intertwines
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4 Analytic models

the tuples T € L(H) and M, € L(H)% componentwise. Fix an operator
S € L(H) with
ST, =T,S (i=1,.,d).

Since
F)(kerV)LT‘Z'Vv>|< = V*Vﬂv* = V*MZZVV* =V*M
for : = 1,..,d and since the space

kerV = ﬂ ran(Z —1T)

Z2€QT

is invariant under S, it follows that
(VSV* )M, = VSPye vy TV = VST,V* = M, (VSV™)

for i =1,...,d. It follows easily from the construction of the functional Hilbert
space H in Theorem 4.2.5 that all point evaluations ey : H — W(T') (A € Qr)

are surjective with
d

kere)\ = Z(}\Z — MZZ)IA{
i=1
Then Lemma 4.4 from [Sch18] shows that there is a multiplier § € O(Qr, L(W(T')))
of H such that X
(VSVHf=0f (feH).

For all x,y € W(T') and w € Q, we use the reproducing kernel from Theorem
4.2.5 and Lemma 4.2.2 ¢) to conclude

(O(w)x, y)wry = (0=, Kr(-, w)y) 4
= (0x,(1g — P(:))(1g — L*W*)_I?J)}L}
= 0z, V(g — L*W*)~! Y)
= ((ly = WL)"'V*Mpz,y)
= ((lg — WL 'SV*z,y)
= (Pwry(lg — WL) 'Sz, y)w(r).-
Here, we slightly abuse the notation and denote the constant function
Qr > W(T),z—z (xeW(T))

in H also by 2. From this, we obtain

0(w) = Py ry(1ir — WL) ™ Sl
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4.2 Regular tuples on Hilbert spaces

for every w € Qp. If T is in addition analytic, then it follows that every
operator S in the commutant of 7" is unitarily equivalent via V : H — H to a
multiplication operator My induced by a multiplier 8 of the analytic functional
Hilbert space H. For the particular case that 7' € L(H) is a single pure
isometry, this observation is contained in [MS] (Theorem 2.2).
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5 A generalized Wold decomposition

Each isometry 7' € L(H) on a Hilbert space H is a direct sum
T=T79 a7V e L(Hy ® H)

of a unitary operator T\®) € L(Hp) and an operator T") € L(H;) which is
unitarily equivalent to a Hardy space shift M, € L(H?(D, D)) for some Hilbert
space D. The Hardy space H?(ID, D) is the D-valued analytic functional Hilbert
space on D with reproducing kernel

1
1—z2w’

K:DxD—C K(z,w) =

Note that isometries are characterized by the operator identity 17 — 7T = 0.
The left-hand side of this identity is obtained by replacing z and w in the recip-
rocal 7 (z,w) of the kernel K by the operators T* and T. In [GO12], Giselsson
and Olafsson proved corresponding decomposition theorems for Hilbert space
operators T € L(H) satisfying higher order operator identities related to the
reproducing kernel

1

(1 —zw)™

K2 :DxD—C,Ky(z,w) =

on the unit disc. This was further extended in the joint paper [EL18] to a
multivariable setting, i.e., to the case of commuting tuples T € L(H)? satsifying
suitable identities related to the reproducing kernel

1

KmIBd X]Bd—)(C,Km(Z,w) = W

on the unit ball B; C C?. The aim of this chapter is to show that a similar de-
composition theorem holds even in the setting of unitarily invariant functional

Hilbert spaces on By.

In the following, let Hx be a unitarily invariant space with reproducing kernel

oo
K :B;xBg—C,K(z,w) = Zak<z,w)k
k=0
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5 A generalized Wold decomposition

such that ag = 1, ax > 0 for all k, sup - <0 and inf#ﬁl > 0. Further-

ag
f+
more, suppose that k: D — C,z— Y 2, a,z", has no zeroes. As before let us
denote the Taylor coefficients of % by (¢k)ken-

We consider a commuting tuple T = (T%,...,Ty) € L(H)? of bounded linear
operators on a Hilbert space H which is regular at 0 (cf. Definition 4.2.1). In
particular, the row operator T' : H? — H has closed range and thus T*T :
ranT* — ranT™ is invertible. As in Chapter 4.2, we denote its inverse by
(T*T)~! and consider the column operator L = (T*T)~'T* € L(H, H%). We
define an operator 7 € L(H) by

dp = (ranT KRN ran 7)™ (T*T)~'T*,

and suppose that the limit

Ar =SOT = (~cri1)oh(1n)
k=0

exists. Here, op : L(H) — L(H) is the operator given by op(X) = Zle T;XT;.
If K = K,, is the kernel of the generalized Bergman space A2 (B,), then

m—1 ' m )
A=Y (17 (" Yohtin)
=0

and we proved in [EL18] that an analytic commuting tuple T € L(H)? that is
regular at z = 0 is unitarily equivalent to a shift M, € L(A2,(By) ® D)? if and
only if T satisfies the operator identity

(T*T)_l = (®AT) [ran 1

For a general kernel K as explained above, let us denote by W(K) the set of all
commuting tuples T' € L(H)? that are regular at z = 0 and satisfy the identity

(T*T)_l = (®AT)ran 1>
For T' € W(K), the column operator
L:H— H oz (T"T) T = (ArT7 )L,

induces a commuting tuple (ArT;)%_; € L(H)? which we also denote by L.

74



Lemma 5.1. For T' € W(K), the intertwining relations 707 = ArT; (i =
1,...,d) hold. In particular, the tuple L = (ATTi*);i:1 € L(H)? is commuting.

Proof. For i = 1,...,d, we immediately see that 7,67 is the i-th component
of (T*T)~'T* = (®A7)T* and thus equals ArT*. To show that L is indeed
commuting, it suffices to observe that

(ArTY)(ArT) = ApTiT5 op = (ArTy ) (ArTY)
fori,j=1,...,d. ]
In the following, let " € W(K). Since T is regular at z = 0, the results

of Section 4.2 can be applied and yield a continuous linear map V : H —
OQr, W(T)) on Qp = Bﬁ(O) that intertwines the tuples 7 € L(H)?% and M,
L

on O(Qr, W(T)) componentwise. Since L is commuting, the representation
of the map V obtained in the proof of Theorem 4.2.5 (see also Lemma 4.2.2)
simplifies to

V)2 = 3 Py L) (x € H, = € Qp),
a€Nd

where v, = %' for o € N9,

Lemma 5.2. For o, f € N¢, we have
YaPow (1) LT = o Py () L,
where the right-hand side has to be read as zero whenever a — 8 has negative
components.
Proof. For € N4 z € H and z € Qr,
Y VP (Lw)z2 = 2P (Va)(2)

a€Nd

=(VTP2)(2) = Y YaPiw(r)(LOT x)2".
aENd

The proof follows by comparing coefficients of these convergent power series.
O

Lemma 5.3. For o € N%, the identity
Py )L = aja) Py )T
holds.
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5 A generalized Wold decomposition

Proof. We use induction on |a|. Suppose that the result holds for |a| < k. Let
a € N? be a multiindex with |a| = k and let i € {1,...,d} be arbitrary. Using
the inductive hypothesis, Lemma 5.2 and Lemma 2.2.5, we obtain

PW(T)La-i-ei — PW(T)LQATE*

oo
= Py L*(SOT = (—crya) Y 4TPT*+e)
k=0 18l=k
o0
=S0T — Z(_Ck-l—l) Z Y8 Py () LT T+
k=0 |8|=k
. Ya—B8
= SOT — Z(—ckJrl) Z O‘; PW(T)Loc—ﬂT*B-i-ez‘
k=0 Bl=kB<a '@
o Ya—p8
=2 (Ce) DL T an g P T
k=0 Bl=k,p<a 1°
Ya—g, worbes
= (Y —ep1amg —=0) Py T
BLa Yo
= o)1 Pw (T

d

As in Chapter 4.2, we write Ho, = sz:OZM:k T*H and call T analytic if
Hy = {0}. By Theorem 4.2.5, the kernel ker V' = H, is a closed invariant
subspace for T'. For T' € W(K), much more than this is true.

Lemma 5.4. The kernel of V is reducing for T" with
(a) kerV = Ho = {x € H; Py ()T**x = 0 for all o € N4},
(b) (ker V)* =\ ena TW(T).
Proof. The first equality in (a) holds by Theorem 4.2.5. Since
(Va)(z) = Z Yo (Pw () L) 2"
aeNd

for x € H and z € Qp, the kernel of V' consists of all vectors x € H with
Py L% = 0 for all o € N<. Thus the second equality in part (a) follows
from Lemma 5.3. In view of the identity

(x, T") = (Pw )T " r,y) (re HyeW(T),ac Nd)
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part (b) follows from (a). Both parts together imply that ker V' is a reducing
subspace for T'. ]

In the following we write [M] C H for the smallest closed T-invariant subspace
of H which contains a given subset M C H. For a complex Hilbert space
&, we denote by Hg(E) the E-valued analytic functional Hilbert space with
reproducing kernel

Kg : Bd X Bd — L(S),Kg(z,w) = K(Z,w)lg
on By. A well known alternative description of the space Hg (€) is given by

2
He@) = (f= 3 gzl = 3 Mol oy

a
a€eNd aena ol

Theorem 5.5. Let T'€ W(K). Then the map

U: [W(T)] = Hg(W(T)), (Uz)(2) = ) va(PwrLe)z"

a€Nd

is a unitary map which componentwise intertwines the tuples Ty (1) and
M, € L(Hrg(W(T)))%

