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0 Introduction

Mirror symmetry is a phenomenon postulated by theoretical physics in the
context of string theory. The goal of string theory is the unification of general
relativity, describing gravity, with the standard model, which describes the
electroweak and strong coupling. These theories model nature in the large
respectively in small scales in such astonishing precision that it is very hard to
obtain experimental data on this unification. String theory follows the idea to
replace point particles by extended objects like a 1-sphere and to replace the
4-dimensional spacetime by a Riemannian manifold of dimension 10, which is
locally the product of a 4-dimensional Minkowski space and a 6-dimensional
compact Riemannian manifold X, too small to appear in measurements. For
two out of five possible string theories the manifold X turns out to be a
3-dimensional complex manifold with trivial canonical sheaf. These kind of
manifolds are called Calabi-Yau manifolds and were studied in mathematics
for a long time before their appearance in theoretical physics. Hodge theory
associates to X the Hodge numbers

AP (X) = dim H? (X) = dim H?(X,Q%), p,¢ =0,...,3

The general framework of string theory predicts that one type of string theory
obtained from a Calabi-Yau manifold X is equivalent to the second type of
string theory on another Calabi-Yau manifold X° and the Hodge numbers of
these are related by

RP(X) =h¥P1(X°) VO<p,qg<3

Such a pair X and X° is called a mirror pair, and the question arises how to
get X° from X and vice versa.

The first mirror construction was given by Greene and Plesser in
[Greene, Plesser, 1990] for the general quintic threefold X C P As for
Calabi-Yau manifolds Tx. = Q%., the mirror X° should satisfy

dim H' (X°, Txo) = h*' (X°) =" (X) =1

Greene and Plesser construct the mirror as a general element in the 1-
parameter family of quintics

Xy = {xg + 28 + 25+ 25 + 2 + ApoT 1207374 = 0}

with fibers in a Z3-quotient of P4. This 1-dimensional parameter space con-
tains the degeneration point A = oo corresponding to the union of 5 hyper-
planes {xor1zo2324 = 0}. Indeed, degenerations of Calabi-Yau manifolds to

13



varieties given by monomial ideals appear naturally in the context of various
mirror constructions.

Generalizing the construction by Greene and Plesser, Batyrev considers in
[Batyrev, 1994] anticanonical hypersurfaces in Gorenstein toric Fano varieties.
There is a one-to-one correspondence of the Gorenstein toric Fano varieties
P(A) of dimension n, polarized by —Kpa) with the reflexive polytopes
A C M ®R, where M = 7Z". Recall that a polytope A is called reflexive if A
and its dual polytope A* are integral and contain 0 in their interior. So dual-
ity of reflexive polytopes is an involution of the set of Gorenstein toric Fano
varieties. Batyrev proves that general elements in }—KMA)} and }—KP(A*)
form a mirror pair in the sense of mirrored Hodge numbers generalized to
singular varieties. In the following we associate to Batyrev’s data a mono-
mial degeneration. Denote by ¥ C N ® R, where N = Hom (M, Z), the fan
representing Y = P (A), i.e., the set of cones over the faces of the dual poly-
tope A*. Generalizing the homogeneous coordinate ring of projective space,
the Cox ring of Y is the polynomial ring

S=Cly |rex()]

with variables corresponding to the 1-dimensional cones ¥ (1) in ¥ and
graded by the Chow group of divisors A,,_; (Y') of Y via the exact sequence

0 MAZZ0E 4 (V)0

A reflexive polytope has 0 as its unique interior lattice point, so a generic
anticanonical hypersurface in Y comes with a natural monomial degeneration

o (e ) )

where mg = Hrez(l) Yy, and ¢, are generic coefficients.

Note that toric varieties also appear in the context of monomial degener-
ations in the sense that the special fiber is a union of toric varieties. Indeed,
toric geometry plays an important role in the context of mirror symmetry
as toric varieties have non-trivial geometry and still can contain a reducible
special fiber of a degeneration in a natural description as a union of toric
strata.

As general setup, we consider a one parameter degeneration X of Calabi-
Yau varieties with fibers in a toric Fano variety Y with Cox ring S and with
reduced monomial special fiber X,. The toric Fano variety Y is given by
the fan over the faces of a Fano polytope P, which is an integral polytope
in N ® R containing 0 as the unique interior lattice point. So we generalize
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Gorenstein toric Fano varieties to the Mori category of (Q-Gorenstein toric
Fano varieties. Let I C C[t] ® S be the ideal of the total space of the
degeneration and Iy C S the ideal of the monomial special fiber.

Given a polytope A we denote by Poset (A) the complex of faces of A,
which is a partially ordered set with respect to inclusion. For the polytope
A = P* the complex Poset (A) is isomorphic to the complex of the closed
strata of Y, which we denote by Strata (Y). So the complex of closed strata
Strata (X,) of the monomial special fiber of X can be considered as a sub-
complex of Poset (A).

Using Grobner basis techniques, we construct from the degeneration X a
new polytope V with a new subcomplex B () C Poset (V). We begin by
associating to X the Grobner cone C7p, (I) of weights on C[t] ® S (looking
for the minimal weight terms) selecting the monomial special fiber ideal I,
as lead ideal of I. For every face F' of C, (I) we have an initial ideal ing (1)
of I, which is no longer monomial for the proper faces of Cp, (I). Denote
by Poset (Cy, (I)) the fan of the faces of Cp, (I). We consider the subfan
BFy, (I) C Poset (Cy, (I)) of those faces of Cy, (I), which have no monomial
in their initial ideal. This fan is the intersection of the fan Poset (Cy, (I)) with
the Bergman fan BF (I), introduced in [Bergman, 1971]. Essentially equi-
valent to Bergman’s original definition, we define the Bergman fan BF' (I) as
the closure of the image of the vanishing locus of I over the field L = C {{s}}
of Puiseux series under the valuation map

L* x (L')" — R™!
(t> Y1y .-, yn> = (UCLZ <t> ,UCZZ (yl) PEEER] val (yn))

Here we consider the torus (L*)" = (L*)*" /Homy, (A,_1 (Y), L*) and val
denotes the valuation associating to a power series its vanishing order, i.e.,
the exponent of its lowest order term.

The cone C}, (I) is contained in the half-space of ¢-local orderings. Hence,
intersecting it transversally with the hyperplane of t-weight w, = 1, i.e.,
identifying the parameters ¢t and s, we obtain a convex polytope V. The
polytope V is naturally contained in N ® R and it turns out that V* is again
a Fano polytope. Corresponding to BFy, (I) = BF (I) N Poset (Cy, (1)) we
also obtain a subcomplex B (I) of the complex Poset (V) of faces of V. Let
K = C{{t}} be the field of Puiseux series in the parameter t.

If w is a weight vector in a face of the Bergman complex B (I), we can
consider the power series solutions of I lying over w via the valuation map

(K*)" — R"
(Y1 ooy Yn) — (val (Y1) , .., val (y,))
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Taking the limit ¢ — 0 of these solutions induces an inclusion reversing map
lim: B(I) — Strata(Xy)

from the complex B (I) to the complex of strata of the special fiber X of
X, which is a subcomplex of faces of A = P*. It turns out that the complex
B (I) essentially is dual to the complex of strata of X.

The complex Poset (V*) describes the initial ideals of I at the faces of V.
Consider the reduced standard basis of I in S ® C[t] / (t*) with respect to a
monomial ordering in the interior of V. If F' is a face of V, then all initial
forms with respect to I’ of the standard basis elements involve a minimal
generator of Iy. Hence, dividing for all initial forms the non-special fiber
monomials by the special fiber monomial, we obtain a set of degree 0 Cox
Laurent monomials. These monomials correspond via the Chow presentation
sequence

0 M37°0 4, (V)—0

to the lattice points of F™.

In the following we denote the first order deformations of X, which are
characters of the torus (C*)* as (C*)*-deformations. Note that the vec-
tor space Hom (I, S/1Iy), of degree 0 deformations has a basis of (€)M
deformations.

The lattice points of the faces of V* have a two-fold interpretation:

e Let € V be a face, § € F* a lattice point and let A(d) = 2 € /2
with relative prime mg and m; be the corresponding degree 0 Cox
Laurent monomial. Then 4 can be considered as a (C*)E(l)—deformation
of X, of degree 0 by associating to it the element of Hom (1o, S/1y),
defined for minimal generators m € Ip by 6 (m) = 7= -m if mg | m and
0 otherwise. Here we use 6 € F™*.

It turns out that B (I)" represents the tangent space of the component
of the Hilbert scheme of I containing X, assuming that we took the
tangent vector of X general enough.

e The fan over the faces of V* defines a toric Fano variety Y°, so the
vertices of V* are the variables of the Cox ring of Y°, i.e., the torus
invariant prime Weil divisors on Y°. Hence in particular the vertices of
the faces of B (I)" have an interpretation as torus invariant divisors on
Y°. Passing from vertices to lattice points amounts to a toric blowup.

This is compatible with the identification of H4™(X)=L1 (X) and H' (X°)
for a mirror pair X and X° and more generally of the complex moduli space
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of X with the Kahler moduli space of X°. From this point of view Y° is
the toric Fano variety with sufficient divisors to represent locally the compo-
nent of the Hilbert scheme at X containing X. In the same way as B (I)"
describes the tangent space at X, of the component of the Hilbert scheme
along X, we expect that the Kahler classes given by the lattice points of
B (I)" suffice to represent the Kéhler moduli of the mirror.

The subcomplex B (1) C Poset (V) defines a monomial ideal [§ in the
Cox ring S° of Y°. The ideal I§ is the intersection over all facets (i.e., faces
of maximal dimension) F' of B (I) of the ideals generated by the set of all
facets of V containing F'. This generalizes the idea of Stanley-Reisner rings.

So we have constructed a toric Fano variety Y° and a monomial ideal
I§, whose zero locus X essentially is combinatorially dual to the complex of
strata of the special fiber Xy of X.

We know that the lattice points of B (I)" C Poset (V*) have an inter-
pretation as first order deformations of X, contributing to tangent vector of
the family X. Hence the first order deformations of the mirror special fiber
X contributing to the tangent vector the mirror degeneration X° should
be given by the lattice points of the dual (lim (B (1)))" C Poset (A*) of the
image of the limit map. Again the lattice points of (lim (B (I)))" have the
two fold interpretation as deformations of X and torus divisors on a blowup
of Y. Applying these deformations to I we obtain the conjectural mirror
degeneration up to first order.

If the ideal I§ obeys a structure theorem, e.g., the Koszul resolution for
complete intersections or the structure theorem of Buchsbaum and Eisenbud
for codimension 3 subcanonical varieties, we can (in the case of complete
intersection trivially) extend the first order mirror family to a degeneration
over Spec C [t].

The tropical mirror construction formalizes as follows:

o Let N =7" 1let P C N®R be a Fano polytope and Y the corresponding
toric Fano variety with Cox ring S. Let X be a one parameter monomial
degeneration of Calabi-Yau varieties with fibers of codimension ¢ in Y
and let X be given by the ideal I C C[t] ® S. Suppose that the ideal
I of the special fiber is a reduced monomial ideal.

e Fix a monomial ordering > on C [t] ® S, which is respecting the Chow
grading on S and which is local in ¢, and denote by >, the weight
ordering by w refined by >. Then define

Ciy (1) = {~ (wiw)) RO N | Lo, ., (D) =To}

wt,cp(wy
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Note that we add the minus sign as L is defined as selecting the mono-
mial of maximal weight.

Intersecting C}, (I) with the hyperplane of t-weight one, we obtain a
polytope
V=C,(I)Nn{w, =1} C Ng

and V* is a Fano polytope, so gives a toric Fano variety Y°.
The complex of the faces of the polytope V has the subcomplex
B(I) = (BF (I) nPoset (Cy, (1)) N{w, = 1}
= {F face of V | ing (I) does not contain a monomial}

the Bergman subcomplex or tropical subcomplex of V. The intersec-
tion of the fan BF (I) N Poset (Cy, (1)) with {w; = 1} is defined as the
complex, whose faces are the intersections of the cones of BF (I) N
Poset (Cp, (1)) with the hyperplane {w; = 1}.

The complex B (I) is a subdivision of the dual of the complex of strata
Strata (X,) of the special fiber X, of X via the map

lim: B(I) — Strata(Xy) C Strata(Y)
F — {lim_ga(t)|acval (int(F))}

taking the limit of arc solutions of I. Here int (F') denotes the relative
interior of F'.

Denote by »° the fan over the faces of V* defining Y° and by
S°=Clz | re X (1)]
the Cox ring of Y° graded via
0— N & 720 % 4 (v —o0

Then the monomial ideal defining the special fiber X; C Y° of the
mirror degeneration X° of X is

I = <Hz | J € %°(1) with supp (B (I)) C UF>

ved reJ

= Npepa) (#¢- | G afacet of V with FF C G) C S°

where F, denotes the facet of V corresponding to the 1-dimensional
cone r of 3° = NF (V). Note that in the second description of Ij it is
sufficient to take the intersection over the maximal faces of B (I).
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e Let M = Hom(N,Z) and A = P* C M ® R. The image of lim
naturally is a subcomplex of the complex of faces of A. Hence we
obtain a subcomplex (lim (B (I)))" of the complex of faces of A* = P,
which describes the first order deformations of the mirror degeneration
at X as degree zero Cox Laurent monomials. So the conjectural mirror
degeneration up to first order is given by

<m +t- Z Co - (M) | m min. gen. of I§> C Clt]/(*)®s°
aesupp((

lim(B(I)))*)NN

with generic coefficients c,.

Note that the description of the first order deformations as lattice points
of A* is independent of the toric variety Y°. This easily allows to
replace Y° by different birational models in the Mori category.

To give a model of the mirror family in a simplicial toric variety re-
presented by a flat affine cone, consider a projective simplicial subdi-
vision X° C Mg of £° and Y° = X (X°) — X (¥°) =Y°. Let

Poset (V)" = {0 NF|oeX®, F e Poset (V*)}
dual (B (I))" = {G € Poset (V*)" | G C F, G ¢ OF for some F € dual (B (I))}

be the induced subdivisions of the complex of faces of V* and of the
complex dual (B (I)) and denote by

Iy = ﬂFedual(B(I))cA (yr | 7 € F)

the corresponding special fiber ideal.

Zariski closed subsets of Y° are in one-to-one correspondence with the
graded radical ideals in S° contained in the irrelevant ideal

B(S°) = (Tyese), rgotir | 7 €57) € 5°

The first order mirror degeneration of X with fibers in Y° is the Zariski
closed subset X'° C Y° x SpecC [t] / (t*) defined by the ideal

<m—i—t~ Z ca‘a(m)]m€f0ﬂ8(20)>08(§°)
aesupp((

lim(B(1)))*)NN

in C[t]/(t*) @ S°.
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Note that one can also represent the mirror family via the one-to-
one correspondence of subschemes of Y° and saturated ideals in R° =
D.cpic(e) Sa: as explained in Section 9.12.

The choice of a projective simplicial subdivision of ¥° is known in
the context of hypersurfaces and complete intersections as the multiple
mirror phenomenon which is essential to the global understanding of the
complex and Kéhler moduli. Indeed, the mirror should be seen as the
totality of all models of the tropical mirror family in some simplicial
or non-simplicial projective toric variety Y° = X (3°) with X° (1) C
Yo (1).

The tropical mirror construction reproduces known mirror constructions.
Batyrev and Borisov extend in [Borisov, 1993] and [Batyrev, Borisov, 1996-11]
the mirror construction for hypersurfaces in toric Fano varieties to complete
intersections given by nef partitions. In an analogous way as we obtained
the degeneration associated to an anticanonical hypersurface in a Goren-
stein toric Fano variety, there is also a monomial degeneration for a complete
intersection. We show that, when applied to this complete intersection de-
generation, the tropical mirror construction gives the degeneration associated
to the Batyrev-Borisov mirror. In particular, this also holds true in the case
of Batyrev’s mirror construction for hypersurfaces.

We introduce the notion of Fermat deformations in order to relate the mir-
ror degenerations to birational models with fibers in toric Fano varieties with
Chow group of rank 1. Applying this, we connect the mirror degeneration as-
sociated to the complete intersection of two general cubics in P° to a Greene
Plesser type orbifolding mirror family given in [Libgober, Teitelbaum, 1993].

In the same way, applying the tropical mirror construction to a monomial
degeneration of non-complete intersection Calabi-Yau threefolds of degree
14 in P defined by the Pfaffians of a general linear skew symmetric map
70 (—1) — 70, we reproduce the orbifolding mirror given by Rgdland in
[Rodland, 1998].

We also apply the tropical mirror construction to a monomial degen-
eration of non-complete intersection Calabi-Yau threefolds of degree 13 in
P® defined by the Pfaffians of a general skew symmetric map O (—2) @
40 (—1) — O (1) @ 40. From the mirror degeneration given by the tropical
mirror construction we obtain, via the concept of Fermat deformations, a flat
monomial degeneration with fibers in an orbifold of P°, which again obeys
the structure theorem of Buchsbaum-FEisenbud.

In the following, we give a short overview of the individual sections.
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Section 1. This section provides an introduction to various concepts
used in the tropical mirror construction.

Section 1.1 recalls some facts on Calabi-Yau manifolds and their relation
to string theory and mirror symmetry. A manifold X of dimension d is called
a Calabi-Yau manifold if Ky = Ox and h' (X,0x) =0 for 0 <i < d.

In Section 1.2 we give a short introduction to the concept of stringy Hodge
numbers introduced by Batyrev to generalize Hodge numbers to singular
varieties. Given a normal projective variety X with log-terminal singularities
one associates to X, via a resolution f : Y — X of singularities, a function
Eg (X;u,v), which Batyrev proves to be independent of the choice of the
resolution. If F; is a polynomial, then stringy Hodge numbers can be defined
via the coefficients of Ey;. In any case, topological mirror symmetry of a pair
of Calabi-Yau varieties X and X° of dimension d can be defined via the
stringy E-functions as the relation Ey (X;u,v) = (—u)? By (X% ut,v). If
X admits a crepant resolution f:Y — X, then

Ey(X;uv)= Y (=102 (Y) uPr?

0<p,q<d

In Section 1.3 we continue with an overview of toric geometry. The Sec-
tions 1.3.1-1.3.3 give the standard description of toric varieties and mor-
phisms. If N = Z" Ng = N ® R, 0 C Ng is a rational convex polyhedral
cone, M = Hom (N, Z) and

g={me Mg | (m,w) >0Vw € o}

is the dual cone, then ¢ N M is a finitely generated semigroup and defines
an affine toric variety U (o) = Spec (C[5 N M]). Given a fan ¥ in Ng, i.e.,
a finite set of strongly convex rational polyhedral cones such that every face
of a cone in ¥ is again a cone in ¥ and the intersection of any two cones
is a face of each, the U (o), 0 € ¥ glue to a toric variety Y = X (). The
torus Spec (C[Z"]) — Y acts on Y. There is an inclusion reversing bijection
between the cones of ¥ and the torus orbit closures. Let ¥ (1) be the set of
rays in %, i.e., the set of 1-dimensional cones. We denote by D, the torus
invariant divisor on Y corresponding to the ray r € ¥ (1).

As explained in Section 1.3.5, one can describe the dualizing sheaf of a
toric variety X (X) as

Y = O0xe [~ D D
)

veX(1
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Section 1.3.4 shows how to represent Weil and Cartier divisors, the Chow
group A,_1 (Y) of Weil divisors modulo linear equivalence on a toric vari-
ety Y = X (¥) and the Picard group Pic(Y). Classes in A, (Y) can be
represented by torus invariant Weil divisors via the exact sequence

0— M A 70 A, (Y) —0

where the rows of A are formed by the minimal lattice generators of the rays.

In Section 1.3.6 we describe the correspondence of integral polytopes in
Mpg and projective toric varieties. To an integral polytope A C Mg one can
associate the graded ring

S(A)=C[tha™ | m € kA] degtha™ =k

with kA = {km | m € A} and tFa™ - tla™ = tF+ ™+ and hence the pro-
jective toric variety P (A) = Proj (S (A)). Consider for any face F' of A the

cone of linear forms w € Ng, which take their minimum on A at the points

of F. These cones form a fan, the normal fan ¥ = NF (A) of A. If 0 is in
the interior of A, then NF (A) is the fan formed by the cones over the faces
of the dual polytope

A*={ne€ Ng | (m,n) > —1Vm e A}

of A. Furthermore, A defines a divisor on X (X)

Dp = Z — min (m,7) D,

meA
rex(l)

Y

Then as a toric variety P (A) =2 X (X) with choice of an ample line bundle
Opa) (1) = Ox(x) (Da).

The Cox ring of a toric variety is explained in Section 1.3.7 and homo-
geneous coordinate presentations of toric varieties in Section 1.3.9. The Cox
ring of a toric variety Y = X (X) is the polynomial ring S = C[y, | r € £ (1)]
graded via the above presentation of the Chow group considering monomi-
als in S as elements of Z*(). In an analogous way to the representation of
projective space as

P" = (C"" =V ((yo, - Yn))) /T

there is a similar description of toric varieties as a categorial quotient

X (D)= (C* -V (B(%))//G (D)
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with some irrelevant ideal B (X) C S and the action of
G (X) = Homg (4,1 (Y),C")

induced by the above sequence.

The application of the Cox ring to represent subvarieties and sheaves is
treated in Sections 1.3.8 and 1.3.10. For example the vector space of global
sections of the reflexive sheaf of sections Ox(x) (D) of a Weil divisor D on Y’
is isomorphic to the degree [D]-part of the Cox ring.

Section 1.3.11 gives an algorithm to compute the Mori cone NE (Y ), C
A1 (Y) @ R of effective 1-cycles for a simplicial toric variety Y.

The one-to-one correspondence of Gorenstein toric Fano varieties P (A)
of dimension n, polarized by —Kp(a) and reflexive polytopes A C Z" @ R is
treated in Section 1.3.12. The involution of Gorenstein toric Fano varieties
induced by duality of reflexive polytopes is the foundation of Batyrev’s mirror
construction for anticanonical hypersurfaces.

In order to understand, which torus invariant deformations represented by
Cox Laurent monomials are trivial, we have to describe the automorphism
group. If Y = X (X) is simplicial, then the connected component of the
identity of Aut(Y') is generated by automorphisms induced by the torus in
Y and by the so called root automorphisms. Represented as Cox Laurent
monomials a root automorphism is a degree 0 Cox Laurent monomial in Z*(!)
of the form

[Lesy v
Yo
with relative prime numerator and denominator, and the corresponding 1-
parameter family of automorphisms is

Yo = Yot A HseE(l)—{v} Y
Yr = Yp for re¥(1)—{v}

Toric Mori theory will be used to relate Calabi-Yau degenerations to
orbifolding mirror families by relating the polarizing toric Fano variety of the
degeneration to a different birational model. Section 1.3.14 gives an overview
of Reid’s toric interpretation of Mori theory, i.e., cone theorem, contraction
theorem, existence and termination of flips and the minimal model program.
Given a finite set R of 1-dimensional rational cones of a projective fan, the
set of all closures of Kéhler cones cpl (X) of projective simplicial fans ¥ with
¥ (1) C R fit together as (|R| — n)-dimensional cones of a fan in A4,,_; (R)p =
R®/Mg. To justify the notation A,_; (R)g, observe that the presentation of
the Chow group of a toric variety X (X) only depends on the 1-dimensional
cones of the fan ¥. The fan generated by the maximal cones cpl (X)) is called
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the Gelfand-Kapranov-Zelevinsky decomposition associated to R and can be
extended to a complete fan, called the secondary fan ¥ (R). We explain
an algorithm to compute the secondary fan via triangulations of marked
polytopes.

The next Section 1.4 gives a short account of Grobner bases, weight or-
derings and the Mora algorithm computing standard bases in the non-global
setting. The concept of Grobner bases plays an important role both for the
theory of flat degenerations and for computing tropical varieties, so also for
the tropical mirror construction. With regard to flat degenerations see also
the remarks about Section 5 below. Grobner basis theory is the algorithmic
object connecting tropical geometry to degenerations and mirror symmetry.

Section 2. In this section we summarize the mirror constructions, which
will be generalized in a common framework by the tropical mirror con-
struction.

We begin in Section 2.1 with a short overview of the mirror construction
given by Batyrev for anticanonical hypersurfaces in toric Fano varieties. Re-
flexive polytopes A C My correspond to Gorenstein toric Fano varieties
Y =P (A) polarized by —Kp(a). A general element of |—Kp(a)| is a Calabi-
Yau hypersurface in Y. Duality is an involution of the set of reflexive poly-
topes. Batyrev proves that general elements of {—KP(A)’ and |—KP(A*) form
a mirror pair in the sense of stringy Hodge numbers. In the original ap-
proach, Batyrev constructs, via maximal projective subdivisions of the fan
of Y, a partial crepant resolution of the hypersurface. A maximal projective
subdivision of the normal fan ¥ of A is a simplicial refinement ¥ of ¥ defining
a projective toric variety X (2_]) with the property that the non-zero lattice
points of A* span the 1-dimensional cones of X..

Batyrev’s construction for hypersurfaces has a generalization to the case
of complete intersections given by nef partitions of reflexive polytopes. This
mirror construction was given by Borisov and is explained in Section 2.2. Let
A C Mg be a reflexive polytope and ¥ = NF (A) its normal fan. Let

S(1)=hLU..UI

be a disjoint union and suppose that the corresponding divisors E; = > _ I D,
are Cartier, spanned by global sections, and let A; C Mg be the polytope of
sections of Fj. Note that ) %, E; = —Ky. With V; = convexhull {{0} U I;}
the Minkowski sum

VBB = V1 +-.-+VC

is again a reflexive polytope with Vi, = convexhull (A; U...UA,). Let
5° = NF (Vpp), let
¥ (1)=JU..UJ
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be the disjoint union corresponding to the partition A; N vertices (Vi) of
the vertices of Vpp and E; = zver D;. Then X in Y = P(A) given
by general sections of O (E}),...,O(E.) and X° in Y° = P(Vpg) defined
by general sections of O (EY),...,O (E?) form a mirror pair with respect to
stringy Hodge numbers.

Section 2.3 introduces the Greene-Plesser orbifolding mirror family given
by Rgdland for the general Calabi-Yau threefold X of degree 14 in P® defined
by the Pfaffians of a general linear skew symmetric map

TOgs (—1) — TOgs

The mirror is given as a general element of the 1 = A (X)-parameter family
with fibers in a Z;-quotient of P® defined by the Pfaffians

0 txy To 0 0 —r5 —txg
—tx 0 trs Ty 0 0 —Xo
—x9 —txs3 0 txy Tg 0 0
0 —T4 —tl'4 0 tIL‘O T 0
0 0 —Tg —tl'() 0 t$2 T3
Ts 0 0 —x1 —txo 0 txy
txg To 0 0 —x3 —txy 0

in C[t] ® Clxo, ..., zg], i.e., by the square roots of the 6 x 6 diagonal minors.

Section 3. The next main section introduces examples of monomial
degenerations of Calabi-Yau varieties, which will serve as an input for the
tropical mirror construction. Section 3.1 defines the natural monomial de-
generations associated to hypersurfaces given by reflexive polytopes and to
complete intersections given by nef partitions. Let A C Mg be a reflexive
polytope, Y = P (A) a toric Fano variety with Cox ring S, ¥ = NF (A) and
¥ (1) = L U...U I. a nef partition. Then we obtain a degeneration given by

I=(t-gi+m;|j=1..,¢c0CCltj®S
with m; = Hyv

UEIj
and monomial special fiber
IO = <mj |] = 1, ...,C>

Section 3.2 gives monomial degenerations of some non-complete intersection
Pfaffian Calabi-Yau varieties. A monomial degeneration of a general Pfaffian
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elliptic curve in P* defined by the Pfaffians of a general linear skew symmetric
map A : 50ps (—1) — 5Op is given by the Pfaffians of

0 0 I —XT4 0
0 0 0 i) —2X
t- A —+ —X1 O 0 0 T3
Ty —XT9 0 0 0
0 o —XI3 0 0

If A:70ps (—1) — 7Ops is a general skew symmetric map, then the Pfaffians
of
0 0 ) 0 0 —T5 0
0 0 0 Ty 0 0 —x
—X2 0 0 0 T 0 0
t-A + 0 —XT4 0 0 0 T 0
0 0 —Tg 0 0 0 T3
Ts 0 0 —x; O 0 0
0 Zo 0 0 —x3 0 0

define a monomial degeneration of a general degree 14 Pfaffian Calabi-Yau
threefold. In the same way there is a monomial degeneration of a general
Calabi-Yau threefold of degree 13 in P° defined by the Pfaffians of a general
skew symmetric map Ops (—2) & 4O0ps (—1) — Ops (1) @ 4Ops.

Section 4. The next main section introduces fundamental facts from
tropical geometry used to formulate the mirror construction. Section 4.1
defines the amoeba of a subvariety of a torus as its image under the map

log, : (C*)" - R"
(Zh ey Zn) = (logt |Zl‘ ) "'710gt ’Zn’)

Let K be the metric completion of the field of Puiseux series C {{t}} with
respect to the norm || f|| = e ") where val (f) denotes the exponent of
the lowest weight term of f, and let I C K [z1, ..., ] be an ideal. Section 4.2
relates the limit for ¢ — oo of the amoeba given by I to the non-Archimedian
amoeba. This is the image under

val_ : (K*)" — R

(f1y ey fr) — (—val (f1) ..., —val (f))

of the vanishing locus Vi (I) of I over K. The non-Archimedian amoeba of
I is also called the tropical variety tropvar (I) of I. Note that here we take
the negative of the vanishing order in the definition of the valuation map, as
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in the context of tropical geometry one usually considers the point of view
of the (max, +) algebra.

Section 4.3 lists the basic properties of tropical varieties, in particular
their characterization as the set of weight vectors w € R™ such that in,, (1)
contains no monomial. In Section 4.4 we recall the algebraic description of
tropical varieties. Given a polynomial f € K [zy,...,2,] we replace + by
max, multiplication by + and the coefficients ¢ by —wal (¢) hence associ-
ating to f a piecewise linear function trop (f). Then tropvar ((f)) is the
non-differentiability locus of trop (f). In the same way tropvar (I) is the in-
tersection T (trop (1)) of the non-differentiability loci of all trop (f) for f € I.
In Section 4.5 we relate the tropical variety of I C C|[t,xy,...,x,] to a com-
plex BC_ (I), defined via its underlying set, which is the set of those points
on the unit sphere that are the limit of projections of points of log (V (1)) on
an expanding sphere jS™ for j — oo. The fan BF_ (1) is defined as the fan
over BC_ (I). Note that the fan BF_ (I) is known in the literature as the
Bergman fan, which differs by reflection at the origin from the Bergman fan
BF (I) as we defined above. The relation between tropvar (I) and BC_ (I)
is given by stereographic projection m_ of the lower half unit sphere from 0
to the plane {w; = —1} = R" of t-weight —1.

In the definition of the amoeba, of the non-Archimedian amoeba, of
the tropical variety, of the non-differentiability locus of trop (f) and in the
definition of BC_ (I) and BF_ (I) we adopt the Grébner basis point of view,
looking at the maximal weight term and take weight (¢) = —val (¢) for con-
stants ¢ € K. From the point of view of degenerations and local arc so-
lutions of the total space of a degeneration at the special fiber, it is more
natural to consider the minimal weight term combined with the definition
weight (¢) = val (¢) for constants ¢ € K. Summarizing, in our notation we
have

val (Vi (I)) =7 (BF (I)NS™ N {w, > 0})
=— ltlim (log, V (I;)) = —val_ (Vi (1))
= — tropvar (I) = =T (trop (1))
= —nm_(BF_(I)nS"N{w; < 0})
where 7 is the stereographic projection of the upper half unit sphere from 0
to the plane {w; = 1} = R" of t-weight 1 and in the same way 7_ from the
lower half unit sphere.

Section 5. This section gives the standard characterization of flatness
via Grobner bases, e.g., a first order degeneration X defined by

(fitt-gi,. fr+t-g) CRRC[t]/{t?)
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with special fiber given by (fi, ..., f») is flat if and only if any syzygy >, a;f; =
0 € R lifts to a syzygy between f; + tgy, ..., fr + tg,, i.e., there are b; € R
such that

D (ai+1b) (fi +1g:) =0 € R k[t] / (t?)

1

Section 6. We recall the definition of the Grobner fan of an ideal intro-
duced by Mora, its dual description via state polytopes and the construction
of multigraded Hilbert schemes. Furthermore, we connect stability of the
Hilbert point with state polytopes. The existence of the multigraded Hilbert
scheme shows that ideals in the Cox ring provide the right framework to
describe subvarieties in toric varieties.

Our main interest in the Grobner fan is the computation of tropical
varieties, so in Section 6.1 we begin with a concept for computing the Bergman
fan. Consider an ideal J C C [y, ..., x,] such that every weight vector is equi-
valent to a non-negative weight vector, e.g., a homogeneous ideal. Section 6.2
introduces the Grobner cone of weight vectors equivalent to a given global
ordering > and the Grobner fan GF (J). The maximal cones of the fan
GF (J) correspond to the monomial initial ideals of .J. Section 6.3 gives a
simple algorithm terminating with the fan GF (J). We take a cone C' in a
non-complete subfan of GF' (J) and move into the complement of the fan
along an outer normal vector of a face, which appears in the fan only once.
Then we compute the corresponding Grobner cone. Note that this is well
suited for using Grobner walk algorithms.

The second part of Section 6 deals with the Hilbert scheme and stability.
Generalizing step by step, we begin in Section 6.4 with the setup of homoge-
neous ideals J with fixed Hilbert polynomial Ps/; in S = C[xy, ..., z,] with
respect to the grading

0z Aty g

with

i.e.,; ideals in the Cox ring of P". We recall the construction of the Hilbert
scheme, the state polytope and the characterization of stability via the state
polytope as given by Bayer and Morrison in [Bayer, Morrison, 1988].

After summarizing in Section 6.5.1 some facts on G-linearizations of line
bundles for an affine algebraic group G acting rationally on an algebraic
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variety, we generalize to the toric setting. In the same way as for the case
of subvarieties of P, the key ingredients are the Grassmann functor and the
Hilbert functor explained in Sections 6.6.1 and 6.6.2 as given by Haiman and
Sturmfels in [Haiman, Sturmfels, 2004]. Let k be a commutative ring, A a
set and S a polynomial ring graded by a set A. If h : A — N is a function
and R is a k-algebra, then the Hilbert functor H?S, ) 18 defined via

H (R)={1L| L C R® S is an F-submodule with
(S.F) B (R® S,) /L, locally free of rank h (a) Va € A

Here the notion of an F-submodule is defined via sets of operators F,;, C
Homy, (S,, Sp). Under appropriate conditions H?S’ ) 18 represented by a closed
subscheme of a projective Grassmann scheme. The key point is the restriction
to a finite set of degrees. In the case of the homogeneous coordinate ring of
P" one can restrict to one degree.

Considering an example by Haiman and Sturmfels, Section 6.6.3 explains
the application of this construction to the Hilbert scheme of admissible ideals,
i.e., ideals with the property that (S/I), = S,/1, is a locally free k-module
of finite rank for all a € A. Note that this setup is not directly applicable
even to the homogeneous coordinate ring of projective space. As a second
example, Section 6.6.4 applies the above construction of ]H[?S, ) to obtain the
classical Hilbert scheme via truncation I, of ideals at an appropriate degree
a.

The tangent space at [ € H?s, ) (k) of the scheme representing H?& ) 18
described as Homg (1, S/1), in Section 6.6.5.

Sections 6.6.6 and 6.6.7 give an overview of Stanley filtrations and multi-
graded regularity as introduced by Maclagan and Smith in
[Maclagan, Smith, 2004] and [Maclagan, Smith, 2005]. If Y is a smooth toric
variety and M is a finitely generated S-module then for m € A, (Y) the
notion of m-regularity of M is defined via local cohomology. The regularity
of M is the set of all degrees m € A,_1(Y) such that M is m-regular.
In Section 6.6.8 the multigraded Hilbert functor R +— HZ (R) associat-
ing to a C-algebra R the set of ideal sheaves J of families of subschemes
X CY x¢Spec R — Spec R with fixed multivariate Hilbert polynomial P is
given. Using the above construction of H?s, F) the functor HE is represented
by a projective scheme over C. The finite set of degrees to represent HE as
a subscheme of a Grassmann scheme can be computed algorithmically.

In Section 6.6.9 we introduce the state polytope in the multigraded set-
ting and characterize the sets of stable and semistable points via the state
polytope. If I is an ideal in the Cox ring of a smooth toric variety with
Hilbert function h and H the corresponding Hilbert scheme, then the Hilbert
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point H (/) € H is in the stable locus H* if and only if 0 is in the interior of
the state polytope State () of 1.

Finally, given a toric variety Y defined by a fan ¥ C Ng, we identify in
Section 6.7 the weight vectors on the Cox ring S of Y with the vectors in Ny
by dualizing the presentation of the Chow group. Hence, the Grobner fan of
an ideal in the Cox ring of Y can be considered as a fan in Ng. Note that
this generalizes tropical projective space TP" = R"™! /R (1,...,1).

Section 7. This section considers toric Fano varieties Y in the sense
that some multiple of —Ky is an ample Cartier divisor. It explains how
Fano polytopes P C Ng represent (Q-Gorenstein toric Fano varieties defined
by the fan over the faces of P. This is the right category of toric Fano
varieties with respect to toric Mori theory.

Section 8. Here we formulate the tropical mirror construction for com-
plete intersections. The construction takes as an input the degenerations
associated in Section 3.1 to complete intersections defined by nef parti-
tions. So let A C Mg be a reflexive polytope, Y = P (A) the correspond-
ing toric Fano variety with Cox ring S, presentation matrix A of A, 1 (V)
and ¥ = NF(A) € Ng. Let ¥(1) = I U...U I. be a nef partition
and A; C My the polytopes of sections of the corresponding divisors and
V; = convexhull {{0} U I;}. Denote by X C Y x Spec (C[t]) the associated
degeneration as defined above by the ideal

I=(fi=t-gi+m;|lj=1.,0CcCl]®5

and by Iy C S the ideal with minimal generators m;. We begin in Section 8.1
by exploring the properties of these degenerations and describe in Section 8.2
the special fiber Grobner cone Cy, (I) C R@® Ny and the special fiber polytope

V:O]O(I)ﬂ{wt:1}CNR

The special fiber cone Cp, () is cut out by the half-space equations corre-
sponding to first order deformations contributing to the tangent vector of X
at the special fiber. We show that the reflexive polytope V coincides with the
Batyrev-Borisov mirror polytope. Section 8.3 gives an explicit description of
the initial ideals of the faces of V and Section 8.4 introduces the map

dual : Poset (V) — Poset (V*)

between the complexes of faces of V and V* associating to a face F' of V
the convex hull of all first order deformations appearing the initial ideal of 1
with respect to F. So, if

il’lF (fj) =t Z cmm—i—mj

meG; (F)
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then

dual (F') = convexhull (Al <ﬂ) |me G;(F), j=1, ...,c) C Mg

m;

Note that first order deformations correspond to Cox Laurent monomials of
degree 0 hence via the presentation matrix A of the Chow group to elements
of M. Indeed, we show that dual (F') = F™* is the face of V* dual to F'

By considering the faces of V, which correspond to cones in the Bergman
fan, we obtain in Section 8.5 the Bergman subcomplex B (1) C Poset (V) of
the complex of faces of V. In Section 8.6 we give an inclusion reversing map
from B (I) to the complex of faces of A

w: B(I) — Poset (A)

by taking the Minkowski sum over the faces of V* corresponding to defor-
mations of the individual equations, i.e.,

w(F) = ilconvexhull (A‘1 (mﬁ) |m € G, (F))

J

We relate p (F') and dual (F') in Section 8.7 via
p(F) =Y dual (F)N A,
j=1

In Section 8.8 we relate the maps lim and p. If F is a face of B (I), then
lim (F) =V (1 (F))")

is the torus orbit closure of Y corresponding to the face u (F') of A. Figure
0.1 shows the complexes B (/) and lim (B (I)) and the polyhedra V and A
for the monomial degeneration of the complete intersection of two general
quadrics in P? as given above.

Section 8.10 gives a ¢ : 1 covering of the complex B (I)” by faces of
dual (B (I)). The covering is induced by associating to F' € B (I) the faces

(F*nAj|j=1,..c}

Note that this covering can have degenerate faces in the sense that dim (F* N A;)
can be less than dim (FY) = d—dim (F), but the faces are always non-empty.
We give an algorithm computing this covering from the complex dual (B (I)).
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lim

Figure 0.1: Limit correspondence for the monomial degeneration of the com-
plete intersection of two general quadrics in P* and its mirror

Let Y° = P (V) and A° be the presentation matrix of A,,_; (Y°). Applying
in Section 8.11 the covering algorithm on the mirror side to the complex
(u(F))*, via the sheets we obtain the ideal

I°:<t- Z 05~5(m§)+m;|j:1,...,c>

S€(u(B(I)))"NM

:<t. Z ca~5(m§)+m§|j:1,...,c>CS°®(C[t]

S€(u(B(I)))" NV;NM

defining the mirror degeneration X° C P(V) x SpecC [t]. Here the mono-
mials mj are the least common multiples of denominators of the Cox Lau-
rent monomials A° (0) for & € (u(B([)))" N'V,. Passing from I° to the
ideal of the tropical mirror as defined above by applying the deformations in
(u(B(I)))" N N to the special fiber ideal

Nresy {26+ | G a facet of V with F C G) C S°

is the toric analogue of saturation, also valid for non-simplicial toric varieties.
It does not change the geometry of the degeneration X° or the objects in-
volved in the tropical mirror construction.

Along Section 8 we visualize the objects introduced in the tropical mir-
ror construction for the example of the general complete intersection of two
quadrics in P3.

In Section 8.12 we apply the tropical mirror construction to some com-
plete intersection examples. In particular, by considering a set of Fermat
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deformations in order to relate Y° to a different birational model, we obtain
the Greene-Plesser type orbifolding mirror family of the complete intersec-
tion of two cubics in P® as given in [Libgober, Teitelbaum, 1993]. Note that
the text is computer generated by the implementation of the tropical mirror
construction in the Maple package tropicalmirror.

Section 9. This section gives the tropical mirror construction in its
general form, as outlined above.

We begin in Section 9.1 with a summary and continue in the following
sections by introducing fundamental concepts used in the tropical mirror
construction. Section 9.2 represents torus invariant first order deformations
of monomial ideals by lattice monomials. Let Y = X (X) be a toric variety
given by the fan ¥ in Ng, let S = Cly, | r € ¥ (1)] be the Cox ring of YV
and [y C S a monomial ideal. The space of degree 0 first order deformations
Hom (Iy, S/1y), has a basis of (C*)*_deformations. Any such homomor-
phism 0 : Iy — S/1 is representable by a degree 0 Cox Laurent monomial g—é
with relatively prime monomials gy, q; € S via

o, i
(5(m):{ 80 m if g |m }

otherwise

for minimal generators m € Iy. Via the sequence
0—MA750% 4 (X(2)—0

& corresponds to a lattice monomial in M = Hom (N, Z).
In Section 9.3 we give a combinatorial description of the vanishing loci in
Y of reduced monomial ideals Iy C S. Given a monomial m € I, denote by

rays,, (X) ={r € ¥ (1) | y, divides m}

the set of rays of ¥ such that y, divides m. We define the stratified toric pri-
mary decomposition SP (Iy) as the complex, which has as faces of dimension
s the ideals (y, |  C o) for all cones o € ¥ of dimension n — s which contain
a ray in rays,, (X) for all monomials m € Ij.

Suppose A is a polytope with ¥ = NF (A). Then SP (Iy) is naturally
isomorphic to the complex Strataa (Iy) of strata of Iy. Stratan (Iy) is defined
as the complex which has as faces of dimension s those faces F' of A such
that for all monomials m € I, the set

{G | G facet of A with yg-

m}

contains a facet G with F' C G. Suppose that the vanishing locus X of Iy in
Y is equidimensional of dimension d. The complexes SP (Iy) = Stratana (/o)
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describe the vanishing locus of I and they define the ideal

[02 = ﬂJESP(Io)d J

= nFEStrataA(]g)d <yG*

G a facet of A with F C G)

naturally associated to Xj. Passing from Iy to I3 is the toric analogue of
saturation. Note that we do not assume Y to be simplicial.

If A is a simplex and [ is a Stanley-Reisner ideal given by a simpli-
cial subcomplex Z of the complex of cones of ¥ = NF (A), then we relate
Strataa (/p) to Z via the map associating to a face F' € Stratan (/) the hull
of the rays of ¥ not contained in hull (F™*).

In Section 9.4 we introduce the notion of locally irrelevant deformations.
Let Iy C S be a reduced monomial ideal defining X, C Y, X; a stratum of
Xo and X a first order deformation of Xy. Then X is called locally irrelevant
at X;, if there is a formal analytic open neighborhood U C Y of X; and an
isomorphism

(701 X0) x Spee (C1 /() = 20 (U x Spec (C1/ (7))

extending X; x Spec (C[t] / (t?)) C X.

In Section 9.5 we give the setup for the tropical mirror construction.
Consider N = 7", M = Hom (N,Z), P a Fano polytope, ¥ = X (P) the
fan over the faces of P and Y = X (¥) with Cox ring S. Let [p, C S
be a reduced monomial ideal with Iy = I3’ and equidimensional vanishing
locus. Let X C Y x SpecC[[t]] be a degeneration of Calabi-Yau varieties
of codimension ¢, which is given by I C S ® C [t] and with special fiber X
defined by 1.

We give the conditions assumed to be satisfied for the input degeneration
X. Formulated in an explicit and testable form, these conditions are:

1. Cy, (I) N {w, = 0} = {0}

2. O, (1) is the cone defined by the half-space equations corresponding to
the torus invariant first order deformations appearing in the reduced
standard basis of I in SxC [t] / (¢*) with respect to a monomial ordering
in the interior of Cy, (I).

All lattice points of F™* appear as deformations in I.

3. V* C A, which is equivalent to the condition that any first order de-
formation appearing in [ is also a deformation of the anticanonical
Calabi-Yau hypersurface in Y.
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4. Any facet of Stratan (Ip) is contained in precisely ¢ facets of A.

5. Any facet of B () is contained in precisely ¢ facets of V.

An interpretation of these conditions with respect to the geometry of X is
given. We can satisfy requirement

1. via a condition on the position of the Hilbert point of I, with respect
to the state polytope of the general fiber,

2. via a genericity condition on the tangent vector with respect to the
tangent space of the component of the Hilbert scheme containing X,

3. via the condition that Ox, has a resolution
0—-0y(—Ky)— .. F, -0y - 0x, —0
with direct sums F; = ,0y (Dj;),
4. via the components of X being given by c¢ linear equations,

5. via a condition on the locally relevant deformations of X at the zero
dimensional strata of Xj.

In Sections 9.6-9.12 we formulate the tropical mirror construction in the
general setting as already outlined above. Section 9.6 describes the special
fiber Grobner cone Cp, (I) C R @ Ng and the special fiber polytope

V= Cp (1) N {w, =1} C Ng

The polytope V* C My is a Fano polytope, so the Fan 3° = ¥ (V*) over the
faces of V* defines a toric Fano variety Y° = X (X°) with Cox ring S°.
Let
0 MAB7°0 4 (X(2) =0

be the presentation of the Chow group of divisors of X (). Consider a face
F of V*. The initial forms of the reduced standard basis of I in S®C [t] / (t?)
with respect to a monomial ordering in the interior of V involve a minimal
generator of [y. Dividing the non-special fiber monomials by the special
fiber monomial of the initial forms and applying A~! we obtain a set lattice
monomials. In analogy to complete intersections associating to F' of V the
convex hull of these lattice monomials, we define in Section 9.7 the map

dual : Poset (V) — Poset (V*)
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We observe that for F' € Poset (V)
dual (F) = F*

and all lattice points appear in the initial ideal. The non-special fiber mono-
mials of the initial forms decompose into characters of the torus ((C*)E(l),
which are just the Cox Laurent monomials associated to the lattice points of
F*. The characters correspond to deformations of X in Hom (I, S/Ip),.

The complex dual (B (I)) can be seen as a polyhedral representation of
the structure of the ideal I, as described by structure theorems like the Koszul
resolution for complete intersections or the Buchsbaum-Eisenbud theorem for
codimension 3 subcanonical varieties.

We define in Section 9.8 the special fiber Bergman complex

B(I) = (BF (I) N Poset (Cy, (I))) N {wy =1} C Poset (V)

of those faces F' of V such that ing (I) does not contain a monomial. Note
that the Bergman fan BF (I) contains more information than the combina-
torial objects derived from B ().

Section 9.9 explores the covering structure in dual (B (I)) over B (I)",
generalizing the ¢ : 1 trivial covering in the case of complete intersection.

In Section 9.10 we describe the limit map lim : B (I) — Strata (Xj). Let
K be the metric completion of the field of Puiseux series as defined above.
We introduce the notion of Cox arcs as elements of

(K*)*Y /Homg (A,_1 (Y), K*) = Homg (M, K*) = (K*)"

representing via the presentation of A, ; (Y) elements of the torus (K*)" of
dimension n = dim (Y'). Then Vi (I) C (K*)" is the image of the vanishing
locus of I C C[t]® S in (K*)*Y /Homyz (A,_1 (X (£)), K*). The limit map

lim: B(I) — Strata(

(An
Xo) C Strata (Y)
Foow— {limgal(t

) | a € val™" (int (F))}

associating to a face F' of B (I) the stratum of X, of limit points of arc
solutions of I over the interior of F'. If F'is a face of the special fiber Bergman
complex B (1), then there is a unique cone 7 of ¥ such that int (F') C int (1)
and

lim (F) =V (1)

is the torus stratum of Y corresponding to 7.
In Sections 9.11 and 9.12 we define the mirror special fiber and the first
order conjectural mirror degeneration. This generalizes the case of complete
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intersections. Denote by d = dim (B (1)) the fiber dimension of X. As noted
above, the mirror special fiber is the vanishing locus of the ideal

I$ = <sz | J C X°(1) with supp (B (1)) C UF”>

vedJ veJ

= Nrenm), {76+ | G a facet of V with F' C G) C 5°

in Y° and the first order mirror family is defined by

<m +1t- Z Ao -« (m) | m min. gen. of I{)’> C Clt]/(#*)®5°
aesupp((

lim(B(I)))*)NN

We give a geometric realization of the mirror family with fibers in a simplicial
toric variety given by a projective simplicial subdivision of »°. Here we can
represent the mirror family in three equivalent ways: By a graded radical
ideal contained in the irrelevant ideal, by a Pic (Y')-generated and saturated
ideal and by a saturated ideal in the Picard-Cox ring R°® = @aepic(yo) Se.

In Section 9.13 we propose the notion of a set of Fermat deformations
associated to a monomial degeneration X. The goal is to relate, if possible,
the tropical mirror degeneration X° to an orbifolding mirror family. For
simplicity we assume that the fibers of X C P™ x SpecC [t] are embedded
in projective space. A set of Fermat deformations of X is a set § of non-
trivial first order deformations of X in X corresponding to vertices of faces
of dual (B (I)). So the elements of § have an interpretation as Cox variables
of Y°. We require § to satisfy the following properties:

e For all zero dimensional strata p of P™ precisely one of the vertices of
the faces F' € dual (B (I)) with lim (F') = p is an element of §.

e The convex hull of § in My is a full dimensional polytope containing 0
in its interior, so § spans a fan Y° over a lattice simplex.

e The elements of § are incomparable with respect to the preordering of
Cox Laurent monomials given by divisibility of the denominators (each
assumed to be relatively prime to the numerator).

The fan ° defines a toric Fano variety Y° = X (ZA]O) which is an orbifold
of a weighted projective space. We describe the special fiber of the monomial
degeneration X° induced by X° via a birational map Y° — Y°. The degen-
eration X° involves the first order deformations represented by the degree 0
Cox Laurent monomials

{Mesez | w e (tim (B (1) NN}
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in the Cox ring of ye.

Section 10. Here, we apply the tropical mirror construction to non-
complete intersection Pfaffian examples.

We begin in Section 10.1 by recalling the structure theorem of Buchsbaum
and Eisenbud for Pfaffian subschemes of P”. Excluding special cases, locally
Gorenstein subcanonical schemes of codimension 3 of P" are locally given
by the Pfaffians of order 2k of a skew symmetric map ¢ : £ (—t) — £* for
some vector bundle & — P" of rank 2k + 1. By the theorem of Buchsbaum-
Eisenbud, they have a locally free resolution of the form

0— Opn (=t —25) > E(—t—5) 2 E (=5) = Opn — Ox — 0

with s = ¢1 () +kt. We recall the list of Pfaffian Calabi-Yau threefolds given
in [Tonoli, 2000].

In Section 10.2 we make some remarks on the deformation theory of Pfaf-
fian ideals. The deformations of arithmetically Gorenstein Pfaffian varieties
are unobstructed and the base space is smooth given by the independent
entries of the skew symmetric syzygy matrix. These observations allow to
apply the tropical mirror construction to monomial degenerations of Pfaffian
ideals and to extend first order mirror families X°! C Y° x SpecC [t] / (t?),
which obey the structure theorem of Buchsbaum and Eisenbud, to flat fam-
ilies X° C Y x SpecC [t].

Section 10.3 applies the tropical mirror construction to the monomial
degeneration X of the general Pfaffian elliptic curve in P* as defined in Section
3.2. Note that the total space of X is a local complete intersection and
the tropical mirror construction treats this example much like a complete
intersection. The covering of B (I)" in dual (B (I)) is ¢ : 1 unbranched,
but not a trivial ¢ : 1 covering like it would be for a codimension ¢ = 3
complete intersection. Figure 0.2 shows a projection into 3-space of the
complex lim (B (1)) C Poset (A). Figure 0.3 visualizes a projection of the
facets of the polytope V* and the subcomplex dual (B (I)) C Poset (V*) of
the boundary of V*. Figure 0.4 shows the topology of dual (B (I)). The faces
of the complex are labeled by their image under lim and the lattice points of
the faces are labeled by the corresponding deformations of I,. The complex
dual (B (1)) has 5 prisms as facets of dimension 3 and 5 triangles as faces of
dimension 2. Every prism intersects two of the other prisms along triangles.
The vertices of the triangles and the edges of the prisms connecting these
vertices form the 3 : 1 unbranched covering of B (I)".

In Section 10.4 we apply the tropical mirror construction to the monomial
degeneration given in Section 3.2 for a general Calabi-Yau threefold of degree
14 in PY defined by the Pfaffians a general skew symmetric map 70 (—1) —
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<1f17 Iz,ilf3-,ib'0>

(w1, 2, 23, T4) (w2, 3, 24, o)

<.;C17 T, ZL'4>

<I1,T27I47~’Co>

Figure 0.2: Projection of the complex lim (B (1)) C Poset (A) for the mono-
mial degeneration of the general Pfaffian elliptic curve in P*

70. Using the concept of Fermat deformations from Section 9.13, we relate
the mirror degeneration to the orbifolding mirror given by Rgdland.

Section 10.5 applies the tropical mirror construction to a monomial de-
generation of the general Pfaffian Calabi-Yau threefold of degree 13 in P°
defined via a general skew symmetric map O (—2) ©40 (—-1) — O (1) ® 40,
as given in Section 3.2. Applying the concept of Fermat deformations to
switch to another birational model of Y° with Chow group of rank 1, we
relate the mirror degeneration to a Greene-Plesser orbifolding mirror family.
This degeneration satisfies the structure theorem of Buchsbaum-Eisenbud,
in particular, allows extension of the first order mirror degeneration.

Note again that the text of these examples is computer generated from
the output of the Maple package tropicalmirror, so all examples use the same
text fragments.

Section 11. The next main section contains some remarks on the tropical
computation of stringy E-functions.

As this gives the general direction, we recall in Section 11.1 the rela-
tion of A4 (X)), h® (X, Nx/pn) and Aut (P") for Calabi-Yau manifolds of
dimension d in projective space P".

Section 11.2 explains Batyrev’s original formulas for h*! (X) and A4~ (X))
via MPCP (maximal projective crepant partial) desingularizations X — X.

In Section 11.3 we explain a tropical method to compute hH4mE)=1 (X)
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Figure 0.3: Projection of the complex dual (B (I)) for a monomial degen-
eration of the generic Pfaffian elliptic curve in P4

for the general fiber X of a Calabi-Yau monomial degeneration with fibers
in Y = P*, which is given by the ideal /. We consider the lattice points of
the dual complex dual (B ([)), which do not correspond to roots of the toric
variety Y (which are trivial deformations), and then divide out the torus.

In Section 11.4 we recall some known formulas for stringy FE-functions
and give some ideas on a formula for the stringy FE-function of a Calabi-
Yau variety computed from the tropical data we associated to a monomial
degeneration. We begin in Section 11.4.1 with the example of the stringy
E-function of a toric variety. Section 11.4.2 gives Batyrev’s general concepts
for the computation of stringy E-functions and we consider the example of
Calabi-Yau hypersurfaces in toric varieties in Section 11.4.3. Section 11.4.4
recalls Batyrev’s and Borisov’s computation of the stringy FE-function of a
complete intersection, which works by relating the complete intersection to
a hypersurface. Finally, Section 11.4.5 makes some remarks on a tropical
formula for the stringy E-function.

Section 12. This section gives some remarks on computer algebra li-
braries, which have been written by the author in the context of the tropical
mirror construction. See also Remark 1.65 for an algorithm checking whether
a divisor is Cartier, Q-Cartier or not Q-Cartier and which is implemented
in the Maple package tropicalmirror. This package also contains an imple-
mentation of Algorithm 1.89 computing the global sections of a divisor. See
Section 1.3.14 for some remarks on the implementation within the package
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(w1, w2, T4, To)
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Figure 0.4: Topology of the complex dual (B ([)) for a monomial degen-
eration of the generic Pfaffian elliptic curve in P*

tropicalmirror of Algorithm 1.148 computing the secondary fan and the GKZ
decomposition.

Section 12.1 explains the syntax of the Macaulay2 library mora.m2, which
implements the standard basis algorithm. See also the remarks in Section 1.4.
The goal was to provide a simple, transparent and flexible implementation
capable of intermediate output useful for testing and didactical purposes.

The Macaulay2 library homology.m2, described in Section 12.2, computes
the homology groups of a simplicial cell complex and is useful in the context
of Stanley filtrations.

Section 12.3 gives an outline of the Macaulay2 library stanleyfiltration.m2
providing functions computing a Stanley decomposition and Stanley filtration
of an ideal and the set of monomial ideals in a multigraded polynomial ring
with given multigraded Hilbert polynomial.

Finally, Section 12.4 explains the syntax of the key functions of the Maple
package tropicalmirror, which gives a full implementation of the tropical mir-
ror construction. It takes as an input a Fano polytope P and a Calabi-Yau
monomial degeneration X with fibers in the toric Fano variety Y = X (¥),
where ¥ = 3 (P) is the fan over the faces of P. The degeneration is defined
by equations m; + tg; € S ® C[t], where the m; are the minimal generators
of a monomial ideal I, C S in the Cox ring S of Y defining the special
fiber Xy of X. The library outputs the mirror Fano polytope P° and the first
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order mirror degeneration X° with fibers in X (X°), ¥° = X (P°) specified
in an analogous way to X. The package tropicalmirror provides functions to
compute the various intermediate objects introduced in the tropical mirror
construction. The library also contains a function to find sets of Fermat
deformations and the corresponding contracted degeneration x°. We pro-
vide a function, which tests whether a first order degeneration satisfies the
Koszul or Buchsbaum-Eisenbud structure theorem and extends degenera-
tions to a flat family over Spec C [t], provided the arithmetically Gorenstein
Buchsbaum-Eisenbud structure theorem applies.

Section 13. The last main section explores the perspectives of the tropi-
cal mirror construction, of the underlying concepts and technical formalisms.

In Section 13.1 we note that the natural next step is to compute from the
tropical objects the stringy E-functions and more generally string cohomol-
ogy in order to deal with the singular general fibers appearing in the tropical
mirror construction. The tropical formula should generalize Batyrev’s for-
mula for the stringy F-function of anticanonical hypersurfaces in Gorenstein
toric Fano varieties.

Section 13.2 raises the question of the computation of the local Hilbert
scheme and moduli stack. The concepts of Section 6.6 introduced by Haiman
and Sturmfels allow algorithmic computation of the local equations of the
Hilbert scheme for ideals in the Cox ring of a smooth toric variety. Using the
ideas noted in Sections 6.6.8 and 9.3, one should be able to generalize the
multigraded regularity and Hilbert scheme to the setting of simplicial and
further to non-simplicial toric varieties.

Section 13.3 raises the question of relating the tropical mirror construction
to the mirror construction by Gross and Siebert via integrally affine struc-
tures.

As noted in Section 13.4, the non-Archimedian amoeba map gives a de-
generate torus fibration of the special fiber, hence we ask the question to
obtain from this, via the amoeba map, a torus fibration of the general fiber.

Section 13.5 suggests to apply the tropical mirror construction to fur-
ther Calabi-Yau degenerations with fibers in projective space. Altmann and
Christophersen compute the first order deformations and obstructions of
Stanley-Reisner rings. Applying these algorithms in the case of triangula-
tions of spheres one can obtain the necessary data to apply the tropical mir-
ror construction for smoothable examples. We also ask in Section 13.6 how
to generalize the work of Altmann and Christophersen to the non-simplicial
toric setting.

Section 13.7 suggests to extend the structure theorem of Buchsbaum-
Eisenbud to describe codimension 3 Calabi-Yau ideals in the Cox ring of a
toric variety.
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Tropical geometry is known to reflect the p-adic geometry, so Section 13.8
raises the relation of the tropical mirror construction to mirror symmetry over
finite fields and (-functions as explored by Candelas et al.

A central question is the extension of topological mirror symmetry to the
stronger condition of mathematical mirror symmetry via Frobenius mani-
folds. So Section 13.9 makes some remarks on the question of computation
of instanton numbers and the A-model correlation functions. Section 13.10
raises the question of describing quantum cohomology rings from the tropical
data via GK Z hypergeometric differential equations associated to toric data.
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1 Prerequisites

1.1 Calabi-Yau varieties and mirror symmetry

Definition 1.1 A normal projective d-dimensional algebraic variety X 1is
called a Calabi- Yau variety if it has at worst Gorenstein canonical singu-
larities, Kx = Ox and h* (X,0x) =0 for 0 <i < d.

Remark 1.2 The Hodge diamond of a Calabi-Yau d-fold X, formed by
the Hodge numbers h?*(X) = dim H}* (X) = dim H? (X,QY%), has hori-
zontal and vertical symmetry by Serre duality and Hodge duality and Q% =
KX == OX SO

H" (X)> H' (X,0x) 2 H' (X,0%) = H* (X)

e.g., ford=3
1
0 0
0 h*% (X 0
1 h*! (X) hl? (X) 1
0 hht(X) 0
0 0
1

Definition 1.3 A pair of smooth Calabi-Yau d-folds X and X° is called a
topological mirror pair if their Hodge numbers satisfy

hP9(X) = h?¥P9(X°) YO < p,q<d (1.1)
i.e., the Hodge diamond is mirrored at the diagonal.

This definition can be extended via the stringy E-functions for varieties
with log-terminal singularities. For the precise definition see Section 1.2.4.

Definition 1.4 Calabi- Yau varieties X and X° of dimension d are called a
stringy topological mirror pair if the stringy E-functions satisfy

By (X;u,v) =u'Ey (XO; u v)

For Gorenstein varieties Eg is the generating function for the stringy Hodge
numbers, which coincide with the Hodge numbers of a crepant resolution if
such one exists.
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Remark 1.5 To a Calabi- Yau manifold we can associate two Frobenius mani-
folds called A- and B-model (see, e.g., [Manin, 1999] and [Cox, Katz, 1999]).

X and X° are called a mathematical mirror pair if the A-model of X is

1somorphic to the B-model of X° and vice versa.

Remark 1.6 String theory replaces particles by extended objects, e.g., by an
St or an interval. Whereas a point sweeps out a real 1-dimensional object in
spacetime, a propagating string gives a surface, called its worldsheet.

There are 5 possible superstring theories, which are defined on a real 10-
dimensional Riemannian manifold. One assumes that this manifold is lo-
cally the product of a real 4-dimensional Riemannian manifold M, and a
6-dimensional compact Riemannian manifold X too small to appear in mea-
surements.

In the case of type IIA and IIB superstring theory one concludes that
My is a Minkowski space, that X has a complex structure J, that there is a
Kihler metric g on (X, J) and that g has holonomy group Hol (¢g) C SU (d).
As explained in Remark 1.8, these conditions are satisfied by a Calabi-Yau
manifold.

The worldsheets project to algebraic curves on this threefold. The Hodge
numbers of X are important characteristica of the physical theory, e.q.,

LI ()] = [ () — 2 ()|

1s the number of fermion generations. So this number is identical for two
manifolds, which form a mirror pair. Ezperiments indicate that real world
has 3 fermion generations.

From the point of view of physics, mirror symmetry of two Calabi-Yau
threefolds X and X° is the duality of two of these types of compactified string
theories, which is again a stronger condition than X and X° forming a mathe-
matical mirror pair.

Remark 1.7 The most simple case of duality in physics is found in Mazwell’s
equations, describing the electromagnetic interaction:

O F v = —jn 9 FH = _fH

with
0 —-E, —-E, —LE,
o _ E, 0 —-B, B,
E, B, 0 -—-B,
E, -B, B, 0
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0 -B, —B, —B.
~ 1 B 0 E, —-FE
wv .~ pvaf — T z y
=5t =\ g B, 0 E

B. E, —E, 0

E is the electric and B the magnetic field, j = (p, ju, Jy,J=) the electric
four-current with charge density p and electric three-current (js, jy,j.) and
k = (0, ks, ky, k.) is the magnetic four-current introduced by Dirac, and index
manipulations are done with respect to the flat Minkowski metric with signa-
ture (+,—, —, —). These equations are invariant under an SO (2) rotating E
and B, in particular under

E—B Bw—-FE =k ke —j

One can deduce that electrostatic theory for high interaction energies, which is
difficult to solve, is equivalent to magnetic theory for low interaction energies,
which s easy to solve. In the case of mirror symmetry, duality allows for
example the treatment of enumerative problems in algebraic geometry.

Remark 1.8 (see also [Gross, Huybrechts, Joyce, 2003]) Let X be a mani-
fold of dimension d, E a vector bundle on X and

VIAE) - AERT (X))

a connection on E, where A (F) is the sheaf of smooth sections of E. Then
for any smooth curve v : [0,1] — X with v(0) = = and v (1) = y with
z,y € X and any v € E, there is a unique smooth section o € ~v* (E) with
Vowo (t) = 0 for all t € [0,1] and 0 (0) = v. So one can associate the
parallel transport map

P, E, — E,

v = o(l)
The holonomy group Hol, (V) of V based at x € X is
Hol, (V) ={P, | v a loop based at x} C GL (E,)

If g is a Riemannian metric on X, there is a unique torsion free connec-
tion V on X with Vg = 0, which is called the Levi-Civita connection.

If v € X, then Hol, (g) is the holonomy group of the Levi-Civita connec-
tion on the Riemannian manifold (X, g). As Vg = 0, it follows that g is
invariant under the natural action of the holonomy group, so Hol, (g) is up
to conjugation a subgroup of O (d) and is denoted by Hol (g).

If (X, g) is a Riemannian manifold of dimension r such that X is simply-
connected, g is irreducible (i.e., (X,g) is not locally isometric to a Rie-
mannian product) and g is non-symmetric, then Berger’s classification (see
[Berger, 1955]) shows that
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1. Hol(g) = SO (r). This is the case of the generic Riemannian metric.

2. Hol (g) = U (d) withr = 2d, d > 2. This is the case of a generic Kdhler
manifold, in particular X is a complex manifold.

3. Hol (g) = SU (d) € SO (r) with r = 2d, d > 2. Then X is a Ricci-flat
Kahler manifold. X is a Calabi-Yau manifold (omitting the condition
algebraic) if X is compact .

4. Hol(g) = Sp(a) € SO (r) with r = 4a, a > 2. Then X is a Ricci-
flat Kdhler manifold of complex dimension 2a. If X is compact, then
X is called compact hyperkdhler manifold (it admits many Kdhler
metrics).

5. Hol(g) = Sp(a)Sp (1) C SO (r) with d = 4a, a > 2. In this case X
is called quaternionic Kdhler (note that Sp (a) and Sp (a) Sp (1) are
groups of automorphism of H?, denoting by H the quaternions), it is
not Kdahler.

6. Hol(g) = G2 C SO(7) and r =17, a so called exceptional case.

7. Hol (g) = Spin (7) C SO (8) and r = 8, the other exceptional case.

A Riemannian manifold (X, g) of dimension r = 2d is Kdhler if and only
if Hol (g) C U(d) C O(r). Then X has a complex structure J.
If (X, J,g) is a Kdhler manifold and p its Ricci form, then

[p] = 2mer (X)

in H* (X,R).

Let (X, J,g) be a Kdhler manifold of dimension d. If Hol(g) C SU(d),
then g is Ricci-flat. If g is Ricci-flat and Kx = Oy, then Hol (g) C SU (d).
If X is Ricci-flat and simply connected, then Kx = Ox.

Yau’s proof of the Calabi conjecture implies: If (X, J) is a compact com-
plex manifold, admitting Kdahler metrics, and ¢; (X) = 0, then in each Kdhler
class, there is a unique Ricci-flat Kahler metric. The Ricci-flat Kahler met-
rics on X form a smooth family of dimension h'' (X)), which is isomorphic
to the Kdhler cone of X.

Any compact Ricci-flat Kidhler manifold (X, J, g) is up to a finite cover
isometric to the product of

~— —

e a flat Kdhler torus

e a compact simply-connected Riemannian manifold N .
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N is a Riemannian product of non-symmetric Ricci-flat irreducible Rie-
mannian Kdhler manifolds X; of real dimension r; with Hol (¢;) C SU (d;)
and r; = 2d;, d; > 2, which are

e o Calabi- Yau manifold (omitting the condition algebraic), i.e., Hol (¢) =
SU (d;), or

e a Hyperkdhler manifold, i.e., Hol (g) = Sp (a;) with r; = 2d; = 4a; and
(lj Z 2.

Let (X, J,g) be a compact Kdhler manifold of dimension r = 2d with
d > 2 and Hol (g) = SU (d), then X has finite fundamental group, h>° (X) =
h*0(X) =1 and WP (X) =0 for 0 < i < d. If d is even, then X is simply
connected.

Ifd > 3, then (X, J) is isomorphic to a complex submanifold of some P¥
and 1s algebraic.

If d = 2, then SU (2) = Sp (1). The moduli space of Calabi-Yau twofolds
(omitting the condition algebraic), i.e., K3-surfaces, is a connected complex
space of dimension 20. All Calabi- Yau twofolds are diffeomorphic. The alge-
braic K3 surfaces form a countable dense union of subvarieties of dimension
19 wnside the moduli space.

The following example was the first known mirror construction for Calabi-
Yau varieties and was given by Greene and Plesser, see [Greene, Plesser, 1990]
and [Candelas, de la Ossa, Green, Parkes, 1991].

Example 1.9 For a general quintic threefold X C P*, by Txo = Q%. the
marror X° should satisfy

dim H' (X°, Txo) = h*' (X°) =h" (X) =1

hence in order to construct the mirror one looks for a 1-parameter family. It
turns out that the right choice is

X = {ag + 2} + 25 + 2§ + 2] + Avor 122374 = 0} (1.2)
divided out by the action of

{(a,...,as) € Z | Y1y a; = 0mod 5}
Zs(1,..,1)

via
(agy ...y aq) (g oot xy) = (P20 1 oot pp™izy)

where p is a 5th root of unity. Resolving the singularities of this singular
quotient without destroying the Calabi-Yau property gives the mirror of X.
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Remark 1.10 These kind of orbifolding constructions were generalized for
some hypersurfaces in weighted projective space, for complete intersections
in P and complete intersections in products of weighted projective spaces.
See, e.q., [Candelas, Lynker, Schimmrick, 1990], [Berglund, Hiibsch, 1993],
[Candelas, Dale, Liitken, Schimmrick, 1988], [Libgober, Teitelbaum, 1993],
[Klemm, Schimmprigk, 1994].

As some of the examples did not have a mirror in their classes, these
approaches were unified by Batyrev for hypersurfaces in toric varieties and

by Batyrev and Borisov for complete intersections in toric varieties, see
[Batyrev, 199/4], [Borisov, 1993], [Batyrev, Borisov, 1996-11].

1.2 Mirror symmetry for singular Calabi-Yau varieties
and stringy Hodge numbers

The following considerations from [Batyrev, Dais, 1996] and [Batyrev, 1998|
allow to introduce a well-defined notion of mirror symmetry for a certain
class of singular varieties. This justifies to give mirror constructions for and
leading to singular Calabi-Yau varieties.

1.2.1 Setup

In constructing mirror pairs we encounter several problems: Even if we start
with a manifold, we encounter singular varieties. See, e.g., the quintic in P4
in Example 1.9. First of all we know that we can resolve the singularities by
a sequence of blowups:

Theorem 1.11 (Hironaka) [Hironaka, 1964] Let X be a normal projective
variety over an algebraically closed field of characteristic 0. For any proper
subvariety D C X there exists a smooth projective variety Y and a birational
morphism f:Y — X such that f~1 (D) is a divisor with only simple normal
crossings (and f is a composition of blowups in smooth closed centers).

For a proof and an algorithmic implementation of Hironaka’s theorem,
see for example [Villamayor, 1989], [Encinas, Hauser, 2002|, [Hauser, 2003]
and [Frithbis-Kriiger, Pfister, 2006]. Of course we want the resolved variety
to be still a Calabi-Yau:

Definition 1.12 A birational projective morphism f : Y — X with Y
smooth and X at worst Gorenstein canonical singularities is called crepant
(or non-discrepant) desingularization of X if f*Kx = Ky (i.e., if the
discrepancy Ky — f*Kx is zero).
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If the crepant desingularizations of Y — X resp. Y° — X° exist, we can
define a topological mirror pair by

hP4(Y) = b P9 (Y°) Y0 < p,q < d

However it is not obvious that this is well defined: If a crepant desingularization
exists, it is not necessarily unique. In particular, given two crepant resolu-
tions Y7 — X and Yy — X it is not clear a priori that the Hodge numbers
of Y7 and Y3 are equal. We will see in Theorem 1.32 that they indeed are.

Example 1.13 Let Xy be a smooth projective Fano variety embedded by a
very ample line bundle L with L* = K)_(é (k,1 € N), let E = Ox, ® L and
consider the map

=HO (P(E),Op(g) (1))
m: Y=P(E) — XCP(H"(XyOx,®L))
To
Xo

which is the contraction of o (Xo) = Xo to p € X, where 0 : Xg — P(E)
is the section of the P*-bundle P (E) corresponding to the natural embedding
Ox, — Ox, ® L. Hence X = C (X)) is a cone over Xj.

We now calculate the discrepancy: m is the blowup of X in the singular
point of X and with exceptional locus D = o (Xy) = Xo. So

Oy (D) |p= Np)y = L™

Write
KY - 7T*KX X OY (D)a

and restrict to D
Ky |p= Oy (D)" |p= L™

The adjunction formula yields

o~

LT =Kp=(Ky®Oy (D)) |p=L"®L " =L

SOCL:%— .

Now consider the case of a smooth quadric Xo = P! x P! C P3. Then we
can write X = S (1,1,0) as

X:{det(yo yQ):o}cP“
Y1 Y3

so P=(0:0:0:1) is the singular point of X. The discrepancy is
Ky - W*KX =D
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We now calculate a small and hence crepant resolution of X = C (Xy). Let

El = O]pl (2) EB O]pl (2) @ O[pl (1)
E2 = Opl (1) D Opl (1) D O[pvl

The maps from P (Ey) = P (E») toP (H® (P (E;), Ops, (1)) = P (H® (P!, E;))

give rise to a diagram

P(Op (2)®Op (2) D Op1 (1)) = S(2,2,1) = Yapan

P(Opl (1)@(9@1 (1)@@@1) — 5(171,0) =X

and hence to a morphism Yyna — X. With

S(2,2,1) = {minors (2, ( Yo LT T )) = 0} c P’
1 To X4 Ty X7

a morphism g : Yonan — X 18 given by
g(zo:..ix7) = (o : @y 31 2y 0 Tg)
and the exceptional locus is P'.

Finally there are also Calabi-Yau varieties, which do not have crepant
desingularizations. Nevertheless we want to have a notion of mirror symme-
try also for them.

To resolve these issues, the idea is to define so called stringy Hodge num-
bers h%?(X) for singular varieties. They should coincide with the usual
Hodge numbers for smooth varieties, if there is a crepant desingularization
Y — X they should coincide with the Hodge numbers of Y, and even if
there is no crepant desingularization there should still be a notion of mirror
symmetry.

One can even consider an enlarged class of varieties for which there is in
general no notion of stringy Hodge numbers, but as there is a (not necessarily
polynomial) generating function encoding equivalent information, there is
still a notion of mirror symmetry.

In the following let X be an irreducible normal algebraic variety of di-
mension d over C.

1.2.2 The Hodge weight filtration and the F-polynomial

The cohomology groups H* (X, Q) of a complex algebraic variety X carry
a natural mixed Hodge structure [Deligne, 1971], [Deligne, 1974], which is
given by the following data:
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An increasing filtration
0=W_CWyC..CWy=H"(XQ)
on H* (X, Q) called weight filtration, and a decreasing filtration
H"(X,C)=F’> F'>..DF'" > F"l =0
on H* (X,C) = H* (X, Q) ® C called Hodge filtration. We then have

H" (H* (X,C)) = FPGrp H* (X,C) N FiGry  H* (X, C)
where
GrH" (X, Q) := (Wy/Wi_y)
FPGrH* (X,C) :=Im (F*N (W, ® C) — GrH" (X,Q) ® C)

and the filtrations have the property that FPGr H"* (X,C) gives a (pure)
Hodge structure of weight [ on Gr/H* (X, Q).
We therefore have a decomposition

H*(X,C) = @ HP (H* (X,C))

pq

In [Danilov, Khovanskii, 1987] one can find a proof that also the coho-
mology with compact support H' (X, Q) admits a mixed Hodge structure.

Definition 1.14 The E-polynomial E (X;u,v) € Q [u,v] (coefficients in
Z) of a complex normal algebraic variety X of dimension d is then defined

E (X;u,v) Z Z hpq H! (X)) uPv*

0<p,q<d 0<i<2d

So we have a map from the category of normal algebraic varieties V¢ to
Qu, v] by
E:obVe — Qlu,v], X — E(X;u,v)

associating to each X its E polynomial.
Important properties of the E-polynomial:
Proposition 1.15 Let X and Y; be complex normal algebraic varieties.

1. If X =, X; is stratified by a disjoint union of locally closed subvari-

eties, then
Y
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2. For products
E(Y: x Y2) = E(Y)) - E (Ya)

3. If X — B is a locally trivial fibration and F the fiber over the closed
point, then
E(X)=E(F)-E(B)

A proof can be found in the previously mentioned paper
[Danilov, Khovanskii, 1987]. Note that the number of F -points of a vari-
ety has similar properties as FE.

Remark 1.16 For smooth compact X of dimension d

E(X;u,v)= > (=110 (X) uPo”

0<p,q<d
with kP4 (X) = dim Hy? (X) = dim H? (X, Q%)
e Hodge duality for X is equivalent to
E(X;u,v) = E(X;v,u)
e Poincaré duality for X is equivalent to

E(X;u,v) = (w)'E (X;u o™

e Topological mirror symmetry for a pair of varieties X and X° is equi-
valent to
E(X;u,v) = (—u)'E (X°u™",v)

Remark 1.17 Consider a stratification X = U U C with X and C' compact.
The long exact sequence for cohomology with compact support reads as

L HEU) S HY (X)) S B (0) S B (U) — .
where @y 1s given by continuation by 0, Yy is given by restriction and the
boundary map Oy, is given by w — d (B -r*w), where r is the retract of a

tubular neighborhood of C and 3 is a bump function on this neighborhood.

We illustrate this with the following two examples:
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Example 1.18 For X =P', U = C and C = {pt}

k| HE(C) — HF(P) — H*(pt)
2 | w UV 0
110 0 0
010 1 1

where we denote the Hodge filtration by the corresponding 2 monomials. The
E-polynomaials are

F(C=w EPY)Y=14+w E([pt)=1

Remark: The long exact sequence decomposes in short ones, if all varieties
have only even cohomology.

Example 1.19 For X = P3, C an elliptic curve and U = P3 — C we have

k Hf(U) — Hk(Pg) — Hk(C)
6 | (uv)® (uv)® 0

510 0 0

4 | (uv)? (uv)® 0

310 0 0

2 lu+twv uv uv
110 0 —u—v
010 1 1

The E-polynomials are

EU)=u+v+ (uw)” + (w)®
E(P?) = 14w + (u)® + (w)?
E(C)=1-u—v+w

So a shift in the cohomological weight occurs (notice also the sign of the u+wv
term,).

Example 1.20 Continuing Example 1.19 the corresponding Hodge filtration
for the cohomology of U:

k=0 GTlHk
=0
L Fo |

0=W_, CcWy,=H(UQ)
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k=2 GT’[Hk

=10 1 2 3 4
Fo | F1 | Fy
v
0=W_ 1=WoCW,=..=W,=H*(U,Q)
k=4 GTlHk
I=]0 1 2 3 4 5 6 7 8
FIR|FR[F]E
(uv)”
0=W_ =..=WsCWy=..=Wg=H"(U,Q)

and similar for k = 6.

Example 1.21 We continue Example 1.13 of the cone over the quadric cal-
culating the E-polynomials:

The cohomology ring H* (Xo) of Xo is generated by h; = pric (P), i =
1,2 and hence 1, hy, ha, hiho form a basis as a vector space, so

E (Xo) = 14 2uv + (w)?

which agrees with the product formula E (X,) = E (PY)* = (1 4+ uv)?.
H*(Y) is a free module over H* (Xy) with basis 1,¢ = ¢1 (Oy (1)) and
hence 1, ¢, hy, ho, chy, chg, hyhy, chihy is a vector space basis (where h; is short
for h;), so
E(Y)=1+3uw+3(uw)” + (w)®

H* (Yiman) is a free module over H* (PY) with basis 1,c,c¢* with ¢ =
c1 (Oy., ., (1)) and hence 1, h, ¢, ¢?, ch, he? is a vector space basis (h = 7*cy (P1)),
50

E (Yoman) = 1+ 2uv + 2 (uwv)® + (wv)?
So the E polynomials

E(Y\Xo) =E(Y) - E(Xp) = (1 +3uv + 3 (w)” + (uv)”) — (1 + 2uv + (wv)?)
= ww + 2 (w)® + (uwv)®
E (Yona\P*) = E Yaman) — E (P*) = (1 4 2uv + 2 (wv)” + (wv)®) — (1 + wv)
= uv + 2 (w)? + (uw)®



agree as expected because of Y\Xy = X\P = Yy, \P'. Using this we can
also calculate
E(X)=14uv+2(uww) + (w)®

1.2.3 Varieties with canonical singularities

Definition 1.22 Let X be a normal projective variety, which is Q-Gorenstein,

e., Kx € Div(X)®Q, and let f : Y — X be a resolution of singularities
such that the exceptional locus of f is a divisor E, whose irreducible compo-
nents Dy, ..., D, are smooth divisors with only simple normal crossings, and
let Ky = f*Kx + > .._,a;D;. Then X is said to have

e termanal singularities if a; > 0 for all 1
e canonical singularities if a; > 0 for all i
e log-terminal singularities if a; > —1 for all 1

e log-canonical singularities if a; > —1 for all 1.

1.2.4 The stringy F-function

In the following, we consider a normal projective d-dimensional variety X
with log-terminal singularities, let f : Y — X be a resolution of singularities
and Dy, ..., D, the smooth components of the exceptional locus with only
simple normal crossings, and Ky = f*Kx +>.;_, a;D;.

Let I ={1,...,r} and set for any J C I

D;=Yn()D;
jeJ

D5 =D\ |J D
eI\J

This gives a stratification Dy = J; ;. DS

Definition 1.23 Define the stringy E-function E, of X as

Eq (X;u,v): ZE (D%;u,v) Huv——l

1
JcI jeJ (uv)aﬁ— -1

Remark 1.24 If X is Gorenstein, then the a; € Z>o and hence Eg (X;u,v) €
Z[[u,v]] NQ (u,v). Eg (X;u,v) is not a rational function in general.
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The following key theorem by Batyrev [Batyrev, 1998|, using ideas by
Kontsevich and Denef and Loeser, assures that Eg (X;u,v) is well defined.
See also [Denef, Loeser, 1999].

Theorem 1.25 FE (X;u,v) does not depend on the resolution f:Y — X,
in particular, Eg (X;u,v) is well defined.

This is also true in the case of log-terminal singularities. As direct corol-
lary, we have:

Corollary 1.26 If X is smooth, then Egy (X;u,v) = E (X;u,v).

Remark 1.27 First make an easy but important observation: FEg 1s not
affected by the blowup f Y — X of a point P in smooth X : The exceptional
locus of f is D = P! and the discrepancy is

Ky — ffKx=(d-1)D
—1

R

:E(Y\D)—l—(l—i-uv—l— -~ (uv) )

uv — 1

Ey(X)=E{Y\D)+E (D) () —1

=E(Y\D)+ E (P*)

uv—l

—E(Y\D)+1=E(X)

Remark 1.28 The idea of the proof of Theorem 1.25, considering for sim-
plicity Gorenstein canonical singularities, is the following (see [Batyrev, 1998,
[Denef, Loeser, 1999] and reviews in [Blicke, 2003] and [Craw, 2004]):

Consider the Grothendieck ring of complex algebraic varieties
M, which is the free abelian group of isomorphism classes of complez al-
gebraic varieties modulo the subgroup generated by [X] — [V] — [X — V] for
closed subsets V' C X, with a ring structure given by

[X]- [XT] = [X x XT]

Call the neutral element [point] =: 1 and [C] =: L.

The map [—] : obVe — M is the universal map being additive on dis-
joint unions of constructible sets (i.e., sets, which are a finite disjoint union
of locally closed subvarieties with respect to the Zariski topology) and multi-
plicative on products, so any other map E : obVe — Q [u,v] with the same
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properties factors through [—]. So the universality of [—] gives a factorization
of E : Ve — QJu,v] through the Grothendieck ring
Ve = Q [u, v]
=1\ /B
M

The goal is to write
uv — 1
stXUU EDJ,UU T—E(/ FDd/J/Ld)
> U=,

for a suitable function Fp associated to the discrepancy divisor (Jo (Y') is the
bundle of formal arcs on'Y ), after extending E to Ko (Vc) [L™1] and then to
an appropriate completion. The transformation rule for motivic integration
implies that the motivic integral does not depend on the resolution.

1.2.5 Stringy Hodge numbers

Theorem 1.29 (Poincaré Duality) [Batyrev, 1998] Eq (X;u,v) has the
following properties:

Eq(X;u,v) = (uv)dESt (X; u v_l)
FEq(X;0,0) =

This is also true in the case of log-terminal singularities.
Corollary 1.30 If Ey is a polynomial, then deg (E) = 2d.

Definition 1.31 If E,; is a polynomial, the stringy Hodge numbers of
X are defined as

BT (X) = (=1)" coeft (Ey, u"v")
So hE (X)) = 0 outside the Hodge diamond and hey’ (X) = i (X)=1

1.2.6 Crepant resolutions and mirror symmetry

Theorem 1.32 [Batyrev, 1998] If X is Q-Gorenstein with at worst log-
terminal singularities and f 'Y — X s a projective birational morphism
with Ky = f*Kx, then By (X;u,v) = Eg (Y;u,v). So if X admits a crepant
resolution f:Y — X, then Eg (X;u,v) = E(Y;u,v).
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Remark 1.33 In particular if X admits a crepant resolution, then Eg (X;u,v)
is polynomial and hence the stringy Hodge numbers of X exist. If Eg (X;u,v)
18 not polynomaal, then X admits no crepant resolution.

Definition 1.34 Two Calabi- Yau varieties X and X° are called stringy
topological mirror pair if their stringy E-functions satisfy

Eq (X;u,v) = (—u)d Ey (XO; u v)
This is well defined even in the case when E; is not polynomial.

Example 1.35 Now we return to the Example 1.13 and 1.21: Let X, C P?
be a smooth quadric (k=d—1,1=1) and

P(OXO (1) @OXO) =Y - X = C(XO)

with discrepancy divisor (d — 2) D with D = X,.
For d =3 we had X = S (1,1,0), we computed a small resolution

S (2a 27 1) - }/small — X

and calculated

(Yaman) = 1 4 2uv + 2 (w0)? + (uv)®

(Y) =1+ 3uv + 3 (w)® + (uv)
(D) =1+ 2uv + (w)?
(Y\D) = wv + 2 (uv)® + (uwv)®

E
E 3
E

E

So the stringy E-function FEg is

uv — 1
Ey(X)=FE (D) +E (Dfl}) (uv)Tl =EX\D)+ E(D) uv + 1
= (w0 +2 (w)” + (w)*) + (1 + w)” uvl—i- 1

=14+ 2uv+2 (UU)2 + (UU>3 =F (Y;mall)

and, as predicted by Theorem 1.32, the stringy Hodge numbers of X indeed
coincide with the Hodge numbers of the small resolution.

Eq (X) is not a polynomial for d > 3, in particular X does not admit
a crepant resolution: As X\p = Y\D is isomorphic to the totalspace of
L — X, we have

E(X\p) = E(Y\D) = (w) E (Xo)
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and

uv — 1 w)? — 1
B (X) = (we) B (D) + B (D) — =t = () W Z L
(uv)™ " —1 (uv)™ " =1
As
((uv)%Jrl) ((uv)%flfl)
E(D) = Py for d odd
(“:U)—:l for d even

(see [Batyrev, 1998]) the stringy E-function Eq (X) is not a polynomial.

1.2.7 Birational Calabi-Yau manifolds

Theorem 1.36 [Batyrev, 1999/, [Batyrev, 1998] Birational Calabi- Yau mani-
folds have equal Hodge numbers.

Actually one proves that [X;] = [X5], i.e., X7 and X5 represent the same
class in the Grothendieck ring M.

1.3 Some facts and notations from toric geometry

The key example of a toric variety is the projective space P™. Let (yo : ... : yn)
be the homogeneous coordinates. On the open set U; = {y € P" | y; # 0} the

functions
i Yk
.’I;k - —
Yi

give an isomorphism
U, — A"
(Yo : oot Yp) — (mé, ...,x:, ,mn>
Considering another chart U; — A", on U; N U;

i Yk Y Ui i iyl
== = ()

Yj Yi Yj
i.e., the coordinate functions in one chart are given as Laurent monomials

(i.e., monomials which also can have negative exponents) in the coordinates
of the other chart, a key property of toric varieties.
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1.3.1 Affine toric varieties

If S € M =7Z" is a finitely generated commutative semigroup with 0, we can
associate to S its semigroup algebra C [S], consisting of all finite formal

. . . . / !’
sums » oo @mx™, ap, € C with multiplication 2™ - 2™ = 2™+,

Example 1.37 The semigroup algebra of S = ((1,0),(1,1),(1,2)) C Z?* is
C[9] = C |z, zy, xy?].

To the semigroup algebra we can associate an affine toric variety
Y = SpecC[S]. Considering C = C* U {0} as a semigroup with respect to
multiplication, the maximal points of Y are the semigroup homomorphisms
Homy, (S,C). If y € Hom,, (S, C) and 2™ € S, then 2™ (y) = y (m).

For generators my,...,m, of S, the toric ideal of Y is the kernel Is of

Clyss . yr] — C[S]

y; — ™

It is given by the binomial ideal
IS = <yU+ — yu_ | u € ker (ml, ...,mr)>

where v = u™ —u~ with ™, u~ with non-negative entries and disjoint support
(see [Sturmfels, 1997] and [Gelfand, Kapranov, Zelevinsky, 1994, Sec. 5.1,
5.2]).

Example 1.38 For S = ((1,0),(1,1),(1,2)) as in Example 1.37 we have
11 1Y) ,
ker( 01 2 > =(1,-2,1)

ClS] = Cly1,y2,u3] / <y§ - y1y3>

so Y = {y2 — y1ys = 0} is a quadric cone.

hence

We may assume that S generates M as an abelian group. The inclusion
S C M gives an embedding of the torus

T = Homg (M,C*) = (C*)" = Spec (C[Z"]) — Spec (C[S]) =Y

If t € T = Homy (M, C*) considered as a group homomorphism ¢ : M — C*,
and y € Y considered as a semigroup homomorphism y : S — C, then 7" acts
on Y by

TxY — Y
ty: S — C
ty) — u o t(u)y ()
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ie.,

T x C[S] — C[S]

(t,z™) +—t(m)x™
form e S.

Example 1.39 In Example 1.38, the torus is {y1 # 0,y # 0,y3 #0} C Y,
i.e., the complement of the two lines as shown in Figure 1.1.

<

Figure 1.1: Torus orbits of the quadric cone in A?

We recall some standard facts and notations from polyhedral geometry:

Definition 1.40 A finite intersection of closed half-spaces in Mg = M Q7R
15 called a polyhedron.

A subset 0 C My is called a polyhedral cone if there are uq, ..., us € Mg
such that

g = {)\1U1 + ...+ )\sus | )\1, ey )\s c RZO}

A polyhedral cone o C My is called rational polyhedral cone if there
are uy, ..., us € M with o = {\juy + ... + Astus | A1, ..., As € Rop}.

It is called strongly convex if —o N o = {0} and the dimension of o is
the dimension of the subspace of Mg, spanned by the elements of o.

The convex hull of a subset V. C My = R" is the intersection of all
convex sets containing V. It is denoted by convexhull (V) and

i=1

convexhull (V) = {Z Aivi | Ay ooy A = 0 with Y N =1 and vy, ..., v, € V}
=1
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Theorem 1.41 (Carathéodory) IfV C R" then any point of convexhull (V')
is a conver combination of at most n+ 1 points of V.

Definition 1.42 A polytope A C My is the convex hull of a finite set of
points. The dimension of A is the dimension of the subspace spanned by the
points m —m’ with m,m’ € A.

A polytope A is called integral or lattice polytope if it is the convex
hull of a finite set of points in M.

Theorem 1.43 Any bounded polyhedron is a polytope and vice versa.

Any polyhedral cone is a polyhedron.

Definition 1.44 A face of a polyhedron A is either A or a subset AN h
of A, where h is a hyperplane such that A is contained in one of the closed
halfspaces given by h. A facet of A is a codimension one face. Any face of
a polyhedron A is a polyhedron.

Proposition 1.45 [Gelfand, Kapranov, Zelevinsky, 1994, Sec. 5.3] Let T =
hull (S) be the rational polyhedral cone in Mg defined as the hull of a semi-
group S with the properties as above and Y = Spec C [S]. There is a bijective
incluston respecting map

{faces of T} =4 {torus orbit closures in Y}

If o is a face of T, then the corresponding torus orbit is given by ™ = 0
Vm & SNo and 2™ # 0 Vm € SNo. The closure of the torus orbit is
isomorphic to Spec (C[S Nal).

Example 1.46 For Exzample 1.38, the torus orbits in'Y are given by

{1 # 0,92 # 0,y3 # 0}
{y1 #0,y2 = 0,y3 = 0}
{y1 =0,y = 0,y3 # 0}
{(0,0,0)}

1.3.2 Toric varieties from fans
Let N = Z", let M = Hom (N, Z) be the dual lattice of N, and denote by
(—,=): M xN—Z

the canonical bilinear pairing. Given a rational convex polyhedral cone o in
Ng consider the dual cone

g={me Mg | (m,w) >0VYw € o}

of non-negative linear forms on o.
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Proposition 1.47 (Gordan’s Lemma) [Oda, 1988, Sec. 1.1] If o C Ng
is a rational convex polyhedral cone, then ¢ N\ M 1is a finitely generated semi-
group.

Example 1.48 For o = hull{(0,1),(2,—1)} we get the semigroup S = & N
M ={((1,0),(1,1),(1,2)) C Z* given in Example 1.37.

Given a strongly convex rational polyhedral cone o, ie., ¢ N (—0) =
{0}, we get a finitely generated semigroup & N M generating M as a group,
ie, 6NM+ (—6NM) = M. It defines an affine toric variety U (o) =
Spec (C [ N M]) containing the torus T = Homgy, (M, C*) = (C*)".

Proposition 1.49 [Fulton, 1993, Sec. 2.1] C|6 N M] is integrally closed,
i.e., U (o) is normal.

The semigroup ¢ N M is saturated, which means that if a-m € ¢ " M
for a € Z~g and m € M, then m € ¢ " M. Indeed, a semigroup S C M is
saturated if and only if C [S] is integrally closed. The saturation

{me M |a-me S for some a € Z=o}

of S gives the normalization of Spec C [S].
The following proposition gives a characterization of the semigroups given
by the duals of strongly convex rational polyhedral cones.

Proposition 1.50 [Oda, 1988, Sec. 1.1] Let S be an additive subsemigroup
of M. Then there is a unique strongly convex rational polyhedral cone o in
Ng with S = ¢ N M if and only if the following conditions are satisfied:

1. S contains 0 € M.

2. S is finitely generated as an additive semigroup, i.e., there are my, ..., m,
S with

S = {a1m1 + ...+ am, | my,...,My € ZZO}
3. S generates M as a group, i.e., S+ (=5) = M.
4. S is saturated.

Lemma 1.51 If o is a rational strongly convex polyhedral cone of dimension
n in Ng, then the dual cone & is also a rational strongly convex polyhedral
cone of dimension n, and there is a canonical bijective inclusion reversing
correspondence between the faces of o and &, given by

F—F'={mes|(muw)=0VYwe F}
if F'is a face of 0.
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Proposition 1.52 [Danilov, 1978] Any toric U (o) is Cohen-Macaulay.

Proposition 1.53 [Fulton, 1993, 2.1] U (¢) is nonsingular if and only if o
is generated by a subset of a basis of N. Then

U (O') — (Cdimo % (C*>n—dima

Given two such cones 0; and oy intersecting along a face 7 of both cones,
the inclusions of 7 C o1, 09 give inclusions of U (1) C U (01),U (03), hence
we can glue the corresponding affine toric varieties U (o) and U (02) along
U (7).

A finite set X of strongly convex rational polyhedral cones in Ng with
the property that every face of a cone in Y is again a cone in X and the
intersection of any two cones is a face of each is called a fan. Given a fan X
we can glue all U (o), o0 € 3, and get a toric variety X (¥).

Denote by

supp (£) = (J o
ocEX
the support of a fan ¥ and by ¥ (m) the set of m-dimensional cones of ¥.
The elements of ¥ (1) are called rays, and for each r € 3 (1) let 7 be the
minimal lattice generator of r, i.e., the unique generator of the semigroup
rNN.

A cone is called simplicial if it is generated by linearly independent
generators. A fan 3 and the toric variety X (X) are called simplicial if all
cones of X are simplicial. If a cone o C Vg is generated by a subset of a basis
of N, i.e., U (o) is nonsingular, then we say that o is strictly simplicial.

Example 1.54 The fan X, as depicted in Figure 1.2, formed by the cones
{0}, 70, 71, T2, 00,01, 02 where

70 = hull{(—1,—-1)} oo =hull{(1,0),(0,1)}

7 = hull{(1,0)} oy =hull{(0,1),(—1,-1)}

7o = hull {(0,1)} o9 = hull{(1,0),(-1,-1)}
gives X (X) = P2 The dual cones of o; and 7; are shown in Figure 1.3 and

Ulo)) 2 A2 U(r)=2CxC* U(0)=(CH?

The torus actions on the affine toric varieties U (o) give an action of the
torus on X (X) extending the product in the torus (see [Fulton, 1993, Sec.
1.4)).
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Figure 1.2: Fan representing P? as toric variety

Q<
Q<
a<
a<

@) -
A<

Figure 1.3: Duals of the cones of fan representing P2

Proposition 1.55 [Fulton, 1993, Sec. 3.1] The torus acts on X (X) and we
get an inclusion reversing bijection between the cones T of ¥ and the closures
V' (1) of the torus orbits O (1)

» 2 {torus orbit closures in X (X)}
T =  V(r)=0(7)

For any rational convex polyhedral cone o in Ng, U (o) contains a dis-
tinguished point z, (see [Fulton, 1993, Sec. 2.1]) given by

zo: onNM — C
- i { 1 ifmeot }
0 otherwise
with o+ = {m € Mg | (m,w) =0 Yw € o}, which is well defined as e N &
is a face of . If o spans Ng, then z, is the unique fixed point of the torus
action on U (o).

For the multiplicative group C*, we have Hom (C*, C*) = Z, hence for T' =
Hom (M, C*), there is a one-to-one correspondence between lattice points
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w € N and 1-parameter subgroups A, of T
N =Hom(Z,N) = Hom(C*T)
Ay : C* — Hom(M,C*)
w — . (/\w(t): M — C )

t s pma)

Note that by M = Hom (N,Z) = Hom (7, C*) there is also a one-to-one
correspondence between the elements of M and the elements of the character

group T of the torus.

Proposition 1.56 [Fulton, 1993, Sec. 2.3] If T is a cone of ¥ and w €
int (7) in the relative interior, then

lim A, () =z,

t—0

If v is not in any cone of X3, then the limit does not exist in X (X).
Note that this characterizes o N N as the set
ocNN = {w €N | 1iH6Aw (t) exists in U(a)}

hence allows to recover the fan from the torus action.
In the above one-to-one correspondence between cones o of > and torus

orbits, O (¢) is the unique torus orbit containing z,. As

Vo) = O(7)

TEL
TCOo

V (o) contains precisely the distinguished points z, for 7 C o.

Example 1.57 In Example 1.5/ the torus orbits and their closures are

o | O(o) V(o) Ty
=(0:0:1)
o [ {Xi=0,X;=0,X;, #0} | {X; =0,X; =0} x(,l:(l:O:O)
x@:(O:l:O)
=(0:1:1)
T | {X=0,X; £0, X, £0} | {X; =0} :(1;0 1)
=(1:1:0)
0 | {X,£0,X; 40, X, #0} | P2 = X () —(1:1:1)

Figure 1.4/ shows the real picture of the torus orbits, identifying opposite
points of the outer circle.
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Figure 1.4: Torus orbits of P2

1.3.3 Morphisms of toric varieties
Suppose ¢’ C N’ is a strongly convex rational polyhedral cone and
p: N — N

is a homomorphism of lattices such that g : Ny — Ng is mapping o
into a strongly convex rational polyhedral cone ¢ C Ngr. Hence the dual
©*: M — M’ maps 6 N M to ' N M’ and gives a homomorphism

CleNM]— Cls'nM|

hence a morphism

U(o') —Uo)

Proposition 1.58 [Fulton, 1993, Sec. 1.4] Suppose % is a fan in N and ¥’
is a fan in N' and ¢ : N' — N is a homomorphism of lattices. If for each
cone o' in Y/ there is some cone o in X such that ¢ (¢') C o, then there is
a morphism U (¢') — U (o) C X (X), and the morphism U (/) — X (¥)
1s independent of the choice of o. These morphisms patch together to a
morphism

oot X (Z) — X ()

If X (¥) is compact, then supp (3) = Ng. Otherwise, there would be a
w € (Ng —supp (X)) N N and lim;_o A, (t) would not exist in X (X). The
converse is given by:

Proposition 1.59 [Fulton, 1993, Sec. 2.4] Let X2 be a fan in N and X' a fan
in N and ¢ : N' — N a homomorphism of lattices inducing a morphism o, :
X (X)) — X (X). The morphism @, is proper if and only if ¢~ (supp (X)) =
supp ().
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Corollary 1.60 The toric variety X (3) is complete if and only if ¥ is com-
plete, i.e., supp (X) = Ng.

Example 1.61 Suppose vy, ...,v, are a basis of N generating the cone
o =hull{vy,...,v,}

and X is the fan generated by the cone o (i.e., the fan consisting of all faces
of 7), s0 1, = (0,..,0) € C"=U (o) = X (X). Writez; =2%,i=1,...,n.
Set vg = v1 + ...+ v, and consider the subdivision of o with respect to vy, i.e.,
the fan X' generated by the cones

o; = hull{vg, v, ..., Vi—1, Vit1, ooy Un }

fori=1,...,n. Then X (¥') is the blowup of X (¥) at z,:
To describe X (¥') note that

*

- * * * * * * * *
o) fhull{vi,vl — U, U — U, U —’Ui,...,’Un—UZ-}

hence
. -1 ~1 -1 ~1
Clo;nM]=C [xi,:clxi ooy Ti_ 1Ly L 1Ly s ey T L ]

so U (o;) =C".

