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Abstract

In the calculus of variations one prominent problem is minimizing anisotropic
integrals with a (p, ¢)-elliptic density F' : R* D Q — R¥. The best known
sufficient bound for regularity of solutions is ¢ < p(n + 2)/n. On the other
hand, if we allow an additional z-dependence of the density we have the
much weaker result ¢ < p(n + 1)/n. If one additionally imposes the local
boundedness of the minimizer, then these bounds can be improved to ¢ < p+2
and ¢ < p+ 1. In this paper we give natural assumptions for F' closing the
gap between the autonomous and non-autonomous situation.

1 Introduction

In these paper we investigate regularity results for local minimizers of func-
tionals

Jw] ::/QF(-,Vw)dx (1.1)

with a function F : QxR"™ — [0, 00) and a domain 2 C R". Before Esposito,
Leonetti und Mingione found rather surprising counterexamples (see [ELM]),
it was a wide-spread meaning, that the theorems valid for the autonomous
situation extend to the case of x-dependence are portable and therefore most
authors ignored z-dependence for technical simplification of their proofs. We
are interested in anisotropic growth conditions. In the following we assume

M1+ 122 QP < DAF(2, 2)(Q.Q) < A1+ 27 1@ (1.2)

for all Z,Q € R™ and all z € Q with positive constants X\, A and exponents
1 <p<g<oo. From (1.2) we can deduce

\DpF(z,2)] < Ai(1+|Z)"T and
c|Zl" —e; < F(z,Z2) < 3| Z]" + 4

with further constants Ai,ci,ca,c3 and ¢4. Furthermore we assume for all
ZeR™W and all z € Q

0,DpF (2, 2)] < Ao(1 + |27 (1.3)

with Ay > 0 and v € {1,...,n}. In [ELM] Esposito, Leonetti and Mingione
examine the Lavrentiev gap functional which is defined as

L= inf J — inf J

uo+Wy 9 (B,RN) ug+Wy P (BRN)



on a ball B €  with boundary data ug € W'?(B,RY). The results of the
studies from [ELM] provide the sharpness of the bound

n—+a«o

q<p

for higher integrability of solutions (assuming that DpF(z,Z) is a-Holder
continuous with respect to ) and without this condition they have examples
for the Lavrentiev-phenomenon. If (1.2) and (1.3) (with at least continuous
derivatives) hold together with

n+1
n b

q<p (1.4)
Bildhauer and Fuchs proved full C1“regularity for N = 1 or n = 2 and
partial regularity in the general vector case. This statement is in accordance
with the results of [ELM]. Under several structure conditions Bildhauer and
Fuchs can improve the last result to full regularity (see [BF1]). Without
x-dependence we know from [BF3] that the better bound

n+ 2

q<p (A1)

is sufficient for regularity. Having a look at the proof in [BF1], two main
differences to the autonomous case become obvious. The first obstacle is
that the standard-regularization us does not converge against the minimum
without (1.4). Thus we work with a regularization from below which is based
on a construction from [CGM] (see [BF1], section 3, for its presentation).
This regularization Fy; (M > 1) has the properties

o Fy(x,P) < F(x,P) for all P € R™;
e for |P| < M is Fy(z, P) = F(x, P);
e [y (x, P) growth isotropic: i.e.
a|Pl —b < Fy(z, P) < Ay | PP + By (1.5)

for all P € R™ with uniform constants @ > 0, b € R and constants
Ay and B); depending on M.

e Iy (z, P) is uniform (p, ¢)-elliptic, which means we have for Z,Q € R™Y
and v € {1,...,n}

X1 +12P) "7 QP < D2Fu(r, 2)(Q, Q) < As(1+|2])=" QI
0, DpFar(z, Z)] < As(1+ 27T (1.6)

with constants \, A3 > 0.



In order to introduce this regularization we have to assume
F(z, P) = g(z, |P]). (A2)
If (A2) holds, then (1.1) reads as

g/(l’,t) 2\ 12
< A1+ 127,
;o SAQ+E) (A3)

A1+ )% < '(a,t) <AL+ 2) 5

A1 +2)72 <

The second obstacle in the proof of [BF1] is estimating the term
/GWDPF(-, Vu) : 0,Vudz.

Motivated from [Bi] (section 4.2.2.2) we now require

p+q71

0, (2. )] < A [ (2, )1+ )% + (1413)" (A4)

for all (z,t) € Qx[0,00) and v € {1,...,n} with 0 < ¢ < 1 in order to handle
this integral. All of our assumptions have to be satisfied by the regularization
function Fy; uniformly in M and this can be achieved by requiring

024" (,1)] < As(1+12)'7 . (A5)

Additionally to (1.5) and (1.6) we now get for the sequence Fy;, constructed
in [BF1] (section 3), the following estimates:

Lemma 1.1 Under the conditions for g above ((A2)-(A5) and continuity of
the derivatives) we have for all v € {1,...,n} and uniform in x €

o Iy (x, P) is p-elliptic, i.e. for Z,Q € R™ s

p—2

MN1+12%)7 1QF < DRFu(e, 2)(Q,Q) < Au(1+121)7 |QF,
0, DpFu(x, Z)] < A1+ |2) T
with a uniform constant X\ and a constant Ay depending on M.
e For all P,Z € R™ it holds
|2Dp Fa(, Z)| < As(1+|27) "7,
|0, D3 Far(z, Z2) (P, Z)| < Ag | Db Fur(z, Z2) (P, Z)| (1 +|Z]?)®

pt+q—2

+As(1+|2]°) 4 |P|

uniform i M with Ag > 0.