Proof. For N € N and elements z, € W(T) (Ja| < N), we have

1Y T2l = > (P TP T 0, 25)
|a|<N lal,|BIEN

= > (@a, Py T T ).
.| BI<N

Using Lemma 5.3 we conclude that

a 1 a
| Z T xa”Q = Z T<PW(T)LBT xonx5>

lal<N lal,18l1<n 18
1

= Z T<$Q,PW(T)LQT5.%5>.
la,|Bl<N 1

Thus Lemma 5.2 yields that

(0% 1 [6%g gle]
| Z Tzo|? = Z — (Pw () LT 2q, Ta)

la]<N laj<n Yo
1 2 2
= - o llzall” = > e’ wiry):
laj<n el e la|<N
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5 A generalized Wold decomposition

Since the polynomials with coefficients in W (T") are dense in Hx (W (T')), there
is a unique unitary operator U : [W(T)] — Hx (W (T)) with

U( Z T%,) = Z T2

la|<N lo|<N

for all finite families (74)q<y in W(T). Obviously, U satisfies the inter-
twining relations UT; = M, U (i = 1,...,d) on the dense linear subspace
M = span{Tr;a € N¢ and € W(T)} C [W(T)]. Hence the same relations
hold on [W(T")]. Since the maps U : [W(T)] — OBq, W(T')) and V : [W(T)] —
O(Qr, W(T)) are continuous and since the functions Uh € O(By, W(T')) and
Vh € O(Qp,W(T)) have the same Taylor coefficients at z = 0 for h € M, it
follows that

(Uz)(2) = Y YalPw(r)L2)z"

a€Nd

for x € [W(T)] and z € By. O
For N € N, let

1 N
()n(T) = > ok (1),
k=0

We call T a K-contraction if the SOT-limit
1 . 1
=(T) =80T — lim (-)(T)

exists and defines a positive operator.
If T is a K-contraction, we set

N
YrN(T) =1 — Z%U:]?(%(T))
k=0

for N € N. We call a K-contraction T pure if the series (¥ n)nen converges
to zero in the strong operator topology. We define

Yi(T) =SOT — lim Y n(T)
N—oo

if this limit exists. Both properties are preserved under unitary equivalence.

Lemma 5.6. Let T € L(H)% and S € L(K)? be commuting tuples on Hilbert
spaces H and K, respectively. Suppose there exists a unitary II : H — K such
that II17; = S;II for ¢ = 1,...,d. If S is a (pure) K-contraction, then T is a
(pure) K-contraction.

78



A proof of Lemma 5.6 can be found in [Sch18] (Lemma 2.13). The following
lemma shows in particular that every operator in W(K) is a K-contraction.

Lemma 5.7. Let T € L(H)? be a commuting tuple of bounded linear opera-
tors. If the SOT-limit

o
AT = SOT — Z(_CkJrl)U]ji(lH)
k=0
exists, then also the SOT-limit
1 >
?(T) = 50T — Z:OCWTUH)

exists and +(T) = 1y — op(Ar). If we further suppose that ran7 C H is
closed and that T satisfies the identity

(T*T)_l = (EBAT)|I‘&HT*7
then PW(T) =1y — O'T(AT) = %(T) and Py = E(T)

Proof. Let T € L(H)? be a commuting tuple such that the limit A7 = SOT —
S o(—ckr1)ok (1) exists. For every N € N, we have

N N-1
> aoh(lg) =1y + Y crror(of(ln))
k=0 k=0
N-1
=1y — op( Z —Cpp1) o (1)),
k=0

By taking the SOT-limit for N — oo, we conclude that (7' exists and

1
E(T) =1y —or(Ap).
If ranT C H is closed and T satisfies the identity (T"‘T)_1 = (®AT) |ranT*, We
can use Lemma 4.2.2 to see that
1

E(T) =1y —or(Ar) =1y — T(®AD)T* = 15 — T(T*T)"'T* = Py (7).
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5 A generalized Wold decomposition

Let x = xg + o1 € H with g € Hy and x; € [IW(T')] be given. Then

N

1 (67 *QY
E ak<0§~(E(T)):c,x>: g a|a"ya<T Py )T x,T)
k=0 la|]<N

* i
= Z aja Yol Py Tz ||* = Z C%||PW(T)LO‘361||2

la|]<N laf<n 1
=l > v (Bwen Loz1) 2 overy

la| <N

N—oo

Uz, wiry = leall? = llzl* = || Pz,

It follows that
N 1
=SOT — i —§ k(= = Ppoo.
EK(T) SO ]\};II;O <1H k_oakO'T( (T))) Py

O]

In Chapter 4.2, we established that every analytic commuting tuple 7' € L(H)?
that is regular at 0 is unitarily equivalent to the multiplication tuple M, €
L(H)? on a suitable analytic functional Hilbert space H C O(Q, W(T)).

Theorem 5.8. For T' € W(K), the following conditions on 7" are equivalent:
(i) T is analytic,
(ii) [zl = | Xoaend Ya(Pwry L) 2| gy (w(ry) for all € H,
(iii) T is a pure K-contraction.
If there is a natural number p € N such that
c, > 0forall k> porc, <0 forall k> p,

then the previous conditions are equivalent to
(iv) T is unitarily equivalent to M, € L(Hy (D)) for some Hilbert space D.

Proof. The equivalence of (i) and (i) and the implication (i) to (iv) follows
from Lemma 5.4 and Theorem 5.5. The equivalence of (i) and (7i7) is a conse-
quence of Lemma 5.7.

Suppose that almost all ¢, (k € N) have the same sign. Then Lemma 2.10 and
Lemma 2.12 in [Sch18] show that M, € L(Hg(D))? is a pure K-contraction.
By Lemma 5.6, these properties are preserved by unitary equivalence and thus
the implication (iv) to (i7i) holds. O
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Following [GRO6], we call a commuting tuple S = (Si,...,Sy) € L(H)? of
bounded operators an m-isometry if

m
m
> 1) (1 )kt =0,
k=0
We call S an m-coisometry if S* is an m-isometry. Using the reproducing kernel

1

Km . ]Bd X ]Bd — (C,Km(Z,w) = W’

we see that S is an m-coisometry if and only if K%ﬂ(S ) =0.

With this motivation, we call S a K-coisometry if %(S = 0.

Lemma 5.9. If Ar = SOT — > 7% ((—cp+1)ok(1g) exists and if T is a K-
coisometry, then T is surjective.

Proof. By Lemma 5.7, we know that

1 *
0= E(T) =1y —or(Ar) =1y - T(®AT)T™.
But then T': H? — H admits a right inverse and hence is surjective. O

We obtain an extension of the main result from [GO12] to our setting of uni-
tarily invariant spaces if we suppose that almost all ¢; (k € N) have the same
sign.

Theorem 5.10. Let T € L(H)? be a commuting tuple. Then T' € W(K) if
and only if T = T @ TW ¢ L(Hy @ Hy)? is the direct sum of commuting
tuples 79 = T'|g, and T = T, such that

(i) T € W(K) is surjective and

(ii) T is unitarily equivalent to M, € L(Hg(D))? for some Hilbert space
D.

In this case, the spaces Hy and H; are uniquely determined by
HO == Hoo and H1 == [W(T)]
Proof. Suppose that T € W(K). By Lemma 5.4

H = Hy ® H,
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5 A generalized Wold decomposition

is the direct sum of the reducing subspaces Hy = Hy and Hy = [W(T)].
An elementary argument using Lemma 4.2.2 (see also the subsequent remark)
yields that T'| g, is regular at 0. Obviously

oo

Z —Cht1) T(o (1gy)z = Arx
k=0

for all z € Hy. Thus Ay = Ar|h, exists. Since the invertible operator

7(0)*7(0)

ran T(0)* ran T(©*

is simply the restriction of the invertible operator T*T : ranT* — ranT™, it
follows that (TO*T©) =1 = (©A )| ,an 7@+~ Thus T© € W(K). Since

W(T©) = W (T) N Hy = {0},

we see that T is surjective. By Theorem 5.5 the restriction T) = T'|g, is
unitarily equivalent to M, € L(Hx (W (T))).

Conversely, suppose that T = 7O ¢ 7 is the direct sum of tuples T(®
and T as in (i) and (i4). An elementary exercise shows that the class of
commuting tuples belonging to the class W(K) is stable under direct sums and
unitary equivalence. Thus the reverse implication follows by Lemma 2.2.1 and
Theorem 2.2.6.

For the uniqueness part of the Theorem, write T =T @& T(") ¢ L(Hy ® H)?
as the direct sum of a surjective operator T) € L(Hy)? in W(K) and a tuple
T € L(H;)? which is unitarily equivalent to M, € L(Hg, (D))¢ for some
Hilbert space D. Since T is surjective, we have

W(T) = wW(T©) e w(TM) = w(TW).

Since T() is unitarily equivalent to M. € L(Hg, (D))?, it follows that

H = \/ T°W(@W) = [W(T)].

a€eNd

O]

The hypothesis that almost all ¢x(k € N) have the same sign is only needed to
ensure that M, € L(Hg (D)) belongs to the class W(K).

Remark 5.11. (a) Let T € L(H)?be a commuting tuple. Then T is surjective
and belongs to W(K) if and only if A exists, (&Ar)ranT™ C ran 7™ and
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Next we consider the particular case where k = k, : D — C,z —

T is a K-coisometry. Indeed, if T' € W(K) is surjective, then by Lemma

0.7
1

—(T) = P, =0.
7 (1) = Pwr)
Conversely, if Ap exists and T is a K-coisometry, then T is surjective by

Lemma 5.9. Using Lemma 4.2.2 and Lemma 5.7 we obtain that

1
1y — T(T*T)'T* = Py =0 = (1) = 1y = T(®A7)T".
Since ran T* = (ker T)*, the condition (@A) ranT* C ran T* then implies
that

(T*T)il = (@AT)‘ran T*-

Elementary arguments using Abel’s limit theorem show that

o0

li E_ lim — !
im cpr” = lim =
e 1 k(r) D peoak

€ [0,1].

