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Abstract

This work shows a route towards the implementation of diamond-based platforms as
highly integrated system for quantum information processing. To this end, a structure
where three degrees of freedom mutually couple at the single particle level is investigated
based on numerical modelling. A practical implementation is tested and challenges to-
wards an experimental demonstration are identi�ed.
The structure considered in this work is a photonic and phononic crystal that con�nes
an optical and a mechanical resonator mode and that hosts a colour centre. Besides the
well-explored Purcell coupling, optomechanical interaction and strain coupling to both
the ground and excited state levels of a single nitrogen vacancy colour centre determine
the dynamics in this structure. In addition, a hybrid interaction involving all three
degrees of freedom is explored to demonstrate the unique possibilities in this highly
integrated system.
With regard to an experimental implementation, established fabrication techniques are
improved and a novel dry etching technique is developed with the aim to achieve a better
mode con�nement. The practical feasibility of measurements in vacuum, required for
detecting the mechanical oscillation via optomechanical or strain coupling, is assessed.
Unexpected features in the optical mode spectrum are detected and systematically in-
vestigated so that a future experimental demonstration is within reach.

Zusammenfassung

In dieser Arbeit wird eine Diamantplattform als hochintegriertes System im Bereich der
Quanteninformationsverarbeitung vorgestellt. Dazu wird eine Struktur simuliert, in der
drei Freiheitsgrade auf der Ebene einzelner Quanten in Wechselwirkung treten. Eine
praktische Umsetzung wird getestet wobei Hindernisse auf dem Weg zu einer experi-
mentellen Demonstration identi�ziert werden.
In dieser Arbeit wird ein photonischer und phononischer Kristall untersucht, der eine op-
tische und eine mechanische Resonatormode lokalisiert und in dessen Mitte ein Farbzen-
trum eingebracht ist. Neben der bekannten Purcell-Kopplung bestimmen optomecha-
nische Kopplung und die Wechselwirkung zwischen mechanischer Schwingung und den
Grund- und angeregten Zuständen eines einzelnen Sticksto�-Fehlstellen-Zentrums die
Dynamik des Systems. Darüber hinaus wird eine gleichzeitige Wechselwirkung aller
drei Freiheitsgrade untersucht um die einzigartigen Möglichkeiten dieses hochintegri-
erten Systems aufzuzeigen.
Im Hinblick auf eine experimentelle Umsetzung werden bekannte Herstellungstechniken
verbessert und ein neues Trockenätzverfahren entwickelt um eine bessere Lokalisation
der Moden zu erzielen. Messungen im Vakuum, die für den indirekten Nachweis der
mechanischen Schwingung über optomechanische Kopplung nötig sind, werden getestet.
Dabei wird ein unerwartetes Verhalten der optischen Eigenschaften beobachtet und sys-
tematisch untersucht sodass eine experimentelle Umsetzung in greifbare Nähe rückt.
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Hybrid Quantum Systems in Diamond

As the �eld of quantum technologies is advancing more and more, applications that
could only be imagined for a long time are within reach for a practical implementation.
A number of seminal experiments showed that an application of quantum systems as
extremely sensitive detectors [1], and as building block for quantum computing [2, 3]
or quantum communication [4] is indeed possible. A drastic improvement, however,
is required to transfer the results of these proof-of-principle experiments to quantum
technologies of practical use. The properties of individual components need to be op-
timised to ful�l their tasks like storage, processing, readout or transfer of information.
While there is a variety of di�erent physical systems that are investigated with the
aim to implement quantum technologies, there is no platform known to date that is
equally suitable for all aspects of an integrated quantum network. It became thus ob-
vious that a combination of di�erent components is required to implement quantum
technologies [5, 6]. The use of such hybrid systems assembled from di�erent building
blocks allows to use the best platform for each function and combine them such that
the strengths of the individual parts can be exploited and the weaknesses are mitigated
by complementary subsystems.

The individual building blocks of hybrid architectures vary according to the appli-
cation and there is no consensus about the question which degrees of freedom are most
suitable for what function. Many hybrid quantum systems comprise an internal degree
of freedom in the form of a two-level system for functions like memory or computational
quantum bits, or as single photon sources. Non-classical radiation of a single trapped
ion has been detected decades ago [7] and since then a broad variety of single pho-
ton sources like quantum dots, superconducting qubits, molecules, or defect centres in
semiconductors has been studied [8�10]. While quantum dots have been studied as elec-
trically driven single photon sources [11], most two-level systems require an optical or
microwave control �eld to generate single photon emission and to store, retrieve, or pro-
cess quantum information. Therefore, nearly all proposals for hybrid quantum networks
also include an optical degree of freedom and Lasers are a standard and convenient tool
to control two-level systems. Optical resonators strongly con�ne their light �eld and
allow to enhance the optical �eld strength in de�ned resonator modes to increase control
over the two-level system. Besides this application as technical tool, an optical degree
of freedom is also studied in the form of single photons. As "�ying qubits", they can
be the centrepiece in applications like quantum repeaters [12] or quantum information
processing [13] and especially the combination of stationary and �ying qubits can be
exploited for quantum computation [14]. A third degree of freedom that is more and
more discussed for the integration in quantum hybrid systems are mechanical resonators
on the nanoscale [15,16]. Their ability to interconnect systems of disparate energy scales
make them an interesting component in more complex hybrid architectures where very
di�erent building blocks need to be assembled. On the level of fundamental experi-
ments, their still nearly macroscopic dimensions allow to observe signatures of quantum
mechanics on a scale far above the single particle level and make mechanical resonators
an interesting system to test quantum e�ects. Mechanical resonators have been inves-
tigated for an application as memory [17] and very sensitive detectors for mass [18�21],
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position [22], or biological and chemical components [23, 24]. The mechanical degree of
freedom has also been investigated at the single particle level and phononic applications
play an increasing role in quantum technologies. Phononic networks and switchable
phonon routers [25] have been investigated, analogous setups to optical cavity quantum
electrodynamics based on phononic two-level systems and their corresponding networks
have been studied [26], and the processing of information with phononic computing is
within reach with current technologies [27].

All these individual degrees of freedom show properties rendering them suitable for
di�erent tasks in hybrid quantum networks. The crucial factor, however, is the intercon-
nection of these di�erent components as the dynamics of a hybrid system is determined
by the interactions between the individual degrees of freedom. The coupling between
di�erent physical systems even opens for new applications based on the interaction as
such and allows the use of novel protocols based on the interaction pro�les. In the re-
cent years, more and more attention was drawn to diamond-based systems for quantum
applications [28�33]. Diamond has the advantage to provide a �exible platform where
various degrees of freedom can be integrated in a monolithic architecture. This allows
for the co-localisation of an optical, a mechanical and an internal degree of freedom
in a single device. These di�erent building blocks of hybrid architectures have been
investigated in diamond-based structures and the investigation of their interactions as
well as a practical implementation are subject to on-going research.

Individual Building Blocks in the Diamond Structure:

Optical, Mechanical and Internal Degree of Freedom

Many simulations on optical resonators in diamond have been performed. Waveguide
heterostructure designs [34�36], two-dimensional photonic crystal cavities [34, 37�39],
and one-dimensional photonic crystal cavities [40�42] have been investigated. However,
the nanofabrication of diamond structures remains a challenge due to the chemical inert-
ness and mechanical resistance of the material as well as the lack of established standard
fabrication procedures. In nanocrystalline diamond, microdisk structures [43], photonic
crystal cavities [44] and waveguide heterostructures [45] have been fabricated for optical
wavelengths at 637 nm and the telecom band at 1550 nm. The optical quality factors
Qopt reach values of around hundred for the ring resonators, up to 500 for the photonic
crystal cavities and up to 2800 for the waveguide heterostructures. In single crystal
diamond, ring resonators have been fabricated for optical and telecom wavelengths with
quality factors of a few thousand [46�48]. The �rst one- and two-dimensional photonic
crystal cavities in single crystal diamond have been fabricated in our group with quality
factors up to 700 [42]. Higher quality factors of few thousands have been reached in sub-
sequent work with two- [49] and one-dimensional [50] photonic crystal cavity structures.
With an angled etching technique leading to a triangular cross-section, quality factors
up to 5000 could be reached with one-dimensional structures designed for the visible
range and up to 150000 with ring resonators at telecom wavelengths [51, 52]. Very re-
cently, photonic crystal structures designed for optical wavelengths could be fabricated
using an under-etching technique and showed quality factors exceeding 14000 [53].
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Also mechanical resonators have been fabricated from diamond. Doubly clamped
paddles with dimensions of 2µm have been fabricated in nanocrystalline diamond [54].
The �exural modes showed resonance frequencies in the range 6−30 MHz with mechan-
ical quality factors Qm ranging up to 3500. Also in nanocrystalline diamond doubly
clamped beam with dimensions 40 nm× 180 nm× 2, 5− 8µm showed quality factors up
to 104 for resonance frequencies in the order of 10−160 MHz [55]. Various structures like
square or round paddle arrays and tuning forks with resonance frequencies in the range
10− 40 MHz and quality factors of 1000− 8000 have been fabricated in polycrystalline
diamond [56]. With speci�c "antenna structures" resembling a �sh-bone (dimensions
approximately 600 nm × 400 nm × 10µm), mechanical frequencies up to 1.44 GHz and
quality factors up to 20000 could be reached [57]. The �rst single crystal diamond res-
onators were nanodome resonators with frequencies of 50 − 600 MHz and mechanical
quality factors up to 20000 (at room temperature Qm ≈ 1000) [58]. Also, cantilevers in
single crystal diamond with dimensions of 60− 80µm× 15− 20µm× 0.8− 1.8µm with
resonance frequencies in the range 600− 1400 kHz and quality factors at room temper-
ature up to 338000 have been fabricated [59]. Single crystal diamond cantilevers and
doubly clamped beams in the micron range achieved high mechanical frequencies up to
10 MHz and quality factors of 104 (where cantilevers and larger structures show higher
quality factors than doubly clamped beams and smaller structures) [60, 61]. Quality
factors of 1 million at room temperature could be shown with cantilevers and allowed
for a systematic study on how the diamond quality and surface termination a�ects the
mechanical quality factors [62]. Microdisk resonators in single crystal diamond reached
quality factors of 9000 for mechanical frequencies of 2 GHz [63]. Phononic crystals in
single crystal diamond were fabricated and showed mechanical modes arising from the
X-band with quality factors of 103 at frequencies around 5 GHz [52].

While there is a large variety of di�erent resonator types, only whispering gallery
mode resonators and selected photonic and phononic crystal cavities are suitable to co-
localise both an optical and mechanical resonator mode in a single structure. Whispering
gallery mode resonators con�ne light through total internal re�ection in spherical geome-
tries and toroid structures support di�erent types of mechanical oscillations including
breathing and �exural modes. They typically show high quality factors and moderate
spatial con�nement of optical and mechanical resonator modes. In order to maximise the
interaction strength between the individual degrees of freedom, photonic and phononic
crystal modes are better suited due to their extremely strong mode con�nement and
the resulting very high peak intensities of the cavity �elds. These structures have �rst
been investigated with respect to their optical properties as photonic crystals [64�66].
A periodic pattern of varying refractive index can be engineered such that a bandgap
or modegap e�ect gives rise to a localised optical cavity mode in its centre. Also for the
localisation of mechanical resonator modes, structures with periodically patterned ma-
terials have been investigated [67]. In that case, the modulation of the elastic properties
gives rise to phononic modes. The combination of both approaches can be achieved by
carefully engineering a structure with respect to both its optical and mechanical proper-
ties to co-localise photons and phonons in a single device [68]. The functionality of the
structure is predominantly de�ned by the design of the device, but the properties of the
host material set the general framework. Diamond is transparent from the ultraviolet
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to the far infrared and allows for con�ned optical modes in a wide range of wavelengths
including the visible spectrum, while its very high Young's modulus allows for reaching
record mechanical frequencies that are not accessible with other materials.

In addition to optical and mechanical resonator modes, also two-level systems can be
incorporated in diamond architectures. Various di�erent colour centres can be formed by
the incorporation of impurity atoms and the creation of vacant lattice positions [10,69].
Among the most-studied colour centres is the negatively charged nitrogen vacancy colour
centre consisting of a nitrogen impurity and an adjacent vacant lattice position [70]. It
has been studied as single photon source [71], for applications like quantum repeaters [72]
or quantum key distribution [73], and for fundamental tests of quantum mechanical con-
cepts like the violation of a temporal Bell inequality [74] and a loophole-free violation of
a spatial Bell inequality [75], entanglement between the spin state of a nitrogen vacancy
colour centre and an optical photon [76], or the entanglement between remote colour
centres [77]. It has been demonstrated that strong driving of the spin [78] and all-optical
control of the spin state with continuous [79] or pulsed [80] protocols are possible. The
integration of nitrogen vacancy colour centres into various photonic structures has been
demonstrated [81]. It is possible to create nitrogen vacancy colour centres with de�ned
localisation in vertical [33,82] or lateral [83�85] dimensions and very small target volumes
of 450 nm×450 nm×4 nm can be achieved when combining both approaches [86]. High-
resolution spectroscopy then allows the localisation of single emitters with a precision
down to few nanometres [87]. Also the orientation of nitrogen vacancy colour centres
with respect to the crystal lattice can be controlled during sample growth [88�90].

Interactions Between the Di�erent Components

A photonic and phononic crystal cavity in single crystal diamond is thus a suitable plat-
form to integrate di�erent degrees of freedom in a monolithic structure. The interactions
that occur between these components are the coupling between the nitrogen vacancy
colour centre and the mechanical as well as the optical resonator mode, and the optome-
chanical coupling inside the diamond structure. The interaction between a two-level-
system and an optical resonator is a standard tool in quantum electrodynamics and is
typically exploited to enhance the interaction between light and the two-level system. It
has also been studied in the context of nitrogen vacancy colour centres coupling to mono-
lithic diamond optical resonators. The coupling between diamond optical resonators and
single nitrogen vacancy colour centres could be demonstrated with ring-shaped whis-
pering gallery mode resonators [46, 47] as well as with two-dimensional [49, 91] and
one-dimensional [50] photonic crystal resonators. With these proof-of-principle demon-
strations, signi�cant improvements of the fabrication technologies are the next step to
establish this interaction pro�le as standard technology and also an even more detailed
investigation will not contribute much to this aim. Therefore, this work will focus more
on the interactions between the optical and mechanical degree of freedom as well as
between the colour centre and the mechanical cavity mode.

Radiation pressure e�ects have already been discussed centuries ago by Johannes Ke-
pler and could be demonstrated experimentally in the early 20th century [92,93]. They
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are exploited in applications like optical tweezers [94] and laser cooling of atoms [95,96]
that became powerful tools for a broad range of experiments at the single particle level.
Optomechanical interaction has also been studied in the context of gravitational wave
detectors under the term "ponderomotive e�ect" [97, 98] and the investigation of radi-
ation pressure e�ects in optical resonators was adding a new perspective to the �eld.
An entire �eld of research investigating cavity optomechanics down to the quantum
scale developed [99�103] and there is a number of ideas for applications [104]. It has
been discussed very early that optomechanical devices allow for quantum non-demolition
measurements [105�107], the generation of squeezed states [108�110], or Schrödinger cat
states [111,112] and detailed proposals for the preparation of entangled states between
optics and mechanics have been speci�ed later on [113�115]. Also, the possibilities for
optomechanical cooling [116, 117] and heating [117] have been assessed shortly after.
The early experiments in cavity optomechanics investigated static e�ects like optical
bistability [118] and dynamic e�ects like the optical spring e�ect [119�122] and the
parametric instability [121�124]. Microstructures that co-localise optical and mechani-
cal modes in a monolithic device have been fabricated [123,124] and dispersive coupling
has been demonstrated where the interaction is proportional to the square of the dis-
placement [125,126].

The most studied application of the optomechanical interaction is cooling of me-
chanical motion. While it was mediated by photo-thermal forces in an initial experi-
ment [127], various di�erent cooling protocols have been studied later on. From a theo-
retical perspective, the required condition for cooling to phonon numbers below one has
been found to be the regime of resolved sidebands [128] and two fundamentally di�erent
cooling protocols have been studied and compared [129]. Experimentally, both cold
damping [130�132] and back-action cooling have been demonstrated [121,122,133,134].
Later, also optomechanical cooling in the limit of resolved sidebands has been demon-
strated [135�137]. Finally, the ground state of motion could be reached through op-
tomechanical cooling with photons in the microwave [138] and the telecom range [139].
Clear signatures of the quantum regime could be detected in the form of asymmetric
phononic sidebands of the optical resonator [140].

The regime of strong optomechanical coupling could be demonstrated [125,141] and
quantum-coherent optomechanical coupling could be demonstrated with microwave [142]
and optical photons [143]. Applications like optomechanically induced or mediated
transparency [144�146], optomechanical frequency conversion [147, 148], or precision
measurements of position [137, 142], force [149], and mass [150] have been studied.
On the level of fundamental quantum mechanical experiments, phonon shot noise has
been measured [151], and the heralded single phonon generation, storage, and readout
corresponding to the manipulation of mechanical Fock states has been explored in an
optomechanical system [152]. Also, the use of pulsed protocols for optomechanical
applications has been investigated that could allow for several possibilities like observing
quantum features despite the preparation from a thermal state or surpassing the cooling
limit imposed by classical sideband cooling [102,153,154].

The extreme con�nement of both optical and mechanical resonator modes to a very
small volume in photonic and phononic crystal resonators is advantageous for reaching
high optomechanical coupling strengths. This has been exploited in various experiments
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with both two- [155] and one-dimensional structures [139, 140, 144, 145, 156]. Also, dia-
mond structures have been exploited and optomechanical interaction could be demon-
strated in doubly-clamped beams [157] and paddles [158] fabricated from polycrystalline
diamond. Recently, also single crystal diamond has been used as platform to demon-
strate optomechanical coupling in whispering gallery mode resonators [63] and photonic
and phononic crystal resonators [52].

The interaction between a two-level system and a mechanical oscillation is frequently
termed strain coupling. While it is inherent to solid state emitters that can directly
couple to phononic modes supported by the host material, there is a variety of imple-
mentations to couple two-level systems and mechanical motion via an additional degree
of freedom that mediates the interaction. Non-solid state emitters like ultracold atoms,
ions, or molecules can only indirectly couple to a localised mechanical resonator mode,
for example via radiation pressure forces in an optical resonator. The interaction be-
tween superconducting qubits and a mechanical resonator mode is typically mediated by
capacitive or magnetomotive coupling. There are proposals [159,160] and experimental
demonstrations [161] for coupling quantum dots to mechanical displacement �elds and a
mechanical resonator mode could be cooled to its ground state of motion through strain
coupling to a superconductive quantum bit [162]. However, many contributions to the
growing �eld of strain coupling focus on the interaction between a mechanical oscillation
and the electronic ground or excited state levels of the nitrogen vacancy colour centre
in diamond [163]. Many implementations are based on magnetically mediated strain
coupling [164�168]. In these setups, a magnetic �eld gradient is exploited such that
a mechanical oscillation results in an oscillation of the magnetic �eld intensity at the
location of the colour centre. The varying magnetic �eld then interacts with the ground
state spin states of the nitrogen vacancy colour centre and causes a shifting, splitting,
or mixing of the di�erent levels. Magnetically mediated strain coupling has been used
for coherent control of the spin state [167], and the generation of a phononic Mollow
triplet [168]. These indirect access routes can open the possibility for strain coupling
in two-level systems that could not undergo this interaction otherwise or facilitates the
experimental setup in some cases. However, in the case of the nitrogen vacancy colour
centre in diamond, the magnetically mediated coupling scheme cannot give access to
the transition between the ground state levels with ms = +1 and ms = −1. In addition,
the interaction strength is inherently limited by the magnetic �eld gradients that can
be generated at the location of the colour centre.

A direct interaction between a mechanical resonator mode and a nitrogen vacancy
colour centre is thus the more promising approach for opening up new experimental
possibilities and to facilitate the integration into hybrid systems. This direct interaction
requires a two-level system embedded in or attached to a mechanical oscillator such that
the strain �eld directly a�ects the electronic states of the emitter. The coupling is based
on the deformation of electronic orbitals upon interaction with a strain �eld. The e�ect is
orders of magnitude larger for the excited state levels with considerably larger orbitals
than for the ground state levels with smaller orbitals. Two fundamentally di�erent
architectures are commonly used for the demonstration of strain coupling. Standing
acoustic waves in the bulk of the diamond material generated by high overtone bulk
acoustic resonators or interdigitated transducers at the surface have been coupled to
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the ground [169�171] and excited [172] state levels of the nitrogen vacancy colour centre
and also actuated mechanical cantilevers showed strain coupling to the ground [173�175]
and excited state levels [176]. With direct strain coupling, the generation of phononic
dressed states could be shown [175], the spin coherence times could be increased with the
help of a continuous dynamical decoupling technique [170, 175], and strong mechanical
driving [175] as well as coherent control [171] of the spin could be demonstrated. Strain
coupling to the excited state levels even entered the regime of resolved sidebands [172].

Scope and Content of this Thesis

The scope of this thesis is to investigate a hybrid quantum system based on a photonic
and phononic crystal structure in diamond that also hosts a single nitrogen vacancy
colour centre. The properties of all individual building blocks are investigated and the
couplings occurring between all individual degrees of freedom are studied including a
hybrid interaction between all three subsystems. The practical feasibility of such a
hybrid diamond architecture is tested and possible applications are critically assessed.

The following chapter gives the theoretical background for this work starting with
the relevant material properties of diamond. All individual degrees of freedom are de-
scribed, namely a photonic crystal as optical resonator, a phononic crystal as mechanical
resonator and a nitrogen vacancy colour centre as two-level system. All interactions oc-
curring between these building blocks are presented. These are the Jaynes-Cummings
interaction between optical and internal degree of freedom, optomechanical interaction
in the photonic and phononic crystal structure, strain coupling between the nitrogen
vacancy colour centre and the mechanical resonator mode, and a hybrid interaction
including all degrees of freedom.

Then, the numerical modelling of this structure is shown. The methods to model
both optical and mechanical resonator modes are introduced and the properties of a
photonic and phononic crystal resonator in single crystal diamond are described. The
method to quantify optomechanical interaction is shown and the coupling in the diamond
structure is analysed. Strain coupling between a single nitrogen vacancy colour centre
and the mechanical resonator mode is investigated including the interaction with both
the ground and excited state levels. Finally, an integrated system hosting all three
degrees of freedom is considered and the hybrid interaction in this structure is studied.

Another chapter shows the fabrication and testing of such a structure. All processing
steps are described including fabrication and characterisation of single crystal diamond
membranes as well as patterning of photonic and phononic crystal structures with fo-
cused ion beam milling and reactive ion etching. The optical characterisation of the
resulting structures is shown and challenges with respect to an experimental application
are identi�ed.

The practical implications of the results of this work are evaluated in a detailed
discussion. The performance of the integrated diamond structure is analysed based
on results from numerical modelling and from the fabricated samples. This allows to
assess the feasibility of hybrid quantum systems in diamond architectures based on the
structure presented in this work.
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This chapter introduces the concepts that form the basis of this work. First, the material
properties of diamond are brie�y shown along with an overview of di�erent sample types
and their suitability for the fabrication of photonic and phononic crystal structures.
Then, all individual degrees of freedom are presented. This includes the particular
features of photonic and phononic crystal structures and relevant �gures of merit in the
case of the optical and mechanical resonator modes. To introduce the nitrogen vacancy
colour centre in diamond, its electronic properties are described and and possibilities for
a targeted creation are evaluated. Then, the mutual interactions between the individual
degrees of freedom are shown. The coupling between emitter and optical resonator
mode is described with a focus on the Purcell regime of weak coupling. Optomechanical
coupling is presented by introducing the corresponding physical formalism. In addition,
the linearised description of the interaction, di�erent coupling regimes, the sideband
resolution, experimental possibilities with optically driven systems, and the nature of the
interaction in the particular case of photonic and phononic crystal structures are shown.
Strain coupling is described with a separate description of the interaction between the
mechanical resonator mode the ground and excited state levels of the nitrogen vacancy
colour centre, respectively. This includes the relevant coupling regimes and possible
applications of driven strain coupled systems. To illustrate the unique possibilities the
integrated structure investigated in this work o�ers, a hybrid interaction between all
three degrees of freedom is investigated based on a theoretical model. The threefold
coupling is evaluated based on a speci�c cooling application where energy is dissipated
based on the interaction between a single nitrogen vacancy colour centre, a mechanical,
and an optical resonator mode co-localised in a photonic and phononic crystal structure.

2.1 Diamond Material Properties

Diamond is among the hardest materials found in nature and its favourable optical and
thermal properties make it a widely used material for technical applications. Diamond
is formed by carbon atoms arranged in a tetrahedral crystal lattice. This con�guration
is based on an sp3-hybridisation of carbon where each atom directly binds to its four
closest neighbours. This crystal lattice provides an extraordinarily strong bond between
the individual carbon atoms and determines the special material properties of diamond.

Young's modulus for single crystal diamond is as high as E = 1050 GPa. This makes
diamond a very attractive material for applications as mechanical resonator due to the
extremely high resonance frequencies that can be reached already with rather simple
geometries and comparably large devices. The highly symmetric tetrahedral structure
also provides isotropy for the mechanical material properties of diamond.

Single crystal diamond is a linear elastic material and the stress tensor σ is directly
proportional to the strain tensor ε.

σ = E · ε (2.1)

Diamond has a density of mass ρ = 3515 kg/m3 and Poisson's ratio is ν = 0.1. The
longitudinal and transversal velocities of sound are vl = 17520 m/s and vt = 12820 m/s,
respectively [177].
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Also the optical properties of single crystal diamond are outstanding. The strong sp3

bonds forming the diamond structure create an indirect bandgap of 5.5 eV [178]. Due
to this large bandgap, diamond is transparent from ultraviolet to infrared wavelengths
with a high refractive index of n = 2.4 in the visible range. The large bandgap is
also determining the electrical properties of diamond as semiconductor and allows the
creation of colour centres, optically active defects with electronic states located in the
bandgap and transitions in the visible or near infrared range [10,69].

With respect to colour centres hosted in diamond, also other material properties
are interesting. The large Debye temperature of diamond of TD = 2200 K leads to a
comparatively small thermal phonon population even at room temperature what limits
unwanted relaxation processes between defect centre spins and the surrounding diamond
material [163]. In addition, due to the small spin-orbit coupling of diamond, almost no
undesired spin �ips occur in electronic transitions of colour centres [163].

Besides the advantageous optical and mechanical characteristics, diamond is a chem-
ically inert material due to the strong carbon bonds. This property helps with estab-
lishing cleaning procedures and corrosion is a negligible factor for diamond samples.
However, the strong resistance against chemical reactions is also a drawback as it makes
nanofabrication of diamond structures very challenging.

Diamond shows good heat conductivity and low thermal expansion what is advan-
tageous for experiments involving high optical pump powers. Experimental setups with
a strong pump laser often su�er from local thermal expansion. This leads to a slight
change of the geometrical shape of the structure that will persist if the heat transfer
away from the beam spot is poor due to low thermal conductivity. Even very small varia-
tions of the geometric parameters can drastically shift optical and mechanical resonance
frequencies of the devices investigated in this work (see sections 3.2 and 3.3). Although
this e�ect can be exploited to switch cavities on and o� resonance as demonstrated for
example in reference [179], it is an unwelcome problem for most measurements.

To calculate optomechanical coupling, the photoelastic constants of diamond are rel-
evant. This is a measure of how much the refractive index is changed when a material
is strained. For single crystal diamond, the photoelastic constants are p11 = −0.277,
p12 = 0.058, and p44 = −0.171 according to literature [180,181]. The expected photoe-
lastic e�ect in diamond is large as high photoelastic constants also allow for a strong
interaction as can be seen based on the formulas shown in section 2.6.6. The values
for diamond are considerably higher than those of other commonly used materials like
silicon, gallium phosphide, gallium arsenide or aluminium nitride [180,182,183].

Not only single crystal diamond is used for the implementation of quantum systems,
but there are many applications that employ polycrystalline diamond. Due to better op-
tical and mechanical properties, single crystal diamond is preferred over polycrystalline
samples. Polycrystalline diamond partly contains graphite-like sp2-hybridised carbon at
grain boundaries, a signi�cantly weaker bond type. This can reduce Young's modulus
down to half of the value for single crystal diamond [178, 184]. In addition, most poly-
crystalline samples su�er from very high optical losses at the grain boundaries as the
black graphite-like material strongly absorbs light in the visible spectrum and colour
centres often do not show �uorescence as the luminescent charge state is not stable in
that case. Therefore, this work is only based on single crystal diamond.
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Besides the crystal quality, also the orientation of a single crystal diamond sample
is important. Currently, single crystal diamond samples with polished surfaces corre-
sponding to a (100), a (110) or a (111) plane in terms of crystallographic orientation
are available [88, 185, 186]. The most common (100) type samples stem from standard
chemical vapour deposition (CVD) growth process and pro�t from a very smooth surface
as polishing is easier for this surface orientation. However, a (111) surface orientation is
favourable for some applications. Colour centres incorporated in the diamond material
can then be oriented perpendicular to the surface and the corresponding dipole orien-
tation allows for very e�cient collection of the emitted radiation. However, this sample
type is very rare as it is more challenging to polish and the resulting surface roughness
remains poor compared to (100) oriented samples.

2.2 Optical Resonator: Photonic Crystal Cavity

Optical resonators consist of a structure where light can circulate so that an optical
excitation is maintained longer than in free space. The principle of an optical resonator
can best be described by a so-called Fabry-Pérot resonator, a set of two parallel mirrors
in between which light is re�ected. This leads to the formation of standing waves inside
the resonator and thus a restriction to con�ned optical modes. This simple example
of an optical resonator is shown in �gure 2.1. The characterising parameters of optical

Figure 2.1: Principle of an optical resonator. A cavity mode with optical wavelength λ

circulates inside the resonator and is subject to losses described by the decay rate κ.

resonators are the resonance frequency ωopt or as alternative the optical wavelength λ,
the mode volume Vopt describing the spatial con�nement, as well as the quality factor
Qopt or the decay rate κ describing the temporal con�nement of the optical mode. In
the case of a Fabry-Pérot resonator, ωopt corresponds to the constructive interference
condition, Vopt to the resonator size mainly determined by its length, and Qopt is a
measure for the storage time in the system. For most experiments, the desired wave-
length has to be adjusted to the application of the optical resonator like for example
coupling to the speci�c transition of an emitter (see section 2.5). For most experiments,
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the quality factor should be rather high so that losses are minimised and the optical
excitation is stored in the resonator for a longer time. This increases interaction pos-
sibilities and gives a clear signature in the measurement spectrum. In general, small
modal volumes are desirable so that stronger local �eld intensities can be reached. A
strong spatial localisation increases the interaction cross-sections for various couplings
like for example Purcell enhancement or optomechanical interaction. However, a strong
mode con�nement can often only be reached at the price of signi�cantly lower quality
factors and a compromise needs to be found.

2.2.1 Optical Resonator Types

There are various di�erent systems functioning as optical resonators [187]. Classical
Fabry-Pérot resonators are typically used to increase optical emission from atoms or
ions in traps [188]. These resonators are very �exible as the resonance frequency can
be adapted by varying the resonator length, but at the same time mode volumes are
by orders of magnitude larger than a cubic wavelength. Fabry-Pérot resonators are not
based on a resonator material what is an advantage for the interaction with trapped
atoms or ions. However, it can be a drawback for the assembly of integrated systems
where a monolithic approach is more promising. This problem can be overcome by
inserting a small amount of the desired medium, for example nanodiamonds containing
colour centres, into a Fabry-Pérot resonator. However, the large modal volumes imply
very small interaction cross-sections. While Fabry-Pérot resonators are not suited for
on-chip-devices, they can still be integrated with other systems when using �bre-based
resonators [189]. Here, the end facets of optical �bres are curved and coated with
mirror layers so that small mode volumes in the range of few ten cubic wavelengths can
be reached [190]. Thus, Fabry-Pérot resonators are very �exible but less suited when
a monolithic approach is favored or when a strong spatial con�nement of the optical
mode is required.

Another resonator type are spherical dielectric objects where light is con�ned to a
circular trajectory by total internal re�ection on the material surface. The resulting
mode shape is also named whispering gallery mode and resembles a bended waveguide
mode. Depending on the overall size of the device, a considerable fraction of the con-
�ned light is guided outside the resonator material in so-called leaky modes. There
are di�erent geometries like spheres [191], toroids [192], disks [193], or rings [194] that
have been fabricated on the nanoscale level in order to achieve a strong spatial con�ne-
ment of the optical resonator �eld. Also more specialised approaches have been tested
like manufacturing so-called bottle resonators from optical �bres that are designed such
that cavity modes can travel along the �bre circumference perpendicular to the �bre
axis [195]. The resonance wavelength of all whispering gallery modes is determined by
the dielectric constant of the resonator material, the circumference of the resonator, and
the particular shape. In experiments, relatively high quality factors can be obtained.
Losses are mainly caused by surface roughness and the radiation of leaky modes. The
modal volumes are moderate by design and typically reach few ten cubic wavelengths.
The fact that whispering gallery modes are con�ned in the dielectric material can be
exploited for the interaction with other degrees of freedom like coupling to incorpo-
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rated colour centres [46] or optomechanical interaction with vibrational modes of the
resonator [196].

A very di�erent approach is the use of photonic crystal cavities where the resonator
is created by a photonic band structure that is engineered by a patterned dielectric
medium. The con�ned light is restricted to allowed photonic states what gives rise to
highly symmetric cavity modes. The resonance frequency can be scaled both by the
refractive index of the dielectric material, and the overall size of the structure. The
optical mode volume typically is in the range of the cubic wavelength and the spatial
con�nement in photonic crystal cavities surpasses that of all other resonator types. As
in the case of whispering gallery mode resonators, the optical mode is con�ned in the
dielectric material. This allows for interaction with incorporated colour centres [42] or
phononic modes co-localised in the same structure [156]. Photonic crystal cavities can
be designed with very high quality factors. However, a precise patterning of the designed
structure is absolutely crucial for minimising losses and high experimental quality fac-
tors could only be reached with common semiconductor materials where sophisticated
fabrication techniques are available [197]. As technical improvements on this �eld are
to expect for diamond as well, photonic crystal cavities have the potential to provide
optical resonator modes with a very strong con�nement in space and time.

When cavity modes are propagating inside the resonator as it is the case for whisper-
ing gallery and photonic crystal modes, possible cavity materials have to be transparent
in the desired wavelength range. Commonly used semiconductor materials like sili-
con, gallium arsenide, and silicon nitride are transparent only in the infrared domain.
They show very good results when exploited for telecom wavelengths around 1310 nm
or 1550 nm, but for application in the visible or near infrared range only few materials
like silicon dioxide, silicon carbide, and diamond are available. For the interaction with
two-level systems, diamond is particularly well-suited as colour centres can directly be
created inside the structure.

2.2.2 Photonic Crystal Cavities

Photonic crystal resonators are based on the principle of band structure engineering.
The periodic arrangement of materials, here diamond and air, with di�erent refractive
index n creates a periodic potential for photons. Maxwell's equations can then be
expressed as an eigenfunction of the electric �eld E in a source-free linear dielectric.

∇×∇×E =
(ωopt

c

)2
εE (2.2)

Here, ωopt is the optical frequency, c is the speed of light, and ε = n2 is the dielectric
constant of the material. This equation can be ful�lled by Bloch modes that establish
a photonic band structure inside the periodically patterned material. These are guided
modes with a characteristic mode shape where only the �rst two photonic bands are
relevant for the design of photonic crystal cavities. The lowest order photonic band
is called dielectric band as the maximum of the electric �eld is located in the dielec-
tric material. In the second band, the air band, the maximum of the electric �eld is
concentrated in the air holes.
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Often, photonic crystal cavities are not fully three-dimensional structures and the
periodic pattern is only extending in one or two directions of space. The Bloch modes are
then con�ned in the other directions by total internal re�ection at the material borders,
so-called index-guiding. Typical geometries based on this principle are slab structures
where a diamond membrane is patterned with a two-dimensional photonic crystal or
where airbridge structures containing a line of regularly spaces holes are designed. The
radiation losses perpendicular to the photonic crystal plane attributed to non-perfect
index guiding can be described by the light cone, an area in the �rst Brillouin zone.
This area is de�ned as the space above the light line, a line through the origin whose
steepness corresponds to the index contrast between air and the cavity material. All
contributions within the light cone correspond to radiation losses. Although the choice
of a high index material is in general favourable for keeping out-of-plane losses small,
this cannot always be respected when other material properties are strictly required
for a particular experiment. This is the case for the hybrid structure studied in this
work as high photoelastic constants, the presence of colour centres, and transparency in
the visible wavelength range make diamond the only possible material for the desired
architecture.

To localise an optical cavity mode, the perfect periodicity of the photonic crystal
structure has to be disturbed by introducing a defect. This can be done by two fun-
damentally di�erent approaches: air defects are created when less material is present
in the centre of the cavity than in the surrounding photonic crystal structure, whereas
dielectric defects are created when excess dielectric material is used in order to localise
the photonic mode. Dielectric defects create modes arising from the air band while air
defects create modes arising from the dielectric band. The lower resonance frequencies
of localised modes arising from the dielectric band result in a smaller overlap with the
light cone compared to modes arising from the air band. Therefore, optical cavity modes
based on the dielectric band should be preferred when high quality factors are to achieve
as they usually show a better mode con�nement by design as will also be discussed in
section 3.2.2.

Two-dimensional photonic crystal resonators have widely been studied and various
di�erent ways to introduce a defect have been proposed. In the most basic structures,
a defect can be based on simply leaving out one or more holes [198,199]. Alternatively,
a gentle con�nement approach can be chosen where the size or position of selected
holes is varied [39, 200�202]. In the most common designs, a combination of missing
and altered holes forms the photonic crystal cavity [37, 38, 203�207]. Most of these
studies focus on the purely phenomenological reduction of out-of-plane losses that can
be achieved by adapting the innermost holes. However, there are some more theoretical
studies revealing that other e�ects like the phase matching with the re�ected wave,
an optimal penetration depth into the mirror cladding, and a decrease in the group
velocity of the mode can signi�cantly improve the con�nement of a photonic crystal
mode [208�211]. These aspects are merged in an inverse approach where the desired
cavity �eld is the basis for establishing the precise structure of the resonator [212,213].
In order to minimise losses, the envelope of the optical resonator mode's electrical �eld
should have a Gaussian shape and with a Fourier transform, relevant design criteria
that de�ne the optimal resonator structure can be identi�ed.
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In another design approach, a complete row of holes is left out in order to form a
waveguide and a defect is introduced by locally varying the photonic crystal pattern.
This can either be done by varying the lattice constant in steps, ranging from simple
designs with only two areas to more sophisticated designs where the lattice parameters
are varied gradually [34,36,199,214�217], or by changing the position or diameter of few
holes in the centre of the waveguide [35,203,218�220]. There is also a special application
of this principle where the holes of a completely homogeneous photonic crystal forming
a waveguide are locally �lled with liquid such that the resonator can be tuned by the
refractive index of the liquid and the area in which it is dispensed [221].

Also one-dimensional photonic crystal resonators can be formed in a variety of ways.
What they all have in common is that they are based on an airbridge structure where
index guiding is con�ning the resonator mode in two dimensions and the photonic crystal
pattern only consists of a single line of holes. The most simple design is a row of holes
with a slightly increased so-called defect spacing between the innermost holes of the
structure [222, 223], possibly also combined with an additional width modulation of
the airbridge [50]. A resonator mode can alternatively be localised when the spacing
between the innermost holes is reduced and thus an air defect is created [41]. As in the
case of two-dimensional structures, a taper section is frequently introduced where the
hole diameters and spacings are adapted in a gentle con�nement design [224�228].

However, in the case of one-dimensional photonic crystal structures, the inverse
design approach is the most commonly used method. Some geometries maintain a
constant ratio of hole diameter to spacing and introduce a modulation by varying their
absolute values, either with larger holes diameter and spacing in the centre [229], or
the opposite [40, 230]. Alternatively, the lattice spacing can be kept constant and a
modulation of the hole size creates a resonator, again either with smaller holes in the
centre forming a dielectric defect [220] or the opposite with larger holes in the centre
creating an air defect [231�233]. The latter option is more advantageous as the resulting
mode arises from the dielectric band what helps with reducing losses from poor index
guiding. Therefore, this type of photonic crystal structure is investigated in this work.
Alternatively, a defect can be created using a modulation in the hole spacing rather
than in the hole size [234], elliptical holes whose width decreases linearly from the
centre [235], or even a geometry where both the lattice constant and the hole size and
shape are varied gradually [236].

Depending on the type of defect introduced, cavity modes can either be localised
inside the band gap of the surrounding photonic crystal (band gap e�ect) or at a band
edge where propagation is only allowed within the defect region (mode gap e�ect).
This distinction is mostly relevant for theoretical considerations as both principles can
be exploited to design well-localised optical modes with good spatial and temporal
con�nement. Utilising designs based on the mode gap e�ect has the advantage that only
cavity modes with the well-de�ned symmetry condition imposed by the corresponding
guided mode can be localised inside the photonic crystal structure. More interesting for
the properties of the resulting cavity modes is whether the defect is arising from the
dielectric band or from the air band. Cavity modes arising from the dielectric band have
the maximum of the electric �eld located inside the dielectric material. This is not only
advantageous for reducing radiation losses to the light cone, but also interactions like
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optomechanical or the coupling to colour centres are stronger when the �eld intensities
are maximal in the bulk of the material as discussed in sections 2.6 and 2.5, respectively.
Other types of interaction which are not subject to this work, like for example the
coupling to single atoms in vacuum brought close to photonic crystal cavities, would
pro�t from modes arising from the air band.

2.2.3 Figures of Merit for the Optical Resonator

The spatial con�nement of an optical cavity mode can be expressed in terms of the
e�ective mode volume Vopt. This is a measure for the spatial extent of a particular
cavity mode localised by an arbitrary optical resonator structure.

