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Abstract

Understanding how biological cells grow and divide is a major interest of bio-
physical research. One aspect is the self-organization of the cytoskeleton, a
dynamic assembly consisting of biological filaments as well as other proteins,
that generates essential structures for the proliferation of cells.

A prominent example in this context is the mitotic spindle formed during
cell division, which is vital in eukaryotes, for instance by defining the di-
vision site. It is built of overlapping microtubules that steadily grow and
shrink. Nonetheless, due to proteins regulating the length of filaments and
the overlap between them, the spindle size is well defined. While filament
length regulation was studied before, the overlap dynamics are still poorly
understood.

After introducing the main components of the cytoskeleton and presenting
past research on sterically interacting particles and overlapping filaments, we
show that diffusive and directionally moving particles segregate along a fila-
ment under steric interactions. If these particles generate cross-links between
antiparallel microtubules, they are able to generate stable partial overlaps,
with or without steric interactions, that are in agreement with experimental
results. Based on the understanding of overlap regulation between filament
pairs, a coarse-grained theory for filament bundles is derived, reproducing
essential features of the spindle.

Parts of this work have already been published [1, 2].
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Zusammenfassung

Das Hauptinteresse biophysikalischer Forschung ist das Verständnis der Funk-
tionsweise von Zellen, der Basis aller lebenden Organismen. Ein wichtiger
Aspekt zum Verständnis von Zellen ist deren Lebenszyklus, während dessen
das Zytoskelett, also biologische Filamente mit assoziierten Proteinen, Struk-
turen wie den Spindelapparat erzeugt. Letzterer bestimmt unter anderem die
Ebene der Zellteilung und besteht aus sich überlappenden Mikrotubuli, die
stetig wachsen und schrumpfen. Dennoch ist die Größe der Gesamtstruktur
durch Proteine, welche Länge und Überlapp der Filamente regulieren, stabil-
isiert. Während Längenregulation von Filamenten bereits untersucht wurde,
ist das Verständnis der Überlappdynamik noch lückenhaft.

Nach der Vorstellung der Bestandteile des Zytoskeletts und bereits bekan-
nter Phänomene wechselwirkender Partikel und überlappender Filamenten
zeige ich, dass sterisch wechselwirkende, diffusive und gerichtet bewegte Par-
tikel sich entlang eines Filaments in zwei Phasen trennen. Verbinden diese
Partikel antiparallele Filamente, so können sie stabile Überlappe erzeugen,
sowohl mit als auch ohne sterische Wechselwirkung zwischen den Spezies. Die
Ergebnisse der Simulationen sind im Einklang mit Experimenten. Basierend
auf der Analyse der Interaktion zweier Filamente wird eine vergröberte The-
orie für Filamentbündel entwickelt, welche wesentliche Charakteristika von
Spindeln reproduzieren kann.

Teile dieser Arbeit wurden bereits veröffentlicht [1, 2].
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Chapter 1

The cytoskeleton can self-organize
into structures

Living biological cells are complex multicomponent systems [3–5] and an
important fundamental structure allowing cells to react to their surrounding
environment is the cytoskeleton [6]. It is a network of biological string-like
polymer-chains called filaments, interacting with numerous other proteins
and molecules under the consumption of chemical energy. This energy is
usually stored as energy rich triphosphate compounds. The cytoskeleton is
therefore highly dynamic and out of thermodynamic equilibrium, hence non-
equilibrium physical methods need to be applied to describe the structure’s
properties and functionality.
In the first chapter of this work, we present some of the molecular compo-
nents of the cytoskeleton and the structures formed, which are relevant to
understand the effects studied in our research.

1.1 Filaments are the main components of the
cytoskeleton

The principal components of the cytoskeleton are biological filaments, where
one distinguishes between actin filaments, microtubules and intermediate
filaments. These filaments may serve as tracks for cellular transport of or-
ganelles [5, 7]. On top of that, their length and network structure can influ-
ence and determine physical properties of the cell. For example, the effective
elasticity of the actin cortex, which forms below the cell membrane and de-
termines its physical properties like surface tension and bending rigidity, is
controlled by the length of individual filaments and how they are cross-linked
together [8, 9]. Filaments can also induce cell motility [10] or change the char-
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1. The cytoskeleton can self-organize into structures 12

acter of filamentous solutions in vitro [8, 11, 12]. This again emphasizes their
dynamic nature and the importance of understanding the functionality of the
cytoskeleton to understand the behavior of cells.

The three different classes of filaments can be distinguished through the
chemical structure of the monomers, which build the filament. Nonetheless,
all types share common properties. First of all, they are elongated aggre-
gates of polymer subunits that by themselves assemble and disassemble at
the ends of the filaments by addition or removal of single subunits, annealing
of smaller filaments, and in the bulk of the filaments by severing. The chem-
ical generation or destruction of bonds between individual subunits can be
modified by other proteins bound to the monomers, influencing the subunits’
internal structure [5]. The monomers building up the filament may be chem-
ically apolar or polar. If they are polar, their polarity is transferred to the
whole filament by the way the polymer chains are assembled. Whereas in-
termediate filaments are apolar, actin filaments and microtubules aggregate
in a polar manner. On top of that, the polarity of the monomers allows for
directed motion of proteins along the filaments, making them an ideal track
for cellular transport [5].

We first focus on intermediate filaments. This filament class is again divided
into several subfamilies, for example vimentin or keratin. The main role of
these filaments is to make cells resistant to external stresses [3, 5]. Therefore
they are often found in cells of vertebrates lacking an external skeleton [13–
15]. In most cells, intermediate filaments form a network concentrated close
to the nucleus and extending towards the cell edges [16]. Vimentin is also
known to play a role during wound healing when blood platelets are acti-
vated [17].
The diameter of intermediate filaments is usually approximately 10-12 nm,
which lies between that of actin filaments (7-10 nm) and microtubules (25 nm).
That is also the origin of their name [18].
Although the details of the three-dimensional structure of intermediate fila-
ments are still discussed [19, 20], they are assumed to be elongated assemblies
of subunits of a specific type, for example vimentin filaments consist of vi-
mentin dimers, where every dimer has a length of approximately 60 nm [21].
The dimer itself consists of an N-terminal domain, which is referred to as
head and a C-terminal domain, also called tail. Head and tail are linked
together via an α-helical coiled-coil rod, see Fig 1.1.
Intermediate filaments are flexible with a persistence length of approximately
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Head Tail

Figure 1.1: Structure of a vimentin dimer. The chemically highly disordered
tail and head are linked via two α-helical coiled-coil rods. The structure of the head
domain was modeled ab initio. From [19], modified. Copyright 2015 by Elsevier.

1µm. The persistence length is a measure for the rigidity of a polymer chain
and describes, how fast correlations between the directions of monomers
change along the chain. Nonetheless, in dense solutions of more than 10mg/ml

together with appropriate cross-linking proteins generating a network, ker-
atins can form hoofs and nails with a bending modulus in the range of giga
Pascal. On top of their flexibility, intermediate filaments can be stretched
up to 3.5 fold and can sustain forces of 1-2 nN before they break, which is
two to three times larger than the forces observed for microtubules [20, 22].

Actin filaments, also known as microfilaments or F-actin, are built of globular
actin monomers (G-actin), assembling in a helical double-stranded structure
with a diameter of 5-9 nm and a distance of repeated twists at 37 nm [5, 23],
see Fig. 1.2(a).
The persistence length of actin is approximately 15µm [24]. Thus single actin
filaments are semiflexible in the sence that they are stiffer than intermediate
filaments but less stiff than microtubules.
Actin is for example known to play a role in the motility of single cells [25, 26]
and the formation of protrusions of the cell membrane like stereocilia [27] in
the inner ear that are relevant for hearing, or microvilli [28] that increase the
surface area of the intestine. Besides that, actin forms a dense network close
to the cell membrane, the cell cortex, influencing the mechanical properties
of the membrane [29].

Microtubules are tube-like assemblies of typically 13 protofilaments, linear
chains of tubulin dimers. Each dimer consists of α- and β-tubulin [5], see
Fig. 1.2(b).
Microtubules are much stiffer than actin filaments and intermediate filaments
with a persistence length in the order of several millimeters [30]. Due to
their increased stiffness, microtubules are often used as tracks for intracel-
lular transport together with molecular motors [31, 32]. On top of that,
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Figure 1.2: (a) Structure of an actin filament. The filament assembles from
actin monomers (red globes) to a helical structure of two parallel strands. (b)
Structure of a microtubule. 13 Protofilaments align with a slight offset to
a tube surrounding the lumen. The periodicity of the structure is approximately
50 nm. α-tubulin is labeled in light green, β-tubulin in dark green. ©2007 from [5].
Reproduced by permission of Garland Science/Taylor & Francis Group LLC.

microtubules play a crucial role during cell division as they form the bipolar
mitotic spindle that is located around the cell division site and is necessary
to divide genetic material onto the daughter cells during cell division of eu-
karyotic cells. [5].

Actin and tubulin can bind nucleotides, adenosine triphosphate (ATP) and
adenosine diphosphate (ADP) in the case of actin, guanosine triphosphate
(GTP) and guanosine diphosphate (GDP) in the case of microtubules. The
triphosphates can hydrolyze into diphosphates upon release of chemical en-
ergy,

ATP −−→ ADP−Pi ↑∆E0 −−→ ADP + Pi ↑∆E1 (1.1)

and

GTP −−→ GDP−Pi ↑∆E0 −−→ GDP + Pi ↑∆E1 , (1.2)

consequently filaments are considered active. The bound nucleotide may also
influence the chemical structure of the subunits and hence the bond between
different monomers [5].
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1.2 Biological filaments are dynamic structures
All filament types are permanently growing and shrinking by the processes
mentioned above, namely assembly and disassembly of subunits at the ends,
annealing of smaller filaments, or by severing of the filaments at any position.
These length dynamics together with the filaments’ activity can already suf-
fice to show interesting phenomena like well regulated filament lengths [33].
As mentioned above, all filaments are aggregates of identical subunits. G-
actin and tubulin monomers have a structural polarity that allows to dis-
tinguish between two chemically different ends named plus and minus. For
actin, this polarity is caused by chemical domains within the actin monomer,
whereas for tubulin, it results from the structure of tubulin dimers being
composed of the two chemically different monomers α- and β-tubulin. Using
this polar order, filaments assemble in a head-to-tail manner, where plus-ends
of subunits always bind to minus-ends of a neighboring monomer and vice
versa, rendering an overall polarity to the filament, with a well defined plus
and minus-end. In the case of actin, those ends are also named barbed and
pointed end, respectively, based on observation on actin filaments decorated
with myosin motors using electron microscopy, where actin filaments present
an “arrowhead configuration” [34].

Single filament subunits can polymerize and depolymerize both at the plus-
end and at the minus-end. If the polymerization and depolymerization rates
are denoted as ν±p and ν±d respectively, then those rates need to fulfill detailed
balance,

ν+
d

ν+
p

=
ν−d
ν−p

= exp

(
−∆G

kBT

)
, (1.3)

where kB ' 1.38 · 10−23J/K is the Boltzmann constant, T is the temperature
and ∆G is the free energy difference between the bound and unbound state
of a filament subunit. Their polar nature also influences the rates of Eq. (1.3)
such that ν+

d > ν−d . The monomers and dimers incorporated into the filament
have a triphosphate bound and can release a phosphate while in the filament.
Apart from that, due to the fact that triphosphate-bound (T-state) subunits
preferably polymerize at the plus-end, the chance of finding ADP- or GDP-
bound (D-state) subunits at the minus-end is larger than at the plus-end.
Hence, the depolymerization rate at the minus-end is mainly dependent on
the weakly bound D-units. The dissociation constant, corresponding to the
critical concentration above which a net growth can be expected, lies between
0.1 and 0.5µM for T-units and is approximately 2µM for D-units of actin [35].
Given the right concentration of nucleotides and monomers, the filament’s
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polarity can lead to treadmilling, where the filament in general grows at the
plus-end and shrinks at the minus-end, causing the filament to travel through
the cytosol although the individual subunits do not change their position. A
theoretical analysis that explicitly accounts for the spatial gradient of T- and
D-subunits along the filament can show that during treadmilling, dependent
on the effective rates of phosphate release, length regulation of the filament
can occur [33]. A subsequent study that incorporates details of the phosphate
release identifies regimes of regulated length together with treadmilling, in-
finitely growing filaments and exponential length distributions with filaments
that typically completely disintegrate in the course of time [36]. A central
outcome of this study is that one should not expect length regulated tread-
milling actin filaments for typical parameter values in vitro with intrinsic
filament dynamics only. This gives rise to the investigation of the influence
of associated proteins, discussed in section 1.3.

A remarkable feature of microtubules is that the depolymerization rate of
GDP-bound subunits is large, whereas that of GTP-bound monomers is neg-
ligible [37]. As mentioned above, filaments usually incorporate subunits in
T-state at the plus-end. After being polymerized, a dimer may hydrolyze
GTP to GDP after some time. As this processes is stochastic and therefore
happens at different times for individual subunits, some monomers at the
filament’s minus-end might still be in T-state, forming a stable cap to a large
region of D-state subunits. If the tightly bound cap of GTP-bound subunits
now disappears by hydrolysis into D-state and depolymerization, the large
region of D-state subunits depolymerizes quickly in a catastrophe until again
a cap of T-state monomers is at the minus-end as a rescue.

All filament types are dynamic polymer assemblies, constantly growing and
shrinking, in steady interaction with their surrounding medium, which is
usually the cytosol. These interactions come together with proteins attaching
and detaching along the filaments, cross-linking them, influencing the rates
of filament growth and shrinkage and enabling the transport of organelles
and other cargo through the cell interior. In the next section, we present
some general properties of the proteins relevant for the latter work.
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1.3 Molecular motors can interact with single
filaments

In section 1.1, filaments are introduced as the main components of the cy-
toskeleton. However, those filaments need associated proteins to finally self-
organize into complicated structures [5] like the actin cortex or the mitotic
spindle [38, 39]. In addition to molecular motors, using chemical energy to
travel directionally along filaments, also non-motile proteins or passive par-
ticles, changing their position along the filament, disregarding the filament’s
polarity and without consuming chemical energy, play a a role during struc-
ture formation.

Proteins are usually in a solution surrounding the filament, from where they
can bind to it. This binding may appear anywhere along the lattice or at
specific binding sites, as it is known for capping proteins binding specifically
to the barbed end of actin filaments [40]. Some protein types might promote
the nucleation of new filaments. As an example, the Arp2/3-complex binds
to existing actin filaments and serves as a nucleator to new ones. This way,
Arp2/3 is an important ingredient in the generation of actin meshes like the
actin cortex [41] below the cell membrane, where they enhance the cortex’
stiffness [42], or the branched actin network in dendritic spines [43, 44], pro-
trusion of neurons that are necessary in the formation of synapses in the
neuronal system.
After being bound, some proteins can use chemical energy to directionally
hop along the filament [45]. In the case of microtubules, two characteristic
families of molecular motors often studied to investigate motile properties
are kinesins and dyneins, see Fig. 1.3, as well as myosins in the case of actin
filaments. Although the details of their individual design may differ, all
members of these protein families share common properties. They have a
motor domain consisting of one to four globular heavy protein chains called
heads, which can bind to a filament and determine the motile behavior, as
well as light and intermediate chains, which may serve different purposes
like cargo binding and are in some cases referred to as tail domain. Dyneins
differ from kinesins and myosins through the fact that they often need other
proteins to be activated [46].
Myosins play an essential role in the contraction of striated muscle cells,
where they form myosin filaments that reduce the end-to-end distance of
muscle sarcomeres [46]. Apart from that, they may transport cargo, such as
myosin-10 transporting VASP in filopodia [47], structures necessary for amoe-
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Figure 1.3: Structure of kinesin and dynein proteins. The typical hopping di-
rection of the proteins is indicated by black arrows. From [46], changed. Copyright
2000 by Sinauer Associates.

boid movement. Kinesins and dyneins are also involved in the translocation
of material. Furthermore, the proteins can generate a link between different
nearby filaments, thus enhancing the generation of structures such as the
mitotic spindle, where motors are involved in the regulation of microtubule
overlaps [39, 48, 49], or the 9+2 axoneme in flagella. Here, microtubules
are aligned in a circle of nine parallel filament pairs surrounding two cen-
tral filament pairs. Dyneins activated by kinases and phosphates slide the
filaments against each other, leading to stress in the network that causes
flagella beads [50], which is again necessary for the movement of cellular
swimmers [51].
In addition to the intrinsic dynamics of microtubules, molecular motors can
interact with the filament and influence polymerization and depolymeriza-
tion. This effect has been shown to play a role in the mitotic spindle, as
tubules are constantly polymerizing and depolymerizing while maintaining
their length. A knock-out of specific molecular motors can lead to a loss of
length regulation and hence cause defects in the spindle [7, 39, 52–56]. These
findings motivated studies in vitro to identify the molecular details of these
mechanisms [57–61]. They prove that notably minus-end directed kinesin
motors are able to destabilize the minus-end of microtubules and thus en-
hance depolymerization of subunits. Theoretical investigations of this class of
systems reveal that with molecular motors, length dependent depolymeriza-
tion rates can be established allowing for length regulation of actin filaments
or microtubules [36, 62–64]. Apart from molecular motors, also capping pro-
teins have been shown to influence the polymerization and depolymerization
kinetics of filaments. As an example, CapZ is able to shorten the length of
actin filaments [65].
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Other than that, proteins might use the filaments as tracks to travel along in
order to transport cargo or generate mechanical stresses [66]. As discussed
above, molecular motors are often used to generate forces. Hence, we now
shed light on the working principles of these machines in order to better
understand which purposes they can fulfill inside cells. This requires inves-
tigation of their behavior under an external load.

A molecular motor is a machine, which transfers chemical energy, often pro-
vided by ATP, into mechanical energy. This power stroke is a sequence of
chemical reactions, during which the triphosphate is hydrolyzed and confor-
mational changes in the chemical structure of the motor lead to an effective
displacement [67, 68]. The details of the power stroke may differ between
different kinds of motors. Furthermore, some motors only perform a single
power stroke and detach again from the filament, whereas others are proces-
sive. They perform several power strokes after binding to a filament, such
that they travel along it and detach afterwards [69]. Nonetheless, an intrinsic
feature of all motors is the discreteness of step sizes resulting from the nature
of the power stroke. Hence, when dealing with motors, one of the first steps
is to determine the step size of a single motor using optical tweezers together
with fluorescence microscopy [70] or atomic force microscopy [67]. To per-
form these measurements, a silicon bead is chemically attached to the neck-
or tail-domain of a single motor, see Fig. 1.4(a). This bead can be pulled via
a focused laser beam exerting an harmonic force on the bead by inducing an
electric dipole moment. If the properties of the optical tweezer and the link
between the motor and the bead are known, both the position of the motor
and the force acting on it can be derived through the displacement of the
bead. For kinesins, a typical step size of 8 nm has been observed [70], see
Fig. 1.4(b) and each step corresponds to a single ATP hydrolysis [71, 72].

As mentioned above, either in filament networks or during cargo transport,
motors act under the influence of an external force, so it is important to
analyze their behavior if a force is applied. This can be achieved by using
optical tweezers [72], see Fig. 1.4(a). The results of these measurements show
that molecular motors and also other filament associated proteins may have
a qualitative difference in their behavior in presence of an external force and
two major regimes can be identified: Slip bonds, where the lifetime of a
bond is lowered by an external force, and catch bonds, whose lifetimes are
increased up to a critical force and decrease for even larger forces. In the
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Figure 1.4: Measurements on single motors. (a) Preparation of a single motor
for measurements with an optical tweezer. A silicon bead (blue) is attached to
the neck or tail domain (gray) of a motor (green) traveling along a filament (gray
rectangles). The bead is controlled via a focused laser beam (red). (b) Distance
traveled by a single kinesin as a function of time. From [70]. Copyright 1993 by
Nature Publishing Group. (c) Potential landscape for Kramer’s rate theory. Stable
bound (B) and unbound (U) states are separated by the instable state (b) with
height Eb of the energy barrier.

same way, motor velocities can be affected by an external force. Note that
motors are indeed able to change between those regimes depending on their
environment [73, 74].

The behavior of slip bonds can be explained by considering Kramers’ rate
theory [75, 76]. The transition rate τ between the bound state and the
unbound state of a protein is influenced by the energy barrier E0

b between
those states

τ ∝ exp(−E0
b /kBT ) , (1.4)

see Fig. 1.4(c). If a force is applied, the energy barrier is diminished as
the protein is stretched, leading to an increase in the detachment rate. In
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a) b)

c) d)

Figure 1.5: Illustration of a hand-over-hand-model. (a) A kinesin is repre-
sented via two heads (dark and light gray) that are connected via neck linkers and
a spring-like tail domain (blue and red). Each head can individually bind ATP
(light green), ADP (yellow) or ADP together with an inorganic phosphate (dark
green) or neither of those nucleotides. (b) In the first step, one head is attached
to the filament without a nucleotide, the free head has a diphosphate bound. (c)
The attached head binds ATP leading to a conformational change. (d) The free
head releases ADP and attaches to the filament while ATP in the attached head is
transferred to ADP and Pi. After [67].

the case of catch bonds, the external force leads to a conformational change
in the protein. This change can induce new binding sites and thus change
the free energy antagonistically to the external force, leading to an effective
decrease of the detachment rate until a critical force, after which those con-
formational changes are not able to compensate any additional force applied
and the protein exerts a slip bond behavior again [77].

