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ABSTRACT

In this thesis we consider the two-dimensional bin packing problem and the strip
packing problem, which are popular geometric generalizations of the classical bin
packing problem.

In both problems, a list of rectangles has to be packed into a designated area such
that no two rectangles overlap and all rectangles are packed axis-parallel. For the
strip packing problem, the given items have to be packed into a strip of unit width
and minimal height, whereas in the two-dimensional bin packing problem a packing
has to be found into a minimal number of unit-sized bins.

We investigate approximation algorithms and online algorithms for these problems
and consider variants where rotations of the rectangles are forbidden and where ro-
tations by go degrees are allowed. In particular, we present two approximation algo-
rithms for strip packing with approximation ratios 1.9396 and arbitrarily close to 5/3,
respectively. These results are the first improvements upon the approximation ratio
of 2 that was established 16 years ago. Moreover, we show an improved lower bound
of 2.589 on the competitive ratio of online strip packing along with an upper bound
of 2.618 for restricted input instances. For two-dimensional bin packing we derive
best-possible approximation algorithms for the variants with and without rotations.

ZUSAMMENFASSUNG

In dieser Arbeit befassen wir uns mit dem zweidimensionalen Bin Packing Problem
und dem Strip Packing Problem. Beide Probleme sind geometrische Verallgemeine-
rungen des klassischen Bin Packings.

Bei beiden Problemen soll eine gegebene Liste an Rechtecken so in einen vorge-
gebenen Bereich gepackt werden, dass die Rechtecke sich nicht t{iberlappen und alle
Rechtecke achsenparallel gepackt sind. Beim Strip Packing soll die Packungshohe ei-
ner Packung der Rechtecke in einen Streifen (Strip) der Breite 1 minimiert werden.
Dahingegen erfolgt die Packung beim Bin Packing in eine minimale Anzahl an Qua-
draten (Bins) der Grofe 1.

Wir untersuchen Approximationsalgorithmen und Onlinealgorithmen fiir diese Pro-
bleme und unterscheiden die Varianten, in denen die Rechtecke nicht rotiert werden
diirfen und in denen eine Rotation um 9o Grad erlaubt ist. Fiir das Strip Packing Pro-
blem zeigen wir Approximationsalgorithmen mit Giiten 1,9396 und beliebig nah an
5/3. Dies sind die ersten Verbesserungen der Approximationsgiite von 2 die vor 16
Jahren gezeigt wurde. Des Weiteren zeigen wir eine verbesserte untere Schranke von
2,589 fiir das online Strip Packing Problem und geben einen Onlinealgorithmus mit
Giite 2,618 fiir eingeschrankte Instanzen an. Fiir das Bin Packing Problem prasentie-
ren wir bestmdgliche Algorithmen fiir die Varianten mit und ohne Rotation.
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INTRODUCTION

The classical bin packing problem is one of the most fundamental problems in combi-
natorial optimization. In this thesis we consider popular geometric generalizations of
this problem, namely, the two-dimensional bin packing problem and the strip packing
problem.

1.1 PACKING PROBLEMS

In the classical (one-dimensional) bin packing problem one is given a list of items
I ={ay,...,a,} with sizes s; € (0,1] and an unlimited supply of unit-sized bins. The
goal is to find an assignment (packing) of the items to a minimum number of bins
such that the sum of item sizes in each bin does not exceed its unit capacity. The one-
dimensional problem and its applications are subject to a great number of articles, see
Coffman, Garey & ]ohnson[13] for a survey.

In this thesis we consider the two-dimensional bin packing problem and the strip
packing problem. These geometric generalizations of the bin packing problem have
received substantial research interest in recent years, we refer to Sections 1.3.1 and
1.4.1 in this introduction for further references.

In the two-dimensional bin packing problem, a list I = {r1,...,rn} of rectangles
of width w; < 1 and height h; < 1 is given. An unlimited supply of square bins of
unit size is available to pack all items from I such that no two items overlap and all
items are packed axis-parallel into the bins. The goal is to minimize the number of
bins used. For the strip packing problem, the given items have to be packed into a
strip of unit width and minimal height.

For both problems two main variants have been studied, taking into consideration
the rotation of items. Depending on the variant, rotations might be completely forbid-
den or rotation by go degrees are allowed. Note that the assumption of unit-sized bins
is a restriction in the case where rotations are permitted.

1.2 APPLICATIONS

Classical bin packing has a large number of applications, reaching from industry (cut-
ting material such us cables, lumber or paper) to computer systems (memory alloca-
tion in paged computer systems) and networking (packet routing in communication
networks). Effectively, bin packing appears as a sub-problem in various other settings.

Additionally, there are several new applications for the geometric generalizations
of bin packing that we consider here. Most importantly, in manufacturing settings
rectangular pieces need to be cut out of some sheet of raw material, while minimizing
the waste. Obviously, cutting problems and packing problems correspond to each
other. Restrictions to orthogonal packing and packing with restricted or even without
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rotations make sense in this setting as well if we cut items out of patterned fabric and
have to retain the alignment of the pattern. These cutting stock problems occur as bin
packing and strip packing problems.

Scheduling independent tasks on a group of processors, each requiring a certain
number of contiguous processors or memory allocation during a certain length of
time, can also be modeled as a strip packing problem37]. In this application the width
of the strip represents the total number of processors or memory available, and the
height represents the maximal completion time. Thinking of (semi-)manually oper-
ated machines instead of processors we might have periodic breaks, as they would
occur when working in shifts, making this a two-dimensional bin packing problem.

Further applications can also be found in VLSI-design (minimum rectangle place-
ment problem!”!) and in the advertisement placement problem!*9. In this problem, we
have to place all given rectangular ads on a minimal number of pages or web-pages.

In this thesis we develop approximation algorithms, that get the complete input
at once and have to compute an approximate solution in polynomial time, and we
consider online algorithms, that receive the input items one after the other and have
to irrevocably place each item before the next item is released. For both types of
algorithms, the solution derived by the algorithm is compared to an optimal solution.

In the following sections we introduce both of these concepts along with the cor-
responding related work on two-dimensional packing and a short description of our
contribution.

1.3 APPROXIMATION ALGORITHMS

The one-dimensional bin packing problem was one of the first problems to be proven
NP-completel*! and, according to Garey, Coffman & Johnson!'3], one of the first
problems for which the idea of worst-case performance guarantees was investigated.
Of course, also any generalization that contains the original problem is N'P-complete.
As we cannot expect to find efficient algorithms for N"P-complete problems, research
has concentrated on finding good approximation algorithms. In this thesis we use the
following two notions of the approximation ratio.

Let ALG(I) be the value, i.e., the height of the strip or the number of bins, of a
packing produced by algorithm ALG on input I. Denote an optimal algorithm by
OPT. The (absolute) approximation ratio of packing algorithm ALG is defined to be

B ALG(I)
mae =5 { o)}

A large portion of the previous work on two-dimensional packing problems has
focused on the asymptotic approximation ratio, i.e., the behavior of the algorithm on
instances with large optimal value. The asymptotic approximation ratio of packing
algorithm ALG is defined to be

{ ALG(I)

oPT(D ‘ OPT(I) = n} .

ParLc = limsup sup
n—oo I



1.3 APPROXIMATION ALGORITHMS

A problem admits a polynomial-time approximation scheme (P7AS) if there is a
family of algorithms {A, | ¢ > 0} such that for any ¢ > 0 and any instance I, A,
produces a (1 + €)-approximate solution in time polynomial in the size of the input.
A fully polynomial-time approximation scheme (FPTAS) is a PTAS where addi-
tionally A, has run-time polynomial in 1/e. Asymptotic (fully) polynomial-time ap-
proximation schemes are similarly defined in terms of the asymptotic approximation
ratio.

1.3.1 KNOWN RESULTS

Due to its prominence and importance, one-dimensional bin packing received a lot of
research attention. The most important results include an asymptotic PTAS by Fer-
nandez de la Vega & Lueker!*®! and an asymptotic FPTAS by Karmarkar & Karp!33!.
On the negative side, it is well known that bin packing cannot be approximated within
a factor of 3/2 — ¢ for any ¢ > 0. We also refer to the survey of Coffman, Garey &
Johnson!™! for more details on this problem. In the following, we present in more
detail the results on the two-dimensional problems that we investigate in this thesis.

STRIP PACKING. Coffman, Garey, Johnson & Tarjan[14] studied algorithms based
on methods for one-dimensional bin packing. Their algorithms, which pack the rect-
angles on shelves, are called NexT Fitr DECREASING HEIGHT (NFDH) and First FiT
DecreASING HeiGgHT (FFDH). They proved that NFDH(I) < 2O0PT(I) + hmax(I) and
FFDH(I) < 1.70PT(I) + hmax(I), where hmax(I) is the maximal height among all
rectangles in the instance I. The approximation algorithm presented by Sleator!4?!
generates a packing of height 2OPT(I) + hmax(I)/2.

The asymptotic performance ratio of the above algorithms was further reduced to
4/3 by Golan!* and then to 5/4 by Baker, Brown & Katseffl'. These algorithms gen-
erate packings of heights at most 4/3 - OPT(I) 4+ 127/18 - hymax(I) and 5/4 - OPT(I) +
53/8 - hmax(I), respectively.

Kenyon & Rémila34! and Jansen & van Steel*9! gave asymptotic FPTAS’s for strip
packing without rotations and with rotations, respectively. The additive constant was
recently improved from O(1/€?) to hmax(I) by Jansen & Solis-Obal?7! at the cost of
a higher running time, i.e., losing the polynomial runtime bound in 1/¢ and making
the algorithm an asymptotic PTAS.

In terms of absolute approximability, Baker, Coffman & Rivest!?l showed that the
Borrom LeFr algorithm has an approximation ratio equal to 3 when the rectangles
are ordered by decreasing widths. Many of the results above also imply an absolute
performance guarantee. The results of Coffman et al.l'4! and of Sleatorl4?! directly
imply absolute approximation ratios of 3, 2.7 and 2.5 for their algorithms, respectively,
since hmax (1) < OPT(I).

This was independently improved by Schiermeyer3! and Steinbergl43! with algo-
rithms of approximation ratio 2. Especially Steinberg’s algorithm has been used in
many subsequent bin packing and strip packing papers as a subroutine. Jansen &
Solis-Obal?7! showed an absolute PTAS for strip packing with rotations on instances
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with optimal height at least 1. After the work by Steinberg and Schiermeyer in 1994,
there was no improvement on the best known absolute approximation ratio when
rotations are forbidden until very recently. Jansen & Thole!?8! presented an approxi-
mation algorithm with approximation ratio arbitrarily close to 3/2 for restricted in-
stances where the widths are of the form i/m fori € {1,...,m} and m is polynomially
bounded in the number of items. Notice that the general version that we consider ap-
pears to be considerably more difficult.

On the negative side, since strip packing includes the one-dimensional bin packing
problem as a special case, there is no algorithm with absolute ratio better than 3/2

unless P = NP.

TWO-DIMENSIONAL BIN PACKING. In 1982, Chung, Garey & Johnson"?! proposed
the algorithm HyBrib FIrsT FIT for two-dimensional bin packing and proved that its
asymptotic approximation ratio is at most 2.125. Capraral was the first to present
an algorithm with an asymptotic approximation ratio less than 2 for two-dimensional
bin packing. Indeed, he considered 2-stage packing, in which the items must first be
packed into shelves that are then packed into bins, and showed that the asymptotic
worst case ratio between two-dimensional bin packing and 2-stage packing is T, =
1.691.. .. Therefore, the asymptotic FPTAS for 2-stage packing by Caprara, Lodi &
Monacil*®! achieves an asymptotic approximation guarantee arbitrarily close to Teo.
In 2006, Bansal, Caprara & Sviridenkol®! presented a general framework to improve
subset oblivious algorithms and obtained asymptotic approximation guarantees arbi-
trarily close to 1.525. .. for packing with rotations of go degrees or without rotations.
These are the currently best-known asymptotic approximation ratios for general two-
dimensional bin packing problems. For packing squares into square bins, Bansal, Cor-
rea, Kenyon & Sviridenkol”! gave an asymptotic PTAS. On the other hand, the same
paper showed the AP X-hardness of two-dimensional bin packing without rotations,
thus no asymptotic PTAS exists unless P = N'P. Chlebik & Chlebikoval*!l were the
first to give explicit lower bounds of 1 +1/3792 and 1 4 1/2196 on the asymptotic
approximability of rectangle packing with and without rotations, respectively.

Not much has been done in terms of absolute approximability of the bin packing
problem prior to our work. Zhang!47! presented an absolute 3-approximation algo-
rithm. For the special case of packing squares into bins, van Steel4 showed that an
absolute 2-approximation is possible. On the negative side, Leung et al.3°! showed
that it is strongly N P-complete to decide whether a set of squares can be packed into
a given square. Thus it is not possible to approximate two-dimensional bin packing
within a factor of less than 2 unless P = NP even if rotations by go degrees are
allowed.

It should be noted that in the asymptotic setting, especially for the positive results
for bin packing mentioned above, the approximation ratio only gets close to the stated
value for very large inputs. In particular, the 1.525-approximation by Bansal et al.[°]
has an additive constant which is not made explicit in the paper but which the authors
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admit is extremely largel4]. Thus, for any reasonable input, the actual (absolute) ap-
proximation ratio of their algorithm is much larger than 1.525, and it therefore makes
sense to consider alternative algorithms under the absolute performance measure.
Proving a bound on the absolute approximation gives us a performance guarantee
for all inputs, not just for (very) large ones.

1.3.2 OUR CONTRIBUTION

In this thesis we focus on the absolute approximation ratio. Attaining a good absolute
approximation ratio is more difficult than attaining a good asymptotic approximation
ratio, because in the second case an algorithm is allowed to “waste” a constant number
of bins, which allows, e.g., the classification of items followed by a packing where each
class is packed separately.

For the strip packing problem, we present two approximation algorithms that break
the bound of 2. Although Schiermeyer39! already expected in his work in 1994 that
the approximation ratio can be reduced below 2, these algorithms represent the first
improvements on the absolute approximability of strip packing since Schiermeyer’s
work. First, we present an algorithm with an absolute approximation ratio of 1.9396
and second, partially based on this result but involving a much deeper investigation in
different cases of packings, we present an algorithm with an absolute approximation
ratio arbitrarily close to 5/3.

These results significantly reduce the gap between the lower bound of 3/2 and the
upper bound.

For the bin packing problem, we consider the variants without rotations and with
rotations by 9o degrees. For both variants we give approximation algorithms with
an absolute approximation ratio of 2. Due to the result by Leung et al.13! this is op-
timal provided P # NP. Jansen, Priadel & Schwarz!*! independently achieved the
same result for bin packing without rotations. Furthermore, we prove a conjecture by
Zhang!#7! on the absolute approximation ratio of the Hysrip First Frr (HFF) algo-
rithm by showing that this ratio is 3.

1.4 ONLINE ALGORITHMS

In the online version the rectangles are given to the online algorithm one by one from
a list, and the next rectangle is given as soon as the current rectangle is irrevocably
placed. To evaluate the performance of an online algorithm we employ competitive
analysis. As for the approximation algorithms, we denote the value, i.e., the height
of the strip or the number of bins, of a packing produced by algorithm ALG on an
input list L by ALG(L). The optimal algorithm OPT is not restricted in any way by
the ordering of the rectangles in the list. Competitive analysis measures the absolute
worst-case performance of online algorithm ALG by its competitive ratio

5
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As for the approximation algorithms, research has partially concentrated on the as-
ymptotic competitive ratio that is defined as

o . ALG(I)
P = msspsup { Gy | OPTO) =1 -

Note that we use the same letter p for the approximation ratio and the competitive
ratio as both ratios are defined similarly and describe the same: How well does a
given algorithm perform relative to the optimal solution on worst-case instances. The
setting, i.e., whether we consider approximation or online algorithms, only restricts
the algorithms (to polynomial running time and applicability to online settings, re-
spectively) but does not affect the optimal solution. Note that although many online
algorithms are time-efficient, they are, in contrast to approximation algorithms, not
constrained in their running time.

1.4.1 KNOWN RESULTS

The classical online bin packing problem has been studied extensively. The most im-
portant results include the algorithm HarmoNIc++ by Seiden!4°! with an asymptotic
competitive ratio of 1.58889 and a lower bound on the asymptotic competitive ratio of
1.54014 by van Vliet!45].

STRIP PACKING. Baker & SchwarzB! were the first to study so-called shelf algo-
rithms for strip packing that do not rely on the order of the items and thus apply to
the online scenario. One of their algorithms, presented already in 1983, achieves an
asymptotic competitive ratio arbitrarily close to 1.7. In 1997, Csirik & Woeginger!*]
showed that no shelf algorithm can achieve an asymptotic competitive ratio less than
T = 1.691... and at the same time presented an online algorithm whose asymptotic
worst-case ratio comes arbitrarily close to this value.

Han, Iwama, Ye & Zhang!®! gave a general algorithmic framework between one-
dimensional bin packing and strip packing, with which they achieve the same asymp-
totic bounds by applying bin packing algorithms to strip packing. This makes the
modified HARMONIC++ algorithm by Seidenl4°! to the current champignon in terms
of asymptotic competitiveness with a ratio of 1.58889. The lower bound of 1.54014 by
van Vliet!45! on one-dimensional bin packing of course also holds for strip packing.

The first fit shelf algorithm by Baker & Schwarz[3l was the first algorithm with a
proven absolute competitive ratio of 6.99 under the assumption that the height of the
rectangles is at most 1. Recent advances have been made by Ye, Han & Zhang!4®!
and Hurink & Paulus?3l. Independently they showed that a modification of the well-
known shelf algorithm yields an online algorithm with competitive ratio 7/2 + v/10 ~
6.6623. Both results do not assume a bound on the maximal height of the rectangles.

In the early 80’s, Brown, Baker & Katseffl®! derived a lower bound of 2 on the com-
petitive ratio of any online algorithm by constructing certain adversary sequences.
These sequences were further studied by Johannes'3') and Hurink & Paulus/?4, who
derived improved lower bounds of 2.25 and 2.43, respectively. (Both results are com-
puter aided and presented in terms of online parallel machine scheduling.) The paper
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of Hurink & Paulus!?# also presents an upper bound of 2.5 for packing such “Brown-
Baker-Katseff sequences”. Kern & PaulusB3! finally settled the question how well the
Brown-Baker-Katseff sequences can be packed by giving a matching upper and lower
bound of 3/2 +1/33/6 ~ 2.457.

TWO-DIMENSIONAL BIN PACKING. Regarding online packing problems we focus
on strip packing. Therefore, we only state the most important results on bin packing
for the sake of completeness. Han, Chin, Ting & Zhang!?? gave an algorithm with
the currently best known asymptotic competitive ratio of 2.5545, improving upon
the algorithm with competitive ratio 2.66013 presented by Seiden & van Steel4'l. We
are not aware of any analysis with specific regards to the absolute competitiveness.
Coppersmith & Raghavan!'5!, however, showed a bound of 3.250PT(I) + 8 for their
algorithm, yielding an absolute competitive ratio of at most 11.25.

As for lower bounds, Seiden & van Steel4! considered multi-dimensional square
(and cube) packing and derived a lower bound of 1.62176 on the asymptotic competi-
tive ratio for the two-dimensional problem. Their bound was improved to 1.64062 by
Epstein & van Steel'7].

1.4.2 OUR CONTRIBUTION

Using modified Brown-Baker-Katseff sequences we show an improved lower bound
of 2.589.. .. on the absolute competitive ratio of this problem. The modified sequences
that we use consist solely of two types of items, namely, thin items that have negligible
width (and thus can all be packed in parallel) and blocking items that have width 1.

On the positive side, we present an online algorithm for packing any sequence com-
posed of thin and blocking items with competitive ratio (3 + v/5)/2 = 2.618.... This
upper bound is especially interesting as it not only applies to the concrete adversary
instances that we use to show our lower bound.

1.5 ORGANISATION.

This thesis is organized in two parts.

In Part I we present our work on approximation algorithms. In Chapter 2 we in-
troduce the relevant notations and methods that we use. Chapter 3 contains our re-
sults on strip packing with the 1.9396-approximation algorithm in Section 3.1 and the
(5/3 + ¢)-approximation algorithm in Section 3.2. In Chapters 4 and 5 we deal with
the bin packing problem with and without rotations, respectively, and present our
2-approximation algorithms in Sections 4.1 and 5.1. In Section 5.2, we analyse the al-
gorithm HyBrID FIrsT FIT and prove that it has an absolute approximation guarantee
of 3.

In Part II we present our contribution on online algorithms. This part consists solely
of Chapter 6 in which we present the lower bound of 2.589. .. for online strip packing
and the upper bound of (3 + /5)/2 for packing instances consisting of thin and
blocking items.

7






Part I

APPROXIMATION ALGORITHMS






IMPORTANT TOOLS AND PREPARATIONS

Let I = {ry,...,r,} be the set of given rectangles, where r; = (w;, h;). For a given
packing P we denote the bottom left corner of an item r; by (x;,y;) and its top right
corner by (x},y!), where x; = x; + w; and y! = y; + h;. So the interior of rectangle r;
covers the area (x;, x}) x (y;,y;) and two rectangles are non-overlapping if their interi-
ors are disjoint. It will be clear from the context to which packing P the coordinates
refer.

Let Ws = {r; | w; > J} be the set of so-called d-wide items and let Hs = {r; | h; > 6}
be the set of #-high items. To simplify the presentation, we refer to the 1/2-wide items
as wide items and to the 1/2-high items as high items. Let W = W, ,, and H = H;, be
the sets of wide and high items, respectively. The set of small items, i.e., items r; with
w; < 1/2 and h; <1/2, is denoted by S. Finally, we call items that are wide and high
at the same time big and denote the set of big items by B.

For a set T of items, let A(T) = Y, .7 wih; be the total area and let 1(T) = Y, cr h;
and w(T) = Y, c7 w; be the total height and total width, respectively. Furthermore,
let Wmax(T) = max,,er w; and hmax(T) = max,,c7 h;. In the following tables we give a
summary of the notations used.

item 7; sets of items
size (wj, hy) wide W = {ri|w >1/2}
bottom left corner  (x;, y;) o-wide Wy = {ri|w;>1-0}
top left corner (xi, ;) high H = {ri|h>1/2}
interior (x5, x7) % (yi, ¥) d-high Hy = {ri|h>1-7}
small S = Ari|lw;,h <1/2}
big B = {r|wyh>1/2}

area, height and width of a set T of items

total area A(T) = Y,erwih;
total height WT) = Y,erhi
total width w(T) = Y,erw
maximal height  hmax(T) = max,ecrh;
maximal width ~ Wmax(T) = max,crw;

We now present important subroutines of our algorithms, namely Steinberg’s algo-
rithm#3], the NexT Fir DECREASING HEIGHT algorithm and an algorithm by Bansal,
Caprara, Jansen, Pradel & Sviridenko!5!. Moreover, we prove the existence of a struc-
tured packing of certain sets of wide and high items.

11
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IMPORTANT TOOLS AND PREPARATIONS

STEINBERG'S ALGORITHM. Steinbergl43l proved the following theorem for his al-
gorithm that we use as a subroutine multiple times.

Theorem 1 (Steinberg’s algorithml431). If the following inequalities hold,

Wmax(T) < a, hmax(T) < b, and
2A(T) < ab— Qwmax(T) — a)+ (2hmax(T) — b) +

where x; = max(x,0), then it is possible to pack all items from T into R = (a,b) in time
O((nlog?n)/loglogn).

In our algorithms, we will repeatedly use the following corollary of this theorem.

Corollary 1 (Jansen & Zhang[3°l). If the total area of a set T of items is at most 1/2 and
there are no wide items (except a possible big item) then the items in T can be packed into a
bin of unit size in time O((nlog®n)/ loglogn).

Obviously, this corollary also holds for the case that there are no high items (except
a possible big item). This corollary is an improvement upon Theorem 1 if there is a
big item in T as in this case Theorem 1 would give a worse area bound.

NEXT FIT DECREASING HEIGHT. The NexT Fir DECREASING HEIGHT (NFDH) algo-
rithm was introduced for squares by Meir & Moser[3®] and generalized to rectangles
by Coffman, Garey, Johnson & Tarjan!'4l. It is given as follows. Sort the items by non-
increasing order of height and pack them one by one into layers. The height of a layer
is defined by its first item, further items are added bottom-aligned with the first item
and left-aligned with the previously packed item until an item does not fit. In this case
this item opens a new layer. The algorithm stops if it runs out of items or a new layer
does not fit into the designated area. The running time of the algorithm is O(nlogn).
The following lemma is an easy generalization of the result from Meir & Moser.

Lemma 1. If a given set T of items is packed into a rectangle R = (a,b) by NFDH, then
either a total area of at least

(@ — Wmax(T)) - (b — hmax(T))

is packed or the algorithm runs out of items, i.e., all items are packed.

KNAPSACK PACKING. Bansal, Caprara, Jansen, Pradel & Sviridenkol5! considered
the two-dimensional knapsack problem in which each item r; € I has an associated
profit p; and the goal is to maximize the total profit that is packed into a unit-sized
bin. Using a very technical Structural Lemma they showed the following theorem.

Theorem 2 (Bansal, Caprara, Jansen, Pradel & Sviridenko!3!). For any fixed r > 1 and
0 > 0, there exists an algorithm that returns a packing of value at least

(1 —6)OPT2—kp(I)

for instances 1 for which p;/ A(r;) € [1,t] for r; € 1. The running time of the algorithm is
polynomial in the number of items.
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Here OPT,_kp(I) denotes the maximal profit that can be packed in a bin of unit size.

In the case that p; = w;h; for all items r; € I we want to maximize the total packed
area. Let OPT,;)(T) denote the maximum area of items from T that can be packed

into the rectangle (a,b), where individual items in T do not necessarily fit in (a,b).

By appropriately scaling the bin, the items and the accuracy we get the following
corollary.

Corollary 2. For any fixed 6 > 0, the PTAS from [5] returns a packing of I' C I in a
rectangle of width a < 1 and height b < 1 such that

A(I') > (1= 6)OPT 5 (I).
EXISTENCE OF STRUCTURED PACKINGS. We show that for any set of wide and

high items that fits into a strip of height 1, there exists a packing of the high items
and of wide items with at least half of their total height with a nice structure, i.e., such

that the wide and the high items are packed in stacks in different corners of the strip.

We will later see that such a packing can be approximated arbitrarily well.

Lemma 2. For sets H C H and W C W \ H' of high and wide items with OPT(W U H) <
1 there exists a packing of W* U H' with W* C W' and h(W*) > h(W')/2 such that the
high items are stacked in the top left and the items from W* are stacked in the bottom right
corner of the strip.

Proof. See Figure 1 for an illustration of the following proof. Consider a packing of
high items H' and wide items W’ into a strip of height 1. Associate each wide item
with the closer boundary of the packing, i.e., either the top or bottom of the strip
(an item that has the same distance to both sides of the strip can be associated with
an arbitrary side). Assume w.l.o.g. that the total height of the items associated with
the bottom is at least as large as the total height of the items associated with the top
of the strip. Remove the items that are associated with the top and denote the other
wide items by W*. Push the items of W* together into a stack that is aligned with the
bottom of the strip by moving them purely vertically and move the high items such
that they are aligned with the top of the strip and form stacks at the left and right
side of the strip. Order the stacks of the high items by non-increasing order of height
and the stack of the wide items by non-increasing order of width.

Now apply the following process. Take the shortest item with respect to the height
from the right stack of the high items and insert it at the correct position into the left
stack, i.e., such that the stack remains in the order of non-increasing heights. Move
the wide items to the right if this insertion causes an overlap. Obviously this process
moves all high items to the left and retains a feasible packing. In the end, all high
items form a stack in the top left corner of the strip. Move the wide items to the right
such that they form a stack in the bottom right corner of the strip. O

We constructively use the previous existence result with the following Corollary.

Corollary 3. For sets H C H and W' C W\ H' of high and wide items with OPT(W U
H) <1 we can derive a packing of W' U H' into a strip of height at most
h(W')

14 7
+2
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(a) Packing of W and H' (b) Remove items on top; align
items with the sides of the strip
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(c) Insert the shortest item from the  (d) Final packing with stacks in the
right in the stack on the left; bottom right and top left
move W* horizontally

Figure 1: The insertion process of Lemma 2

such that the wide items are stacked in the bottom right of the strip and the high items are
stacked above the wide items at the left side of the strip in time O(nlogn).