Vopt =

∫
ε|E|2

max
(
ε|E|2

)dV (2.3)

A smaller mode volume indicates a stronger spatial con�nement of the cavity mode.
This is particularly important for interactions with other degrees of freedom as it can
be translated in a maximal con�ned �eld intensity. This is relevant for both the Purcell
enhancement of a single emitter where a large overlap between the optical mode and
a dipole is required, and optomechanical coupling where the interaction strength is
determined by the overlap integral of the optical and the mechanical cavity mode.

The quality factor Qopt de�nes the temporal con�nement of the mode and can be
expressed in terms of the fraction of energy that is dissipated per optical cycle.

Qopt = 2π × Wopt,tot

∆Wopt
(2.4)

Here, Wopt,tot is the total energy stored in the optical cavity mode and ∆Wopt the
radiation energy lost per oscillation cycle. Alternatively, losses can directly be derived
from equation 2.2 by considering that the frequency ωopt is a complex number whose
real part de�nes the optical mode frequency and whose imaginary part indicates losses.
The optical quality factor Qopt can then be found by comparing the real and imaginary
parts of the optical mode frequency ωopt.

Qopt =

∣∣∣∣ Re (ωopt)

2 · Im (ωopt)

∣∣∣∣ (2.5)

In a more practical approach, the quality factor also de�nes the spectral width ∆λopt

of a cavity mode with optical wavelength λopt.

Qopt =
λopt

∆λopt
(2.6)

Optical modes with high quality factors do not only show a better temporal con�nement
but are also advantageous with respect to practical considerations. As their spectral
signal is narrower, good �ltering can help to select the resonator mode from a background
what allows to eliminate some noise from the measurement.
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While the quality factor is a very intuitive measure, the decay rate of photons from
the optical resonator is the more commonly used parameter to describe the temporal
con�nement of the cavity mode. The decay rate κ is the inverse of the cavity lifetime
τopt, the average time photons spend in the cavity mode before they decay from the
resonator.

κ =
1

τopt
≡ ∆ωopt =

2πc

λQopt
(2.7)

The cavity �eld decay rate κ is directly linked to its spectral width ∆ωopt. An additional
contribution can be the external decay rate κext that originates from losses at the in-
and out-coupling of the cavity as for example shown in section 3.2.3 for a grating coupler
structure. The external decay rate of an optical resonator determines its performance
in experimental schemes where the cavity mode is populated by a pump laser.

The average steady state photon population inside a resonator pumped with an
excitation laser denoted nopt is given by the following relation.

nopt =
κext

∆2 + (κ/2)2

PL

~ωL
(2.8)

Here, ωL is the laser frequency, ∆L = ωL − ωopt is the detuning between the laser and
the resonator mode, and PL is the laser power. The photon population of the cavity is
highest for a strong pump laser that is e�ciently coupled to a high-quality cavity and
exactly matches the resonator frequency. In reality, however, the in- and out-coupling
is the weak link in the excitation and detection path. In that case, the resonator is
considered over-coupled as the external decay rate κext associated with coupling losses
is large compared to the intrinsic decay rate of the optical resonator κ. Exploiting the
relation between the e�ective photon population of the optical resonator and the Laser
input power1, the photon occupation number of the optical resonator mode can then be
expressed as

nopt =
κext

∆2

PL

~ωL
(2.9)

Overcompensating the losses associated with in-coupling of light into the optical res-
onator with an even stronger pump power potentially gives rise to new unwanted e�ects
as for example a bistability of the mechanical resonator in the Doppler regime of op-
tomechancial coupling (see section 2.6.5). Thermal population does not play a role in
the case of optical cavity modes as the required photon energies are clearly surpassing
the thermal energy provided by a realistic bath temperature.

1Without loss of generality a single-sided cavity is considered in order to simplify the expression.
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2.3 Mechanical Resonator: Phononic Crystal Cavity

Mechanical resonators consist of a structure susceptible to mechanical excitation that
can perform an oscillating movement. The most simple case is a spring where a mass
attached to one of its ends performs an oscillating movement as shown in �gure 2.2.
Any mechanical resonator can be characterised by the same set of parameters: the os-

Figure 2.2: Principle of a mechanical resonator. A mass meff oscillates at frequency fm and

is subject to losses described by the damping rate Γm.

cillation frequency ωm, typically also expressed as fm = ωm/2π, the e�ective mass meff

contributing to the movement, and the quality factor Qm or as alternative the damp-
ing rate Γm describing the temporal con�nement of the mechanical resonator mode.
The most basic physical system to describe a mechanical resonator is an elastic spring,
but there is a broad variety of mechanical resonator types. Di�erent materials and
geometries are used in order to meet the requirements for numerous applications rang-
ing from standard sensing techniques [18�21, 23, 24], over mechanical memories [17], to
fundamental quantum science [133,139,140,142,162]. Downscaling the entire system is
desirable for many applications in order to access quantum e�ects or reaching higher
resonance frequencies [100, 103, 237]. The most interesting property as compared to
other degrees of freedom is, that in the case of mechanical resonators even the quantum
regime can be reached with relatively large and massive objects in the size range of
several microns [133,162].

2.3.1 Mechanical Resonator Types

For micro-mechanical applications, the most commonly used resonator geometries are
suspended cantilevers [59,62], doubly-clamped beams [60,133], and membranes or mir-
rors moving as a whole [125,141]. These systems are relatively easy to fabricate and their
mechanical motion can be described analytically. Downscaling is important with regard
to the aims of reaching higher frequencies, developing extremely sensitive detectors, and
observing quantum e�ects. Therefore, more sophisticated fabrication techniques have
been developed and even unconventional approaches like using single carbon nanotubes
as oscillators are pursued [237].
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Other than by downscaling, higher resonance frequencies can also be achieved when
using materials with a higher Young's modulus. Many approaches use common semi-
conductor materials like silicon [17�19, 135, 139, 140, 238�240] or silica [150, 196, 241] in
order to pro�t from standard processing techniques that are available from chip fabri-
cation. Few work exists on structures fabricated from other semiconductor materials
like aluminium nitride [145,242,243] or indium phosphite [155,244]. Aluminium nitride
has the advantage of showing high piezoelectric constants that allow for direct actuation
with the help of electric �elds. The mechanical mode can then be addressed by applying
electrical voltages resulting in a linear response of the device instead of relying on other
more indirect methods like magneto-motive, capacitive, or optical excitation [242]. Very
often silicon nitride is used in order to achieve higher resonance frequencies due to its
high Young's modulus of 300 GPa and the possibility to further increase the resonance
frequency of mechanical oscillators by using pre-strained samples [133,245,246]. Also di-
amond, the material with the highest known Young's modulus, is used with the intention
to create mechanical resonators at even higher frequencies. Due to the better availabil-
ity of polycrystalline diamond samples, this material is widely used [54, 56, 57,157,158]
although its Young's modulus is signi�cantly lower compared to monocrystalline sam-
ples [184]. Many di�erent mechanical resonators with rather simple geometries have been
fabricated from single crystal diamond in the last years [52, 58�60, 62, 63, 173, 174, 247].
However, fabricating tiny structures in diamond remains a challenging task and thus di-
amond nanomechanical resonators are still far from being available as standard devices
ready for application.

A di�erent strategy to achieve high resonance frequencies up to the gigahertz regime
is to design completely di�erent resonator types. Innovative geometries allow for a
very strong spatial con�nement of a mechanical resonator mode at high frequencies.
However, this improvement can only be realised at the price of considerable modelling
e�orts and more advanced fabrication techniques. Nanodome resonators [58], �sh-bone
structures [57], and two-dimensional arrays of circular or square paddles [56] have been
fabricated from diamond. Resonators with rotational geometry that show various ra-
dial and �exural modes can achieve even smaller e�ective masses than classical and
the above-mentioned geometries. Di�erent appearances including microtoroids [196],
microrings [243], microdisks [63,146,248], and microspheres [241] exploit this principle.

The highest resonance frequencies, up to the GHz range, and an even stronger spatial
con�nement of the mechanical oscillation can be achieved with phononic crystal cavities.
In complete analogy to the photonic crystal structures presented in the previous section,
these structures follow the same principle based on the mechanical instead of the optical
properties. The esulting mechanical resonators are based on a so-called phononic band
gap material consisting of a periodically patterned material that does not allow for the
propagation of mechanical modes [249, 250]. Localised modes can be con�ned when a
defect region is surrounded by such a periodic lattice structure [67, 68]. Alternatively,
the geometric parameters can be varied gradually to achieve an equally strong mode
con�nement through mechanical band structure engineering [251]. As these structures
follow a meta-material approach where the shape of a device determines its properties,
they can be scaled to match any desired frequency. This allows for various di�erent
applications ranging from sonar to thermal resonators [252]. The very small mode
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volumes and the resulting strongly localised mechanical oscillations reached in these
structures allow for entering the quantum regime of mechanical motion [139,140]. They
also increase interaction cross-sections for optomechanical coupling, strain coupling, and
electromechanical interaction due to very strong localised strain �elds [234].

2.3.2 Phononic Crystal Cavities

A phononic crystal is based on a periodic arrangement of materials with di�erent elastic
properties. This regular pattern creates a phononic or acoustic band gap in a very
similar way as an electronic band gap is formed in solids or an optical bandgap in
photonic crystals. Also here, the regular pattern is on the order of the wavelength
of the quasi-particle phonon. This periodic variation of the elastic properties can, for
example, be achieved with regularly spaced air holes in a material slab, or a layered
system consisting of di�erent materials. The equation of motion inside a phononic
crystal structure can be written as an eigenfunction of the mechanical displacement u.

∇ (C : ∇su) = −4π2ρf2
mu (2.10)

Here, C is the fourth order elasticity tensor only being dependent on Young's modulus
E and Poisson's ratio ν in an isotropic medium. An alternative complete description
can be based on the longitudinal and transversal velocities of sound in a medium vl

and vt, respectively. ρ is the density of mass for the diamond material, fm the phonon
frequency, the colon denotes a double scalar product, and ∇s =

(
∇+∇T

)
/2 is the

symmetric gradient operator with ∇T being the transposed di�erential operator. An
acoustic or phononic band structure is created con�ning phonons to speci�c modes with
de�ned frequencies and distinct mode pro�les and the solution to equation 2.10 is a
Bloch mode type for the mechanical displacement �eld u. If the band structure is
engineered by adapting the geometric parameters of the phononic crystal in a suitable
way, acoustic band gaps can be formed.

Complete phononic band gaps can only be reached in two- or three-dimensional
phononic crystals as the propagation of the mechanical resonator mode is strongly sup-
pressed in these structures. In one-dimensional phononic crystals, as considered in this
work, band gaps can only be established for selected symmetries of the mechanical
modes. The phononic crystal pattern inhibiting the propagation of a mechanical excita-
tion in only one direction of space does not allow for a complete suppression of acoustic
wave propagation for several symmetry conditions in a single structure. The symmetry
of the mode with respect to the phononic crystal structure characterises the oscillation
pattern and possible interactions with other degrees of freedom. For the con�nement
of high quality mechanical modes with a given symmetry, a band gap for one symme-
try condition is su�cient. As in the case of optical resonator modes, one-dimensional
photonic and phononic crystal structures cannot create full bandgaps for modes of ar-
bitrary symmetry conditions. For one-dimensional structures, the symmetry along the
periodicity axis cannot clearly be determined to even or odd. However, modes can be
distinguished into arising from the Γ-point or from theX-point in the �rst Brillouin zone
of the phononic crystal, corresponding to even and odd symmetry, respectively (see sec-
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tion 3.3.2). Here, fully symmetric modes are chosen as they allow strong optomechanical
interaction with a photonic crystal mode co-localised in the same structure.

To strongly localise phonons and thus create a con�ned mechanical cavity mode,
the perfect periodicity of a bandgap material needs to be modulated. To this end, a
geometrical defect has to be introduced to the otherwise perfectly regular pattern. In
layer structures, the dimensions or materials of selected slices can be varied in order
to localise a mechanical oscillation [67, 253]. In a material slab, a defect is commonly
introduced by leaving away holes [68, 155, 238, 254�257], by changing the hole spac-
ing [156, 234, 245, 251], or by a combination of a variation in hole spacing, size, and
shape [140, 236, 246]. The localised mode can then only exist in a very small region
of space and a propagation outside the defect region is suppressed by the surrounding
bandgap material. Each localised mode has a characteristic spatial �eld distribution
corresponding to the oscillation pattern of the propagating mode it arises from. In
addition to this qualitative information, the spatial and temporal con�nement of the vi-
bration are important characteristics of a resonator mode and can be used to quantify a
mechanical resonator's performance. A trade-o� between the localisation of mechanical
excitation in space and in time as well as a consideration of its mode shape determines
the choice of a speci�c cavity structure.

2.3.3 Figures of Merit for the Mechanical Resonator

The spatial con�nement of the localised mechanical mode can be described in terms of
the e�ective mass meff .

meff = ρ

∫ (
|u|

max (|u|)

)2

dV (2.11)

The e�ective mass is large when a big part of material is contributing to the mechanical
movement like, for example, in suspended cantilevers and small when only a very little
portion of cavity material is oscillating like in the case of phononic crystal cavities.
For implementing optomechanical or strain coupling, strongly localised modes are very
advantageous and the e�ective mass should ideally be as small as possible.

As in the case of the optical resonator mode, the analogously de�ned mechanical
quality factor Qm is giving a measure for the temporal con�nement of the mechani-
cal motion. In this case, it determines the temporal con�nement of the mechanical
oscillation and is de�ned as

Qm = 2π × Wm,tot

∆Wm
(2.12)

Here, Wm,tot is the total energy stored in the mechanical movement and ∆Wm the
mechanical energy lost per oscillation cycle. Alternatively, losses of the mechanical
oscillator can be described by an imaginary part of the resonator frequency. The ratio
between the real and the imaginary part of the oscillator frequency gives an alternative
expression for the mechanical quality factor.

Qm =

∣∣∣∣ Re (ωm)

2 · Im (ωm)

∣∣∣∣ (2.13)



26 Chapter 2. Theoretical Background

In a more phenomenological approach, the energy stored in the mechanical oscillation
can be evaluated as a function of the excitation frequency. This generates a Lorentzian
peak whose centre frequency corresponds to the resonance frequency ωm of the mode.
Losses lead to a broadening of a resonator's spectral signal with ∆ωm, the full width at
half maximum of the mechanical mode's response.

Qm =
ωm

∆ωm
(2.14)

A high quality factor characterises a resonator with few losses and a narrow spectral
bandwidth.

The main loss channels occurring in phononic crystal cavities are clamping losses and
radiation into the substrate, viscous damping due to friction at the surface, thermoelastic
damping, and losses associated with less than perfect material properties attributed to
two-level defects or surface termination [62, 103, 258]. Clamping losses and radiation
into the substrate can be reduced through a more advanced design by adding a two-
dimensional phononic structure with a complete band gap as described for example
in [236]. Friction at the surface can be avoided when performing measurements in
vacuum and there is evidence in literature that losses associated with two-level defects
can be reduced when using samples of high crystalline quality and that losses arising
from non-optimal surface termination can be mitigated just as thermoelastic damping by
measuring at low temperatures [62]. The di�erent processes are due to di�erent physical
e�ects and are thus independent of each other. The overall quality factor Qm,tot can in
this case be expressed in terms of Qm,i, the individual mechanical quality factors only
limited by one of the above-mentioned loss mechanisms.

Q−1
m,tot =

∑
Q−1

m,i (2.15)

The dependence on inverse numbers indicates that a considerable suppression of the
most relevant loss mechanism results in a much more signi�cant contribution to the
overall performance than a slight reduction of all losses simultaneously. The mechanical
decay rate of the resonator Γm can be calculated on the basis of the mechanical frequency
ωm and the mechanical quality factor Qm.

Γm =
ωm

Qm
(2.16)

The inverse relation between the decay rate and the mechanical quality factor shows that
devices with very high mechanical quality factors are required for experiments where
the excitation should be conserved for a reasonable amount of time.

Mechanical oscillator modes can be populated thermally because the phonon energies
required for this process are small compared to the energy provided by the thermal
bath. The average phonon number of a mechanical resonator populated by its thermal
environment nth is given as

nth =

(
e

~ωm
kBT − 1

)−1

(2.17)
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with ~ being the reduced Planck constant, kB the Boltzmann constant, and T the
absolute temperature of the thermal bath. In the high temperature limit, this expression
simpli�es to

nth ≈
kBT

~ωm
(2.18)

A high thermal occupation number is more challenging to achieve for modes of high
mechanical frequency as the per-phonon energy increases along with the oscillation fre-
quency. This allows for cryogenic cooling close to the quantum ground state of resonators
with mechanical frequencies in the range of GHz.

The rate at which the mechanical resonator undergoes an exchange with phonons
from the thermal bath is also called thermal decoherence rate of the mechanical cavity
mode Γth.

Γth = nth · Γm ≈
kBT

~Qm
(2.19)

Here, the high temperature limit for the thermal phonon population number has been
exploited. This means that in addition to the mechanical decay rate of the resonator Γm

caused by damping losses, the coupling to the thermal bath induces a further source of
decoherence. This formula also con�rms that although the coupling to the thermal envi-
ronment can help with reaching high phonon occupation numbers, it is at the same time
a source of decoherence. Measurements should thus be performed at very low tempera-
tures if decoherence is an issue for the particular experiment or alternative measurement
techniques should be used like for example pulsed optomechanical interaction that still
allows the detection of quantum e�ects from a thermal state [153].

High quality factors help with keeping the thermal decoherence low even if a thermal
population of the mode is needed. Therefore, the product Qm × fm can be considered
a �gure of merit for the decoupling of the mechanical oscillator mode from the thermal
bath. The number of coherent oscillations Nosc in the presence of thermal decoherence
is given as

Nosc =
ωm

nthΓm
= Qm × fm ·

h

kBT
(2.20)

The product Qm × fm should thus be considerably larger than kBT/h so that coherent
oscillations can take place before thermal e�ects dominate the dynamics.

With the increasing interest in exploiting a mechanical degree of freedom, a large
variety of resonator types, materials and dimensions is being investigated. To allow for
a meaningful comparison between the individual devices and their corresponding �gures
of merit, a universal scaling is necessary. The zero point �uctuation xZPF corresponds
to the mechanical displacement of the resonator upon excitation of a single phonon.

xZPF =
1

2π

√
h

2mefffm
(2.21)

All kinds of mechanical resonators including di�erently sized phononic crystal cavities
can be scaled to a movement per single phonon based on the zero point �uctuation. Their
performance can then be compared without overrating large cavities due to macroscopic
displacements that are impossible to achieve in smaller cavities. In the case of phononic
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crystal resonators, the zero point �uctuation corresponds to the maximal local elonga-
tion of the structure for a single phonon excitation. A higher population of the phonon
states would increase the elongation of the resonator. The opposite is also true and me-
chanical driving of the resonator increases the phonon population. The phonon number
in the mechanical mode is then increased accordingly and the maximal local elonga-
tion of the structure max (|u|) determines the phonon number inside the mechanical
resonator.

nm =
max (|u|)
xZPF

(2.22)

In the case of a passive mechanical resonator that is only subject to thermal e�ects,
the phonon population of the mechanical resonator mode nm coincides with the thermal
population number nth.

2.4 Nitrogen Vacancy Colour Centre in Diamond

Electronic transitions in two-level systems are commonly used as internal degree of free-
dom for quantum applications and there is a large variety of di�erent systems available
for this purpose [8]. Both the ability to generate single photons and a function as
quantum bit make two-level-systems the centre piece in most proposals for quantum
networks. In the following, di�erent systems are presented and their suitability for both
an application as single photon source and as quantum bit is discussed.

The most obvious choice for this internal degree of freedom is an isolated atom or
ion where the discrete electronic levels are linked via optical or microwave transitions.
This interaction with photons can be used for storage, control and read-out of informa-
tion what has been exploited for the demonstration of quantum information processing
like quantum cryptography and qubit operations. In contrast to most other systems
exploited as internal degree of freedom, they interact only weakly with the environment
what assures very long coherence time but makes them less suitable for applications
where the interaction with other degrees of freedom is required. Trapped atoms and
ions are not ideal for the use in practical applications as the required traps are very com-
plex setups. In addition, many experiments cannot be performed with these systems as
their electronic properties cannot be engineered. While the well-de�ned level structure
of individual atoms or ions o�ers many advantages for proof-of-principle demonstra-
tions, di�erent types of solid state two-level-systems are investigated for an application
as single photon source or quantum bit [10,31].

Superconducting Josephson junctions are very interesting candidates for the applica-
tion as quantum bit [259]. Very low dissipation assures reasonably long coherence times
and also complex circuits can be microfabricated with standard techniques providing
good scalability. Josephson junctions show a highly non-linear response what allows for
single microwave photon operation and provides non-degenerate energetic states with
transitions in the microwave spectrum. Superconducting circuits are a very promis-
ing platform for the application as computational qubit due to their fast processing
capabilities. However, moderate coherence times and the required cooling to very low
temperatures limits their �eld of application.
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Quantum dots are engineered semiconductor structures where a spatial con�nement
in the order of the desired wavelength gives rise to a discrete energy states for elec-
trons [10]. They typically show emission in the near infrared spectrum that can further
be �ne-tuned through charge control. As their properties can be engineered by adopting
the choice of materials, the size, and shape of the structures to the desired application
and because electrical pumping is possible, quantum dots are very suitable for practi-
cal applications. However, their complex electronic level structure is far from a pure
two-level system and higher excitations cannot be ignored.

Another type of two-level systems are defect centres in crystals. They can be con-
sidered as arti�cial atoms trapped in the crystal lattice with a discrete electronic level
structure within the bandgap of the host material. As diamond has a very large optical
bandgap of 5.5 eV it is an ideal carrier for defect centres [33]. There is a broad variety of
colour centres in diamond with emission in the visible and near infrared spectrum [260].
Their outstanding property with respect to practical application is that their spin states
can be controlled at ambient conditions without need for vacuum or cooling. For opti-
cal interfacing, however, strong cooling is still required to achieve good properties. As
colour centres are embedded in the bulk of the material, an integration to circuits is
possible. While the interaction with the surrounding crystal lattice can facilitate the
interaction with other degrees of freedom like for example strain coupling to a mechan-
ical oscillation, it can also be a source of noise when for example charge �uctuations or
thermal e�ects degrade the properties of the colour centre.

In the following, only the negatively charged nitrogen vacancy (NV−) colour centre
in diamond will be considered [261]. It is the most-studied colour centre in diamond with
an optical emission at 637 nm. Its unique electronic level structure makes it suitable
for a wide range of applications ranging from quantum information technologies to
sensing applications like the detection of electromagnetic �elds or imaging of biological
samples [69, 70, 262, 263]. There is a large number of experimental protocols to control
both the spin states through microwave �elds, the radiative transitions with light �elds,
and to exploit the interaction with nuclear spins. The long coherence times of the
electronic spin together with the ability to couple to long-lived nuclear spins make the
negatively charged nitrogen vacancy colour centre in diamond an outstanding two-level
system for quantum information processing [264].

2.4.1 Structure of the Nitrogen Vacancy Colour Centre

The nitrogen vacancy colour centre in diamond is formed by a substitutional nitrogen
atom and an adjacent vacant lattice position perturbing the otherwise perfect crystal
structure of the carbon atoms. This con�guration is depicted in �gure 2.3(a). The
nitrogen vacancy colour centre is thus always aligned along an equivalent [111] axis
with respect to the crystallographic coordinates. In the tetrahedral lattice structure of
diamond, this corresponds to four possible orientations. A suitable coordinate system
describing the nitrogen vacancy centre can be de�ned as x = 1/

√
2 [1̄10], y = 1/

√
6 [1̄1̄2],

and z = 1/
√

3 [111] according to literature [265] as will also be shown in section 3.1.5.
The tetrahedral diamond lattice imposes a C3v rotation symmetry to the nitrogen va-
cancy colour centre due to the nearest neighbour con�guration of the carbon atoms.
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(a) Tetragonal diamond lattice with em-

bedded nitrogen and adjacent vacant lat-

tice position.

(b) Emission spectrum of the nitrogen vacancy

colour centre with zero phonon line at 637 nm

and a broad phononic sideband.

Figure 2.3: Crystallographic structure (a) and optical emission spectrum (b) of the nitrogen

vacancy colour centre in diamond. Both �gures taken from reference [266].

The emission of the nitrogen vacancy colour centre is shown in �gure 2.3(b). In measure-
ments at cryogenic temperatures, the zero phonon line at 637 nm appears much more
prominent in the optical spectrum than at room temperature as it becomes narrower
what also increases the peak intensity. Besides the zero phonon line, there is a large
vibronic sideband spectrum characterising the nitrogen vacancy colour centre emission.
The coupling to lattice phonons gives rise to a spectral signature on the long wavelength
side of the zero phonon line. This process can be described by a Huang-Rhys-model
where equidistant vibronic levels with energies slightly above the ground state represent
the interaction with lattice vibrations [261,267].

The charge state of the nitrogen vacancy colour centre de�nes its electronic proper-
ties and thus also its emission properties. This work focusses on the more commonly
employed negatively charged nitrogen vacancy colour centre. It is stable in the crystal
lattice and other charge states can be converted into the negatively charged state by
a suitable optical pumping scheme. In the following, the term nitrogen vacancy colour
centre always describes the negative charge state.

2.4.2 Electronic Properties of the Nitrogen Vacancy Colour Centre

The electronic level structure of the negatively charged nitrogen vacancy colour centre
at room temperature is depicted in �gure 2.4. The left hand side of the schematic shows
the triplet states whereas the right hand side shows the singlet states. The splitting
between the di�erent degenerate triplet levels with zero and non-zero spin projection
are caused by a crystal �eld splitting of 2.88 GHz and 1.43 GHz in the ground and
excited state, respectively [268�270]. The decay from the excited to the ground state
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Figure 2.4: Electronic level scheme of the negatively charged nitrogen vacancy colour centre

in diamond at ambient conditions. The level splittings due to spin-spin-interaction are depicted

with blue arrows, the optical transitions with red arrows, and non-radiative decays with dashed

grey arrows.

triplet gives rise to the optical emission at 637 nm that is used for most applications of
the nitrogen vacancy colour centre.

The degenerate excited triplet state with ms = 0 can only directly decay to the
ground triplet state via an optical transition with a lifetime of tms=0 = 13.7 ns whereas
the excited triplet states with ms = ±1 have a shorter lifetime of tms=±1 = 7.3 ns [271].
This deviating lifetime indicates that there is another decay channel besides the optical
transition to the ground state and the doubly degenerate excited states have indeed a
non-radiative decay channel to the excited singlet state with a lifetime of 0.9 ns [272].
The decay of the excited singlet state is a radiative decay with an emission wavelength
of 1043 nm [272]. The ground singlet state has a lifetime of approximately 150− 460 ns
depending predominantly on the temperature. This metastable state eventually decays
to either one of the triplet ground states [272,273].

This spin-dependent inter-system crossing is an important property of the nitrogen
vacancy colour centre and can be exploited experimentally for an optical detection of
the spin state. The ground state levels can experimentally be distinguished into a dark
state corresponding toms = ±1 and a bright state corresponding toms = 0. The reason
is that an optical excitation will result in a much stronger optical emission into the zero
phonon line at 637 nm for a population in the |0〉 ground state as this is the only decay
channel in that case. A population of the |±1〉 ground state results in a reduced intensity
of the zero phonon line due to the additional decay channel via the singlet states. An
emission contrast of 30 − 40 % can then be detected on the zero phonon line between
an initial population of the |0〉 and the |±1〉 ground states, respectively [261,272]. The
distinction into a "bright" and a "dark" spin state level allows for an optical readout of
the nitrogen vacancy colour centre spin state. This spin-dependent �uorescence can be
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exploited to optically access the spin states and is the basis for experimental protocols
like optically detected magnetic resonance (ODMR).

For continuous-wave ODMR measurements, a laser with 532 nm is exciting the ni-
trogen vacancy colour centre while the emission is detected on the zero phonon line at
637 nm and on the phononic sidebands on its red wavelength side. A microwave �eld
is then applied to the nitrogen vacancy colour centre leading to a drop of the emission
intensity when it is resonant with the transition between the di�erent ground state lev-
els with zero and non-zero spin projection. This is due to the fact that the microwave
excitation results in a depopulation of the "bright" |0〉 ground state to the advantage of
the "dark" |±1〉 ground state. At cryogenic temperatures, even single shot readouts of
the spin state can be performed [271]. This technique is widely used both for sensing
applications and for steps towards implementing qubit operations based on the nitrogen
vacancy colour centre electronic states.

Ground State Levels (Spin States)

The ground state triplet consists of three individual levels of spin |0〉, |+1〉, and |−1〉.
The splitting originating from the diamond crystal �eld of 2.88 GHz caused by spin-
spin interaction reduces this degeneracy and causes a splitting between the |0〉 and
the degenerate |±1〉 states. A transition between these states can be induced by a
microwave �eld and tested with the optically accessible distinction into a "dark" and a
"bright" state. In order to exploit the nitrogen vacancy colour centre for more advanced
applications, the lifetime of the spin state needs to be measured and improved.

For the ground states of the nitrogen vacancy colour centre, two di�erent decoherence
processes take place that are characterised by the time constants T1 and T2, respectively.
The overall decoherence rate of the nitrogen vacancy colour centre ground state levels
γground is then dependent on both time constants. The �rst time constant T1 describes
a spin relaxation process that is caused by transitions between the di�erent sub-levels of
the 3A ground state. This time constant has �rst been measured to > 1 ms [274] while
other experiments showed spin relaxation times of 5.93 ms for bulk diamond and 100µs
for nanodiamonds [275]. The second time constant T2 describes a dephasing of the spin.
The dynamics of the spin bath in the surrounding carbon material leads to a �uctuating
magnetic �eld that interacts with the spin state of the nitrogen vacancy colour centre.
This spin bath is created by 13C atoms and additional nitrogen impurities [276]. In an
ideal spin-free diamond, the spin-lattice relaxation time on the order of several seconds
would constitute an ultimate limit [277]. In real samples, however, the dephasing time
depends very much on the purity of the sample with respect to additional spins but is
typically in the order of ns to few µs [170, 175, 274, 276]. As this interaction process
with the environment is a pure dephasing process and not a decay process, it can be
resolved with experimental techniques [278]. For single pulse Hahn echo measurements,
the time constant is in the range of tens to few hundred µs [275, 279�281]. The use of
dynamical decoupling techniques can further improve the dephasing times. For pulsed
dynamical decoupling from the spin bath, coherence times of 1.6 ms could be reached
for single nitrogen vacancy colour centres [280], and a similar value of 2 ms was found
in an ensemble measurement [282]. Another possibility is a continuous wave dynamical
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decoupling technique where the spin states are addressed continuously and coherently
with a control �eld. Continuous decoupling techniques do not show such a signi�cant
improvement of dephasing times as compared to pulsed schemes. However, they are
still favourable for many applications as they do not restrict the possibilities to perform
arbitrary quantum gate operations or to sense quasi-static magnetic �elds [163]. Em-
ploying a microwave �eld as control �eld, the dephasing time could be improved 20-fold
to 50µs [283]. Using a strain �eld as control led to an increase of T2 by approximately
a factor of �ve to values of 16.4µs for a single spin and 15µs for an ensemble [170,175].

As alternative to advanced measurement protocols, the diamond material itself can
be engineered in order to suppress the dephasing of the spin states of the nitrogen va-
cancy colour centre. In a very pure diamond sample, only 13C atoms interact with the
ground state levels of the nitrogen vacancy colour centre due to their nuclear spin prop-
erties. Diamond material with lower 13C content results in a heavily reduced interaction
with the environment. By using mono-isotopic diamond, dephasing times up to 1.8 ms
could be reached with spin echo measurements even at room temperature [277]. This
is comparable to the values achieved with pulsed dynamical decoupling measurements.
Combining both approaches by employing pulsed dynamical decoupling for nitrogen
vacancy colour centres in mono-isotopic diamond samples, coherence times up to 0.6 s
could be reached at cryogenic temperatures of 77 K [284].

Excited State Levels

The excited state triplet consists of six electronic states termed |A1〉, |A2〉, |Ex〉, |Ey〉,
|E1〉, and |E2〉. In absence of thermal e�ects, this degeneracy is partly lifted by spin-
orbit coupling resulting in doubly degenerate states, namely |A1,2〉, |Ex,y〉, and |E1,2〉
where the degeneracy between |A1〉 and |A2〉 is lifted by spin-spin interaction. The
small but non-zero spin-orbit coupling in the nitrogen vacancy colour centre as well
as the absence of inversion symmetry also make it very sensitive to electric and strain
�elds. Higher temperatures lead to a spin-spin interaction that mixes the excited state
levels. The resulting states of non-zero spin and angular momentum |A1〉, |A2〉, |E1〉,
and |E2〉 are split from the degenerate states with zero spin projection |Ex〉 and |Ey〉
by an e�ective crystal �eld of 1.42 GHz. The Fourier-limited decay rates of the excited
states can directly be derived from the lifetime as γ = 1/t. With the values of the
lifetimes tms=0 = 13.7 ns and tms=±1 = 7.3 ns [271], decay rates of γms=0 = 73 MHz
and γms=±1 = 137 MHz can be determined for the excited state levels with zero and
non-zero spin projection, respectively. As the excited states with zero spin projection
will be in the centre of the analysis, γms=0 = 73 MHz denotes the generalised decay
rate of an unperturbed nitrogen vacancy colour centre's excited state expressed as γ0

in the remainder of the text. Besides the intrinsic dynamics of the nitrogen vacancy
colour centre described by this decay rate, further e�ects lead to a broadening of the
zero phonon line in a non-perfect diamond lattice at ambient temperatures.

The dynamic Jahn-Teller e�ect causes a dephasing of the excited state triplet [285].
This e�ect describes the coupling of degenerate states to vibrational modes of the dia-
mond lattice and the energy potential of the electronic levels is changed by this interac-
tion. Considering both linear and quadratic coupling terms between the triplet states
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and phononic modes of E-type, the energy potential transforms to a Mexican-hat shape
with three distinct minima at the angles 0, 2π/3, and 4π/3. The minimal energy of this
potential is lower than that for the unperturbed nitrogen vacancy colour centre. The
barrier between the minima is approximately 10 meV, meaning that the system would
be trapped in one of the minima for phonon energies below this threshold. This is also
called static Jahn-Teller e�ect. The e-type vibrational modes of the diamond lattice,
however, have an energy of 71 meV. For these parameters, tunnelling between the di�er-
ent minima occurs and results in the dynamic Jahn-Teller e�ect. A two-phonon Raman
process of E-type vibrational modes can then stimulate transitions between the |Ex〉
and |Ey〉 excited state levels. One of these states' lifetime is reduced by this process and
a dephasing of the optical transition takes place. This is then visible as homogeneous
broadening of the zero phonon line. The e�ective linewidth γeff of the zero phonon line
can then be described as

γeff = γ0 + γ∗ (2.23)

with γ0 being the decay rate of the excited state and γ∗ the line broadening associ-
ated with pure dephasing. The pure dephasing for nitrogen vacancy colour centres in
diamond has been measured to γ∗ = 15 THz at room temperature and γ∗ = 30 GHz
at cryogenic temperatures [267]. The temperature dependence indicates that the lower
phonon population at cryogenic temperatures reduces the linewidth broadening. Even
lower values down to negligible dephasing for temperatures below 10 K were reported in
a di�erent reference [286] what could also be reproduced in a theoretical model [287].

Besides this pure dephasing, also spectral di�usion takes place. Local electric �elds
lead to a Stark shift of the nitrogen vacancy colour centre. These �elds are typically
created by single charges in close proximity, typically either charges trapped at the
surface of the diamond or ionised substitutional nitrogen atoms. As the electronic envi-
ronment of the nitrogen vacancy colour centre created by these charges �uctuates, the
zero phonon line shows jumps. These jumps are much faster than typical integration
times in spectroscopy and inhomogeneous linebroadening occurs. This e�ect can be sup-
pressed when employing diamond of high crystalline quality and when avoiding nitrogen
vacancy colour centres that are located close to the material surface. In addition, the
common re-pump with 532 nm required to transfer nitrogen vacancy colour centres back
to the desired negatively charged state should be substituted with a pumping scheme
working at 575 nm [288]. Thus, the ionisation of substitutional nitrogen can be avoided
and spectral di�usion can drastically be reduced.

2.4.3 Creation of Nitrogen Vacancy Colour Centres

The formation of colour centres in diamond requires the incorporation of nitrogen im-
purities in the material and the co-localisation of a vacant lattice position to obtain
the con�guration shown in �gure 2.3(a). Nitrogen impurities can be introduced to the
diamond matrix either during the diamond growth process or in an additional implan-
tation step. The incorporation of nitrogen atoms during the formation of diamond is
often a side-e�ect of the growth conditions. Diamond created in a high pressure high
temperature (HPHT) processes typically has rather high densities of nitrogen impurities
(20− 200 ppm) whereas diamond grown by chemical vapour deposition (CVD) usually
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has a much lower nitrogen pollution (0.05− 10 ppm) [279]. During diamond growth in
a CVD process, the plasma parameters can be engineered such that the incorporation
of nitrogen impurities is stimulated. This technique is typically used for so-called delta-
doping where thin layers with high nitrogen concentration are grown into a diamond
sample. This results in nitrogen vacancy colour centres that are located in a de�ned
layer of the sample with a precision of few nm [289, 290]. Alternatively, nitrogen can
be introduced to the diamond material by ion implantation. Highly energetic nitrogen
atoms are accelerated onto a diamond sample and remain inside the material [291,292].
For both incorporation methods, the nitrogen impurities need to be paired with adja-
cent lattice vacancies in order to form nitrogen vacancy colour centres. This activation
step is typically done by irradiation with electrons, high-temperature annealing, or a
combination of both [33,86,276,289].

For the interaction of colour centres with photonic or phononic structures, the orien-
tation of the colour centres and their precise positioning are crucial in order to achieve a
good coupling. Delta-doping allows the precise localisation of defect centres in the ver-
tical direction and an improved coupling to photonic structures has been demonstrated
with this technique [82]. While the depth of implanted nitrogen vacancy colour centres
can in principle be controlled by varying the implantation energy, the resulting precision
of the vertical positioning cannot compete with delta-doping of nitrogen vacancy colour
centres during growth. The lateral resolution, however, can be improved drastically by
reducing the implanted area. This can be achieved by either using an aperture to reduce
the implantation spot size [83,84] or by using a focused ion beam technique so that the
small diameter is inherent to the method [85]. When combining the delta-doping tech-
nique for the incorporation of colour centres providing a good vertical resolution and
activating them with focused electron beam irradiation providing a good lateral resolu-
tion, a very precise localisation of nitrogen vacancy colour centres within a volume as
small as 450 nm× 450 nm× 4 nm could be achieved [86]. Besides the targeted creation,
also a measurement of the exact position of single nitrogen vacancy colour centres af-
ter formation can facilitate their integration into photonic or phononic structures [293].
High-resolution imaging like STED microscopy can determine the location of a single
nitrogen vacancy colour centre with a resolution down to few nanometres [87].

Besides a precise localisation of nitrogen vacancy colour centres, also their orienta-
tion is a crucial factor for the interaction with other degrees of freedom. The orientation
of nitrogen vacancy colour centre's symmetry axis is determined to an equivalent [111]
lattice direction through the structure of diamond what corresponds to four possible
orientations. This number of possible orientations can be reduced for nitrogen vacancy
colour centres incorporated during diamond growth to two directions for (110)-oriented
samples [88] and (100)-oriented samples [294], and even a single orientation for (111)-
oriented samples [89,90]. This deterministic orientation could in principle be combined
with a delta-doping technique so that oriented nitrogen vacancy colour centres are cre-
ated in a de�ned depth inside the bulk of the diamond. However, a combination with a
localised activation technique is not possible in this case, as the orientation results from
the fact that the incorporation of a nitrogen atom is followed by the incorporation of a
vacancy along the growth direction. There is no technique to date that would allow the
creation of oriented nitrogen vacancy colour centres with a high lateral resolution.
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2.5 Coupling between Emitter and Optical Cavity

Introducing a two-level-system into an optical resonator will give rise to an interaction
between these di�erent degrees of freedom when the transition frequency of the emitter
is on resonance with the cavity �eld. The coupling can be described such that the optical
resonator increases the local density of states in the modal volume of the resonator �eld.
This increased density of optical states leads to a higher emission rate into the cavity
mode. These additional photons further increase the photon population of the optical
resonator what corresponds to a back-action of the emitter on the cavity �eld. This
coupling between an emitter and an optical cavity �eld will here be described with a
focus on the interaction between a photonic crystal and a colour centre in diamond.
The theoretical description can be found in any standard literature on this topic. The
speci�c formalism as described here is adapted from reference [295].

On the single particle level, the interaction between an emitter and an optical res-
onator �eld can be described by a Jaynes-Cummings-Hamiltonian. A perfect spectral
overlap between the optical resonator �eld and the emitter is assumed such that ωopt de-
scribes not only the frequency of the cavity �eld but also the zero phonon line frequency
of the emitter ωZPL = ωopt. For a perfect dipole orientation of the emitter parallel to
the resonator axis and an ideal positioning in the maximum of the optical resonator
�eld, the Hamiltonian of the coupled system is given as

HJ−C = ~ωZPLσ̂z + ~ωoptâ
†â+ i~gF,0

(
â†σ̂ − σ̂†â

)
(2.24)

Here σ̂† = |e〉 〈g| and σ̂ = |g〉 〈e| are the raising and lowering operators for the optical
transition of an emitter with ground state |g〉 and excited state |e〉, and the population
operator is given by σ̂z = 1/2 (|e〉 〈e| − |g〉 〈g|). â and â† denote the photon creation
and annihilation operators and gF,0 is the single photon coupling constant. The �rst
term of the Hamiltonian describes the two-level system, the second term the optical
resonator mode, and the third term represents the interaction between the internal and
the optical degree of freedom. For non-perfect orientation of the emitter with respect to
the cavity �eld, a factor of cos (ξ) reduces the single photon coupling constant gF,0 where
the angle ξ is the angle between the dipole and the resonator axis. Also an additional
positioning factor ψ needs to be included to the interaction part when the emitter is
not located in the maximum of the resonator �eld. It is given by the fraction of the
electric �eld strength at the location of the emitter and the maximum of the electric
�eld ψ = Eloc/ |Emax|.