By definition this means that the series Y ;- ¢ is always Abel summable
with Abel limit ﬁ € [0,1[. If almost all ¢ have the same sign, then
=0

the series
[o@)

1
Y == €01
2 k=0 Ok

k=0

converges (absolutely) in the ordinary sense. If T € L(H)? is a row con-
traction, then

k k
1> [lor(g)ll = llorll = lloz| = [lor(1a)]

for all k € N. Thus if almost all ¢; have the same sign, then the limit

o0

Ar = (—cpi1)op (1)

k=0

exists for every row contraction 7' € L(H)% even in the operator norm.

1
(1—z)«

for some o > 1. Then K = K, : By x By — C,(z,w) — ﬁ, and

(1—(z,w)

Hg, = A%(B,) is the generalized Bergman space introduced in Example 2.1.4.
Note that we have
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5 A generalized Wold decomposition

and thus ¢ = (=1)*(%) (k € N) in this case. It is well known that Y 3¢, =
ot o(=1)%($) = (1 = 1)* = 0 where the series converges even absolutely.

In this case, for a row contraction T € L(H)? the limit occurring in the
definition of Ap exists even in the operator norm by Remark 5.11.

Let us recall that a commuting tuple S € L(H)? is called a spherical isom-
etry if it is a l-isometry, that is, if Y ., ;,55S; = 1y or, equivalently, if
S icicq 1Siz]|? = [Jz||* for each vector x € H. A spherical coisometry is a
commuting tuple S € L(H)? such that the adjoint S* € L(H)? is a spherical
isometry.

We can now refine Theorem 5.10 in case of the reproducing kernels K, (a > 1).

Theorem 5.12. Let T € L(H)? be a commuting row contraction and let
€ [1,00). Then T € W(K,) if and only it T =70 g T( ) € L(Hy ® Hp)? is
the direct sum of commuting tuples T = T|z, and T) = T|p, such that

(i) T© is a spherical coisometry and

(ii) T is unitarily equivalent to M, € L(Hg, (D))? for some Hilbert space
D.

In this case, the spaces Hy and Hj in (i) and (i) are uniquely determined by
Ho = Hs and Hy = [W(T)].

Proof. Fix a real number o« > 1. Let
oo
Zakzk =ko(z) (z€D)
k=0
be the power series representation of ky : D — C,ky(2) = (== Z) . Then
(o]
Zak = 17}%1]%(7") =00
k=0

If T € L(H)? is a spherical coisometry, then

—(T) = o (lu) = O _cx)lm =0
k=0 k=0

and
[e.e] o0
Ap = (—cry1)oh(lg) = D (—cer1)lm = 1n.
k=0 k=0
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By Remark 5.11 (a) it follows that 7' belongs to W(K,) and is surjective.
Conversely, by Theorem 3.51 in [Sch18], if T € L(H)? is a row contraction and
a K,-contraction, then

o
1
SOT - )~ akaéi(K—(T)) + To = 1y,
k=0 @

where T, = SOT — limg_, a:’}(lH). Thus if T € L(H)? is a K,-coisometry
and a row contraction, then

g =T <or(lg) <1y

and hence T is a spherical coisometry. It follows from Remark 5.11 (a) that a
surjective row contraction T € W(K, ) is a spherical coisometry. Thus Theorem
5.12 follows as a particular case of 5.10. O

Remark 5.13. (a) If T' € L(H) is a single left invertible operator, T is regular
at 0 by Lemma 4.2.4. Theorem 5.10 for a single left invertible operator
T € L(H) andK:Km:DxD%C,Km(z,w):ﬁ (m € N) is
contained in [GO12] (Theorems 2.1 and 3.1). Every K,,-coisometric part
TO) of T as in (ii) is surjective by Lemma 5.9. Since T and thus T is
also injective in this case, it is even invertible. Thus, the condition

(Aqp)) ran TO* C ran T

can be omitted in this case.
However, in our more general setting, this condition is essential. To see
this, consider the operator

T:H*D)® H*(D) — H*(D) ® H*(D),T(f,9) = (M f, f + MZg).
The adjoint of T" acts as
T*(f,9) = (M. f, M:9) + (9,0) (f,g € H*(D))

and can thus be written as the sum of an isometry and a nilpotent operator
of order 2. By Theorem 2.2 in [BMN13] (compare also [GS15]), T" is a 3-
coisometry. On the other hand, we have

o= S ()2 Yo

j=0
= 31dp2(yem2m) —3TT* + T°T*.
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5 A generalized Wold decomposition

We compute
(3TT* — T?T*)T*(f,9) = (22f + 39, 22 f + 229)
for f,g € H?>(D) and in particular
(3TT* —T?*T**)T*(0,1) = (3,22) ¢ ran T*.

This yields
ApranT* € ran T™.

(b) As a consequence of Theorem 5.10 and Theorem 5.12 in the case K = K,
(m € N) each m-coisometry T" € L(H)? which is a row contraction is a
spherical coisometry. For single operators T' € L(H ), this phenomenon is
well known and follows for instance from Proposition 3.2 in [Shi01].

In the particular case @ = 1 the result stated in Theorem 5.12 takes the fol-
lowing form.

Corollary 5.14. Let T € L(H)% be a commuting tuple that is regular at
0. Then the row operator T : H¢ — H is a partial isometry if and only if
T=T9¢oTW c L(H® @ HM)? is the direct sum of a spherical coisometry
TO ¢ L(H®)4 and a tuple T e L(HM)? which is unitarily equivalent to
M, € L(Hg,(D))? for some Hilbert space D.

Proof. For o = 1, we have ¢g = 1, ¢y = —1 and ¢, = 0 for all n > 2. We
conclude Ap = 1 and thus the operator identity from the definition of W(K)
means precisely that 7 : HY — H is a partial isometry. Hence the assertion
follows as an immediate consequence of Theorem 5.12. 0

We briefly consider the one-dimensional case of Corollary 5.14. Following Hal-
mos and Wallen [HW70], we call a bounded linear operator 7' € L(H) on a
Hilbert space a power partial isometry if every power T% € L(H) of T (k € N)
is a partial isometry.

Corollary 5.15. Let T' € L(H) be a partial isometry that is regular at 0.
Then T is a power partial isometry.

Proof. Let T € L(H) be a partial isometry and k& € N. By Corollary 5.14,
T=Ty®T) € L(Hy® Hy) is the direct sum of a coisometry Ty € L(Hp) and
an operator 77 € L(Hp) which is unitarily equivalent to M, € L(Hg, (D)) for
some Hilbert space D. As a direct sum

Th =T & Tf

of two partial isometries the operator T% is a partial isometry again. O
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In [HW70] a Wold decomposition theorem for general power partial isometries
is proved.

87






6 Cowen-Douglas operators and fiber
dimension

Let H C O(2,CY) be a functional Hilbert space of CV-valued functions on a
domain Q C C?. The number

" _ .
d(H) max dim Hy,

where Hy = {f(A\); f € H} is usually referred to as the fiber dimension of H.
In this chapter, we will use the model theorem for weak dual Cowen-Douglas
tuples T € L(X)? on a Banach space X from Chapter 4 to associate with a
linear subspace Y C X an integer fd7(Y') called the fiber dimension of Y. These
results were first published in [EL17]. For single Cowen-Douglas operators on
Hilbert spaces corresponding results were proved by L. Chen, G. Chang and
X. Fang in [CCF15].

As in Chapter 4.1, we also slightly generalise our setting by allowing €2 to be a
connected complex submanifold of C.

6.1 Fiber dimension for linear subspaces

Let Q C C% be a connected complex submanifold. Let D be a finite-dimensional
vector space and M C O(Q2, D) a linear subspace. We denote the point evalu-
ations on M by

ex: M =D, f— f(A) (Ae).

If M C O, D) is a C[z]-submodule, we write
M, : M — M,(M,,f)(z) =zf(z) (i=1,..,d)

for the multiplication operators with the coordinate functions. For A € €2, the
range of € is a linear subspace

My={f(\);feM}CD.
Definition 6.1.1. The number

fd(M) = max dim M)
AeQ
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6 Cowen-Douglas operators and fiber dimension

is called the fiber dimension of M. A point \g € Q with dim M), = fd(M) is
called a maximal point for M.

First we prove that the non-maximal points for a linear subspace M C O(€2, D)
form a nowhere dense set. If f € O(Q) is a holomorphic function, we denote
its zero set as usual by

Z(f) ={r e & f(A) = 0}.

Lemma 6.1.2. Let Q C C? be a connected complex submanifold. Let D be a
finite-dimensional vector space and M C O(€2, D) a linear subspace. Then

{\ € Q;dim M, < fd(M)} C Q
is nowhere dense.

Proof. Let m = fd(M), Ao € ©Q a maximal point and hy,...,h,, € M such
that h1(Ao), ..., hm(Ao) are linearly independent. Furthermore, let ey, ...,en be
a basis for D. We consider the analytic function hé- ce0) (j=1,..,m,i=
1,..., N) uniquely determined by

N
=Y M (e
i=1
for j = 1,...,m. By permuting the given basis of D, we can assume that the
matrix-valued analytic function
0:Q— C™ " N (RN
is invertible at \g. We also get
{A € Q;dim My < fd(M)} C Z(deth).
Since detf is analytic, the identity theorem implies that
{\ € Q;dim M, < fd(M)} C Q
is nowhere dense. O

We will see later that the set

{\ € Q;dim M, < fd(M)} C Q
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6.1 Fiber dimension for linear subspaces

is even analytic in the setting of the preceding lemma (cf. proof of Lemma
6.2.1).

For any C|z]-submodule M C O(£2, D) and any point A € Q, we have

d
> (A = M,)M C kere,.

=1

Under the condition that the codimension of Z?Zl()\i — M,)M is constant on
Q, the question whether equality holds here is closely related to corresponding
properties of the fiber dimension of M.