For a long time, it was unknown how processive motors walk along a mi-
crotubule. Two major models were proposed, one in which the motor walks
in a hand-over-hand manner and the inchworm model, in which the motor
walks like a caterpillar, one head always following the other one. Kinesins
have been shown to move according to the hand-over-hand model [78], and
a large variety of those models exists [79]. Here, an example of such a model
is introduced, see Fig. 1.5, that can be solved analytically and is able to
reproduce experimental findings as well [67].
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In this model, a kinesin motor is described via two heads, which are con-
nected by their neck linkers and tail domains. Each of the two heads is able
to bind a nucleotide independent of the other head, where the nucleotides
can be either an ATP- or an ADP-molecule or ADP in combination with an
inorganic phosphate. Binding and unbinding of nucleotides happens with the
surrounding medium that is assumed to contain neither ADP nor inorganic
phosphate. In the beginning, a motor is in state K, meaning that one head is
attached to the filament without a nucleotide bound. Meanwhile, the other
free head is oriented towards the plus-end and has ADP bound. To get to
the next state K·T, the attached head binds ATP leading to a conforma-
tional change of the motor and a displacement δ1 = 1 nm. In the next step,
ATP in the attached head is hydrolyzed to ADP and inorganic phosphate.
Meanwhile, the free head releases its ADP and attaches to the adjacent fil-
ament site. This process leads to a further displacement δ2 = 1 nm of the
motor, which is now in state K·P. Afterwards, the originally attached motor
detaches from the filament and the motor goes back to the conformation K
with a displacement δ3 = 6 nm, completing the cycle of motor states. This
leads to a total displacement of

∆ =
3∑

i=1

δi = 8 nm . (1.5)

The respective reactions are described by

K
k1[ATP]−−−−−⇀↽−−−−
k−1

K · T k2−−→ K · P k3−−→ K , (1.6)

with the rates k1 for ATP binding, k−1 for ATP release, k2 for the transition
from states K · T to K · P and k3 from state K · P to the original state K.
Note that the third step is associated with the largest displacement of the mo-
tor. The total reaction rate follows from the principles of Michaelis-Menten
kinetics [67]:

ktotal = kcat
[ATP]

kM + [ATP]
, (1.7)

where

kcat = (k−1
2 + k−1

3 )−1 (1.8)

is the effective rate to go from the K·T-state to the original K-state and

kM =
k3(k2 + k−1)

k1(k2 + k3)
(1.9)
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Figure 1.6: Force-velocity plot of the hand-over-hand model presented. The
lines illustrate the velocity as a function of the applied external force, see Eq. (1.12).
Different lines are for varying concentrations of ATP: [ATP] = 670µM (black),
1.5µM (gray). Other parameters are kBT = 4.11 pN · nm, k̄1 = 100µM−1s−1,
k̄−1 = 3000 s−1, k̄2 = 105 s−1, k̄3 = 5000 s−1. Parameters taken from [67, 80]

is the corresponding Michaelis constant.
An external force fext would change the free energy barrier associated to the
proteins and thus influence the rates according to [75, 76]

ki = k̄i exp

(
−Fδi
kbT

)
(1.10)

for i ∈ {1, 2} and

k−1 = k̄−1 exp

(
Fδ1

kbT

)
. (1.11)

In these equations, the rates with a bar represent bare rates in absence of an
external force. This allows to calculate the effective motor velocity

v = ∆ktotal (1.12)

with ktotal as given by Eqs. (1.7)–(1.11), see Fig. 1.6.

Numerous extensions and variations of this model exist [67, 79, 81]. In gen-
eral, they share the common feature that they relate the chemical reactions
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happening during a power stroke with the displacement of the molecule using
standard reaction kinetics. One further description is based on a two-state
model only considering the bound and unbound state of motors together with
an energy landscape reflecting the discrete nature of the filament [82]. This
allows to incorporate collective dynamics of motors.

After looking on the behavior of single molecular motors, the discussion will
now focus on collective phenomena. This way, we can address the question
which effects can arise from the interplay of several proteins of the same type.
In the theoretical description of such systems, lattice gas models have proven
to be a proper approach for the investigation of discrete processes. One of
the most-studied models introduced in this context is the totally asymmetric
simple exclusion process (TASEP), originally used to describe the “kinetics
of biopolymerization on kinetic acids” [83].
Since its introduction 1968, the TASEP has been studied in detail and a full
solution was found [84]. However, instead of solving the full problem, mean-
field approximations are also able to solve the system [85]. In a meanfield
ansatz, correlations between neighboring sites of a lattice are only considered
up to a certain order. To illustrate this, consider a one-dimensional lattice
of N sites with a lattice constant ∆, where particles enter the lattice at site
i = 1 at a rate α and leave the lattice at rate β from site i = N . A particle
can hop from site i to i+ 1 at rate 1, if the target site is empty. Hence, the
master equation for the occupation density ni at site i reads

∂tn1 = α(1− n1)− n1,2 , (1.13)
∂tni = ni−1,i − ni,i+1 ∀ 1 < i < N , (1.14)
∂tnN = nN−1,N − βnN , (1.15)

where ni,i+1 is the probability of site i to be occupied while site i + 1 is
empty. The meanfield assumption now is that ni,i+1 can be rewritten as the
probability ni of site i to be occupied multiplied with the probability 1−ni+1

of site i+ 1 to be empty. With this, the particle current between sites i and
i+ 1 can be written as Ji = ni(1− ni+1).
In the stationary state ∂tni = 0, the current in the bulk is constant since
there is no loss of particles, hence Ji ≡ J0. This allows to distinguish several
phases depending on J0, see Fig. 1.7(a). If α < β < 1/2, a low density phase
emerges, where the density ρLD = α is given by the entry rate of particles
only, see Fig. 1.7(b). Otherwise, if β < α < 1/2, a high density phase arises
with ρHD = 1 − β. In the case of 1/2 < α < 1 and 1/2 < β < 1, a phase
of maximum current appears, as the current is given as ni = 1/2 and hence
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Figure 1.7: TASEP (a) Phase diagram of the TASEP with the high density phase
(HD), low density phase (LD) and maximum current phase (MC). (b) Meanfield
densities for α = 0.1 (black) and 0.6 (red and blue) and β = 0.2 (black and red)
and 0.7 (blue).

J = 1/4.

The TASEP has been applied to numerous systems with appropriate modifi-
cations. In particular, it has been used in traffic models [86–90]. Apart from
that, the TASEP with extensions and modifications is of large relevance in
studying the behavior of molecular motors hopping along filamentous tracks.
Modifications include particle generation in the bulk, corresponding to ad-
sorption of molecular motors on the filament [91–94]. These studies are able
to show that crowding of motors may appear with discontinuities in the
density of motors along the filament. The existence and position of this do-
main wall depends on the adsorption and desorption rate of proteins. Other
studies investigate the influence of several lattices that interact [95] or con-
sider the lattice itself to be dynamic, thus new lattice sites can be added or
removed at the filament ends representing polymerization and depolymeriza-
tion [36, 62–64, 96, 97]. Our previous studies [62] and the work by Melbinger
et al. [63] consider molecular motors hopping directionally towards the fil-
ament end and enhance depolymerization of the end monomer. This way,
due to accumulation of proteins in the bulk and transport towards the end, a
depolymerization rate that depends on the filament length can be generated.
Together with a constant polymerization rate, this can lead to length regula-
tion of individual filaments, which is supported by experimental findings as
well [60, 61].
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To recapitulate, filaments are highly dynamic and due to the constant hy-
drolysis of ATP or GTP, they are furthermore driven out of thermodynamic
equilibrium. This can already generate interesting effects such as treadmilling
or dynamic instabilities.
In combination with additional proteins, filaments can self-organize into net-
works and generate tensile forces [67]. Moreover they organize into dynamic
structures such as waves of polymerizing actin that can induce cell motil-
ity [98–102]. Apart from that, dynamic filament assemblies are also impor-
tant in the neuronal system as branched actin meshes are necessary to shape
dendritic spines in synapses [103]. This work focuses on the mitotic spindle,
which is described in detail in the next section.

1.4 Life cycle of a cell and the mitotic spindle

After we have introduced the generic properties of the interplay between bi-
ological filaments and associated proteins, we will now shed light light on the
interactions taking place in the mitotic spindle. Understanding this specific
structure first requires a short introduction to the life cycle of higher cellular
organisms.

The life cycle of healthy single cells as well as cells of multicellular organisms
comprises phases of proliferation and division. The general purpose of this
complex process is the replication of the cells by cell division. In order to
guarantee correct replications, the cells need to ensure that cellular material is
distributed in an “optimal” and well controlled manner onto the new cells. In
this case, the term optimal does not imply that both daughter cells necessarily
need to be identical after the division. Especially for tissues or stem cells,
division can be asymmetric.
In the case of eukaryotic cells, the cell cycle can be divided into two major
parts. At first, a new cell starts with its metabolism and grows during the
interphase. This phase spans the time between two subsequent cell divisions
and is in itself again subdivided into resting phases G1 and G2 that appear
before and after the synthesis phase S [5, 46]. Afterwards, cells enter the
mitotic phase, in which they distribute genetic and other material between
the two daughter cells prior to their physical division.
The details of cell division differ for different classes of cells. Major differ-
ences exist between prokaryotes and eukaryotes, as the latter have a nucleus,
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Figure 1.8: Mitotic spindle during cell division. (a) Prophase. The nucleus
(black dashed line) is in the cell (black ellipse) center, chromosomes (blue) with
kinetochores (red) are confined by the nucleus. The MTOCs (light green) with mi-
crotubules (dark green) are outside the nucleus. (b) Metaphase. Microtubules are
connected to kinetochores and overlapping in the metaphase plate. The membrane
of the nucleus is disintegrated. (c) Anaphase. Interpolar microtubules elongate,
while filaments connected to kinetochores shorten and separate the chromatids.
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whereas in prokaryotes, the genetic material is not confined by a membrane,
but entangled. For the following work, we consider in detail only the cell
division of eukaryotes.

Most cells enter cell division through the prophase [5], see Fig. 1.8(a), when
chromatin fibers that contain the genetic material condense into chromo-
somes observable by standard light microscopy [104, 105]. Plant cells can
additionally have a preceding preprophase, in which the nucleus is aligned
close to the cell center.
During prophase, the nuclear envelope starts its disintegration to later en-
able segregation of genetic material in the form of chromosomes. Meanwhile,
microtubules that later form the mitotic spindle start growing. The details of
spindle formation and functionality are discussed later in this section. The
prophase is followed by the prometaphase, when microtubules invade the
area of the former nucleus and search for chromosomal kinetochores. Kineto-
chores are structures between the two sister chromatids that form a chromo-
some. They are important for generating tension within the spindle to local-
ize chromosomes in the cell’s equatorial plate. Attachment of kinetochores
to filaments extends to the subsequent metaphase. Tension produced by the
activity of molecular motors in kinetochores [106] together with polymeriza-
tion and depolymerization of spindle microtubules now aligns chromosomes
in the cell midzone, forming the metaphase plate, see Fig. 1.8(b).
The completion of the metaphase plate triggers the spindle assembly check-
point [107], to ensure that genetic material is later equally distributed amongst
the two daughter cells. This is connected to the onset of anaphase and
the segregation of the genetic material towards the cell poles. Also dur-
ing anaphase, some of the microtubules that build the mitotic spindle start
to grow and thus lead to an elongation of the cell perpendicular to the
metaphase plate, see Fig. 1.8(c). This process continues throughout telophase.
In the meantime, the nuclei of the daughter cells are formed from the former
nuclear envelope of the parent cell. After nuclei formation finishes, the chro-
mosomes decondense, which completes mitosis and is followed by cytokinesis,
the physical separation of the daughter cells by formation of a new cell wall
in between the two daughter cells and contraction of cell membrane towards
the cell center.
In animal and yeast cells, an actomyosin ring is contracting from the original
cell membrane towards the cell center along the mid zone and either pulls
the cell membrane or induces growth of new membrane material. In the
actomyosin ring, actin filaments align along the equatorial plate and are
pulled together by myosin-2 motor proteins [108].
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Figure 1.9: General shapes of mitotic spindle. (a) Microtubules (green lines)
extending from the microtubule organizing center (green circles) towards the mid-
zone. Filament polarity indicated by plus- and minus-signs. (b) Several micro-
tubules with parallel overlaps, antiparallel overlaps only in the midzone.

In plant cells, phragmoplasts align in the middle of the equatorial plane and
assemble a new cell wall in concentric rings starting from the cell center.
The details of cytokinesis, especially of the contraction of the actomyosin ring
are still not completely understood and a subject to current research [109–
111].

During all mitotic processes of plant cells and eukaryotic cells, the mitotic
spindle, also known as the spindle apparatus, plays a major role. It is a bipo-
lar assembly of mostly microtubules, with the minus-ends of microtubules
oriented towards the cell poles and filament plus-ends overlapping at the mid
zone of the cell [5, 39, 112, 113]. In general, two different types of spindles
can be found. The first type consists of long interpolar microtubules extend-
ing directly from the spindle poles to the equatorial plate of the cell, where
they either attach to kinetochores or form stable overlaps with antiparallel
tubules extending from the opposite cell pole, see Fig. 1.9(a). Yet, especially
in larger spindles, the long microtubules are replaced by several short micro-
tubules of same polarity, thus maintaining the overall bipolar nature of the
spindle apparatus, see Fig. 1.9(b). For reasons of clarity, we will only refer
to the case of long microtubules extending from centrosomes towards the cell
mid zone, which corresponds to the case of numerous healthy eukaryotic cells.

In cells with centrosomes as microtubule organizing centers (MTOCs), minus-
ends can be linked to the centrosomes and further tubules extend as astral
microtubules around the center, see Fig. 1.10. Centrosomes are organelles
containing two orthogonally oriented centrioles, tubular structures built of
tubulin surrounded by a collection of proteins, the pericentriolar material.
The centrosomes serve as nucleators for microtubules extending in asters
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Figure 1.10: Mitotic spindle. (a) Sketch of spindle constituents and functional-
ity. It is built of kinetochore microtubules (1), interpolar tubules (2), and astral
microtubules (3). Green and red arrows represent polymerization and depolymer-
ization activity, respectively a○, yellow arrows indicate poleward microtubule flux
b○. Black arrows symbolize chromosome movements c○, antiparallel microtubule
sliding d○, minus-end directed transport of microtubules e○ and fluctuations of the
astral tubules f○. (b) Fluorescence image of a mitotic spindle. Tubulin is labeled in
green, chromosomes blue and TPX2, a targeting protein for the plus-end directed
kinesin-like protein Xklp2 in red. Both figures from [39], modified. Copyright 2001,
reprinted with permission from Nature Publishing Group.

from the centrosomes into the cytosol.
However, plant cells lack microtubule organizing centers and it has been
shown that they are not necessary in eukaryotic cells either [114, 115].
Mitotic spindles are built by the polymerization of microtubules from the cen-
trosomes with the growing plus-end pointing away from the MTOCs [116]. If
microtubules get into contact with one another, cross-linking proteins start
to organize the two formerly independent asters into the bipolar metaphase
spindle structure [117, 118]. This structure is now able to guide the align-
ment of the chromosomes via molecular motors bound to the kinetochores
that are attached to oppositely oriented filaments [5].

The mechanisms involved in the formation of the spindle apparatus are not
completely clear yet. First of all, microtubules need to generate the bipolar
structure, which is too slow if tubules only randomly search for kinetochores
or other antiparallel filaments [119]. Instead, during the formation of the
spindle, several proteins have been identified to play a role and foster spindle
formation. For this work, we mention the passive cross-linker Ase1 as well as
the molecular motors Ncd together with proteins that show a similar behav-
ior, since they are used in the experiments presented in section 2.3. Besides
those, numerous other proteins are known to influence spindle growth, size
regulation and structure [113, 120].
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Ase1 is a microtubule associated protein known to play a role in the formation
of microtubule bundles and can be found for example in spindles of fission
yeast [121]. It can suppress the disassembly of microtubules and promote
growth and nucleation of new filaments [122]. Additionally, it decreases the
rigidity of microtubules and hence assists in the alignment of bundles [122].
Due to the decreased rigidity, it is easier to bend microtubules, growing
from the MTOCs, towards an antiparallel shape in the overlap regime of the
spindle, see Figs. 1.9 and 1.10. Other experimental studies show that Ase1
diffuses along microtubules without any preferred direction at a very high
rate and preferentially assembles in the overlap of microtubules [123]. Other
cross-linkers with similar effects are MAP65 or PRC1 [122].

Ncd is a minus-end directed kinesin-14 protein [124] that probably binds to
the β-tubulin of tubulin dimer [125]. It plays a role in anaphase spindle as-
sembly and its correct functionality [126, 127], both in meiotic and mitotic
cells. Similar to Ncd, also the kinesin-5 Eg5 and the kinesin-4 Xklp1 have
been observed in the context of spindle size regulation [128, 129].

1.5 Biophysical aspects of spindle formation

Within the metaphase spindle, microtubules are constantly growing and
shrinking [130, 131], leading to an effective poleward tubulin flux in the
order of 1 µm/min [132]. In contrast to that, the structure of the apparatus is
maintained and well controlled during the mitotic phase, whose duration is
in the order of minutes up to hours. So both the length of the dynamic mi-
crotubules as well as the overlap between pairs of microtubules must be regu-
lated. Length regulation of dynamic microtubules has been studied in vitro,
showing that molecular motors can influence growth and shrinkage of fila-
ments [60, 61], which gives rise to length regulation of the filaments [62, 63].
In order to identify the mechanisms of overlap regulation, biological experi-
ments have focused either on the influence of chromosomes and motors asso-
ciated with them [133] or on the activity of molecular motors, such as Ncd
or the kinesin-11 Eg5. They have observed that changing the motor activity
indeed influences the spindle size and structure [55, 134–136]. Furthermore,
these motors maintain their position relative to the spindle independent of
the tubulin flux [137], again indicating that they have a regulatory function.
However, it has been shown that also non-motor proteins are important to
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enable a stable spindle structure in vivo [116, 138, 139]. In this case, proteins
are not only generating cross-links between microtubules but are also influ-
encing polymerization and depolymerization of dimers and thus regulating
the filaments’ lengths [116].

These biological characteristics — the microtubules’ properties together with
associated proteins — influence the size and structure of the spindle that de-
pends on the overlap both of parallel and antiparallel filaments. The mecha-
nism provided by these components must ensure the construction of a bipolar
and highly dynamic structure of the right size.
Based on the experiments mentioned above, several physical models try to
explain how components of the cytoskeleton can self-organize into the highly
dynamic apparatus. Self-organization is a general aspect of many structures
in cells. For example, cell motility can be explained by polymerizing actin
waves that result from principles of chemical reactions [25, 26, 101, 102, 140].
Physical descriptions of actin networks help to explain how cells can gener-
ate forces to change the shape of the cell membrane. This way, it has been
shown that filopodia can be produced with actin polymerization only [141].
Considering in addition an interaction between the cell membrane and the
growing filaments allows to explain the stable length of filopodia [142–144].
All those description try to analyze biological systems with mathematical
methods and couple the appearance of different structures to physical prop-
erties of their components. For example, the rigidity of filament networks
depends on the length distribution of the underlying filaments [65] and the
elasticity can show a number of surprising phenomena like nonlinear elastic-
ity and negative normal stresses [145].

As far as the mitotic spindle is concerned, there is still a lack of bottom-up
approaches that derive the apparatus’ property from microscopic principles.
Theoretical descriptions so far are able to reconstitute spindle-like bipolar as-
semblies based on assumptions on the interaction of microtubules. Minus-end
directed motors are able to align antiparallel microtubules [49]. Stochastic
simulations with bidirectional motors and microtubules growing as asters
from MTOCs indicate that spatial regulation enhances the quality of spin-
dles [146]. If molecular motors act together with passive cross-linkers, they
are able to reconstitute a stable, bipolar spindle-like structure with spatially
constricted microtubules [138].
The analysis in these models is based on complex simulations of all individual
components. Therefore, investigating the sensitivity of the resulting structure
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on input parameters is very time consuming and it is complicated to check for
the robustness of a mechanism. It is necessary to identify not only important
components, but additionally the properties of these components that are
necessary for spindle formation. This way, a study was able to show that the
length of a spindle constituted of microtubules and molecular motors depends
on the speed of growth and shrinkage of the filaments involved [147]. Still it
is not clear, which mechanisms are necessary in this case to enable spindle
formation [120]. For example, the study by Loughlin et al. [147] incorporates
several molecular motors with different other proteins and it remains unclear,
why individual components need to be present.
Other theoretical models try to use a higher level of abstraction. Coarse-
grained descriptions do not account for individual molecules, neither do they
explicitly contain information on the detailed properties of the particles in-
volved. Instead, they rely on phenomenological parameters describing char-
acteristic effects. One of these approaches interprets the mitotic spindle as
a droplet of an active material [148] based on the observation of a positive
correlation between the size of centrosomes and the spindle length [149]. Al-
though they are able to reproduce dependences on characteristic quantities,
these approaches do not provide a deeper understanding of the underlying
molecular mechanisms.