The single photon coupling constant gF,0 determines the rate of the interaction. A
high coupling constant indicates a fast exchange of energy between the emitter and the
optical resonator �eld. It is given by the following expression

gF,0 =
µ

~

√
~ωopt

2εdiaVopt
(2.25)

Here µ is the absolute value of the dipole matrix element for the transition between the
excited state |e〉 and the ground state |g〉:

µ = |q 〈e |x̂ | g〉| (2.26)
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with x̂ the position operator and q the unit charge. Besides the dipole matrix element,
the single photon coupling constant gF,0 is only dependent on properties of the optical
resonator, namely the optical resonator frequency ωopt, the modal volume Vopt, and
the dielectric constant of diamond εdia. An alternative expression for the single photon
coupling constant gF,0 shows even more clearly that the interaction depends only on
the free space emission properties of the colour centre and the properties of the optical
resonator:

gF,0 =
γ0

2

√
V0

Vopt
(2.27)

Here γ0 is the decay rate of the phonon population for the spontaneous emission in free
space given as

γ0 =
ω3

optµ
2

3πε0~c3
(2.28)

In the case of the excited states of the nitrogen vacancy colour centre with zero spin
projection, this decay rate is γ0 = 73 MHz. The virtual modal volume in free space V0

is given as

V0 =
3cλ2

optε0

2πγ0εdia
(2.29)

It can thus be seen that a stronger coupling can be achieved for emitters with high
spontaneous emission rates and for optical resonators with small modal volumes.

Besides increasing the single photon coupling constant, a stronger interaction can
also be achieved by increasing the number of emitters or photons in the resonator. This
fact can be illustrated by determining the critical emitter number N0 as well as the
intra-cavity saturation photon number nopt,0. The critical emitter number is de�ned as

N0 =
2κγ0

g2
F,0

(2.30)

It gives a direct measure for the number of emitters that need to be coupled to an optical
resonator in order to obtain a measurable e�ect on the single photon cavity �eld. The
intra-cavity saturation photon number nopt,0 is given as

nopt,0 =
4γ2

0

3g2
F,0

(2.31)

This number indicates for each set of parameters γ0 and gF,0 how many photons are
needed for an emitter to be saturated by the optical cavity �eld. It can be seen that it
is only dependent on the interaction strength and the decay rate of the emitter. This
indicates that a higher photon population of the optical resonator can compensate for
a fast-decaying emitter or a low single photon coupling constant.
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2.5.1 Coupling Regimes

In the following, the interaction is only discussed at the level of single photons and
a single emitter. In order to understand the dynamics of the coupled system better,
it is crucial to determine to which extent the coupling dominates over the individual
degrees of freedom. To this end, the optical resonator's loss rate κ and the free space
spontaneous emission rate of the emitter γ0 are compared to the single photon coupling
constant gF,0. On this basis, di�erent coupling regimes can be identi�ed that determine
the dynamics of the integrated system.

The single photon cooperativity CF,0 is an important measure for the interaction
strength. It can be expressed in terms of the single photon coupling constant gF,0, the
decay rate of the optical resonator mode κ, and the decay rate of the colour centre's
excited state levels γ0 as

CF,0 =
g2

F,0

κγ0
(2.32)

The large single photon cooperativity regime CF,0 > 1 means that a coherent interaction
is faster than the decay of both the cavity �eld and the photon population of the emitter.
The coupling between the emitter and the resonator determines the dynamics of the
system. The large cooperativity regime also implies that the critical emitter number is
smaller than one, indicating that already a single emitter has a measurable e�ect on the
optical resonator �eld.

The interaction is considered strong when the single photon coupling constant gF,0

is larger than the individual non-resonant decay rates of emitter and optical cavity.

gF,0 � (κ, γ) (2.33)

In this case, the emission of a photon into the optical cavity mode is a reversible process.
An emitted photon can be absorbed again before it �nally decays from the cavity. A
common eigenstate describes the emitter and the optical resonator �eld showing that
the interaction is a coherent process. In this regime, both the critical atom number
N0 and the intra-cavity saturation photon number nopt,0 are smaller than one. Already
a single photon in the optical cavity mode has a signi�cant e�ect on a single emitter
coupled to this optical mode as well as a single emitter shows measurable in�uence on
the cavity �eld. The strong coupling regime is advantageous for many experiments in the
�eld of quantum information processing [296] but could not be reached with diamond
resonators to date. So far, the required very high optical quality factors (Qopt ≈ 10000
for Vopt ≈ 1 (λ/n)3) could not be realised with current nanofabrication techniques. Also,
the precise positioning of a single emitter in the maximum of the optical resonator �eld
remains challenging, especially when considering that the interaction is weaker for less-
than-perfect dipole orientation and spectral overlap between the cavity �eld and the
emitter.
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2.5.2 Weak Coupling in the Purcell Regime

The weak coupling between the emitter and the optical cavity mode is also called Purcell
regime where the non-resonant decay rates dominate over the coupling.

gF,0 < (κ, γ) (2.34)

The emission rate is enhanced as compared to free space emission in this regime, but
the emission of a photon into the optical cavity mode remains an irreversible process.
Although spontaneous emission is the predominant process, light emitted into the optical
resonator shows spectral and spatial characteristics corresponding to the properties of
the cavity mode. A broadband emitter is then more likely to emit at the optical cavity's
resonance frequency and in the direction of the optical cavity axis. The �gure of merit
of this interaction is the Purcell factor F0. It is de�ned as the ratio of the emission
rate into the resonator mode γres, and the emission rate in free space γ0. It can also be
expressed in terms of the corresponding lifetimes t0 and tres of the emitter in free space
and inside the optical resonator, respectively.

F0 =
γres

γ0
=

t0
tres

(2.35)

The spontaneous emission rate of an emitter in free space γ0 is given in equation 2.28 and
depends mainly on the emission frequency ωopt and the absolute value of the transition's
dipole matrix element µ. The emission rate in an optical resonator is given as

γres = g2
F,0

4Qopt

ωopt
(2.36)

This calculation of the emission rate is only valid under the assumptions that the emitter
is located at the maximum of the optical cavity �eld, with its dipole oriented parallel
to the electric �eld of the optical cavity mode, and its emission frequency is exactly
matching the resonance frequency of the cavity. The Purcell factor F0 can then be
expressed as

F0 =
γres

γ0
=

3Qoptλoptε0

4π2Voptεdia
(2.37)

In the case of solid state optical resonators, the decay rate of the emitter inside the cavity
is better compared to the emission rate inside the bulk of the material. The e�ect of
a higher density of states inside the material is then not misleadingly attributed to the
emission enhancement by the optical resonator. The corrected Purcell factor F is then
given by the following expression for a diamond optical resonator.

F =
F0

ndia
=

3

4π2

Qopt

Vopt

(
λopt

ndia

)3

(2.38)

with λopt being the emission and cavity wavelength and ndia the refractive index of
diamond. A higher Purcell factor implies a higher emission rate and at the same time
more emission into the optical cavity mode. The fraction of photons that are emitted
into the optical resonator mode is given as
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β =
F

1 + F
(2.39)

It can be seen from this equation that for very high Purcell factors almost no photons
are emitted into free space. The weak coupling regime has two appearances: the bad
cavity and the bad emitter regime. This distinction illustrates that the e�ect of a
lossy resonator or a fast-decaying emitter have a qualitatively di�erent impact on the
interaction.

In the bad emitter regime, the emitter's lifetime is shorter than the average lifetime of
a photon in the optical cavity mode. This regime is typical for emitters that are subject
to broadening mechanisms and the e�ective decay rate γeff needs to be considered where
all sources of decoherence are included. In the case of the nitrogen vacancy colour centre,
the e�ective decay rate γeff can be described by the sum of the Fourier-limited decay
rate γ0 and a decay rate γ∗ assigned to pure dephasing (see equation 2.23). In the bad
emitter regime, the di�erent decay rates and the coupling rate compare as follows

γeff > κ� gF,0 (2.40)

The Purcell factor can then be transformed to the following expression:

Fbad emitter =
g2

F,0

γ0 (γ0 + γ∗)
(2.41)

It can be seen from this equation that the Purcell enhancement is completely indepen-
dent of the cavity decay rate κ. This illustrates the fact that even an outstanding optical
resonator cannot compensate for a broadband emitter.

The bad cavity regime is characterised by a fast decay of the optical resonator mode
dominating over the decay rate of the emitter and the coupling constant.

κ > γ0 � gF,0 (2.42)

This is the case for lossy cavities with a poor temporal con�nement of the resonator
mode corresponding to low quality factors. In this case, the Purcell factor is directly
proportional to the single photon cooperativity CF,0.

Fbad cavity =
g2

F,0

κγ
= CF,0 (2.43)

In contrast to the bad emitter regime, both the emitter and the cavity decay rate still
have an in�uence on the spontaneous emission enhancement. When working in the bad
cavity regime, it is thus crucial to carefully optimise all decay rates in order to achieve
a strong emission enhancement.

2.6 Optomechanical Coupling

Optomechanical coupling describes the interaction between an optical and a mechanical
degree of freedom. Here, only the case of cavity-mediated coupling is considered where
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both the optical and the mechanical resonator are con�ned to a localised cavity mode.
The interaction is based on a non-dissipative coupling meaning that the interaction does
not extract energy from the optomechanical system. This allows for operation at the
single particle level for both photons and phonons, a feature that is required for a range
of fundamental quantum mechanical experiments. The theoretical overview provided in
this section is based on a more detailed description taken from reference [103].

A cavity optomechanical system can be depicted by a Fabry-Pérot resonator where
one of the end mirrors is suspended on a mechanical spring or cantilever as shown
in �gure 2.5. The oscillatory movement of the spring causes a �uctuation of the cavity
length and at the same time, radiation pressure from the cavity photons has an impact on
the mechanical oscillation of the spring. The optical and mechanical �elds are mutually
coupled and can form common states of quantum mechanical motion.

Figure 2.5: Most simple model for cavity optomechanics. One end mirror of a Fabry-Pérot

resonator is attached to a mechanical oscillator. Both the optical and the mechanical resonator

mode can be described independently by a resonance frequency, a spatial con�nement and a

loss rate. The optomechanical interaction in this case can best be understood in a feedback

picture where mutual back-action leads to a collective dynamics of the coupled system.

The concept of optomechanical coupling can be depicted by a variety of physical
formalisms. These di�erent approaches are not contradictory and valid at the same
time. However, some experimental signatures can better be understood with the help
of a particular concept.

In a classical conception, optomechanical interaction can be understood in a feedback
picture. When considering a Fabry-Pérot resonator where one of the end mirrors is
suspended on a mechanical spring corresponding to the situation shown in �gure 2.5,
the oscillatory movement of the spring causes a �uctuation in the optical cavity length.
The periodic change of the resonance conditions for the optical mode gives rise to a
radiation pressure force created by cavity photons striking the end mirror. This force
back-acts on the mechanical resonator but is retarded against the initial motion of the
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mechanical resonator. Depending on the retardation of the radiation pressure force, this
back-action force can then both cause an e�ective spring-softening or spring-hardening
of the mechanical resonator, and either amplify or damp the mechanical oscillation.

Figure 2.6: Graphical representation of the thermodynamic interpretation of optomechanical

interaction. The work done by the radiation pressure force F̂OM can be represented as closed

cycle in the diagram of force against mechanical displacement α. Qualitatively, a negative sign

corresponds to cooling whereas a positive surface indicates heating of the mechanical resonator.

The size of the area swept during an interaction cycle determines the coupling strength. Figure

adapted from reference [103].

Alternatively, this feedback loop of optomechanical interaction can be expressed
as thermodynamic cycle. The mechanical oscillation can be represented by a closed
trajectory in a diagram of radiation force F̂OM against mechanical displacement α as
shown in �gure 2.6. If now the retardation of the radiation pressure force is considered,
the trajectory of the mechanical oscillation in this diagram follows an ellipsoid instead
of a line. Depending on the phase shift, this closed cycle is performed clockwise or
counter-clockwise leading to optomechanical damping or ampli�cation of the mechanical
oscillation, respectively. Mechanical damping corresponds to cooling as the phonon
population is decreased with every thermodynamic cycle.

Although both these formalisms are of purely classical nature, they can provide a
description of optomechanical e�ects in the quantum regime when taking into account
quantum noise. This noise adds to the retarded radiation pressure force and directly
imposes a fundamental limit for optomechanical cooling. A truly quantum mechanical
description, however, imposes a scattering picture where single photons and phonons
exchange energy via optomechanical coupling. When a phonon is created due to the
interaction, the cavity photon looses the energy required for the particle creation. In
the optical transmission spectrum, this gives rise to a sideband on the long wavelength
side of the optical frequency. The energy of this sideband is exactly the energy of the
initial photon minus the energy of the newly created cavity phonon. In frequencies,
this corresponds to a red-shift of the optical mode by exactly the mechanical resonator
frequency. The opposite process of particle annihilation leads to the appearance of a
short wavelength sideband. A cavity phonon is absorbed and the now higher energetic
photons can be detected as a blue-detuned sideband at a frequency corresponding to
the sum of the optical and mechanical resonator frequencies.

The coupled system of an optical and a mechanical system can be described by a
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Hamiltonian formulation consisting of optical and mechanical resonator terms as well
as an interaction part.

ĤOM = ~ωoptâ
†â+ ~ωmb̂

†b̂+ ~gOM,0â
†â
(
b̂+ b̂†

)
(2.44)

Here, ωopt is the optical resonator frequency, ωm the mechanical resonator frequency,
gOM,0 the single photon coupling constant, and â†, â, b̂† and b̂ the photonic and phononic
creation and annihilation operators, respectively. The �rst part of equation 2.44 rep-
resents the energy stored in the optical cavity, the second part the energy stored in
the mechanical cavity, and the third part describes the interaction between these two
degrees of freedom. The coupling is a fundamentally non-linear process that can only
be expressed by a combination of three operators in each single term. While some op-
tomechanical protocols require this full non-linear description, most interactions can be
expressed with the help of a linearised approach that will be shown in section 2.6.3.

The form of the Hamiltonian for an optomechanical system expressed in equa-
tion 2.44 resembles a Raman scattering process and the formalism is indeed the same.
However, only the case of cavity optomechanics is discussed in the following where both
the optical and the mechanical degree of freedom are con�ned to a localised resonator
mode. Systems where radiation pressure forces are due to the absorption of light are not
considered here. In those systems, the coupling is dissipative meaning that the interac-
tion is based on the extraction of energy from the system. Although the interaction in
those systems might seem similar, the dissipation of light destroys the coherence of the
optical resonator �eld and reversible optomechanical interaction is not possible.

It can also be seen that the coupling linearly depends on the displacement. While
this is true for most optomechanical experiments, there are geometries like for exam-
ple a membrane-in-the-middle setup where the coupling depends on the square of the
displacement what is advantageous for some particular applications as shown in sec-
tion 2.6.5. The Hamiltonian formulation in equation 2.44 does not apply in that case
and the corresponding special situation of so-called dispersive coupling is not considered
in the following.

Optomechanical coupling is governed by the single photon optomechanical coupling
constant gOM,0. It is a measure for the rate at which optomechanical coupling takes
place. The single photon coupling constant gOM,0 describes the optical resonator fre-
quency shift upon excitation of a single phonon in the mechanical resonator. It is de�ned
as the product of the zero point �uctuation xZPF of the mechanical oscillator and the
optical frequency shift per displacement GOM.

gOM,0 = xZPF ·GOM (2.45)

The zero point �uctuation xZPF is a property of the mechanical motion as described in
section 2.3 and corresponds to the maximal elongation of the mechanical resonator upon
excitation of a single cavity phonon (see equation 2.21). The optical frequency shift per
displacement can be expressed as the derivative of the optical frequency at mechanical
equilibrium.
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GOM =
dωopt

dα

∣∣∣∣
α=α0

(2.46)

Here, α is an abstract parameter for the mechanical displacement with α0 the equilib-
rium position of the mechanical resonator. A high value of GOM indicates that already
a small mechanical motion has a strong e�ect on the optical resonator mode.

An alternative measure is the single photon optomechanical coupling length LOM,0

de�ned as follows.
LOM,0 =

ωopt

gOM,0
(2.47)

It is di�raction limited to λopt/2ndia with λopt the wavelength of the optical resonator
mode and ndia the refractive index of the cavity material diamond. While it is of
little practical relevance, this expression provides an intuitive access to optomechanical
coupling. It is formulated nicely in reference [156] that "LOM,0 is [...] the length over
which a photon's momentum is transferred into the mechanical mode as it propagates
within the structure".

The radiation pressure force F̂OM is the derivative of the interaction part in equa-
tion 2.44 with respect to displacement.

F̂OM = −dĤint

dx̂
= ~GOM,0â

†â (2.48)

It is the force that an optical �eld exerts on the mechanical resonator through the
optomechanical interaction.

2.6.1 Coupling Regimes

For a full description of the entire system consisting of an optical and a mechanical cavity
mode that are mutually coupled by optomechanical interaction, the dynamics of the
coupled system has to be studied. The comparison between the optomechanical coupling
rate gOM,0 and the individual decay rates of the optical and the mechanical resonator κ
and Γm determines to what extent the interaction dominates the optomechanical system.
Di�erent coupling regimes can then be identi�ed on this basis, allowing to assess the
experimental implementations of the interaction. The single photon optomechanical
cooperativity COM,0 is de�ned as

COM,0 =
g2

OM,0

κ · Γm
(2.49)

It is an abstract measure that indicates how much the dynamics of the system are deter-
mined by the interaction. For reaching the large single photon cooperativity regime, the
condition COM,0 > 1 needs to be ful�lled. In this regime, a coherent population with sin-
gle photons and phonons persists during the entire interaction allowing optomechanical
coupling to dominate the dynamics. This illustrates the fact that a good optomechan-
ical coupling cannot compensate for a poor temporal con�nement of the optical and
mechanical resonator modes.
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A more challenging condition is the strong single photon coupling regime. Here,
the single photon optomechanical coupling constant gOM,0 needs to be larger than the
individual decay rates of both the optical and the mechanical resonator.

gOM,0 > (κ,Γm) (2.50)

The single photon strong coupling regime is a condition required for non-linear optome-
chanical interaction. In this regime, the optical and the mechanical resonator share a
common eigenstate and a quantum state transfer is possible [297].

An even more challenging condition to reach is the coherent coupling regime. In this
case, the interaction needs to be faster than all noise processes including the thermal
decoherence of the mechanical resonator.

gOM,0 > (κ,Γth) (2.51)

A coherent transfer of quantum states between photons and phonons can take place
under this condition and the interaction becomes quantum coherent.

There are is only very few experiments requiring true non-linear optomechanical
coupling. These include the quantum non-demolition measurement of the intra-cavity
phonon number n̂m = b̂†b̂ and the creation of a "Schrödinger cat" type entanglement.
Compared to other quantum systems, the entanglement here involves a microscopic
and a nearly macroscopic degree of freedom realised in the form of the optical and the
mechanical resonator mode [111, 112]. For optomechanical interaction, a "Schrödinger
cat" state means that already a single photon is able to displace the mechanical resonator
by at least a zero point �uctuation. This requires not only the single photon strong
coupling regime but also that the decay rate of the optical resonator mode is lower than
the mechanical oscillation frequency corresponding to the so-called resolved sideband
regime.

2.6.2 Sideband Resolution

Generally, a distinction between the resolved sideband regime and the unresolved side-
band regime, the so-called Doppler regime, can be made based on the sideband suppres-
sion factor κ/ωm. This corresponds to the distinction between the bad and the good
cavity regime in the case of Purcell enhancement (see section 2.5.2). Experimentally,
the resolved sideband regime is more challenging to reach as very high optical quality
resonators are di�cult to manufacture in practice.

The resolved sideband regime corresponding to the good cavity limit is favourable or
strictly required for many applications of optomechanical coupling and could be observed
in experiments [135]. It is reached when the frequency of the mechanical oscillation ωm

is larger than the decay rate of the optical resonator κ.

ωm � κ (2.52)

A direct signal of the mechanical resonator can then be detected in the optical cavity
spectrum in the form of mechanical sidebands to the optical cavity mode.
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The Doppler regime, in contrast, corresponds to the bad cavity regime. This regime
is also denoted as slow motion because the mechanical frequency is much slower than
the lifetime of the resonator photons.

ωm < κ (2.53)

In the Doppler regime, the signature of optomechanical interaction cannot be detected
in the optical transmission spectrum because the optical cavity linewidth is larger than
the spectral separation to the mechanical resonator signature. Therefore, it is also called
unresolved sideband regime.

2.6.3 Linearised Optomechanical Interaction

While single photon non-linear optomechanical interaction is interesting for testing fun-
damental principles of quantum mechanics, most optomechanical e�ects can be de-
scribed with the help of a linearised approximation. In fact, not only optomechanical
cooling, but also entanglement between optical and mechanical mode as well as squeezing
of an optomechanical state can fully be described with the help of the linearised expres-
sions. The purpose of this transformation is to reduce the interaction terms based on
three operators in equation 2.44 to a form where the coupling can be expressed with
the help of only two operators in each term. This approximation drastically reduces the
complexity of the equation and allows for a much more simple but still concise charac-
terisation of a driven optomechanical system. However, some information is obviously
lost in this representation and e�ects that can be described based on this approxima-
tion are also denoted linear optomechanics. In the linearised approximation, the optical
resonator �eld â is expressed as the sum of a coherent amplitude ā and a �uctuating
term δâ.

â = ā+ δâ (2.54)

The average amplitude can be described with the help of the intra-cavity photon number
nopt.

ā =
√
nopt (2.55)

Strictly speaking, this linearised approximation is only valid in the limit of high photon
numbers since only then the assumption of a permanent coherent amplitude of the
cavity �eld ā is valid. However, this description still holds true for experiments with
very low photon numbers as long as the system is not in the single photon strong
coupling regime. The mechanical oscillator cannot resolve single photons in this case
and an averaged photon occupation number is a valid description.

The optomechanical interaction described in the third term of equation 2.44 can
be expressed with the help of the decomposed cavity �eld in equation 2.54 and sorted
according to the powers of ā.

Ĥ
(lin)
int = −~gOM,0 (ā+ δâ)† (ā+ δâ) (̂b+ b̂†)

= −~gOM,0 |ā|2 (̂b+ b̂†)− ~gOM,0(ā∗δâ+ āδâ†)(̂b+ b̂†)− ~gOM,0δâ
†δâ (2.56)
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The �rst term of this interaction Hamiltonian describes an average radiation pressure
force F̄OM = ~GOM,0 |ā|2. It can be expressed by a permanent shift δᾱ of the equilibrium
displacement.

δᾱ =
~GOM,0 |ā|2

meffω2
m

(2.57)

Adapting the equilibrium position of the mechanical oscillator accordingly, entirely ab-
sorbs this contribution and no further e�ects need to be considered here.

The third term of the linearised interaction Hamiltonian can be neglected as it only
depends on the �uctuation δâ and is thus very small compared to the other terms.
By omitting terms for driving, decay, and �uctuation, the Hamiltonian of the driven
optomechanical resonator is then

Ĥ
(lin)
driven = −~∆δâ†δâ+ ~ωmb̂

†b̂− ~gOM,0

√
nopt(δâ

† + δâ)(̂b+ b̂†) + ... (2.58)

Due to the permanent shift of the equilibrium displacement in equation 2.57, the laser
power only determines the intra-cavity photon number nopt in the above equation and
has no in�uence on the �rst term describing the optical resonator mode.

The optomechanical interaction in the linearised regime is governed by the e�ective
optomechanical coupling rate of a driven cavity gOM.

gOM = gOM,0 ·
√
nopt (2.59)

A stronger laser power and thus a higher photon population inside the resonator also
leads to a stronger optomechanical interaction. If the intrinsic optomechanical coupling
described by the single photon coupling rate gOM,0 is not strong enough for the de-
sired application, it can in principle be arbitrarily enhanced further by increasing the
pump power. However, for cooling applications, an optomechanically [118] or thermally
induced [298] bistability can occur that e�ectively limits the intensity of the pump �eld.

2.6.4 Coupling Regimes in Linear Optomechanics

Just as in the case of the pure non-linear description, also in the case of linearised
optomechanical interaction di�erent coupling regimes can be distinguished. Here they
are based on a comparison of the decay rates of the optical and mechanical resonator
modes on the one side and the optomechancial interaction of a driven cavity on the other
side. The e�ective optomechanical cooperativity COM is a measure for the e�ciency of
optomechanical interaction.

COM =
g2

OM

κ · Γm
(2.60)

The large cooperativity regime is reached for values COM > 1. This regime is required for
several applications like the creation of a squeezed state of the mechanical oscillator [108,
109] or optomechanically induced transparency [144,299].

An even more challenging condition to reach is the strong coupling regime. Here,
the optomechanical interaction in the driven resonator is faster than the decay of both
the optical and the mechanical resonator mode individually.

gOM > (κ,Γm) (2.61)
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In this regime, the optical and the mechanical resonator share two common eigenstates:
the symmetric and the antisymmetric superposition of the phononic and photonic state
spectrally separated by 2 gOM. This regime could be demonstrated experimentally in a
photonic and phononic crystal cavity made from silicon [141].

If the e�ective optomechanical coupling rate gOM exceeds both the decay rate of
the optical cavity and the thermal decoherence rate of the mechanical oscillator, the
interaction becomes quantum coherent.

gOM > (κ,Γth) (2.62)

This means that the coupling is so strong that no photons or phonons are lost from the
system before the interaction could take place. This could be demonstrated experimen-
tally with a mean phonon number of 1.7 [143]. It should be noted here that the di�erent
coupling regimes can be reached much easier with a driven resonator in the framework of
linearised optomechanical interaction than in the case of pure non-linear optomechanics.
This is based on the fact that the single photon optomechanical coupling constant gOM,0

can strongly be enhanced by a strong photon population resulting in the description of
the e�ective optomechanical coupling constant of a driven resonator gOM as described
in equation 2.59.

2.6.5 Driven Optomechanical Systems

The detuning ∆L = ωL−ωopt between the driving �eld and the optical resonator mode
determines the nature of the optomechanical interaction. A blue-detuned excitation
very generally leads to an increase of the energy in the optomechanical system, whereas
the opposite is true for a red-detuned pump �eld. While the sign of the detuning
determines the implications of the interaction, the fundamental description is the same
for both cases. A resonant excitation does usually not change the energy stored in
the coupled system but can still be used for cold damping or to detect the state of
the mechanical motion. These interaction types exist independent of the parameters of
the optomechanical system but the resulting e�ects can di�er drastically depending on
the sideband resolution and the coupling regime. Very generally, quantum signatures
can better be detected in the resolved sideband regime whereas the Doppler regime is
favourable for basic observations with less sophisticated devices or measurements based
on excitation with short pulses.

There are two di�erent e�ects of non-resonant optomechanical coupling related to
the real and the imaginary part of the mechanical oscillator's susceptibility. The real
part leads to a mechanical frequency shift δfm resulting in the so-called optical spring
e�ect, whereas the imaginary part describes optomechanical damping Γ̃OM. Both e�ects
will be described separately in the following with an emphasis on the damping aspect.

Optical Spring E�ect

A frequency shift δfm of the mechanical mode is associated with the optical spring e�ect.
This will lead to an e�ective spring-sti�ening or spring-softening of the mechanical
oscillation [119,120]. Under the assumption of a weak e�ective optomechanical coupling
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with gOM � κ, the susceptibility can be evaluated at the unperturbed mechanical
frequency and δfm can be expressed as

δfm = 2πg2
OM

(
∆L − ωm

κ2/4 + (∆L − ωm)2 +
∆L + ωm

κ2/4 + (∆L + ωm)2

)
(2.63)

In the Doppler regime, this can be simpli�ed to

δfm,Doppler ≈ 2πg2
OM

2∆L

κ2/4 + ∆2
L

(2.64)

It can be seen from these expressions that the e�ects of positive and negative detuning
are qualitatively di�erent. A blue-detuned pump �eld with ∆L > 0 is increasing the
mechanical resonance frequency. This is also termed spring-hardening in reference to
the classical analogue of a mechanical oscillator. For a negative detuning ∆L < 0
corresponding to a red-detuned driving �eld, the mechanical oscillation frequency is
lowered what is then termed spring-softening.

In the good cavity regime of resolved sidebands, the optical spring e�ect vanishes
completely for excitation on a sideband and pure optomechanical damping characterises
the interaction. The optical spring e�ect can be exploited in order to create squeezed
states. The detuning is then not chosen constant over time but altered such that it
creates a time-dependent modulation of the mechanical frequency. This parametric
driving of the mechanical mode then gives rise to a squeezed phonon state.

Optomechanical Damping

The imaginary part of the mechanical resonator's susceptibility describes an optome-
chanical damping whose rate is given by

Γ̃OM = g2
OM

(
κ

κ2/4 + (∆L − ωm)2 −
κ

κ2/4 + (∆L + ωm)2

)
(2.65)

As in the case of the optical spring e�ect, the damping can both be positive or negative
corresponding to cooling or ampli�cation of the mechanical resonator mode. The e�ec-
tive damping is given by the sum of the internal decay rate of the mechanical resonator
and the optomechanical damping rate

Γ̃eff = Γm + Γ̃OM (2.66)

For positive optomechanical damping, the decay of the mechanical oscillator is enhanced
by the optomechanical interaction and e�ective cooling takes place. A negative op-
tomechanical damping leads to an ampli�cation of mechanical motion and phonons are
e�ectively created. The sideband suppression has a strong e�ect on the optomechani-
cal damping and a distinction between the Doppler regime and the resolved sideband
regime is necessary. In the Doppler regime, maximal positive or negative damping can
be achieved when driving the optical resonator with a detuning of ∆L = ±κ/2 corre-
sponding to the maximal slope of the optical mode spectrum. In the resolved sideband
regime, the ampli�cation is strongest for excitation on either sideband at ∆L = ±ωm or
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also higher order sidebands at ∆L = n ·ωm. This corresponds to the detuning where the
optical spring e�ect vanishes completely. Also the maximal optomechanical damping
rate that can be achieved depends on the sideband resolution.

For an optomechanical system the Doppler regime, the optomechanical damping rate
simpli�es to

Γ̃OM,Doppler = 2πg2
OM

−4κ∆L(
κ2/4 + ∆2

L

) (2.67)

For the most e�cient pumping at ∆L = ±κ/2, this expression further reduces to

Γ̃OM,Doppler,max = ±8ωm

(gOM

κ

)2
(2.68)

The inverse proportionality to the square of the optical resonator decay rate κ indicates
that the optomechanical damping rate is rather low in the Doppler regime as this regime
is characterised by a bad optical cavity corresponding to a large decay rate κ.

The maximal optomechanical damping rate in the resolved sideband regime is ob-
tained for a laser resonant on either sideband ∆L = ±ωm and can be expressed as

Γ̃OM,res,max = ±4
g2

OM

κ
(2.69)

This shows that optomechanical damping is more e�cient in the regime of resolved
sidebands than in the Doppler regime [128]. Taking advantage of equation 2.59 and
replacing the photon population in the resonator with the help of equation 2.9 in the
limit of the resolved sideband regime, the optomechanical damping can be expressed
without the decay rate κ of the optical resonator

Γ̃OM,res,max =
PL

~ωL

g2
OM,0

ω2
m

(2.70)

Optomechanical Heating and Phonon Lasing

In the case ∆L > 0, a blue-detuned excitation of the optical resonator, the mechanical
oscillation is subject to negative damping or ampli�cation. The excess energy that the
pump �eld carries with respect to the optical resonator mode is transferred to additional
excitation of the mechanical oscillator. For very high pump powers, the optomechanical
heating rate Γ̃OM can surpass the decay rate of the mechanical oscillator Γm. This
leads to an instability of the mechanical oscillator and the mechanical potential forms
a double-well potential. Small �uctuations are then exponentially ampli�ed and self-
induced optomechanical oscillations occur. The optical driving �eld serves as pump for
these back-action induced oscillations and the mechanical lasing starts at pump powers
above the threshold Γ̃OM,L

Γ̃OM,L = Γm (2.71)

Optomechanical Cooling

In the case ∆L < 0, a red-detuned excitation of the optical resonator mode, optome-
chanical cooling takes place. The optical excitation is then transferred into a removal of
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phonons from the mechanical resonator mode through the optomechanical interaction.
The sideband resolution has a strong in�uence on both the cooling e�ciency and the
phonon number that �nally is present in the system. In absence of a thermal bath,
the minimal excitation of the mechanical resonator mode after cooling is expressed in
terms of the asymptotic minimal phonon occupation number nm,min. This does not cor-
respond to a realistic situation where heating from the environment limits the damping
of the mechanical oscillation but it is a common �gure of merit for the e�ectiveness of
optomechanical cooling.

In the Doppler regime, the asymptotic minimal phonon occupation number nm,min

for the most e�cient optomechanical cooling with a detuning at ∆L = −κ/2 is

nm,min,Doppler =
κ

4ωm
(2.72)

In the Doppler regime, the phonon occupation number is thus always nm,min � 1 as one
can directly see when considering the relation in equation 2.53. The quantum ground
state of mechanical motion is thus impossible to reach in this case. However, the cooling
can be signi�cant for high values of the e�ective optomechanical coupling constant gOM.
An increase in the optical pump power and thus the photon population of the optical
mode nopt increases the optomechanical cooling rate. However, high pump powers also
heat the sample and provoke the occurrence of a radiation-pressure induced optical
bistability [118] or a thermally induced optical bistability [298].

In the case of optomechanical cooling, the asymptotic minimal phonon occupation
number that can be reached with an optomechanical system in the resolved sideband
regime in the absence of thermal e�ects is given as

nm,min,res =

(
κ

4ωm

)2

(2.73)

It can be seen from this expression, that optomechanical cooling in the resolved sideband
regime in principle allows reducing the population of the mechanical oscillator below a
single phonon [128].

However, the thermal environment of the resonator needs to be considered as the
�nal phonon occupation number nf does not only depend on the optomechanical cooling
but also on the rate at which the mechanical resonator mode is populated thermally.
The �nal phonon occupation number of an optomechanical system can generally be
expressed as

nf,OM =
Γ̃OMnm,min + Γmnth

Γ̃OM + Γm

(2.74)

The temperature Tf that can be reached with optomechanical cooling is dependent on
the temperature of the thermal bath T , the optomechanical cooling rate Γ̃OM, and the
damping rate of the mechanical oscillator Γm. Under the assumption of a moderate
cooling rate assuring that the �nal temperature is large enough to neglect radiation
pressure �uctuations resulting from photon shot noise, the �nal temperature is

Tf =
Γm

Γm + Γ̃OM

T (2.75)
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In a combination of cryogenic an optomechanical cooling, very low temperatures can be
achieved for a system in the regime of resolved sidebands. Even the quantum ground
state of the mechanical oscillator can be reached resulting in the absence of thermally
excited cavity phonons in this case and phonon population numbers nm < 1 could be
shown experimentally [139,162,299]. However, photon shot noise of the pump �eld sets
an upper limit for the temperature that can be achieved with optomechanical cooling.
Reaching the quantum ground state of motion remains very challenging even with very
stable lasers and a certain phonon number typically remains inside the resonator. But
also for higher phonon numbers nm = 2.6, an asymmetry in the mechanical sidebands
can be detected [140]. The absorption and emission of phonons, giving rise to the
red- or the blue-detuned sidebands, respectively, have di�erent probabilities due to the
limited number of phonons populating the cavity. This leads to a spectrum where the
long wavelength sideband gives a stronger spectral signal than the short wavelength
sideband. The ratio between the amplitudes in the blue- and the red-detuned sidebands
depends on the absolute phonon population of the mechanical resonator mode

√
nm.

Ired

Iblue
=

√
nm√

nm + 1
(2.76)

Detecting this sideband asymmetry is a direct proof for entering the quantum regime
of a mechanical oscillator. It con�rms that the interaction indeed can be described in
the scattering picture where single photons interact with single photons.

Resonant Driving of the Optical Resonator

A resonant excitation corresponding to zero detuning between the drive Laser and the
optical resonator mode ∆L = 0 allows for measuring phase shifts in the light �eld that is
transmitted through the cavity. While a direct excitation or cooling of the mechanical
resonator mode through the optical excitation is not possible in this case, there is a
number of di�erent applications for a resonantly driven optomechanical system.

Displacement Detection

Measuring the displacement α of the mechanical resonator requires interference between
light transmitted through the optical resonator and a local oscillator serving as phase
reference. Assuming operation in the Doppler regime, the phase shift θ of the transmit-
ted light �eld is then proportional to

θ ∝
α ·GOM,0

κ
(2.77)

The imprecision of this measurement is directly linked to the number of photons Nphot

that contribute to the measurement. Such a measurement is limited by photon shot noise
and the corresponding imprecision noise is δθimp ∼ 1/

√
Nphot. This suggests that the

readout becomes arbitrarily precise for high photon numbers. This would indeed be true
for instantaneous measurements with very high pump powers. However, experiments are
limited by �nite pump powers that can be coupled into a system. An integration over a
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longer measurement time is therefore the much more realistic case and a so-called weak
measurement is then performed in a continuous way. The shot noise leads to a �uctuat-
ing radiation pressure force that gives an overall jitter on the mechanical oscillation. The
e�ect of shot noise grows with the number of photons involved in the measurement and
leads to the so-called back-action noise δθback ∼

√
Nphot. As both noise contributions

are always present at the same time in the case of a non-instantaneous measurement,
there is an optimal photon number for which a maximal precision can be reached. This
is known as the standard quantum limit. A "precision beyond the standard quantum
limit" means that the imprecision noise is below the standard quantum limit what also
implies that the back-action noise is moderate. This could already be demonstrated
experimentally with di�erent optomechanical systems [126, 142, 196, 300]. In the case
of optomechanical interaction, the standard quantum limit can be linked to an optimal
measurement time for a displacement detection. Damping of the mechanical oscillator
is the limiting factor for this detection and thus the measurement should be restricted
to a timescale shorter than 1/Γm. This allows for a displacement measurement with
a precision down to the zero point �uctuation xZPF of the mechanical oscillator. In
practice, however, this is challenging to reach. The in-coupling of light is usually poor
and it is very di�cult to achieve high pump powers inside the optical resonator mode
without increasing noise contributions above the threshold.

Quantum Non-Demolition Measurement and Cold Damping

Another application of resonantly driven optomechanical systems are optical quantum
non-demolition measurements of the mechanical displacement. Here, only one quadra-
ture is measured in contrast to the previously discussed weak displacement measures
where two quadratures are detected simultaneously. By restricting the measurement to a
single quadrature, the Heisenberg principle is not setting a limit. This corresponds to an
idealised projection measurement and an arbitrary precision can be reached. Therefore,
this type of measurement is also called quantum non-demolition detection [105,301,302].

In practice, this displacement measurement can be performed in two di�erent ways.
One option is to take advantage of the fact that any force applied on the mechanical
resonator does not a�ect its position after a full oscillation period. To this end, either
a measurement series with a repetition rate corresponding to the mechanical oscillation
frequency, or a drive �eld whose intensity is modulated at this frequency can be imple-
mented. The variance of the quadrature measured approaches zero what results in a
squeezing of any states conditioned on the measurement results. The other possibility
is to measure much faster than the mechanical oscillation takes place [153, 154]. This
scheme is based on the application of very short but also intense Laser pulses. The
optomechanical system should be in the Doppler regime for this type of measurement
so that the mechanical resonator is too slow to resolve the optical measurement.

For both measurement protocols, a quantum state tomography is required. The
same state needs to be prepared repeatedly and probability densities of the quadrature
are measured for a large number of phases. Finally, an inverse Radon transform is
applied in order to extract the Wigner density and thus the full quantum state. This
has successfully been demonstrated for the vibrational modes of ions [303] and for the



54 Chapter 2. Theoretical Background

oscillation of a micromechanical cantilever [154].
This type of quantum non-demolition measurement allows for a direct measurement

of the mechanical motion with a very high precision. One can take advantage of this
detection in order to damp the mechanical motion. The damping can precisely be ad-
justed to the actual oscillator motion and an active feedback control can be exploited to
cool the resonator. This technique has the advantage that it does not increase the ther-
mal noise in the resonator and is therefore also called cold damping or active feedback
cooling [129]. This scheme has been investigated theoretically [116] and was realised
experimentally in di�erent optomechanical systems [117,130�132]. The optimal regime
of the optomechanical system for this application is the so-called adiabatic regime, a
weak coupling in the Doppler regime. The cooling that can be achieved with this active
feedback technique is limited by the measurement precision of the mechanical motion
and in principle even ground state cooling is possible [129].
Measurement of the Phonon Number

A very direct proof for the quantum nature of a mechanical oscillator is the measure-
ment of the phonon number. In contrast to the quantum non-demolition measurements
discussed above, this requires the direct measurement of the square of the displacement
α2 rather than the displacement α. This value is directly proportional to the potential
energy and thus the phonon number in the mechanical resonator. Such a measurement
can only be achieved if the optical �eld couples to the square of the displacement α2. Op-
tomechanical systems based on dispersive coupling can be exploited for this Fock state
detection. In contrast to the description of an optomechanical system given in equa-
tion 2.44, the Hamiltonian for dispersively coupled optomechanical systems depends on
the mechanical displacement squared:

Ĥ
(disp)
OM = ~ωoptâ

†â+ ~ωmb̂
†b̂+ ~g(2)

OM,0â
†â
(
b̂+ b̂†

)2
(2.78)

with g
(2)
OM,0 =

∂2ωopt

∂α2 x2
ZFP. By cooling the mechanical resonator close to the quantum

ground state, a time-resolved measurement of the phase shift of the optical �eld for
individual mechanical Fock states can be detected. As losses and noise substantially
lower the quality of the results, the necessary condition for a successful measurement
is the single photon strong coupling regime under the assumption that absorption is
the dominant loss channel. However, it has been investigated theoretically that even if
phonon numbers cannot directly be detected, jumps between di�erent Fock states might
still be accessible in the form of phonon shot noise [151].