Lemma 6.1.3. Consider a C[z]-submodule M C O(Q, D) such that there is
an integer N with

d
dim M/ (A = M )M = N
=1

for all A € . Then fd(M) < N and

d

{AeQdimMy =N} ={ e Z()\2 — M., )M = kerey}.
i=1
In particular, if fd(M) < N, then
d
Z()\’ — le)M g kerQ\
i=1

for all A € Q.

Proof. Since the linear maps
d
M/ (X — Mz )M — M/ kerey = My, [m] — [m]
i=1
are surjective for A € €, it follows that fd(M) < N and that
d
{(AedimM, =N} ={Ae XD (A — M,)M =kere,}.

i=1

Hence, if fd(M) < N, then 3>% | (\; — M,,)M C ker ey, for all X € Q. O

i
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6 Cowen-Douglas operators and fiber dimension

In the rest of this section we will show that the concept of fiber dimensions de-
fined in [CCF15] for invariant subspaces of Cowen-Douglas operators on Hilbert
spaces admits a natural extension to the multivariable Banach space setting.
In the following, let X be a Banach space and let 7' € L(X)? be a weak dual
Cowen-Douglas tuple of rank N on a connected complex submanifold Q C CZ.
We equip X with the C[z]-module structure defined by Clz] x X — X, (p, x) —
p(T)x. For single Cowen-Douglas operators on Hilbert spaces, the following
notion was defined in [CCF15].

Definition 6.1.4. Let 0 # Q¢ C Q be a connected open subset. A CF-
representation of 7" on € is a C[z]-module homomorphism

p: X — O(Qo, D)
with a finite-dimensional complex vector space D such that
(i) kerp =(,cqran(Z —T),

(ii) the submodule X = pX C O(Qp, D) satisfies
A A d A
fA(X) = dim X/ (A — M)X
i=1

for all A € Q.

Weak dual Cowen-Douglas tuples possess sufficiently many CF-representations
that are continuous and satisfy certain additional properties. This follows from
the model theorem proved in Chapter 4.1 (Theorem 4.1.9). Here, O(€Q, D) is
equipped with its canonical Fréchet space topology as before.

Corollary 6.1.5. For each point \g € €2, there is a CF-representation p : X —
O(Qo, D) of T on a connected open neighbourhood Qg C Q of Ay such that

(i) p: X — O(Q0, D) is continuous,

(i) X = p(X) equipped with the norm p(z) = ||z + kerpl|| is a divisible
holomorphic model space of rank N on €.

Proof. We choose a map p as constructed in Theorem 4.1.9. Then only condi-
tion (ii) in Definition 6.1.4 remains to be shown. Since X is divisible and the
point evaluations are surjective, we find that

d
dim(X /) "(A — M,)X) = dim(X /ker ;) = dim(ran(e,)) = dim D = N
=1

for all A € Q. O
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6.1 Fiber dimension for linear subspaces

In the following, let T € L(X)¢ be a weak dual Cowen-Douglas tuple of rank
N on a connected complex submanifold Q C C¢.

Our next aim is to show that, for every linear subspace ¥ C X, the fiber
dimension of Y with respect to T" can be defined as

fdr(Y) = fd(p(Y)),

where p is an arbitrary CF-representation of 7. To show that the number
fd(p(Y")) is independent of the chosen CF-representation p, we first observe
that fd(p1(Y)) = fd(p2(Y’)) for each pair of CF-representations pi,p2 over
domains 1, Q2 C  with non-trivial intersection.

Lemma 6.1.6. Let Q1,Q2 C Q be domains with Q; N Qs # 0. Let M; C
O(Q;, D;) be C|z]-submodules with finite-dimensional vector spaces D; such
that

d
fA(M;) = dim M,/ Y (N — Mz)M;  (j=1,2,A € Q).
=1

Suppose that there is a C[z]-module isomorphism U : M; — M. Then for any
linear subspace M C M, we have

fd(M) = fd(U M).

Proof. By Lemma 6.1.2 and elementary properties of nowhere dense sets, we
can choose a nowhere dense subset A C 1 N Q9 such that each point A €
(1 N Q22)\A is maximal for M, M; and UM. More precisely, by Lemma 6.1.2
there are nowhere dense closed subsets Ay C Qq, Ay, € 1, Ay C Qo
containing each non-maximal point for M, M; and UM, respectively. As a
locally compact Hausdorff space the set 23 N 2 is a Baire space. Hence the
set

A= (AM U AM1 U AUM) N NQy = (AM N Qg) U (AM1 N Ql) U (AUM N Ql)

is a nowhere dense closed subset of €1 N Qs as a union of three such sets.
Clearly every point A in (€2 NQ2)\ A is maximal for M, M; and UM. Fix such
a point \. For f,g € M with f(\) = g(\), by Lemma 6.1.3 there are functions
hi,....ha € My such that f —g =% (A — M,,)h;. But then also

d

U(f—g) =Y (N — M:)Uh;.

=1
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6 Cowen-Douglas operators and fiber dimension

Hence we obtain a well-defined surjective linear map Uy : My — (UM)y by
setting
Uz = (Uf)(N\) if f € M with f(\) = .

It follows that fd(M) = dim M, > dim(UM), = fd(UM). By applying
the same argument to U~!' and UM instead of U and M we find that also
fd(UM) > fd(M). O

Corollary 6.1.7. Let Q, Qs C Q be domains with Q; N Qs # 0 and let
pi: X =0, D;) (i=1,2)
be CF-representations of T'. Then we have
fd(p1Y) = fd(p2Y)
for each linear subspace Y C X.

Proof. Since the submodules p; X C O(§;, D;) (i = 1,2) are canonically iso-
morphic
p1X = X/ ker py = X/ker pg = po X

as C[z]-modules, the assertion follows as an application of Lemma 6.1.6. O

We can use this corollary to derive the same result for CF-representatiosn over
arbitrary (not neccessarily intersecting) domains.

Theorem 6.1.8. Let p; : X — O(Q;, D;) (i = 1,2) be CF-representations of
T on domains ; C . Then we have

fd(p1Y) = fd(p2Y)
for each linear subspace Y C X.

Proof. As a locally path-connected connected space € is also path-connected.
Choose a continuous path v : [0,1] —  with (0) € ©Q; and v(1) € Q3. By
Corollary 6.1.5 there is a family (p))aerany of CF-representations py : X —
O, D)) of T on connected open neighbourhoods 2, C 2 of the points
A € ran+y such that p,) = p1 and py(1) = p2. Let § > 0 be a positive number
such that each set A C [0, 1] of diameter less than ¢ is contained in one of the
sets 7 1(2)) (see e.g. Lemma 3.7.2 in [Mun75]). Then we can choose points
A1 =7(0), A2, ..., A\p = ¥(1) in rany such that @y, NQy,,, #0fori=1,..,n—1.
Let Y C X be a linear subspace. By Corollary 6.1.7 we obtain that

fd(p1Y) = fd(pr,Y) = ... = d(psY)

as was to be shown. O
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6.1 Fiber dimension for linear subspaces

In view of Theorem 6.1.8, we can finally define the fiber dimension of a linear
subspace ¥ C X with respect to our fixed weal dual Cowen-Douglas tuple
T € L(X)? on Q.

Definition 6.1.9. Let T € L(X)? be a weak dual Cowen-Douglas tuple of
rank N on a connected complex submanifold Q C C¢. For a linear subspace
Y C X, we define

fdr(Y) = fd(pY),

where p : X — O(Q, D) is a CF-representation of 7' on an arbitrary domain
Qp C Q.

We are mainly interested in the fiber dimension of closed T-invariant subspaces
Y C X and sometimes suppress the dependence on T by writing fd(Y) =
fd7(Y) in that case. But as established above, Definition 6.1.9 makes perfect
sense for arbitrary linear subspaces Y C X. Since by Corollary 6.1.5 there are
always continuous CF-representations p : X — O(£, D) and since

ex(p(Y)) C ex(p(Y)) = ex(p(Y))

for any such representation and any point A\ € Qy, it follows that fdr(Y) =
fdr(Y) for each linear subspace Y C X.
By Corollary 6.1.5, there is always a CF-representation p : X — O(Qg, D) such
that pX is a divisible holomorphic model space of rank N. In particular, the
point evaluations €y : pX — D are surjective and it follows that fd7(X) = N.
In general, the fiber dimension fd7(Y') of a linear subspace Y C X is an integer
in {0, ..., N} which depends on Y in a monotone way. Obviously, fdy(Y) = 0
if and only if

Y Ckerp= ﬂ ran(Z —T).

z€Q)

We conclude this section with an alternative characterisation of CF-repre-
sentations.

Corollary 6.1.10. Let as before T € L(X)? be a weak dual Cowen-Douglas
tuple of rank N on a connected complex submanifold Q € C? and let p: X —
O(Q, D) be a C[z]-module homomorphism on a domain @) # Qy C Q with a
finite-dimensional vector space D such that

ker p = ﬂ ran(Z —T).
2€0)

Then p is a CF-representation of T" if and only if fd(pX) = N.
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6 Cowen-Douglas operators and fiber dimension

Proof. Suppose that fd(pX) = N. Define X = pX. The maps
X/(A=T)X" = X /(A — M) X% [2] = [pz]
and R R R
X/ = M) X = X5, [f] = f(N)
are surjective for every A € . It follows that
dim X/(\ = M )X < N

for all A € Q9 and by Lemma 6.1.2, equality holds on 20\ A with a suitable
nowhere dense subset A C Q. Equipped with the norm ||p(z)|| = ||z + ker p||,
the space X is a Banach space and M, € L(X)? is a commuting tuple of
bounded operators on X which is similar to the quotient tuple T'/kerp. A
result of Kaballo (Satz 1.5 in [Kab79]) shows that

B={\eQ;dimX/(A—M,)X¢ > min dim X /(u — M,) X%}
nedlo

is a proper analytic subset of €2y. Since the union AU B is nowhere dense again,
we can combine these results to deduce that

dim X /(A — M)X? = N

for all A € €y. Hence p is a CF-representation of 7.
Conversely, if p is a CF-representation of 7', then fd(pX) = N by the remarks
preceding the corollary. O

6.2 A limit formula for the fiber dimension

Let us consider the particular case of a domain 2 C C%. For convenience, we
will also assume that 0 € €2, but we will later see that the results hold for
arbitrary domains @ C C%. As before, let D be a finite-dimensional complex
vector space. For k € N, consider the map 9 : O(Q, D) — O(Q, D) which
associates with each function f € O(Q, D) its k-th Taylor polynomial, that is,

In [Esc07] (Lemma 1.4) it was shown that, for a given C|[z]-submodule M C
O(Q, D), there is a proper analytic subset A C 2 such that

dim M), = maxdim M, = d! lim dim 7, (M)
HEQ k—o0 kd
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6.2 A limit formula for the fiber dimension

holds for all A € Q\ A.