Proof. Consider a packing of height 1 of W* U H' with W* C W' and h(W*) > h(W')/2
such that the wide items from W* are stacked in the bottom right corner of the strip
and the high items are stacked above W* at the top left of the strip. Such a packing
exists by Lemma 2. Now move up W* U H' by h(W'\ W*), pack W'\ W* below W*
and restore the order in the stack of the wide items. This does not cause a conflict as
the original outline of W* is not violated. As h(W'\ W*) = h(W') — h(W*) < h(W') /2
the height bound of the corollary in satisfied. Since the packing only consists of the
ordered stacks of the high and wide items, we can easily derive a packing of at most
the same height in time O(nlogn) by building the stacks and moving down the stack
of H' as far as possible. O



STRIP PACKING

In this chapter we present two algorithms for strip packing, namely, a 1.9396-approx-
imation algorithm in Section 3.1 and an algorithm that achieves an approximation
ratio arbitrarily close to 5/3 in Section 3.2. The methods in Section 3.1 are crucial not
only for the following section on strip packing but also for our 2-approximation for
bin packing without rotation in Section 5.1.

An important link between strip packing and two-dimensional bin packing is the
interpretation of a strip of height 1 as a bin of unit size. This link is especially cru-
cial as handling instances that fit into one bin turns out to be a major challenge for
bin packing. Moreover, strip packing can essentially be reduced to the packing of
instances with optimal value at most 1 as the following lemma shows.

Lemma 3. If there exists a polynomial-time algorithm for strip packing that packs any in-
stance 1 with optimal value at most 1 into a strip of height h > 1, then there also exists a
polynomial-time algorithm for strip packing with absolute approximation ratio at most h + e.

Proof. Let ALG be the algorithm that packs any instance I with optimal value at most
1 into a strip of height & and assume that 1 < 2 by otherwise applying Steinberg’s
algorithm. Let ¢’ be the maximal value with ¢ < &/(2h) such that 1/¢ is integer. We
guess the optimal value approximately and apply ALG on an appropriately scaled
instance. To do this, we first apply Steinberg’s algorithm on I to get a packing into
height i/ < 2 OPT(I). We split the interval | = [’ /2,}'] into 1/¢’ subintervals

[+ A+
Ji= 2 T2

fori =1,...,1/€. Then we iterate over i = 1,...,1/¢, scale the heights of all items
by 2/((1+ ¢i)h') and apply the algorithm ALG on the scaled instance I’. Convert
the packing to a packing of the unscaled instance I and finally output the minimal
packing that was derived. We eventually consider i* € {1,...,1/¢'} with OPT(I) € J;.
Then we have

/ 1 I (7% 1 hil 1 /1% Ii
1odero & 0D opppy < UHEDT
1+¢i (14¢i*)% (14 ¢i*)%
and thus
ALG(I) ALG(I)  h & ,
_ - < <hte
OPT(I) ~ OPT(I) ~1—¢ "Ti—gshtoehshte -

Thus we concentrate on approximating instances that fit into a strip of height 1 and
therefore assume OPT(I) < 1 for the remainder of this chapter.

15
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STRIP PACKING

31 A 1.9396-APPROXIMATION
ALGORITHM FOR STRIP PACKING

The overall approach for our 1.9396-approximation algorithm consists of two steps.
First, we use the PTAS from [5] to pack instances where the total height of the
(1 — 6)-wide items is small relative to J into a strip of height 2 — x for some positive
value x and some J € (0,1/2). Second, we derive an area guarantee for instances that
could not be packed in the previous step and use this guarantee to successfully pack
the instance into a strip of height 2 — x.

Finally, we will show that x can be chosen as large as (1 —In2)/(3+43In2) — ¢ and
with Lemma 3 we get the following theorem for any 0 < & < 107°/2.

Theorem 3. There exists a polynomial-time approximation algorithm for strip packing with
absolute approximation ratio
5+4+7In2
In the following assume that we have a fixed x € [0,1/6 —5/3¢) and 0 < ¢ <
107°/2.

3.1.1 SMALL TOTAL HEIGHT OF THE (1 — )-WIDE ITEMS

We now describe an important subroutine that is used by our algorithms for strip and
bin packing. Consider the case that the total height of the (1 — §)-wide items is small
relative to 4, i.e.,

wwy_) < D228 g

for some ¢ € ((2x+¢)/(1 — x),1/2] (the lower bound is required as otherwise f(J) <
0). We want to derive a packing of I into two bins such that only a height of 1 — x is
used in the second bin. For strip packing this directly gives a height of 2 — x by putting
the second bin on top of the first. And for bin packing we get a feasible solution for
all x > 0, which we use in Section 5.1.

Let

S(14+4x)—x—¢ 1

In the first step, we show that a packing of almost all items into a unit bin and with a
special structure exists. This special structure consists of a part of width w(H;_,) for
the (1 — )-high items and a part of width 1 — w(H;_,) for the other items. The fol-
lowing lemma shows that almost all other items can be packed. Recall that OPT , ) (T)
denotes the maximum area of items from T that can be packed into the rectangle (4, b)
as introduced for Corollary 2.

Lemma 4. We have OPT(1_ g, )1)(I\ Hi—y) = A(I\ Hi—,) — 2.
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Proof. Consider an optimal packing of I into a bin. Remove all items that are com-
pletely contained in the top or bottom 7-margin. After this step there is no item
directly above or below any item of Hy_, = {r; | h; > 1 — }. Thus we can cut the
remaining packing at the left and right side of any item from H;_,,. These cuts parti-
tion the packing into parts which can be swapped without losing any further items.
Move all items of H;_,, to the left of the bin and move all other parts of the packing
to the right. The total area of the removed items is at most 2y and thus a total area
of at least A(I\ H;_,) — 2 fits into the rectangle of size (1 — w(Hj_,), 1) to the right
of Hl—’y- ]

In the second step, we actually derive a feasible packing that is based on the struc-
ture described above (see Figure 2). First, pack H;_, into a stack of width w(Hl,W)
at the left side of the first bin. Note that w(H;_,) < 1 since v < 1/2. This leaves an
empty space of width 1 — w(H;_,) and height 1 at the right. We therefore apply the
PTAS from [5] on I\ H;_, and a rectangle of size (1 —w(H;_,),1) using an accuracy
of e. Lemma 4 and Corollary 2 yield that at least a total area of A(I\ Hi_,) — 2y —¢
is packed by the algorithm.

Let T be the set of remaining items. We have A(T) < 27 + . Pack the remaining
(1 — 6)-wide items, i.e., the items of T N W;_g, in a stack at the bottom of the second
bin. The total area of the remaining items T \ W;_; is

AT\ W) < A(T) = (1 =6)R(TNWi—s) <2y +e— (1= 8)h(TNWy_s).

We pack these items with Steinberg’s algorithm into the free rectangle of size (a,b)
witha =1and b =1—h(TNW;_s) — x above the stack of TN W;_s in the second bin.
We have Wmax (T \ Wi_s) <1—0 <1 and since v = f(6) + x > h(W;1_s) + x we have

hmax(T\Wis) <1—9 <1—h(Wi_s) —x <1—-h(TNWj_s5) —x =b.
Steinberg’s algorithm is applicable as we have 6 < 1/2 and v < 1/2 and thus we get
2A(T\ Wi—s) < ab — (2wmax(T \ Wi—s) — a) 1 (2hmax(T \ Wi_s) —b) +
& Ay +2e—-2(1-0)h(TNWi_s)
=1-(TNWy_5)—x—(1—-286)1(1 =2y +h(TNW;1_5) +x)+
=—-2(1=0)h(TNWy_s) —2x +20x + 2y + 20 — 4o

= 4y +2e = —2x 4+ 20x + 2y + 26 — 476
= Y+2y0=—x+dx+d—¢
- 725(1+x)—x—e

1+26

So far we assumed the knowledge of 6 € ((2x+¢)/(1 — x),1/2] for which we
have h(W;_s5) < f(6). It is easy to see that this value can be computed by calculating
h(Wi_s) for 6 = 1 — w; for all r; = (w;, h;) with w; > 1/2. As h(Wj_s) changes only
for these values of §, we will necessarily find a suitable § if one exists. We therefore
showed the following lemma.

Lemma 5. For any fixed ¢ > 0, there exists a polynomial-time algorithm that, given an
instance I with OPT(I) = 1 and h(Wy_s) < f(6) for some § € ((2x+¢€)/(1 —x),1/2],
returns a packing of I into two bins such that only a height of 1 — x is used in the second bin.

17
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Figure 2: Packing with small total height of (1 — §)-wide items

I

3.1.2 USING AN AREA GUARANTEE FOR THE WIDE ITEMS

In this section we describe how to use a guarantee on the total area of the wide
items for the instances that cannot be packed into a strip of height 2 — x by Lemma 5.
Assume that we have an additional non-trivial area guarantee of ¢ for the wide items.
Namely,
h(W)

A(W) 2§+T for0 < ¢ <1/6. (3.1)
We consider two cases in which we use the lower bound from Inequality (3.1) to derive
a packing into a strip of height 2 — 2.

CASE 1. 2—h(W)—-2¢ > 1.
Stack the wide items in the bottom of the strip and use Steinberg’s algorithm to pack
I'\ W above this stack into a rectangle of size (a,b) witha =1and b =2 —h(W) —2¢
(see Figure 3a). Steinberg’s algorithm is applicable since we have hmax (I \ W) <1 < b,
Wmax ([ \ W) <1/2=a/2 and

A(IT\W) <2 —-2¢ —h(W)
= ab = ab — 2wmax(I\ W) — a) 1 (2hmax (I \ W) — b).,.

The total height of the packing is h(W) +2 — h(W) —2¢ =2 — 2¢.

cAase 2. 2—h(W)—-2¢<1.

In this case we cannot apply Steinberg’s algorithm to pack I\ W into the area of
size (1,2 — h(W) — 2¢) above the stack of W as hmax(I \ W) might be greater than
2—h(W)—2¢.

We have 1 —2¢ < h(W) < 1 since 1 is a natural upper bound for the total height of
the wide items. Pack the items of W in a stack aligned with the bottom right corner of
the strip as before. Pack the items of H;_»z \ W in a stack aligned with the left side of
the strip and move this strip downwards as far as possible (see Figure 3b). Corollary 3
shows that H;_»; \ W can be moved down such that the total height of the packing so
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Figure 3: Using the area guarantee

far is at most 1 + (W) /2 < 3/2.Let T = I\ (W U Hj_5¢) be the set of the remaining
items. We have

A(T) S 1-— A(W) - A(H1,2§ \ W) S 1-— C — h(ZVV) — (1 — 2§)w(H1,2§ \ W)

Pack T with Steinberg’s algorithm in the rectangle of size (a,b) witha = 1 —w(H;_o¢ \
W) and b = 2 — h(W) — 2§ above W and to the right of Hy_»z \ W. We have w(H;_»¢ \
W) < 1/2 as otherwise all wide items are either above or below an item from Hj_5¢ \
W in any optimal packing and thus #(W) < 4¢ (which is a contradiction to 2 — h(W) —
2¢ < 1 for { < 1/6). Thus we have hmax(T) < 1—2¢ < b and wmax(T) < 1/2 <aand
with

ab — (2wmax(T) — a)+ (2hmax(T) — b)+
>2—h(W) =28 = 2w(Hy—2¢ \ W) + h(W)w(H; 2 \ W) + 28w(H; 5z \ W)
— (w(Hi—2¢ \ W)+ (R(W) —28)+
=2—h(W) —2¢ — 2w(Hy 2z \ W) 4+ 4¢w(H1-2¢)

we get 2A(T) < ab — 2wWmax — )+ (2hmax — b)+. We have (h(W) —2&)+ = h(W) —2¢
in the last step of the calculation since (W) > 4¢. The total height of the packing is
dominated by the height of the wide items (W) plus the height of the target area
for Steinberg’s algorithm b = 2 — h(W) — 2¢. In total we have a height of h(W) + 2 —
h(W) —2¢ =2 —2¢.

In total we showed the following lemma.
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Lemma 6. Let 0 < ¢ < 1/6 be a constant. If A(W) > &+ h(W) /2, then we can derive a
packing into a strip of height 2 — 2& in time O (nlog®n)/ loglogn).

In Section 3.2 we use this lemma with a value of ¢ close to 1/6 to get a packing into
a strip of height close to 5/3. Here, we show how to derive a bound for ¢ for those
instances that cannot be packed into a strip of height 2 — x by Lemma 5.

Consider a strip with the lower left corner at the origin of a cartesian coordinate
system and consider the stack of wide items ordered by non-increasing width and
aligned with the lower right corner of the strip. If there exists a 6 € ((2x+¢)/(1 —
x),1/2] such that h(W;_;) < f(9) then we use the algorithm of Lemma 5 to pack the
instance into a strip of height 2 — x (see Figure 2). Otherwise the stack of wide items
exceeds the function f(0) forall 6 € ((2x+¢€)/(1 — x),1/2] (see Figure 4). Then we
have

/251 —x)—2x—¢ h(W)
A(W)>./z;+; T+ Wt

In the following we show that for ¢(x) := (1 —In2) — 1x(1+3In2) — JeIn2 we have

h(W
AW) > 5(x) + 1. 62)
Using
X2
In(1+x)>x—= (3-3)
we have

/1/26(1—x)—2x—£d(S

Zeie 1426

1 5 1 10(25 6=1/2
= [0+ 1)(1—x) = (1 +3v+2¢)In(2 +1)Lﬁ

1 x 1 1 /4x + 2¢
_5—5—1(1+3x+2e)1n2—i( — +1)(1—x)

1 4x + 2¢
+1(1+3x+28)ln( — +1)
o1 x 2 32 In2 dx+42 1 9«
=2 2 4 1 2 1 1
1 (4x + 2¢)?
+Z(1+3x+28)<4x+2£—f)
1 (41“1“28 +1) > In(4x +2¢ + 1) and by (3.3)

>1_{_1r172_x31n2_€1r172_4x+28_1+§+4x+2€ (3.4)

272 4 1 2 i+ 11 1 34
>1—ln2_x(1+3ln2)_ 11172

4 4 2

=¢(x)
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fe) k(W)
)

1/2

Figure 4: If Lemma 5 is not applicable the stack of wide items exceeds f(J), giving an addi-
tional area guarantee of ¢(x)

The step to (3.4) follows with

(4x + 2¢)?

(1+3x+28)(4x+28— 5

) = (1 +3x + 2¢) (4x + 2¢ — 8x> — 8ex — 2¢?)

= 4x + 2e + 2% — 4e> + ex(6 — 22¢)
+ x%(4 — 40e — 24x)
> 4x 4 2¢

as 2¢2 — 4¢3 > 0,6 —22¢ > 0 and 4 —40e —24x > 0 since ¢ < 107°/2 and x <
1/6 —5/3¢.

To finally calculate the approximation ratio that we achieve observe that with the
methods of Lemma 5 we derive a packing into a strip of height 2 — x and with the
methods of Lemma 6 we derive a packing into a strip of height 2 — 2¢(x). Thus we
require 2¢(x) > x to achieve a packing height of 2 — x. This is satisfied for

. 1—1In2 . 1—1In2—2¢eln2
~ 3+4+3In2 - 3+3In2

We can choose x = (1 —In2)/(3 +31In2) — € and together with Lemmas 3, 5 and 6
we proved Theorem 3.

A striking feature of our algorithm is that in many cases it derives a packing where
we can make a horizontal cut at height 1 without intersecting any item (or rather at
about half of the packings height after scaling the packing back). This feature is very
useful for deriving a bin packing algorithm—as we will see in Section 5. On the other
hand, it limits the possible packings and hinders us to achieve a better approximation
ratio. In the following section we will show that a significantly better approximation
ratio can be achieved by lifting this limitation. As the next algorithm also requires
much more effort to achieve, we still consider the 1.9396-approximation algorithm an
interesting result, especially as it was the first approximation ratio to break the bound
of 2.
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3.2 AN ALMOST 5/3-APPROXIMATION
ALGORITHM FOR STRIP PACKING

In this section we describe our second strip packing algorithm that achieves an ap-
proximation ratio arbitrarily close to 5/3. This is the currently best approximation
algorithm for strip packing from the perspective of the absolute approximation ratio.

3.2.1 OVERVIEW

Let ¢ < 1/(28-151) throughout this section. By Lemma 3 we know that we can
concentrate on approximating instances that fit into a strip of height 1 and therefore
assume OPT(I) < 1 for the remainder of this section. The overall approach for our
algorithm for strip packing is as follows.

First, we use the methods of Section 3.1.2 to solve instances I with 1(W;_130¢) > 1/3
and some other direct method to solve instances [ with w(H,,3) > 27/28. Having
sufficiently many high or wide items makes it much easier to pack all items without
wasting much space. We can easily check these conditions in time O(n).

For any instance I that does not satisfy these conditions, we first apply the PTAS
from [5] with an accuracy of 6 = €2/2 to pack most of the items into a strip of height 1.
Denote the resulting packing of I’ C I by P and let R = I \ I’ be the set of remaining
items. By Theorem 2 we have A(R) < ¢2/2-OPT,_kp(I) = €2/2- A(I) < €2/2. We
are faced with the challenge to combine these remaining rectangles with the packing
generated by the PTAS. Pack RN H,,, into a container C; = (¢,1) (by forming a
stack of the items of total width at most A(R)/(e/2) < ¢) and pack R\ H,/, with
Steinberg’s algorithm into a container C; = (1, ¢) (this is possible by Theorem 1 since
Bmax (R \ He/2) < /2, Wmax(R\ He/2) < 1and 2A(R\ Hejp) < €% < g).

Finally, we modify the packing P to free a gap of width ¢ and height 1 to insert the
container C; while retaining a total packing height of at most 5/3. This is the main
part of our work. Afterwards, we pack C, above the entire packing, achieving a total
height of at most 5/3 +-e.

The running time of the PTAS from [5] is polynomial in the number of items in
the input (it is not explicitly stated in [5]). In the following sections that build upon
packing P we only give the additional running time for modifying the packing.

3.2.2 MODIFYING PACKINGS

Our methods involve modifying existing packings in order to insert some additional
items. To describe these modifications or, more specifically, the items involved in these
modifications, we introduce the following notations—see Figure 5. Let PointI(x, y) be
the item that contains the point (x,y) (in its interior). We use the notation of vertical
line items VLI(x; y1,y2) and horizontal line items HLI(x1, x2; i) as the items that contain
any point of the given vertical or horizontal line in their interiors, respectively. Finally,
we introduce two notations for items whose interiors are completely contained in a
designated area, namely AI(x1, x2;y1,Y2) for items completely inside the respective
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Figure 5: Notations

rectangle and Al(p) for items completely above a given polygonal line p, where p is
a staircase-function on [0, 1].

To describe such a polygonal line p we define the vertical polygonal chain extension
of a point (x,y) inside a given packing P as follows. Start at position (x,y) and
move leftwards until hitting an item r;. Then move upwards to the top of r;, that
is, up to position y.. Repeat the previous steps until hitting the left side of the strip.
Then do the same thing to the right starting again at (x,y). We denote the polygonal
chain that results from this process by VPCE(x, y). In addition, let VPCE(x, y) and
VPCE;ign(x,y) be the left and right parts of this polygonal chain, respectively. An-
other way to describe a polygonal line is by giving a sequence of points, which we
denote as PL((x1,y1), (x2,y2), . ..).

We now present the different methods that we apply on the packing P in Sec-
tions 3.2.3-3.2.9. In Section 3.2.10 we finally bring the parts together and give the
overall algorithm.

3.2.3 TOTAL AREA OF VERY WIDE ITEMS IS LARGE

In this case we apply the methods of our 1.9396-approximation algorithm from Sec-
tion 3.1.2 as follows.

Lemma 7. If h(Wy_130¢) > 1/3, then we can derive a packing into a strip of height 5/3 +
260¢/3 in time O((nlog®n)/ loglogn).
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Proof. Let W' = Wj_130.. The total height of the items in W’ gives us a non-trivial
additional area guarantee for the wide items as follows.

AW) = AW') + AW\ W)
> h(W') - (1 —130¢) +h(W\ W') -1/2
= (W) - (1/2 — 130¢) + h(W) /2
>1/3-(1/2 = 130¢) + h(W)/2.

For { = 1/3-(1/2 —130¢) we have A(W) > ¢+ h(W)/2 and 0 < ¢ < 1/6. Thus
we can apply the methods of Lemma 6 to derive a packing into a strip of height
2—-2¢ =5/3+260¢e/3. O

3.2.4 LARGE TOTAL WIDTH OF THE 2/3-HIGH ITEMS

In this section we assume that w(H,,3) > 27/28, i.e., the total width of the 2/3-high
items is very large. As in the previous section we can solve this case directly without
using the PTAS from [5].

For the ease of presentation, let « = w(H,,3) > 27/28. Since the total height of
the items of Wy_,,» \ Ha/3 plays an important role in our method, we introduce the
notation y = h(Wj_,,2 \ Hp/3). Moreover, we use the stronger area guarantee of the
5/6-high items and therefore denote their total width by B = w(Hs/e). Finally, let
0 = w(Hy,3\H) be the total width of the items of height within 1/3 and 1/2.

BOUNDING y AND d. Let &’ < a such that Wy_,,p = {ri | w; > 1—a/2} =
{ri | wi > 1—4a'/2}, e.g., set &’ such that the shortest item in W;_,/, has width 1 —
«' /2. Note that in any optimal packing, all items from W;_,/, occupy the x-interval
(a'/2,1—a’/2) of width 1 — a’ completely. On the other hand, there has to be an item
from H, /5 that intersects this interval since w(H,,3) = a > a’. Therefore we have

y =h(Wi_as2 \ Hyy3) < 1/3. (3-5)

It follows directly that the sets W;_, /> \ Hp/3 and Hj 3 are disjoint.

Similarly, only in a total width of 1 — & can items in Hy /3 \ Hy,3 possibly be packed.
Since at most two such items can fit on top of each other, a total width of at most
2(1 — «) of such items can exist, which is less than «/2 by direct calculation for a >
4/5. Hence we get

0<2(1—a)<a/2. (3.6)

In the following we distinguish three main cases according to y and p. See Figure 6a
for the first two cases and Figure 6b for the third case.
CASE 1. Y > %1:52.
We use the methods of Corollary 3 for HU W;_, /5, and need a height of at most
1+ y/2 which is less than 7/6 by Inequality (3.5). Above it, we define a container
of width ¢ and height 1/2 at the left side of the strip where we pack all remaining
1/3-high items, i.e., Hy 3 \ H. Next to it we have an area (a,b) of widtha =1 -
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and height b = 2/3 —y/2 > 1/2. In it we pack all remaining items, noted by T =
I\ (Hyi/3UWj_,/2), that have height at most hmax(T) < 1/3 < b, width at most
Wmax(T) <1—a/2 <1— 5 = a by Inequality (3.6), and area at most

2 5
A(T) € 1= A(H3) = AWi s\ Hajs) = A(His\H) < 1—Za— (1= 3 ) y—=.

This works according to the Steinberg condition for any y > %11_;”/‘2 since
2
b — (20max(T) = )+ Qhmax(T) =b)4 = (1=0)(5 = 5) = (1 —a+0)+(3) |
2wy
—3 3 Y77
2 2 «
= g—?—2y+o¢y+y(1—§)
2 2 -« x
>z 27 = _ =
2373 Wtz 5073)
2 « o
=2(1-Fa-(1-3)v—3)
>2A(T)

CASE 2. B >4(1—a).
We use the same packing as in Case 1. The total area of the high items is now at least
% B+ %(zx —B) = %zx + % B > 2/3. Therefore, the remaining unpacked items, noted by
T, have area at most

1 « 0
A(T) 1= A(Hy3) = A(Wsay2 \ Has) = A(His \H) < 5= (1= 3 )y — 5.

Since only the area of T changes compared to Case 1, we only have to verify the third
Steinberg condition to pack T with Steinberg’s algorithm into the area (a,b).

2 26 «
ab — (zwmaX(T) - a)+(2hmax(T) - b)+ = g - ? - 7]/
2 2

CASE 3. Yy < %11:7”‘/2 and B < 4(1 —«).
Note that y < %11_;"/‘2 < %%:ﬁ;fég = 25 < 1 in this case. We pack the set H of the high
items aligned with the bottom of the strip, sorted by non-increasing heights (from left

to right). We pack the items of W;_, , \ H stacked in the area [0,1] x [5/3 —y,5/3] and

the items of Hy,3\ H in the area [0, 5] x [1,3/2] (this is possible because 3/2 < 5/3 —y).

We have 6 < 4(1 — a), since by Inequality (3.6) we have § < 2(1 — «). Furthermore, by
assumption we have p < 4(1 — «). It follows that the area [4(1 —«),1] x [5/6,5/3 — y]

of widtha =1—4(1—a) = 4a — 3 and height b =5/3 —y —5/6 > 2/3 is still free.
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Figure 6: Packing methods for Lemma 8

We pack all remaining items, noted by T, in this area using Steinberg’s algorithm. We
have hmax(T) < 1/3 < b/2, Wmax(T) <1—a/2 < 4a —3 = a, since & > 8/9, and area
at most

2 i
A(T) <1—A(Hy/3) — AWy _a/2 \ Hpy3) <1 e (1 _ §>y,
Hence the Steinberg condition is satisfied for « > 27/28 > (27 — 30y)/(28 — 30y)
since

ab — (2wmax(T) — a)+ (2hmax(T) — b)+
=ab

5
= (4 =3)(g -v)
 da 28 —30y\ 5
——?+ya+a(76 )—§+3y
4o 2730y 28-30y 5
3 YT s Ty T 6 2 T

_4a
3
> 2A(T).

v

+ya+2—-2y

Since the running time of our methods is dominated by the application of Stein-
berg’s algorithm we showed the following lemma.
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Lemma 8. If w(H,/3) > 27/28, then we can derive a packing of I into a strip of height 5/3
in time O((nlog®n)/ loglogn).

This finishes the presentation of the methods that we directly apply to the input if
h(Wi_130:) > 1/3 (Section 3.2.3) or w(Hy,3) > 27/28 (Section 3.2.4). In the following
sections we always assume that we already derived a packing P using the PTAS from
[5] and it remains to free a place for the containers C; and C; of size (¢,1) and (1,¢),
respectively.

3.2.5 ITEM OF HEIGHT GREATER THAN 1/3

Lemma 9. If the following conditions hold for P, namely
9.1. there is an item rq of height hy > 1/3 with one side at position x; € [e,1/2 — €], and
9.2. the total width of 2/3-high items to the left of x7 is at most x] — €, that is

w(AIL(0,x7;0,1) N Hyy3) < x7 —¢,

then we can derive a packing of I into a strip of height 5/3 + ¢ in additional time O (nlogn).

Note that Condition 9.1 leaves open whether x] refers to the left or right side of
r1 as our method works for both cases. In particular, r; could be one of the 2/3-high
items from Condition 9.2.

Proof. Assume w.l.o.g. y; > 2/3 by otherwise mirroring the packing P over y = 1/2.

We lift up a part of the packing P in order to derive a gap of sufficient height to
insert the container C;. In this case we mirror the part of the packing that we lift up.
Algorithm 1 gives a compressed version of the following detailed description. See
Figure 7 for an illustration.

Consider the contour Cyf defined by a horizontal line at height y = y; —1/3 to
the left of x}, a vertical line at width x = x} up to ¥} and a vertical polygonal chain
extension to the right starting at the top of r1. More formally,

1 . 1 . %
Cift = PL((O,y{ - §)’ (xlryi - g)r (’ﬁﬂi)) +VPCEright(x11y/1)/

where the +-operator denotes the concatenation of polygonal lines (see thick line in
Figure 7a). Let T = AI(Cyyg) be the set of items that are completely above this contour.

Move up T by 2/3 (and hereby move T completely above the previous packing
since yﬁ > 2/3 and thus yﬁ —1/3 > 1/3) and mirror T vertically, i.e., over x = 1/2.
Let Ypottom be the height of Cy at x = 1/2 (Cyg crosses the point (1/2, Ypottom))- By
definition, Cjify is non-decreasing and no item intersects with Cyg to the right of x7.
Therefore, T is completely packed above ¥ = Ypottom + 2/3 on the left side of the strip,
ie., forx <1/2,and P\ T does not exceed Ypottom between x = x} and x = 1/2. Thus
between x = x] and x = 1/2 we have a gap of height at least 2/3.

Let B = HLI(0, x};y] — 1/3) be the set of items that intersect height y =y} —1/3 to
the left of x] (see Figure 7a). Note that r; € B, if x] corresponds to the right side of 4.
Remove B from the packing, order the items by non-increasing order of height and
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build a top-left-aligned stack at height y = ypottom + 2/3 and distance € from the left
side of the strip. Since we keep a slot of width ¢ to the left, the stack of B might exceed
beyond xj. This overhang does not cause an overlap of items because Condition 9.1
ensures that x] < 1/2 — ¢ and thus the packing of B does not exceed position x = 1/2
and Condition 9.2 ensures that the excessing items have height at most 2/3 whereas
the gap has height at least 2/3.