2.6.6 Optomechanical Coupling in Photonic and Phononic Crystals

As discussed in the previous sections, the single photon optomechanical coupling con-
stant gOM,0 describes the rate of single photon optomechanical coupling and is the most
important measure for estimating the interaction dynamics of the coupled system. In
order to determine its value for a speci�c resonator, the frequency shift of the optical
mode per mechanical displacement GOM needs to be calculated as the derivative of the
optical frequency ωopt with respect to the mechanical displacement α at equilibrium
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(see equation 2.46). In the case of geometrically more simple Fabry-Pérot resonators,
the mechanical displacement directly translates in a change of the resonator length and
thus the optical frequency shift. For monolithic resonator geometries like photonic and
phononic crystal structures, the cavity material itself oscillates and induces a back-
action on the optical resonator mode. The deformation of the material then translates
in a variation of the function giving rise to optomechanical coupling described by the
moving boundaries e�ect and the photoelastic e�ect.

A typical excitation of the mechanical mode causes elongations dα in the range of
femtometers. This is very small compared to the resonator size and has no impact on the
symmetry or shape of the optical mode in a photonic and phononic crystal. Therefore,
the mechanical motion can be treated as small perturbation to the optical resonator
mode and the �rst order approximation is valid. The derivative of the optical frequency
ωopt with respect to the mechanical displacement α evaluated at equilibrium can then
be expressed as

dωopt

dα
= −

ω
(0)
opt

2

〈
E(0)

∣∣ dε
dα

∣∣E(0)
〉〈

E(0) |ε|E(0)
〉 (2.79)

Here, the optical frequency ω
(0)
opt and the electric �eld E(0) are the properties of the

unperturbed optical cavity mode. The optomechanical coupling can thus be assigned to
a variation dε

dα of the dielectric function ε due to the mechanical displacement α. In the
case of a photonic and phononic crystal cavity, optomechanical interaction is based on
two di�erent contributions, the moving boundaries e�ect resulting from a perturbation
in the spatial distribution of the electromagnetic �eld [304] and the photoelastic e�ect
caused by local variations of the refractive index under the in�uence of mechanical
strain [305]. In the following, both these contributions are evaluated individually and
�nally consolidated to determine the overall optomechanical coupling.

Moving Boundaries E�ect

The moving boundaries e�ect describes a surface phenomenon that occurs when material
boundaries of a monolithic optical resonator are shifted during the mechanical oscillation
period [304]. This movement leads to a small change in the geometry of the photonic
and phononic crystal structure resulting in a slightly di�erent spatial distribution of
the dielectric function. During the mechanical oscillation period, the photonic and
phononic crystal structure then provides varying resonance conditions for the optical
cavity mode. The coupling term can be expressed as surface integral over the entire
photonic and phononic crystal cavity.〈

E(0)

∣∣∣∣ dεdα
∣∣∣∣E(0)

〉
=

∮
(u · n̂)

(
∆ε
∣∣E‖∣∣2 −∆ε−1 |D⊥|2

)
dS (2.80)

Here, u is the mechanical displacement �eld caused by the oscillation of the mechanical
resonator, n̂ is the surface normal vector, and ∆ε = εdia − ε0 the contrast in the
dielectric constant between diamond and air with ∆ε−1 = ε−1

dia − ε
−1
0 . From the side

of the optical resonator mode, only the electric �eld component parallel to the surface
E‖ and the electric displacement �eld perpendicular to the surface D⊥ contribute to
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the optomechanical interaction. The resulting single photon optomechanical coupling
constant originating from the moving boundaries e�ect gMB,0 can thus be expressed as

gMB,0 = −xZPF

ω
(0)
opt

2
〈
E(0)

∣∣ ε ∣∣E(0)
〉 ∮ (u · n̂)

(
∆ε
∣∣E‖∣∣2 −∆ε−1 |D⊥|2

)
dS (2.81)

The moving boundaries e�ect is particularly strong when the optical cavity mode is
localised near the surface of the structure and when the mechanical elongation at the
surface is large. Therefore, cavity modes with large spatial extent show a strong optome-
chanical coupling resulting from the moving boundaries e�ect whereas strongly con�ned
modes arising from the dielectric band are less a�ected by this surface e�ect.

Photoelastic E�ect

The photoelastic e�ect describes a local variation of the refractive index under the
in�uence of strain in the material. Due to this change in the material's optical density,
the propagation of the optical mode is a�ected by the locally varying dielectric function
during the mechanical oscillation period. The optomechanical coupling term attributed
to the photoelastic e�ect can be expressed as volume integral over the photonic and
phononic crystal structure.

〈
E(0)

∣∣∣∣ dεdα
∣∣∣∣E(0)

〉
=− ε0ε

2
dia

∫ ∑
i6=j

p44EiEjεij

 dV
− 1

2
ε0ε

2
dia

∫  ∑
i6=j6=k

|Ei|2 (p11εii + p12 (εjj + εkk))

 dV (2.82)

Here, ε0 is the vacuum permittivity, εdia the standard dielectric constant of diamond, εij
the components of the strain tensor imposed by the mechanical oscillation and p11, p12,
and p44 the photoelastic constants of diamond, a material property given in section 2.1.
The resulting single photon optomechanical coupling constant gPE,0 issuing from the
photoelastic e�ect can then be expressed as

gPE,0 = xZPF

ε0ε
2
diaω

(0)
opt

2
〈
E(0)

∣∣ ε ∣∣E(0)
〉
∫ ∑

i6=j

p44EiEjεij

 dV
+

1

2

∫  ∑
i 6=j6=k

|Ei|2 (p11εii + p12 (εjj + εkk))

 dV
 (2.83)

The photoelastic e�ect is a volume e�ect occurring in the bulk of the material. It is
strong if the optical cavity �eld is concentrated in material regions where the mechanical
oscillations induce maximum strain. Therefore, strongly con�ned modes with high local
�eld intensities are generally most suitable for optomechanical coupling based on the
photoelastic e�ect.
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Overall Optomechanical Coupling

Very generally, structures optimised for a strong moving boundaries e�ect exhibit a
rather weak photoelastic e�ect and vice versa, as for the moving boundaries e�ect the
optical �eld ideally is localised near the diamond surface whereas the photoelastic e�ect
is particularly strong when the electric �eld is concentrated in the bulk of the material.
For both e�ects individually, the symmetries of the optical and mechanical cavity modes
play a crucial role for the strength of the optomechanical coupling. Local optomechanical
coupling e�ects can vanish if the individual contributions at di�erent locations of the
photonic and phononic crystal cavity have di�erent signs due to a respective negative or
positive elongation of the optical or mechanical cavity �eld. Fully symmetric optical and
mechanical modes mostly avoid this reduction of the interaction strength and allow for
good optomechanical coupling. This can also be con�rmed with results from numerical
modelling shown in section 3.3.2.

The overall optomechanical coupling is determined by the consolidated coupling
arising from both the moving boundaries and the photoelastic e�ect. To this end, the
phase shift between the two e�ects needs to be considered [257]. As both e�ects can
show maximal positive or negative coupling at di�erent times of the mechanical os-
cillation period, they might at least partly cancel out. If they have opposite signs at
maximum elongation, the overall optomechanical coupling is reduced to the di�erence
between the individual e�ects, whereas the overall coupling can also consist of the sum
of both e�ects when they are acting in phase. This would lead to an even stronger cou-
pling than both contributions could provide individually. In the structures considered
here, the contributing e�ects are out of phase for the most suitable mechanical resonator
mode and the photoelastic e�ect is substantially stronger than the moving boundaries
e�ect (see section 3.3.2). For achieving high optomechanical coupling constants, the
photoelastic e�ect should further be enhanced and the moving boundaries e�ect is to
be suppressed. For the design of the optomechanical resonator this means that strongly
con�ned fundamental modes of high symmetry should be exploited. As additional bene-
�t, these are also the modes that allow for reaching high optical and mechanical quality
factors and that are best suitable for strain coupling.

2.7 Strain Coupling

Strain coupling describes the interaction between an emitter and a mechanical resonator.
Here, only the case of direct strain coupling is considered where no other degree of
freedom is required to mediate the interaction. This is an inherent feature of solid state
two-level systems and the description will be limited to the interaction of a localised
mechanical resonator mode and a single nitrogen vacancy colour centre in diamond.

In a classical description, the e�ect of strain on the nitrogen vacancy colour centre
can be understood by considering the deformation of electronic orbitals in a strained
material. Static strain permanently deforms the local environment of the colour cen-
tre and shifts the di�erent electronic levels. The interaction is stronger for electrons
with a larger distance to the centre and accordingly, the excited states couple stronger
to the mechanical motion than the ground state levels. A dynamic strain leads to a
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dynamic modulation of the deformation and a constantly varying level structure. The
deformation of the colour centre's orbital structure will also back-act on the mechanical
oscillator. A strained colour centre creates a local charge perturbation and the ions of
the surrounding crystal will feel a back-action force. This feedback is retarded against
the initial motion and can thus lead to either damping or ampli�cation of the mechanical
oscillation.

In a quantum mechanical description, a scattering picture can be used to describe
strain coupling. The individual phonons populating the mechanical resonator mode
interact with the individual electrons of the nitrogen vacancy colour centre. Phonon
creation or annihilation during a dipole transition alternates the e�ective level structure
of the emitter and an shift corresponding to the phononic energy will occur. Also in this
picture, the interaction will be stronger for the excited states as their interaction cross-
section with the mechanical oscillation is larger due to their larger spatial extension.

In the following, a Hamilton formalism will be used in order to describe the strain
coupling interaction based on a symmetric strain tensor. As only symmetric parts of the
strain tensor a�ect the structure of a defect and antisymmetric components only cause
a rotation, this assumption should be valid [306]. In the internal coordinate system of
the nitrogen vacancy colour centre given in section 2.4.1, the strain tensor ε can then
be expressed based on the individual entries εij as

ε =

εxx εxy εxz
εxy εyy εyz
εxz εyz εzz

 (2.84)

For reasons of clarity, the interaction with the ground and excited states will be described
in separate paragraphs. To quantify the e�ect of strain coupling on the optical transition,
both contributions need to be considered in principle. However, as the e�ect is orders of
magnitude stronger for the excited state levels |Ex〉 and |Ey〉, the ground state coupling
can be neglected for this purpose. Without loss of generality, the orientation of the
nitrogen vacancy colour centre is assumed to be along the [111] axis with respect to the
crystallographic coordinates for simplicity. The results obtained from this description
can equally be applied to its other three possible orientations.

2.7.1 Coupling to the Ground State Levels

The strain coupling between the ground state levels of a nitrogen vacancy colour centre
and a mechanical resonator mode can best be described in a Hamiltonian formulation.
There are two formalisms that can be used in order to describe this interaction. The
most widely used description results from a purely phenomenological approach where
the corresponding strain coupling coe�cients have been found in independent measure-
ments by two di�erent teams [163,173,174]. Very recently, an alternative approach has
been published that is based on a group theoretical calculation involving the intrinsic
symmetry properties of the nitrogen vacancy colour centre [307]. This more complete
description of the interaction between an arbitrary strain �eld and the nitrogen vacancy
colour centre is drawing on early theoretical work describing the electronic structure of
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the colour centre [265]. Here, both formalisms are presented and in section 3.4.1, the
interaction is modelled independently with both approaches.

Phenomenological Description

In the purely phenomenological description, the interaction between the ground state
levels of the nitrogen vacancy colour centre and a strain �eld in the absence of a magnetic
�eld can be described by the following Hamiltonian.

Ĥstrain,ground,pheno = D0Ŝ
2
z + ~ωmb̂

†b̂+ Ĥ‖ + Ĥ⊥ (2.85)

Here, D0 = 2.88 GHz is the zero-�eld splitting of diamond that lifts the degeneracy
between the |0〉 and |±1〉 states, ωm is the oscillation frequency of the mechanical res-
onator, Ŝz the component of the nitrogen vacancy spin along the [111] axis, and b̂ and
b̂† are the phonon creation and annihilation operators. The interaction part consists
of two di�erent contributions, Ĥ‖ and Ĥ⊥. These interaction Hamiltonians for strain
along and perpendicular to the symmetry axis of the nitrogen vacancy colour centre are
given by the following equations.

Ĥ‖ = g‖Ŝ
2
z

(
b̂+ b̂†

)
(2.86)

Ĥ⊥ = g⊥

(
eiφŜ2

+ + e−iφŜ2
−

)(
b̂+ b̂†

)
(2.87)

Here , Ŝ+ and Ŝ− are the spin raising and lowering operators de�ned as Ŝ± = Ŝx ± iŜy
and the angle φ is determined by the relation tan (φ) = εxx/εyy. The strain coupling
constants g‖ and g⊥ describe the interaction rate between the ground state levels of
the nitrogen vacancy colour centre and axial or radial strain �eld contributions of a
mechanical resonator, respectively. This distinction takes into account that axial strain
ε‖ = εzz (along [111]) and radial strain ε⊥ =

√
ε2xx + ε2yy (perpendicular to [111]) have

qualitatively di�erent e�ects on the nitrogen vacancy colour centre. Axial strain causes
an additional splitting between the |0〉 and the |±1〉 states similar to the e�ect of the
crystal �eld splitting D0. Radial strain, in contrast, mixes the |+1〉 and |−1〉 levels
and causes a splitting of the resulting mixed states with non-zero spin projection. This
allows for driving the forbidden transitions between the states ms = +1 and ms = −1
when addressing the ground state of the nitrogen vacancy colour centre with a strain
�eld. The strain coupling constants to the nitrogen vacancy colour centre ground state
for the mechanical strain �elds ε‖ and ε⊥ are given by the following equations

g‖ = d‖ε‖ (2.88)

g⊥ = d⊥ε⊥/2 (2.89)

with d‖ and d⊥ as the axial and radial strain coupling coe�cients, respectively. A higher
phonon population of the mechanical resonator mode leads to a stronger coupling to
the nitrogen vacancy colour centre in analogy to the non-linear interaction in the case
of optomechanical interaction. For a strain �eld corresponding to the zero point motion
of the mechanical oscillator, the above expressions correspond to the single phonon



60 Chapter 2. Theoretical Background

strain coupling constants. The strain coupling coe�cients d‖ and d⊥ are properties of
the nitrogen vacancy colour centre and have been determined in measurements by two
teams independently [173,174]. The corresponding values are given in table 2.1 where it
can be seen that the two sets of values are in the same range but do not exactly match.

Basel UCSB

d‖ 5.46± 0.31 GHz 13.4± 0.8 GHz

d⊥ −19.63± 0.40 GHz −21.5± 1.2 GHz

Table 2.1: Strain coupling coe�cients for the ground state levels of the nitrogen vacancy colour

centre reported in reference [173] (Basel) and in reference [174] (UCSB).

Possible explanations for the deviating values as given by the authors are that the mea-
surement techniques employed by the two groups are subject to unwanted side-e�ects to
a di�erent extent, and that some of the samples used in the underlying experiments do
have non-perfect properties with respect to emitter homogeneity. Despite the fact that
the discrepancies appear quite signi�cant especially for d‖, both groups con�rm that
the values are in good agreement. In an independent work, experimental results for d‖
obtained from hydrostatic measurements seem to con�rm the higher values reported in
reference [174] whereas the corresponding theoretical calculations suggest that the lower
values reported in reference [173] are more trustworthy [308]. Therefore, both sets of
strain coupling coe�cients are used in this work and all results are given for both values.

Group Theoretical Description

The description of strain coupling to the ground state levels of the nitrogen vacancy
colour centre derived from group theoretical calculations is taken from reference [307].
The description is based on the stress tensor components expressed in the crystallo-
graphic coordinates X = [100], Y = [010], and Z = [001]. The nitrogen vacancy
colour centre is described by the coordinates x′ = 1/

√
6 [1̄1̄2], y′ = 1/

√
2 [11̄0], and z′ =

1/
√

3 [111]. In contrast to the coordinates used throughout this work (x = 1/
√

2 [1̄10],
y = 1/

√
6 [1̄1̄2], and z = 1/

√
3 [111]), this coordinate system is left-handed. This

means that the rotations performed in the process of deriving the formalism do not
properly perform the intended coordinate transformations. The consequences of this
inconsistency will be discussed in section 3.4.1 where also the results from numerical
modelling are shown. According to the formalism in reference [307], the Hamiltonian for
the ground state levels of the nitrogen vacancy colour centre coupling to a mechanical
resonator mode in absence of a magnetic �eld, can be noted as follows.

Ĥstrain,ground,group = D0

(
Ŝ2
z′ −

2

3

)
+ ~ωmb̂

†b̂+ ĤMx + ĤMy + ĤMz (2.90)

Here, D0 = 2.88 GHz is the zero-�eld crystal splitting, ωm the resonance frequency of
the mechanical oscillation, b̂ and b̂† are the phonon creation and annihilation operators
and Ŝz′ is the component of the electron spin operator along the symmetry axis of the
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nitrogen vacancy colour centre. The interaction is described by the terms ĤMx , ĤMy ,
and ĤMz given by the following equations

ĤMx = −gMx

(
Ŝ2
y′ − Ŝ2

x′

)(
b̂+ b̂†

)
(2.91)

ĤMy = gMy

(
Ŝx′Ŝy′ + Ŝy′Ŝx′

)(
b̂+ b̂†

)
(2.92)

ĤMz = gMz

(
Ŝ2
z′ − 2/3

)(
b̂+ b̂†

)
(2.93)

Ŝx′ , Ŝy′ , and Ŝz′ are the components of the dimensionless spin operator Ŝ de�ned in the
coordinate system x′, y′, and z′ used to describe the nitrogen vacancy colour centre in the
original article. gMx , gMy , and gMz are the strain coupling constants that determine the
single phonon interaction strength. Qualitatively, gMz describes an additional splitting
between the ground state levels of zero and non-zero spin projection |0〉 and |±1〉. Strain
coupling also leads to a splitting ∆± between the states |−1〉 and |+1〉. This splitting
can be determined as ∆± = 2 · gM∆

with the help of an overall strain coupling constant
gM∆

.

gM∆
=
√
g2

Mx
+ g2

My
(2.94)

The individual strain coupling constants are given as function of the stress �eld com-
ponents acting on the nitrogen vacancy colour centre. In this case, they are expressed
in the external system de�ned by the crystallographic coordinates X, Y , and Z. This
is di�erent from the previously shown formalism where the interaction was evaluated
based on the strain �eld expressed in the internal system de�ned by the colour centre
coordinates. The authors of the original article justify this di�erence with the argument
that the assumption of isotropy is not strictly given in the case of diamond. Despite the
fact that the raw data of the simulation are based on a isotropic material counteracting
this intention, the exact formalism of the original article needs to be followed in order to
obtain a complete and meaningful description. The individual strain coupling constants
are given by the following equations.

gMx = b (2σZZ − σXX − σY Y ) + c (2σXY − σY Z − σZX) (2.95)

gMy =
√

3 [b (σXX − σY Y ) + c (σY Z − σZX)] (2.96)

gMz = a1 (σXX + σY Y + σZZ) + 2a2 (σY Z + σZX + σXY ) (2.97)

Here, σIJ are the entries of the stress tensor describing the mechanical oscillation at
the position of the colour centre expressed in terms of the external coordinates of the
crystallographic axes. As the model is based on an isotropic medium, a symmetric strain
tensor will be used to calculate the strain coupling constants such that σIJ = σJI. The
strain coupling coe�cients a2, b, and c have been determined in measurements described
in the article, whereas the value for a1 has been adopted as reference from a previous
measurement performed with the help of hydrostatic pressure [308]. The corresponding
values are listed in table 2.2.
This gives a full description of strain coupling to the ground state levels of the nitrogen
vacancy colour centre that will be used for modelling the interaction with the diamond
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a1 4.86± 0.02 · 10−3 Hz/Pa

a2 −3.7± 0.02 · 10−3 Hz/Pa

b −2.3± 0.03 · 10−3 Hz/Pa

c 3.5± 0.03 · 10−3 Hz/Pa

Table 2.2: Strain coupling coe�cients for the ground state levels of the nitrogen vacancy colour

centre reported in reference [307].

structure as shown in section 3.4.1. However, the results need to be interpreted with
a certain amount of reservation due to the inconsistency related to the left-handed
coordinate systems at the basis of the derivation.

2.7.2 Coupling to the Excited State Levels

The description of the interaction between strain and the excited state levels of the
nitrogen vacancy colour centre is taken from references [176], and [163]. The description
is based on a complete theoretical model [309] that was reformulated and expressed
more generally later on [306]. The strain coupling coe�cients are achieved by �tting
measured data to this theoretical description. The description is limited to the excited
states with zero spin projection |Ex〉 and |Ey〉, as experimental data for the coupling
coe�cients are not available for the other electronic levels.

Due to the C3v symmetry of the nitrogen vacancy colour centre, only strain of
symmetries corresponding to A1, E1 and E2 phonon modes needs to be considered. The
interaction between a strain �eld and the excited state levels |Ex〉 and |Ey〉 with ms = 0
can then be described by the following Hamiltonian:

Ĥstrain,excited = ~ωZPL (|Ex〉 〈Ex|+ |Ey〉 〈Ey|) + ~ωmb̂†b̂+ ĤA1 + ĤE1 + ĤE2 (2.98)

Here, ωZPL is the transition frequency from the excited states |Ex〉 and |Ey〉 to the
ground state |0〉, ωm is the resonance frequency of the mechanical resonator and b̂ and
b̂† are the phonon creation and annihilation operators. The di�erent interaction terms
ĤA1 , ĤE1 , and ĤE2 describe the strain coupling to phonons of di�erent symmetry and
are de�ned as:

ĤA1 = gA1 (|Ex〉 〈Ex|+ |Ey〉 〈Ey|)
(
b̂+ b̂†

)
(2.99)

ĤE1 = gE1 (|Ex〉 〈Ex| − |Ey〉 〈Ey|)
(
b̂+ b̂†

)
(2.100)

ĤE2 = gE2 (|Ex〉 〈Ey|+ |Ey〉 〈Ex|)
(
b̂+ b̂†

)
(2.101)

Here, gA1 , gE1 , and gE2 are the strain coupling constants for phonons of the correspond-
ing symmetry, and b̂ and b̂† are the phonon creation and annihilation operators. This
equation is only valid for the assumption that the ground state is de�ned at zero energy



2.7. Strain Coupling 63

so that the mixing of the excited states with the ground state can be neglected. Strain
with A1-symmetry maintains the C3v symmetry of the nitrogen vacancy colour centre
and leads to a uniform shift of the excited state levels with respect to the ground state.
Strain with E-type symmetry breaks the symmetry of the nitrogen vacancy colour cen-
tre and leads to a mixing and splitting of the excited state levels |Ex〉 and |Ey〉. The
degeneracy is then lifted and the splitting between the excited state levels ∆xy can
be expressed as ∆xy = 2 · gE∆

with an overall strain coupling constant including all
contributions from strain of E-type symmetry.

gE∆
=
√
g2

E1
+ g2

E2
(2.102)

The individual strain coupling constants are given explicitly as

gA1 = λA1εzz + λA1′ (εxx + εyy) (2.103)

gE1 = λE (εyy − εxx) + λE′ (εxz + εzx) (2.104)

gE2 = λE (εxy + εyx) + λE′ (εyz + εzy) (2.105)

Here, εij are the strain tensor components of the mechanical resonator �eld expressed in
the internal coordinates describing the nitrogen vacancy colour centre (x = 1/

√
2 [1̄10],

y = 1/
√

6 [1̄1̄2], and z = 1/
√

3 [111]). For obtaining the single phonon coupling con-
stants, the strain tensor needs to correspond to an elongation by the zero point motion.
This fact indicates that an increase of the mechanical oscillator's phonon population
will also enhance the strain coupling interaction. The excited state strain coupling
coe�cients λA1 , λA′1

, λE, and λE′ were determined experimentally [176].

λA1 −1.95± 0.29 PHz

λA′1
2.16± 0.32 PHz

λE −0.85± 0.13 PHz

λE′ 0.02± 0.01 PHz

Table 2.3: Strain coupling coe�cients for the excited state levels |Ex〉 and |Ey〉 of the nitrogen
vacancy colour centre reported in reference [176].

The corresponding values are given in table 2.3. These results are in agreement with
previous estimations that the coupling coe�cients are in the range of approximately
2 PHz and that λE′ is negligible as compared to the other coe�cients [306]. Under the
assumption of a symmetric strain tensor, the coupling constants gE1 and gE2 reduce to
the following expressions:

gE1 = λE (εyy − εxx) + 2λE′εxz (2.106)

gE2 = 2λEεxy + 2λE′εyz (2.107)

In addition to a splitting, also the polarisation of the transition is a�ected by strain.
According to literature [176], the rotation angle of the polarisation θ is de�ned by the
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following relation
tan (2θ) =

gE2

gE1

(2.108)

However, as the di�erent radial strain coupling contributions cannot be isolated or
controlled individually, the polarisation cannot be controlled at the same time and
independently from an energy shift of the electronic levels. Only when the spin-orbit
coupling of 5.5 GHz would be surpassed by strain coupling, the polarisation properties of
the nitrogen vacancy colour centre's optical transition would signi�cantly change [306].
There is no device known to date where strain-coupling on the single phonon level is so
strong that the description via a polarisation rotation would not be valid.

2.7.3 Coupling Regimes

In the following, the distinction between the ground and excited state strain coupling
constants will be omitted. A generalised strain coupling constant gSC is employed to
quantify the interaction strength and the abstract decay rate γNV describes the coherence
time of the two-level system. In the case of ground state strain coupling, it corresponds
to the spin decoherence rate γground whereas it denotes the radiative decay rate γ0 in
the case of the excited state levels |Ex〉 and |Ey〉.

The strain coupling constants are not generally expressed at the single phonon level.
The phonon energies are low as compared to typical bath temperatures and the mechan-
ical mode will be subject to thermal population. This means that the strain coupling
interaction is inherently non-linear in contrast to the optomechanical interaction. An
expression on the single phonon level is thus only relevant to obtain an absolute scaling
that allows to compare the interaction strength in fundamentally di�erent devices. The
single phonon strain coupling constant gSC,0 can be obtained in two ways. It can either
be calculated by scaling the population of the mechanical mode to a single phonon such
that the components of the strain tensor inherently correspond to a single phonon exci-
tation, the zero point �uctuation. Alternatively, the following relation with the phonon
population number of the mechanical mode nm can be used:

gSC =
√
nmgSC,0 (2.109)

In the following, all �gures of merit are expressed at the multi-phonon level. The strain
coupling cooperativity CSC gives a measure on the dynamics of the coupled system.
In the large strain coupling cooperativity regime CSC > 1, the interaction governs the
dynamics of the coupled system. The cooperativity is de�ned as

CSC =
g2

SC

γNVΓm
(2.110)

with Γm being the decay rate of the mechanical resonator. By inserting the expression
for the mechanical decay rate given in equation 2.16, the strain coupling cooperativity
can be expressed explicitly as

CSC =
2πg2

SCQm

γNVfm
(2.111)



2.7. Strain Coupling 65

The large cooperativity regime CSC > 1 is required for applications like single phonon
routing or for generating long-range interaction between distant nitrogen vacancy colour
centres [25, 310] An even stricter condition, the strong strain coupling regime can be
reached when the strain coupling constant is larger than the individual decay rates of
both the mechanical resonator and the emitter.

gSC > (γNV,Γm) (2.112)

The nitrogen vacancy colour centre and the mechanical resonator share a common eigen-
state in this case. The even stricter condition of coherent strain coupling also takes into
account that the mechanical resonator mode is not only subject to damping but also to
a thermal decoherence process.

gSC > (γNV,Γth) (2.113)

In this case, the interaction becomes quantum coherent and the exchange of energy
between the mechanical resonator mode and the nitrogen vacancy colour centre is re-
versible. Besides increasing the interaction strength by increasing the phonon population
of the mechanical mode, also the number of emitters can enhance the strain coupling.
The collective strain coupling constant is de�ned as

gSC,eff = gSC

√
NNV (2.114)

with NNV the number of nitrogen vacancy colour centres involved in the interaction.
This situation will not be investigated further in this work as the focus here is on the
single-particle interaction.

As in the case of optomechanical coupling, not only the interaction strength but also
the sideband resolution is characterising the interaction. In the case of strain coupling,
resolved sidebands mean that the mechanical frequency is larger than the linewidth of
the two-level-system.

ωm > γNV (2.115)

In the case of coupling to the orbital states of the nitrogen vacancy colour centre, the
mechanical frequency needs to be larger than the linewidth of the optical transition and
can be detected in the optical spectrum of the colour centre in the form of mechanical
sidebands to the zero phonon line.

2.7.4 Driven Strain Coupled Systems

The applications of strain coupled systems in the context of hybrid quantum systems
and for sensing tasks are various. While they come in various di�erent manifestations,
the fundamental requirement for all of them is a control �eld to exploit the interaction.
Many experimental protocols are based on mechanically driven strain coupled systems.
Coherent control of the nitrogen vacancy colour centre spin states [167] as well as the
observation of a phononic Mollow triplet structure [168] could be achieved with the
help of an actuated mechanical resonator interacting with the nitrogen vacancy colour
centre through magnetically mediated strain coupling. Also strong driving, accessing
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the dipole-forbidden transition |+1〉 to |−1〉, and continuous dynamical decoupling could
be demonstrated with the ground state levels of the nitrogen vacancy colour centres
coupling to a mechanical oscillation [170,175]. However, there is no technique available
to date that would allow to drive a mechanical resonator with frequencies of several GHz.
The phononic crystal structure investigated in this work can therefore not directly be
actuated and the investigation of mechanically driven strain coupled systems is not
relevant to study the interaction in the considered diamond structure. The following
analysis will thus be restricted to the interaction between a passive mechanical cavity
mode and a driven transition between di�erent electronic levels of the nitrogen vacancy
colour centre.

As in the case of optomechanical interaction, the cooling of the mechanical resonator
mode is the most prominent example for the application of strain coupling. In contrast
to the simple situation with a single optical resonator mode, the situation is much more
complex for the interaction of a mechanical cavity mode with the nitrogen vacancy
colour centre. The di�erent ground and excited state levels shown in �gure 2.4 can be
exploited in various experimental protocols. Generally, the use of the ground state levels
brings the advantage of very long coherence times. However, the optical access channel
to the excited state levels allows for a practical implementation with standard optical
techniques, and the high strain coupling constants to the exciting state levels facilitate
reaching a strong interaction.

Cooling based on the Ground State Levels

A cooling procedure based on the ground state levels of the nitrogen vacancy colour
centre has been proposed in reference [164]. This protocol requires the generation of
dressed spin states what can be achieved by applying a microwave �eld on the transition
between the |0〉 and |±1〉 levels with a Rabi frequency Ω and a detuning ∆MW. The
resulting states |d〉, |g〉, and |e〉 are given by the following projections of the spin state
levels of the nitrogen vacancy colour centre with tan θ = −

√
2Ω/∆MW.

|d〉 =
1√
2

(|+1〉 − |−1〉) (2.116)

|g〉 = cos θ |0〉 − 1√
2

sin θ (|+1〉+ |−1〉) (2.117)

|e〉 = sin θ |0〉+
1√
2

cos θ (|+1〉+ |−1〉) (2.118)

When the mechanical resonator frequency ωm is resonant on the transition between the
dressed states |g〉 and |d〉, the Hamiltonian of the coupled system takes the form of an
e�ective Jaynes-Cummings interaction. The coupling constant then corresponds to the
strain coupling constant g‖ expressing the interaction between the ground state levels
of the nitrogen vacancy colour centre and strain along the [111] axis. The dressed state
|g〉 can then be excited to the dressed state |d〉 upon removal of a phonon from the
mechanical resonator corresponding to the transition |g〉 |n〉 → |d〉 |n− 1〉. An optical
re-pump can then re-initialise the system without adding energy so that this process can
be repeated and an e�ective cooling of the mechanical mode is possible. As this cooling
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protocol is based on the spin state levels with very long coherence times, it is very
stable against external noise. The cooling rate associated with this protocol depends on
the strain coupling constant g‖ and the decay rate of the ground state levels γground as
follows

Γ̃SC,ground ∼
g2
‖

γground
(2.119)

The �nal phonon occupation number of the mechanical resonator mode that can be
achieved with this cooling scheme is

nf,SC,ground ∼
nthωm

QmΓ̃SC,ground

=
kBTγground

Qm~g2
‖

(2.120)

This means that a good con�nement of the mechanical resonator mode allowing for a
high strain coupling constant, and a slowly decaying mechanical resonator are favourable
for reaching low phonon numbers. However, a large decay rate of the nitrogen vacancy
colour centre and a high temperature of the thermal bath counteract an e�ective reduc-
tion of the phonon number.

Cooling based on the Excited State Levels with Zero Spin Projection

For the excited state levels, there are two di�erent cooling protocols that have been
described in a theoretical proposal [311]. On the one hand, classical sideband cooling
is also possible based on the excited state levels. The higher strain coupling constants
potentially allow for a more e�cient cooling compared to the above-mentioned protocol
based on the ground state levels. On the other hand, a more advanced scheme has been
worked out that exploits the doublet structure of the excited state levels |Ex〉 and |Ey〉.

For the �rst cooling protocol, the resolved sideband regime of strain coupling to the
excited state levels is advantageous. The optical transition between the |0〉 ground state
and the excited state levels with zero spin projection |Ex〉 and |Ey〉 is driven with a
detuning ∆L = −ωm. The cooling rate that can be achieved with this sideband cooling
is then dependent on the coupling constant gE1 corresponding to the relative shift of the
excited state levels of the nitrogen vacancy colour centre and the optical Rabi frequency
Ω.

Γ̃SC,side =
g2

E1
Ω2

γ0ω2
m

(2.121)

It can be seen that the proportionality of the cooling rate to 1/ω2
m is a disadvantage

for the high mechanical frequencies in phononic crystal structures. However, the large
coupling constants that can be achieved through the strong spatial con�nement of the
mechanical mode can mitigate the lower cooling rates.

The second cooling protocol based on the doublet structure of the excited state levels
works best when the splitting between the electronic levels with zero spin projection
corresponds to the frequency of the mechanical resonator mode ωm. The transition
between the ground state and the lower level |Ey〉 is resonantly excited by a driving
laser at Rabi frequency Ω. This state can then either directly decay back to the ground
state or decay via a phonon-induced transition from the second excited state level |Ex〉.
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This decay via the state |Ex〉 removes a phonon from the mechanical resonator mode.
Under the assumption of a weak collective coupling, the cooling rate of the mechanical
resonator mode can then be expressed as

Γ̃SC,doublet = 4
g2

E2
Ω2

γ3
0

(2.122)

In contrast to the sideband cooling protocol, the cooling rate does not depend on the
mechanical resonator frequency ωm and can be maximised by saturating the optical
transition with Ω ≈ γ0. This makes this resonant cooling protocol exploiting the doublet
structure of the excited state levels more e�cient than classical sideband cooling.

To achieve optimal cooling, the optical transition should be saturated Ω = γ0 in
the case of doublet cooling while the optical transition should best be driven at the
mechanical resonance frequency Ω = ωm in the case of sideband cooling. Assuming
that the strain coupling constants gE1 and gE2 are of the same order, the cooling rates
compare as

Γ̃SC,doublet

Γ̃SC,side

= 4
ω2

m

γ2
0

(2.123)

Interestingly, the �nal phonon occupation number does not depend on the choice of the
cooling protocol. Under the assumption that the strain coupling constants gE1 and gE2

are comparable and that the optimal cooling rate is reached in both cases, the �nal
population of the mechanical resonator mode is given as

nf,doublet = nf,side =
γ0kBT

Qm~g2
E

(2.124)

The phonon occupation number can thus best be reduced with a high quality mechanical
resonator that strongly couples to the nitrogen vacancy colour centre. Also cryogenic
temperatures help with reaching low phonon numbers as the thermal population of the
mechanical resonator is then slower as compared to higher temperatures.

Cooling based on the Excited State Levels with Non-Zero Spin Projection

As alternative to the above-mentioned possibilities for cooling the mechanical resonator,
the excited state levels with non-zero spin projection could be exploited to this end.
A stimulated Raman transition between di�erent ground state levels via the excited
state has been investigated in a theoretical proposal [25]. This protocol combines the
advantages of the above-mentioned cooling schemes working with either the ground or
excited state levels, namely the long coherence times of the ground state levels and the
strong strain coupling constants of the excited state levels. This protocol requires that
the ground state levels with non-zero spin projection |−1〉 and |+1〉 are energetically
split. A stimulated Raman transition via an excited state with non-zero spin projection
is stimulated by two driving �elds connecting the ground states |−1〉 and |+1〉 to the
virtual excited state level. These �elds have relative detuning ∆|−1〉 = ∆L + ωm/2 and
∆|+1〉 = ∆L−ωm/2 from the respective transitions to the excited state level such that a
phonon is removed upon the transition between the ground state levels. As this cooling
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protocol is based on the stimulated Raman transition via an excited state with non-zero
spin projection, the couplings cannot directly linked to the strain coupling constants
derived in section 2.7.2 and calculated for the diamond photonic and phononic crystal
structure in section 3.4.2.

Phonon Lasing based on the Excited State Levels with Zero Spin Projection

Besides phonon annihilation, also phonon creation is a possible application of strain
coupling to the nitrogen vacancy colour centre. While the generation of phonons in the
optical resonator is a simple heating process, it is also possible to generate a coherent
phonon �eld similar to a lasing process in the case of photons. This possibility has
been shown theoretically for the protocol exploiting the doublet structure of the excited
state levels. In that case, the transition between the ground state and the excited state
with higher energy needs to be driven resonantly. For su�ciently high pump powers,
the creation of phonons is not just a heating process but the mechanical resonator can
be driven into a coherent state if the intrinsic damping of the mechanical resonator
is overcome by the mechanical actuation via strain coupling. Under the assumptions
of weak driving and a dominant strain coupling constant gE2 , the lasing threshold is
reached for the driving strength Ω.

Ω =

√
γ3

0Γm

4g2
E2

(2.125)

It can be seen from this equation, that the threshold is challenging to reach especially
in the case of a bad mechanical cavity. High strain coupling constants and a good
temporal con�nement of the mechanical oscillation, in contrast, could make phonon
lasing possible. Driving the optical transition of the nitrogen vacancy colour centre into
saturation will also result in a saturation of the phonon creation. For very strong driving
�elds, the system even looses the resonance condition and the lasing e�ect vanishes
completely.

2.8 Hybrid Interaction between Three Degrees of Freedom

In order to study the overall interaction in the diamond structure investigated in this
work, the hybrid coupling between all three degrees of freedom is considered. The
corresponding work has been performed in a collaboration with the theoretical physics
department and can be found in reference [312]. The description of the hybrid interaction
is based on a theoretical model including an additional optical cavity mode that interacts
with both the optical transition of the nitrogen vacancy colour centre and the mechanical
resonator mode that are interacting via strain coupling. The formalism is inspired by an
earlier work that did not include the interaction with the optical resonator mode [311].
The study investigates the possibilities for cooling a mechanical resonator mode by
means of strain coupling to an optically driven nitrogen vacancy colour centre. An
additional passive optical resonator mode is resonant on or slightly detuned from the
radiative decay from the excited states |Ex〉 and |Ey〉. The notation of the original
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article is adapted to the conventions used throughout this work and deviates partially
from the formalism in the published version.

The dynamics of the coupled system can be described by the master equation
∂tρ = L̂ρ with the density matrix of the coupled system ρ. Under the condition ~ = 1,
the super-operator L̂ is given by

L̂ = −i
[
Ĥ, ρ

]
+ L̂disρ (2.126)

Here, Ĥ is the Hamiltonian operator of the coupled system and the Liouville opera-
tor L̂dis describes dissipation processes. The detailed expression for the Hamiltonian
operator of the coupled hybrid system is

Ĥhybrid = ~ωmb̂
†b̂+ gOM,0â

†â
(
b̂+ b̂†

)
+ ĤA1 + ĤE1 + ĤE2

+ ~ (ωy − ωL) |Ey〉 〈Ey|+ ~ (ωx − ωL) |Ex〉 〈Ex|+ ~ (ωopt − ωL) â†â

+
Ω

2
|Ey〉 〈A|+ (gx |Ex〉 〈A|+ gy |Ey〉 〈A|) â+ h.c. (2.127)

The �rst term describes the mechanical resonator mode, the second term the optome-
chanical interaction, and the remaining terms in the �rst line take into account for the
strain coupling between the excited states |Ex〉 and |Ey〉 and the mechanical resonator
mode speci�ed in equations 2.99, 2.100, and 2.101. The remaining terms describe the
dynamics of the driven nitrogen vacancy colour centre with ωx (ωy) the frequency of the
transition between the ground state |A〉 and the excited state |Ex〉 (|Ey〉) and its inter-
action with the passive optical resonator mode. A laser with frequency ωL drives the
transition between the ground state |A〉 and the excited state |Ey〉 with Rabi frequency
Ω, and the passive optical cavity with resonance frequency ωopt drives the transition
between the ground state |A〉 and the excited state |Ex〉 (|Ey〉) with the vacuum Rabi
frequency gx (gy). To simplify the formalism, the polarisation of the optical resonator
mode has been chosen such that it only interacts with one of the excited state levels,
here set to |Ey〉.