The proof of Lemma 1.1 is presented in section 2.
In the isotropic situation, full regularity in the general vector case under
modulus-dependence is only possible, if we know

qg—2—«

|D?F(x,P) — D°F(2,Q)| < c(1+ [P+ Q)2 [P—Q[*  (A6)

for all P,Q € R™ all z € Q with a € (0,1) (a first theorem in this context
can be found in [Uh]). Therefore we need such a condition in the anisotropic
case, too. With these preparations we define the regularization u;; of the
problem (1.1) as the unique minimizer of

Jyw] = / Fuy (-, Vw) dx
B
in u+ Wy?(B,RY) with a ball B = Byzr € Q. This is the solution of a

isotropic problem and so we get

Lemma 1.2 o Vuy, belongs to the space Lt (B, R™Y) fort = pn/(n—2)
ifn >3 and t arbitrary if n = 2.

e ) belongs to the space W20 Wl’OO(B,]RN) ifn=2o0r N=1.

loc loc

p=2 2
o [} |[V2uy| belongs to the space L} (B) and Vuy € LI (B,R"Y)
for t := min {p, 2}.

o uy is in WP(B,RY) uniformly bounded.

o If we have u € L2 (Q,RY) then Vuy € LV (B, R™)

loc loc
and supy; ||ual|,, < 0.

The first and the third part can be found for example in [BF1] (Lemma 2.3
and 2.5 for p = ¢). The second statement follows from [BF1] Thm. 1.1 (which

is a classical result for N = 1, see [LU]). For the uniform boundedness of wu
in WhP(B,RY) we see by (1.5)

/ \Vup P de <c [/ Fu (-, Vuyy) dx + 1} <c [/ Fuy (-, Vu)dx + 1}
B B B
<c [/ F(-,Vu)d:v%—l} <ec.
B
The Poincaré-inequality supplies
luntll oy < € [||V(UM = Wl oy + [l o
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¢ IVl oy + Nlliogs)| < e

supyy ||un| o, < oo is received by quoting the maximum-principle of [DLM],
since we assume (A2). For the last statement we quote [BF1] (proof of Lemma
2.8 for a = 0). Note that it is not necessary to have Lipschitz-regularity for
the regularization in [BF1] to proof this. Hence, one can choose there ¢ > p+2
(therefore we do not need (A6) at this point). O
In the following, we formulate the new results valid for local minimizers of

(1.1):
THEOREM 1.1 Under the assumptions (A1)-(A5), where all involved deri-

vatives are assumed to be continuous, we have:

(a) for a local minimizer v € WP(Q,RN) of (1.1) there is an open sub-

loc
set Qo with full Lebesque-measure such that u belongs to the space

C2(Qg, RY) for any a € (0,1).
(b) If we have additionally for n > 5 one of the following conditions

. n—1
<
(2) 4<p—3

(A7)

(i) ¢ (2, ) < cg"(x,8)(1 +2)% forw < (% —q) +1 0 (A8)

for all t > 0 as well as (A6) if n > 3 and N > 2, then any local
minimizer u € WP(Q,RN) of (1.1) belongs to the space CH*(Q,RN)
for all a < 1.

Remark 1.3 o Considering the situation F(x,Z) = f(x)g(|Z|) with two
C?-functions f and g, where f is strictly positive and g shares suitable
anisotropic growth conditions, it is easy to see, that F satisfies all as-
sumptions necessary for Theorem 1.1. But even in this case there is no
possibility to argue any simpler than in our proof of higher integrability
(see Lemma 2.1). The critical point is the integral

2
/ afg(|vu\)|v 0 Vuds

Since the estimate ¢'(|Vu|) < (1 + |Vul|?)9=Y/2 js not sharp enough,
one must integrate by parts to handle this term.



e The motivation for allowing small € > 0 in (A4) is the minimization of

1+ CU}2 f(;) dx
Q

for f € C?. The density satisfies the growth condition (A4) for every
e > 0.

Remark 1.4 o The condition (A7) is necessary to ensure the uniform
boundedness of the integral

/(1 V)3 In(1 4+ [Vuy|?) de.

The higher integrability of Theorem 2.1 provides (A7), which follows
from (A1) forn < 4. Alternatively, if we assume (A8) we have another
possibility to argue at the critic point.

e [n the proof of full reqularity we return our problem to an integral with
isotropic growth conditions, so that we get the claim from (A2) and
(A6).

o Under assumption (A7) or (A8) we get Theorem 1.1 a) directly from
the proof of part b). There we show local boundedness of Vu without
(A6), which is the reason why we can quote another time the results of

the isotropic situation to get partial reqularity (and full regularity for
n=2orN=1).

e Fuchs [Fu] shows reqularity for minimizers of variational integrals which
depend on the modulus of the gradient, too. He gets an arbitrary range
of anisotropy. His results are dedicated to the autonomous situation,
but with a little modification and adaption of the hypotheses they extend
to the case of x-dependence, too. In contrast to our assumption they are
very restrictive, which can easily be seen by consideration of the func-
tions g1 and gs from of 6. In both cases the functions must be strictly
increasing, convexr and must satisfy limy o g(x,t)/t = 0. Indeed, our
functions do not necessarily perform a As-condition. Considering the
hypothesis (a > 0)

g'(z,t)
t

/
w t
<g'(e.t) <a(1+ LY

with an arbitrary w > 0, claimed for in [Fu/, the second inequality is
surely always fulfilled. But the first inequality is very restrictive. Even
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if we allow constants smaller than 1 this is in general false in our con-
text. Fuchs does not only need this condition for having superquadratic
growth, which is consistent with p > 2 in our case. He requires the
monotonicity of t — ¢'(-,t)/t, which he needs for (2.5) and (2.6) of
[Fu]. Another possibility for this argumentation is a Ag-condition for
g'(z,t). In case of g3 this is false again.

e Obuiously we can choose w > 1 in (A8), where the difference w — 1 is
the margin between q and the mazimal integrability which we get from
Lemma 2.1.