Now pack the container C; top-aligned at height yportom + 2/3 directly at the left
side of the strip. C; fits here since Ypottom +2/3 — (V5 —1/3) = 1+ Yvottom — ¥; > 1.
Finally, pack C; above the entire packing at height y = 5/3, resulting in a total packing
height of 5/3 +«. O

Note that Lemma 9 can symmetrically be applied for a 1/3-high item with one side
at position x} € [1/2+¢,1 —¢] with w(AI(x},1;0,1) N Hy3) < 1— x] — e by mirroring
Pover x =1/2.

Algorithm 1 Edge of height greater than 1/3

Requirement: Packing P that satisfies Conditions 9.1 and 9.2 and y] > 2/3.
1: Move up the items T = AI(Cyg) by 2/3 and then mirror the packing of these
items vertically at position x = 1/2.
2: Order the items of B = HLI(0, x{;y; — 1/3) by non-increasing order of height and
pack them into a top-aligned stack at position (€, Ypottom + 2/3).
3: Pack C; top-aligned at position (0, Ypottom + 2/3) and pack C, above the entire
packing.

3.2.6 NO 1/3—HIGH ITEMS CLOSE TO THE SIDE OF THE BIN

Lemma 10. Let ¢q > 0 be a constant. If the following conditions hold for P, namely
10.1. there is no 1/3-high item that intersects [c1¢, (¢1 + 1)e] x [0,1], and

10.2. we have h(Wy_s5(c, 11)e) < 1/3,

then we can derive a packing of I into a strip of height 5/3 + € in additional time O(n).

Proof. Let W' = Wi_s5(,4+1)c N VLI((c1 + 1)&;0,1) be the set of rectangles of width
larger than 1 — 5(c; + 1)e intersecting the vertical line x = (c; + 1)e. By Condition 10.2
we have h(W') < 1/3.

Consider the rectangle r; = PointI((c; + 1)¢,1/2) (if no such rectangle exists, we
set r1 as a dummy rectangle of height and width equal to 0). We have to distinguish
two cases depending on this rectangle and the set W/, or to be more accurate their
amount of heights above and below the horizontal line at height y = 1/2. Therefore,
let a = 1/2 — y; be the height of r; below y = 1/2 and 4’ = y} — 1/2 the height above
y = 1/2. Furthermore, let h = h(W' N VLI((c; +1)¢;0,1)) and B’ = k(W' N VLI((c1 +
1)e; 1, 1)) be the heights of W’ above and below y = 1/2 excluding r; (if r; € W’).

Note, that by Condition 10.1 the height of r; is h; < 1/3, hence it intersects at most
one of the horizontal lines at height y =1/3 or y = 2/3.
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Figure 7: Packing methods for Lemma 9
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We are going to cut a slot of width ¢ between cie and (c; + 1)e down to a height
Yeut- The value y.,+ depends on the particular packing. So we distinguish between two
cases:

1.

2.

Ifa+h <1/6ora +h < 1/6, we will assume wlo.g thata’ +1" < 1/6 by
otherwise mirroring the packing horizontally over y = 1/2. In this case we set

Yeut = Y-

Ifa+h >1/6 and a’' + 1 > 1/6, we will assume w.lo.g that y; > 1/3 by
otherwise mirroring the packing horizontally over y = 1/2. Here we set ycut =

Y-

Note, if r; € W it follows that we are in the first case, since h +a+a' + 1 = h(W') <
1/3andsoh+a <1/6orh' +a < 1/6.1In both cases we have y.ut € [1/3,2/3].

ALGORITHM. We are going to cut a slot of width & between cie and (c; + 1)e
down to height y.u, which is either ¥ or y; (hence PointI((c1 + 1)e, yeut) = @). Let
X = [c1¢, (c1 + 1)€] X [Yeut, 1] be the designated slot that we want to free. To do this
we differentiate four sets of items intersecting X. The entire algorithm is given in
Algorithm 2—see Figure 8 for an illustration.

Let Ry = VLI((c1 4+ 1)& Yeut, 1) N W’ be the set of items in W’ which intersect
X by crossing the vertical line at width x = (c1 + 1)e. Notice, that if r, € W/,
then yout = y}. Therefore, Ry has total height /. Place the items of Ry into a
container Cg,, of height &’ < 1/3 and width 1 and pack it at position (0,5/3 —
h).

Let Rg = VLI((c1 +1)€& Yeut, 1) \ W’ be the set of remaining items intersecting X
by crossing the vertical line at width x = (c¢; + 1)e. Pack these items left-aligned
into a container Cg, of width 1 —5(c; + 1)e and height at most 1 — ycut — /.
This container is placed at position (5(c; + 1)¢, 1). This does not cause a conflict,
since Yyt is always greater than 1/3 and h(Rgr) + h(Ry') <1 — yeur < 2/3.

Let B = HLI(c1¢, (c1 + 1)& yeut) be the rectangles which intersect X from the
bottom. Note, that there is no rectangle at position ((c1 + 1)¢, Ycut). By Condi-
tion 10.1, these rectangles have height at most 1/3 and fit bottom-aligned into a
container Cg of width (c; +1)e and height 1/3. Place Cp at position ((c; +1)g, 1).

Let I = Al(cie, (c1 + 1)& Yeur, 1) U VLI(c1€ Yeur, 1) \ (R U R U B) be the set of
remaining rectangles which are completely inside X or intersect X only from
the left. This packing has total height 1 — y..¢ € [1/3,2/3].

We want to place I between height 1 and 5/3 — I’ > 4/3. Therefore, packing
I into a container C; of height 1/3 is sufficient. To do this we partition I into
three sets. Let I; C I be the subset of items that intersect height y = 2/3 (these
items fit bottom-aligned into a container of size ((¢; + 1)¢,1/3)) and let I C I
and I3 C I be the subsets of I that lie completely above and below y = 2/3,
respectively. By preserving the packing of I, and Iz we can pack each into a
container ((c; + 1), 1/3). In total we pack I into C; = (3(c; + 1)¢,1/3). This
container is placed at position (2(c; + 1), 1).
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Figure 8: Packing methods for Lemma 10 (the x-direction is distorted, i.e., € is chosen very
large, to illustrate the different sets that intersect with X)
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Finally, we insert C; into the free slot X and pack C, above the entire packing. We
have to prove that the slot has sufficient depth for C;. The slot starts at height y.,+ and
goes up to 5/3 — I’. Therefore, we have to check whether 5/3 — I’ — yeut > 1.

In the first case, we have i’ + 4’ < 1/6 and yeut = Y} = a’ +1/2. Hence,

5/3—h -y =5/3—-h—d -1/2>5/3-1/6—-1/2=1.

In the second case, we have h +a > 1/6 and ycut = y1 = 1/2 — a. From our discussion
above we know that h + h’ < 1/3. Hence,

5/3—1 —yet=5/3—1 +a—1/2
>5/3-1/3+h+a—1/2
>5/3-1/3+1/6—-1/2=1. O

Obviously, the methods of Lemma 10 can similarly be applied if there is no 1/3-
high item that intersects [1 — (c1 + 1)¢, 1 — c1¢] x [0, 1] at the right side of P.

Algorithm 2 No 1/3-high items close to the side of the strip

Requirement: Packing P that satisfies Conditions 10.1 and 10.2.

1: Pack Ry = VLI((c1 + 1)& Yeur, 1) N W' into a container Cg,, = (1,h’) at position
(5/3 — I',0).

2: Pack Rg = VLI((c1 +1)€& Yeur, 1) \ W’ into a container Cr, = (1 —5(c1 +1)¢,2/3 —
h') at position (5(c1 + 1), 1).

3: Pack B = HLI(c1¢, (c1 +1)&y1) \ (R U RR) into a container Cp = ((c1 +1)e,1/3)
at position ((c1 + 1), 1).

4 Pack I = (Al(cre, (¢1 + 1)& Yeur, 1) U VLI(c16 Yeut, 1)) \ (R U Rg U B) into a con-
tainer C; = (3(c1 + 1)¢,1/3) at position (2(c; + 1)g, 1).

5: Pack C; into the slot X at position (c1¢, ycut) and pack C, above the entire packing.

3.2.7 ONE SPECIAL BIG ITEM IN P

Lemma 11. If the following condition holds for P, namely

11.1. there is an item ry of height hy € [1/3,2/3] and width wy € [e,1 — 2¢], and y; > 1/3
oryy <2/3,

then we can derive a packing of I into a strip of height 5/3 + € in additional time O(n).

Proof. See Figure g for an illustration of the following proof. W.l.o.g. we assume that
y1 > 1/3, by otherwise mirroring the packing horizontally. Furthermore, we assume
that x] <1 — e since w; < 1— 2e and otherwise mirror the packing vertically, i.e., over
x=1/2.

Define a vertical polygonal chain extension Cys = VPCE(x1,y]) starting on top of
r1 and let T = AI(Cyg). Move up the rectangles in T and the rectangle 7y by 2/3 and
hereby move r1 completely out of the previous packing, since y; > 1/3. Then move r4
to the right by ¢, this is possible, since x] <1 —e.
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Figure 9: Packing methods for Lemma 11

In the hole vacated by r; we have on the left side a free slot of width ¢ (since w; > ¢
and since we moved rq to the right by €) and height 2/3 4 h; > 1 (since we moved up
T by 2/3 and since h; > 1/3). Place C; in this slot and pack C; on top of the packing
at height 5/3. O

Algorithm 3 Rectangle of height 1/3
Requirement: Packing P that satisfies Condition 11.1.
1: Define Cyi, := VPCE(x1,y]) and move up T = AI(Cyg) by 2/3.
2: Move up rq by 2/3 and then by ¢ to the right, i.e., pack r; at position (x1 +¢,y1 +
2/3).
3: Pack C; into the slot vacated by r; and pack C; above the entire packing.

Lemma 12. Let ca > 0 be a constant. If the following conditions hold for P, namely

12.1. there is an item ry of height hy € [1/3,2/3] and width wy € [(4c2 + 1)g, 1] with
v1 < 1/3 and with y| > 2/3, and

12.2. we have w(Hy 3) > 1 — wy — 26,
then we can derive a packing of I into a strip of height 5/3 + € in additional time O(n).

Proof. Since the height of 71 is iy < 2/3 we can assume w.l.o.g. that r; does not
intersect y = 1/6, i.e., y1 > 1/6 (by otherwise mirroring over y = 1/2).
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We want to line up all rectangles in the instance I of height greater than h =
max(1/2,1 — hy) and the rectangle r; on the bottom of the strip. These rectangles fit
there, since in any optimal solution they have to be placed next to each other (all
rectangles of H;, = {r; | h; > h} have to intersect the horizontal line at height y = 1/2
and no rectangle of Hj, fits above r1). Since 1 —hy > 1/3, Hy /3 is included in the set Hj,.
See Figure 10 for an illustration of the following algorithm and refer to Algorithm 4
for a compressed description.

Let T = AI(0,1;2/3,1) be the rectangles which lie completely above the horizontal
line at height y = 2/3. We move up the rectangles in T by 1/3 into the area [0,1] x
[1,4/3]. Now there is a free space of height at least 1/3 above r;.

Let B = AI(0,1;0,1/3) be the rectangles which lie completely below the horizontal
line at height y = 1/3. We pack these items into a container Cg = (1,1/3) by preserv-
ing the packing of B and pack Cp at position (0,4/3), i.e., directly above T. Since by
assumption r; does not intersect the horizontal line at height y = 1/6, there is a free
space of height at least 1/6 below r;.

The remaining items of height smaller than / except r{ have to intersect one of the
horizontal lines at height 1/3 or 2/3 or lie completely between them. We denote these
rectangles by M; = HLI(0,1;1/3) \ (H, U {r1}), M> = HLI(0,1;2/3) \ (H, U{r1} U
M;j) and M3 = AI(0,1;1/3,2/3). Since each rectangle in Hy,3 and r; intersects both
of these lines, the rectangles in M = M; U M, U M3 lie between them in slots of total
width cye. Therefore, we can pack M; and M, each bottom-aligned into a container
(c2¢, ). Furthermore, the rectangles in M3 fit into a container (c2¢,1/3) by pushing
the packing of the slots together. In total we pack M into a container Cy; = (3c2¢, h)
and pack it aside for the moment.

After these steps we removed all rectangles of height at most h except r; out of the
previous packing. All remaining items intersect the horizontal line at height y = 1/2.
We line up the rectangles in L = HLI(0, x1;1/2), i.e., the remaining rectangles on the
left of r1, bottom-aligned from left to right starting at position (0,0). The rectangles
in R = HLI(0, x};1/2) (the remaining rectangles on the right of r;) are placed bottom-
aligned from right to left starting at position (1,0). Now move r; down to the ground,
i.e., pack rq at position (x1,0). Above r; is a free space of height at least 1/2, since
we moved T up by 1/3 and r; down by at least 1/6. The free space has also height
at least 1 — hy, since there is no item left above r; up to height 1. Hence, in total, this
leaves us a free space of width w; > (4c, + 1)e and height h. Denote this area by
X = [x,x'] X [h1, h1 + h] with x = x; and x" = x1 + wy.

Move r; to the right by at most co¢e until it touches the first rectangle in R, i.e., place
r1 at position (1 — w(R) — w1, 0). This reduces the width of the free area on top of r;
to X' = [x + ca¢, x’] X [h1, hy + h]. Note, the width of X' is still at least (3c; + 1)e.

In the next step we reorganize the packing of C;. Recall, that the rectangles in C;
are placed bottom-aligned in that container. Let C] be the rectangles in C; of height
larger than h. By removing C, we can resize the height of C; down to h. The resized
container C; and the container Cy; have both height /1 and total width at most (3¢, +
1)e. Place them on top of r; in the area X'.

Then place the rectangles in Cj into the free slot on the left side of r1. They fit there,
since in any optimal packing all rectangles of height greater than / in the instance and
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Figure 10: Packing methods for Lemma 12

r1 have to be placed next to each other (all rectangles of height greater than % have to
intersect the horizontal line at height y = 1/2 and none of them fits above r;). Finally,
pack C; above the entire packing at height 5/3. O

3.2.8 TWO RECTANGLES OF HEIGHT BETWEEN 1/3 AND 2/3

Lemma 13. If the following conditions hold for P, namely

13.1. there are rectangles r1, ro with heights hy, hy € [1/3,2/3] and widths wy, wy > ¢, and
13.2. we have y1 < yy and y» < y}.

then we can derive a packing of I into a strip of height 5/3 + € in additional time O(n).

Proof. See Figure 11 for an illustration of the following algorithm which is given in
Algorithm 5. W.Lo.g. let r1 be the wider rectangle (w; > w;). Let Cift = VPCE(x}, y})
and Chift = VPCE(x}, v/}) be the vertical polygonal chain extensions of the top of ; and
1o, respectively. Furthermore, let T} = AI(Ciift) and T, = AI(CE“) be the rectangles
above these polygons.

Note that r; ¢ T by Condition 13.2, since otherwise we have y; > y5. The same
argument holds for the statement r, & Tj.
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Algorithm 4 Single big item of height 1/3

Requirement: Packing P that satisfies Conditions 12.1 and 12.2.

1: Moveup T = AI(0,1;2/3,1) by 1/3

2: Pack the rectangles in B = AI(0,1;0,1/3) into a container Cg = (1,1/3) at posi-
tion (0,4/3).

3: Pack the rectangles in M = (AI(0,1;1/3,2/3) UHLI(0,1;1/3) UHLI(0,1;2/3)) \
(Hp, U {r1}) into a container Cp; = (3¢, h).

4 Line up the rectangles in L = HLI(0, x1;1/2) on the left of 1 starting at position
(0,0).

5: Line up the rectangles in R = HLI(0, x{;1/2) on the right of r; starting at position
(1,0) from right to left.

6: Pack rq at position (1 —w(R) —wy,0), by moving r; to the bottom of the strip and
at most cye to the right.

7: Pack Cps and the resized container C; on top of rq into the area X'.

8: Pack the rectangles C; C C; of height greater than & into the slot vacated by r
and pack C; above the entire packing.

Let T3 = T; U T, be the rectangles above r; and r,. We move up the rectangles in
T3 by 2/3. This leaves a free area of height 2/3 above r; and r,. We place r, directly
above r1 into that free area. This is possible because w; > w; and hy < 2/3. The hole
vacated by r, has width w, > ¢ and height at least 1, since h, > 1/3 and T3 was
moved up by 2/3. Finally, we place C; into that hole and C; on top of the packing at
height 5/3. O

Algorithm 5 Two rectangles of height between 1/3 and 2/3

Requirement: Packing P that satisfies Conditions 13.1 and 13.2.
1. Define C}ft = VPCE(x;,v}), Cift = VPCE(xy,v5), Ty = AI(Clift) and T, = AI(Cif).
2: Moveup Tz =TT UT, by 2/3.
3: Pack r; at postion (x1, /).
4 Pack C; into the slot vacated by r; and pack C, above the entire packing.

3.2.9 GAP BETWEEN INNERMOST 2/3-HIGH EDGES

The pre-conditions for this section are quite technical. We first state them formally
and present a motivation afterwards. Thus assume that the following conditions on
P are satisfied throughout this section for some small constant c3 (think of c3 = 2 for
most cases).

14.1. There are rectangles ry,r, € H,,3 with x-coordinates xé € [4cze, 1 — 4cze] and
Xy € [x) + 4cze, 1 — 4cse] (note that x) refers to the right side of r, whereas x,
refers to the left side of r,).

14.2. There is no 1/3-high item that intersects with [x} + (c3 —1)g, ), + c3¢] x [0,1] and
there is no 1/3-high item that intersects with [x, — c3¢, x, — (c3 — 1)¢] x [0, 1].
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Figure 11: Packing methods for Lemma 13

To understand the motivation for these conditions assume that Lemma 9 is not
applicable, which reads as follows. If there is a 1/3-high edge on the left side of the bin
then the space to the left of this edge is almost completely occupied by 2/3-high items. Now
we consider r, and r, as the innermost such 2/3-high items. By Lemma 9 we know that
there are no further 1/3-high items between x and x, other than in a very thin slot
next to these edges and close to the x-coordinate 1/2 (exceptions are wide 1/3-high
items that span across these areas—these cases are handled separately). This property
is captured in Condition 14.2. For technical reasons we require x, > x} + 4cze. If this
is not the case (and Lemma 9 is not applicable), we have w(H,,3) > 1 — 6¢3¢ and can
apply Lemma 8.

BASIC ALGORITHM. We are going to cut out a certain slot of width cze next to xj.
The depth of this slot depends on the particular packing P. In a first step we describe
our basic algorithm and assume that we cut down to height y.. € [1/3,2/3]. In a
second step we show how this basic algorithm is used depending on P and prove that
it actually returns a valid packing.

Let X = [x}, X} + c3€] X [Ycut, 1] be the designated slot that we want to free. To do
this we differentiate five sets of items that intersect X. The definition of these sets
depends on the item rcorer = PointI(x}, + ¢3¢, Ycut) and on the item Tsplit = PointI(x} +
3¢, Yeut + 1/3), which are the items that reach into X from the right at height ycut
and yeut + 1/3, respectively. If no item contains (x, + ¢3¢, Ycut) OF No item contains
(x) + €3¢, Ycut + 1/3) in its interior, we introduce dummy items of size (0,0) for rcorner
and 7py;t, respectively.

One further important ingredient of the basic algorithm (or rather its correctness) is
the following blocking property. No item that intersects the designated slot X, i.e., that
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Figure 12: Blocking property and definition of sets that intersect X.

intersects [x}, X} + c3€] X [Veut, Yeut + 1/3], reaches to the left of x or to the right of
xy + c3g, i.e., VLI(X); Yeut, Yeut + 1/3) = @ and VLI(x}, + ¢38 Yeut, Yeur +1/3) N VLI(x, +
C3&; Yeuts Yeut + 1/3) = Q.

Intuitively, we think of 7, and r, as the blocking items, i.e., ¥, ¥y < Yeut and yj, y; >
Yeut +1/3. Hence no item intersecting X can reach beyond r, and r,. In one special
case, we cannot ensure that 7, is such a blocking item, i.e., ycut +1/3 > y;. In this
case we need the additional area of width cze to the right of x,. See Figure 12a for an
illustration of this property, Figure 12b for an illustration of the different sets of items
that intersect X and Figure 13 for an illustration of the following basic algorithm.

For the moment we assume that the blocking property is satisfied for y.,+ and thus
no item reaches into X from the left below vyt +1/3.

* Let Xq/3 = Al(x), x; + c3¢;0,1) N Hy 3 be the set of 1/3-high items that lie com-
pletely within cse distance to the right of x}. By Condition 14.2, the total width
that the items of Xj /3 occupy in the packing is bounded by (c3 — 1)e. Therefore,
we can remove these items and pack them into a container Cx,,, = ((c3 —1)¢, 1)
by preserving the packing of the rectangles in X;,3. We put Cx, ,, aside for later
insertion into the free slot X together with C;.

e Let B = HLI(X), Xcorner; Yeut) \ (X1/3 U {Tcomer}) be the set of remaining items
that intersect the bottom of X excluding rcormer- Pack B bottom-aligned into a
container Cp = (c3¢,1/3). This is possible since Xcomer — ¥ < ¢3¢ and the 1/3-
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high items have been removed before. Place this container at the left side of the
strip above the current packing at position (0,1).

e Let I = AI(X) \ Xj,3 be the set of remaining items that lie completely inside of
X. There are no 1/3-high items in I due to the removal of X3 but the packing
has a total height of 1 — y.ut € [1/3,2/3]. We use a standard method to repack
I into a container of height 1/3 as follows. Let I; C I be the subset of items that
intersect height y = 2/3 (these items can be bottom-aligned to fit into (cz¢, 1/3))
and let I, C I and Iz C I be the subsets of I that lie completely above or below
y = 2/3, respectively. By preserving the packing of I, and I3 we can pack I
into C; = (3c3¢,1/3). Place this container next to Cp at position (cz¢, 1). The
container does not intersect with the space above the designated slot X since the
combined width of Cp and Cj is 4c3e and xé > 4cze by Condition 14.1.

* Consider the contour Cy defined by height y = yeut +1/3 to the left of g
and by the top of rg,;; to the right. More formally, let

Clift = PL((O/ Yeut + l/3>/ (xsplit/ Yeut + 1/3)/ (xsplit/ ygplit>/ (1/ ygplit)) .

Let T = AI(Cyg) \ I be the set of items that lie completely above this contour but
not in I. Move T up by 2/3. This does not cause an overlap with the containers
Cp and Cy since Cjf lies completely above 2/3 (as yeut > 1/3) and thus the
lowest item in T reaches a final position above 4/3.

* Let R = VLI(x} + c3€ Yeut, Yeut + 1/3) be the set of items that intersect with the
right side of X up to the crucial height of ycut +1/3. Move R up by 2/3 and
then left-align all items at x-coordinate x}, + cse. This is the sole operation in the
basic algorithm that might cause a conflict. This potential conflict only affects
Tcorner and we will later see how to overcome this difficulty. All other items were
entirely above yq. in the original packing and are thus moved above height

1. Therefore, they cannot overlap with any item inside the original packing P.

Since the blocking property ensures that no item of R has width greater than
X, + c3€ — x% and x, < 1 — 4cze (by Condition 14.1) we can left-align all items at
x-coordinate x, + cze without any item intersecting the right side of the strip.

Finally, after resolving the potential conflict from the last step, we insert C; and
Cx, , into the slot X at position (x}, ycut) (they fit since w(Cy) +w(Cx, ,) < c3e and all
items in T lie above yeut +1/3 +2/3 = yeut + 1) and pack C, above the entire packing
as always. See Algorithm 6 for the complete basic algorithm.

We described the basic algorithm in a way that it always cuts down from the top
of the packing next to r,. But there are four potential cuts since we can also cut next
to 7, or from below. To ease the presentation we will stick to cutting next to r, from
above by otherwise mirroring the packing horizontally and/or vertically.

Now let us see how to invoke the basic algorithm such that the blocking property
is satisfied for y.u+ and how to resolve the potential conflict.
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Figure 13: The basic algorithm

Algorithm 6 Basic algorithm

Requirement: Packing P that satisfies Conditions 14.1 and 14.2; ycut € [1/3,2/3] that

satisfies the blocking property

1: Remove the items Xj,3 = Al(x}, x; + c3¢;0,1) N Hy/3 and pack them into a con-
tainer Cx, , = ((c3 —1)¢, 1).

2: Pack B = HLI(x}, Xcorner; Yeut) \ (X1/3 U {Fcorner }) into a container Cp = (c3e,1/3)
at position (0,1).

3: Pack I = AI(X) \ X;,3 into a container C; = (3cz¢,1/3) at position (cze, 1).

4 Move up the items T = AI(Cyg) \ I by 2/3.

5: Move up the items R = VLI(x} + ¢3& Yeut, Yeut + 1/3) by 2/3 and left-align them
with x} + cze.

6: Resolve potential conflicts.

7: Pack C; and Cy, , into the slot X at position (xé, Yeut) and pack C; above the entire
packing.
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Figure 14: Definition of Yiop, Ybottom, 71,72,73 and r4 and accentuation of the designated slot
X next to ry. Here rq intersects with 1/3 and wq +wp, < 1 — x% — ¢3¢ and thus
Yeut = 1/3.

Let yiop = min(y),y,) > 2/3 and let yporom = max(y,, y,) < 1/3. We get the items

11 = Pointl(x} + ¢3¢, Yop — 1/3),

ro = Pointl(x} + ¢3¢, Ypottom + 1/3),
r3 = PointI(x, — ¢3¢, yiop — 1/3), and
ry = Pointl(x, — €3¢, Ypottom + 1/3)

as some potential corner pieces of the cut (see Figure 14), corresponding to item 7corner
in the basic algorithm. Note that the items r1,7;, 73 and r4 do not necessarily have to
differ or to exist (while in the latter case we again introduce a dummy item of size
(0,0)) . By Condition 14.2 we know that hy, hy, h3, hy < 1/3.

In the following cases we set ycut € [1/3, Yiop — 1/ 3]. For this value of ycut the
blocking property is satisfied since y;,y, < 1/3 < yeur and ¥}, Y, > Yiop > Yeut +
1/3. Thus VLI(X}; Yeut, Yeur +1/3) € VLI(x};y0,y;) = @ and VLI(X) + €3& Yeut, Yeut +
1/3) N VLI(xr + €38 Yeuts Yeut + 1/3) C VLI(XQ + C3& Yeut, Yeut + 1/3) N VLI(xr; Yy, y;‘) c
VLI(x; yr, yy) = @ (no item from [x), x}, + c3€] X [Yeut, Yeut + 1/3] reaches beyond x;
and x;).

We now describe the different cases in which we invoke the basic algorithm.

CASE 1. Y1 >1/3,1i.e., rq lies above height 1/3.

In this case we invoke the basic algorithm with y.t = y1 € [1/3, Yiop — 1/ 3] (hence
the blocking property is satisfied). We have rcomer = (0,0) and r; is the lowest item in
R. The item rq is moved above height 1 since y; > 1/3. Thus no conflict occurs.

In the following assume conversely that y1,y3 < 1/3 and y5,y, > 2/3 (using mir-
roring). This implies that 7y, r3 intersect the horizontal line at height y = 1/3 and 13,74
intersect the horizontal line at height y = 2/3 (by definition of the potential corner
pieces and as yiop — 1/3 > 1/3 and Ypottom + 1/3 < 2/3). Hence, we have r; # r; and
r3 %~ 14 since hy, hy, hs, hy < 1/3.
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CASE 2.  w;+wy <1—x) —cze (and ry intersect y = 1/3, r; intersects y = 2/3).

In this case we potentially mirror the packing horizontally, i.e., over y = 1/2, to ensure
that i1y < hy. We invoke the basic algorithm with y.,+ = 1/3 (hence the blocking
property is satisfied) and thus we have rcomer = 71 and rqpjit = 72 (as we can assume
from the previous case that r; intersects y = 1/3 and r, intersects y = 2/3). Since
r1 intersects the horizontal line y = 1/3 it is not moved out of the original packing
P (and could therefore cause a conflict with the original packing). Since w; + w, <
1-— xé —c3e and hy < hp we can pack rq to the right of r, which is left-aligned at
x-coordinate x} + c3¢, i.e., pack r1 at position (x} + c3e + wo, y» + 2/3). This handles
the potential conflict of the basic algorithm.

In the following we assume that wy +wy > 1 — x2 — c3¢ and accordingly ws + wy >
x, — c3¢. Thus Zle w; > 14 x, — x}, — 2c3e > 2(x, — x}). This is obviously only possible
if r1 = r3 or r, = r4. Let us thus assume r, = r4 (by otherwise mirroring the packing
over y =1/2).