In addition to the conservative terms included in the Hamiltonian, irreversible pro-
cesses take place. These are summarised by L̂dis and can be modelled by a Born-Markov
process. The individual terms describing the dissipation processes included in the model
are:

� L̂γ0 the spontaneous radiative decay of the excited states |Ex〉 and |Ey〉 to the
ground state |A〉 with the rate γ0

� L̂γ∗ the pure dephasing of the electronic coherences with the rate γ∗

� L̂κ the of the optical resonator with the rate κ

� L̂Γth
the decoherence of the mechanical resonator mode with the rate Γth

They can best be expressed with the help of the following formulation based on the
operator ô = |A〉 〈ξ| , |ξ〉 〈ξ| , â, b̂, b̂†.

D [ô] ρ = 2ôρô† − ô†ôρ− ρô†ô (2.128)
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The individual terms are then:

L̂γ0 =
γ0

2

∑
ξ=Ex,Ey

D [|A〉 〈ξ|] (2.129)

L̂γ∗ =
γ∗

2

∑
ξ=Ex,Ey

D [|ξ〉 〈ξ|] (2.130)

L̂κ =
κ

2
D [â] (2.131)

L̂Γth
=

Γth + Γm

2
D
[
b̂
]

+
Γth

2
D
[
b̂†
]

(2.132)

In order to facilitate the description and to identify the parameter sets of interest, the
relative detuning ∆L, ∆opt, and ∆xy of the laser �eld ωL, the optical resonator ωopt,
and the second colour centre transition ωx from the transition ωy were introduced.

∆L = ωL − ωy (2.133)

∆xy = ωx − ωy (2.134)

∆opt = ωopt − ωy (2.135)

The coupling constants both for the optomechanical and the strain coupling interaction
are in the order of MHz and thus much smaller than the mechanical mode frequency in
the range of GHz. A second order perturbation approach is thus justi�ed and can be
exploited in the detailed calculations that are not shown here but can be found in the
published article. To investigate the dynamics of the hybrid interaction in the coupled
system, the cooling rate Γ̃hybrid, the asymptotic minimal phonon occupation number in
the absence of a thermal bath nm,min,hybrid, and the �nal phonon occupation number
nf,hybrid are evaluated for di�erent values of the detuning ∆L between the driving Laser
and the optical transition of the nitrogen vacancy colour centre. The corresponding
results are shown in section 3.5.
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This chapter shows all results from numerical modelling and the methods that have been
used to this end. First, the photonic and phononic crystal structure is presented and
all simulation methods used for modelling both the optical and mechanical resonator
modes as well as optomechanical interaction and strain coupling are introduced. Then,
the optical properties of the photonic and phononic crystal structure are shown including
the photonic band structure, the optical resonator mode and gratings for in- and out-
coupling of light. Based on the structure with optimal optical properties, the mechanical
properties of this structure are studied starting from a band structure analysis. The
properties of localised mechanical resonator modes and their optomechanical interaction
with the optical resonator mode are investigated to �nd a suitable mechanical cavity
mode that strongly couples to other degrees of freedom. Strain coupling is then evaluated
based on separate descriptions for the interaction with the ground and excited states of
the nitrogen vacancy colour centre. Di�erent experimentally relevant orientations of the
diamond sample are considered to identify the most interesting cases and the obtained
results are critically assessed to review the derivation of the formalisms used to describe
the interaction. Finally, the hybrid interaction between all three degrees of freedom
is investigated where in particular the in�uence of the optical resonator mode and of
dephasing on the cooling performance is studied.

3.1 Methods

3.1.1 Structure Geometry

The structure investigated in this work is a one-dimensional photonic and phononic
crystal cavity made from single crystal diamond. It is built up from equally sized unit
cells each containing a single circular hole as depicted in �gure 3.1(b). The parameters
used to describe the geometric dimensions of the unit cell are the lattice constant a, the
hight h, the width w, and the hole radius r. To build a resonator structure, a variation
in the regular pattern needs to be introduced in order to con�ne an optical resonator
mode. In the photonic and phononic crystal cavity investigated in this work, the hole
size is varied such that there are larger holes in the centre of the structure and smaller
holes towards the edges as shown in �gure 3.1(a). The orientation of the structure is such
that the photonic crystal structure is aligned along the x-axis with a distance between
neighbouring holes corresponding to the lattice constant a. The y-axis is perpendicular
to x within the sample plane, and z is normal to the diamond surface. The origin for the
coordinate system is chosen to be in the centre of the structure such that the innermost
holes are placed at a distance of x = ±0.5 a. The radius of an arbitrary hole is given
through the following equation.

ri = r0 · (1− Cx2
i ) (3.1)

Here r0 is the (virtual) maximal hole radius for a hole placed in the exact centre of the
structure, xi is the distance of the hole to the centre of the structure expressed in units
of the lattice constant a, and C is a dimension-less parameter determining the decrease
of hole radii. The hole spacing is kept constant over the entire structure. The centre of
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(a) Photonic and phononic crystal structure.

(b) Unit cell of the photonic

and phononic crystal.

(c) Centre part of the photonic crystal structure.

Figure 3.1: Photonic and phononic crystal structure investigated in this work. The individual

�gures show the entire structure (a), the unit cell (b), and the centre part (c). The coordinates

x, y, and z are indicated in all �gures. The origin (0/0/0) is chosen to be in the centre of the

structure as indicated with a cross. The hole radius decreases quadratically from the centre of

the structure and is parametrised with the corresponding hole position.

such a structure is depicted in �gure 3.1(c) to illustrate the choice of coordinates and
the determination of hole radii. The structure investigated in this work has a photonic
and phononic crystal pattern consisting of L = 20 holes to each side from the centre.

3.1.2 Modelling of Optical Properties

The optical properties of the photonic and phononic crystal structures are investigated
in �nite-di�erence time-domain (FDTD) simulations [313]. Arbitrarily shaped pho-
tonic structures consisting of di�erent materials with their individual optical properties
can be modelled with this technique. FDTD simulations require a spatial lattice where
Maxwell's equations are solved in discrete steps and the electromagnetic �elds can prop-
agate over time. The programme used to implement the simulation of photonic crystal
cavities is an open-source programme called MEEP (MIT Electromagnetic Equation
Propagation) [314].

A spatial discretisation of the simulation area is required for all FDTD methods
and usually a Yee lattice [316] is used to subdivide the simulation cell into small com-
partments, referred to as voxels. In FDTD calculations, the grid always subdivides
the simulation area into rectangular voxels and only rectangular simulation areas can
be modelled. The particularity of a Yee grid is that the di�erent components of the
electromagnetic �eld are stored at di�erent locations. The electric �eld components
are always stored at the edges of a voxel whereas the magnetic �eld is stored at its
faces. The unit cell of a Yee lattice is depicted in �gure 3.2 along with the discrete
coordinates of the corner points as well as the electric and magnetic �eld components at
their respective locations in the grid. This particular design of the unit cell facilitates
the numerical processing as the evolution of the magnetic (electric) �eld can only be



3.1. Methods 77

Figure 3.2: Schematic of a Yee Lattice. Magnetic �eld components (blue) are evaluated at

the voxel faces whereas electric �eld components (red) are calculated at its edges. Figure taken

from reference [315]

solved with the help of the curl of the electric (magnetic) �eld. By localising the �eld
components at di�erent parts of the simulation cell, the respective curls are intuitively
evaluated at the spatial points where they are needed for further processing. This is a
very advantageous automatism that reduces the calculation time and also explains why
this method is preferred over the �nite element method (FEM) for time-dependent elec-
tromagnetic or �uid dynamics problems. To avoid a simultaneous calculation of �elds
that depend on each other, the electric �eld is only calculated at every second step with
the magnetic �eld being evaluated in the intermediate steps. If both the electric and
the magnetic �eld need to be evaluated simultaneously, both �elds are interpolated at
the centre of the voxel.

To obtain reliable results in an adequate computation time, the resolution of the
simulation grid needs to be adjusted to the requirements of the physical model. On the
one hand, the resolution has to be su�ciently high to reliably render the structure on
the simulation grid and represent all details of the dielectric distribution. On the other
hand, if the resolution is too �ne, numerical singularities risk to distort the result and
in addition, the computation time becomes unnecessarily long. A suitable resolution
for the simulations in this work is a resolution of 20 to 24 grid points per unit length
a describing to the hole spacing. In MEEP, the modelling of the dielectric structure
is supported by a sub-pixel averaging algorithm that helps with smoothing material
borders, avoids numerical discontinuities, and allows for continuous distributions even
on the discrete lattice [317,318]. In FDTD calculations, the temporal resolution is closely
linked to the spatial resolution. To achieve a stable simulation, the size of the discrete
temporal steps ∆t should not exceed the equivalent spatial resolution ∆x. In particular,
the time steps measured in units of a/c should obey the relation ∆t < ∆x

√
dimension

[313]. This is ensured with the standard setting in MEEP ∆t < 0.5∆x meaning that
an increase in spatial resolution automatically also re�nes the temporal stepping.

Furthermore, the boundary conditions need to be chosen carefully so that no un-
wanted numerical re�ections from the borders of the unit cell in�uence the simulation.
Therefore, the edges of the unit cell require particular attention in order to obtain re-
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liable results. Absorbing boundaries, where all �eld components reaching the edges of
the simulation cell vanish, are the necessary condition so that no re�ections perturb
the optical resonator mode. This can be achieved by introducing so-called perfectly
matched layers (PML), an arti�cial material covering the sides of the simulation cell.
This material's permittivity and permeability are of purely complex nature leading to a
strong absorption in this area. All electromagnetic �elds thus vanish towards the edges
of the simulation cell and with this technique, the real situation of a free-standing pho-
tonic structure can be modelled without an extremely large simulation cell. However,
a considerable distance to the resonator and a su�cient thickness are required to avoid
�eld re�ections at the boundaries of the simulation cell. All simulations in this work are
performed with a perfectly matched layer thickness of unit size a.

The use of symmetry conditions helps with reducing simulation times as well as with
selecting speci�c resonator modes. The simulations in this work focus on transversal
electric optical modes where the electric �eld is perpendicular to the surface of the
diamond slab. This can be implemented in the simulation by introducing an even
mirror symmetry in the z-direction with respect to the origin. To e�ciently model the
preferred resonator mode of the photonic crystal structure investigated in this work, an
odd symmetry in the x-direction and an even symmetry in the y-direction are chosen to
shorten computation times. This corresponds to an even mode of the optical resonator,
the mode type that also brings the advantage of good optomechanical interaction as the
individual coupling contributions do not cancel out in this case (see section 2.6.6). The
entire simulation cell is depicted in �gure 3.3. It includes the photonic crystal structure,
the perfectly matched layers with arti�cially absorbing material on the boundaries, the
symmetry planes and the dipole source. The overall size of the simulation cell is to scale
with the diamond structure.

(a) Side view (b) Top view, only part of the simulation cell

Figure 3.3: Simulation cell of the optical simulation in side view (a) and top view (b). The

dimensions are 46 a×6 a×6 a and all components are to scale. The red dot indicates the dipole

source placed in the centre of the structure at coordinates (0/0/0). The yellow area shows the

perfectly matched layers consisting of arti�cially absorbing material. The dotted green (blue)

lines indicate even (odd) symmetry planes. The diamond structure is represented by the grey

rectangle with the lighter coloured area indicating the region of the photonic and phononic

crystal structure.

In the optical simulation, all physical constants, namely the speed of light c, the
vacuum permittivity ε0, and the vacuum permeability µ0 are set to unity. This implies
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that all values calculated are dimensionless as well. Advantage is also taken of the scale
invariance of Maxwell's equations and all parameter values are expressed in units of
a, the unit length in the simulation cell. By convention, the unit length a is set to
the lattice constant determining the distance between neighbouring holes in a photonic
crystal structure as shown in �gure 3.1. This also implies that all simulation results
are independent of scale and the optical resonator mode can be matched to any desired
wavelength by adjusting the overall size of the structure.

The spatial con�nement of the optical resonator modes is directly evaluated during
the simulation. The electric �eld of the cavity mode is known from the calculations
and with the help of an integration and the evaluation of the maximal �eld strength,
the relation from equation 2.3 can be exploited to determine the modal volume Vopt

of the optical resonator mode. To determine the temporal con�nement of the optical
resonator modes, the decay of the electromagnetic �eld in the photonic crystal has
to be determined. To this end, a dipole point source exciting the y-component of the
electric �eld is used to e�ciently address the optical resonator modes. This dipole source
generates a Gaussian-shaped pulse with prede�ned centre frequency and bandwidth.
The central frequency of the excitation pulse is adapted to the resonator mode in an
iterative procedure and corresponds to 0.3 · 2π c/a for the simulations in this work.
The width is chosen as 0.03 · 2π c/a corresponding to 10 % of the absolute frequency.
After the source is turned o�, the simulated �elds need to be given su�cient decay
time to avoid numerical singularities. After 400 time-steps, the detection of the optical
resonator modes is started in the simulations in this work. In MEEP, the detection of
the optical resonator modes is implemented with HARMINV, an algorithm based on a
�lter diagonalisation method [319, 320]. With this technique, any signal consisting of a
sum of sinusoids is decomposed into its individual components and the individual waves'
frequencies, decay rates, amplitudes, and phases are evaluated. Based on the principle
that the �lter diagonalisation method identi�es the eigenvalues of a small matrix, it gives
very reliable results for signals that consist of a limited number of oscillating modes and
little noise. This is well justi�ed in the case of photonic crystal cavities and thus the
accuracy of this method is better than a direct Fourier transformation. The di�erent
�eld components f (t) are expressed as a sum of di�erent harmonic oscillations.

f (t) =
∑

n

Ane−iωopt,nt (3.2)

The amplitude An as well as the frequency ωopt,n of the optical modes are complex
values. The optical quality factor Qopt can then be found by comparing the real and
complex parts of the optical mode frequency according to equation 2.5. The detection of
the �elds is only possible at points with a su�cient excitation. Therefore, a point in the
centre of the photonic structure that is not coinciding with nods of the electromagnetic
�eld or placed on a symmetry axis is best suited. All optical resonator modes can then
be detected and their optical quality factors can be determined. In previous work, other
methods have been tested in order to con�rm the reliability of this method and showed
consistent values [321].

Besides con�ned optical resonator modes, also structures to couple light into and
out of the diamond structure are required. These are not investigated based on the
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simulation cell shown in �gure 3.3, but a slightly deviating geometry described in detail
in reference [322] is used to this end. Here, only a diamond structure without photonic
and phononic crystal pattern is modelled where an additional grating structure in the
diamond membrane allows for in- and out-coupling of light. An electromagnetic �eld
with the symmetry properties of the optical cavity mode is generated in the diamond air-
bridge, and its propagation through the grating structure is detected. The performance
of the grating is evaluated based on the detection of the electromagnetic �ux through
speci�ed surfaces, determined as integral of the Poynting vector over the surface. In an
initial step, the diamond structure is modelled without grating to obtain a scaling for
the electromagnetic �uxes in absence of the coupling structure. In a second step, the
grating is added to the model and the resulting electromagnetic �uxes are calculated
based on the scaling obtained in the �rst simulation. Finally, the e�ciency of the device
is determined in term of the electromagnetic �eld that is radiated in vertical direction
compared to the electromagnetic �eld that propagates through the airbridge structure
towards the clamping. The details of this method are speci�ed in [322] and will not
further be described here.

3.1.3 Modelling of Mechanical Properties

The mechanical properties of the photonic and phononic crystal structure are modelled
with the �nite element method (FEM). Similar to the FDTD method, the �nite element
method is based on a spatial discretisation of the structure, and the simulation area has
to be subdivided into smaller volume sections by a simulation grid. The underlying phys-
ical equations are solved individually for each grid element and then interpolated over
the entire structure. To model the mechanical properties of the photonic and phononic
crystal structure investigated in this work, the equation of motion expressed as eigen-
function of the mechanical displacement in equation 2.10 is solved in the �nite element
calculation. The mechanical band structures supported by each unit cell of the photonic
and phononic crystal structure can then be retrieved as solution to this equation. To
�nd the mechanical resonator modes, an eigenmode analysis is performed over the entire
structure geometry. The mode pro�le can be visualised to identify resonances that are
suitable for interaction with other degrees of freedom. To implement this method, the
commercially available software COMSOL is used along with its "structural mechanics"
expansion pack.

(a) Top view (b) Side view

Figure 3.4: Centre of the phononic crystal structure discretised for �nite element modelling

with a swept mesh based on a triangular lattice in top view (a) and side view (b).
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In contrast to other simulation methods like FDTD, FEM allows adaptive meshing
where a higher resolution is chosen around geometric details like strong curvatures or
edges, and a lower resolution in the bulk of the material. It is also possible and widely
used to only mesh and model the area of interest when non-standard shapes are con-
cerned. This opens the possibility to re�ne the resolution in the areas of interest but
also save computation time by a rather coarse grid in homogeneous areas. Thereby,
also large structures with small but crucial details can be modelled with su�ciently �ne
resolution in relatively short simulation times. However, an irregular lattice makes it
di�cult to determine the resolution of the mesh. It thus needs to be assured that the
resolution is su�ciently precise to generate a reliable result for the physical problem in
question. A suitable meshing is reached when the simulation results remain constant
also for a slightly coarser mesh. The grid type used for most simulations in this work is a
swept mesh. It is chosen because it facilitates the exploitations of symmetry conditions
in order to shorten the computation time, or to select mechanical modes of de�ned sym-
metry. A triangular lattice is adapted to the structure in two dimensions and extruded
to the third dimension. This mesh is depicted in �gure 3.4 with the resolution used
for all calculations that are performed to obtain the resonance frequency and oscillation
pattern of a mechanical resonator mode. The geometry used for the evaluation of the
mechanical quality factor, however, makes the use of a swept mesh impossible and in
this case a tetrahedral lattice is used. The results for the mechanical properties of the
photonic and phononic crystal structure obtained with di�erent meshes have been com-
pared and no di�erences besides small numerical deviations in the exact value of the
mode frequency could be detected.

The FEM model of the structure in COMSOL is based on real units, in contrast to
the dimensionless FDTD implementation with the programme MEEP. This means that
the results obtained from mechanical modelling are not directly scalable in contrast to
the structure's optical properties that are expressed in abstract units. All parameters
in the mechanical simulation are expressed as absolute values with the corresponding
unit. Scaling of the modelling results to a deviating overall size of the structure needs to
be done in an additional step. As in the case of the optical resonator mode, an overall
smaller resonator will result in a higher frequency of the cavity mode and a better spatial
con�nement expressed as smaller e�ective mass.

In the case of the mechanical simulation, scaling is also important with respect to
the maximal elongation of the resonator's amplitude during the oscillation cycle. To cal-
culate the full strain tensor generated by the mechanical oscillation at a de�ned point
in the diamond structure, a universal scaling is required in order to obtain comparable
results. A suitable measure is the excitation of the mechanical resonator with a single
phonon. This results in a maximal displacement corresponding to the zero point �uctu-
ation xZPF of the mechanical resonator. In order to implement this universal measure,
the simulations are performed in two steps. In an initial run, an arbitrary elongation
is used to excite the mechanical oscillation and the maximal displacement is retrieved
from the model. In a second step, the excitation is adapted proportionally such that
the resulting maximal displacement corresponds to the zero point �uctuation xZPF of
the mechanical resonator. With this method, a universal scaling can be implemented to
the mechanical model that makes the results not only comparable with each other but
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also allows for benchmarking against fundamentally di�erent resonator geometries.
Besides the frequency and shape of the mechanical resonator mode, also the spatial

and temporal con�nement of the oscillation are extracted from the numerical model.
This allows to assess the performance of the photonic and phononic crystal structure
with respect to its mechanical properties. The spatial con�nement of the mechanical
resonator mode is directly extracted from the simulation by implementing equation
equation 2.11 de�ning the e�ective mass meff in the �nite element model. As the
displacement �eld is fully determined in the model, the e�ective mass can directly be
calculated based on an integration over the entire structure. The temporal con�nement
of the resonator modes can be calculated with the aid of an arti�cially absorbing material
that damps the mechanical oscillation. The mechanical quality factor can be extracted
from the simulation by either adding arti�cially absorbing material to the edges of
the phononic crystal structure, or by introducing a homogeneous absorption over the
diamond material. Under the assumption that experiments are performed in vacuum
and at low temperatures with structures fabricated from samples of high crystalline
quality, clamping losses are the dominant loss channel and other damping mechanisms
like friction at the surface are not investigated in this work. Therefore, the quality
factor is best represented by an arti�cially absorbing material as supporting structure
for the phononic crystal cavity. This can either be a �at membrane representing the real
sample geometry as used in reference [323], or half-spheres with which this technique
has originally been introduced for the determination of the mechanical quality factor
of photonic and phononic crystal structures [251]. Flat membranes should preferably
be used when the e�ect of shielding structures that can strongly increase the quality
factor of localised mechanical resonator modes are investigated, like for example the
structures presented in reference [236]. In this work, however, all results were obtained
with arti�cially absorbing half-spheres attached to the end facets of the phononic crystal
cavity as shown in �gure 3.5. The arti�cially absorbing material is implemented by

Figure 3.5: Technique used to determine the mechanical quality factor of localised mechanical

resonator modes. The half-spheres attached to the phononic crystal structure are made of an

arti�cially absorbing material representing clamping losses.

adding an imaginary part to both Young's modulus Eabs = E (1 + ηi) and Poisson's
ratio νabs = ν (1 + ηi) with η = 0.5. The mechanical resonator frequency then also
gains an imaginary part and the relation of the real and the complex parts of the
oscillator frequency gives the mechanical quality factor Qm according to equation 2.13.
Alternatively, the energy stored in the mechanical oscillation can be evaluated as a
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function of the excitation frequency. This generates a Lorentzian peak whose centre
frequency corresponds to the resonance frequency ωm of the mode. The mechanical
quality factor is then de�ned as the inverse of the relative peak width according to
equation 2.14. With this second method, care needs to be taken when several resonator
modes have only slightly di�erent frequencies and the peaks overlap. This analysis has
been performed for comparison and values consistent to the exploitation of the real
and complex frequency contributions were obtained. This is shown in detail for similar
calculations in reference [323].

3.1.4 Calculation of Optomechanical Coupling

To calculate the optomechanical interaction strength in photonic and phononic crystal
cavity structures, both the electromagnetic �eld resulting from the FDTD simulation of
the optical mode, and the strain �eld obtained from FEM modelling of the mechanical
mode need to be integrated into a single model. This is due to the fact that the respective
coupling constants gMB,0 and gPE,0 for the moving boundaries and the photoelastic
e�ect are calculated based on overlap integrals between the optical and mechanical
cavity �elds explicitly expressed in equations 2.80 and 2.82. As the optical and the
mechanical properties of the structure are simulated with di�erent programmes, the
optomechanical interaction cannot be evaluated directly. With both methods working
based on fundamentally di�erent spatial meshes, particular care has to be taken when
combining the electromagnetic and the strain �eld following the real geometric patterns
imposed by the photonic and phononic crystal structure.

The method applied in this work starts with extracting all components of the electric
and the magnetic �eld from the optical simulation at every grid point of the simulation.
It is important to choose a suitable time step so that the optical resonator mode could
fully evolve already, but the electromagnetic �eld did not decay below a critical thresh-
old, yet. For the simulations performed in this work, an evolution time of 300 time
steps after stopping of the dipole source showed to be a good choice. At the same time
step, an integration over the entire electromagnetic �eld needs to be performed so that
the optomechanical coupling can be scaled to the excitation of a single photon. The
extracted values for the electromagnetic �eld components are given in coordinates of the
Yee lattice. An additional transformation step is then required to project the �eld on
the actual coordinates of the structure in the mechanical simulation. All components
of the electromagnetic �eld are mapped to the coordinates of the structure expressed
in real units, so that they are compatible with the FEM model. For this step, the
resolution of the FDTD simulation is crucial as it determines the coordinates of each
point on the Yee lattice. The resulting �eld function of the optical resonator mode is
then imported to the FEM model. Only a structure with the exactly same geometrical
parameters as in the optical model will give a meaningful result for the optomechanical
interaction. After this procedure, the FEM simulation can be started with the full infor-
mation about the optical cavity modes being available when performing the mechanical
simulation. The overlap integrals between the optical and mechanical resonator �elds
required to determine the optomechanical interaction strength can then be calculated
based on the newly obtained strain �eld. While this method is tedious, it ensures that
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all optical and mechanical properties of the structure can be determined with tested
and reliable methods. The resulting single photon optomechanical coupling constants
for the moving boundaries and the photoelastic e�ect gMB,0 and gPE,0 are then based
on realistic cavity �elds.

3.1.5 Calculation of Strain Coupling

To calculate the strain coupling in the diamond structure investigated in this work,
the full strain or stress tensor extracted from the mechanical simulation is in principle
su�cient. However, meaningful and comparable results can only be obtained when
the scaling of the mechanical excitation as well as the orientation and positioning of
the nitrogen vacancy colour centre with respect to the phononic crystal structure are
properly chosen. To achieve the single phonon strain coupling constants, the excitation
of the mechanical resonator mode has to be scaled such that the maximal elongation
corresponds to the zero point �uctuation. This can be assured by a two-step calculation
described in section 3.1.3. Also, the positioning of a single nitrogen vacancy colour centre
inside the diamond structure has a strong impact on the result. As the strain coupling
constants are proportional to the mechanical displacement at the position of the emitter,
the points of maximal strain also result in maximal strain coupling. For the structure
investigated in this work, this corresponds to selected points on the diamond surface
of the innermost holes. However, the optical properties of a colour centre close to the
surface are poor and the interaction with the optical resonator mode is much weaker than
for a more central position. Therefore, a much fairer location is the exact centre of the
diamond structure. This also ensures a good comparability of all simulations as a slight
variation of the geometric parameters does not shift the colour centre position considered
in the modelling. The nitrogen vacancy colour centre is thus always positioned in the
exact centre of the diamond structure at coordinates (0/0/0) but it should be kept in
mind that considerably higher single phonon strain coupling constants could be reached
at other positions.

As described in section 2.4, the nitrogen colour centre is always aligned along an
equivalent [111] direction in the tetrahedral diamond lattice. In order to ensure com-
parable and unambiguous results, an exact [111] orientation is chosen in the model.
Suitable axes creating a right-handed coordinate system respecting this orientation can
be de�ned as x along [1̄10], y along [1̄1̄2] and z along [111] according to literature [265].
This coordinate system is depicted in �gure 3.6.

The orientation of the diamond structure with respect to the nitrogen vacancy colour
centre is adapted to realistic experimental possibilities. As described in section 2.1, dia-
mond samples are available with orientations corresponding to either (100), (110), and
(111) surfaces. The most common sample type is a (100) surface orientation typically
described as (001) diamond sample. In this case, the angle between the colour centre
axis and the surface normal vector corresponds to an angle of 54.7◦. A suitable coordi-
nate system to describe a photonic and phononic crystal resonator with this orientation
is given by the crystallographic axes with X = [100], Y = [010], and Z = [001]. A more
interesting orientation with respect to the optical properties is a (111) surface. In this
case, the nitrogen vacancy colour centre is perpendicular to the surface and its dipole
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Figure 3.6: Coordinates representing the orientation of the nitrogen vacancy colour centre.

Figure taken from reference [265].

orientation is optimal with regard to optical measurements. This orientation can best
be described with the coordinate system depicted in �gure 3.6. Both these orientations
are considered for the evaluation of strain coupling in this work to assure a complete
study of the most relevant cases. In addition, all possible rotations of the structure
within these sample planes are considered in order to identify the perfect alignment of
the structure. The strain tensor originating from the mechanical resonator mode is ex-
pressed in the coordinates shown in �gure 3.6 corresponding to the internal coordinate
system of the colour centre. For a transformation between the internal and external
coordinates, a rotation based on the transformation matrix T is performed.
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For the transformation from the crystallographic axes X = [100], Y = [010], and Z =
[001] to the coordinate system of the colour centre x = 1/

√
2 [1̄10], y = 1/

√
6 [1̄1̄2],

and z = 1/
√

3 [111], the strain tensor is rotated according to εint = TεextT
−1. For the

inverse transformation, the required operation is εext = T−1εintT .

All results are evaluated for both sample types with all possible orientations of
the diamond structure within the sample surface. Based on these tensors, the strain
coupling constants are calculated based on equations 2.88 and 2.89 originating from
a phenomenological description of coupling to the ground state levels and based on
equations 2.103, 2.104, and 2.105 for strain coupling to the excited state levels of the
nitrogen vacancy colour centre. Strain coupling to the ground state levels base on the
group theoretical description is evaluated based on the stress tensor generated by the
photonic and phononic crystal structure expressed in the crystallographic coordinates.
Here, equations 2.95, 2.96, and 2.97 are exploited to determine the corresponding strain
coupling constants.
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3.2 Optical Properties and Purcell Enhancement

3.2.1 Optical Band Structure

The optical band structure of a photonic crystal can be retrieved by modelling the
optical properties of the unit cell. Periodic boundary conditions allow to study an
in�nite structure with a perfect lattice of equally spaced and sized holes. The method
and results have been shown in previous work [321] and will only shortly be summarised
here. The band structure of the unit cell and the mode shape of the �rst guided modes
analysed at the X-point is shown in �gure 3.7. It can be seen that only the dielectric
band is fully below or along the light line that de�nes the area of index guiding in
the z-direction. The mode pro�les of the two lowest order bands reveal that the �eld
is indeed mainly localised inside the diamond material for the dielectric band, and
predominantly in leaky modes outside the structure for the air band. While the shape of
the band structure remains unchanged for a di�erent choice of parameters, the absolute
numbers of the frequencies vary along with the exact geometric dimension of the unit
cell. Qualitatively, the frequencies of the modes at the X-point are higher for larger
hole radii and smaller for a larger width or height of the structure. The di�erence
between the dielectric and the air band at the X-point is called mode gap. Based on
this frequency gap between the individual bands, a localised mode can be con�ned.
As starting point, the changes in the frequencies at the X-point are determined for a
variation of the geometric parameters. The corresponding mode gap analysis will not
be shown here but can be found on pages 47-48 in reference [321].

3.2.2 Optical Resonator Mode and Purcell Enhancement

Based on the desired band structure in a perfectly periodic structure, a cavity mode can
be localised by introducing a defect to the structure. For the one-dimensional photonic
crystal structure investigated in this work, the so-called mode gap e�ect is exploited
to con�ned an optical resonator mode in the centre of the structure. This has the
advantage over mode con�nement by creating an optical band gap that the mode shape
of the localised mode is known as it corresponds to the guided mode it arises from (see
section 2.2.2). The structure investigated in this work is designed to reach high optical
quality factors and at the same time low modal volumes. This can best be achieved with
an inverse design approach where the optimal resonator �eld is chosen and the photonic
crystal pattern is constructed accordingly. The electric �eld of the cavity mode should
have a Gaussian shape to assure high optical quality factors. The mode should arise
from the dielectric band for two reasons. First of all, out-of-plane radiation due to non-
perfect index guiding can best be suppressed by reducing the overlap with the light cone
that is already substantially lower for the dielectric band than for all other bands. In
addition, the interaction with other degrees of freedom can be enhanced when the cavity
�eld is mostly localised inside the diamond material. Both a Gaussian �eld envelope
and a cavity mode arising from the dielectric band can be achieved with two di�erent
kinds of one-dimensional photonic crystal patterns: cavities where the radii of the holes
decrease from the centre of the structure or where the hole spacing increases from the
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(a) Band structure of a one-dimensional pho-

tonic crystal structure. The grey shaded area

indicates the light cone.

(b) Mode pro�le of the air

band at the X-point.

(c) Mode pro�le of the di-

electric band at the X-point.

Figure 3.7: Optical band structure analysis of a perfectly periodic photonic crystal structure

with parameters width w = 1.00 a, hole radius r = 0.40 a, and in�nite height h =∞. The band

structure in the �rst Brillouin zone is shown in (a). (b) and (c) show the corresponding pro�les

of the guided modes in the air band and in the dielectric band, respectively.

centre of the structure. With quadratically decreasing hole radii, a very good mode
con�nement that can be measured in high quality factors and a reasonable robustness
against fabrication tolerances can be achieved. This design can be parametrised with
the height h and the width w of the diamond structure, the (virtual) maximal hole
radius in the centre of the structure r0, a dimensionless parameter C indicating the
variation of hole size along the structure, and the number of holes to each side from the
centre L (see section 3.1.1). The radius of each hole ri is given as function of xi, the
hole distance from the centre of the structure measured in units of the constant hole
spacing a.

ri = r0

(
1− Cx2

i

)
(3.4)

To assure a good con�nement of the optical mode, the photonic crystal pattern is chosen
comparably large with L = 20 holes to each side from the centre. Only the fundamental
mode with a single maximum in the centre of the structure is considered. This assures
a strong spatial con�nement of the mode and allows for good interaction with other
degrees of freedom. The electric �eld components of the resulting optical resonator
mode are shown in �gure 3.8.
It can be seen from the distribution of the cavity �eld that it is an even resonator mode.
These are optical resonator modes with a polarisation perpendicular to the x-axis. In
that case, the y-component of the electrical �eld vanishes in the far �eld. The symmetry
conditions that should thus be chosen in order to reduce the computation times for
further simulations are an odd symmetry in the y-direction and an even symmetry in
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(a) Ex-component of the optical resonator mode.

(b) Ey-component of the optical resonator mode.

(c) Ez-component of the optical resonator mode.

Figure 3.8: Spatial distribution of the electric �eld components of the optical resonator mode.

The parameters of the structure are w = 1.60 a, h = 1.70 a, r0 = 0.40 a, and C = 0.0007. All

�eld distributions are retrieved at half height of the structure corresponding to z = 0.

the x-direction.
In addition to the properties of the optical resonator mode, also the interaction with

a colour centre situated inside the diamond structure can be investigated based on the
simulation results. The e�ective Purcell factor F only depends on the properties of the
optical resonator mode as positioning and dipole orientation are standardised for this
measure. It can thus directly be retrieved from the con�nement of the optical cavity
mode. A parameter study is performed with the aim to increase the optical quality
factor Qopt. The optimal values for all parameters are summarised in table 3.1 along
with the resulting temporal and spatial con�nement of the optical mode in terms of the
quality factor Qopt and the modal volume Vopt, and the Purcell factor F determining
the interaction with a colour centre located inside the structure.

w h r0 C Qopt Vopt F

1.60 a 1.70 a 0.42 a 0.0007 1.4× 107 2.0 (λ/n)3 5.3× 105

Table 3.1: Optimal set of parameters width w, height h, radius r0, and scalar C for the optical

resonator structure. The performance of the structure is indicated in terms of the �gures of

merit for the temporal and spatial mode con�nement Vopt and Qopt, and the e�ective Purcell

factor F describing the interaction of the photonic crystal structure with a colour centre placed

in its centre.

As these parameters are expressed in units of the lattice constant a, also the frequency of
the resonator mode is given in this relative scale. For the parameters given in table 3.1,
the frequency of the optical mode is ωopt = 0.3011 ·2π c/a. The resonator mode matches
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the emission of the nitrogen vacancy colour centre at 637 nm for a lattice constant
aNV = 192 nm, but some of the structures considered in section 3.3 are designed with
a unit length aSiV = 223 nm to match the zero phonon line of the negatively charged
silicon vacancy colour centre (SiV) at 738 nm.

3.2.3 Gratings for In- and Out-Coupling

To couple light in and out of the photonic crystal resonator, so-called grating couplers
are added to both sides of the diamond structure. These grating couplers are necessary
for a transmission or re�ection measurement of the optical cavity mode that have to be
performed in order to detect optomechanical interaction. To obtain in- and out-coupling
structures that allow for a measurement of the above-mentioned optical resonator mode,
the properties of the grating couplers need to match those of the photonic crystal struc-
ture. All structures are fabricated in a diamond membrane by removing material. The
resulting photonic crystal structure has the same thickness as the remaining diamond
membrane. Therefore, a diamond airbridge of width w = 1.60 a and height h = 1.70 a
corresponding to the optimal parameters of the optical resonator clamped to a diamond
membrane of same height is the basis for the model. The in- and out-coupling structures

(a) Top view of round grating couplers with dimensions

corresponding to the size of the simulation cell.

(b) Side view at y = 0 with Ey-

component of the optical �eld.

Figure 3.9: Round grating couplers. (a) Top view of the structure with the ideal set of

parameters R1 = 2.75 a, R2 = 7.20 a, and D = 0.40 a. (b) Side view of the structure with

parameters R1 = 2.95 a, R2 = 7.40 a, and D = 0.40 a.

in the surrounding diamond material are designed such that they can be fabricated with
the same techniques as the photonic crystal pattern. This implies that all structures are
continuously patterned through the entire diamond membrane and have vertical side-
walls in the ideal case. An optical �eld with a frequency of ωopt = 0.3011 · 2π c/a and
with suitable symmetry, corresponding to the resonator mode, is then guided through
the diamond waveguide and di�racted at the coupler structure.

The performance of the grating couplers is evaluated based on the electromagnetic
�ux emitted in the vertical direction as percentage of the electromagnetic �ux transmit-
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ted through the diamond airbridge onto the coupler structure. This method tends to
overestimate the fraction of light coupled out of the diamond structure as emission under
non-vertical angles is included in the coupling e�ciency, but cannot be exploited exper-
imentally. However, this method still gives a good estimate of a structure's performance
and allows for comparison between di�erent designs.

(a) Top view of straight grating couplers. (b) Side view at y = 0 with Ey-

component of the optical �eld.

Figure 3.10: Straight grating couplers in top view with indication of parameters (a) and side

view with electrical �eld (b). The dimensions of both images correspond to the simulation cell

and the couplers are shown with the ideal parameters P = 1.90 a and B = 1.20 a.

The �rst design considered in this work are round grating couplers consisting of
half-circles as shown in �gure 3.9(a). A similar structure has already been described in
literature [324]. The geometry is parametrised through two radii R1 and R2, and the
width D of the diamond half-circle in the middle of the structure. The Ey-component of
the electromagnetic �eld that is out-coupled in the vertical direction by this structure is
shown in �gure 3.9(b). For the optimal set of parameters R1 = 2.65 a, R2 = 5.30 a, and
D = 0.40 a, an e�ciency of 25 % can be determined for this structure design. However,
this design is not based on standard simple geometrical shapes that can be directly
transferred to a pattern for focused ion beam milling. The fabrication of this structure
is thus only possible with decreased resolution and at the cost of stronger mask erosion.

Therefore, a second design for straight grating couplers consisting of �ve trenches
patterned in the diamond membrane is studied. This structure is shown in �gure 3.10(a).
The parameters used to describe this structure are the pitch P and the thickness of the
air trenches B. Figure 3.10(b) shows the Ey-component of the electromagnetic �eld that
is di�racted at a straight grating coupler. For the optimal set of parameters P = 1.90 a
and B = 1.20 a, also this design reaches 25 % out-coupling e�ciency. Straight grating
couplers are thus used for sample fabrication as they are better suited for patterning
with standard focused ion beam milling and show a comparable performance as the
round grating couplers.



3.3. Mechanical Properties and Optomechanical Interaction 91

3.3 Mechanical Properties and Optomechanical Interaction

3.3.1 Mechanical Band Structure

Figure 3.11: Acoustic band structure of a diamond phononic crystal with dimensions width

w = 1.60 a, height h = 1.70 a, and hole radius r = 0.42 a as listed in table 3.1 for a unit length of

a = 223 nm. The symmetries are indicated with + denoting even and − denoting odd symmetry

in the respective direction.

As in the case of the optical properties, the mechanical band structure can be determined
by studying the unit cell of the phononic crystal structure. Periodic boundary conditions
allow to study an in�nite phononic crystal in order to determine its acoustic band
structure. The parameters to obtain ideal optical properties of the diamond structure
are chosen as basis for the mechanical band structure analysis. These are width w =
1.60 a and height h = 1.70 a of the diamond structure. The absolute dimensions of the
structure are scaled to a length of the unit cell a = 223 nm such that the optical cavity
mode is on resonance with the emission of the silicon vacancy colour centre at 738 nm.

The full mechanical band structure is shown in �gure 3.11. A clear symmetry of
the modes in the x-direction cannot be determined, but modes arising from the Γ-
point correspond to modes with even symmetry and modes arising from the X-point
correspond to odd symmetry. No symmetry can be identi�ed for all intermediate wave
vectors. It can be seen that there is no full band gap for all symmetry conditions.
However, when choosing a single symmetry condition, even a full band gap can be
observed. Due to their better suitability for optomechanical interaction, fully symmetric
modes with even symmetry in y- and z-direction should be chosen for further analysis.

Figure 3.12 only shows these fully symmetric mechanical bands and the correspond-
ing mode pro�les of the lowest order modes of de�ned symmetry G2, G3, X1, and X2. A
band gap can be identi�ed for frequencies ranging from 10 to 12 GHz for the parameter
set given in table 3.1. However, this band structure changes for di�erent sets of parame-
ters and the band gap shifts accordingly. Therefore, an analysis for varying parameters
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of the structure needs to be performed.

(a)Mechanical band structure for fully symmetric modes.

(b) Mode G2 (c) Mode G3

(d) Mode X1 (e) Mode X2

Figure 3.12: Mechanical band structure analysis considering only fully symmetric modes for

a diamond phononic crystal with dimensions width w = 1.60 a, height h = 1.70 a, and hole

radius r = 0.42 a as listed in table 3.1 for a unit length of a = 223 nm. (a) Mechanical band

structure, where the lowest order modes at the X- and the Γ-point are identi�ed and the band

gap is depicted as yellow area. (b)-(e) Pro�les of the lowest order fully symmetric mechanical

modes at the X- and at the Γ-point. The displacement �elds are not to scale.

As the photonic and phononic crystal structure's design is based on a variation of
hole radii, this parameter is given most attention. A more comprehensive overview is
given in reference [323]. Figure 3.13 shows the frequencies of the lowest order modes at
the X- and at the Γ-point for di�erent hole radii. It can be seen that the frequencies
are generally lower for larger holes and that modes arising from the Γ-point and modes
arising from the X-point are a�ected nearly equally strong. These results con�rm that
it is indeed possible to create a localised mechanical resonator mode through a variation
of hole radii.