For locally bounded minimizers we get dimensionless conditions between p
and ¢: Without z-dependence Bildhauer and Fuchs proved full regularity for
N = 1 and in the general vector case with structure conditions under the
assumption (see [BF3])

g<p+2, (A9)

whereas the non-autonomous situation requires the much more restrictive

bound (see [BF1])
g<p-+1

Our new statement is

THEOREM 1.2 We assume (A2)-(A5), where all involved derivatives are
assumed to be continuous and (A6) if n > 3 and N > 2. Then any local
minimizer u € W5 0 L2 (Q,RN) of (1.1) belongs to the space C1*(Q,RY)

for all a < 1, if we have (A9) and
g (x,t) < cg’ (2, ) (1 + )2 forw < (p+2—¢q) + 1. (A10)

Remark 1.5 o Analogous to (A8) we can allow w > 1 in (A10), where
the difference w — 1 1is again the range between q and the mazimal
integrability p + 2.



2 Regularization & higher integrability

Following [BF1] we consider for a fixed number M > 1 a cut-off function
n € C'(]0,00)) with 7 =1 on [0,3/2M], n = 0 on [2M, o) and |77/‘ < c¢/M.
We define
1+

g// (ZL‘, t) *

Then h is a continuous function with the following properties:

h(x,t) == n(t) + (1 = n(t)A

o hiz,M)=mn(M)=1forall z € Q;

e for all (z,t) € Q x [0, c0) follow 0 < h(z,t) < 1;

o ¢"(z,)h(z,t) > A1 +12)"2 and ¢"(z, t)h(z,t) < c(M)(1 +2)"z".
After these preparations we define

g(x,t), for0<t< M
gu(2,1) = gz, M)+ ¢ (x, M)(t — M) + ft fpg”(m,T)h(x,T)dep, for t > M
MM

and finally Fy(z, Z) := gy (z, | Z]).

Proof of Lemma 1.1: Obviously only the case |Z| > M is of interest for
the growth estimates. Assuming this we get

Z 12| Z
DPFM(I7 Z) :gl<x7M)_+/ g”<l',7')h<l',7')d7'—

1Z1 - Ju A

Z 2] Z
OyDpFy(x,Z) = 049" (2, M) — + / Oy 1" (z, T)h(x, 7)) dT =,

1Z1 - Ju |Z]

02Dp Fyy(z, Z) = 024/ (r, M) 2 ‘ZlaQ "(z,T)h ar 2
~P M(ma ) = 0,9 (ZL‘, )m + " ¥ [g (ZL‘,’T) (va)] Tm'

By (A4) and the definition of h we see
2]

0, DpFy(z,Z)| < (M) + Oyg" (v, 7)n(T)dr

M
2M

< (M) + / 18,9" (2, 7)\dr < c(M)
M

< (M)A + |27



For the uniform bound of 02 DpF); we obtain in the same way from (A4) and
(A5)
17|

|02Dp Fas(, Z)| < e(1 + M%) + /M 029" (, 7)n(7)|dT

2 qg—1 ]_ M g—1
< c{(l +1Z]")= + —/ (1 +T2)2d7'}
M Ju
< c{<1 +1ZP)E + 1+ M?ﬁ}.
Because of |Z| > M we finally receive

|2DpFa(a, Z)| < c(1+|2]) % .

The uniform growth conditions of 0, DpFj; and the uniform (p, ¢)-ellipticity
are already established in [BF1]. We only have to show that D% F is p-elliptic.
We have

(, M) 2 |Z: P|2
D2 Fy (e, 2)(P, P) = L) | ppe
P ’Z‘ |Z|2
141 1 Z . P|?
e [
M 1Z| Z|

Z - P?

+¢"(z, | Z))(z, | Z
oo 2D 2D 2

=T+ Ty + T;.

For the first term we see by (A3) in case p > 2

/
M p—
7, < PO b2 < o) PP < M) (1 4 12P) 7 PP
and for p < 2
14 |72 .
1< conEHEZD T gy pp

2]
< o(M)(1+[2]")= | PP

For T, we conclude from the properties of ¢”h (remember M > 1)

T, < e(M)(1+ |27 |PJ?



and in an analogous way
Ty < o(M)(1+|2[")' | P’

which shows the p-ellipticity.
Considering the derivatives 9, D% Fy; we get

0,D3Fy(z, Z)(P,Q) = w {p Q- (Z: 1‘3;(‘22 : Q)]
12| " i _ _(Z:p)(Z:Q)
* ), S @nhEnldrE {P'Q Fik
(Z:P)(Z:Q)

#0119 | 2D 12D

for arbitrary P,Q,Z € R™. In case Q = Z we see by (A4)

|0,D}F(w, Z) (P, Z)|
= 0, 1¢"(z,|Z))h(x,|2])| Z : P

¢ [In(12))g" (2,121 (1 + 223

Y € ptg—2
e[l (.| 2G| Z)Z - P (L4 223 + (1 + |2P) 5 | P

= [n(121)09"(z,1Z])| |2 : P|

ptq

Z: P+ (1+]2P)5 |z 1P|

IN

IN

p+q—2 }

c||DbFy(z, 2)(P,2)| (1 + | Z*)2 + (1 + |Z2]) 7+ | P

which finally proves Lemma 1.1. O

Lemma 2.1 Under the assumptions of Theorem 1.1 we get for local mini-
mizers u € W,oP (Q,RN) of (1.1)

loc

el L (@R ifn>3
L (QQR™) forall s < oo, if n = 2.

loc

Also u belongs to the space I/Vlif(Q,RN) for t ;== min {p, 2}.
For the proof of Lemma 2.1 we need a Caccioppoli-type inequality:
Lemma 2.2 There is a constant ¢ > 0 independent from M such that
o222 o2, |2 2 3 3
Ty | Viun| de < c||Vnllo, I2de+c [ TZde
B spt Vn spt 7

for alln € C}(B).