CASE 3. wy; < Xy — x@ — 2c3¢ (and rp = r4 and rq intersects y = 1/3 and r; intersects
y=2/3).

Again we invoke the basic algorithm with y.+ = 1/3 (hence the blocking property
is satisfied) and accordingly we have rcomer = 71 and Tplit = 2. All items above r;
are in T, hence by moving up T by 2/3 no item intersects the area above r,, that is,
in particular, the area [x} 4 c3¢, X, — c3€] x [y5, 1]. Furthermore, since r; intersects the
horizontal line y = 2/3, except r; no item is placed in [x} + c3¢, x, — c3€] x [2/3,1]
after moving up R by 2/3. The rectangle r; has height at most 1/3 and width at
most x, — x, — 2c3¢. Hence by moving up r; by 2/3 and left-aligning it at x-coordinate
X} + c3¢e it intersects only with the free area [x} + c3¢, X, — c3¢] x [2/3,1] inside the
original packing P. Thus no conflict occurs.

On the other hand, if conversely w; > x, — x2 — 2c3¢ and accordingly ws > x, —
X}, — 2c3e we have r1 = r3 since x, > x) + 4c3e by Condition 14.1.

Thus for the last case we have r; = r3 and r, = r4 and r intersects height y = 1/3
and r, intersects height y = 2/3. The challenge in this remaining case is that we
cannot move 71 out of the original packing (since it intersects y = 1/3) and thus there
might occur a conflict close to r,. We now show how to resolve this potential conflict
close to 7,.

TWO WIDE CORNER PIECES. Let y{op_leﬂ be the height of the bottom of the lowest
item above r, that intersects x% — ¢3¢ and xz + ¢3¢, ie.,

Yiop-left = Min {y; | 1 € VLI(x) — csg;y), 1) N VLI(x) + cae;yp, 1) }-

: s / _ / / /
If there is no such item let y top-left — L. Let Y top-right” Ybottom-left and ybottom-right be de-
fined accordingly as shown in Figure 15. Now we define yi,, = min(y,p jef Yiop-right)

/ _ / / / —_ 4/
and Ybottom = max(y bottom-left’ ¥ bottom-right)' Let us assume that ytop =Y top-right (by oth-
erwise mirroring over x = 1/2).

CASE 4. Y1 > y{op —2/3(and r; = r3 and 1, = r4 and rq intersects y = 1/3 and r,
intersects y = 2/3).



3.2 A (5/3+4¢€)-APPROXIMATION ALGORITHM

2c3€ 2c3€
1 — /
=T |
B X B
yltop 1 -, =1 yicop-right
_ N~
Ty Ty
4 il e /
Ybottom-| -~ - =TT ] *ybottom-right
N o0& P
— — ~Ybottom-right
Xy Xy

Figure 15: Definition of v, and Yy, o, No item from X below yi,, reaches beyond x; + cse.

In this case we invoke the basic algorithm with y.,+ = 1/3 as usual (hence the blocking
property is satisfied) and again we have rcormer = 71 and rsplit = 12. Let 75 be the item
that defined yi,, = yéop_right = y5. Then the items r, and r5 intersect the vertical line
x = x, — c3e. Since Y, > min(yy,y;) > 2/3 and r; intersects the horizontal line y =
2/3 and since r; and 5 intersect the same vertical line, it follows that ys = yio, > 1.
So r5 and all rectangles above 75 are in T and moved up by 2/3. Therefore, no item
intersects with the area [x) + ¢3¢, X, + c3¢] X [Viop, 1]- Since y1 > yiop, — 2/3, we move
up r1 above y{op and into this area. Thus no conflict occurs. So in the following assume
conversely that y1 < yi,, —2/3 and accordingly ¥ > Y{,,yom +2/3-

CASE 5. Y1 < Yiop —2/3and ¥ > Y yom +2/3-

Now assume that Yportom = Y¢ (by otherwise mirroring vertically—so y{op = y{op_right
does not necessarily hold any more). Note that we refer to the original definition of
Ybottom instead of yi .. here. We invoke the basic algorithm using ycut = y;. So 1
is left in the original position (and we have rcomer = (0,0)) and since y; > 1/3 all
items from R are moved out of the original packing. It remains to verify the blocking
property for yeut = Y3, since y; is not necessarily in [1/3, yiop — 1/3].

We have ylé > Yr+2/3 = Yoottom +2/3 = ]/1 +1/3 = Yeur +1/3 (since ]//1 < Ybottom 1
1/3 as by definition r, intersects with yportom + 1/3 and 71 # r2). So the blocking
property is enforced by 7, to the left, i.e., VLI(X}; Yeut, Yeut + 1/3) = @. Moreover, we
have yeut +1/3 < Yiop since yeut +1/3 =y +1/3 =y1 + 1 +1/3 < y1+2/3 < Yiop-
Thus by definition of y,, no item that intersects x, — cze between y; and y;,, reaches
beyond x, + ¢3¢, i.e., VLI(x} + ¢3& Yeut, Yeut + 1/3) N VLI(x, + €38 Yeut, Yeut +1/3) = @.
So the blocking property is also satisfied for the right side.

In total we get the following lemma.

Lemma 14. Let c3 > 0 be a constant. If the following conditions hold for P, namely

14.1. there are rectangles vy, v, € Hy 3 with x-coordinates x), € [4cze, 1 — 4cze] and x, €
[x} + 4cse, 1 — 4cse], and
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14.2. there is no 1/3-high item that intersects with [x}, + (c3 — 1)¢, x}, + cze] x [0,1] and
there is no 1/3-high item that intersects with [x, — cze, x, — (c3 — 1)¢] x [0,1],

then we can derive a packing of I into a strip of height 5/3 + ¢ in additional time O(nlogn).

We use the same methods, namely the basic algorithm invoked with y.,+ = 1/3 and
c3 = 2 for another case where we do not have a blocking edge of height 2/3 on both
sides. More specifically, we get the following corollary where the right-hand blocking
item 7, is 1/3-high.

Corollary 4. If the following conditions hold for P, namely
14.3. thereis an item ry € Hy 3 with x-coordinate x|, € [8¢,1/2 — 9¢], and

14.4. there is an item r, € Hy /3 that intersects y = 1/3 and y = 2/3 with x-coordinate
X, €[1/2—¢,1/2+¢], and

14.5. there is no 1/3-high item that intersects with [x) + ¢, x}, + 2¢| x [0,1],
then we can derive a packing of I into a strip of height 5/3 + ¢ in additional time O(nlogn).

Proof. As stated above, we invoke the basic algorithm with yot = 1/3 and ¢z = 2.
Note that x, > x}, + 8¢ = x} + 4cze. The blocking property is satisfied, since r, and r,
intersects with the horizontal lines at height y = 1/3 and y = 2/3. If rcomer = (0,0) or
Tsplit = (0,0) we can use the same methods as in Case 1. Otherwise 7comer intersects
y = 1/3 and rg,); intersects y = 2/3. Since r, also intersects y = 1/3 and y = 2/3
we have Weorner < Xp — xé and Wsplit < X — xé- Thus wWeorner + Wsplit < 2% — ZXZ <

1+42e —2x, <1—x}, —4e =1 — x;, — 2c3e. Hence we can use the same methods as in
Case 2. O

3.2.10 THE OVERALL ALGORITHM

In this section we finally bring together the methods described in the previous sections
to give the overall algorithm.

Recall that e < 1/(28-151). We start by applying the methods of Lemma 3 in order
to reduce the problem to pack an instance I with OPT(I) < 1. In a first step we
attempt to apply Lemma 7 or Lemma 8. If we are successful, this gives a packing into
a strip of height at most 5/3 + 260¢/3 which we return. Otherwise we have

h(W1_130e) < 1/3 and (3-7)
w(Hy,3) < 27/28. (3.8)

Now we apply the PTAS from [5] with an accuracy of 6 := €?/2 and denote the
resulting packing by P. We pack the remaining items into C; = (¢,1) and C; = (1,¢)
as described in Section 3.2.1. According to P we decide which of the other Lemmas to
apply in order to insert C; into a free slot in P.

The 2/3-high items play a crucial role in this decision. Let r, be the rightmost 2/3-
high item in AI(0,1/2 —¢;0,1) and let 7, be the leftmost 2/3-high item in AI(1/2 +
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g,1;0,1) (we consider the sides of the strip as items of height 1 and width o to ensure
that ry and r, exist).

Iterate over all 1/3-high items in P and check the applicability of Lemma 9 for both
sides of each item (also under mirroring over x = 1/2). If possible, use the methods
of Lemma 9 to derive a packing into a strip of height 5/3 + . Otherwise P has the
following properties.

* The areas to the left of r; and to the right of r, are almost completely covered
by 2/3-high items, i.e., w(AI(0,x);0,1) N Hy/3) > x;, — € and w(Al(x,,1;0,1) N
Hy,3) > 1—x, —¢, since Lemma 9 could not be applied on r; and 7,.

* The x-coordinates of the sides of all 1/3-high items are in I, = [0,x) +¢], Iy =
[1/2 —¢,1/2+¢] or I, = [x, —¢,1]. To put it in another way the rectangles
in Hy/3 are either completely inside one of these intervals or span across one
interval to another.

* We have x, — x}, > 143¢ as otherwise

w(Hy/3) > w(AI(0,x5;0,1) N Hy/3) + w(Al(xr,1;0,1) N Hy/3)
>x)—e+1—x—¢
> 1 —145¢
> 27/28

for an € < 1/(28 - 145) in contradiction to Inequality (3.8).

The specific method that we apply in the next step depends on the existence of 1/3-
high items that span across the intervals Iy, I; and I,. It is not possible that a 2/3-high
item rq spans from I, to I, as otherwise we have w(Hy,3) > w(AI(0,x};0,1) N Hy/3) +
w(AI(x,,1;0,1) N Hyy3) +wy > xy—e+1—x —e+x, —x, —2e > 1—4e > 27/28
for ¢ < 1/112. The same holds if there were two 2/3-high rectangles r, rp, that
span from Iy to Iy and Ip to I, respectively (w(Hy/3) > w(AI(0,x};0,1) N Hy/3) +
w(AI(x,, 1;0,1) N Hyy3) +wi 4wy > xy—e+1—x, —e+x, —x;, —4e > 1—6e > 27/28
for e < 1/168).

In order to have a consistent description of the following cases, we assume that
there are no 2/3-high items that span across the intervals by otherwise redefining
ry and xz or r, and x, as follows. If there is a 2/3-high item r that intersects with
X = x2 + ¢, i.e., r spans from Iy and Iy;, then we redefine r, as the rightmost 2/3-high
item in Iy, or v, = r if there is no 2/3-high item completely in I5;. On the other hand,
if there is a rectangle r that intersects with x = x, — ¢, i.e., 7 spans from Iy to I, then
we redefine r, as the leftmost 2/3-high item in Iy, or r, = r if no 2/3-high item is
completely in Iy;.

After this step we have to update the first properties above as follows.

¢ The areas to the left of r; and to the right of r, are almost completely covered
by 2/3-high items, i.e., w(AI(0,x};0,1) N Hy/3) > x}, — 4e and w(AlI(x,,1;0,1) N
Hy/3) > 1—x, —4e.
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This property follows again from the inapplicability of Lemma 9 and the observation
that only uncovered area of total width 3e in [x], x}, + €] (for the now outdated value
of x}) and [1/2 —¢,1/2 + ¢] can be added.

We still can assume x, — x;, > 143¢, since otherwise w(H,/3) > w(AI(0,x);0,1) N
Hy/3) + w(Al(x,,1;0,1) N Hyy3) > x; —4e+1—x, —4e > 1 —151e > 27/28 for an
e <1/(28-151).

Let ¢z = 2 if x} <1/2 -3¢ and x, > 1/2 + 3¢ and c3 = 5 otherwise. The intention
of this definition is that [x} + (c3 — 1)g, x, + c3¢| does not intersect with I, U I; and
[x; — c3e, %, — (c3 — 1)¢] does not intersect with Ip; U I, (here we use x, — x}, > 143¢
as thus if Iy lies close to I we have a bigger gap between I; and I, and vice versa).
Since the x-coordinates of the sides of all 1/3-high items are in Iy, I and I, we thus
get the following property for P.

* If one 1/3-high item intersects with [x} + (c3 — 1)g, x}, + c3¢] % [0,1], then it has
to cross the vertical line at x = x% + c3e.

e If one 1/3-high item intersects with [x, — c3¢, x, — (c3 — 1)¢] x [0, 1], then it has
to cross the vertical line at x = x, — c3¢.

Now assume that x} < 4c3e and no 1/3-high item intersects with x = x2 + c3e. Thus
no 1/3-high item spans across Iy and Iy and the precondition of Lemma 10 with
c1 = 5c3 is satisfied (we have h(Wi_s, 11)e) = H(Wi_5(5¢,41)e) < B(Wi-130e) < 1/3 by
Condition 3.7). We use the methods of Lemma 10 to derive a packing into a strip of
height 5/3 4 ¢ which we return. For a packing P that is still not processed we get the
following property.

* If no 1/3-high item intersects with x = x} + cz¢, then x} > 4c3e and analogously
if no 1/3-high item intersects with x = x, — c3¢, then x, <1 — 4cze.

See Figure 16 for a schematic illustration of the following cases (by the considerations
above, all 1/3-high items that span across the intervals have height at most 2/3).

* A 1/3-high item reaches close to r; and r,—see Figure 16a.

In this case we assume that there is a 1/3-high item r; that intersects with
x = xj + € and with x = x, — ¢, i.e,, that spans from I, to I,. By Inequality (3.7)
we have w; < 1 —130¢ as h; > 1/3. Moreover, we have w; > x, — €& — xZ —e>
141e (since x, — xj, > 143¢). Thus if y; > 1/3 or yj < 2/3 we can apply the
methods of Lemma 11. Otherwise, we can apply Algorithm 4 with ¢; = 10
since wy > x, —e—x; —¢e > 14le > (4cp + 1)e (since x, — x; > 143¢) and
ZU(HQ/g) Z ZU(AI(O, x’g,O,l) N H2/3) + w(AI(xr, 1,0,1) N H2/3) 2 x2 —4e+1—
x,—4e>1—w;—10e =1 — wq — cpe.

In the following we also need to handle the case where r{ reaches only close to
the blocking items r, and 1, i.e., r; intersects with xz + 11e and x, — 11¢e. Here
we can also apply the methods of Lemma 11 or Algorithm 4 with ¢; = 30 (w; >
xr —11e — xj, — 11e > 121e = (4c2 + 1)e and w(Hy3) > w(AI(0, x;0,1) N Hy/3) +
w(AI(x,,1;0,1) N Hy/3) > x) —4e+1—x, —4e > 1 —wy — 30e = 1 — wy — c2¢).
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Figure 16: Schematic illustration of the remaining cases if Lemma 9 is not applicable. The
area to the left of r;, and the area to the right of r, is almost completely covered by

2/3-high items (and shown in darker shade).
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e Two 1/3-high items lie between r, and r,—see Figure 16b.

Assume that there is a 1/3-high item r; that intersects with x = x + ¢ and with
x = 1/2 — ¢ and there is a 1/3-high item r, that intersects with x = 1/2 + ¢
and with x = x, — e. Note, that if r; or r, spans from I, to I, then we are in
the previous case. Hence we assume that r; spans across I, to I and r, spans
across Iy to I. If xj; > 1/2 —3e or x, < 1/2 + 3¢ we apply also the method
of the previous case, since then r; intersects with x = x;g +5¢and x = x, — ¢,
or r1 intersects with x = x@ + ¢ and x = x, — 5¢. Otherwise we have wq,w, €
[e,1/2 + ¢]. Thus if r; or r, does not intersect with y = 1/3 or with y = 2/3,
we can apply the methods of Lemma 11. Otherwise, we have y1,y> < 1/3 and
v1,y5 > 2/3 and thus we can apply the methods of Lemma 13.

The following two cases use Lemma 14 and Corollary 4. Recall that we have x} >
4cze if no 1/3-high item intersects with x = xé + cze and x, <1 —4cze if no 1/3-high
item intersects with x = x, — cse.

* A 1/3-high item reaches from the middle close to v, but no 1/3-high item reaches from

1y to the middle—see Figure 16c.

In this case we assume that there is a 1/3-high item r; that intersects with
x = 1/2 4 ¢ and with x = x, — cze but there is no 1/3-high item that intersects
with x = x + cze. We assume that x;, < 1/2 — 3¢ as otherwise we could apply
the methods of the first case (as rq intersects with x = x} +4e < xz + 11e and
x = x, — ¢ in this case). Note that we have x, > 1/2 + 3¢ as otherwise c3 = 5 and
r1 would intersect with x = 1/2 — ¢, i.e., span from I, to I,, and the assumption
that no 1/3-high intersects with x = x} 4 c3e would be violated. Thus we have
c3 = 2 (by the definition above) and xj > 8¢ .

Obviously, we have w; € [¢,1 — 2¢] and can thus use the methods of Lemma 11
if y1 > 1/3 or y} < 2/3. Otherwise, the item r; intersects y = 1/3 and y = 2/3.
Moreover, we have x; € [1/2 —¢,1/2 + ¢] and thus can apply the methods of
Corollary 4 to derive a packing into a strip of height 5/3 + e. Here we use
that no 1/3-high item intersects with [x} 4 (c3 — 1)¢, x} + c3¢] % [0,1] and that
xy, < 1/2 — 9¢ since we are otherwise in the first case again (r; intersects with
x = x;+1le and x = x, — 11¢).

The same methods can be applied if the item r; reaches from r, to the middle
instead.

No 1/3-high items span across the intervals—see Figure 16d.

In this case we assume that no 1/3-high item intersects with x = x}, + c3e and no
1/3-high item intersects with x = x, — cse. Thus we have x), x, € [4cze, 1 — 4c3é]
and no 1/3-high item intersects with [x} + (c3 — 1), x} + c3¢] x [0,1] and no 1/3-
high item intersects with [x, — ¢3¢, x, — (c3 — 1)¢] x [0,1]. As we have x, — x) >
143e > 4cze we can apply the methods of Lemma 14.

This finalizes our overall algorithm which is given in Algorithm 7. These four cases
cover all possibilities and therefore our algorithm always outputs a packing into a
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strip of height at most 5/3 4 260¢/3. Thus with Lemma 3 we get an approximation
ratio for the overall algorithm of 5/3 4 263¢/3. By scaling e appropriately we proved
our main theorem.

Theorem 4. For any € > 0, there is an approximation algorithm A which produces a packing
of a list I of n rectangles in a strip of width 1 and height A(I) such that

A(I) < @ +s) OPT(I).

The running time of A is O(Tpras + (nlog®n)/ loglogn), where Tpyys is the running
time of the PTAS from [5].

Algorithm 7 The overall algorithm

Requirement: ¢ < 1/(28-151).
1: for any scaled instance I’ according to Lemma 3 do
2. if Lemma 7 or Lemma 8 is applicable then

3 store the packing derived by the according method.

4. else

5 Apply the PTAS from [5] with an accuracy of 6 := €*/2 and denote the
resulting packing by P.

6: Pack the remaining items into C; = (¢,1) and C, = (1, ¢).

7: Iterate over all 1/3-high items in P, apply the methods of Lemma 9 if possible
and store the derived packing.

8: Apply the methods of Lemma 10 if x}, < 4cze and no 1/3-high item intersects

with x = x’g + c3e (or x, > 1 —4cze and no 1/3-high item intersects with
x = x, — c3¢) and store the derived packing.

9: Decide which of the four cases applies according to the 1/3-high items be-
tween 1y and r,, apply the methods of Lemmas 11, 12, 13, and 14 or of Corol-
lary 4 and store the derived packing.

10: return the best packing that was stored
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BIN PACKING WITH ROTATIONS

In this section we consider the two-dimensional bin packing problem where the items
can be rotated by 9o degrees. We present a 2-approximation algorithm for this prob-
lem. This is optimal provided P # NP.

No previous work has been published on the absolute approximability of this prob-
lem. On the other hand, it is common knowledge that Steinberg’s algorithm yields a
4-approximation algorithm for bin packing with rotations:

The following theorem was already mentioned by Jansen & Solis-Obal?7].

Theorem 5. Steinberg’s algorithm gives an absolute 2-approximation for strip packing with
rotations.

Proof. Rotate all items r; € I such that w; > h; and let b := max(2hmax(I),2.A(I)).
Use Steinberg’s algorithm to pack I into the rectangle (1,b0). This is possible since
2A(I) < b and (2hmax(I) — b)+ = 0. The claim on the approximation ratio follows
from OPT(I) > max(hmax(I), A(I)) = b/2. O

It is well-known that a strip packing algorithm with an approximation ratio of &
directly yields a bin packing algorithm with an approximation ratio of 24. To see
this, cut the strip packing of height & into slices of height 1 so as to get [h] bins of
the required size. The rectangles that are split between two bins can be packed into
|h| additional bins. The strip packing gives a lower bound for bin packing. Thus if
h < OPTsuip(I), then [h] + |h| < 200PTyin(I). Accordingly, we get the following
theorem.

Theorem 6. Steinberg’s algorithm yields an absolute 4-approximation algorithm for bin pack-
ing with rotations.

4.1 A 2-APPROXIMATION ALGORITHM
FOR BIN PACKING WITH ROTATIONS

We start our presentation by showing in Section 4.1.1 that a first approach based on
an algorithm from Jansen & Solis-Obal?7! does not lead to the desired approximation
ratio. Our main result is presented in Section 4.1.2. The algorithm is based on our
main lemma that we prove in Section 4.1.3.

Throughout this section we assume that all items are rotated such that w; > h;.
Therefore, Corollary 1 reads as follows here.

Corollary 5 (Jansen & Zhangl°l). If the total area of a set T of items is at most 1/2 and
there is at most one item of height h; > 1/2, then the items of T can be packed into a bin of
unit size in time O((nlog®n)/ loglogn).
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146

e I E—— _y=90

Figure 17: Packing of Jansen & Solis-Oba’s algorithm where it is not immediately clear how
to derive a packing into 2 unit bins. The blocks in the packing might consist of
several items and might contain small free spaces or items that are not in Atp or
Apottom- Furthermore, there might be items (printed in dark grey) that are in Atop
and in Apotiom-

4.1.1 FIRST APPROACH

We started our investigation on the bin packing problem with rotations with an al-
gorithm from Jansen & Solis-Obal?7! that finds a packing of profit (1 — §)OPT,_xp(I)
into a bin of size (1,14 &), where OPT,_xp(I) denotes the maximal profit that can be
packed into a unit bin and ¢ is an arbitrarily small positive constant. Using the area of
the items as their profit gives an algorithm that packs almost the whole instance into
an J-augmented bin. The algorithm can easily be generalized to a constant number of
bins.

An immediate idea to transform such a packing to a packing into 2 OPT(I) bins is
to remove all items that intersect a slice of height J at the top or bottom of each bin.
These items and the items that were not packed by the algorithm would have to be
packed separately. In Figure 17 we present an instance where it is not immediately
clear how the removed items can be packed separately. Let Atop be the set of items
that intersect y = 1, Apottom be the set of items that intersect y = J, and R be the set
of remaining items. As shown in Figure 17, the sets Atop and Apggom can both have
total area arbitrary close to or even larger than 1/2 (as both sets are not necessarily
disjoint). Thus adding the additional items R and packing everything with Steinberg’s
algorithm is not necessarily possible. Furthermore, it is not obvious how to rearrange
Atop OF Apottom such that there is suitable free space to pack R and the items that are
above Ayop or below Apottom-

We therefore chose to pursue a different approach to solve this problem.

4.1.2 OUR ALGORITHM: OVERVIEW

As the asymptotic approximation ratio of the algorithm from Bansal et al.l®l is 1.525.. ..
and thus less than 2, there exists a constant k such that for any instance with opti-
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mal value larger than k, the asymptotic algorithm gives a solution of value at most
2 OPT(I). This constant k is not explicitly known as we already mentioned in the intro-
duction. We address the problem of approximating bin packing with rotations within
an absolute factor of 2, provided that the optimal value of the given instance is less
than k. Combined with the algorithm from [6] we get an overall algorithm with an
absolute approximation ratio of 2.

We begin by applying the asymptotic algorithm from [6]. Since we do not know
whether OPT(I) > k we apply a second algorithm that is described in the remain-
der of this section. If OPT(I) > k, then this algorithm might fail as the asymptotic
algorithm outputs a solution of value k' < 2 OPT(I).

Let ¢ := 1/68. We separate the given input according to the area of the items,
so we get a set of large items L = {r; € I | w;h; > €} and a set of small items
S={ri el | wh <e}. If A(L) > k then OPT(I) > k and the algorithm halts.
Otherwise, we can enumerate all possible packings of the large items since the number
of large items in each bin is bounded by 1/¢ and their total area is at most k. Take an
arbitrary packing of the large items into a minimum number ¢ < k of bins. If no such
packing exists then the asymptotic algorithm from [6] finds a suitable solution and
our algorithm halts.

If there are bins that contain items with total area less than 1/2 — ¢, we greedily
add small items such that the total area of items assigned to each of these bins is in
(1/2—¢,1/2]. We use the method of Jansen & Zhang!3°! to repack these bins including
the newly assigned small items. This is possible by Corollary 5. There is at most one
item of height h; > 1/2 since otherwise the total area exceeds 1/2, because w; > h;.
If we run out of items in this step, we found an optimal solution. Assume that there
are still small items left and each bin used so far contains items of total area at least
1/2 — e. The following crucial lemma shows that we can pack the remaining small
items well enough to achieve an absolute approximation ratio of 2.

Lemma 15. Let 0 < ¢ < 1/68 and let T be a set of items that all have area at most € such
that for all v € T the total area of T \ {r} is less than 1/2 + €. We can find a packing of T
into a unit bin in time O((nlog?n)/ loglogn).

The lemma is proven in the next section. To apply Lemma 15 we consider the
following partition of the remaining items.

Let r1,..., 1y be the list of remaining small items, sorted by non-increasing order of
size. Partition these items into sets S1 = {r¢,...,7,-1},S2 = {re,, ..., *,-1},..., 5 =
{re,, ..., e, -1} with t; = T and t,1 = m + 1 such that

A(S] \ {rtj+1*1}) < % +e€ and _A(S]) > % de

forj=1,...,5 — 1. Obviously, each set S; satisfies the precondition of Lemma 15 and
can therefore be packed into a single bin. Only S; might have total area less than
1/2 + €. The overall algorithm is given in Algorithm 8.

Note that if no packing of L into at most k bins exists, then OPT(I) > k and thus
k' <2OPT(I) by definition of k.

53



54 BIN PACKING WITH ROTATIONS

Algorithm 8 Approximate bin packing with rotations

1. Apply the asymptotic algorithm from [6] to derive a packing P’ into k' bins
2: Lete =1/68

3: Partition I'into L = {r; € I |wih; > e} and S = {r; € I | wih; < €}

4 if A(L) > k or L cannot be packed in k or less bins then

5: return P’

6: else

7: Find a packing of L into ¢ < k bins, where ¢ is minimal

8: while there exists a bin containing items of total area < 1/2 — ¢ do

9: Assign small items to this bin until the total area exceeds 1/2 — ¢
10: Use Steinberg’s algorithm (Corollary 5) to repack the bin
11 Order the remaining small items by non-increasing size
12: Greedily partition the remaining items into sets Sy, ..., Ss such that

A(Si\ {r ) < 5 +e and AGS) > o +e forj=1..,5-1

13: Use the method described in the proof of Lemma 15 to pack each set S; into
a bin
14: Let P be the resulting packing into £ + s bins

15: return the packing from P, P’ that uses the least amount of bins

4.1.3 PACKING SETS OF SMALL ITEMS

In this section we prove Lemma 15. We will use the following partition of a set T of
items of area at most ¢ in the remainder of this section. Let

T :={r, € T|2/3 < w} L={reT|1/2<w; <2/3}
T32:{1’i€T|1/3<w1’§1/2} T4::{7’1'€T|wi§1/3}.

Since w;h; < € and w; > h;, the heights of the items in each set are bounded as follows.

h; <3/2-¢ forr, €Ty, h; <2-¢ forr, €Ty,
h; <3-¢ for r; € T3 and h; < \/E for r; € Ty.

It turns out that packing the items in T involves the most difficulties. We will there-
fore consider different cases for packing items in T, according to the total height of
these items. For all cases we need to pack T7 U Tz U Ty afterwards, using the follow-
ing lemma. We denote packing heights with the letter g to distinguish them from the
height h; of item r;.