Based on this observation, we will deduce a similar limit formula for the fiber
dimension of an invariant subspace Y of a weak dual Cowen-Douglas tuple T
on 2. As mentioned before, we will suppress the dependence on T in this case
and simply write fd(Y") = fdr(Y).

For a commuting tuple T € L(X)? of bounded linear operators on a Banach
space X, we use the notation from Chapter 4.2 and write

5k o4t

§9
K*(T,X):0— A%(X) 5 ANX) D
for the Koszul complex of T' as well as
HY (T, X) = ker(6%)/ran(s5 ) (i =0,...,d)

for the cohomology groups of K*®(7T, X). There is a canonical isomorphism
HNT, X)= X/ Z;‘i:l T; X of complex vector spaces.

In the following, given a commuting operator tuple 7' € L(X)?% and a closed
invariant subspace Y € Lat(T') = ﬂ;i:l Lat(T;), we denote by

R=Tly e L)), S=T/Y € L(Z)?

the restriction of T' to Y and the quotient of 7" modulo Y on Z = X/Y. The
inclusion 7 : X — Y and the quotient map ¢ : X — Z induce a short exact
sequence of complexes

0— > K*(z—RY)— 5 K*(z—T,X) 25 K*(2— 5,2) ——0.

By a standard result from homological algebra, an application of the so-called
Snake Lemma (cf. Chapter XX, §2 in [Lan02]), there are connecting homomor-
phisms

d:H(z2—-87)— H"(2:-R)Y) (i=0,..,n—1)

such that the induced sequence of cohomology spaces
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6 Cowen-Douglas operators and fiber dimension

0——Hz—RY)— - H (2~ T,X)—25 H(2— S, 2)
0 .
E L H(G-RY) S H' (- T, X) s H(2— S, 2)

dl
— 5 H*(z—R)Y)——
d—1 .
L~ RY) s HYz — T, X) " HY(2— S, Z) —— 0
is exact again. In particular, we obtain
ran(d* 1) = ker(H%(z — R,Y) % HYz — T, X))
=Y Nn(z-1X%/(z— R)Y"

Lemma 6.2.1. Let T € L(X)? be a weak dual Cowen-Douglas tuple of rank
N on a domain Q C C% and let Y € Lat(T) be a closed invariant subspace of
T. Then there is a proper analytic subset A C Q such that, for all A € Q\ A,

dim HY(\ — S, Z) = N — fd(Y).

Proof. Choose a CF-representation p : X — O(S0, D) of T' on some domain
Qo C Q as in Corollary 6.1.5. Let Y € Lat(7T") be arbitrary. Define X = p(X)
and Y = p(Y). Since the compositions

veEAE Y 2 0(Q,D) 2D (A e Q)
are zero, we obtain well-defined surjective linear maps
O : HY A= RY) = Ya, [yl = p(y)(N).
Obviously, for each A € g, the inclusion
randy ' = (Y N (A =T)X%) /(A — R)Y? C ker dy,

holds. To prove the reverse inclusion, fix an element y € Y with p(y)(\) = 0.
Since X is divisible, there are vectors z1,...,xq € X with

d d

py) =D (A = M.)p(xi) = p(O_(Ni — Th)wi).

i=1 =1
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6.2 A limit formula for the fiber dimension

But then
d

Yy — Z(Az —T;)x; € kerp = ﬂ ran(Z —T)
i=1 z€Q

and hence y € Y N (A — T)X9 Thus, for each A € €y, we obtain an exact

sequence
d—1

d ~
HY (A= 8,2) 25 HIA—R,Y) 2 ¥y — 0.

Using the exactness of these sequences and of the long exact cohomology se-
quences explained in the section leading to Lemma 6.2.1, we find that

dim HY(\ — S, Z)
= dim HY(\ — T, X) — dim H*(\ — R,Y)/rand} !
= N —dim Y,
for all A € Qy. By Theorem 1.5 in [Kab79] the set
A={\eQ; dimHI\-S,2Z) > Lnei(rzldide(u —-S,2)}

is a proper analytic subset of Q. Since the identity dim Yy = fd(Y’) holds for
each point in a non-empty open subset of Qg by Lemma 6.1.2, the assertion
follows with A as defined above. O

In the setting of Lemma 6.2.1, the minimum

min dim H4(u — S, Z)
HE

can also be interpreted as a suitable Samuel multiplicity of the tuples u— .S for
w € 2. We shortly recall the neccessary details.

For an arbitrary tuple T' € L(X)? of bounded operators on a Banach space X
with

dim H4(T, X) < oo,
we write My(T) = 24— T%X for all k € N. All these spaces are finite-
codimensional in X. The algebraic direct sum M = @, Mn(T)/My+1(T)
can be given the structure of a C[z]-module by

Clz] x M — M, (p,x) — p(T)x,
where T = (T4, ..., T4) is the commuting tuple with components

Tj: M — M,Tj(xy+ My (T))ken = (Tjzgp—1 + My41(T))ken.
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6 Cowen-Douglas operators and fiber dimension

Here, we set z_; = 0. Writing [z1], ..., [zn] for a basis of My(T)/M(T) =
HYT,X) and V} = {p € C[z];degp < k} for all k € N, one can show that

k N
@ MN(T)/Mn-‘rl(T) D {O} = {Zpl(xl + Ml(T))7O7O’ "');pla -sDN € Vk}
=1

n=0

for all & € N. In particular, M with the C[z]-module structure from above
is generated by the elements (z; + M;(T),0,0,...) (i =1,...,N) and is thus a
finitely generated graded C[z]-module. Due to

e

-1
X/My(T) = Mo(T) /My(T) = ) Mn(T) /Mn+1(T)

i
o

one can use Theorem 11 in Chapter 7.6 of [Nor68] and the subsequent remarks
(including the remarks on p. 323) to show that the limit

e ACC/M(T))
k—o0 kd

exists and defines a natural number. This number is usually called the Samuel
multiplicity ¢(7T") of T and the idea to use this algebraic concept in the context
of Fredholm operators goes back to the paper [DY93] by Douglas and Yan. One
can show that, for each domain Q C C¢ with 0 €  and dim H4(A—T, X) < oo
for all A € €, there is a proper analytic subset A C Q such that

o(T) = dim H4\ - T, X) < dim H(u — T, X)

for all A € Q\A and p € A (see Corollary 3.6 in [Esc08]). In particular, if
S € L(Z)?is as in Lemma 6.2.1 and 0 € Q, then the formula

c(S)=N—1d(Y)

holds. Hence the following result from [Esc07] allows us to deduce the an-
nounced limit formula for the fiber dimension.

Lemma 6.2.2. (Lemma 1.6 in [Esc07]) Let T € L(X)? be a commuting tuple
of bounded operators on a Banach space X, let Y € Lat(7T) be a closed invariant
subspace and let S = T/Y € L(Z)% be the induced quotient tuple on Z = X/Y.
Suppose that

dim HY(T, X) < .

Then the Samuel multiplicities of T" and S satsify the relation

. dim(Y + Mi(T))/ M (T
c(S):c(T)—al!lemgo ¥+ I/:CS ))/Mi( )

100



6.2 A limit formula for the fiber dimension

As a direct application of the preceding discussion and this lemma we obtain
a corresponding formula for the fiber dimension.

Corollary 6.2.3. Let T' € L(X)? be a weak dual Cowen-Douglas tuple of rank
N on a domain Q C C? with 0 € Q, and let Y € Lat(T) be a closed invariant
subspace for T'. Then the formula

. dim(Y + My(T)) /M (T
A(Y) = d! lim ¥+ ;;g )) /My (T)

holds.

Proof. 1t suffices to observe that for a weak dual Cowen-Douglas tuple of rank
N the identity ¢(7') = N holds and then to compare the formula from Lemma
6.2.2 with the formula

c(S) =N —fd(Y)

deduced in the section leading to Lemma 6.2.2 O

If T € L(X)? is a weak dual Cowen-Douglas tuple of rank N on a domain
QCC%and A € Q, then T — X is a weak dual Cowen-Douglas tuple of rank N
on the domain Q@ — A = {z — \; z € Q}. For a weak dual Cowen-Douglas tuple
T € L(X)? on a domain Q C C? not neccessarily containing 0 we conclude that
the above formula for fd(Y') remains true if on the right-hand side the spaces
M. (T) are replaced by the spaces My (T — A) with A € Q arbitrary.

If in Corollary 6.2.3 the space X is a Hilbert space and if we write Py for the
orthogonal projections onto the subspaces My (T)*, then there are canonical
vector space isomorphism

(Y + Mi(T))/Mi(T) = BiY, [y] = Pry.
Thus the resulting formula

_ dim(PY)
fd(Y) = d lim —— 7=~

extends Theorem 19 in [CCF15].