The blowup of U (o) at z, is {xiy; — x;y; | 4,7 =1,..,n} C C" x P~
where Y1, ...,y, are homogeneous coordinates on P"~1 and it is covered by
the open sets U; = {y; # 0} = C™ for i = 1,...,n, which by z; = ZE,Z—Z and

Y5
Yi

€T . _ — —
= have coordinates x;, r1x; Lo Ti1T; l,xiﬂxi L ey T T;

Any cone of a given fan ¥ can be subdivided such that it becomes simpli-
cial. Given a simplicial cone ¢ of dimension d with minimal lattice generators
v1, ..., vg of the rays of o and the lattice N, = (¢ N N) generated by o, the
multiplicity of o is defined as the index of Zwv, + ... + Zvg in N,

mult (o) = [N, : Zvy + ... + Zvg]
Then U (o) is nonsingular if and only if mult (o) = 1.
Example 1.62 If N = Zey + Zey and 0 = (vy,v9) with vg = es and v; =

2e1 + eq, then N, = N and Zvy + Zvy = 7 (2e1) + Zes. Figure 1.5 shows the
cone o and the groups N, and Zv, + Zvs.
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[ ] [ L] o
L[] [ ) o ° o
° o [ ] (o] L] o

Figure 1.5: Cone of multiplicity 2

Any simplicial cone o can be subdivided until it has multiplicity 1: If
mult (0) > 1 there is some v € ¢ N N such that v = Z;l:l a;jv; with 0 <
a; < 1. Subdividing o with respect to hull {v}, we obtain the cones o; =
hull {v, vy, ..., v;_1, Vit1, ..., vq} for all ¢ with a; # 0, and if v is the minimal

lattice generator of hull {v}, then
mult (0;) = a; mult (o)
Hence:

Proposition 1.63 [Fulton, 1993, Sec. 2.6] Given a fan ¥ in N and a fan
Y in N refining 3, the identity id : N — N on the lattice induces a proper
birational morphism id, : X (X') — X (X). There is a refinement ¥’ of ¥
inducing a resolution of singularities X (X') — X (¥).

1.3.4 Divisors on toric varieties

Let X (X) be a toric variety of dimension n. The T-invariant prime Weil
divisors on X (X)) are the components of dimension n — 1 of the complement
X (2) — O ({0}) of the torus orbit O ({0}), i.e., they are the closures of the
torus orbits of dimension n — 1. We denote by D, the T-invariant prime Weil
divisor corresponding to the ray r € ¥ (1). Denote by WDivy (X (X)) the
group of T-invariant Weil divisors on X (X), which is isomorphic to Z*") by

7z*V  — WDivy (X (X))
(a'f')r — Zr aTDT

T-invariant divisors are also called T-divisors.

By a T-invariant Cartier divisor D on X (X) a collection of rational func-
tions ¢p ,, 0 € ¥ is given such that ¢p , defines D on U (o), ¢p » is invariant
under the torus action up to multiplication by a non-zero constant, ¢p . is
unique up to multiplication with an invertible function on U (o), and %
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is invertible on U (o1) NU (02). As ¢p,, is an eigenvector of the action of the
torus, we can write
Do = l,—m(D,U)
with m (D, o) € M.

As ¢p, is unique up to multiplication with an invertible function on
U (o), the lattice point m (D, o) € M is unique modulo the sublattice

M, =(cNNY" ={meM]| (muw)=0Vwe o}

of M orthogonal to the sublattice (o N N) of N generated by . Hence giving
D |y (s is equivalent to specifying the function (m (D,0o),—).
Invertibility of
PDo1 _ \—m(D.o1)+m(D,02)

¥YD,o2 B
on U (01)NU (02) = U (1) with 7 = 0, Noy is equivalent to the condition that
m (D, o1)—m (D, 0q) € M. or, equivalently, that the functions (m (D, oy) , —)
and (m (D, 09),—) agree on T, i.e.,

<m (D701)>_> |7—: <m (D702)’_> |T

Hence associated to D there is a well defined piecewise linear continuous
function

®p supp (X) — R
Op (w) = (m(D,0),w) forw e o

on the support of the fan . The function ®p, is called the support function
of D. A piecewise linear continuous function on supp (), which is given on
o by (m (o), —) with m (o) € M is called integral.

On the other hand, any piecewise linear continuous integral function ® :
supp (X) — R is the support function of a unique Cartier divisor, which,
written as a Weil divisor, is given by

D= )Y -®(#)D,
rex(1)
A T-Weil divisor D = Zrez(l) a, D, is Cartier if and only if for all o € X
there is an m (D, o) € M such that
—a, = (m(D,o),7) forallr € ¥ (1) withr € o

Proposition 1.64 [Voisin, 1996, Sec. 4.2] By associating to a T-Cartier
divisor D the function ®p, we get a one-to-one correspondence between T'-
Cartier divisors on X (X) and piecewise linear continuous integral functions
on supp (X).
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Remark 1.65 The Maple package tropicalmirror (see also Section 12.4) pro-
vides a function TestCartier which, given a T-Weil divisor D =) (1) @rDr,
sets up the linear system of equations

rexy

—a, = (m(D,o),r) forallr € ¥ (1) witht € o

for the m (D, o) and computes the solution. It returns whether D is Cartier,
Q-Cartier or not Q-Cartier. In the first two cases there is an integral respec-
tively rational piecewise linear continuous function on the fan, which gives on
the minimal lattice generators © of the rays of ¥ the negative of coefficients
a, of D and this function is also returned by TestCartier.

For any m € M the Laurent monomial ™ is a holomorphic function
on the torus T, hence a rational function on X (X) defining a T-invariant
principal Cartier divisor

div (™) = Z (m,7) D,

reX(1)

The principal Cartier divisor div (") corresponds to the support function
Pgiy(zm) = — (m, —) defined globally by an element of M.

Proposition 1.66 [Coz, Katz, 1999, Sec. 3.1], [Fulton, 1993, Sec. 3.4]
Classes in the Picard group Pic (X (X)) of line bundles on X (X) modulo
isomorphism and the Chow group A,—1 (X (X)) of Weil divisors on X (X)
modulo linear equivalence can be represented by T-invariant Cartier respec-
tively Weil divisors via the exact sequences

m +— diva™
—

0— Divy (X (X)) — Pic(X (X)) —0
I N N
0— M & 720 — A1 (X (D) —0
m = (<m7f’>)rez(1)
(ar), = 2 aD:

Pic (X (X)) is torsion free.
Example 1.67 For the fan X of P? given in Example 1.5/ we get
1 0

A (X (X)) =coker [ 0 1 =7
-1 -1
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Example 1.68 Considering the fan X2 over the faces of the degree 5 Veronese
polytope of P*

convexhull ((4,-1,—-1,-1),...,(—-1,-1,—-1,4),(—-1,—1,—-1,-1))

we get
4 -1 -1 -1
-1 4 -1 -1
A3 (X (X)) =coker | =1 -1 4 —1 | 2ZxH
-1 -1 -1 4
-1 -1 -1 -1
with

{(ag, ..., as) € Z% | S a; = 0mod 5}
Zs(1,1,1,1,1)

H= >~ 73

In the following suppose that all maximal dimensional cones of the fan
Y. have dimension n, and denote by o1, ..., 05 the maximal dimensional cones
of ¥. As shown above a T-Cartier divisor is given by a collection m; €
M/M,, = M for all i such that m; = m (D, 0;) maps to m (D, o; N o;) under
the canonical map M/M,, — M /Mg n,,, hence:

Lemma 1.69 The group of T-Cartier divisors Divy (X (X)) on X (X) is
given by the kernel of the map

@;1 M/M,, — @i<j M/MUWUJ'
(m); = (my = mj)i<j
Lemma 1.70 [Fulton, 1993, Sec. 3.2] H* (X (X),Z) is given by the kernel
of the map
@MO'iﬁUj - @ MO'ir\IO'jf\IO'l
i<j i<j<l
Corollary 1.71 The map
ker (@1, M/My, — @, M/My,) = et (B Moo, = Byt Mosroyor)
(m); = (mi —my),;
induces an isomorphism

Pic (X (2)) =~ H2(X(Y),Z)

Proposition 1.72 [Fulton, 1993, Sec. 3.4] The following conditions are
equivalent:
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1. X (%) is simplicial.

2. All Weil divisors on X (X) are Q-Cartier.

3. Pic(X (X)) @Q —A,_1 (X (X)) ®Q is an isomorphism.
4. rank (Pic (X (X)) = |2 (1) — n.

Proposition 1.73 [Coz, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4]
Suppose X () is complete. For any divisor D = ZreE(l) a,D, the global
sections of the reflexive sheaf Ox sy (D) correspond to the lattice points of
the polytope

Ap={m e Mg | (m,7) > —a,Vr € ¥ (1)}

1.€.,

H (X (2),0x) (D)= P Ca”

meApNM
Remark 1.74 If D is Cartier, then
AD:{mGMR ’ <m,—> > dp OTLNR}

Lemma 1.75 [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4] A Cartier
divisor D = 3 vy @Dy on a complete toric variety X (X) is generated by
global sections if and only if for all o0 €

(m(D,o),7y > —a, Vre ¥(1) withrt ¢ o
Note that by definition
(m(D,o),7)=—a, Yr € X (1) witht € o

Hence by ®p () = —a,, it follows that D is generated by its global sec-
tions if and only if the graph of ®p lies below the graphs of the functions
(m(D,o),—) forallo € ¥, i.e., Pp is upper convew.

Reformulating via the polytope of sections: D is generated by global sec-
tions if and only if

Ap = convexhull {m (Do) |oc € ¥ (n)}
So in particular Ap is a lattice polytope and

Qp (w) = Urenzl(r}l) (m(D,o),w) = L (m, w)

hence ®p or equivalently the T-Cartier divisor D can be reconstructed from
Ap.
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Lemma 1.76 [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4] A Cartier
divisor D = 37 sy ar Dy on a complete toric variety X (X) is ample if and
only if for all o € %

(m(D,o),7) > —a, Yr € X(1) witht ¢ o

i.e., for all o € ¥ the graph of ®p on the complement of o lies strictly below
the graph of (m (D, o) ,—), i.e., ®p is strictly upper convew.

Reformulating via the polytope of sections: D is ample if and only if Ap
s a polytope of dimension n with

vertices (Ap) ={m(D,o) |oc € ¥ (n)}
and all m (D, o), o € ¥ (n) are pairwise different.

Lemma 1.77 [Fulton, 1993, Sec. 3.4] Any ample Cartier divisor on a com-
plete toric variety X (X) is generated by its global sections.

Lemma 1.78 [Cox, Katz, 1999, Sec. 3.2/, [Fulton, 1993, Sec. 3.4] A Cartier
divisor D = Zrez(l) a, D, on a complete toric variety X (3) is very ample if
and only if ®p is strictly upper conver and for all o € ¥ (n)

gNM=(m—-—m(D,o)|meApn M)

Lemma 1.79 [Fulton, 1993, Sec. 3.4] If X (X) is complete and non-singular,
then a T-divisor is ample if and only if it is very ample.

1.3.5 Dualizing sheaf of a toric variety

Suppose X (X) is a nonsingular toric variety, ey, ..., e, form a basis of N and
x; = 2%, 1 = 1,...,n are the corresponding coordinates, then the divisor of
the rational section

Il
>

w
of Vs is — >~ sy Do, hence:

Proposition 1.80 [Fulton, 1993, Sec. 4.53] If X (X) is a non-singular toric
variety, then

Q) = Oxy [ = Y Do
)

veX(1
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Suppose X (X)) is any toric variety of dimension n, then ZvGE(l) D, is not
Cartier or Q-Cartier in general, but still the coherent sheaf

D) =Oxm |~ D Do

veX(1)
gives the dualizing sheaf.

Proposition 1.81 [Fulton, 1993, Sec. 4.4] Suppose X (X) is a toric variety
given by the fan X.
If 3 is a refinement of ¥ inducing a resolution of singularities

[ X(E) = X(5)

then )
fe (k) = W)

and R f. (Qy)) =0 Vi > 0,
If X (X) is complete, then for any line bundle L on X (%)

H™ (X (2), 1" @ Wy ) = H (X (D), L)
1.3.6 Projective toric varieties
The normal fan If P C My is a polyhedron and w € Ng, then define
face, (P) = {m' € P | (m/,w) < (m,w) for all m € P}
With respect to Minkowski sums, face,, has the property that
face, (P + P') = face,, (P) + face,, (P’)
If F'is a face of P define the normal cone of F' as
op (F)={w € Ny | face, (P) = F}

The normal cone has dimension dim (op (F)) =n — dim (F'). F’ is a face of
F if and only if op (F) is a face of op (F’). Hence the set of normal cones
op (F) for all faces F' of P forms a fan, the normal fan NF (P) of P.

Any polyhedron P may be written as

P=A+C={m+m'|meAandmeC}
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with a polytope A and a cone C'. The cone C'is unique and C* is the support

supp (NF (P)) of the normal fan of P. It is the set of linear forms on P, which

have a bounded minimum on P. If P is a polytope, then NF (P) is complete.
The normal fan ¥ = NF (A) of the polytope A consists of all duals

op (F)={w € Ng | (m',w) < {(m,w) for all m € A and m’' € F'}
of the cones
{A(m—m')e Mg |meA, m"e F,; \>0}

for all non-empty faces F' of A.
If 0 € int (A), its normal fan NF (A) is the fan over the dual polytope

A*={n € Ng | (m,n) > —1VYm € A}

The projective toric variety associated to an integral polytope
Given an integral polytope A C M, we can associate to it the polytope
ring
S(A) =C[tha™ | m € kA]  degtra™ =k
with .
———
EA={km|meA}=A+..+A

and multiplication t*z™ - t'z™ = t5+1z+™  and hence define a projective
toric variety P (A) = Proj S (A).

On the other hand we can associate to A its normal fan ¥ = NF (A) and
a piecewise linear continuous integral convex function

d: Ng — R
@ p— 1 pr— 1 p— 1
('LU) 7ITILl€12 <m’ ’LU> mglAlgM <m’ w> mevgggs(A) <m’ U)>

giving a Cartier divisor
Dr — . .
A Z Trr{lelg <m7 T> DT’
reX(1)

which satisfies Ap, = A and is ample.

Theorem 1.82 [Batyrev, 1994/, [Coz, Katz, 1999, Sec. 3.2], [Fulton, 1993,
Sec. 3.4] With this notation

P(A) = X (NF(A))
Op(a) (1) = Op(a) (Da)
If X (X) is complete and D is an ample T-Cartier divisor on X (X), then
NF (Ap) = %.
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Remark 1.83 Choosing a basis of M gives coordinates ty, ..., t, on the torus
T = Homg (M,C*). Writing m = (ay, ...,a,) we have x™ = [[/_, t& =: ™.

=1 "1
Given A choose k such that kD is very ample on P (A). The lattice points
EANM = {mg,....,m.} of kA correspond to monomials t™,....t". P (A) is
the closure of the image of the map

T — P
t— (EM0, . M)

Example 1.84 For
A = convexhull ((—1,-1),(2,-1),(-1,2))

the normal fan is the fan of P* given in Example 1.54 and P (A) is the image
of P? under the degree 3 monomials in 3 variables, i.c., the degree 3 Veronese
embedding of P2.

1.3.7 The Cox ring of a toric variety
In [Cox, 1995] the representation of P™ as

P" = (C"" =V ({yo, - Yn))) /T

was generalized to arbitrary toric varieties X (X). In order to do so, introduce
the homogeneous coordinate ring of a toric variety X (X):

Definition 1.85 The homogeneous coordinate ring or Cox ring of
X (%) is
S=5(X (%) =Cly |rex()

with the grading

deg <H y) = [Z arDr] € A1 (X (X))

If D=3 a,.D, write y? =[], y*, so deg (y”) = [D]. The homogeneous
coordinate ring is the direct sum

§= @aeAn_l(X(E)) Sa

with
.- @ o
[D]=

and it holds S, - Sg C Saqs-
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1.3.8 Global sections as Cox monomials

Proposition 1.86 [Coz, Katz, 1999, Sec. 8.2] The global sections of the
reflexive sheaf of sections Ox sy (D) of a Weil divisor D is isomorphic to the
degree [D]-part of the Cox ring

H (X (2),O0x(z) (D)) — Sip)
2" s Hyﬁm,f}-l—br

where D = b.D,.

In particular Sjp is finite dimensional of dimension dim¢ (S [ D}) =|Ap N M].

Remark 1.87 The homogeneous coordinate ring contains all possible poly-
tope rings associated to ample divisors of a projective toric variety. Indeed,
if D is ample on'Y, then

S (Ap) = €D Sk
d=0

Given D = ) b.D,, we can describe Sipj explicitly: In the presentation
of the Chow group of divisors of X (¥)

0> M & 720 L8 4, (X (D) —0
m = (<maf>)rez(1)
(ar)rezu) = ZreE(l)aTDT

with the rows of A being the minimal lattice generators of the elements of
¥ (1), we have image (A) = ker (deg). Hence the Cox monomials of the same
Cox degree as D, i.e., giving divisors linearly equivalent to D (corresponding
to lattice monomials forming a vector space basis of the space of global
sections of D), are

{y“ | a € (b,) +image (A), a € Zig)}
Example 1.88 For X (X) given by the fan over the faces of
convexhull ((4,—-1,—-1,-1),....,(=1,—1,—-1,4) ,(=1,-1,—1,-1))

as i Fxample 1.68 the Cox monomials in S[fK i.e., the monomials of

x|’
the same degree as the anticanonical class, are

1 4 -1 -1 -1 1 5
1 -1 4 -1 -1 1 0
1 | +image| -1 -1 4 -1 NZ5, = 11,1 01,..,
1 -1 -1 -1 4 - 1 0
1 -1 -1 -1 -1 1 0
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i.e., the monomials y3, ..., Y2, y1 + ... - Ys-
For P4, which is given by the fan over the faces of the polytope

convexhull ((1,0,0,0),...,(0,0,0,1), (=1, —-1,—1,—1))

the Cox monomials in S[—K]pzl] are

1 1 0 0 0
1 0 1 0 0
1 | +image| O O 1 O NZ2%,
1 0 0 0 1 -
1 -1 -1 -1 -1

yielding all monomials of degree 5 in 5 variables.

Algorithm 1.89 In order to compute Sip) for given D € Z*Y) consider a
basis v1, ...,vs of ker (A') and consider the cone C' C (Rz(l))* @ R with the
rays

hull {(e,,0)} forr e X (1)

and lineality space (i.e., largest linear space contained in C') spanned by
{(vi, —v; - D) |i=1,...s}

Then the intersection of C* with the hyperplane defined by setting the last

coordinate equal to 1 is the polytope P = (D + image (A)) N Rig). Consider

the preimage in Mg of this polytope under the map m — A-m + D. The
lattice points of this polytope map via m — A-m + D to a basis of Sip.

Remark 1.90 This algorithm is implemented in the function GlobalSections
of the Maple package tropicalmirror (see also Section 12.4). It takes as argu-
ments the Chow presentation matriz A : M — Z*Y) and a vector D € 7™,

For y?,y¥ € S define
yP < y¥ < " € S such that [F] = [E], v | y* and y” # ¢~

Under this condition [E] — [D] = [F] — [D] = [F — D] is the class of an
effective divisor.

Lemma 1.91 [Cox, 1995] If X (X) is complete, then > is a transitive, anti-
symmetric, multiplicative ordering on the monomials of S.
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1.3.9 Homogeneous coordinate presentation of toric varieties

Quotient presentations Let ¢ : Y/ — Y be a surjective morphism of
toric varieties with tori 7 C Y and 7" C Y”, and denote by ¢* : Divy (V) —
Divy (Y7) the pullback of Cartier divisors. With U =T UlJ, 5, O (r) there

is the strict transform ¢#

DiVT (U) q—> DiVT/ (U/)
N
I WDivy (U')
N

#
WDivy (Y) & WDivy (Y7)

If Y is a toric variety, then a quotient presentation of Y is a quasiaffine
toric variety Y’ and a surjective, affine toric morphism ¢ : Y’ — Y such that
q" is bijective. This can be tested locally for all invariant affine open U C Y.

Theorem 1.92 [A’Campo-Neuen, Hausen, Schréer, 2001] Suppose Y = X (X)
and Y' = X (¥') are toric varieties given by fans ¥ C Ng and ¥ C Np
and q : Y' — Y s a toric morphism given by a homomorphism of lattices

¢ : N — N as described in Section 1.3.3. Then q is a quotient presentation

if and only if the following conditions are satisfied:

e coker (@) is finite.

o there is a strongly convex rational polyhedral cone @ C N} such that ¥’
is a subfan of a fan X" spanned by & (soY' C U (7)).

e the map o — ¢g (0) is a bijection '™ — ¥ gnd 3/ (1) — X (1).

o for all rays ' € ¥/ (1) the image ¢ (') of a minimal lattice generator
7 is a primitive lattice element of N.

If g: Y — Y is a quotient presentation of Y, then via the isomorphism
q” we get a commutative diagram

0
)

0— M % WDivy (Y)
I/
M/

82



Definition 1.93 A triangle is a lattice M’ and a commutative diagram

div

M WDivy (Y)

L/
Ml

such that M — M’ is injective and for all T-invariant open U C Y there
is an m' € M' such that the associated divisor on'Y 1is effective with support

Y\U.

Theorem 1.94 [A’Campo-Neuen, Hausen, Schréer, 2001] Let Y be a toric
variety. Above commutative diagram associated to a quotient presentation is
a triangle. Up to isomorphism, this assignment is a bijection between quotient
presentations and triangles.

Example 1.95 The triangle given by M’ = WDivy (Y) 4 WDivy (Y) de-
fines the Cox quotient presentation explored in detail in the following section.

Example 1.96 If D is an ample Cartier divisor on'Y , then
M — M & ZD — WDivy (Y)

1s a triangle and the corresponding quotient presentation is the associated

C*-bundle of Oy (D).

Suppose ¢ : Y’ — Y is a quotient presentation given by the triangle
M — M’ — WDivy (Y). Denote by T and 7" the tori of Y and Y and let

G=ker(T'—T)

With A = M’/M we have G = Spec (C[A]) and G = A. Then ¢.Oy is
graded by A with Oy-modules R,

Q*OY’ - @ Ra

a€A

The group G acts on Y’ and the morphism ¢ is a good quotient if
(¢:0y) = Oy

One can test this condition locally, so assume that ¢ is given by an inclusion
Clo¥nM] c Clo" N M']. One can show that

Cle™” N M% =Clo¥ N M]

hence:
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Proposition 1.97 [A’Campo-Neuen, Hausen, Schréer, 2001] Any quotient
presentation of a toric variety is a good quotient.

The morphism ¢ is a categorial quotient and for all closed invariant W;
it holds ¢ (ﬂz Wi) = ﬂz q (W)

Proposition 1.98 [A’Campo-Neuen, Hausen, Schréer, 2001] The quotient
presentation q gives a geometric quotient if and only if M’ — WDivy (Y)
factors through the group of torus invariant Q-Cartier divisors of Y .

So if Y is simplicial, then ¢ is a geometric quotient. Any quotient pre-
sentation is geometric in codimension 2.

Cox quotient presentation of toric varieties Suppose X (1) spans Ng.
Applying Homz (—, C*) to the presentation
75
0— M 2 WDivp(X(%) % 4,,(X(x) —o0

of A,_1 (X (X)), we get an exact sequence

11— G(¥) — Homgz(WDivy (X (X)),C*) — Homgz(M,C*) —1

o :
with the kernel
G (¥) = Homgz (A,—1 (X (%)), C")

of the map of tori, hence the inclusion of G (£) in Homg (Z*®),C*) gives an
action

G (¥) x Homz (WDivy (X (¥)),C*) — Homg (WDivy (X (X)), C")
ga: WDivy (X (X)) — C*
@ T, ~ g(D])a(D)
which induces an action of G (X) on
Hom,, (WDivy (X (%)), C) = Specm (S) = C*V
considering C = C*U{0} as a semigroup with respect to multiplication. This
action is given by
G (¥) x Homg, (WDivy (X (¥)),C) — Hom,, (WDivy (X (X)), C)
ga: WDivp (X (X)) — C
@ T, ~ g(D)a(D,)
(C*)rank(Anfl(X(E)))

The group G (X) is isomorphic to the product of a torus
and the finite group Homy, (4,1 (X (£)),,, . Q/Z).
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Definition 1.99 If o € ¥ is a cone define the divisor

Ds= > D,

rex(l), re¢o
and the irrelevant ideal of X (2) by
B(Z):<yD3|U€E>:< 11 yr|U€Z>CS
rex(l), r¢o
If 0 € ¥ is a cone, then
U, = C™V) — v (yP7)
is invariant under the action of G (). So

W -vBE)=U

ceY

is invariant under G (X). The localization S, = S, is the coordinate ring of
the affine variety U, and the invariants under the action of G (X) are

(85)% = (S,)y = Clo N M]

U, /G (%) = Spec ((SU)G(E)> — SpecC 5N M] = U (o)

is the affine toric variety U (o) C X (2).

Theorem 1.100 /Cozx, Katz, 1999, Sec. 3.2] Suppose ¥ (1) spans Ng. Then
with the above action of

G (¥) = Homgz (4,1 (X (%)), C7)
on C*M) and above irrelevant ideal B (X) it holds
X (5) = (C0 —V(B() //G (%) (1.3)
The quotient is geometric if and only if X is simplicial.

Example 1.101 IfY is the fan over the degree 5 Veronese polytope of P* as
constdered Fxample 1.68

A3 (X (X)) 2 ZxH
{(ag,...,as) € ZY | St a; = 0mod 5}

ith H —
w Zs(1,1,1,1,1)

~ 73
_Z5
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and Homg, (A3 (X (2)),C*) = C* x Z2 acts on C° by

()‘7 (Ma07 s /‘La4)) : (yO: "'7y4) = (/\:uaoy(h XD )‘Ma4y4)

where w is a bth root of unity. Furthermore,

B (2) = (Yo, 1. Y2, Y3, Y1) C C (Yo, Y1, Y2, Y3, Ya]

hence X (X) = PY/Z3, which is precisely the quotient of P*, the Greene-
Plesser mirror of the generic quintic sits inside (see Example 1.9).

Remark 1.102 For the practical representation of the action of G (X) on
C*M) we proceed as follows: Choose a numbering of rays of ¥, let r = |3 (1)
be the number of rays and denote by A the presentation matriz of A,_1 (Y).
By Smith normal form we obtain W € GL (n,Z) and U € GL (r,Z) and a
commutative diagram

A

0— 20 = Z" — A1) —0
W LU 1=
0— 7z %L 77 - H — 0

such that A" is a matriz with non-zero entries only on the diagonal. Then
G (%) = Homg (H,C*)
acts by
G(X) xC —C
(), (a5) = (ITimati ¥ as) oy,
where U = (u;;), and it holds
X(®)=(C -V (B(X)//GE

1.3.10 Homogeneous coordinate representations of subvarieties
and sheaves

Let Y = X (X) be simplicial and I C S a graded ideal. Then V (I) —
V(B (X)) c C*Y —V (B(X%)) is G (L)-invariant. As

X (%)= (C* -V (B(x))/G(2)

is a geometric quotient, the G (X)-invariant Zariski closed subsets of C(1) —
V(B (X)) are in one-to-one correspondence to the Zariski closed subsets of
X (¥). Denote by Vi (I) the Zariski closed subset of Y corresponding to
V(I)-V(B(X)).

So Vi (I) =0 if and only if V (I) C V (B (X)), which is equivalent to the
existence of an m with B (X)™ C I by the Nullstellensatz.
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Proposition 1.103 [Coz, 1995] LetY = X (X) be a simplicial toric variety.
Then

1. For any graded ideal I C S

W(l)=0<3Im:B(X)"CI

2. There 1s a one-to-one correspondence

graded radical ideals I C S
with I C B (%)

I — Vy (1)

} —  {Zariski closed subsets of Y}

A graded S-module F has a decomposition into a direct sum

F= EBaeAn,l(X(Z)) Fa

Let 0 € ¥ be a cone. The degree 0 part (F;), of the graded S,-module

F, = F®gs S, is an (S,),-module, which defines a quasi-coherent sheaf (F,),
on the affine toric variety U (o) = Spec ((S5),) C X (). According to the

fan the sheaves (F}), patch to a quasi-coherent sheaf F.

Theorem 1.104 [Coz, 1995] Let Y = X (X) with Cox ring S. The map
F — F s an exact functor from the graded S-modules to quasi-coherent
Oy -modules. It has the following properties:

o If'Y us simplicial, then every quasi-coherent sheaf F arises in this way
as F = F with

F= @ & (Y,f@oy S/(E))

a€An_1(X(X))
where S (a) 3 = Sayp-
o [f I s finitely generated, then F is coherent.

o [fY is simplicial, then every coherent sheaf on'Y is of the form F with
F finitely generated.

F =0 if and only if there is some k > 0 such that B (2)* F, = {0} for
all o € Pic (V).
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o IfY is smooth, then F=0 if and only if there is some k > 0 such that
B(2)" F = {0}.

Theorem 1.105 [Cox, 1995] Let Y = X (X) with Coz ring S.

1. IfY is simplicial, then any closed subscheme of Y is given by a graded
ideal I C S, and graded ideals I,J C S correspond to the same closed
subscheme of Y if and only if (I : B(X)™), = (J: B(X)™), for all
a € Pic (Y).

2. If Y is smooth, then graded ideals I,J C S correspond to the same
closed subscheme of Y if and only if (I : B(X)™) = (J: B(X)%), so
there is a one-to-one correspondence between the graded ideals I C S
which are saturated in B (X) and the closed subschemes of Y.

Definition 1.106 If I C S is generated by homogeneous elements f € S
with deg (f) € Pic (Y'), then I is called Pic (Y)-generated.
I is called Pic (Y)-saturated if I, = (I : B(X)™), for all a € Pic(Y).

Theorem 1.107 [Cox, 1995] If Y is simplicial, then there is a one-to-one
correspondence between the Pic (Y)-generated and Pic (Y')-saturated ideals
I C S and the closed subschemes of Y.

Definition 1.108 The Picard-Cox ring of Y is

R= ®a€PiC(Y) Sa

It is the invariant ring R = SV of the finite subgroup
W = Homy (A,_1 (Y) /Pic(Y),C") C G (%)
Note that in general R is not a polynomial ring.

Theorem 1.109 [Cox, 1995] If Y is simplicial, then'Y is the geometric quo-
tient
Y = (Spec(R) -V (B(X)NR))/H (%)
with
H (¥) = Homy (Pic (Y),C")

Theorem 1.110 [Cox, 1995] If Y is simplicial, then there is a one-to-one

correspondence between the graded ideals I C R which are saturated in B (£)N
R and the closed subschemes of Y.
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1.3.11 Kahler cone and Mori cone

Suppose Y = X (X) is a simplicial projective toric variety of dimension n
given by the fan > C Ng. Then

A, (V)R H? (Y,R)

The Kéahler cone K (Y) of Y is the cone of all Kéhler classes on Y
considering K (Y) as a subset in A4, 1 (Y) ® R or H? (Y, R).

The cone AF ;| (V) ® R is defined as the cone generated by the divisor
classes [D,] € A,—1 (V) for r € £ (1).

Proposition 1.111 Ifa = 3 vy a, [D,] € A7 (Y) @R, for any o €
there is an m, € Mg such that (m,,7) = —a, for all raysr C o. If (my,7) >
—a, for all v ¢ o, then a is called convex. The set cpl(X) of all convex
a€ At [ (Y)®R is a |X(1)] — n dimensional convex cone.

a is in the interior of cpl (X)) if and only if (m,,7) > —a, for all maximal
dimensional cones ¢ € ¥ and all r Z o.

Proposition 1.112 [Coz, Katz, 1999, Sec. 3.3.] The Kdhler cone of Y is
the interior of cpl (X).

Corollary 1.113 The Mori cone NE (Y), of effective 1-cycles in Ay (Y)®
R = Hy (Y, R) is dual to cpl (X).

Proposition 1.114 [Reid, 1983] NE (Y)g is generated by the torus orbit
closures V (o) where o € ¥ is a cone of dimension n — 1.

Suppose o € X is a cone of dimension n — 1 generated by vy, ...,v,_1 € N.
The cone o is contained in exactly two n dimensional cones C; and C5. There
are v, vn,+1 € N such that

C1 = hull (vq, ..., vy—1,p)

CQ = hull (’Ul7 ey Un—1, /UnJrl)

There are relatively prime integers Aq, ..., A\,41 € Z with A\, A, 1 > 0 such
that Z;.:’ll Aiv; = 0. Denote the relation (\;) by A,.
Consider

Ag ={(\) € Q"W [ X Nv; = 0}
Applying Homyz, (—,Z) to the sequence

0— M — 270 A, 1 (X (X)) —0
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and tensoring with Q we get a natural isomorphism
A (Y) ®Q= A@

and V (o) is mapped to a multiple ¢, A\, € Ag of the relation A\, € Ag given
by Z?+11)‘ivi =0.

Proposition 1.115 [Coz, Katz, 1999, Sec. 3.3/ Ifoc € ¥ (n — 1) and vy, ..., Up41 €
N with

o = hull (vq, ..., v,—1) = hull (vq, ..., V1, v,) N hull (v, ..., V1, Vpi1)

and S Av; = 0 with A\, ..., \pp1 € Z and \,, A\py1 > 0, then there is a
=1 + +

(2

ce >0
AY)®Q — Agc QW
V(o) = Ay =Cor (N)

A Cartier divisor D is ample if and only if D.V () > 0 for allo € ¥ (n — 1),
50:

A divisor D = ZTGE(I) a,.D, is ample if and only if it s Cartier and
(a;) - Ao >0 forallo € ¥ (n—1).

Note that by the sequence

0 — Hompg (4, ;(Y)®R,R) — Homg (R, R) = Ny —0

the Mori cone of Y is
NE(Y)g =hull{)\, |0 € &, dim(c) =n — 1}
C ker (A")" = Homg (4,1 (V) @R, R) X A, (Y)®R

1.3.12 Toric Fano varieties

Recall that any Cohen-Macaulay variety Y of dimension n has a dualizing
sheaf €2y, and that this is a line bundle if and only if ¥ is Gorenstein.

Definition 1.116 A complete Gorenstein variety Y is called Fano if the
dual of QF is ample.

For any toric variety Y
=0y |- > D,
veX(1)

so a toric variety Y is Gorenstein if and only if — Ky = EveE(l) D, is Cartier,
hence:
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Lemma 1.117 If Y is a complete toric variety Y, then it is Fano if and
only if zvez(n D, s Cartier and ample.

Definition 1.118 A polytope A C Mg = R"™ of dimension n is called re-
flexive if A and its dual A* are integral and contain 0 in their interior.

If A C My is reflexive, then the vertices of A* are in the lattice M, hence,
for each facet F' of A there is an mp € M with

F=An{we Ng | (mp,w) =—1}

and A is cut out by the inequalities (mp,w) > —1 for all F, so for any lattice
point in the interior of A we have (mp,w) > —1 and (mp,w) € Z for all
facets F' of A, hence, 0 is the unique interior lattice point of A.

Lemma 1.119 If A C My is reflexive, then O is the unique interior lattice
point of A.

Theorem 1.120 [Coz, Katz, 1999, Sec. 3.5], [Voisin, 1996, Sec. 4.4] The
Gorenstein toric Fano varieties P (A) of dimension n, polarized by —Kpa)
are in one-to-one correspondence with the reflexive polytopes A C Mg, where
rank M = n. Hence duality of reflexive polytopes is an involution of the set
of Gorenstein toric Fano varieties.

This involution is used by Batyrev in his mirror construction for hyper-
surfaces in toric varieties.

Example 1.121 The polytope
A = convexhull ((2,—-1),(-1,2),(—1,-1))

which is shown in Figure 1.6, giving the degree 3 Veronese of P? is reflexive
with dual
A* = convexhull ((1,0),(0,1), (—1,—1))

shown in Figure 1.7.
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Figure 1.6: Polytope representing the degree 3 Veronese of P2

Figure 1.7: Dual polytope of the degree 3 Veronese polytope of P?

1.3.13 The automorphism group of a toric variety

Suppose X (X) is a complete toric variety given by a simplicial fan ¥ and

X (D) = (C*W -V (B (X)) /G (X)
G () = Homg, (4,1 (X (2)),C)

the homogeneous coordinate representation. The following three possible
types of automorphisms of X (X) are given as automorphisms of C>!) —
V (B (X)) commuting with the action of G () on C*) —V (B (X)):

1. By exactness of
1-G((X) — ((C*)E(l) - T —1

the elements of (C*)*™ induce the automorphisms of X (), which are
in the torus 7' C Aut (X (%)).

2. A root of X (¥) is a pair (y@7 [Lesq ygr) of a Cox variable y, and

a Cox monomial HTEE(I) yer, which are not equal, but have the same
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Cox degree, i.e.,

Z a, D, | = [Dv] € An—l (X (Z))

rex(1)

The Cox monomial [], y¢ is not divisible by v, as otherwise the quo-
tient would be a nontrivial degree 0 Cox monomial.

Any root (y., [[, y%") induces a 1-parameter family of automorphisms
of C*M) — V(B (%)) commuting with G (X)

Yo = Yo+ A Ten)qo Y57
Yr > Yy for reX(1)—{v}

where vy, denote coordinates on C*(1).

Denote by Roots (X (X)) the set of roots of X (X).

3. Any automorphism of N, which permutes the cones of the fan, gives a
permutation of the rays of X, i.e.; of the Cox variables.

Theorem 1.122 [Cox, 1995], [Cox, Katz, 1999, Sec. 3.6] If X (X) is sim-
plicial, then torus, root and fan automorphisms generate Aut (X (X)). Torus
and root automorphisms generate the connected component of the identity of
Aut (X (X)) and

dim Aut (X (X)) = dim (T') + |Roots (X (2))| (1.4)
Note that

[Roots (X (£)) = Y (dim (Sip,)) — 1)

(see also Section 1.3.8).

If X (X) is simplicial and Gorenstein, then there is a one-to-one corre-
spondence between the lattice points in the relative interior of the facets
(i.e., codimension one faces) of the polytope

A iy ={m € Mz | (m,7) > —1¥r € £ (1)}

and the roots of X (X):

93



a . 0. g
Ifp= (yv, Hrez(l)_{v} yrr) is aroot of X (X), then deg (%) _
0, so (b,) € Z*W) with

br—{ a, ifrex(1)—{v} }

-1 ifr=vw
is in the image of A in

0— M & 750 — A (X (%) —0

m = ((m, 72>)r€2(1)

i.e., there is a unique m, € M such that

<mp’ f)> =—1
and
(mp, 7) = a, for all r # v
By
A Ky ={m € Mg | (m,,7) > —1Vr € (1)}
and (m,,7) = a, > 0 > —1 for r # v and (m,, ) = —1 we conclude
that m, is in the interior of the facet of A_g . given by (m,?) = —1,
ie.,

m, € int (A_KX(E) N {(m, o) = —1}) nM

If m, € int (A,KX(Z) N{{(m,0) = —1}) N M is a lattice point in the

relative interior of a facet of A_f ., then

(mp,7) > —=1Vre X (1) with r # v

so with
A, = <mp, 7A“> € ZZ*l
for r # v, we have
[Lesay-(oy 47
Yo

res(l)—{v} Yr’
deg(nezu) {v} >:0

= A(m,)

ie.,

Yu

SO p = (yv, [Les)-() yﬁT) is a root of X (X). Summarizing:
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Proposition 1.123 [Aspinwall, Greene, Morrison, 1993] If X (X) is sim-
plicial and Gorenstein, then the roots of X (X) are in one-to-one corre-
spondence with the lattice points in the relative interior of the facets of
A—Kx(z) C Mg.

The polytope A—Kx(z) is not a lattice polytope in general.

Corollary 1.124 If X (X) is simplicial and Gorenstein, then

dim (Aut (X (X)) = dim (T) + > lintar (Q)]

Q facet of A—KX(E)
with inty; denoting the set of lattice points in the relative interior of Q).

Example 1.125 For X (X) = P" the roots are the pairs (x;,x;) fori # j ,
hence
dim (Aut (P")) =n+(n+1)°—(n+1)=(n+1)>-1

i.e., the dimension of PGL (n+1,C).

1.3.14 Toric Mori theory

Recall that for normal varieties X and Y a proper birational morphism f :
X — Y is called small if it is an isomorphism in codimension one. A normal
variety X is called Q-factorial if all prime divisors on X are Q-Cartier.

Lemma 1.126 [Reid, 1983] A toric variety Y is Q-factorial if and only if
Y s simplicial.

Recall that for any toric variety X there is a small projective toric mor-
phism X’ — X such that X’ is Q-factorial.

Let X and Y be normal varieties and f : X — Y be a proper morphism.
A 1-cycle of X/Y is a formal sum ) a;C; with a; € Z of complete curves C;
in the fibers of f. Denote by

Z1(X/Y) = {1-cycles of X/Y'}
7 (X[Y)g =2 (X/Y)®Q

There is a bilinear pairing

Pic(X) x Z1 (X/Y)y — Q
(£,0) —  dege (£)
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Consider two line bundles respectively 1-cycles numerically equivalent = if
they induce the same linear form on Z; (X/Y')q respectively Pic (X). So we
get with

N'(X/Y) = (Pic(X) 82 Q) / =
N(X/Y) = (24 (X/V)g) | =

the induced perfect pairing
N (X/Y) x N (X/Y) = Q
Consider the cone of effective 1-cycles
NE(X/Y) = {C €N (X/Y)|C =Y aC; with a; > o}

Definition 1.127 A subcone W of a cone V' is called extremal, if for all
u,v € V withu+v € W it holds u,v € W. An extremal ray is an extremal
cone of dimension 1.

So for a strongly convex cone V' a subcone W is extremal, if there is a
linear form [ such that

W={vedV|l(v)=0}
The relative Picard number of X/Y is
p (X/Y) = dimg (N (X/Y)
DeN'(X/Y)is fnefif D>0on NE(X/Y).

Theorem 1.128 (Cone Theorem) [Fujino, Sato, 2004] If f : X — Y s
a proper toric morphism, then NE (X/Y) is a convex polyhedral cone. If f
is projective, then NE (X/Y) is strongly convex.

Theorem 1.129 (Contraction Theorem) [Fujino, Sato, 2004] Let f : X —
Y be a projective toric morphism and let R be an extremal face of NE (X/Y).
There is a projective surjective toric morphism g : X — W over Y such that

e W is a toric variety, which is projective overY,

e g has connected fibers,

o if C is a curve in a fiber of f, then [C] € R if and only if g (C) is a
point.
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If R is an extremal ray and X is Q-factorial, then also W is Q-factorial
and if g is not small, then p(W/Y) = p(X/Y) — 1.

Theorem 1.130 (Existence of flips) [Fujino, Sato, 2004] Suppose that f :
X — Z is a small toric morphism, D is a torus invariant Q-Cartier divisor
on X and —D s f-ample and r is an integer with rD Cartier. Then there
18 a small projective toric morphism

h: X" =Proj, (®m20f*OX (m-r-D)) —Z

such that the proper transform Dt of D on X%t is an h-ample Q-Cartier
divisor. Then the birational map

X — Xt

N\ S h
Z

15 called the elementary transformation with respect to D. If X is Q-factorial
and p(X/Z) =1, then X is Q-factorial and p(X*/Z) = 1.

As the 1-skeleton of the fan is not changed by elementary transformations
we have:

Theorem 1.131 (Termination of flips) [Fujino, Sato, 2004] Let

XO S Xl e X2 e

N 7N 7N
Zy Z

be a sequence of elementary transformations with respect to the divisors D;,
1 = 0,1,... where D;y1 is the proper transform of D;. Then this sequence
terminates after finitely many steps.

Algorithm 1.132 (Toric minimal model program) [Reid, 1983] Given
a Q-factorial toric variety, a projective toric morphism f : X — Y and a
Q-divisor D on X we have two possibilities:
1. D s f-nef, i.e., D.C >0 for all curves C' contracted by f.
In this case the process stops, and we call X a relative D-minimal
model overY .
2. D is not f-nef:

In this case the Cone Theorem 1.128 gives the existence of an extremal
ray R in NE(X/Y)_, and the Contraction Theorem 1.129 yields the
associated extremal contraction g : X — W over Y and we have
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(a) if dim W < dim X, then the process stops with a Mori fiber space.

(b) if g is birational and contracts a divisor, then p(W/Y) = p(X/Y)—
1 and g is called a divisorial contraction.
Continue with W — 'Y and the divisor g, D.

(c) if g is small, then by Theorem 1.130 there an elementary trans-

formation h : X — X with respect to D. The birational map h
15 also called a log-flip .

Continue with XT — Y and the divisor h,D.

This process stops, as p (X/Y') drops by divisorial contractions and any
sequence of log-flips terminates by Theorem 1.151.

In the standard Mori theory for toric varieties f is birational, Y is pro-
jective and D = Kx. Note that Kx is f-nef if and only if Kx = f*Ky in
the sense of Q-Cartier divisors.

Theorem 1.133 [Fujino, 2003] Let X be a Q-factorial toric variety, Y a
complete toric variety and f : X — 'Y a birational toric morphism. If E is a
subset of the exceptional divisors of f, then f factors

x L vy
g\ /" h
Y/
such that the birational map g : X — Y’
1. contracts all divisors in F,
2. 1s a local isomorphism at every generic point of the divisors not in F,

3. g1 :Y" — X contracts no divisor,

4. Y is projective over Y and Q-factorial.

So if E is the set of f-exceptional divisors, then h is a small projective
Q-factorialization.

Proposition 1.134 [Fujino, 2003] If Y is a complete toric variety and f; :
Y; = Y,i=1,2 are small projective Q-factorializations, then there is a finite
composition of elementary transformations Y1 — Y.

Remark 1.135 We illustrate in the following example the contraction process,
the corresponding Mori cones and the linear forms Kx; :
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o Let f1 : X1 — Xo = P? be the blowup of Xy in a point p, and E,
the exceptional. X; =P (Op1 & Op (1)) has a fibration over P! by the
0-curves. Denote by H a line in Xy not meeting p1. The map fi1 has a
toric representation as a map of fans ¥y — X.

.

o Further consider the blowup fy : Xo — X1 of Xy in a point p, € E;
with exceptional Ey and denote Ey the strict transform of Ey. Denote
by L the line through p, such that L meets Ey in ps.

- —

Any of the depicted maps corresponds to the contraction of a curve,
whose class [E] generates an extremal ray of NE (X;)g. To see this,
we calculate the Mori cones:

1. NE (P?)g:
N, (P?) = R, NE (P2), = Ry and Kp» = —3H
K>0 K=0 K<0

I [H]

From the toric point of view

NE (P?), = hull{(1,1,1)} € ((1,1,1)) C R
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2. NE (X))g:

o [H] and [E1] form a basis of Ny (X1) = R2, and we choose

n-(1) (1)

° f[, E, € Ny (X1) are determined by H? = 1, fI.El =0 and E? =
—1.

o From E? = —1 and L* = 0 we know that [Ey] generates an ex-
tremal ray of NE (X,)g and [L] is on the boundary of NE (X,),
s0 we can conclude that they span NE (X,), C R? and [Z] gener-
ates an extremal ray. By LH=LH- El.fl =1, Z.El =1 we

calculate
~ 1
5-(4)

o Ky, = —3H + B, hence
KX1~ (xl[ﬁ] + Zo [El]) = —3$1 — X9

-3

We observe that X 1s Fano.

From the toric point of view NE (X1)g is a cone in the subvec-

torspace
10 -1 1
ker(o 1 -1 1>_<
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of R>1(1)::

NE (X1)g = hull

= hull

O P O KRR

O =

—1

1
1 Z1(1)
(1)) o

! ! Prig

wl()(2) <

o [Finally we compute the coordinates of the classes [5’] for all re-
duced irreducible curves C' C P2:

We have C' ~ dH with d = C.H, and C = ffC —m,, (C) Eywith
the multiplicity of C in p1, hence

H.C=H.C =d and E,.C = f1, (Ey).C —m,, (C)E? =m,, (C)

€= ( —mj (©) )

in particular the classes from P2 all lie inside the cone generated
by H and L, i.e., the dark grey area.

1.€.,

3. NE (Xo)g:

e [H], [E\] and [Es) form a basis of Ny (X2) = R®, and we choose

coordinates
B 1 . 0 0
0 0 1

~ ~2 —
o H Ey, FEy € Ny (X3) are determined by H =1, E12 = -2, E =
—1, HE, =0, HEy, =0 and E,.E, = 1.
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~2

o From E2 = -1, L = —1 and Evlz = —2 we know that [Es), [F1]
and [L] generate extremal rays of NE (Xs)p. From

il = (KL-B) dT = Lil -1

EE =0, L.Ey, = 1 we get for the coordinates on = 2 H +
ToFq + x3Fy that x1 =1, =229 + 23 =0, 29 — x3 = 1, hence

1
=1 -1
-2

To check that NE (Xo)g is really the cone generated by [Evl], [Es]

and [L], we check that it contains all classes [C] for reduced irre-
ducible curves C' C P?:

Let d = C.H, m,, (C) be the multiplicity of C in p; and mm(é)
the tangency of C' to the line L.

HC=HC=HC=d
B\.C = (f3Br — By) . (5C = mp(C)B) = By.C = my, (O)F3
= my, (C) = my,(C)
EQ.C = My, (C)
we get for the coordinates ofg = x1ﬁ+x2E +x3F, that 1 = d,

—2x9 + 3 = My, (C) —my,(C), 2 — x5 = my, (C), hence

d
[C] = —my, (C)
—Mp, (C) - mpz(c)

All the classes from P? lie inside the cone spanned by

N 1 1 1\ - 1
L= -1 .l -1 ], o |.E=]0
—2 0 —2 0
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i.e., the part of NE (X3)p with non-positive E, and Ey coordinate

We see that X5 is no longer Fano.

In the following for a given finite set R of 1-dimensional rational cones
we describe the set of all Kahler cones of projective simplicial fans 3 with
Y (1) € R. These Kahler cones fit together as the maximal cones of a fan.
We will relate this fan to the birational geometry of the toric varieties given
by projective fans ¥ with X (1) C R.

Given a toric variety X (X), the Chow group of divisors 4,_; (X (X)) has
the presentation

0— M — 7= - A, (X(X) —0

m — ((m, f))rezu)

hence depends only on the 1-skeleton R = ¥ (1) of the fan ¥. So denote
A, 1 (X () by A1 (R) and A, (X (X)) @ R by A1 (R)g. f X is a
projective simplicial fan with ¥ (1) = R, then the Kéhler cone K (X (X))
canonically lies in 4,1 (R)p = R* /M.

So in the following let R be a finite set of 1-dimensional rational cones
in Ng, which is the set of rays of a complete fan in Ng. For any projective
simplicial fan ¥ with ¥ (1) = R we get the cone cpl (X) of dimension |R|—n,
which is the closure of the Kéhler cone K (X (X)) and lies in the cone of
effective divisor classes A} | (R)g. In the same way:

Lemma 1.136 [Oda, Park, 1991] Let 3 be a projective fan with (1) C R.
Ifa=3 cxaar [Di] € Ar | (R)g, then for any o € X there is an my, € Mg
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such that (my,7) = —a, for all rays r C o. If (my,7) > —a, for allT € R,
r ¢ o, then a is called X-convex. The set of all S-convexr a € A}_| (R)g is
an |R| —n dimensional convexr cone, which we also denote by cpl (X).

Theorem 1.137 [Oda, Park, 1991] The set of all cpl () for projective fans
Y with ¥ (1) C R form the set of the |R|—n dimensional cones of a fan with
support At (R)g. It is called the Gelfand-Kapranov-Zelevinsky decomposi-
tion GKZ (R) associated to R.

Non-simplicial fans 3 with ¥ (1) C R correspond to cones in GKZ (R)
of dimension less than |R| — n. Note that the converse is not true.

Proposition 1.138 [Oda, Park, 1991], [Coz, Katz, 1999] Two cones cpl (%)
and cpl (X') of dimension |R| —n of GKZ (R) have a common facet if and
only if the toric varieties X (X) and X (X') are related by a birational ex-
tremal contraction.

The fan GK Z (R) may be extended to a complete fan ¥ (R) in 4,1 (R)g:

Definition 1.139 A marked polytope is a pair (P, M) where P C R™ is
a convex polytope and M C P is a finite subset with vertices (P) C M.

So we may view a marked polytope as just a finite set M of points in R",
and P = convexhull (M).

Definition 1.140 A polyhedral subdivision of a marked polytope (P, M)
in R™ is a set of marked polytopes (P;, M;) with dim (P;) = dim (P) such that

Uk=Pp

and for all i, j the intersection F' = P, P; is a face of P; and P; (which may
be empty) and
M,NF=MNF

i.e., M; N convexhull (M;) = M; N convexhull ().

A polyhedral subdivision is called triangulation, if all P; are simplices
and M; is the set of vertices of P;.

If {(P;, M;)} and {(P],M})} are polyhedral subdivisions of (P, M), then
{(P;, M;)} refines { (P, M})}, if for all j

{(P,M;) | P, C P}

is a polyhedral subdivision of (PJ’, M]’)
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Hence the set of polyhedral subdivisions of (P, M) form a poset and the
triangulations are the minimal elements.

Lemma 1.141 /Gelfand, Kapranov, Zelevinsky, 1994, Sec. 7.2.] Let (P, M)
be a marked polytope in R™. If f : M — R, i.e., f € RM is a function let

Gy = convexhull {(z,y) e R" @R |z € M, y € R with y < f ()}
Then
gr: P—R
gr (x) =max{y € R|(x,y) € Gy}

1s a precewise linear function on P. Denote by P; the domains of linearity of
gy and let

M;={x e MOP;|gs(x) = f(2)}
={zeMnF|(zf(z)) € 0Gy}

Then {(P;, M;)} is a polyhedral subdivision of (P, M) denoted as S (f).

Definition 1.142 A polyhedral subdivision of a marked polytope (P, M) is
called coherent, if it is of the form S (f) for some f € RM.

Let R be a set of 1-dimensional rational cones in Ny, denote by 7, r € R
the primitive lattice generators of the elements of R. With

R ={(#1)|reR}U{(0, )} Cc Mg ®R
we have an exact sequence
0 MpdRERY I 4, (R)y — 0

with the elements of R’ forming the rows of A’. Consider the marked polytope
(P, M) = (convexhull (R"),R') in Ng & R.

Definition 1.143 If S = {(P;, M;)} is a coherent polyhedral subdivision of
the marked polytope (P, M), then let

C(S) = {7r (f) | f eR®, S is a subdivision ofS(f)}
be the image under w of the cone of those functions f € R®" such that S is

a subdivision of S (f).
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Proposition 1.144 [Gelfand, Kapranov, Zelevinsky, 1994, Sec. 7.2.],
[Coz, Katz, 1999, Sec. 3.4.] The cones C (S) form a complete fan in A,_; (R)g-
This fan is called the secondary fan ¥ (R) of R.

Lemma 1.145 [Coz, Katz, 1999, Sec. 3.4.] Let S = {(P;, M;)} be a coher-
ent polyhedral subdivision of (P, M). Then

C(8) = ;hull{x (er) | " ¢ M}
where e, € RR denotes the standard basis vector corresponding to 1.

If C'(S) is a coherent polyhedral subdivision involving (0,1), then the
cones over the polytopes of S form a complete fan in Ng = Ny x {1}, and
any projective fan in Ny with rays spanned by elements of R arises this way.

Lemma 1.146 [Coz, Katz, 1999, Sec. 3.4.] The secondary fan ¥ (R) con-
tains GKZ (R) as a subfan. The cones of GKZ (R) are those corresponding
to coherent polyhedral subdivisions of (convexhull (R'),R') involving (0, 1).

Example 1.147 Consider the fan ¥ given by the rays spanned by
= (1,1), ro=(=1,1), r3=(1,-1), ry = (-1,-1) € N = Z*

in Np = R? and denote r5 = (0,0). We choose a basis of ker (_o A) =
((1,0,0,1,—-2),(0,1,1,0,—2)), so we have the sequence

0 — My & R 4 A (R)y —0

0 - MgpR & REOWgR £ R2 =0
with
1 1 1
1 1 1
1 00 1 -2
A= 1 -11 B:( )
T 01 1 0 -2
0 0 1

Hence considering the secondary fan as a subfan of R* = A, _1 (R)g the cones
corresponding to triangulations are

o5 -m((1) ()
oxg-m((1) ()
A-m((2)(2)

The secondary fan is shown in Figure 1.8.

106



3 1
4 2
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4 2
3 1
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4 2
. 4 2
3 1 4 2
4 2

Figure 1.8: Secondary fan of P; x [Py

Algorithm 1.148 IfR = {ry,...,rs} C Ng = Z"®R is a set of 1-dimensional
rational cones, which are the rays of a projective fan, the following algorithm
computes the secondary fan ¥ (R) of R:

1. Let R = {f1,..., 7,0} be the set of minimal lattice generators of the
rays r; together with 0.

2. Let ¥ (R) ={}.
3. Choose a random [ € Zgo. Let
Gy = convexhull { (7}, f+,) , (7;,—1) | j =1,..,s} C Ng ®R

and compute the set 8" of all faces of Gy which do not involve one of
the vertices (7;,—1).

4. Compute the set S of projections of the faces of 8" under Ng @R — Ng.

5. Let
R ={(#,1)|re R}U{(0,1)} C Ng ®R

and A" be the linear map with rows (7,1),(0,1) and 7 the map
OHMR@RiRRI LAn,l(R)R%O
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Compute
C(S) = Npes hull {7 (ey) [ 7 & F}

6. If dim (C'(S)) < s — n, then we found a non-mazimal cone of the
secondary fan (which we may remember), and we go back to 3.

Otherwise we set ¥ (R) =X (R)U{C(S)}.
If ¥ (R) is not complete, then we go back to 3.

In order to get the fans associated to the cones in the GKZ decompo-
sition, we may also remember for each cone C (S) the corresponding
triangulation S.

Remark 1.149 The Maple package tropicalmirror (see also Section 12.4)
provides an implementation of this algorithm. Given a set R = {ry,...,rs}
of lattice vectors in Z, which are the primitive lattice generators of the rays
of a projective fan, the function Triangulations takes R as an argument and
computes all triangulations of the marked polytope (convexhull (R),R). Let
B be a matriz such that the sequence

!
0— RnJrl i) Rerl g Rsfn =0

with
1 1
A/ — . .
rye 1
0 1

is exact, so choosing an isomorphism A,_; (R)y = R*™. The function
SecondaryFan takes as argument the list (r1,...,7s) and B and computes the
secondary fan as a fan in R®~". In the same way the function GKZFan takes
the argument (ry,...,rs) and B and computes the GK Z decomposition of R.

1.4 Grobner basics

To compute combinatorial objects in tropical geometry, we will use Grébner
basis techniques, so we recall some notation and make some remarks about
their implementation in the Macaulay 2 library mora.m2 which is part of the
computer algebra implementation of the mirror construction given here.
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1.4.1 Semigroup orderings

Definition 1.150 A semigroup ordering (monomial ordering) on the
semigroup of monomials in the variables x1,...,z, s an ordering > of the
monomials with the following properties

1. > 1is a total ordering
2. > is compatible with multiplication, i.e., ® > 2° = x%z7 > 2827,

Definition 1.151 A global ordering > is a semigroup ordering with the
following equivalent properties

1. z;,>1W
2. x> 1 for all « # 0
3. > is a well ordering
4. a>pBand a# = 2% > 2
Definition 1.152 A local ordering > is a semigroup ordering with
T <1Vi

Local orderings are not well orderings. This leads to problems with the
termination of normal form algorithms.

Remark 1.153 In one variable all global (resp. local) orderings are equi-
valent.

Definition 1.154 A monomial ordering > is called a weighted degree
ordering if there is some w € R"™ with non-zero entries such that

wa > wf = % > 2f

Example 1.155 If > is any monomial ordering and w € R™, then >,, given
by
>, 2% < wa > wp or (wa =wf and x* > xﬂ)

is a monomial ordering. It is a weighted degree ordering, it is global if w; > 0
for all v and it is local if w; < O for all i.
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Proposition 1.156 [Greuel, Pfister, 2002, Sec. 1.2] Given any finite set of
monomials M and any semigroup ordering > there is some w € Z" such that

> af o Zwiai > Zwiﬁi

for all x*, 2% € M.
w can be chosen such that w; > 0 if x; > 1 and w; < 0 of x; < 1.
w is called a weight vector inducing > on M.

Example 1.157 The following orderings are semigroup orderings:
e lexicographical ordering lp:
% < 1‘6 < 1 <i:1<n:a;= 61,...,@1‘_1 = ﬁi_l,ai < ﬁz
e reverse lexicographical ordering rp:
% < el Sd1<i1<n:a,= ﬁn; vy Q] = /81'+1,&i > ﬂz

e weighted reverse lexicographical ordering wp (w) for w € R":
7 < 2P & Y wiy < S wifs or Ywicy = S wiB; and 31 < i < n:
Un = By ooy Qi1 = Biy1, a5 > B

e weighted lexicographical ordering Wp (w) for w € R":
7 < 2P & Y wiy < S wifs or Ywicy = S wiBi and 31 < i < n:
ay =B, .., i1 = B, < G

e degree reverse lexicographical ordering dp =wp (1,...,1).

e negative lexicographical ordering |s:
< 2% =31 <i1<n:iop = ﬁl,...,ai_l = 51'_1,0(Z‘ > ﬁz
e matrix ordering associated to
a1
A= : € Mat (m x n,R)
A
with rank (A) = n, is given by:

<P eI <i<m:aa=apf, ... 010 = a1, 00 < a;3 <
Aa <jop AB.

Note:

e Ip=Wp(0) and rp = wp (0).
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e [f all weights are non-negative, then wp and Wp are global orderings.
e Is is a local ordering.

Remark 1.158 ws (w) = wp (—w) is denoted as local weighted reverse
lexicographical ordering, Ws (w) = Wp (—w) is denoted as local weighted
lexicographical ordering.

The local degree reverse lexicographical ordering isds = ws (1, ..., 1).

Example 1.159 On a finite set of monomials the ordering lp can be re-
presented by the weight vector w = (v, ...,v,1) if all monomials are con-
tained in a cube of side length < v.

Remark 1.160 The above monomial orderings are implemented in the
Macaulay 2 package mora.m2. They are selected by the value of the global
method monord, which can be given the values lp, dp, wp, Is, Ws, ws, Wp and
Mat for matrixz orderings. The weight vector, if needed, is represented by the
global list ww and the matrix inducing above matrix ordering by the global
Macaulay 2 type matriz mm.

Remark 1.161 Any matriz ordering can be represented by a matriz in Gl (n,R).
Note that one can add multiples of a; to any lower row a; with j > i without
changing the monomial order.

Example 1.162 The weight ordering Wp (wy, ..., w,) can be represented by
the matrixz ordering given by

wl DY DY wn
1

1

If w; #0 and wjy1 =0, ...,w, = 0, then this ordering is equivalent to

wl DRI wjfl wj O o e O
1
1
wy wj—1 0 0 0
1
1
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hence to

Wy wjfl wj 0 0
1
1
0 0 0 0 0
1
1
i.e., to the matrix ordering given by
wy wj—1 w; 0 0
1
1
1
1

Proposition 1.163 [Robbiano, Sweedler, 1990] Every semigroup ordering is
representable by a matrix ordering.

Definition 1.164 Let > be a monomial ordering on the monomials of K [x1, ..., x,].
For f € K [x1,...,x,], denote by L (f) the lead monomial, i.e., the largest
monomial with respect to > appearing in f, by LC (f) the lead coefficient,

i.e., the coefficient of L(f) in f, and by LT (f) = LC (f)L(f) the lead
term of f.

1.4.2 Localizations

Remark 1.165 The rings

.....

1. Elements of C [z, ...,xn]m ) OTE defined in the complement of an

-----

algebraic set, i.e., in a Zariski open neighborhood of the origin, e.q., g
is defined in the complement of V (g).

2. Elements of C{x,...,z,} are defined in a neighborhood of the origin in
the analytic topology, which can be much smaller, e.qg., the geometric
series Yy po o x* is defined for |x| < 1.
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3. Elements of C|[[xy,...,x,]] are defined just at the origin in general.

Nevertheless, they all share the property of being local rings (for C[[z1, ..., ,]]

this is shown by using the geometric series).

Remark 1.166 Let K be a field. For any semigroup ordering > on K [x1, ..., x,)

L(gf) = L(g)L(f)
L(g+f) <max{L(g),L(f)}

hence,
Ss ={ue K[xy,...,z,)\ {0} | L (u) =1}

15 multiplicatively closed.
S = K* & > is global.
Ss =K [z1, ..., xp) \ (z1, ..., x,) & > is local.

Definition 1.167 Let > be a semigroup ordering on K [x1,...,x,]. The lo-
calization of K [x1,...,x,] associated to > is

K1, xy]e = STUK [, 0y ) = {g | fyu € K |x1,....,x,], L (u) = 1}

Lemma 1.168 [Decker, Schreyer, 2007], [Greuel, Pfister, 2002, Sec. 1.5]
Given a semigroup ordering > on the monomials of K [x1,...,x,], there is a
natural extension of the leading data to K [x1, ..., xn].: If f € K [z, ..., 2],
then there is some u € K [xy, ..., x,] with LT (u) =1 and uf € K [z1, ..., x,].
The element L (uf) is independent of the choice of u and is called L (f), in
the same way define LT (f) := LT (uf) and LC (f) := LC (uf).

LT (f) corresponds to a unique term in the power series expansion of f
and subtracting this term gives the tail of f denoted by tail (f).

Definition 1.169 Given a semigroup ordering > for any subset G C K [x1, ..., Ty

define the lead ideal of G as
L(G) = Kieraa) (L (9) | 9 € G\{0})
1.4.3 Normal forms
Fix a semigroup ordering > on K [z1,...,7,] and let R = K [y, ..., 2,]. .
Definition 1.170 Let G be the set of all finite lists of elements in R. A map
NF:RxG— R

is called a weak normal form on R if
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1. NF(0,G)=0VYGeg
2. Forall Ge G and f € R

NE(f,G)#0= L(NF(f,G)) ¢ L(G)

3. For all G = {g1,..,9:} € G and f € R there is a unit w € R* with
either

e uf =NF(f,G) or
e uf —NF(f,G)=>""_, a;g; with a; € R and for all i with a;g; # 0

L(f)> L(a;9:)
Furthermore:

e NF is called a normal form if one can always take v = 1.

e NF is called polynomial if f and G are in K [xy, ..., z,)], then also u
and a; can be taken in K [xy,...,z,|. A normal form is called reduced
if no monomial of NF (f,G) is divisible by some L (g;).

o [f the above properties are satisfied for some fived G € G we call
NF (—,G) : R — R a (weak, polynomial, reduced) normal form
with respect to G.

Remark 1.171 If NF is polynomial, then uw € R* N K [xq, ..., x,] = S>.

From any weak normal form NF, we can build a normal form by dividing
by w, but the result will no longer be a polynomual.

Weak normal forms are introduced because they allow finite algorithmic
computations in R = K |x1,...,x,]. and in R a weak division expression
uf — NF(f,G) = >_i_, a;,g; is as good as a division expression given by a
normal form.

Definition 1.172 If f,g € R\ {0}, then their S-polynomsial is

lem (L (f),L(g)) , LC(f)lem(L(f),L(9))
L(f) LC (g) L(g)

Remark 1.173 This is implemented in mora.m2 in the function SPolynomial.

SPolynomial (f, g) = /
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Algorithm 1.174 (Grobner normal form) [Decker, Schreyer, 2007,
[Greuel, Pfister, 2002, Sec. 1.6] Let > be a semigroup ordering and G € G.
Let divmon := (h,G) — (g € G | L (g) divides L (h));
For any ordering of the sequences produced by divmon, the following al-
gorithm is a normal form f— NFG (f,G) := h with respect to G.
h:=f;
while (h # 0 and divmon (h, G) # 0) do (
g := divmon (h, G) #0;
h := SPolynomial (h, g) ;
);
h;
This algorithm terminates if > is a well ordering. Otherwise NFG may
compute a power series convergent in the (x1,...,x,)-adic topology.

Remark 1.175 This is implemented in mora.m2 in the function NFG.

Algorithm 1.176 (Grobner reduced normal form) [Decker, Schreyer, 2007],
[Greuel, Pfister, 2002, Sec. 1.6] Let > be a semigroup ordering and G € G.

The following algorithm is a reduced normal form f — redNFG (f,G) :=
1/LC (h) - h with respect to G

h:=0;9:=f;
while g # 0 do (
g:=NFG(g,G);
if g # 0 then (
h:=h+ LT (g);
9:=9—LT(9);

);
)

1/LC (h) - h;
This algorithm terminates if > is a well ordering.

Remark 1.177 This is implemented in mora.m2 in the function redN FG.

Remark 1.178 If we apply NFG for the anti-degree order on K [x], then
dividing x by © — x°, we get in K [[]]

T = (ka) (m—xQ) +0
k=0
If we use a weak normal form, we can write

(l—2)-z=1 (z—2°)+0
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Algorithm 1.179 (Mora weak normal form) [Mora, 1982,
[Decker, Schreyer, 2007], [Greuel, Pfister, 2002, Sec. 1.6] Let > be a semi-
group ordering and G € G. For polynomial input and any ordering of the
sequences produced by mecart the following algorithm f+— NFM (f,G) :=h
1s a polynomial weak normal form with respect to G':
Let
ecart := f +— deg (f) —deg LM (f);
mecart := L +—the element of the sequence L with minimal ecart and
minimal index;
h:=f;
T := G,
while (h # 0 and divmon (h, T') # 0) do (
g := mecart (divmon (h,T));
if ecart (g) > ecart (h) then T := append(T, h);
h := SPolynomial(h, g);
);
h;
The algorithm terminates.

Remark 1.180 This algorithm is implemented by the function NF of mora.m2.

Remark 1.181 The Mora algorithm allows reductions also by the results of
previous reductions. In the above example

le-(m—xQ) + a2
s0 we also allow reduction by 2, i.e.,
le-(m—x2)+1-x2+0
which, as desired, can also be written
(l—2)-z=1 (z—2°)+0

Remark 1.182 For homogeneous input ecart is 0, hence NF and NFG
agree (for the same choice of the ordering of the list produced by divmon ).

If > is a well ordering, then any element h appended to T will not be used
in further steps: If it would be used, then L (h) | L (hpew), hence L (h) <
L (hpew) or L (h) = L (hpew), as > is a well ordering. On the other hand the
lead term of h was canceled in a previous step, so L (h) > L (hpew)-
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1.4.4 Standard bases

Let R = K [z1,...,x,). and fix a semigroup ordering >.

Definition 1.183 Let I C R be an ideal. A finite subset G C I is called a
standard basis (or Grébner basis if > is global) of I if L(I) = L(G),
equivalently, if for any f € I\ {0} there is some g € G with L(g) | L (f).

Proposition 1.184 [Decker, Schreyer, 2007/, [Greuel, Pfister, 2002, Sec. 1.6]
Let G C I C R be a standard basis of the ideal I and NF (—,G) a weak nor-
mal form with respect to G, then:

1. For all f € R it holds

fels NF(f,G)=0

2. If NF (—,G) is a reduced normal form, then it is uniquely determined
by > and I and denoted by NF (—,1).

Proposition 1.185 [Decker, Schreyer, 2007], [Greuel, Pfister, 2002, Sec. 1.6]
If G C I C R is a standard basis of the ideal I and NF (—,G) a weak normal
form with respect to G, then it holds:

1. If J C R is an ideal with I C J and L (I) = L(J), then I = J.
2. I =(G).

Theorem 1.186 (Buchberger test) [Decker, Schreyer, 2007], [Greuel, Pfister, 2002,
Sec. 1.6] Let NF be a weak normal form, G € G and I C R an ideal. Then

the following properties are equivalent:

1. G is a standard basis of 1.

2. I = (G) and NF (SPolynomial (g;, g;) ,G) = 0 for all i, .
3. NF(f,G)=0 forall f€l.

This leads to the following algorithm:

Algorithm 1.187 (Grdbner basis, Standard basis) [Mora, 1982],
[Decker, Schreyer, 2007], [Greuel, Pfister, 2002, Sec. 1.6] Let NF be a weak
normal form. Given G € G, the following algorithm computes a standard
basis S of (G) C R:

S =G,

P:={(f.9)| f.9€S5.f#g};
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while P # () do (
choose (f,g) € P;
P:=P\{(f,9)};
h := NF (SPolynomial (f,g),S);
if h # 0 then (
P:=PU{(h, f)| feS};
S:=SU{h};
);
)i
S;
This algorithm terminates.

Remark 1.188 This algorithm is implemented in the library mora.m2 in the
function Std.

Remark 1.189 Note that termination is only up to termination of NF.
For a well-ordering NFG terminates, otherwise NFG may compute a power
series convergent in the (xy, ..., ,)-adic topology. In this case we can use the
Mora normal form instead, which for polynomial input will terminate with
polynomial output, hence also the standard basis algorithm will.

Given any semigroup ordering > on the monomials of K [z, ...,2,], the
following ordering, introducing one additional variable s to homogenize the
equations, can be used to compute standard bases via the Grébner normal
form.

Definition 1.190 For f € K [z1, ..., x| of degree d define
fh=stf (ﬂ, s ﬁ) € K [s,x1, ..., Ty)
s s
to be its homogenization.

Definition 1.191 Let A € GL (n,R) be the matriz associated to > and the
semigroup ordering on the monomials of K [s,x1, ..., x| given by the matrix

1 1 --- 1
0

1.€.,
st > PP & a+lal > b+ |6
or
a+la) =b+ 6] and z* > 2°
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Algorithm 1.192 (Lazard method) [Greuel, Pfister, 2002, Sec. 1.7] Given
polynomial G = {q1, ..., g} € G the following algorithm computes a standard
basis S of (G) C K [x1,...,x,] (note that we do not need R = K [y, ..., 2]
coefficients):

Using the Grobner normal form NFG, apply the standard basis algorithm
to {g?,...,gf} with the induced monomial order from Definition 1.191 to
compute S and put s = 1.

Remark 1.193 This algorithm is implemented in the library mora.m2 in the
function LStd.

Being a standard basis depends only on finitely many monomials.

Theorem 1.194 [Greuel, Pfister, 2002, Sec. 1.7] For any ideal I C K [z1, ..., Ty
and standard basis S of I with respect to > there is a finite set of monomials
F (i.e., all monomials appearing in the Buchberger test computations) with
the following property:
For all monomial orders >, identical to > on F

1. Ly (g9)=L>,(9) Vg €G.

2. G is also a standard basis with respect to >1.

Hence for computing standard bases any monomial order can be re-
presented by an appropriate weight vector.
Now consider the question of uniqueness:

Definition 1.195 A finite subset G C R is called

e interreduced (or minimal) if 0 ¢ G and L(f)t L (g) for all f # g.

e reduced if it is interreduced and for all f,g no term of tail (g) €
K [[z1, ..., x,)]| is divisible by some L (f).

Remark 1.196 If > is global no term of tail (g) is divisible by L (g), hence
G is reduced if for all f # g no term of g is divisible by L (f).

By Proposition 1.185 the following algorithm computes an interreduced
standard basis of I:

Algorithm 1.197 Let G be a standard basis of I. Deleting successively all

elements g with L (f) | L (g) for some f € G, f # g leads to an interreduced
standard basis of 1.
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Remark 1.198 This algorithm is implemented in mora.m2 in the function
MinimizeStd and MStd computes an interreduced standard basis using Mora
normal form and applying MinimizeStd.

Algorithm 1.199 If the input generators of I for the standard basis algo-
rithm were reduced, and the standard basis algorithm used a reduced normal
form NF, then after minimalization the output is also reduced. If the in-
put was not reduced and G = {g1, ..., gn} is the interreduced output of the
standard basis algorithm using a reduced normal form NF', then

M = {NF> (gla {917 ey 9i—1, Gi+1, 7gn}) | 1= 1a ,TL}

is the reduced standard basis of 1.

Remark 1.200 For this setup {L(g;) | i =1,...,n} is the minimal generat-
ing set of L (I) and

M = {NF. (L(g),G)|i=1,..n}
Hence M is uniquely determined by I and >, as NFs (—,G) is.

Algorithm 1.201 For this setup one may use as reduced normal form NF
the reduced Grébner normal form redN FG~. If > is global, then red N FG-
terminates with an element in K [xy, ..., 2,|, otherwise redNFG~ computes
an element in K [[z1, ..., x,]] in general.

If G ={g1,..., gn} is an interreduced standard basis of I with respect to >,
computed using any weak normal form (e.g., Mora normal form), and NF
is a reduced normal form (e.g., Grébner normal form), then

is the unique reduced standard basis of I with respect >.

Remark 1.202 This is implemented in mora.m2 in the function ReduceGb.
For the non-global case the number of iterations can be limited by the global
variable iterlimit.

1.4.5 Localization in prime ideals

Proposition 1.203 [Greuel, Pfister, 2002, Sec. 1.5] Let K be a field, > a
local ordering on the polynomial ring K [z, ...,x,]. Then the localization of
the polynomial ring K [x1,...,%n, Y1, ..., Ym| at the prime ideal (xq,...,z,) is
the localization of K (y1, ..., Ym) [21, ..., Tn] with respect to >

K (Y, Ym) [0, als = K21, 0 Ty Y1 s Uml gy
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Recall that
K (y17 "'7ym) [xla -'-7$n]> = S;l (K (yb "'7ym) [xla wrn])
AL e K ) ] L) = 1
with
Ss =A{ue Ky, ....,ym) (21, ..., 2] \ {0} [ L (u) =1}
This allows one to do Grobner computations in localizations at prime

ideals (x1, ..., x,), e.g., at the ideals of the strata of a toric variety in the Cox
ring.

2 Mirror constructions to generalize

2.1 Batyrev’s construction for hypersurfaces in toric
varieties

Let Y = P(A) be a toric Fano variety of dimY = n represented by the
reflexive polytope A C Mg and let N = Hom (M, 7Z).

Proposition 2.1 [Batyrev, 1994], [Coz, Katz, 1999, Sec. 4.1.1], [Reid, 1980]
A general element in |—KP(A)| 18 a Calabi Yau variety of dimension n — 1.

Theorem 2.2 [Batyrev, 1994], [Batyrev, Borisov, 1996-1] For any reflexive
A general elements X of |—KP(A)| and X° of ‘—KP(A*)‘ are stringy topolog-
ical mirror pairs (indeed mathematical mirror pairs), and there are explicit
formulas computing h% " (X) and h' (X) from the polytope:

hg (X)) =[ANM[-n—1- > |inta (Q) (2.1)
Q facet of A
+ Y finty (Q)] - finty (Q7)]
Q face of A
codim Q=2
hit (X) =AM —n—1— % |inty (Q")]

Q* facet of A*
+ > ity (@) Jinty (Q)|

Q* face of A*
codim Q*=2

Here, inty; (Q) denotes the set of lattice points in the relative interior of the
face Q with respect to the lattice M.
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Example 2.3 As discussed in Examples 1.68 and 1.88 the reflexive degree 5
Veronese polytope A of P* and its dual yield P (A) = P* and P (A*) = P*/Z3.
General anticanonical hypersurfaces X and X° inside satisfy

MY (X)=h3 (X)=(6—-1)—4=1
R (X)) = hi' (X°) = (126 — 1) — 24 = 101

As noticed in Example 1.101, X is given by a general element in S[pr(A)]’

which is a general degree 5 polynomial in Clxy,...,z5] and X° by a general
element in S;_,. , which is
[~Kran]

5
Zciy? + oY1 Ys
i=1

Modulo automorphisms of P (A*), this is the one parameter family obtained
from the Greene-Plesser construction, see Fxample 1.9.

The singularities may be resolved crepantly via maximal projective sub-
divisions ¥ of the fan 3.

Definition 2.4 Given a reflexive polytope A C My, a fan ¥ in Ny is called
a projective subdivision of the normal fan % of A if

1. ¥ refines X.

2. % (1) c A*n N — {0}

3. X (i) 1s projective and simplicial.

3 is called mazimal if ¥ (1) = A* N N — {0}.

Proposition 2.5 [Oda, Park, 1991], [Cox, Katz, 1999, 4.1.1], [Cox, Katz, 1999,
3.4] For any reflexive A, there exists a maximal projective subdivision of the
normal fan X of A.

Proposition 2.6 [Batyrev, 1994/, [Cox, Katz, 1999, 4.1.1] For any reflezive
A, any projective subdivision X of the normal fan ¥ of A gives a birational
morphism

fX(i) —P(A)

and

1. X (f}) is a Gorenstein orbifold.
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2. f is crepant, i.e., [*Kpp) = Kx(i)'
3. If the subdivision ¥ is mazximal, then X (2_3) has terminal singularities.

Furthermore, for a general element X in ‘_Kx(i) it holds:

1. X is a Calabi-Yau orbifold.

2. If the subdivision ¥ is mazimal, then X is called a mazimal projec-
tive crepant partial (MPCP) desingularization of X and has
the following properties:

(a) X is a minimal Calabi-Yau orbifold in the sense of Mori theory.

(b) X is the proper transform by f of a general element X in ‘—KP(A) ‘
The induced map f: X — X is crepant.

(¢c) If dim X = 3, then X is smooth, as Gorenstein orbifold terminal
singularities are smooth in dimension 3.

Example 2.7 Consider the weighted projective space P (1,1,2,2,2) given by
the fan > over

A* = convexhull ((—-1,-2,-2,-2),(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1))

hence, via the Cox ring it has the description

5 _
P(1,1,2,2,2)~ " V(éj@io,-..,y4>)

with C*-action

A (yOJ ) ?/4) = (Ay(]? )‘yla )\2927 /\2937 )\294)

A toric variety given by a fan X is smooth if and only if for every cone in 3
the munimal lattice generators are a subset of a Z-basis of the lattice N. So
hull ((—-1,-2,-2,-2),(1,0,0,0)) is singular. The only lattice point of A*,
which s not a vertex is
1

3 ((-1,-2,-2,—-2) +(1,0,0,0)) = (0, -1, —1,-1)

Hence, considering the fan ¥ obtained by splitting each of the 3 mazimal
dimensional cones of % containing (0,—1,—1,—1) into two cones via the
new ray generated by (0,—1,—1,—1), we obtain a MPCP desingularization
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and indeed a smooth toric variety X (i), which is a blowup of P (1,1,2,2,2).
Via its Coz ring, X (Z) 15 given by

X (i) ~ C* — V(<y07i(lg*(;2<y2...,y47y5>)

with ((C*)2—acti0n
U
()\7 M) <y07 s 95) = <>\y07 )‘yla wy2, Y3, 4ya, 2 y5>

2.2 Batyrev’s and Borisov’s construction for complete
intersections in toric varieties

Consider a toric Fano variety Y = PP (A) represented by the reflexive polytope
A C Mg with normal fan ¥ C Ng. A disjoint union

Y(1)=LU..UIL

is called a nef partition if all £; = " _ I D, are Cartier, spanned by global
sections. By >0, Ej = —Ky, general sections of O (E1),...,O (E.) give a
Calabi-Yau complete intersection X C Y.

Proposition 2.8 [Batyrev, Borisov, 1996-1I] The polytopes A; = Ag, of
sections of E; are lattice polytopes (see Section 1.3.4), and it holds

A=A+ ...+ A,
Example 2.9 Let
A = convexhull ((—1,-1,-1),(3,—-1,—-1),(-1,3,-1),(—1,—1,3))

be the reflexive degree 4 Veronese polytope of P2. By the partition of the 4
vertices of A* into Iy and Iy each with 2 elements

L ={(-1,-1,-1),(0,0,1)}
I, ={(1,0,0),(0,1,0)}

a general (2,2) complete intersection elliptic curve in P? is given and

Ay = convexhull ((1,—-1,0),(-1,-1,0),(-1,-1,2),(-1,1,0))
Ay = convexhull ((0,0,—-1),(0,0,1),(2,0,—1),(0,2,—1))

are degree 2 Veronese polytopes, which add up to A = Ay 4+ Ag, as shown in
Figure 2.1.

124



Figure 2.1: Batyrev-Borisov polytopes Aj, Ay and their Minkowski sum A
for the (2,2) complete intersection elliptic curve in P?

Define the lattice polytopes
V; = convexhull {{0} U I,}
and define Vg by
Vi = convexhull (A; U ... UA,)

Proposition 2.10 [Batyrev, Borisov, 1996-11] Vg = V1 + ... + V..

In particular Vg is a lattice polytope containing 0, hence:
Corollary 2.11 Vpgp is reflezive.
Example 2.12 In the above Example 2.9

V; = convexhull {(0,0,0),(—1,—1,-1),(0,0,1)}
V4 = convexhull {(0,0,0),(1,0,0),(0,1,0)}

Figure 2.2 shows the polytopes V1, V1 and their Minkowski sum Vgpg.

Let Y° =P (Vgg) be the toric Fano variety associated to Vgp. Then

Z va - —Kyo
j=1

is a nef partition, and X° given by general sections of O (Dv,),...,O (Dy.)
is a Calabi-Yau complete intersection in Y°.
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Figure 2.2: Batyrev-Borisov polytopes Vi, Vs and their Minkowski sum V
for the mirror of the (2,2) complete intersection elliptic curve in P3

Theorem 2.13 [Batyrev, Borisov, 1996-1] X and X° form a stringy topo-
logical mirror pair.

A maximal projective subdivision ¥ of ¥ = NF (A) gives a maximal
projective partial crepant desingularization

fX(i) — P(A)

such that the T-divisors of the projective toric variety X (i) correspond
to the lattice points of the boundary of A*. Then f induces a resolution
X — X of the complete intersection X C P (A) such that X is a complete
intersection, has at most Gorenstein terminal abelian quotient singularities
and Ky = Og, for a reference see [Batyrev, Borisov, 1996-11]. In particular,
if dim ()_() < 3, then X is smooth.

2.3 Rgdland’s orbifolding mirror construction for the
degree 14 Pfaffian Calabi-Yau threefold in P°

Consider a 7-dimensional C-vector space V and the trivial vector bundle V
with fiber V on P ( /\2 V). Define M as the degeneracy locus of the universal
skew symmetric linear map

a: V' (-1) =V
i.e., as the locus rank a < 4.
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M is given by the 6 x 6 Pfaffians of «, is locally Gorenstein of codimension
3 in IP’(/\2 V) and has Ky = Oy (—14). Its singular locus is given by
rank o < 2 and has codimension 7 in M.

Intersecting M with a general P43 C P (/\2 V) gives X = M NP3+ of
dimension d and Ky« = Oxa (3 — d) and X? is smooth for d < 6.

X = X3isalocal complete intersection Calabi-Yau threefold with h! (X))
1 and h'? (X) = 50:

Remark 2.14 By
0 — Ops (=7) — Ops (—4)%7 — Ops (=3)%" — Ops — Oy
we get

H (X, 00) = 1 (2%, 0m (1) = { & T2

and using the resolution of *7)2(17 the Euler sequence, the definition of the
conormal sheaf and the conormal sequence

0 — Ops (—8)%*' = Ops (—=7)%*® = Ops (—=6)7 = T2 =0
0— Qps |x— Ox (—1)697 — Ox — 0
0= T3 = Jx = Nijpo =0
0— N)\é/PG — Qps |x— Qx — 0
one computes
RUH(X) =1
hb? (X) = 50
The mirror is constructed via Greene-Plesser orbifolding in an analogous
way to [Greene, Plesser, 1992] and Example 1.9. As one expects for the
mirror to hold A'?(X°) = AM (X) = 1, to apply Greene-Plesser orbi-

folding, one looks for a 1-parameter subfamily, i.e., a 1-parameter family
of P C P ( A’ V). Choosing a basis (e;) of V Redland considers the action

on P (/\2 V) of the group G = (o, 7) C AutP (/\2 V) of order 49 generated
by

L O o oo~ O o
O— OO o oo
_ o O O o o o
DO OO OO

R OO0 0O =
X

N—

.

(=]

(o))

\]
|
o
o

.....



where ( is a 7-th root of unity. Taking coordinates on PY, the subfamily X,
invariant under the action of GG is given by the skew symmetric matrix

0 Ny Y22 YTz  —Y3Ta —Y2T5 —Y1Ts
—Y1x1 0 Y173 Y2y YsTs  —Y3Te —YaZo
—Y2X2 —Y173 0 N Ts Y2Te YsTo —YsT
Ay = —Y3T3 —Ya2Ty —Y1T5 0 Y1To Y22y YaTo (2-2)
YsTy  —Y3Ts —Y2Te —Y1Xo 0 AR, Ya'3
YoTs  Y3Te  —Y3To —Y2T1 —Y1T2 0 Y14
YiTe Yoo Y3T1  —Y3Ta —Y2T3 —Y1T4 0

with (y1 : y2 : y2) € P?, and its general element has the 49 double points

G‘(Oiyl3y23931—3/33—y21—y1)

The induced action on P° is given by
g (:CZ) = T(i+2)mod 7 T (CEZ) = C%Zﬁi

Let H = (7) and consider the P!-subfamily X, = X:1:5)- The general
element of X, has 56 double points and X, degenerates for s = 0,00 into a
configuration of 14 P3.

Theorem 2.15 [Rodland, 1998] The quotient of the general Xs by H has a

crepant resolution Xs/H, and the Hodge numbers of Xs/H coincide with the
marrored Hodge numbers of the general X.

Redland conjectured [Redland, 1998] and Tjstta [Tjstta, 2000] proved

e~

that the Picard-Fuchs equation of X;/H at s = oo coincides with the A-
model of the general degree 14 Pfaffian X C PS.

3 Degenerations and mirror symmetry

Degenerations to monomial ideals in toric varieties play an important role in
almost all known mirror constructions. For the concept of flat families see
Section 5.

3.1 Degenerations associated to complete intersections
in toric varieties

We want to associate to any complete intersection inside a toric variety P (A),
given by a nef partition and represented by an ideal in the Cox ring S of P (A),
a monomial degeneration:
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Suppose
Y(1)=LU..UIL

ie.,

=S
Jj=1 vel;

is a nef partition, i.e., all Ej are Cartier, spanned by global sections.

Example 3.1 Consider I C C[t] ® S defined as

m; = H Yo (3.1)

UEIj
I() = <mj |j = 1,...,0)
I=(fj=t-gi+m;|j=1..,cCCltjes

where g; € Sig,) corresponds to a general section of O (Ej), i.e., a general
linear combination of the lattice points of Ag, for j =1,...,c. Then I defines
a flat degeneration X C Y x SpecC[[t]] of a Calabi-Yau complete intersec-

tion in'Y = P(A), given by general sections of O (Ey),...,O(E,), to the
monomial special fiber given by Iy.

We may assume that the f; are reduced with respect I, in the sense of
Grobner bases. Flatness of this family will be discussed in Section 8.1.

Example 3.2 In particular, a degeneration X of a Calabi- Yau hypersurface
X inY = P(A), defined by a general section of —Ky, to the monomial

special fiber defined by <HUEE(1) yv> s given by

[:<t~<Am]m€8A>+ H yv\jzl,...,c>CC[t]®S

veX(1)

Example 3.3 The partitions for the above Example 2.9 induce degenerations
given by the following ideals:

1. With variables xy, ..., 3 of the Cox ring S of P (A) = P3 corresponding
to the vertices of A* consider the ideal

I=(t-gi+m29, t-go+xo73) CCt]® S

where gy, g2 € Clx1, ..., x4], are general not involving monomials in Iy =
(x129, xows). The ideal I defines a flat degeneration X C Y x Spec C [[t]]
over Spec C [[t]] of an elliptic curve X given as the complete intersection
of two quadrics in P to the monomial special fiber defined by I.
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2. With variables yi, ..., ys of the Cox ring S° of Y° =P (V) corresponding
to the vertices of V* consider the ideal

I° = (t-(c1-Yivs + 2 Y398) + Y1yaysya,
t-(cs- yiys + ca - Y3Y3) + ysyeyrys) C Clt] ® S°

with general coefficients c;. The ideal 1° defines a flat degeneration
X C Y° x SpecC[[t]] of the mirror X° of X to the monomial ideal

15 = (y192Y3Ya, YsYsy7Ys)
Note that the subvariety of Y° defined by the ideal I decomposes into 4
one-dimensional toric strata intersecting in 4 zero-dimensional strata.

The stratification of the vanishing locus of reduced monomial ideals in
the Cox ring of a toric variety is explored in detail in Section 9.3.

3.2 Degenerations of Pfaffian Calabi-Yau manifolds

Flatness of the following Pfaffian degenerations, which is obtained from the
structure theorem of Buchsbaum and Eisenbud [Buchsbaum, Eisenbud, 1977],
is explored in Section 10.1.

Example 3.4 Let S be the Cox ring of P4, i.e., the homogeneous coordinate
ring of P1. By the 4 x 4 Pfaffians in C[t] @ S of the matriz

At — t . A + A()
where
0 0 ry —x4 O
0 0 0 T9 —X0
AO = —X 0 0 0 T3

Ty —T2 0 0 0
0 i —x3 0 0

and A is a general skew symmetric 5 X 5 matriz linear in xq, ..., x4, we obtain
a flat degeneration X C'Y x Spec C[[t]] over Spec C [[t]] of a generic Pfaffian
elliptic curve in P* to the monomial special fiber given by the 4 x 4 Pfaffians
Of AO .

Recall that for a skew symmetric matrix A the determinants of the ma-
trices A; obtained by deleting the j-th row and column are squares, and the
\/det A; are called the Pfaffians of A. For details on Pfaffian varieties see
Section 10.1.
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Example 3.5 Let H be the group given in Section 2.53. The Cox ring of the

quotient of PS by H is the polynomial ring S = C[xg, ..., x6]. By the 6 X 6
Pfaffians in C[t| ® S of
0 tIl T 0 0 —T5 —txﬁ
—tx 0 tl’g Ty 0 0 —Xp
—x9 —tl’g 0 t$4 T 0 0
A = 0 —x4 —txy O tzo 1 0
0 0 —Tg —tl’o 0 tl’g T3
Iy 0 0 —X —t(L’Q 0 t$4
tlL'ﬁ Zo 0 0 —XI3 —t$4 0

a flat degeneration X C (P%/H) x Spec C [[t]] over Spec C [[t]] with monomial
special fiber is given.

This is the one parameter family used to construct the mirror of a general
degree 14 Pfaffian Calabi- Yau threefold in P® via Greene-Plesser orbifolding
by H.

Example 3.6 Let S be the homogeneous coordinate ring of PS. By the 6 X 6
Pfaffians in C[t]| ® S of

Ay=t- A+ Ay
where
0 0 Ty 0 0 —z5 O
0 0 0 T4 0 0 —x
—XT2 0 0 0 Tg 0 0
A() = 0 — T4 0 0 0 T 0
0 0 —Tg 0 0 0 T3
Ty 0 0 —T 0 0 0
0 ZTo 0 0 —T3 0 0

and A is a general skew symmetric 7 X 7 matriz linear in xg, ..., Tg, one
obtains a flat degeneration X C'Y x Spec C[[t]] over Spec C[[t]] of a general
degree 14 Pfaffian Calabi-Yau threefold in P® to the monomial special fiber,
given by the 6 x 6 Pfaffians of Ag.

Example 3.7 Let S be the homogeneous coordinate ring of PS. The 5 x 5
Pfaffians in C[t] @ S of Ay =1t- A+ Ay, where

0 0 r3xly —T1X2 0
0 0 0 T T
AU = —T3T4 0 0 0 —T5
T1T9 —X7 0 0 0
0 —Xg Ty 0 0



and A is a general skew symmetric map E* (—1) — &€ with
E = Ops (1) S5 Oﬂ‘;es

one obtains a flat degeneration X C Y x SpecC|[[t]] over SpecC|[[t]] of a
general degree 13 Pfaffian Calabi-Yau threefold in P® with monomial special
fiber given by the 5 x 5 Pfaffians of Ay.

The special fiber Xy is obtained from a simplicial 4-polytope with T vertices
given in [Grinbaum, Sreedharan, 1967].

For a remark on more monomial Calabi-Yau ideals obtained in this way see
Section 13.5.

4 Tropical geometry ingredients

Tropical geometry will be interpreted as a tool to explore one parameter
degenerations inside toric varieties, as it associates to such a degeneration a
combinatorial object.

4.1 Amoebas

Definition 4.1 Let Y be a toric variety with torus (C*)" and V C Y a
subvariety. The amoeba of V' is given as the image of V' under

log: (C*)" — R"
(21, ey 2n) = (log |z, ..., log |zn])

Remark 4.2 The amoeba can be considered as a subset of a lower half sphere

via
R" —  S"n{w, <0}
= {(wy, wy, ..., w,) € R | w? +w? + ...+ w2 =1, w; <0}

L (=1, wy, ..., wy)

L B e W |

We refer to the points on the equator of the sphere, i.e., the points with
wy = 0, as the points at infinity of the amoeba.

Example 4.3 The amoeba of the line L = {2z +y+ 1}, shown in Figure
4.1, is the image of

p: Rsox[0,27] — C — 2 —
(r, ) = re? —  (re,—1—2re"¥) —
— R? —  S2n{w; <0}

(71,log r,log| 14-2ret? )
[[(—=Llog r,log|1+2ret|)|

—  (logr,log |1+ 2re®|) —
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Considered as a subset of a lower half sphere via the last map the points at
infinity are

lim p (r, ) = (0,1,0)

r—0

i (1) = (0,75,
1m r, = y T =y T =
rmst 7Y V2 V2

lim ~ p(r,¢)=(0,1,0)
(re)—(3.m)

The amoeba of the conic {x* + 2y* — 3zy + x +y — 1 = 0} is shown in Figure
4.2,

Figure 4.1: Amoeba of a line

Figure 4.2: Amoeba of a conic
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Example 4.4 Replacing log by log, the amoeba is rescaled, Figure 4.3 shows
the limit t — oo of both amoebas given in Example 4.3. For the conic one
has to assign multiplicity 2 to each leg.

Figure 4.3: Limit amoeba

This limit process can be formalized in the following way:

4.2 Non-Archimedian amoebas

Consider the field of Puiseux series C {{¢}}, which is equipped with a valu-
ation

val : C{{t}} — QU {c0}
Zajtj — min J

jeJ

satisfying val (f + g) > min {val (f),val ()}, and with a norm || f|| = =),
Consider further the metric completion K of C{{t}} containing those ele-
ments » ied a;t/, which satisfy the condition that any subset of J has a
minimum. Denote the corresponding valuation and norm on K again by val
and ||—||. K is a complete algebraically closed non-Archimedian field with

surjective valuation
val : K — R U {oo}

The term non-Archimedean means that the norm on K satisfies the inequality

1+ gll < max [ £, 9]}
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for all f,g € K. This in particular implies that the Archimedian axiom is
not satisfied. If f,¢g € K with || f|| < ||g||, then for all natural number n we
have [ln - fI| < £l < llgll, indeed || - f]| = [ £]].

Let I be an ideal in K [z, ..., z,] and Vi (I) be the algebraic variety given
by I in (K*)".

As the norm is given by ||—|| = e
log ||—|| over K is given by the valuations

_”“l(_), the corresponding amoeba map

val_ =log||—| : (K*)" — R"

(21, ey 2n) = (—val (z1) , ..., —val (z,))
Definition 4.5 The non-Archimedian amoeba of Vi (I) isval_ (Vi (I)).

A proof of the following theorem for hypersurfaces can be found in
[Gelfand, Kapranov, Zelevinsky, 1994, Sec. 6.1], the general statement in
terms of the Bergman fan (see Section 4.5 below) in [Sturmfels, 2002, Sec.
9.4].

Theorem 4.6 The limit lim; . log, V (I;) exists as the limit in the Haus-
dorff metric on compacts, and

val_ (Vi (1)) = tlirgo log, V (1)

Recall that the distance of two closed subsets of a metric space in the
Hausdorff metric is given by

d (A, B) = max {Supd (a, B) ,supd (A, b)}

a€A beB

so above convergence means that for any compact D C R"

lim d(DNlog, V (I;),DNvalVk (1)) =0

t—o00

From the point of view of degenerations it will turn out to be more natural
to consider the image

val (Vi (1)) = —val_ (Vi (1))
of Vi (I) under the map

val : (K*)" — R"
(21, .y 2n) — (val (z1),...,val (z,))

associating to each component the minimal weight term.
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Figure 4.4: val (Vi (1)) for the ideal of a plane quadric with coefficients in K

Example 4.7 val (Vi (I)) for the ideal of a plane quadric with coefficients

in K is shown in Figure 4.4.

Example 4.8 val (Vi (1)) for the degeneration of general plane cubics
{zor129 +tf = 0}

where f is a general element in C [xg, 21, 22]5, is shown in Figure 4.5. Note
that for an ideal I, homogeneous with respect to the grading degx; = 1 Vi on
K [z1,...,x,], one can consider val (Vi (I)) as a subset of R(lRi—i’l) >~ R? this
will be explored in detail in Section 6.7.

Having made the geometric connection between degenerations and tropi-
cal geometry, we consider the algebraic connection:

4.3 'Tropical varieties

Definition 4.9 A tropical variety is a subset
tropvar (I) = val_ (Vk (1)) C R"

where I is an ideal in K [xq,...,2,].

For w € R™ the initial form in, (f) of f € K [z1,...,2,] is the sum of
the terms of maximal weight with respect to w and weight (¢) = —val (¢) for
c € K. For any ideal J C K [z1, ..., x,] its initial ideal is

inw (J) = (inw (f) | [ €J)
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Figure 4.5: val (Vi (I)) for the degeneration of plane cubics

Theorem 4.10 [Sturmfels, 2002, Sec. 9.2], [Speyer, Sturmfels, 2004, Sec.

2], [Richter-Gebert, Sturmfels, Theobald, 2005, Sec. 2] Everyideal I C K [y, ...

has a finite subset G, called a tropical basis of I, such that

1. For all w € tropvar (1) the set {in, (g) | g € G} generates in, (I).

2. For all w ¢ tropvar (I) the set {in, (g) | g € G} contains a monomial.

tropvar (1) is a finite intersection of the tropical hypersurfaces tropvar ((g))
for g € G, it is a polyhedral cell complex, its dimension is the Krull dimension
of K [xq,...,x,] /1, it is equidimensional if Vi (I) is, and

tropvar (1) = {w € R" | in,, (I) contains no monomial}

Selecting the maximal weight term and defining the weight of a constant
c € K as weight (¢) = —wval (c¢) is the Grobner basis point of view. With
respect to degenerations it is more natural to look at the minimal weight
term and take weight (¢) = val (¢) for ¢ € K, i.e., to consider val (Vi (I)) =
—val_ (Vk (I)).

Example 4.11 The monomial initial ideals and the sets of weight vectors
leading to them for the plane cubic case as in Example 4.8 are depicted in
Figure 4.6. For w € tropvar (I) the initial ideal is generated by a sum of the
initial terms appearing in a neighborhood of w.
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Figure 4.6: Tropical variety and initial ideals for the degeneration of plane
cubics

4.4 Tropical prevarieties

Definition 4.12 The tropical semiring is RU{—oo} with tropical addition
and multiplication

a®b=max(a,b)
a®@b=a+b
The tropical semiring satisfies (a ® b) ©c = a©c®b® ¢, the additive unit
is —oo, the multiplicative unit is 0. In general there is no additive inverse in

the tropical semiring.

Definition 4.13 A tropical polynomszal is a polynomial formed with @
and ®, i.e., a piecewise linear function

F:R*"—=R F(x1,...,2,) = max {a1;21 + ... + apjzn, + ¢ | j}
Definition 4.14 The tropical prevariety T (F) of F is the set where the
mazimum is attained at least twice, and T(G) = (,eg T (g9) for any set of

tropical polynomials G.

Definition 4.15 For any polynomial f € K [x1, ..., 2y)

f:Zaba(t)'xa
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define its tropicalization as

trop (f) = @a —val (b, (t)) ® z®*

So, consistent with the amoeba, the non-Archimedian amoeba and the
tropical variety, we again adopt the Grobner basis point of view, looking at
the maximal weight term and take weight (¢) = —val (¢) for c € K.

Theorem 4.16 [Sturmfels, 2002, Sec. 9.2/, [Speyer, Sturmfels, 2004, Sec.
2], [Richter-Gebert, Sturmfels, Theobald, 2005, Sec. 2] Any tropical variety
tropvar (1), I C K [xy,...,x,] is a tropical prevariety. For any ideal I C
K [zy,...,x,)

tropvar (I) = T (trop (1))

Example 4.17 For the general plane elliptic curve in Example 4.8 the tropi-
cal variety tropvar ( f) is the non-differentiability locus T (F') of the piecewise
linear function

F =max{3x; — 1,221 + 29 — 1,21 + 209 — 1,329 — 1, ..., — 1,21 + 22}
Figure 4.7 shows the graph of F.

7
)

2
n \V’/////’//;//”/////’/{///,,,A

/////[{///lllhll.ll 0.5/
%

Figure 4.7: Piecewise linear function associated to the degeneration of plane
cubics

Not every tropical prevariety is a tropical variety:

Example 4.18 The intersection of the tropical lines Ly = T (trop (z +y + 1))
and Ly = T (trop (tx +y + 1)), as depicted in Figure 4.8, is a tropical pre-
variety, but not a tropical variety.
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Figure 4.8: Intersecting two tropical lines

4.5 Tropical varieties and the Bergman fan

Let I be an ideal in C[t, xq, ..., 2,).

Theorem 4.19 [Bergman, 1971], [Bieri, Groves, 1984/, [Sturmfels, 2002, Sec.
9.3] Define

suppBC_ (1) = {p €5 3 sequence (p;);cy with p; € log (V (1)) N jS™ C R+ }

and lim;_, %pj =p

and

suppBF_ (1) = {p € R"™\ {0} | ﬁ € suppBC_ (I)} U {0}

If V(I) is an irreducible subvariety of (C*)"™" of dimension d + 1, then
suppBF_ (I) is a finite union d + 1-dimensional convex polyhedral cones.
The intersection of any two is a common face.