The mitotic spindle is a very complex and dynamic structure, and its func-
tionality requires fine orchestration of all processes involved in its formation
and maintenance. Instead of trying to reconstitute a spindle as a whole,
the work presented in this thesis is in line with other approaches that are
discussed in the next chapter. In this context, experiments and theoretical
investigations try to identify key components and minimal systems, showing
a specific behavior relevant for spindle formation.
Recent in-vitro experiments investigated how stable overlaps between inter-
polar and hence antiparallel microtubules could be generated and regulated.
The experimental studies together with theoretical analysis of similar systems
are recapitulated in the next chapter. Together with our results presented in
section 3.3, they build the base upon which in chapter 4 a physical model is
introduced and analyzed that identifies the requirements to maintain a stable
overlap between antiparallel microtubules. Together with length regulation
of microtubules, this analysis provides a minimal system to generate a stable
spindle with a well defined length.





Chapter 2

Molecular motors and passive
cross-linkers influence the overlap
between mobile and aligned
microtubules.

As shown in chapter 1, microtubule overlaps are important to understand
the behavior of the mitotic spindle in vivo. This chapter reviews both ex-
periments in vitro and theoretical studies, investigating the impact of cross-
linking proteins on the overlap of filaments and analyze forces generated in
this context.

2.1 Molecular motors can increase and decrease
the overlap between microtubules

As introduced in section 1.3, molecular motors are a key ingredient in many
cellular structures and often involved in the generation of stresses [9]. If
they are present in networks, they can affect stiffness by several orders of
magnitude [150]. Yet, a full understanding of effects in a network requires a
detailed analysis of the less complex system of two aligned filaments coupled
via molecular motors. A theoretical study by Kruse and Sekimoto [151]
shows that motor cross-linkers slide apart antiparallel filaments, while they
may generate full or vanishing overlaps between parallel filaments depending
on particle densities, motor processivity and boundary conditions.
To describe the system, the authors introduce a filament as an oriented linear
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Figure 2.1: Particle densities Si in steady state for σ = 0 (a) and 1 (b). Param-
eters are K = 0.2 (red), 2 (black), ωa = 0.05γ (solid lines), 0.0005γ (dashed lines),
N = 100. Vertical dotted lines indicate the solution of Eq. (2.3).

lattice with N sites. Molecular motors can attach at rate ωa to any lattice
site i, given that it is not yet occupied by another particle. The state Si of
a site is defined such that Si = 0, if no motor is present at site i and Si = 1
otherwise. If Si = 1, the motor at site i can either detach at rate ωd or hop
towards site i + 1 at rate γ, given that the target site is empty. Hence, the
meanfield equation reads

∂tSi = γSi−1(1− Si)− γSi(1− Si+1) + ωa(1− Si)− ωdSi . (2.1)

This way, the authors combine the TASEP introduced in section 1.3 with
Langmuir kinetics describing the attachment and detachment kinetics of pro-
teins to a surface [67]. To complete the description, the boundary conditions
are S0 = 0 and SN+1 = σ ∈ [0, 1].
Equation (2.1), describing the evolution of motor densities on a single fila-
ment, already shows an interesting behavior and a rich phase space if motors
can hop off at the filament end, σ = 0 [92, 94]. If γ = 0, the solution
to Eq. (2.1) is

Si(t) =
K

1 +K
(1− exp(−(ωa + ωd)t)) , (2.2)

given that site i is empty at t = 0. This solution corresponds to Langmuir
kinetics. In Eq. (2.2), K = ωa/ωd is the Langmuir constant. In the case
γ > 0, the solution can either be attained numerically or via a continuum
limit [92]. Here, only the numerical solution is presented.
As long as the hopping rate is small compared to attachment and detachment
rates, the density Si increases monotonically with increasing values of i until
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it reaches its maximum value. Close to i = N , there is again a sharp decrease
of the density towards 0, see solid lines is Fig. 2.1(a). The typical length
scale, at which the particle density increases, increases with the processivity
of motors γ/ωd. If now motors are highly processive, this length scale may
be in the order of the lattice size and a new behavior of the particle density is
observed. The density increases up to a position xs, where the density profile
shows a discontinuous change called a “shock”. At this domain wall between
a region of low and high density, the density abruptly reaches the Langmuir
steady state value K(1 + K)−1, see Eq. (2.2), and decays monotonically
for i > xs towards a vanishing value close to site N , see dashed lines in
Fig. 2.1(a).
If a shock is present, its position can be extracted from the numerical solution
of Eq. (2.1). However, the emergence and positioning of the domain wall can
be analyzed by a continuous limit for the density profile [91, 93]. With this,
the position of the shock xs can be determined analytically to be at [93]

xs = N
1

1 +K
, (2.3)

see vertical lines in Fig. 2.1. The position of the shock is independent of the
boundary condition σ, compare Fig. 2.1(a) and (b).
Existence of a domain wall can be important for length regulation by molec-
ular motors [62, 63]. If they enhance the depolymerization of subunits and
make it faster than polymerization, the steady state length in this system
is essentially determined by the domain wall, if one is present. The posi-
tion of the domain wall and its fluctuations, together with the fluctuations
in the polymerization and depolymerization of subunits can be described by
analytic formulas. They allow to predict the average length of the filament
together with the width of the fluctuations around the mean value.

Coming back to a pair of filaments, in order to describe cross-links between
the two filaments I and II, the description is extended such that s(k)

i denotes
the state of site i on filament k. A cross-link between two facing sites i on
filament I and k on filament II is established with a probability pcl and the
resulting gliding velocity v is given by hopping of any of the two motor heads
that generate the cross-link. The gliding velocity v therefore reads

v =
∑

(i,k)∈L
pclγ

〈
jIi s

II
k ± sIijIIk

〉
, (2.4)

where L is the overlap region, jki = ski (1− ski+1) is the current from site i to
site i+ 1 on filament k, and 〈·〉 denotes the ensemble average. The plus sign
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in Eq. (2.4) applies for antiparallel microtubules whereas the minus sign is
used in the case of parallel filaments.
Close to steady state, the densities ski on the two filaments are assumed to
be symmetric, therefore

sIi = sIIi = Si (2.5)

and

jIi = jIIi = Ji = γSi(1− Si+1) . (2.6)

The approach in Eq. (2.4) neglects the dynamics of the cross-links them-
selves. Instead, it only assumes that a given ratio of the motors is always
bound. This way, the authors are not able to describe force-induced deforma-
tion of cross-links if the filaments slide against each other. Still, this theory
provides an intuitive means to analyze a system of filament pairs interacting
via cross-linking molecular motors and allows to identify possible interesting
characteristics.

Using the density profiles Si, the current Ji can be calculated using Eq. (2.6).
For a given distance ξ between the minus-ends of the two filaments and
using Eqs. (2.5) and (2.6), the velocity defined in Eq. (2.4) can be rewritten
as [151]

v(pa) =




sgn(ξ)pcl

(
N−ξ−1∑
i=1

Ji+ξSi −
N−ξ∑
i=1

JiSi+ξ

)
, if ξ 6= 0 ,

0 , if ξ = 0

(2.7)

in the case of parallel filaments and

v(ap) = 2pcl





1+ξ∑
i=1

JiS2+ξ−i , if 0 ≤ ξ ≤ N − 2 ,

L−1∑
i=ξ−L+2

JiS2+ξ−i , if N − 1 ≤ ξ ≤ 2N − 3
(2.8)

in the case of antiparallel filaments. Different ranges of ξ result from the fact
that parallel filaments of length N overlap if |ξ| < N whereas antiparallel
filaments overlap if 0 ≤ ξ ≤ 2N − 3.

Numerical solutions of the system show that in the case of antiparallel fila-
ments, the overlap will always vanish independently of σ as the minus-ends
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Figure 2.2: Velocity profiles for the rescaled velocities v̄(ap) = v(ap)/(γpcl) and
v̄(pa) = v(pa)/(γpcl) in the case of antiparallel filaments (a,b) and parallel filaments
(c,d) for σ = 0 (a,c), 1 (b,d), K = 0.2 (red), 2 (black), ωa = 0.05γ (solid lines),
0.0005γ (dashed lines), N = 100.

are driven apart by the hopping of motors, see Fig. 2.2(a, b). For parallel fil-
aments, the filaments are pulled towards full overlap if σ = 1, see Fig. 2.2(d)
or if σ = 0 and the particle density is small, see red curves in Fig. 2.2(c). If
the motor density is high, there are critical overlaps ξ1 < ξ2, with ξ1 = −ξ2.
For initial overlaps between ξ1 and ξ2, the filaments are driven towards full
overlap. Otherwise, the motors slide the filaments apart, see black curves in
Fig. 2.2(c). Notably, the critical overlaps coincide with the maximum posi-
tion in the particle density profile, see black lines in Fig. 2.1. In the case
of profiles with a domain wall, this is also the position of the shock. This
emphasizes the importance of investigating the particle behavior on a sin-
gle filament to understand the forces generated by cross-linkers on a pair of
filaments.
The system described above is crucially depending on the boundary con-
ditions, as the value of the parameter σ suffices to switch between full or
vanishing overlaps between filaments. As we show in section 4.3, changing



2. Molecular motors and passive cross-linkers influence the overlap between
mobile and aligned microtubules. 40

a)

c

L

y ξ

b)

−L 0 L

−c0

0

c0

y

f0

Figure 2.3: Passive cross-linkers only. (a) Sketch. Passive cross-linkers (red
squares) connected via harmonic springs (light grey), filament as rectangles. For
other labels, see text. (b) Force f0, see Eq. (2.18).

boundary conditions in the case of diffusive cross-linkers can also affect the
generation of full or vanishing overlaps. Again, we find full overlaps as soon
as particles cannot leave the lattice via hopping, which compares to the case
σ = 1. If particles can leave the lattice, both full and vanishing filament
overlap can be stable, depending on particle densities.

2.2 Immobile passive cross-linkers generate forces
increasing the overlap between filaments

The model discussed in the previous section considers molecular motors only.
Another theoretical study investigates the influence of passive cross-linkers
on the overlap between filaments and the forces generated [152]. Walcott and
Sun consider two parallel filaments of length L at distance c, with the centers
of the filaments displaced by a distance y in the direction of the filaments, see
Fig. 2.3(a). Each cross-linker is composed of two heads connected via a linear
spring. Any of the two filaments has NCL cross-linker heads attached, which
are distributed homogeneously along the filament. Either one of the heads is
bound to one of the filaments or both are bound to different filaments. As the
distribution of particles is symmetric between the two filaments, only quan-
tities for one filament need to be considered in the preceding calculations.
The proportion of cross-linking proteins at position x along the filament with
extension ξ is given by n(ξ, x), which evolves according to

∂tn+ v(∂ξ − ∂x)n = pa(ξ, x)(1−N(x))− kd(ξ)n , (2.9)
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where

N(x) =

∞∫

−∞

n(ξ, x) dξ , (2.10)

kd(ξ) = k0
d exp

[
a
(√

ξ2 + c2 − c
)]

(2.11)

and

νa(ξ, x) = ν0
a exp

[
−bx2 + a

(√
c2 + x2 − c

)]
S(ξ, x) . (2.12)

The function S(ξ, x) = H(x+ ξ)−H(x+ ξ−L) with the Heaviside function

H(x) =

{
0 ∀ x < 0 ,

1 ∀ x ≥ 0 ,
(2.13)

reflects the finite filament length, allowing only for a limited number of possi-
ble binding sites generated at rate νa. The functional form of kd(x) describes
slip bonds as described in section 1.3 and N(x) is the total number of cross-
links at position x. The parameters a, b, ν0

a , and k0
d are protein specific

parameters, while v is a velocity generated by an external force. The authors
analyze the force

F = NCL

∞∫

−∞

κξn dξ , (2.14)

where κ is the cross-linkers’ spring stiffness.
Equation (2.9) can be solved using stochastic Langevin simulations. Addi-
tionally, the authors perform a Taylor expansion

n =
∞∑

i=0

niv
i (2.15)

of the steady state solution ∂tn = 0 in terms of v and similarly of the force

F =
∞∑

i=0

fiv
i (2.16)

exerted by the cross-linkers, where

fi = ρc

L−y∫

−y

L−x∫

−x

κξni(ξ, x) dξ dx . (2.17)
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In Eq. (2.17), ρc = NCL/L is the effective density of cross-linkers along the
filament.
With this ansatz, Walcott and Sun find explicit solutions for n0 and f0. In
the case where the width of cross-linker binding

√
b is much smaller than the

filament length,
√
b� L, the force expression reduces to

f0 = sign(y)c0 [H(y − L)−H(y + L)] , (2.18)

where c0 = kBTρc log(1 + K) and K = ν0
a

√
π(k0

d

√
b)−1. Hence, the passive

cross-linkers generate a force increasing the overlap between the filaments, as
soon as they present any overlap in the beginning and as long as no external
force drags them apart, see Fig. 2.3(b).
The origin of the shape of the force is essentially that first of all, the bulk
of the overlap does not contribute to the actual force for vanishing sliding
velocity, since binding of all cross-linkers is symmetric. The only remaining
contribution to the force is generated at the boundaries of the overlap region,
where the symmetry in cross-linker binding is broken due to the allowed
configurations of cross-links. Hence, this work shows that the force exerted
by passive cross-linkers on a filament in steady state, see Eq. (2.18), should
have a magnitude which is independent of the overlap length and always tries
to generate full overlaps. This means that passive cross-linkers are able to
generate directed forces in filament networks.

2.3 Molecular motors and passive cross-linkers
generate stable overlaps

As the theoretical study presented in section 2.2 shows, passive cross-linkers
are able to generate full overlaps between filaments. Similarly, the work
presented in 2.1 indicates that molecular motors may separate filaments.
In the experimental studies [153, 154] discussed in this section, in-vitro as-
says show that molecular motors together with passive cross-linkers are able
to generate finite stable overlaps between antiparallel microtubules. The au-
thors also provide theoretical descriptions in addition to their experimental
work, which is discussed at the end of this section. An experiment conducted
on an equivalent system with different types of molecular motors and passive
cross-linkers [129] shows similar results.

The experiments try to reconstitute in-vivo observations of the mitotic spin-
dle as well as simulations mentioned in 1.2, proving that both molecular mo-
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+

+

Figure 2.4: Experimental setup used in [153] and [154]. A surface (black line)
is coated with several chemicals (green), to prevent unspecific binding, and Biotin
antibodies (blue). Filaments (black rectangles) coated with Biotin (blue circles)
can bind to the antibodies. Ase1 (red squares) and Ncd (black circles) proteins
can bind to the filaments and generate a driving force (black arrow) transporting
the transport tubule (upper filament) towards the minus-end of the template mi-
crotubule (bottom filament). Cross-links between the filaments are indicated via
springs.

tors and passive cross-linkers are important to provide a functional spindle
apparatus, especially by regulating the overlap of interpolar microtubules.
The setups used in the experiments by Braun et al. [153] and Lansky et
al. [154] are similar, see Fig. 2.4. The authors prepare a coated surface with
Biotin antibodies and additional chemicals to prevent unspecific binding of
tubules to the surface. Afterwards, filaments that have Biotin attached are
added to the buffer above the surface. Now Biotin can bind to its antibodies
and thus attach the filaments, which are referred as “template microtubules”,
to the surface. After that, the passive cross-linker Ase1 together with the
molecular motor Ncd are flushed into the experimental chamber at their fi-
nal assay concentrations. In the third preparation step, non-biotinylated
microtubules are flushed into the chamber. These “transport microtubules”
can then bind to the template microtubules already present, using the cross-
linkers bound to the template microtubules. As a last step, the chamber
is rinsed with a solution of Ase1 and Ncd, thereby washing out non-bound
transport microtubules. Now the generation of overlaps can be observed us-
ing fluorescently labeled proteins.

In Braun et al. [153], the transport filament of length L0 first slides along
the template tubule at velocity v0, until it reaches the end of the template.
As soon as the overlap between the filaments is reduced, the sliding velocity
decreases, see Fig. 2.5(a). At the same time, the fluorescence intensity of
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Ase1 increases in the overlap region. This indicates that Ase1 is able to
slow down the sliding of the filaments by an effect that, as the authors state,
results from crowding of Ase1 in the overlap. Apart from that, the authors
find that the filament ends provide a diffusive barrier for the Ase1, such that
they cannot leave the overlap region via diffusion along the filament. Finally,
a stable finite overlap between the filaments is generated, see black line in
Fig. 2.5(b).
To explain the slowing down of the gliding, the authors introduce a descrip-
tion that accounts for the time evolution of the overlap length L and the
number n of Ase1 in the overlap. The effect of motors is introduced via an
effective velocity v(ρ) depending on the concentration ρ = n/L of Ase1 in the
overlap as v(ρ) = aρ+ b. The parameters a and b are fitted to experimental
data with knowledge of the initial velocity of the tubule and its length L0.
The resulting equations are

dn
dt

= −(1− ε) v(ρ)
n

L
+ konL− koffn , (2.19)

dL
dt

= −v(ρ) , (2.20)

with the adsorption and desorption rates kon and koff of Ase1 and the com-
paction efficiency ε. The compaction efficiency describes, how well the pro-
teins can be packed. If ε = 0, Ase1 cannot be compacted at all and every
sliding leads to a loss of particles out of the overlap. In the opposite case
ε = 1, the proteins can be compacted infinitely.

The system of equations Eqs. (2.19) and (2.20) is able to qualitatively re-
produce the reduced gliding velocity, see red lines in Fig. 2.5(b). However,
the origin of the reduced sliding velocity v for finite overlaps remains un-
known. Additionally, this analysis neglects the movement of particles along
the filaments, which we introduce in our analysis in chapter 4.
The second experimental study [154] by Lansky et al. explains the origin
of the reduced sliding velocity via an entropic force based on the number of
available configurations for Ase1 cross-linkers. The force measurements are
performed in a similar experimental setup with aligned filaments and cross-
linkers together with an optical tweezer enabling force measurements.

This experiment shows that the force exerted by Ase1 cross-linkers increases
significantly when the overlap is reduced. The authors explain this effect via
an entropic force.
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Figure 2.5: Experimental results. (a) Sliding velocity and fluorescence intensity
of labeled Ase1. The sliding velocity of the transport tubule goes down, while
the fluorescence intensity of Ase1 goes up in the overlap region. Experimental
conditions: [Ase1-GFP] = 0.39 nm, [Ncd] = 0.29 nM in solution, L0 ≈ 6 − 7µm
determined by eye. (b) Time evolution of an overlap from experiments (black lines)
and from the theoretical description (red lines) for different initial velocities v0, as
indicated in the plot. Both figures from [153]. Copyright 2015, reprinted with
permission from Nature Publishing Group.

The general concept of forces that originate from the attempt of a system
to reach maximal entropy has been studied in many contexts during the last
decades, starting from explaining the forces observed from the extension of
macromolecules [155]. Brownian motion can also be explained as a purely
entropic effect, retrieving Einstein’s relation for the average displacement of
a particle in time and on top of that predicting melting temperatures of
crystals and surface tensions of salt melts by accounting for additional in-
teractions between ions [156]. Similar approaches are used to explain forces
measured on passive polymer chains [157] or further study the Brownian mo-
tion of particles [158]. Recent research tries to derive gravity [159], Coulomb
forces [160–162] and intelligence [163] from entropic principles, although the
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concept of entropic gravity is still discussed [164].

The theory provided by Lansky et al. only considers cross-linker dissociation
within the overlap region of length L of the two filaments, which is in contact
to a particle reservoir with dissociation constant Kd

D [154]. Given the finite
size δ of the tubulin dimers, the overlap offers ` = L/δ possible binding
sites for cross-linker heads. Each cross-linker is represented by two identical
heads that are connected via a linear spring. Cross-linkers in solution can
attach to the overlap region and initiate a cross-link, whereas bound cross-
linkers can dissolve again. Assuming that there is steric interaction between
individual cross-linkers and the springs connecting the heads of each cross-
linker are infinitely stiff, the partition function Q(n, `) for any number n of
cross-linkers in this case can be written as

Q(`, n) =

(
n

`

)(
[X]

Kd
D

)n
. (2.21)

with the concentration [X] of cross-linkers in solution.
The force F on an overlap L hence is

F =
kBT

δ
log

(
Q(`+ 1, n)

Q(`, n)

)

=
kBT

δ
log

(
`+ 1− n
`+ 1

)

`�n≈ kBT

δ

n

`+ 1

`�1≈ kBT
n

L
. (2.22)

Equation (2.22) can be compared to that of an ideal gas, where pV = nkBT
and gives rise to forces in the pico Newton range, similar to the forces mea-
sured in the experiments.