In the final result of this section we show that the fiber dimension fd(Y") is
invariant under sufficiently small changes of the space Y. For given invariant
subspaces Y1,Y, € Lat(T) with Y7 C Y, we write o(T,Y>/Y7) for the Taylor
spectrum of the quotient tuple induced by 7" on Y5/Y;.
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6 Cowen-Douglas operators and fiber dimension

Corollary 6.2.4. Let T € L(X)? be a weak dual Cowen-Douglas tuple of rank
N on a domain Q C C®. If Y1,Ys € Lat(T') are closed T-invariant subspaces
with Y7 C Y3 and QN (CN\a (T, Y2/Y1)) # 0, then fd(Y7) = fd(Y3).

Proof. Since QN (C\o(T,Y2/Y1)) is open, we can use Lemma 6.2.1 to find a
point A € QN (CN\o(T,Yz/Y1)) with
dim H*(\ — T/Y;, X/Y;) = N — fd(V;)
for ¢ = 1,2. The canonical exact sequence
0—-Y/Y1 - X/Y1 = X/Ys =0
induces a long exact sequence
0—...—= HY\— (T)y, /Y1), Y2/ Y1)
— HY\N—=T/Y1,X/Y1) = HY(\ = T/Ys, X/Y3) — 0.
Since A ¢ o(T,Y1/Y3), we conclude that the d-th cohomology spaces of A—T'/Y}

and A\ — T'/Y3 are isomorphic. Hence we can use Lemma 6.2.1 to obtain that
fA(Y1) = fd(Y2). O

To make the above proof work, it suffices that there is a point in 2 which is not
contained in the right spectrum of the quotient tuple induced by 7" on Y3/Y;
(cf. Section 2.6 in [EP96]). The hypotheses of Corollory 6.2.4 are satisfied
for instance if dim(Y2/Y7) < oo since o(7',Y2/Y1) is finite in this case. Thus
Corollary 6.2.4 can be seen as an extension of Proposition 2.5 in [CGW10].

6.3 Fiber dimension and analytic Samuel multiplicity

In this chapter, we will introduce an alternative way to calculate the fiber
dimension of invariant subspaces of a weak dual Cowen-Douglas tuple 7" which
uses the so-called analytic Samuel multiplicity of T'. First, we recall some basic
definitions and constructions from sheaf theory.

Definition 6.3.1. Let @ C C? be an open subset and let X be a Banach
space. The sheaf Oé of holomorphic functions on € with values in X is the
sheaf associated with the presheaf

U OU,X) (UCQ open)
with restrictions maps
ryOWU,X) = OV, X), f— flv (U, V CQopen with V C U).

In the particular case X = C, we write Oq = OS.
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6.3 Fiber dimension and analytic Samuel multiplicity
The constructions and results from sheaf theory needed in the following can be
found for instance in [Kul70].

Remark 6.3.2. The sheaf (952( can be written as the disjoint union
X X
Oq = U Oy

of its stalks
OX = {[f, Df]w; Dy € U(w) open and f € O(Dy, X)}.

Here, [f, D], denotes the equivalence class of a holomorphic function f : Dy —
X with respect to the equivalence relation ~ where by definition [f, D], ~
[9, Dyl if and only if there is a neighbourhood U € U(w) such that U C DyND,
and flu = glu.

Let © C C? be open and let X,Y be Banach spaces. Any mapping a €
O, L(X,Y)) induces a sheaf homomorphism

a: 05 = 08, 1f, Dflw +— [af, Dflw,

where aof : Dy = Y, 2z = a(2) f(2).
For T € L(X)¢ commuting, the analytically parametrized complex

0 1 d—
z—

0 6sz 1 627T g ’}‘ d
Kz-T,X):0>A(X) — A (X)) — ... — A%(X) — 0.

induces a complex of analytic sheaves on each open set Q C C9.
More precisely, the holomorphic maps

§ Q= LINX,AX) 206, (j=0,..,d—1)
induce a complex of sheaf homomorphisms

K*(z—T,08):0— 05 &) 2 oA ) 2, 000 oA

The quotient sheaves
Hi(z — T,08) = ker(69)/ran(6i-1)  (j =0, ...,d)

are called the cohomology sheaves of K®(z — T, Os)z( ). Here we set as usual

—

51 =54 =0.
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6 Cowen-Douglas operators and fiber dimension

Now let T € L(X)? be a commuting tuple and let Q C C¢ be a domain such
that
dim HY\ - T, X) < oo

for all A € Q. For simplicity, we again assume 0 € {2 and note that as before,
we can pass to a suitable translation of the given tuple if the domain is general
and thus a corresponding statement holds. We then consider the holomorphic
map

ar: Q= L(X4X), 2 Z T

and the induced sheaf homomorphism a7 : Ogd — (95))( defined above. By
Corollary 2.2 (ii) in [Esc08] the quotient sheaf

Hr = 0F jaoy”.

is a coherent analytic sheaf. Let Y € Lat(7T) be a closed invariant subspace
for T. As before denote by R = T|y € L(Y)? the restriction of T to Y and by
S =T/Y € L(Z)? the quotient induced by T on Z = X/Y. Let i : Y — X
and ¢ : X — Z denote the inclusion and the quotient map, respectively. Using
the same symbols for the induced mappings, we have a short exact sequence

0 K*(z—R,05) 5 K*(2—T,05) % K*(z — S,04) - 0

of complexes of analytic sheaves on ). Since the Snake Lemma also holds
for complexes of sheaves (check Lemma 1.10.9 in [Bor94] for a very general
version), this induces a long exact sequence

. > HY(z— R,0Y) % HY 2z —T,085) % H(2 — S,0Z) = 0
of cohomology groups. Since (@OédilX = a0 d, the identity
HY(z—T,08) =Hr

of sheaves holds.
In particular, the long exact sequence from above yields that the upper hori-
zontal in the commutative diagram

Hr— s Hr — L Hg =0

y @ X
O — 04
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6.3 Fiber dimension and analytic Samuel multiplicity

is an exact sequence of analytic sheaves. Here my and mx denote the canon-
ical quotient maps. The sheaf My = mx (iOY) = i(Hg) is the kernel of the
surjective sheaf homomorphism

Hr L Hs.
Thus we have a short exact sequence of sheaf homomorphisms
0— Mp 5 Hr % Hg — 0.

Since ‘H7 and Hg are coherent, also the sheaf Mt is a coherent analytic sheaf
on € (Satz 26.13 in [Kul70]). By passing to stalks, we obtain an exact sequence

i q
0— MT70 i) 'HT70 — 'H&Q —0

of Noetherian Oy-modules. For a Noetherian Og-module F, let us denote by
eo,(E) its analytic Samuel multiplicity, that is, the multiplicity of E with
respect to the multiplicity system (z1, ..., z,) on E (see Section 7.4 in [Nor68]).
We can now relate the fiber dimension of closed invariant subspaces to a suitable
analytic Samuel multiplicity.

Theorem 6.3.3. Let T € L(X)? be a weak dual Cowen-Douglas tuple on a
domain Q C C? with 0 € Q. Let Y € Lat(T) be a closed invariant subspace for
T'. The fiber dimension of ¥ can be calculated as

fd(Y) = €0g (MT,O)’

where My is the stalk at z = 0 of the subsheaf My = 7x(i0) C Hy =
0¥ jaoX".
Proof. By Theorem 7.5 in [Nor68| the analytic Samuel multiplicity is additive
with respect to short exact sequences of Noetherian Oy-modules. Thus using
the short exact sequences from the remarks leading to Theorem 6.3.3, it follows
that

eo,(Hr0) = eo,(Mrp) + eo,(Hs))-
By Corollary 4.1 in [Esc08] the analytic Samuel multiplicities ep,(Hr,0) and
eo,(Hg,0) coincide with the Samuel multiplicities ¢(7") and ¢(S) as defined in
Section 5.2. Thus we obtain the identitiy

C(T) = eo, (MT7()) + C(S).
The result follows from Lemma 6.2.2 and Corollary 6.2.3. O

Note that the analytic Samuel multiplicity ep,(M7r) and thus the fiber di-
mension of Y can also be calculated as the Euler characteristic x (K°(z, Mr,))
of the Koszul complex of the multiplication operators with z1, ..., 2, on Mrg
(cf. Theorem 8.5 in [Nor68]).
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6 Cowen-Douglas operators and fiber dimension

6.4 A lattice formula for the fiber dimension

Let T € L(X)¢ be a weak dual Cowen-Douglas tuple of rank N on a domain
Q C C?% and let Y;1,Ys € Lat(T) be closed invariant subspaces. A natural
problem studied in [CCF15] in the case of a single Cowen-Douglas operator on
a Hilbert space is to find conditions under which the dimension formula

fA(Y1) + fd(Yz) = (Y V Y3) + (Y N Ya)

holds for the fiber dimensions formed with respect to 7. Note that by the
remarks following Definition 6.1.9 the fiber dimensions of the algebraic sum
Y1 + Y, and of its closure Y7 V Yy = span(Y; UY3) coincide. In this chapter, we
will proceed as in [EL17] to generalize the results from [CCF15] to the slightly
more general setting established in this chapter. For a Cowen-Douglas tuple of
rank 1, the validity of the above formula for all closed invariant subspaces Y7, Y5
is equivalent to the condition that any two non-zero closed invariant subspaces
Y1,Y5 have a non-trivial intersection. As in the one-variable case basic linear
algebra can be used to obtain at least an inequality.

Lemma 6.4.1. Let T € L(X)? be a weak dual Cowen-Douglas tuple on a
domain Q C C? and let Y3, Y> C X be linear T-invariant subspaces. Then the
inequality

fd(Y1) + fd(Ys) > fd(Y1 + Yo) + fd(Y1 N Y3)

holds.