Lemma 16. Let R be a rectangle of size (1,g) and let T be a set of items that all have area
at most € such that T, = @. We can find a packing of a selection T' C T into R in time
O(nlogn) such that T' = T or

A(T) = Z(g—Ve) — =

@WIN
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Figure 18: Packing the sets T, T3 and Tj into a rectangle of width 1 and height g. The differ-
ence in height between the stacks of T3 is denoted by 4.
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Proof. See Figure 18 for an illustration of the following packing. Stack the items of
T; left-justified into the lower left corner of R. Stop if there is not sufficient space to
accomodate the next item. In this case a total area of at least A(Tl’) >2/3(g—3/2-¢)
is packed since w; > 2/3 and h; < 3/2 - ¢ for items in Tj.

Thus assume all items from T; are packed. Denote the height of the stack by g;.
Obviously, A(Ty) >2/3 - g1.

Create two stacks of items from T3 next to each other directly above the stack for T;
by repeatedly assigning each item to the lower stack. Stop if an item does not fit into
the rectangle. In this case both stacks have height at least ¢ — g1 — 3¢ as otherwise a
further item could be packed. Therefore A(T; U T}) > 2/3(g —3¢) > 2/3- (g — V/e)
since 3¢ < y/e.

Otherwise denote the height of the higher stack by g3 and the height difference by
d. The total area of Tj is at least A(T3) > 2/3(g3 —d)+1/3-d>2/3-¢3—1/3-d >
2/3-g3 —esince w; > 1/3 and h; < 3e for r; € Ts.

Finally, let g4 := ¢ — g1 — g3 and add the items of T, by NFDH into the remaining
rectangle of size (1, g4). Lemma 1 yields that either all items are packed, ie.,, T' =T,
or items T; C Ty of total area at least A(T;) > 2/3(gs — /¢) are packed. Thus the
total area of the packed items T’ is A(T') >2/3-¢1+2/3-g3 —€¢+2/3(ga — Ve) >
2/3(g—e) —e

The running time is dominated by the application of NFDH. ]

If Ty = @ then the last packing step is obsolete and the analysis above yields the
following corollary:.

Corollary 6. Let R be a rectangle of size (1,g) and let T be a set of items that all have area
at most € such that T, U Ty = @. We can find a packing of a selection T' C T into R in time
O(n) such that T = T or

A(T) > %g — 2¢.

The above packings are very efficient if there are no items of width within 1/2 and
2/3 as they essentially yield a width guarantee of 2/3 for the whole height, except
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for some wasted height that is suitably bounded. In order to pack items of T, we
have to consider both possible orientations to achieve a total area of more than 1/2
in a packing. We are now ready to prove Lemma 15 that we already presented in the
previous section. It shows how sets of items including items of width within 1/2 and
2/3 are processed.

Proof of Lemma 15. Let g be the total height of items in T. We present three methods
for packing T depending on g». For each method we give a lower bound on the total
area of items that are packed. Afterwards we show that there cannot be any item
that remains unpacked. Throughout the proof, we assume that we do not run out of
items while packing the items in T. This will eventually lead to a contradiction in all
three cases. Let A be the area of the packed items for which we want to derive lower
bounds.

CASE1. $<1/3

Stack the items of T, left-justified into the lower left corner of the bin. Use Lemma 16
to pack Ty U T3 U Ty into the rectangle (1,1 — g») above the stack—see Figure 19. We
get an overall packed area of

P 2 2 @ 2
>7 — — — — — - — 2= —
A 2+3(1 b9 \/g) € 3 6 S 3\/5
11 2 1
> e — — < —,
> g EgVe W& >3

CASE 2. g€ (1/3,2/3]

Stack the items of T, left-justified into the lower left corner of the bin. Let B = (1/3, $2)
be the free space to the right of the stack. We are going to pack items from X = {r; €
T3 UTy | w; < g} into B. Take an item from X and add it to an initially empty set
X' as long as X is nonempty and A(X') < ¢»/6 — €. Rotate the items in X’ and use
Steinberg’s algorithm to pack them into B. This is possible by Corollary 5 since the
area of Bis /3, A(X') < g2/6,and h; < g and w; < /e < 1/6 for r; € X' (w;
and h; are the rotated lengths of 7;). Use Lemma 16 to pack (T3 U T3 U Ty) \ X’ into
the rectangle (1,1 — g») above the stack—see Figure 19. We distinguish two cases. If
A(X') > g2/6 — ¢, then

T, X' (T]UT3UT4)\X,
2 2 2
A> %2 +%—s+§(1—g2—ﬁ)—825—28—5\/&.

Otherwise, A(X’') < g2/6 — ¢ and since no further item was added to X’ we have
X' =X.As g > 1/3 we have Ty C X and we can apply Corollary 6 to get a total area
of

P 2 2 o
> - — — — = — —°2- _
A 2—|—3(1 Q) —2¢ 37 % 2¢
2
> 2—28 asg2<§.
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(TLUT3UTy) \ X!
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TTUT3U Ty 82 %

QIN

Q=

3
e
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3

onf

Figure 19: Packing in Case 1 (g2 < 1/3) and Case 2 (1/3 < g2 < 2/3)

CASE 3. g € (2/3,1+4¢]

See Figure 20 for an illustration of the following packing and the notations. Order
the items of T, by non-increasing order of width. Stack the items left-justified into the
lower left corner of the bin while the current height g is less or equal to the width of
the last item that was packed. In other words, the top right corner of the last item of
this stack is above the line from (1/2,1/2) to (2/3,2/3), whereas the top right corners
of all other items in the stack are below this line. Denote the height of the stack by g
and the set of items that is packed into this stack by Xj. Let ¥’ = (w/, I’) be the last
item on the stack. Clearly, w; < g for all items r; € T, \ X;.

Consider the free space B = (1/3,4) to the right of the stack. Rotate the items in
T, \ Xi and stack them horizontally, bottom-aligned into B. Stop if an item does not
fit. We denote the items that are packed into B by X,. Rotate the remaining items
T, \ (X1 U X3) back into their original orientation and stack them on top of the first
stack Xj. Let this set of items be X3 and let the total height of the stack X; U X3 be
g. Use Lemma 16 to pack T; U T3 U Ty into the rectangle (1,1 — g) above the stack
X3 U Xs.

Since w; > ¢ —h for r; € Xy \ {r'} we have A(X;) > (¢ —H)?+ h'/2. Again
we distinguish two cases for the analysis. If X3 = @ (or equivalently ¢ = g), then
A(X3) > (g2 — g)/2 and therefore

X1 X TiUT3UTy

— 2
A > (g—h')z-l-—-l-u—kg(l—g—\/é)—s

2 2
/| 2 2
A SR S § S/ R -
> (g h)+2+3 2+3(1 g—Ve) —e=1 A as g2 > .

To find a lower bound for the total packed area we consider the partial derivative of
A; with respect to i/, which is 9, (A1) = 2h' — 2¢ +1/2. Since 21’ —2g +1/2 < 0 for
h' < 2eand g > 1/2, the total packed area is minimized for the maximal value W =2¢
for any ¢ in the domain. After inserting this value for i’ we get A} = (g —2¢)? +¢+
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T,UT;UTy
| 43
S !
P yd
h’/ . / =
______________ - |1
X X, |’
2
3

Figure 20: Packing in Case 3 (2/3 < g» < 1+ 4e). Item 7’ of height /' is depicted larger than
€ < 1/68 for the sake of visibility. The diagonal line ¢ shows the threshold at which
the stack Xj is discontinued

1/3—g/2+2/3-(1—g—+/¢) —eand %(Al) = 29 —7/6 — 4¢e. Thus the minimum is
acquired for ¢ =7/12 4 2e. We get

7\? 1 7 2/(5
> 2 - _ L i N P _
A > (12) tet g o et s (12 2e ﬁ) e
= —— —-g— /e
Otherwise X3 # @ (or equivalently g > g) and thus A(X;) > 1/2-(1/3 — 2¢) as the
stack X leaves at most a width of 2¢ of B unpacked. Furthermore, § < 2/3 + 6¢ since

22 <1+ 4e and a width of at least 1/3 — 2¢ is packed into B. Since A(X3) > (§—g)/2
and § < 2/3 4 6¢ we get

Xi Xs X3 THUT3UTy
o1 /1 g—g 2
> _1,7\2 i - < o~ .
A > (g—H) +2+2(3 2€)+2 +3(1 g—Ve) —¢
Wo1/1 1 2
> — 1\2 i — R - - — _g — — — = .
> (g h)+2+2<3 28) 5 ¢ 2+3(1 Ve) —e:= Ay

With an analysis similar to before we see that A, is minimal for &’ = 2¢ (as 5%, (A2) =
20 —2g+1/2 < 0)and g = 1/2 (as f5(Az) = 2 —1/2—4e > 0 for h = 2¢ and
g > 1/2). We get

1 2 1 1 1 2
> — — - —f— - —g— = — — —
A, > (2 28) +e+6 e—g—¢ 4—1—3(1 Ve) —e

13 4¢® — 4e — 2\/5

> =
_18+
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If go > 1+ 4e then A(T;) > 1/2-g2 > 1/2 + 2¢, which is a contradiction to the
assumption of the lemma. Therefore the three cases cover all possibilities.
It is easy to verify that for 0 < ¢ < 1/68 the following inequalities hold.

11 2 1 2 2 1
g — — > R — — >
5 ¢ 3\/5_2+e 3% 3\/5_2+e

5 1 9%5 7 2 1

- — > — - — —g— — >

g 2= 5+ 3¢ 3\/5_2+e

£+4£2—4e—§\/§2 %4—8
Now let us assume that we do not run out of items while packing a set T with the
appropriate method above. Then the packed area is at least 1/2 + ¢ as the inequalities
above show. The contradiction follows from the precondition that removing an arbi-
trary item from T yields a remaining total area of less than 1/2 + ¢. Thus all items are
packed.

The running time is dominated by the application of Steinberg’s algorithml43l. [

4.1.4 THE APPROXIMATION RATIO

Theorem 7. Our algorithm is an approximation algorithm for two-dimensional bin packing
with rotations with an absolute worst case ratio of 2.

Proof. Recall that we denote the number of bins used for an optimal packing of the
large items by ¢. Obviously ¢ < OPT(I). Let s be the number of bins used for packing
only small items. If s < /, then the total number of bins is ¢ +s < 2/ < 20PT(I). If
s > /(, then at least one bin is used for small items and thus all bins for large items
contain items with a total area of at least 1/2 — . According to the partition of the
remaining small items, all but the last bin for the small items contain items with a
total area of at least 1/2 4-¢. Let f > 0 be the area of the items contained in the last
bin. Then
1

OPT(I) > A(I) > ¢ <;—s>+(s—1)-<;+s>+f>(s+£—1)-2.

Thus s + /¢ < 20PT(I) + 1 and we get s + ¢ < 2 OPT(I) which proves the theorem. []
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In this chapter we present our results on two-dimensional bin packing without rota-
tions. First, we give a 2-approximation algorithm which is optimal unless P = N'P.
Note that this result was independently achieved by Jansen, Pradel & Schwarz/[*°]. Af-
terwards, in Section 5.2.1 we affirmatively answer a conjecture by Zhang!47! on the
absolute approximation ratio of the Hysrip FirsT Fir (HFF) algorithm by showing
that this ratio is 3.

51 A 2-APPROXIMATION ALGORITHM
FOR BIN PACKING WITHOUT ROTATIONS

Similarly to the approach of our algorithm for bin packing with rotations in Sec-
tion 4.1, we use the bin packing algorithm by Bansal, Caprara & Sviridenkol®! (here
in the variant where rotations are forbidden) to solve instances I with large optimal
value. As the asymptotic approximation ratio of their algorithm is arbitrarily close
to 1.525.. ., there exists a constant k such that for any instance I with optimal value
larger than k, their algorithm gives a solution of value at most 2 OPT(I). We show how
to approximate the problem within an absolute factor of 2, provided that the optimal
value of the given instance is less than k. Combined with the algorithm by Bansal et
al., this proves the existence of an algorithm with an absolute approximation ratio
of 2.

Our approach for packing instances I with OPT(I) < k consists of two parts. First,
we give an algorithm that is able to pack instances I with OPT(I) = 1 in two bins in
Section 5.1.1 and second, we show how to approximate instances with 1 < OPT(I) < k
within a factor of 2 in Section 5.1.2. This at first glance surprising distinction is due to
the inherent difficulty of packing wide and high items together into a single bin. In
the case OPT(I) = 1 we cannot ensure a separation of the wide and high items into
easily feasible sets whereas for OPT(I) > 1 this is possible in many cases.

The approach to solve instances with optimal value greater than some constant k
with an asymptotic algorithm is similar to the 2-approximation for two-dimensional
bin packing with rotations that we present in Section 4.1, but the methods we use
here to handle the instances with smaller optimal value are much more involved. The
reason for this is that we cannot use rotations to avoid the necessity to combine wide
and high items in a bin. Our approach for solving instances I with 1 < OPT(I) < k is
comparable to the main algorithm in Section 4.1 as it is also based on an enumeration
of the large items. However, a new ingredient here is a separation of the wide and
high items after this enumeration. Another crucial novelty in our algorithm is the use
of the PTAS from [5] to ensure a good area guarantee for at least one bin. In total we
show the following theorem.
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Theorem 8. There exists a polynomial-time approximation algorithm for two-dimensional bin
packing with absolute approximation ratio 2.

5.1.1 PACKING INSTANCES THAT FIT INTO ONE BIN

Throughout this section we assume that the given instance I can be packed into a
single bin, i.e., OPT(I) = 1. At first glance it seems surprising that packing such an
instance into two bins is difficult. However, we need to carefully analyze different
cases to be able to give a polynomial-time algorithm that solves this problem. In this
section we also use the methods that we already introduced in Section 3.1 for strip
packing.

Let e := 1/52. In a first step we consider instances I that satisfy the requirements
of Lemma 5 for x = 0, i.e., we have h(Wy_s) < f(8) = (6 —¢)/(1+20) for some
0 € (¢1/2]. As we are interested in packing into two bins and not into a strip in a
certain direction, we can apply Lemma 5 to the high items instead of the wide items
as well. We get the following lemma from Inequality (3.2) for

1 1
¢ = 0075 < 7(1-1In2) — seln2=¢(0)

(here we need ¢ = 1/52).

Lemma 17. For any input which cannot be packed in two bins by the methods of Lemma 5,
we have

w(H) + h(W)

AWUH) > 2¢ + >

It is crucial for our work that we get this additional area guarantee of 2§ = 0.15 on
top of the trivial guarantee of w(H)/2 + h(W)/2 here. We use this area guarantee to
give different methods to pack the input, depending on the total height of the wide
items. To do this, we assume that we have (W) > w(H) by otherwise rotating the
whole instance and apply different methods for w(H) > 1/2 and w(H) < 1/2. In all
cases we are able to pack the input into at most two bins. Before we show how to
solve both cases above we need the following lemma that allows us to pack all wide
items and high items of almost half of their total width, i.e., that shows that we can
approximate a packing of Lemma 2 arbitrarily well.

Lemma 18. For any fixed 6 > 0, there exists a polynomial-time algorithm that, given sets W
and H of wide and high items with OPT(W U H) = 1, returns a packing of W U H' into a
bin with H' C H and w(H') > w(H)/2 — 6.

Proof. By interchanging the roles of the wide and the high items in Lemma 2, we get
that a packing of WU H* exists with H* C H and w(H*) > w(H)/2. Let HY; = {r; €
H* | w; > 6} and H:; = {r; € H* | w; < 6}. We approximate H* = H% ;U H*; as
follows.

First, pack the items of W in a stack by non-increasing order of width and align this
stack with the bottom right corner of the bin. Second, guess the set HZ ;. By guessing
we mean that we enumerate all subsets of {r; € H | w; > 6} (which is possible as
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|{ri € H| w; > ¢}| < 1/0) and apply the remainder of this algorithm on all these
sets. As we eventually consider HZ;, we assume that we can guess this set. Pack
H%; into a stack by non-increasing order of height and align this stack with the top
left corner of the bin. Third, we approximate H%; by greedily inserting items from
H.s = {r;i € H | w; < ¢} into this stack. To do this, start with H' = H% ;. Now sort
the items of H_; by non-increasing order of height and for each item try to insert it
into the stack (at the correct position to preserve the order inside the stack). If this is
possible, the item is added to H'.

Assume that Hes = {rq,..., 7} with by <--- < hy. Letv; = w({r; € H' | h; > h;})
and v} = w({rj € H* | hj > h;}). Whenever an item 7; is not inserted in the stack we
have v; > v7 — w;. To see this, assume that v > v; + w;. This means that the substack
from H* of items of height at least h; has width larger than the substack of items of
height at least 11; from the stack of H' plus the width of r;. As all further items in H*
and H’ correspond to each other, r; does not cause a conflict. Now it is easy to see by
induction that w(H') > w(H*) — § at the end. O

With these preparations, the following lemma is easy to show.

Lemma 19. Let € > 0 and let I be an instance with OPT(I) =1, h(W) > w(H) > 1/2, and
h(Wi_s) > f(6) and w(Hy—s) > f(6) for all 6 € (¢,1/2]. There exists a polynomial-time
algorithm that returns a packing of I into two bins.

Proof. See Figure 21 for an illustration of this case. We use Lemma 18 to pack W U H’
with H' C H and w(H'") > w(H)/2 — ¢ in the first bin. Build a stack of the remaining
high items H \ H' and align it with the left side of the second bin. The width of
this stack is w(H \ H') < w(H)/2 + €. Note that w(H \ H') < 1/2, as otherwise
h(W) > w(H) > 1—2e and AWUH) > 2¢ + (w(H) + h(W))/2 > 26 +1—2¢ > 1
(by Lemma 17) which is a contradiction to OPT(I) = 1. Pack the remaining items T
with Steinberg’s algorithm in the free rectangle of size (a,b) witha =1 —w(H \ H')
and b = 1 next to the stack of H\ H'. This is possible since wmax(T) < 1/2 <
1—w(H\ H'), hmax(T) < 1/2 and with Lemma 17 we have

- 2

<2_4€_w(21—1)_w(21—1)_; ash(W)E%
<§—4§—w(H\H’)+e—i asw(zH)Zw(H\H’)—s
<1-—w(H\H) as4¢§>%l—|—£

= ab — 2Wmax(T) — @)+ (2hmax(T) — b)+  as 2hmax(T) — b < 0. O

In the following we assume that w(H) < 1/2 as otherwise we could pack the
instance into two bins with the algorithms of Lemma 5 or Lemma 19. Furthermore,
we still have our initial assumption h(W) > w(H). The following lemma shows that
certain sets of small items can be packed together with the set of wide items.
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N/

Steinberg’s
H\ H'| algorithm

W / \
«—a=1—w(H\ H)—

Figure 21: Packing if h(W) > w(H) > 1/2 and h(W;_s) > f(J) and w(H;_s) > f() for all
d€(e1/2]

H/

Lemma 20. Any set T = {ry,..., 1} where r; = (w;, h;) with w; < 1/2, h; <1 —h(W)
fori=1,...,mand total area A(T) < 1/2 —h(W)/2 can be packed together with W into
a bin.

Proof. Pack W into a stack of height #(W) and align this stack with the bottom of
the bin. Use Steinberg’s algorithm to pack T into the free rectangle of size (a,b) with
a=1and b =1—h(W) above W. This is possible since wWmax(T) < 1/2, hmax(T) <
1—h(W) and 2A(T) < 1—h(W) = ab = ab — (2wWmax(T) — @)+ (2hmax(T) — b)+ as
2Wmax(T) —a < 0. d

Obviously, Lemma 20 can also be formulated such that we pack the high items
together with a set of small items of total area at most 1/2 — w(H) /2 (in this case we
do not need a condition like ; < 1 —h(W), as w(H) < 1/2 and thus all remaining
items fit into the free rectangle next to the stack of H). This suggests partitioning the
small items into sets with these area bounds in order to pack them with the wide
and high items. Before we can show how a partition of the small items into sets that
satisfy the requirement of Lemma 20 can be generated, we consider two cases where
we have to apply a different packing. In all cases, we pack W in a stack of height (W)
in the bottom right corner of the first bin and pack H in a stack of width w(H) in the
top left corner of the second bin.

Let w be the greatest width in the stack of W that is packed above height 1/2
in this packing (let w = 1/2 if h(W) < 1/2) (see Figure 22). We consider the set
H={ri| h € (1-h(W),1/2]}, i.e., the set of remaining items that do not fit above
the stack of the wide items (and thus violate the condition of Lemma 20). Since H = @
for h(W) < 1/2, the following case can only occur if H(W) > 1/2.

case 1. w(H) > (1-w)/2.

If there is an item r; = (w;, h;) € H with w; > (1 — w)/2 then we pack this item in the
top left corner of the first bin. It is easy to see that this is possible since OPT(I) = 1.
Otherwise greedily pack items from H into a horizontal stack in the top left corner of
the first bin as long as they fit. Since all items in H have width at most (1 — w)/2 we
can pack a total width of at least (1 — w)/2 before a conflict occurs.
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o
)
Nl= l
2

W

Figure 22: The greatest width in the stack of W that is packed above height 1/2 is denoted by
w. The additional area guarantees for Case 1 of A(R1) = (1—h(W))(1 —w)/2 and
A(Rz) = (w—1/2)/4 are drawn with lighter shading. The original area guarantee
of Lemma 17 is drawn with darker shading.

In both cases we packed a total area of at least (1 — h(W))(1 — w)/2 from H into
the first bin (see rectangle R; in Figure 22). Furthermore, we can use the definition of
w to improve the estimate of Lemma 17. In Lemma 17 all wide items that are packed

above height 1/4 only contribute with their trivial area guarantee of half their height.

Now we know that the items that are packed between height 1/4 and 1/2 have width
at least w and this gives an additional area of at least (w —1/2) - 1/4 (see rectangle
R, in Figure 22). Thus we packed an overall area of

A22€+w(H)—2Fh(W)+(1—h(W2))(1—w)+w—41/2
_3 w(H) h(W) 1
=gt (T )
Z§+2§+W(2H> as h(W) > 1/2 and w > 0.

Therefore, the remaining items have total area at most 5/8 —2¢ —w(H)/2 < 1/2 —
w(H)/2. Thus Lemma 20 allows us to pack these items together with the high items
in the second bin.

Let 7/, " be the two largest items in S \ H,ie., among the remaining small items S
with h; <1 —h(W).

case 2. A{r,r"}) >1/2—-28 —h(W)/2.
Pack 7’ in the top left and r” in the top right corner of the first bin. This is possible
as the width of both items is at most 1/2 and their height is at most 1 — h(W). By
Lemma 17 and the condition for this case the total area of the packed items is

(H) 4+ h(W) h(W) 1  w(H)

w 1
> - — —_— = — _
A>20+ 2 +2 2¢ > 2+ 5

Again we can use the method of Lemma 20 to pack the remaining items together with
H in the second bin.
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cAasE 3. Otherwise we have w(H) < (1 —w)/2 and A({7,7"}) < 1/2 -2 —
h(W)/2. This yields that A(H) < (1—w)/4and A({r"}) < 1/4—&—h(W)/4 (where
we assume that A({r'}) > A({r"}). Use the following greedy algorithm to partition
the remaining items into two sets that will be packed together with W and H using
Lemma 20.

1. Create sets S; and S, with capacities ¢; = 1/2 —h(W)/2 and ¢; = 1/2 —
w(H) /2, respectively,

2. add 7’ to S; and add all items of H to S,,

3. take the remaining items by non-increasing order of size and greedily add them
to the set of greater remaining free capacity, i.e., to a set with maximal ¢; — A(S;).

In the following we show that A(S1) < ¢; and \A(S) < c,. First note that this holds
after Step 2 since

1 h 1 (W
Ay < g —2e - L B o ang
. l-w _1-w _1 w(H
A(H) < 4w< zwgz—w(z:cz asw >1/2 > w(H).

Assume that after Step 3 one of the sets has total area greater than its corresponding
capacity. Then there is an item r* that has been added in Step 3 and that violates the
capacity for the first time. Since h(W) > f(1/2) = 1/4—¢€/2 and € < 1/4 we have
A{r*}) < A{r"}) <1/4—-E¢—h(W)/4 < 3/16 — ¢ +¢/8 < 0.15. Assume w.l.o.g.
that r* was added to S;. Then we have A(S1) > ¢; and A(Sy) > ¢ — A(r*) as
otherwise r* would have been added to S,. Thus we have

A(S1) +A(S2) > c1+co— A({r"}) > ¢1 +c2 —0.15.

With Lemma 17 we get the contradiction

A(S1) + A(S) < 1— A(WUH) 31—25—W
=c1+c—2¢
=c1+c —0.15.

Thus both sets do not violate their capacity constraints and we can use the methods
of Lemma 20 to pack S; together with W in the first bin and S, together with H in the
second bin. Thus we showed the following lemma.

Lemma 21. Let ¢ > 0 and let I be an instance with OPT(I) = 1, w(H) < 1/2, and
h(Wi_s) > f(6) and w(Hy_s) > f(6) forall 6 € (¢,1/2]. There exists a polynomial-time
algorithm that returns a packing of I into two bins.

This concludes our algorithm for instances I with OPT(I) = 1 as the Lemmas 5, 19
and 21 cover all the cases.
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5.1.2 PACKING INSTANCES THAT FIT INTO A CONSTANT NUMBER OF BINS

In the following we give a brief description of our algorithm that packs the instances
I with 2 < OPT(I) < k into 2OPT(I) bins. Let ¢ := 1/(20k> + 2).

Let L = {r; | wih; > ¢} be the set of large items and let T = {r; | w;h; < €} be the set
of tiny items. As defined in Section 2 we refer to items as wide (W), high (H), small (S)
and big, according to their side lengths. Note that the terms large and tiny refer to the
area of the items whereas big, wide, high and small refer to their widths and heights.
Also note that, e.g., an item can be tiny and high, or wide and big at the same time.

We guess ¢ = OPT(I) < k and open 2/ bins that we denote by By, ..., By and
Ci,...,Cy. By guessing we mean that we iterate over all possible values for ¢ and
apply the remainder of this algorithm on every value. As there are only a constant
number of values, this is possible in polynomial time. We assume that we know the
correct value of ¢ as we eventually consider this value in an iteration. For the ease
of presentation, we also denote the sets of items that are associated with the bins by
Bi,...,Bpand Cy,...,Cy. We will ensure that the set of items that is associated with a
bin is feasible and a packing is known or can be computed in polynomial time. To do
this we use Corollary 1.

Let I* be the set of items in the i-th bin in an optimal solution. We assume w.Lo.g.
that A(I7) > A(I}) for i < j. Then we have

A(l) = A(IY) +- -+ A(Iy) < £- A(LY). (5.1)

In a first step, we guess the assignment of the large items to bins. Using this assign-
ment and the PTAS from [5] we pack a total area of at least A(I}) — ¢ into B; and
keep C; empty. This step has the purpose of providing a good area bound for the
tirst bin and leaving a free bin for later use. We ensure that the large items that are
assigned to B; are actually packed. For all other bins we reserve B; for the wide and
small items (except the big items) and C; for the high and big items fori = 2,...,¢.
This separation enables us to use Steinberg’s algorithm (Corollary 1) to pack up to
half of the bins” area. In detail, the first part of the algorithm works as follows.

1. Guess L; = I NLfori=1,...,¢.

2. Apply the PTAS from [5] on Ly UT with p; = A(r;) - (1/e+1) for r; € Ly,
pi = A(r;) for r; € T and an accuracy of €2/ (1 + ¢). Assign the output to bin B;
and keep an empty bin C;.

3. Fori =2,...,/¢, assign the wide and small items of L; to B; (omitting big items)
and assign the high and big items of L; to C;. Thatis, B; = L;\ Hand C; = L; N H.

4. Fori = 2,...,/, greedily add tiny wide items from T N W by non-increasing
order of width to B; as long as A(B;) < 1/2 and greedily add tiny high items
from T N H by non-increasing order of height to C; as long as w(C;) < 1.

Corollary 1 shows that using Steinberg’s algorithm the bins B, ..., B, can be packed
as there are no wide items and the total area is at most 1/2. The bins C,, ..., C; can be
packed with a simple stack as they contain only high items of total width at most 1.
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Observe that in Step 4 we only add to a new bin B; if the previous bins contain items
of total area at least 1/2 — & and we only add to a new bin C; if the previous bins
contain items of total width at least 1 — 2¢ (as the width of the tiny high items is at
most 2¢) and thus of total area at least 1/2- (1 —2¢) = 1/2 — ¢. After the application of
this first part of the algorithm, some tiny items T' C T might remain unpacked. Note
that if A(B;) < 1/2 — ¢, then there are no wide items in T" and if A(Cy) < 1/2—¢
then there are no high items in T’ (as these items would have been packed in Step 4).
We distinguish different cases to continue the packing according to the filling of the
last bins B, and C;.