10



Proof: The growth of D% implies (sum over 7)

/7721“;; ‘VQUM‘QCZZE < c/nQDJQDFM(-,VUM)((%VUM,@vVuM)dx
B B

<c —Z/nD?JFM(~,VuM)(GWVuM,&YuM ® Vn)dx

B

— 2/7787DPFM(-,VUM) : Oyupy @ Vndx
B

- /77287DPFM(',VUM) : O, Vuydz
B

= ]1 +IQ+]3a

where we used the method of difference quotients for the second inequlity
(see [BF2|, Lemma 3.1, for details) and Lemma 1.2 (part 3). Using Young-
inequality and Lemma 1.1 we can calculate all terms except for I3. For this
one we write

13 = /87 {77287DPFM(,VUM)} . VUMdLC
B

= /7]28§DPFM(,VUM> . Vude

B
+1/n%%D%FMC,VuM)€%VuM,VuMﬁm
B
+ /&YDPFM(-,VUM) : VuMawzdx
B

=D+ 5+ 13

Lemma 1.1 (part 2) delivers

and from (1.6) we deduce

gseivil, [ vhar s [ rhaese [ rha

spt Vn spt Vn sptn

11



For I? we conclude from Lemma (1.2), part 2,

IZ2<c /n2 | D3 Far (-, Vuar) (05 Vuar, V)| (1 + [V [*)? da

B

9 p+q—2 9
+c/n Iy ‘V uM‘dx.
B

We can bound the first integral by

T/??QD}Q;FM(, VUM)<87VUM,87VUM)CZ$

B

+¢(7) /n2D§3FM(-, Vun)(Vuar, Vua) (1 + [Vug|?)da.
B

If we know

1 ( n+ 2 )
e< s |D —-4q/,
2 n
we can increase ¢ to ¢ + 2¢ w.l.o.g. Now we can absorb the first term and
bound the second one by
q
c / '} dx.

sptn

For arbitrary 7 > 0 we obtain by Young’s inequality

ptg—2 p—2 q
/772FM4 |V | da < T/n2FM2 V2un|* dz + e(7) / I3 da

B B sptn

which we handle conventionally. O
Proof of Lemma 2.1: We follow the lines of [BF2]. We chose n € C§°(B,+,)
with n = 1 on B, and [|Vn| < ¢/p (asking for 0 < » < R’ < 2R and

0<p<R —r) Fora:=pn/2(n—2) (n > 3) and hy; = Fi}ndwn we
clearly get by Lemma 2.2

1 g q
/F%/[dargc - / Iy dx + / I} dz . (2.1)
P

B, Byt p—Br Brip

12



Since p < ¢ < 2« (compare (Al)), there is a 6 € (0,1) such that

1 6 1-6
=227 2.2
7 (2.2)

Using interpolation inequality (compare [GT], 7.9, p. 146) we obtain
0 1-6
IVunlly, < [Vl [Vuarlly,”™

where the norms are taken over B, , — B,. It follows

ey

fq (1-6)q
P 2a

q IS D
[de <— I} dx Y de
Bryp—Br Bryp—Br Bry,—Br (2.3)

C P

Bagr

| =

Now (A1) shows

<1_9>§:g(§_1)<1

and so we can find positive exponents (; and 35 such that

62 n

1 a 3
?/rﬂzdxg p—‘;l /rmx + / reds| . (2.4)
Bgr

Bar Br+p—Br

Apply this into (2.1), for suitable s, 54 > 0 we see

n—2

Ba n

/rmxgp—cﬁg /rf%ddx +e /r@dx +e / % dz

B BQR Br+p Br+p_B7'

and the “hole filling technique” provides for a Je (0,1)

n—2

Ba n

/rfggdxgp—‘;s /rﬂ%dx +e /F%da: +€9’/rﬁ4daz. (2.5)

B, B2R B'r+p Br+p

13



Exactly as in (2.3) we can calculate the second term and can follow

Ba
/ r;gdxgp—; / T2de| +9 / e dz (2.6)

Br B2R Br+p

for a ¥ € (0,1). From a well-known Lemma by Giaquinta (see [Gi], Lemma
5.1, p. 81) we deduce

Ba

«a c £

B, Baog

and therefore the uniform boundedness of Vuy, in L% (B,R™). In case

n = 2 we argue similarly (see [Bi] or [BF2]) for an arbitrary a > %%. To
transfer the integrability to the solution v we have to show the convergence
upr — u. For p > 2 we get the uniform boundedness of V?uy, in L}, by a
combination of Lemma 2.2 and the uniform W,4(B, RY)-bound of uy;. In

case p < 2 it appears by Young-inequality, the uniform I/Vllo’f(B, RY)-bound
of up; and Lemma 2.2 for an arbitrary r < 2R

p=2 2-p
|V2uM|pda::/ L} |Vuy|PT,) dv

B T

p—2 P
§/ FAj|V2uM|2d:I:—I—/ ['}de < c(r).
By r

In both cases wuy; is uniformly bounded in VVlif(B,]RN ) for t := min {2, p},
so we can follow after passing to a subsequence

upy —: v in W2H(B,RY) and

loc

Vuy — Vo almost everywhere on B
for a function v € W2 (B, RY). So we achieve

Fu (-, Vuy) — F(+, Vv) almost everywhere on B

and by the Lemma of Fatou and the minimality of u;; we see

/F(-,Vv)dxﬁliminf/ FM(-,VuM)da:SIiminf/FM(-,Vu)d:B
B B B

M—o0 —00
S/F(-,Vu)dx
B

on account of F; < F. By uniqueness of local minimizers of (1.1) this implies
u = v and so the result of Lemma 2.1. O

14



3 Partial regularity
A first preparation for proving Theorem 1.1 a) is

Lemma 3.1 Let Hy := F%, [:=1+|Vul?> and H :=T'%. Than we have
o HeW,(B)
o Hy — H in W-(B) for M — oo and

e Vuy — Vu almost everywhere B for M — oo.