Denote by BF_ (I) the corresponding fan and by BC_ (I) the correspond-
ing complex of dimension d.

Note:
o V(I)C ((C*)nJrl

e These definitions are consistent with the Grébner basis (max, +) point
of view looking at the maximum weight terms.
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e The definitions of BF_ () and BC_ (I) are symmetric in all variables
t,l’l, cey Ty

e The complex BC_ (I) and the fan BF_ (I) are known in the literature
as Bergman complex and Bergman fan respectively. However with
degenerations in mind, i.e., the power series point of view, it is more
natural to consider the reflection of these objects at the origin. So we
use the following definition:

Definition 4.20 Analogous to K denote by L the metric completion of the
field C{{s}} of Puiseuz series in a new wvariable s. If I is an ideal in
Clt,x1,...,x,], then Bergman fan BF (I) of I is the image of the van-
ishing locus of Vi, (I) of I over L under the map

(L*)n-H N Rn+1

(t, 1, ..., ) — (val (t) ,val (x1), ...,val (x,))

The intersection of BF (I) with the unit sphere S™ is called the Bergman
complex BC (I) of I.

Note that this non-Archimedian type definition has the advantage that it
avoids problems with limit processes.

If you prefer the (max, +) point of view you may replace in this definiton
val by —val.

Consider the stereographic projection m, visualized in Figure 4.9, of the
upper half sphere

S"{w, > 0} = {(wp, way, ooy ws,) € R [ w] +wl 4+ ..+ w2 =1, w, >0}

from 0 to R” = {w; = 1}. Here we denote the coordinates of R"*! corre-
sponding to the variables of C[t,x1,...,x,] by w, wy,, ..., w,,, as they are
weights on the variables.

In the same way denote by 7m_ the stereographic projection of the lower
half sphere from 0 to R"* = {w, = —1}.

Connecting the Bergman complex to the tropical variety via 7 (see
[Sturmfels, 2002, Sec. 9.4]) and summarizing:

Theorem 4.21 For any ideal I in Clt,x,...,x,] it holds
tlim (log, V (1)) = val_ (Vi (1)) = tropvar (I) = T (trop (1))
=7_(BC_(I)Nn{w; < 0}) CR"

If I C Clzy,...,x,), then BF_(I) C R™ coincides with the above when con-
sidering I as an ideal in C[t,xq, ..., 2,).
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Figure 4.9: Stereographic projection relating the Bergman complex and the
tropical variety

Remark 4.22 Reflecting at the origin, we have

val (Vi (I)) = 7 (BC (I) N {w; > 0})
= —tlirgo (log, V (I;)) = —tropvar (I) = =T (trop (1))

Our non-Archimedian definition of the Bergman fan relates to the limit definition
by

BC (I) = —BC_ (I
BF (I) = —BF_(I)

Passing from the Bergman complex BC (I) to val (Vk (1)), i.e., intersecting
with the plane {w; = 1}, amounts to the identification of the parameters s
and t.

For the subset of BC (I) lying inside the equator {w, = 0} of the sphere,
we introduce the notation:

Definition 4.23 BC (I) N {w; = 0} is called the tropical variety at in-
finity.

Example 4.24 For the plane elliptic curve in above Example 4.8 the Bergman
fan BF (I) is shown in Figure 4.10 (extending the depicted faces to infinity).
Applying w to the wy > 0 part of Figure 4.11, which is visualizing the Bergman
complex BC' (I), gives val Vi (I).
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Figure 4.10: Bergman fan of the degeneration of plane elliptic curves

5 Flatness, Grobner bases and the normal
sheaf

5.1 Flatness

Definition 5.1 Let A be a ring. An A-module M is called flat over A if for
every injective homomorphism N — L the induced map N @4 M — L ®4 M
1S injective.

Proposition 5.2 [Hartshorne, 1977, Ch. II1.9.] Let A be a ring and M an
A-module. M is flat over A if and only if for all finitely generated ideals
a C A the map

a@ M — M

1S injective.

Definition 5.3 Given a morphism of schemes f : Z — Y, an Oz-module F
is called flat overY at z € Z if F, is flat over Oy .y, which is considered as
an Oy y-module via the natural map Oy)y — O, z. F is called flat over
Y if it is flat over' Y for all z € Z.

Z s called a flat family overY if Oy is flat over Y.

Proposition 5.4 [Hartshorne, 1977, Ch. II1.9.] Let Ay — Ay be a ring
homomorphism and

f : Spec Ay — Spec A,

the corresponding morphism of affine schemes. If M is an Ag-module, then
M is flat over Spec Ay if and only if M is flat over A;.
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Figure 4.11: Bergman complex of the degeneration of plane elliptic curves

5.2 First order deformations and the normal sheaf

Definition 5.5 If Xq C Y is a closed subscheme of a scheme Y over k, a
first order deformation of X, inY is a flat family X C Y x,Speck [t] / (t?)
over Speck [t] / (t?) such that the fiber over Speck C Speck [t] / (t?) is X,.

The tangent space of the Hilbert scheme HY of subschemes with Hilbert
polynomial P of the projective scheme Y at the point X is the space of first
order deformations of X in Y.

We show that if Xy C Y is a closed subscheme of a scheme Y over k,
the space of first order deformations of Xy in Y coincides with the space of
global sections of Ny, y:

Suppose X C Y xSpeck [t] / (t?) is a subscheme such that X is isomorphic
to the fiber product

X Xk[t])/(t2) Spec k LS X
m |
Speck —  Speck [t] / (t?)

and fix an isomorphism of Xy and X xy,¢2) Spec k. Consider an affine open
set U CY:
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Let R = Oy (U) be the coordinate ring of U and I (XoNU) C R the
ideal of XoNU. Then Nx,/v |x,nv is the sheaf associated to

HOHIR(I(XoﬂU),R/I(XoﬂU))

The coordinate ring of U x Spec k [t] / (t?) is R®k [t] / (t?), so write the ideal
of the intersection {4 of (U x Speck [t] / (t*)) and X as

I(ﬂ): <fl+t'glv"'7fr+t'gr>

with I (XoNU) = (fi1,..., fr) and g; € R.
We give different characterizations of flatness of $ over Speck [t] / (t?):
{1 is flat over Speck [t] / (?) if and only if

(t) ® Ox (U) — Ox (U)
is injective, i.e., if and only if for all f € R it holds

tfel()y=fel(XynU)

e This is equivalent to the existence of a oy € Hompg (I (XoNU),R/I (XoNU))

with ¢y (f;) = gi:
First note that if f € Rand ¢f € I (4) C R®k[t] / (t?), then there are
a;,b; € R such that

tf = (ai+th) (fi+tg) =) afi+t) (agi+Dbif)
hence >, a;f; = 0.
<=: If there is a
oy I (XoNU)— R/I(XoNU)

with oy (fi) = gi, then

Y agi+1(XonU) = aipu (fi) = ¢u (Z aifz’)

K3 7

1

ZQOU(O):OER/I(X()QU)

hence

fzzazgz‘Fszfl EI(X()QU)
i.e., forall f € Rwithtf € I () we have f € I (XoNU).
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—: On the other hand if for all f € R with ¢f € I(4) it holds
fel(XonU), then the homomorphism

ou: 1 (XoNU)— R/T(XoNU)
is given in the following way: If f =Y. a;f; € I (XoNU), define ¢y
by
o (f) = agi+1(XoNU) € R/I(XoNU)

)

This is well defined: If

Zaifi =0

then

tzaigi = Zai (fi +tg:) € I(Y)
hence >, a,g; € I (XoNU).
Existence of

vy € Hompg (I (XoNU),R/I(XoNU))

with ¢y (fi) = gi is equivalent to the condition that any syzygy between
f1, .-, fr can be lifted to a syzygy between

fl + tgla ) fT + tgr
= Suppose Y . a;f; = 0 € R and there is ¢y with ¢y (fi) = g;, then

as above

Zai9i+[<XOmU) = Yu (Za2f1> =0e€R/I(XoNU)
ie., > a;gi € I (XoNU), hence there are b; € R such that — ), a;9, =

Zai (fi +tgi) = _tzbifi

hence

> (ai+th) (fi+tg)=0€ R k[t]/(t*)
<=: On the other hand if f = > .a,fi € I (XoNU) and any syzygy
lifts, define as above ¢y by

o (f) = agi+1(XoNU) € R/I(XoNU)

i
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This ist well defined: If ) a;f; = 0, then there are b; € R such that

7 7

t(Zaigi—l—Zbif,-) = (ai+1th) (fi+tg) =0€ R®K[t]/ (*)

hence ). a,g; € I (XoNU).

Summarizing these statements:

Proposition 5.6 [Eisenbud, Harris, 1992] Let Xy C Y be a closed sub-
scheme of a scheme Y over k and X CY x Speck [t] / (t*) a subscheme such
that Xo = X Xy 2y Spec k. Consider an affine open U C'Y', set R = Oy (U)
and write the ideal of the intersection 8 of X and (U x Speck [t] / (t?)) as

T =(fi+t-gi,.., fr+1-3)

with I (XoNU) = {f1,..., fr) and g; € R. Then the following statements are
equivalent:

1. $h — Speck [t] / (t?) is flat
2. (t) @ Ox (U) — Ox (L) is injective
3. For all f € R it holds

tfel()=fel(XynU)

4. There is a unique
YU € HomR([(XoﬂU),R/[(XOOU))

with
ou (fi) = gi

5. Any syzygy between fi, ..., f. lifts to a syzygy between fi+tgy, ..., fr+tg,,
i.e., if
Z(lifz‘ =0€eR

with a; € R, there are b; € R such that

> (ai+thy) (fi+tg) =0€ R@K[t]/ (t*)

)
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So if X — Speck [t] / (t?) is flat, then for any affine open set U there is a
unique ¢y, and the oy patch together to a section of Nx,,y. On the other
hand, if ¢ is a global section of Nx,,y, then define the associated first order
deformation X by the local equations

{f+t-e(f)=0[fel(XnU)}
on U x Speck [t] / (t*) hence:

Theorem 5.7 If Xo C Y s a closed subscheme of a scheme Y over k, the
space of first order deformations of Xo in'Y equals the space of global sections

Of NXO/Y'
5.3 Flatness over k [[t]]

The statement analogous to Proposition 5.6 for base Speck [[t]] is given in
the following.

Proposition 5.8 Let Xy C Y be a closed subscheme of a scheme Y over k
and X C'Y xSpeck [[t] a subscheme such that Xo = X X Spec k. Consider
an affine open U C Y, let R = Oy (U) and write the ideal of the intersection
s of X and (U x Speck [[t]]) as

T) = (fi+t g, fr+1-gr)

with I (XoNU) = (f1,.... fr) and g; € R® k[[t]]. Then the following state-
ments are equivalent:

1. s — Speck [[t]] is flat
2. (t) @ Ox (U) — Ox (L) is injective
3. For all f € R 1t holds

tfel)=fel(XonU)

4. Any syzygy between f1, ..., f, lifts to a syzygy between fi+tgy, ..., fr+tg,,
i.e., if
Z(Iifi =0€R

1

with a; € R, there are b; € R @ k[[t]] such that

> (ai+th) (fi +tg) =0€ R k[[t]]

i
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6 Grobner fan, state polytope, Hilbert scheme
and stability

6.1 Concept for computing the Bergman fan

Let I be an ideal in C|zo,...,z,] and w a weight vector on the variables
of Clxog,...,x,] with w; > 0 for all i. Given a monomial ordering > we
have L (in, (g9)) = L=, (g) for every g € C|xy,...,x,], so the subsets of
monomials in L (in, (I)) and L~ (I) are equal, hence:

Proposition 6.1 If > is any monomial ordering, then
Ly (iny (1)) = L>,, (I)

Corollary 6.2 If g = (g1, ..., g.) is the reduced Grobner basis of I with re-
spect to >,,, then

(i (g:) |1 =1,...,7)

is the reduced Grobner basis of in,, (I) with respect to >.

Proposition 6.3 If g = (g1, ..., g-) is the reduced Grébner basis of I with
respect to >, then in, (I) contains a monomial if and only if

((ing (g;) |1 =1,..,7) s (Tg - oo - ,)7°) = (1)

Remark 6.4 To speed up computations, one first checks if any of the in,, (g;),
1=1,...,7 18 a monomial, before doing the saturation.

Let I be an ideal in C [z, ..., z,] and J C C[xg, x4, ..., z,,| be the ideal of
the projective closure of V' (I).

Proposition 6.5 [Sturmfels, 2002, Sec. 9.2]
BF (I) = {w € R" | ing ) (J) does not contain a monomial}

This allows one to homogenize, so any monomial ordering will be equi-
valent to a global ordering, hence the reductions in Grobner computations
stay finite.

To compute BF (I) we have to understand, which initial ideals can occur.
This is described by the Grébner fan.
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6.2 Tropical representation of Grobner cones

Although there are infinitely many global semigroup orderings on the mono-
mials of C [xq, ..., x,], if we fix an ideal J C C [y, ..., z,] and consider >; and
>, equivalent if L+, (J) = L+, (J), there are only finitely many equivalence
classes of monomial orderings.

Definition 6.6 Given a global ordering > on the monomials of C [z, ..., xy]
and an ideal J C C [z, ..., x,] define

Cs (J) ={w' € R" [liny (J) = L (J)}

If Jo = L~ (J) for some ordering >, then define Cy, (J) = Cs (J).
By Proposition 1.156 and Proposition 1.194 we have:

Lemma 6.7 Given a global ordering > on the monomials of C|xy,...,2,]
and an ideal J C Clxg, ..., x,], there is some w € Z" with positive entries,
such that in,, (J) = Ls (J), hence, Cs (J) is non-empty.

Definition 6.8 Givenw € Z" with non-negative entries and J C C [z, ..., x,]
define
Cow (J) ={w € R" | ing (J) =in, (J)}

Consider some tie break ordering > and the unique reduced Grobner basis
G = (g1,-..,9r) of J with respect to >,,, then

Co (J)={w € R" | iny (g;) =iny, (g:))Vi=1,...,r} (6.1)
To see this, suppose w' € R™ with in, (g;) = iny (g;) Vi, then
ing (J) = (ing (g;) | i=1,...,7) Cing (J)

L, (J) = L (iny (J)) C Ly (inw (J)) = L, (J)

therefore the lead ideals L., (/) and L., (J) are equal, hence by Proposition
1.185
iy (J) = ingy (J)

ie, w € Cy,(J).
On the other hand if w’' € R™ with

iy (J) = iny (J)
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then by Corollary 6.2 the reduced Grobner basis of in,, (J) with respect to
> is given by G = (ing (g1), ...,y (g-)). So for all @ = 1,...;r we have
NF. (iny (9:) ,G) = 0, hence m; = L+, (¢;) is a monomial of in, (g;), as by
reducedness, m; is the only monomial of ¢; in L~ (J). Write

then h; and A} do not involve monomials of L~ (J). The first step of the divi-
sion with remainder, calculating N F% (in, (g;), G), gives hi—h; € in, (J) =
iny (J). On the other hand, no term of h} — h; is in L, (J) = Ls (iny, (J)),
hence, h} = h;, i.e., ing (¢;) = iny, (i)

Suppose now w € R" is representing the monomial ordering > and define

m; = x" = LT (g;) = iy (i)

and write g; = m; + h; with the tail h; of g;. By the description of C,, (J)
via Equation 6.1

Cw(J) = {w’ € R" | w'b; < w'a; ¥V monomials 2% of the tail h; and Vi =1, ...

= {w' € R" | trop (g — iny (9)) (w') < trop (in, (9)) Vg € G}
SO summarizing:

Theorem 6.9 [fw € Z" with non-negative entries, J C C[z1,...,x,] and >
is some global ordering on the monomials of C[z1,...,x,] and G = (g1, ..., gr)
is the unique reduced Grobner basis of J with respect to >.,, then

Cyp (J) ={w" € R" | iny (g:;) = iny (¢:)Vi=1,...1}

in particular Cy, (J) is a relatively open convex polyhedral cone.

Ifiny, (J) = L~ (J), then
Cy (J) = {w" € R" | trop (¢ — iny, (9)) (w') < trop (iny, (9)) Vg € G} (6.2)

Remark 6.10 If in, (J) is not monomial, then C, (J) is given by these
inequalities together with the equalities coming from the condition that for
each g € G all monomials of the initial form in, (g) have the same weight.

Definition 6.11 Let J C C|[xy,...,x,] be an ideal. The Grébner region of J
18

GR(J)={w e R" | ' € RL, with in, (J) = in, (J)}
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Lemma 6.12 [Sturmfels, 1996, Ch. 1] If J C C|xy, ..., x,] is homogeneous,
then GR (J) = R".

Definition 6.13 Let J C Clzy,...,x,] and suppose GR(J) = R™. The
Grobner fan GF (J) is the set of all closures C,, (J) of cones Cy, (J) for
allw e R".

If f =75, cex”is a Laurent polynomial in the variables 1, ..., z,, then
its Newton polytope is

N (f) = convexhull {a | ¢ # 0} C R™!

Lemma 6.14 [Gelfand, Kapranov, Zelevinsky, 1994, Section 6.1] The New-
ton polytope of f lies in the hyperplane {« € R"™ | w - o = a} for somea € Z
and w € Z" if and only if f is w-homogeneous, i.e, f (t“°xy, ..., t%"x,) =

tf (21,0 ).
If f, g are Laurent polynomials, then N (f -g) = N (f) + N (g).

Lemma 6.15 If w € Z™ with non-negative entries, I C Clxy,...,x,], > is
some global ordering on the monomials of C[xg,...,x,] and G is the unique
reduced Grobner basis of J with respect to >,,, then

Cw (J) = 0Q (face, (Q))

is the normal cone of the face face, (Q) of Q with

@=N (ngg g) B deg N (g)

Using this representation of C,, (J) one can conclude:

Proposition 6.16 [Sturmfels, 1996, Ch. 2] GF (J) is a fan.

6.3 Computing the Grobner fan

Algorithm 6.17 Given an ideal J C k|1, ..., z,) with GR(J) = R" and a
subfan F C R™ of the Grobner fan of I the following algorithm findRandomCone
computes some cone of the Grobner fan which is not in F:

Choose some random w € R™ — supp (F) ;

g := redStdwpw) (J) the reduced Grébner basis of J with respect to Wp (w);

if in,, (J) = (iny, (g;) | i =1, ...,7) is not monomial repeat with different w;
Compute C,, (J) from g via Equation 6.2

return <m> ;
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The following randomized algorithm computes the Grobner fan:

Algorithm 6.18 Given an ideal J C k|[xq,...,x,] with GR(J) = R"™ the
following algorithm computes the Grobner fan of J:
Let F' be the empty fan in R™.
while isComplete (F') = false do
F := the fan generated by the cones of F' and findRandomCone (J, F') ;
od;

The following algorithm avoids searching a weight vector in the comple-
ment of the support of a non-complete fan and it integrates the test for
completeness:

Algorithm 6.19 Given an ideal J C k[xy,...,x,] with GR(J) = R" the
following algorithm computes the Grobner fan:
F := the fan generated by findRandomCone (J, F') ;
remaining facets := facets (mazxcones (F)[1]);
while remaining facets <> {} do
fe:=remaining facets[1];
outernormal := —rays (dual (fc)) [1];
(where dual (fc) is the face of CV dual to fc
if fc was a face of the maximal cone C')
internal := sum (rays (fc)) ;
s:=1;
w := s - internal + outernormal,
while w € support (F') do
s:=10-s;
w = s - internal + outernormal,
od;
F := the fan given by the cones of F' and all faces of Cy, (J);

for all fct € facets (C’w (J)) do

if fct € remaining facets then
remaining facets := remaining facets — { fct};
else
remaining facets := remaining facets U { fct} ;
fi;
od;
od;
Note that this algorithm necessarily stops with a complete fan, as the set
remaining facets is empty if and only if all facets of mazximal cones have
appeared twice.
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Remark 6.20 To compute the Bergman fan out of the Grobner fan, it is
computationally important to note that if a cone F of the Grobner fan is
not contained in the Bergman fan, then also all higher dimensional cones
containing F' are not in the Bergman fan.

6.4 Hilbert scheme and state polytope: Projective setup
6.4.1 Grobner fan and state polytopes

Let I ¢ S = Clxo,..., z,) be a homogeneous ideal. For d > 1 define

P, (I) = convexhull { H x* | M =L~ (I), > a monomial ordering} c R™*!

z*eMy

If dy is the maximum degree appearing in a minimal universal Grobner basis

of I, define
P(I) =Y Pu(I)
d=1
Definition 6.21 A state polytope for I is a polytope P C My with
GF (I) =NF (P).

Proposition 6.22 [Sturmfels, 1996] The Grébner fan GF (I) of I is the
normal fan of P (I)
GF (I) =NF (P (1))

so P (I) is a state polytope for I.
If w= (wy, ..., w,) € R" then

face,, (Py (1)) = Py (iny, (1))
and

face, (P (1)) =Y _ Pa(iny (1))

« o

If > and >' are monomial orderings, then HIQGL>(I)d x
if and only if L~ (1), = L~ (1),

= Ha:“EL>/(I)d r

Proposition 6.23 [Sturmfels, 1996] If G is a universal Grébner basis of 1
which 1s reduced with respect to any monomial ordering, then

Y Ny

geg

15 a state polytope for I.
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6.4.2 State polytope and the Hilbert scheme
Suppose V' = ¢ (xg,...,x,) = C", S = Sym (V) = C [z, ...,x,] and [ C S is
a homogeneous ideal such that S/I has Hilbert polynomial P = Pg;.

Lemma 6.24 [Bayer, 1982] There is a degree dy such that for all d > dy and
all homogeneous saturated ideals J C S with Hilbert polynomial Ps;; = P

o J is determined by the degree d part Jg of J, i.e., J = ((Jq) : {xg, ..., xp)™)
® dlm(c (Sd/Jd) =P (d)

e For all semigroup orderings >
ins (J) = {in. (f) | f € J with deg (f) < d)

Definition 6.25 With above notation I; is a point in the Grassmannian
G (P (d),Sa) of subspaces with codimension P (d). This point is denoted
as the d-th Hilbert point H (I) of I. The Hilbert point H (I) determines
(I:(xg, ..., xn)™).

The set of all d-th Hilbert points H (J) of homogeneous ideals J C S
with Pgy; = P is a closed subscheme HE C G (P (d),S4), the P-th Hilbert
scheme.

Remark 6.26 Let > be a total ordering of the monomials of degree d of S
and x*, ..., x* with s = ("M*l) a monomial basis of Sq ordered with respect

to>. If B=(f1,.... fr) withr =s— P (d) is a basis of I, then writing

S
_ E ) oy
fj - Ajo; T
=1

we obtain the >-Hilbert matrix of 1

(o)

Bt A

representing H (I) with respect to above bases

Iy — Sq
122 12
c & e

If B = (f{,..., f]) is another basis of I; and A’ the corresponding >-Hilbert
matriz, then there is a Q € GL (r, k) with A" = QA.
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Let s = dim Sy and r = s — P (d). The Pliicker embedding

p: G(P(d),S) — P(A\ Sa)
<f1a~--7fr> = fl/\/\fr

of G (P (d),Sy) in the projective space P (W) with
W=\ 5

is given by the positive line bundle L. = det U*, where U is the universal
subbundle U — G (P (d), Sq) of C* x G (P (d),Sqs) — G(P(d),Ss) with
fiber over a point of G (P (d),S;) the corresponding subspace of C*.

Remark 6.27 With respect to the basis
xp = 1 A Az

with B = {by,...,b.} C {1,...,;s}, |B| =1 of \" Sy the Plicker embedding is

given by the r X r minors of the matrix representative

Denoting by Ag the matrix formed by the columns of A with indices by, ..., b,

p()-1
(det Ag | |B| = 1)

p: G(P(d),5a)
<f17 RS fr>

Note that if A = UA is another matriz representative, then det Ay =
det U det Ag hence the homogeneous coordinates are well defined.

—
—

The action of SL (V) on V gives a representation of SL (V) on S; =
Sym, (V) and on W = A" S; so inducing an action

SL (V) x P (W) — P (W)

The Grassmannian G (P (d),Sy) — P (W) and the Hilbert scheme HY C
G (P (d),Sy) are invariant under this action.
Let 7' C SL (V) be a maximal torus. For x € T define the subspace

Wy={veW|Av=x(A)vVAeT}
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and R
State (W) = {X eT | W, + {0}}
SO
W= 69xeState(W) Wx

If H(I) is the d-th Hilbert point of I and h* € W is a representative of
p (H (1)), then we get the corresponding decomposition

= ZxEState(W) e (1)

with h, (I) € W,. The statements h, (I) = 0 and h, () # 0 are independent
of the choice of h*, as different representatives are C* multiples of each other.

Definition 6.28 The d-th state polytope of I is
State () = convexhull {x € State (W) | h, (I) # 0} C T ®zR

If the elements of 7" C SL (V) are diagonal with respect to the basis
X, ..., Tn, then any one parameter subgroup A : C* — T is of the form

A (t) = diag (t*°, ..., t*“")

with weight vector w = (wo, ..., w,) € Z""" and > jw; = 0. By the action
of SL (V) a one parameter subgroup A : C* — T C SL (V) assigns a weight
to any monomial of S and to any Pliicker coordinate.

Definition 6.29 A one parameter subgroup A : C* — T is called d-generic
if it induces a total ordering on the monomials of S of degree less or equal to
d.

Remark 6.30 As seen in Section 1.4 for any d and any semigroup ordering
> there is a d-generic one parameter subgroup \ : C* — T representing >
on the monomials of degree at most d.

Suppose A : C* — T, A (t) = diag (t"°, ..., ") is representing > on the
monomials of degree at most d and

geecly U=y

is the >-Hilbert matrix representing the d-th Hilbert point H (I) of I with
respect to the basis
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of I; and the >-ordered basis 2, ..., 2% of S;. Then

ins (fj) = ja, 2

if and only if a;0, =0Vl =1,...b; — 1 and a;a, # 0.
Suppose that f;, 7 =1,...,r is a basis of I; such that A is in row echelon

form

aq Qg

T

i a1,ay,

X

(6.3)

ajvabj

fr ar,abr
Then the Pliicker coordinate p (H (I))z # 0 for

B=(bi,...b)

Note that the Pliicker coordinates are independent of the choice of the basis
of I d-

If B' = (b),...,b.) # B is some other Pliicker coordinate with z"% > z%
for some j, then p (H (I))5 = 0, hence:

Lemma 6.31 [Bayer, Morrison, 1988] Let H (I) € HY C G (P (d),S,) be
the d-th Hilbert point of 1. Fiz a basis V. = y(xg,...,x,) and let X : C* —
T, X(t) = diag (t*,...,t""), w = (wo, ..., w,) be a d-generic one parameter
subgroup of the torus T.

Then there is a unique Plicker coordinate xp with p (H (I))g # 0 such
that all Pliicker coordinates B' # B with p (H (I)) 5 # 0 have smaller weight
w(xp) <w(xp).

If x*1 ..., x% is a A-ordered basis of Sq and f, ..., f, is a basis of 1z such
that the corresponding Hilbert matrixz of I is in row echelon form as in Equa-
tion 6.3, then fi,..., f» form a standard basis of I-4 and

ins (Isq) = (@, ... x%r)

If A\: C* — T is a l-parameter subgroup, then C* acts on G (P (d), Sy)
written as

C*xG(P(d),Ss) — G(P(d),Sa)
(¢, 2) — A(t) z

Consider C* «— A! via C[t] — CJ[t,t7'], so C* = A' — {0}. If z €
G (P (d),Sy) and C* — G (P (d),Sy), t — A(t)z extends to a morphism
A' — G (P (d),S,), then call the image of 0 € A' the limit of 2z under A,
written lim; g A (¢) 2.
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Lemma 6.32 Let H (I) € HY € G (P (d),Sy) be the d-th Hilbert point of 1
and let A : C* — T be a d-generic one parameter subgroup. With the action

of SL(V') on G (P (d), S4)

lim A (t) H(I)=H ¢ HY ¢ G(P(d), Sy)

t—0

as Hﬁ is projective, so there is a homogeneous ideal I' C S with Ps/p = P
such that
H =H(I')

Lemma 6.33 [Bayer, Morrison, 1988] With the setup of Lemma 6.32
7:7L> (_[) — I/

Proposition 6.34 [Bayer, Morrison, 1988] The monomial initial ideals in~ (I)
for all semigroup orderings > correspond to the vertices of the d-th state poly-
tope State (1).

Proposition 6.35 The Gréobner fan GF (I) considered as a fan in

Rn+1
R(1,..,1)

Np =
is the normal fan of the d-th state polytope State (1)

GF (I) = NF (State (1))
6.4.3 State polytope and stability

Definition 6.36 Suppose d > dy as in Lemma 6.24, let H(I) = I; €
G (P (d), Sq) be the d-th Hilbert point of I and let h* be a lift of p (H (I)) to

W= 69xeState(W) Wx

The ideal I is called semi-stable if 0 ¢ SL (V') h*, otherwise it is called
unstable.

Theorem 6.37 [Bayer, Morrison, 1988] With the setup of the previous definition,
the following conditions are equivalent:

1. I is semi-stable.
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2. For any choice of a basis V = i (xo,...,xn) and any l-parameter sub-
group X\ : C* — D C SL(V), A(t) = diag (tY°, ..., t*"), w = (wo, ..., W)
with Z?:o w; = 0 there are Pliicker coordinates xg and xg such that
p(H(I)g #0 and p(H (I))g # 0 and for the corresponding weights
it holds

w(zxp) <0<w(rp)

3. For any choice of a basis V =  (xy, ..., x,) the state polytope State (I)
contains the origin.

6.5 Hilbert scheme and state polytope: Polarized toric
setup

6.5.1 Linearizations

Before reformulating and generalizing this setup, we need some general facts
about linearizations of group actions on line bundles.
If G is an affine algebraic group over K acting rationally on an algebraic
variety Y via
c:GxY =Y

then the pair (Y, o) is called a G-variety.

Definition 6.38 If Y is a G-variety by 0 : G XY — Y and L is a line
bundle on' Y, then a G-linearization of L is an action o : G X L — L such
that the diagram

G x L 5 L
dxm | |7
G x Y %Y
1s commutative and the action is linear on the fibers, i.e., for ally € Y the
maps &, (g) : Ly — L., are linear.
The pair (L,7) is called a G-linearized line bundle.

Here m : L — Y denotes the projection of the total space of L to Y. If
g € G, then the group action induces an isomorphism

o(g): X — X

and for y € Y the maps 7, (¢) : L, — L., are isomorphisms of vector spaces
giving an isomorphism of line bundles

o(9): L —g'L
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With
pro:GXY =Y
the isomorphisms of line bundles 7 (g) for ¢ € G form an isomorphism of line

bundles
S :pry (L) — 0" (L)

Indeed, also the converse is true:

Lemma 6.39 [Kraft, Slodowy, Springer, 1989, Knop, Kraft, Luna and Vust,
Sec. 4] If G is a connected affine algebraic group, Y is a G-variety and L is
a line bundle on Y, then L has a G-linearization if and only if there is an
1somorphism of line bundles

O :pry (L) — o" (L)

The set of G-bundles on the G-variety X carries the structure of an
abelian group, the group of G-bundles Pic” (Y): If L and L' are G-bundles
with linearizations given by the isomorphisms ® : pri (L) — o* (L) and
O opri (L) — o* (L), then on L ® L' a G-linearization is given by the
isomorphism

P pri(L® L) — o* (L® L)
I I
prs (L) @pr; (L) — 0" (L)@o (L)

The neutral element of Pic® (V) is the line bundle Y x K — Y with the
G-linearization
oxid:GXY XK —->Y xK

If L is a G-bundle with linearization given by ® : pri (L) — o* (L), then its
inverse is L* with the linearization

(@) 2 pr3 (L) — 0" (L)

The map
o : Pic% (Y) — Pic (Y)

forgetting the linearization is a homomorphism.

Proposition 6.40 [Dolgachev, 2003, Sec. 7] If Y is connected and proper
over C, then
ker (0) = x ()
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Lemma 6.41 [Kraft, Slodowy, Springer, 1989, Knop, Kraft, Luna and Vust,
Sec. 4] If G is a connected affine algebraic group, Y is a normal G-variety
and E is a line bundle on G XY, then for all yo € Y

E = pri (E ox ) @ pr5 (E [(eyxv)
So if yo € Y, define the homomorphism

d: Pic(Y) — Pic(G)
L = pr3 (L) ® 0" (L) |axqy)

which has ker (§) = image ().

Theorem 6.42 [Dolgachev, 2003, Sec. 7] If G is a connected affine alge-
braic group and Y is a normal G-variety, then the sequence

0 — ker (o) — Pic? (Y) — Pic(Y) — Pic(G)
is exact.

If G is a connected affine algebraic group, then Pic(G) is finite, see
[Kraft, Slodowy, Springer, 1989, Knop, Kraft, Luna and Vust, Prop. 4.5],
S0:

Remark 6.43 Pic® (Y) has finite index in Pic (Y'), hence for all L € Pic (V)
there is an m such that L¥™ is a G-bundle.

If G is GL (n,C) or a torus (C*)" or SL (n,C), then Pic (G) = 0.

Hence if T = (C*)" is a torus and Y is a T-variety, then we have an
exact sequence

0— T — Pic” (Y) — Pic(Y) — 0

so any line bundle L on Y has a T'-linearization and any two linearizations
differ by a translation in the lattice T = 7.

Remark 6.44 IfY is a toric variety with torus T, then the sheaf of Zariski
differential forms Q% has a canonical linearization given by the pullback of
differential forms with respect to the isomorphism

o(g): X — X
x = g-x
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6.5.2 Setup for subvarieties of a projective toric variety

Let Y = X (¥) be a simplicial toric variety of dimension n given by the fan
X C Ng = N®z R with N 2 Z" and let L = Oy (D) be a very ample line
bundle on Y. The lattice

M = Hom (N,Z) = Hom (T,C*) =T

is the character group of the torus 7' C Y. Let S = Cly, | v € ¥ (1)] be the
Cox ring of Y,

00— M 4 7> A1 (Y)—0
the presentation of the Chow group and
1—-G((X)— ((C*)E(l) —T —1
G (X) = Homg (A,—1 (X (X2)),C")
the corresponding sequence involving the tori (C*)E(l) and T
By Section 6.5.1 there is a linearization of the action of 7" on Y on the
line bundle L B
T x L 5 L
dxm | |7
T x Y 35 Y

With
V =H"(Y,L) = Sp

the line bundle L defines an embedding
ov Y =P (V)
ov(y) ={s eV [s(y) =0}

identifying elements of P (V*) with hyperplanes in V. The map ¢y is T-
equivariant with respect to the action

TxP(V*) = P(V*)
g-H=g"(H)

The toric variety Y embedded by ¢y is isomorphic to the projective toric
variety

P(Ap) = Proj S(Ap)
and the polytope ring S (Ap) is isomorphic to

S(AD) = @Sd[[)] cS
d=0
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which is Zx(-graded by d.
If I C S is a homogeneous ideal, then it corresponds under the embedding
¢v of Y via L = Oy (D) to the ideal

IN[D} = @[d[p] C S(AD)

d=0

The Hilbert function

hsyr (k) = dime (Skip)/ Teip))

agrees for large k with a polynomial P, the Hilbert polynomial of S/I under
the embedding of Y given by L.

Furthermore via this embedding there is a dy such that for any homoge-
neous ideal J C S (Ap) with Hilbert polynomial P under the embedding of
Y given by L

(o5
is generated by the Hilbert point
o] € G =G (P (do) , Sayip)
and these points form the P-th Hilbert scheme
HY c G

in the embedding of Y via L.
The action of T on V = H° (Y, L) = Sjp) induces an action of 7" on

W= A S
with 7 = dim Sg,p) — P (dp), and the Pliicker embedding
p:G—P (W)
is T-equivariant. With
Wy={veW|Av=xA)vVAeT}
for x € T = M and
State, (W) = {x & M | W, £ {0}

we get a decomposition

W= @XEState L(W) Wx
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If h* € W is a representative of p (Ido[ D]), there is the corresponding decom-

position
W= ZxGStateL(W) i
with h, € W,. With
Stater, (h) ={x € M | h, # 0}
define the state polytope of I with respect to L as the convex hull

Stater, (1) = convexhull (Statey, (h)) C T oz R = Mg

6.5.3 Hilbert-Mumford stability

Suppose G is a reductive group and Y is an irreducible G-variety.
Definition 6.45 Let L be a G-bundle on'Y andy €Y.

1. y s called semi-stable with respect to L if there is an a > 0 and
an o € HO (Y, L*)% such that

Yo={z€Y |a(z)#0}
15 affine and y € Y,.

2. y is called unstable with respect to L if it is not semi-stable with
respect to L.

3. y is called stable with respect to L if the isotropy group G, is finite
and the G-orbits in Y, are closed.

Denote by Y (L), Y"* (L) and Y* (L) the set of semi-stable, unstable and
stable points of Y, respectively.

Lemma 6.46 [Dolgachev, 2003, Sec. 8] With the notation from above:

The sets Y** (L), Y"* (L) and Y* (L) do not change when replacing L by
L* for a € Z~y.

If L is ample and Y is projective, then Y, is always affine.
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6.5.4 Stability on a variety with a torus action

Suppose X is a projective variety, the torus T acts on X and E is a very
ample T-linearized line bundle on X. Let W = H° (X, E), s = dim¢ W and
let ¢y : X — P (W) be the corresponding embedding. So 7" acts on X via a
linear representation

T — GL(W*)

If x € X and z* is a representative of ¢y (z), then
re X" (E)<0eT 2
So if 0 € A (C*) - z* for some one parameter subgroup A € T of T
AN C =T

then x is unstable.
Choosing a basis of W such that T" acts via diagonal matrices write

= (xq,...,T5)
with respect to this basis. Then
Azt = (P2, .., 1P wy)
with some £;.
o If 3; > 0 for all 7 with x; # 0, then

Ao 0 AN{0} — A®
t — A (t)x*

extends to a regular map

S

A(t)z* fort #0
0

Al
t

>

111

so 0 € A(C*) - z*, hence z is unstable.

o If 3, < 0 for all i with #; # 0, then above argument applied to A 7!
shows that x is unstable.
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Define
W (2, \) = min {5 | 2 # 0}
so if p¥ (z,\) > 0, then x € X% (E), hence

€ X*(E)= P (z,\) <0V e T

On the other hand if 1 (z,A) < 0 VA € T* and there is a A € T* with
uP (z,\) =0, then y* = (y;) with

{0 if x; #0 and 3; > 0 }

x; otherwise

Yi

is in the closure of A (C*) - z*, i.e.,
yr e A(Cr) - ax

If 2 would be stable, then it would have to hold that y* € A (C*) - x*, but
this is not possible as

A(t) -y =y forallt € C*

hence R
v € X*(E)= pf (x,\) <0vVAeT"

indeed both statements are characterizations of the semi-stable and stable
points:

Theorem 6.47 [Dolgachev, 2003] With the setup from above
reX®(E) & pf)\)<0vreT"
reX*(E) & pf(z,\)<0VNeT*

6.5.5 State polytope and Stability

The bilinear pairing between characters and one parameter subgroups of T'

—~

’fxf* — C*=7Z
(X, A) = (X, A)=x0oA

corresponds via the identification T = M and T* = N to the canonical
bilinear pairing
(—,—): M xN—Z

Fix a T-invariant basis xq, ..., x, of V and let

B = Ty, VAN /\Q?br
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with B = {by,...,b.} C {0,...,n}, |B| = r be the corresponding T-invariant
basis of W, which is compatible with the decomposition

W= @xesmteL(W) W

With respect to the basis (zg) the representation
p:T — GL(W)
given by the action 7' x W — W is of the form
p(z) = diag (™, ..., gMdmW)

with m; € M.
If

A:C"—>T
A (t) = diag ("1, ..., t*“")
is a one parameter subgroup of 7', then the composition is

poi: C* — GL(W)
t > d]ag <t<w7m1>7 ey t(wvmdimW>)

Now suppose h* € W is a representative of the image of the Hilbert point
I4,(p) under the Plicker embedding p, and write

= ZxGStateL(W) i

with h, € W,. Write
h* = (Oél, ey adimw)
with respect to the basis (z). So
A(t) - h* = diag (£ ™y, . M ag)
hence with the line bundle

E =" (Orar) (1))

where p : HP — P (W) is the embedding of the Hilbert scheme induced by
the Pliicker embedding, we have

pF (h, ) = min {{(w,m;) | oy # 0} =  min  {x, \)

X€EStater, (h)

so by Theorem 6.47 we obtain:
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Theorem 6.48 Suppose Y = X (X) is a toric variety given by the fan ¥ C
Ng, L = Oy (D) is a very ample T-line bundle on'Y and S is the Coz ring
of Y. If I C S is homogeneous, then stability and semi-stability of the Hilbert
point

Hp(I) € H=H}

are characterized via the state polytope Stater, (I) C Mg as follows:

Hp(I) e H* (E) < 0 € Statey (1)
H,(I) e H*(E) < 0e€int(Stateg (1))

6.6 Hilbert scheme and state polytope: Cox homoge-
neous setup

6.6.1 Grassmann functor

Let k be a commutative ring.

Definition 6.49 Let N be a finitely generated k-module. The Grassmann
functor G :k — Alg—Set is defined as

Gy (R)={L| L C R® N submodule with (R® N) /L locally free of rank r}

An R-module W is locally free of rank r if there are fi,..., fr € R with
(fi,., fr) = (1) C R such that Wy, = R} forall j =1,... k.
The Grassmann functor GY, is represented by the Grassmann scheme
G'y described in coordinates as follows:
o If N =k
Let vy, ..., vy, be a basis of N and let B = {v;,, ..., v; }. The subfunctor
Gl p Of G is defined as
p\p () = {L | L C R™ submodule with R™/L free with basis B}

It is represented by the affine space A"™~") associating L € Gl 5 (R)
to (A?) with

R"/L>w =Y Xy fori¢ {ir,...i,}
j=1

Via the Pliicker embedding the Grassmann functor G, is represented
by a projective scheme covered by affine open subsets representing

sz \B .
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o If N =Fk"/J is a finitely generated k-module:
Then R® N = R™/RJ for any k-algebra R and

Gl (R)={L€G..(R)| RJC L}

If vy, ..., v, is & basis of k™ and B = {v;,,...,v;,.}, then the subfunctor
sz\ 5 NGy of G, is represented by the subscheme

(N) la+ > afNi=0Vue JVj=1..rpCA
1@ {01, i }

where for u € J the a} € k are defined by

m
u
u = E a; v;
i=1

Proposition 6.50 [Haiman, Sturmfels, 2004] If N is a finitely generated
k-module, then the functor Gy is represented by a closed subscheme of the
scheme representing G .

Let N be a finitely generated k-module and M C N a submodule and
consider the subfunctor Gy, ,, C Gy

v (R) ={L € Gy (R) | (R® N) /L locally free with bases in M}

) 3f1, s fo € R with (f1, oy fi) = (1)
- {L € Gy (B) | suéh thau]tC (R®N) /Ll)fj ha]:s a basis in M }

={L € Gy (R) | M generates (R® N)/L}

Proposition 6.51 [Haiman, Sturmfels, 2004/ G\ is represented by an
open subscheme of the scheme representing Gy, so by a quasiprojective scheme
over k. It is called the relative Grassmann functor of M C N.

If Ais a finite set and N = @4 N, is a finitely generated graded k-
module and h : A — N is some function, then the graded Grassmann
functor G% is defined as

Gh (R)=141| L C R® N homogeneous submodule with
NAT (R® N,) /L, locally free of rank h(a) Va € A

and G, is naturally isomorphic to [],. AG%:) hence is projective.
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If M C N a homogeneous submodule the relative graded Grassmann
functor of M C N is defined by

Ghoa (R) = {L € G} (R) | (R® N,) /Lq locally free with bases in M Va € A}

and is represented by a quasiprojective scheme over k.
Gh and G}fv\ ar are subfunctors of Gl respectively Gy, 5, withr = 3
and the corresponding morphisms of schemes are closed embeddings.

h(a)

a€A

6.6.2 Hilbert functor

Let k be a commutative ring, A a set and let

S=Eps.

a€A

be a graded k-module. For all a,b € A let F,;, C Homyg (S,, Sp) be a subset
such that Fy. 0o F,, C F,. VYa,b € A and idg, € F,, Ya € A and call
F = Uypea Fup a set of operators on S. So (S, F) is a small category of
k-modules.

If R is a k-algebra, then

ReS=EReS,

a€A

is a graded R-module with operators
Fly=(r@ ) (Fap) = {1 @i f | f € Fup}

A homogeneous submodule L = @, ., L, C R® S is called an F-
submodule if F\%, (L,) C Ly for all a,b € A.

Definition 6.52 If h : A — N is a function and R is a k-algebra, then
define

H" (R)={1L| L C R® S is an F-submodule with
(5.F) B (R® S,) /L, locally free of rank h(a) Ya € A

If ¢ : R — R' is a homomorphism of commutative rings and L € H?&F) (R),
then L' = R'®@g L is an F-submodule of R' @ S and (R’ ® S,) /L., is locally
free of rank h (a) for alla € A, so define Hg py (¢) : His oy (R) — Hig oy (R),
L — L'. These assignments make H?&F) nto a functor k — Alg—Set, the
Hzlbert functor.
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If D C A is a subset the restriction (Sp, Fp) of (S, F) to degree D is
defined by

SD = ®a€D Sa FD = Ua,bED Fmb

It is a full subcategory of (S, F') and there is the natural restriction map

h
sr Hs,, mp)

L = LD = @aED La

Lemma 6.53 If L' C R® Sp is an Fp-submodule and L C R® S is the
F-submodule generated by L', then Ly = Y ., Fop (L)) for all b € A, so
Lp=1".

Theorem 6.54 [Haiman, Sturmfels, 2004] Let k be a commutative ring, A
a set, S an A-graded k-module with operators F and h : A — N a function.
If there are homogeneous k-submodules M C N C S such that

1. N is a finitely generated k-module,
2. N generates S as an F-module,

3. for all fields K €k — Alg and for all L € ]HI?S,F) (K) the submodule
M cC S spanns (K ® S) /L,

4. there is a subset G C F which generates F as a category such that
GM C N,

then

o N spans (K ®S) /L so oo > dimg (K ®S) /L) =,
h has finite support,

h(a) hence

acA

° H?&F) 1s represented by a quasiprojective closed subscheme of G'}V\M
over k, the Hilbert scheme.

Corollary 6.55 [Haiman, Sturmfels, 2004] If A is finite and S, is a finitely
generated k-module for all a € A, then in above theorem one can choose
M=N=Sand G =F, so H?&F) 1s represented by a closed subscheme of

the projective Grassmann scheme G?V\M = G, hence is projective.

Theorem 6.56 [Haiman, Sturmfels, 2004] Let k be a commutative ring, A
a set, S an A-graded k-module with operators F' and h : A — N a function.
Suppose D C A such that
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1. H?SD,FD) 15 represented by a scheme over k,

2. for all a € A there is a finite set of operators E C Jyep Fra such that
Sa/ Y vep Eva (S) is a finitely generated k-module,

3. for all fields K €k — Alg and for all L' € H?SD,FD) (K)

dim (K ® S,) /La) < h(a)
for alla € A, where L C K ® S is the F-submodule generated by L'.

Then HZ‘S F) 15 a subfunctor of H?SD Fp) ViG the natural restriction map
L — Lp and s represented by a closed subscheme of the Hilbert scheme
representing H?SD’ Fp)-

If D is finite, then H?SD7FD) is projective, hence H?&F) is projective.

6.6.3 Example: Multigraded Hilbert schemes of admissible ideals

Let k be a commutative ring, A an abelian group and S = k[z1,...,z,] a
polynomial ring graded by a homomorphism of semigroups deg : N — A via

deg x" = degu, so
S=EP S
acA
and
Sa * Sy C Satp

The ring S comes with operators F' = (J, ,c 4 Fap Where

- S, — S m € S a monomial with
Fa,b_{{ f — mf }eHomk(SCL?Sb)’ degm:b_a }

IfLCR®S=,.4 R®S, is an F-submodule, then L is a homogeneous
ideal with respect to the grading of R ® S by A.

A homogeneous ideal I C S is called admissible if (S/I), = S,/1, is a
locally free k-module of finite rank for all a € A. Denote by

hgjr: A — N
a +— rankg ((S/1),)

the Hilbert function of S/I. Denote by A, = (a4, ...,a,) C A the subgroup
generated by a; = deg z;. The support of hg/; is contained in A,.
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If h: A — Nis a function with support on A, then for any R €k — Alg

HE (R)= 11| I C R® S homogeneous ideal such that
(S,F) N (R® S,) /I, locally free of rank h (a) Va € A

={I |1 C R® S admissible ideal with hg/; = h}

consists of the admissible ideals in R ® S with Hilbert function h.
An antichain of monomial ideals in S is a set C' of monomial ideals such
that for all I, Iy € C' it holds I; ¢ Is.

Lemma 6.57 [Maclagan, 2001] If C is an antichain in S then C' is finite.

So if C' is the set of all monomial ideals in S with Hilbert function A then
C' is finite.

Corollary 6.58 [Haiman, Sturmfels, 2004] If h : A — N is a function with
support on Ay, then there is a finite set D C A such that

1. any monomial ideal I C S with hg/r = h is generated by monomials in
degrees D,

2. any monomial ideal I C S generated in degrees D satisfies: If hg/r (a) =
h(a) for all a € D, then hg/r(a) < h(a) for all a € A.

For any finite D C A the assumptions of Theorem 6.54 hold for (Sp, Fp),
hence H?SD’ Fp) 18 represented by a quasiprojective scheme.

For D as given by Corollary 6.58 the assumptions of Theorem 6.56 are
satisfied, hence:

Theorem 6.59 [Haiman, Sturmfels, 2004] If h : A — N is a function with
support on A, then ]H[’(ls ) 15 represented by a quasiprojective scheme.

Note that this setup is not directly applicable to the Cox ring of a toric
variety or the homogeneous coordinate ring of projective space.
6.6.4 Example: Classical Hilbert functor

The Grothendieck Hilbert scheme represents the functor HE with

H” (R) = {X | X C P"(R) flat family with Hilbert polynomial P}

n

for R €k — Alg. These X correspond to saturated homogeneous ideals I C
R [xy, ..., x,] with Hilbert polynomial P.
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Given P and n there is a degree dy, the maximum of the Castelnuovo-
Mumford regularities of all saturated monomial ideals in R [z, ..., z,] with
Hilbert polynomial P such that for all saturated homogeneous ideals I C
R [y, ..., x,] with Hilbert polynomial P

hs/r(a) = P (a) for all a > dp

Proposition 6.60 [Haiman, Sturmfels, 2004] Consider S = k|xq,..., 2],
let F' be the multiplication by monomials, P some Hilbert polynomial and

vo-{be) iz )

The Grothendieck Hilbert scheme representing HE is isomorphic to the Hilbert
scheme representing H?&F) via the bijection

H, (R) = His r) (R)
IZG«O — [
J = (J (o ey )

6.6.5 Tangent space and deformations

Let k be a field, A an abelian group, S = k [z1, ..., z,] graded by deg : N — A

and F' the multiplication by monomials. Let h : A — N be a function with

support on A, and let I € H?& ) (k). The S-module Homg (1, S/1) is graded

by A and Homg (1, S/1I), is a finite dimensional k-vector space for all a € A.
Let R=Fk[t]/(t*) and ¢ : R — k, s +— s/ (t) so the map

H?S,F) () : H?S,F) (R) — H?S,F) (k)

is given by J +— J/ (t). The Zariski tangent space of the scheme representing

Hs gy at I € Hg o (k) is

{7 € Hisp) (R) | Higp) (6) (J) =1}
~ 1 J C R® S an A-homogeneous ideal with J/ (t) =1
a such that R [zq,...,x,] /J is a free R-module

and is isomorphic to Homg (1, S/I), by associating to J the homomorphism
SEt-Rlzy,..x)] = t-Rlzy, ..,z /(JNt- Ry, ..., x,]) = S/1

Proposition 6.61 [Haiman, Sturmfels, 2004] The Zariski tangent space of
the scheme representing ]HI’(S’F) at I € ]HI?S’F) (k) is canonically isomorphic to
Homg (1, S/1),.
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6.6.6 Stanley decompositions

Setup Let Y = X (X) be a smooth complete toric variety of dimension n
given by the fan X C Ng = N ®z R with N 2 Z". Let S=Cly, |r € ¥ (1)]
be the Cox ring of Y graded by A, (Y), and

B(X)=(y"”"|ocex)cCs
with D = ) D,

rex(1), r¢o
the irrelevant ideal of Y. Write
0— M 2 WDivy (V) %% 4,1 (V) — 0
for the presentation of the Chow group of Y and set a; = deg D;. Denote by
YV =A™ _V(B(E)=XE) =Y

the Cox quotient presentation of Y as defined in Section 1.3.9 and set Y =
A = X (%) with the fan X7 C Z*) over the standard simplex. For

D € WDivy (Y") 2 WDivy (Y') 2 WDivy (V) = 250

denote by 2P the corresponding (Laurent-) monomial in the Cox ring S.
Denote by K the set of integral points in the closure of the Kéahler cone

epl () C AL L(Y)@RCA, 1 (Y)®R = H? (Y,R)
as described in Section 1.3.11.
Primary decompositions and Stanley decompositions of monomial

ideals Consider first the vanishing locus of a monomial ideal in the affine
space Y.

Definition 6.62 If I C S is a monomial ideal, then a Stanley decompo-
sition of I is a subset

S c{(D,o) | D € WDivy (Y"), D effective, o € "}
such that

S/[g @ SU(_[D])
(D,o)eS

where S, = Cly, | r ¢ o] = S/I (Vyn (0)) is the Cox ring of Uyn (o). Here
Vyn (o) CY" is the torus orbit closure associated to o € X" and Uy (0) =
Spec (ClenM]) CcY”.
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Remark 6.63 Note that for the Cox quotient representation YY" DY — Y
it holds
WDivy (Y") =2 WDivy (V') 2 WDivy (V)

and »
oY oY (1) = 2(1)
so 3 can be considered as a subfan of ¥". If o € X3, then

Y” D) Vyu(a):{er”|yT:OVT€Z(1),TCO}
U U

Y=Y"-V(B(E) > W) ={yeY |y,=0¥reX(l),rCo}
! !

Y > Vy (o)

so the prime ideal
(yp |rex(1),rCcoycCsS

corresponds to the torus orbit closure Vy (o) C Y.
Recall also that with
Ds= Y D

rex(1), r¢o

Uy (o) =Y" =V (y"7)

we have
Uy: (0) /G (¥) = Uy (0)

Any associated prime of [ is of the form (y, | r € ¥ (1), r C o) for some
oeX.

Lemma 6.64 [Maclagan, Smith, 2005] Let I C S be a monomial ideal.
Then I is B(X)-saturated if and only if all associated primes of I are of
the form

(y. | r€eX(1), r C o)

foro e X.

A pair (D, o) with D € WDivy (Y”), D effective and o € ¥" is called
admissible if supp (D) Nsupp (D) = 0, i.e., if D C Uy (o).
A partial order on the set of admissible pairs is given by

Dy — Dy >0 and

supp ((D2 — D1) + Dg;) C supp (Ds;)

Dy — Dy >0 and

Uyn (1) C Uy (02) N (Y" — supp (Dy — Dy))
& yP2s, cyPrs,,

(Dlaal) S (D2702) =

=
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An admissible pair (D, o) is called standard with respect to I if (D, o)
is minimal with respect to < with the property y”S, NI = {0}.

Lemma 6.65 If S gives a Stanley decomposition of the monomial ideal I C
S, then

= N <y:,“+1 lrex(l),rCo, D= ZTGE(I)UTDT>
(D,0)eS

If (D,o) € S is a standard pair, then (y, |r € X (1), r C o) =1 (Vy»(0)) is
an associated prime of I.

Algorithm 6.66 [Maclagan, Smith, 2005] The following algorithm computes
a Stanley decomposition of the monomial ideal I C S':

o [fI is a prime ideal and [ = (y, | r € X (1), r C o) with o € X", then
return {(0,0)}.

o Otherwise, let r € (1) such that I # (I : (y.)) # (1) .
Compute Stanley decompositions Sy of S/ (I + (y.)) and Sy of S/ (I : (y,)).

Return
S ={(D1,01) | (D1,01) € Si} U{(Ds + D,,09) | (Ds,02) € Sa}
Consider the following examples in projective space.
Example 6.67 A Stanley decomposition of the reduced ideal
I'= (y1y2y3) C S = Clyo, y1, 2]
15 given by

S/I=1-Ca&
Yo - Clyo] Dy1 - Cly1] Dya - Clys] ®
Your - C [yo, 1] By1y2 - C [y, y2] Bvoy2 - C [yo, yo]

writing I as the intersection

I = (Yo, y1,y2) N (Y1, 92) N (Yo, ¥2) N (Yo, y1) N (y2) N (yo) N (Y1)
—— ~~

N J

irrelevant associated primes

corresponding to the toric stratification of I. The ideal (yo,y1,y2) defines
0 € Y” but does not correspond to a subvariety of Y' and Y, hence it is
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irrelevant. The corresponding maximal cone o of the fan X" is not a cone of
.
The Stanley decomposition given by above algorithm is
S/T=1-Cly1,y2] ®yo - C[yo, y2] @yoy1 - C [0, y1]
I'=(yo) N {y1) N (y2)

Note that there are ideals which do not admit a Stanley decomposition,
where every factor corresponds to an associated prime, e.g.,

I = (y1,y2) N (Yo, y3) C Clyo, ..., y3]

Example 6.68 Consider the ideal I = (y192,y0y3) C S = Clyo, ..., s
Then
S/I= 1-Co
Yo - Cyo] ®y1 - Cy1] Dya - Clya] Bys - Clys] &
Yoy - C [yo, y1] Dyoyz - C [yo, y2] ®y1ys - C [y1, ys] ©yays - Clye, ys)

1s a Stanley decomposition of I representing the ideal as
irrelevant
——
I= <y07 Y1, Y2, y3>m

<Z/173/27 y3> N <y07 y27y3> N <y07y17y3> N <y07y17 3/2> N
(Yo, y1) N (Yo, y2) N (Y1, y3) N (Y2, y3)

(.

Vv
associated primes

The Stanley decomposition given by above algorithm is
S/1=1-Clyz, ys] ®y1 - Clyr, y3] @0 - C [yo, Y] ®yoy1 - C [yo, 1]

I'= (Yo, y1) N (Yo, y2) N (Y1, Y3) N (Y2, Y3)
The first decomposition is obtained from the second by further subdivision:

1-Clyz,y3] = 1- Coys - Cy2] Dys - Clys] Dy2ys - C [y, ys]

Yo - Clyo, y2] = yoy2 - Clyo, y2] Byo - C [yo]

y1 - Cly, ys] = v1ys - Clyr, 3] @y - C[y1]
Stanley filtrations

Definition 6.69 If I C S is a monomial ideal, then a Stanley filtration
is a Stanley decomposition with ordering of the elements

S = {(DbUl) 3 ey (Ds;O'S)}
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such that for all j =1,...,s
Sj =A{(D1,01) ... (Dj,05)}
is a Stanley decomposition of
S/ (I + (&P, ..., aP))
So a Stanley filtration gives Stanley decompositions

S/ (I—|—<xD2,...,xD5>) Se, (= [D1])
S/ (I + (zPs, .. zPr)) S, (—[D1]) © S,, (— [D2])

111

S (= [D1)) © .. ® S (— [D4))

Algorithm 6.66 computes a Stanley filtration by ordering the leaves of the
generated tree by listing the (I + (y,-)) child prior to the (I : (y,)) child. This
algorithm is implemented in the Macaulay2 library stanleyfiltration.m2.

1%

51

Example 6.70 For I = (y1y2,%y3) C S = Clyo,...,ys] above algorithm
computes the Stanley filtration

S/ y1,90) = 1- Clya, y3]
S/ Y1ya, yo) = 1 C[yz,yg] ®y1 - Cly1, y3)
S/ (Y1y2, Yoys, Yoy1) = 1 - Clyz, y3] ©y1 - C ly1, y3] o - C [yo, y2]
S/ (y1y2: voys) = 1 - Clya, ys] @1 - C[yr, ys] @yo - C [yo, y2] Syoy1 - C [yo, v1]

corresponding to

(y1,50) = (yo. 41)
(Y192, o) = (Yo, y1) N (Yo, Y2)
(Y12, Yoy, Yoy1) = (Yo y1) N (Yo, y2) N (Y1, Ya)
(1192, Yoys) = (Yo, y1) N (Yo, Y2) N (Y1, y3) N (Y2, ¥3)

6.6.7 Multigraded regularity

Let C = {c1,...,ce} C A1 (Y) be a finite subset and NC' C A, (Y) the
semigroup generated by C. A subset D C A,_; (Y) is called an NC-module
ifd+ce Dforalld € D and ¢ € NC. If D is an NC-module and 7 € Z,

then
pil= U (sien()- Simdie + D) € Ay (V)

/\1+...+>\e:‘i‘
)\jEZZO

is an NC-module. For m € A,,_; (Y) it holds (m + D) [i] = m + D [i] and
D[i+ 1) C DIi.
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Definition 6.71 Let M be a finitely generated A,y (Y')-graded S-module
and let m € A,—1 (Y). Then M s called m-regular with respect to C if for
all i > 1 and for all

a€m+NC[1—1]

the local cohomology satisfies

Hpsy (M), =0

a

The reqularity of M with respect to C' is the subset
rege (M) ={m € A,_1 (Y) | M is m-regular with respect to C'}

Remark 6.72 With C' = {cy, ..., c.} the module M is m-reqular if and only

if '
HZB(Z) (M)a =0

holds for all i > 1 and all
ac U (m — 3 N+ Nc)
)\1++)\62171
)‘jGZEO

and for i =0 and all
a € U(m+cj+NC')

j=1

Definition 6.73 Letm € A,—1 (Y). A finitely generated A,,—1 (Y)-graded S-
module M is called m-regular, if it is m-reqular with respect to the unique
minimal Hilbert basis C = {c1,...,ce} of IC, giving any element of K as a
Zso-linear combination, i.e., with NC' = K. The regularity of M 1is

reg(M)={me€ A,_1 (Y) | M is m-regular}

The local cohomology groups may be computed in the following way:
Let ' be a finite regular cell complex. A function e :I' xI"' — {-1,0,1}
is called an incidence function if

o :(F,G)# 0« G is a face of F.

o c(F,0) =1 for all O-cells F' € T,

o If G €I 2% is a face of I € I'?, then
e(F,Hy)e(H,,G)+¢(F,Hy)e(Hy,G) =0

for the unique two faces H;, Hy € I'""! of F such that G is a face of H;
and Hs.
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Lemma 6.74 [Bruns, Herzog, 1993, Sec. 6.3] If I is a finite regular cell
complex, then there is an incidence function on I' determined by an orienta-
tion of the cells.

Associated to a cell complex I' of dimension n together with an incidence
function ¢ there is the augumented oriented chain complex

5(F):0—>Cn_1£>Cn_2—>...—>Coi>C_1—>O

with coefficients in R where

Ci= @FeriR I
S(F)= > e(F,G)G
Geri—1

for F € I and extended linearly. For different incidence functions the com-
plexes C (I') are isomorphic. Denote by

H,(r) = H; (C(1))

Theorem 6.75 [Bruns, Herzog, 1993, Sec. 6.3] Let I" be a cell complex and
denote by |I'| the underlying topological space. Then

H; (') = H; (|I')
is the reduced singular homology of |T|.

An algorithm computing H; (|T'|) via the augumented oriented chain com-
plex is implemented in the Macaulay2 library homology.m2.

Consider the cell complex I' given by the intersection of the fan > with a
sphere of dimension n — 1 together with the sphere as cell of dimension n —1
and () as —1-cell. Let € be an incidence function given by an orientation. By
abuse of notation identify cones of ¥ and cells of I'. For o € I" denote by

Sty = Sy,

the localization of S in the multiplicatively closed set generated by x”¢. This
relates to the Cox quotient representation of Y = X (X) as follows. We have
Sey =C [(f’ N Zz(l)] where ¢/ € Y denotes the cone corresponding to o,
hence Uy (0') = Spec Sy and Uy (o) = Uy (0) /G (X). For the maximal
cell Dy =0 and S,y = S.

Associate to I' the canonical Cech complex

C*:OHCOgclﬁ...gC”HO
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with
C" = Boern-i0)
and boundary map 9 : 0~ — C? given by the components

(? . S(Ul) — S(UQ)

defined as € (01, 02) times the natural map Si,,) — S(o,) if 02 is a face of oy,
and the 0-map otherwise.

Theorem 6.76 [Bruns, Herzog, 1993, Sec. 6.3] If M is a finitely generated
A1 (Y)-graded S-module, then

Consider the natural Z>(")-grading refining the A,_; (Y)-grading. Recall
that X" is the fan over the simplex on X (1) with X (%) = C*® and that ¥
may be considered as a subfan of ¥".

If w € Z*W define

Gy, =hull{r € ¥" (1) |w, < 0}
Then

C ifGg,crt
(S(T)) w _{ 0 otherwise }

For G € X" define
I'c={Fel|FcCG}

Then ‘ B
H'(C}) = Hpei (Tg;)

If G, is the maximal cone of ", then I'g, =T is a sphere, hence

H'(C,) = Hu-i (0) = { 0 otherwise

} =0 (I)
If G, is the zero cone of ¥”, then
H (C:) = H,_; (0) = 0= H""2() fori#1
If G, lies between zero and maximal cone by Alexander duality
H (C) = Hoi (Tg) = H? (N\Tg-) = H (Tg,)
hence:
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Proposition 6.77 For all w € Z*Y and i # 1

(Hp, (S))w ~ [ (Ig,)
and

(Hpes) (5)),, =0

w

This allows one the computation of the local cohomology groups and
regularity.

Example 6.78 Let
Y=X)=F=P(Op @ Op (1))
be the Hirzebruch surface for t > 0 given by the fan with the rays

(1,0),(0,1),(—1,t),(0,—1)

let
0->MA7Z = A (V)= 0
with
1 0
0 1
A= 5 y
0 -1

be the presentation of the Chow group of Y and, with respect to this numbering
of the rays, let
S = Cly1,y2, Y3, y4]

be the Cox ring of Y, and

B (2> = <y1, ys) N <y2,y4) = <y1y2,y2y3,y3y4-y4y1>

the irrelevant ideal of Y. Fiz an isomorphism

A (V)2 72

1 —t 10
B_(o 1 01)

cmgn:mm<(é),(?>)c22

K = cpl(X)NZ* =NC

Then

and
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with

1 0
“={(0)-(V)}
Ift = 0,1, then the reqularity of S is
reg (S) =K = Zzzo

o= ((131) (1)

shown in Figure 6.1 for t = 2.

and fort > 2

Figure 6.1: Regularity reg (S) for the Hirzebruch surface F;

Proposition 6.79 [Maclagan, Smith, 2004] Let M be a finitely generated

A1 (Y)-graded S-module M. Then M is zero if and only if there is a j > 0
such that 4
(BQWAO —0Vaek

a

Definition 6.80 Let F be a coherent Oy-module and m € A, 1 (Y). Then
F is called m-regular with respect to C' if

H%KF®§ED:O

for alli > 1 and for all a € m + NC'[—i].
The reqularity of F with respect to C' s
rego (F)={m e A,_1 (Y) | F is m-regular with respect to C'}

F is called m-regular if it is m-reqular with respect to the minimal Hilbert
basis of IC and the reqularity of F is

reg (F)={m e A, 1 (Y) | F is m-regular}
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If F is m-regular with respect to C, then F is a-regular with respect to
C for all a € m+NC. The regularity of a module M relates to the regularity
of M as follows:

Proposition 6.81 [Maclagan, Smith, 2004] If M is a finitely generated A, (Y)-
graded S-module and m € A, 1 (Y), then M is m-reqular if and only if M
1s m-reqular, the natural map

M, — H° (Y,f@ S(a))
1s surjective for all a € m + NC' and

(Hps) (5)), =0
for all
a€ U(m+cj+NC)

j=1
Certain truncations do not change the sheafification:

Lemma 6.82 [Maclagan, Smith, 2004 Let C C K such that the cone spanned
by C' has full dimension, let m € ZK and let M’ be

0— M |miney— M — M — 0

Then there is 7 > 0 such that

(B () M’) — 0 VaeZK

a

so M/ = 0, hence

M=M |(m+NC)
The following proposition allows to pass to initial ideals:

Proposition 6.83 [Maclagan, Smith, 2004] If > is a monomial ordering on
S and I C S is an ideal, then

reg (S/in~ (I)) C reg (S/I)
If I is B (X)-saturated and J = (in~ (I) : B (X)), then

reg (S/J) C reg(S/I)
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The Hilbert function of S is hg (t) = dim¢ (S;) for t € K. Consider K as a
subset of Z* = A,,_; (Y'). The Hilbert function of S is given by a polynomial:

Lemma 6.84 [Maclagan, Smith, 2005] There is a polynomial Ps € Q [t1, ..., t,]
such that hg (t) = Ps (t) for allt € K.

More generally if M is a module, then the Hilbert function is given by a
polynomial for all ¢ € K sufficiently far from the boundary of .

Proposition 6.85 [Maclagan, Smith, 2005] Let M be a finitely generated
graded S-module. There is a polynomial Pyy € Q[t1, ..., t,] such that hys (t) =
Py (t) for all t in a finite intersection of translates of K.

Saturation does not change the Hilbert polynomial:

Lemma 6.86 [Maclagan, Smith, 2005] Let M be a finitely generated graded
S-module. Then

Prr = Pryyus, ()

Lemma 6.87 [Maclagan, Smith, 2005] Let M be a finitely generated graded
S-module. For allt € A,—1(Y)

n

har (t) — Pu (t) = Z (=)' (Hp (M),

1=0

If M is m-regular, then (ng(z) (M)> = 0 for all 7+ = 0,...,n and all
t
t € m+ K with t # m, hence on the m-translate of I the Hilbert function
of M agrees with its Hilbert polynomial:

Corollary 6.88 [Maclagan, Smith, 2005] Let M be a finitely generated graded
m-regular S-module. Then

hat (t) = P (t)
for allt € m+ K with t # m.

If I C S is a monomial ideal, then a Stanley filtration of S/I gives a
bound on the regularity of I:
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Theorem 6.89 [Maclagan, Smith, 2005] Let I C S be a monomial ideal and
let

S={(Dy,01),....(Ds,04)}
with
S/ (I + (zPi, . 2P)) 2 S, (= [Di]) @ ... ® Sy, (— [Dy])
for j=1,...;s be a Stanley filtration of S/I. Then

Np.oyes ([D] +reg (So)) C reg (5/1)

Corollary 6.90 Suppose I is B (X)-saturated. Let

S={(D,o)eS|oceX}

be the subset obtained by removing those Stanley pairs from S, which corre-
spond to irrelevant ideals in the intersection

I= ﬂ <yffr+1 |reX(l),rCo, D= Zrez(l)urD,,>
(D,o)eS

in the sense that they define the empty subset of Y. Then
N(p.oyes ([D] +reg (Ss)) C reg (S/1)

Let > be a monomial ordering on Q [t1, ..., t,] refining the degree ordering
with degt; = 1. By > a partial ordering on the fan ¥ is given via

o1 > 03 & ins (Ps, (1)) > ins (Ps,, (1))
refining the ordering of the cones of 3 by inclusion, i.e.,
V(O’l) C V(O'Q) & 01 O 09 = 01 > 02

Algorithm 6.91 [Maclagan, Smith, 2005] Let > be a total ordering on X
refining above partial ordering. The following algorithm computes a Stanley
filtration

S =((D1,01),...,(Ds,0))

of the monomial ideal I C S such that if o; € X and D; # 0 there is a j <1
with

0j €

0; <0y

D; = D;+ D, withr € ¥(1) andr C o}
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o If I is a prime ideal and I = (y, |r € £ (1), r C o) with 0 € X, then
return ((0,0)).

o Otherwise:

—IfI ¢ (y. |reX(l), rCo) for all o € X then choose r € ¥ (1)
such that I # (I : (y.)) # (1) .

— Otherwise: Choose o € X minimal with respect to > with the
property
];(yr|T€E(l),rCa>

and choose r C o such that I # (I : (y,)) # (1)

Compute Stanley decompositions Sy of S/ (I + (y,)) and
82 = ((Dla Ul) JRREY (Dsa 05))
of S/ (I : (y,)). Return

S = SleiIl((Dl + DT,O'l) g eees (Ds —+ DT,O'S))

With appropriate choice of the isomorphism A, (Y) = Z* we may as-
sume that R%, C cpl (2) C R® From this it follows that the lead coefficient
of a Hilbert polynomial with respect to any graded ordering of the monomials
of Q|[t1,...,t4) is positive.

Algorithm 6.92 [Maclagan, Smith, 2005] Let > be a total ordering on X
induced by a graded ordering > on Q[ty,...,t.], suppose R%, C cpl(X) and
let P(t) € Q[t1,...,ta]. The following algorithm returns all B (X)-saturated
monomial ideals with Hilbert polynomial P (t).

e Let finished = {} and todo = {(0, P (¢))}.

o Let (S,Q(t)) € todo.
For allT €Y and all E € Z*Y | E > 0 with the following properties

If S # 0 there is (D,0) € S with o < T.

in (Q (1)) = in> (Ps, (1))
LC- (Q(t) — Ps, (t)) is positive.
If S =0, then E = 0.

If S # 0, then there is an r € X (1) with r C T such that E =
D+ D,.

Qﬁ*\%@"
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if Q(t) = Ps, (t), then
finished = finished U {S U {(F,7)}}

else

todo = todo U {(SU{(E,7)},Q (t) — Ps, (1))}
o Return all those monomzial ideals

ﬂ <y}fr+1 |lreX(1l),rCo, D= Zrez(l)urDT>
(D,o)eS

for S € finished, which have Hilbert polynomial P (t).

The mazimum of |S| for S € finished is called the Gotzmann number

of P(t).

Proposition 6.93 For given P (t) € Q[ty, ..., t,] there are only finitely many
B (X)-saturated monomial ideals with Hilbert polynomial P (t).

Passing to the initial ideal we get:

Theorem 6.94 [Maclagan, Smith, 2005] Let I C S be an B (X)-saturated
ideal, m the Gotzmann number of Psjr(t) and ¢ € ().cxq (deg D, + K),
then

Noes ((m — 1) ¢+ reg (S5)) C reg (S/1)

6.6.8 Multigraded Hilbert schemes

Consider the functor Hi' with

P _
Hy (R) = {‘7 | with Hilbert polynomial P

for R €C — Alg and fixed multigraded Hilbert polynomial P € Q[ty, ..., 4]
with s = [¥ (1) — n. By Section 1.3.10 there is a one-to-one correspondence

{ideal sheaves in HY (R)} < {B(X)-saturated ideals I C S ®@¢ R}
I I
J @ H° (Y7 J ®OY OY (a)>

a€An_1 (Y)

[

I

By Theorem 6.94 there is an m € K such that all B (X)-saturated ideals

are m-regular. With
I |m+/C:S' ( @ Ia)

aEM+K
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by Lemma 6.82 it holds

I ‘m-i-lC:T

Define h : A= 7Z° — Nby h(a) = P (a) and let F' be the multiplication by
monomials on S. Analogously to Corollary 6.58 there is a finite set D C m+X
such that for all fields K €k — Alg and for all L' € H?S ) ()

[ D>I'D
dim (K © S,) /L) < h(a)
for all a € m + K, where L. C K ® S is the F-submodule generated by
L’. Hence as D is finite by Theorem 6.56 the Hilbert functor H?& F) is a

subfunctor of H?SD’ Fp)Via the restriction map
H?S,F) - H?SD,FD)? L = LD

and H?& F) is represented by a closed subscheme of the Hilbert scheme representing

]HI’(”SD Fp)- As the Hilbert scheme representing H?SD Fp) IS a closed subscheme

of the Grassmann scheme representing GgD, the Hilbert scheme representing
]H[?S F) is projective.

Theorem 6.95 [Maclagan, Smith, 2005] If P € Q [ty, ..., ts] is a multigraded
Hilbert polynomial, then HE is represented by a projective scheme over C.

Algorithm 6.96 [Maclagan, Smith, 2005] The following algorithm computes
a subset D C m + K such that for all fields K €k — Alg and all L' €

H?SD,FD) (K)
dim (K © S,) /L) < h (a)

foralla e m+ K, where L C K ® S is the F-submodule generated by L.
1. D:={m}

2. Compute by Algorithm 6.92 the finite set M of all monomial ideals [
generated in degrees D with hgy (t) = P (t) Vt € D.

3. Suppose I € M with hg; (t) # P (t) for somet € m+ K, then D :=
D U{t} and goto 2. otherwise return D.

If I € M, then J = (I : B(X)™) is m-reqular and has Hilbert polynomial
Ps); = P. Hence J |k is generated in degree m. As

hs/r (m) = hgyy (m) = P (m)

it holds Jp, = I, so by I C J we have I | o= J |mix, hence
hsys(t) =P (t) Vtem+K

So in any step D satisfies the property required above.
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Remark 6.97 IfY is just simplicial, then one could replace S by the ring

D s

a€Pic(Y)

IfY is a non-simplicial toric variety, then one has to introduce an equivalence
relation identifying different saturated ideals defining the same subscheme of

Y.

6.6.9 State polytope

Let I C S be a B (X)-saturated ideal with multigraded Hilbert polynomial
P (t) and define h : A= 7Z°* — N by h(a) = P (a). Let m € K such that all
B (X)-saturated ideals are m-regular. Consider the finite set D C m + K as
constructed in Section 6.6.8 such that H’(ls F) s a subfunctor of H’(ls Fp)Via
’ D\'D
the restriction map
H?S,F) - H?SD,FD)7 L = LD

and H?& ) 18 represented by a closed subscheme of the projective Hilbert
scheme representing H?SD Fp)-

By Section 6.6.1 the functor G% _ is a subfunctor of G withr =", h(a)
and the corresponding morphism of schemes is a closed embedding. Consider
the Pliicker embedding of G5, — P (W) with W = A"™*?7"V and V = Sp,.
So we have closed embeddings

H?S,F) - H](LSD,FD) - G@D - GQD — P (W)

Denote by T the torus of Y. With T = M and T* = N the bilinear

pairing between characters and one parameter subgroups of T’

fxf* — @‘:Z
(A = (X, A) =xoA

corresponds to the canonical bilinear pairing
(—,—): M xN-—>Z

Write the finite set D = {[D1],...,[Dp]} C A,—1 (Y) and L; = Oy (D).
Choose linearizations of the torus action 7' X Y — Y on the L;

T x L; 2 I

dxm | |7
T xY 3 Y

192



which are unique up to translation in T = M. We will fix later particular
linearizations.
The action of T on

Sp =@ H"(Y,L;) = i=191D)
induces an action of T'on W and the Pliicker embedding p : G — P (W) is
T-equivariant.
For x € T'= M let
Wy={veW|Av=x(A)vVAeT}

With
State (W) = {x € M | W # {0}}

there is a decomposition

W= 69XeStm;e(VV) Wx

Denote by H (I) € H?S’F) the Hilbert point corresponding to I and let
h* € W be a representative of the image of H (/) under the embedding
p: H?S7F)—> P (W). Consider the decomposition of h* corresponding to the

decomposition of W
W= ZxEState(W) i
with h, € W,. Define
State (h) = {x € M | h, # 0}
and the state polytope of I as the convex hull
State (I) = convexhull (State (h)) C T ®z R = Mg
Let xg, ..., z, be a T-invariant basis of V' and
TR = Tp, N ... \ Ty,

the corresponding T-invariant basis of W, compatible with the decomposition
of W = D, cstatewy Wy With respect to the basis () the representation
p: T — GL (W) given by the action T'x W — W is of the form

p(z) = diag (™, ..., xMdmW)
with m; € M.
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Let

AN Cr =T
A(t) = diag (£, ..., t"“")

be a one parameter subgroup of 7', then

pol: C* — GL(W)
t — dlag (t<w7m1>7 . t<w7mdim W>)

With respect to the basis ()

h* = (Oél, ...,Cl/dimw)

and
A(t) - h* = diag (£ ™ ey, L M g )

Hence, with p : Hf ;y— P (W) and the line bundle

E = p" (Opqw) (1))

we have

pZ (h, A) = min {{w,m;) | a; #0} = min  (x, \)

XxEState(h)

so by Theorem 6.47 we obtain:

Theorem 6.98 Suppose Y = X (X) is a smooth toric variety given by the
fan ¥ C Ng and let S be the Coz ring of Y and K = cpl ()N A,—1 (V).

Let I C S be a B(X)-saturated ideal with Hilbert polynomial P (t), h
the corresponding Hilbert function and D C m + K such that the restriction
map gives a closed embedding ]I-]I?S, P H?SD’ Fp)- Fiz linearizations of the
T-action on'Y on the elements of D.

Then stability and semi-stability of the Hilbert point H (I) € H = H&F)
are characterized as

H(I)e H* <« 0e€ State(])
H(I)eH* < 0e€int(State(]))
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6.7 Toric homogeneous weight vectors and the Grobner
fan

In the same way as rational graded weight Vectors on the coordinate ring
of P" are up to multiples parametrized by 70,1 e want to parametrize
weight vectors, i.e., partial orderings given by W’el7gflt vectors for the variables,
on the graded pieces of the Cox ring in the general toric setting.

Let Y = X (X) be a complete toric variety, vy, ..., v, the minimal lattice
generators of the rays of ¥ forming the rows of the presentation matrix A of
Ap 1 (X (X)) in

0->MA7°0 5 A, (X (2)—0

Let P = convexhull (vy,...,v,) and S be the Cox ring of Y. Any rational
weight vector on S is representable by an element w € Homgy (ZE(I),Z).
Applying Homy, (—,7Z) to above sequence we get

0 « Ext} (A1 (X(X),Z) «
— Homg (M,Z) €& Homy (Z°V,Z) «— Homg (A, 1 (X (%),Z) «— 0
hence
Homy, (250, 2)
Homy (4,1 (X (£)),2)
Now connect the left hand side to the weight vectors on the graded pieces of
the Cox ring S

Note that scaled weight vectors give the same ordering on the monomials.
To take this into account, define the following equivalence relation: For

~image (.0 A) C N

Homy (Z*",Z)
Homg (A,—1 (X),Z)

Wy, Wy €

let
wy ~ Wy & E')\l, )\2 € Z>0 )\1w1 = )\211)2

where \;7 = A\jw; is the induced Z-module structure inherited from Homy, (Zz(l), Z).
The map

Homy (2*M 7, W
W — {graded wt. vec. on S}

w — >,= partial ordering given by w
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is well defined, as

wy = Wz
& (w; —wy) - € Homy (4,1 (X),Z)
< (wy; —ws) - € ker (o A)
< image (A) C ker ((w; — ws) +)
& w A =wyA
& wp- = wy - on image (A)
= (wia > 0 & wea > 0 Va € image (A))
S (Y™ >, Y™ <yt >, y™?) V¥ Cox monomials y™, y™? with degy™ = degy™
=y, o0 Sip) V[D] € A,y (X)

Note that

degy™ = degy™

~ Z mlva = Z mZUDv € An—l <X>

vez=) vez=1)
< my = mgmod image (A)

& my — mgy € image (A)
Surjectivity of 1 is obvious, and

= >=w, o0 Sip) V[D] € Ap_1 (X)
& (wia > 0 < wea > 0 Va € image (A))
< I, A € Zog - Mqwia = dgwaa Va € image (A)
<IN, A € Zog : Mqwy = Awe - on image (A)
S (AMwy; — Aawy) A=0
< image (A) C ker ((Mjw; — Agwy) +)
< (AMwy — Agwy) - € ker (Lo A)
& (Mwy — Awe) - € Homy (4,1 (X)), Z)
& MWL = AWy
& Wi ~ Wy
hence:

Lemma 6.99 The map

omy (Z5W)
% Y, {graded weight vectors on S}

w = w
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s well defined, surjective and
= e (FA, A2 € Zso t MWL = N\aWa) S W~ Wy

Proposition 6.100 After tensoring with R, the map

N = Homg (M, Z)
U

_0A HOmz(ZZ(l),Z)

image(_o0 A) < oA T XD {graded wt. vec. on S}

Yoqwivg = (wr, .., wy) =

gives a one-to-one correspondence between half lines with origin 0 in Ng and
the real weight vectors on the graded parts of S.

Lemma 6.101 As 0 € int (P), there are a; > 0 such that Y., a;v; = 0,
hence via translation by (ai,...,a,) any weight ordering is equivalent to a
global one.

We extend the definition of the Grobner fan to the general toric setting:

Definition 6.102 The Grébner fan GF (J) of a homogeneous ideal J C S
is the complete polyhedral fan formed by the cones ¢! (C’w(w) (J)) C Ng for
w € NR.

Proposition 6.103 IfY is a smooth toric variety and J C S is a homoge-
neous ideal, then GF' (J) = NF (State (J)).

Note that the normal fan does not depend on translation of State (J) by
choice of linearizations. Note also that the state polytope of J and of its
saturation have the same normal fan.

7 Q-Gorenstein varieties and Fano polytopes

7.1 Singularities of toric varieties

Let N 27" M = Hom (N,Z), let Y be an affine toric variety given by the
rational polyhedral n-dimensional cone ¢ C Ny and let vy, ...,vs € N be the
minimal lattice generators of o.

Lemma 7.1 [Dais, 2002] The affine toric variety Y is Q-Gorenstein if and
only if there is an m € Mg with (m,v;) = —1Vi=1,...,s.
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Definition 7.2 The minimal r € Z~q such that there is an m € M with
(m,v;) = —r Vi = 1,...;s is called the index of the singularity of Y. SoY
is Gorenstein if and only if it has index 1.

Lemma 7.3 [Dais, 2002] Suppose Y is Q-Gorenstein and m € Mg with
(m,v;) = —=1Vi=1,...;s. Then'Y is terminal if and only if

o {we N| (mw)> 1} = {0,01, ...}
and Y s canonical if and only if
oN{w e N | (m,w) > -1} = {0}

Proposition 7.4 [Dais, 2002] If Y is Q-Gorenstein, then it is log-terminal.
If Y is Gorenstein, then it is canonical.

Let Y be a normal Q-Gorenstein toric variety of dimension n, given by the
rational polyhedral fan ¥ C Nr. As Y is Q-Gorenstein, there is a continuous
function ¢, : Ng — R5( such that g, is piecewise linear on the fan ¥ and
¢k, () = 1 for the minimal lattice generators 7 of all rays r € ¥ (1).

Proposition 7.5 [Kawamata, Matsuda, Matsuki, 1987] Suppose X' is a re-
finement of ¥ inducing a resolution of singularities by the birational mor-
phism f : X (¥) — X (X) and denote by Dy, ..., D, the irreducible com-
ponents of the exceptional divisor of f. Then D, ..., D, have only normal
crossings, Dy, ..., D, correspond to the rays of ¥’ not in X, and

Kxisny = f"Kxi) + Z a, D,
rex’(1\(1)

with
a, = (pKY (f) -1

In particular, f is crepant if and only if vk, (7) = 1 forallr € ¥/ (1) \X (1).

7.2 Fano polytopes

Section 1.2 suggests to consider Q-Gorenstein Fano varieties, so we generalize
Definition 1.116 to the following:

Definition 7.6 A normal variety Y s called Fano if some multiple of — Ky
s an ample Cartier divisor.
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By Ky = — ZvEZ(l) D, a toric variety Y is Q-Gorenstein if and only if
some multiple of }° sy Dy is Cartier.

Lemma 7.7 If Y is a complete toric variety then it is Fano if and only
if some multiple of ZveE(l) D, is Cartier and ample if and only if ¥ =
X (NF (A g, ).

Definition 7.8 [Coz, 2002] A polytope P C Ng = R" of dimension n is
called a Fano polytope if P is integral and 0 is the unique lattice point in
the interior of P.

If P C Ny is a Fano polytope, then P* is cut out by the equations
(m,w;) > —1 for the vertices w; € N, so if m € P* N M is a lattice point in
the interior of P*, then (m,w;) € Z and (m,w;) > —1 for all i, hence:

Lemma 7.9 If P C Ng is a Fano polytope, then 0 is the unique interior
lattice point of P*.

Definition 7.10 Denote by X (P) the fan over the faces of P.

By the characterization of ample Cartier divisors in Section 1.3.4, we
obtain:

Proposition 7.11 If P is a Fano polytope, then X (X (P)) is a toric Fano
variety. It is Q-Gorenstein, hence it has log-terminal singularities by Propo-
sition 7.4.

Note that the vertices of P are the minimal lattice generators of the rays
of X (X). From Section 7.1 we also get:

Proposition 7.12 If P C Ng = R" is a Fano polytope, then it holds:

1. If PN N = vert (P) U {0}, i.e., all lattice points of OP are vertices,
then X (X (P)) is terminal.

2. If all facets of P are of the form P N {w € Ng | (m,w) = —1} with
integral m € M, then X (X (P)) is Gorenstein.

So the second condition is equivalent to P* = A_k, being integral: Writ-

ing all facets F' of P as F = PN {w € Ng | (mp,w) = —1} with mp € M,
the mp are the vertices of P* = convexhull {mp | F' facet of P}.
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Proposition 7.13 A Fano polytope P is reflexive if and only if P* is in-
tegral. Then X (X (P)) is a Gorenstein toric Fano variety, hence it has ca-
nonical singularities by Proposition 7.4.

Proposition 7.14 Suppose P C Ng is a Fano polytope, 3 = ¥ (P) C Ng
is the fan over the faces of P and Y = X (X). As X is Q-Gorenstein,
there is a continuous function ¢g, : Ng — Rsq such that pg, is piece-
wise linear on the fan ¥ and pg, (v) = 1 for all vertices of P, i.e., P =
{w e Ng | vk, (W) < 1}. If ¥ is a refinement of ¥ inducing a resolution of
singularities via the birational morphism f : X (X') — X (X), then

Kxy = [fKx) + Z (¢Ky (7) = 1) D,
rex/ (D\2(1)

Hence f is crepant if and only if the introduced rays 3' (1) \X (1) have mini-
mal lattice generators on the boundary of P.

8 The tropical mirror construction for com-
plete intersections in toric varieties

In the following, we give a tropical mirror construction for complete inter-
sections in toric varieties as defined in Section 2.2, and we show that the
tropical mirror coincides with the Batyrev-Borisov mirror.

8.1 The degeneration for toric complete intersections

Consider the setup from Section 2.2, i.e., let Y = P (A) be a Gorenstein toric
Fano variety of dimension n, represented by the reflexive polytope A C Mg,
with normal fan ¥ C Ng and Cox ring S, and let ¥ (1) = I; U...U 1. be a
nef partition, so F; =) I D, are Cartier, spanned by global sections and

25:1 E; = —Ky. Define A; = Ag, as the polytope of sections of E; and

V,; = convexhull {{0} U I;}
g = convexhull (A; U...UA,)

SO

A=A+ ...+ A,
Veg=Vi+ ..+ V.
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Consider the monomial degeneration X as defined in Section 3.1
m; = Hyv fory=1,...,c
’UEIj
In=(m;|j=1,...,¢)
I=(fj=t-gig+m;|lj=1..,cCCltj®s

gj € Sig;), J = 1, ..., ¢ general, reduced with respect to Iy
of a complete intersection of dimension d = n — ¢ given by general sections
of the Cartier divisors Fj, ..., E. to the monomial ideal I,.

The resolution of Iy is given by the Koszul complex K, on m = (my, ..., m.),
i.e., the complex of the simplex on my, ..., m.,

0—-K 2. 2K 2K,
with
E=0y(E)®...0 0y (E,)
Ko = Oy
K, = /\pé’* forp=1,....c
and the maps 0 are given by contraction with the section m of £. With

respect to the standard frame e;, ;, = e;; A ... Ae;, for 1 <4y < ... <ip < ¢
of K, we can write more explicitly

1<ip <...<ip<c

e @Oy (_Ez) — Oy
=1

and
0 . Kp - Kp—l
p
—1
8 (e’il...ip) - Z (_1)j m’ij e’il...ijflijJrl...ip
7=1

Denote by 7 : Y xSpec C [[t]] — Y the projection on the first component.
So for above family X defined by I = (my +tgy, ..., mc + tg.), the Koszul
complex on (my + tgy, ..., m. + tg.) considered as a section of 7€ gives a lift
of all syzygies of (myq,...,m.), so X is flat.

In the same way any first order deformation over Spec (C [t] / (t?)) gives
a deformation over Spec (C[[t]]), hence:
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Proposition 8.1 The family X C Y x Spec(C[[t]]) defined by I is a flat
degeneration with fibers polarized in' Y = P (A) and monomial special fiber
Xo given by Iy. The fiber over the generic point of Spec (C[[t]]) is a Calabi-
Yau complete intersection of codimension ¢ in'Y given by general sections of
O(Ey),...,O(E,).

The deformations of Iy are unobstructed and the base space is smooth.

Let vy, ...,v, € Hom (1o, S/1y), be a basis of the tangent space of the Hilbert
scheme of Xo. The degeneration X is general in the sense that if v is the
tangent vector of X and v =Y_"_, \jv;, then we have \; # 0 Vi.

The ideals of the maximal strata of X, are the ideals (y;,,...,y;.) C S for
j1 € I1, ..., jc € I, hence are given by ¢ = codim (X;) equations.

Note that in a toric variety the ideal of a stratum of codimension ¢ in the
Cox ring S can have more than ¢ generators and the face of A corresponding
to the stratum may be contained in more than c facets, see Example 8.11.

8.2 The Grobner cone associated to the special fiber
and the polytope V

Fix a tie break ordering > on C [t] ® S with ¢ local and respecting the Chow
grading on S, so L~ (f;) = m;. Denote by ¢ the map from Ny to the graded
weight vectors on S as defined in Section 6.7. The special fiber Grobner cone

Oy (1) = {_ (wi,wy) ERS Na | Lo, (1) = IO}
is given by

Cr, (I) = {— (wi, wy) € R® N | trop (g;) (¢ (wy)) — w; < trop (m;) (¢ (wy)) i}

Note that the equalities of the lead terms respectively the tropical inequalities
are well defined by homogeneity.

As convexhull (A U...UA,) = Vi contains 0 in its interior, for all
w € Ny there is j and a vertex 0 # m of A; such that (m,w) > 0. Then

m = m; - Am is a monomial of some g;with ¢ (w,) (%) >0, ie.,
trop (m) (¢ (wy)) > tropm; (¢ (wy))

hence:

Lemma 8.2 The special fiber Grébner cone satisfies

Cr, (I) N {w; = 0} = {0}
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So Iy cannot appear as lead ideal of the general fiber ideal Iy,.
Intersecting C7, (I) with the hyperplane {w; = 1} we obtain the convex
polytope
V:C]O(I)ﬂ{wt:1} C Ng

with

V = {~w, € Na | trop (g)) (¢ (w,)) — 1 < trop (my) (i (w,)) ¥j = 1, ...}

and 0 € int V.

As V is given by integral linear equations corresponding to the deforma-
tions of I appearing in I, the polytope V* is integral.

Rewriting the tropical equations we have

V ={-w, € Ng | trop (m) (¢ (w,)) — 1 < trop (m;) (¢ (w,)) V monomials m of g; Vj}

= {wy € Nr | ¢ (wy) (%) > —1 V monomials m of g; and Vj}

J
The linear conditions defining V do not change if we do not require the f;

to be reduced with respect to Iy. To see this, let - be a degree 0 Cox Laurent
J

monomial, i.e., 7= € image (A). Any ¢ (w,) has a positive representative in
J
RED. If m; | m, then

o (w,) (ﬂ) >0> -1

If m € Sig,) is divisible by some

mi:Hyv

vel;

for j # i, then A~} (%) is an interior point of a face F' of A; of dimension
dim (F') > 1, hence, the defining inequality of V

() =

given by m is redundant, so we get:

Proposition 8.3 The polytope V is given by

V = {wy € Ng | <A1 <ﬁ) ,wy> > —1 Y monomials m € Sig,) Vj =1, ...,c}
m :

i

and 0 € V*.
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Reformulating this in terms of lattice monomials

V ={w, € Ng | (m,w,) > —1Vm € A; Vj}
={w, € Ng | (Mm,w,) > -1 Vm € Viz}
= Vgp

by Vi = convexhull (A; U...UA,), hence:

Theorem 8.4 The polytope V = Cy, (I) N {w; = 1} coincides with Vpp
given in the mairror construction by Batyrev and Borisov

V =Vgs

Corollary 8.5 V is reflexive, so it defines a Gorenstein toric Fano variety

Y° =P (V).
Denote by S° = Clz, | r € ¥°(1)] with 3° = NF (V) the Cox ring of Y.

Example 8.6 Consider the monomial degeneration X C P3? x SpecC[[t]]
over Spec C[[t]] of an elliptic curve given as the complete intersection of two
general quadrics in P? as given in Ezample 3.8, i.e., by the ideal

I={(t-g1+x29, t-go+x013) CC[t]@S

where g1, 92 € Clxo,...,x3], are general, not involving monomials in Iy =
(1179, Tox3). Here S = C[xy, ..., x3] denotes the Cox ring of P (A) = P3 with
variables xg, ..., x3 corresponding to the vertices of A* and A is the degree 4
Veronese polytope of P3.

For this example the reflexive polytope V = Cp, (I) N {w; = 1} is depicted
in Figure 8.1. As shown above it agrees with Vg given in Example 2.9.

8.3 The initial ideals of the faces of V

In the following we explicitly give the correspondence of lead ideals of I and
faces of V*.

Consider the notation from the last section. Note that all w in the interior
of a face F' of V lead to the same initial ideal of I denoted by ing (I). Let F
be a face of V and m a monomial of g;. Then m is a monomial of ing (g;) if
and only if m € Sig,) and

p (wy) (m) +1 =@ (wy) (m;) Vwy, € F
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Figure 8.1: Reflexive supporting polyhedron of the special fiber Grobner cone
for the monomial degeneration of the complete intersection of two general
quadrics in P3

so if and only if A~! (mﬂ) € A;N M and

<A1 <%> ,wy> = —1Vw, € F

i.e., if and only if there is an m € A; N M with m =m; - A(m) and
(m,wy) = —1Vw, € F
hence:

Lemma 8.7 The monomials appearing in ing (g;) are

{m;}u{m; - A(m) | m € A; N M with (m,w,) =—1VYw, € F' and m; - A(m) ¢ Io}

8.4 The dual complex of V

If F is a face of V write

iIlF(fj):t Z cmm—l—mj

mEGj (F)

forj=1,...,c
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Definition 8.8 If F' is a face of V, then define the dual face of F as the
convex hull of all first order deformations appearing the initial ideal of I with
respect to F

dual (F') = convexhull (Al (mﬁ> |lmeG;(F), j=1, ...,c> C Mg
j

Then we have

dual (F') = convexhull <U { ( > | m a monomial of ing (gj)})
m;

[y

Jj=

so by Lemma 8.7

dual (F) = convexhull U {meA;,NM|(muw,) =-1Yw, € F}

= convexhull ({m € UA NAM | (m,w,) =—1Vw, € F})

={me V" | (m :—1waeF}
— [

hence:
Proposition 8.9 If F is a face of V, then
dual (F) = F*C V*
in particular dual (F') is a face of V*, so
dual : Poset (V) — Poset (V*)

is the inclusion reversing map from the face poset of V to the face poset of
V* given by dualization of the face.

Example 8.10 The complex of initial ideals dual (V) for above Example 8.6

15 visualized in Figure 8.2. Some faces of V and their corresponding images
under dual are highlighted.
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dual

Figure 8.2: Faces of initial ideals for the monomial degeneration of the com-
plete intersection of two general quadrics in P3

8.5 The Bergman subcomplex of V

Intersecting the Bergman complex with V, we obtain the following subcom-
plex of dimension d of the boundary complex of V

B(I) = BCy, (I) = (BF (I) N Poset (C, (1)) N {uw, = 1}

the Bergman subcomplex or tropical subcomplex of V. Here Poset (Cy, (1))
is the fan generated by the cone Cp, (I). The intersection of the fan BF (I)N
Poset (Cp, (1)) with the hyperplane {w; = 1} is defined as the complex whose
faces are the intersections of the cones of the fan with {w; = 1}.

Example 8.11 For above Example 8.6 the tropical subcomplex B (I) C Poset (V)
15 shown in Figure 8.3.

8.6 The mirror complex
If F is a face of B (I) write

iIlF (fj) =t Z m—l—mj

meG, (F)
for j =1,...,¢, then G; (F') # 0 Vj. Then we define the map

w: B(I) — Poset (A)
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I~

Figure 8.3: Bergman subcomplex for the monomial degeneration of the com-
plete intersection of two general quadrics in P3

mapping a face of B (1) to the Minkowski sum of the initial forms

u(F) = Z;convexhuu (A—l (mﬁ) |m € G, (F))

J

= Zconvexhull (m | m e Aj,(w,m) =—1Vw € F)

Jj=1

Proposition 8.12 u (B (1)) is a subcomplezx of Poset (A) and p induces an
isomorphism of complexes

B(I)" — u(B(I)) C Poset (A)
If F is a face of B (1), then
dim (u(F)) =n—c—dim(F) =d— dim (F)

Example 8.13 For above Example 8.6, the complexes B (I) C 'V and (B (1)) C
A are shown in Figure 8.4.
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xrg ... 3

xro ... X3

xo ... X3

7]
xro ... I3

Figure 8.4: Mirror dual complex of the Bergman subcomplex for the mono-

mial degeneration of the complete intersection of two general quadrics in
P?)

8.7 The dual complex of B (I)

Now consider the image of B (I) under the map dual. By Lemma 8.4 the
complex dual (B (1)) is a subcomplex of V*. If F'is a face of B (1), then

dim (dual (F)) =n —1—dim F

Intersecting dual (F') with A;, we can recover the initial monomials of the
individual equations, as

dual (F) N A; = convexhull{m € V"N M N A, | (m,w,) = -1 Vw, € F}
= convexhull(m € A, N M | (m,w,) = —1 Yw, € F)
= convexhull (A_l (ﬁ) | m a monomial of ing (gj)>

m;

by Lemma 8.7, hence:

Lemma 8.14 If I is a face of the special fiber Bergman complex B (1), then
the intersection of its dual face dual (F) C V with A; C V is the face of A;
given as the convex hull of the deformations appearing in ing (f;), i.e.,

dual (F) N A; = convexhull (Al (ﬁ> | m a monomial of ing (gj)>

m;
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So we obtain:

Proposition 8.15 If F' is a face of B (I), then u(F) is the Minkowski sum
w(F) = Zdual(F) NA;
j=1

Example 8.16 For above Example 8.6 the complex dual (B (I)) C V* is
shown in Figure 8.5.

T3
zQ ... T3
u
4
Lo
zg ... T3
o
xro ... I3
4
Ty
g ... T3
(5
<.
2
2
T3
2
Ty x%
r1x9 172
2
Ty a3

Zox3 Tox3

Figure 8.5: Complex of initial ideals for the monomial degeneration of the
complete intersection of two general quadrics in P3
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8.8 B(I) and the complex of strata of X

Consider the map lim given by

lim: B(I) — Strata(Y)
F — {limga(t)|acval' (int(F))}
where Strata (Y) denotes the poset of closures of the toric strata of the toric

CEM_v(B(%))

variety Y = o)

Proposition 8.17 If F is a face of B(I), then lim (F) =V ((u(F))") and
the complexes lim (B (1)) and u (B (1)) are isomorphic.

Note that the k-dimensional orbit closures V' (o) correspond to the cones
o of ¥ of dimension n — k (i.e., faces of A* of dimension n —k — 1) .

Example 8.18 In the above Example 8.6 for w = (1,0,1) = (1,0,0) +
(0,0,1) we have ¢ (w) = (0,1,0,1) +Z(1,1,1,1) and

lim ({w}) =V (z1,23) C %

Denote by Strataa (Ip) the complex of faces of A corresponding to the
strata in Y of the reduced monomial ideal Ij.

Proposition 8.19 The map

B(I)" — Strataa (1)
FY — lim(F)

s an isomorphism of complexes and
dim (lim (F)) =n — 1 —dim (x (F))" = dim (¢ (F)) = d — dim (F)

Example 8.20 For above Example 8.6 the relation between the maps lim
and p 1s shown in Figure 8.6.
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<'/I’.07‘/L.17'/L‘2>

<£L’0, x1>

<I07 Ty, .I'3>

lim 3
l %

Strata(X,) >

d

x3

X0 x1

zoT3 zToT3

Figure 8.6: The image of lim for the monomial degeneration of the complete
intersection of two general quadrics in P?

8.9 Remark on the topology of B (/)

In the case of a toric hypersurface B (I) and lim (B (I)) = u (B (I)) are the
boundaries of the polytopes V and A, respectively, hence are homeomorphic
to spheres.