Proof. Let p: X — O(€Qq, D) be a CF-representation of 7" on a domain 9 C €.
It suffices to observe that, for each point A € g, the estimate

dimexp(Y1 + Y2) = dimexp(Y1) + dimexp(Y2) — dim(exp(Y1) Nexp(Y2))
< dimexp(Y1) + dimexp(Y2) — dimexp(Y1 NY2)

holds and then use Lemma 6.1.2 to choose A as a common maximal point for
the submodules p(Y; + Y2), p(Y1), p(Y2) and p(Y1 NYa). O

In the following we prove that in Lemma 6.4.1 also the reverse inequality holds
in some particular cases. For this purpose, we closely follow ideas from [CF10]
where a corresponding result is proved for analytic functional Hilbert spaces
given by a complete Nevanlinna-Pick kernel. We give a shortend proof under
weakened hypotheses and obtain further applications. An alternative proof for
the Nevanlinna-Pick case can also be found in [Chel5].

Let © C C? be a domain and let D be an N-dimensional complex vector space.
We shall say that a function f € O(€2, D) has coefficients in a given subalgebra
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6.4 A lattice formula for the fiber dimension

A C O(9) if the coordinate functions of f with respect to some, or equivalently,
every basis of D belong to A. We write O4 C O(Q2, D) for the subspace of
functions with coefficients in A. Let M C O(Q2, D) be a C|z]-submodule. We
say that A is dense in M if every function f € M is the pointwise limit of a
sequence (fx)ren of functions in M such that each fi is in O4. Note that we
have €x\(M) C €x(O4) = €x(04) for all A € Q2 in this case.

Theorem 6.4.2. Let A C O(Q2) be a subalgebra and let M, My C O(Q2, D)
be C[z]-submodules such that A is dense in M; and in M, and such that
AM; C M; for i =1,2. Then we have

Proof. Exactly as in the proof of Lemma 6.4.1 it follows that
fd(Ml + MQ) + fd(Ml N Mg) < fd(Ml) + fd(MQ)

To prove the reverse inequality, define M = M; + Ms and choose a point
A €  which is maximal for My, My and M. Define E = (M;)y N (Mz)y and
choose direct complements Fy of E in (Mj)y and Ey of E in (Ms),. Fix bases
(e1,..s€ny) Of B, (€ny41, ey €ny4ny) for Eo and (€n,4not1, - €nytngtn’) for E,
where ny,n9,n’ > 0 are non-negative integers. Set n = n; +mns +n’. An
elementary argument shows that (ei, ..., e,) is a basis of M. Let us complete
this basis to a basis B = (ey, ..., €n, €nt1, ..., en) of D. Since fd(M;) + fd(My) —
fd(M) = n/, we have to show that

fd(Ml N Mg) > n'.

We may of course assume that n’ # 0. Since A is dense in M, there are
functions hy,...,h, € M with hj(\) = ¢; for i = 1,...,n such that each h; has
coefficients in A. Write

N
hi = Zhijej (’L = 1, ,n)
j=1

Then 6 = (hij)i<i j<n is an (nxn)-matrix with entries in A such that 6(\) = E,
is the unit matrix. By basic linear algebra there is an (n x n)-matrix (A4;;) with
entries in A such that (A;;)f = diag(det #) is the (n x n)-diagonal matrix with
all diagonal terms equal to det(f). Then

(Aij)1<ij<n(hij) 1<i<n = (diag(det 0), (gi5)),
1<j<N
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6 Cowen-Douglas operators and fiber dimension

where (g;;) is a suitable matrix with entries in A. We define functions Hy, ..., H,, €
M by setting

N—n
H; = det(f)e; + Z Gijentj = Z ZA“’hVJ ej = ZA hy.
Jj=1 j=1 v=1 v=1

By construction H;(\) = e; and (Hi(z),..., Hy(2)) is a basis of M, for every
z € Q with det(0(z)) # 0. If f = fie1 + .... + fneny € M is arbitrary, then
at each point z € Q not contained in the zero set Z(det(f)) of the analytic
function det(#) € O(2), the function f can be written as a linear combination

f(z) =Mz, )Hi(z) + ... + (2, [)Hp(2).

Using the definition of the functions H; and a continuity argument, we find
that

fi=M(, f)det(0), ..., frn = A (-, f) det(0).
Hence, for j =n+1,...,N and z € Q\Z(det #), we obtain that

fi(z) = Mz, £)g1,j-n(2) + o + Anlz, f)gn,j—n(2)
g ,j—n<z) 9n.j n(z )
= dletQ(z) file) 40 )

In particular, each function f = fie; + ... + fveny € M is uniquely determined
by its first n coordinate functions fi, ..., fx.

Since A is dense in M; and in My, there are functions Fi, ..., Fy,, 1,v € My and
G1, ..., Gpyqns € My with coefficients in A such that

(F‘i()\))izl,...,nﬁrn/ = (617 < €n1y Cnydnotls ey €n1+n2+n’)

and
(Gi(A))i:I,...,ng—i-n’ - (€n1+17 ceey en1+n2+n’)-

Write the first n coordinate functions of each of the functions
F17 ceey an G17 ceey anv Fn1+17 ceey F’n1+n’7 Gn2+17 eeey Gn2+n’

with respect to the basis (ey, ..., en) of D as column vectors and arrange these
column vectors to a matrix A in the indicated order. Then A is an (nx (n+n'))-
matrix with entries in A. Write A = (A, A1), where Ag is the (n X n)-matrix
consisting of the first n columns of A and A; is the (n x n)-matrix consisting
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of the last n’ columns of A.
By construction we have det(Ag(\)) = 1. On Q\Z(det Ap), we can write

(det Ag)Ay A = (diag(det Ag),T),

where diag(det Ag) is the (n x n)-diagonal matrix with all diagonal terms equal
to det Ag and I' = (v;5) is an (n x n’)-matrix with entries in A. The column
vectors

75 = (V1jy oy Yrjs 05 o, 0, — det Ag, 0, ..., 0)" (5 =1,...,7n),
where — det Ag is the entry in the (n + j)-th position, satisfy the equations
(det Ao)AalATj = ((det Ao)’yij — (det Ao)’yij)?zl =0

on Q\Z(det Ag). Hence Ar; = 0 for j = 1,...,n/, or equivalently, for each
j=1,...,n, the first n coordinate functions of

71jF1 +. 7n1an1 + 7n1+n2+1,an1+1 T T Vnatnotnl i g 402

with respect to (eq, ..., en) coincide with those of

Sj = (det Ao)Gn2+J’ — ’ynlJrl’le — . — 7n1+n2,jGn2-

For each j, due to AM; C M; (i = 1,2) both functions belong to M and thus,
by the first part of the proof, they coincide. But then these functions belong
to M7 N Ms. Since the vectors

Gi(N) =en+i (i=1,.,n2+n)

are linearly independent and det(Ag(\)) = 1, it follows that s1(\), ..., S/ ()
are linearly independent and thus fd(M; N Mz) > dim(M; N Ma)y > n'. O

Recall that a domain 2 C C? is called polynomially-convex or a Runge domain
if the polynomial-convex hull of each compact subset K C  is contained in
2. By the Oka-Weil approximation theorem (Satz 7.10 in [Escl7]) on each
Runge domain Q C C? the polynomials are dense in O(Q) with respect to
the Fréchet space topology of uniform convergence on compact subsets, and
hence each C[z]-submodule M C O(2, D) which is closed with respect to the
Fréchet space topology of O(2, D) is automatically an O(2)-submodule. Thus
by applying Theorem 6.4.2 with A = O(2) we obtain the following general
lattice formula for fiber dimensions in the category of Fréchet submodules of
O(£, D). The reader should be aware that this result does not apply to Banach
or Hilbert spaces of analytic functions.
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6 Cowen-Douglas operators and fiber dimension

Corollary 6.4.3. Let © C C? be a Runge domain and let D be a finite-
dimensional complex vector space. Then the fiber dimension formula

fd(M1 + MQ) + fd(Ml N Mg) = fd(Ml) + fd(Mg)
holds for each pair of closed C[z]-submodules M;, Ma C O(Q2, D).

Suppose that T' € L(X)? is a dual Cowen-Douglas tuple of rank N on a domain
Q C CY, that is, a weak dual Cowen-Douglas tuple such that (), ran(Z—T) =
{0}. Choose a CF-representation

p: X — O(Qo,D)

of T as in the proof of Corollary 6.1.5. Let M € Lat(7") be an invariant subspace
of T such that each vector m € M is the limit of a sequence of vectors in

M Nspan{T%x;a € N and = € D}.

Then p(M) C O(, D) is a C[z]-submodule in which the polynomials are
dense in the sense explained in the section leading to Theorem 6.4.2. Hence,
for any two invariant subspaces M;, Ms € Lat(T) of this type, noting that p is
injective, the fiber dimension formula

fd(My + Ma)+ fd(My N Mz) = fd(p(Mr) + p(Mz)) + fd(p(My) N p(Mz))
= fd(p(Mn)) + fd(p(M2)) = £d(M7) + fd(M>)

holds. The above density condition on M is trivially fulfilled for every closed
T-invariant subspace M which is generated by a subset of D. But there are
other situations to which this observation applies.

Let T € L(H )d be a commuting tuple of bounded operators on a complex
Hilbert space. Suppose that H admits an orthogonal decomposition H =
@i, Hr with closed subspaces Hj. Let v = (71, ..., 74) be a d-tuple of positive
integers ; > 0. The tuple T is said to be v-graded with respect to this
decomposition if TjHr C Hyy,, for k € N and j = 1,...,d. By definition a
closed subspace M C H is homogeneous if

o
M:@Mmﬂk.
k=0

We shall say that the algebraic direct sum I:I~ = P, Hy, is finitely generated
if there is a finite set of vectors x1,...,xny € H with

H = span{T°z;;a € N and i = 1,..., N}.
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6.4 A lattice formula for the fiber dimension

In Theorem 3.3 of [Esc19] it is shown that H is finitely generated if and only if
the wandering subspace W(T') = HS Z;'i:1 T;H of T is finite dimensional, and
that in this case W(T) C H and each linear basis 1, ...,z of W (T') generates
H in the above sense.