Proof: The second statement we get from Lemma 2.2 and 2.1 under obser-
vation of

=2
IVHy| <T,F [Vl

This shows the first part directly, whereas the third point was shown at the
end of the last section.

By lower semicontinuity of the map v+ ||Vol|5 for v € W? and Lemma 2.2
we obtain

/nQ\VH|2d:c < l}\r}linf/nQ\VHMP dx
B B
<liminf e ||V / T2.ds + / T2 dz

spt Vn sptn

Since ¢ < pn/(n — 2) we see by the higher integrability of I'y;, the conver-
q
gence I'2, — T'2 almost everywhere on B (see Lemma 3.1) and the Vitali

convergence theorem F]gw — T'2 in L'(sptn) and thus

Lemma 3.2 Forn € C§°(B) and arbitrary balls B € Q we have
/772|VH|2 dz < ¢ ||V, / Idr+c / I'dz.
B spt Vn sptn

In case n = 2 an analogous argumentation is possible.
We define if ¢ > 2

Ef(x,r) = ][ Vu — (Vu), |9 dy + ][ Vu — (Vu)gm|2 dy
Br(x) Br(x)

15



and in the other situation

E(e,r) = ][ V(Vu) — V(Va),,) [ dy.
By (x)

V() = (1+|E]))F ¢ for £ e R™Y.
So we get

LEMMA 3.3 Fiz L > 0. Then there exists a constant C*(L) such that for
every T € (0,1/4) there is an € = €(r, L) > 0 satisfying: if B, € Br and we
have

(Vu)er| <L, E(x,r)+77" <e
then
E(x,7mr) < C*T*[E(x,7) +77].
Here v* € (0,2) is an arbitrary number.

We follow the lines of [BF2] and so the only part which needs a comment is
the uniform bound of || B, |V, |? dx for p < 1 (the function 1), is defined in

[BF2]). For ©(Z) := (1+ |Z]*)% (Z € R"™N) we see

/|v¢m(z)|2dz _ / IDO(Ay, + AVt (2)) : V2 (2)] d=
B, B,

—-n T?n 2
=T Ny |VH|" dz
Bﬂ?“m(ﬂﬂm)
<clp)r2 X2 ][ I'? dz, (3.1)

BTm (.’I?m)

where A2, := E(zy,,7,) + r2,. Furthermore we receive for g > 2

][ I3dz<c 1+][ |Vul|?dz

BTm(wm) | B""m(xm)

<elis ][ Vu— (V) .| dz + ][ (V) |0

| B’rm, (mm) BTm (Im)
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< cE(Xm,Tm) + ¢(L).

If ¢ < 2 we define for t € (1,00) and £ € R™V

V() = (L4 [€*) T € and H,(€) == (1 +|¢]*)2.
By Lemma 2.3 of [Ha] then we have

VH{E) - V(@) < clVil&) - Vil
Now we can calculate
][ r4 ds g][ H\/Hq(Vu) — JH((Vu)a, 1)
By, (xm) By, (xm)

< 0][ Va(Vu) = Vo((V)ap,r )| dz + (L)
Brm(xm)

= cE(xm,mm) + c(L)

2
}dz

VAT

In both cases we obtain

[ 1V0n )P ds < clo) [+ 20 2e(L)].

Recalling the choice of v* we have 72, A2 — 0 for m — and the boundedness
of [ B, |V, |? d follows. Now the proof can be completed as in [BF2]. O

4 Full regularity

Here we consider the standard regularization: w; is defined as the unique
minimizer of (F5(Z) = F(Z) +6(1 +|Z*)?)

Is [w, B] :—/BFg(Vw)dx (4.1)

in (u). + W %(B) for B € Q and § > q. Thereby (u). is the mollification of
u with parameter € and

d=4(e) : !

= _ 2~ .
L et + IV ()l an)

For us we obtain, since u is a W,-%-minimizer by Lemma 2.1 (compare [BF1],
Lemma 2.1 and 2.7):
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Lemma 4.1 e Ase— 0 we have: us — u in WH(B,RY),
5/ (1+ |Vu(;|2)% dxr — 0; / F(Vus)dx — / F(Vu)dz;
B B B

o Vus € W2 N L2 (Q,RY).

loc

o If we have u € LS. (Q,RY) then we get supy ||us||,, < oo.

loc

For the last statement we need (A2) and quote [DLM]. Exactly as in the
proof of Lemma 2.1 we can show

Vus € L2 (B,R™)  uniformly. (4.2)

loc

Note, that we can chose ¢ arbitrary near to q. Therefore we can replace in
all of our estimations ¢ by ¢ and especially (A1) stays true. For showing
Theorem 1.1 b) i) we define

T(k,7) = / F?(u}(g — k)?dx

A(k,r)

where A(k,r) := B, N [ws > k| for balls B, € B with the choice

v -~ p 1 pn
—i=—= <= .
2 1T an
Lemma 2.1 guarantees together with (A7) the uniform boundedness of 7.

Following the argumentation of [Bi] (p. 65 ff.) we see

P 2
7(h,7) < X / ‘v {nrg (ws — h)H dz,
A(h,F)

X
X5 = / Fg"lﬂdx

A(h,r)

for f:= (v —p)/2 and x :=n/(n—2) if n > 3. To estimate the second term
on the r.h.s. we have to handle the integrals

/ 0, DpF (-, Vus) : V{n*d,uslws — hl} | dz,
h,7

A(h,7)
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/ 0, DpF (-, Vuy) : V {n2dyuslos — )} | da
A(hF)

additionally to the terms in [Bi], p. 62. So we get for the first integral the
three integrals

5 / 010y Dy F (-, Vug) [Vl [ Vs (ws — h) d
A(h,T)
+ / 0?10, DpF (-, Vus)||Vus|(ws — h) dv
A(h7)
+ / 72102 DpF (-, Vg ||V g [Veos| d
A(h7)
2251 + SQ + Sg.