Remark 8.21 Consider a degeneration obtained from a general complete
intersection inside projective space P* = P (A) given by the partition ¥ (1) =
Iy U ..U 1. and denote by S (I;) the simplex on I;. Then lim (B (I)) =
p (B (I)) = Strata (Xy) is isomorphic to the join

S(I) % ... % S (I.) = SII72 5 5 GHel=2 o2 gn=2ete _ gd
via the complementary numbering

p(F) = {reX) | r¢ hull((u(F))}
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Recall that the join of complexes C}, Cs is the complex
CixCy={fVg|feC,gel}

where V denotes the disjoint union.

The complex Strata (Xj) is homoemorphic to a sphere also in the general
complete intersection setup given by a nef partition of A. So, as the dual cell
complex of lim (B (I)), also B (I) is homeomorphic to a sphere. Note that,
as we will see below, the complex B (I) corresponds to the nef partition of
V dual to the nef partition of A.

8.10 Covering of B(I)’ and reconstruction of I from
the tropical data

The map
dual (B (1)) — p(B(I))
Fr e Y FTAA = p(F)

induces a ¢ : 1 covering of complexes:

Proposition 8.22 The complex dual (B (1)) contains a trivial ¢ : 1 covering
| dual(B(1))nA; & B (1)
j=1

with sheets dual (B (1)) N A;. Here the intersection of the polytope A; with
the complex dual (B (1)) is defined as intersection of each face of dual (B (1))
with A;.

If dual (F') is a minimal face of dual (B (I)), i.e., has dimension n — 1 —
d=c—1, then F has precisely c vertices (indeed precisely c lattice points).

The union of the sheets should be related to the tropical subcomplex of
infinity of the mirror degeneration, i.e.,

Jdual(B(I)) nA; = BF(I°)n{w, = 0} C S" C R™"!
j=1

Any face has ¢ disjoint non-empty, but possibly degenerate, preimage
faces. There is an algorithm, computing the above covering inductively from
dual (B (I)) without using the polytopes A;. It starts with associating to
any face dual (F') of lowest dimension n — 1 — d the set of its ¢ vertices.
Inductively for growing dimension of dual (F'), associate to it the set of those
of its faces, which intersect each previously computed set of sheet faces at
most once:
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Algorithm 8.23 The following algorithm computes the above ¢ : 1 covering
T of B(I)":

o [f Fis a face of B(I) of dim (F) = d and pa, ..., p. are the vertices of
dual (F') then set
™ (pj) = F’

forj=1, .. c.

e Ifl >0 and F is a face of B(I) of dim (F) = d — I then the faces of
the covering m over FV are those faces H of dual (F) with

— H intersects at most one of the elements of 71 (Q") for every
face Q' G FY, i.e., for all faces Q of B(I) with F' G Q, and

— H ¢ n(QY) for all faces Q¥ G F".

Example 8.24 In the case of the degeneration of the complete intersection
of two general quadrics to the monomial ideal (xixs,Tox3), as defined in
Ezxample 8.6, the two sheets of the covering inside dual (B (I)) are shown
in Figure 8.7. The sheets are formed by the initial terms of the defining
equations fi = x1xs + tgy and fo = xox3 + tge at the faces of the Bergman
complex.

Figure 8.7: Covering of B (I)" given by the initial terms for the monomial
degeneration of the complete intersection of two general quadrics in P3
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Corollary 8.25 Above covering allows to reconstruct the reduced Grobner
basis equations by clearing the denominators from

fi=t- > Am+1

medual(B(I))NA;

8.11 Covering of (u(B(I)))", construction of I° from
the tropical data and equivalence to the Batyrev-
Borisov mirror

We now apply a similar procedure to construct the mirror family 7°. The

inclusion corresponding to dual (B (I)) = B (I)* C V* on the mirror side
should be (u (B (I)))" € A*, indeed:

Lemma 8.26 For any face F' of B (I) we have F =3 77_, (u(F))" NV;.
Applying the above algorithm yields a covering

C

UwBW!) 0V, = (u(B(1))

j=1
The union of the sheets should be related to the tropical subcomplex of
infinity:

O(M(B(I)))*mvj :BF(I)ﬂ{wt:[)} c S” CRR—H

=1

Example 8.27 In above Example 8.6 the faces of the covering inside the
complex of mirror initial ideals is shown in Figure 8.8.

As a corollary to Lemma 8.26 the sheets of the covering correspond to
the equations defining the complete intersection special fiber Xq C Y.

Corollary 8.28 Denoting by B; = (1 (B (I)))*NV; the sheets of this covering,
we have

Iy = <H rexy Yr|i=1, ...,c> c S

Fe€supp(B;)

In terms of the complex p (B (1)) = lim (B ([)) = Strataa (Ip) we can
define the ideal

IF = Nrestatan (1), (Vo | G a facet of A with F' C G)

= <Hyv | J C X (1) with supp (u(B(I))) C UFU> cS

veJ veJ
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Figure 8.8: Covering of u (B (1)) inside A* for the monomial degeneration
of the complete intersection of two general quadrics in P?

Passing from I to I3 is for reduced monomial ideals the non-simplicial Cox
ring analogue of saturation in the irrelevant ideal.

Lemma 8.29 The ideals IS and Iy in S both define the same subvariety Xo
of Y.

Denote the map
0 M E72%0 5 A4, (X(2°) =0

by A°. We consider the ideal generated by equations corresponding to the
sheets of the covering given in Proposition 8.26. The degeneration X° C
P (V) x Spec C [t] defined by

<t- Z 05-A°(5)+1|j:1,...,c>

se(u(B(I)))* NV;NM

with generic coefficients ¢s coincides with the degeneration associated to the
Batyrev-Borisov mirror. Clearing the denominators, the mirror degeneration
is given by the Pic(Y°)-generated ideal

I° = <z. > e A0 mi+mS | = 1,...,c> C S°®Ct]
SE(u(B(1)))" M
A°(8)-mSEeS®

216



where m is the least common multiple of the denominators of the Cox Lau-
rent monomials A° (§) for lattice points ¢ in the sheet B; = (u (B (I)))"NV;.
The above generators of I° coincide with the reduced Grobner basis of the
ideal of the degeneration associated to the Batyrev-Borisov mirror.

Theorem 8.30 The mirror obtained from the tropical construction coincides
with the Batyrev-Borisov mirror.

Lemma 8.31 Denoting by BY = dual (B (1)) NA; the sheets of the covering
giwen in Proposition 8.22, the special fiber of X° is given by
Iy = <H rex) % |0 =1, ...,c> CS°=Clz |rex° (1)
?)

fesupp(B

In terms of the complex B (I) = Stratay (Ij) we have the ideal
o\ Z°
(I5)~ = ﬂFeB(I)d (2

= <sz | J C X°(1) with supp (B (1)) C UFU> C S°

ved veJ

G a facet of V with F' C G)

Lemma 8.32 The ideals (IS)EO and I3 in S° both define the same subvariety
Xg of Y°.

Indeed, from the point of view of saturation in the sense of removing the
irrelevant components, we should associate to the special fiber X§ of X° the
ideal (I3)”, and to the degeneration X° the ideal

<t~ Z cs - A° (8) - mo + mg | mp a minimal generator of (]S)EO>
de(u(B(I)))* NV,
A°(8)-moeS°

in S°® C [t] with generic coefficients ¢s. The same holds true of course for X.

Note that passing to the saturated description does not change the objects
involved in the tropical mirror construction, as the special fiber complex and
the set of first order deformations does not change.

Example 8.33 Figure 8.9 gives a summary of the tropical mirror construction

for above monomial degeneration of the complete intersection of two general
quadrics in P3.
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YiYiv2y3
Y1 --- Y8

<y2 y6> x4
; Y3YSYIYa - 31:3
Y18 (g, 2, a0)
< p
Ys, Y —_— zd
17?/5> n 4 zo ... X3
To (@0, 1, 3)
2,2 2 2 g ... T3
Y1Y23Ys5Ys T
1929596 1,T2,T3
Y1 .- Y8 » < y L2, >
YIY3Ya Y3
Y1 - Y8 )
lim lim
> Strata(X,) >
\VJ V

Zo

Y1 .- Y4

Figure 8.9: Summary of the tropical mirror construction for above monomial
degeneration of the complete intersection of two general quadrics in P3

8.12 Examples

In the following we give the explicit computations for some simple examples.
The text is computer generated from the output given by the Maple package
tropicalmirror, which implements the tropical mirror construction. See also
Section 12.4 for a short description of the tropicalmirror package.
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8.12.1 The elliptic curve given as the complete intersection of two
generic quadrics in P?

Setup Let Y =P = X (¥), ¥ = X(P) = NF(A) C Ng with the Fano
polytope P = A* given by

A:convexhull( E?zl_&l_l—)l) (=1.3,-1) (=1,-1,3) ) C My

and let
S - C[x07xlax2ax3]

be the Cox ring of Y with the variables

T1 = 21,000 L2 = T(0,1,0 L3=T0,0,1) Lo= T(-1,-1,-1)

associated to the rays of 3. Consider the degeneration X C Y x SpecC [t]

of complete intersection elliptic curves of type (2,2) with monomial special
fiber

10:< T1 X2 XoT3 >

The degeneration is given by the ideal I C S®C [t| with Ip-reduced generators

{ T Ty + (8123 + So Ty Ty + S3T1 Ty + S4 T3 + 85T T3 + S¢ To Tg + S7 X2 + S TL), }

Lo X3 -+ t(Sg l’% -+ S10 X1 T3 -+ S11 X1 g -+ S12 .TZ'% + S13 T2 I3 + S14 T2 T + S15 .’L’g + S16 l’g)

Special fiber Grobner cone The space of first order deformations of
X has dimension 16 and the deformations represented by the Cox Laurent
monomials

2 2 2 2

] 3 il 2 o 3 T2 T1 Lo T1 To T2 T3
T1 T2 T1 T2 o T3 o T3 3 o 1 o 1 3 o o 1
1 3 T2
o o xs3

form a torus invariant basis. These deformations give linear inequalities
defining the special fiber Grobner cone, i.e.,

Cr, (I) = {(w,wy) € RD Ng | (w, A7 (m)) > —w,Vm}
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for above monomials m and the presentation matrix

1 0 0

0 1 0
A —

0 0 1

-1 -1 -1

of Ay (Y'). The vertices of the special fiber polytope
V=0C, (I)Nn{w, =1}

and the number of faces, each vertex is contained in, are given by the table

3 (0,0,1) (-1,—-1,—-1) (0,1,0) (1,0,0)
4  (1,0,1) (0,1,1) (0,—1,-1) (-1,0,—1)

The number of faces of V and their F-vectors are

Dimension Number of faces F-vector

-1 1 (0,0,0,0,0)
0 8 (1,1,0,0,0) point
1 14 (1,2,1,0,0) edge
2 4 (1,3,3,1,0) triangle
2 4 (1,4,4,1,0) quadrangle
3 1 (1,8,14,8,1)

The dual P° = V* of V is a Fano polytope with vertices
(0,2,-1) (0,0,—1)  (2,0,—1) (0,0,1) (=1,1,0) (=1,—1,0)
(1,-1,0) (=1,-1,2)

and the F-vectors of the faces of P° are
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Dimension Number of faces F-vector

1 1 (0,0,0,0,0)
0 8 (1,1,0,0,0) point
1 14 (1,2,1,0,0) edge
2 4 (1,3,3,1,0) triangle
2 4 (1,4,4,1,0) quadrangle
3 1 (1,8,14,8,1)

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (3 (P°))
of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is

dim (Aut (Y°)) =3
Let

S° = (C[yb Y2, -y ?48]

be the Cox ring of Y° with variables

2 z2

Y1 = Y02,-1) = 50 Y2 = Y00,-1) = 5 Y3 = Y20,-1) = 7om ;%

Y4 = Y0,01) = i—i Ys = Y(-1,1,0 = i—f Y6 = Y(-1,-1,0) = xf?w
332

Y7 =¥Ya,-1,0 = i—; Ys = Y(-1,-1,2) = ﬁ

Bergman subcomplex Intersecting the tropical variety of I with the spe-
cial fiber Grobner cone Cy, (I) we obtain the special fiber Bergman subcom-
plex

B(I)=Cy, (I)NBF(I)N {w, = 1}

The following table chooses an indexing of the vertices of V involved in B (1)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (1) it is contained in

AVARN(T:10))

A ) ) 2=(0,1,1) 3=(0,—1,—1)
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With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

Y

I
(11,121, 3], [4]];

[[1,3], [2,4],[3,4], [1, 2],
I

[

9

B (I) has the F-vector

Dimension -1 0 1 2 3
Number of faces 0 4 4 0 O
and the F-vectors of its faces are
Dimension Number of faces F-vector
0 4 (1,1,0,0,0) point
1 4 (1,2,1,0,0) edge

Dual complex The dual complex dual (B (1)) = (B (I))" of deformations
associated to B (I) via initial ideals is given by

[,
[,

m% To * 96% T * 3 * o
(11,3 = <M’E>=[2’4] = (2,34 = (2 2), 12 = (2, 2),

2 2 2 2
To T2 [2]*_ To  _*y om0 1 [3]*_ T3 Ty x3 z2
x1x2’:vo:v3’:v3’:v1 ’ 122 TO T3 X3 T2 [ ) 122’ T3’ X0’ X1 /7
T3 T1 ]
331332’1013’330’@ ’

S
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when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mr. When numbering the vertices of
the faces of dual (B (I)) by the Cox variables of the mirror toric Fano variety
Y® the complex dual (B (1)) is

Y

3]* = (Y1, 9s5) » [2 4]* = (Y3, Y7) » [374]* = (Y3, Y4) » [1:2]* = <967y2>],

]* = <?Jﬁ,yl7y2,?/5> ) [2]* = <?Jﬁ?y3>y2,y7> ) [3]* = <y8>y1,y47y5> )
= <y87y37y47y7>]7

1
1

]
]
[
[

4
]

[
[
[
[
[4]
[

The dual complex has the F-vector

Dimension —1 0 1 2 3
Number of faces 0 0 4 40
and the F-vectors of the faces of dual (B (I)) are
Dimension Number of faces F-vector
1 4 (1,2,1,0,0) edge
2 4 (1,4,4,1,0) quadrangle

Recall that in this example the toric variety Y is projective space. The
number of lattice points of the support of dual (B (I)) relates to the dimension
h10 (X)) of the complex moduli space of the generic fiber X of X and to the
dimension h"! (X°) of the Kéhler moduli space of the M PCP-blowup X°
of the generic fiber X° of the mirror degeneration

lsupp (dual (B (1)) " M| =16 = 15+ 1 = dim (Aut (Y)) + A% (X)
=124+3+1
= |Roots (Y)| + dim (Ty) + 2" (X°)

There are
Y (X) + dim (Tye) =1 +3
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non-trivial toric polynomial deformations of X

2 2 2 2
) 1 T3 Zo
o X3 o X3 xr1x2 xr1 X2

They correspond to the toric divisors

Do2,-1) Deo-1) D112 D110

on a MPCP-blowup of Y° inducing 1 non-zero toric divisor classes on the
mirror X°. The following 12 toric divisors of Y induce the trivial divisor
class on X°

D110 Da-10 Doy Dweo-1 D1
D100 Dao-1) Dwo-10 Doio Do
Daooy  Do,-1,)

Mirror special fiber The ideal I§ of the monomial special fiber X of the
mirror degeneration X° is generated by the following set of monomials in S°

YrY2YaYs YeYsYslYs YsY2YsYs YrYrYolYs YeYrY1Ys YrYsY1Y2 YeY7rYs Y1
Y2YsYalYs YeY3YalYs YsY1Y2Y3s YeYsY1Ys YrYsY2VYs YsYrYaYs Y1Y2Y3Ya
Y Y71 YsYs Y6 Y1 Y3 Y4

The Pic (Y°)-generated ideal

Jo = Yeyrysys Y1Y2Yaya )

defines the same subvariety X of the toric variety Y°, and J§* = I. Passing
from J§ to Jg* is the non-simplicial toric analogue of saturation. The complex
B (I)" labeled by the variables of the Cox ring S° of Y°, as written in the last
section, is the complex SP (13) of prime ideals of the toric strata of the special
fiber X of the mirror degeneration X°, i.e., the primary decomposition of I
is

15 =" (Ys; ya) N (Ys: y7) N (Yo, y2) N (Y1, Ys)

Each facet F' € B(I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.
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Covering structure in the deformation complex of the degeneration X
According to the local reduced Grobner basis each face of the complex of de-
formations dual (B (1)) decomposes into 2 polytopes forming a 2 : 1 trivial
covering of B (1)

)

(Ys) , (y1)] — <Z/1,y5> =[1 3] [(y7) , (y3)] — <y3,y7) = [2,4 Y,
ys) » (Y >] <?Js,y4> [3 4]V [( >,<y2 ] <yﬁ,yz> [LZ]V]»
(

]

]

[

(

(W6, ys) » (1, y2)] = (e, y1, 42, u5) " = [1]Y,
( 2
(

(

Y6, y7) 5 (s, v2)] = (Y6, Y3, v2,y7)" = [2]
s, Ys) (yl,y4>} = <98,yl,y4,?/5>*v = [3}

98,97> ; <y37y4> = <y8ay37y47y7>*v = [4

— ——r—r— —— — —

]

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (I) chosen
above. This covering has 2 sheets forming the complexes

Y
Y

]
]
(1) s (ys) » (ya) , ()],

(W1, 92) , (Y3, y2) , (y1, ya) , (ys, ya)],
]

]

]

[
[
[
[
[
[,
[,

[(ys) » (yr) » (¥s) » ()],

(Y6, ys) » (W6, y7) > (Ys, Ys) » (Yss y7)],
[

with F-vector

Dimension Number of faces F-vector
0 4 (1,1,0,0,0) point
1 4 (1,2,1,0,0) edge
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Writing the vertices of the faces as deformations the covering is given by

2 2
[952 T z3 m_O]

zox3 /> \zox3s /> \zo /' \w3 /L

2 2 2 2
[z_2ﬂ M1 m T3 z3 5”_150_3]
zox3’x3 / P \zox3’ xz3 /' \zox3’ xzo /)’ \woz3’ zo /1’

2 2
[( 22 z1 T3 o ]
21 /2 \Nx2 /P \z122 /? \ 122 /¥
2 2 2 2
[ Ty z2 o z1 T3 Z2 T3 x1 ]
iz’ x1 /P \ w122’ 22/ P \ w1227 1 /7 \ X122 T2 ?

I

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.
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Limit map The limit map lim : B (/) — Poset (A) associates to a face
F of B(I) the face of A formed by the limit points of arcs lying over the
weight vectors w € F, i.e., with lowest order term ¢“. Labeling the faces of
the Bergman complex B (I) C Poset (V) and the faces of Poset (A) by the
corresponding dual faces of V* and A*, hence considering the limit map lim :
B (I) — Poset (A) as a map B (I)* — Poset (A*), the limit correspondence
is given by

[,

<y67y17y27y5> = <ZE17I‘3> ) <y67y37y27y7> = <I‘2,]}'3>,
y87y17y4ay5> = <J]1,{L‘0> ) <y87y3ay47y7> = <ZL‘27ZE0>],

(Y1,Ys) — (@1, 23, 20) , (Y3, Y7) — (T2, 3, T0)
y8>y4> — (931,$2,!B0> ) <y6>y2> — (931>$2,!B3>]

[
(
[
{

The image of the limit map coincides with the image of p and with the
Bergman complex of the mirror, i.e., lim (B ()) = u (B (1)) = B (I°).

Mirror complex Numbering the vertices of the mirror complex u (B (1))

as
1=(3,-1,-1) 2=(-1,3,-1) 3=(-1,-1,3)
4=(-1,-1,-1)

(B (1)) C Poset (A) is

The ordering of the faces of p (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of u (B (I))" are

Dimension Number of faces F-vector
1 4 (1,2,1,0,0) edge
2 4 (1,3,3,1,0) triangle
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The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))" C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

2 2
Y3Y7 — _Yi¥
I =1 = BV g, =z
1 100 = Jrygys T2 OLO) ™ yoyrus
— Yays — — Y2U6
T3 = L0001 = yrgys P07 T1-1-1) 7 Yy

So writing the vertices of the faces of (u (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by

I,
I,
<$1, €3, [E0> ) <I’Q, €3, .[L'()> ) <ZC1,J)2, l'0> ) <$17$2, l'3>],

]

[
[
[(z1,23) , (T2, 23) , {21, T0) , (22, o)),
[
[

The complex u (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X, of X, i.e., the complex SP (Iy),
so in particular the primary decomposition of I is

In = (x2,20) N (x1,z0) N (X1, 23) N (T2, X3)

Labeling the vertices of the faces by the corresponding deformations the
complex is given by

[
[

2 2
[ Y3Y7  yays® YiYs  yays® vaus® _y3yr
YsYeys’ Yy1Y2y3 / P \Yeyrys’ y1y2ys / P \v1Y3ys’ ysyeys / ’

<yzy62 y12ys ]
)

)
]

Y

Y1Y3ys’ Y6 Y7 ys

[( 2 yo?  ys’yr  _yays® 2y _yi’ys  yays?
Y1Y3y4’ YsYeys’ Y1y2Yy3 / P \Y1Y3ya’ Yeyrys’ y1y2y3 [/’
2
vaus®  w3?yr u’us vy nlys yays® ]
Y1ysya’' YsyeyYs’  Yeyrys / P \YsYeys’ yeyrys’ yr1y2ys /!’

I
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Covering structure in the deformation complex of the mirror de-
generation Each face of the complex of deformations (u (B (1)))" of the
mirror special fiber X§ decomposes as the convex hull of 2 polytopes forming
a 2 : 1 trivial covering of p (B (I))"

Y

(ws) , (1)) = (w1, 25)""

I

I

[ 1 = [2,4]", [{x3) , (z2)] <$2,$3>*v:[ 41,
[(zo) , (x1)] — (z1,20)" = [2,3]

[l

[(

[

Y, [(wo) s (wa)] = (@, 20) ™ = [1,3]"],

(z3,70) , (11)] = <$17I371‘0> = [2]Y, [{(z3, 20) , (2)] <$27$371’0>*v =[1
o), (1, x2)] = (w1, 0, 20)™ = [3]Y, [(ws) , (w1, 22)] = (w1, 0, 23)" = [4]V],

]

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G — FY with dim (G) < dim (F).

Writing the vertices of the faces as deformations of X{ the covering is
given by

H,

Y4 ys> y3yr v ya ys> yiys Vi
[<y14y28y3> ’ <y5 zb‘ys >] = [2’4] ’ [ y14y28y3> ! <96;7318>] = [1’4] !
Y2y Y397 v Y2 Y62 Y3ys v
<y12936y4> ! <y5 33/6 y8>] — [2’ 3] ’ [<y12y36y4> ’ <y6 ;7'!,/8 >] — [1’ 3] ]’
[< yays®  y2ye> > < Y3y7 >] — [2]V [< yays? vy ye> > < Y1ys >] — [1]V
Yy1y2y3’' y1y3ya /7 \ Ys Y6 Ys "INviyeys? yiysya /0 \ Y6 Y7 ys ’
< Y2 y6> > < vdvr  ui2ys >] — (3] [< Y4 ys> > < Y2y oy 2ys >] — [4]Y]
y1ysya / 7 \ Ys Y6 ys’ Y6 Y7 Ys PINvyry2ys /7 \Ysyeys’ Y6 yrys ’

I

Mirror degeneration The space of first order deformations of X in the
mirror degeneration X° has dimension 4 and the deformations represented
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by the monomials

y%y5 y§ yr Y4 1/82 Y2 y62
Y6 Y7 Y8 Y5 Y6 Ys Y1Y2Y3 Y1Y3 Y4

form a torus invariant basis. The number of lattice points of the dual of the
mirror complex of I relates to the dimension h'? (X°) of complex moduli
space of the generic fiber X° of X° and to the dimension A (X) of the
Kéhler moduli space of the generic fiber X of X via

[supp (1 (B (1)) N N[ =4=3+1
= dim (Aut (Y°)) + h'?(X°) = dim (T) + b (X)

The mirror degeneration X° C Y° x SpecC[t] of X is given by the ideal
I° C 8° ® Ct] generated by

t(s1yau2 +s3Y3u2) + y1yaysya  t(SaYiys + SaU3Y2) + Yo Y7 Ys Us

tS3YSys +Us Y1 Yo Ys 1Yo + Ve Y1 YsYs  SaYsyr + Yo Us Y3 Us
tS2 Y3 Ys + Yo Y7 Ys U

YrYsr1Y2 Y6 ¥Y3YaYs YrY1Y2Ys YeYrYsalYs Y71YsY2Ys
YeYsY1Ys Y2Y3YalYs YrYo2¥Ya¥Ys YeY7rYrYs Y3Y2Y3Ys

The ideal J° which is Pic (Y°)-generated by

t(s1Y3Yg + S3YTY3) + Y1 Y2 Y3 Ya,
t(s2Y7ys + saY3Y3) + Y6 Y7 Ys Us

defines a flat affine cone inducing X°.

Contraction of the mirror degeneration In the following we give a
birational map relating the degeneration X° to a Greene-Plesser type orbi-
folding mirror family by contracting divisors on Y°. See also Section 9.13
below. In order to contract the divisors

Y2 = Y(0,0,-1) = i—g Y4 = Y0,01) = i_i
Ys = Y(-1,1,0) = i—f Y7 = Y@a,-1,0) = %

consider the Q-factorial toric Fano variety Ve = X(¥°), where £° = %(P°) C
Mp is the fan over the Fano polytope P° C Mg given as the convex hull of
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the remaining vertices of P° = V* corresponding to the Cox variables
2 ZE%

Ys = Y(2,0,-1) = w0y
Ys = Y(-1,-12) = 7795 Y6 = Y(-1,-1,0) = xf;

Y1 = Y0,2,-1) =

of the toric variety Y° with Cox ring
SO = C[yla Ys, Ys, yG]

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R R

Yo =X(X°)—- X(X°) =YY"
be a birational map from Y to the toric Fano variety YO, which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Y2 Ya¢ Ys Y7
Representing Ve as a quotient we have
ym:<c#_v<B@m))Kr

with A
G° =74 x (C)!

acting via
§y = (Ul UL Y1, Ua Vs - Ys, UG U1 s, U1 y(i)

for € = (uy,v1) € G°and y e C* — V <B(f§°)) Hence with the group

H° =17,
of order 4 the toric variety V° is the quotient
Ve =P3/H°
of projective space P3. The mirror degeneration X° induces via Y° — Y° a

degeneration X° CY° x Spec C [t] given by the ideal I° c C (Y1, Y3, Ys, Ys) C
Se@Clt [t] generated by the Fermat-type equations

Yo ys +L(s2 Y7 + 5493),
{ y1ys +t(s1 95 + 53 3) }
The special fiber Xg C Y° of X° is cut out by the monomial ideal
I C B(3°) = (g1, ys, s, ys) C S°
generated by

{ Y1Ys Yo Us }
The complex SP(I3) of prime ideals of the toric strata of Xg is
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]7
]

Y

<y37y87 y6> ) <9173/87 y6> ) <y17 Ys, y6> ) <y17 y37y8>]7

[
[
[<y37 yS) ) <y17 y8> ) <Z/3, y6> ) <y1> y6>]7
[
I

SO fg has the primary decomposition

fé) = (y1,6) N (Y1, ys) N (Y3, ys) N (Y3, Ys)

~

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V = (P°)* corresponding to [§. Indexing of the vertices of V by

1= E—%,g,o) 2—5

=59 1= (370

this complex is given by

>

8.12.2 The K3 surface given as the complete intersection of a
generic quadric and a generic cubic in P*

Setup Let Y =P = X (¥), ¥ = ¥ (P) = NF(A) C Ng with the Fano
polytope P = A* given by

_ (47_17_17_1) (_1747_17_1) <_17_174a_1)
A-convexhull( (—1,—1,-1,4) (=1,-1,-1,-1) C Mg
and let
S - C[.TO, T1,T2,T3, CC4}
be the Cox ring of Y with the variables
1 = 2(1,0,0,0) To = X(0,1,0,0)

L3 = Z(0,0,1,0) Ty = 2(0,0,0,1)
To = T(-1,-1,-1,-1)
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associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
complete intersection K3 surfaces of type (2,3) with monomial special fiber

10:< T1Xy T3 Xa >

The degeneration is given by the ideal I C S®C [t] with Iy-reduced generators

{ Ty Ty + (5175 + oo+ S5T5 + oo+ Sg T3 + oo+ S12 T + .+ S14TF), }

XTo X3 Ty + t(815 ZL’? + ...+ So5 .Tg + ...+ 835 ng + ...+ Sy .Ti + ...+ Sy3 Qj‘g)

Special fiber Grobner cone The space of first order deformations of
X has dimension 42 and the deformations represented by the Cox Laurent

monomials
3 3

Ty T3 T2 T3 1 Zo T1 T4 T3 T4 T4 T0 T2 To T2 T4
QX3 T4 o g73 T4 T4 2270 x3 g74 o st xr1 2132 xr1 2-'52 x3 2-'54 xo 213
T1 X3 ] 1 T3 3 o Ty Ty o
T4 TQ T3 Tyq T3 Tyq T4 TQ T4 TQ T3 Tyq xo T3 xr1 T2 xr1 T2

1’2 1’2 CL’2 CL’2

1 3 1 2 Zo x3 z2 Z1 Zo
x4 TQ x1 T2 xo T3 xo T3 x3 x0o x1 x9 x1
z1 o z2 z3 1 3 2 o L4
x3 x9 x0 x1 x0o x9 x3 x4 x9
x4 x4 x4 Z3 Z1 Z2
x0 x3 X1 x4 x4 x4

form a torus invariant basis. These deformations give linear inequalities
defining the special fiber Grébner cone, i.e.,

Cr, (1) = {(w,wy) € RD Ng | (w, A7 (m)) > —w,Vm}

for above monomials m and the presentation matrix

1

0
A=1 0
0

| —1

0
1
0
0

—1

0
0
1
0

—1

0

0
0
1

_1_

of A3 (Y). The vertices of the special fiber polytope

V =y (1) N fw, = 1}

and the number of faces, each vertex is contained in, are given by the table
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,0,1,0) (0,0,0,1) (-1,-1,—1,—-1) (0,1,0,0)

s (00,10
(1,0,0,0)

g (10,10 (0,1,1,0) (1,0,0,1) (0,1,0,1)
(0,—1,-1,—-1) (=1,0,—1,—1)

The number of faces of V and their F-vectors are

Dimension Number of faces F-vector

1 1 (0,0,0,0,0,0)
0 11 (1,1,0,0,0,0) point
1 25 (1,2,1,0,0,0) edge
2 12 (1,4,4,1,0,0) quadrangle
2 12 (1,3,3,1,0,0) triangle
3 2 (1,4,6,4,1,0) tetrahedron
3 8 (1,6,9,5,1,0) prism
4 1 (1,11,25,24,10,1)

The dual P° = V* of V is a Fano polytope with vertices
(-1,-1,0,2) (-1,-1,0,0) (—1,1,0,0) (1,—1,0,0) (—1,—-1,2,0)

(0,3,-1,—1) (0,0,—1,2) (0,0,-1,—-1) (3,0,—1,—1) (0,0,2,—1)

and the F-vectors of the faces of P° are

Dimension Number of faces F-vector

1 1 (0,0,0,0,0,0)
0 10 (1,1,0,0,0,0) point
1 24 (1,2,1,0,0,0) edge
2 9 (1,4,4,1,0,0) quadrangle
2 16 (1,3,3,1,0,0) triangle
3 6 (1,6,9,5,1,0) prism
3 5 (1,4,6,4,1,0) tetrahedron
4 1 (1,10,24,25,11,1)

234



The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is

dim (Aut (Y°)) =4
Let

S° = Cly1,y2, -+ Y10]

be the Cox ring of Y° with variables

2 2

_ _ T _ — _%o — — T2
Y1 =Y(1,-102) = 775 Y2 T Y(-1,-1,00) = 775 Y3 = Y1100 = 3]
2 3
_ _m _ _ _Z*3 _ _ T3
Y4 = Y1,-1,00) = 4, Ys = Y(-1,-1.2,0) = 515 Y6 = Y(03,-1,-1) = 7, vy 1
2 2
_ _ _ _ _Z%p _ _ L1
y7 - y(070=_172) - o xg y8 - y(0,0,—l,—l) - T3 T4 yg - y(3707_17_1) _ T T3 T4
3

ylo = y(07072771) = T4 XQ

Bergman subcomplex Intersecting the tropical variety of I with the spe-
cial fiber Grobner cone Cy, (I) we obtain the special fiber Bergman subcom-

lex
g B(I)=C,(I)NnBF (I)Nn{w, =1}

The following table chooses an indexing of the vertices of V involved in B (1)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (I) it is contained in

ny  Np@

9 3

With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

1], 2], (3], [4], [5], (6],
3,5],(3,4], 4, 6], [1,5], [1, 3], [1,2], [5, 6], [2, 6], [2, 4]],
3,4,5,6],1,3,5],(2,4,6],[1,2,5,6], [1,2,3,4]],
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B (I) has the F-vector

Dimension -1 0 1 2 3 4
Number of faces 06 9 5 0 0
and the F-vectors of its faces are
Dimension Number of faces F-vector
0 6 (1,1,0,0,0,0) point
1 9 (1,2,1,0,0,0) edge
2 3 (1,4,4,1,0,0) quadrangle
2 2 (1,3,3,1,0,0) triangle

Dual complex The dual complex dual (B (I)) = (B (I))" of deformations
associated to B (1) via initial ideals is given by

[[37475,6]* = <i, i> ) [17375]* = <x—%7 ﬂ> ) [27476]* = <ia $_1>7
1 X2’ T4 X0 ToIT3 T4’ X1 TO T3 T4’ T2

2

125,60 = (52 o) (128,40 = (2 ),
1Z2’ Tox3 T1x2’ T3 T4

2 3 2 2 2 2 2
[[3 5]* — z3 T3 T3 x2 [3 4]* — x3 Zo z3 Zo
? xr1T2) xox3 Ly’ T4x0’ T1 ) ) x1x2’ X122 Tax0’ Xx32X4 [/
3 2 2 3 2
[4 6]* — z3 zy T3 =z [1 5]* — Ty T Ty z2
’ 122’ T T3Ta Tawo' T2 [ LT T1w2’ Tow3xe’ wox3' w1 /)
2 3 2 2 2 2 2
[1 3]* — i} Z3 Ty  m2 [1 2]* — %1 ] T4 ]
’ T1x2’ T X3 T4 T3T4' T1 /0L 122 T1 X2 TO T3 T3 T4 [
2 2 2 2 2 3 2
[5 6]* _ T4 z3 T4 x3 [2 6]* _ T4 T3 Ty 31
) x1x2” x1 22 o3’ X420 / ? x1x2? xox3 x4’ ToX3' T2 /
2 3 2
2,4 = (B o #@ a
’ T1x2) ToT3 T4 T3T4 T2 [
2 2 3 2 2
[[1]* — Ty Lo i) Ty To x2
122’ T1 X2 TOT3 T4’ ToX3' 3T X1 [ )
2 2 3 2 2
[2]* — Ty Lo 1 Ty To z1
x1x2’ x1x2 Toxr3xe’ o3’ x3x4’ T2 [/

236



2 2 3 2 2

[3]* o x5 x x3 x5 T5 o
172’ T1 X2 ToT3 T4 T4 T’ T3 T4 T1 )
2 2 3 2 2
[4]* o x3 xo Il Z‘B Z‘O x_l
122’ T1T2) T T3 T4’ Tawo' T3Te' T2 [
2 2 3 2 2
[5]* o $4 $3 1’2 l‘4 £I33 1'_2
x1x2’ x1x2’ Togr3xe’ Tox3’ ‘4x0’ T [/’
2 2 3 2 2
[6]* o xy x3 xy xy T3 oy ]
172’ T3 T2 ToT3 T4 Tox3) TaTO' T2 /1)

when writing the vertices of the faces as deformations of X. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mr. When numbering the vertices of
the faces of dual (B (I)) by the Cox variables of the mirror toric Fano variety
Y the complex dual (B (1)) is

[37 o = <y57y67 Y10, y3> ) [37 ]* = <y57y27 Yio, y8> ) [47 6]* = <y57 Y9, Y10, y4> 3
]* = <y17y6)y77y3> ) [17 ]* = <y27y67y8ay3> ) []-7 2]* = <y17y27y77y8> )
]* = <?/1ay57y77?/10> 7[ ’6 * = <y1ay97y77y4> ) [274]* = <927?/97987y4>]7

]
[1]* = <y17y27y6ay77y87y3> ) [2]* = <y17y27y9ay77y87y4> ) [3]* = <y57y2>y67910798793> )
t = <y57y27y9:y10:y87y4> ) [5]* = <y17y5,96,3/773/1073/3> ) [6]* = <yl,y5,y9,y7,y10,y4>]7

The dual complex has the F-vector

Dimension —

1 01 2 3 4
Number of faces 0O 05 9 6 0

and the F-vectors of the faces of dual (B (1)) are

Dimension Number of faces F-vector

1 5 (1,2,1,0,0,0) edge
2 9 (1,4,4,1,0,0) quadrangle
3 6 (1,6,9,5,1,0) prism
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Recall that in this example the toric variety Y is projective space.

number of lattice points of the support of dual (B (1)) relates to the dimension
h'' (X) of the complex moduli space of the generic fiber X of X and to the
dimension h'! (X°) of the Kéhler moduli space of the M PCP-blowup X°

of the generic fiber X° of the mirror degeneration

lsupp (dual (B (I))) N M| = 42 = 24 + 18 = dim (Aut (Y)) + A" (X)
=20+4+18

There are

= |Roots (Y

)| + dim (Ty) +

Y (X)) + dim (Tyo) = 18 + 4

non-trivial toric polynomial deformations of X

3 3 2

hl,l (Xo)

T3 T3 T Ty T T o o ) T2 X3
Tago  T1T2  TOF3T4  TOT3T4  ToT3  T1F2  T3T4  T1T2 T4Fo  T4To
Ty 1 T3 ) T2 T4 T2 To ) T4 To T3 T4 Ty T1 T4
T4 X0 T4 X0 To X3 To X3 T3 x4 T3 x4 AR ) AR ) To X3 To X3
1 To x%
T3 x4 T3 x4
They correspond to the toric divisors
Deoz2-1y  Di1,-1200 Dog-1,-1) Dio-1,-1 Deo-12
D1,-102) Dwo-1,-1) Di-1,-100 Doz20-1) D(o,l,l, 1)
Daoo-1y Duor-n Doz-10p D1 D(o,l, 1,-1)
Doz2-1,-1y Di1-101) Dii—111) Deo-100  Dao-1)
Dao-1,-1) Deo-1,-1)

on a MPCP-blowup of Y° inducing 18 non-zero toric divisor classes on the
The following 20 toric divisors of Y induce the trivial divisor

mirror X°.
class on X°

0,1,0)

b@b@

(-
©
(0,
(1,0

1,1,0,0)
~1,1,0)

1,0)
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Da—100 D110 D00,0,-1)
D 1001 D1000 Dw00,-10)
Dwoo1)  Dwo,-101 Dwo,-1,00)
Dwao-1) Daoo-1) Do,1,00)

0,0,1,—1)
0,0,—1,1)
0,1,—1,0)
1,0,0,0)

JSRc)SEs



Mirror special fiber The ideal I§ of the monomial special fiber X of the
mirror degeneration X° is generated by the following set of monomials in S°

(

Y YrY2Ys Yo  YrYsYsYiolYo YsY1YsYsYo  YeY1Y2YsYio Y6 Ys Y1 Y4 Y10

Yo YsY1Y10Yo YeY1Y2Y10Yo YrY2YsYiolYo YeYrY2YsYio Yo Y7 Ys Y5 Y9

YeYsY1YalYs YeYrYsYoYo YsYrYsYalYs YsYsY1YsYg Y7 Ys Y3 YaYs

NY2YslYalYs  YeYrYsYaYs  YeY1Y2YsYs  YsY1YsYio Yo Yo Y7 Y2 Y10 Y9

Y YrYsYaYro YrY2YsYsYo  YsY1YsYaYio Y1Y2YsYslYo Y7 Y2Y3Ya¥Yio

Y1Y2YsYaYro Y7 YsYsYsYo  YrYsyYsYaYio YrY2YsYalYs Y1 Y2Y3Yio Yo
YUt Y2YsYs  YeY1Y2Ys5 Y9

The Pic (Y°)-generated ideal

Jo = yy2Ysyays YeYrYsYiolo )

defines the same subvariety X of the toric variety Y°, and Jg* = I. Passing
from Jg§ to J§* is the non-simplicial toric analogue of saturation. The complex
B (I)* labeled by the variables of the Cox ring S° of Y°, as written in the last
section, is the complex SP (13) of prime ideals of the toric strata of the special
fiber X of the mirror degeneration X°, i.e., the primary decomposition of I
is
15 = (Yo, ya) N (Y5, y10) N (Y1, y7) N (Y2, Ys) N (Yo, Y3)

Each facet F' € B (I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.

Covering structure in the deformation complex of the degeneration X
According to the local reduced Grobner basis each face of the complex of de-
formations dual (B (1)) decomposes into 2 polytopes forming a 2 : 1 trivial
covering of B (I)

Y

<?J5> <y10>] = (y5,y10>

I

I

[ = [3,4,5,6]", [{ys) , (W6)] — (Ys, y3>*v = [1,3,5]",
[(y4> ,< >] <?/9,y4>* [2 4 6] [<y1> »< >] <yl y7> [172a5a6]v7
[(y2) » (ws)] = (v, us)™ = [1,2,3,4]"],

(s, ys)  (Ws, y10)] — (Y5, y6, y10, y3) ™ = [3,5],

[(ys,y2) » (10, ys)] — (Us, a2, Y10, ys)™" = [3,4]",

[(Ys, ya) 5 (Yo, Y10)] — <y5,y9,y10,y4>*v = [4,6]",



*V

[y, ys) s (e yr)) = (Wi, ye w7, us)” = [1,5]Y,

[(y2, ys) » (W6, ys)] — (Y2, 96, ys, ys)™ = [1,3]",

[(y > ) <y77 y8>] = <y17 Y2, y77y8>*v = [17 2] ’

[(y1,95) , (Y7, y10)] — (yl,yg,,y7,y10> " =5,6]",

{y1, y4) Yo, y2)] = (Y1, yo, Yz, ya) ™ = [2,6],

[(y > ) <y9a y8>] = <y27 Yo, 987y4>*v = [ ’4]\/]7

[y, y2,93) 5 (Wes vz, ys)] — (W1, ¥, Y6,y ys, ys)™" = [1]Y,
[y, vz, ya) > (Yo, yr, ys)] = (Y1, y2, Y0, yr, yss ya) ™ = [2]Y,
[(ys, 42, Y3) , (Y6, Y10, Ys)]| — (y5,y2,y6,y10,y8,y3>*vz [3]",
[(y y2,y4> ) <y97y10798>] = <y5ﬂy27y97y107y87y4>*v [4]v=
(Y1, Y5, Ys) » (Y Y7, Y10)] — (Y1, Us, Yo, Y7, Y10, y3) = [5]",
[y, ys,ya) (Yo, 7, y10)] = (Y1, s, Yo, Yz, yaos ya) ™" = [6]V],
[

]

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (/) chosen
above. This covering has 2 sheets forming the complexes

[,

It

[(ys) , () > (wa) > (1) > (¥a2)],

(Y55 y3) s (s, Y2) s (Yss Ya) s (Y1, y3) (Y2, Ya) s (Y1, Y2) 5 (Y1, Ys) > (Y1, Ya) 5 (Y2, Ya)],
(Y1, 92, y3) (Y1, Y2, Ya) , (U5, Y2, Y3) » (Y5, Y20 Ya) (Y1, U5, Y3) (Y1, U5, Ya)),

I

I,

I,

(y10) 5 (Y6) > (Yo) » (y7) » (ys)],

(Y6, Y10) > (Y105 Us) » (Yo, Y10) > (Yo, Y7) » (Y6, Ys) » (Y7, Ys) » (Yr: Y10) 5 (Yos Y7) 5 (Yo, Ys)],
(Yo, yr: Ys) » (Yo, 7. Us) » (Y6, Y10: Us) » (Yo, Y10, Us) » (Y6, Y7: Y10) » (Yo, Y7+ Y10)),

[
[
[
[
[
I

with F'-vector
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Dimension Number of faces F-vector

0 5 (1,1,0,0,0,0) point
1 9 (1,2,1,0,0,0) edge
p 6 (1,3,3,1,0,0) triangle

Writing the vertices of the faces as deformations the covering is given by

2 3 2 2 2 2 2
T T2 Tz \Y T T T T Vv
[[ 2 7_ ) ) > ]H[375 7[ 2 ) . ) 2 ) v ]H[374] )
r1 T2’ T1 xO 1153 T4’ T4 TO 1 T2’ T1IT2 T4 TO iL‘3 T4
2 9 2 3
x T x \Y z x z Y
[ el : ]'_)[476] 7[ e ) 2 ]'_)[175]
T1 X2’ T2 T0 T3 T4 1‘3 T4’ T4 T0 r1 22’ T To x3 T4’ TO T3 1‘3
2 2 2 2 2
x T T \Y z x Z
TERS meu4w)w |- [1,2]
1 T2 931 wO :E3 :E4 XT3 T4 r1T2’ T1 T2 To T3’ T3 :E4
2 2
Ty T3 x \Y%
[ 7 : o)1= [5,6]Y,
1 1‘2 T 1‘2 :I:o ac3 T4 X0
2 3
(i ] [2,6]Y, [( 57, 2 (o, 2] - [2,4)Y]
xr1 T2’ 1‘0 1‘3 x4’ To X3 ) ) rxi1x2’ x2 /) \ xox3x4’ T3 T4 ’ ’

3
I 2) (i 25, 20 ) = 1)
1112711302’11 ? m0m314’m0x3’x3x4 )
2 3
(o, 2= o - J = 2]
T1T2’ T3 T2 T ) xox3x4’xox3’x3x4 ’
2 3
[ T3 xo® xo T3 x3?  wo? ] 3]V
1w’ w2’ w1 /7 \Tox3 T4’ T4T0' T3 T4 ’
2 3
[ 3w m 3 z3? _w? ] [4]V
1w’ Tx1w2’) ®2 /7 \Tox3 T4 T4x0' T3 T4 ’
2 3
[ T3 o x3® xo T3 z42 w3? ] [5]V
z1x2’ T3 T2’ T1 /7 \ToT3 T4 TOT3' T4 To ’
2 2 3 2 2
(k28 2) (ot 25 251~ (0]
1w’ 1 w2’ w2 / 7 \ ToT3 T4’ TOT3' T4 X0 ’

with the 2 sheets forming the complexes
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2 2 2
x3 T2 1 Ty %o ]
zix2 /P \Nw1 /7 \x2/? \T122 /7 \ X1 X2 /I’
2 2 2 2 2 2 2 2
[ T3 x2 T3 o T3 x1 Ty x2 o x2 Ty Zo
iz’ x1 /P \x1a2’ ®122/ P \ w122 22/ P \N w122’ 1/ P \ w122’ 1/ \ w122 1 T2/’

2 2
ry  _a3® T3 om o 1]
T1x2’ T3 w2 /7 \xT1x2) X2 /) \T1X2? 22 /)
2 2 2
(- T3 w® x _*3 wo® xp 3w ap
’mm’xl P\Nwire’ T1ix2’ wy /) \T1x2) 1w’ w1 /) \w1iw2) T1x2’ T2 /0
2
z Ty a3’ @ ]
m1$2’$1$2’$1 P\ z1w2) T T2 T2

—
_

[,
],

3 3 2 2
T3 1 Ty o ]
T4 wo >\Nxowzza /7 \wox3T4 /7 \TOX3 /' \T3%T4 /1)
2 3 3 3
[ 32 3 702 it z32 ) 742 T3 202
xoxsm’mxo P\ Tax0’ T3TY [/ 10131471410 ) momsm’mows P\ ToT3Ta’ T3 T4 [
3
Ty z32 1 02 ]
1‘0563’503504 >\ xox3’ waxo [’ xox3x4’xow3 w0w3w4’w3w4
3
[ 2 o2 3 242 32 z02
380383384’980383’383384 ’ 330333964’10963’1"3964 $0$3$4’£4$0’23£4 ?
3
z32  _xg? T3 x42 x32 ]
xowsm’wwo’wsm ’ 360963964’360963’964960 woxsm’xoxs’xwo

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.

Limit map The limit map lim : B (/) — Poset (A) associates to a face
F of B(I) the face of A formed by the limit points of arcs lying over the
weight vectors w € F', i.e., with lowest order term ¢*. Labeling the faces of
the Bergman complex B (1) C Poset (V) and the faces of Poset (A) by the
corresponding dual faces of V* and A*, hence considering the limit map lim :
B (I) — Poset (A) as a map B (I)" — Poset (A*), the limit correspondence
is given by

[,
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<y1, Y2, Y6, Y7, 987y3> <517171’3> ) <yh Y2, Y9, Y7, ys,y4> <$27$3> )
Ys, y27y67y107y87y3> <5€1, 4>7<y5,y273/97y10,ysa3/4> <5'3'2’ 4>a
Y1, Y5, Ys, Y7, Y10, y3> = <5E1,$0> <y17y57y97y77y107y4> = <'I27 0>]

[

(y

(

[<?/5;y6,y10,y3> <I1,$4,$0> ) <y5,y27y1o,ys> = ($1,$2,$4> )
(Ys, Yo, Y10, Ya) = (T2, T4, To) , (Y1, Y6, Y7, y3) +— (21, 23, 20) ,
(Y2, Yo, Ys> Y3) = (1, T3, Ta) , (Y1, Yo, Y7, Ys) = (1, T2, T3)
(Y1, Y5, Y7, Y10) — (T1, 2, o) , (Y1, Yo, Y7, Ya) — (T2, T3, To) ,
(Y2, Yo, Ys, Ya) > (T2, T3, 14)],

[
(y
(

<y5;y10> — <$17I27$4,$0> ) <?J67y3> = <l’17$3,$4,$0>,
Yo, ?J4> <$2,$37$47$0> ) (yh?ﬁ) = <$17$2,$3,I0> )
y2»98> <ZE1,$2,$3,$4>]

The image of the limit map coincides with the image of p and with the
Bergman complex of the mirror, i.e., lim (B ()) = u (B (1)) = B (I°).

Mirror complex Numbering the vertices of the mirror complex u (B (1))

as
1=(4,-1,-1,-1) 2
3=(-1,-1,4,-1) 4
5=(-1,-1,—1,—1)

p(B(I)) C Poset (A) is

(—1,4,—1,-1)
(-1,-1,-1,4)

[
[
[12,31,13,5], [1, 3], [2, 4], 2, 5], [4, 5], [3, 4], [1, 4], [1, 5]],
[12,4,5],[1,4,5], [2,3,5], [1.3,5], [2,3,4], [1, 3,4]],

[

[
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The ordering of the faces of u (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of u (B (I))" are

Dimension Number of faces F-vector
1 6 (1,2,1,0,0,0) edge
2 9 (1,3,3,1,0,0) triangle
3 5 (1,4,6,4,1,0) tetrahedron

The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))" C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

3 3
Y4 Y9 _ _ Y3 Y6
T2 = £(0,1,0,0) =

L1 = £(1,0,0,0) =

Y1 %2 y32y5 Y1 y22 y42y5

Ta =T _ _Ys5Y10 Ta =T — _Wyr

3 = 4(0,0,1,0) = Y yrys yo Y 4= 20,001 = Ysys yo yio
_ Yo3Ys

Lo = T(-1,-1,-1,-1) = Jeyryo o

So writing the vertices of the faces of (u (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by

[,
[,
[(z1,23) , (T2, 23) , (21, 24) , (2, T4) , (1, T0) , (T2, T0)],

(21,24, T0) , (X1, X2, Ta) , (T2, Ty, To) , (X1, T3, To) , (1, T3, T4) , (T1, T, T3) ,

(x1, T2, o) , (T2, T3, To) , (T2, T3, T4)],

[(x1, X9, T4, x0) , (X1, T3, T4, o) , (T2, T3, Tg, To) , (X1, T2, T3, To) , (T1, T2, T3, T4)],
[

]

The complex p (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X, of X, i.e., the complex SP (1),
so in particular the primary decomposition of I is

Iy = (@2,20) N (x1,T0) N (1, 73) N (22, 23) N (T1, T4) N (T2, T4)

Labeling the vertices of the faces by the corresponding deformations the
complex is given by
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0.1,

2.2 2.2 2,2
[( yo? Y5°Yig Y3 Y6 Ys5°Yig yayo® y17y7
Y1Y2Y3Ys’ Ye Y7y Yo / P \Y1Y2Y4Yys’ YeyryYsyo / 1 \Y1Y2Y3Y5’ Y6 Y8 yo yio / ’

Y3 ve® y1%y? Y3ys” ya yo® y3ys” Y3 ve® ]
Y1y2Y4ys’ Yeysyoyio / ' \ Y6 Yryoyio’ y1y2Y3ys / P \ Y6yt Yo yio’ y1y2yays /1’
[ y3ys” ya yo® y1?y3 ya yo® ys 6 y1°ys
Y6 Y7 Yo Y10’ Y1y2Y3ys’ YyeYsyoyio /  \Y1Y2Yy3ys’ y1Y2yays’ Yeysyo yio / ’
y3ys® Y3 Y6 y1%y2 y3ys® ya yo® ys2y3,
Y6 Y7 Yo Y10’ Y1Y2Y4Ys’ Y6 YsYoyio / ' \ Y6 Y7 Yo Y10’ Y1Y2Y3Ys’ Y6 Y7 ysyo / ’
ya yo3 y52?/%0 1112?/; ya yo® Y3 Y6 2152?/%0
Y1Yy2Y3yYs’ Y6 Y7 Ys Yo’ Y6 Ysyoyio / P \Y1Y2Y3Ys’ Y1Yy2Y4Ys’ Yeyrysys / ’
y3ys” Yayo® Y3 6> y3ys” Y3 6> y5%yio
Y6 Y7 Yo Y10’ Y1Y2Y3Ys’ Y1Y2yays / P \ Y6 Yr Yo Y10’ Y1Y2Y4Yys’ Ye Y7 Ysyo / ’
Y3 y6> Y523, y12y2 ]
Y1Y2Y4Ys5’ Y6 Y7 Ys Y9’ Y6 Ys Yo yio /1’
[ y3ys” Ya Yo Y3 Y6 y12y2
Y6 Y7 Yo Y10’ Y1Y2Y3ys’ y1Y2Yays’ ye Ysyoyio / ’
2, 2 3 2.2 2.2
Y2ys Y4 Y9 Y5 Y10 Y1°y7
Y6 Y7 Yo Y10’ Y1Y2Y3Ys’ Y6 Y7 Ys Y9’ Y6 Ysyoyio / ’
y3ys® 3 ve> ys2y%, y12y2
Y6 Y7 Yo Y10’ Y1Y2Y4Ys’ Y6 Y7 Ys Yo’ Y6 Ysyoyio / ’
y3ys” ya yo® Y3 ve® y5°yio
Y6 Y7 Yo Y10’ Y1Y2Y3Ys’ Yy1y2Yays’ Ye Y7 ysyo / ’
2,2
Ya yo© 3 ye> Y5~ Yio y1%y? ]
)

Y1Y2Y3Ys’ Y1Y2Y4Ys5’ Y6 Y7 Ys Y9’ Y6 Ys Y9 Y10

[

Covering structure in the deformation complex of the mirror de-
generation Each face of the complex of deformations (u (B (1)))" of the
mirror special fiber X§ decomposes as the convex hull of 2 polytopes forming
a 2: 1 trivial covering of p (B (I))"



<:U17 T, Ty, x0>*\/ = [3]\/7

(21, T2) , (T4, 0)] —
1) (@3, x4, o)) = (w1, 23, 4, 20)"" = 2],
>] = <$ x37$47$0>*v - [1]\/7
T, To > <£C3,SE'0>] — (1, T, T3, 20)"" = [4]"
) o ) [5]

=
5
T
&
R
*
<

4 X1,T2,T3,T4

[l
(=
[(962> <$3,$4, Lo
[(
[(
[

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G +— FY with dim (G) < dim (F).

Writing the vertices of the faces as deformations of X{ the covering is
given by

2, 2
[ ylyﬁzzfz Y5 yGySi/zl/(; Y9 ] [2 4, 5]\/’ [ ylyjzyzi ys [/’ yﬁyjle/(; y9>] = [17 4, 5]\/7
2. 2
4 9 y y? \2 3 6 Yiyr vV
ylyyﬂl ) . ] = [2’3? 5] 7[ oy > . ] = [17375] )
3y5 Y6 ys Yo y10 Y1 Y2 y4 Y5 Y6 Y8 Y9 Y10
2 2
ya yo® , yzyS ] — [2’ 3’ 4]v, [ Y3 Y6 , Yays ] N [1’ 374]\/]7
Y1Y2Y3Ys Y6 Y7 Y9 Y10 Y1Y2Y4Ys5 Y6 Y7 Y9 Y10
[[ Y4 y9 y1y7 Y2 ys ]V
Y1 Y2 ya Ys y6 Y8 Y9 Y10’ Y6 y7 y9 Y10 ’
[ Y4 yo° Y3 y6> yiyr® ] [ ]
Y1Y2Y3Ys’ Y1 Y2y4ys / 7 \ Y6 Ys Y9 Y10 ’
== 6 yiyr® y22y3 1,3]
Y1y2yays /7 \ Y6 Y8 Yo Y10’ Y6 Y7 Y9 Y10 ’
[( - yo? y2y10° y22y3 ] — [2, ]\/
Yy1y2y3Y5 / 7 \ Y6 Y7 Y8 Y9’ Y6 Y7 Y9 Y10
[( yo® y2y10° y1%y2 ] — [2,5]Y,
Y1Y2Y3Ys / 7 \ Y6 Y7 Y8 Y9’ Y6 Ys Y9 Y10
[ ya yo® Y3 y6°> Y2y10” ] — [4 5]
Y1Y2Y3Ys’ Y1Y2yayYs / 7\ Y6 Y7 Y8 Yo ’
[ ya yo® Y3 6> Yy3ys® ] — [3,4]
Y1Yy2Y3Y5’ y1y2yays / 7\ Y6 Y7 Y9 Y10 ’
[ Y3 Y6 y2y102 y22y3 ] [1,4]Y
Y1Y2y4ys / 7 \ Y6 Y7 Y8 Y9’ Y6 Y7 Y9 Y10 ’
[ Y3 y63 y§y102 y12y$ ] N [1 5]\/]
b )

Y1Y2yays /7 \ Y6 Y7 Y8 Y9’ Y6 Y8 Y9 Y10

2,, 2 2,2
[( o> Y3 ve> yiyr y22y3 . [3
Y1Y2Y3Ys’ Y1Y2y4Ys / 7 \ Y6 Ys Y9 Y10’ Y6 Y7 Y9 Y10

[ Y4 yo> Y2y10 y12y3 y22y2 ] .
Y1Yy2y3yYs / 7 \ Y6 Y7 Y8 Y9’ Y6 Ys Y9 Y10’ Y6 Y7 Y9 Y10
[ ] —

Y3 y6> y2y10° y1%y2 v2’y3
Yy1y2y4ys / 7 \ Y6 Y7 ys Y9’ Y6 Ys Y9 Y10’ Y6 Y7 Y9 Y10

2 2 2,2
ya yo* Y3 ve> Y210 y22y2
Y1Y2Y3Ys’ Y1 Y2y4Ys / 7 \ Y6 Y7 Ys Y9’ Y6 Y7 Y9 Y10
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[ ya yo® Y3 6 Yy3y10° y1%y? ] [5]Y]
Y1Y2y3Ys’ y1y2yays / 7 \ Y6 Y7 Ys Y9’ Y6 Ys Y9 Y10 )

I

Mirror degeneration The space of first order deformations of X in the
mirror degeneration X° has dimension 5 and the deformations represented
by the monomials

y3ys? yiyr? 3 ye> Y2y10° Y yo®
Y6YTYIYl0 Y6 USYO Y10  V1Y2Y4Ys Y6 YTYsYs Y1 Y2Y3Us

form a torus invariant basis. The mirror degeneration X° C Y° x SpecC [t]
of X is given by the ideal I° C S° ® C[t] generated by

t (sayy2 + s5yays + s1Y2Y3) + Yo Y7 Ys Y10 Yo

t(s3Y3Ye + S2Yavs) + Y1 Y2 Y3 Ya Us

tS3Ysys + Ys Y1 Y2 YsYs ST YSYT) + Vs YUrYs Ys Yo LS4 YiYs + Yo Ys Y1 Y10 Yo
S5 Ysys + Ye Y7 Y2 Yio Yo ES2 YoUs + Y1 Y2 Y3 Ys Yo

and 25 monomials of degree 5

The ideal J° which is Pic (Y°)-generated by

t(s3Y3ye + S2Y3Ya) + Y1 Y2 Y3 Y4 Ys,
t(saYTY2 + s5Y5Y8 + 51Y2Y0) + Y6 Y7 Ys Yio Yo

defines a flat affine cone inducing X°.

Contraction of the mirror degeneration In the following we give a
birational map relating the degeneration X° to a Greene-Plesser type orbi-
folding mirror family by contracting divisors on Y°. See also Section 9.13
below. In order to contract the divisors

2
o

Ys = Y(0,0,-1,-1) = 3z

— . Z2 — _ 1
Y3 = Y(-1,1,00) = 5 Y4 =Y,-1,00) = 3,
2

x
Y7 = Y0,0,-12) = 3, 73
x
ylo = y(070727_1) - T4 ?Eo
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consider the Q-factorial toric Fano variety Ve = X(¥°), where £° = B(P°) C
Mp is the fan over the Fano polytope P° C Mg given as the convex hull of
the remaining vertices of P° = V* corresponding to the Cox variables

2 3
T3 x5

Ys = Y(-1,-1,2,0) = w12 Yo = Y(0,3,-1,-1) = zozs22
2
_ _ 3y _ __ Ty
Yo = YB0,~1,-1) = Zozsaa Y1 = Y(-1,-1,02) = 4
2
_ _ _To
Y2 = Y(-1,-1,00) = 70,

of the toric variety Y° with Cox ring

S«o = C[y57 Yo, Yo, Y1, yQ}

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R X
Yo=X(X°) - X(X°)=Y°

be a birational map from Y to the toric Fano variety Y", which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Ys Y+ Y7 Ys Yo
Representing Y° as a quotient we have
ye = (c5 . <B(i°)>) Jles

with R
G° = ZQ X Z6 X ((C*>1

acting via
_ 5 3
&y = (w1 o1+ Ys, Ui Uz U1 - Yo, UL UL - Yo, US VL - Y1, U1 Yo

for & = (uy,ug,v1) € GeandyeC5—V (B(i°)> Hence with the group

A~

H° = ZQ X Z6
of order 12 the toric variety Y° is the quotient
Yo =P/ H°

of projective space IAP’4. The mirror degeneration X° induces via Y° — Y° a
degeneration X° C Y* x Spec C [t] given by the ideal I° C (ys, ys, Yo, Y1, y2) C
S° ® C [t] generated by the Fermat-type equations

Y1 Y2 Ys + t(s2yp + s1Y8),
Yo Yo + t(S3 Y7 + S5 Y3 + S4Y2)
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The special fiber Xg C Y° of X° is cut out by the monomial ideal

~

I5 € B(3°) = (45,6, Yo, y1, y2) C S°
generated by
{ viv2ys sy }
The complex SP(I3) of prime ideals of the toric strata of Xg is

|:|7
|:|7

Ys, Yo) > (Ys» Y6) » (Yos Y1) » (Yo, Y2) 5 (e, Y1) 5 (s, Y2)),

(

[(3157?/6; y9> <?J67997 y1> ) <y57 Yo, y1> ) <?/5; Ys, y1> ) <y57 y671/2> ’
(Y9, Y1, Y2) » (Y6, Y1, Y2) » (Us, Yo, Y2) » (Y6, Yo, Y2)],
[
(

(yﬁ,yg, Y1, y2> <y5, yg,yhy2> ) (y5,y6; Y1, y2> ) <y57 ?/6799792> )
Ys, Yo: Yo, Y1)],

I

SO f(‘)’ has the primary decomposition

I8 = (e, y2) N (Ws, yo) O (Yo, y1) O (Yo, v1) N (Yo, y2) N (s, V)

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V = (P°)* corresponding to . Indexing of the vertices of V by

1= (L1850 2= (-L200)
3= (3, —50 0) =(3.3.0.3)
5= (12.72.3,-9)

this complex is given by

(

4,5],[1,5], 2,51, 3,51, [3, 4], [1, 2], [1, 3], [2, 4], 1, 4]],
2,4,5),[3,4,5],(1,2,5],1,2,4], [1,3,5], [1,3,4]],
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8.12.3 The Calabi-Yau threefold given as the complete intersec-
tion of a generic quadric and a generic quartic in P°

Setup Let Y =P° = X (¥), ¥ = X (P) = NF(A) C Ng with the Fano
polytope P = A* given by

(5,—1,—1,-1,—1) (=1,5,—1,—
A = convexhull [ (-1,-1,5,—-1,—-1) (—1,—1,—1,
(-1,-1,-1,-1,5) (—1,-1,—1

1,-1)
5,-1) | ¢ Mg
_17 _1)

9 y T by

and let
S = C[l‘(},xlnya 1'371'4,555]

be the Cox ring of Y with the variables

T1 = 2(1,0,0,0,0) L2 = Z(0,1,0,0,0)
T3 = 2(0,0,1,0,0) T4 = X(0,0,0,1,0)
Ts = 2(0,0,0,0,1) Lo = T(-1,-1,-1,—1,—1)

associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
complete intersection Calabi-Yau 3-folds of type (2, 4) with monomial special

fiber

I():< T1Xy Tgx3z Ly Ty >

The degeneration is given by the ideal I C S®C [t] with Iy-reduced generators

xr1 Lo + t(sl x% + ...+ Sg x% + ...+ 811 x§ + ...+ 815 xi + ...+ 813 m% + ...+ 890 a:%),

Ty X3 Ty Ty + t(Sgl Izll —f- —I— S56 ZE% —I— —|— S91 Z‘% —I— + S110 fL‘i + + 5120 {Eé —I— +
4
81245170)

Special fiber Grobner cone The space of first order deformations of X
has dimension 124 and the deformations represented by the Cox Laurent
monomials

4 4 3 3 2 2
Ty Lo it ) T3T1 T4 712 T5T1 23712
To X3 T4 T TQ X3 T4 5 To X3 T4 To X3 T4 T4 X0 T5 To X3 T5 To XT3 T4 T4 X0 T5
L1T0 x5 1’12 x1 1’()2 x3 1’22 L3T2 x4 1‘22 T30 LT5T2
T3 T4 T5 T0 T3 T4 T3 T4 T5 T4 29 T5 T4 29 T5 Lo T3 T T34 T5 To T3 T4
2 2 x x x x x x
T2 To T5 T2 2 2 3 0 5 4
X3 T4 T5 XT3 T4 xo Ig x5 xr3 CC% x5 T4 Ig x5 xr3 CC% x5 XT3 T4 XT3 Ts
T4T1 T4T2 it it it ) T2 X3 T1 X0
To T3 L5 To T3 L5 To L3 L5 T4 20 X5 T3 T4 X5 T4 20 X5 T4 Zo T3 T4
T1Ty4 T3 T4 T4 X0 T2 Xo T2 Tg r1x3 T3 T
o X 1T 1T r3 T o T4 T r3 T r3 T
2 3 0 4 4 0 1 3
T4 2o 24 To T3 T4 o T3 1 T2 1 T2 4 T0 122
Z5 T45 T45 T4 X0 T3 T4 T35 T35 )
T3 T4 1 T2 o T3 T3 Ts o Ts 1 T2 T4 T o X5
123 1 %0 T5 T2 T2 T3 T2 o T5 X1 T1T4 1 xo
T4 T5 T4 Ts T4 T0o T4 Ts T4 Ts o X3 T3 Ts5 T3 Ts5
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T3 T4 o T3 T3 Ts T3 Ts T3 T4 o Ts o Ts5 o Ts
T2 X3 To x3 To X3 To X5 To X5 T5 X1 1 )
o T5 T1 X2 T4 L5 T1 L2 T3 L4 T4 0 T4 L5 T4 L5
il T3 il 3 o 5 Ty o
xr3 ITs5 xr3 Ts5 xo %5 x4 %5 x4 %5 xo 223 xr3Ts5 3 T5
Ty 3 Ty Ty 1 T3 T2 o
o Ts5 o Ts5 T4 TQ xr1 X2 o T3 o T3 Z5 z3
x3 x2 1 xo 1 o ) x3
o 1 T2 1 3 T2 zo 1
x1 x3 €2 s s xo x4 x4
x0o ) x3 x2 T x4 x2 zo
T4 T4 T3 1 x2 1 5 5
x3 X1 T4 x4 x4 x5 x4 x3
x5 x4 3 xo
o 5 5 5

form a torus invariant basis. These deformations give linear inequalities
defining the special fiber Grébner cone, i.e.,

Cr, (1) = {(w,wy) € RD Ng | (w, A7 (m)) > —w,Vm}

for above monomials m and the presentation matrix

- o O O O

1 0
0 1
0 O
0 O
0 0

o O = O O

0
0
0
1
0

-1 -1 -1 -1 —1

of A4 (Y). The vertices of the special fiber polytope
V=0C, () n{w, =1}

and the number of faces, each vertex is contained in, are given by the table

o (0.0,1,0,0) (0,0,0,1,0) (0,0,0,0,1) (~1,~1,~1,~1,~1)
(0,1,0,0,0) (1,0,0,0,0)

6 (1,0,1,0,0) (0,1,1,0,0) (1,0,0,1,0) (0,1,0,1,0)
(1,0,0,0,1) (0,1,0,0,1) (0,—1,—1,—1,—1) (—1,0,—1,—1,—1)

The number of faces of V and their F-vectors are
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F-vector

Dimension Number of faces

o
L 3
o0 ~
ew..m
- grhm
0 0 2T ®
2FEEEF
2o ETlE A
—
—

—~—~ —~ X
o o o
Py Ny T i N e N

00000001711%

000000066507

O OO OO — = T 1o O

001346911147
S AN N O 0SS
01111111111
S N N e e e N N N N

— <H O 0N — f O <A
— M AN AN~ AN

— O = AN N 0

V* of V is a Fano polytope with vertices

The dual P°

/NN
o || o g
-~ o~ e —
o N - e10) ..M
77_ ne
O alm
— e =] ummuam
= o
R, B STO SR = R
— A Odumer
_OO 00 T+ - &
S— N
—~
antan =
—~ <t
S oo
A AN AN AN AN N N N e
Oa_l_fl__ 000000011%
L. 0707070;070a076507
‘I_A_I_A_I__ 00000>11Mm5
- _T - r0707071a174757 PPN o)
—_ <o O + - o n e cOO ™M
S L OO~ <F MO~ A =~
| o < S e S
—_ = o O —~ Al Ff o O
< [ S D N D L I
—~ o F((((((((((
—_—7 P
N o | R - NI O MO 0O
-~ e e (- )
S S = o) o —. N MmN
S b 2 =
— - % rm
I i
- —
— — .WC 1%
=] - g
S— N (-
) =
= =" S
NS S ml_012233445
~ T ) .
SESI > )
— o - P_. %
= ° £
= L2 s A
=) <
=
<

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
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of the fibers of the mirror degeneration. The dimension of the automorphism

group of Y° is
dim (Aut (Y°)) =5

Let
SO = C[’yl, Yo, ...y ylg]
be the Cox ring of Y° with variables

2 2

— — "1 — — %
yl - y(_17_1707270) - 1 T2 y2 - y(_17_1707072) - 1 T2

— _ T2 — _ X1
Ya = Y(-1,1,000) = Ys = Y(1,-1,000) = 4,

4 3
_ _ ) _ _ o
Y1 = Y04,-1,-1-1) = Zoasaaes I8 = Y(0.0-13-1) = a0
e ad

Y10 = Y(0,0,-1,-1,-1) = 2,75 Y11 = Y(4,0,-1,-1,-1) = Lozsasas

Y3 = Y(-1,-1,0,0,0) = T1 T2

2
Y6 = Y(-1,-1,2,0,0) = 1 Ty
Yo = Y(0,0,-1,-1,3) = To T3 T4

yl? - y(070737_17_1) = T4 5 IO

Bergman subcomplex Intersecting the tropical variety of I with the spe-
cial fiber Grobner cone Cy, (I) we obtain the special fiber Bergman subcom-

lex
g B(I)=C,(I)NnBF (I)Nn{w, =1}

The following table chooses an indexing of the vertices of V involved in B (1)
and gives for each vertex the numbers ny and np of faces of V and faces of

B (I) it is contained in

nv  Np)
1=(1,0,1,0,0) 2=(0,1,1,0,0)
16 A 3=(1,0,0,1,0) 4=1(0,1,0,1,0)
5=(1,0,0,0,1) 6=1(0,1,0,0,1)
7=(0,-1,-1,-1,-1) 8=(-1,0,—-1,—

With this indexing the Bergman subcomplex B (I) of Poset (V) associated

to the degeneration X is



[3,4,7,8],[5,6,7,8],[1,2,5,6],[1,3,7],[1,3,5],[1,2,7,8],
[1,5,7,(3,5,7],[2,4,6],[2,4,8],[4,6,8],[2,6,8],[1,2,3,4],
3,4, 5,6]],
[3,4,5,6,7,8],[2,4,6,8],[1,2,3,4,7,8],[1,2,5,6,7,8],
[1737 57 7]7[ 727 374’ 57 6]]7
[,
I
B (I) has the F-vector
Dimension -1 0 1 2 3 4 5
Number of faces 0 8 16 14 6 0 O
and the F-vectors of its faces are
Dimension Number of faces F-vector
0 8 (1,1,0,0,0,0,0) point
1 16 (1,2,1,0,0,0,0) edge
2 8 (1,3,3,1,0,0,0) triangle
2 6 (1,4,4,1,0,0,0) quadrangle
3 4 (1,6,9,5,1,0,0) prism
3 2 (1,4,6,4,1,0,0) tetrahedron

Dual complex The dual complex dual (B (I)) = (B (I))" of deformations
associated to B (I) via initial ideals is given by

|:|7
|:|7

x2 x  _ z} z
[[3’4’5’6’7’ 8] = <x13m’ x4x2x5> ) [2’4’6’8] o <xox3x4x5’ £> ’ ]’
4 2 3 3

2 3 2
» r1T2) xoX3 T4 T’ xoxX3Tg ' X1 /LT T D r1x2’ x1x2’ Tax0x5’ ToT3z T4 /

-,
4 3 3

2 2
[[5 7]* — x4 x3 Z2 T4 Z3 z2
’ r1x2’) x1x2 Tox3 X4 x5’ ToT3 x5’ Taxoxs X1 /7

-,
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2 2 2 4 3 3
[[1]* — Ty 5 o Lo Ty 5 Zo T2
x1x2? x1 X2 T1 T2 XOX3 T4 L5’ ToX3 L5 TOX3 T4’ TIXT4 X5 T1 )

-,
[

when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mg. In order to compress the output
we list one representative in any set of faces G with fixed F-vector of G and
of G*. When numbering the vertices of the faces of dual (B (1)) by the Cox
variables of the mirror toric Fano variety Y° the complex dual (B (1)) is

)

)

I
I
[[3,4,5,6,7,8]" = (Y6, y12) , [2,4, 6, 8]" = (y11,Y5) » -],
(1,3, 71" = (Y2, y7, y9, ya) » 3,4, 7, 81" = (Y6, Y2, Y12, Y9) + -],
I

Ii

[

57 ] <y1:y6ay77y87y127y4>7"']7
1" = (y1, Y2, Y3, Y7, Ys: Yo, Y10, Ya) 5 -,

The dual complex has the F-vector

Dimension 1 0 1 2 3 4 5
Number of faces 0 0 6 14 16 8 0
and the F-vectors of the faces of dual (B (I)) are
Dimension Number of faces F-vector
1 6 (1,2,1,0,0,0,0)  edge
2 14 (1,4,4,1,0,0,0) quadrangle
3 16 (1, 6 9,5,1,0,0) prism
4 8 (1, 16,14,6,1,0)
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Recall that in this example the toric variety Y is projective space.
number of lattice points of the support of dual (B (I)) relates to the dimension
h*? (X) of the complex moduli space of the generic fiber X of X and to the
dimension h'! (X°) of the Kéhler moduli space of the M PCP-blowup X°
of the generic fiber X° of the mirror degeneration

The

. 1,2
|supp (dual (B (1)) N M| =124 = 35 + 89 = dim (Aut (Y)) + h* (X)
=30+54+89
= [Roots (V)| + dim (Ty) + A" (X°)
There are
1,2 .
ht*(X) + dim (Ty.) =89+ 5
non-trivial toric polynomial deformations of X
a3 3 af a3 a3 a} 3 x5 )
TaTOT5  w1T2 ToTIT4T5 T T2 ToT3TL  WoT3T5  w1T2 TOT3TAT5 T3 TAT
mo 3 T5 X3 T5 T3 Ty 3 T3 x4 Ty T3 x4
1 X2 T4 X0 T4 0 1 T2 T4 xg o x5 o x5 o x5 1 T2
95(2) T4 X0 95421 T4 X0 ) T5 T2 f‘fgm T2 20?2 fchO
x3 xg x3 2x5 T3 Ts5 xr1 T2 X0 2z3 x4 X0 zg x4 o T3 T4 x3 %4 x5 x3 :c§ x5
) Ty T4T5 T4T5 5 z T4 292 TyT2 z
T3 T4 T5 xo %33 o T3 r1 T2 xo a:g xo a:g x5 To X3 T5 o T3 T5 T4 .’,Eg x5
x3 222 T3T2 z1 20 TiTo Ty i x5 212 T5T1 z
T4 X0 X5 T4 X0 X5 T3 :Eé x5 T3 x4 T5 T3 T4 T5 To X3 T4 o X3 T4 To X3 T4 T4 20T5
T3 212 T3T1 T4 212 T4T1 95(% T5 X0 T5 X0 x%
T4 2O T5 T4 2O T5 QT3 Ts QT3 Ts T T3 Ts T3 T4 T3 T4 Tl T2 T3 T4
CE2 CE2 I2 I2
0 o T3 3 o T3 2 23 T2 T4 1 T1r3
T4 T5 T4 T5 T4 T5 r1 T2 x5 To x5 X0 x5 To x5 o x5 To
2 2 2
T1 T4 T2 To ) T5 T2 T2 To ) T2 T4 ) T2 T4
o x5 xr3 x4 xr3 x4 xr3 x4 r3 x5 r3 x5 r3 x5 o T3 o T3
2 2 2
T5 X2 T1 X0 Ty Ts5 X1 T1 X0 Ty T1 x4 Ty T1 x4
o T3 xr3 T4 x3 23:4 T3 T4 x3 2&?5 T3 Ts5 3 Ts5 o T3 xo %73
T5 X1 T2 X0 ) T2 X3 P T2 X3 T5 T2 T1 X0 Ty
To T3 T4 5 T4 x5 T4 x5 T4 TQ T4 TQ T4 TQ T4 x5 T4 x5
1 X3 i 1 X3 Z5 X1
T4 x5 T4 o x4 o T4 X0
They correspond to the toric divisors
Dwos-1,-1) Di1,-1200 Dwuo-1,-1-1) D-1,-1,00p2)
Dwo-1,-13  Deo-13-1) Di1,-1020  Doa-1,-1,-1)
Deo-1,-1,-1) Di1,-1000  Dwooz-10  Dweoi-11)
Di1,-11010)  Do0,-12) D(O 02,0, ) D0,0,1,1,-1)
Dwoo2-1y  Dei-1110 Doo-10-1  Doo-11,-1)
D(O,07—1,2,—1) D(—l,—1,0,1,0) D( —1,0) D(0,2,—1,—1,1)
Doa-1-129  Dor-1-1-1) Dpz-1,-1-1) Dwg-1,-1,-1)
Deo-120  Doo-111) D1 0,1,1) D,0,-1,0.2)
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Dos-10-1) Doz-11-1) Doi-12-1) Dwogo-1,-1)
D(o 2,1,-1, _1) Doi2-1-1)  Dao-1,-1,-1) Deo-1,-1-1)
Diao-1,-1-1) D@o-1,-10 Deo-1,-11)  Dao-1,-12)
D@zo0,-1,-1)  D@eoi-1,-1)  Daoz-1,-1)  DEo-10-1)
Di@o-11,-1y  Dao-12-1)  Doo-1,-10 Do,-1,-1,1)
Di1-1001)  Dwoo-1,-12 Dwooo-1,-1) Dwoo1,-1,-1)
Dwogz-1,-1) Dci-1100  D0,2,00-1) Do,1,1,0,-1)
D,1,01,-1) D2,0,0,0,-1) Dap.1,0,-1) D0,01,-1)
Do1,-1,-100 Dwoz2-1.-10 Doi-1-11) Do1,-1,0-1)
Dwa2-10-1) Doi-11-1) Dw0:2,-1,00 Do,1,-1,1,0)
D(o,l, 1,0 1) Dao-1,-10 D@o-1,-100 Dao-1,-1,1)
Dauo-10-1) Deo-10-1) Dao-11-1) Deo-1,00
Dao,-1.1 0) D1,0,-1,0,) Doi1o-1-1)  D020-1,-1)
Doii,-1-1  Do,20-10 D,1,1,-1,0) D0,1,0,-1,1)
D1,0,0,- 1) D@00,-1,-1y  D@aoi-1-1)  D@0,0-1,0
D1,0,1,-1,0) D1,0,0,-1,1)

on a MPCP-blowup of Y° inducing 89 non-zero toric divisor classes on the
mirror X°. The following 30 toric divisors of Y induce the trivial divisor
class on X°

D -1000 Di-1,1,000 Di=10001) D=1,0000 D=1,00.10
D 10100 Dwo-1,000 Do-1001) Do-1100 Do-1,010
Dwo00-1) Dwo10-1) Dwoooi,-1 Dwooio0  Do0,1,0
D001  Dwoo-100 Doo-110 Dwoo-101) D000-1,0
Dwo1,-100 Dwoo,-1,1) Doi,-100 Dao-100 Do.1,0-10
Duoo,-10 Doi00-1 Daooo-1 Dwo10o0  D,0000)

Mirror special fiber The ideal I of the monomial special fiber X of the
mirror degeneration X° is generated by the following set of monomials in S°

YrY1YsYio Yo Y12 Y6 Y7 Ys Y3 Ys Yo Y6 Y7 Ys Y5 Y10 Y9
Y1Y3 Ya Y5 Yo Y12 Y8 Y3 Y4 Ys Yo Y12 Y8 Y4 Ys Y10 Yo Y12
Y7 Y1 Y3 Ys Yo Y12 Ye Y7 Y1 Y5 Y10 Yo Ys Y2 Y4 Ys Y10 Y12
YrY1 Y2 Y11 Yo Y12 Y8 Y2Y3 Ya Ys Y12 Y7 Ys Y2 Ys Yio Y12
V1 YsYsYioYo Y12 Y71 Ys Y2 Y3 Ys Y12 Y7 Y1 Ys Y11 Yo Y12
Yo Ys Y2 Y3 Ys Ys Ye Y7 Ys Y2 Y5 Y10 Y6 Y7 Y1 Y3 Y5 Yo
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Yo Y7 Y1 Y2 Y3 Ys YsYs Y11 Yo Yo Y12 Y8 Y3 Y4 Y11 Y9 Y12
YryYsyYsYirYoYi2 Y1 Y2YsYsYio Y12 Y1 Y2Y3Ya Ys Y12
Yrr Y2Ys Yo Y12 Y7 Y1 Y2Y3 Ys Y12 Yo Ys Y4 Y5 Y10 Y9
Ye YsYa Y11 Yo Yo  YsY2YsYa Y1 Yi2  Ye Y7 Y1 Y2 Y11 Y10
Ye Ys Y3 Y4 Y11 Yo Ye YrYsY11Y10Yos Yo Y7 Y8 Y3 Y11 Yo
YrYsY2 Ys i1 Y12 Y Y7 Y1 Y2 Y3 Y1 Y6 Y7 Y1 Y11 Y10 Y9
Y1YaY11 Y10 Yo Y12 Ys Y1 Y4 Y5 Y10 Y9 Y1 Y3 Y4 Y11 Yo Y12
Ye YsY2Yas Y11 Yo  Ys Ys Y2 Y3 Ya Y11 Y1Y2Y3Ya Y11 Y12
Ye Y7 YsY2 Y11 Yo  Ye Y7 Ys Y2 Y3 Y Yr Y1 Y2 Y3 Y11 Y12
Y6 Y1 Y3 Y4 Ys Yo Yo Ys Y3 Y4 Ys Yo Ye6 Ys Y2 Y4 Y5 Y10
Yo Y1 Y2 Y3 Y4 Ys YsY2YasYi1 Yo Y12 Ye Y7 Ys Y2 Ys Ys
Y6 Y7 Y1 Y3 Y11 Y9 Y6 Y7 Y1 Y2 Y5 Y10 Y7 Ys Ys Y10 Yo Y12
Y7 Y8 Y3 Ys Yo Y12 Ys Y1 Y2Ya11 Y10  Ye Y1 Y2 Y3 Ya Y11
YrYsYa Y11 Yo Y12 YrYsYir Yo Yo Y12 Yo Y1 Y2 Ya Y5 Y10
Yryryu YioYo Y12 YeY1Ya Y11 Y10Ys Y1 Y2 Y4 Y11 Yio Y12
Y6 Y1 Y3 Y4 Y11 Yo

The Pic (Y°)-generated ideal

Jo = Y1 v2Ysyays Y7 Ys Y11 Yo Yo Yz )

o

defines the same subvariety X of the toric variety Y°, and J§* = IJ. Passing
from J§ to J§* is the non-simplicial toric analogue of saturation. The complex
B (I)" labeled by the variables of the Cox ring S° of Y°, as written in the last
section, is the complex SP (I§) of prime ideals of the toric strata of the special
fiber X of the mirror degeneration X°, i.e., the primary decomposition of I
is

IS = (y11,y5) N Yz, ya) O (Y3, Y10) N (Ye, Ya2) N (Y1, ys) N (Y2, yo)

Each facet F' € B(I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.

Covering structure in the deformation complex of the degeneration X
According to the local reduced Grobner basis each face of the complex of de-
formations dual (B (1)) decomposes into 2 polytopes forming a 2 : 1 trivial
covering of B (I)
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Y2, ZJ4> ) <y77 Z/9>] = [17 37 7]\/7
Ys, ?J2> ) <y127 y9>] — [37 47 77 8]\/7
]

b

(Y1, Y6, ya) » (Y7, ys, v12)] — [5, 717,

-,

H<y17 y27y37y4> ) <y7>y87 Yo, y10>] = [1]\/7

-,
[

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (1) chosen
above. This covering has 2 sheets forming the complexes

B
B

(y12) , (y11) 5 -,
(Y7, 99) > (Y12, Y) » -],
(y7,ys,912) -],

(Y7, Yss Yo, Y10) 5 -+,

]

I
I

{ys), (Ys) » -],
(Y2, y4) , (Yos Y2) » -],
<yla?/6ay4> ]
(Y1,Y2,Y3,Y4) 5 -+,

[
[
[
[
[
[
[

]

with F-vector

Dimension Number of faces F-vector
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0 6 (1,1,0,0,0,0,0) point

1 14 (1,2,1,0,0,0,0) edge

p 16 (1,3,3,1,0,0,0) triangle

3 8 (1,4,6,4,1,0,0) tetrahedron

Writing the vertices of the faces as deformations the covering is given by

m1x2>><mm>] —[3,4,5,6,7,8, [(2), (557 )] = [2.4,6,8),

7

<
“<m Ln) (et i) o 07
[<”” =) (i 2 N (34,78

xr1 T2’ xlacg T4 X055’ TOIT3T4

9

4
Lo z43 z33 ] [5 7]\/
T w2 z1 T2 w2 $1 Y\ To T3 T4 X5 TOTIT5 ' T4 TO TS ) )

)

4
) T x43 x53 zo3 ] — 1]
xlxz’mxz’xlxz’ﬂm P\ o T3 T4 x5 TOTIT5 ) TO XT3 T4 T3 T4T5 ’

)

[]

with the 2 sheets forming the complexes

)

I
[,

4
Z‘l ]
1'41'01'5 >\xowzxamws /7D
3 3
3 T5 ]
330963904905’900903904 >\ zaxozs’ roxz®wa /77D

$633 ]
w0w3x4xd’xox3xd’x4azoazd [ R

x53 m03 ]
$0$3x4x5’ 33036315’ Tox3T4’ T3T45 [ 7D

260



Ty 5 o T2

2
(2, m), )
T1x2) 3w Wy /7D

2 2 2 ]
x1x2’ x1T2) 1 X2 T1 yrth

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.

Limit map The limit map lim : B (/) — Poset (A) associates to a face
F of B(I) the face of A formed by the limit points of arcs lying over the
weight vectors w € F', i.e., with lowest order term ¢*. Labeling the faces of
the Bergman complex B (1) C Poset (V) and the faces of Poset (A) by the
corresponding dual faces of V* and A*, hence considering the limit map lim :
B (I) — Poset (A) as a map B (I)" — Poset (A*), the limit correspondence
is given by

[,

[(yhy%93,977987y9,ylo,y4> = <l‘1,$3> ) ])
[<y17y65y77y87y127y4> = <$1,l’5,l’0> ) ]a
[

(yg,y7,y9,y4> = (9517%3@4,1170) ) (y&?/mylz,yg) = <$1,€E2,934,$0>,

A,

[<y6>y12> = <x1,9€2>$4,$5,flf0> ) <y11,y5> — <51727333,$4,x5,$0>,

The image of the limit map coincides with the image of p and with the
Bergman complex of the mirror, i.e., lim (B (1)) = u (B (I)) = B (I°).
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Mirror complex Numbering the vertices of the mirror complex u (B (1))

as
1=(5-1,-1,-1,-1) 2=(-1,5,—1,-1,-1)
3=(-1,-1,5,—-1,-1) 4=(-1,-1,-1,5,—1)
5=(-1,-1,-1,-1,5) 6=(-1,-1,—-1,—1,—1)

p (B (I)) C Poset (A) is

[2,3,4],[1,3,4],[3,4,6],[3,4,5],[2,5,6], [2,4,6], [2,4,5], [L, 5, 6],
,4,6],[1,4,5],[4,5,6],[3,5,6],[2,3,6],[2,3,5], 1,3, 6], [L, 3, 5]],

5
,5,6],[1,4,5,6],[2,3,5,6],[1,3,5,6],[2,3,4,6], [1,3, 4, 6],

The ordering of the faces of p (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of p (B (I))" are

Dimension Number of faces F-vector
1 8 (1,2,1,0,0,0,0) edge
2 16 (1,3,3,1,0,0,0) triangle
3 14 (1,4,6,4,1,0,0) tetrahedron

4 6 (1,5,10,10,5,1,0)
The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))" C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

_ _wsynt _ vayrt
T1 = 2(1,0,0,0,0) = V1 Y2 Y3 U4 U6 T2 = T(0,1,0,0,0) = Y1Y2 Y U5 Y6
_ ygyr2* st
o — 1 Y12 g — g
3 (0,0,1,0,0) = 37ys vg Y19 11 4 (0,0.0,1,0) = Y7 yo yroy11 y12
y2y9 — Y3Y10

Ts5 = 2(0,0,0,0,1) = o = T(-1,-1,-1,-1,-1) —

Y7 Y8 Y10 Y11 Y12 Y7 Y8 Yo Y11 Y12

So writing the vertices of the faces of (u (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by
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|:|7
|:|7

<$Cl,333> <l‘2, SL‘3> ) <Q?1,LL‘4> ) <SC2,£C4> ) <l‘1, ZC5> ) <£C2,LI?5> ) <l‘1, ZC0> )

2, o)),

<I1,[E57.T0> <$2,.T57x0> ) <x17 '/L‘27x5> ) <CU1, I27x0> ) <I17 x37x4> ) <'T17 x3, ‘7“5> )
T1,T3, :L‘O> <$27$3a :L‘4> ) <IE27$3, l’5> ) <[E27$3, J]0> ) <$1,LE2,$3> ) <£L‘1,ZE271'4> )
X1, Tyg, $5> <l’1,l’4, x0> 5 <3§'2,l’4, ZL‘5> 3 <$27$47 zO)]a

T2, Ty, .1:5,(1,'0> <I2, x37$57x0> ) <I1,$2,f1)3, LU4> ) <x17'/1“27 Ly, x5>]7

<x17x27'r47 I5,./L'0> <x27 X3, $4,[E57.T0> ) <x17'r27x37 I47$0> ) <x17 Za, x37‘r57x0> )
T CC?)a'ZL‘47'ZE57'I'0> <$1,$27$3,x4,$5>],

]

[
(
[
(
(
[(961,332,454, fl?o) (-731,352, L5, 1’0> w1, 22, T3, T5) <£E1, 373,334,5130> ) <5L“1, $3>$4,$5> )
< X1, T2, 1'375C0> <£If1, 1'3,.%5,1'0) ) (xl,x4,x5, l'o) ) <l’2,$3,$4, x5> ) <.CC2,Z'3, Ty, l'0> 3
(
[
(
[

The complex u (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X, of X, i.e., the complex SP (Iy),
so in particular the primary decomposition of I is

]0 _ <.§L’2,Q30> N <ZL’1, ZIIO> N <.’1§‘1, LC5> N <272, l’5> N <131,I3> N <.§L’2,Q33> N
N <ZE1, I4> N <.T27 $4>

Covering structure in the deformation complex of the mirror de-
generation Each face of the complex of deformations (u (B (1)))" of the
mirror special fiber X§ decomposes as the convex hull of 2 polytopes forming
a 2 : 1 trivial covering of p (B (I))"

H<]»’171> (s)] > (xy,25)" = [2,4,5,6]Y,
H<]£E1> ) <£U5,330>] = <.CE1,175, x0>*\/ = [27 3’4]\/’
[[(z1) s (23, 34, 20)] > (1, 3, T4, 70) ™ = [2, 5],

[<$1,1‘2> , <$4,I0>] — <$1,$2,$4,$0>*v = [3,5]v;

-,
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[[<$1,$2> ) (954,335,330>] = <371,952>334,$5,$0>t/v = [3]v,
[<5E2> ) <IE37I’4, T, ..'['0>] — <ZC2,J)3, x47$57x0>* - [1]\/’

cee]y

I

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G +— FY with dim (G) < dim (F).