In the following we show that we actually ensure that the large items that are
assigned to B; are packed into this bin. First note that Theorem 2 can be applied for
r=1/e+1asp;/A(r;) € {1,1/e+1} for all items in L; U T. Now it is easy to see that
L, is packed since p; > 1+ ¢ for r; € Ly, whereas p(T) = A(T) < 1 for any feasible
set T C T. Thus Ly = I N L = By N L. Furthermore, for the set of packed tiny items
B1 N'T we have

AB1NT)> A NT) —e¢

since (1/e+1)A(BiNL)+ A(BiNT) = p(B;) and

| V

1- >0PT(L1 uT) by Theorem 2

—_

)= (
+1 A(LFNL)+ A(I;NT)
+
(%+1) (AL + AL NT) - 1i£(1+1)

as (T +1) A N+ A AT) < £ +1

v

s

= (% +1)A(B1 ML)+ A(I NT) —&
Thus we have
A(By) > A(l7) — e (5.2)

Now we are ready to start with the case analysis.

caseE 1. A(By) <1/2—¢eand A(Cy) <1/2—¢.

In this case T" does not contain any wide or high items as these items would have
been packed to B, or C,. Greedily add items from T’ into all bins except B as long as
the bins contain items of total area at most 1/2. After adding the items from T’, either
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all items are assigned to a bin (and can thus be packed) or each bin contains items of
total area at least 1/2 — ¢ and we packed a total area of at least

A> A(Bl)+(2£—1)(1 —s)

2
> A(I)+ 4 — % — 20e by Inequality (5.2)
1
> A(L) +LA(LID) +£(1 — A(L))) — 5 20
2&4(1{‘)—1—%—2& as¢{>1land 1— A(I{) >0
% 1
> LA(L) ase < 5.

Since this contradicts Inequality (5.1), all items are packed.

casE 2. A(By) >1/2—¢eand A(Cy) > 1/2—=¢.

In this case T’ might contain wide and high items. On the other hand the bin C; is still
available for packing. We use the area of the items in bin C; to bound the total area of
the packed items and (with a similar calculation as in Case 1) we get a packed area of

atleast A > A(By) + A(Cy) + (20 —3)(1/2 —¢) > LA(I]) + A(Cp) —1/2 — (20 — 2)e.

As A(I) < LA(I}) (Inequality (5.1)) we get

AT < A(I)— A< % + (20 —2)e— A(Cy) and hence (5-3)
A(T') < (20 —1)e as A(Cy) >1/2—¢ (5.4)

Assume that A(Cy) < 1/2+ (2¢ — 2)e as otherwise T' = @ by Inequality (5.3)

We consider the set H = {r; € C; | h; < 3/4}. If w(H) > (4¢ — 3)e then remove H
from Cy and pack it in a stack in C; instead. As we now have A(C/) < 1/2— (20 —1)e
and A(T"\ W) < A(T') < (2¢ — 1)¢ by Inequality (5.4), we can pack T’ \ W together
with Cy. The remaining items T’ N W have total height at most 2(2¢ — 1)e and thus fit
above H into C.

Otherwise, there is no item v’ = (w',h’) in Cy with i’ < 3/4 and w’ > (4¢ — 3)e. Let
H={r; € C,UT'| h; > 3/4}. Observe that we have

!
w(H) < W < g(%—i— (26—2)e+(2€—1)s> = %—F (%5—4)8 < 1.
(5.5)

We take all high items from C; U T" and order them by non-increasing height. Now

pack the items greedily into a stack of width up to 1 and pack this stack into C,.

We have w(Cy) > 1 — (4 — 3)e as we bounded the total width of the items from
H in Inequality (5.5) and thus all further items have width at most (4¢ — 3)e (as
otherwise H > (4¢ — 3)e and we had solved the problem in the previous step). For the
remaining items T’ we have hmax(T') < 3/4 and A(T') <1/2— (20 —2)e — A(Cy) <
(4¢ —7/2)e < 1/4 (by Inequality (5.3) and as A(Cy) > w(Cy)/2 > 1/2— (20 —3/2)¢
and € < 1/(16£)). Thus T’ can be packed into bin C; using Steinberg’s algorithm.
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caseE 3. A(By) <1/2—¢eand A(Cy) >1/2—e.
If w(T'N H) <1 then pack T’ N H in C; and proceed as in Case 1.

The subcase where w(T’ N H) > 1 is the most difficult of all four cases. The chal-
lenge that we face is that w(H) can be close to ¢ (which is a natural upper bound) but
we can only ensure a packed total width of at least (1 — 2¢) in the bins C, ..., Cy.
So we have to pack high items into the bins By, ..., B;. We distinguish two further
subcases.

1. Assume that there exists j € {2,...,¢} with w(L; N H) > 10/, i.e., the total
width of the items that are large and high and associated with the j-th bin in
an optimal packing is large enough such that moving these items away gives
sufficient space for the still unpacked high items.

Go back to Step 3 in the first part of the algorithm and omit separating the
items from L;. Instead we assign the items from L; to bin B; and keep C; free at
the moment. Note that L; admits a packing into a bin as L; corresponds to the
large items in a bin of an optimal solution. Since |L;| < 1/& we can find such a
packing in constant time.

While greedily adding tiny items in Step 4, we skip B, for the wide items and we
continue packing high items in C; after we have filled Cy,...,C,. As we moved
high items of total width at least 10/¢ to B; and we can pack high items of total
width at least 1 — 2¢ into each bin, no high items remains after this step. Finally,
greedily add remaining tiny items to bins B, ..., By except B;, using the area
bound 1/2.

Now consider the bins C; and C;. Both contain only tiny items, as we moved
the large items from C; to B;. We packed the tiny items greedily by height and
thus all items in C; have height greater or equal to any item in C;. Let /' be
greatest height in C;. Then we have A(C;) > I'(1 — 2¢). Furthermore, we know
that w(H) > ¢(1 — 2¢). Thus we have

AH) > (£ —1)(1/2—¢) + 1'(1 — 2¢).

If after the modified Step 4 tiny items remain unpacked, then all bins B; for
i€{2,...,0}\ {j} have area A(B;) > 1/2 — &. By summing up the area of the
high items separately we get a total packed area of at least

B; for i€{2,...0}\{j}
e N

A> A(By) + (£ —2) (% - s) +A(H)
1 1 ,
>A(B1)—|—(£—2)<§—s> +(e—1)(§—s) + 1 (1 2)
> A(If)+ 0 — ; +h — (202421 )e by Inequality (5.2)
> A + LA + (1 — A(LD) —§+h/—2€s ash' <1

> LA(L}) — % +H — 20

as¢>1land 1— A(I}) > 0.
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<] Rl
R3 IRy

h/

CiNH

Figure 23: The three rectangles Ry, R, and Rj for packing T’ together with C; N H in C;.

On the other hand we have A < A(I) < (A(If) by Inequality (5.1). Thus the
total area of the remaining items T’ is at most A(T') < 1/2+42le—Hh'.If i’ >

1/2 + 20e we packed all items.
Otherwise we have 1/2 < h' < 1/2 + 2fe and

A(T') < 2. (5.6)
We will pack T’ in C; together with the already packed high items. Observe that
w(CiNH) <1-—8le (5.7)

as we move high items of total area of at least 10/e to B; and all bins G, ..., C;

are filled up to a width of at least 1 — 2e.
We pack the remaining items T’ into three rectangles Ry = (1,4/¢), R,

(8¢e,1 —4le) and R3 = (1 — 8¢, 1/2 — 6L¢) which can be packed in C; together
with C; N H as follows—see Figure 23. Pack the stack of C; N H in the lower
left corner and pack R3 above this stack. As ' +h(R3) < 1 —h(Ry), Ry fits in
the top of C;. Finally, pack R; in the bottom right corner. This is possible as

h(Rz) <1—h(R;) and w(C; N H) <1—8le =1—w(R3) by Inequality (5.7).

Now pack T"N'W in a stack in Ry (which is possible since h(T' NW) < 2A(T') <
4/e by Inequality (5.6)) and pack all r; = (w;, h;) € T' with h; > 1/2 — 6/e in a
vertical stack in R (this fits as the total width of items with /; > 1/2 — 6/¢ is at
most A(T")/(1/2 — 6le) < 8(¢ by Inequality (5.6) and as 6/e < 1/4). Finally, use
Steinberg’s algorithm to pack the remaining items in R3. This is possible since

Wmax < 1/2, hmax < 1/2 — 64¢ and
2A(T) < 4le
< % — 14/0g + 96/(%¢>

— (1 —8£s)<% —6le) — (1—1+8e) (1—120e - % +6£s)+

This finishes the first case where we assumed that there exists j € {2,...,/¢}

with w(L; N H) > 10/e.

71



72

BIN PACKING WITHOUT ROTATIONS

2. Now assume that we have w(L; N H) < 10/e for all j € {2,...,/} and in particu-
lar w; < 10fe for all items r; = (w;, h;) € (Lo U--- U Ly). Thus all high items that
are not packed in B; are thin, i.e., have width at most 10fe. We use this fact by
repacking the high items greedily by non-increasing height in the bins Cy, ..., C,.
Each bin contains high items of total width at least 1 — 10fe afterwards. Thus
high items of total width at most 10/?¢ remain unpacked. This is worse than in
the previous case but since we repacked all items we can get a nice bound on
the height of the unpacked items. Let /i’ be the smallest height in C,. Then all
items in Cy, ..., C; have height at least 4" and the remaining items T’ have height
at most /. If there is an i € {2,...,¢} with A(B;) < 1 — I’ — 10/¢ then we can
add the remaining items T’ to B; using Steinberg’s algorithm. To see this note
that hmax(T' U B;) < K’ and 2A(T' U B;) < 2A(B;) +2(100%¢)l’ < 2 — 21" which
corresponds to the bound of Theorem 1.

Otherwise for alli € {2,...,¢} we have A(B;) > 1— I’ — 10/?c. Then we packed
a total area of at least

A>AB)+ACU---UCy)+A(BoU---UBy)

> A(By) 4+ H'0(1—100e) + (£ —1)(1 — H' — 10£%)
> A(L) +£—1+K — (104 +1)e
> A(

)+ LA() + 00— A() =14 5 — (108 + 1) ash' >
26A(1f)+%—(10€3+1)8 as/>T1and 1— A(I) > 0.

And since 1/2 — (108 +1)e > 0 and A < A(I) < LA(I}) by Inequality (5.1), no
item remains unpacked.

Thus in both subcases we are able to derive a feasible packing.

CASE 4. A(By) >1/2—¢eand A(Cy) <1/2—¢.
In this case T’ contains no high items. If there are also no wide items remaining in T”,
apply the methods of Case 1. Otherwise we use the following process to free some
space in the bins for wide and small items, i.e., B, ..., By. The idea of the process is to
move small items from bins B; to bins C; and thereby move the tiny high items T' N H
further in direction C,. To do this, let S; = L; N S be the set of small items in B;.

Remove the tiny items from C,, ..., Cy. If there exists an item r € S; N B; for some
i €{2,...,¢} then remove r from B; and add it to C;, otherwise stop. Adding r to C;
is possible as C; is a subset of L; = I and thus feasible. Add wide items from W N T’
to B; until A(B;) > 1/2 — ¢ again or WN T’ = @. Finally, add the high items from
HNT toCy,...,Crin a greedy manner analogously to Step 4 of the first part of the
algorithm but using the area bound A(C;) < 1/2. This ensures that all sets C; can
be packed with Steinberg’s algorithm (we use Corollary 1 here as there might be big
items in C;). Repeat this process until S; N B; = @ for alli € {2,...,¢} or T’ contains
a high item at the end of an iteration.

There are two ways in which this process can stop. First if we moved all items from
S; to C;, and second if in the next step a high item would remain in T’ after the process.
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In the first case we have reached a situation as in Case 2 or Case 3, i.e., the roles of
the wide and the high items are interchanged and .A(By) > 1/2 — e. Thus by rotating
all items and the packing derived so far, we can solve this case analogously to Case 2
or Case 3, depending on A(Cy).

In the second case, let r* be the item that stopped the process, i.e., if r* is moved
from B; to C; for some i € {2,...,¢}, at least one high item would remain in T’. Then,
instead of moving r* to C; we move r* to C; and add items from T’ to C; and C; as long
as A(Cy) <1/2 and A(C;) < 1/2. The resulting sets can be packed with Steinberg’s
algorithm as no item has width greater than 1/2. If after this step still items remain
unpacked then a calculation similar to Case 1 gives a total packed area of

all bins except By, B; bin B;

AZA(BO—F(Z@—Z)(%—E)—|—%_€_A(r*)

> CA(I) + % 26— A(r) > LA since A(r) < 1/4and e < 1/(80).
As we have a contradiction to A < A(I) < LA(I}) by Inequality (5.1), all items are
packed.
We showed the following lemma which concludes our presentation of the 2-approx-
imation algorithm for two-dimensional bin packing.

Lemma 22. There exists a polynomial-time algorithm that, given an instances I with 1 <
OPT(I) < k, returns a packing in 2 OPT(I) bins.

73



74

BIN PACKING WITHOUT ROTATIONS

52 THE APPROXIMATION RATIO OF HYBRID FIRST FIT IS 3

In this section we prove Zhang’s conjecturel47! on the absolute approximation ratio of
the HyBrip First Fit (HFF) algorithm by showing that this ratio is 3.

We start our presentation in Section 5.2.1 with a description of the HFF algorithm
which was introduced by Chung, Gary & Johnson!'?! in 1982 and whose running time
is slightly better than the running time of Zhang’s previously known 3-approximation
algorithm!47l. A lower bound on the approximation ratio is presented in Section 5.2.2.
Note that the instance that we give in this section also holds as a lower bound for
Zhang’s algorithm!#7! and for Hysrip First Fir BY WIDTH that we describe in Sec-
tion 5.2.1. Thus it does not suffice to combine all three algorithms in order to derive
a better approximation ratio. Finally, we give the proof of the upper bound in Sec-
tion 5.2.3.

5.2.1 THE HYBRID FIRST FIT ALGORITHM

HFF is based on the one-dimensional FIrsT FIT DECREASING (FFD) bin packing al-
gorithm and on the FirsT FIr DECREASING HEIGHT (FFDH) strip packing algorithm.
The latter algorithm is a layer-based strip packing algorithm similar to NFDH that
we introduced in Section 2. It was considered for the first time by Chung, Garey, &
Johnson!*? and is given as follows. Sort the items by non-increasing order of height.
Pack the items one by one into layers. The height of a layer is defined by its first
item, further items are added left-aligned into the lowest layer with sufficient space.
If an item does not fit into any layer opened so far this item opens a new layer. HFF
now considers the layers of a FFDH packing one after the other and packs each layer
into the first bin with sufficient space. Since the layers are ordered by non-increasing
height, this corresponds to a one-dimensional FFD packing. See Figure 24 for an illus-
tration of HFF.

A simple variant of HFF, that we denote as HyBriD FirsT FIT BY WIDTH packs
the strip in the direction of the width. This means that the items are ordered by
non-increasing width for the strip packing and FFD is later applied on the width of
the resulting layers. This algorithm can also be seen as HFF applied on the instance
J = {(hj,w;) | (w;, h;) € I}, where each item of I is rotated by 9o degrees. Afterwards
the packing is rotated back.

Using a tree data structure from Johnson!3?! the running time of HFF is O(nlogn).
This is slightly faster than the running time of Zhang’s algorithm!47l, which is domi-
nated by the application of Steinbergs’ algorithml43! that, by Theorem 1, runs in time
O((nlog®n)/ loglogn).

We denote the layers from FFDH by Ly, ..., L,, with heights imax(L1) > hmax(L2) >

- > hmax(Lm) and total widths w(L1),...,w(L,). Note that there is no particular
order on the widths of the layers. For the sake of simplicity we refer to both the layer
and the set of items in the layer by L;.
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}hmax(L6)

hmax ( L5 )
hmax ( L4)

hmax ( LZ)

hmax ( L3)

hmax(Ll)

Figure 24: The HyBriD FirsT FIT algorithm. The layers of a strip packing with FFDH are
packed into bins with FFD. Items that are placed into a layer after a new layer
was opened are shown in light grey

.2.2 LOWER BOUND
5

Let 0 < § < 1/34, such that 1// is integer, and consider the instance | = A; U Ay U
B1 U B, U Cy U C;, consisting of the following sets of items

set items

Aq 1 item of size (6,1 —9)
Ay 1 item of size (1—4,9)
By | }+—6 itemsofsize (6,3+9)
B, 1—6 itemsofsize (1+96,0)
G 3 itemofsize (26,14 1)
Cy 3 items of size (% + %5, 2/5)

In Figure 25 we show that OPT(I) = 1 and we give the FFDH packing of I. We
assume that the item in A, comes before the items in B, in the non-increasing order
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R DR
B,
B,
Azl G
1 S| SRS
G
B, B,
L=
2 : C2 L ‘;
| Himt
| By 177G B B, B, Cy
2 :P/i
Al ‘ H
Af|l | AL
Ap 1/2 1/2

Figure 25: A lower bound instance for HFF. The left side shows that OPT(I) = 1 whereas the
right side shows the FFDH packing. FFD packs A, together with the first layer into
a bin. The remaining layers have total height greater than 1 and thus do not fit into
a second bin.

of height. Then FFD packs the item in A, together with the first layer into a bin. Since
0 < 1/34, the total height of all remaining layers is

Cl By
17 1 1 7 17
h= 4264+ (-—6)6=2—L5>1.
g T30 T(G-00=¢—730>

Thus 3 bins are needed to pack the resulting layers with FFD.

Note that the instance that we describe does not change under rotation by go de-
grees. Thus HyBriD FIrsT F1T BY WIDTH outputs the same packing. We refer the reader
to [47] to verify that Zhang’s algorithm uses 3 bins as well since the total area of all
high and small items is A(A; UB; UC; UCy) > 1/2 for 6 > 0.
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w(L;)

Figure 26: Deriving a bound for the volume in two layers. All items that are packed up to and
including the first item in L; are dark and have height at least hmax(L]-). The total
width of these items is greater than 1. All other items have height at least /ipin.

5.2.3 UPPER BOUND

Before we start with the main proof of the upper bound we introduce the following
important lemma.

Lemma 23. Let L;, L; be two layers with i < j. Then
A(LiULj) > hmax(Lj) + (w(L;) + w(Lj) — 1) hmin,
where hiin = hmin(L; U L;) is the smallest height of the items in L; U L.
See Figure 26 for an illustration of the following proof.

Proof. First consider all items that are packed up to and including the first item in
layer L; (dark items in Figure 26). These items all have height at least fmax(L;). Let
w' be the total width of these items. We have w’ > 1 since the first item of layer L;
did not fit into layer L;. Thus we get a total area of at least w’ - hmaX(Lj) for these
items. Since all items in both layers have height at least /i, the remaining width of

w(L;) + w(L;) — w' makes up an additional area of at least (w(L;) +w(L;) — w’)min.

Thus the total area is

.A(Li U L]) > w/hmaX(L]') + (ZU(LZ') + w(L]) — w')hmin
> hmax(L]‘) + (w(L;) + ZU(L]') — 1) hmin.

Note that w(L;) +w(L;) — 1 > 0 since otherwise the first item of L; fits into L;. [

With the previous lemma we are able to derive bounds for the total area of the
items that are packed. In addition to the most intuitive lower bound

OPT(I) > A(I) (5.8)
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we use the following two bounds. Let S be the set of layers that contain exactly one
item. Since it is not possible to pack two of these items next to each other (otherwise
it would have been done by the algorithm) the total height of these layers form the
lower bound

OPT(I) > Y hmax(Li). (5.9)
L;eS
Finally, the set T = {r; = (w;, h;) | hjy > 1/2} of items of height greater than 1/2
provides the last lower bound

OPT(I) > Y w; (5.10)

ri€T

that we use.

Assume for the sake of contradiction that HFF uses more than 3 OPT(I) bins. Let
Ly be the first layer from FFDH that is packed into bin number 3OPT(I) 4 1 and let
r* = (w*,h*) be the first item in Ly. Discard all items that are considered after r* by
FFDH. Note that the packing that remains is exactly the packing that HFF produces
on the reduced instance I'. Therefore we argue about this reduced instance in the
remainder of this section.

Lemma 24. We have h* < 1/3.

Proof. Suppose that h* > 1/3. Then all bins contain either one or two layers and are
filled up to a height greater than 1 — h*. Layers that are alone in a bin have height
greater than 1 — h*. Thus if Lemma 23 is applied on two such layers, say L;, L; (i < ),
we get a combined area of at least hmax(Lj) > 1 — h*. Applied on both layers of a bin
that contains two layers we get a combined area of at least #*, which is a lower bound
for the height of the smaller layer in the bin.

Let m be the number of bins that contain exactly one layer (except the bin that
contains r*). These are layers Ly, ..., L,. Then the other 30PT(I') — m bins contain
two layers each. Note that fimax(L1) > -+ > hmax(Ly) > 1/2 as otherwise a second
layer would fit into the bin. Let w} be the width of items of height > 1/2 in layer L;.
Thus with the lower bound (5.10) we get

Lm/2]

Wi Y (whg+wh) > | 5] (5.11)

OPT(I') >
i=1 2

s

Il
—_

since any two layers have cumulative width w; 4+ w} > 1.
If m is even we get

bins with one layer

———
Al > %(1—}1*) +(3OPT(I') — m) "

bins with two layers

_m / _§ *
=5+ (30PT(1) 2m) h
> % +OPT(I') — m using h* > 1/3 and (5.11)

2
= OPT(I').
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For odd values of m, say m = 2n + 1, we can apply Lemma 23 on the first 2n layers
as before and on layer L, together with layer L; consisting of r*. This given another
area of h* and we get

bins with one layer bins with two layers
A(I'Y > n (1 —=h*) +h*+ (BOPT(I') — (2n +1)) k*
=n+ (30OPT(I') —3n) h*

>n+OPT(I') —n using h* > 1/3 and (5.11)
= OPT(I).
In both cases we get a the contradiction A(I') > OPT(I’) and thus h* < 1/3. O

In the following step we will use Lemma 23 on pairs of consecutive layers in order
to derive a lower bound on the total area of the items.

As r* is packed into a new bin, all previous bins contain layers of total height greater
than 1 — h*. Thus we get the following bound for the total height / of the first k — 1
layers:

k—1
=Y hmax(Li) > 30OPT(I') (1 — h*).
i=1

We need a slightly different bound, which follows immediately since the first bin
contains at least layer L of height limax(L1) and all other bins contain layers of total
height greater than 1 — h*:
k-1
h=)Y hma(Li) > BOPT(I') — 1)(1 — h*) + hmax(L1). (5.12)
i=1

Applying Lemma 23 on pairs of consecutive layers Ly;_1, Ly; and adding the area of
r* we get

.A(I/) > Z A(in,l ) LZi) +w*h*

[(k-1)/2]
Z (hmax(LZi) + (ZU(LZifl) + ZU(LZi) — 1)1/1*) + w*h*
i=1
by Lemma 23
[(k<1)/2] k1 1
> 2 hmax(LZi) + 2 (w(Li) - E)h* + w*h*. (5'13)

—_

i= i=1

We first derive a lower bound for the first part of the previous inequality. With hy; >
h2i+1 we get

[(k—1)/2] k—

1
2 ; hmax(LZi) > ; hmax(Li) =h— hl (514)
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and thus
L(ki)/ZJ o (L) > h_hr;ax(Ll) by (5.14)
i=1
_ (3OPT(I) ; 1)(1— h*) by (5.12)
> OPT(I') (1 — ") + OPT(;/)_lu N
> OPT(I') — OPT(I")h* + OPT(?_lzh* as h* <1/3
> OPT(I') — h*. (5.15)

To simplify the presentation let A = Zi:ll (w(L;) — 3)h* + w*h*. Inequalities (5.13)
and (5.15) lead to the lower bound

A(I') > OPT(I') — h* + A.
We need the following observation before we can derive a contradiction.

Observation 1. There are at least 6 layers and if OPT(I') = 1 then the three largest layers
are packed into the first two bins.

The observation is obvious for OPT(I') > 1 as we assume that 3OPT(I’) + 1 bins
are used. If OPT(I') = 1 then the height of layer L, can not be greater than 1/2 as
otherwise in contradiction to (5.10):

Y wi>1=0PT(I').
ri=(wi,hi)
hi>1/2
Thus in this case the three largest layers are packed into the first two bins and each
but the first bin contains at least 2 layers. We are now ready to prove the following
theorem.

Theorem 9. The approximation ratio of HYBRID FIRsT FIT is 3.

Proof. The lower bound was already given in Section 5.2.2. We consider two different
cases to derive a contradiction on the assumption that r* is packed into bin number
30PT(I') + 1. In the first case we show that A > h* which leads to A(I') > OPT(I')
as a contradiction to the lower bound (5.8). The tricky part in this case is to consider
that there might be a layer of width w(L;) < 1/2 which would result in a negative
term in the sum of A. But there can be at most one such layer as otherwise both layers
would fit together. In the second case we use the lower bound (5.9) that is given by
the total height of layers that consist of exactly one item.

CASE 1. Assume that there are 3 or more layers with width at least 2/3. Let
Ly, Ly, Ly be the layers with greatest total width and let L; be the layer with the
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smallest total width. Since there are more than 4 layers we can assume w.l.o.g. that
t # {u,v,w}. Then

A=Y (w(L) - D+ whe
i=1 2
2 1y, K 1y, ., INGe s
23(3-g)0+ L (v —g)i+ (wt) - z)n +wh
i#tu,0,w
1 . k—1 1 . 1 ‘
> Sh ; (w(Ll)—§>h +5h
i#tu,0,w

The last step is due to w(L;) > 1 —w* as otherwise r* fits into layer L;. Since there is at
most one layer with width w(L;) < 1/2 (and this would be L;), the sum in the middle
in non-negative. Thus A > h*, which gives a contradiction to the lower bound (5.8).

CASE 2. Now assume that there are less than 3 layers with width at least 2/3. Let
L, be the first layer (lowest indexed layer) with width w(L,) < 2/3. Consider an item
ri = (wj, hj) in layer L; with i > £. Then w; > 1/3 since otherwise 7; fits into layer L,.
Thus w; > 2/3 or L; contains exactly one item. Let S be the set of layers that contain
exactly one item and consider the lower bound (5.9).

OPT(I') > ) hmax(L;)

-
m
wn

> . hmax<Li) - (hmax(L1> + hmax<L2) + hmax(LS))z

N
Il
—_

as there are at most three layers that contain more than one item and these three
layers have total height at most fmax(L1) + Hmax(L2) + Amax(L3). For OPT(I') = 1,
Observation 1 implies the contradiction

M-

N
Il
—_

OPT(I’) Z hmax<Li) - (hmax(Ll) + hmaX(LZ) + hmaX(L?’)) > 1.

For OPT(I’) > 2, at most 3 bins contain layers with more than one item. Thus we get
OPT(I') > Y hmax(L;)
L;eS
> (3OPT(I') —3)(1 — h*) + h*
> OPT(I').

The last step follows from (3OPT(I') —3)(1 — h*) + h* > 20PT(I') — 2 since h* <
1/3. O
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ONLINE ALGORITHMS






STRIP PACKING

As mentioned in the introduction, Brown, Baker & Katseffl8! derived a lower bound
of 2 on the competitive ratio of strip packing by constructing certain adversary se-
quences. Just recently, Kern & Paulus!35! derived a matching upper and lower bound
of 3/2 4 1/33/6 ~ 2.457 for packing these Brown-Baker-Katseff sequences, that we
call BBK sequences in the sequel.

Using modified BBK sequences we show an improved lower bound of 2.589... on
the absolute competitive ratio of this problem. The modified sequences that we use
consist solely of two types of items, namely, thin items that have negligible width
(and thus can all be packed in parallel) and blocking items that have width 1. The
advantage of these sequences is that the structure of the optimal packing is simple,
i.e., the optimal packing height is the sum of the heights of the blocking items plus
the maximal height of the thin items. Therefore, we call such sequences primitive.

On the positive side, we present an online algorithm for packing primitive se-
quences with competitive ratio (3 + 1/5)/2 = 2.618..... This upper bound is especially
interesting as it not only applies to the concrete adversary instances that we use to
show our lower bound. Thus to show a new lower bound for strip packing that is
greater than 2.618. .. (and thus reduce the gap to the general upper bound of 6.6623),
new techniques are required that take instances with more complex optimal solutions
into consideration.

We start with a description of the BBK sequences and their modification in Sec-
tion 6.1. In Section 6.2 we present our lower bound based on these modifications
and in Section 6.3 we give our algorithm for packing primitive sequences. Finally, in
Section 6.4 we further discuss the competitive ratio for this restricted problem and
present a promising approach to further improve our lower bound.