Considering Sy we obtain for an arbitrary 7 > 0
q—1
Sy <c / 772F;2 |V2us|(ws — h) dz
A(h,7)
p—2
<7 / T2 |VPus|*(ws — h)? da
A(h,7)

+c(T) /Fg dx

A(h,7)

where the first term can be observed in the same way as in [Bi]. Furthermore
we have

S <c / 772F§\V77|(w(; — h)dx

A(h,7)
<c / F§|V77|2(w(5 —h)?dz +c / F(;% dx
A(h,7) A7)

by making use of Young’s inequality. For S3 one estimates

Sy <c / 772F§|Vw(;]d:v
A(h,F)
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<7 / T2 |Vwsde +c(r) | TZdo

A(h,T) A(h,T)

for all 7 > 0, which allows an absorption for another time.
After estimating

/ |0,DpF (-, Vus) : V {n?0yuslws — h]*} | da
A(h,P)

in the same way, we finally have showed

(b, 1) < cXs /|vn|2r§(w5—h)2da;+c¢(h,?)+ T2 de

A(h7) A(h7)

Assuming w.l.o.g. h — k < 1 now we have

T(h,r) <

o e ) (4.3)

The choice of v and (A7) deliver

pn
< )
v n—2
or equivalently
X v
— 16 2

In case n = 2 we can achieve this, if we choose x big enough. Now we receive

n

c

X5 < / T2de| < —S (k)7 4.4
4 s (h — k:)% (k,7) (4.4)
A(h,7)
Combining (4.3) and (4.4) we see
r(h,1) < . (k)

T (F-r)2(h— k)

and u € W(Q,RY) follows by [St], Lemma 5.1, as in [Bi]. So we locally

loc
have a variational problem with isotropic growth conditions and by (A6) the
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claim follows (compare [BF1], Lemma 2.7).

For showing Theorem 1.1 b) ii) we similarly use DeGiorgi-arguments but
with other estimates at the critical point. For a technical simplification we
assume € = 0 in (A4). So we define (with an obvious meaning of I's and ws)

r(h,r) = / T? (ws — k)2dx
A(h,r)

forv:=q4+w-—1.

By (A8) and (4.2) we get the uniform boundedness of 7 for another time.
We obtain by decomposition v = vy + vy for vy := (n — 2)v/n, vy == 2v/n
and y :=n/(n —2)

T(h,r) = / F? (ws — h)%‘? dx

A(h,r)
1 x-1
X X
ﬂx X _r2
< / I'2 (ws — h)*Xdx X2 de
A(h,r) A(h,r)
1
X
P 2x
< X; / {nrg (ws — h)} dz
Ah,7)

Note, that vy < p since v < pn/(n — 2). Here X; stands for the second
integral in the second line of the estimation and n € C§°(B;y) is a suitable
cut-off function. By Sobolev’s inequality we have

2

(k1) < X; / ‘v {nr§ (ws — h)} dz. (4.5)
A(h,T)
By the choice of vy we have
L4 1 N2
X5 = / Iyde| <——ar1(k,7)n.
(h—Fk)»

A(h,r)

For the remaining integral we can argue as before in the proof of part b) i).
During the calculation of this integral we have to estimate the terms S, and
Ss as in the proof of part b) i). We receive from (A4)

0,9/ (,8)] < ¢ [g'(2.8) + (14+ )] (4.6)

21



Assuming w.l.o.g. € =0 we get
1
0.6/, < [ 109", 0)lds + 109" (2.0)
0

1
< C/ [9”(% st)t+ (1 + (st)Q)pélﬂ_lt} ds +c
0

<e [0+ 0=,
here we quote [AF], Lemma 2.1, if p + ¢ < 4. By (4.6) we have

Sy <c / g (-, |Vus|) [ Vus| (ws — h) dx
A(h,7)

ptqg—2
+c / T © |VZus|(ws — h) d.

A(h7)

For the second term we obtain the upper bound
or e o2, (20 2rs .,
T n°Ls? |[Vous|*(ws — h) dz + ¢(T) NI} (ws — h) dz
A(h,7) A(h,7)

for all 7 > 0 and argue is in part i). Finally we receive for the first integral
S1 by Young’s inequality

We want to absorb the first one. First we estimate

"(z,|P]) (P:X)? " (P:X)?
D2F(z, P)(X, X) = LEAPD (e (P X) pp LX)
(z, P)(X, X) P | X] i +g (z,|P) T
, .
> win { (. 1P). 205
1P|
for all P, X € R™Y. Finally we get by (AS8)
/. (.
g ( s |ZU5|> ]V2u(s|2 < cmin g//(-7 ]Vu(5|), g ( ) |V'LL5|> ‘V2U5|2
I | Vus|
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< CD%,F(-, Vu(;)(&Vu(;, 87Vu5)
S CD?_—,F(;(-, VU5)(8,YVU5, 87Vu(;), (47)

where the sum is taken over v € {1,...,n}. Considering S;, the remaining
term is

S — / F;72+w (w(g _ h) dr < T(h;?) + / FE dx (48)

A(h,7) A(h,7)
by (A8). For the examination of S3 we argue similar, using (4.6)
1
Sy <c / n°g (-, |[Vus| )T 2| Vws| d
A(h/7)

e
+c / n°Is* |Vws|dx
A(h,7)
=53 + 55.