In the case that cross-linkers attach and detach on timescales comparable to
the experiments, such that the particle number n is not fixed anymore, the
partition function Q is given as

Q(`) =
∑

n=0

Q(`, n) =

(
1 +

[X]

Kd
D

)`
(2.23)

with the associated free energy

F = −kBT log(Q(`)) = −kBT` log

(
1 +

[X]

Kd
D

)
. (2.24)
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The force

F = −∂F
∂`

= −kBT

δ
log

(
1 +

[X]

Kd
D

)
(2.25)

in the case of non-constant particle numbers is thus independent of the over-
lap length. This result is equivalent to the analysis by Walcott and Sun [152],
who also mention explicitly that their work automatically incorporates any
possible entropic effects. The results of the entropic analysis in Eqs. (2.22)
and (2.25) can only be applied for experiments, where the assumption of a
constant particle number is valid, or for very long experiments, where the
entropic analysis retrieves the same result as in Eqs. (2.18) and (2.25). For
very short experiments, on which the assumption of constant particle num-
bers may be valid, it is not obvious if entropic principles can be applied.
The fast drag velocity extends the cross-linker springs and the implicit as-
sumption made by the authors that individual cross-linkers do not generate
a mechanical net force via their spring extensions, is invalid. For a long ex-
perimental timescale, the entropic consideration gives a result comparable to
that of Walcott and Sun. Yet, the latter theory allows to extent the analysis
towards finite drag velocities, whereas the entropic force does not take into
account finite sliding velocities of the filaments, see Eq. (2.25). Therefore,
considering the forces generated by Ase1 or similar passive cross-linkers, to
be a purely entropic effect, does not provide a deeper insight into the system.
On top of their analytical calculations, Lansky et al. include stochastic sim-
ulations in their work, accounting explicitly for hopping and binding of in-
dividual passive cross-linker heads. These stochastic simulations are able to
approximate results obtained from experiments under the assumption, that
motors exert a force proportional to the overlap, sliding the filaments apart.

The experimental studies mentioned in this section show that stable overlaps
between antiparallel filaments can be generated by the interplay of passive
cross-linkers and molecular motors connecting the filaments. However, both
studies do not explicitly account for the dynamics of molecular motors in
their theoretical analysis. The forces generated by molecular motors are
always incorporated as effective external forces and only passive cross-linker
dynamics are investigated.
The theoretical works presented in this chapter only consider one single par-
ticle species at the same time, either molecular motors [151] or passive cross-
linkers [152–154] separately. It remains unclear, how the interaction of several
particle types can affect the overlap between microtubules.
In the next chapter, we discuss how interactions between directionally moving
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and diffusive particles affect particle distributions, leading to segregation of
individual species.



Chapter 3

Segregation of different particle
species via steric interactions

As can be seen from section 2.1, already the analysis of particles on a sin-
gle filament reveals interesting phenomena. Domain walls between regimes
of high and low particle densities can emerge, and those domain walls can
influence the force generated between the filaments, see section 2.1, or allow
length regulation of filaments with molecular motors [62, 64, 92, 94]. Before
focusing on the interaction between two filaments we therefore first investi-
gate the consequences of different types of proteins interacting on a single
filament.
We start with single-file diffusion as an example for a system of purely passive
particles, which sterically interact. Afterwards, we shed light on other studies
on driven and passive particles in two-dimensional suspensions. Those stud-
ies show that domain walls can emerge between high density regimes of either
passive or active particles. This provides a framework to our study on active
and passive particles in one dimension, which is presented in section 3.3. It
is shown that molecular motors and passive particles can segregate along a
one-dimensional filament, if steric interactions between species exist. Addi-
tionally, we investigate the influence of boundary conditions on segregation
phenomena.

3.1 Steric interactions influence the diffusion of
particles in one dimension

In order to study the diffusion of particles along one dimensional structures
such as biological filaments, single file diffusion — originally introduced to
describe diffusion of potassium through channels in the cell membrane [165]

49
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— has become a paradigm to describe a general class of systems where dif-
fusion of interacting particles in one dimension is relevant. Analyzing the
diffusion of particles in one dimension shows differences in the time depen-
dence of the mean square displacement and correlations between particle
positions depending on the form of the interaction potential [166–168]. An-
other study focused on the correlation between particle positions for different
average particle densities, proving that different algorithms to describe par-
ticle movements are valid for high and low densities [169]. Experiments are
able to reproduce theoretical predictions [170].

Single file diffusion describes the unbiased motion of particles under the as-
sumption that they interact in a one-dimensional system. The motion of the
particles can either be described via hopping on discrete lattices [171, 172]
or by a continuous movement of particles in a narrow channel [173]. Single
file diffusion can be regarded in the latter context as a generalization of a
Tonks gas [174], solely describing the dynamics of gas particles under steric
exclusion between individual particles. In the context of single file diffusion,
usually particle movement in the course of time is tracked and the mean
square displacement

σ(t) =
1

N

N∑

i=1

||xi(t)− xi(0)||2 (3.1)

is analyzed. In Eq. (3.1), xi(t) is the position of particle i at time t and the
sum averages over the number N of particles present in the system.
The interaction between particles is introduced as a potential Ui(x), such
that the force Fi exerted on particle i is given by

Fi =
N∑

j=0

∇Uj(xi) . (3.2)

For infinite lattices, the mean square displacement is a monotonically in-
creasing function. Typical time scales of the growth depend on the form of
the interaction potential. The special case

σ(t) ∼ t (3.3)

corresponds to purely diffusive behavior of a particle in one dimension with-
out any interactions. Accordingly, the case

σ ∼ t1+ε (3.4)
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Figure 3.1: Mean square displacement σ for N = 10 (black), 50 (dark gray) and
200 (light gray) diffusive particles on a periodic lattice with L = 1000 sites. Mean
square displacements where averaged using 40 independent simulations, where the
particles where initially distributed randomly assuming a uniform probability dis-
tribution. Colored lines indicate σ ∼ t (red) and σ ∼ t1/2 (blue).

with ε > 0 is denoted as super-diffusive and sub-diffusive if ε < 0.

For this work, only the case of a hard-core steric interaction potential is of
interest, analyzed on a periodic lattice of L sites populated by N particles. A
particle can hop to any neighboring lattice site at rate D, provided that it is
not yet occupied by another particle. Results from corresponding simulations
using Gillespie’s algorithm1 show that the mean square displacement on short
time scales is proportional to the time t. After a critical time tc, it increases
as t1/2, see Fig. 3.1. From this we conclude that steric interactions are more
important on longer time scales, whereas on short time scales particles simply
diffuse as if no other particles were present. This is supported by the reduced
critical time between the two different phases of motion for larger particle
numbers: The denser the packing of particles, the earlier the influence of
steric interactions between the particles on the mean square displacement is
observable.

1Details of the algorithm are given in appendix A.
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Figure 3.2: Phase separation of colloids for varying fractions of active particles
xA. The left column shows the distribution of active particles, the column in the
middle the distribution of passive particles, and the right column the probability
distribution P (ΦA,ΦP). The total volume fraction of particles is Φ0 = 0.6 in all
cases with a box size L = 1000σ. From [177], Copyright 2015 by the American
Physical Society.

3.2 Spontaneous segregation of particles in so-
lution

Single file diffusion is a one-dimensional description, only accounting for dif-
fusive particles. Other than that, the interaction of actively driven particles
and passive, diffusive particles has been studied in two dimensions. Systems
that model the behavior of colloidal suspensions, are for example relevant to
understand the behavior of active micro swimmers such as the algae Chlamy-
domonas Reinhardtii [175]. Usually, studies in this context investigate the
influence of fluid properties such as viscosity [175]. Others use a mean-field
approach, describing the colloidal suspension containing several individual
particles as an active matter [176]. Recent studies proof that diffusive par-
ticles together with active, self-propelled ones can induce a phase separation
of the different particle types [177, 178].
In [177], particles undergoing Brownian motion are in solution with active
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self-propelled particles. The interaction between particles is introduced via
a modified Lennard-Jones potential

U(r) = 4ε

((σ
r

)12

−
(σ
r

)6
)

+ ε (3.5)

with the distance r to the center of mass of a particle and positive parameters
σ and ε. Furthermore, to simplify computations, the potential was cut off,
such that U(r) = 0 for any r > 21/6σ. The equations of motion for particle i
at position ri and with orientation Θi are

∂tri = βDt (Fi + FApi) +
√

2DtΛt (3.6)

and

∂tΘi =
√

2DrΛr . (3.7)

In Eqs. (3.6) and (3.7), Dt and Dr = 3Dt/σ
2 are translational and rotational

diffusion coefficients with respective unit-variance. Λt and Λr are Gaussian
white-noise forces accounting for thermal fluctuations. The conservative force
Fi results from summing up all interaction potentials U(r), given by Eq. (3.5),
and FA is the active propulsion force in the direction pi = (cos(Θi), sin(Θi)),
which is set to zero in the case of purely passive particles and FA = 24ε/σ for
active particles. Hydrodynamic interactions are neglected in the dynamics.
The authors investigate changes in the fraction of active particles xA and the
Péchlet number Pe = 3v0τr/σ with the propulsion speed of active particle v0

and the rotational relaxation time τr = σ2/(3Dt).

Numerical solution of the given equation of motion on a periodic quadratic
box of length L reveals that depending on the fraction of active particles
and the value of Pe, a separation of active and passive particles can be ob-
served, see Fig. 3.2. The authors obtain a phase diagram showing that for
larger values of the Péchlet number Pe, already smaller values of xA allow
observation of segregation. Another study with active particles only could
show that suspensions of self-propelled particles are able to transmit forces
between two walls in two dimensions [179]. Remarkably, there is a phase
transition between attractive and repulsive forces depending on the density
of active particles.

After all, the work mentioned above proves that active and passive parti-
cles together can show segregation, where domain walls appear, separating
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i = 0 i = N − 1

Figure 3.3: Sketch of the theoretical description. Motor particles (green)
and passive particles (red) can attach to any empty lattice site (gray). Plus- and
minus-end are indicated at sites i = N−1 and i = 0, respectively. Possible hopping
processes are indicated as black arrows.

regions of high densities of either of the particle types. They emerge by
self-organization of the incorporated particles. So far, these studies have
only been performed in two dimensions, motivated by colloidal suspensions.
In the next section, our own work is presented, proving that a segregation
phenomenon can also be observed for active and passive particles in a one-
dimensional system given that the particles incorporated are able to attach
and detach anywhere along the lattice and interact sterically.

3.3 Segregation of diffusive and directionally
moving particles on a polar filament

As presented in the first chapters, different types of cross-linkers play a role
in the formation of many cellular structures, especially in the mitotic spin-
dle. Nonetheless, the interactions between different species that hop along
filamentous tracks are still poorly understood. Here, we investigate the im-
pact of steric interactions between particles of different species hopping along
filaments. Theoretical analysis is provided using a meanfield approach that
allows for the identification of the effects necessary for particle segregation.
The work presented in this section has been published in [1].

Our description incorporates molecular motors such as Eg5 or Ncd as motor
particles and passive cross-linkers, like for example Ase1, as passive particles,
see Fig. 3.3. Properties of these particles are described in section 1.3. A
filament of length L is represented by a linear lattice of N = L/∆ sites,
where ∆ = 8 nm corresponds to the size of a tubulin dimer. We enumerate
lattice sites starting from the minus-end at i = 0 with the filament’s plus-end
at site i = N−1 . Motors and passive particles can attach to an empty lattice
site at rates ωa

m and ωa
p, respectively. An empty site in this context means

that it is not occupied by a particle of any type, corresponding to interspecies
steric interactions. Once bound to the filament, particles can detach again
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Parameter Value Dimensionless value Reference
∆ 8 nm 1 [67]
γ 12 1/s 1 [180]
D 860 1/s 70 [153]
ωd
m 1.56 1/s 0.13 [180]
ωd
p 0.0017 1/s 1.4·10−4 [123]

Table 3.1: In-vitro parameter values chosen for the simulations together with
reference and rescaled value.

at corresponding rates ωd
m and ωd

p.
Apart from that, a motor at site i can hop at rate γ to site i+ 1, if the latter
is empty. Accounting for the diffusive nature of the passive cross-linkers, a
passive particle can hop at rate D to any of its neighboring sites, provided
that it is not yet occupied by another particle. Motors at site i = N − 1
can hop off the filament with rate γ as well, whereas passive particles cannot
leave the filament via hopping neither at site i = 0 nor site i = N − 1. The
equations describing the time evolution of the occupation probabilities Mi

and Pi of active and passive particles, respectively, at site i thus read

∂tMi = ωa
m (1−Mi − Pi)− ωd

mMi + γ
(
Mi−1,i −Mi,i+1

)
(3.8)

and

∂tPi = ωa
p (1−Mi − Pi)− ωd

pPi

+D
(
Pi−1,i + Pi+1,i − Pi,i+1 − Pi,i−1

)
(3.9)

for all sites i. The boundary conditions for motors and passive particles
are introduced by defining MN−1,N = MN−1, M−1,0 = 0 and P0,−1 = P−1,0 =
PN−1,N = PN,N−1 = 0. In Eqs. (3.8) and (3.9), Pi,j andMi,j are the respective
probabilities of site i to be occupied by either a passive or motor particle,
while site j is empty.

Equations (3.8) and (3.9) are solved stochastically using Gillespie’s algo-
rithm2. For the rates, known in vivo parameters for Ase1 and Eg5 mo-
tors are chosen. The hopping rates are γ = 12 s−1 [180] for motor parti-
cles and D = 860 s−1 [153] for passive particles. The detachment rates are
ωd

m = 1.56 s−1 for motor particles [180] and ωd
p = 0.0017 s−1 for passive par-

ticles [123]. The occupancy rates ωa
m and ωa

p depend on the concentrations

2Details of the algorithm are given in appendix A.
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Figure 3.4: Kymographs for filaments of length L = 500 from stochastic simu-
lations. The states of the filament sites for different times are color coded: empty
sites are black, sites occupied by motors green, those occupied by passive parti-
cles red. Other parameters are ωa

m = 0.002 (a), 0.01 (b), ωa
p = 10−4. From [1],

Copyright 2014 by the American Physical Society

of unbound passive and motor particles in the surrounding medium and are
used as control parameters. Additionally, length is rescaled with the lattice
constant ∆ and rates by the hopping rate of motor particles γ. An overview
of all rates together with their respective rescaled values can be found in ta-
ble 3.1. In the rest of this chapter, we only refer to these rescaled quantities.
As initial condition, the lattice is occupied uniformly by motor and passive
particles with densities M and P , respectively. We choose the values of M
and P to be given by the stationary state of Eqs. (3.8) and (3.9) in the case
γ = D = 0,

P =
ωd

mω
a
p

ωd
mω

a
p + ωd

pω
a
mω

d
mω

d
p

(3.10)

for passive particles and

M =
ωa

mω
d
p

ωd
mω

a
p + ωd

pω
a
mω

d
mω

d
p

(3.11)

for motor particles.

Kymographs presenting the results of stochastic simulations show that pas-
sive particles start to aggregate close to the plus-end whereas motor particles
are kept away from the plus-end by large accumulation of passive particles
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Figure 3.5: Steady state particle densities for motors (a,c) and passive particles
(b,d). Parameters used are as in Fig. 3.4(a) (a,c) and Fig. 3.4(b) (b,d). Profiles
where obtained using 107 samples of one simulation at a time distance of 10γ−1.
Langmuir densities according to Eqs. (3.11) and (3.11) are plotted as horizontal
gray dashed lines. Black lines show analytic meanfield solutions using α = 0.17±
0.05 (a,c) and 0.11±0.05 (b,d) and red lines the meanfield solutions for α = 0.
After [1].

and therefore have a higher density near the minus-end, see Fig. 3.4. This
phase separation between regimes of high densities of passive and motor par-
ticles is even more pronounced upon an increase of the motor particle con-
centration ωa

m, as can be seen by comparing kymographs, see Fig. 3.4(a) and
Fig. 3.4(b) as well as particle densities, see Fig. 3.5. For a small motor occu-
pancy rate of ωa

m = 0.002, the motor density reaches a maximum value larger
than M close to the minus-end at i = 0, after which it decreases monotoni-
cally towards the plus-end, see Fig. 3.5(a). The density of passive particles
shows a reversed profile. It monotonically increases, with a maximum value
larger than P attained near the plus-end.
The shapes of the profiles change qualitatively in the case of larger motor
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Figure 3.6: Segregation S of motors and passive particles for ωa
p = 10−6 (◦),

10−5 (�), 10−4 (�) and varying motor attachment rates ωa
m. Dashed lines between

data points serve as guide to the eye. Vertical lines indicate the estimate given
by Eq. (3.19) for ωa

p = 10−6 (red), 10−5 (blue), 10−4 (black). From [1], Copyright
2014 by the American Physical Society.

concentrations. For ωa
m = 0.01, the motor densityMi again has its maximum

close to the minus-end. Remarkably, a shock-like behavior emerges, similar
to the effects described in [92, 94], see also section 2.1. Again, the passive
particle density evolves in a reversed way. From the appearance of the do-
main wall between high and low density regimes of different particle species,
we conclude that phase separation can also be seen in this one-dimensional
system with passive and motor particles.

In order to quantify the segregation S of the two species, we define

S = 1−
N

N−1∑
i=0

MiPi
(
N−1∑
i=0

Mi

)(
N−1∑
i=0

Pi

) (3.12)

such that S = 1 in the case of perfect segregation and S = 0 in the case of
a homogeneous distribution. Note that S < 0 is possible. For varying oc-
cupancy rates of passive and active particles, a maximum of the segregation
can be found from stochastic simulations, see Fig. 3.6.



3. Segregation of different particle species via steric interactions 59

Figure 3.7: Sketch to explain segregation. The sketch illustrates the two
possible configurations of passive and motor particles neighboring each other. In
the upper figure, the motor particle is closer to the plus-end, whereas in the lower
figure, it is closer to the minus-end. Arrows indicate possible processes.

The segregation can be understood by looking at neighboring passive and
motor particles, see Fig. 3.7. If the motor particle is closer to the plus-
end, it can either hop or detach. Similarly, the passive particle can hop and
detach. If now the configuration is inverted, the motor particle’s hopping is
hindered by its steric interaction with the passive particle. Thus, the latter
configuration has a longer lifetime.
A passive particle can resolve the first configuration by hopping towards the
minus-end, whereas the second configuration can be resolved by hopping of
the passive particle in the direction of the plus-end. Due to its larger lifetime,
the latter configuration is more likely to occur. Therefore, it is more probable
to find passive particles hopping towards the plus-end and motor particles
induce a drift of the passive particles towards the plus-end. Since passive
particle have a small detachment rate compared to that of motors, they on
average travel a long distance along the filament. This large processivity in
cooperation with the diffusive barrier leads to accumulation of passive par-
ticles at the plus-end. By this aggregation of passive particles, motors are
kept away from the plus-end, consequently presenting a higher density near
the minus-end.

According to the understanding of segregation given above, it should depend
on the processivity of passive and motor particles as well as the diffusive
barrier. In fact, the larger the processivity of both particle types, the larger
the segregation, see Fig. 3.8. If motors hop as fast as the diffusive particles,
the processivity of motors is increased and consequently also the effective
processivity of passive particles. Consistent with our explanation of segrega-
tion, the separation of regimes of high density of either particle type becomes
more pronounced, compare Fig. 3.8(a) and the domain wall between motor
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Figure 3.8: Changing boundary conditions or the hopping rates of par-
ticles affects segregation (a) γ is taken to be the same as the hopping rate
of diffusive particles. Other parameters are ωd

m = 1.86 · 10−3, ωd
p = 2 · 10−6,

ωa
m = 1.43 · 10−4, ωa

p = 1.43 · 10−6 (b) D is reduced to the hopping rate of mo-
tors. (c) Kymograph without diffusive barrier for passive particles. (d) Kymograph
with end barrier for active particles. Parameters for (b-d) as in Fig. 3.4. From [1],
Copyright 2014 by the American Physical Society.

and passive particles is steeper than in the case with the original in-vitro
rates. For the kymograph in Fig. 3.8(b), diffusive particles hop at the speed
of active particles. The segregation effect is still present, but less pronounced
than in the cases studied before. This is caused by the reduced distance that
passive particles travel on average at the reduced hopping rate.
Removal of the diffusive barriers leads to a loss of segregation, see Fig. 3.8(c),
since passive particles are driven out of the system and cannot accumulate at
the plus-end. Yet, in this situation, diffusive particles cannot be considered
passive anymore. Hopping off the filament’s ends changes the free energy
of the particles, as they are in an unbound state afterwards, which is ener-
getically less favorable than the bound state. For this reason, hopping off
the filament ends requires additional energy, which is in contradiction to the
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assumption that the diffusive particles are passive.
Introducing a barrier for the motor particles does not qualitatively change
the system’s behavior, compare Fig. 3.8(d). The density of motor particles
is very small close to the plus-end, as this end is already packed with passive
particles. Hence changing the boundary condition at the plus-end for motor
particles does not lead to differences in the observable behavior of passive
and motor particles.