The properties of this cavity mode, however, will be determined by the oscillation
of the unit cell. For X-type modes, neighbouring unit cells are oscillating out of phase
and the resulting optomechanical interaction will be comparatively low. Therefore, a
mode arising from the Γ-point should be chosen as basis for a localised mechanical
resonator mode. Comparing only the lowest order modes G2 and G3, it can be seen
from �gures 3.12 (b) and (c) that the maximum of the displacement �eld of mode G2 is
localised at the side of the unit cell whereas for mode G3 it is localised at the edges of the
unit cell. For an optimal interaction with the optical resonator mode, the mechanical
cavity mode should be based on the mode G2.
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(a) Frequencies of modes at the X-point. (b) Frequencies of modes at the Γ-point.

Figure 3.13: Frequency shift of the mechanical modes for di�erent hole radii based on the

band structure shown in �gure 3.12. (a) Frequency map for mechanical modes arising from the

X-point. (b) Frequency map for mechanical modes arising from the Γ-point.

3.3.2 Mechanical Resonator Mode and Optomechanical Coupling

The properties of localised mechanical resonator modes are studied based on a photonic
and phononic crystal structure with the parameters given in table 3.1. As scaling for the
structure, a lattice constant of a = 223 nm is chosen such that the optical resonator mode
matches the zero phonon line of the silicon vacancy colour centre at 738 nm. Along with
the mechanical mode properties, the optomechanical coupling constants gPE,0, gMB,0,
and gOM,0 can directly be determined as the optical properties are included to the
mechanical simulation beforehand as explained in section 3.1.4.

Mode Overview

With this structure design, a variety of localised mechanical modes can be detected with
frequencies ranging from MHz to several tens of GHz. Figure 3.14 shows the mechanical
displacement �eld for a selection of localised mechanical resonator modes. It can clearly
be seen from the displacement �elds that the spatial localisation is much better for some
modes than for others. Also the symmetry of the unit cell oscillations retrieved from
mechanical band structure analysis can be recognised in the displacement �elds of the
di�erent localised modes. When comparing the modes arising from the Γ-point G2 and
G3 to the modes arising from the X-point X1 and X2 it can be seen, that neighbouring
unit cells are oscillating in phased for the Γ-type modes and out of phase for the X-type
modes. Also the modes with odd symmetry in at least one direction, termed Oi, can
be tracked back to the corresponding points in the band structure. The mode O1, for
example, is arising from the Γ-point and shows odd symmetry in y- and even symmetry
in z-direction. It can thus directly be linked to the second order band depicted as green
line in �gure 3.11.

To determine the spatial and temporal localisation, the e�ective mass meff and the
mechanical quality factor Qm need to be determined. Table 3.2 shows these values
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(a) Localised mode G2 (b) Localised mode G3 (c) Localised mode X1 (d) Localised modeX2

(e) Localised mode O1 (f) Localised mode O2 (g) localised mode O3 (h) Localised mode O4

Figure 3.14: Displacement �elds of localised mechanical cavity modes. The fully symmetric

modes arising at the X- and at the Γ-point can be identi�ed due to their mode pro�le corre-

sponding to the ones found in the unit cell studies. All modes that have an odd symmetry in

at least one direction are termed Oi and are not further distinguished into arising from the X-

or the Γ-point. The displacement �elds are not to scale.

for all modes depicted in �gure 3.14 along with the optomechanical coupling constants
gPE,0, gMB,0, and gOM,0. It can be seen that the temporal and spatial con�nement
of the mechanical resonator modes are independent of each other. When comparing
the e�ective masses to the pro�les of the displacement �eld, small e�ective masses can
indeed be correlated with a small spatial extent of the resonator modes.

To determine the overall optomechanical coupling, the contributions from both the
photoelastic e�ect gPE,0 and the moving boundaries e�ect gMB,0 need to be considered.
The single photon overall optomechanical coupling constant is the sum of the individual
contributions. As both e�ects might add up or at least partly cancel out depending
on the phase relation, the signs need to be respected in order to obtain a reliable re-
sult as shown in section 2.6.6. For the optomechanical coupling constants it is obvious
that only fully symmetric modes arising from the Γ-point provide a reasonable inter-
action strength. Not only the overall coupling is weak for all other modes, but also
the individual contributions from the photoelastic and the moving boundaries e�ect
are comparably low. This is due to the fact that contributions from some parts of the
structure at least partly cancel out with contributions from other parts of the structure
as they have di�erent signs. In order to achieve a strong optomechanical interaction,
either the mode G2, or the mode G3 should be chosen. While the mode G3 shows the
best overall con�nement, the selection of a suitable resonator mode should also be based
on the shape of the displacement �eld to ensure a good strain coupling to colour centres
located in the middle of the structure. As the areas of largest displacement are located
at the edges of the diamond structure for the mode G3, the strain coupling is expected
to be low. In addition, modes of lower frequency should be preferred with respect to
measuring. In the most simple setup to detect optomechanical interaction, a homodyne
measurement, the mechanical resonance is visible in the intensity noise of the optical
transmission spectrum through the diamond structure. This requires an optical detector
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fm meff Qm gPE,0 gMB,0 gOM,0

G2 12.44 143 1.4× 106 1.16× 106 −7.15× 104 1.09× 106

G3 16.26 63 1.7× 107 3.92× 105 −3.71× 104 3.55× 105

X1 10.14 200 3.2× 106 467 −1820 −1354

X2 21.04 60 1.4× 106 191 −664 −449

O1 5.17 606 4.6× 105 2328 8632 10960

O2 11.10 117 6.7× 106 −222 −2411 −2633

O3 14.87 309 8.4× 105 −79 300 221

O4 15.46 251 4.4× 105 187 −797 −547

Table 3.2: Mechanical resonator mode frequencies fm in GHz and �gures of merit for all

localised mechanical cavity modes shown in �gure 3.14 with dimensions as listed in table 3.1.

The temporal and spatial con�nement of the mechanical resonator mode are expressed in terms

of e�ective mass meff given in femtograms fg, and the mechanical quality factor Qm. The

optomechanical coupling constants gPE,0, gMB,0, and gOM,0 are given in units of Hz · 2π.

that can actually provide a temporal resolution of the spectrum covering the mechanical
oscillation frequency. As the temporal resolution of optical detectors is a critical point
and typically limited to few GHz in standard devices, the mechanical resonator mode
should have a frequency that is as low as possible. This also shows that a photonic and
phononic crystal resonator based on a design with larger holes in the centre is prefer-
able over a design with smaller holes in the centre as presented in reference [323]. The
mechanical resonance frequencies will be lower by design and facilitate measurements.
In the following, only the localised mode G2 will be considered and further investigated.

Higher Order Modes

(a) Second order mode

fm = 12.47 GHz

(b) Third order mode

fm = 12.63 GHz

(c) Fourth order mode

fm = 12.78 GHz

(d) Fifth order mode

fm = 12.97 GHz

Figure 3.15: Displacement �elds of higher order mechanical cavity modes arising from the

fundamental mode G2 and the corresponding mechanical resonance frequencies fm. The dis-

placement �elds are not to scale.

In addition to the fundamental modes shown in �gure 3.14, also higher order modes
appear for each of these di�erent fundamental modes. Figure 3.15 shows the higher
order modes of G2-type. The spatial con�nement is obviously much lower and these
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modes are not of further interest with respect to optomechanical interaction or strain
coupling. It is, however, important to know the mechanical resonance frequencies so that
the di�erent modes can be identi�ed in a mechanical mode spectrum of the photonic
and phononic crystal structure. In addition, higher order modes could become more
important in the case that fabricated samples are less than perfect. For example in
the case of strain coupling, a localisation of a single colour centre in the exact middle
of the structure cannot easily be realised (see section 2.4.3). The interaction might
then e�ectively take place with a higher order mechanical mode that provides a much
stronger strain �eld at the position of the colour centre.

Optimisation of Optomechanical Coupling

In the next step, the parameters of the structure are modi�ed in order to increase op-
tomechanical interaction. This can in principle be achieved by two di�erent strategies.
Either the stronger contribution from the photoelastic e�ect gPE,0 can further be in-
creased, or the contribution from the moving boundaries e�ect gMB,0 can be reduced in
its absolute value. A parameter study of the photonic and phononic crystal structure is
performed to this end. The optimal parameters are shown in table 3.3 along with the
�gures of merit for both the optical and the mechanical resonator mode as well as the
resulting optomechanical coupling constants. It can be seen when comparing this set
of parameters to the one listed in table 3.1, that especially a stronger variation of hole
radii expressed in a larger value of C increases the optomechanical interaction. The
stronger optomechanical interaction results mainly from a better spatial con�nement
of both the optical and the mechanical resonator mode. This improvement, however,
comes at the cost of reducing the temporal con�nement of both resonator modes and
especially the quality factor of the optical resonator mode drops by almost two orders of
magnitude. There is no optimal solution for this dilemma and the choice of parameters
should always be adapted to the speci�c aim.

w h r0 C Qopt Vopt Qm meff gPE,0 gMB,0 gOM,0

1.50 1.64 0.43 0.0023 5.5 · 105 0.98 4.4 · 105 112 1.91 −0.09 1.82

Table 3.3: Optimal set of parameters for the photonic and phononic crystal resonator structure

to achieve maximal optomechanical interaction. The parameters width w, height h, and radius

r0 are expressed in units of the lattice constant a = 223 nm. The �gures of merit for the

temporal and spatial mode con�nement are indicated in terms of Vopt in (λ/n)
3
, meff in fg,

Qopt, and Qm. The optomechanical coupling constants gPE,0, gMB,0, and gOM,0 are expressed

in units of MHz · 2π. The mechanical resonance frequency is fm = 12.02 GHz and the optical

resonator wavelength is 707 nm.

Besides only varying the parameters of the structure, also the entire design can be mod-
i�ed in order to improve the performance of the photonic and phononic crystal cavity.
This could also circumvent the trade-o� between a good temporal con�nement of the
modes on the one side and a good spatial con�nement and thus better optomechanical
coupling on the other side. When considering again the mechanical bandgap analysis
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shown in �gure 3.13b, it can be seen that the very small holes far from the centre of
the photonic and phononic crystal resonator do not provide an e�ective bandgap for
the localised mechanical resonator mode. The same is true for the optical mode gap
(see reference [321]). When adapting the design of the structure such that the hole
sizes are more uniform across the structure, a better con�nement of both the optical
and the mechanical resonator mode could be expected. In addition to a performance
improvement, this modi�cation of the photonic and phononic crystal design facilitates
sample fabrication. Especially the very small holes at the edges of the structure cause
di�culties with respect to patterning due to the extremely high aspect ration (see 4.1.2.
It is thus advantageous to avoid the smallest hole radii also with respect to a practical
implementation.

(a) Original structure design.

(b) Modi�ed desgin with only K = 12 holes of variable size.

Figure 3.16: Design modi�cation of the photonic and phononic crystal structure by intro-

duction of a mirror section. The parameters are width w = 1.50 a, height h = 1.64 a, radius

r0 = 0.43 a, and scalar C = 0.0015.

However, the largest optomechanical coupling constants can be reached with a strong
variation of hole radii. The modi�cation of the structure should thus not change the
distribution of hole radii in the centre of the structure where the interaction strength
is determined, while at the same time the very small hole radii on the edges of the
photonic and phononic crystal pattern should be avoided. To this end, the photonic
crystal is varied such that only a limited number K of all holes on each side of the
structure has the radii given by the formula in equation 3.4, while the outermost holes
have the constant radius rK−0.5. This design variation is shown in �gure 3.16.

The performance of the structure is evaluated for di�erent values of K. The spatial
localisation of both the optical and mechanical resonator modes of Vopt = 1.5 (λ/n)3 and
meff = 143 fg as well as the optomechanical coupling strength with gOM,0 = 1.53 MHz·2π
remain unchanged for values of K ≥ 7. The optical and mechanical quality factors,
however, are a�ected by this design modi�cation. Figure 3.17 shows both the optical
and the mechanical quality factor for di�erent values of K, corresponding to a di�erent
number of holes with constant radius. It can be seen that both quality factors indeed
increase for larger hole radii on the edges of the structure. Especially the mechanical
quality factor, plotted on a logarithmic scale, increases by several orders of magnitude
while the optical quality factor more than doubles. The increase of radii on the edges of
the structure is thus acting as mirror section that provides an optical and a mechanical
mode gap for the resonance frequencies of the localised mode. With this modi�ed
structure, it is thus possible to obtain at the same time very high quality factors and a
high optomechanical coupling constant.
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(a) Optical quality factor Qopt. (b) Mechanical quality factor Qm.

Figure 3.17: Optical and mechanical quality factors for the same structure but with di�erent

number of holes with variable radius K. (a) Optical Quality factor Qopt plotted on linear scale.

(b) Mechanical quality factor Qm plotted on logarithmic scale. The parameters of the structure

are width w = 1.50 a, height h = 1.64 a, radius r0 = 0.43 a, and scalar C = 0.0015.

Scalability

The scalability of the optical resonator properties is a direct consequence of the scalabil-
ity of Maxwell's equations expressed as eigenfunction of the electric �eld in equation 2.2.
The same is true for the mechanical displacement �eld in equation 2.10. Therefore, both
the optical and mechanical properties can be transferred to the same structure geometry
but with deviating overall dimensions. Both the optical and the mechanical resonator
mode scale with the inverse of the lattice constant ωopt ∼ 1/a and fm ∼ 1/a. The
modal volume and the e�ective mass are volume measures and scale with the cubic lat-
tice constant Vopt ∼ a3 and meff ∼ a3. Even the optomechanical interaction is scalable
and the optomechanical coupling constants scale with the inverse of the e�ective mass
gOM ∼ 1/meff what is equivalent to the inverse to the cubic lattice constant gOM ∼ 1/a3.
All simulations on optomechanical coupling in this work are based on a structure scaled
to match the zero phonon line of the silicon vacancy colour centre at 738 nm.
In order to investigate the interaction in a monolithic resonator where a nitrogen va-
cancy colour centre, an optical, and a mechanical resonator are mutually coupled, the
results need to be transferred to the smaller overall dimensions of a structure matching
the zero phonon line of a nitrogen vacancy colour centre at 637 nm. The simulations are
performed for both overall structure sizes in order to verify the scalability also in the
numerical model as shown in tables 3.4 (a) and (b) for slightly deviating parameters of
the structure. The �gures of merit of the mechanical resonator and the optomechan-
ical coupling constants are evaluated for an absolute strcutre size adjusted to match
the zero phonon line of either the silicon vacancy colour centre or the nitrogen vacancy
colour centre in diamond. The full scalability of the values in table 3.4(a) is not given
due to limited numerical precision of the mechanical simulation. To test whether this
is a general feature of the mechanical model or whether this result can be attributed
to numerical imprecision, this comparison is repeated for a slightly di�erent set of pa-
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SiV NV

λ 738 nm 637 nm

a 223 nm 192 nm

fm 12.4 GHz 14.4 GHz

meff 143 fg 69 fg

xZPF 2.17 fm 2.89 fm

gPE,0 1.16 2.40

gMB,0 −0.07 −0.15

gOM,0 1.09 2.26

(a) Parameters as in table 3.1.

SiV NV

λ 762 nm 637 nm

a 223 nm 186 nm

fm 13.2 GHz 15.9 GHz

meff 147 fg 85 fg

xZPF 2.08 fm 2.50 fm

gPE,0 0.82 1.41

gMB,0 −0.01 −0.02

gOM,0 0.80 1.39

(b) Slightly smaller hole radius r0 = 0.40 a.

Table 3.4: Scalability of a photonic and phononic crystal resonator designed to match the

zero phonon line of either the silicon vacancy colour centre at 738 nm or the nitrogen vacancy

colour centre at 637 nm. (a) Parameters as in table 3.1. (b) Parameters as in table 3.1 but with

slightly smaller hole radius r0 = 0.40 a. The results of the optical simulation are independent

from the overall structure size. The values for the zero point �uctuation xZPF are evaluated

based on the results for the e�ective mass meff . The optomechanical coupling constants gPE,0,

gMB,0, and gOM,0 are expressed in units of MHz · 2π.

rameters and the results are shown in table 3.4(b). It can be seen from the resulting
�gures of merit for the mechanical resonator and for optomechanical interaction, that
the results are indeed scalable and that a smaller structure provides better spatial mode
con�nement and higher optomechanical coupling constants.
With the help this scalability test it can be con�rmed that, despite small numerical
variations for speci�c sets of parameters, all results can be converted to di�erent struc-
ture dimensions due to the scalability of the underlying physical equations. The results
shown in this section for structure dimensions adapted to match the zero phonon line
of the silicon vacancy colour centre at 738 nm can thus be transferred to structures
designed to interact with the nitrogen vacancy colour centre in diamond.

Full Stress and Strain Tensors of the Mechanical Resonator Mode

While the mode pro�le gives some hints on the mechanical displacement �eld, only the
knowledge of the full stress tensor σ of the mechanical resonator mode provides the full
information about the mechanical oscillation. It is thus a prerequisite for the evaluation
of strain coupling. In order to assure good comparability, the tensor is only evaluated at
the centre of the structure at coordinates (0/0/0). This the most favourable position of
the nitrogen vacancy colour centre when also a coupling to the optical resonator mode
is required at the same time as, for example, in the case of the hybrid interaction. In
addition, good optical properties of the emitter can only be obtained when a certain
distance to the surface of the sample is respected. Therefore, strain coupling will only
be evaluated for this position despite the fact that strain coupling could potentially be
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larger at other locations, as the areas of maximal stress are located at the sidewalls of
the innermost holes.

For the parameters of the photonic and phononic crystal structure given in table 3.1,
scaled to match the zero phonon line of the nitrogen vacancy colour centre in diamond
with a = 192 nm, the mechanical elongation is adapted to correspond to the zero point
�uctuation xZPF = 2.89 fm. The resulting stress tensor σ then expresses the per-phonon-
stress created by the mechanical oscillation in the centre of the diamond structure. For
a structure oriented according to the crystallographic axes X, Y , and Z as sketched in
�gure 3.1, the full stress tensor σ retrieved from numerical modelling of the mechanical
resonator mode is given as

σ =

 −1.7096 3354.6969 13.8899
3354.6969 50184.3247 1.4539
13.8899 1.452 2212.8153

 Pa (3.5)

It can be seen from this stress tensor with a predominant component σY Y that the
oscillation is indeed a breathing mode as expected from the mode pro�le shown in �g-
ure 3.14 (a). To test the optimal orientation of the structure with respect to the nitrogen
vacancy colour centre, di�erent orientations of the photonic and phononic crystal res-
onator are considered. The strain tensor is evaluated for photonic and phononic crystal
resonators fabricated in a sample with surface planes (001) and (111). The coordinate
systems describing the structure in the di�erent sample planes are the crystallographic
axes X = [100], Y = [001], and Z = [001] for (001) samples, and the coordinates
x = 1/

√
2 [1̄10], y = 1/

√
6 [1̄1̄2], and z = 1/

√
3 [111] for (001) samples as shown in

�gure 3.6 and also used to describe the nitrogen vacancy colour centre. All possible ori-
entations of the photonic and phononic crystal structure within these sample planes are
considered. For a (001) surface sample, 0◦ means that the periodicity of the photonic
and phononic crystal structure is oriented along the X-axis along [100] as depicted in
�gure 3.1 and all other angles are de�ned through a counter-clockwise rotation around
the Z-axis along [001]. The stress tensor given in equation 3.5 is obtained for an ori-
entation of 0◦ in this case. For a (111) sample surface, 0◦ means that the long side of
the diamond structure is pointing in the x-direction along [1̄10] and all other angles are
de�ned through a counter-clockwise rotation around the z-axis [111]. The full single
phonon stress tensors for a photonic and phononic crystal structure scaled to match the
zero phonon line of the nitrogen vacancy colour centre at 637 nm is graphically repre-
sented in �gure 3.18 for both sample surfaces and all orientations of the structure in the
sample planes. It can be seen that the entries for XZ, Y Z, and ZZ remain constant
for all possible orientations of the structure in a (001) sample. The XX- and the XY -
component are equivalent for a rotation by 90◦ what would be expected for a structure
aligned according to the crystal lattice coordinates. For the structure in a (111) sample
plane, the diagonal entries XX, Y Y , and ZZ as well as the o�-diagonal entries XY ,
XZ, and Y Z are equivalent under a rotation by 60◦. This can also be tracked back to
the relative orientation of the structure with respect to the crystal lattice coordinates.
The stress �eld analysis is the basis to evaluate strain coupling. In the case of strain
coupling to the ground state levels evaluated based on the group theoretical description,
the values that are graphically represented in �gure 3.18 are directly used for the deter-
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(a) Components of the single phonon stress

tensor for phononic crystal structure fabri-

cated in a (001) sample.

(b) Components of the single phonon stress

tensor for phononic crystal structure fabri-

cated in a (111) sample.

Figure 3.18: Components of the full single phonon stress tensor of the mechanical resonator

mode expressed in the crystallographic coordinates X, Y , and Z. The remaining components

are given by the symmetry of the stress tensor through the relation σIJ = σJI. The structure

has the parameters listed in table 3.1 with a lattice constant a = 192 nm.

mination of the coupling constants gMx , gMy , and gMz . For all other cases, the strain �eld
acting on the nitrogen vacancy colour centre �rst needs to be derived from this stress
�eld expressed in the crystallographic coordinates. The assumption of a linear elastic
material is valid for diamond and the proportionality between the stress �eld σ and
the strain �eld ε de�ned by Young's modulus E given in equation 2.1 can be exploited
to obtain also the full strain tensor created by the mechanical resonator mode. For a
photonic crystal structure in the (001) sample plane under 0◦, the full single-phonon
strain tensor ε is given as

ε = 10−9 ·

−0.0017 3.2413 0.0134
3.2413 48.4873 0.0014
0.0134 0.0014 2.1380

 (3.6)

For all other orientations, the proportionality can be evaluated accordingly, but the
qualitative information does not deviate from the results shown in �gure 3.18.

3.4 Strain Coupling

In order to evaluate strain coupling, particular attention needs to be paid to the relative
orientation between the nitrogen vacancy colour centre and the strain �eld created by the
mechanical resonator mode. The e�ective interaction depends on the strain expressed in
the coordinates of the colour centre. Especially the qualitatively di�erent e�ects of strain
axial or radial to the nitrogen vacancy colour centre axis [111] needs to be represented
in the model. To this end, the strain �eld is expressed in the internal coordinates of the
nitrogen vacancy colour centre graphically represented in �gure 3.6.
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For both sample surfaces and all possible orientations of the diamond structure,
the strain �eld created by the mechanical resonator mode acting on a nitrogen vacancy
colour centre oriented along the axis [111] is evaluated. The individual entries of the
corresponding strain tensor expressed in the internal coordinate system of the nitrogen
vacancy colour centre x = 1/

√
2 [1̄10], y = 1/

√
6 [1̄1̄2], and z = 1/

√
3 [111] are shown in

�gure 3.19.

(a) Components of the single phonon strain

tensor acting on a nitrogen vacancy colour

centre for a phononic crystal structure fabri-

cated in a (001) sample.

(b) Components of the single phonon strain

tensor acting on a nitrogen vacancy colour

centre for a phononic crystal structure fabri-

cated in a (111) sample.

Figure 3.19: Components of the full single phonon strain tensor of the mechanical resonator

mode expressed in the internal coordinate system of the nitrogen vacancy colour centre depicted

in �gure 3.6. The remaining components are given by the symmetry of the stress tensor through

the relation εij = εji. The structure has the parameters width w = 1.60 a, height h = 1.70 a,

radius r0 = 0.42 a, scalar C = 0.0007 as indicated in table 3.1 with a lattice constant a = 192 nm.

It can be seen from this graphical representation, that the angle between the colour
centre axis and the diamond structure is crucial for the evaluation of strain coupling.
The strain tensor components involving the surface normal direction xz, yz, and zz
are constant for all possible orientations of the phononic crystal resonator in the (111)
sample and also the rotational symmetry under 90◦ is maintained for the components
xx and yy. For the (001) sample, the angle of 54.7◦ between the colour centre axis
and the surface normal vector does not allow for obvious rotational symmetries between
the individual tensor entries. However, the projection of the colour centre axis [111] in
the plane can be recognised in the maximum of the xx component under 45◦ and the
maximum of the yy and the zz components under 135◦. These strain �elds acting on
a single nitrogen vacancy colour centre located in the middle of the diamond structure
are the basis for the evaluation of strain coupling to the ground state levels based on
the phenomenological description, and to the excited state levels.
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3.4.1 Strain Coupling to the Ground State Levels

Evaluation based on Phenomenological Description

The strain coupling constants for the interaction between the mechanical resonator
mode and the ground state levels of the nitrogen vacancy colour centre g‖ and g⊥ are
evaluated based on equations 2.88 and 2.89 issuing from the purely phenomenological
description. The strain coupling coe�cients used for the calculations can be found in
table 2.1. For reasons of clarity, only the strain coupling constants obtained based on
the strain coupling reported in reference [174] are shown in the graphical representa-
tions. The values reported in reference [173] are only considered for comparison of the
absolute values for the strain coupling coe�cients. The axial strain coupling constant
g‖ causing a shift of the |±1〉 levels with respect to the |0〉 level of the nitrogen vacancy
colour centre ground state is shown in �gure 3.20 for a photonic and phononic crystal
structure fabricated in a (001) and in a (111) sample. It can be seen that the strain
coupling constant g‖,111 = 30 Hz is constant for all possible orientations of the structure
within the sample plane. This is expected because the colour centre is aligned along
the surface normal of the diamond membrane, and a rotation of the structure in the
plane should not change the axial strain coupling constant in this case. For a structure
fabricated in a (001) diamond sample, the values for the axial strain coupling constant
vary between g‖,001,min = 10 Hz and g‖,001,max = 447 Hz. Maximal strain coupling occurs
for a rotation of 135◦ of the photonic and phononic crystal structure with respect to the
crystallographic X-axis [100], whereas minimal coupling can be found under an angle
of 45◦. This can be explained based on the strain �eld acting on the nitrogen vacancy
colour centre shown in �gure 3.19(a). Only the zz-component of the strain tensor is rel-
evant for the evaluation of g‖, and the value of this tensor entry varies accordingly upon
rotation of the diamond structure in the sample plane. Considering the mode pro�le of
the mechanical resonator mode G2, a breathing mode, the predominant displacement is
perpendicular to the photonic crystal pattern. The strain coupling constant g‖ can be
maximised when the projection of the mechanical oscillation on the axis of the nitrogen
vacancy colour centre is highest. This is true for the angle of 135◦, while the mechan-
ical oscillation is mainly perpendicular to the symmetry axis of the nitrogen vacancy
colour centre [111] for an orientation of the diamond structure of 45◦ in a (001) sample
plane. To achieve an overall very high strain coupling constant g‖, the photonic and
phononic crystal structure should thus be fabricated in a (001) type sample under an
angle of 135◦ with respect to the crystallographic coordinates. The coupling constants
that are obtained based on the strain coupling coe�cients reported in reference [173]
are g‖,111,Basel = 12 Hz for a (111) sample and vary between g‖,001,Basel,min = 4 Hz and
g‖,001,Basel,max = 182 Hz for a diamond structure fabricated in a (111) sample surface.
The strain coupling constant g⊥ causing a mixing and splitting of the |+1〉 and |−1〉
ground state levels of the nitrogen vacancy colour centre under the interaction with the
photonic and phononic crystal resonator is shown in �gure 3.21 for a (001) and a (111)
sample for all possible orientations of the diamond structure. It can be seen that the
values obtained for the radial strain constant g⊥ are generally higher than the coupling
constants g‖ for axial strain. For a photonic and phononic crystal structure fabricated
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(a) (111) sample surface. (b) (001) sample surface.

Figure 3.20: Strain coupling constant describing axial strain g‖ for the interaction between

the ground state levels of a nitrogen vacancy colour centre oriented along the axis [111] and a

phononic crystal structure. All possible orientations of the diamond structure in a (111) sample

surface (a) and in a (001) sample surface (b) are considered. The structure has the parameters

shown in table 3.1 with a lattice constant a = 192 nm.

in a (111) diamond sample, the interaction strength varies between g⊥,111,min = 372 Hz
under equivalent 45◦ angles, and g⊥,111,max = 522 Hz. The maximal values occur for
an orientation of the photonic and phononic crystal pattern along the coordinates x
and y in the coordinate system describing the nitrogen vacancy colour centre shown in
�gure3.6. For the same structure fabricated in a (001) sample plane, the strain coupling
constants for radial strain vary between g⊥,001,min = 184 Hz and g⊥,001,max = 526 Hz
where the highest values can be achieved for an angle of 45◦. The predominant oscillation
perpendicular to the direction of periodicity of the hole pattern is then oriented along
the projection of the colour centre axis [111] in the sample plane. This result �ts well
with the results for axial strain in the (001) sample plane where the minimal values for
the axial strain coupling constant g‖,001 occur under the same orientation of 45◦. In
general, very high radial strain coupling constants g⊥ ≥ 500 Hz can be achieved for
both sample types. When a precise orientation of the photonic and phononic crystal
structure cannot be assured for technical reasons, a (111) sample surface is to prefer as
the variation of the strain coupling constant for di�erent orientations is smaller than
for a (001) sample surface. As comparison, the values for the radial strain coupling
constants obtained based on the strain coupling coe�cients reported in reference [173]
vary between g⊥,111,Basel,min = 340 Hz and g⊥,111,Basel,max = 476 Hz for a structure
fabricated in a (111) sample surface, and g⊥,001,Basel,min = 168 Hz and g⊥,001,Basel,max =
480 Hz for a (001) diamond sample.

Evaluation based on Group Theoretical Description

Besides the purely phenomenological approach to strain coupling, also the description
obtained from group theoretical calculations reported in reference [307] is used in order
to determine the strain coupling constants for the interaction between the ground state
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(a) (111) sample surface. (b) (001) sample surface.

Figure 3.21: Strain coupling constant describing radial strain g⊥ for the interaction between

the ground state levels of a nitrogen vacancy colour centre oriented along the axis [111] and a

phononic crystal structure. All possible orientations of the diamond structure in a (111) sample

surface (a) and in a (001) sample surface (b) are considered. The structure has the parameters

shown in table 3.1 with a lattice constant a = 192 nm.

levels of the nitrogen vacancy colour centre and a diamond photonic and phononic
crystal structure. The strain coupling constants gMx , gMy , and gMz are determined based
on equations 2.95, 2.96, and 2.97. The values for the corresponding strain coupling
coe�cients are listed in table 2.2. The e�ective splitting ∆± between ground state
levels |+1〉 and |−1〉 is evaluated based on the e�ective strain coupling constant gM∆

given by equation 2.94. In contrast to the direct evaluation based on the full strain
tensor acting on the nitrogen vacancy colour centre shown in �gure 3.19 used in the
purely phenomenological description of strain coupling to the ground state levels and
for the description of strain coupling to the excited state levels, the strain coupling
constants here are evaluated based on the stress tensor expressed in the crystallographic
coordinates of the diamond structure as shown in �gure 3.18. As already pointed out in
section 2.7.1, this particularity originates from the form of the underlying equations and
cannot be adapted here despite the fact that the left-handed coordinate system used in
the derivation of the coupling constants will in�uence the results.

Figure 3.22 shows the single phonon strain coupling constant gMz that indicates the
additional splitting between the ground state levels with non-zero spin projection |±1〉
and the ground state level with zero spin projection |0〉. When looking at �gure 3.22(a),
the strain coupling constant gMz is in principle independent from the orientation of the
diamond structure in the (111) sample plane as in the case for the corresponding value
g‖,111 from the phenomenological description. However, slight variations of the numerical
value indicate that the limited precision of the corresponding strain coupling coe�cients
a1 and a2 retrieved from experimental data prevent a strictly constant value even though
the underlying stress tensor does not show these discontinuities. However, the di�erences
remain small and are still within the uncertainty range given for the experimentally
determined strain coupling coe�cients. The absolute value gMz,111 = 430 Hz, however,
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(a) (111) sample surface. (b) (001) sample surface.

Figure 3.22: Strain coupling constant describing axial strain gMz for the interaction between

the ground state levels of a nitrogen vacancy colour centre oriented along the axis [111] and a

phononic crystal structure. All possible orientations of the diamond structure in a (111) sample

surface (a) and in a (001) sample surface (b) are considered. The structure has the parameters

shown in table 3.1 with a lattice constant a = 192 nm.

is more than a factor of ten larger than the values obtained for g‖,111 = 30 Hz. This
indicates that the group theoretical description does not reproduce the results obtained
from a direct measurement.

It can be seen from �gure 3.22(b) that the strain coupling constant gMz , determining
the additional splitting between the ground state levels with zero and non-zero spin
projection, depends on the orientation for a structure fabricated in a (001) sample
plane. It varies between gMz,001,min = 70 Hz under 135◦ and gMz,001,max = 445 Hz
under 45◦. These absolute values are comparable to the values obtained for g‖,001

from the phenomenological description what was also evaluated in the original article
presenting the group theoretical description in order to prove the consistency of the
phenomenological description with their calculations [307]. However, when comparing
�gures 3.20(b) and 3.22(b), minimal and maximal strain coupling occur at di�erent
orientations of the diamond structure in the sample plane with a shift of 90◦. Considering
again the oscillation pattern of the mechanical resonator mode, the results obtained from
the phenomenological description are more trustworthy. The reason for this mismatch
is probably that the coordinate system used in the derivation of equation 2.97 is left-
handed, in contrast to the right-handed crystal coordinates. A projection of the stress
�eld created by the mechanical resonator mode would thus require an inversion besides
the pure rotation of the coordinates. As the choice of coordinate system probably only
accidentally resulted in a left-handed orientation, this additional transformation step is
not included in the derivation.

Figure 3.23 shows the strain coupling constants gMx and gMy as well as their combined
e�ect gM∆

indicating the splitting between the levels with non-zero spin projection |+1〉
and |−1〉. For a photonic and phononic crystal fabricated in a (111) sample plane, the
individual strain coupling constants gMx and gMy vary between gMx/y,111,min = −61 Hz
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(a) (111) sample surface. (b) (001) sample surface.

Figure 3.23: Strain coupling constants describing radial strain gMx , gMy , and gM∆ for the

interaction between the ground state levels of a nitrogen vacancy colour centre oriented along the

axis [111] and a phononic crystal structure. All possible orientations of the diamond structure

in a (111) sample surface (a) and in a (001) sample surface (b) are considered. The structure

has the parameters shown in table 3.1 with a lattice constant a = 192 nm.

and gMx/y,111,max = 61 Hz for di�erent orientations of the diamond structure. The overall
strain coupling constant determining the measurable splitting, however, is constant
and has a value of gM∆,111 = 61 Hz. The absolute value deviates strongly from the
numbers found for the phenomenological description ranging from g⊥,111,min = 372 Hz to
g⊥,111,max = 522 Hz. In addition, the variation of the strain coupling constant g⊥,111 for
di�erent orientations of the diamond structure is not represented in the results obtained
from the group theoretical calculation. However, it cannot clearly be determined here
whether the group theoretical calculation can better account for strain �elds that are
not aligned with the x- and y-axes of the colour centre. That the interaction between
the mechanical resonator mode and a single nitrogen vacancy colour centre aligned
along the surface normal of the diamond structure is independent of the rotation of
the diamond structure with respect to the embedded colour centre might very well
be a valid qualitative result. If this would be true, this result would show that the full
group theoretical description might indeed improve the understanding of strain coupling
obtained from the phenomenological description.

For the same structure fabricated in a (001) diamond sample, the individual strain
coupling constants vary between gMx,001,min = −70 Hz under 135◦ and gMx,001,max =
283 Hz under 45◦, and between gMy,001,min = −200 Hz under 90◦ and gMy,001,max =
200 Hz under 0◦, respectively. The resulting splitting between the ground state levels
|+1〉 and |−1〉 varies between gM∆,001,min = 70 Hz under 135◦ and gM∆,001,max = 283 Hz
under 45◦. Here again, the absolute values almost match the strain coupling constants
determined by the phenomenological description and only deviate by a factor of approx-
imately two. The orientations of the diamond structure found for minimal and maximal
interaction based on the group theoretical calculations, however, cannot plausibly be
explained by the mode pro�le of the phononic crystal mode.
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It remains to conclude that the group theoretical derivation of the strain coupling
constants might give valuable information about the underlying mechanisms. However,
a proper de�nition of right-handed coordinate systems both for the description of the
nitrogen vacancy colour centre and the externally accessible diamond structure is crucial
in order to obtain reliable results that can be reproduced experimentally.

3.4.2 Strain Coupling to the Excited State Levels

The calculation of the strain coupling constants gA1 , gE1 , and gE2 between the ex-
cited states of the nitrogen vacancy colour centre and the mechanical oscillation of the
diamond photonic and phononic crystal structure is based on equations 2.103, 2.104,
and 2.105. The resulting splitting ∆xy between the excited state levels |Ex〉 and |Ey〉
is determined based on the combined strain coupling constant gE∆

de�ned in equa-
tion 2.102. The values for the coupling coe�cients are listed in table 2.3.

(a) (111) sample surface. (b) (001) sample surface.

Figure 3.24: Strain coupling constants gE1
, gE2

, and gE∆
for the interaction between the

excited state levels of a nitrogen vacancy colour centre oriented along the axis [111] and a

phononic crystal structure. All possible orientations of the diamond structure in a (111) sample

surface (a) and in a (001) sample surface (b) are considered. The structure has the parameters

shown in table 3.1 with a lattice constant a = 192 nm.

The strain coupling constants gE1 , gE2 , and their combined expression gE∆
for strain

of E-type acting on the excited states |Ex〉 and |Ey〉 are shown in �gure 3.24. The data
show that the values of both coupling constants gE1 , and gE2 vary between gE,111,min =
−41.5 MHz and gE,111,max = 41.5 MHz for the (111) sample surface with the respective
maxima and minima being shifted by 45◦. The overall coupling constant for strain of E-
type, however, has a constant value of gE∆,111 = 41.5 MHz for all possible orientations.
This con�rms, that the alignment of the nitrogen vacancy colour centre along the surface
normal direction of the photonic and phononic crystal structure allows to choose a
random orientation of the diamond structure within the sample plane and still reach
very high strain coupling constants.

For a photonic and phononic crystal structure fabricated in a (001) sample, the
projection of the colour centre axis [111] in the plane is the relevant parameter for the
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interaction. The strain coupling constant gE1 ranging from gE1,001,min = −15 MHz to
gE1,001,max = 40 MHz is generally higher than the strain coupling constant gE2 taking
values between gE2,001,min = −24 MHz and gE2,001,max = 24 MHz. The relative maxima
and minima for the two coupling constants occur for angles of 45◦ and 0◦, respectively.
The overall coupling constant for strain of E-type determining the splitting between the
excited state levels |Ex〉 and |Ey〉 takes values between gE∆,001,min = 15 MHz under 45◦

and gE∆,001,max = 40 MHz under 135◦. While the maximal value does not deviate much
for both sample types, the orientation of the structure with respect to the colour centre
axis [111] is crucial for a diamond structure fabricated from a (001) sample.

(a) (111) sample surface. (b) (001) sample surface.

Figure 3.25: Strain coupling constant gA1 for the interaction between the excited state levels of

a nitrogen vacancy colour centre oriented along the axis [111] and a phononic crystal structure.

All possible orientations of the diamond structure in a (111) sample surface (a) and in a (001)

sample surface (b) are considered. The structure has the parameters shown in table 3.1 with a

lattice constant a = 192 nm.

Figure 3.25 shows the strain coupling constant gA1 for the interaction between the
photonic and phononic crystal structure and the excited states of the nitrogen vacancy
colour centre, that causes a uniform shift of the excited state levels |Ex〉 and |Ey〉
with respect to the ground state |A〉. It can be seen from the data, that the strain
coupling constant has a constant value of gA1,111 = 100 MHz (with small numerical
�uctuations) for all possible orientations of the diamond structure in a (111) sample
plane. For a photonic and phononic crystal resonator fabricated in a (001) diamond
sample, the coupling constant varies between gA1,001,min = −26 MHz for an angle of
135◦ and gA1,001,max = 107 MHz for an angle of 45◦. Very high strain coupling constants
gA1 ≥ 100 MHz can be achieved with both sample types. However, a (111) sample
provides the advantage that this value can be achieved for an arbitrary orientation of
the photonic and phononic crystal structure.



110 Chapter 3. Numerical Modelling

3.5 Hybrid Interaction between Three Degrees of Freedom

In this section, the cooling of a mechanical resonator is investigated based on the the-
oretical description of the hybrid interaction in section 2.8. The results shown in this
section were obtained from calculations principally performed by Luigi Giannelli. The
model includes strain coupling of a single nitrogen vacancy colour centre to a localised
mechanical resonator mode, a passive optical cavity resonant on its zero phonon line,
and dephasing of the colour centre's electron spin. In contrast to the results issuing from
numerical modelling shown thus far, the evaluation of hybrid interaction is a qualitative
study where the individual parameters are represented by rough estimates in the correct
size range but not with precise values. This is done to simplify the calculations and to
obtain generally valid qualitative results that can also be applied to di�erent systems
showing similar characteristics. Another di�erence compared to the previous simula-
tions is that dissipation processes are included in a more explicit way with a description
based on a Born-Markov-formulation.

The dynamics of the nitrogen vacancy colour centre are described in this model by
the decay rate γ0 = 100 MHz and the dephasing rate γ∗ = 100 MHz. The optical res-
onator is described by the frequency ωopt = 500 MHz and the decay rate κ = 100 MHz,
while the mechanical resonator is characterised by the mechanical frequency fm = 1 GHz
and the decay rate Γm = 1 kHz. The mechanical resonance frequency is chosen to be
lower than the values in the range 10 to 20 GHz found in section 3.3.2 for the photonic
and phononic crystal structure in diamond. This deviation from a more substantiated
value is accepted in this particular case with the intention to avoid an interaction with
other excited states besides |Ex〉 and |Ey〉 in the model. While this does not corre-
spond to a realistic structure design, this adaptation still allows to obtain qualitative
results. The axial strain coupling constant is set to zero gA1 = 0, whereas the radial
strain coupling constants are chosen to be gE1 = gE2 = 10 MHz, as high as the value for
the optomechanical constant gOM,0 = 10 MHz. The coupling constants both for strain
coupling and for optomechanical interaction are summarised by the generalised coupling
constant Λ in the following. The Rabi frequency is set to Ω = 2π · 100 MHz and the
relative detunings ∆L, ∆opt, and ∆xy are used as variable parameters. The cooling e�-
ciency is then evaluated in terms of the cooling rate Γ̃hybrid and the asymptotic minimal
phonon occupation number nm,min.