So we can follow
S2< T / UQF(?\VM;]Q dx + c(7) 772F§ dx
A(h,7) A(h,7)
and absorb the first term. For S} we get by Young’s inequality

!
|V
S§§T / an(’lﬁu‘s’)F(;]Vw(;Pd:c
L'y

)
+c(7) / UQQ/(',‘VU(;DF(? dz.
A(hF

~

The second integral is bounded by S from (4.8), whereas we obtain by (4.7)
c / 0> D% Fs(-, Vug)(e; ® Vws, e; ® Vws)Ts da
A(h,)

as a upper bound for the first one (compare [Bi], (32), together with (A2)).
Now it is possible to end up the proof like before (compare [Bi] for more
details).
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5 Locally bounded minimizers

In this section we prove Theorem 1.2. In a first step we show

Lemma 5.1 Under the assumptions of Theorem 1.2 we have
Vu € LPTP(Q,R™),

loc

Proof: We show the uniform boundedness of Vuy, in Wo! 0 LV (B, R™Y)
(t := min{2,p}). Then the claim of Lemma 5.1 follows as at the end of
section 2. We fix n € C§°(B,) with 0 <n <1,n=1on B, € B, € B and
V| < ¢/(r—p)~! and get by integrating by parts, following the lines of [Bi],

p. 155, (let h=1, k=1 and o = 0)

P2 =2 1 pe2
/ I? de gc/ n°T 2 \VQUMlzdx—l—Z/ n°T,? dv
B By

P B

To calculate the only critical integral we use Lemma 2.2 and see for a suitable
6>0

p—2 a
c/ °T 7 |[Viuy P de < c(r — p)2/ I'? da
B, -

1 pi2
Sc(r—p)_ﬁ—I—Z/ r,; dx (5.1)

T

because g < p + 2, using Young’s inequality. Finally we obtain
P2 1 p2
/ r,? dxgc(r—p)_ﬁ+§/ I,? dx. (5.2)
B, r

By [Gi], Lemma 5.1, p. 81, one can follow from (5.2) the uniform bounded-
ness of Vuy, € LH%(B,R™). Now we can deduce from (5.1) the uniform
boundedness of Vuy, in Wh! (B, R™). O
So the existence of a VVli’Cq-minimizer is proved and therefore we can work
with the d-regularization from the proof of Theorem 1.1 b) ii) and Lemma
4.1. Analogous to Lemma 5.1, we can show

Vuse LP?(B,R™) uniformly, (5.3)

loc

7
since the additional term 0 [, T'Z dz is not critical by Lemma 4.1, part 1.
Now we can show

Lemma 5.2 Under the assumptions of Theorem 1.2 we have
Vus € Lt (Q,R™Y) for all t < oo uniformly in 6.

loc
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Proof: We quote for another time [Bi] and get for « > 0 and k > 1

p—24+a

pta+2
/n%f‘é 2 dx < c(n)+c/ s 2 |V, da. (5.4)
B B

For calculating the |V2us|-integral we need an inequality of Caccioppoli-type:

Lemma 5.3 Under the assumptions of Theorem 1.2 for all « > 0 and all
n € C§(B) there is a constant ¢ = ¢(«,n) independent of & with

—2+a Pta
/BU%F: > V2P dr < c [1—1—/377%_2F§Q dx} :

Proof: Inserting ¢ := &Yu(;l“(s%n% and summing up over v € {1,....,n}, we
only have one term of interest (compare [BF5], p. 326):

J

Using (1.3) and (4.6) one obtains the three integrals

0,DpF(-,Vus):V {87u5F§772k}‘ dx. (5.5)

ata
Ry 1:/ |V77|F(52 an_ld%
B
R, ::/n%g'(-,\Vu(gl)\VQuﬂF; dx,
B
p—2+g+2a
Rs :—/n2kF6 V2| da.
B

For k> 1 we get by Young’s inequality

R < 2krp+c2x+2 d
1 <7 | 0T r+c(n, ),
B

since ¢ < p+ 2. By (5.4) we can handle the r.h.s. for 7 small enough.
Considering R3 we see

p—24+a
R3 ST/ n*T; 2 |V2ua|2d1’+c(7)/ 57 dr.
B B

We absorb the first integral by (5.4) and see

p+2+a

/772’“1“52 dr < T’/ s 2 do + (7))
B B




for the second one by Young’s inequality and ¢ < p + 2. Obviously, the
critical term is Ry: For this integral we get

w
2

"1V a wta
Ry < T/ ”ZkMW%é!QFE d93+0(7)/ g (- [Vus|)Ts* da.
B 5 B

The first term on the r.h.s. can be absorbed in the Lh.s. of (5.5) for 7 < 1
if we note (4.7) and (A10). For the remaining integral we have the estimate

q+w;1+a , p+<;+2 ,
Ls <7 [ T dx + (')
B B

if we use Young’s inequality and w < (p+2 — ¢) + 1. This ends up the proof
of Lemma 5.3 and we have showed

ok EESHE k-2 5"
n*Ls * doe<c(n) |1+ [ " Ts? dz (5.6)
B B

by (5.4). Iteratively we can follow the claim of Lemma 5.2. As a starting
point one can choose a = 2 by Lemma 5.3. 0J

In the next step we show

Lemma 5.4 Under the assumptions of Theorem 1.2 Vus is uniformly bounded
in L2 (Q, R™Y).

loc

The claim of Theorem 1.2 follows by reducing our problem to a variational
integral with isotropic growth.
Proof of Lemma 5.4: We consider the function

7(h,r) = / F§_§+1(F5 — h)%da
A(h,r)

where A(h,r) := B, N [['s > h| and proof
c

n_ 1 n_ 1
s s

(F— 1)@t (h — k)7

n

Tk, 7)ratr s [i+d]

T(h,7) <

1
t

for 0 < k < hand 0 < r <7 < R with s,t > 1 and ¢ independent of
h,k,r,7,0. For an arbitrary s > 1 we calculate (compare [Bi], p. 157, for
details)

7(h,r) < ¢(s) [Ifi” + IQ"CL”} : (5.7)
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By a later choice of t > 1 we get

n

C
]’]:nfl S

(h—k)n1

w |

n 1
S

(F—r)eT

»

For I, one obtains with sum over j € {1,...,N)

1 n_
;7' <ec / 11 D*Fy(-, Vus)(e; ® Vs, 5 @ VIs)dx %
A(h,T)
c (k A)l n_1 (5.9)
——7(k,7)2n 1%, '
(h — k)n—l%

For the term in brackets we show

Lemma 5.5 Suppose the assumptions of Theorem 1.2. Then there is a con-
stant ¢ > 0 for which we have the estimate

c ~
/ n’D*F(Vu;) (e; @ Vs, e; @ VD) dr < G k)QT(kJ,T)

A(h,T)
for all n € C§°(Br(x0)).