Mirror degeneration The space of first order deformations of X in the
mirror degeneration X° has dimension 6 and the deformations represented
by the monomials

ya yr* y3yo® viys® yay12® y5 y11*
Y1Y2 Y3 Y5.Y6 YTYSYI0 Y11 Y12 YT YO YIl0 Y11 Y12  YTYUSYOYI0 Y1l Y1293 Y4 Y
Y3zyio
Y7 Ys Yo Y11 Y12

form a torus invariant basis. The number of lattice points of the dual of the
mirror complex of I relates to the dimension h'?(X°) of complex moduli
space of the generic fiber X° of X° and to the dimension h'! (X) of the
Kéhler moduli space of the generic fiber X of X via

[supp (1 (B (1)))") N N[ =6=5+1
= dim (Aut (Y°)) + A2 (X°) = dim (T) + A" (X)

The mirror degeneration X° C Y° x SpecC[t] of X is given by the ideal
I° C 8° ® Ct] generated by
t (sayivs + 55 Y35 + 56 Y3Ylo + S2 YgUla) + Y7 Ys Y11 Y10 Yo Y12
t(s19iy7 + s3Y3Y1) + Yo Y1 Y2 Y3 Ya Ys

tSaYSYS + Yy Y11 Yio Yo iz S5 YsYs + Y7 Ys Y2 Y11 Y10 Y12
tS1 YoYU+ Yo Yr Y1 Y2 Yz Us  Sa YeYdy + Y Yr Ys Y11 Y10 Yo
tS6 Y30 + Yr Ys Y3 Y11 Yo Y12 £S3Y31Ys + Ve Y1 Y2 Y3 Ya Y11

and 56 monomials of degree 6

The ideal J° which is Pic (Y °)-generated by

t(s1Y2y7 + S3YaYi1) + Y Y1 Y2 Y3 Ya Us,
t(s4yTys + S5 Y3Yg + 56 Y3Ylo + S2 Yeyla) + Y7 Ys Y11 Yio Yo Y12

defines a flat affine cone inducing X°.
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Contraction of the mirror degeneration In the following we give a
birational map relating the degeneration X° to a Greene-Plesser type orbi-
folding mirror family by contracting divisors on Y°. See also Section 9.13
below. In order to contract the divisors

R _ 2 _ __ I
Y4 = Y(-1,1,00,0) = 5, Y5 = Y(1,-1,000) = 5,
3 3
_ _ Ty — — 5
Y8 = Y(0,0,-1,3,-1) = 7524 73 Yo = Y(0,0,-1,-1,3) = 75 Ts g1
_ _ Lo _ — T3
Y10 = H0,0,-1,-1-1) = pazs Y12 7 Y003-1-1) T Zizgas

consider the Q-factorial toric Fano variety Y° = X (3°), where 3° = X(P°) C
My is the fan over the Fano polytope P° C Mg given as the convex hull of
the remaining vertices of P° = V* corresponding to the Cox variables

£E2 1134
— — 3 — — 1
Y6 = Y(—1,-1,2,0,0) = 7142 Y11 = Y@4,0,-1,-1,-1) = 217—0 P
_ __ _T5 _ _ T3
Y2 = Y(-1,-1,002) = 712y Y1 = Y(-1,-1,02,0) = 775,
4 2
332 1‘0

Y1 = Y(04,-1,-1,-1) = Lommaszs I3~ Y(-1,-1,000) = 0

of the toric variety Y° with Cox ring

~

S° = (C[y67 Y11, Y2, Y1, Y7, ?JB]

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R R
Yo =X(X°)—- X(X°) =YY"

be a birational map from Y to the toric Fano variety Y", which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Y4 Ys Ys Yo Yo Y12
Representing V° as a quotient we have
ye = (cﬁ v <B(§]°)>) Jles

with A
G° = ZQ X ZQ X Zg X (C*)l

acting via
_ 7 4
§y = (Ul U1 - Y, UL U3 V1 " Y11, U2 V1 * Y2, UL U2 Uz V1 * Y1, U U3 VY - Y7, U1 * yS)
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for & = (u1, us,uz,v,) € G° and y € C* — V (B(f]o)) Hence with the group

FIO = ZQ X ZQ X Zg
of order 32 the toric variety V° is the quotient
Y° =P°/H°

of projective space P5. The mirror degeneration X° induces via Y° — Y°ade-
generation X° C Y°xSpec C [t] given by the ideal I° C (s, Y11, Y2, Y1, Y7, Y3) C
S° ® C [t] generated by the Fermat-type equations

Y1 Y2 Y3 Yo + t(S6 Y7 + S5 Y11),
Yryin + t(s1yf + S3y3 + Say3 + S243)

The special fiber Xg C Y° of X° is cut out by the monomial ideal

A

jg C B(io) = <y6>y11>y27y1ay7>y3> C S°

generated by
{ vivausys yryn }

The complex SP(I3) of prime ideals of the toric strata of Xg is

Y

I
I
Wi y) s We vn) > (Wit v2) > (W, v1) 5 (Y, y3) 5 (Wi, ¥s)
Y6, Y1) » (Y2, y7)],

(yn, yz,y3> <y117 Y2, y1> ) <y6; Y11, y1> ) <Z/117y1,y7> ) <y6,y11,y7> )
Yo, Y2, Y7) » (Y11, Y1, ¥3) > (Y, ¥ Y3) » Wes Y1, Y7) - (Y2, Y1, y7)

Yo, Y7 Y3) » (e, Y11, Y2) > (Yans Y2, y7) s (Y11, yr, s) » (Yes Y U3)
Ys, yllay3>]

[
(
[
{
(
(
Y6, 11, Y7 Y3) » (Y6 Y11, Y2, Y1) » (Y2, Y1, Y7, Y3) s (Wi, Y1, Y7. Y3)
<Z/1173/27 Y1, y3> <ZI6> yz,y7,y3) ) <y67y17y77 Z/3> ) <Z/67 Y11, Yo, y7> )
<?J6, Y11, Y2, y3> <y11,y2, y7,y3> ) <y67 Y11, yl,y7> ) <y67 Y2, Y1, y7> )
<y117y27y1ay7> <9679117y1793>]7

[
(

<y11’ Y2, Y1, Y7, y3> <f967 Y2, Y1, Y7, y3> ) <y67 Y11, Y1, Y7, y3> ’ <y6a Y11, Y2, Y7, ?/3) )
Ye, Y11, Y2, Y1, y3> <y67 Y11, Y2, Y1, ?J?)L

I
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SO fg has the primary decomposition

jo_ (y11, y1) N (Y7, y3) O (Yan, ya) O (Yans y2) O (Y, yz) N (Yo, ya1) N
O N {Ye,yr) N (Y2, Y1)

A

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V = (P°)* corresponding to [§. Indexing of the vertices of V by

1=(3,43,00) 2=(3-1,00,0)
3=1(%,2,0,0,3) 4=(3,3,0,3,0)
= (-£.5.0.0,0) 6=(-§-3.-3,-3.-3)
this complex is given by
( 3\
],

|
|
13.4),
2.6]. [1.6].[3,5]).
I[1,4,5],[1,5,6],[3,5,6],[1,3,6],[3,4,6], [2,4,6],[1,3,5],[1,2, 3],
12,3,6],[1,2,6],[1,2,4],[4,5,6],[1,4,6], [1,3,4],[2,3,4], 3, 4, 5]], (
[[1,2,3,6],[3,4,5,6],[1,4,5,6],[1,3,5,6],[1,2,3,4], [1, 3,4, 5],
[2, 3,4, 6], [1, 2,4, 6]],
)

L0 J

8.12.4 The Calabi-Yau threefold given as the complete intersec-
tion of two generic cubics in P°

Setup Let Y =P = X (¥), ¥ = X (P) = NF(A) C Ng with the Fano
polytope P = A* given by

(5,-1,-1,-1,-1) (~1,5,—1,—1,—1)
A = convexhull | (-1,-1,5,—-1,—-1) (-=1,—-1,-1,5,—1) C Mg
(—1,-1,-1,-1,5) (—1,-1,-1,—1,-1)

and let
S = (C[-I(],«r17x27x37x47x5]

be the Cox ring of Y with the variables

T1 = 2(1,0,0,0,0) L2 = 2(0,1,0,0,0)
T3 = 2(0,0,1,0,0) T4 = X(0,0,0,1,0)
Ts = 2(0,0,0,0,1) Lo = T(-1,-1,-1,—1,—1)
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associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
complete intersection Calabi-Yau 3-folds of type (3, 3) with monomial special
fiber

I():< T1Tox3 TgAygsy >
The degeneration is given by the ideal I C S®C [t| with Ip-reduced generators
Ty o3+ (123 + oo+ So1 T 4 oo+ S36 X5 + oo+ Su6 TS+ ... + S51 To+
ot S54T3),

To T4 Ts + t(855 I‘z{) + ...+ S75 .’L'g + ... + S90 {17% + ... + S100 LEi + ...+ S105 x%—l—
3
...+ S108 ZL’O)

Special fiber Grobner cone The space of first order deformations of X
has dimension 108 and the deformations represented by the Cox Laurent
monomials

3 3 3 2 2 2
o Ty Ty T3T1 z3 312 z3 322 L3T2 T5T0
T1X2I3 T1X2I3 T1X2T3 IO T4 T5 TO X4 T5 IO T4 T5 T T4 T5 1 :cg T3
ToT1 z5 302 T 312 T4 352 T4T5 T4T0 T4 30> r3
x0 :cf% x5 x1 xg x3 T T4 Ts xr1 T2 T3 1 T2 T3 xr1 T2 T3 xr1 T2 T3 o T4Ts
it ) T2 X3 T3 T4 T4 0 123 T5 T2 T2 T0
x0Ty Ts x0Ty Ts x4 TQ x1 T2 x1 T2 ) x1 T3 x1 T3
X1 x4 X2 T4 T4 TQ T4 T5 T4 T5 X1 T2 X1 T2 )
xo T3 xr1 T3 x1 T3 xo T3 x1 T3 x0T T4 T xo T3
2 2 2 2
T5 T T3 T3 Ty Zo Lo T5 Lo T5 T4 T0
o T T4 T T4 T 1T 1T o T 1T o T
=i = ol 22 22 22 22 22
1 1 2 3 0 5 1 1
T4 Zo T2 T3 T1 T3 T1 T2 T2 T3 T2 T3 T2 I3 T1 T3
5 Zo T4 T5 T3 T4 T5 T3 T5 T3 ) 123
1 T3 1 T3 1 T2 o Ts 1 T2 T4 T0O o Ts T4 Ts
1 xg T5 T2 T2 T3 T2 g T1 T4 T1 T3 T2 T4 T2 T3
T4 T5 T4 TQ T4 T5 T4 T5 xoTs5 xo T5 xo Ts5 xo Ts5
2 2 2 2
3 Zg 3 To L0 T5 T5 X1 il ) il T3
x1 T2 T4 T xr1 T2 ) T4 T T4 T x0T T4 T
$2 J)Z J)Z J)Z J)Z
0 1 3 5 5 122 T2 zo
T4 T5 o T5 o T5 T4 T0 T1 T2 T4 T0 5 3
z3 Z2 Z1 Zo Z1 Zo T2 z3
0 1 T2 1 T3 T2 0 1
z1 z3 2 5 5 Zo Z4 Z4
xo €2 x3 €2 X1 x4 ) o
Z4 Z4 3 1 T2 Z1 5 5
x3 X1 x4 T4 x4 x5 x4 x3
5 T4 z3 o
xo x5 x5 x5

form a torus invariant basis. These deformations give linear inequalities
defining the special fiber Grébner cone, i.e.,

Cr, (1) = {(w,wy) € RD Ng | (w, A7 (m)) > —w,Vm}
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for above monomials m and the presentation matrix

1 0
0 1
0 0
0 0
0 0

o O = O O

0 0
0 0
0 0
1 0
0 1

-1 -1 -1 -1 —1

of Ay (Y'). The vertices of the special fiber polytope
V=0Cr (I)Nn{w, =1}

and the number of faces, each vertex is contained in, are given by the table

o (0.0,0,1,0) (0,0,0,0,1) (~1,~1,~1,~1,~1) (1,0,0,0,0)
(0,1,0,0,0) (0,0,1,0,0)
(1,0,0,1,0) (0,1,0,1,0) (0,0,1,1,0) (1,0,0,0,1)

16  (0,1,0,0,1) (0,0,1,0,1) (0,—1,—1,—1,—-1) (—=1,0,—1,—1,—1)
(—1,-1,0,—1,—1)

The number of faces of V and their F-vectors are

Dimension Number of faces F-vector

~1 1 (0,0,0,0,0,0,0)

0 15 (1,1,0,0,0,0,0) point

1 42 (1,2,1,0,0,0,0) edge

2 26 (1,3,3,1,0,0,0) triangle

2 27 (1,4,4,1,0,0,0) quadrangle
3 30 (1,6,9,5,1,0,0) prism

3 6 (1,4,6,4,1,0,0) tetrahedron
4 6 (1,8,16,14,6,1,0)

4 6 (1,9,18,15,6,1,0)

5 1 (1,15,42,53,36,12,1)

The dual P° = V* of V is a Fano polytope with vertices
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(-1,-1,-1,0,3) (=1,—1,—1,0,0) (—1,2,—1,0,0) (—1,—1,2,0,0)
(2,-1,-1,0,0)  (~1,—-1,—1,3,0) (0,3,0,—1,—1) (0,0,3,—1,—1)
(0,0,0,—1,2) (0,0,0,—1,—1)  (3,0,0,—1,—1) (0,0,0,2,—1)

and the F-vectors of the faces of P° are

Dimension Number of faces F-vector

—1 1 (0,0,0,0,0,0,0)
0 12 (1,1,0,0,0,0,0) point
1 36 (1,2,1,0,0,0,0) edge
2 38 (1,3,3,1,0,0,0) triangle
2 15 (1,4,4,1,0,0,0) quadrangle
3 18 (1,6,9,5,1,0,0) prism
3 24 (1,4,6,4,1,0,0) tetrahedron
4 6 (1,5,10,10,5,1,0)
4 9 (1,8,16,14,6,1,0)
5 1 (1,12,36,53,42,15,1)

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is

dim (Aut (Y°)) =5
Let

S° = C[ylﬂ Y2, .-y le]

be the Cox ring of Y° with variables

3 2
o

Y1 = Y(-1,-1,-1,0,3) = oy vy Y2 = Y(-1,-1,-1,0,0) = oy @y Y3 = Y(-1,2,-1,0,0) = Tia3
3
_ __ _Z3 _ _ T _ _ Ty
Y4 = Y(-1,-1,2,0,0) = 3 2 Ys = Y(2,-1,-1,0,0) = 2, 3 Y6 = Y(-1,-1,-130) = Z7ar a3
2
_ _ ) _ _ 3 _ _ %5
Y71 = Y0,3,0,-1,-1) = 7, 2475 Y8 = Y(0,03,-1,-1) = 2, zigs Yo = Y(0,0,0,-1,2) = 7, g
_ _ _To _ _ Ty _ _ Ty
ylo - y(070707_17_1) - T4 T5 yll - y(370701_11_1) - QT4 Ts y12 - y(01070727_1) - ToITs
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Bergman subcomplex Intersecting the tropical variety of I with the spe-
cial fiber Grobner cone Cy, (I) we obtain the special fiber Bergman subcom-
plex

B(I)=Ci,(I)NnBF (I)N{w; =1}

The following table chooses an indexing of the vertices of V involved in B ([)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (1) it is contained in

ny  Np
1=(1,0,0,1,0) 2=1(0,1,0,1,0)
3=1(0,0,1,1,0) 4=(1,0,0,0,1)

16 4 5=(0,1,0,0,1) 6=1(0,0,1,0,1)
7=(0,-1,-1,-1,—-1) 8=(-1,0,-1,-1,-1)
9=(-1,-1,0,—1,-1)

With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

B (I) has the F-vector

Dimension -1
Number of faces 0

0
9

(G200 V)
S W
O =~
o ot

1
18 1
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and the F-vectors of its faces are

Dimension Number of faces F-vector

0 9 (1,1,0,0,0,0,0) point

1 18 (1,2,1,0,0,0,0) edge

2 6 (1,3,3,1,0,0,0) triangle

2 9 (1,4,4,1,0,0,0) quadrangle
3 6 (1,6,9,5,1,0,0) prism

Dual complex The dual complex dual (B (1)) = (B (I))" of deformations
associated to B (/) via initial ideals is given by

[,
[,

l72 T
[[2’3’5’678’9] - <:c21ws’ :coatzlwc5> ! ]’
3 3 3

E E 2 2 3 2 3 2
[[4 5 6]* _ T3 x5 Ty xh [1 92 4 5]* _ zg T3 x5 zj
» x1x2x3’ x1 X3’ xoxs ' T4x5 / ’Tr r1x2x3’ x1x2’ xoxa x5’ T4x5 /

3 2 2 3 3 2
[[3 9]* _ < Ty T3 Ty T3 1 s >
9 - 9

17223’ T1x3’ T2X37 TOT4T5 ' TOT4T5 W T4 TO

3 2 2 3 3 2 2

3
[[1]* — 5 Zo ) T3 L2 3 5 o]
X1 Tox3’ T1X2x3’ T1X3’ T1T2) XOX4 L5’ TOX4 X5 Taxo ' Taxy [

when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mg. In order to compress the output
we list one representative in any set of faces G with fixed F-vector of G and
of G*. When numbering the vertices of the faces of dual (B (I)) by the Cox
variables of the mirror toric Fano variety Y° the complex dual (B (1)) is

[,
[,
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2,3,5,6,8,9" = (y5, y11) , -]

61" = (Y6, Y2, Y12, Y10) 5 [1,2,4, 51" = (Y2, Ys, Ys, Y10) 5 -
L1 = (Y1, 3, s, Y7, Y11, Yo) 5 -]
1" = (Y1, Y2, Y3, Y4, Y7, Ys: Y9, Y10) 5 -,

12,
[[4,5
3
I
I

The dual complex has the F-vector

Dimension 1 01 2 3 4 5
Number of faces 0O 0 6 15 18 9 0
and the F-vectors of the faces of dual (B (I)) are
Dimension Number of faces F-vector
1 6 (1,2,1,0,0,0,0) edge
2 15 (1,4,4,1,0,0,0) quadrangle
3 18 (1, 6 9,5,1,0,0) prism
4 9 (1,8,16,14,6,1,0)

Recall that in this example the toric variety Y is projective space. The
number of lattice points of the support of dual (B (I)) relates to the dimension
h*? (X) of the complex moduli space of the generic fiber X of X and to the
dimension h'! ()_(O) of the Kéhler moduli space of the M PCP-blowup X°
of the generic fiber X° of the mirror degeneration

lsupp (dual (B (I))) N M| = 108 = 35 + 73 = dim (Aut (Y)) + A" (X)
=30+5+73
= [Roots (Y)| + dim (Ty) + A" (X°)

There are
RY? (X)) + dim (Tye) = 7345

non-trivial toric polynomial deformations of X

3 2 2 3 3 2 2 3 2

3

CL’l 1‘1 [EO CL’O 3’53 .’E3 .’E4 $4 .’Es $5
o x§ Ts5 T2 X3 T4 X5 T X2 T3 IO X4 T5 T1 T2 To x5 T X2 T3 T4 X0 I X2 T3
5 5 5 5 5
T i) 3 T 3 ) 3 T T2 T ) o 2 o
o T4 X5 xr1 T3 T4 T5 T4 T5 xr1 T2 xr1 T2 T4 T5 T4 5 xr1 T3 xr1 T3
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on a MPCP-blowup of Y° inducing 73 non-zero toric divisor classes on the

mirror X°.
class on X°

D(0’07070771)
D0,0,0,0,1)

D(0707071’71)

D

D -11000)
1,-1,000)  D(0,-1,1,00)
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D(-10.1,00)
D(1,0,-1,00)

ol

(0,0,0,1,0)
(071)_17070)

The following 30 toric divisors of Y induce the trivial divisor

93% T5 X2 T5 X2 mg 93% T2 X4 T2 Ty 3’421 T/g T3 T4
T4 X0 T4 X0 T1 T3 T1 23 To x5 To x5 T1 23 T1 T3 To x5 To x5
T3 T4 5‘7421 x4 20> 5‘34215”0 x3 x22 5‘712';4”2 fcg T5 T3 T5 T3 x%
T1 2 T @2 TIT2T3 TIT2T3  TOTAT5  TOT4T5 T4 T T4 L0 T T2 T T2

x] T1 T4 T1 T4 x3 3T x4 252 x3 212 T3T1 x2 212 521
To Ts To Ts 2 23 To T3 T1 T2 T3 T1 T2 T3 To T4 Ts TO T4 Ts To T4 Ts To T4 Ts

x5 20> T5Z0 ml T5 T T5 T xg T1 To 2’% 37(2) T1 Tg
T1 X2 T3 T1 X2 T3 T4 X0 T4 X0 To X3 To X3 T4 X5 T4 X5 To X3 To T3
1 To T1 To To T3 To T3 T1 To T4 Th T4 TH T4 TH To T3 T4 TQ
T4 X0 T4 X5 T4 X5 T4 X0 To x5 T1 T3 T1 T2 To T3 To T5 T1 T3
T4 TQ T4 TQ T1 T3 To Th To Th T1 T3 To Th T1 T3
T1 To To T3 To T5 T1 To T1 T3 T4 TQ To T3 T4 X5

They correspond to the toric divisors
D@zo0,-1,-1)  De-1,-100 Dooo-1,-1) Di1,-1,-1,00)
Dos-1,-1)  Di1,-1200 D002 ) D—1,-1,-130)
D(0707077 ) D(717717717073) D(O 3 O 1) D(7172771’070)
Dwor-1,-1y  Dwoz-1-1) Di1,-1000  Di1,-1,100)
Dojo-1,-1y  Dw20-1,-1) Di10-100  Di1,1,-100)
D(072707_170) D(071707_171) D( -1 0 1) D(_1707_17072)
Di0,2,00,-1) Di0,1,01,-1 D a,- 1,1,0) D(—10,-1,20)
Di0,0,20,-1) Do01,1,-1) Di1-1100)  Di=1,-1,020)
Dii—1-110) Di=1-1,-1200 Dozi,-1-1) Doaz-1,-1)
Di0,0,2,-1.0) Doo1,-1,1) Di—1-1101)  Di=1,-1,002)
D(2,070,0,—1) D(I,O,OJ,—I) D(l,—l,—l 1 0) D(O,—l,—l,Q,O)
Di1-1-121) Dici-1-112) Deoa-1,-1) Daopz-1,-1)
Diio-1,-1)  Dazo-1,-1)  Der-1,-101)  Dic1,-1,-102)
D2,00,-1,0) D100,-11) Da-1,-101)  Do,-1,-1,02)
Daoo-1,-1y  Deoo-1-1)  Do-1,-100 Da-1,-1,00)
Duio-10  Daro-1-1y  Deii-1,-1)  Doi,-10)
D11,00,-1) Di10-111) De1-1011)  Do-1,-111)
D01,10,-1) D 10-110  Di1-1010  Do-1,-110
D1010,-1) Di1—1001) Di-t0-101  Daot,-10)
D(07_17_17071) D(17071’_17_1)



Di0,0,0,-1,0)

D(070’0,,
D(—l,O,O,O,l) D(O,O,—l,l,O
D(—l,O,O,l,O) D(O,l,O,O,—l
D(O,O,L—LO) D(071,0,—1,0

) Dwo,-101) Dwo,-100 D(-1,0000)
) Dw01,000  Dw©o100  D1,0000)

) Dwo10-1) Daooo-1) Do,-1,01,0
)y Do,-1001) Daoo-10 Do,-1000

Mirror special fiber The ideal [ of the monomial special fiber X of the
mirror degeneration X° is generated by the following set of monomials in S°

(

\

The Pic (Y°)-generated ideal

Ye Y7 Ys Ys Y10 Yo
Y1Y2Ys Ys Y11 Y12
Ye6 Y1 Y2 Y3 Y4 Y11
Yo Ys Y2 Y3 Y11 Y9
Y6 Y3 Y4 Y11 Y10 Yo
Ys Y1 Y2 Y3 Ys Y12
Y6 Y3 Y4 Ys Y10 Yo
Y7 Y1 Y4 Ys Y10 Y12
Yo Y2 Y3 Y4 Y11 Y9
Y7 Y1 Y4 Y11 Y10 Y12
Yo Ys Y2 Y3 Ys Yo
Ye Y7 Y4 Y11 Y10 Yo
Y6 Ys Y1 Y3 Ys Yo
Ye Ys Y3 Y5 Y10 Y9
Ye Y7 Ys Y1 Y2 Y11
Y8 Y1 Y3 Y11 Y10 Y12
Yo Y7 Y2 Y1 Ys Yo
Y7 Y1 Y2 Y4 Y11 Y12
Y8 Y3 Ys Y10 Yo Y12
Ys Y2 Y3 Y11 Yo Y12
Yo Ys Y1 Y2Ys Ys
Y7 Y2 Ya Y11 Yo Y12

Y1Y2Y3YaYs Y12
Yo Y1 Y2Y3Ya Ys

Y7 Y8 Y11 Y10 Yo Y12
Y7 Ys Y2 Ys Yo Y12
Y71 Y1 Y2 Y4 Ys Y12
Y71 Ys Y1 Y2 Ys Y12
Y1 Y3 Ya Ys Y10 Y12
Y7 Y4 Y11 Y10 Yo Y12
Ye Y7 Y4 Y5 Y10 Y9
Yo Y2 Y3 Y4 Ys Yo

Y1 Y3 Y4 Y11 Y10 Y12
Y2 Y3 Ya Ys Yo Y12
Ye Y7 Y1 Y4 Y11 Y10
Y7 Y2 Y4 Ys Yo Y12
Y7 Ys Y1 Y11 Y10 Y12
Ys Y3 Y11 Y10 Y9 Y12
Yo Y7 Y2 Y4 Y11 Y9
Ye Y7 Y1 Y2 Y4 Y11
Ye Ys Y1 Y3 Y11 Y10
Y7 Y8 Y1 Ys Y10 Y12
Ye Y7 Ys Y2 Y11 Y9

Ye Y7 Ys Y11 Y10 Yo
Y7 Ys Ys Y10 Yo Y12
Y7 Ys Y1 Y2 Y11 Y12
Ys Y2 Y3 Ys Yo Y12
Y6 Y7 Ys Y1 Y2 Ys
Y3 Ya Ys Y10 Yo Y12
Y7 Ya Ys Y10 Yo Y12
Y2 Y3 Y4 Y11 Yo Y12
Y3 Ya Y11 Y10 Yo Y12
Ye Y1 Y3 Y4 Y5 Y10
Ys Y1 Y3 Ys Yio Y12
Y6 Y7 Ys Y1 Y5 Y10
Y6 Y1 Y3 Y4 Y11 Y10
Yo Ys Y3 Y11 Y10 Yo
Yo Ys Y1 Y2 Y3 Y11
Ye Y7 Ys Y2 Ys Yo
Ye Y7 Y1 Y4 Y5 Y10
Y6 Y7 Ys Y1 Y11 Y10
Yo Y1 Y1 Y2 Y4 Y5
Y7 Ys Y2 Y11 Yo Y12
Ys Y1 Y2 Y3 Y11 Y12

Jo = Y6 U1 ¥2y3yays YrYs 1Yo Yo Y2 )

3

defines the same subvariety X of the toric variety Y°, and J§* = IJ. Passing
from J§ to J¢* is the non-simplicial toric analogue of saturation. The complex
B (I)" labeled by the variables of the Cox ring S° of Y°, as written in the last
section, is the complex SP (I§) of prime ideals of the toric strata of the special
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fiber X of the mirror degeneration X°, i.e., the primary decomposition of I§
is

IS = (y3,y7) N (Ys, y11) N (Y2, Y10) N (Ya, Ys) N (Ys, Y12) N (Y1, Yo)

Each facet F' € B (I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.

Covering structure in the deformation complex of the degeneration X
According to the local reduced Grobner basis each face of the complex of de-
formations dual (B (I)) decomposes into 2 polytopes forming a 2 : 1 trivial
covering of B (I)

Y

I

It

[[{ys) , (y11)] — [2,3,5,6, 879]v’ s

[[(y6, y2) > (12, y10)] = [4,5,6]", [(y2,94) , (¥s, y10)] — [1,2,4,5],

-,

Y1, ys, ys) » (yrs a1, vo)] = (3,917,

-,

[[<y1a Y2, Y3, y4> ) <y77 Ys, Yo, y10>] = [1]\/7

-,
I

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (/) chosen
above. This covering has 2 sheets forming the complexes

Ys) s -

Yos Y2) » (Y2, Ya) -]
yl,yg,y5> ]
Y1, Y2, Y3, Y4) -,

{
{
{
{

— — — — — — —

]
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Y

Y

[

[

[(y11), -],

[(y12, Y10) 5 (Yss Y10) 5 -]
(Y7, 911, 99) 5 -]

[(y7, Y8, Yo, Y10) » -],

[

with F-vector

Dimension Number of faces F-vector

0 6 (1,1,0,0,0,0,0) point

1 15 (1,2,1,0,0,0,0) edge

2 18 (1,3,3,1,0,0,0) triangle

3 9 (1,4,6,4,1,0,0) tetrahedron

22 23

H<x2;3> , <x0xix5>] —[2,3,5,6,8,9]",..],

< LI:Z , :)303 >’< 1'421 , 102 >] — [4,576]\/,
xr1Tox3’ T1 XT3 xo x5 T4 x5

[< x32>< g 2] [1,2,4,5)
r1x223’ T122 /7 \ToTax5’ T4 X5 ) Sy )

Y

3
ac12 X5 z13 a:52 ] — [3 9]\/
xla:g:cg’xlxg’xgccg P\ xogx4aT5’ TOXLT5 T4 To ) )

)

3
z2?  x3? T3 z33 z52  _xo? ] N [1]\/
$1$2$3’$1$2$3 x1x3’ x122 / ' \ToxTax5’ ToTa x5’ T4aTo’ T4 X5 )

)

H

with the 2 sheets forming the complexes
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|:|7
I

)

<x2x3>
3 2
o 3 ]
1’1:!:2:!:3’:51:52:1:3 P\wix2x3’ w1 /7D
x12 ]
:1:1:1:2:1:3’:1:1:1:3’:1:2:1:3 EA b
I22 $32 ]
961962133’961132133’131133’131132 yeth

]

3
T3 zo? ]
330365’334335 P\Nxowaxs) xaxs [ 77D

$52 ]
:I:oa:4r5’ :L‘ocr:4:r:5’ xqaxg /7D

x52 x02 ]
101415 101415 xaxg’ X425 /77D

]

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.

Limit map The limit map lim : B (/) — Poset (A) associates to a face
F of B(I) the face of A formed by the limit points of arcs lying over the
weight vectors w € F, i.e., with lowest order term t*. Labeling the faces of
the Bergman complex B (I) C Poset (V) and the faces of Poset (A) by the
corresponding dual faces of V* and A*, hence considering the limit map lim :
B (I) — Poset (A) as a map B (I)" — Poset (A*), the limit correspondence

is given by

[,

[(?Juy2>y3,y47y7>y8,997y10> = <331,334>,

-,
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Y1, Y3, s, Y7, Y11, Yo) —

-,

[<3/6; Y2, Y12, fl/10> =

(Y2, Y1, Ys, Yy10) —

2,

(Y5, y11) —

<x37 Ly, 3:0) ;

<l’2, T3, T4, Ts, 370> )

<3§'1, T2, T3, LU5> )
<.T1, T, Ty, ZL'5> )

The image of the limit map coincides with the image of p and with the
Bergman complex of the mirror, i.e., lim (B (1)) = u(B(I)) = B (I°).

Mirror complex Numbering the vertices of the mirror complex u (B (1))

as
1=(5-1,-1,-1,-1) 2= (-1,5,—1,—1,-1)
3—(1,L& 1,-1) 4=(-1,-1,-1,5-1)
5=(-1,-1,-1,-1,5) 6= (—1,—1,—-1,—1,-1)

(B (1)) C Poset (A) is
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The ordering of the faces of u (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of u (B (I))" are

Dimension Number of faces F-vector
1 9 (1,2,1,0,0,0,0) edge
2 18 (1,3,3,1,0,0,0) triangle
3 15 (1,4,6,4,1,0,0) tetrahedron
4 6 (1,5,10,10,5,1,0)

The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))* C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

_ y5y11 — y3y7
1 517(1,0,0,0,0) Y1 y22ys %4 Ye L2 x(O,l,0,0,0) Y1 y2 g4 y5 Y6
_ Y1ys _ y6y12
xr3 =2 _ Ty =T _—
3 (0,0,1,0,0) = Y1 y2 yg ya Y6 4 (0,0,0,1,0) = Y7 Y8 Y9 Y10 Y11, 5
Y1 y9 _ YaY10

L5 = L(0,0,0,0,1) = To=T(-1,-1,-1,-1,-1) =

Y7 Y8 Y10 Y11 Y12 Y7 Y8 Y9 Y11 yi2

So writing the vertices of the faces of (u (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by

[,
[,

<$17$4> (T2, T4) , (T3, 24) , (1, T5) , (T2, T5) , (T3, T5) , (T1, To) ,
T, o) , (T3, To)],

[
(

[ x3,$4,$0> <x37$4>$5> ) <x17$47$5> ) <:U17 x47$0> ) <.T3, l’5,$0> ) <xla T3, .CIZ'0> )
< Xy, T2, l'0> <I2, I3, l'(]> ) <Q31,.T5, .’L'()> ) <$1,.T3, l'5> ) <$1,$2,$5> ) <ZZ'2,Q?3,LU5> )
<x Ty, x0> <x17 Za, x4> ) <.T17$3, I4> ) <$27x47 I‘0> ) <$2,[E3,$4> ) <$2,$47x5>],
[(Z‘l,x27$4, x5> <ZU17$3, Ly, ‘7“5> ) <x17 x3, x4)x0> ) <.T1, x37‘r57x0> ) <CU1, IQ,[E57.T0> )
<x17 Zo, .ZL'3,.T5> <J;1a $4,x57$0> ) <$1,$2,I4, mO) ) <l‘2,$3,1)5, l'()> ) <$17$2, €3, :L‘0> )
<ZE Ly, $5,$0> <£l'f3, x4,$5,5170> ) <x1,$2,$3, ZL’4> ; <$2,$3,l’4, x0> 5 <3§'2,£173, Ly, .CL'5>],
[
(x
[

<x2,$3,$4, x57$0> <xla X2, x3,334,x5> ) <x1,$2,.’L’4, Qf5,l'0> b <.1'1, X2, x3,$5,.’ﬂ0> )
xy, 1'2,.1'3,513471'0) <x17$3ax47x57x0>]7

]

The complex u (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X, of X, i.e., the complex SP (Iy),
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so in particular the primary decomposition of I is

IO _ <ZL‘3,ZE4> N <ZL’2, IL‘()> N <l’3, £L’Q> N <$1,l’0> N <ZE1,I’5> N <ZL‘2,I5> N
N (x3, z5) N (21, 24) N (T2, 24)

Covering structure in the deformation complex of the mirror de-

generation Each face of the complex of deformations (u (B (I)))" of the

mirror special fiber X§ decomposes as the convex hull of 2 polytopes forming

a 2 : 1 trivial covering of u (B (I))"

[[<]l‘1> ) <$4>] = <x17$4>*v = [27 3,9, 6]\/7
[[<ZL’3> ) <JI4, m0>] = <ZE3, Ty, x0>*\/ = [17 2, 5]\/7

-,

[[<.T1, X2, .Z'3> ) <‘T5>] = <I1, x2ax37'r5>*v = [47 6 V7
[(21,22) , (74, 75)] ($1:$2a3347955>*v = [3,6

-,

H<ZE2, ZL’3> 5 <Qf4,$5,l’0>] — <IE2,Q§'3,$4, X5, x0>*\/ = [1]\/7

-,
[

?

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G +— FY with dim (G) < dim (F).

Mirror degeneration The space of first order deformations of X in the

mirror degeneration X° has dimension 6 and the deformations represented
by the monomials

y3y102 yiyo® yays® yiyr® yay122
VTUSYOYII Y12 YTUSYIOYILYI2  Y1Y2U3YsYe  YIU2YaUsYo YT Us Yo Yioyit

YsY11
Y1 Y2 Y3 Y4 Y6

form a torus invariant basis. The number of lattice points of the dual of the
mirror complex of I relates to the dimension A? (X°) of complex moduli
space of the generic fiber X° of X° and to the dimension h'! (X) of the
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Kéhler moduli space of the generic fiber X of X via

[supp (1 (B (1)))") N N[ =6=5+1
= dim (Aut (Y°)) + h"?(X°) = dim (T) + A" (X)

The mirror degeneration X° C Y° x SpecC[t] of X is given by the ideal
I° C S° ® Ct] generated by

t (say3y3 + s3Y3vs + 56 Ysyl1) + Yo Y1 Y2 Ys Ya s
t (52 y7Ys + 51Ysy50 + 55 Yayla) + Yr Ys Y11 Y10 Yo Y12

tSo Yty2 + Yr Ys Y1 Y11 Yio Y1z tSaYRY3 + Yo Yr Y1 Y2 Ya Us
151 YsY0 + Yr Ys Y2 Y11 Yo Y12 LS3Yaya + Ye Ys Y1 Y2 Y3 Us
tse Y UE + Y Y1 Y2 U3 Ya Y11 1S5 YeYs + Yo Yr Ys Y11 Y10 Yo

and 56 monomials of degree 6

The ideal J° which is Pic (Y°)-generated by

t(sa y3Y2 + s3y3ys + Se YEU31) + Y6 Y1 Y2 Y3 Ya Us,
t(s2 Yys + s1Y5Y30 + S5 Yeyis) + Y7 Ys Y11 Yo Yo Yi2

defines a flat affine cone inducing X°.

Contraction of the mirror degeneration In the following we give a
birational map relating the degeneration X° to a Greene-Plesser type orbi-
folding mirror family by contracting divisors on Y°. See also Section 9.13
below. In order to contract the divisors

2 2
x5 T3

Y3 = Y(-12,-100) = 7705 Y4 = Y(=1,-1,2,00) = 7y 2
2
_ _ T _ _ _Z5
Ys = Y(2,-1,-1,0,0) = 7, 3 Y9 = Y(0,0,0,-1,2) = 2, zg
X 334

— 0 — —
Y10 = Y(0,0,0,-1,-1) = gz Y12 = Y(0,0,02,~-1) = 7z

consider the Q-factorial toric Fano variety Ve=X (i]o), where $° = Z(po) C
Mp is the fan over the Fano polytope P° C Mg given as the convex hull of

the remaining vertices of P° = V* corresponding to the Cox variables
3

3
_ _ Ty _ — Zo
Y11 = Y3,0,0,-1,-1) = zozuzs Y2 = Y(-1,-1,-1,0,0) = 177
3
_ — 3 — — Ty
Ys = Y(0,03,-1,-1) = Zozyzs Y6 T Y(-1,-1-130) T Ty,
3 3
_ — 5 — — T3
Y1 = Y(-1,-1,-103) = Zigoas Y7 = Y(03,0,-1,-1) = L zizs
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of the toric variety Y° with Cox ring

S = C[?thyz,y&%ayhy?]

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R X
Yo=X(X°) - X(X°)=Y°

be a birational map from Y° to the toric Fano variety }A/O, which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Ys Ya Ys Yo Yo Y12
Representing V° as a quotient we have
ve = (@6 v (B(i°))) ey

with A
G° = Zg X Z3 X Zg X (C*)l

acting via
2 4 3 2 4
&y = (U3 v1 - Y1, UT Uz Uz U1 - Y2, Us U3 VY - Ys, Us Us V1 - Yg, Ut Us V1 - Y1, U1 - Yr)

for & = (uy,us,us,v1) € Geand y € C6 -V (B(i")) Hence with the group

[:[O = Zg X Zg X Zg
of order 81 the toric variety Y° is the quotient
}A/o _ IP)5/]ro

of projective space P>. The mirror degeneration X° induces via Y — Y° ade-
generation X° C Y°xSpecC [t] given by the ideal I° C (411, ya, ys, Yo, 1, Y1) C
Se @ Clt [t] generated by the Fermat-type equations

Y2 Y1 Yo + t(say7 + 8508 + Se i),
Y yrys +H(ssyi + 5295 + s195)
The special fiber Xg C Y° of X° is cut out by the monomial ideal

jg C B(io) = <y11ay27y87y6ay17y7> - S’O

generated by
{ Y2U1Y6 Y11YrYs }

The complex SP(I3) of prime ideals of the toric strata of X¢ is
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[,
|

(Y11, Yo) » (Y11, Y2) » (Y2, Ys) 5 (Us, Y6) » (Y6, Y7) » (Y1, Y1)
yz,y7> <y117y1>7<y87y1>]7

(Y2, Ys, y7) » Y2y Ys, Ys) > (Y11, Y2, Ye) > (Y11, Yo, 1) 5 (Y1, Yss Y1)
Y2, Y6, Y1) » (Yer Y1, Y7) 5 (Y11, Y6, Y1) (Y11, ¥s» Ye) » (Y1t Yo Y7)
Ys, Y6, Y1) 5 (Us, Y6, Y1) » (s, Y1, U7)  (Yns Yo, Us) (Y2, Yss Y1)
Yo, Y1, Y1) » (W11, Y1, y7) (Y11, Y2, y7)l,

[
(
[
(
(
(
E(yn, Y2, Y1, Y1) 5 (Y11, Y2, Yss Yo) » (Ys» Y6, Y1, Y7) 5 (Y25 Y6, Y1, Y7)
(
(
[
(

Y2, Ys, y67y7> <y117 y87y17y7> ) <y117 96,y173/7> ) <y117 Y2,Ys, Z/l) )
Y11, Y2, Yss Y1) s (Y2, Ys, Y1, Y7) s (Y1 Yo Yes Y1) 5 (Y11, Yss Yo Yr)
Y11, Ys, Ys, y1> <y27 ?Js»y&yl) ; <y11’ y27y67y7>]7

(yz,ys,ys, Y1, y7) (3/11, Ys, Ys, Y1, y7> ) (yn,yz,ya, yl,y7> ) <y11,y2, ?Js,yl,y?) )
Y11, ?/Q,Q&ymy?) <y11,y27y8>y6,y1>]7

I

SO f(‘f has the primary decomposition

o (s, yn) 0 (s, w6) O (Y2, ys) N (Y11, 96) N (g1, 91) N (Y11, 92) N
O O ) N (s, y) N (2, yr)

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V= (PO)* corresponding to I §. Indexing of the vertices of V by

1= (3,-3,-3.0.0) 2= (=3 =3, ~3,-2,-)
3= (=125 ho0) = (1L 10)
5= (1530 6= ({500
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this complex is given by

(

J
1,2],[1,3], [1,5], 2. 4], [2, 3], [4,6], [4,5], 1, 4], [3,6],
;13,9]]

3,41, [5,6], [

2,5],(2,6],[1,6],[3,5]]

[ 7475]7[17576]’[37576]7[374’6]7[27476]7[17375]7[17273]7[27376]7
2,5,6],12,3,5],[1,2,5], [1,2,6],[1,2,4], [4,5,6], [1, 4, 6], [1, 3, 4],
2,3,4],(3,4,5]],

] J

This is the one-parameter Greene-Plesser orbifolding mirror family of the
generic complete intersection of two cubics in P® given in [Libgober, Teitelbaum, 1993].

\

8.12.5 The Calabi-Yau threefold given as the Pfaffian complete
intersection of two generic quadrics and a generic cubic
in PS

Setup Let Y =P0 = X (X), ¥ = X (P) = NF(A) C Ng with the Fano

polytope P = A* given by

(6,-1,-1,—-1,-1,-1)  (=1,6,—1,-1,-1,~1)
(- 1, 16,-1,-1,-1)  (~1,-1-1,6,~1,~1)

A = convexhull (—1,—1,—1,—1,6, 1) (-1,-1,-1,—-1,-1,6) C Mg
(=1,-1,-1,-1,-1,-1)

and let
S = C[$0,$1,$2,$37$4,$5,x6]

be the Cox ring of Y with the variables

T1 = 2(1,0,0,0,0,0) T2 = X(0,1,0,0,0,0)

$3 Z(0,0,1,0,0,0) T4 = 2(0,0,0,1,0,0)

= 7(0,0,0,0,1,0) Te = 2(0,0,0,0,0,1)
=T(-1,-1,-1,-1,—1,-1)

associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
Pfaffian complete intersection Calabi-Yau 3-folds with Buchsbaum-FEisenbud
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resolution

0— Oy (=7) = E(=3) B & (=2) - Oy — Oy, — 0

where

£=201) a0

At - A(] + t- A
0 Loy Tg —T3Ty4
Ao= | —zox526 0 T1 T2
T3 Ty —X1 T2 0

the monomial special fiber of X is given by
Ip={ w122 T304 ToT5T6 )

and generic A € A\°E* (1). The degeneration X is given by the ideal I C
S ® C [t] with Ip-reduced generators of degrees 2,2,3

Ty T +H(s12i 4 S TE A s3T5 4 S1r T e So TR
S94 ZL‘% + ...+ S26 l’g),

3Ty + t(Sor @ + ... + S3305 + ..+ S30 T3 + oo+ S43 X3 + .o+ Syr TE A+
S50 x% + ...+ S59 ZE%),

XTo Ty Tg + t(853 33':1)) “+ ...+ S73 .I'g “+ ...+ So3 33% “+ ...+ S103 Z’Z + ...+ S113 ng—l—
3 3
... 1+ S118 Tg + ... + S121 x())

\

Special fiber Grobner cone The space of first order deformations of X
has dimension 121 and the deformations represented by the Cox Laurent
monomials

3 3 3 3 2 2
T3 7 Ty T3 TyT2 T4 32> z3 322 T3T2
X0 T5 Te o T5 Te o T5 Te o T5 Te o T5 Te o X5 Te X0 T5 Te o X5 Te
T T, 1’2 1’2 .Z’2
31 4t T3 T1 T4 X1 T4 X0 4 0 1
ToT5T6  TOX5T6  TOT5T6  TOT5T6 L1 X2 1 T2 T1 T2 To T6
232 1'2 1'2 1'2 1'2 1'2 1'2 1'2
3 1 2 3 6 6 2 5
xo T x5 T6 o T6 1 T2 1 T2 3 T4 3 T4 x0 T
T4T5 T5 T3 z5 3 To 1 o 1 2o o Te o Te
xr1 T2 xr1 T2 o Ts5 x5 X6 XT3 T4 x5 X6 xr1 X2 XT3 T4
x5 T3 Te T3 Te T3 Te T1 Te T1 x5 T1 x5 T1 1Ty
o Te6 xr1 T2 o Ts5 XT3 T4 xo Ts5 XT3 T4 o T6 o x5
T T3 T2 Ty T2 T3 x3 TQ T2 Tg xoTs5 T2 Tg T4 TQ
o Ts5 xo Ts5 o Ts5 xr1 T2 XT3 T4q xr1 T2 x5 X6 x5 X6
6 T2 T T2 T1T3 T1T3 T2 T3 T2 T3 T1Tq T2 T4
T3 T4 o Ts T5 T6 0o T6 0o Te T5 T6 0o Te 0o Te
T1Tq T2 T4 To T5 T6 T4 T6 T4 T5 T4 T5 T2 T5 T2
5 Te 5 Te T3 T4 1 T2 o Ts o Te T3 T4 o Te
2 2 2 2 2 2
T5 Te T5 T6 Ty Z3 o T T3 Ty
xr1 T2 XT3 T4 x5 T6 x5 T6 XT3 T4 o x5 x5 X6 o T6
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ZEl ZE5 ZEO ZEl ZD4 ZES ID5 1_2
T3 T4 T3 T4 5 T6 o Ts o Ts o Ts 1 T2 x5
z1 z2 T4 T3 zo z3 T2 z1
Ze xe e Ze6 3 o 1 xr2
z0 z1 zo T2 z3 z1 z3 z2
1 xr3 xr2 o 1 o 2 3
z6 z6 z5 z6 z6 z5 z5 z0
1 5 T2 T4 T2 1 Tg Tg
Z6 zo z6 z4 za T4 T4 z3
o T4 T3 T2 o T3 1 T4
T4 T4 5 T4 T3 o 5 5
z0
x5

form a torus invariant basis. These deformations give linear inequalities

defining the special fiber Grébner cone, i.e.,

Cr, (1) = {(w,wy) € RD Ng | (w, A (m)) > —w,Vm}

for above monomials m and the presentation matrix

1 0 0 0 0 0
0O 1 0 0 0 0
0 0 1 0 0 0
A=l 0 0 0 1 0 0
0O 0 0 0 1 0
0O 0 0 0 0 1
-1 -1 -1 -1 -1 -1

of A5 (Y'). The vertices of the special fiber polytope

V= (1) N {w, =1}

and the number of faces, each vertex is contained in, are given by the table

(0,0,0,0,1,0) (0,0,0,0,0,1) (—1,—1,—1,—1

15 (0,0,1,0,0,0) (0,0,0,1,0,0) (0,1,0,0,0,0)
(1,0,0,0,0,0)

(1,0,0,0,1,0) (0,1,0,0,1,0)
(0,0,0,1,1,0) (1,0,0,0,0,1)

o5 (0.0,1,0,0,1) (0,0,0,1,0,1)
(-1,0,—1,—-1,-1,-1) (=1,-1,0,—1,—1,—1)
(1,0,1,0,0,0) (0,1,1,0,0,0)
(0,1,0,1,0,0)

)

-1,-1)

(0,0,1,0,1,0)
(0,1,0,0,0,1)
(0,—1,—-1,-1,-1,-1)
(-1,-1,-1,0,—-1,-1)
(1,0,0,1,0,0)



The number of faces of V and their F-vectors are

F-vector

Dimension Number of faces

=
-
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- grm <
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V* of V is a Fano polytope with vertices

The dual P°

)
)
)
)

~1,1,0,0,0,0)
0,0,—1,—1,0,2

2,0,—1,-1,0,0
0,0,0,3,—1,—1
0,0,3,0,—1,—1

(
(
(
(
(

~1,-1,0,2,0,0)
~1,-1,0,0,2,0)
0,0,—1,1,0,0)

0,3,0,0,—1,—1)
3,0,0,0,—1,—1)

0) (
0) (
0) (
0) (
1
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=
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and the F-vectors of the faces of P° are
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Dimension Number of faces F-vector

1 1 (0,0,0,0,0,0,0,0)

0 21 (1,1,0,0,0,0,0,0) point

1 82 (1,2,1,0,0,0,0,0) edge

2 59 (1,4,4,1,0,0,0,0) quadrangle
2 101 (1,3,3,1,0,0,0,0) triangle
3 102 (1,6,9.5,1,0,0,0) prism

3 81 (1,4,6,4,1,0,0,0) tetrahedron
4 37 (1,5,10,10,5,1,0,0)

4 24 (1,9,18,15,6,1,0,0)

4 58 (1,8,16,14,6,1,0,0)

5 7 (1,6,15,20,15,6,1,0)

5 12 (1,12,30,34,21,7,1,0)

5) 16 (1,10,25,30,20,7,1,0)

6 1 (1,21,82,160,183, 119,35, 1)

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is

dim (Aut (Y°)) =6
Let

S° = (C[ylu Y2y .-y y21]

be the Cox ring of Y° with variables

2 2 i
Y1 = Y(1,-10002) = 70 Yo = Y(-1,-1,0000) = 7 Y3 = Y(~1,-1,02,0,0) = xf;
Y4 = Y(-1,1,0,000) = 3= . Y5 = Y(1,-1,0000) = or , Y6 = Y(-1,-1,20,00) = Ifzﬂﬁz
VTS UCL10020) T Gy BT M00-1102) T 5 B9 T M00-1-100) = 5
Y10 = Y(0,2,-1,-1,0,0) = IZ?M Y1 = Y(0,0,-1,100) = 4, , Y12 = ¥(20-1,-100) = Ijé%
Y13 = Y(0,0,1,-1,0,0) = i—i , Y14 = Y(0,0,-1,-1,20) = x;iz; Y15 = Y(0,3,00,-1,-1) = 7, ;2 6
Y16 = Y(0,0,0,3,-1,-1) = 75 ig 26 J17 = Y(0,000,-1,2) = xjgcs s Y18 = Y(0,000,-1,-1) = ’”;2”6

Y19 = Y(3,0,00,-1,-1) = Zozszs Y20 = Y(0,03,0,-1,-1) = Zizeaze Y21 = ¥(0,0,002,-1) = T a0
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Bergman subcomplex Intersecting the tropical variety of I with the spe-
cial fiber Grobner cone Cy, (I) we obtain the special fiber Bergman subcom-
plex

B(I)=Ci,(I)NnBF (I)N{w; =1}

The following table chooses an indexing of the vertices of V involved in B ([)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (1) it is contained in

ny  Np
1=(1,0,1,0,1,0) 2=1(0,1,1,0,1,0)
3=(1,0,0,1,1,0) 4=(0,1,0,1,1,0)

30 4 5=(1,0,1,0,0,1) 6=(0,1,1,0,0,1)
7=(1,0,0,1,0,1) 8=(0,1,0,1,0,1)
9=(0,—-1,0,—1,—-1,-1) 10 =(-1,0,0,—1,—1,-1)
11=(0,-1,-1,0,—1,-1) 12=(-1,0,-1,0,—1,-1)

With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

—

[

[(1], [2], (3], [4], 5], [6], [7]. (8], [9], [10], [11], [12]]
H9,11L[9,10L[10,12L[1,5L[1,3L[1,2L[1,9L[11,12L[2,6][2,4}[2 10],
[5,6],[5,7],[5,9],1[6,10], [6,8], 3, 7], [3,4], [3,11], [7, 11], [7, 8], [8, 12],
[4,12], 4, 8]],

I[1,3,9,11],[1,2,5,6], [1,3,5,7], 16,8, 10,12], [2,4, 10, 12],
3,4,11,12],[1,5,9],[7,8,11,12], [1, 2,3, 4], [2, 4, L[ ,6,10],
4,8, 12),[3,4,7,8], 9,10, 11,12]. [5,7.9, 11], [5, 6,9, 10, [1, 2,9, 10]
3,7,11],[5,6,7,8]],

1,3,5,7,9,11],[1,2,3,4,9,10,11,12], [1,2,3,4,5,6,7, 8],
[1,2,5,6,9,10],[5,6,7,8,9,10,11,12],[2, 4,6, 8,10, 12],
3,4,7,8,11,12]],

[

[

[

[N S R —
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B (I) has the F-vector

Dimension -1 0 1 2 3 4 5 6
Number of faces 0 12 24 19 7 0 0 O
and the F-vectors of its faces are
Dimension Number of faces F-vector

0 12 (1,1,0,0,0,0,0,0) point
1 24 (1,2,1,0,0,0,0,0) edge
2 15 (1,4,4,1,0,0,0,0) quadrangle
2 4 (1,3,3,1,0,0,0,0) triangle
3 3 (1,8,12,6,1,0,0,0) cube
3 4 (1,6,9,5,1,0,0,0) prism

Dual complex The dual complex dual (B (I)) = (B (I))" of deformations
associated to B (1) via initial ideals is given by

3

1,2,3,4,9,10,11,12) = (5, 58 11,3,5,7,0,11) = (2, 24,

x1x2’ x3T4’ ToXs x1’ T3 X4’ TOT5 T
2,

13,9, 1) = (G, o b e el

1T’ 1’ 3 T4 T3 T4’ ToT5 T ToTs

2 2 3 3
[159]*:<”f4 w2 @ m T 7 >

122’ 1’ T3T4’ XT3 TOT5T6 ' TO X5 T6
-,

2 2 2 2 2 : 2 2
[[9 11]* — < Z5 Te x2 _T5 Z6 *2 3 x5 Z6 >
7 7

172’ T1x2? T1’ T3T4) T3 T4 T3 T4 TOT5Te’ ToTe ' ToTs
-,

2 2 2 2 2 2 3 3 2 2
[[1]* _ T ) Ty x2 _Tg ) Ty x4 Lo Ty Ts )
T1we’ T1w2’ T1w2’ 1) X3 T4 X3 T4 T3 T4 T3’ TOT5T6 ) ToT5T6’ ToT5' T5Te [ )

-,
[
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when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mg. In order to compress the output
we list one representative in any set of faces G with fixed F-vector of G and
of G*. When numbering the vertices of the faces of dual (B (I)) by the Cox
variables of the mirror toric Fano variety Y° the complex dual (B (1)) is

H 737 97 11]* = <Z/hy4,3/873/1073/157y17>7

[1>579]* = <y3ay473/10791173/15;y16> ) ]’

119, 11]* = (yz, Y1, Ya, Y14, Ys, Y10, Y15, Yo1, Y17) 5

.,

[[1]* = (ylyyz,ys,y4,ys,yg,ym,yu,y15,y16,y17,y18>,
]

The dual complex has the F'-vector

Dimension —1 0 1 2 3 4 5 6
Number of faces 0O 0 0 7 19 24 12 0

and the F-vectors of the faces of dual (B (1)) are

Dimension Number of faces F-vector

2 7 (1,3,3,1,0,0,0,0) triangle
3 19 (1,6,9,5,1,0,0,0) prism
4 24 (1,9,18,15,6,1,0,0)

5 12 (1,12,30,34,21,7,1,0)
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Recall that in this example the toric variety Y is projective space.
number of lattice points of the support of dual (B (I)) relates to the dimension
h*? (X) of the complex moduli space of the generic fiber X of X and to the
dimension h'! (X°) of the Kéhler moduli space of the M PCP-blowup X°
of the generic fiber X° of the mirror degeneration

The

lsupp (dual (B (I))) N M| = 121 = 48 + 73 = dim (Aut (Y)) + A" (X)
=42+6+4+73
= [Roots (V)| + dim (Ty) + A" (X°)
There are
1,2 .
h*(X) +dim (Ty-) =73 +6
non-trivial toric polynomial deformations of X
o3 2 & a2 22 22 22 22 o3 22
ToTsT6  TIT4  TOT5 T3y 1 Lo 5 g x3 T4 1 Lo To L5 Te L1 L2
Ty Ty Ty L1 1 3 3 ) Te T2 Te T2
To Xe I3 x4 T X9 T X5 Te I3 x4 T X5 Te T X9 To x5 To x5 I3 x4
2 2 2 2
T4 X0 Ty T4 X0 T2 X0 T T2 X0 Ty Ts5 X1 Ts5 X1 Ty
T5 X6 T5 Te 1 T2 T5 Xe T5 Xe T3 T4 To X6 To X6 T3 T4 ToTs
2 2 2z 2
Te X1 Te X1 3 Te T3 Te T3 T4 T2 4L2 3 T5 T3 T T3
To x5 T3 x4 To x5 To x5 T X2 Ty X5 Te To X5 Te T X6 To X6 T X2
o Te o Te 1 To 3 1 X0 x4 212 ta) z3 21?2 371 3 X0
XT3 T4 xr1x2 x5 X6 x5 X6 XT3 T4 o L5 Te o L5 Te o L5 Te X0 T5 Te x5 X6
a:% T3 X0 T5 X6 T5 X6 95% T5 X2 T5 X2 95421 Ts5 X4 Ts X4
x5 2336 Tl T2 T3 T4 Tl T2 xo %‘6 o Te T3 T4 o Te o Te Tyl T2
Ty Te T4 Te T4 T3 292 L3T2 To X5 To X5 T2 X4 T2 X4 T1 x4
To x5 To x5 T X2 T X5 Te T X5 Te T3 X4 T X2 T5 X6 To x5 T5 X6
T1 T4 T T4 T1 T4 T2 T3 T2 X3 T2 X3 1 x3 xr1x3 1 x3
To x5 T X6 T X6 T5 Te To x5 T Te To X6 To x5 T5 X6
They correspond to the toric divisors
Dw300,-1,-1) Dwoz2-1,-100 D0,0,00-1,2) D0,0,-1,-1,0,2)
D1-10002 Dw©0000-1,-1) Dw0o,-1,-1,00 Di=1,-1,00,00)
D0,003,-1,-1) D1,-10200 D000 0,2,—1) D(0,0,-1,-1,2,0)
Di1,-10020 Diooo-1-1) Deo-1,-100 Deoso-1,-1)
D1,-120, 0,0) D(0,2,0,0,-1,0) D(o,l,o o-1,1)  De1-1,-1,01)
Dwo0,1,-1,-1) Dw0002-1,-1) Di1,-10100 D0,1,00-1,-1)
D(0200 —1) Dw1,-1,-1,00) D(20000 1) D(1,0,0,0,1,-1)
D( 1,1,0) D(Q,o,o,o,—l,o) D(1 0,0,0,—1,1) D(1,0,—1,—1,071)
D(0,0,2,0,-1 0) Dwo10,-11)  Dii-110010 D0201,-1,-1)
D(o,l 02-1-1) Dw©0200-1  Do101,- 1) D(-1,-1,1,0,1,0)
Dwo-1,-101) D1,-10001) DPao00-1,-1) D2000-1,-1)
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(1,0,—1,—1,0,0)
(1 0,2,0,—1,—1)
(0,0,—1,-1,1,1)
(0,1,—1,—1,1,0)
(0,0,0,2,—1,0)
(0,1,2,0,—1,—1)
(0,1,0,1,—1,0)
(1,0,0,1,0,—1)
(1,0,1,0,0,—1)

@@b@@@@bb

D(Q,O,O,l,fl,fl)
D,0,1,0-1,-1)
D(—l,—l,O,O,l,l)
D(0,0,0,2,0,-1)
D(O,O,O,l,fl,l)
D,0,-1,-1,1,0)
D(I,O,O,l,—l,—l)
D(O,l,l,O,—l,—l)
D1,0,1,0,-1,0)

(1,0,0,2,—1,—1)
(0,0,2,0,—1 —1)
(0,2,0,0,0,—1)
(0,0,0,1,1,—1)
(-1,-1,0,1,0,1)
(-1,-1,0,0,1,0)
(1,0,0,1,—1,0)
(0,1,1,0,—1,0)
( 1,-1)

G@b@@@@b@

1,0,1,0,—

D(Z,O,I,O,fl,fl)
D1,-1,1,00,0)
D0,1,00,1,-1)
D1,-1,0,1,1,0)
D(O,Z,l,ﬂ,fl,fl)
D(O,l,O,l,fl,fl)
D0,1,0,1,0,-1)
D0,1,1,0,0,-1)

on a MPCP-blowup of Y° inducing 73 non-zero toric divisor classes on the

mirror X°.

class on X°

0,0,0,0,0,—
1,0,0,0,0,0)

@D@U@b@@@@b

(-1
(=
o,
(
(1,0
(
(0,0
(
(
(
(

1,0,0,0,0)
1,0,0,0,0,1)
~1,0,0,0,1)
0,0,0,—1,1,0)
~1,0,0,0)
0,0,0,—1,0,0)
~1,0,1,0)

1,0,0,0,—1,0)
0,0,1,0,—1,0)

(0,0,—1,1,0,0)
(0,0,—1,0,0,0)
moo 1on
(0,0,0,0,—1,0)
(0,—1,0,1,0,0)
(0,0,0,0,1,0)
(0,0,—1,0,0,1
®000J,1
(0,1,0,0,—1,0
(0,0,0,1,0,—1
(0,0,1,0,0,—1)

)
)
)
)

@b@@@@b@b@b

1,-1,0,0,0,0)
1,0,0,0,0,0)
0,1,— 1000)
0,0,0,0,—1,1)
1,0,0,—1,0,0)
0,0,0,0,0,1)
0,1,0,—1,0,0)
0,1,0,0,0,0)
0,0,0,1,—1,0)
0,1,0,0,0,—1)

b@b@@@b@@@

(
(=
(
(
(
(
(
(
(
(

The following 42 toric divisors of Y induce the trivial divisor

(0,0,1,—1,0,0)
(0,—1,0,0,1,0)
(—1,0,0,1,0,0)
(0,—1,0,0,0,0)
(0,-1,1,0,0,0)
D(—l,O,O,O,l,O)
(—1,0,1,0,0,0)
(0,0,0,1,0,0)
(0,0,1,0,0,0)
(1,0,0,0,0,—1)

UUUGU

SO T o

Mirror special fiber The ideal I§ of the monomial special fiber X of the
mirror degeneration X° is generated by the following set of monomials in S°

(

\

and 2170 monomials of degree 7

Y15 Y16 Y18 Y19 Y20 Y21 Y17 Y8 Y11 Y10 Y9 Y12 Y13 Y14
Yis Y1t Y2 Y16 Y21 Y19 Y20 Y1 Y2 Y3 Y4 Y7 Y19 Yo

Y10 Y8 Yo Y11 Y14 Y12 Yo Y15 Y17 Y18 Y16 Y7 Y19 Y20
Y10 Ys Yo Y11 Y14 Y12 Y20 Y10Y1 Y2 Ys Y7 Ys Ys
Y1Y2Y3YsYr Y12 Ys Y15 Y1 Y2Ys Y7 Ys Ye

Y15 Y17 Y18 Y16 Y14 Y19 Y20 Y15 Y1 Y18 Y16 Y21 Y19 Y20
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Ye Y1 Y1 Y2Y3 Y4 Ys
Y15 Y- Y18 Y16 Y21 Y19 Y20
Y10 Y8 Yo Y3 Y14 Y12 Y13
Y10 Ys Yo Y16 Y14 Y12 Y13
Y15 Y17 Y9 Y16 Y21 Y19 Y20




The Pic (Y°)-generated ideal

Jo = < YeYrYrY2YsYaYs Ys Y11 Yo Yo Y12 Y13 Y14 Y15 Y16 Y18 Y19 Y20 Y21 Y17 >

defines the same subvariety X of the toric variety Y°, and J§* = IJ. Passing
from J§ to J§* is the non-simplicial toric analogue of saturation. The complex
B (I)" labeled by the variables of the Cox ring S° of Y°, as written in the last
section, is the complex SP (13) of prime ideals of the toric strata of the special
fiber X of the mirror degeneration X°, i.e., the primary decomposition of I
is

o _ (Ya, Y10, Y15) N (Y2, Yo, Y18) N (Y3, Y11, Yae) N (Y1, Ys, Ya7) N (Y7, Y14, Y21) N
N (Y5, Y12, Y19) N (Ys, Y13, Y20)

Each facet F' € B (I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.

Covering structure in the deformation complex of the degeneration X
According to the local reduced Grobner basis each face of the complex of de-
formations dual (B (1)) decomposes into 3 polytopes forming a 3 : 1 trivial
covering of B (I)

2,3,4,9,10,11,12]",
3,5,7,9,11]",

-,

H<y?7 Y1, y4> ) <?J14, Ys, y10> ) <yl5; Ya1, yl?ﬂ = [97 11]\/7

-,

H(yly?/Qa yg,y4> ) <Z/8, y9>y10>y11> ) <yl5,y16,y17,y18>] = mv,

-,
I
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Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (I) chosen
above. This covering has 3 sheets forming the complexes

with F'-vector

B
B

B

1) (a) -],

Y1, 9a) 5 (Y3, Ya) -],
Y, Y1, Ya) s s

Y1, Y2, Y3, Ya) -,

[
[
[
(
(
(
(
[

]

Y
Y

Y

I

I

[

[(ys) , (y10) » -],

[(ys, Y10) » (Y10, Y11) 5 -]
(Y14, Y8, Y10) » -],

(

[

]
]
]

Ys, Yo, Y10, ?/11> 3 ]7

wir), (yis) 5 -,

Y15, Y17) 5 (Y155 Y16) 5 -],
Yis, Y21, Y17) 5 -+,

Y15, Y16; Y17, Y18) 5 -+

[
[
[
I
I
I
I
[

]

Dimension Number of faces F-vector
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0 7 (1,1,0,0,0,0,0,0) point

1 19 (1,2,1,0,0,0,0,0) edge

p 24 (1,3,3,1,0,0,0,0) triangle

3 12 (1,4,6,4,1,0,0,0) tetrahedron

Writing the vertices of the faces as deformations the covering is given by

]
z2 5
H<I1§627 ﬁ> ) <msm4’ mgm4> <x0x5x6’ xox5>] = [173797 11]\/;

2
Ty x2 \%
[<$1I2’x1>’<1‘3$4’x3> $0$0J36’JI0J30$6>] [1?579] ’

2 2 2 2 2 3 2 2
[[ T5 6 X2 T5 T6 z2 Lo x5 Z6 ] — [9 11]V
zrx2’ 12’ x1 /P \x3xa’ x3 x4’ X324/’ \ Tox5%6’ ToTe ' Toxs ’ ’

2 3
T2 6 o2  x2? w4 Lo 743 62 _x0° ] N [1]\/
11227212271112721 P\ x3x4’ x3we’ T3 T4’ T3 /7 \ ToT5 T’ TOT5T6’ TOT5 ' T Te ’

Y

H

with the 3 sheets forming the complexes
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—

<
e
o=
(=

[

2
[ 5 T2  x ]
x1xo? X122’ W1 /7D

2
6 202 4? m ]
r1x2’ T3 X Ty w2 X /0D

]
I,
I

[
[

<
(=
(=
(=
!

2 2
e 2 ]
x4 /P \x32xg /7D

x3
x z62 z22 ]
3T’ x3Te W3 T4 /77D

x0?  w2® w4 ]
3T’ x3we’ T3 T4 W3 /7D

3
$2 ]
zoxrs /P \xoxsws /7T
3
z62 T 243
zo IE5 x6’ xox5 / 7\ T0x5T6’ ToT5 T

252 262 ]
xox5x6’ zoxe’ xoxs [ 7D

2
722 T3 x4
3x4’ x3x4 / ) \ 3247 X3/ 7"

2 2
T x2 Ty oz ]
x1x2’ 1 /P \T122? X1 [

1,

>]

243 262 202 ]
m015&%’ Tox5T6’ Tox5 ' T5x6 [ 7T
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Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.

Limit map The limit map lim : B (/) — Poset (A) associates to a face
F of B(I) the face of A formed by the limit points of arcs lying over the
weight vectors w € F', i.e., with lowest order term ¢*. Labeling the faces of
the Bergman complex B (1) C Poset (V) and the faces of Poset (A) by the
corresponding dual faces of V* and A*, hence considering the limit map lim :
B (I) — Poset (A) as a map B (I)" — Poset (A*), the limit correspondence
is given by

I,

[<y17y2ay37y47y8;y97y107y1179157y167y177y18> = <$17$37$5>,

-,

[(ynyhy4,y14,y8,y1o,y15,yz1,y17) = <$1,I3,$4,5E0>7

-,

[<y17 Y4,Ys, Y10, Y15, y17> — <:U17 X3, T4, Ts, x0> 5
<y3,y4,ylo,yn,y15,y16> = <$1,$37$5,$67$0>7

2,

[<y17 s, y17> — <.ZTJ1, X2, T3, Ty, Ts, l’0> )
<y4,y10,y15) = <$1,$3,$4,$5,$6,$0>,

The image of the limit map coincides with the image of p and with the
Bergman complex of the mirror, i.e., lim (B (1)) = u (B (1)) = B (I°).

Mirror complex Numbering the vertices of the mirror complex u (B (1))
as

1=(6,-1,-1,—-1,-1,—-1) 2=(-1,6,—1,—1,—1,—1)
3=(-1,-1,6,-1,-1,—-1) 4=(-1,-1,-1,6,—1,-1)
5=(-1,-1,-1,-1,6,-1) 6= (-1,-1,-1,—1,—1,6)
7=(-1,-1,-1,-1,-1,-1)

(B (1)) C Poset (A) is
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The ordering of the faces of (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of p (B (I))" are

Dimension Number of faces F-vector
2 12 (1,3,3,1,0,0,0,0) triangle
3 24 (1,4,6,4,1,0,0,0) tetrahedron
4 19 (1,5,10,10,5,1,0,0)
5 7 (1,6,15,20,15,6,1,0)

The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))" C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

Ys y122y£1”9

xl - x(l’o’o’o’o’o) - Y1Y2y3 y24 '!éG y7

- _ Y4 Y10~ Y15
L2 = 2(0,1,0,0,0,0) = 7 s Y3 Y5 Yo Y7
Ta =1 — YsY13 Y20
3 (0,0,1,0,0,0) Ys Y9 Y10 Y11 Y12 Y14
o _ Y3Y11 Y16
Ty =T —
4 (0,0,0,1,0,0) Y8 Y9 Y10 Y12 Y13 Y14
27 %75
Ts = 2(0,0,0,0,1,0) = S
5 (0,0,0,0,1, ) Y15 Y16 Y17 Y18 Y19 Y20
)
Te =T N = Y1Ys8“Yir
6 (0,0,0,0,0,1) Y15 Y16 Y18 Y19 Y20 Y21,

Y2Y97Y1s
Y15 Y16 Y17 Y19 Y20 Y21

Lo = L(-1,-1,-1,-1,-1,-1) =

So writing the vertices of the faces of (1 (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by
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—_— — o
T T

x17x37m5> ) <I’2, x3,$5> ) <I17 SC4,$5> ) <I27 SC4,.1:5> ) <$1, xs, x6> )
To, X3, x6> ) <.T17x4, I‘6> ) <$2,[E4,I’6> ) <I1,[E37.T0> ) <x27‘r37x0> )
$17$4,1'0> ) <[E27l’4,l’0>],

—~

$1,$3,$4,$0> <$1,$2,$3,9€0> <$2,$3,$4,9€0> <$1,$3,9€5,$6>
1, T3, Ty, Ts) , (T1, T2, T3, Ts) , {T1, T3, T5, To) , (T1, T2, T4, To)
To, T3, Ts, Tg) , (T, T3, Ty, Ts5) , (T2, T3, T5, To) , (T1, T2, T3, T) ,
X1,T3,Ty4, T 6>,<$ T3, Te, T 0>,<I T3, Teg, T 0> <I T3, T4, X 6)7

)5 ) )5 i

8

)

X1,T4,T5,T¢ X1,T2,Ty4, Ty T1,T4,Ts5, X0 T1,T4,Te, Lo
€1, T, l’4,$6> ) <x27 Ly, $6,.T0> ) <J;2a ZL‘4,[E57I’0> <ZL’2,Z’4,.T5, Te ]

I ) ) Y

(w1, 73, 24, T5, T0) , (T1, T2, T3, T5, Tg) , {T1, T3, T4, Ts, Tg) ,
X2 x3ax47$67$0>7 $2,x3,$4,.’l§'5,x0>, $1,$2,$4,1’5,$0>
L1,X3,T5, L6, L0) , L1, T2, T4, Te, L0 L1,T2,X3,T4,Ts

{ {
)5 )5 )
L9, T3,Ly,T5,T 6>,<I T3, T5,TLg, T 0>,<.Z‘ Ty, X5, Te, T 0>,
6) 5 ( o) { o)
)5 )5 )

Y )

L1,T2,T4,T5,Tg X1, T2,T3,T4,Tg L1,T3,T4,Te, Lo
X1,T2,T3,Te, Lo X1,T2,T3,Ts5, L0 L1, Ty, T5,Te, Lo
$1,.’172,373,.T4,(E6>],

) J )

9 9 )

<x17$37$47 Ts, x67x0> ) <.’L'1, T2, X3,T4,Ts, x0> ; <$1,$2, T3, Ty, Ts, x6> )
L1,T2,T3,Ts5, L6, LU()) ) <.CU1,{E2,373, LE4,QJ6,I0> ) <I’2, T3, T4,Ts, $6,$0> )
[E17$2,I4,$5,ZL’6,I’0>],

]

o o T o~~~ e~ T~~~ o~~~

—

The complex p (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X of X, i.e., the complex SP (1),
so in particular the primary decomposition of I is

<.1'2, Ty, x0> N <.T1, Ty, .CIZ'0> N <.’L'1, x4,x5> N <:C17 x47x6> N <x27 l’4,$6> N
Iy = N (w1, 23, 26) N (T2, 3, 76) N (T1, T3, T5) N (T2, T3, T0) N (T1, T3, To) N
N <x27$37x5> N <$2,$47$5>

Covering structure in the deformation complex of the mirror de-
generation Each face of the complex of deformations (u (B (1)))" of the
mirror special fiber X§ decomposes as the convex hull of 3 polytopes forming
a 3 : 1 trivial covering of (B (I))"
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[[(z1) , (x5, 24) , (x0)] > (21, T3, 24, T0)™" = [2,5,6]",

-,

[[<I1> ) <SL’3,QJ4> ’ <I5,$0>] = (xl,xg,x4,x5,x0>*v = [276]\/7
[<$1> ) <333> ) <l‘5, x6>$0>] = <$1, L3, L5, Le, x0>*v = [274]\/7

cee]y

({21, 22) , (w3, 24) , (w5, T0)] <x1,:ﬂ2,x3,x4,:ﬂ5,xo>iv = [6]",
[<I1> 3 <[L’3,CE’4> y <I5,LE6,I’0>] = <.Z'1,I37ZL'4,CU5,I6,LU0>* - [2]\/7

ceely

I

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G — FY with dim (G) < dim (F).

Mirror degeneration The space of first order deformations of X in the
mirror degeneration X° has dimension 7 and the deformations represented
by the monomials

s Y1225, y2y13 y20° y2y142y3; ya y10°y3s
Y1Yy2 y23 Ya Ye Y7 Ys Yo ylg y121 y212 Y14 Y15 Y16 22/17 gl% Y19 Y20 Y1Y2Y3YsYe Y7
Y3Y11 Y16 Y2Y97"Y1g Y1Y8~Yir
Y8 Y9 Y10 Y12 Y13 Y14 Y15 Y16 Y17 Y19 Y20 Y21 Y15 Y16 Y18 Y19 Y20 Y21

form a torus invariant basis. The number of lattice points of the dual of the
mirror complex of I relates to the dimension h'?(X°) of complex moduli
space of the generic fiber X° of X° and to the dimension h'! (X) of the
Kéahler moduli space of the generic fiber X of X via

|supp (1 (B (1))))NN|=7=6+1
= dim (Aut (Y°)) + A"* (X°) = dim (T) + "' (X)
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The mirror degeneration X° C Y° x SpecC [t] of X is given by the ideal
I° C S° ® Ct] generated by

t (s7Ytyayir + S1U5Y5Y5s + S2 Y3YT.Y51) + Yis Yie Yis Y10 Yo Y1 Ya7

t (56 Y3UT1Y5s + 53 YaYisYao) + Us Y11 Y10 Yo Y12 Y13 Y14
t (S5 Y3YToYs + 54 Y2YT2YSe) + Yo Y7 Y1 Y2 Y3 Ya Us

ts1Y3YaYTs + Y15 Y17 Y2 Y16 Y21 Y19 Yoo ESaYioUs Yia + Y1 Y2 Y3 Ya Yr Y10 Yo
ST YsyTYTr + Y15 Ys Yis Y16 Y21 Yio Yoo 1S3 YaY13 Yao + Y10 Ys Yo Y11 Y14 Y12 Ye
tso YRYT, s + Yis Yir Yis Yie Y Yo Yoo US6 YY1t Ui + Y10 Us Yo Ys Y14 Y12 Y13
£S5 YaoYayis + Y10 Ys Yo Y11 Yra Y2 Y20 S5 YioYa Yis + Yo Y1 Y2 Y3 Y7 Ys Yo
tS6 YigYsyin + Y10 Ys Yo Y16 Yia Y12 Y1z ESaYoUs Yig + Y1 Y2 Y3 Ya Yr Y12 Vs
ts5 Yisya Yo + Y15 Y1 Y2 Ys Y7 Ys Ys t51YaYsYis + Y15 Y17 Yo Y16 Y21 Y10 Y20
tS2 Y3 4UFYar + Y15 Y17 Y18 Y16 Y14 Y10 Y20 L7 YTYSYTT + Y15 Y1 Yis Yie Y21 Y19 Y20

and 2170 monomials of degree 7

The ideal J° which is Pic (Y °)-generated by

t(s5 Y3YToYis + SaYaYTaYte) + Ys Yr Y1 Y2 Y3 Ya Us,
t(s6 Y3YT1 Y6 + 53 YeYisYa0) + Ys Y11 Y10 Yo Y12 Y13 Y14,
t(s7YTYRYLT + S1Y3YYis + S2 YYLTAYa1) + Y15 Y16 Yis Yio Y20 Y1 Y17

defines a flat affine cone inducing X°.

Contraction of the mirror degeneration In the following we give a
birational map relating the degeneration X° to a Greene-Plesser type orbi-
folding mirror family by contracting divisors on Y°. See also Section 9.13
below. In order to contract the divisors

2 2

— _ _ZTg _ _ _Z%o
Y1 = Y(-1,-1,00,02) = 77 Y2 = Y(-1,-1,00,0,0) = 774
— _ T S .

Ya = Y(-1,1,0,0,0,0) = ﬁ Ys = Y(1,-1,0,0,0,0) = o,
2
_ _ = _ __ x4
Y10 = Y(0,2,-1,-1,0,0) = 132“ Y11 = Y(0,0,-1,1,0,0) = o
2
_ _ T _ __ Z3
Y12 = Y(2,0,-1,-1,0,0) = 754, Y13 = Y(0,0,1,-1,0,0) = 4
p 3
— _ _T5 — _ Ty
Y14 = Y(0,0,-1,—1,2,0) = 25 7 Y16 = Y(0,0,0,3,-1,-1) = 70 6
2
o . x . o IEO
Y17 = Y(0,0,0,0,-1,2) = $06x5 Y18 = Y(0,0,0,0,—1,—1) = 7 ag

Y20 = Y(0,0,3,0,-1,-1) = Zozszs Y21 = Y(0,0,0,02,-1) = g
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consider the Q-factorial toric Fano variety Ve = X(¥°), where £° = B(P°) C
Mp is the fan over the Fano polytope P° C Mg given as the convex hull of
the remaining vertices of P° = V* corresponding to the Cox variables

3 2

_ _ T3 — — _Te
Y15 = Y(0,3,0,0,—1,—1) = g5 70 Y8 = Y(0,0,-1,-1,0,2) = 754,
2
— — _To — — %3
Yo = ¥(0.0-1,-1,00) = 5 Ys = Y(-1,-10200) = 34
— _— _T5 — — |
Y71 = Y(-1,-1,002,0) = 7,45 Y19 = Y(3,0,0,0-1,-1) = 775 26

Y6 = Y(-1,-1,2,0,0,0) = 7725
of the toric variety V° with Cox ring

S«o = C[ng, Ys, Yo, Y3, Y7, Y19, yﬁ]

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R R
Yo =X(X°) - X(X°)=Y"

be a birational map from Y to the toric Fano variety 370, which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Yy Y2 Ys+ Ys Yo Y1 Yiz Y13
Ya Y16 Y17 Yis Y20 Y21

Representing Y° as a quotient we have
ye = ((37 . (3(20))) s

with )
G° = Z2 X ZQ X ZIQ X (C*)l

acting via
_ 11 9 3 6 3 7
gy = (wy U3 V1 * Y15, U2 U3z V1 * Y, U2 U3 V1 * Yg, U2 U3 V1 * Y3, U U2 U3 V1 * Y7, U U3 V1 * Y19, V1 * Yp

for & = (uq, us, us,v1) € GeandyeC' -V (B(io)) Hence with the group

~

HO:ZQXZQXZIQ
of order 48 the toric variety Y is the quotient

ye =PS/H°
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of projective space PS. The mirror degeneration X° induces via Y° — Y° ade-
generation X° C Y°xSpec C [t] given by the ideal I° C (y15, Ys, Yo, Y3, Y7, Y19, ¥s) C
S° ® C [t] generated by the Fermat-type equations

Y15 Y19 + t(S3 Y5 + s2 Y3 + s1Y3),
Ys Yo + t(s6 Y3 + S1Y3),
Y7 Y3 Yo + t(s7 Y5 + s5yio)

The special fiber Xg C Y° of %° is cut out by the monomial ideal

~

fg C B<io) = <y157y87y97y37y77y197y6> - SO

generated by
{ viysys Ys¥o Yisyro }

The complex SP(I3) of prime ideals of the toric strata of X¢ is

Ininl

(Y15, Y9, Y6) » (Y15, Ys, U3) > (Y15, Ys, Y7) » (Y15, Yo, Y7) » (U8, U3, Y19)
Y9, Y19, y6> <y87 Y19, yﬁ) ’ <y157 Yo, y3> ) <y97 Ys, y19> ) <fl/9> Yz, y19> )
Ys, y77y19> <y157y87y6>]7

[

(

(

[<y15a Yo, Y7, y6> (yl5, Ys, Y7, y19> ) <y157 ys,y97y3> ) (yg,y3, Y, y19) )
<y15, Ys, Ys, y6> ) <y8, Y3, Y7, y19> <ys, Yo, Y3, y19> ) (3/15, Yo, Y7, y19> )

(Y15, Ys: Y9, Y1)+ (Y15, Ys, Y19, Y6) » (Y9, Y3, Y19, Ye) > (Yss Y9, Y7, Y19)

<y15,y8, yg,y7> ) <yl5>y9, 3/3,2/19> <y15,ys,y7, 3/6> ) <y157y97 Y9, y6> )
(Ys> Y7, Y19, Yo) 5 (Us, Yo, Y19, Y6) » (Y155 Yo, Y3, Y7) » (Y155 Ys Y3 Y19)

<y157y8,y9 y6> <y8ay3,919,y6> ) <ygay779197y6> ) <y15,y9,y37y6>],
[
(
(
(
(
[
(
(

<y15a Ys, Y7, Y19, y6> <yl5, Y9, Y3, Y19, y6> ) <y157y87y97 ys,y7> ) <y15, Y9, Y3, Y7, y19> )
Y15, Y8, ys,y7,y19> <y15,y8, yg,y7,y19> ) <y15,y8, Yo, Y3, y19) ) (3/8, Y9, Y3, ?J7,y19> )
Y85 Y9, Y7 Y19, Y6) » (Y155 s> Y3, Y7s Y6) » (Y155 Yo, Y75 Y195 Y6) - (Y155 Ys> Y9, U35 Ye)
Y15, Ys, Y9, Y19, Y6) » (Y15, Us, Y3, Y19, Ys) » (Y15, Yss Y9, Y75 Ye) 5 (Y15, Yo, Y3, Y7, Ye)
Ys, Yor Y3s Y19: Y6 » (Us, Y3, Y7 Y19, Y6) - (Yo, U3, Y7, Y19, Ye) |

(ys,yg, Ys, y77y19,y6> <y15, Yo, Y3, Y7, Y19, y6> ) <y15,ys7 Ys, y7,y19,y6> )
Y15, Y8, y97y779197yﬁ> (yls, Ys, Y9, Y3, Y19, y6> ) <y15,y87 Y9, Y3, Y7, ?/6> )
y157y87y97y37y7ay19>]

I
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~

(Y15, Y9, Yo) N (Y15, Ys, ¥3) N (Y15, ¥s, y7) O (Y15, Yo, y7) N (Ys, Y3, Y19) N
(P°)* corresponding to IS. Indexing of the vertices of V by

= N (Yo, Y19, Ys) N (Ys, Y19, Ys) N (Y15, Yo, y3) N (Ys, Y7, Y19) N (Y15, Ys, Ys) N

N (Yo, Y3, Y19) N (Yo, Y7, Y19)

~

A

so I3 has the primary decomposition

The Bergman subcomplex B (1) C Poset (V) induces a subcomplex of Poset(V),

o
0

\Y

~

1

~—~
D~
| o o
(ap) - -
| o 0| <t
—~ ~ | — |
o =
~ ol <t Ol
1_na47_2 _7 >m/1_na4 _
B IS CAEC ST PN I
_al_wz [ PN
— | - PS —N
~ N e 5T
Blo—ia || 1_21_6 _
1o ™ ot < ~ ool

[ I |
N e e e e e

— AN M <O O -
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9 The tropical mirror construction

9.1 Concept of the tropical mirror construction

In the following, the concepts involved in the tropical mirror construction
are summarized, omitting detailed conditions and technicalities.

Let N = Z" be a lattice, M = Hom (N, Z) the dual lattice and Y = X (X)
a toric Fano variety of dimension n given by a Fano polytope P C N, i.e.,
Y = X (P) is the fan over the faces of P. Denote by A = P* the dual
polytope of P (which is not necessarily integral) and by S the Cox ring of Y.

Let X C Y x Spec(C][[t]]) be a flat family of Calabi-Yau varieties of
dimension d given by the ideal I C C[t] ® S. Suppose that the special fiber
of X over the zero point Spec (C) is given by the reduced monomial ideal
Iy. We require that the tangent vector of X at X is sufficiently general in
the tangent space of the component of moduli space of X containing the
family X.

The goal is to associate to X a degeneration X° of Calabi-Yau varieties
with fibers in a toric Fano variety such that the general fibers of X and X°
form a mirror pair.

The presentation of the Chow group of Y

0—MA7°0 A, (Y)—0

induces a correspondence of weight vectors on the Cox ring S and the ele-

ments of
Homg (R¥Y),R)

HOI’HR (An,1 (Y) Rz R, R)

This vector space naturally contains the lattice

[a¥)

image (_o A) 2 Z"
We associate to X the special fiber Grébner cone
Cfo (]) C RO NR

defined as the closure of the set of weight vectors on C [t] ® S which select I,

as initial ideal of I. It is a closed strongly convex rational polyhedral cone.
The cone C7, (I) intersects the hyperplane of ¢ -weight w; = 1, which con-

tains via stereographic projection the Bergman complex of I, in the polytope

V=C,()Nn{w =1} C{w, =1} = Ny
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The dual polytope V* is integral and contains 0 as unique interior lattice
point, i.e., V* is a Fano polytope, defining a toric Fano variety Y° = P (¥°)
by the fan ¥° = ¥ (V*) over the faces of V*.

The intersection of the Bergman fan with the special fiber Grobner cone
B(I) = (BF (I) N Poset (Cy, (I))) N {wy =1} C Poset (V)

is a subcomplex of dimension d of the boundary of V. Here Poset (Cy, (1))
is the fan generated by the cone Cj, (I) and the intersection of a fan with
{w; = 1} is defined as the intersection of all cones with {w; = 1}.

As B (I) is a subcomplex of val (Vi (I)) for the metric completion K of
the field of Puiseux series, we have a map of complexes

lim: B(I) — Strata(Y) = Poset (A)
F o {limga(t)|a€val™ (int (F))}

Here val is the valuation map defined in Section 4.2 and Strata (Y) is the
complex of all closures of toric strata of Y. Note that Strata (Y') is isomorphic
to the complex of faces Poset (A) of A C Mg, considered as a complex. The
image of the map lim is the complex Strataa (Ip) of strata of X, considered
as a subcomplex of Poset (A), i.e.,

lim (B (/)) = Strataa (Ip) C Poset (A)

As a consequence we expect that B (/) C Poset (V) is the complex of strata
of the special fiber X of the mirror degeneration X°, i.e.,

B (I) = Strataa (1)

and its ideal Ij is obtained as follows:

Any ray v of the normal fan ¥° = NF (V) corresponds to a facet F, of
V. Write S° = C|z, | v € ¥°(1)] for the Cox ring of Y°. The subcomplex
B (I) C V defines a monomial ideal

I§ = <sz | J C ¥°(1) with supp (B (1)) C UF”> C S°

veJ veJ

generated by the products of variables of S° such that the corresponding
union of facets contains supp (B (I)) as a subset. Here supp (B (1)) denotes
the underlying set of the subcomplex B (I) C Poset (V). The special fiber of
the mirror degeneration is expected to be given by

X=V () cCYe
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Interpreting N as the lattice of monomials of Y°, a general first order
polynomial deformation of Ij, including trivial deformations, is given as a
general linear combination of the lattice points of

(lim (B (I)))" C Poset (A*) = P C Ng

which is the complex of faces F* C A* dual to the faces F of lim (B (I)).
These lattice points map to Cox Laurent monomials via the presentation of
the Chow group of Y°

0->NEZ¥0 54, (Y°)—0
Denote their image by
E° = A° (N Nnsupp (lim (B (1)))")
Define the first order deformation of X§
X' CY° x SpecC[t] / (t*)
by the ideal

Il°:<u+t- Zaa-a(u)|u€]§>CC[t]/<t2>®S°

a€e=e°

with general coefficients a,. The family X'° is expected to be up to first
order the mirror degeneration of X.

This construction is motivated by the following structure on the first
order deformations of Xy: For any face F' of B (I) denote the associated
initial ideal by ing (/). For any tie break ordering > inside Cy, (I) we have
L+ (ing (I)) = Iy. Associated to F there is a first order deformation

Xp CY x Spec (C[t] / (¢*))
defined by the image of ing (I) under

Citj@ S — Clt]/{t**y® S
U U
inp (1) —  (mio +13 aimy; | i)

where myg, ..., m,o are minimal generators of I,. By homogeneity the Cox
Laurent monomials Z—l; are in the image of A, and the image of the map

dual: B(I) — Poset (V")
F —  convexhull <{A*1 <@> | i,j})

mio
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associating to each face the convex hull of the torus invariant first order
deformations appearing in its initial ideal, carries the structure of a complex,
indeed dual (F) = F* C V*. The lattice points

M N supp (dual (B (1))

of the image form a torus invariant basis of the space of those first order
polynomial deformations of X, which map modulo trivial deformations in
the tangent space of the component of the moduli space of X, containing
the family X.

The above construction depends on the degeneration X only up to first
order. Applying the construction to the first order mirror family X° recovers
the original degeneration X up to first order.

We summarize the key identifications, made in above construction, denot-
ing the identifications by the symbols | and «». To make a clear distinction
between the two mirror partners and their embedding toric Fano varieties,
denote the lattice of monomials of Y° = X (3 (V*)) by M° and its dual
lattice by N° = Hom (M°,Z). Denote by X the general fiber of X. Write
SP (1) for the complex of ideals of toric strata of the mirror special fiber.

containing
weight vectors on Homy, (R™(1) R) .
Cox ring S of X (2) ~  Home(A, 1(V)@zEE) D Poset (V) D B(I) < SP(Ig)
toric Kahler
=3 classes on X
N
one parameter sub- . *
eroups of T C X (3) N C Nr D> P D> Nn(lim(B(I)))
! !
characters of o - ypo S P 5 M° A dual (B (I°)

T° C X (3°)
N )

o o first order
- 2°(1) £°(1)
2 cR - deformations of X

Cox Laurent
monomials of X (¥°)

and the analogous mirrored diagram. The key connections between both
diagramms are made by the maps lim relating the complexes of strata of I
and [, and by the map dual, i.e., the correspondence between weights and
initial ideals.

As discussed in [Aspinwall, Greene, Morrison, 1993] in the case of hyper-
surfaces, the identification of the lattice N and the lattice of monomials M°
of X (3°) gives rise to a mirror map between complex and Kéahler moduli.
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In an analogous way, above tropical mirror construction allows interpreta-
tion of the vertices of the faces (or, via MPCP-blowup, of the lattice points) of
dual (B (I°)) as first order polynomial deformations of X or as toric Kahler
classes on X, which should induce a mirror correspondence between complex
moduli and Kéhler moduli.

9.2 First order deformations and degree 0 Cox Laurent
monomials

Consider a toric variety X (X) of dimension n with Cox ring S, and recall
that the map deg in

0> MAZ20E 4 (X(2) =0

can be considered as the map associating to a Cox Laurent monomial its
degree in the Chow group of divisors A,_; (X (X)). Hence image (A) =
ker (deg) is precisely the set of degree 0 Cox Laurent monomials. So there is
an isomorphism

A
M = image (A) c 2=V

of M and the degree 0 Cox Laurent monomials, and Mp C R*® is a sub
vector space containing the lattice M = Z".

The characters of the big torus (C*)*" = Homy, (Z*(", C*) are the Cox
Laurent monomials, i.e., the elements of Z>().

Let Iy C S be a monomial ideal. As I, is generated by finitely many
elements and the space of elements of S of this degree is finite dimensional,
the degree 0 homomorphisms in Hom (/y, S/ly) form a finite dimensional
vector space denoted by Hom (1o, S/1y),. The big torus (€)™ acts by

Homg, (Z*®,C*) x C [z*V] — C[z5W)]

on C [Z*"] and on S. The induced action of the abelian group Homg, (Z*"), C*)
on the vector space Hom (1o, S/1y), gives a representation

Homy, (Z*",C*) — GL (Hom (o, S/Iy),)

which decomposes into characters, as any irreducible representation of an
abelian group over an algebraically closed field is 1-dimensional.

So, denoting first order deformations which are characters as
(C*)*V-deformations, the vector space Hom (I, S/1y), has a basis of (€.
deformations . Any such homomorphism 9§ is represented by a degree 0 Cox
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Laurent monomial, i.e., by a character of (C*)Z(l). There are relatively prime
monomials qp,q; € S with g—(l) € image (A) such that for all minimal gener-

ators m € I, with 6 (m) # 0 we have % = 2. So ¢ is the degree 0
homomorphism Iy — S/I, defined by

@, i
(5(m):{ o Ll }

otherwise
for minimal generators m € I.

Lemma 9.1 If I is a monomial ideal, then Hom (1, S/Iy), has a basis of

~Y

(€)™Y -deformations represented by elements of image (A) = M.
With respect to weights on I recall from Section 6.7 that there is a bijec-

tion

. o4 HomZ<ZE(1),Z)
N 5 image (o A) (f Fomz (An—1(X(%)),2)

—  {graded wt. vec. on S}

and an isomorphism of vector spaces

N e Homg (R¥V R)
s Homg (4,_ (X (%)) ®z R, R)

i.e., Ng is a quotient of Hompg (RE(I),R).

The mirror correspondence between Calabi-Yau degenerations with fibers
polarized in toric Fano varieties X (X) with lattices N and M respectively
X (X°) with lattices N° and M° will be induced by the identification of

HomR(RE<1),R)

~ . ° (1
Tom A XEeEn — Ve with Mz C R ()

and of

Hompg (REO(U R)

=01 ' °
R*W D> Mg with Ng 2 g e mn

and of the corresponding lattices.

9.3 Monomial ideals in the Cox ring and the stratified
toric primary decomposition

Let N =2 Z" let M = Hom (N,Z) be the dual lattice, ¥ C N a complete
fan, Y = X (X) the corresponding toric variety and S = C [y, | r € X (1)] the
Cox ring of Y.
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Definition 9.2 Let Iy C S be a reduced monomial ideal. If m € Iy is a
monomial, define

rays,, (X) ={r € ¥ (1) | y, divides m}

The stratified toric primary decomposition SP (ly) of Iy is the complex
with faces of dimension s given by

o€ X(n—s) with
SP (Iy), =} (yr | r € rays (o)) | rays (o) Nrays, (X) # 0
for all monomaials m € I

Remark 9.3 Suppose that all mazimal faces SP (Iy) have the same dimen-
sion, i.e., the vanishing locus of Iy is equidimensional. The intersection
complex 1S (Iy) of Iy is the subcomplex of the simplex on the maximal faces
SP (Iy), containing the face F' if the ideal

Y JeSP(I)

JeFr

i.e., if the ideal ) . J is again a face of SP (Iy). The complexes SP (1)
and 1S (Iy) are dual to each other.

Suppose D is a divisor on Y = X (3) such that some multiple of D is
ample Cartier, then A = Ap is not necessarily integral, but combinatorially
dual to X, i.e., ¥ = NF (Ap).

For example we could consider a Fano polytope P C Ng, ¥ = X (P)
the fan over P and Y = X (X) the corresponding toric Fano variety and
A:A_KY:P*CMR.

We can reformulate above notations in terms of a subcomplex of the
polytope A and the dimensions of the faces are the geometric dimension of
the corresponding faces of A:

If F'is a face of A, define

facetsp (A) = {G | G facet of A with F' C G}
as the set of facets of A containing F. If m € [, is a monomial, define
facets,, (A) = {G | G facet of A with yg- | m}

as the set of those facets of A, which appear, considered as Cox variable, as
a factor of m.
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Definition 9.4 The complex of strata of 1 is the subcomplex Stratan (Ip)
of the associated complex Poset (A) of A with faces of Stratan (Io) of dimen-
sion s given by

F a face of A of dim (F) = s with
Stratan (Ip), = < F'| facetsp (A) N facets,, (A) # 0
for all monomials m € I

Lemma 9.5 The faces of dimension s of the stratified toric primary decom-
position SP (1y) of Iy are given by

SP(lo), = {(ye-

and Strataa (Iy) = SP (1).

G a facet of A with F' C G) | F € Strataa (1o),}

These definitions may be generalized to the case of non-reduced monomial
ideals, though this is not used in the following.

Proposition 9.6 Let Iy C S be a reduced monomial ideal such that Strataa (1o)
15 equidimensional of dimension d. Then there is a unique monomial ideal

I¥ C S mazimal with respect to inclusion such that Strataa (Iy) = Stratan (17).
It holds

Iy = Nrestatan (o), Wo | G a facet of A with I C G)

= <Hyv | J C X (1) with supp (Stratana (Ip)) C UF“> cS

vedJ veJ

Definition 9.7 We denote I3 as the Y-saturation of I.
Remark 9.8 If 3 is simplicial, then
Iy =(Io: B(%)%)

In the special case of Y = P™ the complex Strataa (ly) is related to the
representation of Stanley-Reisner ideals by the following remark (see also
Section 13.6):

Remark 9.9 Suppose Y =P (A) = P" where A is the degree n+1 Veronese
polytope and let S be the homogeneous coordinate ring of Y. So A* (and of
course also A) is a simplex and the faces of A* correspond to the subsets of
the set of vertices of A*. The vertices of A* generate the rays of ¥ = NF (A),
the cones of ¥ correspond to the subsets of X (1). The rays of ¥ correspond
to the variables of S = Cly, | r € ¥ (1)].
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Let Z be a simplicial subcomplezx of Poset (3) = Poset (A*), where each
face of Z is considered as a set of rays of X2, and

Io = TT,easyr | M C £ (1) a non-face of Z) C S

the corresponding Stanley-Reisner ideal.

If F € Strataa (Iy) is a face and F* C A* the dual face of F' then denote
the set of all rays of ¥ in the complement of hull (F*) € ¥ by comp (F), so,
e.qg., if F is a vertex of A then the complement of F* C A* contains precisely
one vertex of A*. The map

Poset (A) Poset (X)) = Poset (A*)
U U
comp : Strataa (Iy) — Z
F — comp (F)

s an isomorphism of complexes and

Iy = <Hyv | J C X (1) with supp (Strataa (Ip)) C UFU>

veJ veJ
Example 9.10 Let Y =P (A) 2 P3 with

A = convexhull {(-1,-1,-1),(3,—-1,—-1),(-1,3,-1),(—1,—-1,3)}

50
A* = convexhull {(-1,-1,-1),(1,0,0),(0,1,0),(0,0,1)}
and write
ro =hull{(-1,—1,—-1)} 7 =hull{(1,0,0)} 7o =hull{(0,1,0)} 73 ="hull{(0,0,1)}
Lo = Yrg 1 = Yr T2 = Yry T3 = Yry

Consider the complex

{}
{{ra} {ro} {rs}. {r1}}
Z = {{re,ro}, {ro,m1},{rs,ma}, {r1,m3}}
{}
{}
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The Stanley-Reisner ideal associated to Z is the monomial ideal

[0:

= (voxs3, 1122) C S =C [$0,$17$2,$3]

The complex of strata associated to Iy is

<$0$3, T1T2,ToT1T2, ToL1T3, LoX2X3,L1T2T3, $0$1$2$3>

{}
{(-1 1)}
{(-1,-1,-1)}
{(=1,-1,3)}
{( -1 —1)}
Strataa (Ip) = convexhull {(—1 ) ,(—1,-1,-1)}
{< ’ )7<37_17_1)}
{( 17 )7(_1737_1)}
{( )7(_1’_1’3)}
{}
{}

This notation is short for applying convexhull to each face of the complex in
the argument. The dual of Stratan (Iy) is

{}

{}
{(1,0,0),(0,0,1)}
{0,01).(0,1.0)}

{(1,0,0),(-1,—-1,-1)}
(Strataa (Iy))" = convexhull {(-1,-1,-1),(0,1,0)}
{(1,0,0),(-1,-1,—-1),(0,0,1)},
(07071)7< 717 >7<17O70>}7
{<_17 -1, _1) ) ( . 0) ) (17 0, 0)} )
{(0,1,0),(-1,-1,—-1),(0,0,1)}
{}
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S0

{hull ( 0,1,0
(hull (—1, —1, —1)}
{hull ( o 0,1)}
{hull (1, o 0)}
comp ((Stratan (Ip))) = {hull (-1, — hull( ,1,0)}
(hull (—1, —1, ) hull (1,0,0)}
{hull (0,0, 1), hull (0,1,0)}
{hull (1, 0,0), hull(, 0,1)}
{}
{}
=7

Figure 9.1 shows the complezes Strataa (Iy) C Poset (A), Figure 9.2
the complex (Stratan (Iy))* C Poset (A*) and Figure 9.3 the corresponding
Stanley-Reisner complex Z considered as a subcomplex of Poset (A*).

<.’L’0, X1, $2>

<x07 X1, SU3>

<.'L'1, X, x3>

(2, 3)

<x07 X2, l'3>

Figure 9.1: The complex Strataa (ly) C Poset (A) for the ideal I, =
(To3, T122)

9.4 Locally relevant deformations

Let N = Z" and M = Hom (N,Z), let ¥ C Ng be a complete fan and
Y = X (¥) the associated toric variety.
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Z

Figure 9.2: The complex (Stratan (Ip))* C Poset (A*) for the ideal Iy =
(Tows3, T172)

X3

i)

Figure 9.3: The subcomplex of Poset (A*) defining the Stanley-Reisner ideal
Iy = (wox3, 172)

Definition 9.11 Let Xo C Y a subvariety which is a union of equidimen-
sional strata, let X; € Strata (Xo) be a torus stratum of Xo and consider a
first order deformation X C'Y x Spec (C[t]/(t*)) of Xo. Then X is called
locally irrelevant at the stratum X; if there is a formal analytic open neigh-
borhood U C'Y of X; such that for the open neighborhood U = U N X, of X,
in Xo there is an isomorphism

U x Spee (€1 /(2)) = 20 (07 x Spee (Cl1]/ (#2)))
which extends
X; x Spec (C[t] /(t*)) C X

Otherwise, X is called locally relevant at X;. The deformation X is called
strongly locally relevant at X; if X is locally relevant at X; and locally
irrelevant for all strata X; € Strata (Xo) with X; N X; = 0.
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Example 9.12 Consider Xo C Y = P3? given by the monomial ideal Iy =
(xoxs, x129) C S = Clx, ..., x3). The ideals of the strata of Xy are shown
in Figure 9.1. Consider the following torus invariant deformations given by
Coz Laurent monomials:

e For ﬁ; the deformation X is given by
(Toxs, 2120 +t - 25) = (w3, 1) N (23, T2) N (T, T122 + L - 23)

and is locally relevant at (xo,z3), (xo,x1), (xo, T1,T2). It is strongly
locally relevant at (xq, 1, T2).

o For 32 the deformation X is given by
<x0x3 +t-a2 x1x2> = (3, x1)"(T3, To) (1, 0 + T - x3)N (T, T + T - T3)

and is locally relevant at (xo,z3), (xo, 1), (xo, T1,T2). It is strongly
locally relevant at (zg, x1, Ta).

o For Tt the deformation X is given by
(xoxs + 1 - 1123, T122) = (T3, 1) N (X3, T2) N (21, X0) N (T2, 2o + T - X1)

and i locally relevant at (o, 31, 5) , (5, T2, 73) , (30, 22) , (21, T0) , (25, 72).
It is strongly locally relevant at (xq, xs).

The Figures 9.4, 9.5 and 9.6 visualize the strata of Xy where these deforma-
tions are locally relevant or irrelevant.

See also Example 9.47 below.

9.5 Setup for the tropical mirror construction for mono-
mial degenerations of Calabi-Yau varieties polarized
in toric Fano varieties

Consider the following setup for the tropical mirror construction. The condi-
tions on the degeneration may be subject to generalization and redundancy.
We begin with the following setup:

o Let N = Z" let M = Hom (N, Z) be the dual lattice, P a Fano poly-
tope, X = X (P) and Y = X (X) the corresponding toric Fano variety.
Denote by S = Cly, | r € ¥ (1)] the Cox ring of Y and by

0->MA72°0 5 A, (Y)—=0

the presentation of the Chow group of divisors of Y.
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<351,333> <551,5U2,1’3>

2
3

Figure 9.4: Visualization of the deformation of Iy = (zox3, 1122)

T1T2

o Let Iy = (my,...,m,) C S be an equidimensional reduced monomial
ideal and X C Y x Spec C[[t]] an irreducible flat family of Calabi-Yau
varieties of dimension d given by theideal I = (f; =m; +tg; | j=1,....,7) C
Citj®S.

Assume that the underlying topological space of the cell complex Strataa (o)
is homeomorphic to a sphere.

Define the following:

e Let > be a monomial ordering on C[t] ® S, which is respecting the
Chow grading on S and is local in t. Let

Cro (1) = { = (wo,w,) € RO Na | Lo, (1) =T}
be the Grobner cone corresponding to the lead ideal Ij.

o Let
BFy, (I) = BF (I) N Poset (Cy, (1))

We require X to satisfy the following conditions:
1. C, (I)N{w, =0} ={0}.

2. C, (1) is the cone defined by the half-space equations corresponding to
the torus invariant first order deformations appearing in the reduced
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Figure 9.5: Visualization of the deformation i—i of Iy = (voxs, v122)

standard basis of I in SxC [t] / (t?) with respect to a monomial ordering
in the interior of Cy, (I).

All lattice points of F™* appear as deformations in I.

3. Any first order deformation appearing in [ is also a non-zero deforma-
tion of the anticanonical Calabi-Yau hypersurface in Y.

4. Any facet of Stratana (Ip) is contained in precisely ¢ facets of A = P*.

5. Any facet of BFy, (I) is contained in precisely ¢ facets of Poset (Cp, (I)).
In the following we give a geometric interpretation of these conditions.

1. We can satisfy requirement 1. via a condition on the position of the

Hilbert point of I, with respect to the state polytope of the general
fiber:

Let K = cpl(X) NPic(Y) and I, C S be the saturated ideal of the
general fiber of X. Let P (t) be the Hilbert polynomial of I,.,, h the
corresponding Hilbert function, D C m + K such that the restriction
map gives a closed embedding H?&F) — H?SDyFD)' Fix linearizations
of the action of T on the elements of D. We require that the Hilbert
point

H (1y) € int (State ({4en)) C Mg

If we fix the linearizations such that H (Iy) corresponds to 0 € Mg,
then by Theorem 6.98 this condition is equivalent to H (Iy.,) € H* (E)
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<£L'0,CU17CU2> <ZL"074L‘2> <$0,$2;$3>
O O
<ZL’0,CU1> <372,UC3>
@ O
(wo, 21, T3) (x1, T3) (1, T2, T3)

Figure 9.6: Visualization of the deformation i—; of Iy = (roxs, v122)

with £ = p* (OP(W) (1)), i.e., that the Hilbert point of Iy, is in the
stable locus of the Hilbert scheme.

The construction of the Hilbert scheme in Section 6 assumes Y to be
a smooth toric variety. With an appropriate definition of State (/)
as discussed in Remark 6.97, this condition is expected to be stated
in the same form for a general simplicial or even non-simplicial toric
variety Y.

If the Grobner cone Cy, (I) corresponding to Iy intersects BE (1) N
{w; = 0}, the Hilbert point H () of Iy would lie on the boundary of
State (Ie,) C My contradicting H (1) € int (State (Iye,)), hence

Cr, (I) N {w; = 0} = {0}

. We can satisfy condition 2. via a genericity condition on the tangent
vector with respect to the tangent space of the component of the Hilbert
scheme containing X:

Assume that X lies in a smooth component of the complex moduli space
M of X, (for example normal crossing at Xj).

Let vy, ...,v, € Hom (1o, S/Iy), be a basis of the tangent space of that
component of the Hilbert scheme at Xy, which contains the tangent
vector v of X.

Assume that X is maximal in its component of the Hilbert scheme,
ie., writing v = Y Y | \;u; we have A\; # 0 Vi. Consider the reduced
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standard basis of I with respect to a monomial ordering in the inte-
rior of C, (I). Then already the first order deformations appearing
in this standard basis, i.e., the Cox Laurent monomials corresponding
to t-linear non-special fiber terms, give the linear half-space equations

defining C7, ().

. We can satisfy condition 3. via a condition of the resolution of Oxy,:

Assume that Ox, has a resolution
0—-0y(—Ky)— .. F, -0y - 0x, — 0

with direct sums F; = @,0y (Dj;) with divisors Dj;.

Consider the reduced standard basis of I in S x C[t] / (t*) with respect
to a monomial ordering in the interior of Cp, (I). Then any first order
((C*)E(l)—deformation 0 appearing in the standard basis is represented by
a Cox Laurent monomial such that the denominator divides HreE(l)yT’
Hence 0 is also a deformation of the anticanonical Calabi-Yau hyper-

surface in Y defined by <HT€E(1)yT>.

. Denote by c the codimension of Xy C Y. We interpret condition 4. as
the condition that the Y-saturated ideals defining the components (i.e.,
strata of maximal dimension d) of X, are generated by c¢ variables of
S, i.e., are of the form (y,,,...,y..) C S.

. We can satisfy condition 5. via a condition on the locally relevant de-
formations of X at the zero dimensional strata of Xj:

Let p be a zero dimensional stratum of X, and X, the flat family given
by

Ip:<m—i—t‘z§cg~5(m)| mE[0>

where the sum with general coefficients cs goes over the deformations o
strongly locally relevant at p. For all zero dimensional strata p of Xy we
require: All initial ideals in,, I, for w € Cy, (I), which do not contain
a monomial and are minimal with respect to the set of contributing
deformations, involve precisely c first order deformations.

Remark 9.13 Note that the condition H (Iy) € int (State (1)) is indepen-
dent of rescalation of State (I) by changing D, and independent of translation
of State (I) by changing the linearizations.

For hypersurfaces the requirement H (Iy) € int (State (1)) is equivalent to

the condition that the special fiber of X corresponds to the unique interior
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lattice point of the Batyrev polytope A = P*. We may fix a linearization of
the torus action on Oy (—Ky) such that 0 € M corresponds to the unique
interior lattice point, i.e., we fix the element

4 (Hrez(1)yr> € |[—Ky|

of the linear system |—Ky|.

The condition that all facets of Strataa (Iy) are contained in precisely ¢
facets of A = P* says, by flatness of the family X, that the total space of X
is a local complete intersection at the generic points of the strata of maximal
dimension d of Xo. So if (Ypy, ..., Yr.) 1S a Stratum of mazimal dimension,

then I s given by c equations in the localization S<y yre) ® C[t] at the
15 Yre

prime ideal (Y, ...,yr.). Note that

S<y7.17,_,,y7.6> = (C (yT' ‘ r ¢ {Tl? Tt TC}) [y'r17 t yrc]>

for any local ordering > on the monomials in the variables Yy, ..., Yy,.

The condition on the locally relevant deformations at the 0-dimensional
strata of Xy, is a condition on the singularities of X at these strata. But
note that this condition is far away from requiring the total space of X to be
a local complete intersection there.

9.6 The Grobner cone associated to the special fiber

Consider the setup given in Section 9.5. Let my, ..., m, be minimal generators
of the monomial ideal Iy C S, let the flat family of Calabi-Yau varieties
X C Y x Spec(C[[t]]) be given by the ideal

I=(fi=mj+tg;|j=1,..,r CClt]® S

and suppose that the f; are reduced with respect to Iy, i.e., no term of g; is
in I considered as an ideal in C[t] ® S.

Fix a tie break ordering > on C[t] ® S, which is respecting the Chow
grading on S and is local in ¢, so L~ (f;) = m;.