Without interspecies steric interactions, the effect of segregation is lost as
the particles evolve independently of each other. The case for motor particles
only is already discussed in 2.1. Since passive particles simply diffuse with a
reflective boundary at the lattice ends, a constant density profile with Pi = P
and consequently S = 0 is observed, resulting from diffusion of a particle gas
in a one-dimensional closed system.
Hence, we are able to identify steric interactions between different species
and a diffusive barrier for passive particles as necessary conditions to find
segregation.

In addition to the qualitative understanding we have so far, we can get a
quantitative understanding of the segregation effect. For this, we apply a
meanfield analysis to Eqs. (3.8)–(3.9). To clearly distinguish between the
stochastic solution and the meanfield approach, we denote the meanfield
densities of motor and passive particles at site i as mi and pi, respectively.
Following the meanfield ansatz also used to solve the TASEP, see section 1.3,
we would neglect two-point correlations, Pi,j = pi(1 − pj −mj) and Mi,j =
mi(1 − pj − mj). Using this ansatz, the density profiles given in Fig. 3.5
cannot be approximated, especially no profile with a shock-like shape, see
red lines in Fig. 3.5. Instead, two-point correlations between passive and
active particles are taken into account by introducing a phenomenological
parameter α and rewriting

pi−1,i = pi−1(1− pi − (1− α)mi) , (3.13)
pi+1,i = pi−1(1− pi − (1 + α)mi) , (3.14)

and

mi−1,i = mi−1(1− (1 + α)pi −mi) . (3.15)

This is equivalent to write interspecies two-point correlations as

〈PiMi+1〉 = (1− α)pimi+1 (3.16)
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and

〈MiPi+1〉 = (1 + α)mipi+1 , (3.17)

where 〈MiPi+1〉 is the average probability of site i being occupied by a motor
particle while site j is occupied by a passive particle. Hence, we quantita-
tively approximate the asymmetry between the two configurations of passive
and motor particles discussed above, see Fig. 3.7.
The value of α can be obtained by fitting the density profiles obtained from
the numerical solution of the meanfield theory to the ones obtained from
stochastic simulations. The range of accepted values of α is given by those α-
values, for which the deviation between the meanfield approximation and the
stochastic simulation is less than twice the minimal deviation. An analytic
approach to get an estimate of α did not succeed. If we try to explicitly write
down the time development of the two-point correlated states, describing
the time development of configurations as shown in Fig. 3.7, three-point
correlations need to be taken into account. Approximating those via two-
point correlations and particle densities on single sites, did not succeed. This
is caused by the fact that in motor driven systems, correlations between
specific sites close to moving boundaries play a very large role [62]. In this
system, each passive particle presents a dynamic boundary to the motor
particles.
The results of the meanfield theory are shown in Fig. 3.5 and Fig. 3.9 for
varying values of ωa

m and ωa
p together with the fitted values of α.

Since segregation relies on the effective current of passive particles, which is
induced by the current of motor particles, we can estimate to position of the
maximum of the segregation value S.
To do so, we approximate the average current of active particles by the steady
state Langmuir densities M and P . Similar to the TASEP, the current of
particles is then given by

J = γM(1−M − P ) . (3.18)

With this equation, we can find the occupancy rate

(ωa
m)∗ = ωd

m

ωd
p + ωa

p

ωd
p

(3.19)

of motor particles, for which the current J is maximized under a given passive
particle attachment rate ωa

p. We get the right order of magnitude for the op-
timal conditions of the segregation, see vertical lines in Fig. 3.6. This value is
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Figure 3.9: Comparison of the stochastic simulations with the meanfield
results. Density profiles for passive (a,c) and active (b,d) particles using a low
density of active particles ωa

m = 10−4 (a, b) or high density of active particles
ωa

m = 10−2 (c, d). In all cases, ωa
p = 10−6 (blue), 10−5 (red), 10−4 (black).

Markers present the result of stochastic simulations, solid lines the solution of the
meanfield theory using the fit parameter α = 0.3 ± 0.2 (blue), 0.3 ± 0.03 (red)
and 0.17 ± 0.08 (black) (a, b) and α = 0.58 ± 0.36 (blue), 0.24 ± 0.06 (red) and
0.11± 0.05 (black) (c, d). After [1].
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not exact, which is first of all due to the simplicity of the approach, assuming
constant density profiles and neglecting two-point correlations. This assump-
tion, as can be inferred from the meanfield theory, is not valid in general.
Furthermore, the definition of the segregation value S is not unique, but is
introduced to provide a means of quantitatively comparing density profiles
for different parameter values.

So far, we have only considered filaments of the same length. Upon variation
of the lattice length N , the relative position of the domain wall remains
constant. However, the absolute width of the transition region is unaffected
by the filament length and thus its relative width decreases for increasing
values of N , see Fig. 3.10.
In steady state, on the one hand the pairs of motor and passive particles,
leading to an effective drift of passive ones, are mostly found near the domain
wall between high and low density of either particle type. The behavior of
these pairs determines the fluctuations of the domain wall’s position and
hence the width of the boundary region. Therefore, its width is not affected
by changing N , as long as the lattice is much larger than the width of this
region. On the other hand, the position of the domain wall is given by the
global influx and outflux of particles together with the densities in the high
and low density regime. We can approximate the densities of particles in the
low and high density regime to be piecewise constant. The respective values
of high and low density of either particle species are given by pLD and pHD for
passive particles and mLD and mHD for motor particles, respectively. With
this assumption, the total influx Ω of passive particles is given by

Ω = ωa
p(1− aLD − pHD)(N − x) + ωa

p(1− aHD − pLD)x , (3.20)

where x is the position of the domain wall. The outflux Ω is calculated by

Ω = ωd
ppHD(N − x) + ωd

ppLDx . (3.21)

Since in steady state, the flux Ω of particles entering the filament must equal
the flux Ω of particles leaving the filament, we find

ωa
p(1− aLD − pHD)(1− x

N
) + ωa

p(1− aHD − pLD)
x

N

= ωd
ppHD(1− x

N
) + ωd

ppLD
x

N
. (3.22)

We do not expect the densities to depend on the lattice size, since it is de-
termined by local effects, namely the interactions of particles. For Eq. (3.22)
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Figure 3.10: Comparison of the density profiles for varying N . Density
profiles of passive (a) and active (b) particles, N = 250 (red), 500 (blue) and
1000 (black). Other parameters as in Fig. 3.4. After [1].

to be valid for all lengths, the relative domain position x/N must not be
affected by changing the lattice length N .

Experimental verification of interspecies steric interactions is achieved by
measuring the dynamics of individual molecular motors and passive cross-
linkers on single microtubules. The experiments described below were per-
formed by Christopher Zapp in the lab of Marcel Janson at the Wageningen
university and research center, supervised by Aniek Jongerius and analyzed
by Christopher Zapp and me.
First, microtubules are attached to a surface, as described in section 2.3.
After that, the chamber is rinsed with a buffer containing various concentra-
tions of ATP, Ase1 and Dk4mer, a molecular motor [181]. The fluorescently
labeled proteins Ase1 and Dk4mer are imaged at 1Hz frame rate for approx-
imately two minutes per measurement.
Protein densities are extracted from time-averaged images by scanning fluo-
rescence intensity along filaments. Then we rescale all profiles to the same
length and make an ensemble average over all filaments. The average flu-
orescence intensity profile does not allow us to show if particles are driven
towards one specific end, since we do not know the microtubules’ polariza-
tion. Yet, if segregation is present, we expect maxima of the filament density
near both ends and minima in the middle of the filaments, whereas we should
find approximately homogeneous particle distributions otherwise.
Protein tracks are determined from image time series using FIESTA, a par-
ticle tracking algorithm [182]. With these tracks we can analyze the mean
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square displacement σ(t), see Eq. (3.1), of individual particles in the course
of time. We expect

σballistic(t) = v2t2 (3.23)

for a directionally moving particle of velocity v and

σdiffusive(t) = 2Dt . (3.24)

for a diffusive particle of diffusion constant D. This is true as long as the
measurement times are sufficiently short, such that intraspecies particle in-
teractions do not affect the mean square displacement, see section 3.1. The
proteins observed in our measurements usually do not present a purely pas-
sive or ballistic behavior. Therefore, we use a superposition

σ̃ = σ0 + 2Dt+ v2t2 (3.25)

of ballistic and diffusive behavior. The offset σ0 accounts for inaccuracy
in the determination of the initial position of a particle as well as neither
ballistic nor diffusive behavior on time scales shorter than the temporal res-
olution of our measurements. The spatial resolution of the microscope used
in the experimental setup is 160 nm/pixel. Since the signal of individual pro-
teins typically extends over several pixels, we expect values of σ0 in the
order of 105 nm2. For measurements with Ase1 only, we expect v ≈ 0 and
D ≈ 5.5 · 104 nm2/s [123]. For Dk4mer, we expect a velocity in the order of
several hundred nanometers per second [181], depending on the concentra-
tion of ATP in the buffer, which is 5mM for all experiments presented here.
We rescale concentrations of Ase1 and Dk4mer by the respective protein con-
centrations [Ase1]0 and [Dk4mer]0 of the stock solutions.

Initial measurements with pure Dk4mer in buffer result in an average particle
velocity3 v = 329(17) nm/s, see Fig. 3.11(a), which is comparable to literature
values. For Ase1 only, we find D = 5.7(7) ·104 nm2/s with a negligible velocity
of v = 36(17) nm/s, see Fig. 3.11(b). This is in perfect agreement with previ-
ous measurements. If Ase1 and Dk4mer are in buffer together, the average
motor velocity is reduced upon an increase of the concentration of Ase1, see
Fig. 3.11(c). For Ase1, the average densities show pronounced maxima close
to the filament ends in presence of Dk4mer, that are not visible without
molecular motors, see Fig. 3.12(a). The height of this peaks increases for
increasing concentration of Dk4mer. The decay of the intensity towards the

3Error range for 95% confidence interval. Fits are always obtained by fitting ln(σ̃).
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Figure 3.11: Experimental results from mean square displacement. (a,b) Mean
square displacement σ(t) of Dk4mer (a) and Ase1 (b) together with fit of σ̃ (red
lines). (a) [Dk4mer] = 10−4, [Ase1] = 0, data from 257 particles. Fit parameters:
v = 329(17) nm/s, D = 3.0(7) · 105 nm2/s and s0 = −3.5(15) · 105 nm2. (b) [Ase1] =
10−4, [Dk4mer]=0, data from 98 particles. Fit parameters: v = 36(17) nm/s, D =
5.7(7) ·104 nm2/s and s0 = −4.7(15) ·104 nm2. (c) Relative velocity v/v0 of Dk4mer
for v0 = 329(17) nm/s and [Dk4mer]=10−4.
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Figure 3.12: Experimental results for Ase1. (a) Average fluorescence inten-
sity I of Ase1 along microtubules for [Ase1]=2 · 10−4 and [Dk4mer]=0 (black),
0.04 (red) and 0.1 (blue). Intensities are rescaled with the total intensity. Aver-
aged values from 66 (black), 40 (red) and 79 (blue) filaments. (b) Fluorescence
intensity of Ase1. Microtubule ends indicated by crosses of different colors. Total
image size is 33.6µm × 33.6µm. [Ase1]=2 · 10−4, [Dk4mer]=0.1. Fluorescence
intensity averaged over 121 images. (c) Time averaged fluorescence intensity I of
Ase1 along four selected microtubules (different colors). Intensity is rescaled with
the respective total intensity along individual filaments. Protein concentrations as
in (b).
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filament ends results from the inaccuracy in determining the filament-end
positions from images of Rhodamine-labeled tubulin. The fluorescence im-
ages show that Ase1 preferentially accumulates in proximity of one end of
individual microtubules in presence of Dk4mer, see Fig. 3.12(b,c). Analyz-
ing the induced drift of passive particles is not possible in this setup, since
fluctuations of the passive particles in general cover any directed drift.
Nonetheless, our experiments support the assumption that steric interactions
between passive particles and molecular motors exist. We can clearly observe
an influence of each of the particle types on the dynamics of the other one,
either a reduced gliding velocity of motors or accumulation of passive particles
at one filament end. Both phenomena qualitatively agree with what we
expect to observe in presence of steric interactions, based on the theoretical
description discussed above.

3.4 Discussion

In section 3.3, we introduce a system describing the interaction of direction-
ally moving motor particles with diffusive passive particles. This description
allows us to identify steric interactions between passive and motor particles
and additionally a diffusive barrier for the passive particles, as necessary pre-
requisites for segregation of species along the filament. We find that steric
interactions lead to an effective drift of passive particles in the direction of
movement of motor particles.
We quantify segregation and find a non-monotonic dependence on attach-
ment rates of particles. The optimal parameter values for segregation can be
estimated by considering Langmuir densities of motors and passive particles
and maximizing the current of active particles.
In order to quantitatively understand the origin of segregation, we apply a
meanfield analysis using a phenomenological parameter to account for two-
point correlations between neighboring motors and passive particles. The
meanfield approach approximates the results from stochastic simulations, if
the phenomenological parameter is fitted.

Segregation of species has been studied in colloid systems [177, 178, 183] and
for different kinds of directionally moving particles [86, 95]. Yet, this study is
the first to explicitly consider interactions between diffusive and directionally
moving particles in one dimension and investigate the impact of boundary
conditions.
The diffusive barrier for Ase1 has been observed in vitro [153]. Experiments
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on molecular motors only suggest that at least intraspecies steric interac-
tions are plausible [60, 184]. A lack of interspecies steric interactions would
lead to an immediate loss of both the segregation effect and the effective
drift of passive particles. Therefore, our theoretical description introduced
and analyzed in this chapter allows to falsify or support the assumption of
steric interactions by in-vitro experiments. Results from our measurements
on Ase1 and the molecular motor Dk4mer support the assumption of steric
interactions between different particle species. Motors are slowed down upon
addition of Ase1, while Ase1 proteins accumulate towards one end of their
respective filament in presence of Dk4mer.

The current experimental setup does not allow to clearly observe segregation.
First of all, we have not been able to label the tubules in a way to identify
the filaments’ polarization. Fluorescently labeling filament nucleators would
in principle allow to measure the filaments’ orientation directly. On top of
that, the resolution of the experimental setup is limited by time duration of
the measurement due to photobleaching and the resulting limited number of
images that can be made, as well as the spatial resolution of the microscope.
These limits only allow us to clearly identify domain walls and phase sepa-
ration at high densities of Ase1 and Dk4mer. However, we find that Ase1 at
high densities generates immobile clusters that do not allow to observe any
drift or segregation. At the same time, large Dk4mer concentrations induce
buckling of the microtubules, because Dk4mer generates cross-links between
filaments and the substrate and induces stresses. The next step in the exper-
iments could be to identify other pairs of diffusive and directionally moving
particles that show drift phenomena, possibly enabling us to quantitatively
compare segregation in theory and experiment.
Additionally, further experiments should investigate, if steric interactions
between different particle species are a general phenomenon for a class of
particles or if they only exist for specific particle types.
Future theoretical studies of this system could extend the meanfield the-
ory or provide a different analytical description, explicitly accounting for
correlations between neighboring passive and motor particles without a phe-
nomenological parameter. Furthermore recent experiments suggest that par-
ticles are able to circumvent obstacles by changing the protofilaments they
move along [184]. Nonetheless, steric interactions on individual protofila-
ments would still lead to segregation or passive drift of particles. For several
protofilaments, we would only expect quantitative differences between the
drift velocities of passive and motor particles.
Apart from that, experiments by Bieling et al. [129] indicate that passive



3. Segregation of different particle species via steric interactions 71

particles in overlaps may recruit motors or members of one species trans-
port particles of the other one. These additional interactions could also be
incorporated besides intraspecies interactions such as oligomerization, where
several proteins of the same species form less mobile clusters on the filament,
as has been proposed by Braun et al. [153] and observed in our experiments
as well.

In the next chapter, we shift our attention again to the original problem
underlying this study, namely pairs of filaments, which are cross-linked by
proteins.





Chapter 4

Overlaps between antiparallel
filaments induced by the interplay
of molecular motors and diffusive
cross-linkers

In this chapter, we introduce a theoretical description of two antiparallel
filaments cross-linked via molecular motors and passive cross-linkers. We
show, that stable finite overlaps of different size can be generated. The de-
pendence of the overlap length on particle concentrations, both without and
with steric interactions between the different particle types, is investigated.
Afterwards, the forces generated are studied in detail, allowing for a compar-
ison to recent experiments [154]. The results on filament pairs are extended
to a coarse-grained theory for bundles of filaments.
The results presented in sections 4.1 and 4.2 have been partially published
in [2].

4.1 Generation of stable overlaps

Based on the experiments discussed in section 2.3 and similar in spirit to
the theories presented in chapters 2 and 3, we first introduce a particle-based
stochastic model for cross-linking molecular motors and passive cross-linkers,
see Fig. 4.1.
A filament of length L is described as a linear lattice of N = L/∆ sites with
lattice constant ∆ corresponding to the size of a tubulin dimer. The plus-
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X II

X I

Figure 4.1: Sketch of the theoretical description. Possible processes are dis-
played for motors (green) and passive cross-linkers (red) on separate filament pairs
for clarity. Bright colors indicate cross-linked proteins, dark colors are used for
particles with an unbound partner particle. The filaments’ plus-end positions are
XI and XII, respectively. After [2].

end of the filament is at site i = 0 and the minus-end corresponds to site
i = N − 1. The positions of the plus-ends of the two antiparallel lattices I
and II are given by X I and X II, respectively and the quantity

` = X I −X II . (4.1)

corresponds to the overlap length λ, if ` ≤ L. In general, the overlap length
is given by

λ = L− |L− `| . (4.2)

Motor proteins and passive cross-linkers are each described as two identical
particles connected via a linear spring of stiffness km or kp, respectively. The
head of an unbound protein can bind to any site i of one of the lattices
provided that it is not yet occupied by another particle of the same species.
The associated rate is ωa

m for motor particles and ωa
p for passive particles.