Proof We choose the test function ¢ := 1?0, us[l's — h|* and get

Q) = / W2 [Vl (D5 — h) do

A(h7)

Qs = / 772I‘(ST|87VU5|(F5 — h)dzx
A(h,F)

Qs = / 772F§|VF5| dx.
A(h,F)

as the interesting terms (see [BF1]). It follows

c B4l
ng(?—r)(h—k) / r; 2Ny — h)? da
A(h,7)

k,7),

S Gt
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since we can assume w.l.o.g. h —k < 1. The Young’s inequality delivers

p—2
Q2 <7 / T2 |0, Vus|*(Ts — h) dz
A(h,7)
+ (1) / n’T§ *(Ts — h) d.
A(h,7)

The growth of D%Fj allows us to absorb the first term (compare [BF1],
(2.41)). The other term can be bounded by

C

RO

k7).
For ()3 we obtain by Young’s inequality

o5 2 2pa—5+1
Qs <71 n°Ls? |[VIs|*dx + c(7) 0L dx.
A(h,F) A(h,7)

The inequality

[y e < ) < e (07)

A(h,7)

ends up the proof of Lemma 5.5.
By recapitulating (5.7)-(5.9) and Lemma 5.5 we have

7(h,r) < 7k, Pl

— n 1 n_ 1
S S

(F— )t

1
t

Since s,t are arbitrary numbers in (1, 00), we can achieve

Lon Loy
2n—1s t

and the claim follows by [St], Lemma 5.1. O

6 Examples

Let n € C*°(]0,00),]0,1]) and § > 0 such that

0,  on [4k6, (4k + 1)6]
n(t) = { 1, on [(4k + 2), (4k + 3)6]
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for all £ € Ng. We define for 1 <p<g<ooandt >0

q—2

wlt)i= [ [ [0+ 0= drdp
Then we have

Lemma 6.1 The function gy satisfies the condition (A3).

Whereas the estimates for gj are trivial, we need for handling g; the inequality
2—p 1 t 2 p—2
(1+t2)2z/(1+7)2d720 (6.1)
0

for a ¢ > 0, which delivers directly the first of the two requested estimates.
We see

S _
1im(1+t2)22p—/ (1425 =1
t—0 t 0
. 2 2-p 1 ! o\ P=2 1
andtllm(l—i-t)?; (1+7)2 =——
which proves (6.1). By similar arguments we get

o1 [t _
(1+t2)22qz/(1+72)q22d7§c
0

and thereby the estimate from above. A trivial way to receive a spatial
dependence is

gi(x,t) = a(z)ge(t)

for a C2-function « which is bigger than ¢, > 0. Now it is easy to see, that
g1 satisfies the assumptions (A3), (A4) for € = 0 and (Ab).
A possibility which is not as trivial is

f(=z)
go(,t) == (1 + 372

for a C?-function f satisfying f(z) > 1 for all z € Q. Than we obtain

Lemma 6.2 The function gy satisfies (A3), (A4) for any e > 0, (A5) and
if f(x) >2 on Q we have (A6) for

Fy(z, P) := go(x, | P)).
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Proof: W.lo.g. let f(x) > 2. Note

gy, ) = fl)(1+12) 5

and gf(x,t) = f(z)(f(z) = 2)(1+ )T 2 + f(@)(1+ 1)

So we see (A3) by p :=inf f and ¢ := sup f. Furthermore we get

Ry

0, gl (w,t) = 20, f(x) [f () — 1] (1 + 2) 522
+ L) — 20,5 1+ )1 )5
+ 0, f()(1+ 275!
+ %f(ar)%f( YIn(1 + 2)(1 + 2)%5

We can bound 0.,¢§ b

LR

In(1 + £2)(1 + ¢2)"5" 1,

Using the estimate
In(1 + %) < c(e)(1 +12)3

takes (A4). If we derive 0, g5 (x,t) once again we receive (A5) for ¢ := sup f+
2¢. Now we prove (A6):

DR, P) = ¢ (& |P) .
2 _ ¢z, |P]) P®P P®P
D*Fy(x, P) = P <I— W ) 9" (@, |P|) =5 PP

— @)1+ PP + f(2)(f(x) —2)(1+ |P]) T P& P

Thereby we have for P,Q € R™V

D*Fy(x, P) = D*Fy(2,Q)| < fla)V/n|(1+]P2)5 71 = (1+ Q)+
+ f@If@) =2 |1+ [P F2Pe P— (141D T Qe Q|

=: o1 + Qo.

Estimating oy and oy seperatly and using [AF], Lemma 2.1, if 2 < f(z) < 3
we obtain (i € {1,2})

f<>
)

a; < c(1+|P* + |QF “lP-Qr
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for an arbitrary v € (0,1). This shows for ¢ := sup f the requested Holder-
condition for D?F.

Due to a local argumentation it is possible to choose p and ¢ arbitrarily near
and to quote older regularity results for minimizers of [, go(-, [Vw)| dz. This
motivates the following construction: let

ga(,t) = / / )+ =)+

a+f(z)—2
2

} drdp

for an 7 as in the definition of gy and a function f € C?*(Q,R{). Here we
can produce an arbitrarily wide range of anisotropy with a non-trivial x-
dependence. Following the arguments of the two examples before, it is easy
to see, that all of our assumptions are satisfied.
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