Definition 9.14 Let Cp, (1) be the cone of weight vectors selecting Iy as lead
ideal

CIO (I) == {— (wt7wy) G R@NR | L>(wt7¢(wy)) (I) —= IO}

Consider w = — (wy, wy) € Cp, (I) and the weight ordering >y, u(w,)) On
C[t] ® S with tie break ordering >, so

Lo oty ) =
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As X is flat, for every syzygy s € S” of mq, ..., m,, i.e., with
(my,....,m;)-s=0
there is an [ € (C[[t]] ® S)° such that
(fiyer fr) - (s=t-1)=0
S0 .
T o) s =01 90) -5 = (1o fr) o
ie.,
%(fl, o fr) s € (f1y o fr)
and the Buchberger normal form in C[[t]] ® S yields

NEs oty (1 J) - 8,1) =0

SO f1, ..., fr form a minimal Grobner basis of I with respect to > (w, p(w,))-
As we have fi,..., f, assumed to be reduced, they form the reduced
Grobner basis of I with respect to > (y, ,(w,)) and hence the condition

L. (1) = I

(wee(wy))

is equivalent to

trop (f; — m;) (wi, ¢ (wy)) < trop (m;) (¢ (wy)) Vj

Here trop (f; —m;) denotes the corresponding piecewise linear function of
fi—m; € Clt]® S and trop (m;) the piecewise linear function of m; € S.

Lemma 9.15 With the notation from above
Cro (1) = {— (w,wy) € R® Ng | trop (f; — m;) (wy, ¢ (wy)) < trop (m;) (¢ (wy)) Vj}
It is a closed polyhedral cone with (1,0,...,0) € Cy, (I).

The defining equations of Cj, (I) are given by the degree 0 Cox Laurent
monomials appearing in /, which again correspond to lattice monomials in
M, ie., if t*m # m; is a monomial of f;, then

(o ()

is a defining equation of C7, (I), hence:
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Lemma 9.16 The dual cone of Cy, (I) is spanned by the degree 0 Cozx Lau-
rent monomials appearing in I, i.e.,

o ([)* — hull <{(7’ht,ﬁ1) ER® My ‘ d7 such that t™ .A(m) -mj € (C[t] ® S })

and is a monomial of f; —m;
and (1,0,...,0) € Cy, (I)".

By assumption
Cr, (1) N {wy = 0} = {0}

hence:

Lemma 9.17 The cone Cy, (I) minus the zero point is contained in the half-
space {w; > 0}.

If (1,0, ...,0) € Cy, (I)" would lie on the boundary of Cf, (I)*, then Cf, (I)
would contain a ray in {w; = 0}, hence:

Lemma 9.18 The monomial (1,0, ...,0) lies in the interior of the dual cone
C[O (I)*, i.e.,
(1,0,...,0) € int (Cy, (I)")

The flat family X C Y x Spec (C[[t]]) induces a first order flat family
X' C Y x Spec ((C [t]/ <t2>)
given by
I'=(fl=mj+tg|j=1,...,r=Clt]/{)®5

with gj € S.
By above assumption the defining equations of Cy, () are given by first
order deformations appearing in the reduced standard basis of I, so

Cr, (I) = {— (wy,wy) € R® Ny | trop (g;) (wr, ¢ (wy)) + we < trop (my) (0 (wy)) Y}

Corollary 9.19 Intersecting Cp, (I) with the hyperplane {w, = 1} we obtain
the convex polytope

V=Cp()N{w, =1} C Ng
with
V = {~w, € Ng | trop (g;) (¢ (wy)) — 1 < trop (m;) (¢ (wy)) Vi}

and 0 in the interior of V.

326



Rewriting the tropical equations
V = {~w, € Ne | trop (m) (¢ (1,)) — 1 < trop (m;) (¢ (1,)) ¥ monomials m of g ¥}

— {wy € Nr | ¢ (wy) | — | > —1 V monomials m of 9]1 and Vj}
_ {wy € Ng | <A—1 (ﬁ ,wy> > —1 V monomials m of g; and ‘V’j}
hence
V* — convexhull {A—l (%) € Mg | 37 such that m is a monomial of g}-}
j

so it follows:
Lemma 9.20 V* is an integral polytope.

Any first order deformation appearing in gjl- represented by a Cox Laurent

monomial = is also a deformation of the anticanonical Calabi-Yau hyper-
J

surface in Y defined by <HT€E(1)yT>, hence A1 (mﬂ> €A =Ak,ie,

7

V* C A. As A is dual to a Fano polytope, it has 0 as unique interior lattice
point by Lemma 7.9. Hence also V* has no interior lattice point besides 0.
As (1,0,...,0) € int (Cy, (I)"), the polytope V* contains 0 in its interior.

Lemma 9.21 V* contains 0 as unique interior lattice point.

Theorem 9.22 V* is a Fano polytope, hence the fan ¥° = X (V*) over the
faces of V* defines a Q-Gorenstein toric Fano variety Y° = X (X°).

9.7 The dual complex of initial ideals

Definition 9.23 If F' is a face of V, there is an associated initial ideal
of I with respect to the face F': For all wy,wy in the relative interior
int (F) of F we have

G ey (1) =10, (1)
Denote this ideal by ing (I). For all wy,ws € int (F) and f € 1
Gy (F) =100 oy, ()

denote this initial term of f by inp (f).
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If F'is a face of V, then
ing (1) =(inp(fj) | j=1,...,7)

as fi,..., fr form a Grobner basis of I with respect to any weight vector in

Cr, (1).

Recall that we wrote

Ilz<fj1:mj+tgjl» |j:1,..‘,r>

with g} € S for the ideal of the first order deformation X! associated to X.
For j =1,...,r define G; (F) as

mF(f)—t Z Cm - M+ M

meG; (F)

Definition 9.24 If F' is a face of V, then define the dual face of F' as
dual (F') = convexhull (A_l (ﬁ> |lme G, (F), j=1, ...,r) C Mg
m;

the convex hull of the first order deformations appearing in the initial ideal
with respect to F'. The dual face is a lattice polytope in Mg.

By the genericity condition on the tangent vector of X we have:

Lemma 9.25
dual (F)N M = {Al (mﬁ]) |meG;(F), j= 1,...,7“}
The dual of V is the convex hull of the first order deformations appearing in [
V* — convexhull ({Al <mﬂ) € Mg | 37 such that m is a monomial of gjl})
J

so for the dual face of ' we have

dual (F) = convexhull ({ ( )|meG (F), jzl,...,r})
= convexhull <L_J{ ( )\meG( )})

T 1 1
- B ﬁ m E 9; with
= convexhull (U {A (mj) | <A_1mﬂj’wy> =—-1Vw, € F

j=1
= convexhull ({m € V* N M | (m,w,) = —1 Yw, € F'})
={m e V" | (m,w,) = —1Vw, € F}

hence:
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Proposition 9.26 If F' is a face of V, then
dual (F) = F*
in particular dual (F') is a face of V*,

dual :  Poset (V) — Poset (V*)
F —  dual (F)

is an inclusion reversing map of complexes and
dim (dual (F)) =n — 1 — dim (F)

The non-special fiber terms of ing (fjl), j = 1,...,r, ie., the elements

of G; (F), j = 1,...,r split into characters of the big torus (€)M These
characters are the Cox Laurent monomials

op (I') = {mﬁ ImeG;(F), j= 1,...,r}

J

and represent the first order ((C*)E(l)—deformations contributing to the de-
generation defined by iny (I'). Flat families defined by initial ideals are also
called Grobner deformations. Note that the syzygies of a monomial ideal are
binomial and a syzygy between m; and m,; is represented by the character

of (C*)*® given by lem (m;, m;). Note also that monomials m € G; (F') and
m' € G; (F) with ™ = ZZ—I appear with the same coefficient in the initial
i J

forms. On the other hand the elements of dr (I'') correspond via A™! to the
lattice points of F™*, so:

Lemma 9.27 The lattice points of F* are in one-to-one correspondence to
the first order deformations contributing to inp (I'). If 6 € F* is a lattice
point and g—é = A (9) with relatively prime monomials qo,q1 € S then

s ={ §m Talm )

otherwise

for minimal generators m € Iy defines the corresponding (C*)E(l)—deformation
1 Hom (.[0, S/IO)(]
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9.8 Bergman subcomplex of V

Definition 9.28 The special fiber Bergman fan is defined as the inter-
section of the fan Poset (Cy, (I)) over the special fiber Gréobner cone Cp, (1)
with the Bergman fan BF (I) of 1

BFy, (I) = BF (I) N Poset (Cy, (1))
The spectal fiber Bergman complex
B(I)= BCy, (I) = (BF (I) nPoset (C, (1)) N {w; = 1} C Poset (V)

s defined as the complex whose faces are the intersections of the hyperplane
{wy = 1} with the faces of the Bergman fan BF (I) in Cp, (I).

We also refer to B (I) as the Bergman subcomplex or tropical subcomplex
of V. By Theorem 4.10 we have:

Remark 9.29 The complex B (I) consists of those faces F' of V such that
ing (1) does not contain a monomial.

Lemma 9.30 The special fiber Bergman complex B (I) is a polyhedral cell
complex of dimension d, it is subcomplex of the boundary OV of V.

9.9 Remarks on the covering structure in dual (B (7))

Interpreting the lattice points of the faces of dual (B (I)) as deformations of
Xy and associating them to the reduced standard basis equations f;, ¢ =1, ...r
defining the total space we get a covering of B (I)".

If F € B(I) is a face, then denote by G a minimal standard basis of I
in

Sty @ C[t] /()

with the localization

S,y =C(y; 17 ¢ ) y; |je T

where the prime ideal I, (F') = (y; | j € J) C S denotes the face of SP (1)
corresponding to [’ and > is a local ordering on the y;, 7 € J. The standard
basis can be computed using Mora normal form. Let s be the maximum
number of elements of the G over all faces F € B (I). Denote by G the
standard basis reduced via Grobner normal form.

330



Lemma 9.31 If F € B(I) is a face, the lattice points of dual (F') are the
first order deformations appearing in the initial ideal of G g with respect to F.

The complex dual (B (I)) contains an s : 1 covering of faces: If G is a face
over FV € B (I)V, then the lattice points of G are the deformations appearing
in the initial form of one of the equations of the reduced local standard basis
Gr of I considered as an ideal in Spry @ Clt] /(7).

In general this covering is branched and the number of faces over F¥ €
B(I)" is the number of elements of the reduced local standard basis Gr of I.

Note that this covering can have degenerate faces, i.e., faces G over FV €
B (I)” with dim (G) < dim (F). It can be branched in the sense that if X is
not a local complete intersection, the number of faces G' over a face of B (I)"
may be larger than the codimension. Note that this number is bounded from
below by the codimension.

If two first order deformations ¢; and 5 lie in the same face of the covering,
then there is an element f; = m; 4 tg, of the global reduced standard basis
such that both d; and 6, contribute in f;, i.e., g; involves the monomials
01 (m;) and 6 (m;). If two deformations contribute in the same element of
the reduced global standard basis, they are connected by a chain of faces of
the covering.

The set of faces over B (I)" can be totally disconnected, e.g., if every
element of the global reduced Grobner basis involves at most one of the first
order deformations, then all fibers of the covering consist of points.

Removing all faces of the covering, which correspond to locally irrelevant
equations, removing multiple faces, which correspond to locally equivalent
equations, and keeping only faces, which involve only vertices of faces of the
covering of smaller dimension, we obtain a covering m of B (I)" denoted as
the reduced covering.

Remark 9.32 If I is a complete intersection the reduced covering m is the
¢ : 1 covering given in Section 8.10. If I is a local complete intersection then
1S also c: 1.

Algorithm 9.33 The following algorithm computes the reduced covering :

o [f Fis a face of B(I) of dim (F) = d and pn, ..., p. are the vertices of
dual (F') then set
m(p;) = F"

forj=1,..c.

o Ifl >0 and F is a face of B(I) of dim (F) = d — [ then the faces of
the covering m over FV are the convex hulls H of those subsets of the
set of vertices of dual (F) with
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— H involves only vertices of faces 7= (QY) with Q¥ € B (I)", Q¥ S
FVY, i.e., of faces of the covering lying in some lower dimensional
dual (F') for F' € B(I).

— H intersects at most one of the elements of 7= (Q") for all faces

QG FY of B (I)Y, i.e., for all faces Q of B (I) with F G Q,
— H ¢ n 1 (QY) for all faces Q¥ G FY.

9.10 Limit map

Recall that N = Z" M = Hom (N,Z) is the dual lattice of N, P is a Fano
polytope, A = P*, ¥ is the fan over P and Y = X (X)) is the corresponding
toric Fano variety with Cox ring S = C [y, | » € X (1)] and presentation

deg

0— M 2 WDivg(X ()27 <% 4, (X(2) —0
of A,—1 (X (X)). By Section 1.3.9
G (¥) = Homg (4,1 (X (X)), CY)
acts on C* and with the irrelevant ideal
B(E):<Hyr\aez>cs
réo
in the Cox ring, C*") — V (B (X)) is invariant under G (X) and we have
Y =(C*W -V (B(%)//C(D)

Considering the setup from Section 9.5, recall that Iy C S is an equidi-
mensional reduced monomial ideal and X C Y x SpecC|[[t]] is a flat family
of Calabi-Yau varieties of dimension d given by the ideal I C C[t] ® S and
special fiber X, defined by I,.

As defined in Section 4.2, we denote by K the metric completion of the
field of Puiseux series C{{t}} and by

val : (K*)" — R"
(fiy ooy fn) — (val (f1),...,val (fy))

the valuation map.
Applying Homy (—, K*) to

0— M & WDivg(X(2) =¥ 4,,(X (X)) —0
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we get an exact sequence
1 — Homyg (4,1 (X (¥)),K*) — Homy (WDivy (X (X)),K*) —
= Homg, (M, K*) — 1
The isomorphism
7= —  WDivy (X (%))
(ar)rez(n = ZreE(l) a, D
where D,., r € ¥ (1) denote the prime T-Weil divisors, gives an isomorphism

Homgz (WDivy (X (X)), K*) — (K*)E(l)
9 = (9 (D)) resq)

and choosing a basis ey, ..., e, of N, we have an isomorphism

Homy (M, K*) — (K*)"
h e (),

J

Representing A by (a,;) with respect to these bases, we have

rex(1), j=1,...,n

1 — Homg (A, (X (%)), K") —

—  Homgz (WDivy (X (%)), K*) — Homy (M, K*) — 1
(1) 5 (1)
H

(CT)TEE(I)

(HTGE(D C?m>j

Then Vi (I) € (K*)" is the image of the vanishing locus of I C C[t] ® S in
(K™Y /Homy, (A,_1 (X (X)), K*) under the isomorphism induced by 7

(K" /Homy (A, (X (%)), K*) = (K)"
If F' is a face of the special fiber Bergman complex
F e B(I) Cval(Vk (I)) = —tropvar (1)

then
val ™! (int (F)) € Vi (I) € (K*)"

is the set of arc solutions of I over the weight vectors in the relative interior
of F. Hence if w € int (F') there is an arc

a(t) = (ait"" +hot),_, € Vg () C (K"
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with a; € C*. Using multi-index notation write

a(t) = (a;t"* 4 hot) = a, - t* + hot € (K™)"

i=1,...,n

with a,, € (C*)". In the following we show that for all arcs a (t) € val™* (int (F))
the limit point lim; g a (¢) lies in the same stratum of the fiber Y of Y X
Spec C [[t]] — SpecC[[t]] over SpecC. We identify the stratum and show
that it is a stratum of Xj,.

First suppose a (t) = a,, - t* + hot € (K*)" is any element of (K*)", then
approximating a real vector w € Nr = R" by a sequence rational vectors
(g;) with ¢; € int (F') and lim;_.,, ¢; = w, we may assume that w € Q". The
limit of a power lim;_ga (£)” with b € Zs; of the arc a (t) exists if and only
if limy g a (t) exists and lies in the same stratum of Y. Taking the power of
the arc multiplies w € Q™ with b, hence we may assume that w’ = bw € N.

Recall from Section 1.3.2 that there is a one-to-one correspondence between
lattice points of NV and 1-parameter subgroups of 7" = Hom (M, C*) given by

N — Hom (C*T)
Ao : C* — Hom (M,C*)
W R t): M — C*

t m ot

So if 7 is a cone of ¥ with bw € int (7) in the relative interior then, by
Proposition 1.56,
ling Aow (1) = 27

where x, is the distinguished point

z,: TNM — C
. 1 ifmert
m 0 otherwise
As ¥ = NF (A) is complete, lim; g a (t) exists in Y and lies in the unique
stratum of Y containing x, = limy_g Apy, (£).

Lemma 9.34 If a(t) = a, - t* + hot € (K*)" = Homg (M, K*), then
limy g a(t) ezxists in Y and lies in the unique stratum of Y containing x,

where T is the cone of ¥ containing w in its relative interior. This stratum
is V(7).

Recall also from Lemma 6.101 that any weight vector on the Cox ring of
a complete toric variety has a non-negative representative.

Now suppose F' is a face of the special fiber Bergman complex B (I) C
val (Vx (I)) and a (t) € val™" (int (F)), so a (t) = a, - t* 4+ hot € (K*)" with
w € int (F).
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Lemma 9.35 If F' is a face of the special fiber Bergman complex B (I) then
there is a unique cone T of ¥ such that int (F') C int (7).

Definition 9.36 Hence we can define the map

w: B(I) — Poset(A)
F - @

where G is the face of A with 7 = hull (G*), where T the unique cone of ¥
such that int (F) C int (7).

As X is the special fiber of X and intersecting the special fiber Bergman
fan with {w;, = 1} identifies the parameters of X and of the power series
solutions in val (Vi (I)) of the total space of X, we have:

Lemma 9.37 If F is a face of the special fiber Bergman complez and a (t) €
val ™! (int (F)), then limy_ga (t) € Xj.

For any point xy € Xg, by taking a hyperplane section of X C Y x
Spec C [[t]] through xg, there is an arc a (t) € Vi (I) such that lim;_ga (t) =
zo and val (a (t)) € B (I), hence:

Proposition 9.38 If F is a face of B (I), then

lim (F) = {lima (t) | a € val™* (int (F))}

t—0

15 a closed stratum of Xy, called the limait stratum of F.
If T is the unique cone of ¥ such that int (F') C int (1), then

lim (F) =V (r) = V (hull (1 (F))"))

Associating to a face F of the special fiber Bergman subcomplex B (I) its
limit stratum, we obtain an inclusion reversing map of complexes

lim: B(I) — Strata(Xp) C Strata(Y)
F o~ {limyga(t)|acval™ (int(F))}

where Strata (Y) denotes the poset of closures of toric strata of Y, and it

holds
lim (B (1)) = SP (Iy) = Strataa (1p)
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We have the following correspondence

Strata (V) =  Poset (A)

U U
B(I) — Strata (X)) = Strataa (Iy)) = SP (1y)
F - lm(F)=V(r) H — (Yo | G C A facet with H C G)

(y |rex(1), rC1)

where 7 € ¥ = X (A*) is the cone with int (F) C int (1) and H C A is the
face dual to the supporting face of T.

Elements of (K*)" = (K*)*" /Homy, (A,_1 (X (X)), K*) are represented
by Cox arcs in (K*)*. Using multi-index notation we write ¢ (t) €
(K*)E(l) as

c(t) = (et + hOt)rEE =cy -t + hot

(1)

Remark 9.39 Coz arcs ¢; (t) = ¢y, -t + hot € (K*)*Y and ¢, (t) = ¢y, -
t” + hot € (K*)™W represent the same arc in (K*)" if and only if

q(t) =cr(t) e (1)

satisfies

arj =(1,...,1
(HTEE(I) T )j—l N ( )

=l,...

in particular for the lowest order exponents we have A* (Jf — Ji) = 0.
As 0 is in the interior of
A" = convexhull {7 | r € ¥ (1)}

there are A\, € R such that

ZTEE(I) Arf =0

So denoting by Rigl) C R*M the positive orthant
. (1
(Ar)esq) € ker(A") Nint(RZY)
is in the interior of the positive orthant, hence there is a basis wy, ..., ws €

int(Rzgl)) of ker (A"). Denoting by Poset(Rzgl)) the simplex of faces of RES)
we have:
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Lemma 9.40 Suppose a(t) € (K*)" and c(t) € (K*)*" is a Cox arc
representing a (t) = w(c(t)), and write c¢(t) = c; -t + hot with c; €
(C)*M) . The intersection of the affine space J' + ker (A!) with the elements

of Poset(]Rgél)) is a poset. There is a minimal 0-dimensional element (J')'
and a Cox arc ¢ (t) = cy - t7" + hot with a (t) = w (¢ (t)) such that

limd (t) € C*Y —V (B(%))

t—0

For any such minimal J' and any Cox arc ¢ (t) = cy - t” 4 hot with a (t) =
7 (¢ (t)) the limit point lim;_o ¢ (t) maps to

lima(t) €Y = (C°Y — V(B (%)) //G (%)

t—0

The limit point lim;_ga (t) lies in the interior of the stratum of Y given by
the ideal
(yp | € X (1) with J, #0) C S

This allows us to compute an ideal in the Cox ring defining the limit of
a Bergman face in terms of Cox arcs:

Remark 9.41 Let F be a face of B(I). Suppose a(t) € val™' (int (F))
and ¢ (t) € (KW is a Cox arc representing a(t) = w(c(t)). Write
¢ (t) = st/ +hot with ¢; € (C*)*Y and let Jt, ..., J! be those 0-dimensional
elements of the intersection of the affine space J'+ker (A') with the elements
of Poset(Rigl)) such that

IF,i = <yr | rex (1) with Ji,r 7é 0>

satisfies

(]F,z' ' B (E)oo) = IFJ'
Then lim (F') C Y is given by any of the ideals

(Y | 7€ X(1) with J;,, #0) C S
fori=1,...,q, hence lim (F) is also the vanishing locus of the ideal

]F = IF,l + +IF7q
=y, | r € (1) such that Fi with J/, #0)
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Representing lim (F') by the ideal I has the advantage that the intersec-
tion lim (F}) N lim (F,) of two Bergman faces is given by the sum Ip + Ip,
of the corresponding ideals.

The saturated ideal defining the stratum lim (F") is unique if Y is simpli-
cial.

Note that the O-dimensional elements of the intersection of the affine
space J + ker (A") with the elements of Poset(REél)) depend only on the 1-
skeleton X (1) of the fan ¥. The subset of admissible limit strata represented

by Ji, ..., J, are given via the irrelevant ideal B (X), i.e., by a subdivision of
Y (1) to build a fan .
For an example see Section 12.4.

Proposition 9.42 By assumption the complex
lim (B (1)) = SP (Iy) = Strataa (1p)

15 a polyhedral cell complex homeomorphic to a sphere. By the map lim the
complex B (1) is a subdivision of the dual cell complex of SP (1), hence B (I)
is homeomorphic to a sphere.

In particular B (I) is equidimensional, connected in codimension one and
its dimension is the fiber dimension d = dim X; of X.

Remark 9.43 The primary decomposition of Iy is given by

]0 = ﬂPESP([O)dP = nHeStrataA(Io)d <y7‘ | re b)) (].) , T C hull (H*))

Remark 9.44 We have the obvious representation of Iy as the intersection
of the prime ideals

Iy = ﬂPeSP(IO)dP = ﬂ?:lmPGSP(IO)jP
This intersection corresponds to a Stanley decomposition of S/1
S/ = @;'l:l@PeSP(IO)ijP Clyr | y- ¢ P
with Dp =3, 4p D:.

The dual complex relates to the locally relevant deformations.

Lemma 9.45 The locally relevant deformations at the stratum X; of X, are
the lattice points

m € dual (G) for some G € B (I) with X; C lim (G)
and m ¢ dual (G') for all G € B (I) with X; ¢ lim (G)

i.e., the open star of the faces lim (F) € dual (B (1)) with lim (F) = X.

{mEM]
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Let 61,...,6, € Hom (/y, S/1y), be a basis of the tangent space of the
component of the Hilbert scheme at X, which contains the tangent vector v
of X. Let ¢; be a first order deformation contributing to the tangent vector of
the degeneration X at Xy, i.e., writing v = Y »_| \;0; we have \; # 0. Then
0; has to be locally relevant in at least one of the strata of Xy, hence:

Proposition 9.46 All first order deformations contributing to the tangent
space of X at Xo are among the lattice points of dual (B (I)).

Example 9.47 Consider the degeneration X of Pfaffian elliptic curves given
by the ideal defined in FExample 3.4. The first order deformations of X, ap-
pearing in X fit together in the complex dual (B (1)) consisting of 5 trian-
gles and 5 prisms. The triangles have 3 lattice points forming their ver-
tices and the prisms have 7 lattice points. Figure 9.7 visualizes the complex
dual (B (I)). The faces of this complex are in one-to-one correspondence to
SP (Iy), as also shown in Figure 9.7. For details see Section 10.3.

For example, the torus invariant locally relevant deformations of Xo at
the stratum (0:0:0:0: 1) given by (xo,...x3) are

) T T3 ) T1T2 T2 T3

and i—i, i—i, % are the strongly locally relevant deformations.

9.11 The special fiber X of the mirror degeneration

In the same way the spherical subcomplex lim (B (I)) = Strataa (Ip) C A
corresponds to the special fiber monomial ideal of the degeneration X, we
expect the spherical subcomplex B (1) C V to correspond to the monomial
special fiber of the mirror degeneration X°.

By Theorem 9.22 the polytope V* is a Fano polytope, so the fan >° =
¥ (V*) over the faces of V* defines a Q-Gorenstein toric Fano variety Y° =
X (X2°).

Denote by S° = C |z, | r € ¥° (1)] the Cox ring of Y°, so the variables of
S° correspond to the vertices of the polytope V* of first order deformations
appearing in X.

Define the monomial ideal

L= <sz | J € ¥°(1) with supp (B (I)) C UFU> c s°

ved veJ

where F, denotes the facet of V corresponding to the ray v of the normal
fan 3° = NF (V) so:
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<l’2, Xy, xO)

<x17 Lo, T4, .I'0>

<.ZU17 X2, $4>

<ZL’1, X2, T3, $4>

Figure 9.7: Complex of deformations for the Pfaffian elliptic curve

Proposition 9.48 [° is a reduced monomial ideal. As B (1) is a cell complex
homeomorphic to a sphere, I° defines a Calabi-Yau variety X5 C Y°, which
is the union of toric strata of Y°

I = Npepmy, (e | G a facet of V with F' C G)
— mHe(dual(B(I)))n,l,d (z, |reX®(l), r Chull(H) € X°)

9.12 First order mirror degeneration X° with special
fiber X

In the same way as the lattice points of (B (I))" C V* are the first order
deformations of Iy appearing in I, we want to consider the lattice points
of (lim (B (I)))" € A* as elements in Hom (1§, S°/I§),, i.e., as first order
deformations of X.

Note that the deformations of X are represented by (lim (B (I)))" inde-
pendently of the embedding of X in Y° = X (X°). Indeed, the deformations
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of X§ depend on the rays of the fan defining the embedding toric Fano variety
Y of Xj.

The first order mirror degeneration X' C Y° x SpecC|[t] / (t*) of X is
defined by the ideal

I = <m+t- Z Co - @ (m) | m min. gen. of Ig> C Clt]/(£*)®5°
aesupp((lim(B(1)))*)NN

with general coefficients c,.

Remark 9.49 Suppose X and X' are degenerations as defined above with
fibers in'Y = X (X (P)) such that the reduced special fiber ideals 1y and I
define the same subcomplex of P* and X1 and X5 involve the same first order
deformations, then the tropical mirror construction applied to X respectively
X' will lead to the same result. Hence, e.g., passing from Iy to I3, i.e., the
non-simplicial analogue of saturation, and from

I'=(m+t- > ¢s -6 (m) | m min. gen. of Iy
desupp(

dual(B(I)))NM

to

I'={m+t- > cs -0 (m) | m min. gen. of IY’
desupp(dual(B(I)))NM

does not change the geometry of the degeneration and the objects involved in
the tropical mairror construction.

In the following we give a representation of the mirror family by a flat
affine cone in Y° x Spec C [t] / (t2) for a simplicial toric variety Y° = X (3°)
given by a projective simplicial subdivision 3° of X°.

Consider the special fiber ideal Ij C S° and the set of first order deforma-
tions § = supp ((lim (B (I)))*) N N as given above. Let £° C Mg be a pro-
jective simplicial subdivision of the fan ¥° and Y° = X(2°) — X (£°) = Y°
the corresponding toric variety. Note that Y° and Y° have the same Cox ring
S°, as the presentation of the Chow group A, 1(Y°) = A,_; (Y°) depends
only on the one-skeleton 3° (1) = £° (1) of the fan.

The simplicial subdivision 3° of £° gives a subdivision

Poset (V*)" = {a NF|o e, F e Poset (V*)}
of the complex Poset (V*) of faces of V*. So it induces a subdivision

dual (B (1)) = {G € Poset (V)" | G C F, G ¢ OF for some F € dual (B (1))}
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of the dual Bergman complex dual (B (I)). Here OF denotes the boundary
complex of the polytope F'.

The faces of dual (B (I))" of minimal dimension ¢ = n — 1 —d correspond
to the components of the subdivided special fiber ideal

Iy = ﬂFEdual(B(]))cA (yr | 7 € F)

We can represent the mirror family with fibers in ye using one of the
three representations of Zariski closed subsets of simplicial toric varieties
from Section 1.3.10.

Denote by

B(S*) = <Hr€2°(1), vzl | 0 € 20> C S°

the irrelevant ideal of Y°. Recall from Proposition 1.103 that there is a
one-to-one correspondence

{ graded radical ideals J C S° with J C B (‘20)} = {Zariski closed subsets of Yo}

by associating to the ideal J the Zariski closed subset of ye corresponding
to the
G(X°) = Homgz (A,,_1(Y°),C")

invariant subset
V() =V (BE)) c CTO v (BE))

The first order mirror degeneration of X with fibers in Y° is the Zariski closed
subset X'° C Y° x SpecC [t] / (t*) given by the ideal

<m—|—t~an-a(m) |'m e I ﬁB(ﬁ°)> N B(X°)
aEF
in C[t]/ (t*) @ S°.
For the second representation, recall that an ideal J C 5° is called
Pic(Y°)-generated, if it is generated by homogeneous elements f € S° with

deg (f) € Pic(Y°) and it is called Pic(Y°)-saturated, if J, = (J : B(io)"o>

for all a € Pic(f/o). By Theorem 1.107 there is a one-to-one correspondence

{Pic(f/o)—gen. and Pic(Y°)-saturated ideals J C SO} = {closed subschemes of Yo}
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Given a homogeneous ideal .J, denote by

Jhe = ®aepiC(Y°) 5% (J : BQA}O))

the Pic(Y°)-saturation of J. So we may also describe X'° by the Pic(Y°)-

saturation of
.\ Pic
<m—|—t-an-a(m)|mE<Ig> >

a€EyF

[0}

For the third representation, recall that the Picard-Cox ring of Ve is

R = @aePic(?o) Sa
and by Theorem 1.109 there is a one-to-one correspondence

{ graded ideals J C R° saturated in B(3°) N RO} =2 {closed subschemes of SA/O}

So we can describe X'° by the B(3°) N R°-saturation of

<m+t.zca-a<m> me () <B<i°)“R°>>>
a€F

Computationally the best choice is the description of Zariski closed subset
of Y° as graded radical ideals .J C S° with .J ¢ B(%°). Standard basis calcu-
lations are done over the polynomial ring S° and in the examples of Sections
8.12 and 10 the intersection IL,NB (io) has far less minimal generators than
Iy.

The representation by graded radical ideals contained in B(X°) is par-
ticularly suitable, if Y° is given by a Fano simplex as in this case B(3°) =
(y, | r € 3°(1)). This applies for example to projective space and its orb-
ifolds.

The description by Pic(Y°)-generated and Pic(Y°)-saturated ideals re-
quires computations in the invariant ring R° = (5°)" of

W = Homy, (An_1 (Y°) / Pic(V°), c*)
This representation is particularly suitable for complete intersections defined
by nef partitions, as the ¢ monomials given the partition of 3° (1) correspond

to torus invariant Cartier divisors. Note that in standard basis calculations
syzygies are computed over R°.

343



Flatness can be tested in any of these representations. The ideal in
Ct] / (#*) ® S° respectively C [t] / (t*) @ R° generated by m;+t-g;, i = 1,...,r
defines a flat family, if for all syzygies a; - m; — a; - m; = 0 with a;,a; € S°
respectively R° it holds a; - g; — a; - g; € (m; | 7).

For any choice of a projective crepant subdivision 3° of the fan $° we
obtain a mirror family with fibers in the corresponding toric variety. In-
deed, the mirror should be seen as the totality of all models of the tropical
mirror family in some simplicial or non-simplicial toric variety Y° = X (flo)
with 2°(1) € £°(1). Note that this is in line with the choice of a maxi-
mal projective partial desingularization in the constructions by Batyrev for
hypersurfaces and Batyrev and Borisov for complete intersections. The fact
that one obtains for every such subdivision a mirror Calabi-Yau is known as
the multiple mirror phenomenon, which plays an important role in the global
understanding of complex and Kahler moduli spaces.

Remark 9.50 The function ProjectiveSimplicialSubdivision in the Maple pack-
age tropicalmirror (see also Section 12.4) returns a projective simplicial sub-
division 3° of the fan ¥° using the ideas of Algorithm 1.148 computing the
secondary fan.

Given 2° and dual (B (I)) the function SimplicialDualBergmanComplex re-
turns the induced subdivision dual (B (I))" of the dual Bergman complex and
SimplicialSpecialFiber gives the corresponding special fiber ideal fg C S°.

The function SimplicialMirrorDegeneration computes from %°, dual (B (I))"
and (lim (B (I)))* the ideal I'° C C[t]/(t?) @ S°. It is represented by a
standard basis with respect to a monomial ordering in the interior of the
mirror special fiber cone hull ({1} x A) C R @ Mg, i.e., selecting the special
fiber monomials as lead term. Using this monomial ordering, the function
BuchbergerTest checks flatness by computing all S-polynomials modulo the
lead ideal.

To avoid simplicial subdivision one can represent the mirror family with
fibers in Y° by the radical of

<m+t~an~a(m)|mmin. gen. 0f[8ﬂB(E°)>ﬂI§ﬂB(E°)

a€EF
in C[t]/ (t*) @ S°.
Remark 9.51 The special fiber Grobner cone of X'° gives back A C Mg,

1.e€.,

A= C[g (Ilo) N {wt = 1}
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Let I, C S° be the ideal of the general fiber of X, As 0 € N is the
unique interior point of the Fano polytope A* the Hilbert point of IS lies in
the interior of the state polytope of the generic fiber 15, i.e.,

H (I) € int (State (I2,,)) C Ng
Conjecture 9.52 If X° C Y° x SpecC[t] is a flat family with tangent di-
rection X'°, then the general fiber of X° and the general fiber of X form a
mathematical mirror pair.

9.13 Remarks on orbifolding mirror families

Suppose Y = X (X) is projective space P" given by the fan ¥ C Ni with the
rays generated by (1,0,...,0),...,(0,...,0,1) ,(=1,....,—=1) € N. Let (¢;), be
the torus invariant basis of the space of first order deformations contributing
to the tangent space of X at Xy, so {¢; | ¢} = dual (B (1)) N M. Denote by ¢
the codimension of the fibers in Y.

Representing each deformation 9; as a Cox Laurent monomial §; = ‘bI— with
relative prime Cox monomials a; and b;, there is a preordering on {d; | i} by
divisibility of the denominators b;, i.e., 3+ = §; < ; = Z—j & b; | b

If 0 = ¢ is deformation with relative prime Cox monomials a and b, then
§ is called pure, if a has the form a = y? for some homogeneous variable v
of Y and for some d > 0.

For each O-dimensional stratum p of Y denote by

D, ={meM|me F* with lim F = p}

the set of all torus invariant first order deformations of X in X corresponding
to p.

Definition 9.53 Let § be a set of non-trivial deformations of Xo in X corre-
sponding to vertices of faces of dual (B (1)) and denote by R the correspond-
ing set of rays of X°. We call § a set of Fermat deformations of X, if
the following conditions are satisfied:

o [RND,| =1 for all 0-dimensional strata p of Y (in particular |R| =
n+1).

e The convezhull of {7 | r € R} is a polytope of dimension n = dim (Ng)
containing 0 in its interior, i.e.,R spans a projective fan 3° (note that
this fan is uniquely determined by R ).

o The elements of § are incomparable with respect to the preordering <.
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~ Let Ve =X (AXAJO) be the toric Fano variety defined by 3° with Cox ring
S° =Clz, | r € ¥°(1)] and
0— Mg —ZR A, (R) =0

~

the corresponding presentation of A, _;(Y°) = A,,—1 (R) = H & Z with finite
H and let (h,,d,) = deg(z,). As 0 is in the interior of the convex hull of

{f |7 e xe (1)}, we can assume that the d, are positive integers. For all
w € (lim F)* N N, F € B(I) the Laurent monomials

(7w)

Hreiou)zr

are of degree 0 with respect to the grading deg (z,) = d,.

Note that for complete intersections the deformations corresponding to
vertices of faces of dual (B (I)) are pure. The set § is not unique in general,
see for example the complete intersection Calabi-Yau of degree 12 in P®. If X
is a degeneration of complete intersections of codimension ¢ = 2, then there is
a unique set of Fermat deformations §, which is the set of maximal elements
of dual (B (I)) N M with respect to the preordering < defined above.

Remark 9.54 With the notations of the preceding sections, let § be a set of
Fermat deformations of X. Then

P° = convexhull {A™ (§) | § € §} c P° = V"

is a Fano polytope. Y° is an orbifold Y° = P(dy,...,dns1) /G with the d;
defined as above. Let Y° = X (3°) — X(3°) = Y° be a birational map
contracting all divisors of Y° corresponding to deformations not in §. Then
the first order flat family X'° C Y° x SpecC [t] / (t2) induced by X'° C Y° x
Spec C [t] / (t*) has special fiber given by

_fg = <m = Hreio(l)zr | 3 minimal generator m of I3 divisible by T?L> c se
and involves the deformations
{Mesez™ | w e (tim (B (1) NN}
10 Tropical mirror construction for the example
of Pfaffian Calabi-Yau varieties

10.1 Pfaffian Calabi-Yau varieties

Definition 10.1 Let K be a field. A subscheme X of P} of codimension 3
is called Pfaffian subscheme if there is
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1. a vector bundle E on P} of rank 2k + 1 for some k € Z>

2. and a skew symmetric map ¢ : € (—t) — &, where £ = Opn (E) such
that

(a) ¢ is generically of rank 2k
(b) ¢ degenerates to rank 2k — 2 in the expected codimension 3

3. X 1s scheme theoretically the degeneracy locus of .

Theorem 10.2 (Buchsbaum-Eisenbud) [Buchsbaum, Eisenbud, 1977],
[Okonek, 1994], [Walter, 1996] A Pfaffian subscheme X of P has a locally

free resolution

0— Opy (—t—25) 52 g (<t —5) L £ (—5) B Opy. — Ox — 0

where s = ¢, (E) + kt, and 1) is locally given by the Pfaffians of order 2k of
©.

Remark 10.3 X is locally Gorenstein with
wy =2 O0x (t+2s—n—1)
Thus w% = Ox if and only ift +2s =n+ 1.

Theorem 10.4 [Walter, 1996] Let K be a field with char (K) # 2. If X C
P is an equidimensional, locally Gorenstein subscheme of dimension n — 3,
which is subcanonical, i.e., ws = Ox (1) for some integerl, then X is Pfaffian
if and only if the following condition is satisfied

n=0mod4 and [ = 2s even = x (Ox (s)) is even

Corollary 10.5 A codimension 3 subscheme of P® is Pfaffian if and only if
it 1s locally Gorenstein and subcanonical.

Example 10.6 Using this construction, we get the following projectively
Gorenstein Pfaffian Calabi-Yau threefolds

£ rank (€) deg(X) h'2(X) A (X) x(X)
20(1) 60 3 12 73 1 —144
O(1)H40 5 13 61 1 —120
70 7 14 50 1 —98
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Example 10.7 In [Tonoli, 2000] families of non-projectively Cohen-Macaulay
Pfaffian Calabi- Yau threefolds with the following data were constructed and
it is shown that generic elements of each family are smooth:

& rank (£) deg(X) A" (X) AM(X) x(X)
Q' (1) B30 9 15 40 1 78
Syz' (M) 11 16 31 1 —60
Syt (M) 13 17 23 1 —44

where M is a generic module of length 2 generated in degree —1 with Hilbert
function (2,1,0,...), and M’ is a special module of length 2 generated in degree
—1 with Hilbert function (3,5,0,...) (the generic choice of M gives a bundle
E = Syz' (M), which does not admit any alternating map E* (—=1) — &).
There are 3 unirational families of smooth Pfaffian Calabi-Yau threefolds of
degree 17 and all 3 families have h*? (X) = 23. The Hodge numbers were
obtained via computer algebra.

The Pfaffian given by € =20 (1) & O is a complete intersection and the
mirror construction is given in Section 8. In the following, we will be con-
cerned with the remaining two projectively Gorenstein examples.

10.2 Deformations of Pfaffian varieties

Let Y = X (X) be a toric Fano variety given by the fan ¥ C Ng over the
Fano polytope P C N and denote its Cox ring by S.

Suppose that Iy = (mq,...,m,) C S is an ideal generated by monomials
m; € H° (Y, Oy (E;)), i = 1,...,r, which has a Pfaffian resolution

OHOy(Ky)HF(Ky)ﬂf*E)OY
with

F=0y(E)&...5 0y (E,)

m = (my,...,m,)

and )
e \ F(—Ky)

Suppose X! C Y xSpec C [t] / (t?) is a first order deformation of I, defined
by
'=(fj=t-gi+m;|j=1,..,r)CCl]/{#)®S
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with g; € S[Ej]-
Denote by 7 : Y x SpecC[t]/(t*) — Y the projection on the first
component and by

K = Ky xspec(Clt]/{12))/ Spec(Cl1}/(2))

the relative canonical sheaf. Then flatness of X! gives a lift of the syzygies
of m, hence a Pfaffian resolution of I' of the form

1 * 1
0 — Oyxspeccigyy (K1) — €1 (KY) 5 (€1 5 Oy aspeccin/ie

with f* = (f},..., f}) and
E =T F

and ¢! is skew symmetric by the Theorem of Buchsbaum-Eisenbud, i.e.,
2
ol € /\ gl (—Kl)

Denote by 71 : Y x Spec C [[t]] — Y the projection on the first component
and by

K = K(y xSpecC[[t]])/ Spec C[[t]

the relative canonical sheaf. Let
E=mF

and let ¢ € A\’E*(—K) be a representative of ¢! of t-degree 1. Defining
f = (f1,..., fr) as the Pfaffians of ¢, one obtains a Pfaffian resolution of the
ideal generated by fi, ..., f.

0 — Oy xspeccy (K) — € (K) 5 & ER Oy xSpec ]
hence a lift of X! to a flat family X C Y x Spec C [[t]], so:

Proposition 10.8 The deformations of Iy are unobstructed and the base
space is smooth.

By the same argument one obtains:

Proposition 10.9 Let Y = X () be a toric Fano variety given by the fan
> C Ny over the Fano polytope P C Nr. Denote the Cox ring of Y by S.
Suppose that Xo C Y is defined by an ideal Iy = (myq,...,m,) C S, which is
generated by monomials m; € H° (Y, Oy (E;)), i = 1,...,r and has a Pfaffian
resolution .
OHOy(Ky) Hf(Ky)&f*gOy
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with m = (my, ..., m,), F = Oy (E1) ® ... ® Oy (E,) and ¢° € N> F* (= Ky).

Denote by my : Y x Spec C[[t]] — Y the projection on the first component.
Suppose that X C'Y x Spec C[[t]] is given by an ideal I C C|[[t]] ® S, which
has a Pfaffian resolution

0 — Oyxspeecyy (K) — € (K) 5 € — Oyyspecci]

with € = m{F and K = K(yxspecc[[t]])/ SpecC[[t]], I-€., I is generated by the
Pfaffians of p € /\2 E*(—K). Suppose that Xo = X Xy Speck.

Then X is a flat degeneration of Pfaffian Calabi-Yau varieties with fibers
polarized in'Y and special fiber X,.

Corollary 10.10 The families given in Example 3.4 (monomial degeneration
of a general Pfaffian elliptic curve inP3), in Example 3.5 (1-parameter degen-
eration of a Pfaffian Calabi-Yau threefold in an orbifold of P®), in Ezample
3.6 (monomial degeneration of a general Pfaffian Calabi-Yau threefold of de-
gree 14 in P®) and in Example 3.7 (monomial degeneration of a general Pfaf-
fian Calabi- Yau threefold of degree 13 in P%) are flat and satisfy the genericity
condition on the tangent direction, given in Section 9.5.

10.3 Tropical mirror construction for the Pfaffian el-
liptic curve
10.3.1 Setup

Let Y =P = X (), X = X(P) = NF(A) C Ng with the Fano polytope
P = A* given by

A:convexhull( (4,-1,-1,-1) (-1,4,-1,-1) (=1,-1,4,-1) ) C Mg

1
(=1,-1,-1,4) (=1,-1,—1,-1)

and let
S = C[an X1,22,T3, 1'4}

be the Cox ring of Y with the variables

T1 = 2(1,0,0,0) T2 = 2(0,1,0,0)
T3 = (0,0,1,0) T4 = T(0,0,0,1)
xo - I(_17_17_17_1)

associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
Pfaffian elliptic curves with Buchsbaum-Eisenbud resolution

0— Oy (=5) = £(=3) B £ (—2) > Oy — Ox, — 0
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where

&= 50
Ar=Ap+t-A
0 0 ry —x4 O
0 0 0 To —Xg
Ag=| —z; 0 0 0 T3
Ty —x9 O 0 0
0 o —x3 0 0

the monomial special fiber of X is given by
[0 = < —Xo T3 —A3XLy4 —TX4Tg —TX1X9g —T1T2 >

and generic A € A\’E* (1)

0 w1 Wa W3 Wy
—WwW1 0 Ws Weg Wy
A= —Wy —Ws 0 Wsg Wy

—ws —We —Wg 0 W10

L W4 —W7; —W9 —Wi0 0 |
Wy = $1%1 + S2 T2 + S3X3 + S4T4 + S5 X0
Wy = S¢ L1 + S7 X2 + S§ T3 + S9 Ty + S10 To
W3 = 811 X1 + S12 T2 + S13 T3 + S14 T4 + S15 Lo
Wy = S16 L1 + S17 T2 + S18 T3 + S19 T4 + S20 To
W5 = S21 L1 + S22 To + S23 T3 + So4 Ty + S25 To
We = So26 L1 + So7 To + So8 T3 + S29 Ty + S30 To
W7 = 831 X1 + S32 T2 + S33 T3 + S34 T4 + S35 Lo
Wy = S36 L1 + S37 L2 + S38 T3 + S39 T4 + S40 To
W9 = S41 L1 + S42 T2 1 S43 T3 + S44 Ty + S45 To
Wip = S46 L1 + S47 T2 + S48 T3 + S49 T4 + S50 To

The total space of the degeneration X is a local complete intersection. The
induced first order degeneration

X' CY x SpecClt] / (t*)
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is given by the ideal I C S®C [t] / (t*) with Ip-reduced generators of degrees
9.2.2,2.2

2 2 2
—T9o I3 +t C7 I3 X -+ Cg Lo Xy + C15X9 Xy + C1gT1 T3 + C17 Zo + Ci8 Xy + C19 333),

2 2
—x3x4 + t(cy x% + Co T3 X9 + C6 T4 X1 + C15 TF + C18 T2 X4 + C20 X7 +025x3x1),

2 2
—x1 X +t 0356% +curyx1 +C11 To T3 + C12 21 XT3 + Co1 i + Co2 T3 + 023.1’0]72),

(
(
—x4 g+ t(c1 T30 + o TR + c3 T4 Ty + C4 T2 + 5 X3 + Co T T2 + C10 T4 T2),
(
(

2
( — 122 +t C13 X2 Ty + C14 X1 Ty + C1g LL’% + C19T1 X3 + Co1 T T2 + Ca3 .T% + CQ4I4)

where
C1 = S13 Co = S15 C3 = 831 Cqy = S34
Cs = S17 C6 = —S41 — S49  C7r = —S838 — S30 Cg = —837 — S45
Cg = S12 + S20 €10 = S19 + S32 €11 = —S§ — S5  Cil2 = —S1 + S33
Ci3 = —S89 — S22 Ci4 = —S29 — S21 C15 = —S44 Cie = —S26
Cit = —S40 C18 = —S542 C19 = —S28 Co0 = —S46
C21 = —S10 Co2 = —S3 Co3 = —87 Coqy = —S24

Co5 = S11 — 548

The corresponding syzygy matrix is given by

Wy = 81T+ S3T3+ S5 T Wy = S7T9 + Sg X3 + Sg T4 + S10 To
W3 = S11 21 + S12 T2 + S13T3 + S15T9 W4 = S17 T2 + S19 T4 + S0 Lo
Ws = S91 X1 + So2 To + S24 T4 We = S96 L1 + Sog T3 1+ S29 T4 + S30 Lo

W7 = S31 X1 + 832 T2 + S33 T3 + S34 T4 Ws = S37 T2 + S38 T3 + S40 To
Wg = S41 X1 + S42 X2 + S4a Ty + S45 Lo W1p = S46 L1 + Sag T3 + S49 T4
10.3.2 Special fiber Grobner cone

The space of first order deformations of X has dimension 25 and the defor-
mations represented by the Cox Laurent monomials

2 2 2 2 2
] x2 x3 %4 1 o ®3 T2 T1 o T1 To T2

T2 T3 T4 X0 1 Zo 1 T2 T3 T4 T3 o Tl T2 1 xrs3 o o

z3 Z1 z3 z2 Zo Z4 T4 T4 T4 X3 X1 X2

1 o T2 T3 T4 T2 o T3 1 T4 T4 T4

form a torus invariant basis. These deformations give linear inequalities
defining the special fiber Grébner cone, i.e.,

Cr, (I) = {(ws,wy) € R® Ng | <w,A_1 (m)) > —wVm}
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for above monomials m and the presentation matrix

- 0 0 1
0 0
1 0
0 1

1 0
0 1
A= 0 0
0 0

| -1 -1 -1 —1 |
of A3 (Y'). The vertices of the special fiber polytope
V=0Cp, (I)Nn{w, =1}

and the number of faces, each vertex is contained in, are given by the table

¢ (1,0,0,0) (0,1,0,0) (~1,-1,-1,-1) (0,0,0,1)
(0,0,1,0)
e

8 _1“_%f_LO 1,0,1,1)
(1,1,0,3)

o (0.-1,0,.=1) (=1,0,0,—1) (1,0,1,1) (1,1,0,1)
(—1,0,-1,0)

o (1,0,1,0) (-1,0,—-1,-1) (1,0,0,1) (0,1,0,1)
(—1,-1,0,—1)

The number of faces of V and their F-vectors are

Dimension Number of faces F-vector

1 1 (0,0,0,0,0,0)
0 20 (1,1,0,0,0,0) point
1 50 (1,2,1,0,0,0) edge
2 30 (1,4,4,1,0,0) quadrangle
2 15 (1,3,3,1,0,0) triangle
3 10 (1,6,9,5,1,0) prism
3 5 (1,9,15,8,1,0)
4 1 (1,20,50,45,15,1)
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The dual P° = V* of V is a Fano polytope with vertices

(-1,-1,0,2) (2,0,—1,—-1) (0,—1,-1,0) (0,2,0,—1)
(=1,0,2,0)  (=1,0,0,0)  (-1,1,0,0)  (0,1,—1,0)
(1,0,0,0) (1,-1,0,0)  (0,—1,1,0)  (0,0,1,—1)
(0,0,0,1) (0,0,0,—1)  (0,0,—1,1)

and the F-vectors of the faces of P° are

Dimension Number of faces F-vector

1 1 (0,0,0,0,0,0)
0 15 (1,1,0,0,0,0) point
| 45 (1,2,1,0,0,0) edge
2 15 (1,4,4,1,0,0) quadrangle
2 35 (1,3,3,1,0,0) triangle
3 5 (1,5,8,5,1,0) pyramid
3 5 (1,6,10,6,1,0)
3 5 (1,4,6,4,1,0) tetrahedron
3 5 (1,6,9,5,1,0) prism
4 1 (1,15,45,50,20,1)

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is

dim (Aut (Y°)) =4
Let

S° = (C[yla Y2, -0y y15]

be the Cox ring of Y° with variables

2 2

Y1 = Y(-1,-1,02) = m;; Y2 = Y(2,0,-1,-1) = x;im Ys = Y(0,-1,-1,0) = mfig
Ya = Y(0,2,0-1) = xffvo Ys = Y(-1,02,0) = Jio Y6 = Y(-1,00,0) = 7o

Y7 = Y(-1,1,0,0) = i—f Ys = Y(©,1,-1,0) = i—g Yo = Y(1,0,0,0) = i—é

Y10 = Y(1,-1,0,0) = i—; Y11 = Yo0,-1,1,0) = i—j Y12 = Y©0,0,1,-1) = z—i
Y13 = Y(0,0,0,1) = i—ﬁ Y14 = Y(0,0,0,-1) = i—j Y15 = Y(0,0,-1,1) = i—:
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10.3.3 Bergman subcomplex

Intersecting the tropical variety of I with the special fiber Grobner cone
C, (I) we obtain the special fiber Bergman subcomplex

B(I)=Cy, (I) N BF ()N {w, = 1}

The following table chooses an indexing of the vertices of V involved in B (1)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (I) it is contained in

nv  Npa
1=(0,-1,0,—1) 2=(-1,0,0,-1)
9 2 3:(1,0,1,1) 4=(1,1,0,1)
5= (—1,0,—1,0)

With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

B (I) has the F-vector

Dimension —1
Number of faces 0

ot O
o W
S =~

(S
O N

and the F-vectors of its faces are

Dimension Number of faces F-vector
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10.3.4 Dual complex

The dual complex dual (B (I)) = (B (I))" of deformations associated to B (I)
via initial ideals is given by

2

2 2
[[1 3]* — (2 % x2 [1 2]* — (T4 T4 %4 [3 4]* — o mo xo
I - 3’ T4 X0’ T1 ) ) - x3? o’ T1 T2 ) I - Tox3’ T4 T I
2 2
[4 5]* — [® _*3 z3 [2 5]* (5 =z ]
! xy? Ty’ w2 /0T xz3 @y’ wo’ w2 [17

2 2 2 2
[[1]* — (*2 x4 T3 x4 T4 32 [2]* — ("1 ma o1 g Ty m
x3? x3’ xq4x0’ T’ X122 T1 [/ x3xy’ x3’ X9’ T ‘1 X2 T2 /
CC2 CC2 562 562
Tox3’ T3 TaTo’ T4’ T W1 /) Tor3’ T4’ Ty T1TO T2 T [

when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mr. When numbering the vertices of
the faces of dual (B (I)) by the Cox variables of the mirror toric Fano variety
Y the complex dual (B (1)) is

4—75]* = <y127y57y11> ) [275]* - <927997y10>]7

[1]* = (ys, Y15, Y1, Y13, Y1, Y7) 5 [2]" = (Y2, Y15, Yo, Y13, Y1, Y10) »

[
[
[
Fla 3 = (s, yar y7) 5 [1,2]" = (y1s, v13, 1) 5 3, 4] = (y3, Y14, V) »
[
3] = (Y3, Vs, Ya, Y14, Y6, Y1), [4]* = (Y3, Y14, Y12, U5, Y11, Ys) »
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51" = (2, y12, Y5, Yo, y11, Y10)]

[

The dual complex has the F-vector

Dimension -1 0 1 2 3 4
Number of faces 0O 005 5 0
and the F-vectors of the faces of dual (B (I)) are
Dimension Number of faces F-vector
2 5 (1,3,3,1,0,0) triangle
3 5 (1,6,9,5,1,0) prism

Recall that in this example the toric variety Y is projective space. The
number of lattice points of the support of dual (B (I)) relates to the dimension
h10 (X)) of the complex moduli space of the generic fiber X of X and to the
dimension h'!' (X°) of the Kéhler moduli space of the M PC P-blowup X°
of the generic fiber X° of the mirror degeneration

lsupp (dual (B (I))) " M| = 25 = 24 + 1 = dim (Aut (Y)) + A% (X)
=20+4+1
= |Roots (Y)| + dim (Ty) + 2" (X°)
There are
RYO(X) + dim (Ty) = 144

non-trivial toric polynomial deformations of X

2 2 2 2 2
5 Ty &) T3 Ty
T4 X0 T1x2 T2 T3 Z1xo T3 T4

They correspond to the toric divisors

Dwa20-1) D1,-102 Dwo-1,-10 Di1020 D@eo-1,-1)
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on a MPCP-blowup of Y° inducing 1 non-zero toric divisor classes on the
mirror X°. The following 20 toric divisors of Y induce the trivial divisor
class on X°

Dw1,-100 Di1100 Doo-1,1) Do  Dwoo,-1)
D 1000 Dwoi-1 Do-110 Da-100 D00
D100  Di1001) Dao-10 Do-101 Doio-1)
Dwo,-10 Dwo,-100 D010 Daoo-1 Do10

10.3.5 Mirror special fiber

The ideal I of the monomial special fiber X of the mirror degeneration X°
is generated by the following set of monomials in S°

( YaYs Yo Y13Y14a  YaY13YsYs Yo Yi15YsYslYs Y2  Ya Y1 Y14 Y12 Y2
Y2YsY12Yis Y14 Y1 YrYsYs Yo YrY1YsYii Yo Yi5YsYs Y12 Y2
Y1Y2Ys Ye Y7 YaY13YsYs Yo Y1 YsYaYr11 Yo Ya Y13 Y14 Y12 Y2
YsY2YsYii Yis  YsYrY1YsYo  Y1Y3Ys Y11 Yio

and 228 monomials of degree 5
\ J

~”

The Pic (Y°)-generated ideal

J = < Y2YsY12Y1s Y14 Y7 Y1YsY1a1 Yo YaYs Yo Y13 Y14 Yo Y7 Y1 Y5 Yo >
Y8 Y2 Ys Y11 Y15

defines the same subvariety X of the toric variety Y°, and J§* = I. Passing

from J§ to J§* is the non-simplicial toric analogue of saturation. The complex

B (I)" labeled by the variables of the Cox ring S° of Y°, as written in the last

section, is the complex SP (I3) of prime ideals of the toric strata of the special

fiber X of the mirror degeneration X°, i.e., the primary decomposition of I

1S

I = (y3,y14, Ys) N (Y15, Y13, Y1) N (Ys, Ya, Y7) N (Y2, Yo, Y10) N (Y12, Ys, Y11)

Each facet F' € B (I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.

358



10.3.6 Covering structure in the deformation complex of the degeneration X

According to the local reduced Grobner basis each face of the complex of
deformations dual (B (I)) decomposes into 3 polytopes forming a 3 : 1 un-
ramified covering of B (1)

I

Y

(ys)» (ya) . (yn)] = (ys,yasyn)™ = [1,3]Y

7)

Yis) (W) s (Y)] = (s, iz, 1) = [1

Y3) » (Y14) » < o)) — (Ys, y1a,ve) ™ = [3,4]Y,
i 5]>] (ylg,y57y11> [4,] ]

]
]
]
[
(
(
< =
<y2 <y27 Yo, y10> [
[
(
(
(
(
]

—

"=,

)Y,

2
v
5]V
v

(ys, y15) <y4,y13> Ay, yn)] = sy vis, Y, Yiss v, y) T = (1
y27y15> <y97?/13> ) <y1,y10)] = (yz,y15,y97?/137y1,y10>*v = [
Y3, Ys)  (Yas Y1) s (Yo, Yr)] — (Y3, Ys, Yas v1a, Ve, yr) " = [3]",
y37y11> <y14,y12> ) <Z/5,y6>] <3/37y14,y127y57y11796> = [4]\/
Y11, 10) 5 (Y2, 12) > (Y5, Yo)] — (Y2, Y12, Us, Yo, Y11, Y10) ™

— —er—r——— —r—r—r—r— —— —— —

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (I) chosen
above. The numbers of faces of the covering in each face of dual (B (1)), i.e.,
over each face of B (I)" are

Dimension Number faces number preimages

-1 0 0
0 0 0
1 0 0
2 ) 3
3 ) 3
4 0 0

This covering has one sheet forming the complex
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(Ys) s (Ya) , (W) s (Yis) (W) s (Y1) 5 (ya) s (Yaa) 5 (Ye) » (Y1)
Yi2)  (Ys) 5 (Y2) (Vo) 5 (Y10)]

( ,
(ys, y15> <?J4a y13) ) <y1 y7> ) <y2, y15> ) (yg, y13> ) <y1, y10> ) <?/3, ys> ) <y4, y14> )
Yo, Y7) » (Y3 y11) > (Yras Y12) > Us, Ye) » (W11: Y10) 5 (Yas y12) » (Ys, Yo))

]

with F-vector

o~ o~

—

Dimension Number of faces F-vector
0 15 (1,1,0,0,0,0) point
1 15 (1,2,1,0,0,0) edge

Writing the vertices of the faces as deformations the covering is given by

() () (o) B4 (2 (2) (5 )) = (4.5
z? T T
[ z31z4 ) x_(l) ) é ]H[275]V]7

2 2 2 2
Ty T4 T 7 1_490_2],_)[1]\/[Lw_4 1 T4 7SN Y
x3’x3 /P \xax0’ 20/’ \ 1227 X1 ? x3xa’x3 /P \ 20’ 20/’ \ 1227 T2
z3 Z1
xo? xo [/ 1’31’47 $4 1 J:o’ aco

with the one sheet forming the complex
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[ oz T3 mo Zo 22N 3]V, ] o z3 Zo T3 T3 Zo | — [4)Y
rox3’ T3 /) CL“4€130’ T4 [ 561’ 1 zox3’ T2/ P\ T4’ Ta /) \T1T0 T )



2 2 2
2 T2 z2 Z4 Z4 Ty il Za o z3 z3
3 /P \wawo /' \x1/’\x3/ ' \xo/ \w1ix2 /)  \w2w3 /' \xa /'’ \T1 /' \22/ ' \T2 /
2 2
T3 1 1 z1 ]
z1xo /P \x3xa /P \ w0 /' \ 22 /17
2 2 2 2 2
[ T2 T4 To x4 Ti  z2 Tl ma 1 T4 Ty oz %o z2
3’ x3 /P \wazo’ wo /> \x1w2’ 1 / P \x3x4’ T3/ P \ w0’ W0 / ? \ 12" W2 / ? \ 2223’ X3 [’
2 2

2 2
T3z Zo T2 %o z3 To T3 %3z T3 71 1 oz
Tazo' g /P \NT1’ 1 /P \w2w3 2/ P \@a’ s /) \ 10’ 1 /) \w2? w2 /T \x3®T4? T4 [
r3 oz ]
x1x0’ x0 /17

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.
See also Figure 9.7 for a visualization of the dual complex and the sheets of
the covering. In general we have for local complete intersections:

Remark 10.11 Let X C Y x SpecC[t] / (t?), Y = X (2) be a degeneration

with fibers of codimension ¢ and special fiber Xy given by Iy. If the total

space X is a local complete intersection, then all first order deformations of

Xo contribute precisely once in the local equations of X at the strata of Xy:
Suppose F' € SP (Iy) is the prime ideal of a stratum of Xy and

Ip CSp@Ct]/(#*) =Clyr | yr & F)lyr | yr € F]l. @ C[t] / ()

where > is a local ordering ony, € F, r € ¥ (1), is the localization of I at F.
Then for all deformations 6 € dual (B) N M any monomial 6 (m;) appears at
most once in the minimal reduced standard basis of 1.

The complex dual (B) contains a ¢ : 1 unramified covering of BY.

10.3.7 Limit map

The limit map lim : B (I) — Poset (A) associates to a face F of B (I) the face
of A formed by the limit points of arcs lying over the weight vectors w € F,
i.e., with lowest order term t*. Labeling the faces of the Bergman complex
B (I) C Poset (V) and the faces of Poset (A) by the corresponding dual faces
of V* and A*, hence considering the limit map lim : B (I) — Poset (A) as a
map B (I)* — Poset (A*), the limit correspondence is given by
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’

]

<y8,y15,y47?/13,?/1,y7> s <$1,i€3,1’0>,
(y2,y15,y9,y13,y1,y10> = <£172,$3;1’0>,
<y37y87 y47y147y67y7> — <x17x37 I4> )
<y37yl4>yl2>y5a?/11796> = (11, T2, T4) ,
<y2>y12,y5,y97y117y10> = <£E2,ZL“4,950>],
[
(
(

[
[

<y87y47y7> — <x1,$3,$4,x0> ) <yl57yl37yl> — <x17$2)$3ax0>7
yg,y14,y6) = <9517372,1'3,9U4> ) <y12,y5,y11> — (951,96271'4,1'0%
y2,y9,y1o> — <$2,$3,I4,9€0>]

The image of the limit map coincides with the image of p and with the
Bergman complex of the mirror, i.e., lim (B (1)) = u(B(I)) = B (I°).

10.3.8 Mirror complex

Numbering the vertices of the mirror complex p (B (1)) as

1=(4,-1,-1,—-1) 2=(-1,4,—-1,—-1)
3=(-1,-1,4,—-1) 4= (-1,-1,-1,4)
5=(-1,-1,—1,—1)

w(B(I)) C Poset (A) is

)

2], [4], 18], 3], (1]],
274]7 [1’4]a [27 5]7 [37 5]7 [17 3]]’

)

]
[
[
]
]
]

The ordering of the faces of (B (1)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of p (B (I))" are

Dimension Number of faces F-vector
2 5 (1,3,3,1,0,0) triangle
3 5 (1,4,6,4,1,0) tetrahedron

362



The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))" C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

2 2
_ __ Y3Yy9 Y10 _ _ YaY7ys
xr1 = = == To = T — _J4J0 70
1 (1,0,0,0) Y1Y5 Ye Y7 2 (0,1,0,0) Y1 g3 Y10 Y11
_ _ Y5911 Y12 — — _YiY13 Y15
L3 17(0,0,1,0) Y2Y3ys y125 L4 x(0,0,0,l) Y2Y4Yi12yia
Y3Ye6 Y14

Lo = 1‘(—1,—1,—1,—1) - Y4 Y5 Y9 Y13

So writing the vertices of the faces of (1 (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by

I,
I,
B
(1,23, T0) , (T, 3, T0) , (T1, T3, 4) , (X1, Ta, x4) , (T, T4, To)],

($1,$3,$4, 9€0> ) <$1,$2, xs, l’o> ) <$1, T2, $3,$4> ) <$1, $27$4,$0> ) <-’JU2, 933,$4,$0>],

[
[
[
[
[
I

The complex p (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X, of X, i.e., the complex SP (Iy),
so in particular the primary decomposition of I is

Iy = (w1, 72, 74) N (21,3, T4) N (T2, T4, T0) N (T2, T3, To) N (71, T3, T0)
10.3.9 Covering structure in the deformation complex of the mir-
ror degeneration

Each face of the complex of deformations (u (B (I)))" of the mirror special
fiber X; decomposes as the convex hull of 3 respectively 4 polytopes forming
a 4 : 1 ramified covering of p (B (I))"

(o), (m3) , (w1)] > (21, 23, m0) ™ = [2,4],
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[(wo) , (w3}, (w2)] — (wa, w3, m0)"" = [1,4]",

[(z4) , (ws) , (z1)] — (1, 25, 24)" = [2,5]",

[(z4), (w2) , (z1)] = (21, 9, 24)" = [3,5]",

[(zo) , (xa) , (x2)] = (w2, 24, m0)™ = [1,3]],

[[{zo) » (x4) , (x3) , (21)] = (1, T3, T4, T0 = 2]",
[(To) , (x3) , (x2) , (T1)] <$171’2a$3,$0>*v = [4]",
[(z4) , (@3) , (22) , {21)] <f€1,f€27$37134>*z = [5]Y,
[<$0> ) <.CL"4> ) <332> ) <$1>] <3717 L2, x47$0>* - [3]\/’
(o), (xa) , (m3) , (w2)] = (@2, w3, 4, 20)™" = [1]],
[

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G — FY with dim (G) < dim (F").

10.3.10 Mirror degeneration

The space of first order deformations of X§ in the mirror degeneration X°
has dimension 5 and the deformations represented by the monomials

{ j

form a torus invariant basis. The number of lattice points of the dual of the
mirror complex of I relates to the dimension h'® (X°) of complex moduli
space of the generic fiber X° of X° and to the dimension h'! (X) of the
Kéahler moduli space of the generic fiber X of X via

jsupp (4 (B (1)) AN =5 =4 + 1
= dim (Aut (Y°)) +

y3y13 Y15
Y2 Y4 Y12 Y14

y§y6 Y14
Y4 Y5 Y9 Y13

y%yg Y10
Y1 Y5 Ye Y7

y2y11 y12
Y2 Y3 Ys Y15

Y3y Us
Y1 Y3 yio Y11

R0 (X°) = dim (T) + A" (X)

The conjectural first order mirror degeneration X'° C Y° x SpecC [t] / (¢?)
of X is given by the ideal I'° C S° ® C[t] / (t*) generated by

t51Y24Y3Ys + Ya Ys Yo Y13 Y1a
ts4 YRY11 Y12 + Y15 Ys Y3 Ys o
55 YisYiy13 + Y2 Ya Y12 Y15 Y14
ts3 Y3Y3Ys + Y7 Y1 Y3 Y11 Yo
£S5 Y3Yo Y10 + Y1 Y2 Ys Yo Y7
tS3Y3Y7 Ys + Y1 Y3 Ya Y11 Y10
tsa YT YR Y12 + Ys Y2 Ys Y11 Y15
Yr yatss yi + Y1 Ys Ys Y11 Yo

and 228 monomials of degree

ts1YSY3YLa + Ya Y13 Y6 Ys Yo
£S5 Y3 Y13 Y15 + Y1 Y1 Y14 Y12 Yo
ts2 Yoy + Y1 Y7 Y Ys Y10
tsa Yialaynn + Yis Us Y3 Y12 Yo
t51Y3Ys Y14 + Y1 Y13 Y3 Ys Yo
£S5 YisYiYis + Ya Y13 Yia Y12 Yo
tS2 Y5Y5Y10 + Y6 Y7 Y1 Ys Yo

bt
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Indeed already the ideal J° generated by

(

ts51Y1aY3Ys -+ Ya Ys Yo Y13 Y1a,

ts5 YisYiy1s + Y2 Ya Y12 Y15 Y14,

§ tSa YT YRY12 + Ys Y2 Us Y11 Uis,
ts53 YFY5Ys + Y7 Y1 Y3 Y11 Yo,
(52 Y3Y3Y10 + Y6 Y7 Y1 Us Yo )

defines X'°.

10.3.11 Contraction of the mirror degeneration

In the following we give a birational map relating the degeneration X° to a
Greene-Plesser type orbifolding mirror family by contracting divisors on Y™°.
In order to contract the divisors

Y6 = Y(-1,000) = 5, Y7 = Y(-1,1,00) = i—f Ys = Y(0,1,-1,0) = i—i

Yo = Y(1,0,00) = 4, Y10 = Y@,-1,0,00 = i—; Y11 = Y0,-1,1,0) = 3
Y12 = Y0,0,1,-1) = i—4 Y13 = Y(0,0,0,1) = i—é Y14 = Y(0,0,0,—1) = .,

Y15 = Y(0,0,-1,1) = 4

consider the Q-factorial toric Fano variety Y° = X (32°), where 3° = 3(P°) C
Mpy is the fan over the reflexive Fano polytope P° C My given as the convex
hull of the remaining vertices of P° = V* corresponding to the Cox variables

CIEQ £L‘2
J— J— 2 — — 4
Ya = Y0,2,0,-1) = 3, 7 Y1 = Y(-1,-1,02) = 2y 2
. . CL‘O . . X
Y3 = Y0,-1,-1,0) = o3 Ys = Y(-1,02,0) = 2o
_ __
Y2 = Y(2,0,-1,-1) = 75m,

of the toric variety ¥° with Cox ring

N

S® = Clya, Y1, ¥3, Us, Y|

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let

Yo=X(¥°) - X(X°)=Y°
be a birational map from Y to the toric Fano variety Y", which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Yo Y7 Ys Yo Yo Y11 Yi2 Y13 Yia Y15
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Representing V° as a quotient we have
yo = (c5 vy (B(EO))) e
with )
G° = Zs x (C)"

acting via
2 3
Ey = (uivi-ya, uf v Y1, w1 - Y3, UG OL - Ys, U1 - Yo)

for £ = (u1,v1) € GoandyeCP—V <B(§)°)> Hence with the group

H° = Zs
of order 5 the toric variety Y is the quotient
Yo =P/ H°

of projective space P*. The first order mirror degeneration X'° induces via
Yo —>Y°a degeneration X' C Y° x SpecC[t] / (t?) given by the ideal I'° C
(Yas Y1, Y3, Us, o) C S° @ Ct] / (t2) generated by the Fermat-type equations

( )

ts$1Y; + Y2 Ya,
tso Y3 + Ya Ys,
tss Y5 + Y1 Ys,
$1Y5t + Y2 Y3,

( tSsyi+ 1Yz )
Note that

supp ((u (B (I)))") N N — Roots <Y°> —dim (Ty.) =5—-4=1

so this family has one independent parameter. The special fiber Xg CY°of
X'° is cut out by the monomial ideal

~

jg C B<20) = <y4ay17y37y57y2> C5°

generated by
{ vivs woys vays viys Yous

The complex SP(I3) of prime ideals of the toric strata of X¢ is
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[,
[,
[,
Y3: Yss Y2) 5 (Y, Y1, Ya) » (Yas Y15 Y2) 5 (Ya,s Y3, Ys) 5 (Y1, Yss Yo)l,

(
[<y17y37 y57y2> ) <y47 y37y57y2> ) <y47y17 Ys, y2> ) <?/4; y17y37y2> )
<y47y17y37y5>]7

[

]

SO fé’ has the primary decomposition

~

IS = (Y3, Y5, Y2) N (Ya, Y1, Y3) N (Ya, Y3, Ys) N (Y1, Ys, Y2) N (Ya, Y1, Y2)

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V = (P°)* corresponding to Ij. Indexing the vertices of V by

=(-1,2,-1,0) 2=(1,1,

1 1,1,0,3) 3=(—3,-2,-2,-3)
41=(0,-1,2,-1) 5=(3,0,1,1

this complex is given by

(

The ideal I'° C S° ® C[t] / (t?) has a Pfaffian resolution

ot x f1
0— O?wspecqt]/w (Kl) — & (Kl) - (51) - O)‘/Oxspeccm/<t2>
where 7, : Y° x SpecC [t] / (t*) — V° and &' = T F

Oy (D(0,2,0,—1) + D(z,o,—l,—l)) ® Oy (D(o,2,0,—1) + D(—1,0,2,0)) b
F = Oy, (D(—l,—1,0,2) + D(—1,0,2,0)) @ Oy (D(o,—l,—l,O) + D(Z,D,—l,—l)) ¥
@



and K!

0
—154Ys5
Y3
Ya
| lssy

154 Y5
0
—151Ys
!
Y2

Y3
151Ya
0
—1S2 Y2
—Ys

—Ya
Y1
t52 Y2
0

—ts3y3

2 o1x .
= Kfvoxspecqt]/<t2>/speccm/<t2> and o' € A\"E™ (—K") given by

—ts5y1 |
Y2
Ys
153 Y3
0

Hence via the Pfaffians of ¢! we obtain a resolution

0— OY/OXSpeCC[t] (K) — & (K> — & — OYOXSpecC[t]
where m; 1 Y x SpecClt] =YV , & =n]

and K = K}A/O x Spec C[t]/ Spec C[t]

of the ideal I° C 5° ® C [t] generated by

( —y1ys +t(—s293) + 1 (1833 Ya),
~Yays +t(=s3y3) +* (855291 92)
—yoys +t(—=s597) +1° (s4533Ys5)
~Yoys +t(=8193) +* (855191 ) ,

\ —y1ys +t(=s1yf) 1 (sa529295) )

which defines a flat family

X° C Y° x SpecC [t]

10.4 Tropical mirror construction for the degree 14
Pfaffian Calabi-Yau threefold

10.4.1 Setup

Let Y =P° = X (X), ¥ = X (P)
P = A* given by

= NF (A) C Ng with the Fano polytope

(6,—1,—1,—1,—1,-1)  (=1,6,—1,~1,~1, 1)
(— 1, 16,1, -1,-1) (L -1 -16,~1,~1)

A=convexhull | 4" 3T 6 ) (211, —1,-1,-1,6)
( 17 17 1 17_17_1)
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and let
S= C[$0,$1,5€279€3,$4,$5,9€6]

be the Cox ring of Y with the variables

T1 = 2(1,0,0,0,0,0) T2 = X(0,1,0,0,0,0)
T3 = 2(0,0,1,0,0,0) T4 = 2(0,0,0,1,0,0)
Ts = 2(0,0,0,0,1,0) Te = 2(0,0,0,0,0,1)
To = T(-1,-1,-1,-1,—-1,-1)

associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
Pfaffian Calabi-Yau 3-folds with Buchsbaum-Eisenbud resolution

0— Oy (=7) = E(—4) 2B (=3) = Oy — Ox, — 0

where

E=T70

T5 0 0O -2 O 0 0
0 ZTo 0 0 —x3 0 0

the monomial special fiber of X is given by
I() = < LolgX1 ITX2X1X3 T5X4T3 T5XogTg ToaXogl1 ToaXy4T3 Ts5Ly4Tg >

and generic A € A\*E* (1)

0 w1 Wa w3 Wy W5  We
—wy 0 wry wg wg Wi Wi
—Wwy —Wr 0 W12 w13 W14 Wis
A=| —ws —wg —wp 0 wie W7 Wi
—wy —wy —wz —wyp 0 W9 Wag
—ws —wyp —wy —wyy —wy 0wy
| —We —Wnn —Wi3 —Wig —W20 —W21 0
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Wy = 81T + S X9 +53$3 +S4(I?4+S5LU5 +S6(I?6+S7LU0

Wy = S8 X1 + Sg To + S10 L3 + S11 T4 + S12 T5 + S13 T + S14 To

W3 = S15 L1 + S16 T2 + S17 L3 + S18 T4 + S19 Ts + S20 T6 + S21 Lo

W4 = S92 X1 + S23 T2 + S24 T3 + So5 Ty + S26 T5 + S27 Te + S28 Lo

W5 = S29 L1 + S30 T2 1 S31 T3 + S32 T4 + S33 T 1 S34 T + S35 Lo

We = S36 L1 + S37 T2 1 S38 T3 + S39 Tq4 + S40 Ts + S41 T6 + S42 To

W7 = 543 L1 + S44 T2 + S45 T3 + S46 T4 + S47 T5 1 S48 Te + S49 Lo

Wy = S50 L1 1+ S51 T2 + S52 T3 + S53 Ty + S54 T5 + S55 T + S56 Lo

W9 = S57 X1 + S58 T2 1 S59 T3 + S0 T4 + Se1 Ts + Se2 Te + S63 Lo

Wip = Se4 L1 + Se5 T2 + Se6 T3 1 Se7 L4 + S8 Ts 1+ Se9 Te 1 S70 Lo

Wi = S71 %1 + S72 T2 + S73X3 4 S74 L4 + S75T5 + S76 Te + S77 Lo

Wiy = S78 L1 + S79 T + Sg0 T3 1 S81 T4 + Sg2 T + S83 T + S84 Lo

W13 = Sg5 L1 + Sg6 T2 1+ Ss7 L3 1 Sgg Ty + Sg9 T + Sgo Te + S91 Lo

W14 = S92 L1 + S93 T2 + S94 T3 + S5 T4 + Sg6 Ts + Sg7 Te + Sgs Lo

W15 = S99 L1 + S100 T2 + S101 T3 + S102 T4 + S103 T5 + S104 T6 + S105 Lo
Wi = S106 L1 + S107 T2 + S108 T3 1 S109 T4 + S110 T5 + S111 T + S112 To
Wi7 = S113 L1 + S114 T2 + S115 T3 + S116 T4 + S117 T5 + S118 T + S119 To
W1g = S120 L1 + S121 T2 + S122 T3 + S123 T4 + S124 T5 + S125 T6 + S126 To
W19 = S127 X1 + S128 T2 + S129 T3 + S130 T4 + S131 T5 + S132 T + S133 To
Wap = S134 L1 + S135 T2 + S136 T3 + S137 T4 + S138 Ts + S139 T6 + S140 Lo
W1 = S141 L1 + S142 T2 + 5143 T3 1 S144 T4 + S145 T5 + S146 T + S147 To

The degeneration
X CY x SpecClt]

is given by the ideal I C S ® C [t] generated by the Pfaffians of Ay +1¢- A of
degrees 3, 3,3, 3,3, 3, 3.
10.4.2 Special fiber Grobner cone

The space of first order deformations of X has dimension 98 and the defor-
mations represented by the Cox Laurent monomials

2 2 2
x5 262 T5T4 zg w62 x5 342 ToT3 z2 32 T4T3

To Tl X3 To To Tl To T4 X3 To Ty Tl T5 Ty TE T5 Ty Te ToTe Tl
x4 3> L5726 z1 2> ToT1 z0 212 LoT6 L1722

0o Te T1 T2 T1 X3 T5 T4 X6 T5 T4 X3 T5 T4 X3 T2 T4 X3 T5 T4 T6

xr1x3 5 X3 X3 X4 T4 Te X2 X4 X2 Tq X2 X0

xo Te xo Te T6 L1 x1 o X1 o x5 T6 x5 T6

T5 To T5 Tq T To T1 T3 Te Tl T1 o T5 T3

XT3 T4 X2 To XT3 T4 X5 T4 X5 T4 x5 T3 xr1 T2

1 X2 o X5 Z5 T6 1 %6 T4 T6 Zo T6 T2 X3

T4 Te 1 T2 13 T2 T3 T2 T3 €2 2$4 xo Ts5

Z1Zo T2 X3 12 T3 X4 5 Ta ) 0o Z6

T3 Ta 5 T6 5 T6 1 Zo T1 T2 T3 Ta T2 T3

x1 T X2 T3 x5 T6 1 T2 X3 T4 x5 T6 x5 T4

x5 T4 xo Te 1 T2 x5 T4 xo Te x2 I3 x1 o

CC2 CC2 CC2 CC2 CC2 CC2
o Z6 1 5 6 3 4 2
XT3 T4 T5 T4 T1x2 T2 T3 o Te 1 xo T5 T6
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3 o 1 T2 z3 zs5 z1
z1 zo z2 3 z1 z3 z2
x3 x2 X0 x1 Zo 2 Z3
5 Zg z2 x5 z3 z2 zo
x2 x2 x6 x1 Z6 x5 T4
T4 T4 T4 T4 z3 z1 z2
T2 o T3 x1 T4 T4 T4
Te T4 5 z6 5 T3 5
T4 Ts5 T4 5 z3 5 zo
T4 Te T xo Te 0 5
] T ] ] zo 5 ]

form a torus invariant basis. These deformations give linear inequalities

defining the special fiber Grobner cone, i.e.,
Cr, (1) = {(w,wy) € RD Ng | (w, A7 (m)) > —w,Vm}

for above monomials m and the presentation matrix

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
A=l 0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
-1 -1 -1 -1 -1 -1

of A5 (Y'). The vertices of the special fiber polytope

VZC]()(])ﬁ{wt:l}

and the number of faces, each vertex is contained in, are given by the table

1 1 1 1 1 1 1 1 1 1
35 E; 2_’?8’5’_;2’83 E(El 2_’12’8’12’_ 2()) - gff?é
(2_’; o1 ' 1) s e 2
2% T T Ty
(0,0,0,1,0,0) (0,0,0,0,1,0) (0,0,0,0,0,1)
65 (0,1,0,0,0,0) (0,0,1,0,0,0) (1,0,0,0,0,0)
(-1,-1,-1,—-1,-1,—1)
(0,0,—1,0,0,—1) (0,—1,0,0,0,—1) (0,—1,0,0,—1,0)
70 (-1,0,0,0,—1,0) (1,1,1,0,1,1) (1,1,0,1,1,1)
(—1,0,0,—1,0,0)
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The dual P°
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Dimension Number of faces
—1 1

70
427
322
560
301
28
42
14
140
35
231

o

oA B TS TS T, T ST S S S S S S S S S S S S SO SO SO SO SO SO SO JUR O N
\]

e SEN SEN EEN BN

point

edge
quadrangle
triangle
prism

tetrahedron
,0) octahedron
pyramid

,13,13,6,1,0,0)
2,26,22,8,1,0,0)
,17,18,8,1,0,0
,20,18,7,1,0,0
,18,15,6,1,0,0
2,30,30,12,1,0
,15,14,6,1,0,0
,16,14,6,1,0,0
2,31,30,11,1,0
,18,17,7,1,0,0
,19,19,8,1,0,0
0,30, 30,10,1,0,0)
2,31,31,12,1,0,0)
2,27,24,9,1,0,0)
8,65,93,58,14,1,0
4,88,120,70, 16, 1
1,35,49,33,10,1,0
0,70, 90,50,12,1,0)
4,86,117,69, 16, 1,0)
0,73,108,73,20,1,0)
70,427,882, 791, 308, 42, 1)

)
0)
)

NN~ NEHEFH B2 200,00 OO IF OO OO 0000 Wk

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
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of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is
dim (Aut (Y°)) =6

Let
S° = C['yl, Y2, .-, y70]

be the Cox ring of Y° with variables

2 2

V1= Y1 11000 = peers Y2 = Y1020 1) = s Y3 = Y(101201) = 2
Y4 = Y0,1,2,0,-1,-1) = x?x?; Y5 = Y0,2,1,0-1,-1) = % Yo = Y(-1,-1,02,1.0) = %
Yr = Y(-1,-1,01,20) = 7o500 Ys = ¥0,-1,-1,-1,02) = zzx;—;mwg Yo = ¥1-1-1012) = ;;5%6”
Y10 = Y0-1,-1-101) = pamts Y1l = Y10-1-1-1) = mobge Y12 = Y0-1-1-10) = 5, b
Y13 = Y(1,0,-1,-1,-1,0) = 9;190% Y14 = Y@1,2,0,-1,-1,-1) = % Y15 = Y(0,0,-1,-1,1,0) = ii’_;z
Y16 = ¥(0,0,-1,-1,0,0) = x:(:)u Y17 = Y(0,1,00,-1,-1) = Goge Y18 = Y(0,200,-1-1) = ”:ZG
Y19 = Y(0,1,0,1,-1,—-1) = %3_52 Y20 = Y(-1,1,0,1,0,0) = iiié Y = Y-roo10n) = %
Y22 = Y(-1,00,2,00) = 7,0 Y23 = Y(-10.1,10-1) = 1100 Y24 = Yoo101,-1) = 9”62”2
Y25 = Y(1,0,1,00,-1) = popo Y26 = Y(0.1,1,0-10) = 320 Y21 = Y00200-1) = ”’gi%
Y28 = Y(0,-1,0,-1,0,1) = Fopm Y29 = Y(0,-1,-1,10,1) = 5y as Y30 = Y0.-1,-1,002) = xj?”’“
UL = YOLoL000) = gy Y T UCL0-Lown Shig Y T H1o10010) = b
Yor SA10-10-) T U T UCLo10020 T U6 T Y-1oL1010) < G
Y37 = Y(1,0,-1,0,-1,0) = % Yss = Y(2,0,0,-1,-1,0) = ZZ_IZ5 Y39 = Y(1.00.-1,-1,1) = %
Y10 = Ya01-1-10) = e YT Y00-1-100) = hny Y42 = Y0-10010) = o
Y43 = Y(0,1,0,0,00) = 1= Yas = Y(0,0,00,1,-1) = 4o Y15 = Y0.000.10) = o
Y16 = Y(0,0,0,1,0,-1) = o Ya7 = Y(-1,00001) = 51 Yas = Y(1.0000-1) =
Y49 = Y(0,0,0,0,0,-1) = 3o Y50 = Y(00000.1) = 5o Ys1 = Y(00.-1.100) = oy
Y52 = ¥(0,0,0,0,-1,0) = 3o Ys3 = Y(10,0000) = o Yt = Y00.1-100) = oy
Ys5 = Y(1,-1,0,0,00) = 7= Ys6 = Y(0,-1,1,000) = oo YsT = Y(01,-1000) = g
Yss = Y(~1,1,0,0,00) = 7= Y59 = Y(~1,00000) = oo Yoo = Y0-1.0,100) = o,
Y61 = Y(1,0,-1,0,0,0) = i_; Yo2 = Y(-1,0,1,000) = o Y63 = Y(0,000-1,1) = i_g
Y64 = Y(0,-1,0,0,0,0) = i_g Y65 = Y(0,1,0,-1,00) = i—i Y66 = Y(0,0,-1,0,1,0) = i_z

Y671 = Y(0,0,1,0,~1,0) = i—i Yes = Y(0,0,0,-1,0,1) = i—fi Y69 = Y(0,00,1,-1,0) = i_;

,0)
I _ X
Y10 = ¥(0,0,0,-1,1,0) = 5
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10.4.3 Bergman subcomplex

Intersecting the tropical variety of I with the special fiber Grobner cone
C, (I) we obtain the special fiber Bergman subcomplex

B(I

)=C, (I)NBF (I)N{w, =1}

The following table chooses an indexing of the vertices of V involved in B (1)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (1) it is contained in

ny  Np
70 10
86 8
88 8

1=(0,0,—1,0,0,—1) 2=(0,—1,0,0,0,—1)
3=(0,-1,0,0,—1,0) 4= (—1,0,0,0,—1,0)
5=(1,1,1,0,1,1) 6=(1,1,0,1,1,1)
7=(-1,0,0,-1,0,0)

8=(0,-1,-1,0,—1,-1) 9=(-1,-1,0,0,—1,-1)
10 = (1,0,0,1,1,0) 11 = (1,1,0,0,1,0)

12 = (0,1,0,0,1,1) 13 =(0,1,1,0,0,1)
14=(-1,-1,0,—1,—1,0)

15 =(-1,0,—1,0,—1,—-1) 16 = (1,0,0,1,0,1)

17 = (0,1,0,1,0,1) 18 = (1,0,1,0,1,0)
19=(-1,0,-1,—-1,0,—1) 20=(—1,-1,0,—1,0,—1)
21 = (1,0,1,0,0,1)

With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

[ 76}7

][19 20], [15, 19], [12. 17], [6, 17], [L, 11], [4, 17], [1,19],
3][ 1],[5, 7], [7, 20], [14, 20], [3, 21], [3, 14], [3, 4],
13], [4, 13], [4, 7], [4, 14], [2, 3], [2, 20], [2, 18], [10, 11],
,11],[11,19], [11, 12], [5, 11], [8, 9], [8, 10], [8, 16], [18, 20],
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[1,6,8,16],[2,8,10], [2, 10, 18][2,3,10,16][1,2,10L[2,3,18,21L
 [3,14,21],[3,4,13,21],[6,12,17], [4,7,12,17], [4, 13, 14], [12, 13, 17],
[5,7,12],[5,7, 18, 20][5, 7,13],[5,13, 21][5 12,13],[1,6,11],

3,

2
14], [7.14,20], [6, 16, 17]. [5, 6, 13, 17], [$, 10, 16], [7, 13, 14],

2,
3,1 3,1
5,1 5,7,
1,1 3,4,
6,11,12],[6, 10, 16], [5, 7, 14, 21][5,18,21L[10,16,18,21L[3,4,16,17L

2,3, L[ll 18,19, 20], [14, 18,20, 21], [2, 3, 14, 20], [4, 13, 17], [4, 7, 15, 19],
3,4,8,15], [10, 11, 18], [11, 12 19][4,15,17L[5 11,12], 4,7, 14],[8, 15,16, 17],
1,6,15, 17][2,9,20L[2,3,9][ 9L[1,2 ,15][12,15,17,19L

2,18, 20][1,15,19][1 8,15],[4,7,9,20], [9, 14, 20, [9, 15, 19, 20],

8,9,15], [5,6,12], 5,6, 11], [5, 6, 16, 21
3,8,9],[6,10,11],[5,6, 10 18], 3,8, 16
4,9,15],[1,6,10],[1,8, ][1 10, 11][
13,14, 21], [13, 16, 17,21][1,2,8L[1,2,

1,[1,6,12,19],[3,9, 14], 3,4, 9],
],[7,12, 13][4,7,13L[4,9,14L
7,11,19],[7,12,19],[7, 19, 20],
1,18],[1,2, 19, 20]],

[5,7,14,18,20,21],[2,3,8,10,16], [1,2,8, 10], [3, 4, 8, 15, 16, 17],
5,6,10,11 18][2,3,10,16 18,21],[1,2,10, 11, 18], 5,6, 10, 16, 18, 21],
5,7,11,18, 19,20, [1,6,12,15,17,19], [4,7, 9, 15, 19, 20], [5, 6, 12, 13, 17],
1,6,8,15,16,17],[2,3,8,9],[5,7,11,12,19], [4, 7,12, 15,17, 19],

5,7,12, 13][5 7,13,14,21],[4,7,12,13,17], [5,6, 13, 16, 17, 21],
1,2,9,15,19, 20][2 3,14,18,20,21],[3,4,9, 14], [5,6,11,12], [4, 7,13, 14],
3,4,13,16,17,21],[4,7,9, 14,20, [1,6, 10, 11], [1,6, 11, 12, 19),
1,2,11,18,19,20],[2, 3,9, 14, 20], [3, 4, 13, 14, 21], [1, 2, 8,9, 15],
1,6,8,10,16],[3,4,8,9, 15],

Y

B (I) has the F-vector

Dimension -1 0 1 2 3 4 5 6
Number of faces 0 21 70 84 35 0 0 O
and the F-vectors of its faces are
Dimension Number of faces F-vector
0 21 (1,1,0,0,0,0,0,0) point
1 70 (1,2,1,0,0,0,0,0) edge
2 28 (1,4,4,1,0,0,0,0) quadrangle
2 56 (1,3,3,1,0,0,0,0) triangle



1,4,6,4,1,0,0,0) tetrahedron
1,6,9,5,1,0,0,0) prism
1,5,8,5,1,0,0,0) pyramid

w
—_
N

10.4.4 Dual complex

The dual complex dual (B (I)) = (B (I))" of deformations associated to B (I)
via initial ideals is given by

[[172787 10]* = <x2963 - x_6> ) [57 7; ].4, 18, 20721]* = < 73 @ M>7

x5x0’ 1’ X4 x1x0’ 3’ X5 X6

2,3,8,10, 16]* = <ﬂ 2 ﬂ>]

T5 x0T T1' T4

[17678; ]-6]* = < 142732 213% 53 2723?32 ﬂ ﬂ>7

ToTeT1' ToTe' T1T2) T5T0T6' T4 T

]-O, 167 ].87 2]_]* = < :Eg Zo x% r2 T2 TQ CCQCCO>

x3x4’ 1’ x5x6’ 1’ x5%6’ T3 x4 /

1 2 10]*: T2 I3 xoxaQ TeL1 T Te L6
) sy

T5x0’ Tox4ax3’ Tsxa’ x5 X1 xg [

[
[
[
[

2
2.8 10]* — (%23 zox3 T2 Te T2 Te
> T5x0T6’ T5xo’ T1' w1 e’ Ta [
A,

2
[[9 14]*—< 1T wy wiwp® miwy w3 a5 2 2 :v_5>
9 - 9

T5x42T6’ To’ T5Taxe’ Taxe’ T3 To' To' X3’ T3

2 x2 2 2
Z5 T6 6 Te I5Te x1 T2 Zo Te 2Ty T2 Tl
[2 9]* — zox123’ T223” T0) 1237 T5T4T6’ T2T4T3’ T3 T4’ T3 T5Te)
’ T2 T2 Ze ’
To’ T4 T4
x2 z3z x? 2 2
6 Te 1%2 1 T T1T2 To 1 T2 TeT1 Tl
[9 20]* = Tox3’ X0’ T5T4Te’ T5x4’ To) TET4T6 ' T5XT4 X3’ T3 T5 x4’ T2 T3
’ T2 21 )
xo’ T3
2
[1 2]*: 3653862 Tg T4Te Te T2I3 3803862 TeL1 Lo L6 L6
’ T2w1®3’ T2x3’ T1X0’ o' T5To' T2T4 T3’ T5 x4’ w5 T1) T4 [

2 2 2
z5 6> T5Ta z4 33> T3  ZaZe Te Xzx3 _T5T6
To2x1T3’ T2xox1’) TOTEX1' ToXe 1Ty’ To’' T1x2' T2x1 T3’
[[8]F = T5we _T3%3  mpwa® wmamws T3 womy w3T3 Toz T3 Tp ,

x1x3’ T5X0%e’ T5X0Xe ) T5Xo’ T1T2’ x1X0) ToTe' X1 Ty’ x4’
T5 T2 X3 Te T2 X6
xo? xg? x1’ 1’ T4 T

2 2
x5 x6° T5T4 3 T x5x4 T T5x3 x3 _T5T6
Tox1x3’ xoxoT1’ XX T2x3’ Xx2xg’) o’ x1x2? T2’ X2 X1 T3’

[15]* — T zT1®3 x1 %5  Tsx3 T1T3 T3 Lo Te TeT1 Texl ,

T5x4’ Towe’ To’ T1 T2’ ToT6' T5 T4 T4' T2x4T3’ T5T4' T2 T3
Toxe T Ts Tp Te
T2xq’ T2 T4 TO' Tg 378



TpX3 T1T3 T3 LToLe~ LTl L6 ToTe T3 Te T3 Le
520’ T T4’ T4’ T2 w423’ T5x4 T3 T2xa) T1) T1) W50 T4

2 2
x5 62 x4 232 T3 T  Xaxg Te T5T3 X3 xo 232
[1]*: Xox1T3’ ToxXe Tl TOoXe Tox3z’' x1x0’ To’' T1x2’) T Ty X0 Xe
)

when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mg. In order to compress the output
we list one representative in any set of faces G with fixed F-vector of G and
of G*. When numbering the vertices of the faces of dual (B (/)) by the Cox
variables of the mirror toric Fano variety Y° the complex dual (B (1)) is

27 37 87 107 16]* = <y57y587y65> ’ ]7

[17 67 87 ]-6]* - <y2> Y27, Y36, Y4, Y54, y62> ) []-07 167 187 21]* = <y167 Y59, Y18, Y58, Y17, y41> )
2

[

[

[

[[17 27 87 10]* = <y267 Ya7, y68> ’ [57 77 147 187 207 21]* = <y227 Ys1, y19> 5

[

[

[ ) 10]* - <y267 Ys, Y39, Y63, Yar1, y68> ) [27 87 10]* = <y57 Y26, Yss, Ya7, Y65, y68> )

]
[9> 14]* = <y11>y53>y14>y34>y57>y45>y43>y61>y66> )
2,9]* = <y9ay307y50ay327y147y87y417y577y397y437y657y68>a
9,201 = (Y30, Ys0, Y11, Y38> Y53, Y14, Y12, Us7, Y39, Y31, Y43, Y1) »
L, 2]* = (Y9, Y30, Y21, Y505 Y26, Y8, Y39, Y63 Y47, Y6s) »

[[8]* _ < Yo, Y7, Y2, Y21, Y21, Y50, Y365 Y1, Y325 Y5, Y4, Y26, Y35, >7
Y20, Y24, Y58, Ys4, Y70, Y45, Y43, Y62, Y47, Y65, Y68

[15]* _ < Yo, Y7, Y27, Y30, Y42, Y50, Y36, Y565 Y1, Y38, Y25, Y53, Y35, >,
Yo4, Y40, Y54, Y8, Y39, Y31, Y28, Y55, Y70, Y45, Y68

[1]* _ < Yo, Y2, Y27, Y30, Y21, Y50, Y365 Y56, Y4, Y26, Y40, Y54, Y8,

)
Y39, Ye3, Y28, Y62, Y41, Y67, Y6s
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The dual complex has the F-vector

Dimension

—1
Number of faces 0

2 3 4 5 6

0 1
0 0 35 84 70 21 O

and the F-vectors of the faces of dual (B (I)) are

Dimension Number of faces
2 35

35
49
7
35
21
7

CU O O = > s s W W

7
7
7

Recall that in this example the toric variety Y is projective space.
number of lattice points of the support of dual (B (I)) relates to the dimension
h12 (X) of the complex moduli space of the generic fiber X of X and to the
moduli space of the M PC P-blowup X°

dimension h'! (X' °) of the Kahler

F-vector
1,3,3,1,0,0,0,0)
,6,12,8,1,0,0,0)
6,9,5,1,0,0,0)
9,18,15,6,1,0,0)
,12,30,28,10,1,0,0)
,12,31,30,11,1,0,0)
10, 30, 30, 10, 1,0, 0)
2 1
2 1
2

triangle
octahedron

,0, prism
) )

,24,86,117,69, 16, 1,0)
,24,88,120,70, 16, 1,0)
)

(
(
(
(
(
(
(
E
(1,20,70,90,50,12,1,0

of the generic fiber X° of the mirror degeneration

|supp (dual (B (I))) N M| =98
=42

= 48 + 50 = dim (Aut (Y)) + h? (X)
+6 4 50

= |Roots (Y)| + dim (Ty) + h""' (X°)

There are

hY%(X) + dim (Ty-) = 50 + 6

non-trivial toric polynomial deformations of X

2 2

T2 X4 T LT3 T2 X3 T5 X3 s LoT6 )

T5 T6 1 T0 T5 TO T6 5 T0 0 T6 T1 T2 To T4 T3 T5 T6

T2 To x0 26> T2 To Wg T4 Tg 1’% 1 T3 1’%

T3 Tyq T T4 T3 x5 Te T3 T4 T2 T3 xo Te x5 T4 x5 T4

1 T L1 x5 T3 x5 T THT3 13 1 X0 x5 CC42

xo T3 X5 T4 T3 x1 T2 x1 T3 xoTe T1 xo Tg x5 T3 X9 ToT1
xo $12 o X5 16 x% X2 Tq xr1x2 X3 T4q X5 T4

X5 T4 T3 xr1 T2 X5 T4 2 T3 X1 xo T4 T6 X6 L1 X2 X0

5 To T1T2 o Te z4 332 T4 Te z1 322 T5T4 z5 T6>

T3 T4 T5 T4 T6 T2 T4 To T6 T1 T1To T5 T4 Te T2 To X1 T2 T1 X3
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zg 32 93%336 Lo T6 L5 Tq 1 xo To Te T5 Tq T3 T4
Tyze 0 mazs ©  myre z) 79 75 w4 T3 73 T3 74 T3 1g
T5 Te T5 T6 T3 T4 T5 T4 T1 T To Te To T3 To Te
They correspond to the toric divisors

Doio1,-1,-1)  D(-1,00200) Doa210-1,-1)  Dwoa,10,- 10)
D0,0,1,0,1,-1) D 1210020  Dwo-1,-1-101) D@200-1,-1)
Doi,-1,-100  Dwo,-1,-1-1,02) D(o,l,o 0-1,-1)  D@,0,-1,-1,0 0)
D(o,—l 1100 D0,200-1) Dao1,-1,-1 o) D(2 0,0,—1,—1,0)
Da, 121001  Dao-1,-1,-100 Di-1-11010  D-10-1011)
D 1p0120-1 Dao,1,00-1) Duo,-10-10  D-1,-1,02.10)
Digo-1,-1,-100 D-1,-10010  D@oo-1,-1,1)  Dwo,-1,-1,002)
D1,1,0,1,00) Dauao-10-1  Diioia0-1 Dwo,-1,01,1,0
Dwo,-1,-1100 Deio-1-1-1) Dw,-10-101) D-10210-1)
D100,1,01) Daugo-1,-1,-1) D1,-10120  Di1,-1-1,01,2)
D(o,l,z,o —1y Dcici-1021 Doo-1-101 D-1,00,1,1,0)
Daoo-1,-100  Dwo,-1,-1001 Di1,-101,100 Di-1,0,1,1,00)
D,1,0,0,-1,-1) D(0,1,1,0 —1) D(Lo, 100 Dajao-1,-10
D110 0,1,1) Do,1,1,00,— ) Do,-1,-1011  D@0,1,1,0-1)

on a MPCP-blowup of Y° inducing 50 non-zero toric divisor classes on the
mirror X°. The following 42 toric divisors of Y induce the trivial divisor
class on X°

381

Do,-1,100 D0,1,0-1,00 D=1,10000 L0,0,0-1,01)
D 100001 Dw000,-110 Dw0000-10 LD=1,00000)
D0,00,-11) D©0001,-10 Dwo,-11000 D(1,00000)
D0,0,000-1 D0,-1,0000 Dw0,01,-1,00 D0,1,0000)
D0,-1,0,1,00 Da,-1,0000 Dw001,0-1) D1,0000-1)
D0,00001)  D0,1,-1,000 D00-1,01,0 LD0,000,1,0)
Di0,-1,000 D00,001,-1) Dw0o,1,0-10 LD(=1,01,000)
D,1,00,-10 Dw©0,1,000-1 Di-100010 D(0,01,00-1)
D 100100 D00,-1000 Dw0,-1,0001) D0,001,00)
D0,0,0,-1,00 Dw0,-10010 D100-100 D0,0,-1,001)
D0,0,1,000  D,000-1,0)



10.4.5 Mirror special fiber

The complex B (I)* labeled by the variables of the Cox ring S° of Y°,

as

written in the last section, is the complex SP (I§) of prime ideals of the toric
strata of the monomial special fiber X of the mirror degeneration X°, i.e.,

the primary decomposition of I is

N (Y32, Yas, Yes) N
N (Yo, Y56, Yao) N
N (Y7, Yaa, Yos) N

N (Y35, Yaa, Y15) N

(Y30, Y21, Ye3) N
(Y18, Y20, Ys7) N
N (Y12, Ys5, Yas)
N (Y26, Ya7, Yos)
N (Ys, Y63, Yar)

(y27, Y36, y54>
<y37, Y60, ?J46>
<y147 Ys7, y43>
<yl, Yro, y45)
<yz, Yse, y67>
<Z/307 Y50, y39>
<y42, Ye1, y48>
( )
( )

(y
Iy

Y10, Y59, Y52
Y22, Y29, Y69

2D DODDD

(Y3, Y69, Yso) N
(Yss, Y53, Y31) N
(Y9, Y50, Yes) N

(Yo, Y51, Yas) N
(Y34> Ya5» Ye6)
N (Ys, Y585 Yes) N
N (Y18, Yss; Ya1) N

N (Y22, Ys1, Y19)

(Y38, Y25, Ys5) N
<?J13, Yag, y64> N
(Ya, Ysa, Ye2) N
(Y28, Y62, Ye7) N
(Y16, Y33, Yag) N
N (Y23, Yo, Ys2) N
(Y35, Y24, Yr0) N
(Y16, Y59, Y17) N

11, Y53, Y61) N

Each facet F' € B (I) corresponds to one of these ideals and this ideal is

generated by the facets of V containing F'.