6.1 SEQUENCE CONSTRUCTION

We denote the thin items by p; and the blocking items by g; (adopting the notation
from [35]). As already mentioned in the introduction, we assume that the width of
the thin items is negligible and thus all thin items can be packed next to each other.
Moreover, the width of the blocking items g; is always 1, so that no item can be
packed next to any other item in parallel. Therefore, all items are characterized by
their heights and we refer to their heights by p; and g; as well. By definition, for any
list L =q1,92,...,9k P1,P1, - - -, pe consisting of thin and blocking items we have

k
OPT(L) =) gi + max p;.
i1 i=1,....0
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(a) A greedy packing (b) A packing of a BBK sequence (c) An optimal packing of a BBK
sequence

Figure 27: Online and optimal packings

To prove the desired lower bound we assume the existence of a p-competitive algo-
rithm ALG for some p < 2.589. .. (the exact value of this bound is specified later) and
construct an adversary sequence depending on the packing that ALG generates.

To motivate the construction, let us first consider the GREEDY algorithm for online
strip packing, which packs every item as low as possible—see Figure 27a. This algo-
rithm is not competitive (i.e., has unbounded competitive ratio): Indeed, consider the

list L, = po,q1, P1,92, P2, - - -, Gn, pn Of items with

pg:zl,
gi:=¢€ forl <i<mn,
pi = pi—1+¢€ forl1<i<mnm

for some ¢ > 0. GREEDY would pack each item on top of the preceding ones and thus
generate a packing of height GREEDY(L,) = Y./ o pi + L1 qi = n+ 1+ O(e), whereas
the optimum clearly has height 1 + O(e).

The GreEDY algorithm illustrates that any competitive online algorithm needs to cre-
ate gaps in the packing. These gaps work as a buffer to accommodate small blocking
items—or, viewed another way, force the adversary to release larger blocking items.

BBK SEQUENCES. The idea of Brown, Baker & Katseffl8! was to try to cheat an arbi-
trary (non-greedy) online packing algorithm ALG in a similar way by constructing an
alternating sequence po,q1, p1, ... of thin and blocking items. The heights p; respec-
tively g; are determined so as to force the online algorithm ALG to put each item
above the previous ones—see Figure 27b for an illustration. To describe the heights of
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the items formally, we consider the gaps that ALG creates between the items. We dis-
tinguish two types of gaps, namely gaps below and gaps above a blocking item, and
refer to theses gaps as a- and B-gaps, respectively. These gaps also play an important
role in our analysis of the modified BBK sequences. We describe the height of the gaps
around the blocking item g; relative to the thin item p;. Thus, we denote the height
of the a-gap below g; by a;p; and the height of the B-gap above g; by B;p;. Using this
notation, we are ready to formally describe the BBK sequences L = po, 71, p1,92, - - -
with

po:=1,

g1 := Bopo +¢,

pi:=Biapi-1tpio1 tapite fori >1,
g = max (aj_1pi_1, Bi—1pi-1,9i-1) + € fori > 2.

As mentioned in the introduction, Brown, Baker & Katseffl®! used these sequences
to derive a lower bound of 2 before Kern & Paulus'35! recently showed that the com-
petitive ratio for packing them is pgpx = 3/2 + v/33/6 ~ 2.457.

The optimal online algorithm for BBK sequences that Kern & Paulusl35! describe
generates packings with striking properties: No gaps are created except the first pos-
sible gap Bo = peek — 1 and the second a-gap a; = 1/(pppk — 1), which are chosen
as large as possible while remaining pgxx-competitive. Observing this behavior of the
optimal algorithm led us to the modification of the BBK sequences.

MODIFIED BBK SEQUENCES. When packing BBK sequences, a good online algo-
rithm should be eager to enforce blocking items of relatively large size (as each block-
ing item of size q increases the optimal packing by g as well). These blocking items
are enforced by generating corresponding gaps.

Modified BBK sequences are designed to counter this strategy: Each time the online
algorithm places a blocking item g;, the adversary, rather than immediately releasing
a thin item p;;, that does not fit in between the last two blocking items, generates a
whole sequence of slowly growing thin items, which “continuously” grow from p; to
pi+1. Packing this subsequence causes additional problems for the online algorithm:
If the algorithm fits the whole subsequence into the last interval between g;_; and g;,
it would fill out the whole interval and create an a-gap of 0. On the other extreme, if
ALG would pack a thin item of height roughly p; above g;, then the (relative) p-gap
it can generate is much less compared to what it could have achieved with a thin
item of larger height p; ;. The next blocking item g;,1 will be released as soon as the
sequence of thin items has grown from p; to pi;1.

This general concept of the modified BBK sequences applies after the first blocking
item g; is released. Since subsequences of thin items and single blocking items are
released alternately, we refer to this phase as the alternating phase. Before that, we
have a starting phase which ends with the release of the first blocking item g;. This
starting phase needs special attention as we have no preceding interval height as a
reference.

The optimal online algorithm by Kern & Paulus'3! generates an initial gap Bo =
ppek — 1 of maximal size to enforce a large first blocking item g;. In the starting phase,
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we seek to prevent the algorithm from creating a large Bo-gap in the following way.
Assume that the online algorithm places pg “too high” (i.e., Bo is “too large”). Then the
adversary, instead of releasing g1, would continue generating higher and higher thin
items and observe how the algorithm places them. As long as the algorithm places
these thin items next to each other (overlapping in their packing height), the size of the
gap below these items decreases monotonically relative to the height where items are
packed. Eventually, B has become sufficiently small—in which case the starting phase
comes to an end with the release of q;—or the online algorithm decides to “jump” in
the sense that one of the items in this sequence of increasing height thin items is put
strictly above all previously packed thin items, creating a new gap (distance between
the last two items) and a significantly increased new packing height. Once a jump
has occurred, the adversary continues generating thin items of slowly growing height
until a next jump occurs or until the ratio of the largest current gap to the current
packing height (the modified analogue to the standard Bo-gap) is sufficiently small
and the starting phase comes to an end.

Summarizing, a modified BBK sequence consists of simply a sequence of thin items,
continuously growing in height, interleaved with blocking items which (by definition
of their height) must be packed above all preceding items. We later describe in more
detail when exactly the blocking items are released in the corresponding phase.

In the next section we use these modified BBK sequences to show the following
theorem.

Theorem 10. There exists no algorithm for online strip packing with competitive ratio

17 1 1
p<p= 12+48€/22976—768\/%+12\3/359+12x/%m2.589....

6.2 LOWER BOUND

For the sake of contradiction, we assume that ALG is a p-competitive algorithm for
online strip packing with p < p. Let 6 = p —p > 0. W.lo.g. we assume that ¢ is
sufficiently small.

We distinguish between the thin items p; (whose height matches the height of the
previous interval plus an arbitrarily small excess) and the subsequences of gradually
growing thin items by denoting the whole sequence of thin items by r1,7,... and
designating certain thin items as p;.

Our analysis differentiates two phases. In the first phase, that we call the starting
phase, we consider the following problem that the online algorithm faces. Given an
input that consists only of thin items r,7,... (in this phase no blocking items are
released), minimize the competitive ratio while retaining a free gap of maximal size
(relative to the current packing height). More specifically, let

h(maxgap ;g (7i))
ALG (7’1‘)

be the max-gap-to-height ratio after packing r; where h(maxgap,;(ri)) denotes the
height of the maximal gap that algorithm ALG created up to item r; and ALG(r;)
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denotes the height algorithm ALG consumed up to item r;. We say ALG is (p,c)-
competitive in the starting phase if ALG is p-competitive (i.e., ALG(r;) < pOPT(r;))
and retains a max-gap-to-height ratio of ¢ (i.e., h(maxgap,;;(i))/ALG(r;) > c for
i > 1) for all lists L = rq, 7y, ... of thin items.

In the analysis of the starting phase in Section 6.2.1 we show that our modified BBK
sequences force any p-competitive algorithm to reach a state with max-gap-to-height
ratio less than

N

p—2/p—1
-1

Thus no (p, ¢)-competitive algorithm exists for p < p. In the moment ALG packs an
item r; and hereby reaches a max-gap-to-height ratio of less than ¢, the starting phase
ends with the release of the first blocking item g; of height ¢ - ALG(r;).

In the analysis of the alternating phase in Section 6.2.2 we show that no p-competitive
algorithm can exist if the first blocking item after the starting phase has height ¢ times
the current packing height for

1— /40> —12p+5
20-1)
Thus our two phases fit together for
p—2/p—1 1— /40212 +5
-1 2p-1)

which is satisfied for

17 1 1 5/
p= 12—1—48\3/22976—768\/78—1—123 359 4+ 12v/78 =~ 2.589....

We get a resulting value of & ~ 0.04275. . ..

=

=

6.2.1 THE STARTING PHASE

In this section we describe the lower bound for the starting phase. As we explained
before, the key parameter of this phase is the max-gap-to-height ratio. We will show
that for p < p, any p-competitive algorithm can be forced into a state with max-gap-
to-height ratio less than ¢. In this section we use the definition

A A

p—2/p—1
p-1
The starting phase is over in the moment a state is reached with a max-gap-to-height
ratio of less than ¢. To show a contradiction, we assume that the p-competitive algo-
rithm ALG is (p, ¢)-competitive, i.e., retains a max-gap-to-height ratio of ¢.
Let # > 0 be some very small constant and consider the adversary list Lgtar =
1,72, ... consisting of thin items

=

=1 and

ri=ri1+79 fori > 2.
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(a) Notations in the starting phase (b) Situation when ALG packs sg below s;

Figure 28: Starting phase. Lemma 25 shows that the gap sizes are increasing with each jump
and Lemma 26 shows that ALG needs to pack s/ next to s;

Recall that we denote the thin items by r; instead of p; here to be able to designate cer-
tain items that correspond to the thin items p; from the BBK sequence in the analysis
of the alternating phase

The sole function of the positive term # is to gradually increase the height of items
(we substituted ¢ from the BBK sequences by 7 because we use ¢ later in our analy-
sis). To simplify the calculations, however, we assume that 7 is chosen small enough
such that single instances of 7 can be omitted from the analysis. (The careful reader
might want to check that the bounds we derive for the competitive ratio are actually
continuous functions of # and therefore we are well allowed to take the limit (y — 0)).

In the following analysis we consider the phases between the creation of new gaps.
See Figure 28a for an illustration of the following notations. We refer to the first items
in each phase as the jump items s1,s,... and we denote the last item in each phase
by s{,s5,.... As we argued above, we assume s, = s. Furthermore, we denote the
gaps that ALG creates by g1,42,... and refer to the maximal gap after ALG packs
an item r; by maxgap,; 5(7i). Note that the height of the gaps might change when
further items are packed (in case ALG packs them such that they reach into the gap
from above or below). We denote the initial height of gap g; by A;s; and the gap
height directly before the next jump, i.e., in the moment sg is packed, by /\gsi. Note
that the height of gap g; is always given relative to the corresponding jump item s;.
Finally, we denote the packing height up to gap g; by y;s;, again relative to s;. We have
ALG(s;) = pisi + Aisi +s; and p;s; > ALG(s!_;) as s;_; is packed below g; but other
items might even reach higher than s/ ;.
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Since OPT(s;) = s; and ALG(s;) = (u; + A; + 1)s; we directly have

(hi+Ai+1)s; < ps; foralli >1
and thus pi+A <p-1 foralli > 1. (6.1)

Before we are ready to prove that ALG is forced to reach a state with max-gap-to-
height ratio less than ¢, we have to show some assumptions that we can make on the
algorithm ALG. First, we show that we can assume that ALG generates a packing
where the gap preceding s; is the maximal gap until s;,, is packed for all i > 1. Or, in
other words, ALG generates a packing with increasing gap sizes.

Lemma 25. We can assume that ALG generates a packing that satisfies

maxgap (1) =8 forrj € {s;i,...,s}}.

Proof. The intuition of this proof is simple: A new gap g; that is not maximal (as long
as it is the current gap) is unnecessary and can therefore be omitted. We do this by
bottom-aligning all items from s; to r; with the top of the previous gap.

More formally, let maxgap,;(7;) = gk 7# &i be the first violation of the condition
for rj € {s;,...,s;}. The modified algorithm ALG’ simulates ALG with the exception
that it bottom-aligns those items from {s;,...,;} that were previously packed above
gk with the top of gy.

As items have only been moved downwards, ALG' remains p-competitive. More-
over, for the altered algorithm we have

maxgap ,y ¢ (r¢) = maxgap;;(7;) = gk forr, € {s;,..., 7}
and My, (k) > hri(gk) > CALG(r) > ¢ALG (1) forry € {s;,...,7;}.

where h,,(gx) denotes the height of gap gx in the moment r, is packed. The last
inequality shows that the altered algorithm retains a max-gap-to-height ratio of ¢.
So (p, ¢)-competitiveness is not violated.

In total, the altered algorithm ALG’ potentially even saves packing height in com-
parison with the original algorithm ALG. By induction we can apply this method to
all violations of maxgap ,;(7;) = &i- O

Now we show that the space below a jump item s; is not large enough to accommo-
date s; before ALG makes the next jump. The implication of this statement is that any
(p, €)-competitive algorithm needs to place new items next to the current jump item.

Lemma 26. ALG cannot generate a gap with an item s;1 when the last item s; is packed
completely below the previous jump item s;.

Proof. For the sake of contradiction assume that ALG generates such a gap with item
si+1 while the last item s} was packed completely below the previous jump item s,—
see Figure 28b. As we will see, the proof of this lemma does not require to consider
that ALG retains a max-gap-to-height ratio of ¢.

By Inequality (6.1) we have s’ < (p; + A;)s; < (o —1)s; as s/ is packed below s;. Thus
si > st/ (p —1). With our assumption s; = s;1 we have

1

ALG(si+1) > s;+si +siv1 > (2+

1)Sz‘+1-
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The contradiction follows with p < 2.618... as
1>(—=2)(p—1)
1
= (2 + ﬁ)5i+1 > PSit1
= ALG(SiJrl) > pOPT(Si+1). O

Lemmas 25 and 26 state that each jump is bigger than the previous jump and that
ALG needs to “grow” the items next to the current jump item. This gives us sufficient
information about the structure of the online packing to derive a contradiction. More
specifically, the next two lemmas show that the relative gap height A; is decreasing by
a constant in every step, which contradicts the trivial lower bound of A; > ¢/(1 —¢) -
(]/li +1)>¢/(1—2¢)as Ajs; > 5(‘Lli8i + Aisi +si).

Lemma 27. We have Ay < p —1and forany i > 1
é(p—1)
A <p—2— m
Proof. The first part, A; < p — 1, follows directly from the p-competitiveness.

By Lemma 25 we know that maxgap;(s;) = gi. Since ALG preserves a max-gap-
to-height ratio of at least ¢, we have Als; > ¢ ALG(s!). Moreover, by Lemma 26 we
have ALG(s]) > p;s; + Als; + s, and thus
Aisi 2 CALG(s) = e((ui + Aj)si + 1)

)\;Si - é(yl + )L;)Si
¢

= Siy1 = 5; < (6.2)

Now we consider the packing height p;15;11. We have p;1si11 > ALG(s]) > (i +
Al)si + s} and thus

S s

pivn = (pi+ A — +
Si+1  Sit1
E(ui + A7)
— A= e AY)
é(p—1)
T Ai=ep—1)
The last step holds since
i( E(pi +A) ) (A = e(ui+ A7) = é(pi + A)(1 =€)
I NAG = E(i + A7) (A = e(ui + A7)
o

+1 by Inequality (6.2)

+ 1.

= A <0 as yu; >0
(N[ = &(ui+ A2 a
and thus % is minimal for A} maximal, which is A} = A; = p—1 —y; by
Inequality (6.1).
Using this lower bound for ;1 we get
Aip1 <p—1—uip by Inequality (6.1) for i +1

é(p—1)
<p-2— 2
=p-2 Ai—E(p—1)
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Figure 29: In the shaded area we have A;;1 < A; —¢, i.e, the relative gap heights gradually
decrease over time

Using this upper bound for the relative gap height A; 1 we will show that no (p, ¢)-
competitive algorithm exists. We already gave the lower bound of A; > ¢/(1 — ¢). On
the other hand, the following lemma shows that the relative gap heights are gradually
decreasing over time. This gives a contradiction to the assumption that ALG can retain
a max-gap-to-height ratio of ¢. Thus ALG is either not p-competitive or we reach a
state with a max-gap-to-height ratio of less than ¢, which ends the starting phase.

See Figure 29 for an illustration of the condition in which the relative gap heights
A; are decreasing by a constant in every step.

Lemma 28. For some fixed € > 0 we have

Aig1 <A —e
Proof. Let e = e(p) = 2y/¢(p—1) —p+2+¢(p — 1). By Lemma 27 we have A;;1 <
A; — € since

9—2—Aifi(g(;)1)1) Ai=2y/e(p—1)+p—2—¢(p—1)
& AF—(2y/ee—1) +28(p - 1) A > —é(p — 1) —24/é(p — 1)é(p — 1)

& (M- (feo-D+ee-1)) = (Jelo -1+ e~ 1) ~e(p-1)
—2y/e(p—1)e(p—1) = E(p—1)* = 0.

Thus it only remains to show that ¢(p) > 0.
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With é = p_zﬁi f_l we have ¢(p) = 0 since

and
20/p—=2/p—1—p+2+p—-2y/p—1=0
& 2\/p—2\/p—1=2y/p—1-2
= 4(p—2/p—1) =4(p—1)—8y/p—1+4.
Note that this calculation actually defines the lower bound of p—zpi f ! for &. Now

A p-2¢/p-1
observe that ¢ = * 3 f does not depend on p and thus we have

0 N . B ¢ .
ap<2 c(p—l)—p+2—|—c(p—1)) —m—1+c.

This derivative is negative as

A

- <1-¢
Ve(p—1)
¢ Y
= p—1<(1 ¢)
N A = 2
p—2/p—1 (p—1-p+2\/p—1) )
& — < — by definition of é
e-1E-1) (p—1)2 Y
& p—zx/p—1<(2\/p—1—1)2-g:1
4p—1)—4/p—1+1 _
e poapoic M) zp i asg_1>;forp22
& §<A
2 =P

Thus ¢(p) is strictly decreasing with respect to p and ¢(p) = 0. Hence ¢(p) > 0 for
p < p and the lemma follows. O

The previous lemma and the lower bound of A; > ¢/(1 — ¢) for any i > 1 together
establish the contradiction. We proved the following lemma.

Lemma 29. Any p-competitive algorithm ALG can be forced to reach a state where the max-
gap-to-height ratio is less than
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6.2.2 THE ALTERNATING PHASE

In this section we describe the lower bound in the alternating phase. In this phase we
use that by Lemma 29, any p-competitive algorithm ALG is forced to reach a state

. .. . p=24/p—1
where the max-gap-to-height ratio is less than ¢ = %. Now we use the second
part of the definition of ¢, namely

1—\/4p>—12p+5
200-1)

Together, these definitions give us the actual values p ~ 2.589... and ¢ ~ 0.04275. . ..

Our adversary sequence in this phase starts with a first blocking item ¢; and then
continues with the list of thin items of gradually increasing height from the starting
phase interleaved with further blocking items. Let 7 > 0 be some very small constant
and let 7, be the last item that was released in the starting phase. Then we continue
with the list Lajternating = 41, k41, Tk+2, - - - Where

q1 = ¢- ALG(Vk) and
ri=ri_1+79 fori > k+1.

=

We cannot a priori describe when the further blocking items are inserted into this
list as this depends on the packing of the online algorithm. To understand when the
blocking items are inserted, let us first introduce the notations in this phase—see
Figure 30a.

Similar to the starting phase, we consider the jump items, i.e., the thin items that are
the first to be packed above a blocking item g;, and denote them by p;. The thin item
directly before the jump item is denoted by p!_; (we will later see that we can actually
assume that p; ; is the last item that is packed below g;). We denote the interval
between the blocking items g;_; and ¢; by I;. As in the standard BBK sequences, the
thin item whose height exceeds the height of the previous interval plays an important
role. We denote the first item that exceeds the height of I;_; by p; and give all further
heights relative to these designated items.

As described in the introduction, we distinguish a-gaps (directly below blocking
items) and pB-gaps (directly above blocking items). As the gap heights can change
during the packing (as further thin items are packed into the same interval) we have
to be specific about the moment in which we consider these heights. Let ap; be the
height of the a-gap below g; in the moment g; is packed and let a/p; be the final height
of the a-gap below g;, i.e., the height in the moment p; is packed (as afterwards no
further item can be packed into I;_1). The notation is due to our assumption that p}_,
is the last item that is packed into I;_; (which we show later). Regarding the S-gap
we get along with a single definition: Let B} p; be the height of the p-gap above g; in
the moment p; is packed.

The blocking item g;,; is released directly after p;. This ensures that the online
algorithm jumps before a new blocking item is released (as the height of p; exceeds
the height of the previous interval). We set the height of the blocking items to

g1 := ¢ - ALG(ry) as already mentioned above and

qi v= max (a;_1pi_1, Bi_1Pi-1,9i-1) +1  fori =2,
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qi+1 qdi+1

Dé/ p*
a4l i+1FPi+1 . .
Xiy1Piv1 - & 1P &Py

Pi MH: 1| Pi
I B
P 7 Pil| P
* 0¥ L * 104
iPi © iPi )
Y — ajp; o 2} =0
o p; ﬂ & Pi
L~ * / L~ * /
:1:| PialPi-1 _ EI Pial|Pi-1
(a) Notations. a-gaps below blocking items (b) Structured packing according to the as-
with height a} p¥ in the moment g; is packed sumptions by Lemmas 30, 31. Here we illus-
and final height a/p;. B-gaps above blocking trate the case B} > 0 and thus a/ = 0 and
items with height g7 p; pi = pi

Figure 30: Order of the released items. 1) thin items up to p; ;; 2) blocking item g;; 3) and
4) thin items up to p; (including the jump item p;); 5) blocking item g;,1 and 6)
further thin items up to p;

Note that we use the final height a!p! of the a-gap in this definition. This definition
ensures that the blocking items are always packed above all previous items.

Again the function of the positive term # is to gradually increase the height of
thin items and to ensure that the blocking items are always packed above all previous
items. As before, we make the assumption that # is chosen small enough to be omitted
from the analysis. Thus we assume that g; = max(a§_1 pr1,Bi_1pi_1,9i-1) and that
the height of p equals the height of the previous interval I;_; throughout this section.
(Again, this is justified by taking the limit (7 — 0)).

We use succ(r;) and prec(r;) to denote the thin item that succeeds and that pre-
cedes r;, respectively. Using this notations we can rephrase the input list including the
blocking items to

* * * *
Lalternating = 5]1/ rk+1/ ceey p1/ q1/5ucc(p1)/ ceey p2/ QZ/ SUCC(Pz)/ e

We also refer to Figure 30 for an illustration of the order in which the items are
released.

OVERVIEW We prove by contradiction that no p-competitive algorithm exists for
p < p. Thus we assume to the contrary that a p-competitive algorithm ALG exists. By
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the analysis of the starting phase we already know that we can force ALG to reach a
state with a max-gap-to-height ratio less than ¢. In accordance with the notation given
above we introduce the parameter 7} to measure how much ALG improves upon the
p-competitiveness. Let 7y be defined through

ALG(p) +7ipi = p OPT(p;).
Using this value, we introduce the potential function
@i =i + B

Obviously, any p-competitive algorithm needs to keep ®; non-negative over time. We
show the contradiction that ®; decreases by a constant in every step. Unfortunately,
there is one possible exception to this rule, making the proof substantially more in-
volved: ®; might increase exactly once. We will show that even in this case, ®; is
properly bounded from above and cannot increase a second time.

In a first step we show some valid assumptions on the structure of a packing gen-
erated by ALG. Using these assumptions, we enter into the involved induction.

PRELIMINARIES With the next lemmas we investigate some assumptions on the
structure of the packing that ALG generates in this phase—see Figure 30b for an illus-
tration. The underlying idea is that if a p-competitive algorithm exists, then there also
exists a p-competitive algorithm that generates packings with the assumed structure.

If the algorithm ALG does not generate such a packing, we can alter the packing
(or rather the algorithm) such that the conditions are satisfied and p-competitiveness
is not violated at any point.

Lemma 30. We can assume that ALG generates a packing such that
30.1. theitems p;,...,p5,...,p; lie in interval I,

30.2. theitems pj, ..., p; are bottom-aligned,

30.3. the items succ(p;}), ..., p; are bottom-aligned at the top of g;.

Proof. By definition the items p;, ..., p} are taller than the previous interval I;_; and
thus all lie in interval I;. Assume that an item from pj;,...,prec(p;) does not lie in
interval I; and let r; be the tallest such item. Then we can move down the items
Pi, - - ., prec(r;) and bottom-align them with ;. This redefines p; to succ(r;) and hereby
satisfies Condition 30.1. Observe that moving down the items p;, .. .,proc(rj) does
not violate p-competitiveness and as a and B} are not changed, the further packing
remains unchanged.

If the items p;, ..., p; are not packed bottom-aligned, we move them downwards
until they are aligned with the lowest item of this list in order to satisfy Condition 30.2.
And to satisfy Condition 30.3 we move the items succ(p;),..., p; down until they are
aligned with the top of g; if these items are not bottom-aligned at the top of g;. In
both cases the alteration is possible as the height of the interval I; and thus the height
of p;, remains unchanged. Moreover, the height of 4; does not change (as B is not
changed). The values of &}, ; and &, ; can actually change, but only become larger.
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But as the heights of I; and p;, ; remain unchanged, the parameter «;, ; only affects

gi+1 and the value of g;4; attributes to the packing height of OPT and ALG to the
same extent. Thus increased values of oy and 1x§ 1 cannot cause a violation of the
p-competitiveness. O

Recall that g;11 = max(a’p}, B p},q:). Depending on the way that g;11 is actually
defined, we can assume that the other value(s) are zero as the following lemma shows.

Lemma 31. We can assume that ALG generates a packing such that
31.1. if giv1 = max(B;p},qi), then we have a} = 0,
31.2. if giv1 = max(«;p},q;), then we have B = 0.

Proof. First, assume that q;11 = max(B}p;,q;) and & > 0. By construction of the
adversary sequence, the height of p! does not depend on a} and is predetermined
at the moment ¢; is packed. Thus a reduction of a!, which corresponds to packing
further thin items into the previous interval, does not change g;;1 and p;. So we can
alter ALG such that all items from succ(p!_,),...,pre(p;), are packed into I;_;. This
reduces «/ to 0 and thus satisfies Condition 31.1 without implying any change to the
packing after p.

Now assume that g;;1 = max(«a}p},q;) and 7 > 0. In this case a reduction of B}
does not change g;,1 and p;. So we can alter ALG to set 8 to 0, i.e., bottom-align the
items p;, ..., p; with the top of g;, without implying any change to the packing after
p; and hereby satisfy Condition 31.2. This alteration increases &}, ; and might increase
w},, as well—as we saw in Lemma 30, this does not violate p-competitiveness. O

Observe that with Lemma 30 we have p; | = Bip; + pi +ai, p;,; and thus

1+B .

L B 6.
pl—‘rl 1—0621,’_1;91 ( 3)

Using this equation, we are ready to show the following assumption.

Lemma 32. We can assume that ALG generates a packing such that if o} > 0, then we have

Proof. We assume that &; > 0 and &/, ; < (0 —1)aj/(1+ (p +1)a}). By Lemma 31
Condition 31.2 we have 8] = 0 and thus p;,; = p;/(1 —a}, ;). We can alter ALG to
save a packing height of a/p} without violating p-competitiveness by changing the a-
gap to a B-gap. To do that, we move down g; and all items that are released after p;_,
with the exception of p; by a/p;. In other words, we close the a/p} gap between p;_,
and g; by moving down g; and all items above g;. The only exception is the item p; that
we keep at its position to retain a S-gap at the moment this item is packed. Hereby,
we keep a gap of the original size a/p} above ;. See Figure 31 for an illustration of the
altered packing.

Note that this alteration changes the adversary sequence: As there does not remain

any a/-gap, the item g;1 is released directly after p; is packed—also redefining p? to p;.
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qi+1 Jow
&;p;
_ di+1
* *
i 1Pigd -
* *
,,,,, i 1Pita
| % / ¥ /
pi BP;i | Pi P P;
qi I ! 4y
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&P iPs qi
! !/
szq Hpifl

Figure 31: If & ; < (p —1)ai/(1+ (o — 1)&;), then we can move down ¢; and all items that
are released after p;_, with the exception of p; by a/p?. Hereby the a-gap becomes
a B-gap and p; becomes the new p; as the interval I;_; shrinks

This is the only change in the adversary sequence since the size of g, is not changed
and also the height of interval I; stays constant. Since the optimal value changed as
gi+1 is released earlier than before, we have to check whether the altered packing is
actually feasible.