Once attached to the filament, the partner particle of the bound particle can
bind to an empty site j of the opposite lattice. The spring extension

ξ = (i+ j)∆− ` (4.3)

at binding is distributed normally. This represents that the free head diffuses
in the harmonic potential given by the cross-linker spring. The associated
cross-linking rate is

ωc
m(ξ) = ωc

m exp

(
ξ2

2σ2

)
/
√

2πσ2 (4.4)
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for motors and

ωc
p(ξ) = ωc

p exp

(
ξ2

2σ2

)
/
√

2πσ2 (4.5)

for passive cross-linkers. Proteins with both particles attached to a lattice
are referred to as cross-linked proteins. A bound partner can detach from
the lattice at rates

ωd
m(ξ) = ωd

m exp

∣∣∣∣
kmξ

fm

∣∣∣∣ (4.6)

and

ωd
p(ξ) = ωd

p exp

∣∣∣∣∣
kpξ

fp

∣∣∣∣∣ , (4.7)

with characteristic forces fp and fp. Particles with an unbound partner leave
the lattice at rates ωd

m and ωd
p, corresponding to the situation of no additional

force acting on the proteins.
A motor particle can hop at rate γ towards its neighboring site in direction of
the plus-end if it is not yet occupied by another motor particle. If the partner
particle is also bound, the hopping rate γ is influenced, as presented in sec-
tion 1.3. Motivated by the essentially exponential force-velocity dependence,
as shown in Fig. 1.6 for high concentrations of ATP, we assume

γ(ξ) = γ exp

(
kmξ

fm

)
, (4.8)

Equation (4.8) allows for arbitrarily large hopping rates, but the simulations
we performed have never shown large spring extensions. Either filament
sliding or the increased detachment rate of particle heads, see Eq. (4.6),
prevent unphysiologically large hopping rates. A particle at site i = 0 can
always hop at the same rate as a bulk particle, simultaneously detaching
from the lattice.
Passive particles can hop as well. As long as the partner particle is not yet
bound, the hopping rate to any neighboring site that is not yet occupied by
another passive article is D. If the partner particle is bound, the hopping
rates D± towards the plus- or minus-end of the respective filament are given
as

D±(ξ) = D exp

(
±kpξ

fp

)
. (4.9)
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Passive particles cannot leave the lattice via hopping.
To write down the master equation for the system, we introduce the quanti-
ties Mi and Pi describing the probability of site i on lattice I to be occupied
by either a motor or a passive particle with an unbound partner. Similarly,
M j

i and P j
i describe the probability of a particle bound to site i of lattice I

with the partner particle bound to site j on lattice II. In this context, Mi,k,
M j

i,k
, Pi,k and P j

i,k
describe probabilities of respective particles bound to site

i of lattice I while site k of lattice I is not occupied by a particle of the same
species. Finally, we define M j

i and P j
i as the probability of site i to be occu-

pied by a motor or passive particle with an unbound partner while site j on
lattice II is not occupied by a particle of the same species. Similar quantities
for lattice II are denoted via a hat, implying P j

i = P̂ i
j and M j

i = M̂ i
j . With

these notations, the equations1 describing the stochastic system introduced
above are given by

d

dt
Mi = γMi+1,i − γMi,i−1 + γ(ξ)M0

i

− ωd
mMi + ωa

m(1−Mi −
∑

j

M j
i )−

∑

j

Iji (4.10)

and

d

dt
M j

i = γ(ξ + ∆)M j

i+1,i
− γ(ξ)M j

i,i−1

+ γ(ξ + ∆)M̂ i
j+1,j

− γ(ξ)M̂ i
j,j−1

+ Iji + Î ij (4.11)

for motor particles with

Iji = ωc
m(ξ)M j

i − ωd
m(ξ)M j

i (4.12)

describing the formation and disbanding of cross-links between the lattices.
The third term in Eq. (4.10) describes hopping off of a motor particle at site
i = 0 of lattice II while its partner particle remains attached to lattice I. For
passive particles, the corresponding equation is

1Only the time evolution for the quantitiesMi, Pi,M
j
i and P j

i are given here explicitly.
The equations for higher order terms and quantities on lattice II follow straightforward.
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Parameter Value Dimensionless value Reference
∆ 8 nm 1 [67]
γ 12 s−1 1 [180]
D 12 s−1 1 [153]
ωd

m 1.56 s−1 0.13 [180]
ωd

p 0.0017 1/s 1.4·10−4 [123]
ωc

m 8.4 s−1 0.7 -
ωc

p 1.2 s−1 0.1 -
km,p 0.11 pN/nm 0.1 -
σ 8 nm 1 -
µ 0.1 pNs/nm 1 -
fm,p 9 pN 1 [180]
L 800 nm 100 -

Table 4.1: In-vitro parameter values chosen for the simulations together with
the used rescaled values and source, if available.

d

dt
Pi = D(Pi+1,i + Pi−1,i − Pi,i−1 − Pi,i+1)

− ωd
pPi + ωa

p(1− Pi −
∑

j

P j
i )−

∑

j

J ji , (4.13)

d

dt
P j
i = D+(ξ + ∆)P j

i+1,i
−D+(ξ)P j

i,i−1

+D+(ξ + ∆)P̂ i
j+1,j

−D+(ξ)P̂ i
j,j−1

+D−(ξ −∆)P j

i−1,i
−D−(ξ)P j

i,i+1

+D−(ξ −∆)P̂ i
j−1,j

−D−(ξ)P̂ i
j,j+1

+ J ji + Ĵ ij (4.14)

with

J ji = ωc
p(ξ)P j

i − ωd
p(ξ)P j

i . (4.15)

Equations (4.10)-(4.15) are valid for any given values of i and j, if the
boundary conditions for motors and passive cross-linkers are incorporated
as M0,−1 = M0, MN,N−1 = 0, M j

0,−1
= M j

0 and M j

N,N−1
= 0 to account

for the motors’ ability to leave the lattice via hopping as well as P−1,0 =

P0,−1 = PN,N−1 = PN−1,N = 0 and P j

−1,0
= P j

0,−1
= P j

N,N−1
= P j

N−1,N
= 0,

representing the diffusive barrier for passive particles.
The positions of the filaments are changed by the force dipoles generated by
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the individual motors, hence

Ẋ I = µ
∑

i

(fm,i + fp,i) = −Ẋ II . (4.16)

Therefore, the overlap length ` changes according to

˙̀ = 2µ
∑

i

(fm,i + fp,i) . (4.17)

Since fm,i and fp,i in Eqs. (4.16) and (4.17) reflect the force dipoles generated
by the particles bound to site i on lattice I, they are calculated by summing
up all force dipoles generated by individual cross-linkers. Cross-links are
implemented as linear springs, so the force dipoles are given by

fm,i = km

∑

j

ξM j
i (4.18)

and

fp,i = kp

∑

j

ξP j
i , (4.19)

respectively.
This completes the description of the system. Equations (4.11)- (4.15) are
solved stochastically using Gillespie’s algorithm2. As parameters, known in-
vitro values of Eg5 and Ase1 are chosen if available. The bare hopping rate
of motor particles is γ = 12 s−1 [180], the hopping rate of passive cross-linker
heads is set to the same rate3. The detachment rate is ωd

m = 1.56 s−1 [180]
for motors and ωd

p = 0.0017 s−1 [123] for passive cross-linkers. The cross-
linking rates are set to ωc

m = 8.4 s−1 for motors and ωc
p = 1.2 s−1 for passive

cross-linkers. We choose the spring stiffness km = kp = 0.11 pN/nm and as
characteristic forces fm = fp = 9 pN [180]. If not mentioned explicitly, the
filament has a length of 800 nm with friction coefficient µ = 0.1 pNs/nm

4. The
width σ = 8 nm of the distribution of cross-linker extensions at cross-linking
is the same as the lattice constant.

2Details of the algorithm are given in appendix A.
3The in-vitro value of D is 860 s−1 [153]. Reducing the value of D reduces simulation

time significantly, whereas the results are not changed qualitatively. We still observe well
regulated finite overlaps for varying occupancy rates of motors and passive cross-linkers.

4Varying the friction coefficient by four orders of magnitude, both higher or lower
values, did not show any change in the average length of the overlap or the fluctuations
around the average value



4. Overlaps between antiparallel filaments induced by the interplay of
molecular motors and diffusive cross-linkers 79

a)

0 20 40 60

1

2

3

4

i

t
× 10−7

b)

0 20 40 60

0.02

0.04

0.06

0.08

`

P (`)

Figure 4.2: Kymograph and overlap distribution in absence of steric inter-
actions. (a) Kymograph. Only the configuration of lattice II is shown. Empty
sites are black, sites occupied by motor particles are green, those occupied by pas-
sive particles are labeled in red. Bright colors indicate cross-linking particles. The
white line indicates `, corresponding to the position of the plus-end of lattice I. (b)
Distribution P (`) of overlap lengths for N = 100 and 107 samples. The green line
is a Gaussian of same mean and width. Parameters: ωa

m = 0.316, ωa
p = 10−4. (b)

from [2], Copyright 2015 by the American Physical Society.

We rescale all rates by the hopping rate of motors γ, forces by the character-
istic force fm and length by the lattice constant ∆. All rates together with
their rescaled value can also be found in table 4.1.
In the rest of the text, we only refer to the rescaled values unless dimensions
are mentioned explicitly. The attachment rates ωa

m and ωa
p in general depend

on the concentration of free proteins in the surrounding medium and are
therefore used as control parameters.

Kymographs obtained from stochastic simulations for ωa
m = 0.316 and ωa

p =
10−4 show that a stable partial overlap can be generated, see Fig. 4.2(a).
Independent of the initial system configuration, the same overlap is obtained
after a transient phase until the steady state overlap is achieved. The only
requirement is an initial overlap of finite length. In steady state, the fluc-
tuations of the overlap length are symmetric to the mean value, and the
distribution of overlap lengths is in this case Gaussian, see Fig. 4.2(b).
Longer filaments do not lead to a larger overlap, see Fig. 4.3(a), whereas
for filaments shorter than the original steady state overlap, a full overlap is
generated in steady state, see Fig. 4.3(b).
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Figure 4.3: Kymographs for varying filament length N = 200 (a) and 40 (b).
Other parameters and presentation as in Fig. 4.2(a).

To understand the origin of the stable partial overlap, consider two antago-
nistic forces. Passive cross-linkers generate a force which is independent of
the overlap length and tries to increase the overlap. Molecular motors gen-
erate a length dependent force that diminishes the overlap. The reason for
the forces lies within the dynamics of particle hopping and cross-linking.
Both binding and movement of passive cross-linkers inside the overlap are
symmetric, hence the average spring extension 〈ξ〉 vanishes and similarly the
force fp,i. Nevertheless, this symmetry is broken at the filament ends, see
Fig. 4.4. In this situation, there are more cross-linker configurations possible
that increase the overlap, leading to an effective force by passive cross-linkers
maximizing the overlap.
The same binding asymmetry exists for motors as well. However, the hopping
of motors is not symmetric. Since motor particles hop directionally, they
generate force dipoles that diminish the overlap. The result is an effective
force by motors in the bulk, reducing the overlap length. The amplitude

Figure 4.4: Illustration of the origin of the force exerted by passive cross-
linkers. In the bulk, both configurations that increase and decrease the overlap
are equally possible. At the ends, the configuration that would decrease the over-
lap is not possible (faded colors), hence only the opposing configuration remains,
generating a force dipole that increases the overlap (arrows).
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Figure 4.5: Phase diagram for varying concentration of motors and passive cross-
linkers. Colors indicate the typical overlap length obtained from stochastic sim-
ulations averaged over 107 samples taken at intervals of 10γ−1. Blue presents
vanishing overlaps, yellow full overlap, see color bar. From [2], Copyright 2015 by
the American Physical Society.

of the total force generated by the motors in general scales with `. Only if
the density of motor particles is so high that hopping is essentially blocked,
the end asymmetry due to cross-linking overcomes the bulk effect. This
explains the large overlaps observed for high motor concentration in the phase
diagram, see Fig. 4.5.
The interplay of the forces generated by motors and passive cross-linkers
leads to the generation of stable finite overlaps of various length, see Fig. 4.5.
With increasing values of ωa

p, the region of finite overlaps shrinks. The force
pulling the filaments together increases due to the larger concentration of
passive cross-linkers. Therefore, larger currents of active particles are nec-
essary to generate forces sufficiently large to compensate for the force by
passive cross-linkers.

In order to get a quantitative understanding of overlap length regulation,
we apply a meanfield ansatz. First of all, the lattices are identical, hence
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in steady state, the densities on both lattices are symmetric. Using the
symmetry between the two lattices, we can write Mi = M̂i, M j

i = M̂ j
i ,

Pi = P̂ i, and P j
i = P̂ j

i . If we furthermore neglect correlations between
neighboring sites and denote meanfield quantities by minuscules, Eqs. (4.10)–
(4.15) can be rewritten as

d

dt
mi = γmi+1(1−mi −

∑

j

mj
i )

− γmi(1−mi−1 −
∑

j

mj
i−1)

+ γ(ξ)m0
i − ωd

mmi

+ ωa
m(1−mi −

∑

j

mj
i )−

∑

j

Iji , (4.20)

and

d

dt
mj
i = γ(ξ + ∆)mj

i+1(1−mi −
∑

j

mj
i ) (4.21)

− γ(ξ)mj
i (1−mi−1 −

∑

j

mj
i−1)

+ γ(ξ + ∆)mj+1
i (1−mj −

∑

k

mk
j )

− γ(ξ)mj
i (1−mj−1 −

∑

k

mk
j−1) + I ij + Iji (4.22)

with

Iji = ωc
m(ξ)mi(1−mj −

∑

k

mk
j )− ωd

m(ξ)mj
i (4.23)

for motor particles. Similarly, for passive particles follows

d

dt
pi = D(pi+1 + pi−1)(1− pi −

∑

j

pji )

− pi(2− pi−1 −
∑

j

pji−1 − pi+1 −
∑

j

pji+1)

− ωd
ppi + ωa

p(1− pi −
∑

j

pji )−
∑

j

J ji , (4.24)

(4.25)
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d

dt
pji = (D+(ξ + ∆)pji+1 +D−(ξ −∆)pji−1)(1− pi −

∑

j

pji )

+ (D+(ξ + ∆)pj+1
i +D−(ξ −∆)pj−1

i )(1− pj −
∑

k

pkj )

−D+(ξ)pji (1− pi−1 −
∑

j

pji−1)

−D+(ξ)pji (1− pj−1 −
∑

k

pkj−1)

−D−(ξ)pji (1− pi+1 −
∑

j

pji+1)

−D−(ξ)pji (1− pj+1 −
∑

k

pkj+1) + J ji + J ij (4.26)

with

J ji = ωc
p(ξ)pi(1− pj −

∑

k

pkj )− ωd
p(ξ)pji . (4.27)

The forces are calculated using Eqs. (4.18) and (4.19). The meanfield equa-
tions can be solved numerically using a standard forward Euler scheme to-
gether with an adaptive step size control. The solution shows that the den-
sities both of motors and passive cross-linkers are approximately piecewise
constant with plateaus in the bulk of the overlap as well as in the non-
overlapping region of the filament, see Fig. 4.6(a-d). The force by passive
cross-linkers, see Fig. 4.6(e), essentially vanishes in the overlap region, with
pronounced peaks at the ends of either of the lattices. Motors generate an
approximately constant force inside the overlap region, compare Fig. 4.6(f).
The force shows a small peak at the lattice ends originating from the effec-
tively asymmetric cross-linking events, similar to passive cross-linkers. The
peak in the case of motors is less pronounced than for passive particles, be-
cause motors lack a diffusive barrier and are not moving symmetrically, but
directionally.

If we fix the overlap length and measure the forces produced by motors and
passive cross-linkers, we find that the force generated by passive cross-linkers
vanishes if ` = 0, see Fig. 4.7(a). Towards increasing overlap length, the
force increases towards its maximum value, with essentially constant force
for a large range of overlaps. For full overlap, the force vanishes again, with
a sharp decrease in the force profile close to ` = N .
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Figure 4.6: Solution of the meanfield theory. (a, b) Densities mj
i (a) and pji

(b) indicated by colors, see respective color bars. (c, d) Density of motors (c) and
passive particles (d) particles with an unbound (dashed line) or bound (solid line)
partner particle. (d, f) Force generated by motors (d) and passive cross-linkers (f).
The gray line in (d) indicates vanishing force. The vertical dotted lines in (c-f)
indicate the calculated value of ` = 58.1. Parameters as in Fig. 4.2. After [2].
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Figure 4.7: Meanfield solution - Forces for different fixed overlap `. (a) Total

force Fp =
N∑
i=1

fp,i by passive cross-linkers. (b) Total force Fm =
N∑
i=1

fm,i by motors.

(c) Combined force Ftot = Fp +Fm. The horizontal dashed line indicates vanishing
force. Parameters as in Fig. 4.6.

The force generated by motors is almost proportional to the overlap length,
see Fig. 4.7(b), with a negative slope reflecting that motors reduce the overlap
between antiparallel filaments. Yet, for ` = 0, a positive force is observed,
resulting from the asymmetry in cross-linking, as described above.
The superposition of the forces by passive cross-linkers and motors shows that
the total force acting on an overlap of length ` is essentially linear for suffi-
ciently large overlaps, see Fig. 4.7(c) and can be described as Ftot = α− β`,
with positive parameters α and β. The steady state overlap that is observed
if ` is not fixed, can be retrieved by determining the overlap, for which the
total force vanishes.

The phase diagram 4.8 obtained from the meanfield equations reproduces
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Figure 4.8: Phase diagram for varying concentration of motors and pas-
sive cross-linkers. Colors indicate the steady-state overlap length obtained from
numerically solving the meanfield equations. Blue presents vanishing overlaps, yel-
low full overlap. From [2], Copyright 2015 by the American Physical Society.

all characteristic features of the original phase diagram 4.5 obtained from
stochastic simulations. The quantitative agreement is less for very small par-
ticle concentrations, where stochastic fluctuations are more prominent.

So far, only the case without steric interactions has been presented. The
next section addresses the impact of steric interactions on the generation of
stable partial overlaps.

4.2 Steric interactions enable partial overlap
generation without cross-linking motors

As shown in chapter 3, steric interactions have an impact on diffusive and
directionally moving particles on a single filament. Thus, in this section we
investigate the impact of interspecies steric interactions on passive and motor
particles cross-linking a pair of antiparallel filaments. We prove that stable
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Figure 4.9: Kymograph and overlap distribution in presence of steric inter-
actions. (a) Kymograph. Only the configuration of lattice I is shown. Empty sites
are black, sites occupied by motor particles are green, those occupied by passive
particles are labeled in red. Bright colors indicate cross-linking particles. The
white line indicates `, corresponding to the position of the plus-end of lattice I. (b)
Distribution P (`) of overlap lengths for 107 samples with (dark gray) and without
(light gray) steric interactions. Parameters: ωa

m = 0.316, ωa
p = 10−4. From [2],

Copyright 2015 by the American Physical Society.

overlap generation is in this case even possible in presence of motors that do
not cross-link.

The differential equations describing the system are similar to the ones pre-
sented in the previous section, although now a site is considered to be empty
if no other particle of any of the species is bound.
Kymographs show a similar behavior as in the case without steric interactions
for a large range of parameters, compare Figs. 4.2(a) and 4.9(a). Again, in
steady state only fluctuations around a stable overlap can be observed. As
can be seen from the distribution of overlap lengths, see Fig. 4.9(b), the
width of the distribution increases in the case of steric interactions. This is a
consequence of additional fluctuations originating from the larger correlations
between motors and passive cross-linkers. Same as for the case without
interspecies steric interactions, the filament length has no influence on the
overlap length, as long as filaments are sufficiently large, see Fig. 4.10.
In the case of large motor occupancy rates, the system shows a qualitatively
new behavior, see Fig. 4.11(a). In this parameter regime, the overlap length
strongly fluctuates, so it is impossible to properly define a typical overlap
length. To explain the origin of these fluctuations, note that on the one hand,
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Figure 4.10: Kymographs for varying filament length N = 200 (a) and 40
(b). Other parameters and presentation as in Fig. 4.9(a).

the movement of motors is essentially blocked due to the large concentration
of particles. Therefore, they have an effect comparable to that of passive
cross-linkers, namely they generate a full overlap. This can also be seen
from the phase diagram in the case without steric interactions, see Fig. 4.5,
for large motor occupancy rates as well. On the other hand, due to the
increased correlation between motors and passive particles, situations may
occur in which a single passive particle or motor generates a cross-link. Since
steric interactions lead to a directed drift of passive particles, as described in
section 3.3, both types of cross-linkers move similar to a motor cross-linker
and effectively reduce the overlap as long as they are cross-linked. These
configurations lead to a reduction of the overlap, which increases again after
the cross-link disbands.
This is also visible from the fact that the fluctuations in ` are asymmetric,
such that more situations occur, in which the filaments’ plus-ends overlap, as
the minus-ends are rarely visible, see solid and dashed white lines in Fig. 4.11.
This is because the action of cross-linking molecular motors that hop towards
the plus-end favors this orientation of the overlap.
Since without steric interactions, passive particles always favor the generation
of a full overlap, these fluctuations cannot be observed in the case without
steric interactions as long as ωa

p > 0. If we consider the case ωa
p = 0 with

motor particles only, the fluctuating phase for large motor concentrations
can be observed as well, see Fig. 4.11(b).
The phase diagram in the case of steric interactions includes the phase of
large fluctuations described above, see Fig. 4.12. In addition, again stable
finite overlaps can be generated and furthermore, the value of the overlap is
less sensitive to changes in the occupancy rates of passive cross-linkers and
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Figure 4.11: Kymograph of an unstable overlap. Only the configuration of
lattice I is shown. Empty sites are black, sites occupied by motor particles are
green, those occupied by passive particles are labeled in red. Bright colors indicate
cross-linking particles. The white line indicates the position XII −XI of the plus-
end of lattice II. Parameters: ωa

m = 100, ωa
p = 10−4 (a), 0 (b). (a) from [2],

Copyright 2015 by the American Physical Society.

motors. This could give rise to stabilization against fluctuations in the den-
sities of proteins in the buffer surrounding the filaments.

The drift phenomenon described in section 3.3 as well as the phase of large
fluctuations in the overlap length, which can be observed in the case of steric
interactions and high particle concentrations, shows that passive cross-linkers
can behave comparable to molecular motors. Indeed, in the case ωc

m = 0,
still a stable overlap can be observed and the phase diagram 4.13 resembles
that of the case with cross-linking motors ωc

m > 0. Overlaps for ωa
m ≥ 102

are not shown in Fig. 4.13, since the relaxation time of the system is too
large to allow for numerical analysis with our stochastic simulations if motor
concentrations are large: Only a small amount of cross-links is generated by
passive cross-linkers that can serve as force dipole generators changing the
overlap towards its possible steady state value.
Although the agreement between the meanfield theory and the stochastic
simulations in the case without steric interactions is good, an equivalent ap-
proach fails to describe the situation with steric interactions. Similar to the
situation on a single filament, see section 3.3, a meanfield approach which
neglects two-point correlations is not able to account for the correlations be-
tween motors and passive cross-linkers.
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Figure 4.12: Phase diagram for varying concentration of motors and passive
cross-linkers in presence of steric interactions. Colors indicate the typical overlap
length obtained from stochastic simulations averaged over 107 samples, taken at
intervals of 10γ−1. Blue presents vanishing overlaps, yellow full overlap and gray
indicates regimes of large overlap fluctuations. Other parameters as in Fig. 4.5.
From [2], Copyright 2015 by the American Physical Society.