10.4.6 Covering structure in the deformation complex of the degeneration X

According to the local reduced Grobner basis each face of the complex of
deformations dual (B (I)) decomposes into 3 respectively 5 polytopes forming

a 5 : 1 ramified covering of B (1)

Y

Y

)|
[2,3,8,10,16]", ..],

[1,6,8,16]
[1,2,10]V

<y367y62> <?J54> ) <y27, ?J4>] —
?]J4> (Y26, Yea) » (Us, Yes)| —

Y

[
[
[
i
[(yss) > (Ys) » (Yes)] —
[l
(

) [<y187 ?J17> ) <?J597 ?J58> ) <9167 y41>] =
) [(3/587 ?/47) ) (3/5, y26> ) <y65, y68>] —

— 19, 14]Y

Y50, y43) ) <y97y307y327’y57> ) <y147y397y657y68>] — [2> 9] )

H<y57> Ye1, ?JG6> ) <y53, Y45, y43> ) <y11, Y14, y34>] )
[( v
[(1/50, Y53, y43> ) <y30, Ys7, Y31, y61> ) (yn, Yss, Y14, y39>] — [
[(

]V

)

H<y97 Y36, Y1, Y32, Y35, Ys8, Y62, y47> 5 <y547 Y70, Yes, y68> ) <y277 Y50, Ys, Y4, Y26, Y24, Y45, y43>] =

382

Y21, Ys0, y47> ) @9, Y30, y47> ) <y50, Y26, y63> ) <y30, Ys, y68> ) <y39, Ye3, y68>] —
]

<y > <y26> <y68>] = [17 2787 10]\/ <y > <y51> ) <y19>] = [57 77 147 187 207 21]\/7

[10, 16,18, 21],
[2,8,10]Y,

[1,2]Y,

[8]\/7



[(y27, Ys0, Y25, Y53, Y24, y45) ) (Z/9> Y30, Y36, Y565 Y1, Y3s, Y31, y55) )
<y38,y4o,y54,y39,y7o,y68>] = [15]\/7 [<Z/2,y27,y21,y507y62,y47> ) <y9, Y30, Y36, Y56, Y62, Z/47> )
<y407 Ys4, Y39, Y63, Y67, ?/68> ) <y27, Y50, Y4, Y26, Y63, y67) ) <y30, Ys6, Ysa, Y8, Y28, y68>] — [1]v7

-,
[

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (I) chosen
above. The numbers of faces of the covering in each face of dual (B (1)), i.e.,
over each face of B (I)” are

Dimension Number faces number preimages
-1 0 0
0
0
35
84
63
7
14
7
0

e}

OOt =W~
O OtW tWw Ww w o o

This covering has one sheet forming the complex
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|:|7
[,
[,

(yaz) » (y26) » (Yos) » (Y22) (Y1) » (Y19) , (Ys8)
?J) <y65>7“~]7

(y36, y62> (y54> ) (y27, y4> ) <9187 yl7> ) <y59, 958> ) <y167 y41> )
Ys > <y26> y63> ) <?/8, yas) ) <y58, y47) ) (y5, y26> ) <y65, y68> ) ],

[
[
[(Ys7: Y61, Yoo) » (Y53, Yas, Yaz) s (Y11, Y14, Ysa) , (Y50, Ya3)  (Yos Y30, Ya2, Ys7) »

Y145 Y39, Yess Y6s) > (U505 Y53, Yas) » (Y30, Ysts Y31, Ye1) » (Y11, Ysss Y14, Y39) » (Y21, Yso, Yar) 5
[

[

(3197 Y36, Y1, Y32, Yss, Ys8, Y62, y47> <ys4; Y0, Yes, y68> ) <y27, Y505 Y55 Ya, Y265 Y24, Y45, ?/43> )
Y27, Y505 Y25, Ys3, Y24, ?J45> <y9, Y30, Y36, Ys6, Y1, Y35, Y31, y55> ) <y387 Y410, Y54, Y39, Y70, yﬁs> )
Y2, Y275 Y215 Y505 Y62, Yat) > (Y95 Y305 Y36: Ys6» Y62, Yar) > (Y40, Ysd» Y39, Y63, Y67, Y6s) »

Yo7, Y505 Y4, Y26, Y63, yﬁ?) <y30, Ys6, Ys4, Ys, Y28, y68> ) ],

]

with F'-vector

(
(
(
(Y9, Y30, Yar) , (Y505 Y26, Y3) > (Y30, Us, Yes) » (Y39, Y63, Yes) » -,
(
(
(

Dimension Number of faces F-vector

0 70 (1,1,0,0,0,0,0,0) point

1 182 (1,2,1,0,0,0,0,0) edge

2 112 (1,4,4,1,0,0,0,0) quadrangle
2 77 (1,3,3,1,0,0,0,0) triangle

3 7 (1,4,6,4,1,0,0,0)  tetrahedron
3 14 (1,8,13,7,1,0,0,0)

3 7 (1,8,12,6,1,0,0,0) cube

3 49 (1,6,9,5,1,0,0,0) prism
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[[<x—> : <—”> : <’”— ] [1,2,8,10]
1 x5 X0 T4
2

[ ><—>< ] — [5,7,14,18,20, 21"

1 xo xrs3 5 T6

2

[ —><— > 23] [2,3,8,10,16]"

1 T5 To T6 x4

[ 151371_3>’<$_3>7<i’ zpay? >] [1,6,8,16]",

xr1 X2’ X1 T4 o X6 935930336

2

23 x2x9>’<»m &>< ot u> (10, 16, 18, 21]

T5T6 ' T5Te T’ T T3T4) T3 T4
20 (oo w0 (s’ s\ (19,10,
x1 /7’ \axs5x0’ x5 / I2I4I3’ I4
x2x
8) (ke an) (5 5)1 - 2810

— — o/ —

1’21/ P\ xs5x026’ x50 / 7 \ x4’ T4
],
2
Z2 X1 Ts Z1 X5 T2 122 z122?2  z1T0 ],_> [9 14]V
3wz’ @3 /P \xo’ o’ w0/’ \T5T4T6’ T5TaT6’ T4Te )
2 2 2

6 g;2> < T5 Te T T5XTe X2 < T1 T2 TeX1 X2 93_6>] — [2 9]\/

) ) ) )

[ xo’ o Trox1 X3’ 23’ T1 X3’ X3 T5X4Te’ T5T4’ Ty Tg

2 2
Te T1 T2 T T2 Z1Te L1 T1%2 12 x129% z126 ] [9 20]\/
o’ o’ wo / ’ \ @223’ 3’ x2w3’ 3 [’ \ T5T4T6’ T5 T4’ T5T4T6 ) Ty T4 ’
TaT6 T Te asze®  we® e Te Tpw3 6
x1x07x07x1 P\ axox1x3? X223’ 1 / P \ 20’ 520 5 /

< mgwg? g;_6> <M g I_6>],_>[1,2]v

x2$3’m2m4x3’$4 P\ x5T4 5 x4

[[ rsx6?  x5T3 X5°TE  T5TE X5 T2 T3 Te T3 Ts T2 Te
9622?1203’2?1%2’2?2%1563’%1?63’561562’561’201’271 PN\ Ta? T4 e Wy [
zo%r3  wow3? waws zsT3 TH T2 ] [8]\/

1016’10’965101671510306715360’1016’300’960 ’

[ T TIT3 Tl T5T3 Th zsx62 262 wsw3z x3 w5%me w52 miTe X1
xows’zo’woxs’xo’xozs’xo P\ x2w1x3’ T2x3’ T1 w2 T2 T2 w173’ w1 X2 T2 X3 T2 /)

1T x T T X X
, 1 37 37 6 17 57_6 ],_)[15]V
x5 $4 XT5XT4’ Ty’ T5T4° T4’ T4

[ T4 32 x32  x4x6 Te X3 Te T5 Tg2 x62 x5 T3 3 %3 Te
o661’ Towe’ T1xTo’ To’ w1’ x1 /) \w2w1w3’ 273’ T3 w2 T2 T1’ T /)

Z1T3 T3 ZeTl L6 T3 X6 x3 $_6$2‘T32 223 Zg T3
xT5x4’ X4’ ‘524’ 5’ x5’ x4/ P \Toxe’ xo’ Tz x0T’ T5xo’ x5’ Ty

2 2
Tg r3 T3 _X0T6 Toxe X6 ] —s [1]V
T2x3’ T2 T4 T2XT4 T3 T2T4 ) T4 ’

with the one sheet forming the complex

[,
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2 2
Ty x4 ToT3

3

T2 X4
T5 T6

z2
z1

2) (k) () (82)-(8) (55)

1 To T5 T Te

2 2 2
[(Zs2s 23 z3 T3 wow3? Ty maag 2o T2 5 xaag
1z’ x1 /P \2xa /P \Tox6’ Tsx0T6 / P \T5%6’ Tzwe /P \x1’ 21 /) \ w324’ T3T4 [’
2
zg zaa3 T _zoxe® g T2 z6 _T3%3  wpxg
x1 /' \axs5x0’ x5/ ? \x2xgqx3’ x4/ \x1’ 21/’ \ 520267 T5T0 / ’
z2 Z6 ]
PR T AR b
2 2
[ T2 71 Zs T1 Ts Tg TiT2 w1337 Z1%2
x3?x3’x3/ ' \xo’ 20’ o/’ \x5x42x6’ x5x42x6’ Tax6 /

x5 3862 3862 IT5T6 T2

xox1x3’ T2X3’ 1 X3’ X3 /

)¢

Ty 29?  wgm T G

X5 4T’ Ty xe’ xq’ x4> )
2
L1722 z12 z1x2?  me w1
T5T4x6’ T5T4) T5X4T6 0 TsT4

Ze T2
zo’ X0

)4

g T1 T2
xo’ xg? xo /

_Te m2 xeT1 T1
rox3’ x3’ T2 T3’ T3

).

14T T Te asxg® w6’ g Tg T2T3 e 6 mowe® e
x1x0’ X0 X1 P\ xox123? T2 237 X1 "\Nxo’?x520’ x5 / P \ 2223’ x2ox423’ T4 /
T6T1 Te Lo ]

5w’ x5 28 /7D

2 2 2

[ T5 T 5 T3 T5°Te6 5 Te x5 T2 X3 Te

rox1x3’ x1x2’ xox1 X3’ x1x3’ w1 x2' X1’ w1 ;1 /)

2

13 Ts T2 g T3 we _wpvs  wpws® rpws wsaz x5 X2

x4’ x4’ x4’ x4/ P \xoxg? T’ T5x0%6’ T5Xx0xe’ Tsxo’ xoxeg ' To’ X0 /

2

T3 wg wiwz T Tsrz Ts zsw6?  w¢? wsay w3 _wsme w52 xTiwe T
zoxe’ 0’ Toxe’ To’ Toxe' To /7 \T2x1x3” 223’ w1 w2’ T2 T2x1 X3’ T1 T2’ W23 W2 /)

2

T w3 23 T1%6 5 e waz3®  z3® zaxze T Tz Te

T5%4’ T5wa’ T4’ Tz wa’ T4’ T4 [ 7 \ToxeT1’ ToT6' T1X0) TO' T1' W1 [

wsxe® @’ rsws w3 w3 e T1T3 T3 T Te I3 Lo

xox1x3’ Xx2x3’ T1 X2’ X2? 1 X1 "\ ax5x4’ x4’ 524’ 57 5 T4 [

x2 2 x2 2

3 XTe _T2x3” Tax3 Te I3 6 T3 T3 _TQTG6- TOT6 L6 ]
zoxe’ 0’ T5ToT6’ Tsx0’ T5' T5 [ ) \@T2x3? T2 T4’ TaTa w3’ T2Ta T4 /7D

—
—1

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.

10.4.7 Limit map

The limit map lim : B (/) — Poset (A) associates to a face F' of B (I) the face
of A formed by the limit points of arcs lying over the weight vectors w € F,
i.e., with lowest order term t". Labeling the faces of the Bergman complex
B (I) C Poset (V) and the faces of Poset (A) by the corresponding dual faces
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of V* and A*, hence considering the limit map lim : B (I) — Poset (A) as a
map B ()" — Poset (A*), the limit correspondence is given by

|:|7

[ Yo, Y7, Y2, Y27, Y21, Y50, Y36, Y1, Y32, Y5, Y4, Y26, Y35, > . (xl,x4,m0),
Y20, Y24, Y58, Ys4, Y70, Y45, Y43, Y62, Y47, Y65, Y68
Yo, Y7, Y27, Y30, Y42, Y50, Y365 Ys6, Y1, Y38, Y25, Y53, Y35, s (xg,x4,x0>,
Y24, Y40, Y54, Y8, Y39, Y31, Y28, Ys5, Y70, Y45, Yes
Y9, Y2, Y27, Y30, Y21, Y505 Y36, Y56, Y4, Y26, Y40, Y54, Y8,
Y39, Y63, Y28, Y62, Y47, Y67, Y68

A,

[(yn,y53;914;934;y5my457y437y617y66> — <«'E37$4,$67$0>7

@9,ygoay50793279147ys7y417y57vy397y437965,968> — <$1,$3,$47$5,$0> )
<y30>?/507ylla?/387y53>y14>y12>y57>y39>y31>y43>y61> = <I3,934>335,£E0> )
(

= <.T1, Lo, T4, Ts, I'()) )

y9,y30,921,950,926,987y397y637y477y68> = <$1,1’2,133>334,$5,950>,

2,

[<y27y277y367y4;y54;y62> = <$1,$27I4,$5,$67$0>7
<9167?J597?J1879587?J177?J41> = <$1,$37$4,l’5,$6>7
<y26yy8ay397963ay477968> = <$17$2,$3,$4,$5,$0> )
(Y5, Y26, Yss, Ya7s Y65, Yes) > (L1, T3, Ta, Ts5, To)

A,

[<y2673/4773/68> = <$1,l‘2,$3,$4,$5,5€0>,
<y22,y51,y19> = <I1,$2,$3;I5,$6,$0>,
<y57y587y65> = <$17$3,J]4,$5,$6,J70> )

Every zero dimensional stratum of P° is the limit of 5 Bergman faces of
dimension three, one tetrahedron, two pyramids and two prisms. Figure 10.1
shows a projection into 3-space of the set of these Bergman faces for one zero
dimensional stratum. The union of the faces F' € B (I) which have as limit
lim (F') = p the same zero dimensional strata p of P is not convex.
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Figure 10.1: Projection of Bergman faces with same zero dimensional limit

for the general degree 14 Pfaffian Calabi-Yau degeneration
Numbering the vertices of the mirror complex p (B (1)) as

10.4.8 Mirror complex

(-1,-1,-1,6,—1,-1)
(-1,-1,—1,-1,-1,6)

(-1,6,—1,-1,—1,-1)

A <H O
_==
[
— — S
[
17 17 _

[
— o |
_ 1./ 17
— |
_ 1./ 17
=

1,

—1,—1,—1,—1,—1,—-1)
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The ordering of the faces of (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of p (B (I))" are

Dimension Number of faces F-vector
2 14 (1,3,3,1,0,0,0,0) triangle
3 28 (1,4,6,4,1,0,0,0) tetrahedron
4 21 (1,5,10,10,5,1,0,0)
5 7 (1,6,15,20,15,6,1,0)

The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))* C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

Y2 y122Y13 Y14 Y25 Y31 Y34 Y37 Y28 Y39 Y40 Y48 Y53 Y55 Y61
Y1 Y2 Y3 Y6 Y7 Y9 Y20 Y21 Y22 Y23 Y32 Y33 Y35 Y36 Y47 Y58 Y59 Y62
Y4 Y5°Y11 Y14Y17 Y18Y19 Y20 Y26 Y34 Y41 Y43 Y57 Y58 Y65
Y1 Y6 y72y8 Y9 %/10 Y28 Y29 Y30 Y31 ysés Y35 Y36 Y42 Y55 Y56 Y60 Y64
Y2Y3 Y47 Y5 Y23 Y24 Y25 Y26 Y57Y36 Y40 Y54 Y56 Y62 Y67

Y1 Y8 Y9 Y10 g122y13 Y15 Y16 Y29 g30 Y31 Y32 Y37 Y41 Y51 Y57 Y61 Y66
Y2 Y37 Ys Y7 Y19 Y20 Y21 Y52Y23 Y29 Y42 Y46 Y51 Y60 Y69

Y8 Y10 y121 Y12 ng Y14 Y15 Y16 Y28 Y34 Y38 Y39 Y40 Y41 Y54 Y65 Y68 Y70
Y1Y6 Y77Y9 Y15 Y24 Y32 Y33 Y35Y36 Y42 Y44 Y45 Y66 Y70

YaYs Y11 y21227;13 Y14 Y17 Y18 Y19 Y26 Y37 Y38 Y39 Y40 Y52 Y63 Y67 Y69
Y1 Y87 YgY10 Y21 Y28 Y29 Y30Y31 Y32 Y39 Y47 Y50 Y63 Y68

Y2 Y3 Y4 Y5 Y11 Y14 Y17 Y18 Y19 Y23 Y24 Y25 Y27 Y34 Y44 Y46 Y48 Y49
Y8 Y10“Y12 Y73Y15 Y16Y17 Y28 Y33 Y37 Y41 Y49 Y52 Y59 Y64

Y2 Y3 Y4 Y5 Y6 Y7 Y20 Y21 Y22 Y24 Y25 Y26 Y27 Y42 Y43 Y45 Y50 Y53

L1 = £(1,0,0,0,0,0) =

T2 = 2(0,1,0,0,0,0)

T3 = 2(0,0,1,0,0,0)

T4 = 2(0,0,0,1,0,0) =

Ts5 = £(0,0,0,0,1,0) =

T = 2(0,0,0,0,0,1) =

Lo = L(-1,-1,-1,-1,-1,-1) =

So writing the vertices of the faces of (u (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by

IE
[,
[,

[(l’l, Xy, xO) ) <I’2, Ty, ZEO) ) <ZL'3, Ty, $0> ) <xla Ty, $5> ) <xla Ty, $6> )
<3§'2, Ty, x6> 3 <$1,£L'2, x5> ) <$1,3§'3, x5> ) <$2,.1'5, x6> ) <.Z'2,335,.I'0> )
(x3, 5, T0) , (T1, 3, T6) , (T2, T3, T6) , (T3, T, T0)],
[
(

<$3,$47$5, I0> ) <$3,$4, Te, .Z’()> ) <‘T17 Ty, .’L’5,$6> ) <I2, I47$67'T0> )
X2, T3, .I'4,.ZUO> ) <I’2, I3,$57$0> ’ <$2,I4,[L’5, CC0> ) <I2,$4,Jf5, x6> )

389



) ) I

(w1, 73,74, 75, 20) , (T1, T3, 74, Te, To) , (T1, T2, T4, Ts, Tg) , (T2, T3, T4, Te, To) ,
T, T3, T4, Ty, Ta) , (T1, Ta, T3, Ts, Tg) , (T1, T, Ta, Ts, o) , (T2, T3, T5, T, To) ,
x1, T4, Ts, Tg, To) , (T1, T3, Ty, T5, Tg) , (T1, T2, T3, T5, To) , (T1, T3, T5, T, To)
L1,X2,X3,Ty,T 5) ) (x T2, T5,Te, T 0> ) <$ T2,T4, T, T 0) ) <$ $47$5;$6,$0>,
x3, $4,IE5,$6;$0> <$2,$37$4,9€5,$0> <$1,$2,5E3,$47$0> <$17$27$3,$6,$0>
I1,3€2,$3,$4,ZE6>],

Y

I b b 9

X1, T2,T3, x5,1'6,f170> 5 <l‘1, X3, T4, Ts, x67$0> ) <Zl?1, Lo, T3,T4,Ts, 33'0> 5
X1,T2,T3,T4,Te, x0> ) <£C1,.Z'2, X3,T4,Ts, :C6> ) <.Z'1,.ZC2,ZL'4, x57x67$0> )
Ty, T3, T4, Ts, T, To)],

]

P N e e P s T e P

—

The complex p (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X, of X, i.e., the complex SP (Iy),
so in particular the primary decomposition of I is

<l’2,l’4,flfo> <[L’3,ZL‘4,QZO> <ZE1,ZL‘4,7J0> <ZL‘1,{B4,$5> N
I() _ <£173,$6, 0> N (:1:2,355, 0> <$3,.’E5, 5L'0> N <$1,3§'3, l’6> N
<.§L’2,133, 6> N <.§L’2,IE5, 6) <.111,274, l’ﬁ) N <Q32,.T4, LU6> N
<JI1,Z‘2,ZL’5> N <I‘1,ZE3,.T5>

10.4.9 Covering structure in the deformation complex of the mir-
ror degeneration

Each face of the complex of deformations (u (B (I)))* of the mirror special
fiber X decomposes as the convex hull of 3,4,5,6 respectively 7 polytopes
forming a 7 : 1 ramified covering of p (B (I))"

(x4), (xo), (x1,0) , (1)] — (:pl, zq,20)" =12,3,5,6]",
24) (22, (20)] — (29, 24, )" =[1,3,5,6]",

390



[<$4,$5> ) <:U2> ) <x5> ) <$0> ) <$1, x0> ) <$1,372> ) <{E4>] = <331,.CE2,$4, x57$0>*v = [3’ 6]\/’

<1:4> 3 ZL‘3> 3 <$6> P <1"6a x0> 3 <l’0> 5 <$37 l’4>] — <x37$4ax6a x0>*\/ = []-7 27 5]\\//a

) <I’1, x0> ) <.ZU1> ) <l’3, I4>] — <I1,ZL’3,I’4, Z'5,.ZUO>* = [27 6]\/’

< <x37x47x57x0>*v = [17276]\/7

y \T5) x0> ) <x17$0> ) <.’171,332> ) <$3,ZI34>] = <$1,$2,$3,$4,£L‘5,x0>*v = [6]\/7

({4, 5) , (T2) , (x5, T6) , (T6, To) » (T1, To) , (1, T2) , (T4)] (5517$275174a$5>$6w0>*v = [3]",
[<$4,ZE5> ) <l’3> ) <I5’x6> ) <x6> ) <$1> ) <ZE3,ZE4>] = <CL’1, T3, T4, Ts, I6>*v = [27 7]\/7

(T4, 25) , (T2, T3) , (T5) , (T0) , (T1, T0) , (T1, X2) , (T3, 74)] — <$17x2,1337$4>$5756’0>*v = [6]",
[<x4>$5> ) <:U3> ) <335> ) <$0> ) <$1, 370> ) <$1> ) <x3’ 334>] = (931,333,:154, x57$0>*v = [2’ 6]\/’

) =16]",

]\/

({4, 25) , (T2, 23) , (25) , (o), (X1, T0) , (1, 2) , (T3, T4)] = (21, T2, T3, T4, X5, To = [
[(x5), (xe, x3) , (5, T6) , (w6, T0) , (X1, To) , (T1, X2) , (x3)] — (X1, X2, T3, T5, xﬁ,x0>*v =4
(T4, 25) , (23) , (75, T6) , (T6, o) , {1, T0) , (1) , (3, 74)] — (x1,5€3,3?47$5>$675€0>*v = [2]Y,

-,
[

Y

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G — FY with dim (G) < dim (F).

10.4.10 Mirror degeneration

The space of first order deformations of X§ in the mirror degeneration X°
has dimension 7 and the deformations represented by the monomials

( )

Y8 Y1012 Y23Y15 Y2Y17 Y28 Y33 Y37 Y41 Y49 Y52 Y59 Y64
Y2 Y3 Y4 y52y62y7 Y20 Y21 Y22 Y24 Y25 Y26 Y27 Y42 Y43 Y45 Y50 Y53
Y1 Y8 YgY10 Y21 Y28 Y29 Y30Y31 Y32 Y39 Y47 Y50 Y63 Y68
Y2 Y3 y4§5 y112y14 Y17 Y18 Y19 Y23 21224 Y25 Y27 Y34 Y44 Y46 Y48 Y49
Y1Y6 Y77Y9 Y15 Y24 Y32 Y33 Y35Y36 Y42 Y44 Y45 Y66 Y70

Y4 Y5 Y11 Y12 Y13 Y14 Y17 Y18 Y19 Y26 Y37 Y38 Y39 Y40 Y52 Y63 Y67 Y69
¢ Y5Y3 Y4 Y5 Y23 Y24 Y25 Y26 Y57Y36 Y40 Y54 Y56 Y62 Y67 \

Y1 Y8 Yo y210 y122y13 y152y16 Y29 Y30 Y31 Y32 Y37 Y41 Y51 Y57 Y61 Y66
Y4 Y57 Y11 Y14Y17 Y183Y19 Y20 Y26 Y34 Y41 Y43 Y57 Y58 Y65
Y1Y6 Y7 Ys y% 14210 Y28 Y29 Y30 ysé Y33 Y35 Y36 Y42 Y55 Y56 Y60 Y64
Y2 Y3"Ys Y7 Y19 Y20 Y21 Y32Y23 Y29 Y42 Y46 Y51 Y60 Y69

Ys y%O y112y12 Y13 Y14 Y15 Y16 Y28 y324 Y38 Y39 Y40 Y41 Y54 Y65 Y68 Y70
Y11Y127Y13 Y14 Y25 Y31 Y34 Y37 Y33Y39 Y40 Y48 Y53 Y55 Y61

\  Y1Y2Y3Ye6 Y7 Y9 Y20 Y21 Y22 Y23 Y32 Y33 Y35 Y36 Y47 Y58 Y59 Y62 Vs

form a torus invariant basis B°. The number of lattice points of the dual of
the mirror complex of I relates to the dimension A2 (X°) of complex moduli
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space of the generic fiber X° of X° and to the dimension A (X) of the
Kéhler moduli space of the generic fiber X of X via

|supp (1 (B (1)) )NN|=7=6+1
= dim (Aut (Y°)) + h"? (X°) = dim (T) + A" (X)

The conjectural first order mirror degeneration X'° C Y° x SpecC [t] / (%)
of X is given by the ideal I'® C S° ® C[t] / (t*) generated by

{m+Zt-35-5(m)|mEI§}

6eB°

10.4.11 Contraction of the mirror degeneration

In the following we give a birational map relating the degeneration X° to a
Greene-Plesser type orbifolding mirror family by contracting divisors on Y°.
In order to contract the divisors

2 2 2
N nhy BT hEm BT nhn BT ohm BT ahgn
Uo = Gagn VT mas;, BT mnnm P T nan 0T hue
ynZ% 3/12:% 913:% y14:f51x—22;6 ylsziz—iz
y17:% y19:% 920:% lezif—ig y23:iz—i‘1‘
y24:% y25=% 926:% yQBZ% yzgzﬁ
y31=% y32=% ygszﬁ y34:% ySGZ%
y37:% 9392% ?/40:% y41:% y42:%
y43:§—§ y44=f72 ?/45:2—3 y46=§—2 y47:§—‘13
y48:i_é y49=i—2 3/50:%3 9512% y52=§—2
9532% y54:i—i y55=i—; 9562% y57=f7§
y58=§—f y59=i—? yﬁOZi—g 9612% y62:§_:;
y63=§—§ Yor = 70 Yo5 = oo y66:§_§ y67:§_§
Yos = oo Yoo = o yro = 32

consider the Q-factorial toric Fano variety Y° = X (3°), where 3° = (P°) C
My is the fan over the reflexive Fano polytope P° C My given as the convex
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hull of the remaining vertices of P° = V* corresponding to the Cox variables

x2 2

— 4 — — %2
Y22 = Y(-1,0,0,2,0,0) = 7y Y18 = Y(0,2,0,0,-1,-1) = 744
— z — x5
Y30 = Y(0,-1,-1,0,02) = 7, (;3 Y35 = Y(-1,-1,0,0,2,0) = 7y w2
J)2 333
Y16 = Y(0,0,—1,—-1,0,0) = :c32c4 Y271 = Y(0,0,2,0,0,-1) = 7. 7g

Y38 = Y(2,0,0,-1,-1,0) = 7.4,
of the toric variety ¥° with Cox ring

SO = C[Z/22, Y18, Y30, Y35, Y16, Y27, y38]

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R R
Yo=X(X°) - X(X°)=Y°

be a birational map from Y° to the toric Fano variety }A/O, which contracts
the divisors of the rays ¥° (1) — X° (1) corresponding to the Cox variables

Y Y2 Ys Y4 Ys Y Yr  Ys Yo Yo Yu Y2 Y1z Y4 Y15 Y7
Y9 Y20 Y21 Y23 Y24 Y25 Y26 Y28 Y20 Y31 Y32 Y33 Y34 Yse Y3t Y39
Yao  Ya1  Ya2 Y43 Yaa  Yas  Yae  Yar  Ya8 Y49 Yso Ys1 Ys2 Ys3 Ysa Yss
Yse Ys7t Yss  Ys9 Yeo Ye1 Ye2 Ye3 Yea Yes Yes Yer Yes  Yeg  Yro

Representing V° as a quotient we have
ye = <<c7 v (3(20))) les

with A
G° = Z7 x (C*)!

acting via
§y = (U1 U1 - Y22, Uéll U1 - Y18, U? U1 - Y30, U% U1 - Yss, Uz{’ U1 - Y16, U1 V1 - Y217, U1 - y38)
for € = (uy,v) € G° and y € C7 =V <B(i§°)) Hence with the group
H° =17
of order 7 the toric variety V° is the quotient
Yo =PS/H°

of projective space PS. The first order mirror degeneration X'° induces via
Y° — Y° a degeneration X'° C Y° x Spec C [t] / (t2) given by the ideal I'° C
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<?/22> Y18, Y30, Y35, Y16, Y271, 938> C So ®C [t] / <t2> generated by the Fermat-type

equations

( 3\

Y16 Y1s Yas + t(S3 Y16 Y35 + Sa Y18 Ya2)s
Y16 Y30 Yss + t(S2 Y16 Uis + S1Y37Ys5),

Y1s Yar Yas + t(S3 Yar Y35 + S5 Y30Yss),

(

(

(
Y18 Y2 Yar + (86 YisYis + 55 Y22 Y30)
(
(
(

I

Y22 Yor Yss + t(S6 YigYss + S7Y2r Y3s)
Y22 Y30 Yss + t(S2 Yigyaz + S7 Y30 Y3s)

I

Y16 Y30 Yss + L(5a Ysoliso + 51 Y3rYss)
Note that

supp (1 (B (I)))") N N — Roots (Y) —dim (Tyo) =7 —6=1

so this family has one independent parameter. The special fiber XS CY° of
X'° is cut out by the monomial ideal

A

I§ C B(3°) = (Y2, Y18, Y30, Yss Y6, Yor, Yas) C S°
generated by

Y16 Y18 Yss Y16 Y30Y3ss Y18 Y22 Y27 Y18 Y27 Y38 Y22 Y30Y35 Y22 Y27 Y35
Y16 Y30 Y38

The complex SP(I3) of prime ideals of the toric strata of X¢ is

[,
[,
[,
(Y35, Y16, Y2r) 5 (Y305 Y16, Y21) 5 (Y22, Y305 ¥38) » (Y18, Y30, U3s)
Y22, Y16, Y3s) » (Y18, Yss, Y3s) » (Y22, Y16, Yor) » (Y22, Y18, Y30) 5

Y18, Y35, ?J16> ) <y22, Y18, ?J16> ) <y30, Yar, y38> ) <y35, Yor, y38> )
Y18, Y30, Z/27> ) <y22, Ysas, y38>]7

[

(

(

(

[<y22, Y30, Y16, y27) ) <y187 Y30, Y165 y27) ) (y22, Y18, Y16, y27) )
<y22, Y18, Y3s, y16> » \Y22, Y18, Y30, ?J16> ) <?J227 Y18, Y30, ?J35> )
< ) <922, Y16, Y27, y38>
< <y22, Y18, Y16, y38> )
< <y187 Y30, Y35, y27>

Y18, Y30, Y35, y16>
Y30, Y3s, Y21, y38> )
Y18, Y35, Y16, y38>

Y

(

) <y18, Y35, Y16, y27>
<y30, Y35, Y16, y27> )
<9227 Y18, Y35, y38> ,

Y Y
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Y22, Y35, Y16, Y27 Y35, Y16, Y27, Y38

> <y18> Y30, Yo7, y38> < >

Y22, Y18, Y30, Y1) » (Y22, Y185 Y30, ¥3s) » (Y22, Y30, Y27, Y3s)
)5 )5 )
)5 ) )

Y Y Y

Y18, Y35, Y27, Y38 Y22, Y30, Y16, Y38 Y22, Y35, Y16, Y38
Y22, Y30, Y35, Y3s

Y Y I

Y30, Y165 Y27, Y38
Y18, Y30, Y35, y38>]7

(y22, Y18, Y30, Y35, yz7> ) <y22, Y18, Y30, Y16, yz7> ) <y18, Y35, Y16, Y21, yss) )
Y22, Y30, Y35, Y27, Y38) 5 (Y22, Y18, Y35, Y16, Y38) , \Y22, Y18, Y30, Y35, Y38

(

(

(

< Y22, Y35, Y27, Y38
(

[

(

<y187y307y357y167y38 » \Y22, Y18, Y35, Y16, Y27) » (Y22, Y30, Y35, Y16, Y38
(

(

(

(

[

(

(

(

9 I 9

Y

Y

Y22, Y18, Y16, Y27, Y38 Y30, Y35, Y16, Y27, Y38 Y18, Y30, Y35, Y27, Y38
Y22, Y30, Y35, Y16, Y27) 5 (Y22, Y18, Y30, Y35, Y16/ » \Y22, Y35, Y16, Y27, Y38
Y18, Y30, Y35, Y16, y27> ) <y22, Y30, Y16, Y27, y38> ) <y22, Y18, Y30, Y27, Y38 ]7

(3/18, Y30, Y35, Y16, Y21, 3/38) ) (3/22, Y30, Y35, Y16, Y21, 3/38) )
Y22, Y18, Y35, Y16, Y27, y38> ) <?/227 Y18, Y30, Y16, Y21, y38> )
Y22, Y185 Y30, Y35, Y27, ?J38> ) <?J22, Y185 Y30, Y35, Y16, ?J38> )
Y22, Y185 Y30, Y35, Y16, y27>]7

I

9 9 9

Y Y Y

)5 )5 )
)5 )5 )
Y18, Y30, Y16, Y21, ?J38> ) <?/22, Y18, Y35, Y1, ?/38> ) <?J22, Y18, Y30, Y16, y38> )
)5 )5 )
)5 )5 ;

SO fg has the primary decomposition

(Y30, Y27, Y3s) N (Y2, Y16, Y1) N (Y22, Y18, Ys0) N (Y18, Y35, Y16) N
jo — N (Y22, Y18, Y16) N (Y35, Y21, Y3s) N (Y18, Y30, Yor) N (Y2, Y35, Y3s) N
0 N (Y18, Yss, Y3s) N (Y35, Y16, Yor) N (Y30, Yi6s Y1) N (Y22, Y30, Y3s) N
N (Y18, Y30, Y35) N (Y2, Y16, Y3s)

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V = (P°)* corresponding to Ij. Indexing the vertices of V by

1=(0,-3,-2,3,—2,-3) 2 =(1,6,1,0,3,3)
3=(-1,2,2,—1,0,5) 4=(3,3,0,1,6,1)
5=(—5,-6,-3,-3,—6,—5) 6=(—3,—-2,3,—-2,-3,0)
7=(50,-1,2,2,-1)
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OYO x Spec C[t]/(t?)

L=mF

1

—

(e ?
Y° and &

1

—

®»

[t] / <t2> —

~

1Y x SpecC

where T,

The ideal I'° C S° ® C[t] / (t2) has a Pfaffian resolution

I

0— 01?0xspec<C[t]/<t2> (Kl) — & (Kl)

p

this complex is given by

with

) @
)@

© ©® b ®~

S o )
o e eyl e -
7 — — — — (o] _

— | | =
L = = < 3 o |

c Il s o~ S
S S S 8 a IS
a S S s c dd
oA 8l
Lo RAAQAQ +
R
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S N <4 A4 o a o
— OH ,7 _7 2M OH —
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cledq e
IS S5R
++ + +
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— N o~ o~ —~ N
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D
D
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(
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and K = Kyo,gpee i) 12 speccp/2) A0 ' € A’ E™ (—K1) given by
[0 —lhese Yo 0 0 —Yor  tyrs Sy |
Y16 Se 0 —lys5 83 Y2 0 0 —Y38
—Y30 Y3553 0 —1Ya7 51 Yis 0 0
0 —Y22 1Yoz S1 0 —tyss 7 Y16 0
0 0 Y18 1Yss S7 0 —tY30 S5 Yss
Yor 0 0 —Yi6 Y30 ss 0 —1Y22 S4
| —ty1sS2 Yss 0 0 —Yss Lty Sa 0 |

Hence via the Pfaffians of ¢! we obtain a resolution

0— Of’"xSpec(C[t] (K) — & (K) — & — O}A/OXSpec(C[t}
where w1 1 Y x SpecClt] =Y , E=mF

and K = KYO xSpec C[t]/ Spec C[t]

of the ideal I° C 5° ® C [t] generated by

( Y16 Y18 Y3s + (83 Y16 3/32,5 + S4 Y18 922) ( S1 S5 Y27 Y30 y38)

Y16 Y30 Y35 + t (S2 Y16 Yis + S1 YsrY3s

2

2 (—S7 54 Y22 Y30 Y3s)
2 (— 52 S5 Y18 Y22 Y30)
12

)
Y22 Y27 Y35 + 1 (Se y%6y35 + S7 Yo7 y§8>
)

Y16 Y30 Y3s + 1 (S4 ?/%2930 + s1 y%7y38) S2 83 Y16 Y18 Y35)

+
4
4
4
1t

Yoo Y30 Yss + t (S2Yisyzz + 5730 Yzs) + 1
4t

(-
t? ( S6 S1 Y16 Y27 y35)
(— )

2

(
(
(
Y18 Yar Yss + £ (83927 Y35 + 55 Y30Y3s
(
(
( 53 S7 Y27 Y35 Y38

| Y18 Y22 Yor + T (S6 Yis¥1s + 55 Y22 U30)
which defines a flat family
X° C Y° x SpecC [t]

+
+
+
(—86 54 Y16 Y18 Y22) +
+t
4t
+¢

—S2 51 S5 Y18 Yor yso)
—S6 S7 54 Y16 Y22 yss)

—52 53 S5 Y18 Y30 y35)

( S6 S1 S5 Y16 Yor y30)

This is the one parameter mirror family of the generic degree 14 Pfaffian

Calabi-Yau threefold in P, given in [Rodland, 1998].
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10.5 Tropical mirror construction of the degree 13 Pfaf-
fian Calabi-Yau threefold

10.5.1 Hodge numbers

The Hodge numbers of a general Pfaffian Calabi-Yau threefold X of degree
13 in P%, which is smooth as observed above, can be determined as follows.
The Pfaffian complex is

0 — Ops (=7) — Ops (=5)BOps (—4)F* — Ops (—=2)BOps (—3)%* — Ops — Ox

so, decomposing into short exact sequences, one computes

H' (X,0x) = H' (P67@]P6 (_7>) o { ((0: lizzléZ }

Decomposing the resolution of Ji
0 — Ops (—8)%° & Ops (—=9)®! — Opo (—6)" @ Ops (=7)%"° @ Ops (—8)%* —
— Ops (—4) @ Ops (=5)% @ Ops (—6)""° — T2 — 0
into the short exact sequences
0 — Ops (—8)° @ Ops (—9)** — Ops (—6)* @ Ops (=7)%"° @ Ops (—8)™* — K — 0
0— K — Ops (—4) @ Ops (=5)%* @ Ops (—6)%"" — T2 — 0
the long exact cohomology sequences give
.= H (P°,K) - 0— H (P’ J3) —
— HWL (PP, K) — 0 — H* (FS, 72) —
fort=20,...,5, so
H' (P°, J3) = H*' (P°,K) fori=0,...,5
and
0—-0—0—H" (P K
—0—0— H' (P,
—0—0— H*(PS. K

(P°, K)
(P°, K)
(P°, K)
—0—0— H* (P° K)
(P°, K)
(P°, K) —

a

A

—0—0— H*(P°,
—0—0— H°(PS. K

— HS (PY, Ops (—8)%° @Ops (—9)%%)

— HO (PY, Ops (—6)* @ Ops (=7)%"° @ Ops (—8))
— H° (P°,K) — 0

a
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hence
H' (P°,K) =0fori=0,...,4

and
h® (PS,K) — 1S (PY, Ops (—8)%° @ Ops (—9)®)
+h5 (P, Ops (—6)™" @ Opo (—=7)%"° @ Ops (=8)®") — 1 (P, K) =0
Using

he (P, Ops (—8)%° @ Ops (—9)®!) =67+ 4-28 = 154
he (P, Ops (—6) @ Ops (—7)%° @ Ops (—8)%!) =16 +4-7 =44

one has
h (P°,K) — h® (P°,K) = 154 — 44 = 110

hence:

Lemma 10.12

H' (P°,J%) =0 fori=0,...,3
ht (P°, J%) — h° (P°, J%) = 110

The long exact cohomology sequence of
0_>\7)2(_>\7X_>N)\é/[p>6_>0

reads

H (PG,N;/PG) —0fori=0,1,2
H* (P, 73) /H* (%, Ny j5a ) 2 C
H® (P°,J%) =0
so h* (PS5, 72) = 110 and h? (P‘S,N)\Q/PG) = 109. Hence the cohomology

dimensions of J32 are

n(P°,J%) =0fori=0,..,3
ht (P%, J%) = 110
h (P°, J%) =0

and:
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Lemma 10.13 The cohomology dimensions of N /Pb are

% <X, N)V(/W) —0 fori=0,1,2

B3 <X, N)V(/PG) ~ 109
Using the Euler sequence and conormal sequence

0— Qps |x— Ox (—1)697—> Ox —0
0 — Ny/ps — Qps [x— Qx — 0

as explained in Section 11.1, we get

Y (X, Qx) =1
W2 (X, Q) = h? (X, N)V(/Pﬁ) — B3 (X, Qpo |x) = 109 — 48 = 61
Corollary 10.14 The general degree 13 Pfaffian Calabi- Yau threefold X in
PS5 has
RPN (X) =1
h'?(X) =61

10.5.2 Setup

Let Y =P0 = X (2), ¥ = X(P) = NF(A) C Ng with the Fano polytope
P = A* given by

(67 7 1 17 1) <_176’_15_17_1’_1)
_ (— 1, 1,, -1,-1,-1)  (=1,-1,-1,6,—1,-1)
A = convexhull (—1,—1,—1,—1,6, 1) (—-1,-1,-1,—-1,-1,6) C Mg
( 17 17 17 1’_1)

and let
S = C[ZE07«T1,J:27$37$47I‘57$6]

be the Cox ring of Y with the variables

T1 = 2(1,0,0,0,0,0) T2 = X(0,1,0,0,0,0)
T3 = 2(0,0,1,0,0,0) T4 = 2(0,0,0,1,0,0)
Ts = 2(0,0,0,0,1,0) T = 2(0,0,0,0,0,1)
Ty = T(-1,-1,-1,-1,—-1,-1)
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associated to the rays of 3. Consider the degeneration X C Y x Spec C [t] of
Pfaffian Calabi-Yau 3-folds with Buchsbaum-Eisenbud resolution

0— Oy (=7) > E(=3) B & (-2) > Oy — Ox, — 0

where
E=0(1)a40
A=A+t A
0 0 x3x4 —x129 0 ]
0 0 0 To Te
Ag=| —z324 O 0 0 —T5
r1xy —xo 0 0 0
. 0 —Tg s 0 0 |

the monomial special fiber of X is given by
I() = < Ty ITX1X2xy5 T1X2Tg XX3XgTg —I3T4T >

and generic A € A\*E* (1)

0 w1 Wa W3 Wy
— W1 0 Ws We Wy
A= —Wy —Ws 0 ws Wq

—W3 —Wg —Wg 0 W10

—w4s —W7y —Wg —Wi0 0

(W :5111:%—1—...+58x%+...—|—514x§—|—...+519xi+...+323x§+...—1—526:6%—1—...—1—528:63

Wo = S29 (L’% + ... 1+ S36 l’% + ...+ S42 JI% + ...+ 8471'421 + ...+ S51 ZE% + ...+ S54 ZE% + ...+ S356 .Z'%
W3 = 8571'% —|— + Se4 I’% —|— —f- S70 JZ% + —f- S75 l’?l + —|— S79 ZE% —f- —I— 582 ZE% —|— —|— S84 ZL‘%
Wy = S85 ZL'% + ... + S92 ZL‘% + ... + Sgg ZL’% + ...+ S103 l’i + ...+ S107 ZL’% + ...+ S110 QT% + ...+ S112 IL’%
W5 = 8113 L1 + S114 T2 + S115 T3 + S116 T4 + S117 5 + S118 Te 1 S119 Lo

We = S120 T1 + S121 T2 1 S122 T3 + S123 T4 + S124 T5 + S125 Te 1 S126 Lo

W7 = S127 L1 + S128 T2 + S129 T3 + S130 L4 + 5131 T5 + S132 Te 1 S133 Lo

Wg = 8134 L1 + S135 T2 + S136 T3 + S137 T4 + S138 Ts + S139 T6 + S140 Lo

W9 = 8141 T1 + S142 T2 + S143 T3 + S144 T4 + S145 T5 + S146 T6 + S147 Lo

Wip = 8148 L1 + S149 T2 + S150 T3 + S151 T4 + S152 T5 + S153 T + S154 Lo

The degeneration
X CY x SpecClt]

is given by the ideal I C S ® C [t] generated by the Pfaffians of Ag +1¢- A of
degrees 2,3, 3, 3, 3.
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10.5.3 Special fiber Grobner cone

The space of first order deformations of X has dimension 109 and the defor-
mations represented by the Cox Laurent monomials

2 2 2 2 2 2

T3 42 T5T4 T1T2 21 To2 T5T5 TET0 T1T5 T5T0

1 T2 Ts5 1 T2 Ts5 T3 :c% x0 x3 :c% x0 T3 T4 Te 1 T2 Te T3 T4 Te 1 T2 Te

2 22z T T TEx 2 .

T1T5 0*3 0 5 or4 T2 T5 T2 To T5 T3

T3T4T6  T1T2T6  T1P2T6  T3T4T6  T1T2T6  T3LaT6 T3 T4 1 T2

T1 %o T5 T4 o T5 T6 o T6 5 T5 T4 T5 T3

XT3 T4 xr1 T2 X3 T4 xr1 T2 X3 T4 xr1 T2 T3 X6 T4 T6

T3 T4 T3 T4 1 2o T2 To T1T6 T4 T6 T6 T3 T6 T2

T2 T5 15 T2 T6 16 x5 X0 x5 X0 x5 X0 x5 X0

1 T2 1 T2 T3 To e T4 T4 T o Te 16 Ze T2

] x3 X0 16 xr1 T2 T T2 xr1 T2 XT3 T4 XT3 T4

Ze T3 51 T4 XQ 5 T2 1 T2 3 X 5 X6 T4 X0

1 T2 T3 T4 T1 L2 T3 T4 T3 T4 T1 L2 3 T4 126

T2 5 125 e 3 Ty e T3 1

x4 2x@ x4 2&:6 x1 2%2 1 2%2 1 2562 x5 T0o X3 T4 x3 2504
e Ty Ty o o T2 X5 To x3 Ty

xr3 %34 T3 T6 T4 T6 r1 T2 T2 Te T3 T6 T2 T6 T3 T4
o Z1T5 L3 T4 Zo z3 z2 Z1 z6

X1 ZTe T3 X6 xr1 T2 xr3 o 1 2 3

z1 Zo 1 o T2 3 1 3

x5 xr1 xr3 2 o 1 o 2

2 s Z6 z2 x5 x3 z2 Zo

xr3 2 2 e 1 e x5 T4

Z4 Z4 Z4 Z4 z3 z1 z2 Z6

T2 0 T3 z1 T4 T4 T4 T4

Z4 s Z6 Zs x3 Zs Z4 Z6

Z5 T4 x5 xr3 Z5 o xe 1

Z1 Zo Ze Zo 5

xe Ze o T5 Ze

form a torus invariant basis. These deformations give linear inequalities

defining the special fiber Grébner cone, i.e.,

Cr, (I) = {(wt,wy) ER® Mg | <w,A_1 (m)> > —thm}

for above monomials m and the presentation matrix

0

o O o o o =

1
0
0
0
0

0

0
1
0
0
0

0

o O = O O

0

0
0
0
1
0

of A5 (Y'). The vertices of special fiber polytope
V=0C, () Nn{w, =1}
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and the number of faces, each vertex is contained in, are given by the table

15

19

38

45

46

o1

29

62

70

80

(535558 Gosesns) 0500-753)
(57070707_575)

(5314 -1,-1) (-§-3-}-%-1-1) (15410
(121110)

373737375

(0,0,1,0,0,0) (0,0,0,1,0,0) (1,0,0,0,0,0)

(0,1,0,0,0,0)

(=1,-1,-1,-1,—-1,—1) (0,0,0,0,0,1) (0,0,0,0,1,0)
(1,0,1,0,0,0) (0,1,1,0,0,0) (1,0,0,1,0,0)

(0,1,0,1,0,0)

(0,0,1,0,1,0) (0,0,0,1,1,0) (0,—1,—1,—1,—1,—1)
(—1,0,—1,—1,—1, 1)

(1,0,1,0,1,0) (0,1,1,0,1,0) (1,0,0,1,1,0)
(0,1,0,1,1,0) (0,-1,0,—1,—1,-1) (—1,0,0,—1,—1,—1)
(0,—1,—1,0,—1,-1) (-1,0,—1,0,—1,—1)
(-1,-1,-1,—-1,-1,0) (0,0,0,0,1,1)

(0,0,1,0,1,1) (0,0,0,1,1,1) (0,-1,—1,—1,-1,0)
(=1,0,-1,—1,-1,0) (0,—1,0,—1,0,0) (—1,0,0,—1,0,0)
(0,-1,-1,0,0,0)  (—1,0,—1,0,0,0)

(~1,-1,-1,-1,0,0)

The number of faces of V and their F-vectors are

Dimension Number of faces F-vector

1 1 (0,0,0,0,0,0,0,0)
0 42 (1,1,0,0,0,0,0,0) point
1 243 (1,2,1,0,0,0,0,0) edge
2 417 (1,3,3,1,0,0,0,0) triangle
2 118 (1,4,4,1,0,0,0,0) quadrangle
3 116 (1,6,9,5,1,0,0,0) prism
3 224 (1,4,6,4,1,0,0,0) tetrahedron
3 4 (1,7,15,10,1,0,0,0)
3 190 (1,5,8,5,1,0,0,0) pyramid
3 11 (1,8,12,6,1,0,0,0) cube



3 4 (1,6,12,8,1,0,0,0) octahedron
3 8 (1,7,14,9,1,0,0,0)

4 16 (1,10,21,18,7,1,0,0)
4 26 (1,8,18,17,7,1,0,0)

4 20 (1,7,17,18,8,1,0,0)

4 5 (1,9,22,23,10,1,0,0)

4 4 (1,8,21,22,9,1,0,0)

4 3 (1,12,24,19,7,1,0,0)

4 2 (1,11,31,31,11,1,0,0)
4 4 (1,11,29,28,10,1,0,0)
4 4 (1,9,20,18,7,1,0.0)

4 4 (1,10,27,27,10,1,0,0)
4 6 (1,12,28,27,11,1,0,0)
4 38 (1.5,10,10,5, 1,0.0)

4 66 (1,7,15,14,6,1,0,0)

4 4 (1,9,24,24,9,1,0,0)

4 2% (1,6,13,13,6,1,0,0)

4 8 (1,9,25,27,11,1,0,0)

4 28 (1,8,16,14,6,1,0,0)

4 8 (1,9,24,25,10,1,0,0)

5 4 (1,13,44,61,39,11,1,0)
5 1 (1,18,65,94,61,16,1,0)
5 4 (1,15,51,70,44,12,1,0)
5 2 (1,18,53,68,43,12,1,0)
5 4 (1,12,40,55,35,10,1,0)
5 2 (1,12,38,54,37,11,1,0)
5 4 (1,14,41,53,34,10,1,0)
5 4 (1,15,53,75,48,13,1,0)
5 8 (1,9,28,40,28,9,1,0)

5 2 (1,16,46,59,39,12,1,0)
5 8 (1,11,35,49,33,10,1,0)
5 4 (1,11,37,54,38,12,1,0)
5 2 (1,20,72,103,66,17,1,0)
6 1 (1,42,243,535, 557, 272,49, 1)

The dual P° = V* of V is a Fano polytope with vertices

(-1,-1,2,0,0,—1) (—1,— 1(L2J) ~1) (2,0,—1,-1,1,-1)
(0,2,—-1,-1,1,—-1) (1,2,-1,-1,0,0)  (2,1,—1,—1,0,0)
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(xR SG GG GG S L G G L G L G L G L G & T T

= Y(-1,-1,2,00,-1) =

Ys = Y(0,2,-1,-1,1,—-1) =

— N =R R0 RN R R R

.30, 30

Y

7107 ) 70)
,28,26,10,1,0,0)
.16,14,6,1
.18,17,7,1
2

2,22,9, 1,

Y Y

1,0
1,0
, ,0,0
, 0,0
0,0

]

,11,24,21,8,1,0,0)
15,14,6,1,0,0
2,31,30,11,1,0,0)
18,15,6,1,0,0)
5,41,39,13,1,0,
2,31,31,12,1,0
0

)
)
)
0
)

)

0)
0)

(1,10

(1,12

(1,8

(1,8

(1,9,

(1,1

(1,7,

(1,1

(1,9,

(1,1

(171 ?
(1,9,19,17,7,1,0, )
(1,6,13,13,6,1,0,0)
(1,14,45,64,45,14,1,0)
(1,7,19,26,19,7,1,0
(1,16,51,69,45,13, 1,
(1,14, 46,64,42,12, 1,
(1,14,45,63,43,13, 1,
(1,21,70,91,54, 14,1,
(1,18,59,77,46,12, 1,
(1,12,38,51,33,10, 1,
(1,6,15,20,15,6,1,0)
(1,2 16, 1
(1,2 2
(1,1
(1,4

4,80, 106, 64, )

)

,20,70,90,50,12, 1,
,18,62,91,64, 19, 1,
9,272,557, 535, 2

S O

3,42,1)

)

The polytopes V and P° have 0 as the unique interior lattice point, and the
Fano polytope P° defines the embedding toric Fano variety Y° = X (X (P°))
of the fibers of the mirror degeneration. The dimension of the automorphism
group of Y° is

dim (Aut (Y°)) =6

SO

T1 T2 T
12 L6

T3 T4 T6

= (C[yla Y2y .-y y49]
be the Cox ring of Y° with variables

2 2
T5T0 T1T5

Y2 = Y(-1,-1,02,0,-1) = 774, o Ys = Y2,0,-1,-1,1,-1) — g vy 7

_ _ oz a2 _ _ _TiT2
Ys = Y(1,2,-1,-1,00) = Zuz,20 U6 = Y(2,1,-1,-1,00) = 25z 20
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3 3

Y7 = Y(0,0,-1,-13,-1) = z;re Y8 = Y(-1,-1,00,0,-1) = 7, ig ze Y9 T Y(-1,-112-10) = 1
Y10 = Y(-1,-1,2,1,-1,0) = x;iﬁ Y11 = Y,01,-11,-1) = % Y12 = Yo0-1.11-1) = %
Y13 = Y(0,0,-1,-1,0,2) = x:gm Y14 = Y(0,0,-1,-1,00) = :6:(:)04 Y15 = Y2,0-1,-10,0) = x:;‘*
Y16 = Y(0.2,-1,-100) = 7.7 Y17 = Y(1.1,-1.000) = 4yon Y18 = Y0.1.0-100) = aia
Y19 = Y(0,1,0,0,-1,1) = % Y20 = Y00.10.-11) = g Y2 = Ye001,-1n = gg_a‘;gz
Y22 = Y(0,0,0,0,-1,2) = 335382:02 Y23 = Y(1,000,-1,1) = %Z Y24 = Y(-1,-1,0020) = mfg’Q
Y25 = Y(~1,-1,0,2,0,0) = xf?cz Y26 = Y(-1,-1,2,000) = l‘fia Yor = ¥(-1,-10002) = ITZQ
Y28 = Y(-1,1,0,0,0,-1) = 2ot Y20 = Y1-1000-) T ag Y30 T YLOLL-10) = oy
Y31 = Y(0,-1,1,1,-1,0) = pooe Y32 = Y(000,10.-1) = 4y Y33 = Y(0.01.00-1) =
Y34 = Y(1,0,0,0,00) = 3o Y35 = Y(00,1,-1.00) = 4 Y36 = Y(0.0,-11.0.0) = o5
Y37 = Y(0,0,0,0,1,0) = 3= Y38 = Y(00,1,000) = 4o Y39 = Y0.100.00) = 3

Y40 = Y(0,0,0,1,0,0) = 7 Ya1 = Y(000,1,-10) = 1 Y42 = Y0.01.0,-10) = oy
Ya3 = Y(0,1,0,0,-1,0) = 3= Yas = Y(1.000,-10) = U5 = Y0.000-10) = oy
Ya6 = Y(1,-1,0,0,00) = 32 Ya7 = Y(-1,10000) = 3 Yas = 01,0001 = o
Ya9 = Y(1,0,0,0,0,-1) = 3=

10.5.4 Bergman subcomplex

Intersecting the tropical variety of I with the special fiber Grobner cone
C, (I) we obtain the special fiber Bergman subcomplex

B(I)=Cy (I)NBF(I)N {w, = 1}

The following table chooses an indexing of the vertices of V involved in B (1)
and gives for each vertex the numbers ny and ng of faces of V and faces of
B (I) it is contained in

ny  Np
1:(1,0,1,0,1,0) 2:(0,1,1,0,1,0)

59 6 3=(1,0,0,1,1,0) 4=1(0,1,0,1,1,0)
5= (0,—1,0,—1,—1,—1) 6:(—1,0,0,—1,—1,—1)
7= (0, —-1,-1,0, -1, 1) 8 = (—1,0, —1,0,—1, —1)

9 = (0,0,1,0,1,1) 10 = (0,0,0,1,1,1)

70 10 11 = (O, 1, -1, -1, —1,0) 12 = (—1,0, —-1,-1, —1,0)
13:(0,—1,0,—1,0,0) 14 = (—1,0,0,—1,0,0)
15=(0,-1,—1,0,0,0) 16 = (—1,0,—1,0,0,0)

80 8 17=(-1,-1,-1,-1,0,0)



With this indexing the Bergman subcomplex B (I) of Poset (V) associated
to the degeneration X is

(1], 2], (3], [4], [9], (107, [5], 6], [7], [8], [13], [14], [11], [12], [17], [15], [16]],

1,71, (8]
3,7],[12,17], 3, 15], [4, 8], [11, 15], [11, 17], [12, 16], [11, 12], [3, 10], [3, 4],
1,19, 13],19,17],[5,7], [5,13], [5, 11], [5, 6], [15, 16], [1, 2],
[1,9],[1,5],[10,17], [10, 15], [10, 16], [4, 16], [4, 10], [6, 12],
[12,14], [14,17], [14, 16], [7, 15], [7, 8], [7, 11], [15, 17], [16, 17],
[2,4],[2,6],[2,9], [13,14], 2, 14]],

[13,15,17],[6,12,14],[6,8,12],[1,3,9, 10], [3,4, 10], [1, 5, 13], [5, 11, 13),
3,141, [10, 16,17], [10, 15, 17), [4, 10, 16], [3,4, 7.8, [1, 3.5, 7],

18], [12, 16, 17), [11, 12, 17], [12, 14, 17], [9, 10, 17], [9, 10, 13, 15],

14,16], [2,4,9, 10], [2,4,6,8], [4,8, 16], [11, 13, 17], [2, 4, 14, 16],

J4],[11,12,13,14], [7,8,11,12], [5,6,11,12], 2,9, 14], 9, 14, 17],

6].19,13,14], [1, 2, 13, 14], [1,2,9], [1,3. 13, 15, [3, 4, 15, 16],

5],[10,15, 16, [7,8, 15, 16], [15, 16, 17], [8, 12, 16], [12, 14, 16],

4,16],[2,6,14],[11,15,17], [11,12,15,16], [7, 11, 15], [11, 13, 15),

3],[5,7,13,15],[5,6,7,8],[5,7,11],[9, 13, 17], [13, 14, 17],

4,16, 17]],

]
[1,2,5,6,13,14],[2,4,9,10,14,16],[1,3,5,7,13,15),
6,7,8],[9,13,14,17],[1,2,3,4,9,10],[1, 3,9, 10, 13, 15],

=
—_

5,
3,4,5,6,7

0,13, 15, 17][2,4,6,8,14,16L[ 7,11,13,15],[11,13,15,17],
10,15,16L[11,12,15,16,17L[12 14,16, 17][1 ,12,13,14,17),
11,12,15,16L[3,4,7,8,15,16L[6,8,12,14 16], 5,6, 11,12, 13, 14],
15,16,17), 9, 10,14, 16, 17], [5,6, 7,8, 11, 12], [1, 2,9, 13, 14]],

6,
, 4,
, 3,

1,2,
9,1
3.4,
7.8,
1

0,

B (I) has the F-vector

Dimension -1 0 1 2
Number of faces 0 17 50 56 2

and the F-vectors of its faces are

w w
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Dimension Number of faces F-vector

0 17 (1,1,0,0,0,0,0,0)  point

1 50 (1,2,1,0,0,0,0,0) edge

2 22 (1,4,4,1,0,0,0,0) quadrangle
2 34 (1,3,3,1,0,0,0,0) triangle

3 4 (1,4,6,4,1,0,0,0) tetrahedron
3 10 (1,6,9,5,1,0,0,0) prism

3 8 (1,5,8,5,1,0,0,0) pyramid

3 1 (1,8,12,6,1,0,0,0) cube

10.5.5 Dual complex

The dual complex dual (B (I)) = (B (I))" of deformations associated to B (I)
via initial ideals is given by

[[97 13a ]-47 17]* = <M 4 m_4> ) [1727576, ].3, 14]* = < xi T4 I6x4> ,

320’ 5’ T6 122’ T3’ T5 X0
2

[97 107 137 157 17]* - <M = x2> ) [17273747 57 6777 8]* - < x% xg v >,

x3xaTo’ 5 T x5z’ x1 X2’ T3 T4
.,

[5,6,13, 14]* = <wfs piay o ws agas x_4>

z3T6’ T3T0 ' T1T2’ T3’ T5 T’ To

1,3,9,10]*:< 23 mpmy T wo z_2>

T1x226’ T1T6' T3T4' T5) T3 T4 Ts

2
* _ [/ x3T4 T1X2 TeT2 T2 T2 T2
13715717] T \ziz5’ w3xam0’ BT’ x5 T’ X0 /)

2 2
6,12 14]*:< wirs mizs v omomom
Y )

T3x4T6’ T3 T6' T1x2) T2 TO' WO /
A,

[
[
[
[

2 2 2 2 2
[[3 7]* — Tg Tg Tg T3 x93 _T3 x3 TeX3 T T2
’ 5w’ 1 w2’ w3 T4’ T1x2? T1' T3x4) T4’ T5X0 T5TO /)
2 2 2 2
[3 15]*: T30  womwg _T3%¥4 w3x4 _*3 wp T3 T3 TeT3 TeT2 T2 X3
) T1XoTg’ T1Xe’ T1X2X5’ T1T5’ x1x2’ 1 x3x4’ T4 x520’ Tsx0’ 5 X5 [/
3 2 2 2 2 2 2
s 320 L4120 T5  x3T5 T4xs T3T4 z3 x4 x5 _ T3 Ty
[11 12]* = L3 x4 L6 T12T2T6 T1T2X6’ T1T2) T4Te' L3 L6 T1T2L5’ T1T2x5’ Lo’ 1 T2 T1x2’
’ T3 T4 T3 T4
xe’ g’ X0’ X0
3 2 2 2 2 2 2 2
[3 4]* _ x5 T3T0 xh xg T3T4 xg 20 T x3 z3 T3 T3
’ T1x226’ T1T2%6’ T3 T4’ Tz’ T1T2x5 ) T1 w2’ 5’ x3wa T1 w2 e T5T0 ) W5 [

2 2 2
[15 16]* — Z3Z0 T3 T5 T3%4 T1 T2 T3 X3 TeT3 X3 X3 I3
’ T1T2T6’ Te T4’ T1T2X57 T4x0’ T1 X2’ T4’ 5o’ T5' T6 X0 /)
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2 2
T3T4 13142 T3 T4 T3 T4 T1T2 x1x22 r1xT2 T1T2 TeT4a Te T3

[[17]*: T1X2T5’ T1T2x5 T2T5 T1T5° T3 T4 X0 T3 T4 T’ T3 T’ T4 T’ TsTo’ T w0’
TeT] Tery X1 T2 T3 T4 X1 X3 Ty Ta T3 Ty Tl T2 ’
520’ 520’ x5 x5 x5 w57 w6’ e’ T6? x6’ To’ w0’ X0’ Xo

2
Lo T4T0 r2x0 _To Tg T3 Ty T x0 T3T4 _Tg Ty  x2
[1]*: 161:262%’$1$2w6’$6w1’w3$4’$5$07w1w2w5’$1$2’9657361365’963364’361362’361’
To T4 TeTa TeT2 Ty T4
Z‘3Z‘§7Z‘37$§Z‘07Z‘5Z‘07Z‘57x5
T 5T z2x 22z 22 22z 2
0 410 T2X0 X1ZTQ 145 2%5 0 T4 Ts T 142 T1 T2
[9]*: xlxzxg’xlxzx%’:1:1:1:6’:1:2:1:6’x3x4:p6’x3w4:p5’:p3w4’x3x67w5’w3w4w0’w3x4x0’
z1wy 17 T T4 T1 Tz Ty T1 T2 T4
r3x0’ x3x4’ x3T4’ 3’ x5’ x5’ 5’ T6' T T ) ,
L4520 T2 To LoTs5 Taxs x3T4? T3T4 x1T9%  T1TH Ty x2 _T3
[13]*: 12236’ TET1) T3T4T6 T3T6) T1T2T5’ T1T5° T3 T4 20’ T3 To ' T1 T2’ X1 T3 T4
T4 T6T4 TeX2 T2 T4 T2 T4 T4 T2

z3’ x5x0’ @0’ T5 T5 7 Te? Te' X0’ To

when writing the vertices of the faces as deformations of X,. Note that the
T-invariant basis of deformations associated to a face is given by all lattice
points of the corresponding polytope in Mg. In order to compress the output
we list one representative in any set of faces G with fixed F-vector of G and
of G*. When numbering the vertices of the faces of dual (B (1)) by the Cox
variables of the mirror toric Fano variety Y° the complex dual (B (1)) is

[97 13a ]-47 17]* = <y177 Yai, y32> ’ [17 27 57 67 ]-37 14]* = <?J257 Y36, y21> )

) 107 137 ]-57 17]* = <y57 Y43, y48> ) [17 27 3a 47 57 67 7a 8]* = <?/227 Yar, le) ;
-],
(15, 6,13, 14]* = (y12, Y17, Y25, Y36, Y21, Yao)
[17 37 97 10]* = <y87 Y28, Y14, Y45, Y16, y43> )
F-?)? 157 17]* = <y307 Ys, Y19, Y43, Y48, y39> )

67 ]-27 14]* = <y37 Y12, Y25, Y46, Y40, y34> ;
-,

[[3> 7]* = <y22,y27,y13,yzﬁ,y47,y16,y35,y20,y19> )

[37 15]* = <yl,y28,y10,y30,y26,y47,y167y35,y20,y19,y43,y42> )

[11, 12]* = <y7,y1,yz,yu,yn,yu,ym,yg,y37,y26,yz5,y33,ysz,ygs,y4o>,
13, 4" = (s, Y1, Y14, Y22, Y10, Y27, Y45, Y135 Y265 Y35, Y20, Y42) »
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[15> 16]* = <y1a911,ylo,918,926,935,?/20,942,?/33,?/38> )

-,

([17]* = < Y10, Y9, Y31, Y30, Y6, Y5, Y17, Y18, Y21, Y20, Y23, Y19, Y44, Y43, Y42, Y41, >7
Y419, Y33, Y48, Y32, Y38, Y40, Y34, Y39

[1]* _ < Ys, Y2, Y28, Y14, Y22, Y9, Y27, Y45, Y30, Y13, Y25, Y47, Y16, Y36, Y21, Y19, >,
Ya3, Yn1

[9]* _ < Ys, Y2, Y285 Y29, Y3, Y4, Y14, Y12, Y45, Y6, Ys, Y17, Y15, Y16, Y36, Y44, >’
Y43, Y41, Y49, Yas, Y32

[13]* _ Y2, Y28, Y4, Y125 Y9, Y30, Ys, Y17, Y25, Y47, Y165 Y36, Y21, Y19, Y43, Y41, > ’

] Yag, Y32, Y40, Y39

I

The dual complex has the F'-vector

Dimension —1 0 1 2 3 4 5 06
Number of faces 0 0 0 23 56 50 17 0

and the F-vectors of the faces of dual (B (1)) are

Dimension Number of faces F-vector

2 23 (1,3,3,1,0,0,0,0) triangle
3 20 (1,6,12,8,1,0,0,0) octahedron
3 36 (1,6,9,5,1,0,0,0) prism
4 16 (1,9,18,15,6,1,0,0)

4 20 (1,12,30,28,10,1,0,0)

4 2 (1,15,41,39,13,1,0,0)

4 8 (1,12,31,30,11,1,0,0)

4 4 (1,10,30,30,10,1,0,0)

5 1 (1,24,80,106, 64, 16, 1,0)

5 8 (1,18,59,77,46,12,1,0)

5 4 (1,21,70,91,54,14,1,0)

5 4 (1,20,70,90,50,12,1,0)

Recall that in this example the toric variety Y is projective space. The
number of lattice points of the support of dual (B (I)) relates to the dimension
hY2 (X) of the complex moduli space of the generic fiber X of X and to the
dimension h'! (X°) of the Kéhler moduli space of the M PCP-blowup X°
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of the generic fiber X° of the mirror degeneration

|supp (dual (B (1))) N M| =109 = 48 + 61 = dim (Aut (Y)) +
=42+46+61
|Roots (Y)| 4+ dim (Ty) +

There are

hY?(X) + dim (Ty.) = 61 + 6

non-trivial toric polynomial deformations of X

ht2(X)

hl,l (Xo)

3 T6 T4 1 To zi 3 T2 Te g g g T1 T2
1 23 5 Zo T2 Tg T3 T4 T3 T4 T5 To T5 To T3 T4 T1 T2 T3 To
o o T2 To z1 2> 16 T3T5 T3 T4 L3720 324 T3 T4
T1T2T6  T3T4 T1E6 TITLTO  T5TO T3T4T6  T1T5  T1Z2T6  TITIT5 T2
T3 T4 T35 3 Te L3 Ti%5 T4 X5 T1 X2 rix2 x Ty
TILoT5  wATE  T1L2 5 X0 TITATG T3 T6 T4TQ  TI3TLTO T3 T4T6  T1T2
T4To 15 z) @52 o 2 o LoT3 T2 Ts5 o X3 3 T6 T2 T6
TigaTe  T3Te  T3TATG  T1To x3 T4 TIT2T6  T3T6  T2T6 1 22 T3 T4
o 1o T6 T1 o o Te o Te Ty T5 T3 Ty T5 T4
T2 Te XT3 T4 T3 T4 xr1 T2 XT3 T4 xr1 T2 T4 Te6 X1 25172 xr3 Te xr1 T2
T4 To T4 T ToT4 To T3 15 T2 Ts T4 To Ty 5 Te 5 Te
T2 Tg T1 T T1 T2 Tg T6 T1 T4 Tg T4 Te T6 T1 T3 T4 T3 T4 T1 T
To T5 T3 T4 To T3 T T2 T5 T2 T4 To T5 T
T3 T4 T6 T1 T2 T1 T2 T3 T4 T3 T4 T1 T2 T3 T4
They correspond to the toric divisors
D 1210200  D0,00,1,-1,1) Da,—1000-1) De20,-1,-1,00)
De2-1,-100 Doroo-11y  Deooo-12  Dwo-1-102
D1,-1,0002) D(1,1,—1000) D 1,-1000,-1) D0,0,-1,-1,00)
Di11000-1  Daz-1-100  D@o00-11) Da2,-1,-11,-1)
D 10,1,1,-1,0) D 1-1200-1) Di1-121,-100 Do,-1,1,1,-1,0)
D 1-112-10 Dwoi-11,-1)  Di1,-12000  D,0,1,0-1,1)
Do -1,-11,-1) Doo-111,-1)  D,1,0-1,00 D21,-1,-1,0,0)
Dwo,-1,-13-1) Dc1,-10020  D1,-1020-1 Dao,-1,01,-1)
Dao—1,-12-1) D(-1,0000,-1) D0,1,-1,-1,0,0) D1, -1100,-1)
D,1,-1,01,-1) D,-1,1,00,-1) D 1,—1,1,001) D,1,-1,-1,0,1)
Do,-1000-1)  Dao-1,-100 Dao- 101) D(~1,21,00,0,0)
D 0,0, o) D1,-1,0000) D(ooo -1y Dci-11,000
Doo,-1,0,2, 1) D1 10110  Do,-1,010, 1) D1, 101,01
D 1-1000-1) Di1,01,00,-1) D(lOO ~1,1,—1) D0,1,0,-1,1,-1
D 10010-1 Doy, 20  Dwo-1,-111  D1,-1001,)
D1,-1,-12,-1) D(ooo,Lo 0) Dy, 1,1,000) D,1,-1,-1,00)
De-1,-110  D1,-10100  Dao-1,-1,10)
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on a M PC P-blowup of Y° inducing 61 non-zero toric divisor classes on the
mirror X°. The following 42 toric divisors of Y induce the trivial divisor
class on X°

Doo,-1100  Daoo0-10 D110000 D©000,1,0-1)
D(ooo,l, 100 Dw©0000-1,0 Dw1,00-10 D©071,000-1)
Da, 10000  Do10000  Dwo1,0-10 D001,-1,00)
Doo100-1  Doo1000  Doo00-1) D1,00000
D 0,0,0,1,0,0) Do0010  Dw-10100 D,-10010)
Do0,-100  Do1,-1000 D-100100 D1,00-100)
D0,00,-1,01) D=1,00001) D@w1,0-100 D=1,01,000)
Do, ~10001) Do-11000 Dwo00-11 Da,0-1000
Doo,-1001  Do,-1000 Dw000001) D100010)
Doo1,-11,-1) D©00000-1) Dw0,-1010 D(1,00000)
Do0,-1,1,00  D©0,-1,0000)

10.5.6 Mirror special fiber

The complex B (I)" labeled by the variables of the Cox ring S° of Y°, as
written in the last section, is the complex SP (I5) of prime ideals of the toric
strata of the monomial special fiber X of the mirror degeneration X°, i.e.,
the primary decomposition of Ij is

(Y17, Ya1, Ys2) N (Yos, Y165 Yaz) N (Y5, Va3, Yag) N (Yss Y1a, Yas) O (Y26, Y35, Y20) N
N (Y3, Ya6, Y3a) N (Y12, Yos, Yao) N (Y18, Ya2, Y33) O (Yo, Yaa, Yao) O (Y7, Y4, Ya7) N
N (Y2, Y36, Ya1) N (Va6 Y15, Y23) N (Y30, Yass Yse) N (Y1, Y35, Yaz2) N (Y10, Y33, Y3s) N
N (Y31, Ya9, Y34) N (Yo, Y32, Yao) N (Y11, Y6, Y3s) N (Ya, Yaz, Y39) N (Y25, Y36, Yo1) N
N (Y29, Y15, Yaa) N (Yaz, Y16, Y19) N (Y2, Yo7, Y13)

Each facet F' € B (I) corresponds to one of these ideals and this ideal is
generated by the facets of V containing F'.
10.5.7 Covering structure in the deformation complex of the degeneration X

According to the local reduced Grobner basis each face of the complex of
deformations dual (B (1)) decomposes into 3 respectively 5 polytopes forming
a 5 : 1 ramified covering of B (1)
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<y41> ) <y32> ) <y17>] = [97 137 147 17]\/7 [(
:]y43> ) <y48> ) <y5>] = [97 10,13, 15, 17]\/7

ey

[[{y21, Ya0) , (Yas) » (Y12, Yz6)| — (5,6, 13, 14]", [(Yas, Yas) » (s, Yas) » (Y14, Y16)] — (1,3, 9,10,
[<y30a y43> ) <y48> ) <Z/5> y39>] = [137 157 17]\/7 [<y407 y34> ) <?/25> y46> ) <y37 y12>] = [67 127 14]\/7

-,

H<y22, Y20, y19> ) <Z/27, Y26, y47> ) <Z/137 Y16, y35>] = [37 7]\/7

(Y20, Y195 Yass Yaz) , (Y1, Yoss Y265 Yaz) » (Y16, Yss)| — [3,15]Y,

[(y37, Y38, Yao) (Y245 Y10, Yo: Y265 Y25) » (Y7: Y11, Y12, Y33, Ys2)] — [11,12]7,
(

[(

1) ) <y25> ) <y36>] = [1 27 57 67 137 14]\/7
2

Y2 ;
[<y22> ) <y27> ) <y13>] = [17 73’ 47 57 67 7’ 8]\/7

Y22, Y45, Y20, y42> ) <y8> Y1, Y27, ?/26) ) <yl4, Y13, 3/35)] = [3, 4]v7
Y20, Y42, y38> ) <y107 Y26, y42> ) <y17 Y26, y33> 3 <y117 Y35, y33> 3 <y187 Y3s, y38>] — [157 16]\/7

N

[(Y10, Yo, Y31, Y30, Yaa, Va3, Yaz, Ya1) 5 (Ya9, Y33, Yas, Y32) » (Y, Us, Y17, Y18, Y3, Ya0, Y34, Y39)] — [17]",
<y22, Yas5, Y21, Y19, Y43, y41) ) <y87 Y2, Y28, Y27, Y25, y47> ) <y14, Y13, Yie, y36>] = [1]\/,

(y45, Yaa, Y43, y41> ) (ys, Y2, Y28, Y29, Y49, Y48, Z/32> ) <yl4, Yo, Ys, Y17, Y15, Y16, y36>] = [9]\/,

<y21a Y19, Y43, Y41, Y40, y39> ) <y9> Y30, Y25, Y47, Y43, y41> ) <y2, Y28, Y25, Y47, Y48, y32> )

4, Y125 Y165 Y36, Y48, y32> ) <y57y177y167y367y407y39>] = [13]\/,

[
[
[
[
{
s

I

Here the faces F' € B (I) are specified both via the vertices of F* labeled
by the variables of S° and by the numbering of the vertices of B (1) chosen
above. The numbers of faces of the covering in each face of dual (B (1)), i.e.,
over each face of B (I)" are

Dimension Number faces number preimages
-1 0 0

0 0
0
23
56
46
4

s W N =
Tt W W w o O
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) 13
) 4
6 0

ot

This covering has one sheet forming the complex

Y

I
|:| Y
I

(ya1) , (ys2) » (y17) (Y1) (Yas) » (Ys6) 5 (Yas)

Yag) 5 (Ys) 5 (Y22) , (Yar) » (Y13) 5 -,

<y21a y40> <y25> ) <y12a y36> ) (y45, y43> ) <ys7 ?J28> ) <?J147 y16> )
) (y%, y46) ) <93,y12> y ool

Y30, y43> <?/48> ) <?/5, y39> ) <y40, y34)

<922, Y20, y19> (y27, Y26, y47) ) <y13, Y16, y35) ) (yzo, Y19, Y43, y42> )
Y1, Y28, Y26, y47> <y167 y35> 9 <3/377 Y38, y40> 9 <y247 Y10, Y9, Y26, y25> )

Y20, Y42, ?/38> <y107 Y26, y42> ) <y1, Y26, y33) ) (yn, Yss, y33) ) <y187 Yss, y38> ) ]7

<y107 Y9, Y31, Y30, Ya4, Y43, Y42, ?J41> <?J49, Y33, Y48, y32> ) <?Jﬁ; Y5, Y17, Y18, Y385 Y40, Y34, y39> )
Y22, Y45, Y21, Y19, Y43, ?J41> <ys, Y2, Y28, Y27, Y25, y47> ) <yl4, Y13, Y16, y36> ) (y45, Yaa, Ya3, y41> )
Y3, Y2, Y28 Y29, Y49, Y48, Y32) » (Y145 Y6, Ys, Y17, Y15, Y16, Y36) » (Y21, Y19, Y43, Y41, Y40, Y30) »

Y9, Y30, Y25, Y47, Y43, 3/41) <Z/2, Y28, Y25, Y47, Y48, y32> ) <y4, Y12, Y16, Y36, Y48, y32> )

Ys, y17,y16,y36,y4o,y39> ]

I

with F-vector

Dimension Number of faces
49
128
56
78
4
13
36

e}

W W W WM NN

[
(
[
(
[
(
<Z/7, Y11, Y12, Y33, Z/32> <Z/22, Yas, Y20, Z/42> ) <Z/87 Y1, Yar, y26> ) <y14, Y13, y35> )
(
[
(
(
(
(

F-vector
(1,1,0,0,0,0,0,0)
(1,2,1,0,0,0,0,0)
(1,4,4,1,0,0,0,0)
(1,3,3,1,0,0,0,0)
(1,5,5,1,0,0,0,0)
(1,4,6,4,1,0,0,0)
(1,6,9,5,1,0,0,0)
(1,7,11,6,1,0,0,0)
(1,8,14,8,1,0,0,0)

point

edge
quadrangle
triangle
pentagon
tetrahedron
prism



Writing the vertices of the faces as deformations the covering is given by

(z), (=), (22)] - ,13,14,17)"

[
[ ><x—><— ] —[1,2,5,6,13,14]"
[
[

| —1[9,10,13,15,17]¥

22 2 x2

: >< : >< ; >]H[1,2,3,4,5,6,7,8]v
x5 T 1 T2 xr3 T4

[ _><_ ><__>] — [5,6,13,14]Y
5T’ To T1 T2 T3 Te ' T3
Zo ﬂ> < g 5E2a?0> ’< g wo? >] — [1,3,9, 10]\/

x5’ x5 /P \ 1226’ X1 T xr3 Ty’ T3 X4

2304 @>7 z2 7<M r_2>]|_>[13,15,17]v

175’ x5 z6 T3T420’ T0

2 2
z4 Z1 Tiom AT rars Ay 612, 14]Y,
xo’ xo /' \w1a2? 2 /7 \ X3T426’ T3 X6

2
Te XT3 X6 T2 T 232 29
:c5a:0 at5$0 x50 /7 \ 122 T3 22 W1 )

2
2 o2 ] [3 7] [ T6T3 TeT2 T2 T3 T3T0  wame w3® @
zgz4 1314714 P\ wsxo’ wswo’ w5’ w5 /7 \ X1a2%6 w1 w6’ w1 X2’ X1 [
2 2
22 @], [315]Y, [( L, 22 o T5  ws’va waws® 13’ @g?
x3T4 7 X4 zo' o’ o /7 \ 122 T1 X275’ T1 X275 T1 X2 T1 T2 ) )
13% 3Ty T4T5 T3 T4 \2
x3x4x6 Taxe’ T3T6 ) TG’ % ] — [11’12]

To ZeT3 3220 z62 x32
935930 935’£E5930’935 901902336’901902906’:131962’901902 ?

2
62x_3] 34][MI_3I_3 _%3%4 a3 @3
:cg:c4’a:3:c4’:c4 ) r5xo’ x5’ x0 / P \T1X225’ x1T2) 5 /7
2
T3T0 x3?  z3 L3T5 X3 I3
r1x2x6’ x1T2) e )/ P \xax6’ T4 w6 /)’

1wy a3 v"f_3>] — [15,16]Y, ...],

x4x0’ x4’ X0

2
H T3T4 z3z4? T34 T3T4 TI T2 T3 T4
T1T2®5’ T1 X225’ T2x5’ T1x5 ) x5 T5) x5 Ts
2
X1 X3 X2 X4 TiT2 1‘11‘22 1T T1XT2 T3 T4 T1 T2 ]}_) [17]V
956’16’16’16 P\ x3xaz0’ T3T4 w0’ T3 TO’ T4xo' To’ To’ X0’ To
3
[ To TeT4 TaTg Tz T4 zy za?w0  z2m0 w62 w42 T2
xsxo’xs’xsxo’xsxo’xs’xs P\ T1T2T6’ T1IT2T6? T1T6 T1 X2’ w1 T2 71 )
2 3 2
z2 ﬂ]H[l]V[ﬂﬂﬂﬂ 0 T4TTo  TpTo TyITQ L1 T2 T4
J:3ac4’ac3ac4’a:3cc4’ac3 ) x5’ x5’ x5’ x5 /P \T1x2T6’ T1T2x6’ T1 T T2Tg' Tg' Tg' Tg
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—

Y Y

2
Zo w1200 miae? wime w1?  wy? 96_4] [9]V
3Ty’ x3X4x0’ TI3IX4 X0’ T3 T’ 3 X4 T3 X4 T3 ’
[(Zo2e 2oy Iy 14 14 2 w3ws®  wgws x4® w3y T2 T4
Tr5x0’ x50’ 5 x5 x0? x0 / P \x1T2x5’ x1 X5’ x12T2? 1’ TH' TH /)
2 2
TIT0  wpwe _w4® w2 Ty T4 TT5  waws w2’ x4 Tz T4
12226’ w126’ T1x2) 1) T6' T / 7 \X3Tax6’ T3x6' T3T4’ X3’ T T6 [’
CC1£C22 1 T2 CC22 T4 T4 T2 13V
) ) Y e 10 Ta )
T3 T4TO’ T3TO' T3T4’ T3’ o’ X0
1,
with the one sheet forming the complex
[,
[,
[,
2
[ T4 T4 Z1 T2 Z6 T4 Ty T4 T2
x5 /7 \w6 /> \x3w0 /> \xs5w0 /> \T1w2 /> \23 /' \25 /"’
2 2 2
x2 71 322 T T Te ]
xg / P \x3xa2x0 /)’ \x520/ ? \ X122/ ? \ X324 / 7?71
2 3
[ TeTg Tq T4 TaTs Ta Zo Z2 _ % mx0
xsxo’ xo /P \T1®2 /P \z3we’ 3/ \ @5’ x5 /7 \ T12276’ T1T6
2
o} z? 2324 T2 T2 Tixe?  xo
z3x4’ x3wa [’ \ 125" x5 / P \ 26/’ \@3TaT0’ TO [’
2
T4 T3 7S 5 ) _FiT5 245 ]
o’ xzo /P \z122? w2/’ \x3Ta76’ 3T / 77T
2 2
T326 26 T2 5 x3® wp T _xp® xg

2
e
X5 X

0’ T5xo’ T5 X0

T1T2’ T3 w2 T

T6 T3 TeT2 T2

z3

2
T3T0

Z2 Zo

r3Ta’ T3 X4’ T4

232 x9

520’ T w0’ X5 T3

P\ z1x226’ T1X6) T1 T2 T

)

2 2
T a3 5 T3 T4 r5  walry  wzwa® w3 a4
r3T4’ Ta /P \N w0’ To? ®o /’ \T172’ T1T2T5 T1T275° T1 X2 T1 T2
s T3T5 T4T5 T3 T4 %6 xo T3Te Z3
T3x4T6’ Taxe’ x3Te' Te' e/ ' \xs5x0’ 5’ x50’ X5 /
3 2 2 2 2 2
Lo 370 T 3 i) 6 x3
12226’ T1x2%6’ T1 w2 X122 /) \ X324 w3T4 T4 [/
z2x4 2 :L‘2:CO 2
L6 L3 T3 T3 =374  X3” X3 =30 X3~ X3
xsxo’ x5’ xg /P \x1x2x5’ 122’ x5 / P \x12226” T1 X2 T5 /
Z3T5 T3 X3 Z1%2 Z3 Z3 ]
xaxg’ x4’ g /) P \xXaxg’ Ty ;00 / 77T
22z 2
3t4 X3 T4 T3 T4 XT3T4 T1 T2 T3 T4

—

x1xoxT5’ x1X2x5’ x2x5’ 15’ x5 x5 x5’ X5

(

2
T1 T3 X2 T4 T2

I1$22 T1X2 T1X2 X3 T4 T

z6’ 6’ w6’ w6 [ 7

1:2
6 o Z6T4 TeT2 T2
x5z’ x5’ x5xo’ T X0’ T Ty

Z4

)
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T3T4 0’ T3T4T0’ T3 T’ Taxo’ To’ To’ To’ To



3
o] z4?w0  zoT0 w62 w42 x2>
b

T1T276’ T1T2T6’ T1T6' T1T2' T1T2) T1

2

Ty we®  w2® my zo T z2 x4
T3 x4’ X314’ 3Ty’ T3 [ )

x5’ x5’ x5 x5

x3 2

0 T4~ 2TQ 1Y L1 X2 X4
T1x226’ T1T2%6’ T1T6’ T2T6’ Te' T’ T [ 7

2

) 71239 z1222 1w 32 z2? x4
T3x4’ T3T4T0’ T3 T4 w0’ T3 T’ T3 T4’ T3 T4 T3 [

Te Ty TeT2 T2 T4 T4 T2 $3x42 L3 T4 QC42 L2 X2 X4
r5x0’ x50’ 5’ x5’ o' o/ P \T1x2X5’ x125’ T1x2’ 1’ x5 T [

2
TIT0  xpwo x4? T2 T2 T4

12276’ T1x6’ T1x2) T1) T6 ' W6 [/

2
ToT5 T4 T5 :E22 T4 T2 T4
T3x426’ T3x6' T3x4' T3 T6' w6 [

z1x9® mimy wo? m4 ma T2 ]
T3 x40’ T3xo’ T3 x4’ 3’ X0’ X0 b

Note that the torus invariant basis of deformations corresponding to a Bergman
face is given by the set of all lattice points of the polytope specified above.

10.5.8 Limit map

The limit map lim : B (/) — Poset (A) associates to a face F' of B (I) the face
of A formed by the limit points of arcs lying over the weight vectors w € F,
i.e., with lowest order term ¢*. Labeling the faces of the Bergman complex
B (I) C Poset (V) and the faces of Poset (A) by the corresponding dual faces
of V* and A*, hence considering the limit map lim : B (/) — Poset (A) as a
map B ()" — Poset (A*), the limit correspondence is given by

—
—

Y10, Y9, Y31, Y30, Y6, Us, Y17, Y18, Y21, Y20, Y235 Y19, Y44, Y43, Y42, Y41,
— <x57I6)x0>7
Y49, Y33, Y48, Y32, Y38, Y40, Y34, Y39

Ys, Y2, Y28, Y14, Y22, Y9, Y27, Y45, Y30, Y13, Y25, Y47, Y16, Y36, Y21, Y19, > s (331,;1:3,:155),
Y43, Y41

Ys, Y2, Y28, Y29, Y3, Ya, Y14, Y12, Y45, Y6, Ys, Y17, Y15, Y16, Y36, Y44, > e <x3,az5,x6>,

/'_‘\

Ya3, Y41, Y49, Y48, Y32
Y2, Y28, Y4, Y12, Y9, Y30, Ys, Y17, Y25, Y47, Y16, Y36, Y21, Y19, Y43, Y41,
Y48, Y32, Y40, Y39

A,

[<y22,y27,y13,y26,y47,y16,y35,y20,y19> = <$1,$4,$5,$0>7
<y1,?J28,?Jlo,yso,y%,y47,y167y357y207y19,y43,y42> = (96'1@4,535,936,350%
<y7ay17y2>y24>y11>y127y107y97y37ay265y25ay335y325y385y40> = <$1,$2,$6,1’0>,
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<y87 Y1, Y14, Y22, Y10, Y27, Y45, Y13, Y26, Y35, Y20, Z/42> = <.73'1, Lo, Ty, .CC5> P
(Y1, Y11, Y10, Y185 Y26, Y35, Y20, Y42, Y33, Y3s) > (T1, T, T4, T5, Te, Tg) ,

2,

(Y12, Y17, Y5, Y36, Y1, Yao) + (21, T2, T3, T5, T6, To) ,
@8,9287914,9457916&43) — <$17$3,$4,$5,$6>7
<y30,y5,y19,y43,y48,y39) — <$1>$3,$4,$5>$6,$0> )
<y3,y12,y25,y46,y40,y34> = (9527353,565,5136,330%

2,

[<y17ay4lay32> — <I17I2,$3,$57$6,$0>;
(Y25, Y36, Y21) > (71, T2, T3, 75, T, To)
(Us, Va3, Yag) — (21, T3, T4, T, Tg, Xo)

(Y22, Yo7, Y13) — <5U1,932,£E3,IB4,375,350>,

-,

10.5.9 Mirror complex

Numbering the vertices of the mirror complex p (B (1)) as

1=(6,-1,-1,—-1,-1,—-1) 2=(-1,6,—1,—1,—1,—1)
3=(-1,-1,6,-1,-1,—-1) 4=(-1,-1,-1,6,—1,-1)
5=(-1,-1,-1,-1,6,-1) 6= (-1,-1,-1,—1,—1,6)
7=(-1,-1,-1,-1,-1,-1)
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The ordering of the faces of p (B (I)) is compatible with above ordering of
the faces of B (I). The F-vectors of the faces of u (B (I))" are

Dimension Number of faces F-vector
2 13 (1,3,3,1,0,0,0,0) triangle
3 26 (1,4,6,4,1,0,0,0) tetrahedron
4 20 (1,5,10,10,5,1,0,0)
5 7 (1,6,15,20,15,6,1,0)

The first order deformations of the mirror special fiber X correspond to
the lattice points of the dual complex (u (B (I)))" C Poset (A*) of the mir-
ror complex. We label the first order deformations of X corresponding to
vertices of A* by the homogeneous coordinates of Y

Y2ys Y6 Y25 Y17 Y18 Y23 Y20 Y34 Y44 Y46 Y49
y21 y22y8 yg Y10 Y24 Y25 Y26 Y27 Y28 Y30 Y47
Y1Ys57Y6 Y16Y17 Y18 Y19 Y28 Y39 Y43 Y47 Y48

Y1 Yy2Ys %/9 Y10 y242yzs Y26 Y27 Y29 Y31 Y46
Y1Y9 Y10~ Y11 Y20 Y36Y30 Y31 Y33 Y35 Y38 Y42

2}/3 2424 Y5 Y6 Y7 y122y13 Y14 Y15 Y16 Y17 Y36
Y2Y97Y10 Y12 Y21 Y55Y30 Y31 Y32 Y36 Y40 Y41

Y3 Y4 Y5 Y6 Y7 Y11 Y13 Y14 Y15 Y16 Y18 Y35

Y3 Y4 Y7 Y11 Y12 Y5,4Y37
Y9 Y10 Y19 y220 Y21 Y22 Y23 y302y31 ygl Y42 Y43 Y44 Y45
Y13Y19 Y20 Y21 Y227 Y23 Yo7

Y1 Y2 Y3 Y4 Y7 Y8 Y11 Y12 Y28 Y29 ygszzysa Y48 Y49
Y1Y2 Y8~ Y14Y28 Y29 Y45

- Y5 Y6 Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y34 Y37 Y38 Y39 Y40

T1 = 2(1,0,0,0,0,0) =

T2 = 2(0,1,0,0,0,0) =

T3 = 2(0,0,1,0,0,0) =

T4 = 2(0,0,0,1,0,0) =

Ts = 2(0,0,0,0,1,0) =

Te = 2(0,0,0,0,0,1) =

To = T(-1,-1,-1,-1,-1,-1)

So writing the vertices of the faces of (u (B (I)))" as homogeneous coordinates
of Y, the complex (u (B (I)))" is given by

I17$3,ZE5> ) <I‘2, x37x5> ) <.T1, l’4,$5> ) <.T2, I47x5> ) <x37 Ty, x6> )
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Ty, Ts, 376) (-731,353, iUo) ) (902,%3,330) ) (9517-734,370> ) (3327-734>$0> )
T1, e, 5Uo> <9€2,376, l’o) ) (9057376,370”,

<SE1717479C5,$0> <$2,$57$6,SE0> <332,374,$5,370> <$1,$575€6,J30>
17£C2,I67$0>, x1,£4,x5,x6>, XL1,T2,T4,T5) ,\T3,T4,T5,Tg
x3,Ts5,Te6, Lo X1,T3,T4,To), L1, T3, Tg, Lo

( )5 )5
( )5 (21 )
X1, T2, X3, X5 ,<~’B T3, Ts5, T 6>,<$ T3, Ts5, T 0>,
( o) ; { To)
( )5 )

(

(

[
(x (

( )5 ) ,
< >,<5171,ZU3,374, 5>

(x4, T5, T4, T0) , (T2, T4, T5, Tg) ,

(X1, T2, x4, x0) , (X1, T4, Tg, To)

(x9, 3,5, X0) , (X2, T3, T5, Te)),
[

(x

(

(

(

(

(

[

(

(

[

T2, X3,Te, Lo T2, X3,T4, X0
T2, T4, Te, Lo T2, X3,T4,Ts

?