Corollary 6.4.4. Let T € L(H) be a y-graded dual Cowen-Douglas tuple on
a domain Q C C% with 0 € Q. Then the fiber dimension formula

fd(M1 + Mz) + fd(M1 N Mg) = fd(Ml) + fd(MQ)
holds for any pair of homogeneous invariant subspaces My, My € Lat(T).

Proof. Let N be the rank of T as a dual Cowen-Douglas tuple on €2. Then

d
H = (Z TH) o W(T)

=1

and dim W (T') = N < oo. The proof of Corollary 6.1.5 shows that there is a
CF-representation p : H — O(Qo, W(T)) of T on a suitable connected open
zero neighbourhood 2y C Q. Let M € Lat(T') be a homogeneous invariant
subspace for 7. Then each element m € M can be written as a sum m =
ZZO:O my, with

my, € M0 Hy € M Nspan{T%x;a € N and z € W(T)}.
Hence the remarks following Corollary 6.4.3 imply the assertion. O

Typical examples of graded dual Cowen-Douglas tuples are multiplication tu-
ples M, = (M,,,...,M,,) € L(H)? with the coordinate functions on unitarily
invariant subspaces. Slightly more general, consider an analytic functional
Hilbert space H = H(Ky, CN) given by a reproducing kernel

Ky : Br(a) x By(a) = L(CY), Ky(z,w) = f({z,w))1¢n,

where f(z) = > .77 ;an2" is a one-variable power series with radius of conver-
gence R =12 > 0 such that ag = 1, a, > 0 for all n € N and

. a a
0 < inf —— < sup —

neN Up4+1  neN An+l

< 00

(see [GHX04] and Chapter 2.2 in [Werl4]). Let 8 = (81, ..., 34) € (N*)¢ be a
tuple of positive integers. To obtain the grading of H, recall that a polynomial
P = D nend Gaz” is called B-homogeneous of degree k € N if Zf-l:l ;B = k
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6 Cowen-Douglas operators and fiber dimension

for all @ € N? with a, # 0. Let us denote by Hj;, = Hy(8) the set of all j3-
homogeneous polynomials of degree k.

By the results in [Wer08], the monomials (aa%)%zo‘ (a € N%) form an or-
thonormal basis of H(Ky,C) and thus H is the orthogonal sum

[e.@]
H=@PH,C".
k=0
The operator tuple M, = (M,,, ..., M,,) € L(H)? is obviously B-graded. It is
well known and follows for instance from Satz 2.5 in [Wer08] that W (M,) =
Hy = CV. Furthermore, every invariant subspace

M = \ZC[z]pi € Lat(M;)

generated by a finite set of S-homogeneous polynomials p; € Hy, ® CV is ho-
mogeneous.

Let H = Hg C O(Q) be an analytic functional Hilbert space on a domain
Q C C4, or equivalently, a functional Hilbert space given by a sesqui-analytic
reproducing kernel K : Q2 x  — C. Let D be a finite-dimensional complex
Hilbert space. Then the D-valued functional Hilbert space H(Kp) C O(Q2, D)
given by the kernel

Kp:QxQ— L(D),Kp(z,w) = K(z,w)lp

can be identified with the Hilbert space tensor product Hxg ® D. Let us denote
by M(H) ={¢:Q — C;pH C H} the multiplier algebra of H.

Corollary 6.4.5. Suppose that H = Hg contains all constant functions and
that z1,..., 2, € M(H).

(a) For any pair of closed subspaces My, My C H(Kp) with M (H)M; C M; for
i = 1,2 and such that M(H) is dense in M; and Ms, the fiber dimension
formula

fd(M1 \Y Mz) + fd(M1 N Mg) = fd(Ml) + fd(Mz)

holds.

(b) If in addition K is a complete Nevanlinna-Pick kernel, that is, K has
no zeros and also the mapping 1 — % is positive definite, then the fiber
dimension formula holds for all closed subspaces M;, My C H(Kp) which
are invariant for M (H).
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6.4 A lattice formula for the fiber dimension

Proof. Part (a) is a direct consequence of Theorem 6.4.2. If K is a complete
Nevanlinna-Pick kernel, then the Beurling-Lax-Halmos theorem proved by Mc-
Cullough and Trent (see Theorem 8.67 in [AMO02] or Theorem 3.3.8 in [Bar07])
implies that M (H) is dense in every closed subspace M C H(Kp) which is
invariant for M (H). O

Note that the condition that M (H) is dense in a subspace M C H(Kp) is
satisfied for every closed M (H )-invariant subspace M C H(Kp) that is gener-
ated by an arbitrary family of functions f; : Q@ — D (i € I) with coefficients in
M(H). Part (b) for domains € C C was proved in [CCF15].
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List of symbols

Common Notation

ran ........... Range of a map

Clz] vevvvnenn Polynomials in several (usually d) complex variables

€ e ith unit vector in N¢

LIX,)Y) ...... Bounded linear operators between Banach spaces X and Y,
L(X)=L(X,X)

PN) ......... Square-summable sequences in C

f(n) ... nth Fourier coefficient of a function f

H2(T) ........ Hardy space on the unit circle

L3(T) ........ Square-integrable functions w.r.t arc length measure on the

unit circle

o,D) ...... Holomorphic functions on a submanifold 2 C C¢ with values
in a finite-dimensional vector space D

D Unit disc in C

By oo Unit ball in C?

e -~ Essential operator norm

ReT .......... Real part of a bounded linear operator T’

ImT .......... Imaginary part of a bounded linear operator T’

TSOT «vevvevnnn Strong operator topology

H?(D,D) ..... Hardy space on D with values in a Hilbert space D

HoM ....... Orthogonal complement of a subspace M in a Hilbert space
H
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List of symbols

[M] ..o, Smallest closed subset invariant for a given operator tuple T
containing a set M

w(T) ........ Wandering subspace of a bounded linear operator T’

L>*D) ....... Essentially bounded functions w.r.t the Lebesque measure on
D

L>(o) ........ Essentially bounded functions w.r.t a measure o

h*(Bg) ....... Bounded M-harmonic functions on By

fd(M) ........ Fiber dimension of a C[z]-submodule M of O(2, D)

EX v Point evaluation at a point A

My ..ol Range of the point evaluation at a point A on a set M of

functions on

Z(f) i, Set of zeroes of a holomorphic function f

o(T) ......... Taylor spectrum of a commuting operator tuple T’

Oé ........... Sheaf of holomorphic functions on 2 with values in X

OX ... Stalk of the sheaf OF at a point w

span(M) ..... Linear span of a subset M of a vector space

VM .......... Closed linear span of a subset M

K¢ (T,X) ..... Koszul complex of a commuting operator tuple T' on a Banach
space X

A(X) ool Forms of degree i with coefficients in X

(5iT ............ 1th boundary map in the Koszul complex of a commuting op-

erator tuple T’

H{(T,X) ..... ith cohomology group of the Koszul complex of T

A% (By) ....... Generalized Bergman space with parameter m € N*, p.10
A2(By) ....... Generalized Bergman space with parameter v €]0, oo[, p.12
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List of symbols

Kn, K, ...... Reproducing kernel of the generalized Bergman spaces, p. 10,
p. 12

o Y Combinatorial coeffiecients, p. 20

Hyg ........... Functional Hilbert space with reproducing kernel K, p. 11

Hg(&) ....... E-valued functional Hilbert space with reproducing kernel K'1¢,
p. 77

M, ... Cauchy Dual of M., p. 9

T oo, kth homogeneous component of a bounded linear opeator T,
p- 29

Hg ..ooooeett. Space of homogeneous polynomials of degree k

P ... Projection onto Hy, p. 29

Ky ..o Fejér kernel, p.30

Dy ool Domain of the multiplication operator with symbol f, p.31

Tr oo, Toeplitz operator with pluriharmonic symbol f, p. 33

OT eveeenann Positive operator in L(L(H)) for a Hilbert space H, p. 74

OM, «vvvennennn Positive operator in L(L(Hg)), e.g. p. 21

JANLY S A p. 11

A ool p. 74

Teu(K) ...... Set of all operator tuples satisfying a Brown-Halmos-type iden-
tity, p. 38

TCD Cowen-Douglas tuple associated with a weak Cowen-Douglas
tuple, p. 61

L ............. p. 62

P(z) ... p. 62

Qp ..o p. 66

Vo Module map defining a multivariable Shimorin model, p. 66
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List of symbols

H ............ Functional Hilbert space associated with a regular tuple T, p.
66

Kp oo, Reproducing kernel of the functional Hilbert space H , p. 66
Ho oovoiin.. p. 69

Y p. 74

W(K) ........ p. 74

(%) N(T) p. 78

=(T) ool p. 78

YSrn(T) ... .. p. 78

Yr(T) ooo... p. 78

fdp(Y) ....... Fiber dimension of a subspace Y of a Hilbert space w.r.t a

weak dual Cowen-Douglas tuple T', p. 95
o(T) «ovoiiit Samuel multiplicity of an operator tuple 7', p. 100

K*(z —T,08) Complex of sheaf homomorphisms induced by the Koszul com-
plex of a commuting operator tuple z — 7', p. 103

0 ith boundary map of the complex K*(z — T, OX), p. 103

Hi(z —T,08) Cohomology sheaves of the complex K*(z — T, 03 ), p. 103

Hr oot Sheaf model of a commuting operator tuple, p. 104
eo,(E) ....... Analytic Samuel multiplicity of a Noetherian Op-module F,
p- 105
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