For parallel filaments, we find that full overlaps are generated, while similar
to the case of a single filament, passive cross-linkers and motors segregate,
see Fig. 4.14.

Similar to the case without steric interactions, the generation of stable par-
tial overlaps relies on the action of two antagonistic forces, namely a force
component that favors full overlaps and another one, decreasing the overlap.
Apart from the phase of large fluctuations, another difference between the
situations with and without steric interactions is that passive cross-linkers as
well contribute to the force decreasing the overlap, if they interact sterically
with motors.
In sections 4.1 and this section, we provide arguments for the origin of the
force by passive cross-linkers which ostensibly differ from the one given by
Lansky et al. [154], see section 2.3. In the next section, we discuss our
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Figure 4.13: Phase diagram for varying concentration of not cross-linking motors
and passive cross-linkers. Colors indicate the typical overlap length obtained from
stochastic simulations averaged over 107 samples, taken at intervals of 10γ−1. Blue
presents vanishing overlaps, yellow full overlap. Other parameters as in Fig. 4.5.

results in the light of their experimental observations as well as theoretical
explanations.

4.3 Comparison of the theoretical description
and experimental observations

Passive cross-linkers have been shown to play an important role in the for-
mation of stable overlaps together with molecular motors [138, 153, 154]. A
correct theoretical description of a system of passive cross-linkers and molec-
ular motors on a pair of microtubules must be able to explain all observations
made in experiments so far. In sections 4.1 and 4.2, we show that the mech-
anisms incorporated in our model allow for the generation of stable finite
overlaps, similar to those observed in experiments. Additionally, in this sec-
tion we compare our results to the force measurements by Lansky et al. [154]
and relate our theoretical description to the argument of an entropic effect,
as it is introduced by the authors. References to experiments in this section



4. Overlaps between antiparallel filaments induced by the interplay of
molecular motors and diffusive cross-linkers 92

0 20 40 60

1

2

3

4

5

6

i

t
× 10−4

Figure 4.14: Kymograph of parallel filaments. Only the state of filament II is
shown. Parameters as in Fig. 4.9.

always refer to the work on the passive cross-linker Ase1 [154].

In order to measure forces experimentally, one microtubule is attached to
a substrate, which is moved via a motorized stage. The other filament has
a silica microsphere attached, which is trapped with an optical tweezer to
measure the applied forces. A more detailed description of the experimental
procedure can be found in section 2.3. The measurement starts with full
overlap between the tubules. For each data point, the stage is moved by
50 nm decreasing the overlap. After two seconds to allow for relaxation of
the system, the force is measured for ten seconds at 50 kHz rate. Lansky et
al. assume the buffer surrounding the filaments to be free of Ase1, since the
observation chamber is rinsed with a solution not containing Ase1 prior to
the measurement.
In our simulations, this setup is implemented by fixing the position of lattice
I and applying a harmonic force with spring stiffness Kext to the plus-end of
lattice II. Displacement d of the stage is performed by changing the harmonic
force’s rest length X0. The measurement of the external force fext starts after
a time τ0. During the measurement, N samples are taken at intervals τ1.
Parameter values for particle dissociation and movement are, compared to
the values chosen in sections 4.1 and 4.2, changed to those given in the sup-
plemental material of Lansky et al. as far as possible, refer to table 4.2
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Parameter Value Dimensionless value
D 0.1 µm2/s 130
ωd

p 10−4 s−1 8.3·10−6

ωc
p 0.5 s−1 0.042
kp 0.2 pN/nm 0.18
σ 2.4 nm 0.3
µ 23 pNs/nm 230
L 8µm 1000
Kext 0.15 pN/nm 0.15
d 50 nm 6
N 40000 40000
τ0 2 s 24
τ1 2× 10−4 s 2.4× 10−3

Table 4.2: In-vitro parameter values chosen for the simulations together the
used rescaled value. These parameters are used in section 4.3 if not mentioned
explicitly.

for changed values. In [154], the spring stiffness was determined by fitting
the diffusion constant of Ase1 in the overlaps to experimental observations.
Since the authors do not provide an error range for the fitted value or data
supporting their fit, we also use other values for the spring stiffness of passive
cross-linkers kp. To compare the case with and without dissociation of Ase1,
we initially occupy the filaments by a given number n of passive cross-linkers.
For the case without dissociation of Ase1, both detachment and attachment
of particles are neglected, namely ωd

p = ωa
p = 0.

If the number of passive cross-linkers is fixed, the results of the experiments
can be reproduced, see Fig. 4.15(a-e). The maxima of the measured forces
range from 2.7 pN in the case of one cross-linker to more than 20 pN for
n = 20 cross-linkers, see Fig. 4.15(a-c,e). The values of the maxima are
independent of the cross-linker spring stiffness and only determined by the
strength of the harmonic potential Kext together with the minimum value of
the rest length, which is X0 = 0, see gray line in Figs. 4.15(b,e). It is in the
same order of magnitude as in experiments, see Fig. 4.15(d). Furthermore,
the force decreases monotonically with increasing overlaps and increases with
the number of cross-linkers for a given overlap. This is also in line with the
experiments.
In order to perform the simulations with a fixed number of cross-linkers, we
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Figure 4.15: Force for a fixed number of passive cross-linkers. (a - c, e)
Fixed number of n = 1 (black), 5 (red) and 10 (green) and 20 (blue) passive
cross-linkers with spring stiffness kp = 1.6 (a, b) and 0.18 (c, e) on a filament of
length N = 1000. Results from measurements as dots with error bars for every
20th data point. Entropic force, see Eq. (2.22), in (b,e) as dashed lines, Maximal
force fmax

ext = Kext` that can be measured for rest length X0 = 0 as gray solid line.
(d) Experimental results for a filament of the same length (8µm) and different
cross-linker numbers, taken from [154] (changed). Copyright 2015 by Elsevier.
(f) Force for varying passive cross-linker spring stiffness kp = 0.018 (black), 0.18
(red) and 1.8 (blue) and n = 1. Lines present solutions of Eq. (4.34) (solid lines)
and Eq. (2.22) (dashed line).
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define ωdp = ωa
p = 0, as mentioned above. Hence, the effective temperature

of the system is defined by the particle hopping rate, which has to fulfill the
Einstein relation

kBT =
D

µ
, (4.28)

where µ is the effective friction coefficient of a passive particle. If we consider
a passive cross-linker that is pulled by a force f , the particle’s velocity

v = δD
(
exp(f/fp)− exp(−f/fp)

)

= 2δD sinh(f/fp)

= 2δD
f

fp

+O
((

f

fp

)2
)

(4.29)

is given by the two possible hopping processes, in direction of the force and
in the opposite direction. Inserting D = Dδ2 and µ = f/v up to linear order
in f/fp into the Einstein relation (4.28) results in

kBT =
fpδ

2
. (4.30)

With this, we can calculate the entropic force Eq. (2.22) and the solution
shows very small deviations for only one particle, see black dashed lines in
Fig. 4.15(b,e). For larger particle numbers, the measured force is underesti-
mated, see colored dashed lines in Fig. 4.15(b,e). The deviance between the
entropic force and the measured force increases for softer cross-linker springs
and larger forces, the relative difference increases up to approximately 40%
of the measured value for the maximum of the force at minimal overlap.
Lansky et al. do not consider the finite spring stiffness of the cross-linkers,
therefore their approximation fails to describe situations, when the distribu-
tion of spring extensions plays a role. This is the case for densely packed
overlap regions, ` ' n or forces in the order of fp, the characteristic force of
the passive cross-linkers.
If we explicitly consider possible spring extensions of individual cross-linkers
and assume that cross-linkers cannot cross each other, the partition function
is given by

Q(n, `) =
N−n∑

i0=0

N−1∑

j0=n−1

exp

(
−βkp

2
ξ2

1

)

×
n−1∏

r=1



N−n+r∑

ir=ir−1

jr−1∑

jr=n−r−1

exp

(
−βkp

2
ξ2
r

)
 , (4.31)
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where β = 2(δ fp)−1 and ξr = δ(ir + jr) − ` for any index r. The resulting
free energy F and the force fext follow straightforward:

F(n, `) = −β−1 ln(Q(n, `)) (4.32)
(4.33)

and

fext(n, `) = −∂lF(n, `)

= −β−1Q(n, `)−1∂lQ(n, `)

= kpQ(n, `)−1

N−n∑

i0=0

N−1∑

j0=n−1

ξ1 exp

(
−βkp

2
ξ2

1

)

×
n−1∏

r=1



N−n+r∑

ir=ir−1

jr−1∑

jr=n−r−1

ξr exp

(
−βkp

2
ξ2
r

)
 (4.34)

We can compare the result of Eq. (4.34) for varying spring stiffness and a
single cross-linker, see Fig. 4.15(f). Simulations show a difference between
the measured forces for small overlaps, see dots in Fig. 4.15(f). The entropic
force is not able to reproduce this difference, because it does not account
for finite cross-linker stiffness. Instead, the force dependence, Eq. (4.34),
derived above allows us to capture the different force values measured in the
simulations.
From this we conclude that Lansky et al. miss a property of cross-linkers,
namely their finite spring stiffness, influencing the force generated by pas-
sive cross-linkers. Consequently, this force is not purely entropic, but the
energetic contribution due to the cross-linkers’ spring extensions must be
considered, especially if the spring stiffness is below the value assumed by
Lansky et al.
However, because the number of necessary computations to calculate fext

numerically increases exponentially with the number of cross-linkers, it is
technically impossible to evaluate fext for n > 3.

If unbound Ase1 is present in solution, passive cross-linkers can attach to and
detach from the filaments. For the experimental protocol used in [154], the
force dependence on the overlap is similar to the case with a fixed number of
passive cross-linkers, see Fig. 4.16(a). The time scale of the measurement is
well below the typical time scales for particle dissociation, and the assump-
tion of approximately constant cross-linker numbers should be valid. The
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Figure 4.16: External force for dissociating passive cross-linkers. (a) Force
for ωa

p = 10−8 (black), 10−7 (red) and 10−6 (blue). (b) Force for parameters as
in (a) together with the entropic force (dashed lines), see Eq. (2.22), for particle
numbers n = 4 (black), 31 (red) and 228 (blue). (c) Force for Kext = 0.05 (blue)
and 0.15 (black). Dotted lines serve as guide to the eye. Arrows indicate directions
of sliding. (d) Force for varying filament length N = 200 (solid line) and 1000
(dashed line), ωa

p = 10−7. (e) Force for 25 cycles of reducing and increasing the
overlap, every fifth cycle shown. Subsequent cycles correspond to larger maximal
forces, ωa

p = 10−8. (f) Force for varying relaxation time τ0 = 24 (black), 240 (red)
and 2400 (blue), ωa

p = 10−6. Entropic force (dashed line) for n = 40 (black), 52
(red) and 61 (blue). Other parameters are kp = 0.18, Kext = 0.15 (a,b,d-f) and
N = 1000 (a-c) and 200 (e,f).
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forces obtained in simulations are in reasonable agreement with the entropic
force for small particle densities, if the number of cross-linkers is fitted, see
Fig. 4.16(b). However, the entropic force predicts infinite forces, fext → ∞,
if the number of available sites in the overlap is less than the number of
cross-linkers n, more accurately if `→ n−1. This is not observed in the sim-
ulations. Instead, we see that detachment of cross-linkers and finite stiffness
of the cross-linkers prevents infinite forces. The effect is more pronounced
for large particle densities, see blue line in Fig. 4.16(b).
Our simulations show an additional phenomenon, which was not observed
by Lansky et al. We find that for further cycles of decreasing and increasing
the overlap, the measured force changes and hysteresis is observable, see
Fig. 4.16(c) The effect is more significant, the larger the occupancy rates of
passive particles ωa

p and the larger the stiffness of the external spring Kext.
While the overlap is reduced by the external force, the force increases, similar
to the situation of fixed number of cross-linkers discussed above. But upon
increase of the overlap, the force first reduces while the overlap is not reduced
in the same order of magnitude as the external force’s rest length. The over-
lap region is densely packed with cross-linkers and the surrounding filament
is also occupied by single-bound passive particles. This is not the case for a
fixed number of cross-linkers. Now as the movement of cross-linkers in the
overlap is essentially blocked and they cannot invade the non-overlapping
region of the filaments at high particle densities, the measured force is re-
duced by an antagonistic component of blocked cross-linkers just changing
their spring extensions while the filaments slide against each other. Since
the number n of cross-linkers is large in the overlap region, already small
changes δ` of the overlap lead to large changes in the force kpnδ`. This
explains the sharp decrease in the force when the overlap is reduced, see
Fig. 4.16(c). Above a critical average spring extension of the cross-linkers,
cross-links start disbanding and the overlap region is not densely packed
anymore. This allows for particle diffusion again and the overlap changes
according to the movement of the external force’s rest length.
For varying filament length, the force changes its amplitude, but the qual-
itative behavior remains the same, see Fig. 4.16(d). In order to reduce the
computational effort, we can without loss of generality consider a shorter
filament, when investigating experiments at longer time scales.
For repeated cycles of decreasing and increasing the overlap, the observed
maximal force increases with every cycle, see Fig. 4.16(e). In the coarse of
time, more cross-linkers attach to the filament, leading to more force dipole
generators. The same holds for the significance of the hysteresis.
If the duration of the experiment is increased, the amplitude of the force as
well as the deviation to the entropic force increase, see Fig 4.16(f).
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Figure 4.17: Forces in steady state for τ0 = 106, τ1 = 10 and Kext = 0.15. (a)
Passive cross-linkers only, ωa

p = 10−8 (�), 10−7 (◦) and 10−6 (�). (b) Motors only,
ωa

m = 0.01 (�), 0.1 (◦) and 1 (�). Dashed lines serve as guide to the eye. Other
parameters are kp = 0.18, N = 10000, τ1 = 10 and N = 200.

From these measurements, we see that the entropic force suggested by Lansky
et al. is able to approximate experiments on short time scales and as long as
the density of particles in the overlap is not too high. If particles are densely
packed in the overlap region, as it has been shown for a fixed number of
cross-linkers as well as for dissociating particles, the entropic force does not
reproduce the measured force. For fixed particle numbers, the entropic force
is too small, since the assumption of an infinite spring stiffness neglects finite
spring extensions and consequently the influence of distribution of extensions
on steric interactions and the resulting force. For dissociating particles, the
entropic force is not able to capture disbanding of cross-links, decreasing the
measured force.
On top of that, if the force was purely entropic, the direction of relative
sliding would not affect the measurement. For a reduce in the overlap, we
can recover force dependence resembling that of an entropic force. Increase
of the overlap however leads to a different force dependence. This hysteresis
cannot be described by entropic arguments. Hysteresis effects can be rele-
vant to understand fluctuations of the overlap between microtubules on short
time scales and hence influence the characteristics of overlap regulation in a
system with molecular motors.

If the waiting time is increased significantly by several orders of magnitude5 to
5To allow for parallelization of these measurements, the rest length of the external force

was set once for every data point separately, after full overlap was obtained. Afterwards,
the system could relax for a time period τ0 before the measurement started.
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τ0 = 106, a different behavior is observable, see Fig. 4.17(a). For ωa
p = 10−6,

the force is almost constant for 0 < ` < N , whereas it vanishes for full and
negligible overlaps. This is comparable to the force dependence obtained by
solving the meanfield equations, see section 4.1 and Fig. 4.7(a).
In the case of smaller attachment rates, ωa

p = 10−7 and 10−8, the force
decreases with increasing overlap. As already discovered by Walcott and
Sun [152], the force-overlap dependence measured in a system of passive
cross-linkers between microtubules in general depends on the drag velocity,
at which the filaments are pulled, compared to the typical relaxation time
and length scales of the system and is either piecewise constant or linear for
small velocities. This is in agreement with the data shown in Fig. 4.17(a). If
the experimental time scale is large compared to particle dissociation, which
is the case for ωa

p = 10−6, the force is indeed almost constant, similar to
the prediction of our meanfield theory for steady state. Deviations from the
meanfield steady state profile increase for smaller values of ωa

p, because the
relaxation time of the system scales approximately inversely proportional to
the smallest rate, which is ωa

p here.
The error bars in Fig. 4.17(a) are larger than in the case of faster experiments
as a consequence of the larger impact of particle fluctuations in a system
which is closer to steady state and not governed anymore by the mechanical
stresses exerted by cross-linkers’ spring extensions.
Simulations for molecular motors only show that the force on the filaments is
negative, trying to reduce the overlap and almost proportional to the overlap
length, see Fig. 4.17(b). However, there is a small positive force measured
for vanishing overlap due to the asymmetry in cross-linking at the filament
ends, as already discussed in section 4.1. Same as for passive cross-linkers,
this is in line with the predictions of our meanfield theory, see Fig. 4.7(b).
Notably, the slope of the force-overlap graph does not necessarily decrease
with increasing motor concentration. On the contrary, if the particle con-
centration is too large, steric interactions between motors lead to a reduced
current and consequently a smaller force generated by molecular motors.

As presented in section 2.1, the behavior of a pair of cross-linked filaments can
crucially depend on boundary conditions for the cross-linking proteins [151].
Passive cross-linkers always generate a full overlap in presence of a diffusive
barrier at the filament ends. If now diffusive cross-linkers are allowed to hop
off, the overlap length can fluctuate between full and vanishing overlaps, as
can be seen from the steady-state overlap distribution P (λ), see Fig. 4.18.
Yet, if passive cross-linkers hopped off the filament ends at the same rate
as they hop between sites in the bulk, they would need additional energy to



4. Overlaps between antiparallel filaments induced by the interplay of
molecular motors and diffusive cross-linkers 101

0 20 40 60 80
0

0.005

0.01

0.015

0.02

0.025

λ

P (λ)

Figure 4.18: Overlap distribution in absence of a diffusive barrier for dif-
fusive cross-linkers only, parameters as in table 4.1 and ωa

p = 10−6 (×), 10−5 (◦),
10−4 (�). Dashed lines serve as guide to the eye.

switch from a bound to an unbound state. As a consequence, these diffusive
particles could not be considered passive anymore.

The observations discussed in this section support our meanfield theory, in-
troduced in section 4.1. Our theoretical description can be compared to ex-
periments [154], see section 2.3 and is in line with previous theories [151, 152],
see sections 2.1 and 2.2.

We prove that also with explicitly considering molecular dynamics of motors
and passive cross-linkers, finite overlaps between microtubules can be gen-
erated and that the force generated by molecular motors scales linear with
the overlap length. Based on the observations on forces discussed above, we
extend those results towards filament bundles, investigating the collective
dynamics of several filaments of different polarization.
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4.4 Extending the description to one-dimensional
bundles of filaments

So far, we have only considered a single pair of filaments. Since we intend to
provide a better understanding of spindle formation, we use the results of the
previous sections to introduce a coarse-grained description for the behavior
of a bundle of several parallel and antiparallel microtubules interacting via
molecular motors and passive cross-linkers.

To start, we consider two populations of microtubules with opposite orienta-
tion and constant length L in a system of length B. If xm is the position of a
microtubule’s minus-end and xp of its plus-end then, we denote the densities
of plus-ends of microtubules as c+(x), if xm < xp and c−(x), if xm > xp. The
densities evolve according to

∂tc
+(x) = D∂2

xc
+(x)− ∂x

(
J++(x) + J+−(x)

)
(4.35)

and

∂tc
−(x) = D∂2

xc
−(x)− ∂x

(
J−−(x) + J−+(x)

)
. (4.36)

The total filament densities C±(x) are given by

C±(x) =

L∫

0

c±(x∓ ξ) dξ . (4.37)

In Eqs. (4.35) and (4.36), D is the diffusion constant accounting for spatial
fluctuations of the filaments, caused by thermal fluctuations and the stochas-
ticity of the underlying microscopic processes. The terms J++, J+−, J−− and
J−+ describe the currents induced by passive cross-linkers and motors, lead-
ing to a relative displacement of the filaments. They are calculated according
to

J++(x) = c+(x)

L∫

−L

fp(ξ)c+(x+ ξ) dξ , (4.38)

J−−(x) = c−(x)

L∫

−L

fp(ξ)c−(x+ ξ) dξ , (4.39)

J+−(x) = −c+(x)

2L∫

0

(fp(ξ − L) + fa(ξ − L)) c−(x− ξ) dξ , (4.40)
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and

J−+(x) = c−(x)

2L∫

0

(fp(ξ − L) + fa(ξ − L)) c+(x+ ξ) dξ . (4.41)

The dependences of fp and fa on the oriented filament displacement ξ are
motivated by the results of the meanfield theory, see 4.1 that is supported
by our investigation of forces in section 4.3.
Antiparallel pairs of filaments feel a force that tries to increase the overlap
between the filaments caused by the asymmetry of cross-linker configurations
at the filament ends, see Fig. 4.6(b). This force is independent of the overlap
length, see Fig. 4.7(a), hence the interaction is given by

fp(ξ) = α sign(ξ) , (4.42)

with the phenomenological parameter α describing the amplitude of the ef-
fective contractile stress. For antiparallel filaments, there is an additional
contribution due to the sliding of motors. The force generated by motors
is approximately proportional to the overlap length, see Fig. 4.7(b). Conse-
quently, the force

fa(ξ) = β|L− ξ| (4.43)

is maximized if the overlap is maximized and scales linearly with the overlap
length. The parameter β accounts for the strength of the sliding stress.
Parallel filaments are always driven towards full overlap, see Fig. 4.14. For
this reason, we assume that only the passive contribution fp to the force has
an effect on the overlap between parallel filaments.