Y ) Y

<$271‘3,$5,$6,I0> <$27l‘3,$4,9€67$0> <171,953,934,J75,136>
1,$2,$4,$5,I6>,<$1,$3,$5,$6,$0>,<$27$4,$5,$6,I0>
T1, T4, Ts, Te, To) , (T1, T2, Ty, Ts, To) , (T1 )
T1, T2, Ts, Te, To) , (T3, T4, Ts, T, T o>,<x T3,T4,T5, Tg) ,
T, T3, Ty, Ty, To) , (T1,Ta, T3, Ta, T5) , (X1, T, T4, T, To)
X1, Ta, T3, Tg, To) , (T1,Ta, T3, T5, To) , (X1, T2, T3, Ts, Te)

XT1,To, T3, T4, 'T0> <I’1, Xr3,Ty4,Te, l’o>],

Y Y
Y

) Y )

<ZL‘1,Z’2,1‘3, Ts, l‘@,ﬁC0> <$2, T3,T4,T5, T, ‘IL‘O> ) <l‘1,l’3, X4,T5,Te, .’I)Q) )
X1, T2, T3, T4, Ts, $0> <$1,$2,.T3, x47$57$6> 5 <x1; X2, Ty, Ts, x67$0> 5
$1,$2,x37l’4,$6,$0>]

]

The complex p (B (I))" labeled by the variables of the Cox ring S gives the
ideals of the toric strata of the special fiber X of X, i.e., the complex SP (1),
so in particular the primary decomposition of I is

(g, x4, 0) N (X1, Ty, To) N (X1, Ty, T5) N (X1, T3, T5) N (X2, ¢, To) N
In = N (x5, x6, 20) N (X1, X6, To) N (T2, Ta, T5) N (T2, T3, T5) N (T3, T5, Te) N
N <$1,$3,$0> N <.I'2,£C3,£L'0> <l’4,$5,$6>

10.5.10 Covering structure in the deformation complex of the mir-
ror degeneration

*

Each face of the complex of deformations (x (B (I)))" of the mirror special
fiber X§ decomposes as the convex hull of 3,4 respectively 5 polytopes forming
a 5 : 1 ramified covering of u (B (I))"

[,
[,
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(x5) , (z6) , (x0)] — (w5, 26, 20)"" = [1,2,3,4]",
] — <x1,$3,$5>*\/ = [274767 7]\/7
] — <x37x5>x6>*v = [172747 7]\/7
(w6) s (o)) — (w1, 73, 75, 76, 70) " = [2,4

8
o
R
8
ot
NP
—
8
o
2

I,

— <$1,$2,l‘6,[[0>*\/ = [3>4a 5]\/7
= <x17$27x4a$5>*v = [37677]\/7
\

) <x6> ) <$o>] = <$1,I27$4,$5,9€6,$0>*V = [3] )

) V=4,
()] — <$1,$2>$3,$5,x6,$0>*z = 4],
< >] = <$1,$37$4,$5,$67I0>* = [2]\/

xr3,Ty4), I‘5> ) <x17x2>) Zo ] = <]}1,ZL'27ZU3,I'4,$5,[E0>*V - [6]\/7

Y

Due to the singularities of Y° this covering involves degenerate faces, i.e.,
faces G — FY with dim (G) < dim (F).
10.5.11 Mirror degeneration

The space of first order deformations of X in the mirror degeneration X°
has dimension 7 and the deformations represented by the monomials

Y2Y5 Y6 Y25 Y17 Y18 Y23 Y20 Y34 Y44 Y46 Y49 Y2Yo Y102Y11 Y20 Y2Y30 Y31 Y33 Y35 Y38 Y42
Y1 Y2 Y8 Y9 Y10 Y24 y253y26 Y27 y228 Y30 Y47 Y3 Y4 Y5 Y6 Y7 Y12 yl% y214 Y15 Y16 Y17 Y36
Y3 Y4 Y7°Y11 Y12 Y5,4Y37 Y1 Y2 Ys°Yi4Y28 Y29 Y45
Y9 Y10 Y19 Y20 Y21 Y22 Y23 Y30 Y31 Y41 Y42 Y43 Y44 Y45 yg Z/62y17 Y18 Y19 Y20 Y21 Y22 Y23 Y34 Y37 Y38 Y39 Y40
Y13Y19 Y20 Y21 Y227Y23 Yo7 YaY57Y6 Y16Y17 Y18 Y19 Y28 Y39 Y43 Y47 Y48
Y1 Y2 Y3 Y4 Y7 Y8 Y11 Y12 Y28 Y29 Y32 Y33 Y48 Y49 Y1 Y2 Y8 Y9 Y10 Y24 Y25 Y26 Y27 Y29 Y31 Y46

Y2Y97Y10 Y12 Y21 Y55Y30 Y31 Y32 Y36 Y40 Y41
Y3 Y4 Y5 Y6 Y7 Y11 Y13 Y14 Y15 Y16 Y18 Y35
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form a torus invariant basis 28°. The number of lattice points of the dual of
the mirror complex of I relates to the dimension h'? (X°) of complex moduli
space of the generic fiber X° of X° and to the dimension A (X) of the
Kéahler moduli space of the generic fiber X of X via

[supp (1 (B (1)) ) N N[ =T7=6+1
= dim (Aut (Y°)) + h'? (X°) = dim (T) + b (X)

The conjectural first order mirror degeneration X'° C Y° x SpecC [t] / ()
of X is given by the ideal I'° C S° ® C[t] / (t*) generated by

{m—l—Zt-%-&(m)]mEIS}

6eB°

10.5.12 Contraction of the mirror degeneration

In the following we give a birational map relating the degeneration X° to a
Greene-Plesser type orbifolding mirror family by contracting divisors on Y°.
In order to contract the divisors

2 2 2 2
_ x3x0 _ _®yTo _ _*T5 _ %5 _ z3ws
yl 1 T2 Tg y2 x1 zg x6 y3 x3 :cﬁl x6 y4 x3 acﬁl xe yll x4 2zs
__ T4Ts o Iﬁ . CCQ . Il . 12
Y12 = o Y13 = oo Y4 = oo Y5 = oo Y16 = o
_ T1T2 —_ T1T2 _ Te T2 __ 3T — TeTa
Y17 = Zaao Y18 z4 g0 Y9 = 5. z0 Y20 = 5. z0 Y21 = . T
— Tex1 — %5 — % — %3 — %6
Y23 = Loz Y24 = 703 Y25 = 7103 Y26 = 753 Y21 = 2 ns
— Z2®0 — T1Z0 _ T3T4 _ T3x4 — T4
Y28 = oy Y29 = e Y30 = 4 zs Y31 = s Y32 = o,
— Z3 — 2z — 3 — Z4 — 25
Y33 = 26 Y34 = 2, Yss = 4, Y36 = o, Y371 = 3,
— 3 — Z2 — T4 — T4 — 3
Ysg = =0 Ysg = =0 Yao = 0 Yo = 5 Ya2 = =
— Z2 — z1 — Zo —z — 2
Ya3 = o Yaa = o Yas = o Ya6 = o, Yar = o)
_ T2 __ 1
Yag = oo Yag = o=

x6

consider the Q-factorial toric Fano variety Y° = X (3°), where ¥° = 3(P°)
Mp is the fan over the Fano polytope P° C Mg given as the convex hull of
the remaining vertices of P° = V* corresponding to the Cox variables

2

2 xiT
— — X3%4 — _ 1%2
Y9 = Y(-1,-1,1,2,-1,0) = 7, T2 75 Y6 = Y(2,1,-1,-1,0,0) = T3 a7
_ _ x1T0° _ __ _Z%§
Y5 = Y(1,2,-1,-1,0,0) = 252420 Y22 = Y(0,0,0,0-1,2) = o0
_ _ = _ _ _w3wa
Ys = Y(-1,-1,0,0,0,—1) = w12y Y10 = Y(-1,-1,2,1,-1,0) = 7,25 25
x
5

Y7 = Y0,0,-1,-13,-1) = Zzz176
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of the toric variety Y° with Cox ring

S° = Clys, Yo, Ys» Y22, Ys, Y10, 1]

The Cox variables of Y° correspond to the set of Fermat deformations of X.
Let R A

Yo=X(X°) - X(X°)=Y°
be a birational map from Y° to the toric Fano variety YO, which contracts

the divisors of the rays %° (1) — £° (1) corresponding to the Cox variables

Y1 Y2 Ys Yo Y11 Y12 Y1z Y4 Y15 Yie Yir Yis Y19 Y20 Y2
Y23 Yoa Y25 Y26 Y27 Y28 Y20 Y30 Y31 Y32 Y33z Y34 Y3z Y36 Y37
Ysg Y39 Ya0 Ya1 Y42 Y43 Yaa Yas  Yae  Ya7 Y48 Y49

Representing V° as a quotient we have

Ve — (c? v (3(20))) les
with A
G° = 73 x (C)!

acting via
§y = (U1 U1 - Yo, U%O U1 - Ye, Uio U1 Ys, Uil U1 - Y22, sz U1 - Ys, Uil U1 - Y10, V1 '?J?)
for &€ = (uy,v,) € G° and y € C7 =V (B(f)o)) Hence with the group

H° = 73
of order 13 the toric variety Y is the quotient
ye =PS/H°

of projective space PS. The first order mirror degeneratlon X'° induces via
Ye — V° a degeneration X!° C Y° x SpecC[t] / (t2) given by the ideal
I C (Yo, Y6, Ys, Yoz, Yss Y10, y7) C S° @ C[t] / (t2) generated by the Fermat-

type equations
(

Ys Yo Y7 + (84 Y5Y10 + 53 Yo Yio),
$1.Y7t + Yo Y10 Yoz,

Ys Y10 Yo + t(S6 Y2Ys + S5 Y5 U3,
82 Yt + Y1 Ys,

[ S7USt + s Y6 Y2 )
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Note that

supp ((u (B (I)))") N N — Roots <Y°> —dim(Ty,)=7—-6=1

so this family has one independent parameter. The special fiber Xg CY°of
X1° is cut out by the monomial ideal

~

1§ C B(2°) = (Y9, Yo: Ys: Yoo, Ys: Y10, Yr) C S°

generated by

{ YolYio Y22 YsYioYos YsYeY22 YsYslYr YrYs }

The complex SP(I3) of prime ideals of the toric strata of X¢ is

[,
[,
[,
(Ys, Y22, Ys) » (Y5> Ys, Y10) » (Yo Y10, Y7) 5 (Y5 Y22, Y7) 5 (Vs Y22, Us)

Y9, Yo, y8> <?/9, Ys, y8> ; <y9a Ye, y7> ; <y67 Ys, y10> ) <y9a Ys, y7> ;
Y, Y10, Y7) » (Y22, Y10, Y7) > (Y22, Yss y7)],

[
(
(
[(Y6, Yozs Yss Y7) » (Yo Uss Yss Y1) 5 (Uss Y2y Y10, Y7) » (Y6 Y22, Us, Y10)
<y9, y5,ys7y1o> <99, y6>y22798> ) (yﬁ, Ys, Ys, y10> ) (yg7y5,y22,y7) )
(Y9, Y5, Y10, Y7) <y6, Yss Y10, Y7) » <y5, Y2, s, Y1) 5 <y6, y57ylo7y7> )
(Yo, Ve, Ys, Ys) » (Yo, Ys, Ys» Y10) » (Yo, Us, Y22, Ys) » (Ys, Y2, Ys, Y1o0)
(Yo, Y6, Yoz, Yr) > (Y22, Yss Y10, Y7) 5 (Yo Y6 Ys, Yr) 5 (Yo, Y2, Ys, Y7)
(Y6, Y22, Y10, Y7) » (Yo, Yo, Ys, Y1) > (Yo, Y22, Y10, Y7) » (Us, Ys; Y10, Yr)
<y6,y5,y22,y8> <y97y6>y10>y7>]7

[

(

(

(

(

[

(

(

<y97y67 Ys, Y22, y7> <?J9, ya,yzz,y&y?) ) (yg,y57 Ys, Yo, y7> ) <?J9, Ys, Y22, Y10, y7> )
Ya, Y65 Ys, Ys, y7> (Yo, Y6, Y5, Ys, Y10) » <yg, Ys, Y22, Y8, y7> (Y6, U, Yss Y10, Y7) 5
Yo, Uss Y22, Y105 Y1) » (Y9, Us, Y2, Ys, Y10) » (Uss Y22, Ys; Y10, Y7) 5 (Yo, Yes Ys, Y105 Y7)
Y6, Uss Y22, Us, Y10) » (Y6, Y22, Ys> Y105 Y7) 5 (Y95 Y6, Ys, Y2, Us) > (Yo, Ys» Y22, s, Y10)
Yo, Y22, 3/87y107y7> <y9, ye,y5,y10,y7) ) (34673/5, Y22, Ys, y7> ) <Zl6, y5,y227y107y7>]7

<967y5; Y22, Ys, Y10, y7> <y9, 3/571/2271/87%0797) ) (yg,%yyzmy& Y1o, y7> )
Y9, Yo, y57y87y107y7> <y97y67y57y227y107y7> ) <y9u967y57y227y8ay7>7
Yo, y67y57y227y8ay10>]7

I
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SO fg has the primary decomposition

A (Ys, Y22, Ys) N (Y5, Ys; Y10) N (Ys, Y10, Y7) N (Yo, Yoz, y7) N (Y6, Y22, Ys) N
15 = N (Yo, Ys, ys) N (Yo, Ys, ys) N (Yo, Y6, y7) N (Ys, s, Y10) N (Yo, Y3, Y7) N

N <y57 Y10, ?J7> N <y227 Y10, y7> N <y227 Ys, y7>

A

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset(V),
V = (P°)* corresponding to [§. Indexing of the vertices of V by

8 8

27 27 _ 34 34 _ 35 _%)
132 13> 137 _ 137 137 13
88 64 _ 27 7 3

13013713 13213 13
I T § 8735 11

(

\

The ideal I'° C S° ® C[t] / (t?) has a Pfaffian resolution

[5,6], [ [4,6], [4,7],[2,6], [1,4], [2,5], 2, 7], [1, 2],
3,4],[1,7],[1,3],[6, 7], 3,7, [2,3], [4, 5], [1, 6], [1, 5]},

[ ,3,6],[2,4,6],[1,2,5],[1,3,7],[2,4,7],[3,6,7],[1,4,7],[2,5,6],
2747 5}7[17374]7[17276]’[1a475]7[4767 7]7[3747 7]7[27677]7[1727 7]7
37576}7[17273]7[47576]’[27376]7[17375]7[37476]7[27375]7[17274]7
1,6,7],[3,4, 5]],

[ 727677]7[1727477]7[1737475]7[2737576]7[1737677]7[3747677]7
2,4,6,7],[3,4,5,6],[1,3,4,7],[2,4,5,6],[1,2,4,5],[1, 2,3, 5],
1,2,3,6]]

1 * fl
0— O?wspecc[t]/(t?) (Kl) — & (Kl) = (51) - O?OxSpecC[t}/<t2>

where 7 : Y° x Spec C [t] / (t*) — V° and &'
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with

Oy (D(21,—1—100 + D@2,-1,-1,00) +D00—1—13—1)) D

Oy (D( 1,-1,1,2,-1,0) T D(o,o,o,o,—l,z) + D(—l,—1,2,1,—1,0)) S
F = Oso (D-1,-112-1,0) + D(—1,-1,00,0,-1) + D(—l,—1,2,1,—1,0)) D

Ogo (D(~1,-1,000-1) + D(00,-1,-13-1)) &

Oy (D(2171 ~1,00) T D1,2,-1,-1,0,0) + D(0,0,0,0, 12))

2 * .
and K = Ko xspecein/(i2)/ spec ]/ 12y a0d p' € NV (—K") given by

[0 ts7ys® Ys Yo —Y9 Y10 ts1yr
—ts7ys” 0 t (549 + S3Y10) Y7 Yo2
—YsYe —t(S1y9 + S3Y10) 0 tS2 Y22 —Ys
Yo Y10 —yr —152 Ya2 0 t(—56Ys — S5 Ys)
| —ts1y7 —Y22 Ys —t (=56 Y5 — S5 Ys) 0

Hence via the Pfaffians of ¢! we obtain a resolution

0— OYOXSpeC(C[t] (K) — & (K> — & — OYOXSpeC(C[ﬂ
where m : Y x SpecC[t]| =Y , & =nmF

and K = KXA/OXSpeC C[t]/ SpecC[t]

of the ideal I° C 5° ® C [t] generated by

yrys +1 (52 y%z) + 12 (—34 Yo Se Ys — S4Y9 S5 Y6 — S3 Y10 S6 Ys — S3 Y10 S5 yﬁ) )

Ys Y10 Yo + 1 (86 Y2Ys + 5 Y5 Yg) + 17 (=51 82 YFya) ,
q Yoy Yoz +t(s1y7) + 17 (=57 Y356 Ys — 57Y3S5 Ve)

Ys Yo Yoo + t (s793) + 17 (=51 Y754 Yo — 51753 Y10)
( —¥s Y6 Y7 + t (=52 Y510 — 53 Yo Y1) + t° (57 52 Y3Y22) )

which defines a flat family

X° C Y° x SpecC [t]
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11 Remarks on a tropical computation of the
stringy F-function

Suppose we are given the setup of the tropical mirror construction via a
degeneration X given by the ideal I. In the following we make some remarks
on the computation of Hodge numbers and the stringy E-function of the
general fiber from the tropical data, i.e., from the polytopes A and V and
the complexes B (1) C Poset (V) and lim (B (I)) C Poset (A).

We recall in Sections 11.4.3 and 11.4.4 the formulas by Batyrev and
Borisov for the stringy E-function of a general Calabi-Yau hypersurface inside
a Gorenstein toric Fano variety and for complete intersections given by nef
partitions. These formulas give evidence that it should be possible to com-
pute the stringy E-function from the tropical data via a formula analogous
to those for hypersurfaces. Note also that stringy E-functions and tropical
geometry share the concept of formal arcs. Furthermore the special fiber X
of X is a union of toric varieties and, as noted in Proposition 11.35 below,
the stringy F-function respects stratifications.

As this gives the general direction, we begin by recalling in Section 11.1
the relation of h* 1! (X), h? (X, Nx/pn) and Aut (P") for Calabi-Yau mani-
folds of dimension d in projective space P".

11.1 Hodge numbers of Calabi-Yau manifolds in P"
and the relation between h' ! (X), h® (X, Nx/pn)
and Aut (P")

Let X C P™ be a Calabi-Yau d-fold for d > 3.
e Note that for a Calabi-Yau d-fold

Tx = A'QY = AL @ A0k = (/\C@}) ® AL = it

e Tensoring the Euler sequence with Ox gives
0— Ox — Ox (1)thl — Tpn |x— 0
hence the long exact sequence
0— H°(X,0x) — H(X,0x ()™ — H°(X,Tpn |x)
— H!

—  H'(X,0x)=0 — H'(X,0x(1)""") (X, Tpn |x)
—  H*(X,0x)=0
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SO
H° (X,0x (1)")

H (X, Ox)

HY (X, Tn |x) =
and
H' (X, Ten |x) = H (X,0x ()") = H' (X, 0x (1))"*"
By Kodaira vanishing, as Oy (1) is positive and Q3 = Ox we get
H' (X,0x (1) =H (X,0x (1) ® Q%) =0 for i >0

hence
H! (X, Tpn |x) =0

The normal bundle sequence
0— TX — T[pm ’)(—> NX/pn — 0

gives the long exact sequence

O:HO(X,T)() — HO(X,T]pm ‘X) — HO (X,NX/pn) —

— Hl(X,Tx) — HI(X,T]IM ‘X):O

hence
HY (X, V)

I

H' (X, 0% ") 2 H' (X, Tx)

The long exact sequence for

0—Zx — Opn — Ox —0

0= HO(Pn,Ix) — HO(Pn,OPn)ZC — H0<]Pm,L*OX):
—  HY (P Ix) — H'(P",Op)=0 — H'(P".0x)=
—  H*(P"Ix) — H*(P",Op)=0 —
SO

H' (P",Ix) =0

H* (P",Ix) =0
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The long exact sequence for
0—=Zx (1) — Opn (1) = 1t.0x(1) =0
gives

0=H(P",Ix (1)) — H(P", Op (1)) —  H°(P",1,0x (1) —
—  HY(P",Ix (1)) —  HY(P",Opn (1)) =0

hence H' (P",Zx (1)) = 0 is equivalent to
HY (P, Opn (1)) — H° (P",1,0x (1))
being surjective, i.e., to X being embedded by a complete linear system.
Tensoring the Euler sequence with Zx gives the exact sequence
0—TIx —=ZIx ()" = Tpn @ Ix — 0
hence the long exact sequence

HP"Iy)=0 — H°(P"Ix(1)"") — HOP"Tp®Ix) —
— H'(P"Ix)=0 — H' (P Ix()"") — H'(P"TpIx) —
— H*(P"Ix)=0 —

If X does not lie in a hyperplane, H® (P", Zx (1)) = 0, so
H (P, Tpn ® Ix) = 0

If H' (P",Zx (1)) = 0, then
H' (P", Tpr ® Ix) =0

Tensoring
0—>Ix—>O[Pn—>OX—>O

with Tpn gives the exact sequence
0_)IX®T]P’” HTP" —)T]Pn ’X_>0
and the long exact sequence

0 — HO(P"Ix®Tp) — HO(P",Tp.) — HO(P",Tpn|x) —
— Hl(Pn,Ix®Tpn) —

SO

HO (P, Tpn |x) = H® (P, Tpn) = =

(", T |x) (P", T) HO (P", Opn) HO (P*, Opn
hence h® (P, Tpn |x) = (n 4 1)°—1. Note that any element in H° (P", Tpn
can be considered as a generator of an element in Aut (P"), so h° (P*, Tpn) =
dim Aut (P™).

H (P, Opn (1)""1)  HO(P", O (1))
)
)
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Summarizing these observations:

Proposition 11.1 For any Calabi-Yau d-fold X C P™ with d > 3 and not
in a hyperplane and with H' (X,Zx (1)) =0

H° (X, NX/HM)

HO <X7 TP" ’X)

12

H' (X, 0% ") 2 H' (X, Tx)

and
H® (X, Tpn |x) = HY (P, Tpn)

in particular
=1 (X) = hO (X, Nx/pn) — dim (Aut (P"))

Remark 11.2 Note that H' (X,Zx (1)) = 0 if X is projectively Cohen-
Macaulay. But H' (X,Zx (1)) = 0 is also true for the Pfaffian examples
of degree 15,16 and 17 given in [Tonoli, 2000] (see Section 10.1), which are
not projectively Cohen-Macaulay. H' (X, Zx (1)) = 0 is equivalent to X being
embedded by a complete linear system.

Although for K3 surfaces and elliptic curves we know that A% (X) = 20,
respectively 20 (X) = 1, it is interesting to see how the calculation behaves:

Remark 11.3 Recall that there are no algebraic families of dimension more
than 19, whereas all K3 form a 20 = h'! (X)-dimensional differentiable
family.

For K3 surfaces Tx = QY hence H° (X, Tx) = H°(X,Q%) = 0, but
H? (X,0x) =1, so from the Euler sequence tensored by Ox

H'(X,0x)=0 — H (X,OX(1)”+1) — H'Y(X,Tpn |x) —
- H*(X,0x) — H*(X,0x(1)"") =0

where H? (X, Ox (1)) = 0 by Kodaira vanishing, so
H (X, Tpn |x) = H* (X,0x) = C
From the normal bundle sequence

0=H(X,Tx) — H(X,Tpn|x) — H(X,Nyps) —
—  H'(X,Tx) — H'(X,Tp|x) — H" (X, Nxspn
— H2*(X,Tx) =0

—

and the fact that h' (X, Tx) = h'! (X) = 20, but the image in H' (X, Tx) is
at most 19 dimensional, we have H* (X, NX/IPJn) =0, hence

A (X) = h' (X, Tx) = h° (X, Nxypn) — h* (X, Tpn |x) + 1
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Furthermore
H! (P, Zx) =
H?(P",Ix) =0

so if HY (P",Zx (1)) =0 for j = 0,1, i.e., X does not lie in a hyperplane and
1s embedded by a complete linear system, then also

H (X, Tpn @ Ix) =0

for 7 =0,1, hence
HO (P", Tpn |x) = H° (P", Tpn)

and we get
R (X) = R0 (X, Nxspa) — (n+ 1) = 1) + 1

Remark 11.4 For elliptic curves Tx = Ox, hence H° (X, Tx) = C. So
from the Fuler sequence tensored by Ox

= C — H'(X,0x1)""Y)=0 — HY(X,Tp:|x) —0

hence

H1 (XvT]P’” |X) =0

From the normal bundle sequence

0— CgHO(X,TX) — HO(X,THM ‘X) — HO (XyNX/IP’") —
-~  HY(X,Tx) — 0

hence

AN (X) = h' (X,0x) = h' (X, Tx) = h° (X, Nxpn) — B° (X, Tpn |x) + 1

From
0= H°(P"Ix) — H°([P",Op)C — H°P",:,0x)=C —
—  H'(P".Ix) — H'(P",Op)=0 — H'(P"..0x)=C
— H2 (Pn,Ix) — H2 (]Pm,O[pm> =0
we get
H"(P",Ix) =0

H?* (P, Ix) = H' (P",1,0x) 2 H' (X,0x) = C
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By
H' (P, Op (1) =0 —
— H?(P",Ix(1)) — H*(P",Op(1)=0 —  H*(P",.0x(1)

one has

H*(P",Ix (1)) =0

so if X is not contained in a hyperplane and H' (P",Ix (1)) = 0 (i.e X
embedded by a complete linear system), then from

o P Ix)=0 — H'(P"Ix()")=0 — H'(P"Tp®ZIx) —
— H'(P"Ix)=0 — H'(P,Ix(1)")=0 — H (P Tm®Ix) —
— H?*(PMIx)=C — H?(P",Zx(1)""') =0

we get

H? (P", Tpn @ Ix) =0

H' (B", Tpn ® Tx) & H* (P, Ix) & H' (X, 0x) 2 C
hence by

0  H P Ix@Tpm) —  HO(P"Tw) — HO(P" Ton|x) —
— Hl (Pn7IX®TIPn) g(c — Hl (]P)n7TIPn) :O

it follows
RO (P™, Tpn | x) = RY (P, Tpn) + 1

SO
R (X) = h® (X, Nxjpa) — ((n+1)* = 1)
11.2 Batyrev’s Hodge formula

Let A C Mg be a reflexive polytope and X a general anticanonical hyper-
surface in Y = P (A). To given an idea on the proof of the Equations 2.1

pd-1.1 (X) =|ANM|—-n—-1- Z |intas (Q)]

Q facet of A
+ Z lintar (Q)] - [inty (Q7)]
Q face of A
codim Q=2

Rl (X):|A*QM|—n—1— Z lintx (Q7)|

Q* facet of A*

+ Y |inty (@) - [int (Q)

Q* face of A*
codim Q*=2
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via MPCP desingularizations, suppose ¥ is a maximal projective subdivision
of the normal fan NF (A) C Ny of the reflexive polytope A C Mg, let

fX(i) —P(A)

be the corresponding birational morphism inducing a crepant morphismﬁ)? —
X, and write D,, with w € £ (1) for the prime 7-Weil divisors on X (X).

11.2.1 Toric divisor classes

Restriction of divisors from X (f]) to X gives

0— M — WDivy (X (i)) — A, (X (E)) — 0

I | l
0— M — WDivr (X') —  Ag (X)tmC C Ay (X)
(11.1)
The image of the toric Weil divisors WDiv (X ) in Ay (X ) is not surjective
in general, so denote the image by A4 1 ()_( ) rorie A0d 1ts complexification, i.e.,
the subspace of H! ()_( ) of toric divisor classes of X, by

AL () = A (R),,, ©C
A divisor has trivial restriction if and only if its support is disjoint from

the general hypersurface X. If w € X (1) is a lattice point in the relative
interior of a facet of A* C Ng, i.e., if

we | int(QY)

codim(Q*)=1

toric

then f(D,) is a point, so D, is disjoint from any general element X of
‘_Kx(i) . If w € £(1) is not in the relative interior of a facet, then
dim (f (D)) > 0so f (D,) meets X. Hence with

S =A'nN- |J inty(QY)

codim Q*<1

we have

WDivr (X) = Z
and as cokernel of M — WDivy (X' )
A (X)), =75 /M

toric
SO

1,1
H

toric

(X)=Z5/M
with dimension

higric (X) = [A"ON| = 1= 3 it (Q")] —n

codim Q*=1
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11.2.2 Polynomial deformations and complex moduli space

Define the subspace of polynomial first order deformations

HEE (%) € N (X) 2 (X, Ty)
as the subspace determined by }—K X(i)" Any element is given by a linear

combination of the lattice monomials A N M. Multiplication of the equation
by a constant does not affect the zero set and the automorphism group of
X (E) has dimension

dim (Aut (X (8))) =n+ 3 fintas (Q)]

codim Q=1

hence
d-1,1 ( :
he (X)) =1ANM|—1—n— Z lintar (Q)]

codim Q=1

The tangent space to the space of polynomial deformations is

HY M (X) = (750 /N) @ C

poly

with
So=AnM-— |J inty(Q)

codim Q<1

and Z= /N given as the cokernel of the lower row in

00— N —  WDivr (X (io)) — A1 (X (SO)) — 0
I 1 l
0 N — WDiop (X°) =25 — Apy (X9), . C Auy (X°)

For a description of the non-toric divisor classes and non-polynomial de-
formations see, e.g., [Cox, Katz, 1999, Sec. 4.1].

11.3 First approximation of a tropical Hodge formula

Let Y =P (A) = P¢ for the degree n + 1 reflexive Veronese simplex A and
denote by S the homogeneous coordinate ring of Y. Consider the setup of
Section 9: So let X C Y x Spec C [t] be a degeneration of projective Calabi-
Yau varieties defined by the ideal I C C[t] ® S with monomial special fiber
given by Iy, C S, general fiber X and satisfying the conditions given in
Section 9.5. So X has only unobstructed polynomial deformations and as Y
is assumed to be projective space I is a Stanley-Reisner ideal.
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Proposition 11.5 A T-invariant basis of H° (X, NXO/]Pm) s given by

A (supp (dual (B (1))) N M)

and
M /) Hom (1o, S/1o),
U U U
A
supp (dual (B (I)))NM = A(supp (dual (B (I)))NM) C H°(Xg, Nx,mn)
1:1

in particular h° (Xo, Nx,/pn) = |supp (dual (B (I))) N M| is the number of
lattice points of dual (B (I)).

Corollary 11.6 If X is a Calabi- Yau manifold, then

BEAm X1 (XY — Jsupp (dual (B (1)) 1 M — Roots (P (A))] — dim (Ty) + 1.

Example 11.7 For the elliptic curve given as a complete intersection of two
quadrics in P3, as considered in Example 8.6, the dual complex dual (B (I))
together with the monomials corresponding to wvertices of V* is shown in
Figure 11.1. The 4 lattice points of dual (B (1)), marked with dots, form a
basis of T' )1(0, the remaining 12 lattice points are roots, i.e., homomorphism
of the form xia%j € Hom (Iy, S/1y), for i # j, of P(A) = P". So with the
torus T of P (A) we have

dim (Ty, ) + |[Roots (P (A))
A0 (X) + dim (T) + |Roots (P (A))

P (A))]
P (A))|
RMY (X)) + dim (Aut (P (A)))

h (X0>NXO/]P’">

The h'? (X) = 1-dimensional tangent space to the moduli space of X is a
quotient of the 4-dimensional T}(O by the 3-dimensional torus T of Y.

Remark 11.8 On the other hand lattice points of dual (B (I)) correspond
to rays of the MPCP-desingularization of the toric variety Y° containing
the Batyrev-Borisov mirror X° of X, hence rays correspond to toric divisor
classes of X°, so we also have an interpretation of the formula

=n

hyt. (X°) = |supp (dual (B (1)) N M — Roots (P (A))| — dim (Ty)

toric
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Figure 11.1: The dual complex and the monomials corresponding to the ver-
tices of V* associated to the degeneration of the general complete intersection
elliptic curve in P?

Note that above formula agrees with the toric Batyrev formula for hyper-
surfaces

hl,dim(X)—l (X) — ’AQM| —-n—-—1- Z |intM (F)‘
T facet of A

as for any reflexive polytope A
[OANM|=|ANM| -1
for any simplicial polytope

dim (Aut (P(A))) =n+ Y |inty (T)

T facet of A

and the faces of the dual A* of a Veronese polytope do not contain any
interior lattice points, hence

> inty (Q)] - linty (@) =0
Q face of A
codim Q=2
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Remark 11.9 The lattice points of dual (B (I)) corresponding to roots of
P (A) are the lattice points of supp (dual (B (I))) C V* C A in the relative
interior of the facets of A. The complex dual (B (I)) C dual (Poset (V)) and
A are shown in Figure 11.2.

Figure 11.2: The complexes dual (B (/)) C dual (Poset (V)) and A for the
degeneration of the complete intersection of two general quadrics in P3

11.4 String cohomology
11.4.1 Stringy E-function for toric varieties

Let X be a normal Q-Gorenstein toric variety of dimension n, given by the
rational polyhedral fan ¥ C Nr and let g, : Ng — R5( be the continuous
piecewise linear function with ¢, () = 1 for the minimal lattice generators
7 of all rays r € X (1).

Theorem 11.10 /Batyrev, 1998] The stringy E-function of the normal Q-
Gorenstein toric variety X of dimension n is given by

Ey (X, u,v) = (uv — 1)”2 Z (uv) PRy ™)

o€X neNNint(o)

Recall that int (o) denotes the relative interior of o. For the 0-cone we
define int (0) = {0}.
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11.4.2 The combinatorics of posets

Recall that a poset P is a finite partially ordered set, i.e., a finite set P with
a reflexive, antisymmetric (r < y and y < x implies z = y) and transitive
relation <.

Lemma 11.11 /Batyrev, Borisov, 1996-1, Sec. 2] There is a unique func-
tion
pup: Px P —7Z

called Mébius function, such that for every function f : P — A to some

abelian group A and
g)=>_f(x)

it holds :
F)=> pr(x,y) g

<y

Definition 11.12 Suppose that P has a unique minimal element min (P)
and mazimal element max (P) and that any maximal chain in P has the
same length d. If x <y, then define

[,y ={z € P|x <2<y}

The rank function p: P — {0, ...,d} associates to any x € P the length
of any maximal chain in [min (P), z].

Definition 11.13 A poset P with above properties is called Eulerian if its
Moébius function satisfies

pp (z,y) = (=1)"077

forall x < y.

Lemma 11.14 If P is an Eulerian poset and [xz,y] C P, then also [x,y] is
i an Bulerian poset with rank function

[yl — {0,..,0(y) —p(2)}
z = p(z) —p(z)

Lemma 11.15 Reversing the partial order, every Eulerian poset P has a
dual poset P*, which is again Fulerian with rank function



Example 11.16 For any n-dimensional strongly convex rational polyhedral
cone C' C Ng, the set of faces of C, together with inclusion, forms an Fulerian
poset Poset (C') with rank function

p: Poset(C) — {0,..,dim(C)}
F —  dim (F)

and with minimal respectively mazimal element

min (P) = {0}
max (P) =C

The dual poset of P is the poset of the faces of the dual cone C C Mg.

Define the truncation operator by
Tes : L[t] — Z[t]
d
S SRS o
=

Definition 11.17 If P is an Eulerian poset of rank d, then define the poly-
nomials G (P,t), H (P,t) € Z[t] recursively by

G(Pt)=1
H(Pt)=1
ford=0 and
H(Pt)= > (t=1)"7"G([z,P],1)
zeP
G (Pt = rog (-0 1 (P.0)
ford > 0.

Example 11.18 Suppose P is the poset of the faces of a cone over the degree
5 Veronese simplex of P*, then

H(Pt)=1+t+t*+t3+t
G(Pt) =1

indeed, for any boolean algebra P of rank n, we have H (P, t) = 1+t+...+t""1
and G (P,t) = 1.
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11.4.3 String-theoretic Hodge formula for hypersurfaces

Definition 11.19 Suppose N = 7" and M = Hom (N,Z). A cone C of
dimension d > 1 in Mg is called Gorenstein cone if there is a w € N with
(m,w) >0 for all0 #m € C and

{meC | (muw) =1}
1s an integral convex polytope, called the supporting polytope of C'.

Remark 11.20 Consider the setup of Section 9, so let' Y be a toric Fano
variety, X a degeneration of Calabi-Yau varieties, given by the ideal I C
Clt] ® S and with monomial special fiber Iy C S. Applying the tropical
marror construction, we obtain the strongly convex polyhedral cone

CIO([> C NR@R
U
N ®Z

which is the closure of the set of weight vectors selecting Iy as initial ideal of
I. Then the dual cone Cy, (I)" of Cy, (I) is a Gorenstein cone with supporting
polytope V* C My.

If X is a degeneration of complete intersections in a Gorenstein toric Fano
Y = P(A), then also Cy, (I) is a Gorenstein cone with reflexive supporting
polytope V = Cp, (I) N {w, = 1} and

¥° = (V) = Proj C [Cy, (1) N (N & 2)
with the natural grading on C[Cy, (I) N (N @ Z)].
Example 11.21 The cone
C={(\Im) e (Z& M)z | e Rsy, me A}

where A C My 1is the degree 5 Veronese polytope, is a Gorenstein cone over
the reflexive polytope A.

Definition 11.22 Let C' be a Gorenstein cone in Mg and A its supporting
polytope. The Ehrhart power series of A is

Pa(t) =) _|kANM|-t*

k=0
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Lemma 11.23 [Batyrev, 1994] Let C' be a Gorenstein cone of dimension d
in Mg and A its supporting polyhedron. Then there are 1y, ..., Y4 € Z>o such
that

K R e S

Pa (1) (1—1)

Define
S(Cyt) =vo+ 1t + .o+ 1bgg -t

Remark 11.24 Note that
S(Ct) =g+ 1 -t+ A gy -t = (1 =) kAN M- tF
k=0

depends only on the values |kAN M| for k = 0,...,d — 1, because of the
recursion relation (1 —t)%

Example 11.25 For the Gorenstein cone C over the degree 5 Veronese poly-
hedron A as defined in Fxample 11.21 we have

k 0 1 2 3 4
[EANM| 1 126 1001 3876 10626

hence
S(C,t) =1+ 121t + 381¢% 4 1213 + ¢*

Definition 11.26 If C' is a Gorenstein cone, define

S(ECty= Y S(Ct) (- G oy )

C1 face of C

Example 11.27 If C is the Gorenstein cone over the Veronese polyhedron
of degree 4 of P3, we have for the faces C;, C C

number of faces of C

dim (1) of this dimension §(Ct) G(CnClht)
0 1 1 1
1 4 1 1
2 6 1+ 3t 1
3 4 1+ 12t + 3t2 1
4 1 1+31t+312+¢* 1
hence

S(C,t) =t 419t + 13

442



Example 11.28 If C is the Gorenstein cone over the degree 5 Veronese
polyhedron from Example 11.21, the S (Cy,t) for the faces Cy C C are

number of faces of C

dim (C1) of this dimension §(Ct) G (¢, C.1)
0 1 1 1
1 5 1 1
2 10 1+ 4t 1
3 10 1+ 18t + 62 1
4 5 1+ 52t + 682 + 413 1
5 1 1+ 121t + 3812 + 12183 +t* 1
hence

S(C,t) =t + 101t* + 1013 + *

Theorem 11.29 [Batyrev, Dais, 1996] Let C C Mg be a Gorenstein cone
supported on a reflexive polyhedron A. If X is an ample non-degenerate
Calabi- Yau hypersurface of dimension d in P (A) = ProjC [C N M], then

Ey (X, u,v) = (uv) " (—u)™ § (C,u'v) + ()" S (CV, uv)
+ (ww) ™ Z (—u) @) g (Cr,u™Mv) S(CY,uv)
0CC1CC
where the sum goes over the faces Cy of C.

We may write this formula as

Ey (X, u,v) = (uv) ™" Z (—u) @) g (Cy,u ') S (CY,wv)
Ci1cC
Corollary 11.30 Consider the setup of Theorem 11.29. If X° is an am-
ple non-degenerate Calabi-Yau hypersurface of dimension d in P(A*) =
Proj C [CY N N, then the stringy E-functions of X and X° satisfy the mirror
duality relation

Est (Xa U, U) = <_u)d Est (XO; u_la U)

Example 11.31 For the quadric K3 surface in P3 given by a general section
in the degree 4 Veronese polytope, we obtain

number of faces of C

dim (C) of this dimension §(Cnt) S(C1)
0 1 1 t+t2+¢3
1 4 0 0

2 6 3t 0

3 4 3t + 3t2 0

4 1 t+192 43 1
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hence
Ey (X, u,v) =1 +uv + (uwv)?
+ u? + 19uv + v?
=1+ (u® + 20uv + v*) + (uv)?

Example 11.32 For the quintic Calabi- Yau threefold in P* given by a general
section in the degree 5 Veronese polytope

number of faces of C

dim (1) of this dimension §(Ch1) S(CL1)

0 1 1 t+t2 483 4t
1 5 0 0

2 10 At 0

3 10 6t + 6t> 0

4 At + 44¢% + 4¢3 0

5 1 t+ 1012 + 10183 +t* 1

hence

Ey (X, u,v) =1 +uv + (w)® + (w)®

— (v® + 101u*v + 101uv® 4 v°)
= 14w — (¢’ + 101vv + 101uv® 4+ v°) + (w)? 4 (ww)?

11.4.4 String-theoretic Hodge formula for complete intersections

Let A C Mg be a reflexive polytope and Y = P(A) the corresponding
Gorenstein toric Fano variety, denote by > C Ny the normal fan of A, and let
Y (1) = [U...UI. be a nef partition, i.e., E; = Zvelj D, are Cartier divisors,
spanned by global sections and Z;Zl E; = —Ky. Denote by A; = Ag, the
polytope of sections of £; and by X a Calabi-Yau complete intersection given
by general sections s; € H (Y, Oy (E;)) for j = 1,...,c.
Define
Z=P(Oy (E1) & ...® Oy (E.))
with canonical projection
T4 =Y

Then 7,0z (1) = Oy (D) & ... ® Oy (D..) and
H°(Z,07(1)) 2 H* (Y, Oy (E1)) @ ... ® H° (Y, Oy (E))

s0 (51, ..., 8.) corresponds to a section s € H° (Z, Oy (1)). Let X be the zero
set of s.
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As X is transversal to the toric strata of Y
Eq (X, u,v) = Ey (Y,u,v) — Egq (Y\X, u,v)

Proposition 11.33 [Batyrev, Borisov, 1996-I] |5 x: Z\X — Y\X is in
the Zariski topology a locally trivial C*~1-bundle, hence

Ey (Y\X,u,v) = (uw)'" ¢ Ey (2\X, u,v)
As Z is a ]Pfc_l—bundle over Y
Ey (Y,u,v) = ((w)" = 1) (wv — 1) By (Z, u, v)

Proposition 11.34 [Batyrev, Borisov, 1996-1] The sheaf Oz (1) is Cartier,
spanned by global sections, the morphism

a:Z — W = Proj @M H°(Z,04 (k))

is crepant, Oy (c) is the anticanonical sheaf on Z and W is a Gorenstein
toric Fano variety.

Q (X ) 1s an ample hypersurface in W .

Note that
W =ProjC[CN(Z"® M)]

with the cone
C = { (/\1, ,)\C,Z)\Zmz> S (Zr D M)R | A € RZO, m; € A, i =1, C}
=1

which is a Gorenstein cone with respect to w € N uniquely defined by

(m,w) =0 for all m € Mg C (Z" ® M)y

(e;;w)y=1foralli=1,...,c

and has reflexive supporting polyhedron.
Observing that

Eg (Z,u,v)

= Lugt (VVa u, ?))
By (Z\)_(,u,v) =

E
Eg (W\a ()_() U, v)
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we have

Eq (X, u,v)

Eq (Y,u,v) — Egy (Y\X, u,v)

(u)® = 1) (uv — 1) Eg (Z,u,v) — (wv)' ¢ By (2\ X, u,v)
() = 1) (uwv — 1) Egy (W, u,v) — (uv)' ¢ Eg (W\a (X) ,u,v)
(o) — 1) (w0 — 1) Eae (W, 0,0)

— ()" (By (Wou,v) — Ey (o (X)), u,v))

uv)

uv)

The stringy E-function Fg (W, u,v) can be computed by the following Propo-
sition 11.35, which shows equality of the stringy E-function and the original
string-theoretic F-function defined by Batyrev and Dais in [Batyrev, Dais, 1996].

Proposition 11.35 [Borisov, Mavlyutov, 2003] Let X = J,c; X; be a stra-
tified algebraic variety of dimension n with the following properties (satisfied

by W ):

e X has at most Gorenstein toroidal singularities such that for each i €
I the singularities of X along the stratum X; of codimension c; are
given by some c;-dimensional finite rational polyhedral cone o;. This is
equivalent to X being locally isomorphic to C"=% x U (o;) at all points
x e Xl

o There is a desingularization m: X — X such that its restriction to the
preimage if X; is a locally trivial fibration in the Zariski topology.

e For all points x € X; the preimage of an analytic neighborhood of x
under m is analytically isomorphic the product of a complex disc and
a preimage of a neighborhood of {0} in U (0;) under a resolution of
singularities of U (0;) such that the isomorphism is compatible with the
resolutions.

Then
By (X,u,v) =Y E(Xi,u,v)- S (0s,u)
iel
Hence if we denote by P the Eulerian poset of the faces of the cone C
with rank function
p: P — {0,...dim(C)}
F — dim(F)
then
Egq (W, u,v) = Z (uv — 1)P@7 S (2%, uv)
r€EP

z>min(P)
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In order to compute E (a ()_() , U, v) we can apply Section 11.4.3 to the
Gorenstein cone C.

Theorem 11.36 [Batyrev, Borisov, 1996-1] Let X C Y =P (A) and X° C
Y° =P (V) be general complete intersections of dimension d defined by nef
partitions, which are dual to each other with respect to the construction by
Batyrev and Borisov as given in Section 2.2. Then the stringy E-functions
of X and X° satisfy the mirror duality relation

Eg (Xa U, ’U) = (_u)d Est (XO; u_la U)

11.4.5 Remarks on a tropical computation of the stringy F-function

Consider the setup from Section 9. So denote by Y = X (X) the toric Fano
variety given by the fan 3 over the Fano polytope A*, and denote by S the
Cox ring of Y. Let X C Y x Spec C[[t]] be the Calabi-Yau degeneration given
by the ideal I C C[t] ® S with monomial special fiber given by Iy C S.
Recall that
V=0C, () Nn{w, =1}
and V* is a Fano polytope.

A first approximation of a tropical expression of the stringy E-function
of the general fiber X° of X° would be

Ey (X% u,v) = Z (uv — 1)@ 5 (Y )
z€BFy(I)
dim(z)>0
where
ZE\/ C CI() (I)v
denotes the face dual to z of the Gorenstein cone Cj, (1)” over the Fano
polytope V*, i.e., z* is the cone over

dual (xz N {w; = 1}) C dual (B (1)) C Poset (V*)

Of course this will not work due to the nature of the singularities of the
reducible X .

One may ask for a formula for E (X,u,v) in terms of the data given
by the Gorenstein cones Cy, (I)” and Cys (I°)” and the subfans BFy, (I)" C
Poset (Cp, (1)) and BFje (1°)" C Poset (Cye (1°)”). This formula should
be mirror symmetric with respect to the tropical mirror construction, i.e.,
should satisfy

Ey (X;u,v) = (—u)! Ey (X% u™",v)

when exchanging BFy, (I) and Cj, (I) with BFye (I°) and Cje (1°) and should
specialize to the formula for hypersurfaces from Section 11.4.3.
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12 Implementation of the tropical mirror con-
struction

In order to implement the tropical mirror construction, the following packages
for the computer algebra systems Macaulay2 [Grayson, Stillman, 2006] and
Maple [Maple, 2000] have been written by the author:

12.1 mora.m?2

The Macaulay?2 library mora.m2 provides an implementation of the standard
basis algorithm.

Polynomials are represented as elements in the Macaulay2 type Polyno-
mialRing and ideals are represented via the type Ideal.

e Monomial orderings:

Denoting by M the semigroup of monomials in a polynomial ring, they
are implemented as functions f : M x M — {true, false} comparing
two monomials, where f (my, my) = true if and only if m; > ms.

The following monomial orderings as defined in Section 1.4.1 are pro-
vided by mora.m2. They are selected by the global variable monord.

— lexicographical Ip
— reverse lexicographical rp
— degree reverse lexicographical dp

— negative lexicographical Is

The following weight orderings depend on a weight vector specified by
the global variable ww of Macaulay2 type List with rational entries,
whose length is the number of variables of the polynomial ring.

— weighted reverse lexicographical wp
— weighted lexicographical Wp
— local weighted reverse lexicographical ws

— local weighted lexicographical Ws
The matrix ordering Mat depends on a matrix mm of Macaulay2 type

Matrix with rational entries. The number of columns of Mat is the
number of variables of the polynomial ring.
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L(f)

Computes the lead monomial of the polynomial f with respect to the
semigroup ordering specified by monord.

SPolynomial (£, g)
Returns the s-polynomial

lem (L(f),L(g)), LC(f)lem(L(f),L(9))
L(f) LC (g) L(g)

of the polynomials f and ¢ in the given polynomial ring with semigroup
ordering monord.

SPolynomial (f, g) =

NFG (f,G)

Computes the Grobner normal form of the polynomial f with respect to
the finite Macaulay?2 type list G of polynomials and semigroup ordering
monord via Algorithm 1.174.

redNFG (f, G)

Returns the Grobner reduced normal form of the polynomial f with

respect to the list G and semigroup ordering monord, using Algorithm
1.176.

NF (f,G)

Computes the Mora normal form of the polynomial f with respect to
the list G and semigroup ordering monord by Algorithm 1.179.

Std (G)

Implements Algorithm 1.187 to compute a standard basis of the ideal
(G) for alist G of elements in a polynomial ring and semigroup ordering
monord.

Minimize (G)

Given a list G of polynomials computes an interreduced subset with
respect to the semigroup ordering monord.

MStd (G)

Returns a minimal standard basis of the ideal (G) for a list G of ele-
ments in a polynomial ring and semigroup ordering monord.
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e ReduceGb (G)

Given a minimal Grébner basis G of the ideal (G) with respect to
monord, returns a reduced Grobner basis of (G) via Algorithm 1.199.

e ReduceStd (G)

Applying Algorithm 1.201 takes a minimal standard basis G of the ideal
(G) with respect to monord and computes a reduced standard basis of
(G) by the Grobner normal form. If the reduction does not terminate,
the procedure stops after a finite number of reductions of each element
of G specified by the global variable iterlimit.

The global variable verbose € {0, 1,2} controls the output of intermediate
results, e.g., of syzygies in Grobner computations.

Example 12.1 Load the package and create a polynomial ring:

load "mora.m2";

R=QQ[z,y,2z];

Lead monomuals with respect to various orderings:
[=T74+Y ~T+2 "5+ "4 *y*2z+x 3%y "3;
monord=1Llp;
L(f)

") *y*z
monord=dp ;
L(f)

y 7
monord=1ls;
L(f)

25
monord=ds;
L(f)

T4
monord=Wp;
ww={2,1,-1};
L(f)

z 8%y 3
monord=Wp;
ww={-3,-1,-2}
L(f)
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y 7
monord=Mat;
MM=matriz {{-3,-1,-2},{1,0,0},{0,1,0},{0,0,1}};
L(f)
y' 7
Computing standard bases, division with remainder:
monord=1lp;
={z*y-1,y"2-1};
std(G);
{x*y_17 yAQ']y $_y}
GB=minimalstd(G) ;
{y A2_17 Qf—y}
f=x " 2*y+x*y 2+y 2;
NFB(f,G)
T+Y 2+y

NFB(f,GB)
2y+1

redNFB(f,GB)

y+1/2

G={z "2+y, z*xy+z};
GB=minimalstd(G)
{x"2+y, z*y+z, y 2+y}
f=x"2-y 2;
redNFB(f,G)

y 2+y

TedNFB(f,GB)

0

Mora normal form and Grébner normal form for local orderings:

monord=1s;
NF(z,{z-z"2})
0

1terlimit=50;
NFB(z,{z-z"2})
751

monord=1s;
f=z"2+y*z+y 2+x"2;
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={z, 2},
NE(f,G)

y 2+x°2

Minimal standard bases of the ideal (G) for the monomial orderings dp,

Ip, ds and ls:

={& 6+ 5%y 2,y 4-x 2%y 3};
monord=dp;
minimalstd(G)
{z°6+2"5%y "2, -x 2%y 34y "4, v "6 y+x"3%y "}, -x " T+x*y 6, £ 2%y "5+x%y "7,
y 8+x"7}
monord=Lp
minimalstd(G)

{z°6+x 5%y 2, -x° 2%y "3+y 4, ¥y 6+y"8, -y "9+y "6}
monord=ds
minimalstd(G)
{z°6+2"5%y 2,y "4-1"2%y "5}
monord=1ls

GB=minimalstd(G)

{x°5%y "2+x°6, y f-x 2% 3, " 7%y 3-2"7}

tterlimit=10"6;

reducestd (GB)

{z°5%y " 2+2°6, y f-x 2%y "3, "7}

Note that y> — 1 is a unit in R~ for the negative lexicographical ordering
>=1s and 27y? — 2" =27 (v - 1).

The ideal of a line and a plane in the global setting and in the local ring

Q [337 Y, Z] (z,y,2) :

G={zHy+y, z*z+2};
monord=dp ;
minimalstd(G)

{z*y+y,x*2+2}
NF(z,GB)
x

NF(y,GB)
y

NF(z,GB)
z

monord=1s;
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GB=minimalstd(G) ;
{z*y + y, ™2 + 2}

NF(z,GB)
T

NF (y,GB)
0

NF(z,GB)
0

reducestd (GB)

{y, 2}

Note that 14+x is a unit in R~ for the negative lexicographical ordering >= Is.

12.2 homology.m2

The Macaulay2 library homology.m2 provides the following functions:
Let C' be a cell complex given as a list, where the d-th element is a list
of the faces of dimension d, and each face is given as a list of vertices.

e IsSimplicial (C)
Checks if C' is simplicial.

e AssociatedChainComplex (C, R)

Associates to the simplicial complex C' the associated chain complex
with coefficients in the Macaulay2 type ring R. The resulting chain
complex is represented as a Macaulay2 type chain complex. The orien-
tation of the cells of C is represented by the ordering of the vertices in
the lists representing the faces of C' and the boundary maps are given
by

d
8(1}1‘0, "'7Uid> = Z (—1)] (UZ’O, ...,U/\Z‘j, ...,Uid)

e BoundaryMap (C, R, d)

Returns above boundary map 0 : Cy — Cy_1.

e HomologyChainComplex (C, R)
Computes a list with the homology groups of C' with coefficients in R.
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Example 12.2 Consider the following triangulation of the Klein bottle

0 1 2 0

3 6 4
7

4 8 3

0 1 2

load "homology.m2";

={{{0},{1}.{2},{3}.{4},{8}.{6}.{7},{8}.{9}},
{{0,1},{1,2},{0,2},{0,8},{1,8},{1,9}.{2,9}.{0,9}.{0, 3}, {4, 8},
{8,9},{3,9},{3,4}.{4,5}.{5,8}.{7.8}.{7,9}.{6,7}.{5,7}.{3, 5},
{5,6},{6,9},{4,6}.{4,9},{0,4}.{0,5}.{1,5}.{2,5},{2,6},{0,6}},
{{0,1,8},{1,2,9},{2,0,9},{0,3,9},{1,9,8},{0,8,4}.{3,4.,5},{4.8,5},
(5,8,7,,{7,8,9},{5,7,6},{6,7,9},{4,6,9},{3.4,9},{0,3,5},{0,5, 1},
{1,5,2},{2,5,6},{0,2,6},{0,6,4}}};

cC=SimplicialChainComplex (C,ZZ)
0<—Z10<—Z30<—Z20<—0
HomologyChainComplexz (cC)

(Z,Z.® 7Z/2,0)

cC=SimplicialChainComplex (C,QQ) ;
HomologyChainComplex (cC)

(Q,Q,0)
cC=SimplicialChainComplex (C,ZZ/2);

HomologyChainComplex (cC)
(Z])2,Z)260Z)2,Z7]2)
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12.3 stanleyfiltration.m2

The Macaulay2 library stanleyfiltration.m2 provides the following functions:

e StanleyDecomposition (/)
Implements Algorithm 6.66 to compute a Stanley decomposition

S/r= @ S, (—[D])

(D,o)eS
S c{(D,o) | D€ WDivy (Y"), D effective, o € X"}

of a monomial ideal I in the polynomial ring S, where ¥” is the fan
over the simplex on the variables of S and Y” = A™ (1) = Spec S.

The ring S is represented via the Macaulay2 type Ring and [ via the
Macaulay?2 type Ideal.

The output is a set of tuples (m, P) representing (D, o) € S, where m
is a monomial in S defining the divisor D and P is a set of variables of
S generating the cone o € Y.

e StanleyFiltration (1)

Returns a list with a Stanley filtration of the monomial ideal I C S.
The elements of the list are represented in the same way as for the
output of StanleyDecomposition.

e MonomialldealsFixedHilbertPolynomial (S, P, A, B)

Returns the set of monomial ideals in the multigraded polynomial ring
S =Q[v,-.., y-] with multigraded Hilbert polynomial P € Q [t1, ..., t4],
where A € Z%" is the presentation matrix of the Chow group of a
smooth toric variety Y and B is the irrelevant ideal of Y.

Example 12.3 Consider the ideal

I = (y1y2, yoy3) € S = Clyo, ..., y3]

load "stanleyfiltration.m2";

S=QQ[y 0..y.3];

I=ideal (y_1*y 2,y 0%y_3);

StanleyFiltration(I)
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1, {y-0,y-1}}, {y1,

{y-0,y-2}}, {y0,{y-1,y.3}}, {yo*y1,

{y-2,y-311}

This corresponds to the Stanley decomposition

S/T=1-Clyz,ys] @ v1-Clyr,us] ® vo - Clyo, y2] @ o1 - C o, v1]

I = (Yo, 11) N (Yo, y2) N (Y1, y3)

N (Y2, Y3)

and to the Stanley filtration given by the Stanley decompositions

S/ <ylay0> =1 (C[y27y3]
S/ (yrye, yo) = 1-Clyz, ys] © y1 -
S/ (Y1y2, Yoys, yoyr) = 1 - Cly2, ys] © v -
S/ (y1y2, yoys) =1+ Clya, y3] ® v -
12.4 tropicalmirror

[yla yS]
Cly1,y3] @ vo - C [yo, y2]
Cly1,y3] ® vo - Clyo, y2] ® yoy1 - C [yo, v1]

In the Maple package tropicalmirror we provide an implementation of the
tropical mirror construction given in the Sections 9 and 8. It also contains
an implementation of the algorithms from Section 6 computing the Grébner

and Bergman fan.

In addition to standard Maple packages, tropicalmirror assumes the convex
package for convex geometry [Franz, 2006] to be present. For local Grébner

computations tropicalmirror allows to call:

e Macaulay2 with mora.m2.

e Macaulay2 with Lazard ordering.

e Singular with built in monomial orderings.

e Singular with Lazard ordering.

The weight orderings can be represented in Macaulay2 and Singular as
Wp, wp or by a matrix ordering. tropicalmirror assumes that the following

variables of type string are present:

e runM2 with the command running Macaulay2 in the shell.

e runSingular with the command running Singular in the shell.
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e stdSystem with value M2 or Singular selecting the computer algebra
system for Grobner calculations.

e pathConvex with the path to the convex package.

Let N =7Z", P C Ng=N ® R be a Fano polytope, ¥ the fan over the
faces of P and Y = X (X) the corresponding toric Fano variety of dimension
n as defined in Section 7.2. The polytope P is represented as type polytope
and the fan ¥ as type fan in the convex package. Choosing a numbering of
rays of 3, let A be a Maple type matrix presenting the Chow group of Y via

O—>Z"£>ZT—>An_1(Y)—>O

as given in Section 1.3.4. Let v be a list of names for the variables corre-
sponding to the rows of A formed by the minimal lattice generators of the
rays of X. Denote the prime T-Weil divisor of Y corresponding to the j-th
row of A by D;.

The package tropicalmirror provides the following functions. They are
organized in a way to avoid multiple computations of the same result.

e FanOverFaces (P)

Returns the fan over the faces of the polytope P containing 0 as defined
in Section 7.2.

e RandomPolynomial(A, v, a, c)

Let a be an element of Z" corresponding the Weil divisor D = ZTEE(l) a;D;
representing the class [D] € A, (Y'). The function RandomPolynomial
returns a Maple type polynomial f € Sip in the variables given by
the Maple type list v with coefficients in {1,...,¢ — 1} such that all
monomials in S;p; appear in the polynomial. The Cox polynomial f

is obtained as explained in Section 1.3.8 and corresponds to a generic
linear combination of the lattice points of

Ap ={m e Mg | (m,7) > —a,Vr € ¥ (1)}

with M = Hom (N, Z), which form a T-invariant basis of the space of
global sections
H(Y,0y (D)= & Ca™

meApNM

of the reflexive sheaf Oy (D) as explained in Section 1.3.4.
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ReduceGenerators (v, t, g1)

Let gI = [fi,..., f;] be a list of Maple type polynomials representing
Cox homogeneous elements in C [t] ®¢ S such that for each polynomial
fj the degree 0 part with respect to the t-degree is a monomial m; in
S. The function ReduceGenerators removes all terms of f; —m; which
are divisible by some m;. Up to first order this amounts to Grobner
reduction of gI.

AssociatedFirstOrderDegeneration (v, t, gI)

Deletes all terms of t-degree bigger than 1 from the polynomials f; €
C[t] ®c S in the list gI = [f1, ..., fr]-

SpecialFiberGroebnerCone (A, v, t, gI)

Suppose X C A!xY is a flat family of Calabi-Yau varieties of dimension
d with monomial special fiber, given by the ideal I C C [t] ®c S gene-
rated by the Cox homogeneous elements f; of the list g/ = [fi, ..., f;].
Assume that the monomials of f; of ¢-degree 0 are minimal genera-
tors of the monomial ideal [y of the special fiber of X. The function
SpecialFiberGroebnerCone returns the special fiber Grobner cone C7, (1)
as defined in Section 9.6. It is represented by the convex type cone.

GroebnerFan (X, A, v,t, s, gI)

Computes the ideal J C C [, s]®@cS of the projective closure X € P'xY
of the flat family X C A' x Y given by the ideal I generated by the
elements f; € C[t]®c S of the list gI = [f1, ..., f-]. Returns the Grébner
fan of J as a subfan of R&Ng, computed as explained in Section 6.3.
It is represented by the convex package type fan.

BergmanFan (X, A, v,t, s, 9, GF)

Computes the Bergman subfan of the Grobner fan GF' as explained in
Section 6, where G'F is the result returned by GroebnerFan (v, ¢, s, A, gI).
The result is represented by the convex package type fan.
AssociatedAnticanonicalSectionsPolytope (C)

Intersects the special fiber Grobner cone C' C R@Ng with the hyper-
plane {w; = 1} and returns the resulting polytope in Ng.
AssociatedFanoPolytope (C')

Computes V = CN{w; = 1} C Ng and returns the polytope V* C Mg.
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FacePoset (V)

Returns the complex of faces of a polytope V C Ng, represented as a
list of lists L = [L_q, Lo, ..., L,]. The list L; contains the faces of V of
dimension j and each face is represented by the convex package type
face of polyhedron.

VertexRepresentation (B)

Given a complex B represented as a list of lists, where each face is of typ
face of polyhedron, returns a list of lists, where each face is represented
as a list of its vertices.

ChowGroup (A)

Returns a group isomorphic to the Chow group 4,,1 (Y) of Y = X (¥),
given as the cokernel of a diagonal matrix A’ of the same dimensions
as A.

ChowGroupAction (A)
Computes isomorphisms W € GL (n,Z) and U = (u;;) € GL (r,Z)

A

0— 72" = 7" — A, () —0
W v !
0— zn % 7 - o — 0

such that A’ is a matrix with non-zero entries only on the diagonal. As
explained in Section 1.3.9, the group

G (X) = Homy (4,1 (Y),C")
acts on the affine Cox space Homg, (WDivy (Y),C) = C" by

G (¥) x Hom,, (WDivy (Y),C) — Hom,, (WDivy (Y),C)

(g,a) > ga: WDivp(Y) — C
’ D, = g([D:])a(Dy)
hence
G () = Homg (H,C*)
acts by

G(X) xC —C
((¢5) . (az)) — (Hz 1t?ijaj)j:1

......
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Defining )
T= (H::lt?”)jzl r

.....

the function ChowGroupAction returns the list [A’, T7].

Irrelevantldeal (X, A, v)

Returns the irrelevant ideal B (¥) C S as defined in Section 1.3.9. The
variables in the list v corresponds to the rows of A.

BergmanSubfanOfGroebnerCone (X, A, v,t, g1, C)

Computes the Bergman subfan of the fan of faces of C' as defined in
Section 9.8 for the ideal I generated by the elements of the list gI.

BergmanSubcomplexOfSectionsPolytope (3, A, v, t, g1, poset Nabla)

Returns the Bergman subcomplex B (I) as defined in Section 9.8, i.e.,
the intersection of the output of BergmanSubfanOfGroebnerCone with
the hyperplane {w; = 1}. The result is a subcomplex of the complex
of faces poset Nabla = FacePoset (V) of V.= C N {w; =1} C Ny and
is represented as a list of faces of V of the form [..., Bj,...] where B,
is a list of faces of dimension j. For practical reasons it is useful to
fix a numbering of the faces in each dimension, so we represent B; as
a list. Each face is represented by the convex package type face of a
polyhedron.

SpecialFiberldeal (AMirror, z, poset Nabla, B)

Suppose z is a list of names for the variables of the Cox ring of Y° =
X (NF (V)) corresponding the rays of the normal fan of V, which are
numbered by the rows in the matrix AMirror. Suppose poset Nabla =
FacePoset (V) and B is the Bergman subcomplex of posetNabla as
given by the function BergmanSubcomplexOfSectionsPolytope. Then
SpecialFiberldeal returns the ideal

15 = Npep, {26+ | G a facet of V with F' C G)

which gives the subvariety X; C Y° as defined in Section 9.11. The
ideal I is represented as a list of minimal generators.
ToricStrataDecomposition (poset Delta, 1)

Returns the subcomplex Strataa (Ip) C Poset (A) as defined in Section
9.3. It is represented as a list of lists and each face is of the convex
package type face of polyhedron.
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e ComplexOfinitialldeals (v, t, g1, C)

Gives the complex of initial ideals ing (1) for the faces F' of B. It is
represented as a list of lists in the same way as the Bergman subcomplex
B. Each ideal ing (I) is represented by a list containing a standard basis
with respect to a monomial ordering in the interior of C.

e DualComplex (A, v,t,inl, B)

Computes the dual complex dual (B (I)) C Poset (V*) C Mg as given
by the map dual defined in Section 9.7. Here B denotes the Bergman
subcomplex B (I) as returned by BergmanSubcomplexOfSectionsPolytope
and inl is the complex of initial ideals as returned by
ComplexOfinitialldeals. The complex dual (B (I)) is represented as a
list of lists in the same way as the Bergman subcomplex B. The faces
of dual (B (I)) are represented by the convex package type face of a
polyhedron.

e CombinatorialDualization (poset Nabla, B)

If B is a subcomplex of the complex poset Nabla = FacePoset (V), then
the poset of dual faces F* C V* is returned. It is represented as a
list of lists in the same way as B and the faces are represented by the
convex package type face of a polyhedron.

Suppose B is the Bergman subcomplex B (I) of FacePoset (V) as re-
turned by BergmanSubcomplexOfSectionsPolytope, then by Proposition
9.26 we have

CombinatorialDualization (poset Nabla, B) = DualComplex (A, v, t,inl, B)

where inl is the complex of initial ideals as returned by
ComplexOfinitialldeals.

e EqualityofFaceComplexes (B, B2)

Given two complexes B; and Bs represented as a list of lists of faces of
the same polyhedron, returns true if By = By, i.e., if the lists in each
dimension agree up to permutation, otherwise returns false.

e MirrorComplex (P, A,v,t,inl, B)

Suppose B denotes the Bergman subcomplex B (I) of posetNabla =
FacePoset (V) as returned by BergmanSubcomplexOfSectionsPolytope
and in/ is the complex of initial ideals as given by ComplexOfinitialldeals.
Then the function MirrorComplex returns the complex p (B (1)) C FacePoset (A)
where A = P*. It is represented as a list of lists in the same way as B.
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The faces of 1 (B (I)) are represented by the convex package type face
of a polyhedron.

LimitComplex (Iirr, A, v,t, B)

If B denotes the Bergman subcomplex as returned by the function
BergmanSubcomplexOfSectionsPolytope and lirr the irrelevant ideal of
X (X) as returned by the function Irrelevantldeal, then the limit complex
lim (B) is computed as described in Section 9.10. The limit complex
is represented as a list of lists in the same way as B. The stratum
corresponding to the face F' is represented by the ideal Ir as defined
in Section 9.10 and I is given by a list with minimal generators.

Example 12.4 Consider the monomial degeneration X of the complete
intersection of two general quadrics in P? defined by the ideal I C
Clt]®Clxg, ..., z3] as considered in the examples in Section 8. To give
a computation of the ideal Ir of lim (F) in a non-simplicial setting, we
consider a face F' € p(B (1)) = Strataa (Iy) of the Bergman complex
of the mirror. We have

A = convexhull {(3,-1,-1),(-1,3,-1),(-1,—-1,3),(—1,—1,—-1)}

and

{{

( 173 1)}7{( )}7{<_17_1>3)}7{(37_17_1)}}
p(B(I)) = {{( —1) (-1

13,-1) (- L 1} >,<3,—1,—1>},}
{( 1737 1) ( 17 13>} {( ) ( 1 _173)}

omitting empty dimensions. The rays of X° are the rows of the presen-
tation matriz

0 2 -1

0 0 -1

2 0 -1

o 0 0 1
A= -1 1 0
-1 -1 0

1 -1 0

-1 -1 2

of A2 (Y°) and we denote the corresponding variables of the Cox ring
S° by y1, ...,ys. The irrelevant ideal of Y° is

B (X°) = (y1,y7) N (Y3, Y5) N (Y2, Ys) N (Ya, Ys) N (Y2, Ya) N (Ys, y7)
N (Y15 Y3, ¥s) N (Y, Y3, Ye) N (Y15 Y6, Ys) N (Y3, Y6, Ys)
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Let F' be the face

F = convexhull {(—1,3,-1),(-1,—-1,3)}
w=(=1,3,—-1) + (=1,-1,3) = (~2,2,2) € int (F)

and a (t) € (K*)* with val (a (t)) = w and ¢(t) = ¢y -t/ + hot a Cox
arc representing a (t), i.e., J" 4+ ker (A") is the space of solutions of the
linear system of equations A'J* = w'. The intersection with this affine
space with the positive orthant has the minimal 0-dimensional strata

(2,0,0,0,0,0,0,2),(0,0,0,2,2,0,0,0),(0,0,2,0,4,0,0,2),(2,0,0,4,0,2,0,0)
corresponding to the ideals

(Y1, 98) 5 (Ya, Us) » (Y3, Y5, Us) » (Y1, Ya, Ys) C S°

As B(X°) C (ys,ys,ys) and B (X°) C (y1,Ya, Ys) the limit face lim (F)
15 given by any of the ideals

(y1, ys) , (Y4, Ys)

hence also by
(Y1, Y1, Ys, Ys)
the ideal of all facets of V containing lim (F'). Figure 12.1 shows the

limit face lim (F') C B (I) C V and the numbering of the facets of V
by the variables of S°.

DualLimitComplex (P, B)

Given the Bergman subcomplex B C V, this function computes for all
faces F' the faces H of P such that dim (F'N H) = dim (F') and among
those returns the set of minimal faces with respect to inclusion. The
output forms the dual limit complex of B and is represented as a list
of lists compatible to B.

LatticePoints (dB)

Returns the set of lattice points of the complex dB C P C Z" ® R,
which is represented as a list of lists and each face F' of dB is a face of
the polyhedron P.

DeformationsFromCombinatorialData (A, v, dB)

Suppose dB = dual (B (I)) as given by the function DualComplex.
The function DeformationsFromCombinatorialData returns the complex
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of first order deformations of Xy, represented as a list of lists in the
same way as dual (B (I)). Each face is a set of degree 0 Cox Laurent
monomials corresponding to the lattice points of the corresponding face

of dual (B (1)).
e FirstOrderDegenerationFromCombinatorialData (10, def's, c)

Suppose [ is the ideal of the special fiber of X given as a list 10 of
monomial generators and defs is the complex of first order deforma-
tions as returned by the complex DeformationsFromCombinatorialData
then the list

m+ Z t-co-a(m)|mell

«a in a face of defs
is returned.

e ExtendFirstOrderPfaffian (g/)

If the ideal I* C C[t] / (t?) x S generated by g¢I is Pfaffian with syzygy
matrix A, a list with the Pfaffians of A in C[t] xS is returned to extend
the family defined by I' as explained in Section 10.2.

e ModuliDimStanleyReisner (dB)

The function ModuliDimStanleyReisner computes the number of lattice
points of dB = dual (B (I)) as given by DualComplex and the number
ro of roots of Y among them, and returns

|dual (B (1)) N M| —dimY —rg

If Y = P(A) where A is a Veronese polytope of P this number is
REAM)=1 (X)) of the general fiber X of X, as discussed in Section
11.3.

e StringyEFunctionOfGorensteinCone (C')

Given a Gorenstein cone C returns

(uv) ™! Z (—u) @) g (Cr,u"v) S(CY, )

CcicC

Example 12.5 Let X C P(A) x SpecC[[t]] be the monomial degeneration
of an elliptic curve given as the complete intersection of two general quadrics
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311
A

Figure 12.1: lim (') C V for F' € Strata(Xy) as in Example 12.4, and the
numbering of the facets of V by the variables of the Cox ring for the complete
intersection of two general quadrics in P3

in P3, as considered in the examples in Section 8. So let X be given by the

ideal
I = <t'91+l'1.’13'2, t'gg+$ol’3> C (C[t] ®S

where g1,g0 € S = C|xg,...,x3] are general quadrics reduced with respect to
I[) = <I11’2,{E0l‘3>.

runM2:="M2":
runStingular:="Singular":
stdSystem:="M2":
pathConvex:="/usr/local/convex":

read ("tropicalmirror"):

v:=[z0,z1,z2,23] :
A:=matriz([[-1,-1,-1],[1,0,0],[0,1,0],[0,0,1]]):
P:=convezhull (op (convert (4, listlist))):

P := polytope(3,3,4,4)
Sigma:=FanOverFaces (P) :
Sigma := FAN(3,3,0,4,]0,0,4])

91:=RandomPolynomial (A,v,matriz([[2], [0], [0], [0]]),13):
g2:=RandomPolynomial (A,v,matriz([[2], [0], [0], [0]]),13):
gl:=[t*gl+xl*z2, t*g2+x0%x3] :
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gI:=ReduceGenerators(v,t,gl);

gl = [2tz0* + tz120 + 8tx220 + tz1® + tzdx1 + 9twd® + 122223 + Sta2® + wla2,
15t20% + 8ta1x0 + 11t22x0 + 16tx1% + 16tw3x1 + 14tz223 + 15t22? + Tted?® + x03]

gI1:=AssociatedFirstOrderDegeneration(v,t,gl):
C:=SpecialFiberGroebnerCone(4,v,t,qI);

C = cone(4,4,0,8,8)
rays (C);
1,1,0,1],[1,0,1,1},[1,0,-1,—1},[1,—1,0, —1],
[1,1,0,0],[1,0,1,0],[1,0,0,1],[1,—1, =1, —1]]
Nabla:=AssociatedAnticanonicalSectionsPolytope(C);
V := polytope(3, 3,8, 8)
vertices(Nabla);
I,o0,1],[o,1,1},10,-1,-1],[-1,0,-1],[0,0,1],[-1, -1, —1],[0, 1, 0], [1, 0, 0]]

PMirror:=AssociatedFanoPolytope(C):

vertices (PMirror) ;
[-1,-1,0],[-1,-1,2],[0,2,-1],[2,0,-1],[0,0,—-1],[0,0, 1], [1,—1,0],[-1, 1, 0]]

SigmaMirror:=FanOverFaces (PMirror) :

# By fizing the presentation matrixz AMirror of the Chow group of

# YMirror=X(SigmaMirror), we choose a numbering of the Cox wariables
# of YMirror compatible with Example 12.4.
AMirror:=matriz([[0,2,-1], [0,0,-1], [2,0,-1], [0,0,1], [-1,1,0],
[-1,-1,01, [1,-1,0], [-1,-1,2]]):

ChowGroup (AMirror) ;

o O =
O = O
N OO
o O O
o O O
o O O
o O O

0
0|,"Z2Z/24+Z7Z"5"
0

ChowGroupAction (AMirror);

54 $Hs8 5658 s687s8

5% $356’ s3s4’ 89, 532542 7567 57, 88]

1
0
0

O = O
N OO
o O O
o O O
o O O
o O O
o O O
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ItrrMirror:=IrrelevantIdeal (SigmaMirror,A,v);

Lirr Mirror := [y3y4yTy8, ylydyby8, y2y3yby7, y1ly2y5y6, ydy5ybyTy8, y2y5yby Ty8,
yly2y3ydyT, yly2y3ydys]

posetlNabla:=FacePoset (Nabla) ;

poset Nabla =
[[face(0,8)],
[face(1,4), face(1,4), face(1,4), face(1,4), face(1,3), face

(1 (1 (1 (1 (1
[face(2,2), face(2,2), face(2,2), face(2,2), face(2,2), face(2,2), face
face(2,2), face(2,2), face(2,2), face(2,2), face(2,2), face(2

[face(4,1), face(4,1), face(4,1), face(4,1), face(3,1), face(3,1), face(3,1), face(3,1)],
[face(8,0)]]

# Numbers of faces of dimensions -1,0,1,2,3 are 1,8,14,8,1
VertezRepresentation(posetNabla);

I

H 1707 1“7 [[07 17 1“7 [[07 _17 _1]]7 [[_1707 1]] [[0 0 1]] H 1? 17 _1]] [[07 170]]7 [[1 0 OHL
[[07170]7[1707 0]]7[[07 71]7[_17_17 1]]7[[07171] [ 1“7[[07 ] [ 1707 ]]7
[[07171]7[0’07 1]]7[[1707 1]7[0’07 1“7[[_1707 1] [ L, _1 _1]]’[[0’ ] [ 1,-1,- 1]]
[[-1,0,-1],[0,1,0]],[[0, 1, 1], [0, 1,0]], [[0, —1, —1], [1 0, O]],[[l,O,l] [1 0, 0]],

[[17 0, 1]7 07 17 1]]’ [[17 07 1]7 [07 -1, _1]”7

[[t,o0,1],[o,1,1j,/o,1,0],[1,0,0], [0, -1, -1],[-1,0,—1], [0, 1,0], [1, 0, 0]],
It,o,1],o,-1,-1J,10,0,1],[-1,-1,-1]], [[0, 1,1],[-1,0,—1], [0,0, 1], [-1, —1]],
[[17071]7[07171]7 0707 1]]7[[07_17_1]7[ 1707—1]7[ 17 17 1]]7[[ 717 ] [_ ] [07170“7
[[1,0,1],[0,—1,—1],[1,0,0]]],

[[[ 0, 1]a [07 L, 1]7 [0: —1,-1j, [_17 0, _1]7 [07 0, 1]7 [_17 -1, _1]7 [O’ L, 0]’ [1’ 0, OHH
BF:=BergmanSub fanO0fGroebnerCone (Sigma,A,v,t,qI,C);

BF = [[ ne(4,0,0,0,0)],
,0,1,1), cone(4,
,0

1,1 1 , 1), cone
,2,2), cone(4,2

0,1,1
0,2,2),cone

)

B:=BergmanSubcomplexOfSectionsPolytope(Sigma,A,v,t,gI,posetNabla):

467



VertezRepresentation(B);

[0,
[[[17 ) H [[OaLle[[07_17_1]]a[[_1707_1]“7

H[L ) ] [07_17_1]]7“1707 1]7[07171”7[[07_17_1]7[_1707_1]]7[[07171}7[_1707_1]“7
]

# Numbers of faces of dimensions -1,0,1,2,3 are 0,4,4,0,0

y:=[yl,y2,93,v4,y5,y6,y7,y8];

IOMirror:=SpectalFiberIdeal (AMirror,y,posetNabla,B);

I0mirror := [y5ybyTy8, ylybyTy8, y2y5yTy8, y1y2yTy8, y3y5y6y8, y1ly3y6ys,
y2y3ydy8, yly2y3y8, y4ydybyT7, ylydy6yT, y2ydysSy7, yly2ydyT, y3ydys5yo,
yly3y4y6, y2y3ydy5, yly2y3y4]

inC:=Complexz0fInitialldeals(v,t,gI,C):
dualB:=DualComplex(A,v,t,inI,B):

# Numbers of faces of dimensions -1,0,1,2,3 are 0,0,4,4,0
VertezRepresentation(dualB);

)

9

I
[
[[[0’ ) 1]7[ 17170“ H -1 O] [0 0 1“7[[0707 1]7[_17_1 2“ [[1 -1 0] [2 O _1“]7
[[[-1,0,0],10,2, 1], [-1, - 1 ,01,10,0, 1], [=1,1,0[, [0, 1, =1]],
[[0,—1,0],[1, 1,0],[ 1,-1,0],[2,0,-1],[0,0,—1],[1,0, —1]],
[[0707 ]7[07 ) 1]7[07 ) ] [ 1 0]7[ 17071]7[_17_172]]7
[[07071]7[17 1’0]7[27 ) ] [ 171] [17070]7[_17_172]]]7
]
Covering (dualB) ;
[0,
H[[ 7170]]7[[ )’ 4 1]“7 [H ]]7[[_17_170]“7 [[[_17_172]]7[{07 07 1]]]7
[[[2, 0, =1]], [[1, =1, 0]]],
H[[ 27 1]’[ 1]]7[[ 17 70]’[ 171’0]“7“[ ]7[0707_1]]7[[1’_1’0]7[_1’_1’0“]7
[[[ 71’0]7[ 172”7[[0’07 ]’[072’ m [[[17 ] [ 17_172“’[[07071]7[2707_1”]]7
[
I

|
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cdualB:=CombinatorialDualization(posetNabla,B):
EqualityofFaceComplezes (dualB, cdual);

true

limB:=LimitComplex (Stgma,A,v,t,B);

limB = [[],

[[23, z1, 20], [x1, 22, 23], [20, 22, x1], [x3, 22, x0]],
le,x3L[x2,x3L[xO,x1L[xO,x2H,
I

]
BMirror:=MirrorComplez(P,A,v,t,inI,B):

# Numbers of faces of dimensions -1,0,1,2,3 are 0,4,4,0,0

VertezRepresentation(BMirror);

J,
73a H [[_1 _1 _1]]7[[_17_173“7[[3’_1’_1“]7

[
[ ) ]7[ ) a 1” [[_17_17_1]7[37—17—1]]7[[_1’3’_1]7[_1’
3, — ] [—1,-1,3]]],

Y

}

[
[
[
[
]
]

cdualBMirror:=CombinatorialDualization(posetDelta,BMirror):

duallimB:=DualLimitComplex (P,B);
# Numbers of faces of dimensions -1,0,1,2,3 are 0,0,4,4,0
EqualityofFaceComplexes (duallimB, cdualBMirror);

true
Covering (duallimB) ;
[l
[[[[1,0,0]], [[0,0, H] [[0, 0, 1]], [[0, 1, 01]], [[[1,0,0]], [[=1, =1, =11}, [[[-1,
[[[[1,0,0], [[-1, =1, -1],[0,0, 1]]}, [[[0,0, 1]],[[0,1,0],[170,0]]]7
H[_lv_l ]]7 [[07170]7[ ’070]“’ [H 7170“7 H _1]7 [07 71““a
]
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LatticePoints(duallimB) ;

[Ov O? 1]7 [17 07 0]]7 [[07 17 0]7 [07 07 1“7 H 17 1]7 [17 07 OH? [[07 17 0]7 [_17 _17 _1“]7

[—1,—1,-1],10,0,1],[1,0, 0]],[[0,1,0],[ },[1 0,0]],
0,1,0],[-1,-1,-1],[1,0,0]], [0, 1,0],[-1, —1, 1],[0,0,1]]],

DefsMirror:=DeformattonsFromCombinatorialData(AMirror,y, duallimB);

DefsMirror := [[],
[,

I y4y8%  y32y7 I, y1%y5  y4y8? 10 y2y6%  y32y7 1 y1%y5  y2y6° i
yly2y3’ y5y6y81’ LybyTy8’ yly2y3 .’ lyly3yd’ y5y6y8.’ Ly6yTy8’ ylydyd I’

H y2y62  ydy82  y32y7 ] [ y12y5  y4y82  y32y7 ]
y1§3y47 y1y221/3’ y5§/6y8 y6éu7y87 y1y221/3’ y5y6$/8

[ yl7y5  y2y6°  y3*y7 ] [ yl7y5  y2y6°  y4y8 H
y6y7y8’ yly3yd’ ydyby8.’ ly6yTy8’ ylydyd’ yly2y3

FirstOrderDegenerationFromCombinatorialData (IOMirror,DefsMirror) :

IOmirrorCartier:=CartierMonomials (IOMirror,SigmaMirror, AMirror,y) :

lyly2y3y4, y5y6yTys]

ts1:=TortcStrataDecomposition(posetNabla, IOmirrorCartier) :
ts2:=ToricStrataDecomposition(posetNabla, IOmirror):

EqualityofFaceComplezes(tsl,ts2);
true
FirstOrderDegenerationFromCombinatortalData(IOmirrorCartier,DefsMirror):

[t y2°y6® +t - y4*y8% + yly2y3yd, t - y1°y5* + t - y3°y7* + ybybyTys|
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13 Perspectives

13.1 Tropical computation of string cohomology

Stringy E-functions and tropical geometry share many technical concepts,
for example formal arcs, which are used in motivic integration to prove key
theorems on stringy E-functions, as indicated in Section 1.2. As explained
in Section 11.4.3, Batyrev and Dais give in [Batyrev, Dais, 1996] a formula
to compute the stringy E-function for a general anticanonical toric hypersur-
face. The stringy E-function of a hypersurface in P (A) is computed in terms
of combinatorial data of the reflexive polytope A. As explained in Section
11.4.4, Batyrev and Borisov represent in [Batyrev, Borisov, 1996-1] complete
intersections in Y = P (A) given by general sections s; € HY (Y, Oy (E;))
with 2521 E; = —Ky as the zero set of a section of

Z=P(Oy (D) ®..® 0y (D)) =Y

so reducing the computation of the stringy E-function to the case of a hy-
persurface and the bundle Z.

The tropical mirror construction, as given in Section 9, provides the ad-
ditional data given by the complexes B (I) C Poset (V) and lim (B (I)) C
Poset (A). So it is natural to ask whether it is possible to give a direct formula
for the stringy E-function of the general complete intersection Calabi-Yau in
terms of this data, as indicated in Section 11.4.5.

Further evidence to expect that the stringy FE-function Ey (X) of X
should be computable from the tropical data, is given the fact that the spe-
cial fiber Xy of X is a union of toric varieties and, as noted in Section 11,
the stringy E-function respects stratifications. See also Section 11.4.1 for an
explicit formula for the stringy E-function of a toric variety.

So, in general one may ask if the stringy E-function of the generic element
of the degeneration X is computable in terms of the tropical data.

13.2 Hilbert schemes and moduli spaces

The multigraded Hilbert scheme described in Sections 6.6.1-6.6.8 for smooth
toric varieties may be generalized to the non-smooth and further to the non-
simplicial setup by using the ideas of Section 9.3. For reduced monomial
ideals Iy the saturation (I : B (X)) is generalized by the ideal I} in the
non-simplicial setup: Consider a toric variety Y = X (X) given by the Fano
polytope P C Ng, ¥ =X (P),let A=P*C Mg and S =Cly, |r e X(1)]
be the Cox ring of Y. Given a monomial ideal I, C S we associate to Iy the
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complex of strata Stratana (Ip) with faces of dimension s given by

F a face of A of dim (F) = s with
Stratan (Ip), = < F'| facetsp (A) N facets,, (A) # 0

for all monomial m € I,
where

facetsp (A) = {G | G facet of A with F' C G}
facets,, (A) = {G | G facet of A with yg+ | m}

To this complex we can associate the ideal

Ir = <Hyv | J C X (1) with supp (B (1)) C UF”> cS

veJ veJ

Replacing Iy by 17 also amounts to passing to a reduced ideal, so without
modification this can only work for the local Hilbert scheme around a reduced
point, but this is what is relevant for the tropical mirror construction.

Generalizing the multigraded Hilbert scheme, also the state polytope, as
defined in Section 6.6.9, can be generalized to the non-simplicial setup.

Local moduli stacks may be computed by taking the quotient of the local
Hilbert scheme around a given ideal by a (in general non-reductive) automor-
phism group, generalizing the ideas of Section 11.3. For geometric invariant
theory in the non-reductive setting see [Doran, Kirwan, 2006].

Let A C Mg be a reflexive polytope and consider an anticanonical toric
hypersurface in Y = P(A). Generalizing the ideas from Batyrev’'s Hodge
formulas for toric hypersurfaces, as outlined in Section 11.2, the subset

So=AnM-{0}— |J inty(Q)

codim Q=1

of the set of lattice points of the polytope of sections A of —Ky plays
the key role in the construction of the simplified complex moduli space
of anticanonical hypersurfaces. By mirror symmetry this set is also used
in the construction of the Kéahler moduli space of the mirror. See, e.g.,
[Aspinwall, Greene, Morrison, 1993] and [Cox, Katz, 1999, Section 6] for de-
tails. Now consider the setup of the tropical mirror construction with de-
generation X given by I. Then the set =; generalizes to the set of lattice
points of the support of dual (B (I)) C Poset (V*) which do not correspond
to a trivial deformations of the special fiber. Note that for hypersurfaces
V* = A. So one may ask if the complex dual (B (I)) may be useful for the
construction of moduli spaces.
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13.3 Integrally affine structures

Gross and Siebert use in [Gross, Siebert, 2003], [Gross, Siebert, 2006] and
[Gross, Siebert, 2007] toric degenerations, integrally affine structures and the
discrete Legendre transform to give a mirror construction.

They consider a degeneration f : X — S of Calabi-Yau varieties whose
total space is a complex analytic space its base is a complex disc .S and which
has a special fiber whose normalization is a disjoint union of toric varieties.
Outside a set of codimension 2 any point x in the total space is assumed to
have a neighborhood U, such that there is an affine toric variety Y, a regular
function f, given by a monomial and a commutative diagram

U. — Y,

S — C

with open embeddings U, — Y, and S — C.

Given this data a manifold with an integral affine structure with singu-
larities is constructed, i.e., a topological manifold such that outside a finite
union of locally closed submanifolds of codimension at least 2 there are charts
whose transition functions are integral affine transformations. Furthermore
a polyhedral decomposition of this manifold is constructed. This process is
reversible, i.e.; from an integral affine manifold with singularities and a poly-
hedral decomposition one can construct a degeneration. Using the descrete
Legendre transform one can obtain a mirror integral affine manifold with
polyhedral decomposition from which one obtains the mirror degeneration.

So one may ask if it is possible to obtain from the polytopes A and V and
the embedded subcomplexes B (I) C Poset (V) and lim (B (/)) C Poset (A)
integral affine structures and how the tropical mirror construction relates to
the construction by Gross and Siebert.

13.4 Torus fibrations

Consider the setup of the tropical mirror construction. So let Y be a toric
Fano variety given by a Fano polytope P C Ngr with Cox ring S and a
monomial degeneration X of Calabi-Yau varieties of dimension d which is
given by the ideal I C S ® C|[t].

The monomial special fiber X, has a degenerate torus fibration over the
sphere Strata (X,) = lim (B (I)) C Poset (A) with A = P*: The strata of
X, of dimension s = 0, ..., d are complex tori (C*)* which contain (S')*.

In the same way also the mirror special fiber X has a degenerate torus
fibration over B (I). The dimensions of the tori and their base faces are
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related via the map lim by s < d — s. This agrees with the large-small
interchange of T-duality.

One may ask if the data provided by the spheres B (I) C Poset (V) and
lim (B (I)) C Poset (A) and the complexes dual (B (I)) and lim (B (I))* of
deformations in the initial ideals provide sufficient information to obtain a
SYZ-fibration of the general fiber of X as introduced in
[Strominger, Yau, Zaslow, 1996]. Furthermore one may ask how these fibra-
tions relate to mirror symmetry via T-duality.

13.5 Mirrors for further Stanley-Reisner Calabi-Yau
degenerations

In Section 9.3 we connected the combinatorial representation of monomial
ideals in the Cox ring of a toric variety Y in the special case of Y = P" to
the Stanley-Reisner setup:

Let Y =P (A) = P™ where A is the degree n 4+ 1 Veronese polytope and
let ¥ be the normal fan of A. Let R = X (1) be the set of rays of ¥ and
S = C|y, | r € R] the homogeneous coordinate ring of Y. The faces of the
simplex A* correspond to the subsets of 3 (1), i.e., the set of variables of the
homogeneous coordinate ring S.

Let Z be a simplicial subcomplex of Poset (). In the following we re-
present the faces as subsets of R, so Poset (X) is represented as the complex
2R of all subsets of R and Z C 2%. Any face F of Poset (¥) = 2% can be
considered as a square free monomial

Yr = HrEFyr

Then the monomial ideal generated by the yg for the non-faces of 7
Iy = (IL,cpyr | F € 2% not a face of Z) C S

is the Stanley-Reisner ideal corresponding to Z C 2% and Az = S/I is the
Stanley-Reisner ring of Z. Note that for any monomial ideal I; C S the ring
S/1y is Z*-graded. The complex Z defines the affine scheme A, = Spec (Az)
and the projective scheme P, = Proj (Az).

The complex Z relates to the complex of strata Stratan (Iz), which we
defined in Section 9.3, by the isomorphism of complexes

Poset (A) = 2R
U U
comp: Stratas (Iz) — Z
F — {reR|r¢hul(F*)}
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In [Altmann, Christophersen, 2004-11] and [Altmann, Christophersen, 2004-1]

the deformation theory of Stanley-Reisner rings is addressed, computing the
first order deformations and obstructions. We give a short outline of the
computation of the first order deformations of P, C P" by Altmann and
Christophersen.

Consider the following notation. Given a subcomplex Z C 2% we denote
by

vert (Z) ={reR|{r} e Z}

the set of vertices of Z. If a € 2% is a face then we can define the complex

of faces of a as
Poset (a) = {b € 2% | b C a}
the boundary of a as
da={be2®|b<a}
and the link of @ in Z

k(a,Z)={beZ|bna=0,bUa € Z}
An element ¢ € Z% has a support supp (c) € 2% defined as

supp (¢) ={r e R | ¢, # 0}

Let S be a polynomial K-algebra mapping onto A with A = S/I for some
ideal I and
0-R—-F—-S—-A—=0

with free F' a presentation of A as an S-module. If M is an A-module then
define

T' (A/K, M) = coker (Derg (S, M) — Homy (I/1%, A))

In the Stanley-Reisner setup write T = T" (A, /C, Az). The grading of
Az induces a grading on T} .

For ¢ € Z® homomorphisms in Homg (Iz, S/I;), can be represented by
Cox Laurent monomials.

Computation of T reduces to links of faces:

Theorem 13.1 [Altmann, Christophersen, 2004-1I] Let D € Z® and write
D = D, — D_ where D, D_ € Z%, with disjoint support. Denote by a =
supp (Dy) and b = supp (D_). -

Then Ty, p = 0 unless a € Z, D_ € {0, 1}% and b # 0. Suppose these
conditions are satisfied. T} p depends only on a and b, so write Ty _,_, for
Tx,p- Then

T}XZ,afb =0
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unless a € Z and b C vert (Ik (a, Z)) and if these conditions are satisfied
le,a—b (Z) = T}L(Z)—b (Ik (a,T))

Suppose that Z is a combinatorial manifold, i.e., for all faces a € Z
the link 1k (a, Z) is a sphere of dimension dim (Z) — dim (a) — 1.

Lemma 13.2 [Altmann, Christophersen, 2004-1I] For b € 251 with |b] > 2
it 15 equivalent:

© Th9(2) 70

o dim (T4, (2)) =1

e [t holds

S [ Lxoy ifbg 7
| L*x0bUOLxPoset (b) ifbeZ

where the geometric realization of L is a dim (Z) + 1 — |b| sphere. In
any case Z 1s a sphere.

Theorem 13.3 [Altmann, Christophersen, 2004-11] If Z is a manifold, then

Ti,= Y, Ti(k(a,2))
DeZR
a=supp(D)eZ

with
T (K (F, 2) = ) Tj, (k(F, 2))
where the sum goes over all b C 1k (F, Z) with |b| > 2 and

- Lx0b ifb¢lk<F7Z>
lk(F’Z)_{ L+ 0bUOL * Poset (b) if b€ lk(F,2) }

where the geometric realization L is a dim (Ik (F, Z)) + 1 — |b| sphere.
Note that all Tj , (Ik (F, Z)) are of dimension one.

From this one can compute for case of manifolds of dimension < 2:
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Proposition 13.4 [Altmann, Christophersen, 2004-11] If Z is a manifold of
dimension < 2, then T (Z) is trivial or

dim(Z) Z dim (T2 (2))
0 0A two points 1

1 Es triangle 4

1 E, quadrangle 2

2 0Nz tetrahedron 11

2 Y (E3) suspension of a triangle 5

2 Y (Ey) octahedron 3

2 Y (En) suspension of an m-gon, m >5 1

2 C'(m,2), m>6 cyclic polytope 1

Here A, denotes the m-simplex, E,, the m-gon and X (C) the suspension of
C, i.e., the double pyramid on C.

This can be applied to compute T (Z) for the links in a threefold.

Proposition 13.5 [Altmann, Christophersen, 2004-11] Given a simplicial com-
plex Z C 2% and the corresponding Stanley-Reisner ideal I, we have

Ty, en = H° (Pz, Np,/pn) = Homg (17, S/17),

The kernel of Homg (12, 5/1z), — T4, is generated by the homomor-
phisms a:n% and

dim (Homg (I7,5/17),) = dim (T4, o) + (n + 1)°

As outlined above for T, the methods given by Altmann and Christo-
phersen allow computation of the first order deformations and obstructions,
hence should provide the necessary data to apply the tropical mirror con-
struction given in Section 9.

Let Xy C Y be defined by a Stanley-Reisner ideal. We may consider, if
existent, a component of the local Hilbert scheme of X, such that a degen-
eration X with general tangent vector in this component given by an ideal [
satisfies Cy, (I) N {w; = 0} = {0}. The first order deformations in the tan-
gent space of the X-component form the complex dual (B (I)) as defined in
Section 9.7 and span the Fano polytope P°, which gives the embedding toric
Fano variety Y° = X (X) with ¥ = X (P°) for the mirror fibers.

As an example, in [Griinbaum, Sreedharan, 1967] an enumeration of all
combinatorial types of simplicial 4-polytopes with 7 and 8 vertices is given.
These correspond to reduced monomial Calabi-Yau threefolds X in P° and
P7 via the Stanley-Reisner construction. For codimension 4, due to the lack
of a structure theorem analogous to Theorem 10.2, smoothing of X has to
be addressed by the deformation theory of Stanley-Reisner rings.
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13.6 Deformations and obstructions of a non-simplicial
generalization of Stanley-Reisner rings

Consider the setup of the previous Section 13.5. So let Y =P (A) = P" with
the degree n+1 Veronese polytope A, ¥ = NF (A) and S =Cly, | r € £ (1)]
the Cox ring of Y. The faces of the simplex A* correspond to the subsets of
¥ (1), i.e., the set of variables of the homogeneous coordinate ring S. Let Z
be a simplicial subcomplex of Poset () representing faces as sets of rays and
I; C S the corresponding Stanley-Reisner ideal. As noted in the previous
Section 13.5 and Section 9.3 the isomorphism

Poset (A) = 2%

U U
comp: Stratap (Iz) — Z
F — {reX(1)|r ¢ hull(F*)}

transfers the combinatorial data to a subcomplex of Poset (A) and

I; = <Hyv | J C X (1) with supp (Strataa (Iz)) C UF“>

veJ vedJ

Note that this also works if Y = X (X)) is a toric variety such that 3 is the
fan over the faces of a simplex A*. The dual description of the ideal I via
the subcomplex Strataa (Iz) C Poset (A) should allow for a reformulation
of the formulas for 7% and 72 by Altmann and Christophersen in terms of
the complex Stratan (/7). So one may ask if this allows for a non-simplicial
generalization of these formulas.

13.7 Mirrors of Calabi-Yau varieties given by ideals
with Pfaffian resolutions in the Cox rings of toric
Fano varieties

Let Y = X (¥) be a Q-Gorenstein toric variety of dimension n with Cox ring
S. We call a subscheme X C Y of codimension 3 Pfaffian, if

1. there is a vector bundle F on Y of rank 2k 4 1 for some k € Z>

2. and a skew symmetric map ¢ : F (D) — F* for some divisor D such
that ¢ degenerates to rank < 2k — 2 in codimension 3

3. X is scheme theoretically the degeneracy locus of ¢.
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If X is Pfaffian in Y given by the skew symmetric map ¢ : F (D) — F*
and det (F*) = Ox (FE) then the resolution of X is of the form

0—-0y(D—-2FE)—F(D—-FE)—F(-E)— Ox

wg = Ox (=D +2E + Ky) and X is locally defined by the Pfaffians of ¢.

One may ask if the following generalization of Walters theorem from Sec-
tion 10.1 holds: If X is an equidimensional, locally Gorenstein subscheme
X C Y of dimension n — 3, w% = Ox (D) for some divisor D and some par-
ity condition similar to that in Theorem 10.4 is satisfied then X is Pfaffian.

With respect to these topics see also [Eisenbud, Popescu, Walter, 2000].

We call X globally defined by Pfaffians, if X is Pfaffian where F =
Oy (Ey) @ ... ® Oy (E,) is a direct sum with divisors E;. Then X is defined
by the Pfaffians of ¢ in the Cox ring S.

Generalizing the work of Tonoli in [Tonoli, 2000] one may construct Pfaf-
fian Calabi-Yau varieties in toric Fano varieties.

Suppose X C Y x SpecC [t] is a monomial degeneration of Calabi-Yau
varieties with fibers in the toric Fano variety Y with Cox ring S given by
the ideal I C C[t] ® S as in the setup of the tropical mirror construction.
Let X° C Y° x Spec C [t] be the mirror degeneration with fibers in the toric
Fano variety Y° with Cox ring S° given by the ideal I° C C[t] ® S°. For
hypersurfaces and complete intersections we have:

Assume that X is the degeneration associated to a general anticanonical
toric hypersurface in a Gorenstein toric Fano variety as given in Section 3.1.
Then the mirror degeneration is again a degeneration of toric hypersurfaces.

If X is the degeneration associated in Section 3.1 to a general Calabi-Yau
complete intersection given by a nef partition in the Gorenstein toric Fano
variety Y°, then the mirror degeneration X° C Y° x Spec C [¢] can be defined
by an ideal I° C C[t] ® S° with Koszul resolution.

So if X can be defined by an ideal J C I with Pfaffian resolution we may
ask: Is there always a birational model X° C Y° x SpecC [t] of the mirror
degeneration X° C Y*° x Spec C [t] which has fibers in a toric Fano variety
Ve = X (2°), ¥°(1) € %°(1) with Cox ring S° and is defined by an ideal
J° C C[t] ® S° with Pfaffian resolution?

13.8 Tropical geometry and mirror symmetry over fi-
nite fields

Consider the Fermat one parameter family of quintics threefold hypersurfaces
given by

5
f (l’, t) = Z I? + 5t - T1T9X3T4T5
=1
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in projective space over F, with ¢ = p", p # 5. Denote by N, (¢) the number
of solutions of f (x,t) in P§ . In [Candelas, de la Ossa, Villegas, 2000] these
numbers are computed in terms of the periods and in
[Candelas, de la Ossa, Villegas, 2004] the structure of the (-function

S

(s.0) = (SN0 )

is discussed and related to mirror symmetry.

Non-Archimedian and p-adic geometry share many similarities. Also, as
observed by L. Tabera, tropical geometry behaves well with respect to finite
fields. One may ask how the (-function relates to the tropical data associated
to monomial degenerations.

13.9 Tropical curves and the A-model instanton num-
bers

Mikhalkin gives in [Mikhalkin, 2005] a formula enumerating curves of arbi-
trary genus in toric surfaces via tropical geometry. He computes the finite
number of curves of genus g and degree d passing through 3d — 1 4 g points
in general position, i.e., the Gromov-Witten invariants of P2, by counting
tropical curves via lattice paths of length 3d — 1+ g in the degree d Veronese
polytope A of P2. This generalizes to other toric surfaces by replacing the
polytope A.

In the context of Calabi-Yau varieties and mirror symmetry we are in-
terested in the A-model correlation functions defined via Gromov-Witten
invariants. The instanton numbers appearing in the Gromov-Witten invari-
ants are related to the number of rational curves of given degree on the
Calabi-Yau variety.

Consider the setup of the tropical mirror construction. One may ask
if it is possible to compute instanton numbers, Gromov-Witten invariants
and the A-model correlation functions of the general fiber of the monomial
degeneration X in terms of a tropical curve count using the components of
the special fiber of X.

13.10 GKZ-hypergeometric differential equations and
quantum cohomology rings of Calabi-Yau varieties

Consider a Calabi-Yau hypersurface in a toric Fano variety P (A) of dimen-
sion n given by a reflexive polytope A C Mg. For this setup the Gelfand-
Kapranov-Zelevinski hypergeometric systems are analysed in [Hosono, 1998]
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in the context of mirror symmetry. Via the local Torelli theorem one can
give a local coordinate on the moduli space in terms of period integrals. For
the hypersurface given by

meA*NM
we have one canonical period integral
1 1

n dxz
=Gy Jo, o=

for the cycle
Co=A{lz;|=1]i=1,....,n} C T =Homg (M,C")

As shown by Batyrev in [Batyrev, 1993] the period integral satisfies the fol-
lowing GKZ-hypergeometric system associated to A = {1} x (A* N N) and
the exponent =1 x 0. With the lattice

L= {(za) c 7! | Zn:zg(szo}

ocA

of relations on the elements of A (see also Section 1.3.14) this system of
differential equations is given by

(Hl5>0 <8%>l6 — T, (a%) la) U(c)=0forlelL

(Zd-q%—ﬁ)‘l’(c):O

deA

The GKZ-hypergeometric system relates to the period integrals about the
maximal degeneration point of the hypersurface degeneration.

We may ask for a generalization of the hypersurface setup using the com-
plexes involved in the tropical mirror construction.
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rank function, 439
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reduced standard basis, 120, 129, 149—
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448

Riemannian manifold, 46
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root of unity, 49, 86
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semi-stable, 159, 165
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Serre duality, 45
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simplicial fan, 66
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200, 444
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special fiber Bergman complex, 330

special fiber Bergman fan, 330

special fiber Grobner cone, 324

stable, 165
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standard basis algorithm, 117

Stanley decomposition, 176

Stanley filtration, 179

Stanley-Reisner ideal, 315, 474

Stanley-Reisner ring, 474

stanleyfiltration.m2, 180, 455

state polytope, 154, 157, 160

std, 118

stereographic projection, 141

stongly convex, 66

Strata, 211

stratification, 53, 54, 57

stratified toric primary decomposition,
313

strictly simplicial, 66
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String theory, 46

stringy E-function, 57, 60, 61

stringy Hodge numbers, 45, 52, 59,
60, 121

stringy topological mirror pair, 45,
60, 121

strongly convex, 63, 440
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subfamily, 127, 128

superstring theory, 46

suppBC, 140

suppBF, 140
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support function, 72
support of a fan, 66, 70, 72
syzygy, 146148, 325

T-Cartier divisor, 71, 72-76, 78, 91,
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T-divisor, 71

T-invariant, 71, 73, 312

T-Weil divisor, 71, 72, 73, 434
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topological mirror symmetry, 54

toric blowup, 69, 70

toric divisor classes, 434

toric Fano, 90, 90, 121, 124, 125, 198,
200, 204, 327, 339, 348, 349,
444

toric ideal, 62

toric strata, 211

toric variety, 66

torus, 62, 6668, 72, 73, 79, 92, 132,
334, 436

torus action, 62, 64, 66-68, 71

torus orbit, 64, 67, 68, 71

torus orbit closure, 64, 67, 68, 89, 211

total ordering, 109, 155

transformation rule of motivic inte-
gration, 59

triangulation, 104

trivial covering, 213

tropical addition, 138

tropical basis, 137

tropical geometry, 132

tropical line, 139

tropical mirror, 108

tropical multiplication, 138

tropical polynomial, 138

tropical prevariety, 138

tropical semiring, 138

tropical subcomplex, 207, 213, 215,
217, 330

tropical variety, 136, 139, 141

tropical variety at infinity, 142

tropicalization of a polynomial, 139

tropicalmirror package, 73, 81, 108,
218, 344, 456

tropvar, 137

truncation operator, 440

universal skew symmetric linear map,
126

unstable, 159, 165

upper convex, 75

valuation, 134
Veronese, 74, 79, 85, 91, 122, 124, 440
very ample, 76, 79

weak normal form, 113, 114-117

weight filtration, 53

weight ordering, 111, 152, 197, 324

weight vector, 110, 111, 119, 149, 153,
157, 195-197, 312, 324

weighted degree ordering, 109

weighted lexicographical ordering, 110,
448

weighted projective space, 123
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110, 448
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Weil divisor, 71, 73, 80
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Zusammenfassung

Mirror Symmetry and Tropical Geometry
Janko Bohm

Unter Verwendung von Tropischer Geometrie entwickelt die vorliegende
Arbeit eine Mirrorkonstruktion fiir monomiale Degenerationen von
Calabi-Yau-Varietaten in torischen Fanovarietaten. Die Konstruktion
reproduziert die Mirrorkonstruktionen von Batyrev fiir Calabi-Yau
Hyperflachen und von Batyrev und Borisov fiir Calabi-Yau vollstandige
Durchschnitte. Wir wenden die Konstruktion auf Pfaffsche Beispiele an,
insbesondere erhalten wir den von Rgdland gefundenen Mirror fiir die
Calabi-Yau 3-Faltigkeit in P° von Grad 14 gegeben durch die Pfaffschen
einer allgemeinen linearen schiefsymmetrischen 7 x 7—Matrix.

Die Arbeit stellt das notwendige Hintergrundwissen zur Verfiigung, das
in die tropische Mirrorkonstruktion eingeht, wie torische Geometrie,
Grobnerbasen, Tropische Geometrie, Hilbertschemata und Deformatio-
nen. Die tropische Mirrorkonstruktion liefert einen Algorithmus, den
wir an einer Reihe von Beispielen illustrieren.






Using tropical geometry we propose a mirror construction for monomial
degenerations of Calabi-Yau varieties in toric Fano varieties. The construc-
tion reproduces the mirror constructions by Batyrev for Calabi-Yau hypersur-
faces and by Batyrev and Borisov for Calabi-Yau complete intersections. We
apply the construction to Pfaffian examples and recover the mirror given by
Redland for the degree 14 Calabi-Yau threefold in IP® defined by the Pfaffians

of a general linear 7 x7 skew-symmetric matrix.

We provide the necessary background knowledge entering into the tropi-
cal mirror construction such as toric geometry, Grébner bases, tropical geom-
etry, Hilbert schemes and deformations. The tropical approach yields an
algorithm which we illustrate in a series of explicit examples.
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