3.5.1 E�ect of the Optical Resonator on the Cooling Performance

In a �rst step, the in�uence of the optical resonator on the cooling performance is
evaluated. This is done by ignoring all thermal e�ects, including the thermal population
of the mechanical resonator and dephasing of the nitrogen vacancy colour centre excited
states (γ∗ = 0, nth = 0). In an initial parameter sweep, the optimal detuning between
the transition ωy (from the excited state |Ey〉 to the ground state |A〉) and the optical
resonator frequency ωopt is determined to ∆opt = 500 MHz. Also the optimal frequency
splitting between the two excited state levels |Ex〉 and |Ey〉 is identi�ed as ∆xy =
2π · 1 GHz corresponding to the frequency of the mechanical resonator mode.
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(a) Cooling rate Γ̃hybrid. (b) Phonon number nm,min.

Figure 3.26: Cooling performance of the hybrid system for di�erent detunings ∆L expressed

as cooling rate Γ̃hybrid (a) and asymptotic minimal phonon occupation number nm,min (b).

The solid red line corresponds to the model including the optical resonator mode whereas

the dashed blue line shows the results of the same model omitting the optical cavity. The

shaded area indicates the parameter regime where e�ective heating takes place Γ̃hybrid ≤ 0 or

where the asymptotic minimal phonon occupation number exceeds the single particle excitation

nm,min ≥ 1.

Figure 3.26 shows the cooling rate Γ̃hybrid as well as the asymptotic phonon occupa-
tion number nm,min in presence and in absence of the optical resonator mode. To this
end, the detuning ∆L between the frequency of the driving laser ωL and the transition ωy
from the excited state |Ey〉 to the ground state |A〉 is varied. It can easily be seen that
the optical cavity does not have any e�ect on the cooling rate Γ̃hybrid or the asymptotic
minimal phonon occupation number nm,min for most values of the detuning ∆L. There
are only two values of the detuning ∆L where the optical resonator has a signi�cant
e�ect. These can be attributed to the level splitting induced by the coupling between
the nitrogen vacancy colour centre and the optical resonator. It can thus be concluded
that the optical resonator does not signi�cantly improve the cooling performance for
the chosen set of parameters.

3.5.2 E�ect of Dephasing on the Cooling Performance

In an earlier work, the cooling of the nitrogen vacancy colour centre based on strain
coupling to the excited states |Ex〉 and |Ey〉 has been evaluated without considering
pure dephasing [311]. The impact of this dissipation e�ect on the cooling e�ciency is
evaluated here without considering the minor in�uence of the optical resonator mode
on the cooling performance.

E�ect of Dephasing in the Absence of a Thermal Bath

In an initial step, an arti�cial situation is studied where only dephasing occurs, but where
the presence of a thermal bath causing a decoherence of the mechanical resonator mode
is omitted. While this does not represent a physical system, the in�uence of dephasing
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on the cooling dynamics can be studied isolated from other thermal e�ects. Figure 3.27
shows the cooling rate Γ̃hybrid and the asymptotic phonon occupation number nm,min for
di�erent values of the dephasing γ∗ over a wide range of detunings ∆L. The splitting
between the excited state levels |Ex〉 and |Ey〉 is chosen to be equal to the mechanical
resonator frequency ∆xy = ωm.

(a) Γ̃hybrid. (b) nm,min.

Figure 3.27: Cooling performance of the hybrid system for di�erent values of the dephasing

γ∗ and for di�erent detunings ∆L in terms of the cooling rate Γ̃hybrid (a) and the asymptotic

minimal phonon occupation number nm,min (b). The dotted green line corresponds to a very

high dephasing rate γ∗ = 10 γ0, the solid orange line to a moderate dephasing rate γ∗ = γ0, and

the dashed blue line to vanishing dephasing γ∗ = 0. The shaded area indicates the parameter

regime where e�ective heating takes place Γ̃hybrid ≤ 0 or where the asymptotic minimal phonon

occupation number exceeds the single particle excitation nm,min ≥ 1.

The cooling rate increases in presence of dephasing with rate γ∗ = γ0 equal to the decay
rate of the excited state levels. Extremely high dephasing rates γ∗ = 10 γ0, however,
do not further improve the cooling. For the asymptotic minimal phonon occupation
number, the e�ect of dephasing is not so clear. For most values of the detuning ∆L,
the dephasing decreases the asymptotic minimal phonon occupation number. In the
case of dephasing, the dependence of nm,min from the detuning ∆L decreases. The very
low asymptotic minimal phonon occupation numbers at the detuning ∆L = −ωm can,
however, not be reached in presence of pure dephasing. For a very high dephasing
rate γ∗ = 10 γ0, the asymptotic minimal phonon occupation number nm,min is gener-
ally higher for most values of ∆L but remains below the excitation with a single cavity
phonon for all values of the detuning. This analysis shows that dephasing indeed im-
proves the cooling performance and a further study of a more realistic situation should
be performed to complement this initial result.

E�ect of Dephasing in the Presence of a Thermal Bath

In a next step, the impact of dephasing on the cooling e�ciency is evaluated in presence
of a thermal bath. This means that a thermal decoherence of the mechanical resonator
with the rate Γth needs to be considered in addition to the damping rate of the me-
chanical oscillation Γm. This corresponds to a more realistic situation, as dephasing
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originates from a thermal process and cannot be tuned independent from the colour
centre's environment. The bath is modelled for temperatures of T = 4 K and T = 0.1 K,
corresponding to experimentally relevant conditions in cryogenic measurements.

Figure 3.28 shows the �nal phonon occupation number nf for di�erent values of
the detuning ∆L in the absence and in the presence of dephasing. It can be seen that
dephasing further decreases the �nal phonon occupation number nf compared to the
situation without dephasing. It also allows for cooling at values of the detuning ∆L that
do not allow a reduction of the phonon population in the absence of dephasing. This
shows that even a dissipation process can improve the performance of a measurement
at the single particle level. The dephasing in this case does not add decoherence to the
system but provides an additional channel to extract energy from the system.

(a) Bath temperature of 0.1 K. (b) Bath temperature of 4 K.

Figure 3.28: Final phonon occupation number nf of the hybrid system for di�erent values of

detunings ∆L and temperatures of the thermal bath of 0.1 K (a) and 4 K (b). The solid red line

corresponds to the system in presence of dephasing with a rate γ∗ = γ0, and the dashed blue

line shows the same results for vanishing dephasing γ∗ = 0. The horizontal dotted black line

indicates the thermal phonon population number nth. The shaded area indicates the parameter

regime where e�ective heating takes place Γ̃hybrid ≤ 0 or where the asymptotic minimal phonon

occupation number exceeds the single particle excitation nm,min ≥ 1.
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This chapter shows the fabrication and optical measurement of photonic and phononic
crystal structures. First, the fabrication and characterisation of single crystal diamond
membranes is shown. The patterning of the photonic and phononic crystal structures
is performed with two di�erent methods, focused ion beam milling and reactive ion
etching. A post-processing procedure required to recover the crystalline quality of the
diamond material and to remove residues from the surface is described. The fabri-
cated samples are optically characterised with �uorescence spectroscopy in a confocal
microscope setup. Structures patterned both with focused ion beam milling and with
reactive ion etching are investigated and the feasibility of measurements in vacuum,
required for the detection of optomechanical interaction and an indirect measurement
of the mechanical properties of the structure, is assessed.

4.1 Sample Fabrication

In order to obtain photonic and phononic crystal structures in diamond, a fabrication
procedure with a number of individual steps is followed. Membranes of single crystal
diamond with good optical properties are fabricated in a size of 150µm × 150µm and
thinned to the desired thickness of a few hundred nanometres. A characterisation step
shows the thickness and homogeneity of the thinned diamond membrane. Then, a pho-
tonic and phononic crystal structure is patterned into the membranes either by focused
ion beam milling or by reactive ion etching. An extensive post-processing procedure
assures that the high crystal quality of the diamond is recovered, and that residual
graphite or amorphous carbon is removed.

4.1.1 Fabrication of Thin Diamond Membranes

The fabricated structures are based on two di�erent types of diamond samples as base
material. As the photonic and phononic crystal structures require a precise thickness
of the diamond membrane, both sample types need to undergo a thinning process.
A mapping of the diamond thickness and homogeneity acts as quality control for the
membrane thinning procedure where a high precision signi�cantly improves the quality
of the fabricated samples. The membrane fabrication and characterisation methods used
in this work are described in more detail in reference [325].

Base Material for Diamond Membranes

Two types of samples are used as starting material to fabricate photonic and phononic
crystal structures in single crystal diamond. One possibility is to use commercially
available ultra-pure diamond membranes (Element Six). These can be bonded to silicon
substrates containing small windows in order to obtain a free-standing diamond mem-
brane. The bonding is done with the help of a spin-on-glass that is used to glue the
two parts together. A subsequent annealing step at temperatures above 550 ◦C assures
an extraordinarily strong bond between the diamond and the silicon sample that with-
stands all steps of the fabrication and the post-processing procedure. As alternative,
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heteroepitaxially grown diamond can be used as starting material. This sample type
comes in a layered structure with silicon as substrate, several intermediate layers and a
single crystal diamond layer on the top [326]. By partially removing the substrate layer
from the backside, a free-standing diamond membrane can be obtained.

Membrane Thinning

Both sample types undergo an additional reactive ion etching (RIE) step where an
oxygen plasma thins the diamond membrane to the required thickness of few hundred
nanometres . In the case of heteroepitaxially grown diamond, the etch plasma needs
to be applied to the backside of the sample in order to preserve the high-quality top
layer and instead sacri�ce the nucleation layer of poor crystal quality. Only a very small
amount of the diamond material is removed from the topside to assure that residues from
polishing do not a�ect the optical properties of the diamond membrane. Thinning the
diamond membrane from the backside leads to a thickness gradient across the membrane
as the substrate partially shields the sample. In the case of commercially available
diamond membranes bonded to a silicon substrate, the oxygen plasma can be applied
to the topside of the sample. Also here, a little amount of material should be etched
from both sides in order to remove the thin surface layer potentially a�ected by the
polishing process. Thinning from the top side leads to a much more homogeneously
thinned diamond membrane and gives better results than for heteroepitaxially grown
diamond.

Membrane Characterisation

In an initial approximative measurement, the overall membrane thickness is estimated
by white light transmission spectroscopy. Based on the outcome, further thinning of the
membrane is performed until the target thickness of the diamond material is reached.
To detect the approximate thickness, the entire diamond membrane is illuminated with
a white light source . Maxima and minima can then be identi�ed in the transmission
spectrum what allows to determine the average membrane thickness. This method is
not very precise and cannot give information about the thickness in a speci�c region of
interest but always gives a mean value over the entire membrane. As the etch rate of
the thinning process varies, this method is still helpful as it allows to determine whether
further thinning is required.

The resulting thinned membranes undergo a more detailed characterisation in order
to identify suitable locations for the fabrication of photonic and phononic crystal struc-
tures. This purpose implies that a non-destructive measurement is required in order
to preserve the sample quality. To this end, laser scanning microscopy (LSM) is used
in combination with white light imaging . The laser scanning microscopy technology
is applied to identify neighbouring areas of destructive interference to �nd a relative
scale for the membrane thickness at di�erent locations. With the laser wavelength of
405 nm and the refractive index of diamond ndia = 2.4, the thickness variation between
neighbouring fringes is 84 nm.
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(a) Laser scanning image of a heteroepi-

taxially grown diamond membrane.

(b) White light image of a heteroepitaxi-

ally grown diamond membrane.

(c) Laser scanning image of a bonded dia-

mond membrane.

(d) White light image of a bonded dia-

mond membrane.

Figure 4.1: Laser scanning microscopy (a,c) and white light images (b,d) of heteroepitaxially

grown (a,b) and bonded diamond (c,d) membranes. The interference pattern of the scanning

laser reveals the areas of destructive interference as black coloured areas. The white light images

allow to establish a �ner continuous thickness map of the diamond membrane.

The discrete relative thickness scale obtained by the laser scanning microscopy can
further be re�ned by a complementary white light image. Due to the spectrally broader
source, the areas of constructive and destructive interference for di�erent wavelengths
appear as di�erently coloured areas. This gives very precise information on relative
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thickness variations and diamond homogeneity throughout the entire membrane. How-
ever, an additional absolute calibration of the obtained thickness pro�le is required.
This can be done by cross-sections where the thickness is measured at selected spots
of a membrane. Despite the fact that such a measurement renders the test membrane
unusable for the fabrication of optical resonators due to a residual platinum pollution
dispersed over the entire area, it is very useful as the results can be transferred to all
subsequent measurements without further needs for calibration. This allows to fully
characterise diamond membranes and test their suitability for the fabrication of pho-
tonic and phononic crystal structures.

Figure 4.1 shows both the laser scanning images and the white light transmission
spectra obtained from membrane thickness measurements of a heteroepitaxially grown
diamond sample and a bonded diamond membrane. The comparison of the di�erent
sample types reveals that the diamond membrane thinned from the front is indeed much
more homogeneous compared to the heteroepitaxially grown sample. Heteroepitaxially
grown samples have to be thinned from the backside and a thickness gradient from
the centre toward the edges of the membrane can be seen in �gures 4.1(a) and 4.1(b).
The absence of dark fringes corresponding to destructive interference in the laser scan-
ning image in �gure 4.1(c) indicates that the bonded sample is very homogeneous in
thickness. Large areas of homogeneous colour in the white light image in �gure 4.1(d)
con�rm that the thickness variations across the diamond membrane are indeed very
small for the bonded sample. Besides the thickness measurement, also defects of the di-
amond membrane can be visualised with this technique. Especially for less-than-perfect
heteroepitaxially grown diamond sample shown in �gures 4.1(a) and 4.1(b), craters on
the backside of the membrane are revealed that would remain hidden otherwise. This
information can then be used to pattern photonic and phononic crystal structures in
areas of homogeneous thickness without craters or defects in the diamond.

4.1.2 Patterning of Photonic and Phononic Crystal Structures

For patterning of the photonic and phononic crystal structures, two di�erent techniques
are used. A direct writing of the structures with a focused ion beam allows a fast
patterning of arbitrary structures in a single processing step. A dry etching procedure
allows for the fabrication of the photonic and phononic crystal structures with higher
precision and steeper sidewalls. However, it requires a more complex procedure with
mask patterning and etching. In the following, both methods are presented and the
resulting structures are shown.

Fabrication with Focused Ion Beam Milling

Focused ion beam (FIB) milling is performed with a dual beam system. Here, a scanning
electron microscope and an ion beam are integrated in a single device under an angle
of 52◦ allowing for both imaging and patterning. The ion source is a liquid Gallium
reservoir where Ga+ ions are extracted and moved towards the sample by an acceleration
voltage of 30 kV. Magnetic lenses allow a precise guidance and focussing of the ion beam
onto the sample. A set of apertures allows to adapt the beam diameter and current to
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the required resolution. For patterning the holes of the photonic and phononic crystal
structure, the grating couplers, and the innermost trenches de�ning the width of the
diamond airbridge, an ion beam current of 9.7 pA is used. This corresponds to an
e�ective beam diameter (FWHM) of 13 nm. To pattern larger trenches that release the
structure from the surrounding diamond membrane, only low precision is required and
a larger aperture is used in order to reduce the milling time. For patterning grating
couplers, focused ion beam milling has the advantage that also the fabrication of designs
where the trenches are inclined or do not penetrate the entire diamond membrane is
possible. This can improve the performance of the grating coupler structures compared
to designs that are compatible with a dry etching technique.

A fabrication of the photonic and phononic crystal structures with focused ion beam
milling does in principle not require any preliminary steps. The results can, however,
greatly be improved by di�erent means increasing the precision in the lateral direction
and diminishing the unwanted e�ects caused by the pro�le of the focused ion beam.
Clamping the sample on a holder instead of the standard �xation with gluing eliminates
sample drift. This allows for a much more precise fabrication of the desired structures
as the remaining beam drift is orders of magnitude smaller. The pro�le of the focused

(a) top view (b) inclined view

Figure 4.2: Photonic and phononic crystal structure fabricated with focused ion beam milling

in top view (a) and inclined view (b).

ion beam leads to an unwanted irradiation of the diamond material surrounding the
patterned areas. This does not only lead to inclined sidewalls but also to very round
edges at the topside of the structures. A metal layer homogeneously covering the dia-
mond membrane can mitigate some of the issues related to the beam pro�le. To this
end, a chromium mask of 80 nm thickness is sputtered onto the diamond membrane.
Besides protecting the diamond from unwanted irradiation that degrades the quality of
the material, it also provides the conductive layer required for ion beam operation, and
allows to use a so-called over-milling technique. The patterning is then not stopped
directly when the photonic and phononic crystal pattern penetrates the entire thickness
of the diamond membrane but continued further. The larger sputtering rate under steep
angles leads to steeper sidewalls when the over-milling technique is applied. Because of
the metal protection layer, the surface of the photonic and phononic crystal structure is
not subject to additional beam irradiation. Besides the option to apply the over-milling
technique, the metal protection layer also prevents very round edges at the topside of
the diamond structures. The beam tails will still remove material around the area that
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is intended to be patterned, but most of this additional sputtering is located in the
metal layer. The removal of the metal protection layer with chromium etchant after
processing leaves a diamond structure without rounded edges.

Figure 4.2 shows a photonic and phononic crystal structure fabricated with focused
ion beam milling. The design of the grating couplers is adapted from reference [322].
The hole diameters are much smaller than in the modelled structures as they will grow
considerably larger during the post-processing treatment. The inclined view shows that
the membrane is not perfectly �at and that the airbridge structure is bending upwards
due to residual stress in the diamond material. The hole sidewalls typically have angles
between 4◦ and 6◦ for structures fabricated with focused ion beam milling [42,325].

Fabrication with Reactive Ion Etching

In contrast to the fabrication of structures with focused ion beam milling, patterning
with a reactive ion etching technique always requires a mask. Here, a material system
consisting of two di�erent layers is used for this purpose. A spin-on-glass consisting
of hydrogen silsesquioxane (product: Flowable Oxide FOx, Dow Corning) is applied
directly on the diamond membrane with a thickness of 50 nm and cured at 400 ◦C in
vacuum for two hours. On top of this glass layer, a chromium mask of 80 nm thickness
is sputtered onto the sample. For etching photonic and phononic crystal structures in
diamond membranes, an additional etch step is required between curing of the spin-on-
glass and the chromium layer. Through holes and cracks in the diamond membrane,
small amounts of hydrogen silsesquioxane arrive at the backside of the sample and
residues of the spin-on-glass prevent a full release of the patterned structures as shown
in �gures 4.3(a) and (b). These residues need to be removed by an additional �uorine
etch step to clean the backside of the membrane before applying the chromium layer. If
this order is not respected, the chromium layer cracks and parts of the membrane can
accidentally be released during the oxygen plasma etch step as shown in �gure 4.3(c).

(a) Residues of spin-on-glass

under airbridge structure.

(b) Residues of spin-on-glass

under M3 structure.

(c) Cracks caused by �uo-

rine plasma.

Figure 4.3: Spin-coating of hydrogen silsesquioxane typically leads to residues of spin-on-glass

on the backside of the diamond membrane (a,b). Applying the �uorine plasma to the backside

of the sample in order to remove the residues after application of the chromium layer leads to

cracks in the metal mask (c).
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The chromium mask is patterned using focused ion beam milling. Patterning only the
chromium mask is much faster than penetrating the entire thickness of the diamond
membrane with a comparably low sputtering rate in case of focused ion beam milling.
This reduces the unwanted side e�ects of beam drift occurring for long structuring times
and allows for a much more precise patterning of the photonic and phononic crystal
structures. The intermediate glass layer is very important for this mask patterning step
as a direct ion beam irradiation of diamond can lead to an unwanted etch resistance of
the diamond [327,328]. Therefore, the thickness of the intermediate glass layer and the
penetration depth of the focused ion beam upon mask patterning are crucial to obtain
structures of high quality. On the one hand, the penetration depth needs to be high
enough so that the entire chromium layer is removed in the patterned areas. On the
other hand, the diamond should always remain covered with a complete layer of glass
in order to avoid accidental masking of the diamond. The pro�le of the ion beam makes
this a challenging task as the dose is much higher in the centre of all patterned areas
than on the edges. The intermediate glass layer therefore needs to be thick enough to
allow for this beam pro�le and the patterning depth needs to be calibrated with test
structures.

(a) Patterning too shallow. (b) Correct depth. (c) Patterning too deep.

Figure 4.4: In�uence of the focused ion beam's penetration depth during mask patterning on

the etch result. Only a well-adjusted patterning depth in allows for etching of the diamond (b)

without shielding by residual chromium (a) or passivation of the diamond surface through ion

beam exposure (c).

Figure 4.4 shows cross-sections of structures with di�erent penetration depths of the
focused ion beam. It can be seen that the patterning depth needs to be carefully adjusted
as deviations from the optimal penetration depth prevent etching of the photonic and
phononic crystal patterns. For a too low patterning depth shown in �gure 4.4(a), the
chromium layer is not entirely removed in the patterned areas and shields the underlying
materials during the etch process. For a too high patterning depth shown in �gure 4.4(c),
the diamond is passivated through exposure to the ion beam and cannot be etched by
the oxygen plasma. A very small stripe at the edges of the patterned area is still
etched in this case as the beam tails create a small zone where the diamond is not
exposed to focused ion beam irradiation. The milling depth, however, is di�cult to
adjust in practice as the ion beam current constantly increase during the lifetime of the
aperture. The ion beam also sputters material from the aperture so that the e�ective
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beam current increases over time. Therefore, a single calibration is not su�cient to
continuously obtain reliable results. Test structures are made and analysed every time
a new mask is patterned to assure that the correct depth is reached.

The etch step is performed with an inductively coupled plasma reactive ion etching
(ICP-RIE) process . A high density plasma is created by electromagnetic induction
and accelerated onto the sample with a bias voltage. This allows at the same time
very high etch rates as the plasma density is increased by the electric �elds generated
through induction, and a highly anisotropic etch process assured by the bias voltage
that directs the reactive ions onto the sample in surface normal direction. Etching of
the photonic and phononic crystal structures is performed in a two-step process. In the
�rst step, the intermediate glass layer is etched with a �uorine plasma. In a subsequent
step, the diamond is etched in an oxygen plasma. For both etch steps, a number of
parameters have to be adjusted in order to obtain a good etch result. Especially the
�ows of the di�erent process gases, the power with which the inductively coupled plasma
is generated, and the pressure inside the etch chamber need to be carefully adapted to
optimise the process. Table 4.1 shows the optimal set of parameters for both the �uorine

Parameter Fluorine Plasma Oxygen Plasma

Ar �ow [sccm] 20 15

CHF3 �ow [sccm] 30 0

O2 �ow [sccm] 0 25

Chamber pressure [mTorr] 30 10

RF bias power [W] 20 100

ICP power [W] 200 750

Table temperature [◦C] 20 20

Additional cooling yes no

Etch duration [sec] 210 210

Table 4.1: Etch plasma parameters. The intermediate glass layer is etched with the �uorine

plasma in a �rst step, followed by the oxygen plasma to etch the diamond. The additional

cooling in the case of the �uorine plasma is combination of a water cooling with 18 ◦C and a

helium �ow directed on the backside of the sample.

plasma used to etch the intermediate glass layer and the oxygen plasma used to etch
the diamond. This set of parameters is optimised to fabricate photonic and phononic
crystal resonators in single crystal diamond membranes.

Figure 4.5 shows di�erent structures fabricated with this set of parameters. Fig-
ure 4.5(a) shows a top view of three photonic and phononic crystal resonators with
straight grating couplers etched into a bonded diamond membrane. The holes of the
three structures are patterned with 70 %, 80 %, and 90 % (from left to right) of the
target size to account for the additional increase during etching and post-processing.
It can be seen that the diamond bridges between neighbouring holes partly collapse
during the etch process. This only appears between the larger innermost holes of the
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(a) Structures etched in a bonded diamond membrane patterned with 70 %, 80 %, and

90 % of the target size (from left to right).

(b) Hole diameters measured from central

structure in (a)

(c) Structure in heteroepitaxially

grown diamond.

Figure 4.5: Photonic and phononic crystal structures etched in diamond membranes on dif-

ferent samples. The parameters of the etch processes are speci�ed in table 4.1. The horizontal

stripes around the grating couplers in (a) stem from charging of the sample during imaging.

The pattern size of (c) is 70 % of the target size.
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structures with larger overall hole diameters (centre and right structure). Figure 4.5(b)
shows that the hole diameters of the structure patterned with 80 % measured from a
high-resolution SEM image match the target values. However, this method is not very
accurate and the limited precision of the values needs to be considered. Figure 4.5(c)
shows an angled view of a structure etched in heteroepitaxially grown diamond. The
sidewalls are smooth and steep and that both holes and trenches are etched.

As the entire etch process was developed in the course of this work, many preliminary
steps were required in order to obtain diamond photonic and phononic crystals with
steep and smooth sidewall that match the parameters of the modelled structures. In
the following, a selection of the results obtained during the development of the etch
procedure are shown. Related challenges and solutions are discussed along with the
results.
Figure 4.6 shows the etch results for the same parameters as listed in table 4.1 except
for a varying power generating the inductively coupled plasma. This parameter directly
a�ects the plasma density and it can be seen that a higher power also leads to a strong
mask erosion. The ideal value is thus high enough to allow for high etch rates generating
steep and smooth sidewalls but low enough to avoid mask erosion.

(a) ICP power 700 W. (b) ICP power 800 W. (c) ICP power 900 W.

Figure 4.6: In�uence of the ICP power on the etch result for photonic crystal structures

fabricated in a bulk diamond sample. Di�erent values of 700 W (a), 800 W (b), and 900 W (c)

have been tested. A higher power increases the plasma density and allows for higher etch rates

and steeper sidewalls but also causes strong mask erosion.

Figure 4.7 shows other aspects besides the ICP power that have an in�uence on the etch
process. As example for a variation of the gas composition, �gure 4.7(a) shows the etch
result for a higher oxygen content in the etch plasma. It can be seen that the holes are
not properly etched and that the surface quality is not ideal. This leads to grooves in
the hole sidewalls and "grass" covering the bottom of the holes. Figure 4.7(b) shows a
photonic and phononic crystal structure that was etched at a lower chamber pressure
of only 8 mTorr. This results in inclined sidewalls while a higher pressure would cause
stronger mask erosion. Figure 4.7(c) shows a structure fabricated with a longer the
duration of the oxygen plasma etch step of 240 sec. It can clearly be seen that mask
erosion leads to a strong degradation of the structure. Adjusting the duration of each
etch step is a crucial factor to obtain photonic and phononic crystal structures of high
quality.
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During the development of the etch procedure, a number of problems preventing
a successful sample fabrication were identi�ed. Figure 4.8 shows a collection of non-
perfect etch results that can be attributed to di�erent problems. As there is a limited
availability of thin diamond membranes, initial etch tests were also performed in bulk
diamond samples. However, the optimal set of parameters found for one sample type
cannot directly be transferred to other material systems what can be attributed to
deviating thermal and electric conductivity of di�erent samples.

Figure 4.8(a) shows a structure fabricated in a heteroepitaxially grown diamond
membrane where the sample was placed on a very thin glass slide during reactive ion
etching. This prevents a good conduction of heat and electric currents to the silicon
substrate wafer and leads to unevenly etched structures with poor surface quality. This
rather drastic example for the in�uence of conductivity on the etch result illustrates why
the optimal set of parameters deviates for structures etched in bulk diamond samples,
into the bulk part of diamond grown on or bonded onto a silicon substrate, and thin
diamond membranes.

(a) Higher oxygen content. (b) Lower chamber pressure. (c) Longer etch duration.

Figure 4.7: Photonic and phononic crystal structures etched by oxygen plasma with slightly

varying parameters compared to the ones given in table 4.1. (a) Argon �ow of 10 sccm and

oxygen �ow of 30 sccm, bulk diamond sample. (b) Lower chamber pressure of 8 mTorr, bulk

diamond sample. (c) Longer etch duration of 240 sec, heteroepitaxially grown membrane.

Figure 4.8(b) shows a structure that was etched in ten short intervals of only 21 sec
each. This increases the ignition step's in�uence on the overall etch result and allows
the sample to cool down between the individual etch cycles. This results in a highly
uneven etch result with a very low etch rate and almost no material removal in the holes
of the photonic and phononic crystal structure.
Figure 4.8(c) is an example for the poor reproducibility of the entire etch process. Both
the sample and the fabrication procedure are exactly the same as for the structure shown
in �gure 4.6(a), but the result is obviously not satisfying. As many steps are required
before obtaining diamond photonic and phononic crystal structures, it is not possible
to always identify the reasons for the failure of an etch process. There are parameters
that are di�cult to control in practice, like for example the contamination of the etch
chamber, the waiting time between the processing steps, or the ageing of the hydrogen
silsesquioxane that is spin-coated onto the sample to create the intermediate glass layer.
This also makes it di�cult to optimise the process as the result of an individual etch run
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(a) Sample placed on very

thin glass slide during etch.

(b) Etch plasma applied in

short cycles of 21 sec each.

(c) Example for poor repro-

ducibility of etch process.

Figure 4.8: Non-perfect etch results. (a) Sample placed on very thin glass slide during reactive

ion etching. (b) Oxygen plasma applied in ten short cycles of 21 sec each. (c) Parameters as

listed in table 4.1, expected to show result as in �gure 4.6(a), fabricated on the very same

sample.

might either be due to the parameter set chosen for the fabrication, or due to unidenti�ed
singular deviations from the regular procedure. The limited number of available samples,
but primarily the heavily restricted access to the processing facilities make it impossible
to double-check all results. The set of parameters listed in table 4.1, identi�ed to be
suitable for the fabrication of diamond nanostructures, might thus be found not to be
ideal when an extensive study of the entire parameter range is performed.

4.1.3 Post-Processing Treatment of the Diamond Samples

After the etch procedure, the masks are removed in wet-etching treatments with chromium
etchant and hydro�uoric acid. Besides removal of the etch masks, a post-processing
procedure is required to recover a diamond material with good optical quality [42]. Es-
pecially in the case of structures patterned with focused ion beam milling, the diamond
quality is degraded and the damaged layer needs to be recovered or removed. To this
end, a high temperature annealing step follows the patterning of the structures. The
samples are heated to 1000 ◦C in vacuum for 120 min. At this high temperature, va-
cancies and residual Gallium ions become mobile. In the damaged diamond layer, the
individual atoms form sp3 and sp2 bonds corresponding to diamond or graphite. After
high temperature annealing, subsequent oxidation steps remove all graphite and amor-
phous carbon covering the diamond. Oxidation can be performed thermally by heating
the sample to 450 ◦C in air for 180 min. In addition, a chemical oxidation with so-called
piranha solution, a mixture of sulphuric acid and hydrogen peroxide, is performed.

The removal of all diamond areas that have been heavily damaged during patterning,
further increases the diameters of the air holes. This increase of hole sizes is di�erent for
both patterning techniques and needs to be calibrated in order to match the desired pa-
rameters after all processing steps. Photonic and phononic crystal structures fabricated
with focused ion beam milling should be patterned with only 30 to 40 % of the desired
�nal hole size, and structures fabricated with reactive ion etching with 70 to 80 %. It
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also needs to be considered that especially in the case of structures fabricated with
focused ion beam milling, the diameters of larger holes generally increase more during
the post-processing procedure than the smaller holes at the ends of the structure. This
means, that not only the overall hole sizes but also the distribution of hole sizes needs
to be adapted to the fabrication procedure.

In principle, this post-processing treatment is a rather uncritical part of the fabrica-
tion procedure and tends not to have a strong impact on the resulting structures. Due to
malfunctions of di�erent annealing ovens, however, various photonic and phononic crys-
tal structures fabricated with reactive ion etching in di�erent diamond samples were
destroyed. Therefore, the structures shown in �gure 4.5 fabricated with reactive ion
etching could not further be analysed although they look very promising as the side-
walls are both smooth and steep and the geometric parameters match the target values
very well.

4.2 Characterisation of the Fabricated Samples

The optical properties of the fabricated samples are investigated with confocal mi-
croscopy [329]. The background �uorescence of diamond is exploited to feed the op-
tical resonator modes. Due to the very high frequencies in the GHz range, mechanical
resonator modes can only be detected indirectly via an optical measurement of optome-
chanical coupling. This requires a measurement in vacuum as friction at the surface
leads to a very strong viscous damping. Unexpected issues occurring for measurements
in vacuum that prevent a measurement of optomechanical interaction are shown and
analysed.

4.2.1 Measurement Setups

Two di�erent setups based on the same measurement principle, but with di�erent indi-
vidual components are used to characterise the fabricated samples. One of the setups
only allows measurements at ambient conditions with the advantage that sample mount-
ing is not required. The other setup allows for measurements in vacuum and at cryogenic
temperatures, but the sample needs to be �xed onto an upright holder.

In both setups, the diamond �uorescence is excited by a diode laser at 532 nm
focused onto the photonic crystal structures through a microscope objective with a
numerical aperture of NA = 0.8. The �uorescence of the sample is collected by the
same objective and analysed by a spectrometer based on a nitrogen-cooled camera .
The sample chamber of the second setup can be evacuated with the help of a turbo
pump that also provides an inbuilt pressure sensor.

4.2.2 Structures Fabricated with Focused Ion Beam Milling

Figure 4.9(a) shows the �uorescence spectrum of the structure depicted in �gure 4.2.
The photonic and phononic crystal pattern has been fabricated with focused ion beam
milling in a heteroepitaxially grown diamond membrane. The broad peak around 740 nm
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can be attributed to an ensemble of silicon vacancy colour centres created in the diamond
material during growth. With a polariser aligned either along the x-direction or the y-
direction, the narrow peak at 720 nm can be identi�ed as resonator mode 4.9(a). The
optical resonator modes of the photonic and phononic crystal structures are even modes
and can be identi�ed in the spectrum due to their clear polarisation along the y-direction.
Figure 4.9(b) shows a Lorentzian �tted to the optical resonator mode. The underlying
data set is the di�erence between the green and red spectra in �gure 4.9(a) corresponding
to a polariser oriented along the y- or the x-direction, respectively. This method allows
to mitigate the in�uence of the broad background as only the di�erent throughput of
the detection path for di�erent polarisations contributes to the di�erence between these
spectra besides the optical resonator modes. With the help of equation 2.6, the quality
factor of the resonator mode can be determined to Qopt,FIB ≈ 1000. The exact value
(here Qopt,FIB = 993 according to the result of the data analysis) should be handled with
care as the spectra typically are not noise-free and slightly di�erent starting parameters
can alter the result of the �tting algorithm.

(a) Spectrum of photonic and phononic crys-

tal structure with di�erent polarisation �lter-

ing in the detection path.

(b) Determination of the optical quality fac-

tor by �tting a Lorentzian peak to the optical

resonator mode.

Figure 4.9: Fluorescence spectra measured at ambient conditions of the photonic and phononic

crystal structure shown in �gure 4.2 fabricated with focused ion beam milling. (a) A clear

polarisation along the y-direction characterises the peak at 720 nm as even optical resonator

mode. (b) The quality factor can be determined to Qopt ≈ 1000 by �tting a Lorentzian peak

to the spectrum.

In order to detect optomechanical coupling, a measurement in vacuum needs to be
performed. Friction at the surface leads to viscous damping of the mechanical oscilla-
tion and is one of the predominant damping mechanisms of the mechanical resonator
mode [258]. Optomechanical coupling and the indirect signatures of the mechanical res-
onator mode can thus only be observed in vacuum. The sample showing the spectrum
depicted in �gure 4.9(a) is mounted in the setup allowing for measurements in vacuum
and at cryogenic temperatures. After evacuation of the sample chamber overnight, no
signatures of the optical resonator mode can be detected. The sample is cleaned and
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oxidised multiple times, but no resonator modes can be observed in vacuum. However,
the resonator mode remains visible when measuring at ambient conditions.

In a next step, the sample chamber was evacuated slowly and �uorescence spectra
were taken continuously. To this end, only the pre-pump was used allowing for a very
moderate evacuation speed. Figure 4.10 shows a set of spectra taken at di�erent times
during the evacuation process. Partly, more than one spectrum is assigned to a single
chamber pressure due to the limited resolution of the pressure sensor. In that case,
the corresponding spectra were taken with a time delay of 15 min during the continu-
ous evacuation process. The images are shown in the order they were taken, starting at
ambient pressure before pumping and ending with venting after the evacuation measure-
ments. The intensities are not calibrated and might deviate slightly due to the required
realignments during the evacuation process. The excitation power was much higher for
the spectrum shown in 4.10(a), but constant for all other spectra. The heavily varying
relative intensity of the optical resonator mode can thus be considered a true result of
the measurement.

Figure 4.10(l) shows an evaluation of all spectra taken during the evacuation process
and after venting. The wavelengths of all resonator modes are shown for each spectrum
depicted in �gure 4.10(a) through (k). It can be seen that the resonator mode shifts
toward the red wavelength side during the evacuation process. Eventually, additional
modes appear that all individually also shift toward longer wavelengths. Also the relative
intensity of the individual resonator modes changes over time, resulting in a higher
intensity of the peaks at higher wavelengths. All peaks visible in the spectra show a
clear polarisation along the y-direction and can thus be identi�ed as even cavity modes.
After venting of the sample chamber, the predominant resonator mode almost matching
the zero phonon line of the silicon vacancy colour centre ensemble is still visible at the
spectral position where it has been observed at the last step of the evacuation procedure.

This result shows that it does not seem as if the pressure directly a�ects the opti-
cal resonator mode. It appears more probable that another mechanism is causing the
changes in the spectrum for the measurements in vacuum. To test this hypothesis, an-
other test run is performed with the same photonic and phononic crystal structure. Only
the pre-pump is used to evacuate the sample chamber overnight so that no optical res-
onator modes can be observed in the spectrum as shown in �gure 4.11(a). Then, several
spectra are recorded directly after venting shown in �gure 4.11(b), and for waiting times
of two hours shown in �gure 4.11(c), and of �ve hours shown in �gure 4.11(d). It can
be seen that the spectrum directly after venting does not change signi�cantly compared
to the spectrum under vacuum. However, after a waiting time of two hours, optical
resonator modes can be observed in the spectrum again. After �ve hours waiting time,
the spectrum again shows a single optical resonator mode, however shifted compared
to the original spectrum shown in �gure 4.9. This shift can be attributed to multiple
oxidation steps that were performed between the individual measurements. The clear
polarisation properties of the maxima allow to identify all peaks as even modes of the
optical resonator. The absolute intensities of the di�erent spectra cannot directly be
compared, but as the excitation power was constant for all spectra, the drastic drop in
the overall intensity seems to correlate with the reappearance of the optical resonator
modes.
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(a) atmosphere (b) 5.4 · 101 mbar (c) 5.4 · 10−4 mbar

(d) 2.2 · 10−5 mbar (e) 1.9 · 10−5 mbar (f) 1.6 · 10−5 mbar

(g) 1.6 · 10−5 mbar (h) 1.4 · 10−5 mbar (i) 1.4 · 10−5 mbar

(j) 1.4 · 10−5 mbar (k) atmosphere (l) modes spectra (a)-(k)

Figure 4.10: Fluorescence spectra taken during the evacuation process of the photonic and

phononic crystal structure shown in �gure 4.2 fabricated with focused ion beam milling. The

pressure can only be determined with very limited precision giving only a rough estimate, and

several spectra corresponding to the same pressure are recorded with a delay of 15 min. The

spectra at atmospheric pressure were taken directly before evacuating (a), and directly after

venting (k). (l) Wavelengths of the optical resonator modes appearing in spectra (a) - (k).
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These results suggest that a mechanism not considered so far is strongly a�ecting
the optical properties of the resonator modes in vacuum. This is slightly surprising
as it did not occur in comparable measurements using the same equipment with two-
dimensional photonic crystal resonators in diamond [91]. One possible explanation
could be the greater susceptibility of one-dimensional structures to small changes of
the e�ective optical structure, when thin layers potentially covering the sample surface
desorb during the evacuation process. The time constant observed for the changes in the
optical spectrum could very well be explained by adsorption and desorption of a very
thin �lm, possibly water. However, the drastic impact on the optical properties and the
shift to the red wavelength side contradict this theory. Based on numerical modelling,
the removal of material at the surface should result in a blue-shift of the optical resonator
modes by few nanometres. The appearance of additional optical modes after removal
of a very thin surface layer covering the entire structure cannot be con�rmed with
simulation results.

(a) before venting (b) directly after venting

(c) 2 hours after venting (d) 5 hours after venting

Figure 4.11: Fluorescence spectra taken during the venting process of the photonic and

phononic crystal resonator shown in �gure 4.2 fabricated with focused ion beam milling. The

di�erent spectra are recorded directly before, directly after and at di�erent waiting times after

venting.
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Another parameter that could possibly explain the measurement result and not
investigated so far is the quality of the diamond starting material. For the measure-
ments in reference [91], commercially available diamond membranes have been used as
starting material, whereas the measurements shown here were performed with heteroepi-
taxially grown diamond. The initial surface termination is not known for both sample
types. However, the fabrication procedure including focused ion beam milling and post-
processing treatments is the same and should result in similar surface properties and the
reasons for the observed shifting and eventual vanishing of the modes upon pumping and
venting cannot clearly be identi�ed. This unexpected e�ect prevents the measurement
of optomechanical interaction as an optical resonator mode visible in vacuum is the
minimum requirement to �nd signatures of optomechanical coupling. Therefore, also
the mechanical resonator modes cannot be characterised through indirect signatures in
the optical properties of the photonic and phononic crystal structures.