We consider both reflective boundary conditions — corresponding to a closed
reaction channel in which the bundle interaction takes place — as well as
periodic boundary conditions — resembling a circular reaction channel. The
reflective boundary conditions are defined via

c+(x) = 0 ∀x > B − L , (4.44)
J+(B − L) = J+(0) = 0 , (4.45)

c−(x) = 0 ∀x < L (4.46)

and

J−(L) = J−(B) = 0 , (4.47)
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where

J±(x) = −∂xc±(x) + J±±(x) + J±∓(x) (4.48)

is the total filament current including diffusive currents. These conditions
represent the geometric constrictions of allowed positions of filament plus-
ends.
For periodic boundary conditions, it is sufficient to define

c±(x±B) = c±(x) . (4.49)

We scale length by the box size B and time by B2/D. Densities transform as
c̃±(x̃) = Bc±(x) and parameters as L̃ = L/B, α̃ = B2α/D and β̃ = B3β/D.
To keep notation simple, we only refer to rescaled quantities in the rest of
the text and neglect tildes. The full dimensionless equations are given in
appendix B.
The partial integro-differential equations (4.35) and (4.36) are solved using
a standard forward Euler scheme together with an adaptive step size control
and compared to the linear stability analysis for periodic boundary condi-
tions.

We first consider the case of periodic boundary conditions. Here, any con-
stant solution c±(x) ≡ c±0 is a steady state of Eqs. (4.35) and (4.36). A linear
stability analysis6 is performed by considering small perturbations δ±(x) of
the constant solution. These perturbations are Fourier decomposed as

δ±(x) =
∞∑

n=1

(
a±n (t) cos(knx) + b±n (t) sin(knx)

)
. (4.50)

Note that a±0 vanishes, because δ± is by definition a small perturbation with
vanishing mean value. Inserting this ansatz into Eqs. (4.35) and (4.36) en-
ables us to extract a system of four linear differential equations, which can
be rewritten as

d
dt




a+
n

b+
n

a−n
b−n


 = M




a+
n

b+
n

a−n
b−n


 , (4.51)

with M∈ R4×4. The constant steady state solution c±(x) ≡ c±0 is unstable, if
the largest real part of the Eigenvalues of M is positive. The exact solution
of these Eigenvalues is cumbersome and hence not given here explicitly.

6The complete calculations for the linear stability analysis can be found in appendix B.
In the main text, only the most important ideas together with the results are presented.
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Figure 4.19: Phase diagram of a one dimensional bundle from linear stability
analysis. Colors indicate the critical length Lc, above which the constant steady
state is unstable. For the black regions, no critical length exists. Lines separate
regions with different first critical mode n = 1 (A), 2 (B) and 3 (C). For D, n = 1
and the largest Eigenvalue larger than zero has a non-vanishing complex part.

The phase diagram 4.19, which is obtained by analyzing the Eigenvalues of
M, shows that a critical length Lc, above which the system is unstable for
given α and β does not exist for all values of α and β. Additionally, the first
critical mode in this system is not necessarily the one with n = 1, in contrary
to previous descriptions of filament bundles [185]. Instead, the smallest value
of n, for which the perturbation is unstable, can have larger values. For pe-
riodic boundary conditions the numerical solution of Eqs. (4.35) and (4.36)
shows that in steady state only a single peak is stable for each c+ and c−,
see Fig. 4.20(a). This corresponds to filaments of opposite polarization hav-
ing a finite overlap, thereby generating a bipolar structure. The distance d
between the positions of maxima of c+ and c− is limited by the length L, see
Fig. 4.20(b) and increases with decreasing β.

The results in the case of reflective boundary conditions qualitatively differ
from the ones obtained with periodic boundaries, see Eqs. (4.44)–(4.47). No
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Figure 4.20: Steady state solutions of Eqs. (4.35) and (4.36) for periodic bound-
aries. (a) Steady state densities c+ (solid line) and c− (dashed line) for α = 74,
c+

0 = c−0 = 1, β = 25 and L = 0.05 (black), 0.15 (blue), 0.3001 (red). (b) Peak dis-
tance d between the maxima of c+ and c− for α = 15, c+

0 = c−0 = 1 and L = 0.3001
for varying values of β.

analytic steady state solution can be given in this case. But still for short
filaments, the filament distribution is almost homogeneous, see Fig. 4.21.
For larger filaments, bundle formation can be observed. Similar to peri-
odic boundary conditions, reflective boundary conditions also lead to for-
mation of one bipolar filament bundle, see Fig. 4.21. Additionally, the to-
tal filament density C is always symmetric to the cell center x = 1/2, see
Fig. 4.21. If the initial concentrations of filaments of opposite orientation are
not equal anymore, the total filament density is still symmetric to the center,
see Fig. 4.21(c). This symmetry essentially arises from the symmetry in the
equations of time of c+ and c− together with the symmetry imposed by the
boundary conditions.

The description introduced in this section shows that passive cross-linkers and
molecular motors are not only able to generate stable finite overlaps between
antiparallel filament. More than that, their action suffices to explain the
formation of bipolar bundles. With proper boundary conditions, they are
even able to localize the overlap region of antiparallel filaments in the center
of a reaction chamber or a cell.
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Figure 4.21: Steady state solutions of Eqs. (4.35) and (4.36) for reflective bound-
ary conditions. (a) Densities c+ (solid line) and c− (dashed line) and (b) total
filament density C for α = 74, c+

0 = c−0 = 1, β = 25 and L = 0.05 (black), 0.15
(blue), 0.3001 (red). (c) Total filament density C for α = 74, β = 25, c+

0 = 1 and
c−0 = 0 (black), 1 (blue), 2 (red).

4.5 Discussion

In this chapter, we present a stochastic description of diffusive cross-linkers
and motor particles, explaining the formation of stable overlaps between
antiparallel microtubules. We find that overlaps can be generated in absence
of steric interactions between particles of different species, while the size of
the overlap can be tuned via the concentration of passive cross-linkers and
molecular motors. The results can be reproduced by a meanfield theory.
If particles of different species interact sterically, motors can induce a drift
of passive cross-linkers that enables the generation of stable overlaps with
and without cross-linking of motors. In absence of passive cross-linkers or
in presence of steric interactions, cross-linking motors at high concentrations
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can induce fluctuations of the overlap length in the order of the filaments’
length.
Stochastic simulations of the model are able to reproduce experiments on
passive cross-linkers in vitro. A previous study [154] suggests that the force
exerted by passive cross-linkers is purely entropic. We show that entropic
effects are not sufficient to explain all phenomena observed in a system with
passive cross-linkers only. Instead the spring stiffness of the cross-links and
hence energetic aspects of the components must be taken into account as
well as force-dependent particle dynamics. Our meanfield theory is able to
describe the forces measured in the simulations.
Finally, we extend our observations on filament pairs to a one-dimensional
theory for bundles of filaments with different orientation. We find that bipo-
lar structures can be generated, with the filaments’ polarity similar to that
of mitotic spindles. Additionally, the overlap region of the bundles is always
centered in space. With this result, our mechanism also helps to understand,
how the spindle apparatus can be formed and positioned within cells.

Our theoretical study does not involve the length dynamics of filaments. Pos-
sible issues here are for example finding a well-defined steady state. For con-
stant polymerization and depolymerization rates, filaments can either grow
infinitely, if the growth rate is larger than the shrinkage rate, or shrink to
a vanishing length in the opposite case. In order to fix this problem, future
studies could consider the influence of proteins attached to the filaments on
the removal and addition of filamentous subunits [62, 63], providing a pos-
sibility to regulate the overlap size while maintaining a constant filament
length. Especially in the case of microtubule catastrophes, this involves a
thorough investigation of what happens to proteins attached to a monomer,
when the latter is removed from the filament.
Future in-vitro experiments on antiparallel microtubule overlaps should focus
on further force measurements on filaments with passive cross-linkers and
molecular motors. Reproducing the predictions of the stochastic simulations,
especially the dependence of the force on the duration of the experiment as
well as the force-overlap function in the case of molecular motors only in
experiments would support our current understanding of the system. We
are in contact with the labs of Stefan Diez in Dresden and Marcel Janson in
Wageningen to perform respective experiments.
Our coarse-grained theory on filament bundles so far is one-dimensional.
Since the spindle is a three-dimensional structure, a full understanding of
its formation needs a description accounting for the additional degrees of
freedom. Here, a first analysis should investigate the behavior of pairs and
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triples of microtubules in two and three dimensions, which are tangent to
each other and only connected via a small number of cross-linkers. In this
situation, also the bending stiffness of microtubules needs to be taken into
account.





Chapter 5

Final discussion and Outlook

Summing up the results in this work, we investigate implications of the in-
teractions of different particle species on linear polar filaments, motivated
by in-vitro experiments on microtubules with molecular motors and passive
cross-linkers.

First of all, this study focuses on a single filament, on which motors and
passive particles can interact sterically. A passive particle in this context
is defined as a diffusive particle moving unbiasedly towards any end of the
filament, whereas motors move directionally towards the plus-end.
We find a segregation of the particle species along the filaments. Motor par-
ticles hereby accumulate close to the minus-end of the filament, whereas the
passive particles are driven in direction of the plus-end. Although the segre-
gation can be maximized depending on the given parameter values, is always
present in such a system. Besides interspecies steric interactions, we are able
to identify a diffusive barrier for passive particles as a necessary prerequisite
for segregation by analyzing the impact of boundary conditions. Experiments
on the passive cross-linker Ase1 and the molecular motor Dk4mer provide a
possibility to observe the influence of steric interactions in vitro.

With our current experimental setup, a reduced velocity of molecular motors
as well as accumulation of Ase1 close to filament ends can be clearly identi-
fied. This is in qualitative agreement with our theoretical analysis. At high
particle densities, necessary to clearly observe segregation on the filament and
quantitatively compare theory and experiment, Ase1 forms immobile clusters
that do not allow for a phase separation of the different particle types any-
more. Additionally, large concentrations of Dk4mer lead to buckling of the

111
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microtubules, caused by mechanical stresses induced by the molecular mo-
tor. Upcoming experiments could hence try to identify alternative pairs of
sterically interacting proteins.
Future theoretical studies could consider the impact of modeling filaments
as a compound of several parallel protofilaments, which is the case for mi-
crotubules. This ansatz may be relevant to quantitatively match experimen-
tal results on the segregation phenomenon with the theoretical description.
Apart from that, additional interactions between particles — like cooperative
binding, cluster formation or oligomerization — could be taken into account.

The second part of this work explains how molecular motors together with
passive cross-linkers are able to generate stable partial overlaps between an-
tiparallel microtubules. This problem is for example relevant in vivo, during
the formation and maintenance of the mitotic spindle, a vital structure during
cell division of eukaryotes.
We introduce a mechanism, that allows for the generation of stable partial
overlaps. Without steric interactions between molecular motors and pas-
sive cross-linkers, the overlap is always stable. The results from stochastic
simulations can be reproduced by a meanfield theory, providing a quantita-
tive understanding of the antagonistic forces that lead to overlap regulation.
Passive cross-linkers generate a force that is essentially independent of the
overlap length and increases the overlap between the filaments, while mo-
tors generate a force proportional to the overlap length sliding the filaments
apart.
With interspecies steric interactions, we find a large range of parameters,
where again overlap regulation is stable. For these parameters, we can show
that stable overlaps can be generated even if motors do not form cross-links.
In this case, the motor-induced drift of passive cross-linkers — as analyzed
above for a single filament — is sufficient to compensate for the action of
cross-linking motors. In addition, with steric interactions there are parameter
regimes, for which the overlap length exhibits large fluctuations.
The stochastic model of the underlying molecular processes is able to re-
produce experiments in vitro. The authors of this study [154] claim that
the force generated by passive cross-linkers is a result of steric interactions
and purely entropic. We show that additional phenomena exist that cannot
be described by entropic principles. Other contributions to the total force,
like finite spring-stiffness of cross-linkers or disbanding of cross-links, must
be taken into consideration. Our meanfield description, which incorporates
molecular dynamics, approximates the forces measured in steady state.
Based on the results of the meanfield theory, we present coarse-grained equa-



5. Final discussion and Outlook 113

tions to capture the behavior of bundles of parallel and antiparallel micro-
tubules. The solution of these equations indicates that molecular motors and
passive cross-linkers together with stabilized microtubules provide a molec-
ular machinery, that may be sufficient to create bipolar spindles.

The stochastic model for overlap generation is able to explain in-vitro exper-
iments. In addition, we predict a dependence of the force on the time-scales
used in the measurements. This has not been checked experimentally so far,
but we are in contact with the labs of Stefan Diez in Dresden and Marcel
Janson in Wageningen in order to verify our predictions. A positive result
would strongly support our current understanding of the molecular details
of overlap generation between microtubules. Other than that, filaments are
three-dimensional objects, therefore future work could try to include the spa-
tial structure of the filaments. Together with length dynamics and mechan-
ical properties of microtubules in presence of molecular motors and passive
cross-linkers, this enables us to understand how a mitotic spindle is formed
and maintained.





Appendix A

Gillespie’s algorithm

In this appendix, Gillespie’s algorithm is sketched. This first passage time
Monte Carlo method was first introduced in 1976 by Daniel Gillespie to
simulate coupled chemical reactions [186]. However, its principles are also
applicable to other systems described via a master equation.

At every time step, two equally distributed random numbers (ξ1, ξ2) ∈ [0, 1)×
[0, 1) must be generated. Furthermore, N processes pi with respective rates
λi, where 1 ≤ i ≤ N , are given. With this, the the total transition rate of
the system

Ω =
N∑

i=1

λi (A.1)

can be calculated. The duration τ of the time step is now exponentially
distributed with characteristic timescale Ω−1 and given by

τ = − log(ξ1)

Ω
. (A.2)

From the definition of λi and Ω follows, that the probability of process pi
to happen during the time τ is given by λi/Ω. Consequently, process i is
performed, if

i∑

k=1

λk ≤ Ωξ2 <

i+1∑

k=1

λk . (A.3)

These rules are applied in any time step.
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In the simulations performed here, the overlap ` between the filaments is a
continuous quantity changed by a force f . Hence, it also changes its value
during a time step, affecting the rates λi.
To ensure, that the rates remain approximately constant during the time
τ , an additional constraint to the time step length is added by introducing
∆max = ∆/P with the lattice constant ∆, see chapters 3 and 4, and P ∈ R+.
The relative change in the rates is negligible as long as fτ < ∆max. If
fτ > ∆max, the time is cut off at τ = ∆max/f and continues without any
process happening, otherwise a process pi is chosen as given by Eq. (A.3).
For the simulations in chapter 4, we choose P = 5.



Appendix B

Linear stability analysis of a
one-dimensional bundle of
filaments with mixed orientation

In this appendix, we present the linear stability analysis of the dimensionless
versions of Eqs. (4.35) and (4.36),

∂tc
+(x) = ∂2

xc
+(x)− ∂x

(
J++(x) + J+−(x)

)
, (B.1)

and

∂tc
−(x) = ∂2

xc
−(x)− ∂x

(
J−−(x) + J−+(x)

)
. (B.2)

The currents are

J++(x) = c+(x)

L∫

−L

fp(ξ)c+(x+ ξ) dξ , (B.3)

J−−(x) = c−(x)

L∫

−L

fp(ξ)c−(x+ ξ) dξ , (B.4)

J+−(x) = −c+(x)

2L∫

0

(fp(ξ − L) + fa(ξ − L)) c−(x− ξ) dξ , (B.5)

J−+(x) = c−(x)

2L∫

0

(fp(ξ − L) + fa(ξ − L)) c+(x+ ξ) dξ . (B.6)
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For periodic boundary conditions, any constant distribution c±(x) ≡ c±0 is a
stationary solution of Eqs. (B.1) and (B.2). The time evolution of a pertur-
bation δ±(x, t) is given by

∂tδ
± = ∂2

xδ
± − ∂x

(
j±±(x) + j±∓(x)

)
, (B.7)

where

j±±(x) = αc±0




L∫

0

δ±(x+ ξ) dξ −
0∫

−L

δ±(x+ ξ) dξ


 (B.8)

and

j±∓(x) = ∓αc±0




2L∫

L

δ∓(x∓ ξ) dξ −
L∫

0

δ∓(x∓ ξ) dξ




∓ βc±0




2L∫

L

(2L− ξ)δ∓(x∓ ξ) dξ +

L∫

0

ξδ∓(x∓ ξ) dξ




∓ βLc∓0 δ±(x) . (B.9)

If we define kn = 2πn and rewrite1

δ±(x, t) =
∞∑

n=1

[
a±n (t) cos (knx) + b±n (t) sin (knx)

]
(B.10)

in terms of Fourier components, the currents j±± and j±∓ can be expressed
up to linear order in δ± as

j±±(x) = 2αc±0

∞∑

n=0

1− cos(knL)

kn

(
b±n cos(knx)− a±n sin(knx)

)
, (B.11)

j+−(x) =
∞∑

n=1

[
− βLc−0

(
a+
n cos(knx) + b+

n sin(knx)
)

+
c+

0

k2
n

{

(βa−n − αknb−n )(cos(knx)(1 + cos(2knL)− 2 cos(knL))

+ sin(knx)(sin(2knL)− 2 sin(knL)))

+ (αkna
−
n + βb−n )(cos(knx)(2 sin(knL)− sin(2knL))

+ sin(knx)(1 + cos(2knL)− 2 cos(knL))}
]

(B.12)

1Because δ± is a perturbation with vanishing mean value, by construction already
a±(t) = 0.
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and

j−+(x) =
∞∑

n=1

[
βLc+

0

(
a−n cos(knx) + b−n sin(knx)

)
− c−0
k2
n

{

(βa+
n + αknb

+
n )(cos(knx)(1 + cos(2knL)− 2 cos(knL)))

+ sin(knx)(2 sin(knL)− sin(2knL)))

+ (βb+
n − αkna+

n )(cos(knx)(sin(2knL)− 2 sin(knL))

+ sin(knx)(1 + cos(2knL)− 2 cos(knL))}
]
. (B.13)

Inserting Eqs. (B.11)–(B.13) into Eq. (B.7) allows to write down the differ-
ential equations governing the evolution of a±n and b±n

∂ta
+
n = −k2

na
+
n + 2αc+

0 (1− cos(knL)) a+
n + βLc−0 knb

+
n

− c+
0

kn

[
(sin(2knL)− 2 sin(knL))

(
βa−n − αknb−n

)

+ (1 + cos(2knL)− 2 cos(knL))
(
αkna

−
n + βb−n

)]
, (B.14)

∂tb
+
n = −k2

nb
+
n + 2αc+

0 (1− cos(knL)) b+
n − βLc−0 kna+

n

+
c+

0

kn

[
(1 + cos(2knL)− 2 cos(knL))

(
βa−n − αknb−n

)

+ (2 sin(knL)− sin(2knL))
(
αkna

−
n + βb−n

)]
, (B.15)

∂ta
−
n = −k2

na
−
n + 2αc−0 (1− cos(knL)) a−n − βLc+

0 knb
−
n

+
c−0
kn

[
(2 sin(knL)− sin(2knL))

(
βa+

n + αknb
+
n

)

+ (1 + cos(2knL)− 2 cos(knL))
(
βb+

n − αkna+
n

)]
(B.16)

and

∂tb
−
n = −k2

nb
−
n + 2αc−0 (1− cos(knL)) b−n + βLc+

0 kna
−
n

− c−0
kn

[
(1 + cos(2knL)− 2 cos(knL))

(
βa+

n + αknb
+
n

)

+ (sin(2knL)− 2 sin(knL))
(
βb+

n − αkna+
n

)]
. (B.17)

This system of ordinary linear differential equations can be written in the
form

∂tY = MY (B.18)

with Y = (a+
n , b

+
n , a

−
n , b

−
n )T and M ∈ R4×4. The Eigenvalues of M can be

calculated numerically and the system’s stability can be inferred from the one
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with the largest real part. If it is positive, the perturbation initially grows
and the constant steady state solution is instable, otherwise the perturbation
will decrease again and the constant steady state is stable.
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