We denote the optimal algorithm for the altered instance by OPT’ and the altered
algorithm by ALG'. With a/p} we refer to the height before the alteration. The height
«}, 1 pr., remains unchanged. We have OPT'(g;11) = OPT(p;) 4+ qi11 = OPT(p;) + a}p;
and ALG'(g;:1) = ALG(p,) + %41l + i1 = ALG(pi) + oy, piy + afpy. Thus

ALG'(gi41) < pOPT'(gi11)

& afi1pi < pOPT(p;) — ALG(pi) +(p — 1ajp;
>0
NURRTENY -
<~ wi g < m by Equation (6.3).

Thus g;,1 can actually be packed by the altered algorithm. The feasibility for all other
items in the altered packing is obvious. O

On the other hand, it is not possible for ALG to create an arbitrarily large gap when
packing a blocking item g;1. We capture this fact in the following lemma.

Lemma 33. We have

ek il Vi 5
o —.
Tt (e - D
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Proof. The value of a7, ; can be bounded by observing the moment that g, 1 is packed.
We have

OPT(gi1) = OPT(p}) + gia

ALG(gi+1) = ALG(p7) + ai1pia + Gita-
And since g;,1 needs to be packed p-competitively by ALG we get

ALG(gi+1) < pOPT(gi41)
S 4P S 7P+ (0= Dgia
o 7P+ (e -1LE
& 1< - i by Equation (6.3)
T—af, 1+B; y =
T+ (e 1T

< —.
LBy (-1

O]

= o}

The parameter «; plays an important role in the analysis as the height of the pre-
ceding blocking item depends on it. With the next lemma we get an upper bound for
this parameter.

Lemma 34. We have (p — 1)a} < 7.

Proof. The idea of the bound is that if ALG jumps early, i.e., with an txg > 0, then it
generates a packing where pf = p! + a/p}. This additional height directly contributes
to the value of 7} with a factor of p —1 (as ALG and OPT increase by the same
amount).

Formally, we have ALG(p}) = ALG(p;) + «}p;, OPT(p;) = OPT(p;) + a}p; and
ALG(p})+ v pf = pOPT(p;). And since p; was feasible we have ALG(p;) < p OPT(p;)
and get (o — 1)a;p; < v/pr. O

Similar to Kern & Paulus!35! we get the following lemma that bounds the potential
function in terms of the parameters of the previous interval.

Lemma 35. We have

. . Yi+(e-1)E2 4 (p-1)pr -1
Di1 =741+ By = 1p'+ B (1—af 1)+ (0 —2)aj.
1

Proof. See Figure 32a for an illustration of the packing. We consider the change be-
tween p; and p;,; and with p; , = Bp; + pi + ] pi, from Equation (6.3) we have

OPT(p;y1) = OPT(p;) + qiv1 + pi1 — Pi

= OPT(p;) + git1 + Bipi + aiapin
ALG(pi;1) = ALG(p7) + aj1pia + Gisa + BipaPiva + Pisa
= ALG(p7) + a1 pi1 + qiva + Biabiva + Bipi +pi +aipi
Thus with 7} pf = pOPT(p}) — ALG(p]) we get

ALG(piq) + 7 1P = pOPT(pi, 1)
< Vig1Piv: + Bisabisa — (0 — 2)aiqpiyg =
Yipi + (0 —1)giv1 + (0 = 1)Bipi — pi-
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pPi+1 I Pin i
Brapis
qi+1 p1 P
/
. . i 1Pi
Xi1Pist o
Pipi
Il OO0HA n
pi W Pil || Pi “TPT ] allpT
,,,,, e
Bip;
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[ | /
_ IP?A Hpil _ I D
(@) In this illustration we disregard (b) Here we show that ALG can pack
Lemma 31 (which would give &} = 0 further items aligned with the bot-
or 87 = 0) to show the general case tom of the strip before generating

the gap Bip}

Figure 32: Illustrations for Lemmas 35 and 36

By Equation (6.3) we have (1 —a7)p; ; = (B; +1)p; and finally get

* * % * _ qit1 o *
TintBin—(p—2)af, Wit (=157 +(p-1p —1
T—ai, 1+ B;

This completes our preparations for the induction that we show next.

THE INDUCTION Now we give the intended contradiction. On the one hand, any
p-competitive algorithm needs to satisfy ®; > 0. We show, in the contrary, that the
potential ®; indefinitely decreases.

We start the induction with the next lemma, giving a maximal initial value of p —
2+ (p — 1)¢ for the potential. Afterwards, we distinguish three cases according to the

definition of g;41. If g;11 = Bfp; or qip1 = aip; we show ®; 1 < O; — ¢ for some & > 0.

The case g;+1 = g; is more involved. Either we also get a decreasing potential or the
potential might actually rise, but is still lower than the initial value. Therefore, this
rise can only happen once, as we finally show when we bring together all parts.
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Figure 33: The initial upper bound for the potential (forcing the potential into the shaded area)
along with the conditions. In particular, ®; < p —2 + (o — 1)¢ implies that for any
o < p we can find an € > 0 such that ;] < P; —¢

In the following calculations (which are partially very technical) we basically derive
a series of upper bounds on the potential ®; ;. In detail, we get

D < z(pzi)g;_l in case gi+1 = Bip;  (6.4)
and ;1 < p(Pl_—}—lich;l_l in case gi+1 = i p;
and @ < 2(":)23_1 in case gi1 = ajp}
and P, < Pl _;(););_252__13(] +1 in case giy1 = qi

(®i+(p—1)e=1)(p—-1)
plp =2+ (p—1)¢)
All these conditions eventually imply ®;,1 < ®; — ¢ for some ¢ > 0 and p < §. Just for
Condition (6.4) we additionally require the induction hypothesis ®; < p —2+ (p —1)¢.

and ®;q <

+p—2 incase ;1 = q;.

— 2 /462—-120
This is actually exactly the condition that gives us the value of ¢ = 1;&#. See
Figure 33 for an illustration of the conditions above.
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We now start with the induction hypothesis. Not only do we give an upper bound
for the initial potential @4, but also for the ratio g1/ pj. This is needed later when we
bring the different parts together.

Lemma 36. We have

D <p—-2+(p—-1)¢
and q—i < 1
pi P
Proof. Consider the packing of ALG and the optimal packing after pj is released—see
Figure 32b. Recall that ALG(ry) is the packing height at the end of the starting phase

and that q; = ¢ ALG(rx). As p;j equals the height of the interval below q; we have

OPT(py) = pi +q1 = pi + ¢ ALG(ry) and
ALG(p1) = p1+ g1+ Bipi + p1 = 2p1 + CALG(re) + Brpi-
Moreover, we have p; = ALG(ry) + «;p; and thus p} = AEDE]C"). We get

Yip = pOPT(py) — ALG(p7)
= (p—2)p7 + (p — 1) CALG(r() — Bip]

* * N * . % ALG(r
= D=+ =p—2+ (p— Dé(l—af) since pf = ALK
1
<p—-2+(p—-1)c
Finally, observe that
q1 éALG(Tk) N 1
— < —F =< - O
P~ ALG(r) P

With the next two lemmas we show that the potential decreases if g;,1 = B;p; or
Jiv1 = a;p;. At the same time we show that g;,1/p;,, is bounded, which we need in
the last case gi11 = q;.

Lemma 37. If ®; < p —2+ (o — 1)¢and g;11 = B} p], then

D1 <P —c¢ for some g > 0
and %':1 < % or ql:rl < 1
pigg  p—1 Piqi P

Proof. By Lemma 31 Condition 31.1 we can assume «} = 0. Thus Lemma 35 yields

o - Yit2p-1)pi—1
i+1 1_’_13?

(1—ajy) + (o —2)af, .

Note that this function is linear in a7, ;. Thus ®;; attains its maximum for maximal
or minimal &

i11- We show for both cases that ®; 1 < ®; — ¢ for some ¢ > 0.
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o P e
If ®;, is non-increasing in &, ; we have

< +2(p—1)g; —1

®l'+1_ l—f—ﬁ* aSDc:ZrlZO
i
R as v; + i = @i
_2p—1)®i—1
- 1+CDZ

The last step holds as ; < ®; and the function is increasing with respect to g;. With

e=¢(p) = 62(p71)275((£:11))(—15rp51)(p—2)+1 we have ®; 1 < ®; — ¢ since
2(p — 1)®; — 1
et A T
1+ o <P, —¢
& D7 — (20 —3+¢e)d; >e—1

= (p-24(-18)—@20-3+e)(p—2+(p—1)8) > e—1
as®; <p—-2+(p—1)¢and2®;, —20+3—-e<2(p—1)—-1<0
A\ 2 a
(b=2+(p=1)8)" = (20 =3)(p =2+ (0= 1)) +1 _
£
1+p—-2+(0p—1)c -
Ele—12-¢e-1)—(p—1)(p—2)+1

= (o—1)(1+0) - F

It remains to show ¢ = ¢(p) > 0. We have ¢(p) = 0 since
Ep-17-ep-1)—(p-1)(p-2)+1=0
A 1—1/47—12p45

. Now observe that ¢ is strictly decreasing with p since

9 (@ =1)(p—1)*—(p*—20+2)
30 “(P) = (0 1P +9) <0

as ¢ —1 < 0and p? —2p + 2 > 0. Thus we have ¢ = ¢(p) > (p) = 0 in this case.

Now, if ®; is increasing in a;, ;, we use Lemma 33 to get

*12(0—=1)BF — 1 ¥ — 1)8* ¥ — 1)B*
Dy < vt (1p+ ﬁ;ﬁ’ . (1 - —711 :,§§+p2§l ) +(p—2)- le :’5§+PE§Z
Bl e S el RN Ol o 1
B 1+ B; L+97 +pBf L+97 +pB;
_ o=y +ple—-1p —1
L+7] +pB;
:(P_l)q)i+(p_1)2:3?_1 aS’)’f—l—ﬁ?:cDi

1+ @+ (p—1)p;

< Plo—1)Pi—1
- 1+p0;
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Again, the last step holds as i < ®; and the function is increasing with respect to ;.
With e =3 —p—1/p > 0 (for p < p) we have ®;; < ®; — ¢ since

MP—U¢r—1<¢%_3+p+;

1+ p®; -
1
& p(p—l)CDi—l§q)i—3—|—p+;)—|—p<1>z-2—3pcl>i+p2<bi+cbi
_ 2—p-1
o @%+(ﬂ)¢i2$
P o
, 1-p\2_1-p\2 2P
I e

Thus in both cases we have ®;,; < ®; — ¢ for some ¢ > 0.

It remains to show

Eli*+1 < it or 5/i+1 < 1
pii — p—1 Piqi P

We have Z}E = 1%!3? (1 —af,,) by Equation (6.3). If 8] < p%l we have

i1 _ B 1-al,,) < pi 1 r 1 11
1+ .

* - * —= *< ’ -
Piyn 1456 1+p7 p—1 1—1-()%1 p—1 p’%l P

Otherwise, we have 7 > ﬁ and thus

Ji+1 Bi . D
= Piqa,)<
Pia 1+ﬁ% ) p—1
af
o (0~ 1B} < 77 +2(0— D ~1+ (p—2)(1 + f) 2L
i+1
>0
= L<9i+(e-1)p;
1
fs 1
= Bi > P O

Lemma 38. If ®; < p—2+ (p — 1)¢ and gj41 = ap; then

D1 <P —c¢ for some g > 0

Tit1 L

Pixi P

Proof. In this case we can assume B; = 0 (by Lemma 31 Condition 31.2) and hereby
have ®; = 7}. Thus by Lemma 35 and with (p — 1)a} < 9/ = ®; by Lemma 34 we
have

and

Qi = (i + (0 — Do —1)(1 — i) + (0 — 2)afyy
< (20 - 1)1 —afy) + (0 —2)ajy.
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We consider the derivative with respect to &}, ; and with ®; < p —2+ (o —1)¢ we get

Jd
ale+1

(20, =1)(1 = &) + (0= 2)afy ) = p—1-20; 2 3—p—2(p 1) > 0.

Thus ®;; increases with a7, ; and since by Lemma 33

o 7i + (= Da; 2y, _ 2%
Xitq < < =
T+ +(p—1a] = 1+2y7 142D;

we get

20, 2P,
<I>i+1§<2<1>i—1)(1— i )+( N ikt

1+29; 1+ 2,
C2(0-1)®;—1
1+ 2®;

With e = /20 —p+1/2 > 0 (for p < p) we have ®;; < ®; — ¢ since

2(p — 1),
1720, =%~ \Fﬂ)

& 207 + (2 —2,/20)®; > /20 —p — 2
2
1—,/2 V20—p—1
o <<1>i+2p) ( > VELZ o

Thus we proved the first part of the lemma.

It remains to show
i 1
%*+1 <l
Pigr P

With g7 = 0 we have p;,; = p; /(1 —«a}, ;) by Equation (6.3). Using a7 ; > %
by Lemma 32 and a < af < 1 (by definition of a} as a fraction of p}) we get

! % !

_ &P (1 —al,y) &i 1
* — % — % i+1

Piv1 Pina

Ji+1

< .
T 1+ (1) <P

This finishes the proof of this lemma. O

Finally, we consider the case g;1 = g;. First, we show that the potential definitely
decreases if q;/p; < 1/p.

Lemma 39. If ®; <p—2+ (p—1)¢ and % < % and q;11 = q; then

D1 <D —¢
; 1
and qfl < =
Pigi P

for some e > 0
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Proof. The second part is trivial since q;11 = q;, pi,; > pj and q;/p; < 1/p.
To show the first part we assume a; = 0 and B} = 0 according to Conditions 31.1
and 31.2 of Lemma 31. Thus we have ®; = 7 and with Lemma 35 we get

®H1:<¢pr—n21— )(1—afiy) + (o — 2)aky,

i

We consider the derivative with respect to a},; and get

J qi s p—1
L (@) =p—1-D;— (p-D L >1-(p—1)e-—=>0.
aD%( 1) =p (p—1) b (p—1) 5

Thus ®;,; increases with a7, ; and since by Lemma 33

. i+ (p -1k
a; —
ST e (DT

we get
o < (p—1)®;+ (p—1)%p — 1
T 1+ (-
(p— 1)@+ L 1 gi 1
< o ZP—§ as —; < -
i+T Pl Y
_plp—1)®;i +p*—3p+1
B p®; +2p — 1 '
With

L Bp—p?-1 o Bp—pr-1
p®i+20—1 = p(p+ (0 —1)¢)

as®; <p—2+(p—1)¢and 3p — p? — 1 > 0 for p < p, we have ®; 1 < ®; — ¢ since

— >0,

plo—D®@i+p*=3p+1 _ o Bp—p*—1

p®; +20—1 - pd;+20-1
< plp = 1)@+ 0> =30 +1 < p®7 + (20 — 1)®; =30 +p* +1
@ 0 < p®7 + (3p — p* — 1)P;
which is satisfied as 3p — p*> —1 > 0 for p < p. O

If we do not have q;/p; < 1/p we canstill assume g;/p; < (0 —2+ (0 —1)¢)/(0—1)
by Lemmas 37 and 38 (as ®; < p —2+ (p — 1)¢ and this ratio does not increase in
case gi+1 = 4i)-

We use this bound to show that either the potential still decreases or we can bound
the potential by p — 2 and the g;1/p;,; ratio is less than 1/p. So from this point on
we remain in the case of the previous lemma and the potential decreases by a constant

in every step.
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Lemma 0. If ®; < p—2+ (o —1)¢and [: < % and ;1 = q; then either

D < o—2 and
%‘:1 < 1
Pigqin P

4

or
D1 <P —¢ for some ¢ > 0, and
giv1 o p—2+(p—1)¢
Pin = Pl

Proof. As in Lemma 39 we have a; = 0, ff = 0, ®; = 9} and

cpiﬂz(cbiﬂp—l)zi—1)(1—a;;1) (0 —2)afy,

i

Agam ®; 1 increases with a7, ;. We distinguish two cases according to the value of

1+1
-1
If IX +1 > 1-— m thel’l
pia i p—1 plo—2+(—-1)¢) p

As @, is increasing with &} ; we use Lemma 33 to get
(0~ 1)i+ (p— 12 —1
1+, + (p — 1)ﬂ

_2p-D(p-2+(p—1)¢) -
- 1+2(p—2+(p—1)0)
(

Dy <

as®; <p—2+(p—1)¢and q’<P —1¢ We have

2(9—1)(0—2+(p—1)6) L

1+2(0—2+ (p—1)¢)
& 20-D(e-2+(-1)8)-1<p=2+2(0=2)(p =2+ (p—1)¢)
& 20 -2+ (p—-1)¢) <p-—1
& 20— 1)é<3—p,

p1 then we have

which holds for p < p. We showed that if a7 ; > 1— 2 (=1
D1 <p-—2andqi1/pi, <1/p.

o—1
Otherwise, we have a}, ; <1 — 2T (=1 and get

@i le-Dg-Dle-1)  (p—2)(p—1)
ST 21009 P -2+ (- 109)
(Pi+(e—-1)e-1(p—-1)
= o—2+(-ng P77
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as % < pz;# With ¢ = &; +( ((p ?j(p@igp) )—p~|—2 we have &;,; < &; —¢
since

(®i+(p—1)-1)(p—1)
p(p =2+ (p—1)¢)

+p—-2<
L (- 1)e-®)(p-1)
P T2+ (- 1))

It remains to show ¢ > 0 . To see this, observe that ¢ is increasing with respect to ®;
as

+o0—2.

9 (o A=(p—1)-Di)(p—1) L p—1
R Sy e i o R ) Bt e s e Rl

for 2.55 < p < p (here we use that we assume 6 = p — p is sufficiently small). As
®; > 0 we have

LA (-18)(-1)

> — —p+2>0.
olo-2+(-18 °
Of course,
Giv1 4 o p—2+(p—1)¢
Pisa — P p—1
holds trivially. We showed that if a} ; <1 — #}M)) then we have ®; | < ®; —¢

I
for e > 0 and qi11/p; 4 < (0 —2+ (0 —1)¢)/(p — 1). This finishes the proof of this
lemma. O

This ends this extensive induction. Let us summarize the complete induction and
show that it actually gives the desired contradiction.

Recall that our induction hypothesis in Lemma 36 states that ®; < p—2+ (p —1)¢
and q:1/p] < 1/p.

First assume that whenever we need to apply Lemma 40, then the second outcome
is valid, i.e., @11 < ®;—eand giy1/pf,; < (0 —2+(p—1)¢)/ (0 —1). Then Lemma 37
(for giy1 = BIp}), Lemma 38 (for ;41 = a}p/) and Lemmas 39 and 40 (for gi11 = ;)
show that the potential decreases by a constant in every step.

Now if Lemma 40 is applied and the second outcome is invalid, then we afterwards
have ®; ;1 < p—2and g;11/p;,; <1/p. Thus Lemma 37 (for g;,1 = B} p;), Lemma 38
(for i1 = alpf) and Lemmas 39 (for gi11 = ¢;) show that the g;/p} ratio remains
less than 1/p. So the precondition for Lemma 39 is always satisfied if ;41 = g; and
we do not need to apply Lemma 40 anymore. Thus from this point on, the potential
decreases by a constant in every further step.

In total we showed a contradiction to ®; > 0 for all i > 1 and thus proved Theo-
rem 10.

6.3 UPPER BOUND

In this section we present the online algorithm ONL for packing primitive sequences
that consist solely of thin and blocking items. We prove that the competitive ratio of
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Algorithm 9 Online algorithm for packing primitive sequences

1: Initially the packing is considered to be blocked
2: whenever a rectangle 7; is released do
3. if r; is a blocking item then
Pack r; at the lowest possible height
else if 7; is a thin item then
if the packing is open then
Pack r; bottom-aligned with the top thin item
else if the packing is blocked then
Try to pack r; below the top item
100 If this is not possible, pack r; at distance (p — 2)r; above the packing

L ® N ook

ONL is p = (3 + /5)/2. As we will see, our algorithm neglects the starting phase. In
the final discussion in Section 6.4 we will see why this is the case.

We differentiate two kinds of packings according to the item on top: If the item on
top of the packing is a blocking item, we have a blocked packing, otherwise we have
an open packing. Initially, we have a blocked packing by considering the bottom of the
strip as a blocking item of height 0.

The general idea of the algorithm ONL is pretty straight-forward: Generate a f-gap
of relative height p — 2 whenever a jump is unavoidable and pack arriving blocking
items as low as possible. Since we neglect the starting phase, p = p — 2 is the maximal
B-gap that we can ensure. This leads to the following algorithm—see also Algorithm 9.

* If a blocking item r; arrives, we pack r; at the lowest possible height. This can
be inside the packing, if a sufficiently large gap is available, or directly on top
of the packing. In the latter case, the packing is blocked afterwards.

* If a thin item 7; arrives at an open packing, we bottom-align r; with the top item.

* If, finally, a thin item r; arrives at a blocked packing, we try to pack r; below
the blocking item on top. If this is not possible, i.e., r; exceeds the height of all
intervals for thin items, we pack r; at distance Br; = (o — 2)r; above the top of
the packing. This changes the packing to an open packing again.

We show that ONL is p-competitive for p = (3 + v/5)/2. Actually, this is only
questionable in one case, namely, when we pack a thin item 7; with distance (o — 2)7;
above the packing. All other cases are trivial since if the packing height increases, then
the optimal height increases by the same value (for thin items the packing height only
increases if ; is the new maximal item).

We denote the thin items that are packed when generating a new gap by s; for the
i-th jump. Let s/_; be the highest thin item that is bottom-aligned with s;_;. Note that
the blocking item that blocks the packing after the i-th jump is packed directly above
si_,. See Figure 34 for an illustration.

It is obvious that the first jump item s, that is actually the first thin item that arrives,
can be packed.
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Si+1‘J
Bsit1
h//
s >
1
Si
‘BSZ' 174
! ‘SLl

Figure 34: Packing after the (i + 1)-th jump. The blocking items that arrived after s; are shown
in darker shade. By definition, s; is the first item that does not fit into the previous
interval. Thus we have s; 1 > s} + Bs; — I’

For the induction step we assume ONL(s;) < p OPT(s;). Before a jump can become
unavoidable, new blocking items of total height greater than Bs; need to arrive as
otherwise the gap below s; could accommodate all of them. Let /' be the height of the
blocking items that are packed into the B-gap below s; and let 1"/ be the total height
of blocking items that arrive between s; and s;;1 and are packed above s;. We have
W < (p—2)s;and ' + 1" > (p — 2)s; as otherwise no blocking item would be packed
on top. As further blocking items could be packed even below s;_; we get

OPT(s;41) > OPT(s;) + W+n + Sit1 —S;

ONL(SiJrl) = ONL(Si) + S; —S; + H + ‘Bsi+1 + Sit1-
And thus we have

ONL(Si+1) < pOPT(Si+1)

< ONL(s;) +8; —s; + " + Bsit1 + siz1 < p(OPT(s;) + h' + ' +si41 —s;)

= (o —1)si+si—ph' — (o =" < (o — 1= B)si+1.
Asp—1—pB=1and sy > s/ + (o —2)s; — I’ this is satisfied if

(o —1)si+si—ph' — (o — D" < si+ (o —2)si =1
& si<(p—1)(W +n")
= si<(p—1)(p—2)si =si.

The last equality holds since p = (3 ++/5)/2 and thus (p — 1)(p — 2) = 1. Summariz-
ing we showed the following theorem.

111



112

STRIP PACKING

Theorem 11. ONL is a p-competitive algorithm for packing primitive sequences with

34+5
="

~ 2.618.

6.4 FINAL DISCUSSION

In the previous sections we gave a lower bound of p > 2.589... and an upper bound
of p < 2.618... for the competitive ratio p of the strip packing problem restricted
to primitive sequences consisting solely of thin and blocking items. In this section
we recapitulate the significance of the starting phase for the lower bound. Moreover,
we present an approach to improve the lower bound and describe the challenges to
improve our upper bound.

We analyzed the starting phase to derive Lemma 36, the starting point of our induc-
tion, where we showed ®; < p —2+ (p — 1)¢. Observe that from all the conditions
we derived in Section 6.2.2, only Condition (6.4), which was

2(p —1)®; — 1

< ® -
1+®, i

actually required ®; < p —2+ (p — 1)¢. It is easy to see (c.f. Figure 33) that all other
conditions hold for p < (3 + 1/5) /2 regardless of the initial potential. Thus by improv-
ing the bound for ®; in Lemma 36 we would directly get a better overall lower bound
on the competitive ratio. Straightforward calculation yields that for ®; < p —2 + x
(for x > 0) we get a lower bound on the competitive ratio of

34+ 5 +4x? —4x
> )

p:

2 v (p—1)(o—
To see this, observe that for e(x) = = Ef _11J)r(xp 2)+1

forp < p = Hiw we have e(x) > 0. Thus for x = 0 we even get the best
possible lower bound of (3 + v/5)/2.

Therefore, the most promising approach for improving the lower bound is to con-
sider the starting phase and derive a better bound for ®;. In Lemma 36 we use
p; = ALG(rx)/(1 — aj) to show Condition (6.4). This holds since we do not force
the algorithm to pack blocking items into the gaps that were kept open.

In the following we present a new objective for the starting phase that exploits this
approach and that should eventually lead to an improved lower bound. Let A;_1s;_4
and A;s; be the heights of the two last gaps. Now assume that no p-competitive algo-
rithm can retain

, Condition (6.4) is satisfied. And

Ai1Sic1 o 5
AT > d
ALG(?’k -

for some constant d > 0 throughout the starting phase. In contrast to the starting
phase that we analyzed in Section 6.2.1, we do not consider the current (maximal) gap
Ais; here but rather the last gap before, i.e., A;_15,_1. As soon as the above “second-
largest-gap-to-height” ratio drops below d, we release a blocking item q; = d ALG(ry).
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This blocking item can either be packed on top, leading to ®; < p —2+ (o —1)d as
by the analyses in Lemma 36, or it can be packed into the gap of size A;s;. In the
latter case, we release a further blocking item g} larger than A;s; — g1 which has to be
packed on top. We have OPT(p;) = pi + q1 + ¢} and ALG(p}) = ALG(s._;) +q1 +
pi +4q; + Bipi + pi. And thus

(p—1)(q1 +4q7) — ALG(s]_,)
Pi

in this case. The last step holds since ALG(s}_;) >s; > (p —1)(q1 +¢}) (as ALG(s;) =
si + Aisi + ALG(s]_,) and thus q1 + g2 = Ajs; < ps; —s; — ALG(s!_;) < (o —2)s)).

It is apparent that for the new objective we get d < ¢ (as we consider the “second-
largest-gap-to-height” ratio instead of the max-gap-to-height ratio) and thus an im-
proved lower bound on the competitive ratio. We believe that this idea can be further
exploited by considering the whole series of gaps and releasing appropriate short
blocking items. Unfortunately, analyzing these improved lower bounds requires pa-
rameters different from the well understood max-gap-to-height ratio and seems to be
very involved.

Q=B+ =(0—2)+ <p-2

One of the challenges to improve the upper bound relates to the approach described
above. It is possible to retain a max-gap-to-height ratio of ¢ with an p-competitive algo-
rithm when only thin items are released (generate gaps of maximal height whenever
the max-gap-to-height ratio would otherwise be violated). But this does not lead to
P > p—2+4 (p—1)¢ as we cannot ensure pj = ALG(rx)/(1 — «f). The reason for
this is that arriving blocking items need to be packed into the gaps to avoid blocking
the packing with a short blocking item. But this leads to a potentially reduced interval
height for the thin items and thus to a worse initial potential. An approach to over-
come this difficulty might be to pack arriving blocking items into the second largest
gap instead of the current gap. This would still give a lower bound on the overall
height of blocking items received before blocking the packing is unavoidable. And
still, p] can be large. Again, an analysis of this approach seems to be complicated.

Finally, the equation of Lemma 35, namely

Y+ (- 1)+ (o~ 1) — 1
1+ B

D =

(1—ajq) + (0 —2)afy.

reveals another challenge to improve the upper bound. An adversary could, instead
of releasing a blocking item g;, 1 directly after the height of the thin item p; exceeds
the height of the previous interval, postpone the blocking item and release further
thin items. This would increase the value of &}, if the thin items are packed bottom-
aligned with p7 (as &} ,p;j, ; increases and this makes up an increasingly large fraction
of pi ). As Lemma 35 shows, ®; 1 tends to p —2 as a}, ; approaches 1. Thus to sustain
a potential larger than p — 2, the online algorithm would have to generate a new gap
when receiving indefinitely growing thin items.
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