4.2.3 Structures Fabricated with Reactive Ion Etching

(a) Inclined view. (b) Close-up.

Figure 4.12: Photonic and phononic crystal structure fabricated with reactive ion etching

applying the oxygen plasma as described in table 4.1.

The structures depicted in �gure 4.5, fabricated in two di�erent sample types with
reactive ion etching showed very good results judged from the scanning electron mi-
croscopy images. Due to unexpected problems, in particular the malfunction of di�erent
annealing ovens, they were unintentionally destroyed during the post-processing treat-
ment and could not be characterised with respect to their optical properties. Therefore,
another batch of photonic and phononic crystal structures was fabricated in a heteroepi-
taxially grown sample with the reactive ion etching process described in section 4.1.2.
However, due to the rather poor reproducibility of the etch process, the resulting struc-
tures did not turn out nearly as good as the previously fabricated ones. Even a slight
variation of the etch plasma parameters did not help with obtaining better results. An
optical characterisation was, however, possible and will be shown here to demonstrate
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that successful the fabrication of photonic and phononic crystal structures is possible
with the reactive ion etching process characterised by the set of parameters given in
table 4.1.

The structure shown in �gure 4.12 shows a photonic and phononic crystal struc-
ture etched with the parameters given in table 4.1 that should in principle deliver the
results shown in �gure 4.5. The actual structures, however, show rough and inclined
sidewalls and the etch depth was not su�cient to release the airbridge from the diamond
membrane. In addition, the close-up view reveals that the holes are not patterned prop-
erly and �grass� covers their inside. Despite this less-than-perfect fabrication results,
this structure still shows optical resonator modes with quality factors of approximately
Qopt,RIE ≈ 1000. The �uorescence spectrum of the structure shown in �gure 4.12 is
shown in �gure 4.13 a. Several more structures showed optical resonator modes and it
is striking that most structures show an unexpected �uorescence spectrum with several
modes of unclear polarisation and a very high and atypical background. This indicates
that the less-than-perfect appearance of these structures also translates into their op-
tical properties and the results from numerical modelling cannot reliably predict the
�uorescence spectrum in this case.

(a) Fluorescence spectrum of the one-

dimensional photonic crystal structure shown

in �gure 4.12.

(b) Fluorescence spectrum of the two-

dimensional photonic crystal structure shown

in �gure 4.14.

Figure 4.13: Fluorescence spectrum of structures fabricated with reactive ion etching measured

with di�erent polarisation �lters in the detection path. (a) Two modes with quality factors

Qopt,RIE ≈ 1000 can be detected. (b) The spectrum shows a mode with moderate quality factor

Qopt,RIE ≈ 300.

In order to obtain etched structures that are fully released from the diamond mem-
brane, another batch of structures is fabricated with the same set of parameters but
with a slightly longer duration of the oxygen plasma of 240 sec. Also in this case, many
of the fabricated structures show optical resonator modes with quality factors up to
Qopt,RIE ≈ 1000 although the results of the patterning are rather poor. Also here, the
spectra deviate from the ideal case in terms of mode pattern and �uorescence back-
ground. To exemplify the optical properties of the characterised structures, �gure 4.13
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b shows the �uorescence spectrum of a two-dimensional photonic crystal structure with
seven missing holes to form a resonator (M7). It can be seen that the optical resonator
mode shows a very high intensity indicating that no residues are polluting the surface.
Scanning microscope images of the corresponding structure are shown in �gure 4.14.
A strong sinking of the structures can be observed and the diamond bridges between
neighbouring holes at least partly collapsed. Due to the longer duration of the oxygen
plasma, the mask eroded what can be seen in the horizontal stripes stemming from
charging of the sample where almost no residues of the chromium mask can be found
after the reactive ion etching.

(a) Top view. (b) Inclined view.

Figure 4.14: Two-dimensional photonic crystal structure fabricated with reactive ion etching

applying the oxygen plasma as described in table 4.1 for a slightly longer duration of 240 sec.

It remains to conclude that the issues occurring during the post-processing treatment
did not allow to optically characterise the samples that were fabricated with reactive ion
etching ans showed good results. Due to the poor reproducibility of the etch process, the
only other batch of structures that could be patterned did not show equally good results.
However, even with less-than-perfect results, various one- and two-dimensional photonic
crystal structures showed optical resonator modes with quality factors Qopt,RIE ≈ 1000.
Despite its poor reproducibility, the reactive ion etching process still shows promising
results. Its reliability is comparable to that of the patterning with focused ion beam
milling where only a small fraction of the fabricated structures shows optical resonator
modes at all. While a value of Qopt,exp ≈ 1000 seems to set a hard boundary in the case
of focused ion beam milling, even structures with obvious imperfections show equally
high values when fabricated with reactive ion etching.
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This chapter summarises the results of this work and discusses their implications. In
particular, several �gures of merit for both the optical and mechanical resonator modes
are calculated and discussed based on the results from numerical modelling and from
measurements of the fabricated samples. Also for optomechanical interaction and strain
coupling, the results obtained from numerical modelling are shown and evaluated based
on �gures of merit characterising the interaction. This analysis is complemented with
a critical assessment of realistic experimental possibilities with the fabricated samples.
The results for hybrid interaction are discussed considering both the lower quality factors
of fabricated structures and the limitations of the model used to describe the dynamics of
the integrated system. The fabrication processes described in this work are assessed and
possible improvements are identi�ed. Limitations for the experimental characterisation
of the fabricated samples in vacuum are analysed. Possible strategies to address these
challenges are identi�ed in order to pave the way towards an experimental demonstration
of the interactions studied in this work.

5.1 Optical Resonator Mode and Grating Couplers

A localised cavity mode arising from the dielectric band can be con�ned with the help
of an inverse design approach based on the mode gap e�ect. The even resonator mode
shows a very high optical quality factor of Qopt = 1.4 · 107 corresponding to a decay
rate κ ≈ 100 MHz and a low mode volume of Vopt = 2 (λ/n)3. The optical wavelength
can be adapted with the overall scaling by choosing a suitable lattice constant a. For
a lattice constant of a = 233 nm, a resonator mode matching the zero phonon line
of the silicon vacancy colour centre at 738 nm is obtained. A slightly reduced lattice
constant of a = 192 nm gives an optical cavity in resonance with the zero phonon line
of the nitrogen vacancy colour centre at 637 nm. The e�ective Purcell factor for the
interaction between the optical resonator mode and an emitter placed in the centre of
the diamond structure is F = 5.3 · 105. For fabricated photonic crystal structures, the
Purcell factor reduces to F ≈ 40 due to the lower optical quality factor Qopt,exp ≈ 1000
corresponding to a decay rate κexp ≈ 1012Hz.

This optical resonator mode can be addressed with grating couplers providing in-
and out-coupling at both ends of the airbridge structure. While the concept of grating
couplers itself is not new, their design has been adapted to suit the requirements of the
particular applications in this work. The grating couplers presented in this work are
not only suitable for a fabrication with reactive ion etching, but also optimised to suit
the photonic and phononic crystal resonator with respect to the structure dimensions
and the resonance frequency. One of the grating coupler designs is based on half-circles
whereas the other one consists of a regular pattern of grooves. Both with the round and
the straight grating couplers, an in- and out-coupling e�ciency of 25 % can be reached.
This results in an external cavity decay rate κext = 0.125κ, allowing for an average
photon population of nopt = 100 when resonantly driving the optical resonator with
an input laser power of PL = 5 nW. Even when non-perfect fabrication reduces the
coupling e�ciency to 10 %, an input power of only PL = 13 nW is required to reach a
photon population of nopt = 100 in the optical resonator mode.
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5.2 Mechanical Resonator Mode

Based on the structure investigated with respect to its optical properties, a number of
localised mechanical resonator modes can be found. The lowest order fully symmetric
mode arising from the Γ-point, G2, is most suitable for optomechanical interaction and
is thus the only mechanical resonator mode analysed in more detail. It shows record
mechanical frequencies of fm = 12.4 GHz for dimensions where the optical resonator
mode is resonant with the silicon vacancy colour centre, and even fm = 14.4 GHz when
adapted to match the zero phonon line of the nitrogen vacancy colour centre. A very
high mechanical quality factor of Qm = 1.4 · 106 can be reached without modifying the
photonic and phononic crystal structure from the parameters optimised with respect to
a high quality factor of the optical resonator mode. This corresponds to a decay rate
of the mechanical oscillation of Γm ≈ 10 kHz. Even higher values up to Qm = 2.4 · 107

can be reached by introducing a mirror section with holes of constant radius on the
edges of the structure. Besides the temporal con�nement, the structure also provides an
excellent spatial con�nement with e�ective masses below 100 fg for structures adapted
to the nitrogen vacancy colour centre. A population with a single cavity phonon results
in an extremely low zero point �uctuation xZPF corresponding to a maximal elongation
of few femtometers.

In contrast to the optical resonator mode, the mechanical resonator mode can be
populated thermally. The thermal phonon occupation number of the mechanical cavity
can be determined by the approximation given in equation 2.18. For a photonic and
phononic crystal structure designed to match the zero phonon line of the nitrogen va-
cancy colour centre, the thermal phonon population number is nth,RT ≈ 450 at room
temperature, and only nth,4K ≈ 6 at 4 K. It even drops below a single phonon for tem-
peratures below 0.7 K and reaches values of nth,1mK ≈ 10−3 at very low temperatures of
1 mK. This means that the extremely high mechanical frequencies above 10 GHz allow
for cryogenic cooling of the mechanical resonator close to the quantum ground state
of motion. This makes mechanical resonator modes localised in diamond photonic and
phononic crystal structures a very interesting candidate for studying quantum e�ects
on a nearly macroscopic scale.

Also the decoupling from the thermal environment of Qm×fm = 1017 surpasses that
of other mechanical resonators [103]. The number of coherent oscillations that can be
performed before thermal decoherence appears varies depending on the temperature of
the thermal bath between Nosc,300K ≈ 1000 at 300 K over Nosc,4K ≈ 104 at 4 K to over
Nosc,1mK ≈ 106 at 1 mK based on the expression given in equation 2.20.

When considering that the temporal con�nement of real fabricated structures is
considerably weaker, an experimental mechanical quality factor of Qm,exp ≈ 1000 seems
realistic based on the analogous degradation of the optical quality factor measured as
Qopt,exp ≈ 1000. The decay rate of the mechanical resonator mode then increases to
Γm,exp ≈ 100 MHz. Even then the reduced decoupling of Qm × fm = 1013 can still very
well compete with other mechanical resonators. However, at room temperature not even
a single coherent oscillation can take place in this case. A single coherent oscillation
can only be performed at cryogenic temperatures around 4 K, while more oscillations
Nosc,1mK ≈ 104 are possible at very low temperatures around 1 mK.
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5.3 Optomechanical Coupling

The interaction between the optical and the mechanical resonator modes co-localised in
the diamond photonic and phononic crystal structure is investigated based on the full
cavity �elds. Considering both the moving boundaries and the photoelastic e�ect, the
single photon optomechanical coupling constant is in the range gOM,0 ≈ 10 MHz for a
mechanical excitation of a single cavity phonon. With the decay rates of the optical and
mechanical resonator modes κ ≈ 100 MHz and Γm ≈ 10 kHz found in the simulations, a
single photon optomechanical cooperativity of COM,0 ≈ 100 can be reached. This allows
for entering the large cooperativity regime where the interaction dominates the dynamics
of the coupled system as a coherent population with single photons and phonons is
assured during the entire interaction cycle. However, the strong single photon coupling
regime giving rise to a shared eigenstate of the optical and the mechanical resonator
mode cannot be accessed as the interaction rate does not surpass the decay rate of
the optical cavity. However, with a higher photon population, the regime of linearised
optomechanical interaction can be exploited and the strong coupling regime can be
entered for cavity photon numbers nopt ≥ 100. For a transmission e�ciency of 25 %
provided by the grating couplers shown in this work, a resonant excitation with only
PL ≈ 5 nW laser power is required to access the strong optomechanical coupling regime.

Besides the interaction strength, also the sideband resolution of an optomechanical
device is relevant for practical applications. The high mechanical resonator frequency
fm ≥ 10 GHz allows for entering the resolved sideband regime. The necessary condition
given in equation 2.52 is ful�lled due to the high optical quality factor Qopt = 1.4 · 107

providing a narrow spectral signature of the optical cavity mode. This means that
signatures of optomechanical coupling can directly be detected in the optical spectrum
of the device in the form of sidebands to the optical cavity mode, that appear in a
spectral distance corresponding to the frequency of the mechanical resonator mode.

Resolved sidebands do not only allow for a direct spectral detection of optomechan-
ical coupling, but also very high optomechanical cooling rates Γ̃OM,res are possible in
this regime. Based on equation 2.69, the optomechanical cooling rate in the resolved
sideband regime can be determined to Γ̃OM ≈ 4 MHz based on the values retrieved from
the simulations for optimal excitation on the red-detuned sideband corresponding to
∆L = −ωm. The �nal temperature that can be reached depends on the initial temper-
ature and is Tf < 1 K already for a cooling process that starts at room temperature.
In absence of a thermal bath, an asymptotic minimal phonon occupation number of
nm,min,OM ≈ 10−8 can be achieved according to equation 2.73. The more realistic �nal
phonon number nf,OM also taking into account heating from the thermal environment is
only slightly above a single quantum of motion for a bath temperature of 300 K when ex-
ploiting the relation given in equation 2.74. The population of the mechanical resonator
mode can thus be reduced below a single phonon in combination of optomechanical and
moderate cryogenic cooling. For liquid helium temperatures of 4 K, the �nal phonon
occupation number is as low as nf,OM = 0.014.

As alternative to cooling, also heating of the mechanical oscillation via optome-
chanical coupling is possible. A blue-detuned excitation allows for heating rates corre-
sponding to the cooling rates derived for red-detuned excitation. The threshold given
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in equation 2.71 marks the border between simple ampli�cation and phonon lasing.
This threshold is surpassed for the optomechanical interaction strength provided by the
photonic and phononic crystal structure in diamond as the heating rate Γ̃OM ≈ 4 MHz
surpasses the decay rate of the mechanical resonator Γm ≈ 10 kHz. This result shows
that a coherent phonon �eld can indeed be generated based on optomechanical interac-
tion taking place in the photonic and phononic crystal structure studied in this work.

However, when considering the real structures with considerably lower optical qual-
ity factors Qopt,exp ≈ 1000, sidebands cannot be resolved in the spectrum of the optical
resonator. The system is thus in the Doppler regime. Even in the very optimistic
scenario when the mechanical quality factor of the fabricated sample is as high as pre-
dicted by simulations, the single photon optomechanical cooperativity is low. Taking
a much more realistic assumption that the mechanical quality factor of a real struc-
ture is comparably low as the measured optical quality factor with Qm,exp ≈ 1000, the
resulting cooperativity COM,0,exp < 10−6 shows that the large cooperativity regime is
far beyond reach with the structures fabricated by focussed ion beam milling. Even
in the case of linearised optomechanical interaction where the coupling is enhanced by
a higher population of the optical resonator mode, the large cooperativity regime can
only be reached for photon numbers nopt ≥ 106. This means that for an in-coupling
e�ciency of 25 % provided by the grating couplers presented in this work, an excitation
with a laser power of PL ≈ 1 mW would be required. Besides di�culties to provide such
high high pump powers in an experimental setup, they also risk to cause a dynamic
instability of the optomechanical system in the Doppler regime. This shows that the
measured structures do not provide a coherent population with photons and phonons
during the interaction cycle even with optical driving at realistic pump powers as would
be the case in the large cooperativity regime. In addition, when considering that also
the spatial con�nement of both the optical and the mechanical resonator modes could
be signi�cantly lower in fabricated structures, the optomechanical interaction could be
even weaker in real structures.

Also the optomechanical cooling rate is much lower for fabricated structures com-
pared to the values retrieved from numerical modelling. In the most optimistic case, the
spatial con�nement of both the optical and the mechanical resonator modes is as high
as predicted in the simulations and the values for optomechanical interaction are not
reduced compared to the results shown in section 3.3. Even for these quite favourable
assumptions and for optimal excitation at detuning ∆L = −κ/2, the optomechanical
cooling rate is Γ̃OM,exp ≈ 10 Hz determined according to equation 2.68. The tempera-
ture of the photonic and phononic crystal structure can thus hardly be decreased with
optomechanical cooling. The minimal asymptotic phonon occupation number in absence
of a thermal bath is nm,min ≈ 8. Considering the more realistic situation including heat-
ing from the thermal environment, the �nal phonon number in the mechanical resonator
is basically not a�ected by optomechanical cooling.

Also with respect to a phonon lasing application, the increased decay rate of the
mechanical resonator makes the situation less favourable. Even for a strong driving of
the optical resonator mode, the e�ective ampli�cation rate cannot surpass the decay rate
of the mechanical resonator making the generation of a coherent phonon �eld impossible.

All in all, it would be possible to observe optomechanical coupling in the fabricated
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structres with a homodyne measurement. The high optomechanical coupling constants
allow to detect a signature of the interaction in the time-resolved intensity modulation of
the optical resonator. For an experimental exploitation of optomechanical interaction,
like e�ective cooling of the mechanical resonator mode or phonon lasing, the tempo-
ral con�nement of the optical resonator mode needs to be greatly improved. Ideally,
the regime of resolved optomechanical sidebands should be reached requiring an op-
tical quality factor of Qopt ≈ 50000. Very recently reported results suggest that this
benchmark is in reach even for structures designed to match the zero phonon line of the
nitrogen vacancy colour centre when using a novel dry etching procedure [53].

5.4 Strain Coupling

In the case of strain coupling, the interaction of the mechanical resonator mode with
both the ground and the excited state of the nitrogen vacancy colour centre are de-
termined. The strain coupling constants vary over six orders of magnitude between
gSC,ground ∼ Hz and gSC,exc ∼ MHz for the interaction with the di�erent electronic level.
In addition, also the decay rates of the related electronic states of the nitrogen vacancy
colour centre vary. The excited state levels with zero spin projection have a decay rate
γ0 = 73 MHz. For the ground state levels, this cannot be determined so clearly as both
time constants T1 and T2 describing relaxation and dephasing of the spin can vary by
orders of magnitude depending on the sample type, the temperature of the thermal
bath, and the measurement technique as pointed out in section 2.4.2. Due to these
di�erences regarding both the coupling and the properties of the emitter in these two
cases, they are treated separately in the following.

Strain Coupling to the Ground State Levels

Strain coupling to the ground state levels of the nitrogen vacancy colour centre is evalu-
ated based on two di�erent formalisms. One description is based on a pure observation
and has been reported from two groups, independently [173, 174]. The other approach
is a full group theoretical calculation taking into account the internal symmetry of the
colour centre [307]. While both approaches are valid methods that should provide sim-
ilar values, the results obtained in this work using the two descriptions are di�erent.
This can be attributed to a left-handed coordinate system that is used for the group
theoretical calculations as internal coordinate of the nitrogen vacancy colour centre. The
results obtained from the phenomenological description are thus more reliable. However,
some qualitative results obtained from the group theoretical formalism, like for example
the orientation-independent radial strain coupling constant in a (111) sample surface,
might very well be true. The more detailed consideration of the internal symmetry
of the nitrogen vacancy colour centre could in this case deliver more accurate results
for arbitrary angles. It remains to conclude that this approach could provide a deeper
insight into the mechanisms of strain coupling to the ground state levels, but a more
accurate derivation based on a right-handed coordinate system would be necessary in
this case.
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The single phonon strain coupling constant describing the interaction between the
localised mechanical resonator mode and the ground state levels of the nitrogen vacancy
colour gSC,ground centre is up to several hundred Hz, both when evaluated based on the
formalism originating from a phenomenological description or the one derived from a
group theoretical calculation. Compared to other strain coupling systems, the strongly
con�ned mode allows for this extremely high value outperforming the interaction in
diamond cantilevers by over two orders of magnitude when considering that the coupling
constants obtained for diamond cantilevers are obtained from experiments with strong
mechanical driving far above the single-phonon level [173,174].

Assessing the internal dynamics for strain coupling to the ground state levels, the
large single phonon cooperativity regime can still not be reached with the structure
investigated here. However, resolved strain coupling sidebands are formed for moderate
dephasing times T2. With respect to a practical application, this allows exploiting
the cooling protocol based on the ground state levels presented in section 2.7.4. The
cooling rate that can be achieved depends very much on the spin coherence time of the
nitrogen vacancy colour centre. The overall decay rate γground can take values between
few hundred Hz and up to 1 GHz determined by the quality of the individual sample
and the measurement technique used. For a protocol based on strain coupling to the
ground state levels of the nitrogen vacancy colour centre, the resulting cooling rate
Γ̃SC,Ground given by equation 2.119 can take values between 1 kHz in the case of long
spin coherence times and 10−4 Hz for short coherence times. For the ideal case of long
coherence times, the �nal phonon occupation number nf,SC,ground calculated based on
equation 2.120 is in the range of 103 for a bath temperature of 300 K, 102 for cryogenic
temperatures of 4 K and far below a single quantum of motion for temperatures in the
mK range. This means that even in the ideal case, the �nal phonon occupation number
cannot be reduced below the thermal phonon occupation number nth with this cooling
protocol considering only the single phonon coupling constant gSC,0. A higher phonon
occupation number would increase the strain coupling constant and thus also the cooling
rate, allowing for a lower �nal phonon occupation number. The reduction of the phonon
number due to the cooling would bring along a reduction of the e�ective strain coupling
constant over time what inhibits reaching very low �nal phonon occupation numbers. In
addition, high pump powers lead to an additional heating of the diamond structure via
thermal e�ects, what further reduces the cooling e�ciency in a strongly driven strain
coupled system.

Strain Coupling to the Excited State Levels

The generally much higher strain coupling constants obtained for the interaction with
the excited state levels in the range of MHz are much more interesting with regard
to cooling applications. The large cooperativity regime can be reached even for an
excitation with a single phonon in this case. For a nitrogen vacancy colour centre
in a diamond sample with (111) surface orientation or for suitable orientation of the
photonic and phononic crystal structure in the (001) sample surface, even the single
phonon strong coupling regime can just be reached in the case of interaction with axial
strain gA1 . Considering a realistic value for the mechanical quality factor Qm,exp ≈
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1000 in fabricated structures, even the large cooperativity regime is very challenging to
reach. Also that can only be achieved when the sample type and the orientation of the
diamond structure are ideal and allow for strain coupling constants of gSC,exc ∼ 100 MHz.
This restricts the large cooperativity regime to axial strain coupling gA1 and a suitable
orientation of the mechanical oscillation pattern with respect to the symmetry axis [111]
of the nitrogen vacancy colour centre. It is thus very questionable whether it can at all
be observed if the mechanical quality factor is not substantially higher especially when
considering that also the spatial con�nement of the resonator mode and thus the strain
coupling constant could be lower in a real sample. The regime of resolved sidebands,
however, can be reached independent of the temporal mode con�nement. It should thus
be possible to spectrallly detect strain coupling to the excited state levels in the form
sidebands in the �uorescence signal of the nitrogen vacancy colour centre.

There are two cooling protocols described in more detail in section 2.7.4 allowing
to exploit the strain coupling between the excited states of the nitrogen vacancy colour
centre and the mechanical resonator mode. One is a classical sideband cooling while
the other protocol exploits the doublet structure of the excited state levels with zero
spin projection |Ex〉 and |Ey〉 to allow for a more e�cient damping. Assuming a Rabi
frequency of Ω = 10 MHz, the corresponding cooling rates can be calculated based
on equations 2.121 and 2.122. For the values retrieved from the numerical model,
values up Γ̃SC,side ≈ 10 mHz and Γ̃SC,doublet ≈ 100 kHz can be reached. Optimally
adjusting the Rabi frequency for each protocol to Ωside = ωm for sideband cooling
and Ωdoublet = γ0 for doublet cooling, the protocol exploiting the doublet structure
created by the excited states |Ex〉 and |Ey〉 is more e�cient than sideband cooling by
a factor of 106. When taking into account that the Rabi frequency required to actually
reach the optimal cooling rate is di�erent for both protocols, the doublet cooling is
even more advantageous. While a Rabi frequency of some tens of MHz, ideal for the
doublet cooling, is a very common value, it would need to be some tens of GHZ for
the sideband protocol. This implies that the cooling protocol based on the doublet
structure is much more relevant for practical application than the one based on the
strain coupling sideband. Interestingly, the �nal phonon occupation number nf,SC,exc

given by equation 2.124 is equal for both variants and takes values far below a single
quantum of motion even for a thermal bath at room temperature. Even for the much
lower mechanical quality factors Qm,exp ≈ 1000 expected for fabricated structures, the
�nal occupation of the mechanical resonator mode is much below a single phonon. These
considerations show that the quantum ground state of motion could very well be reached
based on strain coupling to the excited state levels |Ex〉 and |Ey〉 of the nitrogen vacancy
colour with a cooling protocol exploiting their doublet structure.

Besides cooling of the mechanical resonator, also phonon lasing has been discussed
as possible application of strain coupling. Simple heating can easily be achieved with an
excitation of the colour centre's zero phonon line on the blue-detuned sideband. It is,
however, possible to create a coherent phonon �eld when exploiting the doublet struc-
ture of the excited states as has been described for the cooling application. To enter
the lasing regime, a threshold driving strength ΩL ≈ 3 MHz is required for the values
found in the simulation based on the expression given by equation 2.125. Considering
the lower mechanical quality factor Qm,exp ≈ 1000 expected for fabricated structures,
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the phonon lasing threshold increases to ΩL ≈ 300 MHz for real structures. These re-
sults show that phonon lasing is indeed a possible application for strain coupling in a
photonic and phononic crystal resonator in diamond. Especially when further fabrica-
tion improvements allow to reach high experimental quality factors of the mechanical
resonator mode, the required driving strength is within reach.

5.5 Hybrid Interaction

To study an integrated quantum system in diamond based on the structure presented
in this work, a hybrid interaction between all three degrees of freedom is considered.
To this end, the speci�c application of cooling the mechanical oscillation via strain cou-
pling is evaluated in presence and absence of dephasing and the impact of the optical
resonator on the cooling performance is assessed. In general, the values for this evalua-
tion are adapted from numerical modelling in order to obtain a realistic representation
of the structure studied in this work. The mechanical resonance frequency, however,
is generally set to fm = 1 GHz in the evaluation of the hybrid interaction instead of
fm = 14.4 GHz found for a photonic and phononic crystal structure resonant on the
zero phonon line of the nitrogen vacancy colour centre. This modi�cation is done for
technical reasons to inhibit coupling to higher order excited states in the model.

In a �rst step, an arti�cial situation is considered where the nitrogen vacancy colour
centre interacts both with the mechanical and the optical resonator mode. To this end,
no thermal bath causing a population of the mechanical resonator mode is included
to the model, the optical resonator is considered to be only passive, and the optical
transition is the only decay channel of the colour centre. The cooling is based on
a sideband protocol exploiting strain coupling to the excited state levels that is also
described in section 2.7.4. Depending on the detuning between the laser and the zero
phonon line of the colour centre, cooling rates Γ̃hybrid in the range 100 Hz to 100 kHz
can be achieved. The maximal cooling rate is obtained for a driving laser in resonance
with the optical transition, but very high cooling rates are also possible for the laser
resonant on the red-detuned sideband generated by strain coupling. The corresponding
asymptotic minimal phonon occupation number nm,min,hybrid takes values of 102 for
resonant excitation and is even below 10−4 for excitation on the red-detuned sideband.
However, the optical resonator has almost no in�uence on the cooling performance.
This result does not come as a surprise when considering that a very high mechanical
quality factor is the basis for this cooling protocol, allowing for a considerable cooling
performance already in the case of pure strain coupling. When using the value Qm,exp ≈
1000 for fabricated structures, it is expected that the optical resonator indeed increases
the cooling rate. Also when the optical resonator is actively driven, it is expected to
have a much greater impact on the cooling dynamics. In that case, it does not only
represent an additional decay channel for the colour centre, but allows for additional
cooling due to the optomechanical interaction. This situation is, however, not further
investigated in this work.

In a second step, the interaction is studied in presence of dephasing but in the
absence of a thermal bath, an arti�cial situation that does not occur in a real system.
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To this end, the e�ect of the optical resonator is omitted and dephasing rates of γ∗ = γ0

or γ∗ = 10 γ0 are assumed. The values obtained in the absence of dephasing serve as
comparison. The resulting cooling rates Γ̃hybrid are comparable for both values of the
dephasing and in the range of few kHz to several hundred kHz, generally higher than in
the case of vanishing dephasing. Maximal cooling can be achieved for resonant excitation
on the zero phonon line of the nitrogen vacancy colour centre. The minimal asymptotic
phonon occupation number in absence of a thermal bath is nm,min,hybrid ≈ 10−2 for
most values of the detuning in the case of a very high dephasing rate γ∗ = 10 γ0, and
almost one order of magnitude smaller for a dephasing rate comparable to the radiative
decay rate γ∗ = γ0. For both values of the dephasing, the asymptotic minimal phonon
occupation number is less dependent on the value of the detuning than in the absence
of dephasing. This result indicates that the optimal cooling performance can best be
reached for a moderate dephasing rate when the detuning cannot be adjusted accordingly
and in absence of dephasing otherwise. However, it should be kept in mind that in a real
system, dephasing cannot be adjusted to an arbitrary value. It is closely linked to the
temperature of the diamond material and can basically only be increased by choosing a
higher bath temperature that will at least partly counteract the cooling e�orts.

To allow a more realistic estimate of the in�uence of dephasing on the cooling per-
formance, the e�ect of a thermal bath is considered in the last step. Here again, the
e�ect of the optical resonator mode is omitted and the system is studied moderate
(γ∗ = γ0) or vanishing dephasing (γ∗ = 0). To take into account for the thermal bath,
the more relevant �nal phonon occupation number is evaluated that also includes a ther-
mal population of the mechanical resonator mode. The corresponding thermal phonon
occupation number nth constituting the relevant benchmark is more than one order of
magnitude larger than the values given in section 5.2 as a lower mechanical resonance
frequency of fm = 1 GHz is used for the investigation of the hybrid interaction. A
moderate dephasing rate in the order of the radiative decay rate γ∗ = γ0 is found to
be optimal with respect to reaching low �nal phonon occupation numbers also when
considering the in�uence of the thermal bath. In this case, the hybrid interaction leads
to a considerable reduction of the phonon number by roughly two orders of magnitude
to a value of nf,hybrid ≈ 1 found for the most favourable case of resonant excitation on
the zero phonon-line at a temperature of 4 K. Considering an even lower temperature
of 0.1 K, values down to nf,hybrid ≈ 10−2 can be reached for resonant excitation of the
nitrogen vacancy colour centre zero phonon line.

This evaluation of the hybrid interaction, unique to the photonic and phononic
crystal resonator incorporating a single nitrogen vacancy colour centre, is a �rst step
towards investigating more complex diamond-based integrated systems. However, the
optical resonator was only considered as passive component opening an additional decay
channel in the study shown here. In addition, the very optimistic values for both
the optical and the mechanical quality factor issuing from numerical modelling were
used for the analysis. Furthermore, several assumptions, like for example a mechanical
resonator frequency of fm = 1 GHz, needed to be made so that the calculations could
be performed at all. This shows that the results obtained for the hybrid interaction
cover only a very speci�c case that can most probably not be put into practice. It is
to expect that lower quality factors of fabricated structures will alter the picture. The
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e�ect of the optical resonator is then expected to increase drastically, especially when
it is actively driven. Driving of the optical resonator mode could alter the interaction
such that optomechanical interaction is the predominant cooling mechanism, or that an
interference of strain coupling and optomechanical interaction signi�cantly a�ects the
dynamics of the coupled system. The investigation of hybrid interaction shown here is
thus only a �rst step but could pave the way towards a better understanding of highly
integrated diamond platforms.

5.6 Experimental Implementation

5.6.1 Sample Fabrication

The sample fabrication in this work is based on thin diamond membranes. This implies
a restriction for possible diamond samples as starting material. Only samples with plane
surfaces to both sides can be used as they need be thinned to membranes of the desired
thickness in the further processing. True bulk diamond samples cannot be used for
photonic and phononic crystal structures fabricated with the methods described in this
work. This would be possible with an angled etching technique that can be employed
to produce one-dimensional diamond photonic and phononic crystal structures with
triangular diameter where a clear selection of only transverse electric modes in not
possible [51,52]. Very recently, a novel under-etching technique including a passivation
step has been reported [53]. It allows for very high optical quality factors with structures
fabricated from bulk diamond and could possibly replace the reactive ion etching method
presented in this work.

The method used for thinning the diamond membranes is a well-established process.
The comparably low etch rates are not critical in this case as a mask that would be sub-
ject to erosion is not required. A detailed characterisation of the fabricated membranes
assures that the thickness can be controlled very precisely. This helps with fabricating
photonic and phononic crystal structures with a good mode con�nement. The height
of the airbridge structure is one of the parameters a�ecting both the resonance fre-
quency and the quality factors of the localised optical and mechanical resonator modes.
Membranes of suitable thickness can further be characterised with laser scanning mi-
croscopy and white light imaging. This allows to identify homogeneous regions where
the diamond thickness precisely matches the target value and that are thus particularly
suitable for patterning.

For the fabrication of the photonic and phononic crystal structures, two di�erent
techniques were used. While focused ion beam milling allows a reliable fabrication
without the need for many processing steps, the optical quality factors that can be
reached with this technique are limited. Values around Qopt,FIB ≈ 1000 seem to set a
hard boundary for this fabrication method. Therefore, a reactive ion etching method
has been developed with the aim of improving the quality of the fabricated structures.

A novel mask system consisting of two di�erent materials was developed for this
purpose. The layered structure mitigates mask erosion and allows for mask patterning
with focused ion beam milling. While mask patterning with focused ion beam milling
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technically is not necessary, the corresponding device grants reliable access and provides
a continuous high quality of the structures. The two-layered mask system has been
engineered such that the diamond is shielded from exposure to ion beam irradiation
during mask patterning by the intermediate glass layer. The chromium layer serves as
etch mask for this intermediate layer and reduces mask erosion during the reactive ion
etching process.

The reactive ion etch process consists of a two-step process. In a �uorine-based
etch plasma, the pattern is transferred to the intermediate glass layer. During the
subsequent oxygen plasma step, the photonic and phononic crystal pattern is etched in
the diamond membrane. A careful adjustment of all fabrication steps including a wide
parameter study allows the fabrication of diamond structures with very high aspect
ratio. The sidewalls of the resulting structures are very steep and the holes match the
target diameters. Scanning electron images of the etched samples indicate that high
optical and mechanical quality factors could probably be reached with these etched
structures.

After mask removal, the fabricated samples undergo the same post-processing treat-
ment that is also applied to the structures fabricated with focused ion beam milling.
This part of the fabrication procedure typically is very uncritical and tends not to have
a strong impact on the result. The structures fabricated with reactive ion etching show-
ing a successful patterning, however, were destroyed during the annealing step due to a
malfunction of di�erent annealing ovens. An optical characterisation was therefore not
possible and the expected higher optical quality factors could not be demonstrated with
measurements.

It could, however, be shown that even many structures with less-than-perfect ap-
pearance show quality factors Qopt,RIE ≈ 1000. This demonstrates that reactive ion
etching allows to fabricate structures with at least as good optical properties as focused
ion beam milling. The very high intensities of some of the resonator modes indicate
that this process also leaves a cleaner sample after all processing steps. An additional
advantage of the etching procedure in this work is that the hole radii do not increase
nearly as much during the post-processing procedure than when using focused ion beam
milling. While this issue can in principle be compensated by adapting the pattern where
the holes are milled to the chromium mask with 70 to 80 % of their intended �nal size
in the case of reactive ion etching but only 30 to 40 % with focused ion beam milling,
it still imposes design restrictions on the geometries that can be patterned with the
corresponding technique.

5.6.2 Measurement

While the optical properties of the fabricated photonic and phononic crystal structure
can be characterised with standard confocal microscopy, the mechanical resonator modes
can only be detected indirectly as signatures of optomechanical interaction. To this
end, a homodyne measurement can be performed where the mechanical resonator mode
modulates the optical signal and can directly be visualised in the Fourier transform
of the intensity �uctuations. Besides a detector with a high temporal resolution, this
method requires a resonant excitation of the optical resonator mode and a transmission
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measurement through the diamond structure. The grating couplers are designed such
that a transmission measurement is possible. The spatial separation of approximately
10µm is su�cient to separate re�ected �uorescence at the excitation side from the
transmitted light in detection path via a pinhole.

However, the measurement of the photonic and phononic crystal structure's me-
chanical properties is not possible at ambient conditions. Friction at the surface is the
predominant damping mechanism and the mechanical oscillation is completely inhibited
at atmospheric pressure. This viscous damping can be avoided with measurements in
vacuum. However, after evacuating the sample chamber overnight, no optical resonator
modes could be detected. A further investigation of this phenomenon showed that this
change in the �uorescence spectrum does not directly correlate with the chamber pres-
sure. Instead, the e�ect occurs with a delay suggesting that the underlying process has
a certain time constant. Especially the slow recovery of the spectrum after venting in-
dicates that the disappearance of the optical resonator modes in vacuum is not directly
linked to pressure.

It seems more probable that other processes like desorption of a surface layer are
involved. Considering the extremely small dimensions of the photonic and phononic
crystal structures, a thin water �lm could in�uence the optical properties of the device.
The time constant especially after venting of the sample chamber would be consistent
with an adsorption of water at the sample surface. The red-shifting of the resonator
mode during the evacuation, however, contradicts this hypothesis. The desorption of a
thin water �lm should rather lead to a blue-shift of the optical resonator mode. Also the
occurrence of several additional resonator modes cannot be explained with a condensed
water �lm that desorbs in vacuum. Interestingly, this issue did not occur with similar
measurements of two-dimensional photonic crystal structures in the same setup [91].

It remains therefore an open question whether this modi�cation of the �uorescence
spectrum is unique to one-dimensional structures or whether the individual samples
have further deviating properties. The sample used in reference [91] was fabricated
from a bonded diamond membrane while the photonic and phononic crystal structure
investigated in this work is based on a heteroepitaxially grown diamond membrane. Also
the surface termination remains unclear in both cases. The oxidation steps performed
during the post-processing procedure, especially the wet-etching with piranha solution,
create an oxygen-like surface termination. However, this property might still deviate
from sample to sample depending on the quality of the diamond material.

Further work is thus required to identify the mechanism causing the disappearance
of the optical resonator mode in vacuum. The underlying process inhibiting a charac-
terisation of the mechanical mode properties and the measurement of optomechanical
coupling needs to be suppressed so that the interactions occurring in the photonic and
phononic crystal structure can be investigated. Alternatively, a quanti�cation of the
e�ect could allow to adapt the pattern design. The problem could then be mitigated di-
rectly by adjusting the sample fabrication accordingly. Together with a single nitrogen
vacancy colour centre implanted into the diamond structure drawing on the technol-
ogy shown in reference [91], this would allow to also experimentally demonstrate the
interactions investigated based on numerical simulations in this work.
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This thesis shows a route towards integrated quantum systems based on a diamond
platform. The structure investigated for this purpose is a photonic and phononic crystal
structure incorporating a single nitrogen vacancy colour centre. The unique property of
the system is an optical cavity mode resonant on the zero phonon line of the emitter, both
also interacting with the localised mechanical resonator mode. All mutual interactions
occurring in this structure, including a hybrid interaction between all three degrees of
freedom, are studied and the route towards an experimental implementation is assessed.

Optomechanical interaction between GHz phonons and optical photons co-localised
in the diamond structure is investigated considering contributions from both the moving
boundaries and the photoelastic e�ect. Single photon optomechanical coupling constants
on the order 10 MHz were found. While optomechanical interaction between telecom
photons and GHz phonons in diamond has been demonstrated in the mean time [52,61],
this is the �rst investigation of optomechanical interaction with visible light.

For the �rst time, strain coupling between a colour centre in diamond and a localised
mechanical resonator mode in the GHz range has been studied. The single phonon strain
coupling constants of several hundred Hz found for coupling to the ground state and in
the range of tens of MHz for coupling to the excited state levels cannot be reached in
other system investigated for strain coupling interaction to date [163,173,174,176]. The
highly con�ned oscillations occurring in the photonic and phononic crystal structure are
thus a very promising platform for a future exploitation of strain coupling.

To study a further integrated system, the hybrid interaction between a single ni-
trogen vacancy colour centre and both the optical and the mechanical resonator modes
con�ned in the diamond structure is investigated. It could be shown that a cooling
of the mechanical resonator mode pro�ts in particular from dephasing occurring for
the colour centre's electronic levels while the passive optical resonator mode has only a
minor in�uence on the hybrid interaction. This study involving three degrees of free-
dom is a novel approach for diamond-based systems and further studies considering the
lower quality factors of fabricated structures and a driven optical resonator mode could
complement these initial results [312].

With respect to the experimental implementation of the modelled interactions, im-
portant milestones have been reached. Photonic and phononic crystal structures with
optical quality factors of 1000 can reliably be fabricated with focussed ion beam milling.
A reactive ion etching process has been developed to further improve the quality of the
fabricated structures. While some structures look very promising judged from scanning
electron microscope images, they could not be characterised with respect to their optical
properties due to a malfunction of di�erent annealing ovens. Other etched structures
could, however, be characterised and still showed quality factors of 1000 although the
etch process did not work properly leading to structures with inclined sidewalls, not fully
etched holes and a rough surface. The limited number of available diamond samples but
even more the very restricted access to some of the processing facilities did not allow to
further repeat the process until success.

The practical feasibility of measurements in vacuum, required for detecting optome-
chanical coupling, is assessed. Unexpected features in the optical mode spectrum are
detected and systematically investigated so that a future experimental demonstration
of the interactions studied in this thesis is within reach.
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